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                                                             Περίληψη 

 

Στην παρούσα εργασία μελετάμε τον προδρομικό και αναδρομικό χρόνο εμφάνισης 
σε  μία ανανεωτική διαδικασία. Αρχικά, βρίσκουμε την ανανεωτική εξίσωση που 
ικανοποιεί η κατανομή του προδρομικού και αναδρομικού χρόνου ενώ επιπλέον 
υπολογίζουμε την από κοινού ουρά της κατανομής των δύο αυτών μεταβλητών.  
Επιπροσθέτως, μελετάμε την συνάρτηση συνδιακύμανσης  μεταξύ του προδρομικού 
και αναδρομικού χρόνου εμφάνισης. Μέσω της από κοινού συνάρτησης κατανομής 
του προδρομικού και αναδρομικού χρόνου εμφάνισης, υπολογίζουμε ένα κλειστό 
τύπο στη χρονικά εξαρτημένη περίπτωση και έναν απλό τύπο για τη σταθερή 
κατάσταση.  Επιπλέον, υπολογίζουμε την συνάρτηση συσχέτισης  του προδρομικού 
και αναδρομικού χρόνου για τη σταθερή κατάσταση.  
Τέλος, εξετάζουμε ένα στατιστικό πρόβλημα που αφορά στην εκτίμηση της 
συνάρτησης κατανομής του προδρομικού χρόνου ζωής.  Δοθέντος ενός τυχαίου 
δείγματος από ενδιάμεσους χρόνους, για τους οποίους η κοινή κατανομή F δεν 
είναι γνωστή, βρίσκουμε έναν δειγματικό εκτιμητή για την εκτιμώμενη συνάρτηση.  
Με τη βοήθεια του θεωρήματος Glivenko – Cantelli, αποδεικνύουμε  ότι αυτός ο  
δειγματικός εκτιμητής ο οποίος κατασκευάζεται με βάση την εμπειρική συνάρτηση 
κατανομής, είναι συνεπής. Συγκεκριμένα,  δείχνουμε ότι ο εκτιμητής συγκλίνει 
ομοιόμορφα στην εκτιμώμενη συνάρτηση, αρχικά σε κάθε διάστημα της μορφής 
[0,b], αλλά και τελικά σε όλο το [0,∞). 
 

  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



                                                                      Abstract 

To this study, we focus on the forward and backward recurrence time of a renewal 
process. Primarily, we find the renewal function that satisfies the density of forward 
and backward time and we also calculate the joint tale of the distribution of these 
two variables. Additionally, we study the covariance function between forward and 
backward recurrence time. Through the joint density function of the forward and 
backward recurrence time, we calculate a close type in the time depended state and 
a simple type for the steady state. Furthermore, we calculate the correlation 
function of the forward and backward recurrence time for the steady state. 
Finally, we examine a statistical problem which concerns the estimation of the 
density function for the forward recurrence time. Suppose, we have  a random 
sample of interarrival times , that their common distribution is unknown, we find a 
sample estimator for the estimated function. With the assistance of the theorem 
Glivenko-Cantelli, we prove that this sample estimator, that is made of the empirical 
distribution function, it’s consistent estimator. Specifically, we prove that the 
estimator converge uniformly  to our estimated function, firstly in every interval of 
the type [a,b] and finally in all [0, ∞) . 
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Kef�laio 1

Eisagwg 

Stic efarmosmènec pijanìthtec eÐnai arket� sÔnhjec na asqoloÔmaste me tic
stoqastikèc diadikasÐec. MÐa stoqastik  diadikasÐa eÐnai mÐa oikogèneia tu-
qaÐwn metablht¸n {X(t), t ∈ T} ìpou t eÐnai mÐa par�metroc pou paÐrnei timèc
se èna kat�llhla orismèno sÔnolo T . MÐa kathgorÐa stoqastik¸n diadika-
si¸n apoteloÔn oi ananewtikèc anelÐxeic pou èqoun wc stìqo touc th melèth
diadoqik¸n pragmatopoi sewn enìc gegonìtoc ìtan oi endi�mesoi qrìnoi meta-
xÔ twn sumb�ntwn eÐnai anex�rthtec kai isìnomec tuqaÐec metablhtèc. 'Opwc
ja doÔme analutik� kai sto Kef�laio 2 oi ananewtikèc anelÐxeic apoteloÔn
genÐkeush thc diadikasÐac Poisson afoÔ oi endi�mesoi qrìnoi metaxÔ twn sum-
b�ntwn mporoÔn na èqoun opoiad pote katanom  en antijèsei me thn anèlixh
Poisson sthn opoÐa eÐnai h ekjetik  katanom .

H posìthta pou parousi�zei idiaÐtero endiafèron stic ananewtikèc ane-
lÐxeic eÐnai h ananewtik  sun�rthsh kai orÐzetai wc o anamenìmenoc arijmìc
anane¸sewn thc diadikasÐac se èna dosmèno qronikì di�sthma. Gia na mporè-
soume na upologÐsoume thn ananewtik  sun�rthsh ja prèpei na gnwrÐzoume
thn katanom  twn endi�meswn qrìnwn. Akìmh kai sthn perÐptwsh aut  ìmwc,
h ananewtik  sun�rthsh eÐnai pragmatik� arket� dÔskolo na upologisteÐ gia
mÐa plhj¸ra katanom¸n. Gia autì to lìgo arkoÔmaste se fr�gmata kai pro-
seggÐseic. Sthn paroÔsa ergasÐa ja asqolhjoÔme kat� kÔrio lìgo me to
prodromikì kai anadromikì qrìno emf�nishc enìc gegonìtoc se mÐa ananewti-
k  diadikasÐa. Ja upologÐsoume epiplèon thn apì koinoÔ our� thc katanom c
tou prodromikoÔ kai anadromikoÔ qrìnou. EpÐshc ja upologÐsoume th su-
n�rthsh susqètishc kai sundiakÔmashc sth stajer  all� kai sth qronik�
exarthmènh perÐptwsh. Tèloc, ja kataskeu�soume ènan sunep  ektimht  gia
ton prodromikì qrìno zw c kai me sunduasmì orismènwn jewrhm�twn kai pro-
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4 KEF�ALAIO 1. EISAGWG�H

t�sewn ja epitÔqoume omoiìmorfh sÔgklish se di�sthma kai en tèlei se ìlo
to (0,∞).

Dom  ErgasÐac

H dom  pou ja akoloujhjeÐ sth paroÔsa ergasÐa eÐnai h ex c:

Sto Kef�laio 2 ja orÐsoume tic ananewtikèc exis¸seic, thn ananewtik 
sun�rthsh U(t) kaj¸c epÐshc ja melet soume kai tic basikèc idiìthtèc thc.
Epiplèon ja d¸soume kai th genik  morf  gia th lÔsh mÐac ananewtik c exÐ-
swshc.

Sto Kef�laio 3 ja orÐsoume ton prodromikì kai anadromikì qrìno emf�ni-
shc se mÐa ananewtik  diadikasÐa. EpÐshc, ja broÔme thn ananewtik  exÐswsh
pou ikanopoieÐ h katanom  tou prodromikoÔ kai anadromikoÔ qrìnou. Epipro-
sjètwc ja upologÐsoume thn apì koinoÔ our� thc katanom c tou prodromikoÔ
kai anadromikoÔ qrìnou emf�nishc.

Sto Kef�laio 4 melet�me thn sun�rthsh susqètishc metaxÔ tou prodro-
mikoÔ kai anadromikoÔ qrìnou emf�nishc. Mèsw thc apì koinoÔ sun�rthshc
katanom c tou prodromikoÔ kai anadromikoÔ qrìnou emf�nishc ja upologÐsou-
me èna kleistì tÔpo sth qronik� exarthmènh perÐptwsh kai ènan aplì tÔpo gia
th stajer  kat�stash. Epiplèon, ja upologÐsoume th sun�rthsh sundiakÔ-
manshc tou prodromikoÔ kai anadromikoÔ qrìnou gia th stajer  kat�stash.
Tèloc, upologÐzoume arket� arijmhtik� paradeÐgmata sth stajer  kat�stash
kaj¸c kai sth qronik� exarthmènh kat�stash me th qr sh tou majhmatikoÔ
pakètou Mathematica.

Sto Kef�laio 5 ja asqolhjoÔme me èna basikì statistikì prìblhma pou
afor� sthn ektÐmhsh tou prodromikoÔ qrìnou zw c. Dojèntoc enìc tuqaÐ-
ou deÐgmatoc apì endi�mesouc qrìnouc, ìpou h koin  katanom  F den eÐ-
nai gnwst , ja broÔme ènan deigmatikì ektimht  gia thn ektim¸menh ana-
newtik  sun�rthsh. Ja apodeÐxoume ìti autìc o deigmatikìc ektimht c eÐ-
nai sunep c kai me th bo jeia thc empeirik c sun�rthshc, tou jewr matoc
Glivenko− Cantelli apodeiknÔoume ìti èqoume omoiìmorfh sÔgklish gia thn
ektim¸menh ananewtik  sun�rthsh se di�sthma [0, b] all� kai telik� se ìlo
to [0,∞).



Kef�laio 2

Ananewtikèc anelÐxeic

2.1 Eisagwgikèc 'Ennoiec

Sto kef�laio autì parousi�zoume ta genik� qarakthristik� kai tic kuriìte-
rec idiìthtec miac eidik c kathgorÐac stoqastik¸n anelÐxewn, tic ananewtikèc
anelÐxeic. Autèc qrhsimopoioÔntai wc montèla se mÐa plei�da efarmog¸n ì-
pwc gia par�deigma th mhqanik , thn analogistik  epist mh, th dhmografÐa
klp. Gia th jewrÐa pou ja akolouj sei sthriqj kame kurÐwc sto biblÐo tou
Resnick (2002), twn Grimmet kai Stirzaker (2008) tou Ross (2010) kai tou
Pitman (2006). Sth paroÔsa ergasÐa ja jewr soume endeqìmena pou sumbaÐ-
noun se tuqaÐouc qrìnouc ìpou oi qrìnoi autoÐ metaxÔ twn endeqomènwn mpo-
roÔn na parastajoÔn apì anex�rthtec kai isìnomec tuqaÐec metablhtèc (t.m.)
pou èqoun wc eÔroc to di�sthma (0,∞). 'Eqoume th dunatìthta gnwrÐzontac
th sun�rthsh puknìthtac mÐac katanom c na upologÐsoume ton tuqaÐo qrìno
k�poiou megèjouc, ìpwc gia par�deigma:

1. ton enapomeÐnanta qrìno anamon c enìc atìmou pou perimènei sth st�sh
mèqri na per�sei to epìmeno lewforeÐo tou.

2. to qrìno mèqri na exuphrethjeÐ o epìmenoc pel�thc se mÐa tr�peza.

'Estw ìti h katanom  enìc tuqaÐou qrìnou T orÐzetai apì mÐa sun�rthsh pu-
knìthtac pijanìthtac f(t) gia 0 ≤ t <∞. Tìte gia 0 ≤ a < b <∞ èqoume:

P (a < T ≤ b) =

∫ b

a

f(t)dt (2.1)

5



6 KEF�ALAIO 2. ANANEWTIK�ES ANEL�IXEIS

ìpou T dhl¸nei to qrìno zw c.H pijanìthta na epibi¸sei k�poioc pèra apì
to qrìno s isoÔtai me:

P (T > s) =

∫ ∞
s

f(t)dt (2.2)

kai eÐnai mÐa fjÐnousa sun�rthsh tou s, pou onom�zetai sun�rthsh epibÐ-
wshc. Apì to kanìna thc diafor�c twn pijanìthtwn isqÔei ìti:

P (a < T ≤ b) = P (T > a)− P (T > b) (2.3)

ètsi loipìn sumperaÐnoume ìti h pijanìthta tou tuqaÐou qrìnou na brejeÐ se
opoiod pote di�sthma mporeÐ na upologisteÐ apì th sun�rthsh epibÐwshc. H
ekjetik  katanom  apoteleÐ to aploÔstero montèlo gia tuqaÐo qrìno pou den
èqei �nw fr�gma sto eÔroc tim¸n tou (gia par�deigma exart mata orismè-
nwn hlektrik¸n suskeu¸n).Arket� montèla pou perièqoun th tuqaiìthta sto
qrìno onom�zontai stoqastikèc diadikasÐec kai èqoun dhmiourghjeÐ apì
to sunduasmì anex�rthtwn ekjetik� katanemhmènwn qrìnwn. 'Opwc ja analÔ-
soume kai sth sunèqeia en suntomÐa mÐa tètoia perÐptwsh (se shmeÐo) apoteleÐ
h diadikasÐa Poisson h opoÐa mac metr� to qrìno twn epituqhmènwn afÐxewn
ìpwc gia par�deigma mporeÐ na jewrhjeÐ o qrìnoc pou eisèrqontai oi pel�-
tec se mÐa tr�peza. Sto montèlo autì, oi epituqhmènoi endi�mesoi qrìnoi
eÐnai anex�rthtec tuqaÐec metablhtèc pou akoloujoÔn thn ekjetik  katano-
m .O qrìnoc thc n-ost c �fixhc akoloujeÐ th katanom  G�mma me paramè-
trouc (n, λ). AxÐzei sto parìn shmeÐo na shmei¸soume ìti h ekjetik  kai h
G�mma katanom  eÐnai ta suneq  an�loga thc Gewmetrik c kai thc arnhtik c
diwnumik c katanom c. Arqik� upenjumÐzoume ta basik� stoiqeÐa (sun�rth-
sh puknìthtac pijanìthtac, sun�rthsh katanom c, mèsh tim  kai diakÔmansh)
tri¸n katanom¸n pou ja mac fanoÔn arket� qr simec sth sunèqeia.

