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PERILHYH

H leitourgÐa miac asfalistik c etaireÐac kai oi apof�seic pou lamb�nei, kajorÐzetai se meg�lo
bajmì apì to apojematikì pou èqei th dedomènh qronik  stigm . 'Ena apì ta basik� probl mata sth
jewrÐa qreokopÐac eÐnai o upologismìc thc pijanìthtac qreokopÐac, dhlad  h pijanìthta tou ende-
qomènou to apojematikì na gÐnei k�poia qronik  stigm  arnhtikì. Ektìc apì to qrìno qreokopÐac T ,
dÔo akìma shmantikèc posìthtec eÐnai oi tuqaÐec metablhtèc pou perigr�foun to pleìnasma akrib¸c
prin th qreokopÐa U(T−) kai to èlleimma kat� th stigm  thc qreokopÐac |U(T )|. Oi Gerber-Shiu
(1998) eis gagan mia sun�rthsh pou onom�zetai proexoflhmènh sun�rthsh poin c kai eÐnai eurèwc
gnwst  kai wc sun�rthsh Gerber-Shiu . Sugkekrimèna orÐzetai wc h mèsh tim 

mδ(u) = E[e−δT · w(U(T−), |U(T )|) · I(T <∞)|U(0) = u] ,

ìpou :

• u : to arqikì apojematikì.

• w(x, y) : h sun�rthsh poin c (penalty function) .

• δ > 0 : proexoflhtikìc par�gontac.

• I(T < ∞) : deÐktria sun�rthsh h opoÐa paÐrnei thn tim  1 an sumbeÐ qreokopÐa kai thn tim  0
diaforetik�.

Sthn ergasÐa eis�goume thn oloklhr¸simh mδ(u) kai melet�me eidikèc peript¸seic gia tic di�forec
epilogèc twn δ kai w(x, y). Sth sunèqeia ja orÐsoume thn katanom  tou elleÐmmatoc kaj¸c kai thn
oloklhr¸simh morf  thc.
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ABSTRACT

The operation of an insurance company and the decisions taken are largely determined by the
reserve that has the given time. One of the main problems in the ruin theory is the calculation of
the probability of ruin, i.e. the probability of the possibility the reserve to be some time negative.
Apart from the time of ruin T , two significant quantities are the random variables that describe
the surlpus before the ruin occurs U(T−) and the deficit at the time of ruin |U(T )|. Gerber-Shiu
(1998) introduced a function called Gerber-Shiu expected discounted penalty function, also known
as Gerber-Shiu function. Specifically it is defined as the following expectation

mδ(u) = E[e−δT · w(U(T−), |U(T )|) · I(T <∞)|U(0) = u] ,

where :

• u : the initial surplus.

• w(x, y) : a penalty function.

• δ > 0 : a dicount function.

• I(T <∞) : an indicator function, equal to 1 when ruin occurs and equal to 0 otherwise.

In this dissertation we introduce the integrated mδ(u) and we study specific cases for various choices
of δ and w(x, y). Furthermore, we consider the distribution of the deficit and the integrated form.
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SUMBOLISMOI

• u : Arqikì apojematikì.

• c : Stajerìc rujmìc eÐspraxhc asfalÐstrwn.

• S(t) : Stoqastik  diadikasÐa twn sunolik¸n apozhmi¸sewn.

• U(t) : Stoqastik  diadikasÐa tou pleon�smatoc.

• N(t) : Aparijm tria stoqastik  anèlixh/ Arijmìc kindÔnwn sto qronikì di�sthma (0, t].

• Yi : To mègejoc thc apozhmÐwshc apì ton i kÐnduno.

– P (y) : H sun�rthsh katanom c twn Yi.

– m1 : H mèsh tim  twn Yi.

• Wi : Oi endi�mesoi qrìnoi emf�nishc twn endeqomènwn.

– K(t) : H sun�rthsh katanom c twn Wi.

– E(W ) : H mèsh tim  twn Wi.

• Ti : H qronik  stigm  emf�nishc tou i-endeqomènou.

• Li : To i klimakwtì Ôyoc.

• L : To �jroisma twn klimakwt¸n uy¸n.

• Katanom  IsorropÐac

– Klasikì Montèlo

– P : H sun�rthsh katanom c twn apozhmi¸sewn.

– P1 : H 1h katanom  isorropÐac (Sun�rthsh katanom c twn klimakwt¸n uy¸n).

– P2 : H 2h katanom  isorropÐac.

– Ananewtikì Montèlo

– P : H sun�rthsh katanom c twn apozhmi¸sewn.

– F : H sun�rthsh katanom c twn klimakwt¸n uy¸n.

– F1 : H 1h katanom  isorropÐac thc F .

– Mèsh Tim 

– m1 : H mèsh tim  twn apozhmi¸sewn.

– µ1,1 : H mèsh tim  thc 1hc katanom c isorropÐac.

– µ2,1 : H mèsh tim  thc 2hc katanom c isorropÐac.
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– Klasikì Montèlo

– mrlP (y) : O mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn apozhmi¸sewn.

– mrlP1(y) : O mèsoc upoleipìmenoc qrìnoc zw c thc 1hc katanom c isorropÐac .

– mrlP2(y) : O mèsoc upoleipìmenoc qrìnoc zw c thc 2hc katanom c isorropÐac .

– Ananewtikì Montèlo

– mrlP (y) : O mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn apozhmi¸sewn.

– mrlF (y) : O mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn klimakwt¸n uy¸n.

– mrlF1(y) : O mèsoc upoleipìmenoc qrìnoc zw c thc 1hc katanom c isorropÐac thc kat-
nom c twn klimakwt¸n uy¸n F .

• T : O qrìnoc qreokopÐac.

• ψ(u) : H pijanìthta qreokopÐac.

• δ(u) : H pijanìthta mh qreokopÐac.

• U(T−) : To pleìnasma akrib¸c prin thn qreokopÐa.

• |U(T )| : To èlleimma kat� th stigm  thc qreokopÐac (se apìluth tim ).

• w(x, y) : Sun�rthsh poin c.

• I(A) : DeÐktria sun�rthsh.

• mδ(u) : Anamenìmenh proexoflhmènh sun�rthsh poin c twn Gerber − Shiu.

• δ : Par�gontac proexìflhshc.

• Gδ(u, y) : H katanom  tou elleÐmmatoc th stigm  thc qreokopÐac.

• Ḡδ(u, y) : H proexoflhmènh our� tou elleÐmmatoc kat� th stigm  thc qreokopÐac.

• hδ(x|0) : H proexoflhmènh puknìthta tou pleon�smatoc prin thn qreokopÐa gia u = 0.
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KEFALAIO 1 : EISAGWGH

Skopìc miac asfalistik c etaireÐac eÐnai h k�luyh kindÔnwn ènanti enìc orismènou qrhmatikoÔ
posoÔ, gnwstì wc asf�listro. H asfalistik  etaireÐa eispr�ttei ta asf�listra, ta opoÐa apoteloÔn
ta èsoda thc etaireÐac kai katab�llei tic apozhmi¸seic pou proèrqontai apì thn epèleush enìc zh-
miogìnou endeqomènou.
Prokeimènou na diasfalisteÐ h orj  leitourgÐa thc asfalistik c etaireÐac ja prèpei ta èsoda na
uperbaÐnoun ta èxoda, dhlad  h etaireÐa na èqei pleìnasma ètsi ¸ste na mhn epèljei qreokopÐa.O
ìroc thc qreokopÐac den isodunameÐ me thn paÔsh leitourgÐac thc asfalistik c etaireÐac, all� me
thn proswrin  upèrbash twn exìdwn ènanti twn esìdwn.Ta megèjh ta opoÐa mac endiafèroun eÐnai o
qrìnoc thc qreokopÐac, to pleìnasma akrib¸c prin th stigm  thc qreokopÐac kai to èlleimma kat�
thn qreokopÐa.
Sthn paroÔsa ergasÐa arqik�, ja melet soume thn anamenìmenh proexoflhmènh sun�rthsh poin c
twn Gerber-Shiu h opoÐa lamb�nei upìyin kai tic treic proanaferjeÐsec metablhtèc. Sth sunèqeia
ja asqolhjoÔme me thn oloklhr¸simh morf  thc, kaj¸c kai me thn katanom  tou elleÐmmatoc.

H dom  thc ergasÐac ja eÐnai h ex c :

Sto deÔtero kef�laio ja gÐnei mia eisagwg  sth jewrÐa qreokopÐac kai ja anaptuqjoÔn ta dÔo
kuriìtera montèla, ta opoÐa eÐnai to klasikì montèlo kai to ananewtikì montèlo. Eidikìtera, ja
xekin soume thn episkìphsh parousi�zontac tic stoqastikèc anelÐxeic. Sth sunèqeia ja eis�goume
tic ènnoiec thc stoqastik c anèlixhc tou pleon�smatoc, tou qrìnou qreokopÐac, thc pijanìthtac
qreokopÐac, twn klimakwt¸n uy¸n kai tou suntelest  prosarmog c, tìso gia to klasikì ìso kai
gia to ananewtikì montèlo.

Sto trÐto kef�laio ja anaferjoÔme sthn anamenìmenh proexoflhmènh sun�rthsh poin c twn
Gerber-Shiu kai sthn oloklhr¸simh morf  thc kai ja analÔsoume tic di�forec morfèc touc gia di-
aforetikèc timèc tou suntelest  proexìflhshc δ kai thc sun�rthshc poin c w(U(T−), |U(T )|).

Sto tètarto kef�laio ja gÐnei an�lush thc katanom c tou elleÐmmatoc, kai thc oloklhr¸simhc
morf c thc wc proc y kai wc proc u. EpÐshc, ja eis�goume thn tuqaÐa metablht  Vy, ja melet soume
thn morf  thc mèsh thc tim c kai ja anafèroume pwc sundèetai aut  h posìthta me thn katanom  tou
elleÐmmatoc.

Sto pèmpto kef�laio ja doÔme arijmhtik� apotelèsmata thc mèshc tim c thc tuqaÐac metablht c Vy
sthn perÐptwsh pou oi apozhmi¸seic ekfr�zontai apì thn katanom  Pareto , thn ekjetik  katanom ,
thn katanom  Weibull kai thn katanom  G�mma.
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KEFALAIO 2 : BASIKES ENNOIES

2.1 Eisagwg 

Sthn analogistik  epist mh qrhsimopoioÔntai majhmatik� montèla gia thn melèth enìc asfalistikoÔ
qartofulakÐou. Sto parìn kef�laio ja gÐnei mia eisagwg  sth jewrÐa qreokopÐac. Sugkekrimèna,
ja gÐnei mia episkìphsh stic basikèc ènnoiec thc jewrÐac kindÔnou gia to klasikì montèlo, kaj¸c kai
gia to ananewtikì montèlo.
To klasikì montèlo   to montèlo Cramer-Lundberg eis qjh to 1903 apì to Souhdì analogist 
Filip Lundberg kai anaptÔqjhke to 1930 apì ton Harald Cramer . O Cramer enswm�twse th jew-
rÐa twn stoqastik¸n anelÐxewn sth jewrÐa kindÔnou. Basikì qarakthristikì tou klasikoÔ montèlou
eÐnai ìti to pl joc twn zhmi¸n se èna qartoful�kio kindÔnwn akoloujeÐ thn katanom  Poisson.
To ananewtikì montèlo   montèlo Sparre Andersen apoteleÐ genÐkeush tou klasikoÔ montèlou.

H genÐkeush aut  ègine apì ton Norbhgì E.Sparre Andersen to ètoc 1957. Sthn perÐptwsh tou
ananewtikoÔ montèlou to pl joc twn zhmi¸n enìc qartofulakÐou kindÔnwn perigr�fetai apì mia
ananewtik  diadikasÐa.

2.2 Stoqastikèc AnelÐxeic

Shmantikì gia thn katanìhsh twn dÔo proanaferjèntwn montèlwn eÐnai h parousÐash twn sto-
qastik¸n anelÐxewn. Oi stoqastikèc anelÐxeic parousi�zoun endiafèron tìso apì jewrhtik  �poyh,
ìso kai gia to eurÔ f�sma twn efarmog¸n touc. Autì sumbaÐnei giatÐ meletoÔn pijanojewrhtik�
montèla pou perigr�foun fainìmena ta opoÐa exart¸ntai apì ton qrìno kai upìkeintai se tuqaiìthta.
Sth jewrÐa qreokopÐac mac endiafèrei na gnwrÐzoume to pleìnasma, to Ôyoc twn apozhmi¸sewn kai
ton arijmì twn kindÔnwn k�je qronik  stigm  t. Ekfr�zoume autì to apotèlesma mèsw miac sto-
qastik c anèlixhc {X(t) : t ∈ T}.
'Opwc proanafèrame, oi kÔriec tuqaÐec metablhtèc pou exet�zontai se èna qartoful�kio kindÔnwn
eÐnai to pl joc kai to Ôyoc twn apozhmi¸sewn. Oi proôpojèseic pou prèpei na isqÔoun eÐnai oi ex c :

1. Ta xeqwrist� megèjh twn apozhmi¸sewn jewroÔntai anex�rthtec tuqaÐec metablhtèc wc proc
ta megèjh touc.

2. O arijmìc twn apozhmi¸sewn, wc diakrit  kai mh-arnhtik  tuqaÐa metablht , jewreÐtai
anex�rthtoc wc proc ta megèjh twn apozhmi¸sewn.

3. Ta megèjh twn apozhmi¸sewn jewroÔntai isìnomec tuqaÐec metablhtèc, dhlad  èqoun thn Ðdia
suneq  kai mh-arnhtik  katanom  puknìthtac pijanìthtac.

Stic shmei¸seic tou PolÐth (2007) tou maj matoc << JewrÐa QreokopÐac >> kaj¸c kai sto sÔgramma
<< Eisagwg  stic Stoqastikèc AnelÐxeic >> thc OuranÐac QrusafÐnou (2011) mporoÔme na l�boume mia
pio ekten  an�lush twn parak�tw ennoi¸n.

Orismìc 2.1 : Stoqastik  anèlixh eÐnai mÐa oikogèneia tuqaÐwn metablht¸n {X(t) : t ∈ T}. To
sÔnolo T kaleÐtai sÔnolo deikt¸n thc anèlixhc kai to sÔnolo twn tim¸n I twn tuqaÐwn metablht¸n
X(t), t ∈ T kaleÐtai q¸roc katast�sewn thc stoqastik c anèlixhc.
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• An o qrìnoc T paÐrnei diakritèc timèc, tìte anaferìmaste se mia stoqastik  anèlixh me diakritì
q¸ro katast�sewn.

• An o qrìnoc T paÐrnei suneqeÐc timèc, tìte anaferìmaste se mia stoqastik  anèlixh me suneq 
q¸ro katast�sewn.

• An to pl joc twn tim¸n I eÐnai arijm simo, tìte anaferìmaste se mÐa stoqastik  anèlixh me
diakritèc timèc.

• An to pl joc twn tim¸n I eÐnai mh-arijm simo, tìte anaferìmaste se mÐa stoqastik  anèlixh
me suneqeÐc timèc.

DÔo qr simec idiìthtec miac stoqastik c anèlixhc eÐnai oi ex c, PolÐthc (2007) :

1. Mia stoqastik  anèlixh {X(t) : t ≥ 0} èqei anex�rthtec prosaux seic an gia k�je n = 1, 2, 3, ...
kai 0 ≤ t0 < t1 < ... < tn, oi tuqaÐec metablhtèc Xt0 , (Xt1−Xt0), (Xt2−Xt1), ..., (Xtn−Xtn−1)
eÐnai anex�rthtec.

2. Mia stoqastik  anèlixh {X(t) : t ≥ 0} èqei st�simec prosaux seic an gia k�je n = 1, 2, 3, ... ,
0 ≤ t0 < t1 < ... < tn kai h > 0, h apì koinoÔ katanom  twn tuqaÐwn metablht¸n
(Xt1+h −Xt0+h), (Xt2+h −Xt1+h), ..., (Xtn+h −Xtn−1+h) den exart�tai apì thn par�metro h.

Mia polÔ shmantik  stoqastik  anèlixh gia thn jewrÐa kindÔnou eÐnai h stoqastik  anèlixh Poisson,
QrusafÐnou (2011).

Orismìc 2.2 : Aparijm tria stoqastik  anèlixh {X(t) : t ∈ T} onom�zetai mia stoqastik  anèlixh
h opoÐa èqei ta parak�tw qarakthristik� :

1. X(0) = 0.

2. Ti = min {t : X(t) = i}, ìpou Ti : ekfr�zei th qronik  stigm  emf�nishc tou i−kindÔnou.

3. Oi endi�mesoi qrìnoi emf�nishc twn endeqomènwn sumbolÐzontai me Wi kai orÐzontai wc :
Wi = Ti − Ti−1, i ≥ 1, me T0 = 0.

0 T1

W1
T2

W2
T3

W3
T4

W4 ...

Sq ma 2.1 : Sq ma endi�meswn qrìnwn Wi emf�nishc enìc zhmiogìnou endeqomènou .

O arijmìc twn kindÔnwn enìc asfalistikoÔ qartofulakÐou sto [0, t] ekfr�zetai apì mia aparijm tria
stoqastik  anèlixh kai sumbolÐzetai me N(t).
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Orismìc 2.3 : H stoqastik  anèlixh {X(t) : t ∈ T} eÐnai stoqastik  anèlixh Poisson an :

1. X(0) = 0.

2. Se èna polÔ mikrì qronikì di�sthma h mporeÐ na sumbeÐ to polÔ èna gegonìc kai h pijanìthta
na sumbeÐ eÐnai an�logh me to m koc tou diast matoc.

3. 'Eqei anex�rthtec kai omogeneÐc prosaux seic, dhlad  :

Pr(N(t+ k)−N(t) = k) = e−λh · (λh)k

k!
, k = 0, 1, 2...,

ìpou λ : h èntash thc katanom c Poisson .

IsodÔnama, mporoÔme na orÐsoume thn anèlixh Poisson wc mia aparijm tria stoqastik  anèlixh h
opoÐa èqei anex�rthtec kai st�simec prosaux seic.

Oi ananewtikèc anelÐxeic apoteloÔn genÐkeush thc anèlixhc Poisson .

Orismìc 2.4 : Mia ananewtik  anèlixh {X(t), t ≥ 0} eÐnai mÐa aparijm tria stoqastik  anèlixh
sthn opoÐa oi endi�mesoi qrìnoi Wi eÐnai anex�rthtec kai isìnomec tuqaÐec metablhtèc, den akolou-
joÔn ìmwc aparaÐthta thn ekjetik  katanom .

Gia th melèth twn ananewtik¸n anelÐxewn anagkaÐa eÐnai h ananewtik  sun�rthsh a(t) h opoÐa dÐnetai
apì th sqèsh

a(t) = E[X(t)]

kai dhl¸nei ton anamenìmeno arijmì twn gegonìtwn sto di�sthma [0, t].

Se mÐa ananewtik  anèlixh exet�zoume ajroÐsmata anex�rthtwn tuqaÐwn metablht¸n. Gia autì to
lìgo shmantikì eÐnai na anafèroume thn ènnoia thc sunèlixhc.

Orismìc 2.5 : 'Estw F,G : dÔo ajroistikèc sunart seic katanom c. Tìte h sun�rthsh katanom c
F ∗G onom�zetai sunèlixh twn F,G kai orÐzetai wc

(F ∗G)(x) =
∫ x

0 F (x− t)dG(t), gia x ≥ 0.

H parap�nw sqèsh eÐnai isodÔnamh me thn

(F ∗G)(x) =
∫ x

0 F (x− t) · g(t)dt, gia x ≥ 0 ,

me thn proôpìjesh ìti up�rqei h sun�rthsh puknìthtac pijanìthtac thc g(t).
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Orismìc 2.6 : H puknìthta pijanìthtac thc sunèlixhc F,G dÐnetai apì th sqèsh

(f ∗ g)(x) =
∫ x
0 f(x− t) · g(t)dt, gia x ≥ 0 ,

ìpou f, g oi puknìthtec thc F,G, antÐstoiqa.

Sth sunèqeia parajètoume k�poiec basikèc idiìthtec twn sunelÐxewn :

1. 'Estw X,Y : dÔo anex�rthtec tuqaÐec metablhtèc me ajroistikèc sunart seic katanom c F,G,
antÐstoiqa. Tìte h sun�rthsh katanom c tou ajroÐsmatoc X + Y eÐnai h sunèlixh (F ∗G)(x).

2. IsqÔei h antimetajetik  idiìthta, dhlad  :

(F ∗G)(x) = (G ∗ F )(x).

3. H seir� twn sunart sewn sthn sunèlixh den paÐzei rìlo, dhlad  isqÔei h prosetairistik 
idiìthta. Gia treic ajroistikèc sunart seic katanom c F,G,H isqÔei :

[(F ∗G) ∗H](x) = [F ∗ (G ∗H)](x).

'Opwc proanafèrame shmantik  gia thn melèth miac ananewtik c exÐswshc eÐnai to mègejoc a(t).
Parak�tw anafèrontai dÔo shmantikèc prot�seic gia thn a(t).

Prìtash 2.1 : 'Estw mÐa ananewtik  anèlixh {X(t) : t ∈ T} sthn opoÐa h katanom  twn endi�meswn
qrìnwn eÐnai K kai a(t) = E[X(t)] eÐnai h ananewtik  sun�rthsh.
Tìte h a(t) ikanopoieÐ th sqèsh

a(t) =
∑∞
i=1K

∗i(t), t ≥ 0 ,

ìpou K∗i : h i−t�xhc sunèlixh thc K me ton euatì thc.
Analutik� :

• K∗0 = 1.

• K∗1 = K.

• K∗n = K ∗K ∗K... gia n ≥ 2.

AntÐstoiqa h ananewtik  puknìthta dÐnetai apì ton tÔpo

a′(t) =
∑∞
i=1 k

∗i(t), t ≥ 0.

MporoÔme na ermhneÔsoume tic dÔo proanaferjèntec posìthtec wc ex c : h ananewtik  sun�rthsh
eÐnai o anamenìmenoc arijmìc anane¸sewn sto qronikì di�sthma [0, t], kai h ananewtik  puknìthta
eÐnai o rujmìc me ton opoÐo metab�lletai o anamenìmenoc arijmìc twn anane¸sewn.
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Prìtash 2.2 : 'Estw mÐa ananewtik  anèlixh {X(t) : t ∈ T} sthn opoÐa h katanom  twn
endi�meswn qrìnwn eÐnai K kai a(t) = E[X(t)] eÐnai h ananewtik  sun�rthsh.
Tìte h a(t) ikanopoieÐ th sqèsh

a(t) = K(t) +
∫ t

0 a(t− x)dK(x), t ≥ 0.

Autìc o trìpoc upologismoÔ thc a(t) qrhsimopoieÐtai se perÐptwsh pou h a(t) den mporeÐ na upolo-
gisjeÐ �mesa apì ton tÔpo thc Prìtashc 2.1.

Genikìtera, ananewtik  anèlixh onom�zetai opoiad pote exÐswsh thc morf c

µ(t) = g(t) + ϕ
∫ t

0 µ(t− x)dr(x), t ≥ 0 ,

ìpou :

• 0 < ϕ ≤ 1 :mÐa stajer�.
An�loga me thn tim  thc ϕ oi ananewtikèc exis¸seic diakrÐnontai se :

1. Elleimmatikèc ananewtikèc exis¸seic ìtan 0 < ϕ < 1.

2. Kanonikèc   mh-elleimmatikèc ananewtikèc exis¸seic ìtan ϕ = 1.

• g : mÐa fragmènh sun�rthsh sto [0,∞).

• r : mÐa suneq c sun�rthsh katanom c sto [0,∞) .

• µ : h �gnwsth sun�rthsh.

H genik  lÔsh thc µ(t) dÐnetai apì ton tÔpo

µ(t) = g(t) +
∫ t

0 g(t− x)dM(x),

ìpou M(t) =
∑∞
i=1 ϕ

i · r∗i(t).

Je¸rhma 2.1 ( Basikì Ananewtikì Je¸rhma )

JewroÔme thn mh-elleimmatik  ananewtik  exÐswsh : µ(t) = g(t) +
∫ t

0 g(t− x)dM(x).

'Estw ìti isqÔoun oi parak�tw sunj kec :

1. g(t) ≥ 0 gia k�je t.

2. H sun�rthsh g eÐnai oloklhr¸simh kai fragmènh, dhlad 
∫∞

0 g(t)dt <∞.

3. H sun�rthsh g eÐnai mia fjÐnousa sun�rthsh.

Tìte

∫ t
0 g(t− x)dm(x)→ 1

µ ·
∫∞

0 g(x)dx kaj¸c to t→∞.
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2.3 To Klasikì Montèlo thc JewrÐac KindÔnou

DÔo kÔriec idiìthtec gia to klasikì montèlo kindÔnou eÐnai oi parak�tw :

• Gia k�je stajerì t, h tuqaÐa metablht  pou ekfr�zei to pl joc twn kindÔnwn sto qronikì
di�sthma [0, t] kai sumbolÐzetai me N(t) , akoloujeÐ thn katanom  Poisson me par�metro λt,
ìpou λ : h èntash thc anèlixhc Poisson .

• Gia k�je i 6= j, oi tuqaÐec metablhtècWi,Wj eÐnai anex�rthtec metaxÔ touc kai kajemÐa akolou-
jeÐ thn ekjetik  katanom  me par�metro λ.

2.3.1 H Stoqastik  Anèlixh tou Pleon�smatoc

To pleìnasma miac asfalistik c etaireÐac montelopoieÐtai san to apotèlesma dÔo antÐjetwn
qrhmatoro¸n, ta èsoda pou proèrqontai apì thn eÐspraxh twn asfalÐstrwn kai ta èxoda lìgw twn
asfalistik¸n apait sewn Yi. JewroÔme èna asfalistikì qartoful�kio kindÔnwn ìpou to pleìnasma
perigr�fetai apì mia stoqastik  anèlixh h opoÐa sumbolÐzetai me {U(t), t ≥ 0} kai orÐzetai wc

U(t) = u+ c · t− S(t) ,

ìpou :

• u : To arqikì apojematikì. K�je asfalistik  epiqeÐrhsh kat� thn ènarxh twn ergasi¸n thc
upoqreoÔtai apì ton nìmo na diajètei k�poio arqikì kef�laio, to opoÐo apoteleÐ kai to
pleìnasma thc etaireÐac kat� th qronik  stigm  t = 0, U(0) = u.

• c : O stajerìc rujmìc eÐspraxhc twn asfalÐstrwn an� mon�da qrìnou.

• S(t) : H stoqastik  anèlixh twn sunolik¸n apozhmi¸sewn sto qronikì di�sthma [0, t].

H stoqastik  anèlixh twn sunolik¸n apozhmi¸sewn sto qronikì di�sthma [0, t] orÐzetai me ton ex c
trìpo.
GnwrÐzoume ìti o arijmìc twn apozhmi¸sewn sto [0, t] orÐzetai wc h aparijm tria stoqastik  anèlix-
h N(t). EpÐshc Yi, i ≥ 1 eÐnai h tuqaÐa metablht  pou parist� to Ôyoc thc apozhmÐwshc apì thn
epèleush tou i−kindÔnou. Tìte to mègejoc twn sunolik¸n apozhmi¸sewn pou katab�llontai èwc to
qrìno t orÐzetai h stoqastik  anèlixh

S(t) = Y1 + Y2 + ...+ YN(t) =
∑N(t)
i=1 Yi, N(t) ≥ 1

kai

S(t) = 0, N(t) = 0 .

• An ta Yi akoloujoÔn k�poia suneq  katanom  sto [0,∞), tìte h S(t) ja eÐnai mÐa katanom 
meiktoÔ tÔpou, blèpe shmei¸seic QatzhkwnstantinÐdh (2009). Se aut  thn perÐptwsh h sÔnjeth
tuqaÐa metablht  S(t) èqei m�za pijanìthtac sto shmeÐo 0, gia N(t) = 0 kai eÐnai suneq c gia
di�sthma (0,∞) gia N(t) ≥ 1 .
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• An ta Yi akoloujoÔn k�poia diakrit  katanom , tìte h S(t) ja akoloujeÐ epÐshc mÐa diakrit 
katanom .

Sto klasikì montèlo thc jewrÐac kindÔnou isqÔoun oi ex c paradoqèc :

• JewroÔme ìti h sun�rthsh twn asfalÐstrwn eÐnai nteterministik  kai Ðsh me c · t .

• Oi tuqaÐec metablhtèc Yi pou perigr�foun to Ôyoc thc i−apozhmÐwshc eÐnai anex�rthtec kai
isìnomec metaxÔ touc.

• Oi tuqaÐec metablhtèc Yi eÐnai anex�rthtec apì to pl joc twn apozhmi¸sewn N(t).

• Oi endi�mesoi qrìnoi Wi emf�nishc twn zhmiogìnwn endeqomènwn eÐnai anex�rthtec kai isìnomec
tuqaÐec metablhtèc.

• Oi endi�mesoi qrìnoiWi akoloujoÔn thn ekjetik  katanom  me par�metro λ, dhlad Wi ∼ E(λ).

• To pl joc twn apozhmi¸sewn N(t) kai to Ôyoc twn sunolik¸n apozhmi¸sewn S(t) akoloujoÔn
mia stoqastik  anèlixh Poisson kai sÔnjeth stoqastik  anèlixh Poisson , antÐstoiqa.
Sunoptik� èqoume N(t) ∼ P (λt)⇒ S(t) ∼ CP (λt).

Gia thn kalÔterh katanìhsh twn parap�nw ac doÔme ta Sq mata 2.2 kai 2.3, blèpe shmei¸seic Qatzhk-
wnstantinÐdh (2009).

Sq ma 2.2 : Grafik  par�stash thc stoqastik c diadikasÐac twn apozhmi¸sewn .

Sto Sq ma 2.2 parathroÔme ìti h S(t) eÐnai mÐa klimakwt  sun�rthsh kai apeikonÐzei mÐa dunat 
exèlixh twn tim¸n twn sunolik¸n apozhmi¸sewn. Sto qronikì di�sthma [0, t1), dhlad  akrib¸c prin
thn epèleush tou pr¸tou zhmiogìnou endeqomènou oi sunolikèc apozhmi¸seic eÐnai mhdenikèc. Sth
sunèqeia h grafik  par�stash emfanÐzei << �lmata >> ta opoÐa apeikonÐzoun to Ôyoc thc k�je zhmi�c,
en¸ paramènei stajer  ìtan den epèrqetai kÐndunoc.
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S(t) = 0 , 0 ≤ t < T1

S(t) = Y1 , T1 ≤ t < T2

S(t) = Y1 + Y2 , T2 ≤ t < T3

...

Sq ma 2.3 : Grafik  par�stash thc stoqastik c diadikasÐac tou pleon�smatoc .

Sth qronik  stigm  0 h asfalistik  etaireÐa èqei arqikì apojematikì u. Sto Sq ma 2.3 parathroÔme
ìti h tim  tou pleon�smatoc emfanÐzei << �lmata proc ta k�tw >>. Ta �lmata sthn grafik  par�stash
U(t) gÐnontai tic qronikèc stigmèc pou emfanÐzei << �lmata >> h grafik  par�stash S(t) kaj¸c oi
metabolèc sto Ôyoc twn apozhmi¸sewn epifèroun metabolèc Ðsou Ôyouc sthn tim  tou pleon�smatoc.

• H posìthta U(T−) eÐnai to pleìnasma akrib¸c prin th stigm  thc qreokopÐac.

• H posìthta |U(T )| eÐnai to èlleimma kat� th stigm  thc qreokopÐac se apìluth tim  kai apoteleÐ
èndeixh gia thn epikindunìthta tou qartofulakÐou.

• H posìthta T eÐnai o qrìnoc thc qreokopÐac.

Sta shmeÐa pou h S(t) emfanÐzei << �lmata proc ta p�nw >> h U(t) emfanÐzei << �lmata proc ta k�tw >>
Ðdiou Ôyouc.

U(t) = u+ c · t , 0 ≤ t < T1

U(t) = u+ c · t− Y1 , T1 ≤ t < T2

U(t) = u+ c · t− (Y1 + Y2) , T2 ≤ t < T3

...
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2.3.2 O Qrìnoc QreokopÐac

H qreokopÐa epèrqetai ìtan to pleìnasma p�rei gia pr¸th for� arnhtik  tim . H qronik  stigm 
pou to pleìnasma gÐnei gia pr¸th for� arnhtikì onom�zetai qrìnoc qreokopÐac (time of ruin) kai
orÐzetai wc

T = inf {t : U(t) < 0} .

2.3.3 H Pijanìthta QreokopÐac

To kentrikì antikeÐmeno sth jewrÐa qreokopÐac eÐnai h diereÔnhsh thc pijanìthtac h stoqastik 
anèlixh tou pleon�smatoc na pèsei telik� k�tw apì to mhdèn. H pijanìthta aut  onom�zetai pi-
janìthta qreokopÐac (probability of ruin) kai orÐzetai wc

ψ(u) = Pr(T <∞|U(0) = u) = E[I(T <∞)|U(0) = u]. (1)

• H ψ(u) eÐnai fjÐnousa sun�rthsh wc proc u.
u1 ≤ u2 ⇒ ψ(u1) ≥ ψ(u2).

• limu→∞ ψ(u) = 0.

GnwrÐzoume ìti gia thn orj  leitourgÐa miac asfalistik c etaireÐac prèpei ta èsoda na kalÔptoun ta
èxoda. Majhmatik� autì mporeÐ na ekfrasteÐ wc ex c :

c · t > E(S(t))⇔ c > t ≥ E(N(t)) ·m1.

Kaj¸c N(t) ∼ P (λt) :

c · t > λt ·m1 ⇔ c > λ ·m1 ⇒ c = (1 + θ)λ ·m1 ⇒ 1 + θ = c
λm1

,

ìpou 0 < θ < 1 orÐzetai wc to perij¸rio asfaleÐac.

Sto klasikì montèlo isqÔei h sunj kh λ ·m1 < c .

Epiplèon prokÔptei ìti ϕ = λ·m1
c .

H pijanìthta qreokopÐac ψ(u) ikanopoieÐ thn ex c elleimmatik  ananewtik  exÐswsh

ψ(u) = ϕ
∫ u

0 ψ(u− y)dP1(y) + ϕP 1(u), (2)
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ìpou :

• P1(y) : h 1h katanom  isorropÐac thc katanom c twn apozhmi¸sewn P (y) kai orÐzetai wc

P1(y) = 1
m1

∫ y
0 P (u)du, u ≥ 0 .

Akìma sumbolÐzoume me P 1(y) = 1− P1(y) th sun�rthsh epibÐwshc   our� thc 1hc katanom c
isorropÐac thc katanom c twn apozhmi¸sewn.

• m1 :h mèsh tim  thc katanom c twn apozhmi¸sewn P (y).

H lÔsh thc elleimmatik c ananewtik c exÐswshc gia thn pijanìthta qreokopÐac eÐnai h parak�tw

ψ(u) = ϕ
1−ϕ ·

∫ u
0+ P 1(u− t)dδ(t) + ϕP 1(u) = ϕ

1−ϕ ·
∫ u

0− P 1(u− t)dδ(t), (3)

ìpou δ(u) = 1− ψ(u) = (1− φ) ·
∑∞
i=0 ϕ

n · P1(u), h pijanìthta mh qreokopÐac.

• H δ(u) eÐnai aÔxousa sun�rthsh wc proc u.
u1 ≤ u2 ⇒ δ(u1) ≤ δ(u2).

• limu→∞ δ(u) = 1.

• H δ(u) eÐnai mia meikt  katanom , kaj¸c δ(0) > 0 , dhlad  h pijanìthta mh-qreokopÐac gia
arqikì apojematikì u = 0 eÐnai jetik , en¸ gia to di�sthma (0,∞) h δ(u) eÐnai suneq c.

Apì thn (3) prokÔptei ìti

ψ(0) = ϕ = 1
1+θ = λ·m1

c ,

kai epomènwc isqÔei ìti

δ(0) = 1− ψ(0) = 1− ϕ = θ
1+θ = c−λ·m1

c .
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SÔmfwna me tic shmei¸seic tou QatzhkwnstantinÐdh (2009), desmeÔontac wc proc to qrìno kai to
Ôyoc tou pr¸tou zhmiogìnou endeqomènou, apì ton nìmo thc olik c pijanìthtac, prokÔptei ìti

ψ(u) =
∫∞

0 λ · e−λt
{∫∞

u+ct p(y)dy +
∫ u+ct

0 ψ(u+ ct− y)p(y)dy
}
dt ,

ìpou p(y) : h sun�rthsh puknìthtac pijanìthtac twn apozhmi¸sewn Yi.

kai

δ(u) =
∫∞

0 λ · e−λt
{∫ u+ct

0 δ(u+ ct− y)p(y)dy
}
dt.

Sthn perÐptwsh tou klasikoÔ montèlou oi apozhmi¸seic akoloujoÔn ekjetik  katanom  me par�metro
λ, Y ∼ E(λ) kai isqÔei ìti

ψ(u) = 1
1+θ · e

− λθu
1+θ

kai

δ(u) = 1− 1
1+θ · e

− λθu
1+θ .
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Sth sunèqeia blèpoume grafik� tic ψ(u) kai δ(u).

Sq ma 2.4 : Grafik  par�stash thc pijanìthtac qreokopÐac .

ParathroÔme ìti h ψ(u) xekin�ei apì to shmeÐo ψ(0) = 1
1+θ . EpÐshc eÐnai fjÐnousa sun�rthsh wc

proc u.
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Sq ma 2.5 : Grafik  par�stash thc pijanìthtac mh qreokopÐac .

ParathroÔme ìti h δ(u) xekin�ei apì to shmeÐo ψ(0) = θ
1+θ . EpÐshc eÐnai aÔxousa sun�rthsh wc proc

u.
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2.3.4 Ta Klimakwt� 'Uyh

Ta klimakwt� Ôyh (ladder heights) , ta opoÐa sumbolÐzontai me Li, i = 1, 2, ..., eÐnai h i−pt¸sh
k�tw apì thn prohgoÔmenh el�qisth tim  tou pleon�smatoc.

Sq ma 2.6 : Grafik  par�stash twn klimakwt¸n uy¸n .

SÔmfwna me tic shmei¸seic tou PolÐth (2007), xekin¸ntac me arqikì apojematikì u h pr¸th pt¸sh
k�tw apì thn tim  u sumbolÐzetai me u1. Tìte h posìthta L1 eÐnai h pr¸th pt¸sh tou pleon�smatoc
k�tw apì to arqikì apojematikì kai isoÔtai me L1 = u− u1.
AntÐstoiqa mporoÔme na orÐsoume thn pr¸th pt¸sh tou pleon�smatoc k�tw apì to apojematikì u1

sthn tim  u2, wc L2 = u1 − u2.

L1 = u− u1 ,

L2 = u1 − u2 ,

L3 = u2 − u3 ,

L4 = u3 − u4 ,

. . .

Oi tuqaÐec metablhtèc Li eÐnai anex�rthtec kai isìnomec kai akoloujoÔn thn katanom  isorropÐac thc
katanom c twn apozhmi¸sewn.
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Orismìc 2.7 : 'Estw mÐa tuqaÐa metablht  Q h opoÐa akoloujeÐ thn katanom  isorropÐac miac
katanom c P , tìte oi : sun�rthsh katanom c, sun�rthsh puknìthtac pijanìthtac , katanom 
isorropÐac kai h k-ost  rop  dÐnontai apì touc tÔpouc :

• Sun�rthsh katanom c :

P1(q) =

∫ q
0
P (t)dt

m1
.

• Sun�rthsh puknìthtac pijanìthtac :

p1(q) = P (q)
m1

.

• Sun�rthsh epibÐwshc :

P 1(q) =

∫∞
q

P (t)dt

m1
.

• k-ost  rop  :
µ1,k =

mk+1

(k+1)m1
.

ìpou mk h k−ost  rop  thc katanom c twn apozhmi¸sewn.

Apìdeixh :

Ex orismoÔ isqÔei ìti h k−ost  rop  mÐac katanom c dÐnetai apì ton tÔpo

µ1,k =
∫∞

0 qk · p1(q)dq =
∫∞

0 qk · P (q)
m1

dq = 1
m1
· 1
k+1 ·

∫∞
0 qk+1 · P (q)dq

= 1
m1
· 1
k+1 ·

{[
qk+1 · P (q)

]∞
0

+
∫∞

0 qk+1 · p(q)dq
}
.

IsqÔei ìti limq→∞ q
k+1 · P (q) = 0 eÐnai

1
m1
· 1
k+1 · {0− 0 +mk+1} ⇒ µ1,k =

mk+1

(k+1)m1
.

• Gia k = 1⇒ µ1,1 = m2
2m1

.

• Gia k = 2⇒ µ1,2 = m3
3m1

.

Prìtash 2.3 : 'Estw mÐa tuqaÐa metablht  Q h opoÐa perigr�fetai apì thn katanom  isor-
ropÐac mÐac katanom c P . Tìte h pr¸th rop  (mèsh tim ) thc Q isoÔtai me µ1,1 = m2

2m1
kai h deÔterh

rop  me µ1,2 = m3
3m1

.

To pl joc twn Li onom�zetai mègisth swreutik  ap¸leia, orÐzetai wc to tuqaÐo �jroisma ìlwn
twn katagegrammènwn pt¸sewn L = L1 + L2 + L3 + ... kai parist� th sunolik  pt¸sh k�tw apì to
arqikì apojematikì, blèpe shmei¸seic PolÐth (2007).
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H L èqei m�za sto 0 kai eÐnai diakrit  ìtan ta klimakwt� Ôyh eÐnai diakrit� kai meikt  ìtan ta kli-
makwt� Ôyh eÐnai suneq . EpÐshc, h L akoloujeÐ thn gewmetrik  katanom  me par�metro δ(0) = θ

1+θ ,
kaj¸c an jewr soume << apotuqÐa >> thn emf�nish miac pt¸shc Li, h L metr� ton arijmì twn apotuqi¸n
mèqri thn pr¸th epituqÐa. Dhlad  L ∼ Geo( θ

1+θ ).
Gia thn sun�rthsh pijanìthtac thc L isqÔei ìti

Pr(L = l) = δ(0) · [ψ(0)]l =
(

θ
1+θ

)
·
(

1
1+θ

)l
, l = 0, 1, 2, ....

H mègisth swreutik  ap¸leia L ekfr�zei th mègisth diafor� metaxÔ twn sunolik¸n apozhmi¸sewn
kai twn sunolik¸n eispraqjèntwn asfalÐstrwn mèqri thn qronik  stigm  t.

L = max {S(t)− ct} , L ≥ 0, t ≥ 0 .

Den prokÔptei qreokopÐa ìtan U(t) ≥ 0⇔ u+ ct− S(t) ≥ 0⇔ u ≥ max {S(t)− ct} , t ≥ 0 .

Dhlad  den emfanÐzetai qreokopÐa ìtan ψ(u) = Pr(L > u) ,   isodÔnama ìtan δ(u) = Pr(L ≤ u).

2.3.5 O Suntelest c Prosarmog c

O suntelest c prosarmog c (adjustment coefficient) sumbolÐzetai me R kai orÐzetai wc h
mikrìterh jetik  rÐza thc exÐswshc tou Lundberg , h opoÐa dÐnetai apì th sqèsh

1 + (1 + θ) ·m1 · r = MY (r) , (4)

ìpou :

• θ : to perij¸rio asfaleÐac.

• m1 : h mèsh tim  twn apozhmi¸sewn.

• MY (r) = E(erY ) =
∫∞

0 eryp(y)dy : h ropogenn tria twn apozhmi¸sewn.

AparaÐthth proôpìjesh gia thn Ôparxh tou suntelest  prosarmog c eÐnai na up�rqei h
ropogenn tria MY (r), dhlad  na isqÔei ìti MY (r) <∞.
Mia isodÔnamh sqèsh gia thn eÔresh tou suntelest  prosarmog c eÐnai h parak�tw

−1
r + 1

r ·MY (r) = c
λ ,
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ìpou jumÐzoume ìti:

• c : o stajerìc rujmìc eÐspraxhc twn asfalÐstrwn.

• λ : h par�metroc thc ekjetik c katanom c pou akoloujoÔn oi endi�mesoi qrìnoi.

Sto Sq ma 2.7 parathroÔme grafik� th Sqèsh 4 .

Sq ma 2.7 : Grafik  par�stash tou suntelest  prosarmog c R .

O suntelest c prosarmog c brÐskei efarmog  sth jewrÐa kindÔnou. Oi kÔriec efarmogèc eÐnai oi
parak�tw :

1. H anisìthta tou Lundberg :

ψ(u) ≤ e−Ru, u ≥ 0 .

2. O asumptwtikìc tÔpoc Cramer - Lundberg :

ψ(u) ∼ Ce−Ru kaj¸c u→∞ ,

ìpou C > 0 mÐa stajer�.
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2.4 To Ananewtikì Montèlo thc JewrÐac KindÔnou

Sto ananewtikì montèlo, sÔmfwna me ton Olof Thorin (1974), o Sparre Andersen upèjese ìti
oi endi�mesoi qrìnoi Wi pou mesolaboÔn metaxÔ twn zhmiogìnwn endeqomènwn den akoloujoÔn thn
ekjetik  katanom  all� mia pio genik  sun�rthsh katanom c.

Ta kÔria qarakthristik� tou ananewtikoÔ montèlou eÐnai ta ex c :

• Oi endi�mesoi qrìnoi Wi eÐnai anex�rthtec kai isìnomec tuqaÐec metablhtèc kai akoloujoÔn mÐa
katanom  K(t).

• To pl joc twn zhmi¸n den perigr�fetai apì mia anèlixh Poisson , all� apì mia ananewtik 
anèlixh.

• Oi tuqaÐec metablhtèc Li, i = 1, 2, ... pou perigr�foun ta klimakwt� Ôyh, den akoloujoÔn thn
katanom  isorropÐac tou megèjouc twn apozhmi¸sewn, all� mÐa �llh katanom  èstw F .

Sthn perÐptwsh tou ananewtikoÔ montèlou isqÔei h sunj kh

E(Yi) < c · E(Wi), (5)

ìpou :

• E(Yi) : H mèsh tim  tou megèjouc twn apozhmi¸sewn.

• c : O rujmìc eÐspraxhc twn asfalÐstrwn an� mon�da qrìnou.

• E(Wi) : H mèsh tim  twn endi�meswn qrìnwn emf�nishc twn endeqomènwn.

JewroÔme èna asfalistikì qartoful�kio kindÔnwn ìpou to pleìnasma perigr�fetai apì mia
stoqastik  anèlixh h opoÐa sumbolÐzetai me {U(t), t ≥ 0} kai orÐzetai wc

U(t) = u+ c · t− S(t),

ìpou :

• u : To arqikì apojematikì.

• S(t) : H stoqastik  anèlixh twn sunolik¸n apozhmi¸sewn sto qronikì di�sthma [0, t].