1. Katanom  Poisson
H sun�rthsh puknìthtac pijanìthtac dÐnetai apì to tÔpo:

f(x;λ) = P (X = x) =
λxe−λ

x!

H mèsh tim  kai h diakÔmansh eÐnai Ðsec kai dÐnontai apì to tÔpo:

E(x) = V (x) = λ

2. Ekjetik  katanom 
H sun�rthsh puknìthtac pijanìthtac dÐnetai apì to tÔpo:

f(x, λ) = λe−λx1(0,∞)(x)
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H sun�rthsh katanom c isoÔtai me:

F (x) = 1− e−λx1(0,∞)(x)

me mèsh tim  kai diakÔmansh:

E(X) =
1

λ
, V (X) =

1

λ2

3. Katanom  G�mma
'Estw λ, r ≥ 0 h sun�rthsh puknìthtac pijanìthtac dÐnetai apì ton
tÔpo:

f(x) =
λr

Γ(r)
xr−1e−λx1(0,∞)

ìpou:

Γ(r) =

∫ ∞
0

tr−1e−tdt, r > 0

h sun�rthsh G�mma.
Epiplèon isqÔoun:

Γ(r + 1) = rΓ(r), r > 0

Γ(1) = 1, Γ(ν + 1) = ν!

gia akèraio n ≥ 0. H ajroistik  sun�rthsh katanom c thc katanom c
G�mma den eÐnai arket� eÔkolo na upologisteÐ. Wstìso, ìtan h par�me-
troc r eÐnai jetikìc akèraioc h ajroistik  σ.κ. onom�zetai sun jwc me
to ìnoma Erlang kai isoÔtai me:

F (t) =
∞∑
i=ν

e−λt
(λt)i

i!

= 1−
i−1∑
i=0

e−λt
(λt)i

i!
(2.4)

gia t ≥ 0, blèpe KoÔtrac (2004)



8 KEF�ALAIO 2. ANANEWTIK�ES ANEL�IXEIS

En suneqeÐa ja orÐsoume orismènec eisagwgikèc ènnoiec pou ja mac fanoÔn
idiaÐtera qr simec sthn an�lush mac. 'Estw Yn, n ≥ 1 akoloujÐa apì t.m. pou
paÐrnoun mìno mh arnhtikèc timèc me koin  katanom  F (isìnomec).
Upojètoume ìti F (0−) = 0 , F (0) < 1   antÐstoiqa ∀n ≥ 1.

P (Yn < 0) = 0 , P (Yn = 0) < 1.

Gia n ≥ 0 orÐzoume:

Yn = T1 + T2 + · · ·+ Tn =
n∑
n=1

Tn. (2.5)

H akoloujÐa Yn, n ≥ 0 onom�zetai ananewtik  akoloujÐa. H t.m. Yn
ekfr�zei to qrìno anamon c mèqri to n- ostì gegonìc. Oi posìthtec Yn
jewroÔntai wc oi qrìnoi pou sunèbhsan orismèna sumb�nta kai kaloÔntai
qrìnoi ananèwshc me Y0 = T0 = 0. Tèloc jewroÔme to qrìno 0 wc èna
sumb�n. Gia par�deigma èstw Y eÐnai ì qrìnoc zw c mÐac mhqan c pou ìtan
qal�ei antikajÐstatai. Tìte oi qrìnoi ananèwshc mporoÔn na parastajoÔn me
tic metablhtèc Yn, n ≥ 0, jewr¸ntac ìti up�rqei ananèwsh kai th qronik 
stigm  mhdèn.
• Oi metablhtèc Ti onom�zontai endi�mesoi qrìnoi  qrìnoi anamon c
thc anèlixhc {N(t)}.
JewroÔme th shmeiak  diadikasÐa (point process) pou metr� to pl joc twn a-
nane¸sewn tou sust matìc mac sto di�sthma [0, t].

N(t) =
∞∑
n=0

1[0,t](Yn)

ìpou 1A eÐnai h deÐktria sun�rthsh thc tuqaÐac metablht c Yn
H shmeiak  diadikasÐa N(t), blèpe Ross (2010), eÐnai mÐa aparijm tria diadi-
kasÐa (counting process) ìtan ikanopoieÐ tic akìloujec sunj kec:

1. N(t) ≥ 0

2. H N(t) na paÐrnei akèraiec timèc

3. E�n s < t, tìte N(s) ≤ N(t) me pijanìthta 1.

4. Gia s < t h diafor� N(t)−N(s) isoÔtai me ton arijmì twn gegonìtwn
pou èqoun sumbeÐ sto di�sthma (s, t].
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MÐa shmeiak  diadikasÐa ja lème ìti èqei st�simec prosaux seic e�n h kata-
nom  tou arijmoÔ twn gegonìtwn pou sumbaÐnoun se k�je di�sthma qrìnou
exart�tai mìno apì to m koc tou qronikoÔ diast matoc. Epomènwc h diadika-
sÐa èqei st�simec prosaux seic e�n o arijmìc twn gegonìtwn sto di�sthma
(s, s+ t) èqei thn Ðdia katanom  gia ìla ta s.
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2.2 DiadikasÐa Poisson

Sth sunèqeia ja orÐsoume mÐa apì tic pio basikèc shmeiakèc diadikasÐec, th
diadikasÐa Poisson. H sugkekrimènh diadikasÐa orÐzetai wc ex c:

Orismìc 1

H shmeiak  diadikasÐa {N(t), t ≥ 0} ja onom�zetai diadikasÐa Poisson me
rujmì λ, λ > 0 e�n isqÔoun ta ex c:

1. N(0) = 0

2. H diadikasÐa èqei anex�rthtec prosaux seic

3. O arijmìc twn gegonìtwn se k�je di�sthma m kouc t akoloujeÐ th
katanom  Poisson me mèsh tim  λt.

Dhlad , gia ìla ta s, t ≥ 0 isqÔei:

P {N(t+ s)−N(s) = n} = e−λt
(λt)n

n!
, n = 0, 1, · · ·

Apì th sunj kh (3) prokÔptei ìti h diadikasÐa Poisson èqei st�simec pro-
saux seic kai epÐshc ìti h mèsh tim  isoÔtai me λt dhlad  isqÔei:

E[N(t)] = λt

to opoÐo exhgeÐ giatÐ to λ onom�zetai o rujmìc thc diadikasÐac.

Sq ma 1 H katanom  tou arijmoÔ afÐxewn se èna dosmèno qronikì di�sthma
I m kouc t akoloujeÐ th katanom  Poisson (λt).
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H sunj kh (3) tou orismoÔ se orismènec peript¸seic eÐnai dÔskolo na epa-
lhjeuteÐ gia autì to lìgo krÐnetai anagkaÐo na epishm�noume kai ènan isodÔ-
namo orismì gia na diapist¸noume e�n mÐa diadikasÐa eÐnai diadikasÐa Poisson.
Arqik� ja orÐsoume thn ènnoia mÐac sun�rthsh f(·) na eÐnai o(h).

Orismìc 2

H sun�rthsh f(·) ja onom�zetai o(h) e�n isqÔei:

lim
h→0

f(h)

h
= 0

Par�deigma 1

H sun�rthsh f(h) = h3 eÐnai o(h) afoÔ isqÔei:

lim
h→0

f(h)

h
= lim

h→0

h3

h
= lim

h→0
h2 = 0.

Par�deigma 2

H sun�rthsh f(h) = h den eÐnai o(h)

lim
h→0

f(h)

h
= lim

h→0

h

h
= 1 6= 0.

EpÐshc anafèroume pwc an h f(·) eÐnai o(h) kai h g(·) eÐnai o(h) tìte kai to
�jroisma f(·) + g(·) eÐnai o(h) afoÔ isqÔei ìti:

lim
h→0

f(h) + g(h)

h
= lim

h→0

f(h)

h
+ lim

h→0

g(h)

h
= 0 + 0 = 0.

AntÐstoiqa e�n h f(·) eÐnai o(h), tìte kai h g(·) = cf(·) eÐnai o(h) afoÔ
isqÔei ìti:

lim
h→0

cf(h)

h
= c lim

h→0

f(h)

h
= c · 0 = 0.

Apì tic dÔo prohgoÔmenec idiìthtec prokÔptei ìti k�je grammikìc sunduasmìc
sunart sewn pou eÐnai o(h) eÐnai o(h). En suneqeÐa mporoÔme na d¸soume ènan
isodÔnamo orismì thc diadikasÐac Poisson.
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Orismìc 3

H shmeiak  diadikasÐa {N(t), t ≥ 0} onom�zetai diadikasÐa Poisson me rujmì
λ, λ > 0 e�n isqÔei:

1. N(0) = 0

2. H diadikasÐa èqei st�simec anex�rthtec prosaux seic

3. P {N(h) = 1} = λh+ o(h)

4. P {N(h) ≥ 2} = o(h)
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2.3 Katanom  endi�meswn qrìnwn kai qrì-

noc anamon c

JewroÔme th diadikasÐa Poisson kai ìpwc anafèrame kai sthn arq  tou pa-
rìntoc kefalaÐou, èstw me T1 dhl¸noume to qrìno tou pr¸tou gegonìtoc.
Epiplèon, gia n > 1, èstw h posìthta Tn dhl¸nei ton enapomeÐnonta qrì-
no metaxÔ tou n − 1 kai n -ostou gegonìtoc. 'Etsi loipìn thn akoloujÐa
Tn, n = 1, 2, · · · ja thn onom�zoume akoloujÐa endi�meswn qrìnwn. Gia pa-
r�deigma èstw T1 = 5 kai T2 = 10, tìte to pr¸to gegonìc thc diadikasÐac
Poissonsunèbei sto qrìno 5 kai to deÔtero sto qrìno 15. Jèlontac na
prosdiorÐsoume th katanom  tou Tn, arkeÐ na parathr soume ìti to endeqì-
meno T1 > t pragmatopoieÐtai e�n kai mìno an den sumbeÐ kanèna apì ta
endeqìmena thc diadikasÐac Poissonsto di�sthma [0, t], kai epomènwc:

P {T1 > t} = P {N(t) = 0} = e−λt

Epomènwc o T1 akoloujeÐ thn ekjetik  katanom  me mèsh tim  1/λ
Gia toT2 upologÐzoume

P {T2 > t} = E[P {T2 > t|T1}]

en¸,

P {T2 > t|T1 = s} = P {0 endeqìmena sto(0, s+ t] |T1 = s}
= P {0 endeqìmena sto(s, s+ t]}
= e−λt

ìpou oi teleutaÐec dÔo exis¸seic èqoun anex�rthtec kai st�simec prosaux -
seic. Epomènwc kai o T2 akoloujeÐ thn ekjetik  katanom  me mèsh tim  1/λ
kai epiplèon o T2 eÐnai anex�rthth apì ton T1. Epanalamb�nontac akrib¸c ton
Ðdio sullogismì paÐrnoume thn akìloujh prìtash.

Prìtash 1

Oi Tn, n = 1, 2, · · · eÐnai anex�rthtec kai isìnoma katanemhmènec tuqaÐec me-
tablhtèc me mèsh tim  1/λ.

Dhlad  se k�je shmeÐo sto qrìno h diadikasÐa xekin�ei apì mình thc.H
diadikasÐa se k�je shmeÐo eÐnai anex�rthth apì to ti sunèbh sto pareljìn
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(lìgo twn anex�rthtwn prosaux sewn) kai epiplèon èqei thn Ðdia katanom 
(lìgw twn st�simwn prosaux sewn). Gia autì to lìgo lème ìti h diadikasÐa
den diajètei mn mh kai epomènwc oi endi�mesoi qrìnoi eÐnai ekjetikoÐ.
Qrhsimopoi¸ntac th sqèsh (2.5) pou ekfr�zei to qrìno �fixhc tou n-ostoÔ
gegonìtoc, ton Orismì 1 thc diadikasÐac Poisson kai to gegonìc ìti to �-
jroisma ekjetik¸n katanom¸n mac dÐnei th G�mma katanom  prokÔptei ìti to
Yn akoloujeÐ th katanom  G�mma me paramètrouc (n, λ).
H sun�rthsh puknìthtac pijanìthtac thc Yn dÐnetai apì th sqèsh:

fYn(t) = λe−λt
(λt)n−1

(n− 1)!
, t ≥ 0

Apìdeixh
ArkeÐ na parathr soume ìti to n-ostì gegonìc ja sumbeÐ prin   sto qrìno
t e�n kai mìno an o arijmìc twn gegonìtwn pou sumbaÐnoun mèqri to qrìno
t eÐnai toul�qiston n dhlad :

N(t) ≥ n⇐⇒ Yn ≤ t

epomènwc

FYn(t) = P {Yn ≤ t}
= P {N(t) ≥ n}

=
∞∑
j=n

e−λt
(λt)j

j!

= λe−λt
(λt)n−1

(n− 1)!
+

∞∑
j=n+1

λe−λt
(λt)j−1

(j − 1)!

−
∞∑
j=n

λe−λt
(λt)j

j!

= λe−λt
(λt)n−1

(n− 1)!
.
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Par�deigma 3 Efarmog  diadiakasÐac Poissonse thlefwnikèc kl seic.

'Estw ìti oi thlefwnikèc kl seic fj�noun se èna thlefwnikì kèntro me rujmì
3 kl seic to leptì, sÔmfwna me mÐa diadikasÐa Poisson. Gia par�deigma èstw
N(2, 4) o arijmìc twn kl sewn sto qrìno t = 2 kai t = 4 akoloujeÐ th
katanom  Poisson me mèsh tim  λ(4 − 2) = 3 × 2 = 6 kai o T3, dhlad  o
qrìnoc anamon c metaxÔ thc deÔterhc kai trÐthc kl shc akoloujeÐ ekjetik 
katanom  me λ = 3. 'Etsi loipìn mporoÔme na upologÐsoume:

(a) Th pijanìthta na mhn emfanistoÔn kajìlou kl seic metaxÔ twn qrìnwn
t = 0 kai t = 2.
AfoÔ gnwrÐzoume ìti isqÔei N(0, 2] o arijmìc twn kl sewn pou fj�noun
se autì to di�sthma akoloujeÐ thn katanom  Poisson(6) h pijanìthta
aut  isoÔtai me:

P (N(0, 2] = 0) = e−6 = 0.0025

(b) Th pijanìthta ìti h pr¸th kl sh met� to qrìno t = 0 ja p�rei peris-
sìtero apì 2 lept� na ft�sei.
AfoÔ o T1 akoloujeÐ ekjetik  katanom  me par�metro λ = 3 tìte h
zhtoÔmenh pijanìthta isoÔtai me:

P (T1 > 2) = e−3×2 = e−6 = 0.0025

H ap�nthsh sto (b) eÐnai h Ðdia me to (a) epeid  ta endeqìmena eÐnai
tautotik�.

(g) H pijanìthta na mhn fj�soun kajìlou kl seic metaxÔ tou diast matoc
t = 0 kai t = 2 kai toul�qiston tèsseri kl seic na fj�soun metaxÔ tou
diast matoc t = 2 kai t = 3 isoÔtai me:

P (N(0, 2] = 0)× P (N(2, 3] ≤ 4) = e−6 × e−3 × (1 + 3 +
32

2!
+

33

3!
+

34

4!
)

= 0.0020

(d) H pijanìthta ìti h tètarth kl sh ja ft�sei me diafor� 30 deuterolè-
ptwn apì th trÐth isoÔtai me:

P (T4 ≤ 0.5) = 1− P (T4 > 0.5) = 1− e−3×0.5

= 0.7769
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(e) H pijanìthta ìti h pr¸th kl sh met� apì to qrìno t = 0ja p�rei
ligìtero 20 deuterìlepta gia na fj�sei kai o qrìnoc anamon c metaxÔ
thc pr¸thc kai thc deÔterhc kl shc eÐnai megalÔteroc twn 3 lept¸n
isoÔtai me:

P (T1 ≤ 1/3)× P (T2 > 3) = (1− e−3×20/60)× e−3×3

= 0.99

(st) H pijanìthta ìti h pèmpth kl sh ja qreiasteÐ perissìtero apì 2 lept�
gia na ft�sei. Epeid  o qrìnoc �fixhc thc pèmpthc kl shc isoÔtai me to
�jroisma twn pènte pr¸twn endi�meswn qrìnwn, to prìblhma ègkeitai
sto na entopÐsoume thn:

P (T1 + T2 + T3 + T4 + T5) > 2

ìpou oi Ti eÐnai anex�rthtoi endi�mesoi qrìnoi pou akoloujoÔn ekjeti-
k  katanom  paramètrou 3. To prìblhma lÔnetai an ermhneÔsoume me
akrÐbeia th katanom  Poisson. H pèmpth kl sh paÐrnei perissìtero apì
2 lept� na ft�sei e�n kai mìno an toul�qiston tèsseric kl seic ft�-
soun metaxÔ tou qrìnou t = 0 kai t = 2 'Etsi loipìn h apaitoÔmenh
pijanìthta isoÔtai me:

P (T1 + T2 + T3 + T4 + T5 > 2) = P (N(0, 2] ≤ 4)

= e−6(1 + 6 +
62

2!
+

63

3!
+

64

4!
)

= 0.2851
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Sqedìn p�nta h katanom  tou N(t) den eÐnai gnwst  (me exaÐresh ì-
pwc eÐdame thn anèlixh Poisson ìpou ta Ti ∼ Exp(λ) kai oi N(t) ∀t ≥
0 akoloujoun th katanom  Poisson me mèsh tim  λt). Gia autì to lìgo loipìn
melet�me thn mèsh tim  thc N(t) thn opoÐa kaloÔme ananewtik  sun�r-
thsh. Se pollèc peript¸seic oÔte h sun�rthsh U(t) mporeÐ na upologisteÐ
analutik�, opìte qrhsimopoioÔme asumptwtik� apotelèsmata, ìpwc ja doÔme
sth sunèqeia. Gia t ≥ 0, èstw h sun�rthsh:

E(N(t)) = U(t)

H sun�rthsh U(t) :
•EÐnai aÔxousa
• kai den eÐnai sun�rthsh katanom c diìti

U(x)→∞ oταν x→∞

en¸ an  tan ja èprepe na isqÔei U(x) → 1 ìtan x → ∞.MporoÔme na th
jewr soume (orÐsoume):

1. eÐte wc sunolosun�rthsh ( set function ) ìpou tìte ja isoÔtai me

U {I} =
∞∑
k=0

F ?k {I} =
∞∑
k=0

P (Yk ∈ I)

gia k�je sÔnolo Borel I ston hmi�xona [0,∞)

2. eÐte wc sun jh majhmatik  sun�rthsh

U : [0,+∞)→ <

U(x) =
∞∑
k=0

F ?k(x).

EpishmaÐnoume pwc ìtan I = [0, x] oi dÔo anwtèrw arismoÐ sumpÐptoun.
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2.4 Olokl rwsh wc proc mÐa aÔxousa su-

n�rthsh

'Eqontac wc stìqo na oloklhr¸soume wc proc tic monìtonec sunart seic
U(x)sto [0,+∞) dhlad  na upologÐsoume oloklhr¸mata thc morf c∫ ∞

0

g(x)dU(x). (2.6)

ParathroÔme pwc e�n h U(x) parousi�zei èna �lma sto 0 tìte autì prèpei na
upologisteÐ sthn olokl rwsh.DiakrÐnoume loipìn tic peript¸seic:

1. E�n h U(x) eÐnai apolÔtwc suneq c (α.σ) dhlad  up�rqei mÐa puknìthta
u pou ikanopoieÐ u(x) ≥ 0, ètsi ¸ste∫ T

0

u(x)dx <∞, ∀T > 0 kai

kai gia b > a ≥ 0 ∫ b

a

u(s)ds = U(b)− U(a),

tìte to olokl rwma sthn (2.6) gr�fetai∫ ∞
0

g(x)U(dx) =

∫ ∞
0

g(x)u(x)dx.

H sun�rthsh u(x) onom�zetai ananewtik  puknìthta.

2. E�n h U eÐnai diakrit  tìte up�rqoun pragmatikoÐ arijmoÐ ai kai b�rh
wi, me wi <∞ kai isqÔei

lim
h→0−

U(ai)− U(ai − h) = wi > 0

dhlad  to mètro U (deÐte par�rthma G) èqei m�za wi sto ai. H aÔxousa
sun�rthsh U(x) eÐnai stajer  (ektìc twn shmeÐwn ai ìpou parousi�zei
�lma posìthtac wi ). Sunep¸c loipìn, h sun�rthsh U(x) dÐnetai apì th
sqèsh:

U(x) =
∑

i:0≤ai<x

U({ai}) =
∑

i:0≤ai<x

wi
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'Etsi to olokl rwma (2.6) gÐnetai:∫
g(x)U(dx) =

∫
g(x)dU(x) :=

∑
i

wig(ai)

3. E�n h U eÐnai mÐa meÐxh tou tÔpou:

U {A} = αUα.σ {A}+ βUdiakrit  {A}

gia k�je sÔnolo Borel A, tìte∫
g(x)dU(x) = α

∫
g(x)Uα.σ(dx) + β

∫
g(x)dUdiakrit (x)

= α

∫
g(x)uα.σ(x)dx+ β

∑
g(ai)wi,

ìpou Uα.σ,Udiakrit , dhl¸noun antÐstoiqa to suneqèc kai to diakritì tm ma

thc U .

2.5 SunelÐxeic: OrismoÐ kai Idiìthtec

Sth sunèqeia, upojètoume ìti ìlec oi sunart seic eÐnai orismènec sto <+ =
[0,+∞) kai ìlec oi katanomèc eÐnai sugkentrwmènec sto <+. Onom�zoume mÐa
sun�rthsh g topik� fragmènh e�n h g eÐnai fragmènh se peperasmèna
diast mata.DojeÐshc mÐac fragmènhc sun�rthshc kai mÐac sun�rthshc ka-
tanom c F mporoÔme na orÐsoume th sunèlixh thc F kai g wc th sun�rthsh:

F ? g(t) :=

∫ t

0

g(t− x)F (dx) gia t ≥ 0.

En suneqeÐa anafèroume orismènec basikèc idiìthtec:

1. F ? g ≥ 0 me thn proupìjesh ìti g(x) ≥ 0 ∀x

2. H F ? g eÐnai topik� fragmènh:

sup
0≤s≤t

|F ? g(s)| ≤ ( sup
0≤s≤t

|g(s)|)F (t) .
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3. E�n h g eÐnai fragmènh kai suneq c, tìte kai h F ? g eÐnai sune-
q c, afoÔ

F ? g(t) = Eg(t− Y1)

ìpou h Y1 èqei katanom  F . Sunep¸c e�n tn → t èqoume sqedìn bèbaia
ìti:

g(tn − Y1)→ g(t− Y1)

apì th sunèqeia kai afoÔ h g eÐnai fragmènh, apì to je¸rhma thc
kuriarqhmènhc sÔgklishc sunep�getai ìti:

Eg(tn − Y1) = F ? g(tn)→ Eg(t− Yn) = F ? g(t).

4. O telest c thc sunèlixhc mporeÐ na epanalhfjeÐ:

F ? (F ? g)

• F ?0(x) = 1[0,∞)(x) (h deÐktria sun�rthsh sto di�sthma [0,+∞))
• F ?1(x) = F (x) kai gia n ≥ 1 èqoume:

F ?(n+1)(x) = F ?n ? F (x).

• o F ?0(x) leitourgeÐ wc tautotikìc telest c gia th pr�xh thc sunèli-
xhc.Pr�gmati,

(F ?0 ? g)(x) =

∫ x

0

g(x− y)dF ?0(y),

all� h F ?0 eÐnai mÐa katanom  pijanìthtac ekfulismènh sto shmeÐo 0.
Sunep¸c prokÔptei ìti:

F ?0 ? g = g

gia k�je topik� fragmènh sun�rthsh g.
• EpÐshc isqÔei h akìloujh idiìthta:

F ? (F ? g) = (F ? F ) ? g = F ?2 ? g.

AxÐzei na shmei¸soume pwc an h F eÐnai sun�rthsh katanom c tìte to
Ðdio isqÔei kai gia thn F ?2, kai genik� gia thn F ?n .
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5. EpishmaÐnoume pwc h sunèlixh dÔo katanom¸n antistoiqeÐ se ajroÐsmata
anex�rthtwn t.m. 'Estw gia par�deigma ìti X1,X2 eÐnai anex�rthtec kai
èqoun katanom  Fi gia i = 1, 2 tìte to �jroisma X1 +X2 èqei katanom 
F1 ? F2, afoÔ gia t ≥ 0.

P [X1 +X2 ≤ t] = P [(X1, X2) ∈
{
R2

+ : x+ y ≤ t
}

]

=

∫ ∫
(x,y ∈R2

+):x+y≤t
F1(dx)F2(dy)

kai sÔmfwna me to je¸rhma Fubini kai dedomènou ìti oi posìthtec mac
eÐnai jetikèc mporeÐ na gÐnei enallag  sta oloklhr¸mata. 'Etsi paÐrnou-
me: ∫ t

0

[∫ t−x

y=0

F2(dy)

]
F1(dx) =

∫ t

0

F2(t− x)F1(dx).

6. H apìdeixh thc teleutaÐac sqèshc mac deÐqnei ìti isqÔei h antimetajeti-
kìthta F1 ? F2 = F2 ? F1.

7. Qrhsimopoi¸ntac th mèjodo thc epagwg c mporeÐ na apodeiqjeÐ pwc
e�n X1, · · · , Xn eÐnai anex�rthtec kai isìnomec t.m. me koin  katanom 
F tìte to �jroisma X1 +X2 + · · ·+Xn èqei katanom  F n?.

8. E�n oi Fi eÐnai apolÔtwc suneqeÐc (α.σ) me puknìthtec fi, i = 1, 2, tìte
kai h F1 ? F2 eÐnai apolÔtwc suneq c me puknìthta:

f1 ? f2(t) :=

∫ t

0

f1(t− y)f2(y)dy =

∫ t

0

f2(t− y)f1(y)dy.