S(t) = Y1 + Y2 + ...+ YN(t) =
∑N(t)
i=1 Yi, N(t) ≥ 1

kai

S(t) = 0, N(t) = 0 .
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H qronik  stigm  pou to pleìnasma p�rei gia pr¸th for� arnhtik  tim  onom�zetai qrìnoc qreokopÐac
(time of ruin) kai sumbolÐzetai wc

T = inf {t : U(t) < 0} ,

kai h pijanìthta qreokopÐac (probability of ruin) kai orÐzetai wc

ψ(u) = Pr(T <∞|U(0) = u) = E[I(T <∞)|U(0) = u].

EpÐshc h pijanìthta mh-qreokopÐac dÐnetai apì ton tÔpo δ(u) = 1− ψ(u).

Sto ananewtikì montèlo den isqÔoun oi sqèseic gia tic posìthtec ψ(0) kai δ(0) sunart sei tou
θ, dhlad  ψ(0) 6= 1

1+θ kai δ(0) 6= θ
1+θ .

Sthn perÐptwsh tou ananewtikoÔ montèlou h pijanìthta qreokopÐac ikanopoieÐ thn elleimmatik 
ananewtik  exÐswsh

ψ(u) = ϕ ·
∫ u

0 ψ(u− t)dF (t) + ϕF (u), (6)

kai h lÔsh dÐnetai apì ton tÔpo

ψ(u) = ϕ
1−ϕ ·

∫ u
0+ F (u− t)dδ(t) + ϕF (u) = ϕ

1−ϕ ·
∫ u

0− F (u− t)dδ(t), (7)

OrÐzoume mÐa nèa metablht  Zi = Yi − cWi, Z0 = 0 h opoÐa dhl¸nei to Ôyoc thc i−apaÐthshc efì-
son èqoun eispraqjeÐ ta apaitoÔmena asf�listra, blèpe Olof Thorin (1974) . H Z akoloujeÐ mÐa
sun�rthsh katanom c J .
Tìte o suntelest c prosarmog c R, sto ananewtikì montèlo eÐnai h jetik  lÔsh thc exÐswshc

MZ(r) = 1 ,

ìpou MZ(r) h ropogenn tria thc metablht c Z.

IsqÔei ìti :

• MZ(r) =
∫∞
−∞ e

rZdJ(z) = E(er(Y−cW )) = E(erY ) · E(e−rcW ).

• MY (r) =
∫∞

0 erY p(y)dy = E(erY ).

• MW (r) =
∫∞

0 erWk(w)dw = E(erW ).
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Me b�sh ta parap�nw o suntelest c prosarmog c mporeÐ na upologisjeÐ apì èna pio aplì tÔpo

MZ(r) = 1⇔MY (r) ·MW (−cr) = 1, (8)

Qrhsimopoi¸ntac metasqhmatismoÔc Laplace mporoÔme na gr�youme thn Sqèsh 7 me ton ex c trìpo

p̃(−r) · k̃(cr) = 1. (9)
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KEFALAIO 3 : ANAMENOMENH PROEXOFLHMENH

SUNARTHSH POINHS TWN GERBER - SHIU .

3.1 H Sun�rthsh twn Gerber kai Shiu

To 1998 me to �rjro touc << On the time of value of ruin >> oi Gerber - Shiu eis gagan mia
exÐswsh pou ikanopoieÐ mia elleimmatik  ananewtik  exÐswsh kai montelopoieÐ to pleìnasma akrib¸c
prin th stigm  thc qreokopÐac U(T−) kai to èlleimma kat� th stigm  thc qreokopÐac |U(T )| .
H exÐswsh onom�zetai anamenìmenh proexoflhmènh sun�rthsh poin c (expected discounted penalty
function) twn Gerber - Shiu kai orÐzetai wc

mδ(u) = E[e−δT · w(U(T−), |U(T )|) · I(T <∞)|U(0) = u], (10)

ìpou :

• u : to arqikì apojematikì.

• w(x, y) : h sun�rthsh poin c (penalty function) .

• δ > 0 : proexoflhtikìc par�gontac.

• I(T < ∞) : deÐktria sun�rthsh h opoÐa paÐrnei thn tim  1 an sumbeÐ qreokopÐa kai thn tim  0
diaforetik�.

OrÐzoume :

• U(T−)→ x.

• |U(T )| → y.

• T → t.

To x sundèetai me to èlleimma kat� th stigm  qreokopÐac se apìluth tim . To y sundèetai me to
pleìnasma akrib¸c prin th stigm  thc qreokopÐac. Tèloc , to t sumbolÐzei to qrìno qreokopÐac. Sth
sunèqeia, q�rin eukolÐac ja qrhsimopoi soume touc parap�nw sumbolismoÔc.

SÔmfwna me touc Gerber - Shiu (1998), h anamenìmenh proexoflhmènh sun�rthsh poin c twn
Gerber - Shiu mporeÐ na grafteÐ kai wc

mδ(u) =
∫∞

0

∫∞
0

∫∞
0 e−δt · w(x, y) · b(x, y, t|u)dtdxdy, (11)

ìpou b(x, y, t|u) : h elleimmatik  sun�rthsh puknìthtac pijanìthtac twn U(T−), |U(T )|, T .
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'Opwc proanafèrame h mδ(u) ikanopoieÐ mia elleimmatik  ananewtik  exÐswsh, h opoÐa eÐnai thc
morf c

mδ(u) = ϕ
∫ u

0 mδ(u− t)dF (t) + v(u). (12)

Apì thn sqèsh (5) isqÔei ìti : limu→∞mδ(u) = 0.

H lÔsh thc parap�nw sqèshc dìjhke apì touc Willmot Lin (1999)

mδ(u) = 1
1−ϕ ·

∫ u
0− v(u− t)dδ(t). (13)

3.2 Eidikèc Morfèc thc Sun�rthshc twn Gerber - Shiu

1. 'Estw w(U(T−), |U(T )|) = 1 kai d=0. Se aut  thn perÐptwsh prokÔptei h pijanìthta qreokopÐac.

m0(u) = ψ(u) = E[I(T <∞)|U(0) = u].

2. 'Estw w(U(T−), |U(T )|) = 1 kai δ > 0. Se aut  thn perÐptwsh prokÔptei o metasqhmatismìc
Laplace tou qrìnou qreokopÐac T .

mδ(u) = E[e−δ·T · I(T <∞)|U(0) = u].

3. 'Estw w(U(T−), |U(T )|) = I(U(T−) ≤ x) · I(|U(T )| ≤ y) kai d=0. Se aut  thn perÐptwsh
prokÔptei h apì koinoÔ sun�rthsh katanom c twn U(T−), |U(T )|.

m0(u) = E[I(U(T−) ≤ x) · I(|U(T )| ≤ y) · I(T <∞)|U(0) = u].

4. 'Estw w(U(T−), |U(T )|) = I(U(T−) ≤ x) · I(|U(T )| ≤ y) kai δ > 0. Se aut  thn perÐptwsh
prokÔptei h apì koinoÔ proexoflhmènh sun�rthsh katanom c twn U(T−), |U(T )|.

mδ(u) = E[e−δ·T · I(U(T−) ≤ x) · I(|U(T )| ≤ y) · I(T <∞)|U(0) = u].

5. 'Estw w(U(T−), |U(T )|) = I(U(T−) = x) · I(|U(T )| = y) kai d=0. Se aut  thn perÐptwsh
prokÔptei h apì koinoÔ sun�rthsh puknìthtac pijanìthtac twn U(T−), |U(T )|.

m0(u) = E[I(U(T−) = x) · I(|U(T )| = y) · I(T <∞)|U(0) = u].

6. 'Estw w(U(T−), |U(T )|) = I(U(T−) = x) · I(|U(T )| = y) kai δ > 0. Se aut  thn perÐptwsh
prokÔptei h proexoflhmènh apì koinoÔ sun�rthsh puknìthtac pijanìthtac twn U(T−), |U(T )|.

mδ(u) = E[e−δ·T · I(U(T−) = x) · I(|U(T )| = y) · I(T <∞)|U(0) = u].

7. 'Estw w(U(T−), |U(T )|) = I(U(T−) ≤ x) kai d=0. Se aut  thn perÐptwsh prokÔptei h
sun�rthsh katanom c thc U(T−).

m0(u) = E[I(U(T−) ≤ x) · I(T <∞)|U(0) = u].
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8. 'Estw w(U(T−), |U(T )|) = I(U(T−) ≤ x) kai δ > 0. Se aut  thn perÐptwsh prokÔptei h
proexoflhmènh sun�rthsh katanom c thc U(T−).

mδ(u) = E[e−δ·T · I(U(T−) ≤ x) · I(T <∞)|U(0) = u].

9. 'Estw w(U(T−), |U(T )|) = I(|U(T )| ≤ y) kai d=0. Se aut  thn perÐptwsh prokÔptei h
sun�rthsh katanom c thc |U(T )|.

m0(u) = E[I(|U(T )| ≤ y) · I(T <∞)|U(0) = u].

10. 'Estw w(U(T−), |U(T )|) = I(|U(T )| ≤ y) kai δ > 0. Se aut  thn perÐptwsh prokÔptei h
proexoflhmènh sun�rthsh katanom c thc |U(T )|.

mδ(u) = E[e−δ·T · I(|U(T )| ≤ y) · I(T <∞)|U(0) = u].

11. 'Estw w(U(T−), |U(T )|) = I(U(T−) = x) kai d=0. Se aut  thn perÐptwsh prokÔptei h
sun�rthsh sun�rthsh puknìthtac pijanìthtac thc U(T−).

m0(u) = E[I(U(T−) = x) · I(T <∞)|U(0) = u].

12. 'Estw w(U(T−), |U(T )|) = I(U(T−) = x) kai δ > 0. Se aut  thn perÐptwsh prokÔptei h
proexoflhmènh sun�rthsh puknìthtac pijanìthtac thc U(T−).

mδ(u) = E[e−δ·T · I(U(T−) = x) · I(T <∞)|U(0) = u].

13. 'Estw w(U(T−), |U(T )|) = I(|U(T )| = y) kai d=0. Se aut  thn perÐptwsh prokÔptei h
sun�rthsh puknìthtac pijanìthtac thc |U(T )|.

m0(u) = E[I(|U(T )| = y) · I(T <∞)|U(0) = u].

14. 'Estw w(U(T−), |U(T )|) = I(|U(T )| = y) kai δ > 0. Se aut  thn perÐptwsh prokÔptei h
proexoflhmènh sun�rthsh puknìthtac pijanìthtac thc |U(T )|.

mδ(u) = E[e−δ·T · I(|U(T )| = y) · I(T <∞)|U(0) = u].

15. 'Estw w(U(T−), |U(T )|) = e−s1·x−s2·y = e−s1·x · e−s2·y kai δ > 0. Se aut  thn perÐptwsh
prokÔptei o metasqhmatismìc Laplace thc apì koinoÔ puknìthtac twn U(T−), |U(T )|.

mδ(u) = E[e−δ·T−s1·x−s2·y · I(T <∞)|U(0) = u].

16. 'Estw w(U(T−), |U(T )|) = U(T−)j · |U(T )|k kai d=0. Se aut  thn perÐptwsh prokÔptei h
rop  t�xewc j thc U(T−) kai h rop  t�xewc k thc |U(T )|.

m0(u) = E[U(T−)j · |U(T )|k · I(T <∞)|U(0) = u].

17. 'Estw w(U(T−), |U(T )|) = U(T−)j · |U(T )|k kai δ > 0. Se aut  thn perÐptwsh prokÔptei h
proexoflhmènh rop  t�xewc j thc U(T−) kai h
proexoflhmènh rop  t�xewc k thc |U(T )|.

mδ(u) = E[e−δ·T · U(T−)j · |U(T )|k · I(T <∞)|U(0) = u].
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18. 'Estw w(U(T−), |U(T )|) = U(T−)j kai d=0. Se aut  thn perÐptwsh prokÔptei h rop  t�xewc
j thc U(T−) .

m0(u) = E[U(T−)j · I(T <∞)|U(0) = u].

19. 'Estw w(U(T−), |U(T )|) = U(T−)j kai δ > 0. Se aut  thn perÐptwsh prokÔptei h proexoflh-
mènh rop  t�xewc j thc U(T−) .

mδ(u) = E[e−δ·T · U(T−)j · I(T <∞)|U(0) = u].

20. 'Estw w(U(T−), |U(T )|) = |U(T )|k kai d=0. Se aut  thn perÐptwsh prokÔptei h rop  t�xewc
k thc |U(T )| .

m0(u) = E[|U(T )|k · I(T <∞)|U(0) = u].

21. 'Estw w(U(T−), |U(T )|) = |U(T )|k kai δ > 0. Se aut  thn perÐptwsh prokÔptei h proexoflh-
mènh rop  t�xewc k thc |U(T )| .

mδ(u) = E[e−δ·T · |U(T )|k · I(T <∞)|U(0) = u].

22. 'Estw w(U(T−), |U(T )|) = (U(T−) + |U(T )|)d kai d=0. Se aut  thn perÐptwsh prokÔptei h
rop  t�xewc d tou endeqomènou pou prokaleÐ qreokopÐa.

m0(u) = E[(U(T−) + |U(T )|)d · I(T <∞)|U(0) = u].

23. 'Estw w(U(T−), |U(T )|) = (U(T−) + |U(T )|)d kai δ > 0. Se aut  thn perÐptwsh prokÔptei h
proexoflhmènh rop  t�xewc d tou endeqomènou pou prokaleÐ qreokopÐa.

mδ(u) = E[e−δ·T · (U(T−) + |U(T )|)d · I(T <∞)|U(0) = u].

Parak�tw paratÐjetai ènac sunoptikìc pÐnakac me tic morfèc thc sun�rthshc Gerber-Shiu gia tic
diaforetikèc timèc thc sun�rthshc poin c w(U(T−), |U(T )|) kai gia ton par�gonta proexìflhshc δ.
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w(U(T−), |U(T )|) d TÔpoi
1 0 m0(u) = ψ(u) = E[I(T <∞)|U(0) = u]

1 > 0 mδ(u) = E[e−δ·T · I(T <∞)|U(0) = u]

I(U(T−) ≤ x) · I(|U(T )| ≤ y) 0 m0(u) = E[I(U(T−) ≤ x) · I(|U(T )| ≤ y) · I(T <∞)|U(0) = u]

I(U(T−) ≤ x) · I(|U(T )| ≤ y) > 0 mδ(u) = E[e−δ·T · I(U(T−) ≤ x) · I(|U(T )| ≤ y) · I(T <∞)|U(0) = u]

I(U(T−) = x) · I(|U(T )| = y) 0 m0(u) = E[I(U(T−) = x) · I(|U(T )| = y) · I(T <∞)|U(0) = u]

I(U(T−) = x) · I(|U(T )| = y) > 0 mδ(u) = E[e−δ·T · I(U(T−) = x) · I(|U(T )| = y) · I(T <∞)|U(0) = u]

I(U(T−) ≤ x) 0 m0(u) = E[I(U(T−) ≤ x) · I(T <∞)|U(0) = u]

I(U(T−) ≤ x) > 0 mδ(u) = E[e−δ·T · I(U(T−) ≤ x) · I(T <∞)|U(0) = u]

I(|U(T )| ≤ y) 0 m0(u) = E[I(|U(T )| ≤ y) · I(T <∞)|U(0) = u]

I(|U(T )| ≤ y) > 0 mδ(u) = E[e−δ·T · I(|U(T )| ≤ y) · I(T <∞)|U(0) = u]

I(U(T−) = x) 0 m0(u) = E[I(U(T−) = x) · I(T <∞)|U(0) = u]

I(U(T−) = x) > 0 mδ(u) = E[e−δ·T · I(U(T−) = x) · I(T <∞)|U(0) = u]

I(|U(T )| = y) 0 m0(u) = E[I(|U(T )| = y) · I(T <∞)|U(0) = u]

I(|U(T )| = y) > 0 mδ(u) = E[e−δ·T · I(|U(T )| = y) · I(T <∞)|U(0) = u]

e−s1·x−s2·y > 0 mδ(u) = E[e−δ·T−s1·x−s2·y · I(T <∞)|U(0) = u]

U(T−)j · |U(T )|k 0 m0(u) = E[U(T−)j · |U(T )|k · I(T <∞)|U(0) = u]

U(T−)j · |U(T )|k > 0 mδ(u) = E[e−δ·T · U(T−)j · |U(T )|k · I(T <∞)|U(0) = u]

U(T−)j 0 m0(u) = E[U(T−)j · I(T <∞)|U(0) = u]

U(T−)j > 0 mδ(u) = E[e−δ·T · U(T−)j · I(T <∞)|U(0) = u]

|U(T )|k 0 m0(u) = E[(U(T−) + |U(T )|)d · I(T <∞)|U(0) = u]

|U(T )|k > 0 mδ(u) = E[e−δ·T · (U(T−) + |U(T )|)d · I(T <∞)|U(0) = u]

(U(T−) + |U(T )|)d 0 m0(u) = E[(U(T−) + |U(T )|)d · I(T <∞)|U(0) = u]

(U(T−) + |U(T )|)d > 0 mδ(u) = E[e−δ·T · (U(T−) + |U(T )|)d · I(T <∞)|U(0) = u]
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3.3 H Oloklhr¸simh Morf  thc Sun�rthshc twn Gerber - Shiu

H oloklhr¸simh morf  thc anamenìmenhc proexoflhmènhc sun�rthshc poin c twn Gerber - Shiu,
blèpe Psarrakos (2013), dÐnetai apì ton tÔpo

m1,δ(u) =

∫ u
0
mδ(x)dx∫∞

0
mδ(x)dx.

(14)

H m1,δ(u) eÐnai sun�rthsh katanom c wc proc u.

H our� thc parap�nw katanom c orÐzetai wc ex c

m1,δ(u) =

∫∞
u

mδ(x)dx∫∞
0

mδ(x)dx.
(15)

H oloklhr¸simh morf  thc anamenìmenhc proexoflhmènhc sun�rthshc poin c twn Gerber - Shiu
eÐnai polÔ qr simh kaj¸c paÐrnontac touc parap�nw lìgouc, h m1,δ(u) kai oi eidikèc morfèc thc pou
ja melet soume parak�tw gÐnontai katanomèc wc proc u.

IsqÔei ìti h oloklhr¸simh anamenìmenh proexoflhmènh sun�rthsh poin c twn Gerber-Shiu
ikanopoieÐ thn ex c elleimmatik  stoqastik  exÐswsh

mδ(u) = ϕ ·
∫ u

0 m(u− t)dF (t) + v(u). (16)

'Opou F (t) : h katanom  twn klimakwt¸n uy¸n.

H lÔsh thc parap�nw sqèshc eÐnai

mδ(u) = 1
1−ϕ ·

∫ u
0− v(u− t)dδ(t). (17)

Apìdeixh :

Oloklhr¸nontac th sqèsh (16) prokÔptoun ta ex c

∫∞
u mδ(x)dx = ϕ ·

∫∞
u

∫ x
0 m(x− t)dF (t)dx+

∫∞
u v(x)dx =

ϕ ·
∫∞
u

∫ u
0 m(x− t)dF (t)dx+ ϕ ·

∫∞
u

∫ x
u m(x− t)dF (t)dx+

∫∞
u v(x)dx .

All�zontac th seir� sta oloklhr¸mata èqoume

ϕ ·
∫ u

0

∫∞
u m(x− t)dxdF (t) + ϕ ·

∫∞
u

∫∞
t m(x− t)dxdF (t) +

∫∞
u v(x)dx =

ϕ ·
∫ u

0

∫∞
u−tm(x)dxdF (t) + ϕ ·

∫∞
u

∫∞
0 m(x)dxdF (t) +

∫∞
u v(x)dx =

ϕ ·
∫ u

0

∫∞
u−tm(x)dxdF (t) + ϕ ·

∫∞
0 m(x)dx · F̄ (u) +

∫∞
u v(x)dx .
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Gia u = 0 paÐrnoume

∫∞
0 m(x)dx = ϕ ·

∫∞
0 m(x)dx · 1 +

∫∞
0 v(x)dx⇒

∫∞
0 m(x)dx =

∫∞
0

v(x)dx

1−ϕ .

Epomènwc

m1,δ(u) =

∫∞
u

m(x)dx∫∞
0

m(x)dx
=

ϕ·
∫ u
0

∫∞
u−tm(x)dxdF (t)∫∞
0

v(x)dx

1−ϕ

+
ϕ·
∫∞
0

m(x)dx·F̄ (u)∫∞
0

v(x)dx

1−ϕ

+

∫∞
u

v(x)dx∫∞
0

v(x)dx

1−ϕ

⇒

m1,δ(u) = ϕ ·
∫ u

0 m1(u− t)dF (t) + ϕ · F̄ (u) + (1− ϕ) ·
∫∞
u

v(x)dx∫∞
0

v(x)dx
⇒

m1,δ(u) = ϕ ·
∫ u

0 m1(u− t)dF (t) + ϕ · F̄ (u) + (1− ϕ) · v1,δ(u). (18)

Gia thn lÔsh thc oloklhr¸noume thn lÔsh thc mδ(u).

∫∞
u mδ(x)dx = 1

1−ϕ ·
∫∞
u

∫ u
0− v(x− t)dδ(t)dx =

1
1−ϕ ·

∫∞
u

∫ u
0− v(x− t)dδ(t)dx+ 1

1−ϕ ·
∫∞
u

∫ x
u v(x− t)dδ(t)dx .

All�zontac ta ìria twn oloklhrwm�twn èqoume

1
1−ϕ ·

∫ u
0−
∫∞
u v(x− t)dxdδ(t) + 1

1−ϕ ·
∫∞
u

∫∞
t v(x− t)dxdδ(t) =

1
1−ϕ ·

∫ u
0−
∫∞
u−t v(x)dxdδ(t) + 1

1−ϕ ·
∫∞
u

∫∞
0 v(x)dxdδ(t) =

1
1−ϕ ·

∫ u
0−
∫∞
u−t v(x)dxdδ(t) + 1

1−ϕ ·
∫∞
0 v(x)dx · ψ(u).

'Ara h lÔsh thc m1,δ(u) dÐnetai apì ton tÔpo

m1,δ(u) =

∫∞
u

m(x)dx∫∞
0

m(x)dx
=

1
1−ϕ ·

∫ u
0−

∫∞
u−t v(x)dxdδ(t)∫∞

0
v(x)dx

1−ϕ

+
1

1−ϕ ·
∫∞
0

v(x)dx·ψ(u)∫∞
0

v(x)dx

1−ϕ

⇒

m1,δ(u) =
∫ u

0− v1,δ(u− t)dδ(t) + ψ(u). (19)
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3.4 Eidikèc Morfèc thc Oloklhr¸simhc Sun�rthshc twn Gerber - Shiu

Sth sunèqeia melet�me tic di�forec morfèc thc oloklhr¸simhc anamenìmenhc proexoflhmènhc
sun�rthshc poin c twn Gerber-Shiu .
Kaj¸c isqÔei limu→∞mδ(u) = 0, oi parak�tw lìgoi eÐnai katanomèc.

1. 'Estw w(U(T−), |U(T )|) = 1 kai d=0.
Se aut  thn perÐptwsh prokÔptei h 1h katanom  isorropÐac thc pijanìthtac qreokopÐac.

m1,0(u) =

∫∞
u E[I(T <∞)|U(0) = x]dx∫∞
0 E[I(T <∞)|U(0) = x]dx

.

2. 'Estw w(U(T−), |U(T )|) = 1 kai δ > 0.

m1,δ(u) =

∫∞
u E[e−δ·T · I(T <∞)|U(0) = x]dx∫∞
0 E[e−δ·T · I(T <∞)|U(0) = x]dx

.