SÔmfwna me ton (Feller, 1971), e�n h F eÐnai apolÔtwc suneq c, tìte gia
k�je katanom  G h F ? G eÐnai apolÔtwc suneq c.
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2.6 Ananewtikèc Exis¸seic

MÐa ananewtik  exÐswsh eÐnai mÐa oloklhrwtik  exÐswsh thc morf c:

Z = z + F ? Z

  antÐstoiqa

Z(t) = z(t) +

∫ t

0

Z(t− y)F (dy).

'Olec oi sunart seic eÐnai orismènec sto [0,∞) kai jètoume z(t) = Z(t) =
F (t) = 0 για t < 0. Epiplèon shmei¸noume pwc h Z eÐnai h �gnwsth sun�r-
thsh h z eÐnai mÐa gnwst  kai topik� fragmènh sun�rthsh kai h F eÐnai mÐa
sun�rthsh katanom c sto [0,∞). EpishmaÐnoume pwc o ìroc thc sunèlixhc
thc ananewtik c exÐswshc prokÔptei suqn� ìtan se mÐa ananewtik  anèli-
xh, desmeÔsoume wc proc to qrìno thc pr¸thc ananèwshc kai proqwr soume
sthn arq  tou qrìnou mèqri thn arqik stigm  ananèwshc.
Gia thn apìdeixh thc epìmenhc prìtashc ja qrhsimopoihjeÐ h sqèsh

E(X) =
∞∑
k=1

P (X ≥ k) =
∞∑
k=0

P (X > k)

gia k�je t.m. X me timèc sto sÔnolo {0, 1, 2, · · · } h opoÐa apodeiknÔetai sth
sunèqeia.
Apìdeixh Pr�gmati apì ton orismì thc mèshc tim c isqÔei:

E(X) =
∞∑
k=0

kP (X = k) =
∞∑
k=1

kP (X = k)

Sunep¸c,

E(X) = 1.P (X = 1) +2.P (X = 2) + 3.P (X = 3) +4.P (X = 4) + . . .

= P (X = 1) +P (X = 2) + P (X = 3) +P (X = 4) + . . .

+P (X = 2) + P (X = 3) +P (X = 4) + . . .

+ P (X = 3) +P (X = 4) + . . .

+P (X = 4) + . . .

= P (X ≥ 1) +P (X ≥ 2) + P (X ≥ 3) +P (X ≥ 4) + . . . ,

=
∞∑
k=1

P (X ≥ k)
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to opoÐo oloklhr¸nei kai thn apìdeixh.

Prìtash 2 'Estw mÐa ananewtik  anèlixh {N(t) : t ≥ 0}sthn opoÐa h ka-
tanom  twn endi�meswn qrìnwn eÐnai F kai èstw U(t) = E[N(t)] h ananewtik 
sun�rthsh.Tìte gia k�je t ≥ 0, h U(t) ikanopoieÐ th sqèsh

U(t) =
∞∑
n=0

F ?n(t).

Apìdeixh:Arqik� krÐnetai anagkaÐo na anafèroume mÐa basik  sqèsh pou
isqÔei se k�je ananewtik  anèlixh. Gia k�je akèraio n kai t ≥ 0,

N(t) ≥ n ìtan kai mìno ìtan Yn ≤ t.

Dhlad  to endeqìmeno {N(t) ≥ n} mac plhroforeÐ ìti èqoume toul�qisto
n gegonìta mèqri to qrìno t. Epiprosjètwc, to endeqìmeno Yn ≤ t shmaÐnei
pwc o qrìnoc anamon c èwc ìtou sumboÔn ngegonìta dhl�d  anane¸seic eÐnai
topolÔ t. Oi dÔo anwtèrw sqèseic ekfr�zoun to Ðdio endeqìmeno me diafo-
retikì trìpo kai epomènwc eÐnai isodÔnamec. AfoÔ loipìn apodeÐxame ìti ta
endeqìmena aut� eÐnai Ðsa ja èqoun kai thn Ðdia pijanìthta, dhlad  isqÔei

P (N(t) ≥ n) = P (Yn ≤ t).

AjroÐzontac gia ìlec tic jetikèc timèc tou n èqoume:

∞∑
n=1

P (N(t) ≥ n) =
∞∑
n=1

P (Yn ≤ t) (2.7)

To aristerì mèloc thc sqèshc (2.7) isoÔtai me th mèsh tim E(N(t)). Gia to
dexiì mèloc, èqoume

Yn = T1 + T2 + · · ·+ Tn

kai oi Ti eÐnai anex�rthtec t.m. me katanom  F . Epomènwc h katanom  thc
metablht c Yn ja isoÔtai me th sunèlixh F n?.
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Par�deigma 4

Sth sunèqeia ja apodeÐxoume ìti e�n h F eÐnai h ekjetik  me par�metro l
dhlad  Exp(λ) tìte h U(x) pou èqei m�za sto mhdèn kai eÐnai suneq c sto
(0,∞) isoÔtai me:

U(x) = 1 + λx.

EÔkola mporeÐ na apodeiqjeÐ autì afoÔ mporoÔme na gr�youme th U(x)wc
�jroisma k-t�xhc sunelÐxewn kai ètsi loipìn paÐrnoume to zhtoÔmeno apotè-
lesma:

U(x) =
∞∑
k=0

F ?k(x) = F ?0(x) +
∞∑
k=1

F ?k(x). (2.8)

'Omwc h

m(x) =
∞∑
k=1

F ?k(x)

eÐnai mÐa paragwgÐsimh sun�rthsh. ParagwgÐzontac kai ta dÔo mèlh thc a-
nwtèrw sqèshc (kai all�zontac th seir� metaxÔ ajroÐsmatoc kai parag¸gou)
paÐrnoume ìti:

u(t) = m′(t)

=
∞∑
k=1

f ?k(x)

=
∞∑
k=1

(λt)k−1λe−λt

(k − 1)!

= λe−λt
∞∑
k=1

(λt)k−1

(k − 1)!

= λe−λteλt

= λ

afoÔ gnwrÐzoume ìti

∞∑
k=1

(λt)k−1

(k − 1)!
=
∞∑
r=0

(λt)r

r!
= eλt.
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Epomènwc oloklhr¸nontac th sun�rthsh u′(t) brÐskoume thn ananewtik  su-
n�rthsh m(t) gia thn anèlixh Poisson.∫ t

0

u′(t)dt = m(t) =

∫ t

0

λdt = λt.

AfoÔ plèon br kame ìti:
∞∑
k=1

F ?k(x) = λt

h sqèsh (2.8) gÐnetai:
U(x) = 1[0,∞)(x) + λx.

Proc apofug n sÔgqushc tou sumbolismoÔ thc ananewtik c sun�rthshc U(x)
shmei¸noume touc dÔo pio diadedomènouc trìpouc graf c pou sunant¸ntai
sthn diejn  bibliografÐa.

1.

U(x) =
∞∑
k=0

F ?k(x). (2.9)

2.

m(x) =
∞∑
k=1

F ?k(x). (2.10)

Epomènwc loipìn ìpwc eÐnai logikì isqÔei h parak�tw isìthta.

U(x) = 1 +m(x), x ≥ 0. (2.11)

Par�deigma 5

JewroÔme thn ananewtik  sun�rthshU(t). Gia th sun�rthsh aut  paÐrnoume
diadoqik� ta ex c:

U(t) =
∞∑
n=0

F ?n(t) = F ?0(t) +
∞∑
n=1

F ?n(t)

kai

F ?0(t) + F ?1

∞∑
n=1

F ?(n−1)(t) = F ?0(t) + F ? U(t).
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Sunep¸c èqoume thn ananewtik  exÐswsh me Z = U kai z = F ?0.

KleÐnontac thn paroÔsa enìthta anafèroume èna arket� shmantikì je¸-
rhma pou ja mac faneÐ idiaÐtera qr simo sth sunèqeia. To je¸rhma autì mac
exasfalÐzei pwc e�n h z eÐnai topik� fragmènh kai F (0) < 1 tìte up�rqei mÐa
topik� fragmènh lÔsh thc ananewtik c exÐswshc U ? z(t) kai m�lista eÐnai
monadik .

Je¸rhma 1 (Feller, 1971)

'Estw Z(t) = 0 gia t < 0 kai h z eÐnai topik� fragmènh. 'Estw epÐshc ìti
F (0) < 1, dhlad  h F den eÐnai ekfulismènh sto shmeÐo mhdèn, tìte isqÔei ìti:

1. MÐa topik� fragmènh lÔsh thc ananewtik c exÐswshc eÐnai h:

U ? z(t) =

∫ t

0

z(t− u)U(du).

2. Den up�rqei �llh topik� fragmènh lÔsh sto (0,+∞).

Sumperasmatik� loipìn sto kef�laio autì, orÐsame tic ananewtikèc exis¸seic,
thn ananewtik  mac sun�rthsh U(t) kai melet same tic idiìthtec thc. Tèloc
orÐsthke kai h genik  morf  mÐac ananewtik c exÐswshc.



Kef�laio 3

ProdromikoÐ kai anadromikoÐ
qrìnoi emf�nishc

'Estw ìti xekin�me na parathroÔme mÐa ananewtik  diadikasÐa {N(t) : t ≥ 0} th
qronik  stigm  t. 'Enac sugkekrimènoc arijmìcN(t) − 1 anane¸sewn ja è-
qei sumbeÐ mèqri tìte kai h epìmenh ananèwsh ja sumbeÐ thn qronik  stigm 
YN(t) .Dhlad  èqoume xekin sei thn parat rhsh mac se èna shmeÐo tou tuqaÐ-
ou diast matoc Tn = YN(t)− YN(t)−1 kai epomènwc mporoÔme na orÐsoume thn
ananewtik  akoloujÐa:

{Yn, n ≥ 0} µε Yn − Yn−1 = Tn.

Epiplèon orÐzoume wc:
B(t) = YN(t) − t.

ton qrìno mèqri to epìmeno gegonìc (prodromikìc qrìnoc zw c )
(excess of life) dhlad  ton qrìno apì thn paroÔsa qronik  stigm  mèqri thn
epìmenh ananèwsh.
Epiplèon orÐzoume wc:

A(t) = t− YN(t)−1

ton qrìno afìtou èqei sumbeÐ h teleutaÐa ananèwsh (anadromikìc qrìnoc, backward
recurrence time).

27
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Sq ma 2

ProdromikoÐ kai anadromikoÐ qrìnoi se mÐa ananewtik  anèlixh.

3.1 Ananewtikèc exis¸seic gia touc qrì-

nouc emf�nishc

Gia th melèth twn tuqaÐwn metablht¸n A(t) kai B(t), ja qrhsimopoi soume
mÐa ananewtik  exÐswsh kai sthn sunèqeia ja th lÔsoume.
•Gia th katanom  tou A(t) parathroÔme ìti:

P [A(t) ≤ x] = P [A(t) ≤ x, Y1 ≤ t] + P [A(t) ≤ x, Y1 > t]. (3.1)

IsqÔei A(t) = t sto di�sthma [Y1 > t] kai sunep¸c:

P [A(t) ≤ x, Y1 > t] = (1− F (t))1[0,x](t). (3.2)

Sto di�sthma [Y1 ≤ t], parathroÔme ìti h A(t) xekin� apì thn arq  sto
Y1, ètsi:

P [A(t) ≤ x, Y1 ≤ t] =

∫ t

0

P [A(t− y) ≤ x]F (dy). (3.3)

Sunep¸c loipìn apì tic sqèseic (3.1), (3.2) kai (3.3), prokÔptei h ananewtik 
exÐswsh gia to A(t) :

P [A(t) ≤ x] = (1− F (t))1[0,x](t) +

∫ t

0

P [A(t− y) ≤ x]F (dy). (3.4)

Sth sunèqeia jewroÔme thn ananewtik  exÐswsh:

Z(t) = z(t) +

∫ t

0

Z(t− y)F (dy)
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kai èstw m = F (∞) < ∞ kai U(t) =
∑∞

n=0 F
?n(t). Epomènwc parathroÔme

ìti h U(t) eÐnai peperasmènh gia k�je pragmatikì t.
H lÔsh thc exÐswshc (3.4) eÐnai h (U ? g1,x)(t), ìpou

g1,x(t) = [1− F (t)]1[0,x](t)

Sunep¸c èqoume:

(g1,x ? U)(t) = g1,x(t) + (gx ? m)(t)

= g1,x(t) +

∫ t

0

gx(t− y)dm(y)

= g1,x(t) +

∫ t

0

[1− F (t− y)]1[0,x](t− y)d
∞∑
k=1

F ?k(y)︸ ︷︷ ︸
m(y)

All�zontac thn seir� metaxÔ ajroÐsmatoc kai olokl rwshc blèpoume ìti to
olokl rwma thc deÔterhc isìthtac isoÔtai me:

∞∑
k=1

∫ t

0

[1− F (t− y)]1[0,x](t− y)dF ?k(y)

=
∞∑
k=1

∫ t

t−x
[1− F (t− y)]dF ?k(y)

=
∞∑
k=1

{∫ t

t−x
dF ?k(y)−

∫ t

t−x
F (t− y)dF ?k(y)

}
.
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Apì thn anwtèrw sqèsh paÐrnoume ìti to pr¸to olokl rwma isoÔtai gia t > x
me F ?k(t)− F ?k(t− x). 'Etsi loipìn èqoume:

∞∑
k=1

{[
F ?k(t)− F ?k(t− x)

]
−
[∫ t

0

F (t− y)dF ?k(y)−
∫ t−x

0

F (t− y)dF ?k(y)

]}
=
∞∑
k=1

{[
F ?k(t)− F ?k(t− x)

]
−
[
F ?(k+1)(t)−

∫ t−x

0

F (t− y)dF ?k(y)

]}
=
∞∑
k=1

F ?k(t)−
∞∑
k=1

F ?k(t− x)−
∞∑
k=1

F ?(k+1)(t) +

∫ t−x

0

F (t− y)dF ?k(y)

= F (t)−
∞∑
k=1

F ?k(t− x) +

∫ t−x

0

F (t− y)dF ?k(y),

kaj¸c to teleutaÐo olokl rwma den èqei thn morf  sunèlixhc, den eÐnai genik�
eÔkolo h parap�nw par�stash na aplopoihjeÐ peraitèrw. Epomènwc sumpe-
raÐnoume ìti h katanom  tou A(t) isoÔtai me,

P [A(t) ≤ x] = (1− F (t))1[0,x](t) + F (t)−
∞∑
k=1

F ?k(t− x)

+

∫ t−x

0

F (t− y)dF ?k(y)

•Gia thn katanom  tou B(t)gia x > 0 kai upojètontac ìti Y0 = 0
parathroÔme ìti:

Z2(t) = P [B(t) > x] = P [B(t) > x, Y1 ≤ t] + P [B(t) > x, Y1 > t].