3. 'Estw w(U(T−), |U(T )|) = I(U(T−) ≤ x) · I(|U(T )| ≤ y) kai d=0.

m1,0(u) =

∫∞
u E[I(U(T−) ≤ x) · I(|U(T )| ≤ y) · I(T <∞)|U(0) = x]dx∫∞
0 E[I(U(T−) ≤ x) · I(|U(T )| ≤ y) · I(T <∞)|U(0) = x]dx

.

4. 'Estw w(U(T−), |U(T )|) = I(U(T−) ≤ x) · I(|U(T )| ≤ y) kai δ > 0.

m1,δ(u) =

∫∞
u E[e−δ·T · I(U(T−) ≤ x) · I(|U(T )| ≤ y) · I(T <∞)|U(0) = x]dx∫∞
0 E[e−δ·T · I(U(T−) ≤ x) · I(|U(T )| ≤ y) · I(T <∞)|U(0) = x]dx

.

5. 'Estw w(U(T−), |U(T )|) = I(U(T−) = x) · I(|U(T )| = y) kai d=0.

m1,0(u) =

∫∞
u E[I(U(T−) = x) · I(|U(T )| = y) · I(T <∞)|U(0) = x]dx∫∞
0 E[I(U(T−) = x) · I(|U(T )| = y) · I(T <∞)|U(0) = x]dx

.

6. 'Estw w(U(T−), |U(T )|) = I(U(T−) = x) · I(|U(T )| = y) kai δ > 0.

m1,δ(u) =

∫∞
u E[e−δ·T · I(U(T−) = x) · I(|U(T )| = y) · I(T <∞)|U(0) = x]dx∫∞
0 E[e−δ·T · I(U(T−) = x) · I(|U(T )| = y) · I(T <∞)|U(0) = x]dx

.

7. 'Estw w(U(T−), |U(T )|) = I(U(T−) ≤ x) kai d=0.

m1,0(u) =

∫∞
u E[I(U(T−) ≤ x) · I(T <∞)|U(0) = x]dx∫∞
0 E[I(U(T−) ≤ x) · I(T <∞)|U(0) = x]dx

.

8. 'Estw w(U(T−), |U(T )|) = I(U(T−) ≤ x) kai δ > 0.

m1,δ(u) =

∫∞
u E[e−δ·T · I(U(T−) ≤ x) · I(T <∞)|U(0) = x]dx∫∞
0 E[e−δ·T · I(U(T−) ≤ x) · I(T <∞)|U(0) = x]dx

.
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9. 'Estw w(U(T−), |U(T )|) = I(|U(T )| ≤ y) kai d=0.

m1,0(u) =

∫∞
u E[I(|U(T )| ≤ y) · I(T <∞)|U(0) = x]dx∫∞
0 E[I(|U(T )| ≤ y) · I(T <∞)|U(0) = x]dx

.

10. 'Estw w(U(T−), |U(T )|) = I(|U(T )| ≤ y) kai δ > 0.

m1,δ(u) =

∫∞
u E[e−δ·T · I(|U(T )| ≤ y) · I(T <∞)|U(0) = x]dx∫∞
0 E[e−δ·T · I(|U(T )| ≤ y) · I(T <∞)|U(0) = x]dx

.

11. 'Estw w(U(T−), |U(T )|) = I(U(T−) = x) kai d=0.
.

m1,0(u) =

∫∞
u E[I(U(T−) = x) · I(T <∞)|U(0) = x]dx∫∞
0 E[I(U(T−) = x) · I(T <∞)|U(0) = x]dx

.

12. 'Estw w(U(T−), |U(T )|) = I(U(T−) = x) kai δ > 0.

m1,δ(u) =

∫∞
u E[e−δ·T · I(U(T−) = x) · I(T <∞)|U(0) = x]dx∫∞
0 E[e−δ·T · I(U(T−) = x) · I(T <∞)|U(0) = x]dx

.

13. 'Estw w(U(T−), |U(T )|) = I(|U(T )| = y) kai d=0.

m1,0(u) =

∫∞
u E[I(|U(T )| = y) · I(T <∞)|U(0) = x]dx∫∞
0 E[I(|U(T )| = y) · I(T <∞)|U(0) = x]dx

.

14. 'Estw w(U(T−), |U(T )|) = I(|U(T )| = y) kai δ > 0.

m1,δ(u) =

∫∞
u E[e−δ·T · I(|U(T )| = y) · I(T <∞)|U(0) = x]dx∫∞
0 E[e−δ·T · I(|U(T )| = y) · I(T <∞)|U(0) = x]dx

.

15. 'Estw w(U(T−), |U(T )|) = e−s1·x−s2·y = e−s1·x · e−s2·y kai δ > 0.

m1,δ(u) =

∫∞
u E[e−δ·T−s1·x−s2·y · I(T <∞)|U(0) = x]dx∫∞
0 E[e−δ·T−s1·x−s2·y · I(T <∞)|U(0) = x]dx

.

16. 'Estw w(U(T−), |U(T )|) = U(T−)j · |U(T )|k kai d=0.

m1,0(u) =

∫∞
u E[U(T−)j · |U(T )|k · I(T <∞)|U(0) = x]dx∫∞
0 E[U(T−)j · |U(T )|k · I(T <∞)|U(0) = x]dx

.

17. 'Estw w(U(T−), |U(T )|) = U(T−)j · |U(T )|k kai δ > 0.

m1,δ(u) =

∫∞
u E[e−δ·T · U(T−)j · |U(T )|k · I(T <∞)|U(0) = x]dx∫∞
0 E[e−δ·T · U(T−)j · |U(T )|k · I(T <∞)|U(0) = x]dx

.
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18. 'Estw w(U(T−), |U(T )|) = U(T−)j kai d=0.

m1,0(u) =

∫∞
u E[U(T−)j · I(T <∞)|U(0) = x]dx∫∞
0 E[U(T−)j · I(T <∞)|U(0) = x]dx

.

19. 'Estw w(U(T−), |U(T )|) = U(T−)j kai δ > 0.

m1,δ(u) =

∫∞
u E[e−δ·T · U(T−)j · I(T <∞)|U(0) = x]dx∫∞
0 E[e−δ·T · U(T−)j · I(T <∞)|U(0) = x]dx

.

20. 'Estw w(U(T−), |U(T )|) = |U(T )|k kai d=0.

m1,0(u) =

∫∞
u E[|U(T )|k · I(T <∞)|U(0) = x]dx∫∞
0 E[|U(T )|k · I(T <∞)|U(0) = x]dx

.

21. 'Estw w(U(T−), |U(T )|) = |U(T )|k kai δ > 0.

m1,δ(u) =

∫∞
u E[e−δ·T · |U(T )|k · I(T <∞)|U(0) = x]dx∫∞
0 E[e−δ·T · |U(T )|k · I(T <∞)|U(0) = x]dx

.

22. 'Estw w(U(T−), |U(T )|) = (U(T−) + |U(T )|)d kai d=0.

m1,0(u) =

∫∞
u E[(U(T−) + |U(T )|)d · I(T <∞)|U(0) = x]dx∫∞
0 E[(U(T−) + |U(T )|)d · I(T <∞)|U(0) = x]dx

.

23. 'Estw w(U(T−), |U(T )|) = (U(T−) + |U(T )|)d kai δ > 0.

m1,δ(u) =

∫∞
u E[e−δ·T · (U(T−) + |U(T )|)d · I(T <∞)|U(0) = x]dx∫∞
0 E[e−δ·T · (U(T−) + |U(T )|)d · I(T <∞)|U(0) = x]dx

.
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KEFALAIO 4 : ANALUSH THS KATANOMHS TOU

ELLEIMMATOS

4.1 An�lush kai Majhmatikìc TÔpoc thc Katanom c tou ElleÐmmatoc

To 1987 oi Gerber, Goovaerts, Kaas eis gagan thn katanom  tou elleÐmmatoc h opoÐa dhl¸nei
thn pijanìthta na emfanisteÐ qreokopÐa dojèntoc ìti èqoume arqikì apojematikì u kai to èlleimma
kat� th stigm  thc qreokopÐac den xepern� to y. H katanom  tou elleÐmmatoc dÐnetai apì th sqèsh

G(u, y) = Pr[|U(T )| ≤ y, T <∞|U(0) = u], (20)

me our�

G(u, y) = ψ(u)−G(u, y) = Pr[|U(T )| > y, T <∞|U(0) = u]. (21)

ParathroÔme ìti limy→∞G(u, y) = G(u, 0) = ψ(u) pou shmaÐnei ìti h G(u, y) apoteleÐ mÐa genÐkeush
thc ψ(u).

Epiplèon, h katanom  tou elleÐmmatoc apoteleÐ eidik  perÐptwsh thc anamenìmenhc proexoflh-
mènhc sun�rthshc poin c twn Gerber - Shiu kaj¸c, ìpwc eÐdame kai sto Kef�laio 3, h mδ(u) gia
δ = 0 kai w(U(T−), |U(T )|) = I(|U(T )| ≤ y) gÐnetai

m0(u) = E[I(|U(T )| ≤ y) · I(T <∞)|U(0) = u] = Pr[|U(T )| ≤ y, T <∞|U(0) = u]. (22)

Sto klasikì montèlo h katanom  tou elleÐmmatoc ikanopoieÐ mia elleimmatik  ananewtik  exÐswsh
thc morf c

G(u, y) = 1
1+θ ·

∫ u
0 G(u− t, y)dP1(t) + 1

1+θ · (P 1(u)− P 1(u+ y)). (23)

Qrhsimopoi¸ntac thn 21, h our� thc katanom c tou elleÐmmatoc ikanopoieÐ thn parak�tw elleimmatik 
ananewtik  exÐswsh

G(u, y) = 1
1+θ ·

∫ u
0 G(u− t, y)dP1(t) + 1

1+θ · P 1(u+ y). (24)

Genikìtera, gia to ananewtikì montèlo, Willmot (2002), h katanom  tou elleÐmmatoc ikanopoieÐ thn
elleimmatik  ananewtik  exÐswsh

G(u, y) = ϕ ·
∫ u

0 G(u− t, y)dF (t) + ϕ · (F (u)− F (u+ y)). (25)
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H our� thc katanom c tou elleÐmmatoc,sto ananewtikì montèlo, ikanopoieÐ thn parak�tw elleim-
matik  ananewtik  exÐswsh

G(u, y) = ϕ ·
∫ u
0 G(u− t, y)dF (t) + ϕ · F (u+ y). (26)

H lÔsh thc parap�nw elleimmatik c ananewtik c exÐswshc eÐnai thc morf c

G(u, y) = ϕ
1−ϕ ·

∫ u
0− F (u+ y − t)dδ(t). (27)

Je¸rhma 4.1 : Sto ananewtikì montèlo h our� thc katanom c tou elleÐmmatoc mporeÐ na ekfrasteÐ
apì thn lÔsh thc elleimmatik c exÐswshc 26 me thn ex c sqèsh

G(u, y) = ϕ
1+ϕ ·

∫ t
0 F (u+ y − t)dδ(t).

Apìdeixh :

IsqÔei ìti,

G(u) =
∑∞
n=1(1− ϕ) · ϕn · F ∗n(u). (28)

EpÐshc, o metasqhmatismìc Laplace thc sun�rthshc puknìthtac pijanìthtac thc katanom c twn
klimakwt¸n uy¸n isoÔtai me

f̃(s) =
∫∞

0 e−sydF (y) =
∫∞

0 e−sy · f(y)dy .

Apì thn (28), paÐrnontac metasqhmatismoÔc Laplace prokÔptei ìti

E(e−sL) =
∫∞

0− e
−sudδ(u) =

∑∞
n=0(1− ϕ) · ϕn · [f̃(s)]n =∑∞

n=0(1− ϕ) · [ϕ · f̃(s)]n = (1− ϕ) · 1

1−ϕ·f̃(s)
= 1−ϕ

1−ϕ·f̃(s)
. (29)

Apì th sqèsh (26)

G(u, y) = ϕ ·
∫ u

0 G(u− t, y)dF (t) + ϕ · F (u+ y) ,

paÐrnontac ton metasqhmatismì Laplace se k�je mèloc prìkuptei ìti

∫∞
0 e−su ·G(u, y)du = ϕ ·

∫∞
0 e−su ·G(u, y)du ·

∫∞
0 e−sudF (t) + ϕ ·

∫∞
0 e−su · F (u+ y)du.

JumÐzoume ìti èqoume
∫∞

0 e−sudF (t) = f̃(s).

Epomènwc

∫∞
0 e−su ·G(u, y)du =

ϕ·
∫∞
0

e−su·F (u+y)du

1−ϕ·f̃(s)
. (30)
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Apì thn sqèsh (29),h (30) gÐnetai

∫∞
0 e−su ·G(u, y)du = 1

1−ϕ · ϕ ·
∫∞

0 e−su · F (u+ y)du ·
∫∞
0− e

−sudδ(t). (31)

PaÐrnontac antÐstrofouc metasqhmatismoÔc Laplace sthn sqèsh (31) telik� katal goume sthn
lÔsh thc elleimmatik c ananewtik c exÐswshc pou ekfr�zei thn our� thc katanom c tou elleÐmmatoc

G(u, y) = ϕ
1−ϕ ·

∫ t
0 F (u+ y − t)dδ(t) .

To èlleimma kat� th stigm  thc qreokopÐac dojèntoc ìti ja sumbeÐ qreokopÐa dÐnetai apì ton tÔpo

Gu(y) = G(u,y)
ψ(u) = Pr[|U(T )| > y|T <∞, U(0) = u]. (32)

4.2 Arijmhtik� Apotelèsmata gia thn Ekjetik  Katanom 

O akrib c upologismìc thc pijanìthtac qreokopÐac se pollèc peript¸seic den eÐnai efiktìc.
Parak�tw dÐnoume èna par�deigma, blèpe PolÐthc (2007), gia ton akrib  upologismì thc ψ(u) sthn
perÐptwsh pou h katanom  P twn apozhmi¸sewn eÐnai meÐxh dÔo ekjetik¸n katanom¸n.

Mia katanom  me sun�rthsh puknìthtac pijanìthtac

p(y) = w1 · λ1 · e−λ1·y + w2 · λ2 · e−λ2·y , w1, w2 > 0 kai w1 + w2 = 1 ,

onom�zetai meÐxh dÔo ekjetik¸n katanom¸n me b�rh w1, w2 kai paramètrouc λ1, λ2.

H pijanìthta qreokopÐac gia meÐxh dÔo ekjetik¸n katanom¸n dÐnetai apì ton tÔpo

ψ(u) = C1 · e−r1·u + C2 · e−r2·u, (33)

ìpou :

• r1, r2 : oi lÔseic thc exÐswshc Lundberg .

• C1, C2 : stajerèc.

Par�deigma 4.1 :
JewroÔme ta ex c dedomèna :

• λ = 2 .

• c = 3 .

• λ1 = 1, λ2 = 4 .
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• δ = 0 .

• w1 = 1
2 ,w2 = 1

2 .

Gia ta parap�nw dedomèna h sun�rthsh puknìthtac pijanìthtac twn apozhmi¸sewn isoÔtai me

p(y) =
1

2
· 1 · e−y +

1

2
· 4 · e−4·y

H mèsh tim  twn apozhmi¸sewn isoÔtai me

m1 = 1
2 · 1 + 1

2 ·
1
4 = 1

2 + 1
8 ⇒ m1 = 5

8 .

Sth sunèqeia upologÐzoume thn ropogenn tria twn apozhmi¸sewn

MY (t) = 1
2 ·

1
1−t + 1

2 ·
4

4−t = 1
2−2t + 2

4−t .

Gia thn eÔresh tou perijwrÐou asfaleÐac ja qrhsimopoi soume ton tÔpo

θ = c
λ·m1

− 1⇒ θ = 3
2· 5

8

− 1⇒ θ = 7
5 .

LÔnoume thn exÐswsh tou Lundberg gia thn eÔresh twn tim¸n r1, r2

1 + (1 + θ) · r ·m1 = MY (r)⇒

1 + (1 + 7
5) · r · 5

8 = 1
2−2r + 2

4−r ⇒

1 + 5
8r + 7

8r = 1
2−2r + 2

4−r ⇒

1 + 12
8 r = 4−r+4−4r

8−2r−8r+2r2
⇒

1 + 12
8 r = 8−5r

8−10r+2r2
⇒

(1 + 12
8 r) · (8− 10r + 2r2) = 8− 5r ⇒

7r − 13r2 + 3r3 = 0.
H mÐa rÐza eÐnai to mhdèn, h opoÐa aporrÐptetai. Gia r 6= 0 prokÔptei h deuterob�jmia exÐswsh

7− 13r + 3r2 = 0.

LÔnontac thn deuterob�jmia exÐswsh brÐskoume tic rÐzec r1 = 0, 630076 kai r2 = 3, 703256 .

Gia thn eÔresh twn C1, C2, PolÐthc (2007), ja lÔsoume to sÔsthma

C1 + C2 = 1
1+θ

kai
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r1 · C1 + r2 · C2 = θ
(1+θ)2·m1

.

EpilÔontac to parap�nw sÔsthma prokÔptoun oi ex c timèc C1 = 5
12 kai C2 = 7

18 .

Epomènwc h pijanìthtac qreokopÐac isoÔtai me

ψ(u) = 7
18 · e

−4u + 5
12 · e

−u .

H epÐlush tou parap�nw paradeÐgmatoc me thn qr sh tou Mathematica dÐnetai sto Par�rthma :
Par�deigma 4.1.

Parak�tw ja broÔme thn katanom  tou elleÐmmatoc dojèntoc ìti ja sumbeÐ qreokopÐa, Willmot
(2002),gia to ananewtikì montèlo ìtan oi apozhmi¸seic akoloujoÔn meÐxh ekjetik¸n katanom¸n.

Par�deigma 4.2 :
'Estw ìti h katanom  twn apozhmi¸sewn eÐnai meÐxh ekjetik¸n katanom¸n me our�

P (y) = q · e−λ1y + (1− q) · e−λ2y, y ≥ 0, (34)

ìpou :

• q, (1− q) ∈ (0, 1) : b�rh thc meÐxhc twn ekjetik¸n katanom¸n.

• λ1, λ2 : par�metroi thc meÐxhc twn ekjetik¸n katanom¸n.

H mèsh tim  eÐnai E(Y ) = q
λ1

+ 1−q
λ2

.

Epiplèon, h exÐswsh tou Lundberg dÐnetai apì th sqèsh (8) : k̃(cr) · p̃(−r) = 1 .
H parap�nw sqèsh mporeÐ isodÔnama na ekfrasjeÐ kai wc ex c : y1(r) = y2(r), ìpou

• p̃(−r) : o metasqhmatismìc Laplace thc sun�rthshc puknìthtac pijanìthtac twn
apozhmi¸sewn.

• k̃(cr) : o metasqhmatismìc Laplace thc sun�rthshc puknìthtac pijanìthtac twn endi�meswn
qrìnwn.

• y1(r) = λ1 + λ2 − r .

• y2(r) = [q · λ1 + (1− q) · λ2] · k̃(cr) + λ1·λ2·[1−k̃(cr)]
r .

Epeid  gia thn orj  leitourgÐa enìc qartofulakÐou kindÔnwn prèpei ta èsoda na uperbaÐnoun ta èxoda
prokÔptei ìti y2(0) > y1(0). EpÐshc isqÔei ìti y′2(r) < 0 kai y′′2(r) > 0.

'Ara isqÔei ìti y2(λ1) < y1(λ2) kai y2(λ2) > y1(λ2).Epomènwc h exÐswsh tou Lundberg èqei
dÔo jetikèc rÐzec r1, r2(r1 6= r2). IsqÔei h anisotik  sqèsh 0 < r1 < λ1 < r2 < λ2.
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MporeÐ na apodeiqjeÐ ìti

q · λ1 + (1− q) · λ2 = y2 · [ λ1·λ2
q·λ1+(1−q)·λ2 ] < y1 · [ λ1·λ2

q·λ1+(1−q)·λ2 ] = λ1 + λ2 − λ1·λ2
q·λ1+(1−q)·λ2 .

Apìdeixh :

. IsqÔei ìti y2(r) = [q · λ1 + (1− q) · λ2] · k̃(cr) + λ1·λ2·[1−k̃(cr)]
r .

Gia r = λ1·λ2
q·λ1+(1−q)·λ2 , h parap�nw sqèsh gÐnetai:

y2( λ1·λ2
q·λ1+(1−q)·λ2 ) = [q · λ1 + (1− q) · λ2] · k̃(c[ λ1·λ2

q·λ1+(1−q)·λ2 ]) +
λ1·λ2·[1−k̃(c[

λ1·λ2
q·λ1+(1−q)·λ2

])]

λ1·λ2
q·λ1+(1−q)·λ2

= [q · λ1 + (1− q) · λ2]k̃[ c·λ1·λ2
q·λ1+(1−q)·λ2 ] +

[q·λ1+(1−q)·λ2]·[λ1·λ2·(
c·λ1·λ2

q·λ1+(1−q)·λ2
)]

λ1·λ2

= [q · λ1 + (1− q) · λ2]k̃[ c·λ1·λ2
q·λ1+(1−q)·λ2 ] + [q · λ1 + (1− q) · λ2] + [q · λ1 + (1− q) · λ2]

−[q · λ1 + (1− q) · λ2] · k̃[ c·λ1·λ2
q·λ1+(1−q)·λ2 ]

⇒ y2( λ1·λ2
q·λ1+(1−q)·λ2 ) = q · λ1 + (1− q) · λ2 .

. IsqÔei ìti y1(r) = λ1 + λ2 − r.

Gia r = λ1·λ2
q·λ1+(1−q)·λ2 , h parap�nw sqèsh gÐnetai

y1( λ1·λ2
q·λ1+(1−q)·λ2 ) = λ1 + λ2 − λ1·λ2

q·λ1+(1−q)·λ2 .

Gia na apodeiqjeÐ ìti y2( λ1·λ2
q·λ1+(1−q)·λ2 ) < y1( λ1·λ2

q·λ1+(1−q)·λ2 ) arkeÐ na deiqjeÐ ìti :

q · λ1 + (1− q) · λ2 < λ1 + λ2 + λ1·λ2
q·λ1+(1−q)·λ2 .

IsqÔei ìti 0 < q < 1 , 0 < λ1 < λ2.

'Ara,

q · λ1 + (1− q) · λ2 < λ1 + λ2 + λ1·λ2
q·λ1+(1−q)·λ2 ⇔

λ1 + λ2 + λ1·λ2
q·λ1+(1−q)·λ2 − (q · λ1 + (1− q) · λ2) > 0⇔

λ1 · (1− q) + λ2 · q + λ1·λ2
q·λ1+(1−q)·λ2 > 0⇔

λ1 · (1− q) · (q · λ1 + (1− q) · λ2) + λ2 · q · (q · λ1 + (1− q) · λ2) + λ1 · λ2 > 0⇔

q · (λ1
2 + 2·λ1·λ2

q − λ1 · λ2 − λ1
2 · q − λ1 · λ2 + 2 · λ1 · λ2 · q + λ2

2 − λ2
2 · q) > 0, q > 0⇔
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λ1
2 + 2·λ1·λ2

q − λ1 · λ2 − λ1
2 · q − λ1 · λ2 + 2 · λ1 · λ2 · q + λ2

2 − λ2
2 · q > 0 .

H parap�nw sqèsh isqÔei kaj¸c

• λ1
2 > 0 .

• 2·λ1·λ2
q > 0.

• 2·λ1·λ2
q > 2 · λ1 · λ2.

• λ1
2 > λ1

2 · q.

• 2 · λ1 · λ2 · q > 0 .

• λ2
2 > 0.