Jètontac wc stìqo na èqoumeB(t) > x sto di�sthma [Y1 > t] prèpei na
èqoume Y1 > t + x. Sto di�sthma Y1 ≤ t toB(t) xekin� stoY1 ètsi loipìn
upologÐzoume thn exÐswsh gia to B(t) :

Z2(t) = P [B(t) > x] =

∫ t

0

P [B(t− y) > x]F (dy) + 1− F (t+ x). (3.5)

Sth sunèqeia jewroÔme thn ananewtik  exÐswsh:

Z(t) = z(t) +

∫ t

0

Z(t− y)F (dy)
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kai èstw n = F (∞) < ∞ kai U(t) =
∑∞

n=0 F
n?(t). Epomènwc parathroÔme

ìti h U(t) eÐnai peperasmènh gia k�je pragmatikì t.
•Me b�sh to Je¸rhma 1 kai thn sqèsh (3.5) gia thn katanom  thc our�c thc
katanom c pou akoloujeÐ h metablht B(t) paÐrnoume ìti:

Z2(t) = P [B(t) > x] = U ? g2,x(t) (3.6)

ìpou:

g2,x(t) = 1− F (t+ x). (3.7)

To epìmeno apotèlesma mac plhroforeÐ pwc h pijanìthta tou prodromikoÔ
qrìnou isoÔtai me th sunèlixh thc our�c thc sun�rthshc F wc proc thn ana-
newtik  mac sun�rthsh dhlad  apoteleÐ th lÔsh thc exÐswshc (3.5).

Z2(t) = P [B(t) > x] =

∫ t

0

(1− F (x+ t− y))U(dy). (3.8)

Genik� oi ananewtikèc exis¸seic prokÔptoun desmeÔontac wc proc mÐa
arqik  ananèwsh   �lma thc diadikasÐac prin to qrìno t .

Jèlontac na d¸soume mÐa enallaktik  apìdeixh thc (3.8) shmei¸noume ìti:
Gia x > 0, tìte:

P [na up�rqei k�poia ananèwsh sto(x, x+ dx)]

= P

{
∞⋃
n=0

[Yn ∈ (x, x+ dx]]

}
.

ParathroÔme pwc epeid  to di�sthma (x, x+dx] eÐnai arket� mikrì ja mporoÔ-
se na sumbeÐ to polÔ mÐa ananèwsh mèsa se autì.Sunep¸c gia n = 0, 1, 2, · · · ,
ta endeqìmena:

{[Yn ∈ (x, x+ dx]], n ≥ 0}

eÐnai xèna kai prokÔptei ìti:

P [k�poia ananèwsh sto(x, x+ dx]] =
∞∑
n=0

P [Yn ∈ (x, x+ dx]] = U(dx).
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ErmhneÔontac thn (3.8) paÐrnoume:

P [B(t) > x] =

∫
u≤t

P [teleutaÐa ananèwsh prin to tsto(u, u+ du], ìqi ananèwsh sto(t, t+ x]]

=

∫
u≤t

P [k�poia ananèwsh sto(u, u+ du], ìqi ananèwsh sto(t, t+ x]]

=

∫
u≤t

U(du)(1− F (t+ x− u)).

H apìdeixh thc sqèshc (3.8) sthrÐzetai sthn logik  pou anaptÔxame anwtèrw
dhlad  sth teleutaÐa ananèwsh prin to t.
Dojèntoc ìti Y0 = 0 èqoume:

P [B(t) > x] = P [YN(t) − t > x]

=
∞∑
n=1

P [Yn − t > x;N(t) = n]

=
∞∑
n=1

P [Yn − t > x, Yn−1 ≤ t < Yn]

desmeÔontac wc proc th metablht  Yn−1 kai qrhsimopoi¸ntac to je¸rhma
thc monìtonhc sÔgklishc gia thn enallag  ajroÐsmatoc kai oloklhr¸matoc
(isqÔei afoÔ ìloi oi ìroi mac eÐnai jetikèc posìthtec) paÐrnoume ìti:

∞∑
n=1

∫ t

0

P [y − t+ Yn > x, t < y + Yn]F (n−1)?(dy)

=

∫ t

0

P [Yn > t+ x− y]
∞∑
n=1

F (n−1)?(dy)

=

∫ t

0

(1− F (t+ x− y))U(dy),

to opoÐo apodeiknÔei th sqèsh (3.8).

En suneqeÐa anafèroume èna par�deigma ìpou h katanom  twn endi�meswn
qrìnwn eÐnai ekjetik  me par�metro a kai qrhsimopoi¸ntac th sqèsh (3.8) sum-
peraÐnoume pwc kai o prodromikìc qrìnoc B(t) akoloujeÐ epÐshc thn ekjetik 
katanom .
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Par�deigma 6

'Estw ìti F (dx) = αe−αx 1(0,∞)(x)dx, dhlad  h katanom  twn endi�meswn
qrìnwn eÐnai h ekjetik  me par�metro α . Tìte paÐrnoume qrhsimopoi¸ntac
thn (3.8) :

P (B(t) > x) =

∫ t

0

(1− F (x+ t− y))U(dy).

'Omwc h U(dy) èqei m�za sto mhdèn kai puknìthta sto (0,+∞) epomènwc
sÔmfwna me thn sqèsh:

U(y) = F ?0(y) +
∞∑
k=1

F ?k(y)︸ ︷︷ ︸
m(y)

,

qrhsimopoi¸ntac ìti u(y) = α, ∀y ≥ 0, ìpwc eÐdame sto Par�deigma 1 tou
KefalaÐou 2, paÐrnoume ìti∫ t

0

(1− F (x+ t− y)U(dy)) =

∫ t

0

1− F (x+ t− y)dF ?0(y) +

∫ t

0

1− F (x+ t− y)u(y)dy

= 1 · (1− F (x+ t)) +

∫ t

0

1− F (x+ t− y)u(y)dy

= 1− F (x+ t) + α

∫ t

0

1− F (x+ t− y)dy

= e−α(x+t) + α

∫ t

0

e−α(x+t−y)dy

= e−α(x+t) + e−αx
∫ t

0

αe−αsdx

= e−α(x+t) + e−αx(1− e−αt) = e−αx.

SumperaÐnoume loipìn ìti h B(t) èqei ekjetik  puknìthta gia k�je t afoÔ
apodeÐxame ìti P [B(t) > x] = e−αx.
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3.2 DÔo basik� asumptwtik� apotelèsma-

ta

Sth sunèqeia ja anafèroume dÔo kÔria asumptwtik� apotelèsmata gia posì-
thtec me endiafèron sthn ananewtik  jewrÐa. To pr¸to afor� th sumperi-
for� thc sun�rthshc U(x) , to deÔtero thn antÐstoiqh sumperifor� kaj¸c
x → ∞ thc lÔshc Z(x) mÐac ananewtik c exÐswshc me thn proupìjesh ìti
h F eÐnai mh diakrit  (non − lattice). AxÐzei na shmeiwjeÐ ìti h diadikasÐa
Poisson eÐnai h mình ananewtik  diadikasÐa (se suneq  qrìno) pou h ananew-
tik  sun�rthsh U(t) = E[N(t)] eÐnai akrib¸c grammik . 'Olec oi ananewtikèc
sunart seic eÐnai asumptwtik� grammikèc dhlad  isqÔei ìti:

lim
t→∞

U(t)

t
= lim

t→∞

E[N(t)]

t
=

1

µ

ìpou µ = E[Xk] h mèsh tim  twn endi�meswn qrìnwn.O mèsoc arijmìc twn
anane¸sewn se èna di�sthma eÐnai an�logoc tou m kouc tou diast matoc me
stajer� analogÐac 1/µ.
To ananewtikì je¸rhma perigr�fei th sumperifor� sto qrìno twn stoqasti-
k¸n montèlwn ananewtik¸n diadikasi¸n.

1. Je¸rhma 2 : Blackwell

Gia sun jeic ananewtikèc anelÐxeic, isqÔei:

U(t+ a)− U(t)→ α

µ
, για t→∞

gia opoiad pote jetik  stajer� α.

2. Je¸rhma 3 Basikì ananewtikì je¸rhma

JewroÔme th lÔsh:
Z = U ? z

thc ananewtik c exÐswshc:

Z = z + F ? Z

ìpou h F eÐnai mÐa dojeÐsa katanom . 'Estw ìti h z eÐnai apeujeÐac o-
loklhr¸simh kat�Riemann (autì isqÔei gia par�deigma ìtan h z eÐnai
fjÐnousa kai oloklhr¸simh), tìte isqÔei ìti:

lim
t→∞

Z(t) = lim
t→∞

U ? z = µ−1

∫ ∞
0

z(s)ds.
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Par�deigma 7

SÔmfwna me th sqèsh (3.6) gnwrÐzoume ìti:

P [B(t) > x] = U ? gx(t).

Sth sunèqeia jètoume:
z(s) = 1− F (s+ x)

Sunep¸c gia k�je x > 0 efarmìzontac to basikì ananewtikì epiqeÐrhma
paÐrnoume:

lim
t→∞

P [B(t) > x] = µ−1

∫ ∞
0

z(u)du

= µ−1

∫ ∞
0

(1− F (u+ x)du)

= µ−1

∫ ∞
x

(1− F (s))ds := 1− F0(x),

h opoÐa eÐnai h katanom  tou pr¸tou qrìnou anamon cT1 se mÐa st�simh ana-
newtik  anèlixh (stationary renewal process).



36KEF�ALAIO 3. PRODROMIKO�I KAI ANADROMIKO�I QR�ONOI EMF�ANISHS

3.3 Apì koinoÔ katanom  twn A(t) kai B(t)

Basikìc mac stìqoc sthn paroÔsa enìthta eÐnai h melèth thc apì koinoÔ
katanom c twn A(t) kai B(t). Sto epìmeno par�deigma upologÐzoume thn ana-
newtik  exÐswsh gia thn sun�rthsh

Z(t) = P [A(t) > x,B(t) > y]

pou mac dÐnei thn apì koinoÔ our� thc katanom c twn A(t) kaiB(t).

Par�deigma 8

1. Ja broÔme mÐa ananewtik  exÐswsh gia th sun�rthsh:

Z3(t) = P [A(t) > x,B(t) > y].

LÔsh:
Gr�foume to endeqìmeno sthn agkÔlh thc teleutaÐac sqèshc san ènwsh
dÔo endeqomènwn an�loga me to an Y1 > t   Y1 ≤ t. Sugkekrimèna
èqoume:

Z3(t) = P [A(t) > x,B(t) > y]

= P [A(t) > x,B(t) > y, Y1 > t] + P [A(t) > x,B(t) > y, Y1 ≤ t]

•Sto di�sthma [Y1 > t] èqoume ìti:A(t) = t epeid  h pr¸th ananèwsh
den èqei sumbeÐ akìma, kai Y1 = t+B(t).
Sunep¸c to endeqìmeno:

{A(t) > x,B(t) > y, Y1 > t} = {t > x, Y1 − t > y, Y1 > t}
= {t > x, Y1 > y + t, Y1 > t}
= {t > x, Y1 > t+ y} .

Epomènwc:

P [A(t) > x,B(t) > y, Y1 > t] = P [t > x, Y1 > t+ y]

= [(1− F (t+ y)]1(x,∞)(t).

•Sto di�sthma [Y1 ≤ t] èqoume ìti h pr¸th ananèwsh p re mèroc sto
qrìno t kai h diadikasÐa anane¸jhke met� apì autì to qrìno.Sunep¸c
èqoume:

P [A(t) > x,B(t) > y, Y1 ≤ t]
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=

∫ t

0

P [A(t− s) > x,B(t− s) > y]F (ds) = F ? Z(t).