• λ1
2 > λ1

2 · q.

Profan¸c isqÔei ìti λ1 <
λ1·λ2

q·λ1+(1−q)·λ2 < λ2 kai λ1·λ2
q·λ1+(1−q)·λ2 < r2 < λ2.

IsqÔei ìti, blèpe Asmussen (1987), o metasqhmatismìc Laplace thc exÐswshc Lundberg dÐnetai
apì ton tÔpo

E[e−sL] = r1·r2·(s+λ1)·(s+λ2)
λ1·λ2·(s+r1)·(s+r2) . (35)

Epomènwc o metasqhmatismìc Laplace thc sun�rthshc qreokopÐac isoÔtai me

ψ̃(s) =
∫∞

0 e−su · ψ(u)du = 1−E[e−sL]
s . (36)

Me thn mèjodo twn merik¸n klasm�twn mporoÔme na ekfr�soume thn parap�nw sqèsh wc

ψ̃(s) = C1
s+r1

+ C2
s+r2

, (37)

ìpou :

• C1 = r2·(λ1−r1)·(λ2−r1)
λ1·λ2·(r2−r1) . (38)

• C2 = r1·(r2−λ1)·(λ2−r2)
λ1·λ2·(r2−r1) . (39)

Prìtash 4.1 : 'Estw ìti oi apozhmi¸seic akoloujoÔn meÐxh dÔo ekjetik¸n katanom¸n, tìte h
pijanìthta qreokopÐac gia u = 0 dÐnetai apì ton tÔpo

ψ(0) = 1− r1·r2
λ1·λ2 . (40)
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Apìdeixh :
Kaj¸c oi apozhmi¸seic akoloujoÔn meÐxh ekjetik¸n katanom¸n, h pijanìthta qreokopÐac
perigr�fetai apì ton tÔpo :

ψ(u) = C1 · e−r1·u + C2 · e−r2·u .

Apì thn (40) gia u = 0⇒

ψ(0) = r2·(λ1−r1)·(λ2−r1)
λ1·λ2·(r2−r1) · e0 + r1·(r2−λ1)·(λ2−r2)

λ1·λ2·(r2−r1) · e0 = (r2·λ1−r1·r2)·(λ2−r1)+(r1·r2−λ1·r1)·(λ2−r1)
λ1·λ2·(r2−r1)

= λ1·λ2·r2+r12·r2−r1·r22−λ1·λ2·r1
λ1·λ2·(r2−r1) = 1 + r1·r2·(r1−r2)

λ1·λ2·(r2−r1) = 1− r1·r2·(r2−r1)
λ1·λ2·(r2−r1) = 1− r1·r2

λ1·λ2 .

IsqÔei ìti E[e−sL] =
∫∞

0 e−sudδ(u) = 1−ϕ
1−ϕ·f̃(s)

. (41)

Gia ϕ = ψ(0) kai E[e−sL] = r1·r2·(s+λ1)·(s+λ2)
λ1·λ2·(s+r1)·(s+r2) , prokÔptei ìti

f̃(s) = q1·λ1
λ1+s + (1−q1)·λ2

λ2+s , (42)

ìpou q1 = λ2·(λ1−r1)·(λ2−r2)
(λ2−λ1)·(λ1·λ2−r1·r2) , 0 < q1 < 1. (43)

PaÐrnontac antÐstrofouc metasqhmatismoÔc Laplace kat� mèlh sthn f̃(s) prokÔptei h our� thc
katanom c twn klimakwt¸n uy¸n

F (y) = q1 · e−λ1·y + (1− q1) · e−λ2·y, y ≥ 0. (44)

OrÐzoume thn our� F u(y) = F (u+y)

F (u)
. (45)

ProkÔptei ìti

F u(y) = q1(u) · e−λ1·y + (1− q1(u)) · e−λ2·y, y ≥ 0, (46)

ìpou q1(u) = q1·e−λ1·u
q1·e−λ1·u+(1−q1)·e−λ2·u . (47)

Epomènwc ta klimakwt� Ôyh akoloujoÔn epÐshc meÐxh ekjetik¸n katanom¸n me b�rh q1(u),
(1− q1(u)) kai paramètrouc λ1, λ2.

'Opwc proanafèrame to èlleimma kat� th stigm  thc qreokopÐac dojèntoc ìti ja sumbeÐ qreokopÐa
dÐnetai apì ton tÔpo

Gu(y) = G(u,y)
ψ(u) = Pr[|U(T )| > y|T <∞, U(0) = u] .
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IsqÔei ìti, blèpe Willmot (2002)

Gu(y) =

∫ u
0− Fu−t(y)·F (u−t)dδ(t)∫ u

0− F (u−t)dδ(t)
. (48)

Apì thn (46)

Gu(y) =

∫ u
0−[q1·(u−t)·e−λ1y+(1−q1·(u−t)·e−λ2y)]·F (u−t)dδ(t)∫ u

0− F (u−t)dδ(t)
.

K�nontac tic pr�xeic katal goume sth sqèsh

Gu(y) = q(u) · e−λ1y + (1− q(u)) · e−λ2y, (49)

ìpou q(u) =

∫ u
0
q1(u−t)·F (u−t)dδ(t)∫ u

0
F (u−t)dδ(t)

. (50)

'Ara h katanom  tou elleÐmmatoc dojèntoc ìti ja sumbeÐ qreokopÐa akoloujeÐ meÐxh ekjetik¸n
katanom¸n me b�rh q(u), 1− q(u) kai paramètrouc λ1, λ2.

Qrhsimopoi¸ntac th sqèsh

G(u) = ϕ
1−ϕ ·

∫ u
0− F (u− t)dδ(t) ,

prokÔptei ìti

q(u) = ψ(0)
δ(0)·ψ(0) · [δ(0) · F (u) · q1(u) +

∫ u
0 δ
′(t) · F (u− t) · q1(u− t)dt]. (51)

Efarmog  4.2 :
Parak�tw ja doÔme k�poia arijmhtik� apotelèsmata tou ParadeÐgmatoc 4.2 sthn perÐptwsh pou
oi apozhmi¸seic akoloujoÔn meÐxh ekjetik¸n katanom¸n kai oi endi�mesoi qrìnoi akoloujoÔn thn
katanom  Weibull . Gia thn eÔresh twn arijmhtik¸n apotelesm�twn qrhsimopoi jhke to Mathe-
matica . O k¸dikac dÐnetai sto Par�rthma : Efarmog  4.2.

JewroÔme ìti h katanom  twn apozhmi¸sewn eÐnai meÐxh ekjetik¸n me b�rh q = 1
2 , 1 − q = 1

2 kai
paramètrouc λ1 = 2 , λ2 = 3, antÐstoiqa.

H our� thc katanom c twn apozhmi¸sewn isoÔtai me P (y) = e−2y

2 + e−3y

2 .

H mèsh tim  me E(Y ) = 5
12 , kai h sun�rthsh puknìthtac pijanìthtac twn apozhmi¸sewn perigr�fetai

apì th sqèsh p(y) = 3·e−3y

2 + e−2y.
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O metasqhmatismìc Laplace thc sun�rthshc puknìthtac pijanìthtac twn apozhmi¸sewn dÐnetai
apì ton tÔpo p̂(s) =

∫∞
0 e−su · p(u)du = 3

2(3+s) + 1
2+s .

Oi endi�mesoi qrìnoi ekfr�zontai apì mia katanom  Weibull me paramètrouc c = 1, g = 3 kai h

sun�rthsh puknìthtac pijanìthtac ekfr�zetai apì th sqèsh k(y) = e−
y
3

3 .

O metasqhmatismìc Laplace thc sun�rthshc puknìthtac pijanìthtac twn endi�meswn qrìnwn isoÔtai
me k̂(s) = 1

1+3s .

LÔnontac thn exÐswsh

λ1 + λ2 − r = y1(r) = y2(r) = [q · λ1 + (1− q) · λ2] · k̃(cr) + λ1·λ2·[1−k̃(cr)]
r ,

brÐskoume tic jetikèc rÐzec r1 = 1, 80628, r2 = 2, 86038.

O metasqhmatismìc Laplace thc exÐswshc tou Lundberg isoÔtai me

l̂(s) = 0,861108·(2+s)·(3+s)
(1,80628+s)·(2,86038+s) .

EpÐshc, o metasqhmatismìc Laplace thc pijanìthtac qreokopÐac dÐnetai apì th sqèsh

ψ̂(s) =
1− 0,861108·(2+s)·(3+s)

(1,80628+s)·(2,86038+s)
s .

Kaj¸c o metasqhmatismìc Laplace thc pijanìthtac qreokopÐac ekfr�zetai kai apì th sqèsh

ψ̂(s) = C1
s+r1

+ C2
s+r2

, ja broÔme tic timèc twn C1, C2 qrhsimopoi¸ntac tic sqèseic (38), (39).

K�nontac tic pr�xeic prokÔptei ìti C1 = 0, 104585, C2 = 0, 0343076.

Ta klimakwt� Ôyh akoloujoÔn epÐshc meÐxh ekjetik¸n katanom¸n me our� katanom c

F (y) = 0, 9026324e−3y + 0, 0973676e−2y.

ProkÔptei ìti h katanom  tou elleÐmmatoc dojèntoc ìti ja sumbeÐ qrekopÐa, dÐnetai apì th sqèsh

Gu(y) =
0,0811416·( e

−2u

6
+0,0220757·(−e−2,86038u+e−2u)+0,0188742·(e−2u+e−1,80628u))

0,0343076·e−2,86038u+0,0104585·e−1,80628u · e−y

+
0,0811416·( e

−2u

6
+0,0220757·(−e−2,86038u+e−2u)+0,0188742·(e−2u+e−1,80628u))

0,0343076·e−2,86038u+0,0104585·e−1,80628u · e−4y.
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4.3 Oloklhr¸simh Morf  thc Katanom c tou ElleÐmmatoc

4.3.1 Oloklhr¸simh Morf  thc Katanom c tou ElleÐmmatoc wc proc y

O Willmot (2002), melèthse thn katanom  isorropÐac thc katanom c tou elleÐmmatoc,h opoÐa
eÐnai h oloklhr¸simh morf  thc katanom c tou elleÐmmatoc wc proc y.

H katanom  isorropÐac thc katanom c tou elleÐmmatoc sumbolÐzetai me G1,u(y) kai isoÔtai me

G1,u(y) =

∫ y
0
G(u,t)dt∫∞

0
G(u,t)dt

. (52)

H our� thc katanom c isorropÐac dÐnetai apì ton tÔpo

G1,u(y) =

∫∞
y

G(u,t)dt∫∞
0

G(u,t)dt
. (53)

Gia u = 0 èqoume G1,0(y) =

∫∞
y

G(0,t)dt∫∞
0

G(0,t)dt
=

∫∞
y

F (u)dt∫∞
0

F (u)dt
= F 1(u),

ìpou F 1(u) eÐnai h katanom  isorropÐac thc katanom c twn klimakwt¸n uy¸n.

4.3.2 Oloklhr¸simh Morf  thc Katanom c tou ElleÐmmatoc wc proc u

O Psarrakos (2012), melèthse thn oloklhr¸simh morf  thc katanom c tou elleÐmmatoc wc proc
u. H qrhsimìthta aut c thc morf c eÐnai meg�lh kaj¸c, oloklhr¸nontac wc proc u, mporoÔme na
sundèsoume thn katanom  tou elleÐmmatoc me thn anamenìmenh proexoflhmènh sun�rthsh poin c twn
Gerber-Shiu .

SumbolÐzoume aut  thn posìthta me Hy(u) kai isqÔei h sqèsh

Hy(u) =

∫ u
0
G(t,y)dt∫∞

0
G(t,y)dt

. (54)

H our� dÐnetai apì ton tÔpo

Hy(u) =

∫∞
u

G(t,y)dt∫∞
0

G(t,y)dt
. (55)

Je¸rhma 4.2 : Gia y = 0 sthn (55) paÐrnoume H0(u) =

∫∞
u

G(t,0)dt∫∞
0

G(t,0)dt
=

∫∞
u

ψ(t)dt∫∞
0

ψ(t)dt
= ψ1(u),

dhlad  prokÔptei h our� thc katanom c isorropÐac thc δ(u) = 1 − ψ(u). Epiplèon o paranomast c∫∞
0 ψ(t)dt = E(L) eÐnai h mèsh tim  thc mègisthc swreutik c ap¸leiac.
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H Hy(u) mporeÐ na orisjeÐ kai wc ex c

Hy(u) =
∫ u

0−
F 1(u+y−t)
F 1(y)

dδ(t) + ψ(u). (56)

Apìdeixh :

'Opwc proanafèrame Hy(u) =

∫∞
u

G(t,y)dt∫∞
0

G(t,y)dt
.

Arqik� ja upologÐsoume to olokl rwma
∫∞
u G(z, y)dz.

Antikajist¸ntac thn G(z, y) me thn lÔsh thc, blèpe sqèsh 27, prokÔptei ìti

∫∞
u G(z, y)dz = ϕ

1−ϕ ·
∫∞
u

∫ z
0+ F (z + y − t)dδ(t)dz + ϕ ·

∫∞
u F (z + y)dz

= ϕ
1−ϕ ·

∫∞
u

∫ u
0+ F (z + y − t)dδ(t)dz + ϕ

1−ϕ ·
∫∞
u

∫ z
u F (z + y − t)dδ(t)dz + ϕ ·

∫∞
u F (z + y)dz .

All�zontac th seir� olokl rwshc èqoume

∫∞
u G(z, y)dz = ϕ

1−ϕ ·
∫ u

0+

∫∞
u F (z+y−t)dδ(t)dz+ ϕ

1−ϕ ·
∫∞
u

∫∞
t F (z+y−t)dδ(t)dz+ϕ·

∫∞
u F (z+y)dz

= ϕ
1−ϕ ·

∫ u
0+

∫∞
u F (z + y − t)dδ(t)dz + ϕ

1−ϕ ·
∫∞
u

∫∞
t F (z + y − t)dδ(t)dz + ϕ ·

∫∞
u+y F (z)dz

= ϕ
1−ϕ ·

∫ u
0+

∫∞
u+y−t F (z)dδ(t)dz + ϕ

1−ϕ ·
∫∞
u

∫∞
y F (z)dδ(t)dz + ϕ ·

∫∞
u+y F (z)dz. (57)

IsqÔei ìti h our� thc katanom c isorropÐac thc katanom c twn klimakwt¸n uy¸n dÐnetai apì ton
tÔpo

F 1(u) =

∫∞
u

F (z)dz∫∞
0

F (z)dz
=

∫∞
u

F (z)dz

µ1,1
⇒
∫∞
u F (z)dz = µ1,1 · F 1(u). (58)

Epomènwc h (57) gÐnetai

∫∞
u G(z, y)dz = ϕ

1−ϕ ·µ1,1
∫ u

0+ F 1(u+y−t)dδ(t)+ ϕ
1−ϕ ·µ1,1

∫∞
u F 1(y)dδ(t)+ϕ·µ1,1·F 1(u+y). (59)

H sqèsh (59) gia u = 0 gÐnetai

∫∞
0 G(z, y)dz = ϕ · µ1,1 · F 1(y) · ( ϕ

1−ϕ + 1) =
ϕ·µ1,1
1−ϕ · F 1(y) ,

ìpou :
ϕ·µ1,1
1−ϕ h mèsh tim  thc mègisthc swreutik c ap¸leiac L .

'Ara h Hy(u) ikanopoieÐ thn sqèsh

Hy(u) =
∫ u
0−

F 1(u+y−t)
F 1(y)

dδ(t) + ψ(u) .
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OrÐzoume F 1,y(u) = F 1(u+y)

F 1(u)
,epomènwc h parap�nw sqèsh mporeÐ na grafeÐ wc

Hy(u) =
∫ u

0− F 1, y(u− t)dδ(t) + ψ(u). (60)

O Psarrakos (2013), apèdeixe ìti up�rqei mÐa sqèsh h opoÐa sundèei thn G1(u, y) me thn Hy(u).

Je¸rhma 4.3 : Gia k�je u, y ≥ 0 isqÔei ìti :

G1,u(y) =
F 1(y)·[Hy(u)−ψ(u)]

ψ1(u)−ψ(u) . (61)

Je¸rhma 4.4 : JewroÔme ìti èna �tomo   antikeÐmeno eÐnai hlikÐac t kai h upoleipìmenh zw  tou
met� th qronik  stigm  t eÐnai tuqaÐa. Aut  h anamenìmenh tim c thc upoleipìmenhc zw c onom�zetai
mèsoc upoleipìmenoc qrìnoc zw c sth qronik  stigm  t. Kaj¸c o mèsoc upoleipìmenoc qrìnoc zw c
orÐzetai gia k�je t, mporoÔme na orÐsoume th sun�rthsh tou mèsou upoleipìmenou qrìnou zw c, blèpe
Guess and Proschan (1985).

'Estw B mÐa katanom  gia thn opoÐa isqÔei ìti B(t) = 0, t < 0, kai èqei our� B(t) = 1 − B(t).
'Estw R mÐa tuqaÐa metablht  me sun�rthsh katanom c B. H sun�rthsh tou mèsou upoleipìmenou
qrìnou zw c orÐzetai wc

mrl(t) = E[R− r|R > t] gia B(t) > 0, t ≥ 0
kai

mrl(t) = 0 gia B(t) = 0, t ≥ 0.

'Enac �lloc trìpoc orismoÔ thc sun�rthshc tou mèsou upoleipìmenou qrìnou zw c eÐnai o ex c

mrl(t) =
∫∞

0
B(r+t)

B(t)
dr,B(t) > 0 .

JewroÔme thn tuqaÐa metablht  Vy h opoÐa akoloujeÐ thn Hy(u).

H mèsh tim  thc Vy isoÔtai me to �jroisma tou mèsou upoleipìmenou qrìnou zw c thc katanom c
isorropÐac twn klimakwt¸n uy¸n kai thc mèshc tim c thc mègisthc swreutik c ap¸leiac.
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Gia stajerì y jewroÔme thn tuqaÐa metablht  Vy me our� Hy(u). Tìte majhmatik� mporeÐ na
ekfrasteÐ wc ex c :

• Gia to klasikì montèlo : E(Vy) = mrlP2(y) + E(L). (62)

• Gia to ananewtikì montèlo : E(Vy) = mrlF1(y) + E(L). (63)

Apìdeixh :

Ja apodeÐxoume thn parap�nw sqèsh gia to ananewtikì montèlo. Qrhsimopoi¸ntac th sqèsh (60)
prokÔptei

E(Vy) =
∫∞
0 Pr(Vy > u)du =

∫∞
0 Hy(u)du =

∫∞
0 (
∫ u

0− F 1,y(u− t)dδ(t) + ψ(u))du

=
∫∞

0

∫ u
0− F 1,y(u− t)dδ(t)du+

∫∞
0 ψ(u)du .

IsqÔei ìti
∫∞

0 ψ(u)du = E(L), epomènwc, k�nontac kai allag  orÐwn èqoume

E(Vy) =
∫∞

0−
∫∞

0 F 1,y(u)dudδ(t) + E(L) =
∫∞
0 F 1,y(u)du

∫∞
0− dδ(t) + E(L) .

'Omwc
∫∞

0− dδ(t) = 1. 'Ara,

E(Vy) =
∫∞

0 F 1,y(u)du+ E(L),

ìpou
∫∞

0 F 1,y(u)du = mrlF1(y) .

Epomènwc, telik� E(Vy) = mrlF1(y) + E(L) .

Ja doÔme efarmogèc tou parap�nw tÔpou gia di�forec katanomèc sto Kef�laio 5.
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KEFALAIO 5 : ARIJMHTIKA APOTELESMATA

Se autì to kef�laio arqik� ja exet�soume ta basik� qarakthristik� orismènwn qr simwn katanom¸n.

Sugkekrimèna, ja doÔme katanomèc suneq¸n tuqaÐwn metablht¸n pou perigr�foun to Ôyoc thc apozh-
mÐwshc pou prokÔptei dedomènou ìti èqei sumbeÐ o kÐndunoc.

Gia k�je mÐa apì tic katanomèc dÐnontai ta ex c stoiqeÐa:

• Majhmatikìc TÔpoc Sun�rthshc Katanom c.

• Majhmatikìc TÔpoc Sun�rthshc Puknìthtac Pijanìthtac.

• Mèsh Tim .

• Diaspor� .

• Qr simec Parathr seic.

• Tupik� Diagr�mmata.

Sthn sunèqeia qrhsimopoi¸ntac to Mathematica ja akolouj soume ta parak�tw b mata.

1. Dexi� our� thc Sun�rthshc Katanom c.

2. Mèsh Tim .

3. Mèsoc Upoleipìmenoc Qrìnoc Zw c.

4. Dexi� our� thc 1hc Katanom c IsorropÐac.

5. Mèsh Tim  thc 1hc Katanom c IsorropÐac.

6. Mèsoc Upoleipìmenoc Qrìnoc Zw c thc 1hc Katanom c IsorropÐac.

7. Dexi� our� thc 2hc Katanom c IsorropÐac.

8. Mèsh Tim  thc 2hc Katanom c IsorropÐac.

9. Mèsoc Upoleipìmenoc Qrìnoc Zw c thc 2hc Katanom c IsorropÐac.

10. Mèsh Tim  thc Mègisthc Swreutik c Ap¸leiac E(L) =
ϕ·µ1,1
1−ϕ .

'Opou :

(aþ) ϕ = λ·m1
c−λ·m1

.

(bþ) µ1,1 = m2
2·m1

.

Epomènwc :
E(L) = λ·m2

2·(c−λ·m1) .

11. Mèsh Tim  thc tuqaÐac metablht c Vy : E(Vy) = E(L) +mrlP2(y).
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Stic epìmenec efarmogèc ja jewr soume to klasikì montèlo, epomènwc oi endi�mesoi qrìnoi em-
f�nishc twn zhmiogìnwn endeqomènwn akoloujoÔn ekjetik  katanom  Exp(λ) . Ja jewr soume ìti
λ = 2 kai ìti to perij¸rio asfaleÐac isoÔtai me θ = 0, 2.

Oi k¸dikec pou qrhsimopoi same gia thn eÔresh twn apotelesm�twn gia k�je katanom  dÐnontai
sto Par�rthma.

Katanom  Pareto

'Estw Y mÐa tuqaÐa metablht  me sun�rthsh katanom c P (y)=1−( k
k+y )

a+1
, kai sun�rthsh puknìthtac

pijanìthtac p(y)= (a+1)·ka+1

(k+y)a+2 . H tuqaÐa metablht  Y akoloujeÐ thn katanom  Pareto me paramètrouc

(a + 1), k > 0. H mèsh tim  thc Y dÐnete apì th sqèsh E(Y )=k
a , a > 0 kai h diakÔmansh apì th

V ar(Y )= (a+1)·k2
(a−1)·a2 , a > 1.

Parak�tw anafèroume k�poiec qr simec parathr seic gia thn katanom  Pareto .

• H 1h katanom  isorropÐac eÐnai epÐshc katanom  Pareto me paramètrouc a, k. To Ðdio isqÔei kai
gia thn 2h katanom  isorropÐac me paramètrouc (a−1), k. ParathroÔme dhlad  ìti oi katanomèc
isorropÐac oi opoÐec proèrqontai apì katanom  Pareto eÐnai epÐshc Pareto me mia ligìterh
t�xhc rop .

• 'Estw mÐa tuqaÐa metablht  M h opoÐa akoloujeÐ ekjetik  katanom  kai mÐa tuqaÐa
metablht  N h opoÐa akoloujeÐ katanom  Gamma . Tìte h tuqaÐa metablht  M

N akoloujeÐ
katanom  Pareto .

• Sq mata

Sq ma 5.1 : Di�gramma thc Sun�rthshc Katanom c gia k = 3 kai a = 0.5, 2, 5 .
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Sto Sq ma 5.1 blèpoume th sun�rthsh katanom c sthn perÐptwsh pou h tuqaÐa metablht 
Y akoloujeÐ thn katanom  Pareto me paramètrouc a + 1, k. H lept  portokalÐ gramm 
apeikonÐzei thn perÐptwsh pou h katanom  Pareto èqei paramètrouc (1.5, 3). H diakekomènh
gramm  parousi�zei thn perÐptwsh pou h katanom  Pareto èqei paramètrouc (3, 3). Tèloc, h
èntonh gramm  apeikonÐzei thn perÐptwsh pou oi paramètroi eÐnai oi (6, 3).

Sq ma 5.2 : Di�gramma thc Sun�rthshc Puknìthtac Pijanìthtac gia k = 3 kai a = 0.5, 2, 5.

Sto Sq ma 5.2 blèpoume th sun�rthsh puknìthtac pijanìthtac sthn perÐptwsh pou h tuqaÐa
metablht  Y akoloujeÐ thn katanom  Pareto me paramètrouc a + 1, k. H lept  portokalÐ
gramm  apeikonÐzei thn perÐptwsh pou h katanom  Pareto èqei paramètrouc (1.5, 3), h di-
akekomènh thn perÐptwsh pou oi par�metroi eÐnai (3, 3) kai h èntonh gramm  thn perÐptwsh pou
oi par�metroi eÐnai (6, 3).

Sq ma 5.3 : Di�gramma thc Sun�rthshc EpibÐwshc gia k = 3 kai a = 0.5, 2, 5.

Sto Sq ma 5.3 blèpoume th sun�rthsh epibÐwshc sthn perÐptwsh pou h tuqaÐa metablht  Y
akoloujeÐ thn katanom  Pareto me paramètrouc a+1, k. H lept  portokalÐ gramm  apeikonÐzei
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thn perÐptwsh pou h katanom  Pareto èqei paramètrouc (1.5, 3), h diakekomènh thn perÐptwsh
pou oi par�metroi eÐnai (3, 3) kai h èntonh gramm  thn perÐptwsh pou oi par�metroi eÐnai (6, 3).

Prin proqwr soume sthn qr sh tou Mathematica, gia thn eÔresh thc 1hc kai 2hc katanom c
isorropÐac, kaj¸c kai tou mèsou upoleipìmenou qrìnou zw c gia thn k�je perÐptwsh, ja broÔme ta
proanaferjènta zhtoÔmena jewrhtik�.

1. Sun�rthsh EpibÐwshc thc Katanom c.

P̄ (y) = ka+1

(k+y)a+1 .

2. Mèsoc Upoleipìmenoc Qrìnoc Zw c.
IsqÔei ìti

mrlP (y) =

∫∞
y

P̄ (t)dt

P̄ (y)
.

Arqik� ja lÔsoume to olokl rwma
∫∞
y P̄ (t)dt.

∫∞
y P̄ (t)dt =

∫∞
y

ka+1

(k+t)a+1dt = (ka+1) ·
∫∞
y (k + t)−(a+1)dt =

−ka+1

a ·
∫∞
y [(k + t)−a]′dt = −ka+1

a · [0− (k + y)−a] = ka+1

a · 1
(k+y)a .

'Ara o Mèsoc Upoleipìmenoc Qrìnoc Zw c thc Sun�rthshc Epibi¸shc dÐnetai apì ton tÔpo

mrlP (y) =
ka+1

a·(k+y)a
ka+1

(k+y)a+1

= k+y
a = 1

a · y + k
a .

3. Dexi� our� thc 1hc Katanom c IsorropÐac.
DÐnetai apì ton tÔpo

P̄1(y) =

∫∞
y

P̄ (t)dt∫∞
0

P̄ (t)dt
.

Antikajist¸ntac y ⇒ 0 sto olokl rwma
∫∞
y P̄ (t)dt prokÔptei ìti

∫∞
0 P̄ (t)dt = k

a .

Epomènwc h 1h Katanom  IsorropÐac thc Sun�rthshc Epibi¸shc isoÔtai me

P̄1(y) =
ka+1

a·(k+y)a
k
a

⇒ P̄1(y) = ka

(k+y)a .
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4. Mèsoc Upoleipìmenoc Qrìnoc Zw c thc 1hc Katanom c IsorropÐac.

mrlP1(y) =

∫∞
y

P̄1(t)dt

P̄1(y)
.

Arqik� ja lÔsoume to olokl rwma
∫∞
y P̄1(t)dt.

∫∞
y P̄1(t)dt =

∫∞
y

ka

(k+t)adt = (ka) ·
∫∞
y (k + t)−(a)dt =

−ka
a−1 ·

∫∞
y [(k + t)−(a−1)]′dt = ka

a−1 ·
1

(k+y)(a−1) .

Epomènwc mrlP1(y) =
ka

a−1
· 1

(k+y)(a−1)

ka

(k+y)a
= k+y

a−1 = 1
a−1 · y + k

a−1 .

5. Dexi� our� thc 2hc Katanom c IsorropÐac.
DÐnetai apì ton ex c tÔpo

P̄2(y) =

∫∞
y

P̄1(t)dt∫∞
0

P̄1(t)dt
.

Antikajist¸ntac y ⇒ 0 sto olokl rwma
∫∞
y P̄1(t)dt prokÔptei ìti

∫∞
0 P̄1(t)dt = k

a−1 .

Epomènwc h 2h Katanom  IsorropÐac thc Sun�rthshc Epibi¸shc isoÔtai me

P̄2(y) =
ka

(a−1)·(k+y)a−1

k
a−1

⇒ P̄2(y) = ka−1

(k+y)a−1 .

6. Mèsoc Upoleipìmenoc Qrìnoc Zw c thc 2hc Katanom c IsorropÐac.

mrlP2(y) =

∫∞
y

P̄2(t)dt

P̄2(y)
.

Ja lÔsoume to olokl rwma
∫∞
y P̄2(t)dt.

∫∞
y P̄2(t)dt =

∫∞
y

ka−1

(k+t)a−1dt = (ka−1) ·
∫∞
y (k + t)−(a−1)dt =

−ka−1

a−2 ·
∫∞
y [(k + t)−(a−2)]′dt = ka−1

a−2 ·
1

(k+y)(a−2) .
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Epomènwc prokÔptei ìti

mrlP2(y) =
ka−1

a−2
· 1

(k+y)(a−2)

ka−1

(k+y)a−1

= k+y
a−2 = 1

a−2 · y + k
a−2 .

Sthn sunèqeia me thn qr sh tou Mathematica, ( Par�rthma : Efarmog  5.1) ja broÔme
arijmhtik� apotelèsmata qrhsimopoi¸ntac tic paramètrouc k = 3, a = 5.

Gia tic paramètrouc k = 3, a = 5, h dexi� our� thc katanom c twn apozhmi¸sewn dÐnetai apì th

sqèsh P (y) = 729
(3+y)6

= 36

(3+y)6
.

H mèsh tim  eÐnai Ðsh me m1 = 3
5 kai o mèsoc upoleipìmenoc qrìnoc zw c me mrlP (y) = 3+y

5 .

H katanom  twn klimakwt¸n uy¸n (1h katanom  isorropÐac) akoloujeÐ epÐshc thn katanom  Pareto
me paramètrouc k = 3, a = 4.

H sun�rthsh epibÐwshc twn klimakwt¸n uy¸n isoÔtai me P 1(y) = 243
(3+y)5

= 35

(3+y)5
.

H mèsh tim  eÐnai isoÔtai me µ1,1 = 3
4 kai o mèsoc upoleipìmenoc qrìnoc zw c me mrlP1(y) = 3+y

4 .

Tèloc, h 2h katanom  isorropÐac twn klimakwt¸n uy¸n akoloujeÐ thn katanom  Pareto me paramètrouc
k = 3, a = 3.
H dexi� our� thc 2hc katanom c isorropÐac dÐnetai apì th sqèsh P 2(y) = 81

(3+y)4
= 34

(3+y)4
.

H mèsh tim  eÐnai Ðsh me µ2,1 = 1 kai o mèsoc upoleipìmenoc qrìnoc zw c me mrlP2(y) = 3+y
3 .

Sq ma 5.4 : Di�gramma thc sun�rthshc epibÐwshc thc katanom c twn apozhmi¸sewn, thc 1hc kai 2hc

katanom c isorropÐac.

Sto Sq ma 5.4 h kìkkinh gramm  anaparist� th sun�rthsh epibÐwshc thc katanom c twn apozh-
mi¸sewn, h pr�sinh gramm  apeikonÐzei th sun�rthsh epibÐwshc twn klimakwt¸n uy¸n kai h mple gram-
m  th sun�rthsh epibÐwshc thc 2hc katanom c isorropÐac thc katanom c twn apozhmi¸sewn.EpÐshc,
pararhroÔme ìti ìso mikraÐnei h tim  thc paramètrou a, tìso pio bari� eÐnai h our� thc katanom c

61



Pareto .

H mèsh tim  thc mègisthc swreutik c ap¸leiac dÐnetai apì ton tÔpo

E(L) = λ·m2
2·(c−λ·m1) .

Epomènwc gia ton upologismì thc ja prèpei pr¸ta na broÔme ton rujmì eÐspraxhc twn asfalÐstrwn
c, o opoÐoc dÐnetai apì ton tÔpo c = (1 + θ) · λ ·m1 = 1, 44 .

EpÐshc h 2h rop  twn apozhmi¸sewn eÐnai Ðsh me m2 = 9
10 . 'Ara h mèsh tim  thc mègisthc swre-

utik c ap¸leiac eÐnai E(L) = 3, 75 .

H mèsh tim  thc tuqaÐac metablht c Vy eÐnai Ðsh me E(Vy) = E(L) +mrlP2(y) = 3, 75 + 3+y
3 .

Sq ma 5.5 : Di�gramma twn mèswn upoleipìmenwn qrìnwn zw c kai thc E(Vy).

Sto Sq ma 5.5 h kìkkinh gramm  anaparist� to mèso upoleipìmeno qrìno zw c thc katanom c
twn apozhmi¸sewn, h pr�sinh gramm  apeikonÐzei to mèso upoleipìmeno qrìno zw c twn klimakwt¸n
uy¸n, h mple gramm  to mèso upoleipìmeno qrìno zw c thc 2hc katanom c isorropÐac thc katanom c
twn apozhmi¸sewn kai h èntonh gramm  th mèsh tim  thc tuqaÐac metablht c Vy. Tèloc, parathroÔme
ìti oi mèsoi upoleipìmenoi qrìnoi zw c kai h E(Vy) eÐnai grammikèc sunart seic wc proc y.
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Ekjetik  Katanom 

'Estw Y h tuqaÐa metablht  h opoÐa akoloujeÐ thn ekjetik  katanom  me par�metro d. H sun�rthsh
katanom c thc Y isoÔtai me P (y) = 1 − e−d·y kai h sun�rthsh puknìthtac pijanìthtac me p(y) =
d · e−d·y. H mèsh tim  dÐnetai apì th sqèsh E(Y ) = 1

d kai h diakÔmansh isoÔtai me V ar(Y ) = 1
d2
.

Sth sunèqeia anafèroume k�poiec qr simec parathr seic gia thn ekjetik  katanom .

• H ekjetik  katanom  qrhsimopoieÐtai kurÐwc ìtan melet�me to qrìno anamon c mèqri thn prag-
matopoÐhsh enìc gegonìtoc.

• 'Otan oi apozhmi¸seic akoloujoÔn thn ekjetik  katanom  me par�metro d, tìte kai h katanom 
isorropÐac akoloujeÐ thn ekjetik  katanom  me par�metro d.

• O mèsoc upoleipìmenoc qrìnoc zw c thc ekjetik c katanom c eÐnai stajerìc.

• Sq mata

Sq ma 5.6 : Di�gramma thc Sun�rthshc Katanom c gia d = 0.5, 1, 3.

Sto Sq ma 5.6 blèpoume th sun�rthsh katanom c ìtan h tuqaÐa metablht  Y akoloujeÐ thn ek-
jetik  katanom  me par�metro d. H lept  portokalÐ gramm  apeikonÐzei thn ekjetik  katanom 
me par�metro 0.5, h diakekomènh gramm  parousi�zei thn perÐptwsh pou h ekjetik  katanom 
èqei par�metro 1 kai h èntonh gramm  thn perÐptwsh pou h par�metroc thc ekjetik c katanom c
eÐnai Ðsh me 3.

63



Sq ma 5.7 : Di�gramma thc Sun�rthshc Puknìthtac Pijanìthtac gia d = 0.5, 1, 3.

Sto Sq ma 5.7 blèpoume th sun�rthsh puknìthtac pijanìthtac sthn perÐptwsh pou h tuqaÐa
metablht  Y akoloujeÐ thn ekjetik  katanom  me par�metro d. H lept  portokalÐ gram-
m  apeikonÐzei thn perÐptwsh pou h ekjetik  katanom  èqei par�metro 0.5, h diakekomènh thn
perÐptwsh pou h par�metroc eÐnai 1 kai h èntonh gramm  thn perÐptwsh pou h par�metroc eÐnai 3.

Sq ma 5.8 : Di�gramma thc Sun�rthshc EpibÐwshc gia d = 0.5, 1, 3.

Sto Sq ma 5.8 blèpoume th sun�rthsh epibÐwshc sthn perÐptwsh pou h tuqaÐa metablht  Y
akoloujeÐ thn ekjetik  katanom  me par�metro d. H lept  portokalÐ gramm  apeikonÐzei thn
perÐptwsh pou h ekjetik  katanom  èqei par�metro 0.5, h diakekomènh thn perÐptwsh pou h
par�metroc eÐnai Ðsh me 1 kai h èntonh gramm  thn perÐptwsh pou h par�metroc eÐnai Ðsh me 3.
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Ja broÔme thn 1h kai 2h katanom  isorropÐac thc ekjetik c katanom c kaj¸c kai touc mèsouc
upoleipìmenouc qrìnouc zw c touc jewrhtik�.

1. Sun�rthsh EpibÐwshc thc Katanom c.

P̄ (y) = e−d·y .

2. Mèsoc Upoleipìmenoc Qrìnoc Zw c.

IsqÔei ìti mrlP (y) =

∫∞
y

P̄ (t)dt

P̄ (y)
.

Arqik� ja lÔsoume to olokl rwma
∫∞
y P̄ (t)dt.∫∞

y P̄ (t)dt =
∫∞
y e−d·ydt = −1

d ·
∫∞
y [e−d·y]′dt = −1

l · [0− e
(−d·y)] = e−d·y

d .

'Ara o Mèsoc Upoleipìmenoc Qrìnoc Zw c thc Sun�rthshc Epibi¸shc dÐnetai apì ton tÔpo

mrlP (y) = 1
d .

3. Dexi� our� thc 1hc Katanom c IsorropÐac. DÐnetai apì ton tÔpo

P̄1(y) =

∫∞
y

P̄ (t)dt∫∞
0

P̄ (t)dt
.

Antikajist¸ntac y ⇒ 0 sto olokl rwma
∫∞
y P̄ (t)dt prokÔptei ìti

∫∞
0 P̄ (t)dt = 1

d .

Epomènwc h 1h Katanom  IsorropÐac thc Sun�rthshc Epibi¸shc isoÔtai me

P̄1(y) = e−d·y = P̄ (y) .

4. Mèsoc Upoleipìmenoc Qrìnoc Zw c thc 1hc Katanom c IsorropÐac.

mrlP1(y) =

∫∞
y

P̄1(t)dt

P̄1(y)
.

Kaj¸c P̄1(y) = P̄ (y), eÐnai mrlP1(y) =

∫∞
y

P̄(t)dt

P̄(y)
.

Epomènwc isqÔei ìti mrlP1(y) = mrlP (y) = 1
d .
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5. Dexi� our� thc 2hc Katanom c IsorropÐac . DÐnetai apì ton tÔpo

P̄2(y) =

∫∞
y

P̄1(t)dt∫∞
0

P̄1(t)dt
.

IsqÔei ìti P̄1(y) = P̄ (y), epomènwc

P̄2(y) = e−d·y.

6. Mèsoc Upoleipìmenoc Qrìnoc Zw c thc 2hc Katanom c IsorropÐac .

mrlP2(y) =

∫∞
y

P̄2(t)dt

P̄2(y)
.

IsqÔei ìti P̄2(y) = P̄ (y), epomènwc mrlP2(y) = 1
d .

Sthn sunèqeia me thn qr sh tou Mathematica, ( Par�rthma : Efarmog  5.2) ja broÔme
arijmhtik� apotelèsmata gia d = 3 .

Sthn perÐptwsh pou oi apozhmi¸seic akoloujoÔn thn ekjetik  katanom  me par�metro d, h 1h
katanom  isorropÐac ( katanom  twn klimakwt¸n uy¸n) kai h 2h katanom  isorropÐac akoloujoÔn
epÐshc thn ekjetik  katanom  me par�metro d.

Sthn efarmog  èqoume epilèxei d = 3 .

'Ara : P (y) = P 1(y) = P 2(y) = e−3y.

H parap�nw sqèsh faÐnetai kai sto sq ma

Sq ma 5.9 : Di�gramma thc sun�rthshc epibÐwshc thc katanom c twn apozhmi¸sewn, thc 1hc kai 2hc

katanom c isorropÐac.
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Sto Sq ma 5.9 epibebai¸netai kai grafik� ìti h katanom  twn apozhmi¸sewn, h 1h katanom  isor-
ropÐac kai h 2h katanom  isorropÐac akoloujoÔn thn Ðdia katanom , dhlad  thn ekjetik  katanom 
me par�metro d = 3, kaj¸c sumpÐptoun metaxÔ touc.

Kaj¸c oi katanomèc isorropÐac akoloujoÔn thn Ðdia katanom  pou perigr�fei tic apozhmi¸seic isqÔei
ìti m1 = µ1,1 = µ2,1 = 1

3 kai mrlP (y) = mrlP1(y) = mrlP2(y) = 1
3 .

H mèsh tim  twn klimakwt¸n uy¸n eÐnai Ðsh me E(L) = 1, 66667.

H mèsh tim  thc tuqaÐac metablht c Vy isoÔtai me E(Vy) = 2.

Sq ma 5.10 : Di�gramma twn mèswn upoleipìmenwn qrìnwn zw c kai thc E(Vy).

Apì to Sq ma 5.10 parathroÔme ìti oi mèsoi upoleipìmenoi qrìnoi zw c kai h E(Vy), sthn
perÐptwsh pou oi apozhmi¸seic akoloujoÔn thn ekjetik  katanom  eÐnai st�simoi (perigr�fontai apì
mia eujeÐa gramm  par�llhlh tou �xona x). Aut  h stasimìthta ofeÐletai sthn amn monh idiìthta
thc ekjetik c katanom c.

Prìtash 5.1 : H amn monh idiìthta anafèrei ìti gia k�je s, t > 0 isqÔei ìti :

Pr(Y > s+ t|Y > t) = Pr(Y > s) .
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Katanom  Weibull

'Estw Y mÐa tuqaÐa metablht  akoloujeÐ thn katanom  Weibull me paramètrouc c, g. H sun�rthsh
katanom c thc Y dÐnetai apì ton tÔpo P (y)=1− e−cyg , g ≥ 0 kai sun�rthsh puknìthtac pijanìthtac

apì ton tÔpo p(y)=g · c · (cy)g−1 · e−cyg , g ≥ 1. H mèsh tim  dÐnetai apì thn sqèsh E(Y )=
Γ(1+ 1

g
)

c kai

h diakÔmansh isoÔtai me V ar(Y )=
Γ(1+ 2

g
)

c2
− (E(Y ))2.

Parak�tw anafèroume k�poiec qr simec parathr seic gia thn katanom  Weibull .

• Y ∼Weibull(c, g) =⇒ Y b ∼ Exponential(1
c ) .

• H par�metroc c onom�zetai par�metroc morf c. 'Otan to c aux�netai, h sun�rthsh
puknìthtac pijanìthtac gÐnetai stenìterh.

• H par�metroc g onom�zetai par�metroc klÐmakac.

• Gia g = 1 =⇒Weibull(c, 1) ∼ Exponential(1
c ) .

• Gia g = 1, g > 1, g < 1 isqÔoun ta parak�tw :

– Gia b = 1, h katanom  Weibull isodunameÐ me thn ekjetik  katanom  kai, kat� sunèpeia,
o mèsoc upoleipìmenoc qrìnoc zw c eÐnai stajerìc.

– Gia g > 1 o mèsoc upoleipìmenoc qrìnoc zw c eÐnai fjÐnousac morf c.

– Gia 0 < g < 1 o mèsoc upoleipìmenoc qrìnoc zw c eÐnai auxanìmenoc.

• Sq mata

Sq ma 5.11 : Di�gramma thc Sun�rthshc Katanom c gia g = 1 kai c = 1, 2, 4 .

Sto Sq ma 5.11 apeikonÐzetai h sun�rthsh katanom c thc katanom c Weibull sthn perÐptwsh
pou oi par�metroi eÐnai Ðsoi me g = 1 kai c = 1 (lept  portokalÐ gramm ), c = 2 (diakekomènh
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gramm ) kai c = 4 (èntonh gramm ).

Sq ma 5.12 : Di�gramma thc Sun�rthshc Katanom c gia c = 1 kai g = 0.5, 1, 5 .

Sto Sq ma 5.12 apeikonÐzetai h sun�rthsh katanom c thc katanom c Weibull sthn perÐptwsh
pou oi par�metroi eÐnai Ðsoi me c = 1 kai g = 0.5 (lept  portokalÐ gramm ), g = 1 (diakekomènh
gramm ) kai g = 5 (èntonh gramm ).

Sq ma 5.13 : Di�gramma thc Sun�rthshc Puknìthtac Pijanìthtac gia g = 1 kai c = 1, 2, 4.

Sto Sq ma 5.13 apeikonÐzetai h sun�rthsh puknìthtac pijanìthtac thc katanom c Weibull
sthn perÐptwsh pou oi par�metroi eÐnai Ðsoi me g = 1 kai c = 1 (lept  portokalÐ gramm ), c = 2
(diakekomènh gramm ) kai c = 4 (èntonh gramm ).
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Sq ma 5.14 : Di�gramma thc Sun�rthshc Puknìthtac Pijanìthtac gia c = 1 kai g = 0.5, 1, 5.

Sto Sq ma 5.14 apeikonÐzetai h sun�rthsh puknìthtac pijanìthtac thc katanom c Weibull
sthn perÐptwsh pou oi par�metroi eÐnai Ðsoi me c = 1 kai g = 0.5 (lept  portokalÐ gramm ),
g = 1 (diakekomènh gramm ) kai g = 5 (èntonh gramm ).

Sq ma 5.15 : Di�gramma thc Sun�rthshc EpibÐwshc gia g = 1 kai c = 1, 2, 4.

Sto Sq ma 5.15 apeikonÐzetai h sun�rthsh epibÐwshc thc katanom c Weibull sthn perÐptwsh
pou oi par�metroi eÐnai Ðsoi me g = 1 kai c = 1 (lept  portokalÐ gramm ), c = 2 (diakekomènh
gramm ) kai c = 4 (èntonh gramm ).
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Sq ma 5.16 : Di�gramma thc Sun�rthshc EpibÐwshc gia c = 1 kai g = 0.5, 1, 5.

Sto Sq ma 5.16 apeikonÐzetai h sun�rthsh epibÐwshc thc katanom c Weibull sthn perÐptwsh
pou oi par�metroi eÐnai Ðsoi me c = 1 kai g = 0.5 (lept  portokalÐ gramm ), g = 1 (diakekomènh
gramm ) kai g = 5 (èntonh gramm ).