Telik� paÐrnoume ìti,

P [A(t) > x,B(t) > y] = [(1−F (t+y)]1(x,∞)(t)+

∫ t

0

P [A(t−s) > x,B(t−s) > y]F (ds).

Sunep¸c h Z ikanopoieÐ thn ananewtik  exÐswsh:

Z(t) = z(t) + F ? Z(t)

me
z(t) = g3(t) = (1− F (t+ y)]1(x,∞)(t).

2. H lÔsh thc eÐnai h Z(t) = U ? z(t), ìpou U(t) = E [N(t)].

3. Gia na broÔme to limt→∞ Z(t)ja qrhsimopoi soume to Je¸rhma 3 apì
parap�nw. 'Eqoume loipìn:

lim
t→∞

Z(t) =
1

µ

∫ ∞
0

z(s)ds

=
1

µ

∫ ∞
0

(1− F (s+ y))1(x,∞)(s)ds

=
1

µ

∫ ∞
x

(1− F (s+ y))ds

⇔ lim
t→∞

Z(t) =
1

µ

∫ ∞
x+y

(1− F (s))ds.
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3.4 Apì koinoÔ katanom  sthn stajer  ka-

t�stash

Upojètoume ìti oi endi�mesoi qrìnoi X1, X2, · · · eÐnai suneqeÐc tuqaÐec me-
tablhtèc me peperasmènh mèsh tim . O prodromikìc qrìnoc B(t) mèqri to
epìmeno gegonìc, dhlad  apì thn paroÔsa qronik  stigm  mèqri thn epìmenh
ananèwsh, èqei thn oriak  katanom  pou ja mporoÔsame na poÔme ìti sto sÔ-
sthm� mac epèrqetai h isorropÐa gia autì kai onom�zetai stajer  kat�stash
kai isoÔtai me:

lim
t→∞

P {B(t) ≤ x} =
1

µ

∫ x

0

[1− F (y)]dy (3.9)

ìpou orÐzoume wc:
F (y) = 1− F (y)

th sun�rthsh our�c thc katanom c F . H antÐstoiqh sun�rthsh puknìthtac
pijanìthtac isoÔtai me:

h(y) =
1

µ
[1− F (y)] (3.10)

Gia na upologÐsoume th mèsh tim  thc stajer c katanom c mporoÔme na ako-
louj soume thn ex c diadikasÐa:∫ ∞

0

yh(y)dy =
1

µ

∫ ∞
0

y[1− F (y)]dy

=
1

µ

∫ ∞
0

y

{∫ ∞
y

f(t)dt

}
dy

=
1

µ

∫ ∞
0

f(t)

{∫ t

0

ydy

}
dt

=
1

2µ

∫ ∞
0

t2f(t)dt

=
σ2 + µ2

2µ

ìpou σ2 eÐnai h koin  diakÔmansh twn endi�meswn qrìnwn X1, X2, · · ·
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Gia na upologÐsoume thn apì koinoÔ katanom  sth stajer  kat�stash
arkeÐ na parathr soume ìti ta endeqìmena:

{B(t) ≥ x kaiA(t) ≥ y}

pragmatopoioÔntai an kai mìno an:

B(t− y) ≥ x+ y

deÐte to Sq ma 3.Me b�sh ta parap�nw, prokÔptei t¸ra ìti:

lim
t→∞

P {B(t) ≥ x, A(t) ≥ y} = lim
t→∞

P {B(t− y) ≥ x+ y}

=
1

µ

∫ ∞
x+y

[1− F (z)]dz

me th bo jeia thc sqèshc (3.9) gia na upologÐsoume to limt→∞ P {A(t) ≥ y}
ergazìmaste wc ex c:

lim
t→∞

P {A(t) ≥ y} = lim
t→∞

P {B(t) ≥ 0, A(t) ≥ y}

=
1

µ

∫ ∞
y

[1− F (z)]dz

= 1−H(y)
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Sq ma 3

'Etsi loipìn h apì koinoÔ sun�rthsh katanom c tou prodromikoÔ kai ana-
dromikoÔ qrìnou isoÔtai me:

lim
t→∞

P {B(t) > x,A(t) > y} =
1

µ

∫ ∞
x+y

[1− F (z)]dz (3.11)

En katakleÐdi, se autì to kef�laio, orÐsame touc prodromikoÔcB(t) kai ana-
dromikoÔc qrìnoucA(t) epanemf�nishc mÐac ananewtik c diadikasÐac. EpÐshc
jewr same thn ananewtik  exÐswsh Z(t) pou ikanopoieÐ h katanom  tou pro-
dromikoÔ kai anadromikoÔ qrìnou. Tèloc, upologÐsame thn apì koinoÔ our�
thc katanom c twn A(t) kai B(t).



Kef�laio 4

H sun�rthsh susqètishc

Sto parìn kef�laio ja melethjeÐ h sun�rthsh susqètishc metaxÔ tou pro-
dromikoÔ kai anadromikoÔ qrìnou emf�nishc. Me th bo jeia thc apì koinoÔ
sun�rthshc katanom c tou prodromikoÔ kai anadromikoÔ qrìnou emf�nishc
ja upologÐsoume èna kleistì tÔpo sth qronik� exarthmènh perÐptwsh, kai èna
aplì tÔpo gia th stajer  kat�stash. Epiplèon ja upologÐsoume th sun�rth-
sh sundiakÔmanshc tou prodromikoÔ kai anadromikoÔ qrìnou gia th stajer 
kat�stash se mÐa sun jh ananewtik  diadikasÐa se ìrouc twn tri¸n pr¸twn
rop¸n twn endiamèswn ananewtik¸n qrìnwn kai ètsi epomènwc ja katafèrou-
me na upologÐsoume mÐa kleistoÔ tÔpou èkfrash.Stic dÔo epìmenec enìth-
tec ja akolouj soume thn an�lush pou up�rqei sto �rjro twn Gakis and
Sivazlian (1994).

4.1 H sundiakÔmash sthn qronik� exarth-

mènh perÐptwsh

'Opwc gnwrÐzoume apì to anwtèrw �rjro, h apì koinoÔ sun�rthsh katanom c
tou prodromikoÔ kai anadromikoÔ tÔpou isoÔtai me:

P {B(t) > x,A(t) > y} =

{
1− F (t+ y) +

∫ t
x
u(t− r)[1− F (r + y)]dr, 0 ≤ x < t

0, t ≤ x <∞
(4.1)

41
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Oi perij¸riec sunart seic katanom¸n mporoÔn na upologistoÔn e�n jèsoume
ìpou y = 0 kai x = 0 antÐstoiqa.

P {B(t) > x} =

{
1− F (t) +

∫ t
x
u(t− r)[1− F (r)]dr, 0 ≤ x < t

0, t ≤ x <∞
(4.2)

kai

P {A(t) > y} = 1− F (t) +

∫ t

0

u(t− r)[1− F (r + y)]dv, 0 ≤ y <∞. (4.3)

Epomènwc mporoÔme na broÔme thn parak�tw èkfrash gia thn mèsh tim  E[B(t)A(t)].

E[B(t)A(t)] =

∫ ∞
0

∫ ∞
0

P {B(t) > x,A(t) > y} dydx

=

∫ t

0

∫ ∞
0

[1− F (t+ y)]dydx+

+

∫ t

0

∫ ∞
0

∫ t−x

0

[1− F (t+ y − k)]u(k)dkdydx

=

∫ t

0

∫ ∞
t

[1− F (r)]drdx+

∫ t

0

∫ t−x

0

∫ ∞
t−r

[1− F (r)]u(k)drdkdx.

(4.4)
E�n jèsoume

Λ(t) =

∫ ∞
t

[1− F (r)]dr, (4.5)

h (4.4) gÐnetai:

E[B(t)A(t)] =

∫ t

0

Λ(t)dx+

∫ t

0

∫ t−x

0

Λ(t− k)u(k)dkdx

= tΛ(t) +

∫ t

0

∫ t−k

0

Λ(t− k)u(k)dxdk

= tΛ(t) +

∫ t

0

(t− k)Λ(t− k)u(k)dk

= tΛ(t) + [tΛ(t)] ? u(t).

(4.6)
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En suneqeÐa èqoume th dunatìthta na upologÐsoume ekfr�seic gia tic mèsec
timèc E(B(t)) kai E(A(t)) pou ja mac qrhsimeÔsoun gia ton upologismì thc
sundiakÔmanshc twn Cov(B(t), A(t)). Arqik� oloklhr¸nontac ta dÔo mèlh
thc sqèshc (4.2) paÐrnoume ìti:

E[B(t)] =

∫ ∞
0

P {B(t) > x} dx

=

∫ t

0

[1− F (t)]dx+

∫ t

0

∫ t

x

u(t− r)[1− F (r)]drdx

= t[1− F (t)] +

∫ t

0

∫ r

0

u(t− r)[1− F (r)]dxdr

= t[1− F (t)] +

∫ t

0

r[1− F (r)]u(t− r)dr.

(4.7)

E�n jèsoume:
F (t) = 1− F (t) (4.8)

h sqèsh (4.7) gÐnetai:

E[B(t)] = tF (t) + [tF (t)] ? u(t). (4.9)

AntÐstoiqa mporoÔme na ergastoÔme kai gia th mèsh tim  tou anadromikoÔ qrì-
nou emf�nishc, dhlad  thn E[A(t)]. Sugkekrimèna, apì thn (4.3) prokÔptei
ìti:

E[A(t)] =

∫ ∞
0

P {A(t) > y} dy

=

∫ ∞
0

[1− F (t+ y)]dy +

∫ ∞
0

∫ t

0

u(t− r)[1− F (r + y)]drdy

= Λ(t) + Λ(t) ? u(t)

= µ[1 +m(t)]− t,
(4.10)

ìpou µ dhl¸nei th mèsh tim  tou endi�mesou qrìnou ananèwshc kai m(t) thn
ananewtik  sun�rthsh ìpwc orÐsthke sth sqèsh (2.10) .

Sundu�zontac tic sqèseic (4.6), (4.9), (4.10)paÐrnoume:

Cov[B(t), A(t)] = E[B(t)A(t)]− E[B(t)]E[A(t)]

= tΛ(t) + [tΛ(t)] ? u(t)

−
{
tF (t) + [tF (t)] ? u(t)

}
{µ[1 +m(t)]− t} .

(4.11)
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Apì th sqèsh (4.11) mporoÔme na parathr soume pwc an kai oi posìthtec
sto dexiì mèloc den eÐnai kleistoÔ tÔpou, parìla aut� èqoun Ðdia dom  me
mÐa ananewtik  exÐswsh kai gia autì to lìgo mporoÔme na upologÐsoume touc
metasqhmatismoÔc Laplace touc.

Par�deigma 9

Ja upologÐsoume th sun�rthsh sundiakÔmanshc gia thn ekjetik  katanom .
Qrhsimopoi¸ntac th sqèsh (4.5) paÐrnoume:

Λ(t) =

∫ ∞
t

[1− 1 + e−λx]dx =
e−λt

λ

Epomènwc,

[tΛ(t)] ? u(t) =

∫ t

0

x
e−λx

λ
λdx

=

∫ t

0

xe−λxdx

= −e
−λt

λ
(t+

1

λ
) +

1

λ2

kai epomènwc apì th sqèsh (4.6) paÐrnoume ìti:

E[B(t)A(t)] =
te−λt

λ
− e−λt

λ
(t+

1

λ
) +

1

λ2

=
1

λ2
(1− e−λt)

Epiplèon apì th sqèsh (4.7) upologÐzoume ìti:

E[B(t)] = te−λt +

∫ t

0

λxe−λxdx

= te−λt(t+
1

λ
) +

1

λ

=
1

λ
(1− e−λt).
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EpÐshc, apì th sqèsh (4.10) upologÐzoume:

E[A(t)] =
1

λ
(1 + λt)− t

=
1

λ
.

Epomènwc sumperaÐnoume ìti:

Cov[B(t), A(t)] =
1

λ2
(1− e−λt)− 1

λ2
(1− e−λt) = 0 ,

to opoÐo apoteleÐ mÐa �mesh sunèpeia thc anexarthsÐac tou prodromikoÔ kai
anadromikoÔ qrìnou emf�nishc.
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4.2 H qronik� exarthmènh susqètish.

Se aut n thn enìthta ja upologÐsoume thn susqètish ìtan aut  exart�tai
apì ton qrìno t. Qrhsimopoi¸ntac loipìn thn perij¸ria sun�rthsh our�c
thc sqèshc (4.2) mporoÔme na upologÐsoume th E[B2(t)] h opoÐa isoÔtai me:

E[B2(t)] = 2

∫ t

0

x[1− F (t)]dx+ 2

∫ t

0

∫ t

0

xu(t− r)[1− F (r)]drdx

= t2F (t) + [t2F (t)] ? u(t).

(4.12)

AntÐstoiqa apì th sqèsh (4.3) mporoÔme na upologÐsoume th E[A2(t)] h opoÐa
isoÔtai:

E[A2(t)] = 2

∫ ∞
0

y[1− F (t+ y)]dy + 2

∫ ∞
0

∫ t

0

yu(t− r)[1− F (r + y)]drdy

= Q(t) +Q(t) ? u(t)
(4.13)

ìpou:

Q(t) = 2

∫ ∞
0

y[1− F (t+ y)]dy.

Sumperasmatik� loipìn h qronik� exarthmènh sun�rthsh susqètishc tou pro-
dromikoÔ kai anadromikoÔ qrìnou epanef�nishc isoÔtai me:

ρ[B(t), A(t)]

=
tΛ(t) + [tΛ(t)] ? u(t)−

{
tF (t) + [tF (t)] ? u(t)

}
{µ[1 + U(t)]− t}√

t2F (t) + [t2F (t)] ? u(t)− E2[B(t)]
√
Q(t) +Q(t) ? u(t)− E2[A(t)]

(4.14)

Sto Par�rthma D parousi�zetai o analutikìc upologismìc thc sqèshc (4.14)
gia λ = 3 kai r = 3 me th qr sh tou majhmatikoÔ progr�mmatoc Mathematica.
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4.3 H sun�rthsh sundiakÔmanshc sth sta-

jer  kat�stash

Me ton ìro stajer  (  st�simh) kat�stash ed¸ ennooÔme thn kat�stash
sthn opoÐa brÐsketai h stoqastik  anèlixh met� thn parèleush $meg�lou#
qrìnou. Gia to lìgo autì, ta apotelèsmata pou parousi�zontai sth sunèqeia
eÐnai asumptwtik� wc proc to qrìno t . Sugkekrimèna, gnwrÐzoume apì th
sqèsh (3.11) pwc gia th stajer  kat�stash h apì koinoÔ sun�rthsh katano-
m c tou prodromikoÔ kai anadromikoÔ qrìnou eÐnai anex�rthth tou qrìnou t
kai isoÔtai me:

lim
t→∞

P {B(t) > x,A(t) > y} =
1

µ

∫ ∞
x+y

[1− F (v)]dv. (4.15)

Epomènwc k�nontac allag  metablht c kai qrhsimopoi¸ntac thn sqèsh (4.15)
paÐrnoume ìti:

lim
t→∞

E[B(t)A(t)] =
1

µ

∫ ∞
0

∫ ∞
0

∫ r

x

[1− F (r + y)]drdy

=
1

µ

∫ ∞
0

∫ ∞
0

∫ r

0

[1− F (r + y)]dxdrdy

=
1

µ

∫ ∞
0

∫ ∞
0

r[1− F (r + y)]drdy

=
1

µ

∫ ∞
0

∫ ∞
v

r[1− F (x)]dxdr

=
1

µ

∫ ∞
0

x2

2
[1− F (x)]dx

=
µ3

6µ
.

(4.16)

Epiplèon gnwrÐzoume ìti:

lim
t→∞

E[B(t)] = lim
t→∞

E[A(t)] =
µ2

2µ
.

'Etsi, mporoÔme na gr�youme:

lim
t→∞

Cov[B(t), A(t)] =
µ3

6µ
− (µ2)2

4µ2
, (4.17)

ìpou µ2 kaiµ3 eÐnai h deÔterh kai h trÐth rop  twn endiamèswn qrìnwn.
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Sto Par�deigma 9 eÐdame ìti ìtan h katanom  twn endi�meswn qrìnwn
eÐnai h ekjetik , oi tuqaÐec metablhtèc A(t) kai B(t) eÐnai asusqètistec.
Sto epìmeno par�deigma ja upologÐsoume th sundiakÔmansh twn endi�meswn
qrìnwn ìtan oi endi�mesoi qrìnoi akoloujoÔn th katanom  G�mma.

Par�deigma 10

Ja melet soume th sundiakÔmansh tou prodromikoÔ kai anadromikoÔ qrìnou
epanemf�nishc ìtan oi endi�mesoi qrìnoi akoloujoÔn thn katanom  G�mma
(λ, r). GnwrÐzoume pwc:

µ =
r

λ
, µ2 =

r(r + 1)

λ2
, µ3 =

r(r + 1)(r + 2)

λ3
(4.18)

Antikajist¸ntac sth sqèsh (4.17) paÐrnoume:

lim
t→∞

Cov[B(t)A(t)] =
λr(r + 1)(r + 2)

6rλ3
− λ2r2(r + 1)2

4r2λ4

=
1− r2

12λ2
.

Blèpoume dhlad  ìti gia r > 1 h (asumptwtik ) sundiakÔmansh twn metablh-
t¸n A(t), B(t) eÐnai arnhtik , en¸ gia r < 1 eÐnai jetik .
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4.4 H sun�rthsh susqètishc sth stajer 

kat�stash

AntÐstoiqa me thn perÐptwsh thc sundiakÔmanshc sth stajer  kat�stash,
ètsi kai ed¸ ja melet soume th sun�rthsh susqètishc sth stajer  kat�-
stash dhlad , ìtan èqei mesolab sei arket� meg�loc qrìnoc sth stoqastik 
mac anèlixh kai mporoÔme na ex�goume qr sima asumptwtik� apotelèsmata wc
proc to qrìno t.
Gia tic ropèc tou prodromikoÔ kai anadromikoÔ qrìnou epanemf�nishc gnwrÐ-
zoume ìti isqÔoun:

lim
t→∞

E[B(t)] = lim
t→∞

E[A(t)] =
µ2

2µ
(4.19)

lim
t→∞

E[B2(t)] = lim
t→∞

E[A2(t)] =
µ3

3µ
. (4.20)

Epomènwc h sun�rthsh susqètishc tou prodromikoÔ kai anadromikoÔ qrìnou
epanemf�nishc dÐnetai asumptwtik� apì ton akìloujo tÔpo:

lim
t→∞

ρ[B(t), A(t)] =
limt→∞Cov[B(t), A(t)]

limt→∞
√
V ar[B(t)] limt→∞

√
V ar[A(t)]

=
µ3/(6µ)− µ2

2/(4µ
2)

µ3/(3µ)− µ2
2/(4µ

2)

= 1− 2µµ3

4µµ3 − 3µ2
2

.

(4.21)

Sto epìmeno par�deigma ja melet soume th sun�rthsh susqètishc sth staje-
r  kat�stash ìtan oi endi�mesoi qrìnoi se mÐa ananewtik  anèlixh akoloujoÔn
th katanom  Weibull gia di�forec timèc twn paramètrwn τ kai γ.
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Par�deigma 11 Upologismìc sun�rthshc susqètishc thc katanom c Weibull
gia di�forec timèc twn paramètrwn ( τ kai γ) sth stajer  kat�stash.

Gia na upologÐsoume ton tÔpo thc sqèshc (4.21) ja prèpei arqik� na upolo-
gÐsoume thn pr¸th, thn deÔterh kaj¸c kai thn trÐth rop . O tÔpoc pou mac
dÐnei tic di�forec ropèc thc katanom c Weibull eÐnai o akìloujoc:

E(Xn) =
Γ(1 + n

γ
)

τn/γ
, (4.22)

blèpe Dickson (2006)

1. Gia τ = 3 kai γ = 2
Shmei¸noume pwc gia γ = 2 h katanom  Weibull parousi�zei elafri�
our�. (diìti γ > 1)
Gia n = 1, 2 kai 3 o tÔpoc (4.22) mac dÐnei antÐstoiqa:

µ = E(X)

=
Γ(1 + 1/2)

31/2

=
Γ(1.5)

1.73

=
0.886

1.73
⇒ µ = 0.512.

Gia ton upologismì thc deÔterhc rop c paÐrnoume:

µ2 = E(X2)

=
Γ(1 + 2/2)

32/2

=
Γ(2)

3

=
1

3
⇒ µ2 = 0.33.
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Tèloc upologÐzoume kai thn trÐth rop :

µ3 = E(X3)

=
Γ(1 + 3/2)

33/2

=
Γ(5/2)

33/2

=
1.33

5.196
⇒ µ3 = 0.256.

Shmei¸noume pwc ìlec oi arijmhtikèc timèc thc sun�rthshc G�mma upo-
logÐsthkan me th bo jeia tou majhmatikoÔ progr�mmatoc Mathematica.

Epomènwc gia tic anwtèrw timèc twn paramètrwn thc katanom c Weibull,
kai antikajist¸ntac sth sqèsh (4.21) h susqètish isoÔtai me:

ρ[B(t), A(t)] = 1− 2× 0.512× 0.256

4× 0.512× 0.256− 3× (0.33)2

= 1− 0.262

0.197
⇒ ρ[B(t), A(t)] = −0.33.

SumperaÐnoume loipìn ìti gia τ = 3 kai γ = 2 h susqètish gia th ka-
tanom  Weibull tou prodromikoÔ kai anadromikoÔ qrìnou eÐnai arnhtik 
kai isoÔtai me -0.33.

2. Gia τ = 3 kai γ = 1/2
AntÐstoiqa se aut  th perÐptwsh afoÔ γ = 1/2 h katanom  Weibull
parousi�zei bari� our� (diìti γ < 1).
Antikajist¸ntac n = 1, 2 kai 3 sto tÔpo (4.22) èqoume ta akìlouja
apotelèsmata:
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µ = E(X)

=
Γ(1 + 1/(1/2))

31/(1/2)

=
Γ(3)

32

=
2

9
⇒ µ = 0.22.

Gia ton upologismì thc deÔterhc rop c paÐrnoume:

µ2 = E(X2)

=
Γ(1 + 2/(1/2))

32/(1/2)

=
Γ(5)

35

=
24

243
⇒ µ2 = 0.099.

Tèloc upologÐzoume kai thn trÐth rop :

µ3 = E(X3)

=
Γ(1 + 3/(1/2))

33/(1/2)

=
Γ(7)

37

=
720

2187
⇒ µ3 = 0.33.

Gia tic anwtèrw timèc twn paramètrwn thc katanom c Weibull, kai an-
tikajist¸ntac sth sqèsh (4.21) h susqètish isoÔtai me:

ρ[B(t), A(t)] = 1− 2× 0.22× 0.33

4× 0.22× 0.33− 3× (0.099)2

= 1− 0.1452

0.261
⇒ ρ[B(t), A(t)] = 0.44.
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AntÐstoiqa ed¸ gia τ = 3 kai γ = 1/2 h susqètish gia thn katanom  Weibull tou
prodromikoÔ kai anadromikoÔ qrìnou eÐnai jetik  kai isoÔtai me 0.44.

En katakleÐdi loipìn se autì to par�deigma mac parathroÔme ìti gia thn
Ðdia tim  thc pr¸thc paramètrou (dhlad  τ = 3) kai gia diaforetikì γ (sthn
pr¸th perÐptwsh megalÔtero thc mon�dac kai sth deÔterh mikrìtero) h su-
n�rthsh susqètishc èqei antÐjeto prìshmo.
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4.5 Arijmhtik� paradeÐgmata sth perÐptw-

sh thc katanom c G�mma.

Sthn enìthta aut  ja upologÐsoume thn sun�rthsh sundiakÔmanshc tou pro-
dromikoÔ kai anadromikoÔ qrìnou pou dÐnetai apì th sqèsh (4.11) gia thn
katanom  G�mma gia tic di�forec timèc twn paramètrwn aut c thc katanom c.
Epiplèon ja upologÐsoume kai thn sun�rthsh susqètishc pou dÐnetai apì thn
sqèsh (4.14). Shmei¸noume pwc o upologismìc ègine me th qr sh tou upo-
logistikoÔ progr�mmatoc Mathematica. O trìpoc upologismoÔ anafèretai
ston Par�rthma D. Epiprosjètwc, sto PÐnaka 1 èqoume upologÐsei gia tic
di�forec timèc twn paramètrwn thc katanom c G�mma thn sun�rthsh sundia-
kÔmanshc kaj¸c kai thn sun�rthsh susqètishc metaxÔ tou prodromikoÔ kai
anadromikoÔ qrìnou. 'Opwc eÐnai anamenìmeno oi timèc sthn stajer  kat�-
stash sumfwnoÔn me to ìrio thc qronik� exarthmènhc perÐptwshc kai gia thn
sun�rthsh sundiakÔmanshc all� kai gia thn sun�rthsh susqètishc. Tèloc,
èqoume melet sei wc proc thn monotonÐa thn sun�rthsh susqètishc gia tic
di�forec timèc twn paramètrwn thc katanom c G�mma. Gia mh akèraiec timèc
thc paramètrou r thc G�mma katanom c, epomènwc kai gia 0 < r < 1, h sun-
diakÔmansh (�ra kai h susqètish) metaxÔ twn metablht¸n A(t) kai B(t) den
mporeÐ na upologisteÐ analutik� sth qronik� exarthmènh perÐptwsh. Epomè-
nwc, exet�zoume akèraiec timèc tou r megalÔterec thc mon�dac. Gia tic timèc
autèc, èqoume  dh brei sto Par�deigma 10 ìti h sundiakÔmansh eÐnai asum-
ptwtik� t→∞ arnhtik . Epomènwc, èqei endiafèron na exet�soume an k�ti
tètoio isqÔei ∀ t ≥ 0 kai ìqi mìno sth stajer  kat�stash. Ta apotelèsmata
mazÐ me ta antÐstoiqa diagr�mmata parousi�zontai sth sunèqeia.
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Par�deigma 12 Upologismìc sun�rthshc sundiakÔmanshc thc katanom c
G�mma gia di�forec timèc twn paramètrwn (r, λ) sth qronik� exarthmènh pe-
rÐptwsh.