Prin proqwr soume sthn qr sh tou Mathematica, gia thn eÔresh thc 1hc kai 2hc Katanom c Isor-
ropÐac, kaj¸c kai tou Mèsou Upoleipìmenou Qrìnou Zw c gia thn k�je perÐptwsh, ja broÔme ta
proanaferjènta zhtoÔmena jewrhtik�.

1. Sun�rthsh EpibÐwshc thc Katanom c.

IsqÔei ìti

P̄ (y) = e−c
g
.

Gia c = 1, g = 2 =⇒ P̄ (y) = e(−y)2 .
Gia autèc tic paramètrouc ja gÐnoun oi parak�tw upologismoÐ.

2. Mèsoc Upoleipìmenoc Qrìnoc Zw c.

IsqÔei ìti

mrlP (y) =

∫∞
y

P̄ (t)dt

P̄ (y)
.

Arqik� jèloume na broÔme to olokl rwma
∫∞
y P̄ (t)dt.
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IsqÔei ìti

∫∞
0 P̄ (t)dt =

∫ y
0 P̄ (t)dt+

∫∞
y P̄ (t)dt.

Epomènwc
∫∞

0 e−t
2
dt =

∫ y
0 e
−t2dt+

∫∞
y e−t

2
dt .

• Upologismìc tou
∫∞

0 e−t
2
dt . Onom�zoume to olokl rwma I =

∫∞
0 e−t

2
dt .

•I2 = (
∫∞

0 e−t
2
dt)

2
= (
∫∞

0 e−t
2
dt) · (

∫∞
0 e−x

2
dx) =

∫∞
0

∫∞
0 e−(t2+x2)dtdx .

EpÐshc isqÔoun ta parak�tw :
-Polikì SÔsthma Suntetagmènwn r2 = t2 + x2.
- Jacobian Suntelest c Diìrjwshc rdrdθ.

'Ara I2 =
∫ π

2
0

∫∞
0 e−r

2
rdrdθ .

SumbolÐzw u→ −r2 =⇒ 1
2du = −rdr.

=⇒ I2 =
∫ π

2
0

[
e(−r)2

]∞
0
dθ = −1

2

∫ π
2

0 [0− 1]dθ = 1
2 ·

π
2 = π

4 =⇒ I =
√
π

2 .

Epomènwc br kame ìti
∫∞

0 e−t
2
dt =

√
π

2 .

• Upologismìc tou
∫ y

0 e
−t2dt .

IsqÔei ìti h Gauss Error Function orÐzetai apì ton parak�tw tÔpo (Edward W.Ng ,
Murray Geller , 1968)

erf(y) = 2√
π
·
∫ y

0 e
−t2dt .

'Ara
∫ y
0 e
−t2dt =

√
π

2 · erf(y).

Apì ta parap�nw apotelèsmata prokÔptei ìti√
π

2 =
√
π

2 · erf(y) +
∫∞
y e−t

2
dt =⇒

∫∞
y e−t

2
dt =

√
π

2 (1− erf(y)) .

IsqÔei ìti 1− erf(y) = erfc(y) .

(Oi sunart seic erf(y) kai erfc(y) up�rqoun sto upologistikì pakèto Mathematica .)

Epomènwc
∫∞
y e−t

2
dt =

√
π

2 · erfc(y).

Telik� prokÔptei ìti mrlP (y) =

∫∞
y

e−t
2
dt

e−y2
=

√
π
2
·erfc(y)

e−y2
.
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3. Dexi� our� thc 1hc Katanom c IsorropÐac .
DÐnetai apì ton tÔpo

P̄1(y) =

∫∞
y

P̄ (t)dt∫∞
0

P̄ (t)dt
=

√
π
2
·erfc(y)
√
π
2

=⇒ P̄1(y) = erfc(y) .

4. Mèsoc Upoleipìmenoc Qrìnoc Zw c thc 1hc Katanom c IsorropÐac .

mrlP1(y) =

∫∞
y

P̄1(t)dt

P̄1(y)
=

∫∞
y

erfc(t)dt

erfc(y) .

• Upologismìc tou
∫∞
y erfc(t)dt .

∫∞
y erfc(t)dt =

∫∞
y [ 2√

π

∫∞
t e−u

2
du]dt.

AntikajistoÔme dv = dt kai to u isoÔtai me ton ìro sto eswterikì olokl rwma.

'Ara oloklhr¸nontac kat� mèlh
∫
udv = u−

∫
vdu .

Epomènwc v = t kai to du gÐnetai −2√
π
· e−t2 .

Gia ta parap�nw apotelèsmata qrhsimopoi same ton kanìna tou Leibniz
d
dt

[∫ b
a f(u)du

]
=
∫ b
a

d
dtf(u)du+ f db

dt − f
da
dt .

Tìte

d
dt

[
2√
π

∫∞
t e−u

2
du
]

= 2√
π

[∫∞
t

d
dt(e

−u2du) + e−∞
2 · 0− e−t2 · 1

]
= 2√

π

[
0 + 0− e−t2

]
.

'Etsi to olokl rwma gÐnetai

∫∞
y erfc(t)dt =

[
t · 2√

π
·
∫∞
t e−u

2
du
]∞
y

+
∫∞
y t ·

[
2√
π
· e−t2

]
dt

=
[
t · 2√

π
·
∫∞
t e−u

2
du
]∞
y
−
[

1√
π
· e−t2

]∞
y

=
[
0− y · 2√

π
·
∫∞
y e−u

2
du
]
−
[
0− 1√

π

−t2
]

= −y · erfc(y) + 1√
π
· e−y2 .

'Ara

∫∞
y erfc(t)dt = 1√

π
· e−y2 − y · erfc(y) .

Epomènwc

mrlP1(y) =
1√
π
·e−y2−y·erfc(y)

erfc(y) =
1√
π
·e−y2

erfc(y) − y ⇒ mrlP1(y) = e−y
2

√
π·erfc(y)

− y.
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5. Dexi� our� thc 2hc Katanom c IsorropÐac.
DÐnetai apì ton tÔpo

P̄2(y) =

∫∞
y

P̄1(t)dt∫∞
0

P̄1(t)dt
=

∫∞
y

erfc(t)dt∫∞
0

erfc(t)dt
.

IsqÔei ìti (Edward W.Ng , Murray Geller , 1968)
∫∞

0 erfc(t)dt = 1√
π
.

'Ara

P̄2(y) =
1√
π
·e−y2−y·erfc(y)

1√
π

⇒ P̄2(y) = e−y
2 −
√
π · y · erfc(y) .

6. Mèsoc Upoleipìmenoc Qrìnoc Zw c thc 2hc Katanom c IsorropÐac.

mrlP2(y) =

∫∞
y

P̄2(t)dt

P̄2(y)
.

IsqÔoun ta ex c

∫∞
y P̄2(t)dt =

∫∞
y

[
e−t

2 −
√
π · t · erfc(t)

]
dt

=
∫∞
y e−t

2
dt−

√
π ·
∫∞
y t · erfc(t)dt

=
√
π

2 · (1− erfc(y))−
√
π ·
∫∞
y t · erfc(t)dt .

H par�gwgoc thc erfc(t) isoÔtai me d
dterfc(t) = −2·e−t2√

π
.

∫∞
y t ·

[
−2·e−t2√

π

]
dt = (y · erfc(y))−

∫∞
y erfc(t)dt = (y · erfc(y))− 1√

π
· e−y2 .

Epomènwc∫∞
y =

√
π

2 · erfc(y)−
√
π ·
(
2yerfc(y)− 1√

π
· e−y2

)
.

Me b�sh ta parap�nw apotelèsmata prokÔptei ìti

mrlP2(y) =

√
π
2
·erfc(y)−2

√
π·y·erfc(y)+e−y

2

e−y2−
√
π·y·erfc(y)

.
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Sthn sunèqeia me thn qr sh tou Mathematica, ( Par�rthma : Efarmog  5.3) ja broÔme
arijmhtik� apotelèsmata .

Gia c = 1, g = 2, oi apozhmi¸seic ekfr�zontai apì thn ex c sun�rthsh epibÐwshc P (y) = e−y
2
.

Me mèsh tim  m1 =
√
π

2 kai mèso upoleipìmeno qrìno zw c mrlP (y) = 1
2 · e

y2 ·
√
π · Erfc[y] .

H dexi� our� thc katanom c twn klimakwt¸n uy¸n eÐnai h P 1(y) = Erfc[y] .

H mèsh tim  thc 1hc katanom c isorropÐac isoÔtai me µ1,1 = 1√
π
kai o mèsoc upoleipìmenoc qrìnoc

zw c me mrlP1(y) =
e−y

2

√
π
−y+y·Erf [y]

Erfc[y] .

H 2h katanom  isorropÐac thc katanom c twn apozhmi¸sewn èqei dexi� our� h opoÐa dÐnetai apì

ton tÔpo P 2(y) =
√
π · ( e−y

2

√
π
− y + y · Erf [y]) .

H mèsh tim  thc 2hc katanom c isorropÐac eÐnai Ðsh me µ2,1 =
√
π

4 kai o mèsoc upoleipìmenoc qrìnoc

zw c me mrlP2(y) = −2·e−y2 ·y+
√
π·(1+2y2)·Erfc[y]

4
√
π·( e−y

2
√
π
−y+y·Erf [y])

.

Sq ma 5.17 :Di�gramma thc sun�rthshc epibÐwshc thc katanom c twn apozhmi¸sewn, thc 1hc kai 2hc

katanom c isorropÐac.

Sto Sq ma 5.17 blèpoume thn morf  twn P (y) (kìkkinh gramm ), P 1(y) (pr�sinh gramm ) kai P 2(y)
(mple gramm ).

O rujmìc eÐspraxhc twn asfalÐstrwn eÐnai Ðsoc me 2,12694.

Epiplèon, h mèsh tim  thc mègisthc swreutik c ap¸leiac isoÔtai me E(L) = 0, 623566.
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Tèloc, h mèsh tim  thc tuqaÐac metablht c Vy dÐnetai apì th sqèsh

E(Vy) = 0, 623566 + −2·e−y2 ·y+
√
π·(1+2y2)·Erfc[y]

4
√
π·( e−y

2
√
π
−y+y·Erf [y])

.

Sq ma 5.18 :Di�gramma twn mèswn upoleipìmenwn qrìnwn zw c kai thc E(Vy).

Sto Sq ma 5.18 apeikonÐzontai o mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn apozh-
mi¸sewn (kìkkinh gramm ), o mèsoc upoleipìmenoc qrìnoc zw c thc 1hc katanom c isorropÐac (pr�sinh
gramm ), o mèsoc upoleipìmenoc qrìnoc zw c thc 2hc katanom c twn apozhmi¸sewn (mple gramm )
kai h mèsh tim  thc tuqaÐac metablht c Vy (èntonh gramm ). ParathroÔme ìti h mèsh tim  thc tuqaÐac
metablht c Vy eÐnai par�llhlh me ton mèso upoleipìmeno qrìno zw c thc 2hc katanom c isorropÐac
kai metatopismènh kat� th mèsh tim  thc mègisthc swreutik c ap¸leiac.
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Katanom  G�mma

'Estw mÐa tuqaÐa metablht  Y me sun�rthsh katanom c P (y) = γ(a,by)
Γ(a) kai sun�rthsh puknìthtac

pijanìthtac p(y) = ba

Γ(a) · y
a+1 · e−by,

ìpou:
Sun�rthsh G�mma : Γ(a) =

∫∞
0 ya−1 · e−ydy.

Eleip c Sun�rthsh G�mma : γ(a, t) =
∫ t

0 y
a−1 · e−ydy.

Tìte,h Y akoloujeÐ thn katanom  G�mma me paramètrouc a, b. H mèsh tim  dÐnetai apì ton tÔpo
E(Y ) = a

b kai h diakÔmansh apì ton tÔpo V ar(Y ) = a
b2
.

Sth sunèqeia anafèroume k�poiec qr simec parathr seic gia thn katanom  G�mma.

• H katanom  G�mma antiproswpeÔei mia poikilÐa asÔmmetrwn katanom¸n, gegonìc to opoÐo exart�tai
apì tic paramètrouc a, b. Sugkekrimèna :

– b < 1 : Sumpièzei thn p(y) ston �xona y.

– b = 1 : ProkÔptei h Tupik  G�mma katanom .

– b > 1 : EkteÐnei thn p(y) ston �xona x.

– a ≤ 1 : H p(y) eÐnai fjÐnousa sun�rthsh.

– a ≥ 1 : H p(y) eÐnai aÔxousa mèqri èna mègisto kai met� fjÐnei.

• Gia a = 1 : Gamma(1, b) ' Exponential(1
b ) .

• Sq mata

Sq ma 5.19 : Di�gramma thc Sun�rthshc Katanom c gia b = 2 kai a = 1, 4, 6 .

Sto Sq ma 5.19 blèpoume th sun�rthsh katanom c thc katanom c G�mma sthn perÐptwsh pou
oi par�metroi eÐnai b = 2 kai a = 1 (lept  porokalÐ gramm ), a = 4 (diakekomènh gramm ) kai
a = 6 (èntonh gramm ).

77



Sq ma 5.20 : Di�gramma thc Sun�rthshc Katanom c gia a = 2 kai b = 1, 2, 6 .

Sto Sq ma 5.20 blèpoume th sun�rthsh katanom c thc katanom c G�mma sthn perÐptwsh pou
oi par�metroi eÐnai a = 2 kai b = 1 (lept  porokalÐ gramm ), b = 2 (diakekomènh gramm ) kai
b = 6 (èntonh gramm ).

Sq ma 5.21 : Di�gramma thc Sun�rthshc Puknìthtac Pijanìthtac gia b = 2 kai a = 1, 4, 6.
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Sto Sq ma 5.21 apeikonÐzetai h sun�rthsh puknìthtac pijanìthtac thc katanom c G�mma sthn
perÐptwsh pou oi par�metroi eÐnai Ðsoi me b = 2 kai a = 1 (lept  porokalÐ gramm ), a = 4
(diakekomènh gramm ) kai a = 6 (èntonh gramm ).

Sq ma 5.22 : Di�gramma thc Sun�rthshc Puknìthtac Pijanìthtac gia a = 2 kai b = 1, 2, 6.

Sto Sq ma 5.22 apeikonÐzetai h sun�rthsh puknìthtac pijanìthtac thc katanom c G�mma sthn
perÐptwsh pou oi par�metroi eÐnai a = 2 kai b = 1 (lept  porokalÐ gramm ), b = 2 (diakekomènh
gramm ) kai b = 6 (èntonh gramm ).
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Sq ma 5.23 : Di�gramma thc Sun�rthshc EpibÐwshc gia b = 2 kai a = 1, 4, 6.

Sto Sq ma 5.23 blèpoume th sun�rthsh epibÐwshc thc katanom c G�mma sthn perÐptwsh pou oi
par�metroi eÐnai Ðsoi me b = 2 kai a = 1 (lept  porokalÐ gramm ), a = 4 (diakekomènh gramm )
kai a = 6 (èntonh gramm ).

Sq ma 5.24 : Di�gramma thc Sun�rthshc EpibÐwshc gia a = 2 kai b = 1, 2, 6.

Sto Sq ma 5.24 apeikonÐzetaih sun�rthsh epibÐwshc thc katanom c G�mma sthn perÐptwsh pou
oi par�metroi eÐnai a = 2 kai b = 1 (lept  porokalÐ gramm ), b = 2 (diakekomènh gramm ) kai b = 6
(èntonh gramm ).
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Prin proqwr soume sthn qr sh tou Mathematica, gia thn eÔresh thc 1hc kai 2hc Katanom c
IsorropÐac, kaj¸c kai tou Mèsou Upoleipìmenou Qrìnou Zw c gia thn k�je perÐptwsh, ja broÔme
ta proanaferjènta zhtoÔmena jewrhtik�. H epÐlush ja gÐnei gia tic paramètrouc a = 3, b = 2.

1. Sun�rthsh EpibÐwshc thc Katanom c.

P̄ (y) = ba

Γ(a) ·
∫∞
y ta−1 · e−btdt .

Gia a = 3, b = 2 h sun�rthsh epibÐwshc dÐnetai apì th sqèsh P̄ (y) = 23

Γ(3) ·
∫∞
y t3−1 · e−2tdt.

IsqÔei ìti Γ(n) = (n− 1)!, sthn perÐptwsh pou to n eÐnai akèraioc arijmìc.

Epomènwc P̄ (y) = 23

(3−1)! ·
∫∞
y t2 · e−2tdt = 4 ·

∫∞
y t2 · e−2tdt.

H sun�rthsh puknìthtac pijanìthtac dÐnetai apì th sqèsh p(y) = 23

2! · y
2 · e−2y = 4 · y2 · e−2y.

IsqÔei h sqèsh P (y) =
∫∞
y p(t)dt.

'Ara P (y) =
∫∞
y 4 · t2 · e−2tdt = −2[

∫∞
y t2(e−2t)′dt]

= −2[[t2 · e−2t]∞y − 2
∫∞
y t · e−2tdt] = −2[0− y2 · e−2y − 2

∫∞
y t · e−2tdt]

= 2 · y2 · e−2y + 4
∫∞
y t · e−2tdt = 2 · y2 · e−2y − 2

∫∞
y t · (e−2t)′dt

= 2 ·y2 ·e−2y−2[[t ·e−2t]∞y −
∫∞
y e−2tdt] = 2 ·y2 ·e−2y+2 ·y ·e−2y+e−2y = e−2y · (2y2 +2y+1).

Epomènwc P (y) = e−2y · (2y2 + 2y + 1).

2. Mèsoc Upoleipìmenoc Qrìnoc Zw c.
IsqÔei ìti

mrlP (y) =

∫∞
y

P̄ (t)dt

P̄ (y)
.

Arqik� ja lÔsoume to olokl rwma
∫∞
y P̄ (t)dt =

∫∞
y e−2t · (2t2 + 2t + 1)dt mèsw tou Mathe-

matica.

To parap�nw olokl rwma mporeÐ na grafeÐ me thn morf ∫∞
y P̄ (t)dt =

∫∞
y 2t2 · e−2tdt+

∫∞
y 2t · e−2tdt+

∫∞
y e−2tdt.
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• To
∫∞
y 2t2 · e−2tdt isoÔtai me e−2y

2 · (2y2 + 2y + 1).

• To
∫∞
y 2t · e−2tdt isoÔtai me e−2y

2 · (2y + 1).

• To
∫∞
y e−2tdt eÐnai Ðso me e−2y

2 .

Epomènwc∫∞
y P̄ (t)dt = e−2y

2 · (2y2 + 2y + 1) + e−2y

2 · (2y + 1) + e−2y

2 = e−2y

2 · (2y2 + 4y + 3).

'Ara

mrlP (y) = 2y2+4y+3
4y2+4y+2

.

3. Dexi� our� thc 1hc Katanom c IsorropÐac.
DÐnetai apì ton tÔpo

P̄1(y) =

∫∞
y

P̄ (t)dt∫∞
0

P̄ (t)dt
.

Antikajist¸ntac y ⇒ 0 sto olokl rwma
∫∞
y P̄ (t)dt prokÔptei ìti

∫∞
y P̄ (t)dt = 3

2 .

Epomènwc h 1h Katanom  IsorropÐac thc Sun�rthshc Epibi¸shc isoÔtai me

P̄1(y) = e−2y

3 · (2y2 + 4y + 3).

4. Mèsoc Upoleipìmenoc Qrìnoc Zw c thc 1hc Katanom c IsorropÐac.

mrlP1(y) =

∫∞
y

P̄1(t)dt

P̄1(y)
.

• To
∫∞
y

2
3 t

2 · e−2tdt isoÔtai me e−2y

6 · (2y2 + 2y + 1).

• To
∫∞
y

4
3 t · e

−2tdt isoÔtai me e−2y

3 · (2y + 1).

• To
∫∞
y e−2tdt eÐnai Ðso me e−2y

2 .

Epomènwc∫∞
y P̄1(t)dt = e−2y

6 · (2y2 + 2y + 1) + e−2y

3 · (2y + 1) + e−2y

2 =

e−2y · (1
6 · (2y

2 + 2y + 1) + 1
3 · (2y + 1) + 1

2) = e−2y · (y
2

3 + y + 1).
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'Ara

mrlP1(y) = y2+3y+3
2y2+4y+3

.

5. Dexi� our� thc 2hc Katanom c IsorropÐac.
DÐnetai apì ton tÔpo

P̄2(y) =

∫∞
y

P̄1(t)dt∫∞
0

P̄1(t)dt
.

Antikajist¸ntac y ⇒ 0 sto olokl rwma
∫∞
y P̄1(t)dt prokÔptei ìti

∫∞
y P̄1(t)dt = 1.

Epomènwc h 2h Katanom  IsorropÐac thc Sun�rthshc Epibi¸shc isoÔtai me

P̄2(y) = e−2y

3 · (y2 + 3y + 3).

6. Mèsoc Upoleipìmenoc Qrìnoc Zw c thc 2hc Katanom c IsorropÐac.

mrlP2(y) =

∫∞
y

P̄2(t)dt

P̄2(y)
.

• To
∫∞
y

1
3 t

2 · e−2tdt isoÔtai me e−2y

12 · (2y
2 + 2y + 1).

• To
∫∞
y t · e−2tdt isoÔtai me e−2y

4 · (2y + 1).

• To
∫∞
y e−2tdt eÐnai Ðso me e−2y

2 .

Epomènwc∫∞
y P̄2(t)dt = e−2y

12 · (2y
2 + 2y + 1) + e−2y

4 · (2y + 1) + e−2y

2 =

e−2y · (y
2

6 + y
6 + 1

12 + 1
4 + y

2 + 1
2) = e−2y

6 · (y2 + 4y + 5).

'Ara

mrlP2(y) = y2+4y+5
2y2+6y+6

.

Me thn qr sh tou Mathematica ja broÔme arijmhtik� apotelèsmata gia tic paramètrouc
a = 3, b = 2 , (Par�rthma : Efarmog  5.4).

Sthn perÐptwsh pou oi apozhmi¸seic ekfr�zontai apì thn katanom  G�mma me paramètrouc a = 3, b =
2, h dexi� our� thc katanom c dÐnetai apì th sqèsh P (y) = e−2y · (2y2 + 2y + 1).

H mèsh tim  isoÔtai me m1 = 6 kai o mèsoc upoleipìmenoc qrìnoc zw c me mrlP (y) = 2y2+4y+3
4y2+4y+2

.
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H dexi� our� thc 1hc katanom c thc katanom c twn apozhmi¸sewn dÐnetai apì ton tÔpo

P̄1(y) = e−2y

3 · (2y2 + 4y + 3) .

H mèsh tim  thc P1(y) eÐnai Ðsh me µ1,1 = 4 kai o mèsoc upoleipìmenoc qrìnoc zw c me mrlP1(y) =
y2+3y+3
2y2+4y+3

.

Tèloc, h dexi� our� thc 2hc katanom c thc katanom c twn apozhmi¸sewn dÐnetai apì ton tÔpo

P̄2(y) = e−2y

3 · (y2 + 3y + 3) .

H mèsh tim  thc P2(y) dÐnetai apì thn sqèsh µ2,1 = 10
3 kai o mèsoc upoleipìmenoc qrìnoc zw c

me mrlP2(y) = y2+4y+5
2y2+6y+6

.

Sq ma 5.25 : Di�gramma thc sun�rthshc epibÐwshc thc katanom c twn apozhmi¸sewn, thc 1hc kai 2hc

katanom c isorropÐac.

Sto Sq ma 5.25 apeikonÐzetai h morf  twn P (y) (kìkkinh gramm ), P 1(y) (pr�sinh gramm ) kai P 2(y)
(mple gramm ).

H mèsh tim  thc mègisthc swreutik c ap¸leiac eÐnai Ðsh me E(L) = 20.

Me b�sh ta parap�nw, h mèsh tim  thc tuqai�c metablht c Vy isoÔtai me

E(Vy) = 20 +mrlP2(y) = y2+4y+5
2y2+6y+6

.
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Sq ma 5.26 : Di�gramma twn mèswn upoleipìmenwn qrìnwn zw c kai thc E(Vy).

Sto Sq ma 5.26 apeikonÐzontai o mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn apozh-
mi¸sewn (kìkkinh gramm ), o mèsoc upoleipìmenoc qrìnoc zw c thc 1hc katanom c isorropÐac (pr�sinh
gramm ), o mèsoc upoleipìmenoc qrìnoc zw c thc 2hc katanom c twn apozhmi¸sewn (mple gramm )
kai h mèsh tim  thc tuqaÐac metablht c Vy (èntonh gramm ). ParathroÔme ìti h mèsh tim  thc tuqaÐac
metablht c Vy eÐnai par�llhlh me ton mèso upoleipìmeno qrìno zw c thc 2hc katanom c isorropÐac
kai metatopismènh kat� th mèsh tim  thc mègisthc swreutik c ap¸leiac.EpÐshc eÐnai sqedìn stajer 
kaj¸c eÐnai sqedìn par�llhlh ston �xona x.
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MeÐxh Ekjetik¸n Katanom¸n

Ja melet soume th mèsh tim  thc tuqaÐac metablht c Vy sthn perÐptwsh pou oi apozhmi¸seic
akoloujoÔn meÐxh dÔo ekjetik¸n katanom¸n me b�rh q = 1

2 , 1 − q = 1
2 kai paramètrouc λ1 = 1,

λ2 = 3. Arqik� ja broÔme arijmhtik� apotelèsmata gia thn perÐptwsh pou oi endi�mesoi qrìnoi
akoloujoÔn thn ekjetik  katanom  (klasikì montèlo), kai èpeita ja doÔme dÔo paradeÐgmata ìpou
oi endi�mesoi qrìnoi akoloujoÔn thn katanom  Weibull kai thn katanom  G�mma (ananewtikì mon-
tèlo). Oi k¸dikec pou qrhsimopoi jhkan gia thn eÔresh twn parak�tw apotelesm�twn dÐnontai sto
Par�rthma : Efarmog  5.5.

Oi endi�mesoi qrìnoi akoloujoÔn thn ekjetik  katanom 

Jewr¸ntac ìti oi apozhmi¸seic akoloujoÔn meÐxh dÔo ekjetik¸n katanom¸n me b�rh q = 1
2 , 1−q = 1

2

kai paramètrouc λ1 = 1, λ2 = 3, h sun�rthsh epibÐwshc dÐnetai apì th sqèsh P (y) = e−y

2 + e−3y

2 .

H mèsh tim  isoÔtai me m1 = 2
3 kai o mèsoc upoleipìmenoc qrìnoc zw c me mrlP (y) = e−3y ·(1+3e2y)

6·( e−y
2

+ e−3y

2
)
.

H sun�rthsh epibÐwshc thc 1hc katanom c isorropÐac (katanom c twn klimakwt¸n uy¸n) ekfr�zetai
apì th sqèsh P 1(y) = 1

4 · e
−3y · (1 + 3e2y).

H mèsh tim  eÐnai Ðsh me µ1,1 = 5
6 kai o mèsoc upoleipìmenoc qrìnoc zw c me mrlP1(y) = 1+9e2y

3·(1+3e2y)
.

H sun�rthsh epibÐwshc thc 2hc katanom c isorropÐac dÐnetai apì th sqèsh P 2(y) = 1
10 ·e

−3y ·(1+9e2y).

H mèsh tim  eÐnai Ðsh me µ2,1 = 14
15 kai o mèsoc upoleipìmenoc qrìnoc zw c me mrlP2(y) = 1+27e2y

3·(1+9e2y)
.

Sq ma 5.27 : Di�gramma thc sun�rthshc epibÐwshc thc katanom c twn apozhmi¸sewn, thc 1hc kai 2hc

katanom c isorropÐac.

Sto Sq ma 5.27 apeikonÐzetai h morf  twn P (y) (kìkkinh gramm ), P 1(y) (pr�sinh gramm ) kai P 2(y)
(mple gramm ).
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H mèsh tim  thc mègisthc swreutik c ap¸leiac eÐnai Ðsh me E(L) = 4, 16667.

Me b�sh ta parap�nw h mèsh tim  thc tuqaÐac metablht c Vy eÐnai Ðsh me E(Vy) = 4, 16667+ 1+27e2y

3·(1+9e2y)
.

Sq ma 5.28 : Di�gramma twn mèswn upoleipìmenwn qrìnwn zw c kai thc E(Vy).

Sto Sq ma 5.28 apeikonÐzontai o mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn apozh-
mi¸sewn (kìkkinh gramm ), o mèsoc upoleipìmenoc qrìnoc zw c thc 1hc katanom c isorropÐac (pr�sinh
gramm ), o mèsoc upoleipìmenoc qrìnoc zw c thc 2hc katanom c twn apozhmi¸sewn (mple gramm )
kai h mèsh tim  thc tuqaÐac metablht c Vy (èntonh gramm ). H mèsh tim  thc Vy eÐnai par�llhlh
tou mèsou upoleipìmenou qrìnou zw c thc 2hc katanom c isorropÐac kai metatopismènh kat� th mèsh
tim  thc mègisthc swreutik c ap¸leiac. EpÐshc, parathroÔme ìti met� apì to shmeÐo 3 tou �xona x
oi mèsoi upoleipìmenoi qrìnoi zw c kai h mèsh tim  thc tuqaÐac metablht c Vy eÐnai stajeroÐ kaj¸c
eÐnai par�llhloi wc proc ton �xona x.
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Oi endi�mesoi qrìnoi akoloujoÔn thn katanom  Weibull

Oi apozhmi¸seic akoloujoÔn meÐxh dÔo ekjetik¸n katanom¸n me b�rh q = 1
2 , 1−q = 1

2 kai paramètrouc

λ1 = 1, λ2 = 3, epomènwc h sun�rthsh epibÐwshc dÐnetai apì th sqèsh P (y) = e−y

2 + e−3y

2 .

H mèsh tim  isoÔtai me m1 = 2
3 kai o mèsoc upoleipìmenoc qrìnoc zw c me mrlP (y) = e−3y ·(1+3e2y)

6·( e−y
2

+ e−3y

2
)
.

Oi endi�mesoi qrìnoi ekfr�zontai apì mÐa katanom  Weibull me paramètrouc c = 1, g = 5 kai h

sun�rthsh puknìthtac pijanìthtac dÐnetai apì th sqèsh k(y) = e
−y
5

5 . EpÐshc, o metasqhmatismìc

Laplace twn endi�meswn qrìnwn isoÔtai me k̃(s) = 1
1+5s .

Ta klimakwt� Ôyh ekfr�zontai epÐshc apì mÐa meÐxh dÔo ekjetik¸n katanom¸n me our� katanom c
F (y) = 0, 037406e−y + 0, 962593e−3y.

H mèsh tim  isoÔtai me µ1,1 = 0, 358271 kai o mèsoc upoleipìmenoc qrìnoc zw c me

mrlF (y) = e−3y ·(0,320864+0,037406e2y)
0,962593e−3y+0,037406e−y .

H sun�rthsh epibÐwshc thc 1hc katanom c isorropÐac thc katanom c twn klimakwt¸n uy¸n dÐne-
tai apì th sqèsh F 1(y) = 0, 104566e−y + 0, 895578e−3y.

H mèsh tim  eÐnai Ðsh me µ2,1 = 0, 40294 kai o mèsoc upoleipìmenoc qrìnoc zw c me

mrlF1(y) = 0,358271·(0,29853+0,104409e2y)
0,320864+0,0374068e2y

.

Sq ma 5.29 : Di�gramma thc sun�rthshc epibÐwshc thc katanom c twn apozhmi¸sewn, thc katanom c twn

klimakwt¸n uy¸n kai 1hc katanom c isorropÐac thc katanom c twn klimakwt¸n uy¸n.

Sto Sq ma 5.29 apeikonÐzetai h morf  twn P (y) (kìkkinh gramm ), F (y) (pr�sinh gramm ) kai F 1(y)
(mple gramm ).

H pijanìthta qreokopÐac isoÔtai me ψ(u) = 0, 026865e−2,90499u + 0, 106468e−0,895013u.
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H mèsh tim  thc mègisthc swreutik c ap¸leiac dÐnetai apì ton tÔpo E(L) =
∫∞
y ψ(t)dt kai isoÔ-

tai me E(L) = 0, 009248e−2,90499y + 0, 118956e−0,895013y.

Me b�sh ta parap�nw h mèsh tim  thc tuqaÐac metablht c Vy eÐnai Ðsh me

E(Vy) = 0, 009248e−2,90499y + 0, 118956e−0,895013y + 0,358271·(0,29853+0,104409e2y)
0,320864+0,0374068e2y

.

Sq ma 5.30 : Di�gramma twn mèswn upoleipìmenwn qrìnwn zw c kai thc E(Vy).

Sto Sq ma 5.30 apeikonÐzontai o mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn apozh-
mi¸sewn (kìkkinh gramm ), o mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn klimakwt¸n uy¸n
(pr�sinh gramm ), o mèsoc upoleipìmenoc qrìnoc zw c thc 1hc katanom c twn klimakwt¸n uy¸n (mple
gramm ) kai h mèsh tim  thc tuqaÐac metablht c Vy (èntonh gramm ).
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PARARTHMA

Par�deigma 4.1

1. Epilog  paramètrwn. :

2. Sun�rthsh puknìthtac pijanìthtac gia meÐxh dÔo ekjetik¸n katanom¸n. :

3. Mèsh tim  thc meÐxhc dÔo ekjetik¸n katanom¸n. :

4. Ropogenn tria thc meÐxhc dÔo ekjetik¸n katanom¸n. :
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5. Upologismìc tou perijwrÐou asfaleÐac. :

6. EpÐlush thc exÐswshc tou Lundberg . :

ApojhkeÔw tic rÐzec r1, r2 :

7. EpÐlush tou sust matoc C1 + C2 = 1
1+θ kai r1 · C1 + r2 · C2 = θ

(1+θ)2·m1
. :

ApojhkeÔw tic lÔseic C1, C2 :
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8. Upologismìc thc pijanìthtac qreokopÐac. :
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Efarmog  4.2

1. Epilog  paramètrwn .:

2. Our� thc katanom c thc meÐxhc dÔo ekjetik¸n katanom¸n. :

3. Mèsh tim  thc meÐxhc dÔo ekjetik¸n katanom¸n. :

4. Sun�rthsh puknìthtac pijanìthtac gia meÐxh dÔo ekjetik¸n katanom¸n. :
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5. Metasqhmatismìc Laplace thc sun�rthshc puknìthtac pijanìthtac twn apozhmi¸sewn. :

6. Sun�rthsh puknìthtac pijanìthtac twn endi�meswn qrìnwn. :

7. Metasqhmatismìc Laplace thc sun�rthshc puknìthtac pijanìthtac twn endi�meswn qrìnwn.
:

8. EpÐlush thc exÐswshc Lundberg gia thn eÔresh twn riz¸n r1, r2. :
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9. Apoj keush twn riz¸n r1, r2. :

10. Metasqhmatismìc Laplace thc exÐswshc tou Lundberg. :
:

11. Metasqhmatismìc Laplace thc pijanìthtac qreokopÐac. :

12. EÔresh twn stajer¸n C1, C2. :
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13. EÔresh tou q1. :

14. Our� thc katanom c twn klimakwt¸n uy¸n. :

15. EÔresh tou q1[u]. :
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16. EÔresh tou q[u]. :

17. EÔresh thc katanom c tou elleÐmmatoc dojèntoc ìti ja sumbeÐ qreokopÐa. :
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Efarmog  5.1 : Pareto Distribution

• Di�gramma thc Sun�rthshc Katanom c gia k = 3 kai a = 0.5, 2, 5.

• Di�gramma thc Sun�rthshc Puknìthtac Pijanìthtac gia k = 3 kai a = 0.5, 2, 5 .
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• Di�gramma thc Sun�rthshc EpibÐwshc gia k = 3 kai a = 0.5, 2, 5.

1. Epilog  paramètrwn .:

2. Sun�rthsh epibÐwshc thc katanom c twn apozhmi¸sewn .:

3. Mèsh tim  thc katanom c twn apozhmi¸sewn .:
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4. Mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn apozhmi¸sewn . :

5. Dexi� our� thc 1hc katanom c isorropÐac (thc katanom c twn klimakwt¸n uy¸n) . :

6. Mèsh tim  thc 1hc katanom c isorropÐac .:

7. Mèsoc upoleipìmenoc qrìnoc zw c thc 1hc katanom c isorropÐac . :

8. Dexi� our� thc 2hc katanom c isorropÐac . :
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9. Mèsh tim  thc 2hc katanom c isorropÐac .:

10. Mèsoc upoleipìmenoc qrìnoc zw c thc 2hc katanom c isorropÐac . :

11. Di�gramma twn tailP (y), tailP1(y), tailP2(y) :

12. Mèsh tim  twn klimakwt¸n uy¸n .:
Jewr same ìti oi endi�mesoi qrìnoi akoloujoÔn ekjetik  katanom  me par�metro λ = 2 kai
perij¸rio asfaleÐac θ = 0.2 .
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(aþ) EÔresh tou rujmoÔ eÐspraxhc twn asfalÐstrwn c :

(bþ) EÔresh thc 2hc rop c twn apozhmi¸sewn m2 :

13. Mèsh tim  thc Vy .:
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14. Di�gramma twn mrlP (y),mrlP1(y),mrlP2(y), E(Vy) :
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Efarmog  5.2 : Exponential Distribution

• Di�gramma thc Sun�rthshc Katanom c gia d = 0.5, 1, 3.

• Di�gramma thc Sun�rthshc Puknìthtac Pijanìthtac gia d = 0.5, 1, 3.
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• Di�gramma thc Sun�rthshc EpibÐwshc gia d = 0.5, 1, 3.

1. Epilog  paramètrwn .:

2. Sun�rthsh epibÐwshc thc katanom c twn apozhmi¸sewn .:

3. Mèsh tim  thc katanom c twn apozhmi¸sewn .:

4. Mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn apozhmi¸sewn . :
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5. Dexi� our� thc 1hc katanom c isorropÐac (thc katanom c twn klimakwt¸n uy¸n) . :

6. Mèsh tim  thc 1hc katanom c isorropÐac .:

7. Mèsoc upoleipìmenoc qrìnoc zw c thc 1hc katanom c isorropÐac . :

8. Dexi� our� thc 2hc katanom c isorropÐac . :

9. Mèsh tim  thc 2hc katanom c isorropÐac .:
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10. Mèsoc upoleipìmenoc qrìnoc zw c thc 2hc katanom c isorropÐac . :

11. Di�gramma twn tailP (y), tailP1(y), tailP2(y) :

12. Mèsh tim  twn klimakwt¸n uy¸n .:
Jewr same ìti oi endi�mesoi qrìnoi akoloujoÔn ekjetik  katanom  me par�metro λ = 2 kai
perij¸rio asfaleÐac θ = 0.2 .

(aþ) EÔresh tou rujmoÔ eÐspraxhc twn asfalÐstrwn c :
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(bþ) EÔresh thc 2hc rop c twn apozhmi¸sewn m2 :

13. Mèsh tim  thc Vy .:
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14. Di�gramma twn mrlP (y),mrlP1(y),mrlP2(y), E(Vy) :
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Efarmog  5.3 : Weibull Distribution

• Di�gramma thc Sun�rthshc Katanom c gia g = 1 kai c = 1, 2, 4.

• Di�gramma thc Sun�rthshc Katanom c gia c = 1 kai g = 0.5, 1, 5.
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• Di�gramma thc Sun�rthshc Puknìthtac Pijanìthtac gia g = 1 kai c = 1, 2, 4.

• Di�gramma thc Sun�rthshc Puknìthtac Pijanìthtac gia c = 1 kai g = 0.5, 1, 5.
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• Di�gramma thc Sun�rthshc EpibÐwshc gia g = 1 kai c = 1, 2, 4.

• Di�gramma thc Sun�rthshc EpibÐwshc gia c = 1 kai g = 0.5, 1, 5.
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1. Epilog  paramètrwn .:

2. Sun�rthsh epibÐwshc thc katanom c twn apozhmi¸sewn .:

3. Mèsh tim  thc katanom c twn apozhmi¸sewn .:

4. Mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn apozhmi¸sewn . :

5. Dexi� our� thc 1hc katanom c isorropÐac (thc katanom c twn klimakwt¸n uy¸n) . :

6. Mèsh tim  thc 1hc katanom c isorropÐac .:
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7. Mèsoc upoleipìmenoc qrìnoc zw c thc 1hc katanom c isorropÐac . :

8. Dexi� our� thc 2hc katanom c isorropÐac . :

9. Mèsh tim  thc 2hc katanom c isorropÐac .:

10. Mèsoc upoleipìmenoc qrìnoc zw c thc 2hc katanom c isorropÐac . :
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11. Di�gramma twn tailP (y), tailP1(y), tailP2(y) :

12. Mèsh tim  twn klimakwt¸n uy¸n .:
Jewr same ìti oi endi�mesoi qrìnoi akoloujoÔn ekjetik  katanom  me par�metro λ = 2 kai
perij¸rio asfaleÐac θ = 0.2 .

(aþ) EÔresh tou rujmoÔ eÐspraxhc twn asfalÐstrwn c :
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(bþ) EÔresh thc 2hc rop c twn apozhmi¸sewn m2 :

13. Mèsh tim  thc Vy .:
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14. Di�gramma twn mrlP (y),mrlP1(y),mrlP2(y), E(Vy) :
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Efarmog  5.4 : Gamma Distribution

• Di�gramma thc Sun�rthshc Katanom c gia b = 2 kai a = 1, 4, 6.

• Di�gramma thc Sun�rthshc Katanom c gia a = 2 kai b = 1, 2, 6.
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• Di�gramma thc Sun�rthshc Puknìthtac Pijanìthtac gia b = 2 kai a = 1, 4, 6.
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• Di�gramma thc Sun�rthshc Puknìthtac Pijanìthtac gia a = 2 kai b = 1, 2, 6.
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• Di�gramma thc Sun�rthshc EpibÐwshc gia b = 2 kai a = 1, 4, 6.

• Di�gramma thc Sun�rthshc EpibÐwshc gia a = 2 kai b = 1, 2, 6.
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1. Epilog  paramètrwn .:

2. Sun�rthsh epibÐwshc thc katanom c twn apozhmi¸sewn .:

3. Mèsh tim  thc katanom c twn apozhmi¸sewn .:

4. Mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn apozhmi¸sewn . :

5. Dexi� our� thc 1hc katanom c isorropÐac (thc katanom c twn klimakwt¸n uy¸n) . :
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6. Mèsh tim  thc 1hc katanom c isorropÐac .:

7. Mèsoc upoleipìmenoc qrìnoc zw c thc 1hc katanom c isorropÐac . :

8. Dexi� our� thc 2hc katanom c isorropÐac . :

9. Mèsh tim  thc 2hc katanom c isorropÐac .:

10. Mèsoc upoleipìmenoc qrìnoc zw c thc 2hc katanom c isorropÐac . :
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11. Di�gramma twn tailP (y), tailP1(y), tailP2(y) :

12. Mèsh tim  twn klimakwt¸n uy¸n .:
Jewr same ìti oi endi�mesoi qrìnoi akoloujoÔn ekjetik  katanom  me par�metro λ = 2 kai
perij¸rio asfaleÐac θ = 0.2 .

(aþ) EÔresh tou rujmoÔ eÐspraxhc twn asfalÐstrwn c :
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(bþ) EÔresh thc 2hc rop c twn apozhmi¸sewn m2 :

13. Mèsh tim  thc Vy .:
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14. Di�gramma twn mrlP (y),mrlP1(y),mrlP2(y), E(Vy) :

128



Efarmog  5.5 : Mixture Of Exponential Distributions

Oi endi�mesoi qrìnoi akoloujoÔn thn ekjetik  katanom 

1. Epilog  paramètrwn .:

2. Sun�rthsh epibÐwshc thc katanom c twn apozhmi¸sewn .:

3. Mèsh tim  thc katanom c twn apozhmi¸sewn .:

4. Mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn apozhmi¸sewn . :

5. Dexi� our� thc 1hc katanom c isorropÐac (thc katanom c twn klimakwt¸n uy¸n) . :
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6. Mèsh tim  thc 1hc katanom c isorropÐac .:

7. Mèsoc upoleipìmenoc qrìnoc zw c thc 1hc katanom c isorropÐac . :

8. Dexi� our� thc 2hc katanom c isorropÐac . :

9. Mèsh tim  thc 2hc katanom c isorropÐac .:

10. Mèsoc upoleipìmenoc qrìnoc zw c thc 2hc katanom c isorropÐac . :

130



11. Di�gramma twn tailP (y), tailP1(y), tailP2(y) :

12. Mèsh tim  twn klimakwt¸n uy¸n .:
Jewr same ìti oi endi�mesoi qrìnoi akoloujoÔn ekjetik  katanom  me par�metro λ = 2 kai
perij¸rio asfaleÐac θ = 0.2 .

(aþ) EÔresh tou rujmoÔ eÐspraxhc twn asfalÐstrwn c :
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(bþ) EÔresh thc 2hc rop c twn apozhmi¸sewn m2 :

13. Mèsh tim  thc Vy .:
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14. Di�gramma twn mrlP (y),mrlP1(y),mrlP2(y), E(Vy) :
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Oi endi�mesoi qrìnoi akoloujoÔn thn katanom  Weibull

1. Epilog  paramètrwn .:

2. Sun�rthsh epibÐwshc thc katanom c twn apozhmi¸sewn .:

3. Mèsh tim  thc katanom c twn apozhmi¸sewn .:

4. Mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn apozhmi¸sewn . :

5. Sun�rthsh puknìthtac pijanìthtac twn endi�meswn qrìnwn . :
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6. Metasqhmatismìc Laplace twn endi�meswn qrìnwn .:

7. EpÐlush thc exÐswshc tou Lundberg . :

ApojhkeÔw tic rÐzec r1, r2 :

8. EÔresh twn C1, C2. :
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9. Dexi� our� thc katanom c twn klimakwt¸n uy¸n . :

10. Mèsh tim  thc katanom c twn klimakwt¸n uy¸n .:

11. Mèsoc upoleipìmenoc qrìnoc zw c thc katanom c twn klimakwt¸n uy¸n . :

12. Dexi� our� thc 1hc katanom c isorropÐac thc katanom c twn klimakwt¸n uy¸n . :

13. Mèsh tim  thc 1hc katanom c isorropÐac thc katanom c twn klimakwt¸n uy¸n . :
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14. Mèsoc upoleipìmenoc qrìnoc zw c thc 1hc katanom c isorropÐac thc katanom c twn klimakwt¸n
uy¸n . :

15. Di�gramma twn tailP (y), tailF (y), tailF1(y) :

16. Pijanìthta qreokopÐac . :

17. Mèsh tim  thc mègisthc swreutik c ap¸leiac . :
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18. Mèsh tim  thc Vy .:

19. Di�gramma twn mrlP (y),mrlF (y),mrlF1(y), E(Vy) :
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