Sq ma 4 H sun�rthsh sundiakÔmanshc gia r = 3 kai λ = 3

1 2 3 4 5

-0.07

-0.06

-0.05

-0.04

-0.03

-0.02

-0.01

Sto Sq ma 4 parathroÔme ìti h sun�rthsh sundiakÔmanshc paÐrnei arnh-
tikèc timèc. Sugkekrimèna eÐnai gnhsÐwc fjÐnousa apì to mhdèn mèqri kai to
2 kai gia t→∞ stajeropoieÐtai sthn tim  -0.074. En suneqeÐa anafèroume
endeiktik� th sun�rthsh sundiakÔmanshc gia r = 3, λ = 3. Gia perissìterec
plhroforÐec sqetik� me ton trìpo upologismoÔ kai tic entolèc anatrèxte sto
Par�rthma D.
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Cov[B(t), A(t)] =
1

2
e−3tt(2 + 4t+ 3t2) +

1

54
e−9t/2

× (e3t/2(20e3t − 9(2 + 6t+ 12t2 + 9t3))

− 2 cos[
3
√

3t

2
]− 2
√

3 sin[
3
√

3t

2
])

− (
1

2
e3tt(2 + 6t+ 9t2) +

1

18
e−9t/2

× (3e3t/2(4e3t − 3(2 + 2t+ 6t2 + 9t3))

+ 6 cos[
3
√

3t

2
]− 2
√

3 sin[
2
√

3t

2
]))

(1− t+
1

9
(−3 + 9t+ e−9t/2(3 cos[

3
√

3t

2
]

+
√

3 sin[
3
√

3t

2
]))).

Sto epìmeno sq ma upologÐzoume th grafik  par�stash thc sun�rthshc sun-
diakÔmanshc gia r = 2 kai λ = 4.

Sq ma 5 H sun�rthsh sundiakÔmanshc gia r = 2 kai λ = 4

0.5 1.0 1.5 2.0 2.5

-0.015

-0.010

-0.005
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Sto Sq ma 5 parathroÔme ìti h sun�rthsh sundiakÔmanshc eÐnai gnhsÐwc
fjÐnousa (fjÐnei pio gr gora sugkritik� me to Sq ma 4) kai gia t → ∞ h
sun�rthsh sundiakÔmashc stajeropoieÐtai sth tim  -0.0156.

Sto epìmeno sq ma upologÐzoume th grafik  par�stash thc sun�rthshc
sundiakÔmanshc gia r = 3 kai λ = 4.

Sq ma 6 H sun�rthsh sundiakÔmanshc gia r = 3 kai λ = 4

0.5 1.0 1.5 2.0
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-0.03

-0.02

-0.01

Sto Sq ma 6 parathroÔme ìti h sun�rthsh sundiakÔmanshc fjÐnei me arke-
t� gr goro rujmì ìpwc sto Sq ma 5. Gia t→∞ h sun�rthsh sundiakÔmashc
paÐrnei thn tim  -0.04167.

Sth sunèqeia upologÐzoume th grafik  par�stash thc sun�rthsh sundia-
kÔmanshc gia r = 3 kai λ = 5.
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Sq ma 7 H sun�rthsh sundiakÔmanshc gia r = 3 kai λ = 5

0.2 0.4 0.6 0.8 1.0 1.2 1.4
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-0.015

-0.010

-0.005

Sto Sq ma 7 parathroÔme ìti h sun�rthsh sundiakÔmanshc eÐnai kai ed¸
gnhsÐwc fjÐnousa. EpishmaÐnoume ìmwc ìti an kai fjÐnei kai aut  arket� apì-
toma stajeropoieÐtai gia meg�lec timèc tou t se tim  mikrìterh sugkritik� me
to Sq ma 6 afoÔ paÐrnei thn tim  -0.0260. Gia to Ðdio loipìn r kai megalÔtero
λ sto parìn Sq ma parousi�zetai aut  h diafor�.

Sto epìmeno par�deigma ja upologÐsoume th sun�rthsh susqètishc thc
katanom c G�mma gia di�forec timèc twn paramètrwn (r, λ) sth qronik� exar-
thmènh perÐptwsh.
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Par�deigma 13 Upologismìc sun�rthshc susqètishc thc katanom c G�m-
ma gia di�forec timèc twn paramètrwn (r, λ) sth qronik� exarthmènh perÐptw-
sh.

Sq ma 8 H sun�rthsh susqètishc gia r = 3 kai λ = 3

0.5 1.0 1.5 2.0 2.5

-0.25

-0.20

-0.15

-0.10

-0.05

Sto anwtèrw sq ma faÐnetai ìti h sun�rthsh all�zei monotonÐa perÐpou
sto shmeÐo 1.17. Gia na diereunhjeÐ peraitèrw h èndeixh aut  k�noume to di�-
gramma thc pr¸thc parag¸gou (se dÔo diaforetikèc klÐmakec) ìpwc faÐnetai
apì to epìmeno sq ma ìpou diapist¸noume ìti ìntwc all�zei h monotonÐa sto
shmeÐo 1.17.
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Sq ma 9 H par�gwgoc thc sun�rthshc susqètishc gia r = 3 kai λ = 3
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Sq ma 10 H par�gwgoc thc sun�rthshc susqètishc gia r = 3 kai λ = 3
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Lìgw poluplokìthtac tou tÔpou thc sun�rthshc pr¸thc parag¸gou sh-
mei¸noume pwc to Mathematica den mporeÐ na lÔsei thn exÐswsh aut . Gia
autì to lìgo epilègoume th grafik  epÐlush kai diapist¸noume ìti sto sh-
meÐo 1.17 mhdenÐzetai h pr¸th par�gwgoc. Parousi�zei loipìn h sun�rthsh
susqètishc Topikì El�qisto sthn tim  1.17. 'Ara h arqik  mac èndeixh epa-
lhjeÔetai. Sumperasmatik� loipìn sto Sq ma 8 parathroÔme ìti h sun�rthsh
susqètishc eÐnai gnhsÐwc fjÐnousa apì to 0 mèqri kai to 1.17 (T.E.) en¸ eÐnai
aÔxousa mèqri kai to 2. To epibebai¸noun kai ta diagr�mmata thc parag¸-
gou thc susqètishc. En suneqeÐa deÐqnei na stajeropoieÐtai kai sugklÐnei
ston arijmì -0.024. Gia perissìterec plhroforÐec sqetik� me to trìpo upo-
logismoÔ kai tic entolèc pou qrhsimopoi same me to majhmatikì prìgramma
Mathematica anatrèxte sto Par�rthma D.

Sto epìmeno sq ma ja upologÐsoume th sun�rthsh susqètishc gia r =
2 kai λ = 4.

Sq ma 11 H sun�rthsh susqètishc gia r = 2 kai λ = 4 isoÔtai me:
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Sto sq ma 11 paÐrnoume thn èndeixh ìti h sun�rthsh susqètishc eÐnai gnh-
sÐwc fjÐnousa mèqri kai to shmeÐo 0.7. Gia autì to lìgo ja exet�soume kai
th grafik  par�stash thc sun�rthshc susqètishc thc parag¸gou gia èna
akribèstero sumpèrasma melèthc thc monotonÐac thc.
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Sto Sq ma 12 parathroÔme ìti gia t → ∞ h sun�rthsh stajeropoieÐtai
sth tim  -0.143.

Sq ma 12 H sun�rthsh susqètishc gia r = 2 kai λ = 4 isoÔtai me:
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-0.140

To epìmeno di�gramma mac plhroforeÐ gia thn par�gwgo thc sun�rthshc su-
sqètishc gia r = 2 kai λ = 4.
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Sq ma 13 H par�gwgoc thc sun�rthshc susqètishc gia r = 2 kai λ = 4
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'Opwc parathroÔme sta Sq mata 13 kai 14 h arqik  mac èndeixh  tan sw-
st  diìti h par�gwgoc mhdenÐzetai sto shmeÐo 0.751. Parousi�zei loipìn h
sun�rthsh susqètishc Topikì El�qisto sth tim  0.751. Shmei¸noume epiplè-
on ìti kai sto parìn par�deigma eÐnai arket� dÔskoloc o tÔpoc thc parag¸gou.
Sugkekrimèna, den mporeÐ na epilujeÐ me th qr sh tou Mathematica gia autì
to lìgo proqwr same se grafik  epÐlush mhdenismoÔ thc parag¸gou.
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Sq ma 14 H par�gwgoc thc sun�rthshc susqètishc gia r = 2 kai λ = 4
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Sunoptik� loipìn sto Sq ma 13 parathroÔme ìti h sun�rthsh susqètishc
eÐnai gnhsÐwc fjÐnousa apì to 0 mèqri kai to 0.75 (T.E.) en¸ eÐnai aÔxousa
mèqri kai to 2 ìpwc diapist¸same kai apì ta antÐstoiqa diagr�mmata thc
parag¸gou thc sun�rthshc susqètishc. En suneqeÐa sugklÐnei ston arijmì
-0.143. Endeiktik� h sun�rthsh susqètishc gia r = 2, λ = 4 isoÔtai me:

ρ[B[t], A[t]] = − e−16t(−1 + e4t)4

√
7− e−16t + 2e−8t

√
e−16t(−1 + 8e4t − 30e8t + 7e16t + e12t(16− 96t))
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Sq ma 15 H sun�rthsh susqètishc gia r = 3 kai λ = 4

0.2 0.4 0.6 0.8 1.0

-0.25

-0.20

-0.15

-0.10

-0.05

Arqik� sto Sq ma 15 parathroÔme ìti h sun�rthsh susqètishc eÐnai gnh-
sÐwc fjÐnousa mèqri kai to shmeÐo 0.8 (ja elegqjeÐ en suneqeÐa me th grafik 
mèjodo mhdenismoÔ thc pr¸thc parag¸gou, deÐte Sq mata 16 kai 17) kai en
suneqeÐa aÔxousa mèqri kai to shmeÐo 1 ìpou eÐnai kai h èktash thc klÐmakac
tou parìntoc graf matoc.
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Sq ma 16 H sun�rthsh susqètishc gia r = 3 kai λ = 4

2 3 4 5

-0.256

-0.255

-0.254

-0.253

-0.252

-0.251

-0.250

Sto Di�gramma 16 arqik� anafèroume ìti h klÐmaka ekteÐnetai apì to 1
èwc to 5 kai parathroÔme ìti h sun�rthsh susqètishc eÐnai gnhsÐwc aÔxousa
mèqri kai to shmeÐo 2.15. Sth sunèqeia gia t → ∞ stajeropoieÐtai ston
arijmì -0.250.

Sta epìmena diagr�mmata parousi�zoume thn par�gwgo thc sun�rthshc
susqètishc gia r = 3 kaiλ = 4.
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Sq ma 17 H par�gwgoc thc sun�rthshc susqètishc gia r = 3 kai λ = 4

0.2 0.4 0.6 0.8 1.0 1.2 1.4

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

Sto Sq ma 17 èqoume upologÐsei thn par�gwgo thc sun�rthshc susqèti-
shc. EpishmaÐnoume ìti kai sthn paroÔsa perÐptwsh to Mathematicasunant�
duskolÐa sthn epÐlush thc exÐswshc thc parag¸gou kai ètsi epilègoume kai
ed¸ th grafik  epÐlush. Prìspaj¸ntac na entopÐsoume th rÐza thc parag¸-
gou, to Di�gramma 18 se klÐmaka apì to 0 èwc to 1.2 mac dieukolÔnei arket�.
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Sq ma 18 H par�gwgoc thc sun�rthshc susqètishc gia r = 3 kai λ = 4

0.9 1.0 1.1 1.2

-0.03

-0.02

-0.01

0.01

0.02

'Etsi loipìn eÐnai xek�jaro ìti h par�gwgoc thc sun�rthshc susqètishc
mhdenÐzetai sth tim  0.82. Parousi�zei loipìn h sun�rthsh susqètishc Topi-
kì El�qisto sth tim  0.82.
Sumperasmatik�, sta Sq mata 15 kai 16 parathroÔme ìti h sun�rthsh su-
sqètishc eÐnai gnhsÐwc fjÐnousa mèqri kai to 0.82 (T.E.) en¸ eÐnai aÔxousa
mèqri kai to 2.2. To epibebai¸noun kai ta diagr�mmata thc parag¸gou thc
susqètishc. En suneqeÐa h par�gwgoc aut  deÐqnei na stajeropoieÐtai kai
sugklÐnei ston arijmì -0.0250. Tèloc

Ston epìmeno pÐnaka, sthn pr¸th tou st lh èqoume upologÐsei th sun�r-
thsh sundiakÔmanshc kai sth deÔterh th sun�rthsh susqètishc sth stajer 
kat�stash gia tic anwtèrw timèc twn paramètrwn r,λ kai paÐrnoume ta ex c
apotelèsmata gia thn k�je perÐptwsh.
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Timèc r kaiλ Cov[B(t)A(t)] ρ[B(t)A(t)]
r = 3 kaiλ = 3 -0.074 -0.250
r = 3 kaiλ = 4 -0.042 -0.250
r = 3 kaiλ = 5 -0.027 -0.250
r = 2 kaiλ = 4 -0.016 -0.143
r = 2 kaiλ = 5 -0.010 -0.143
r = 4 kaiλ = 3 -0.014 -0.336
r = 4 kaiλ = 4 -0.078 -0.333

PÐnakac 4.1: Sun�rthsh SundiakÔmanshc kai Susqètishc sth stajer  kat�-
stash

Apì ton pÐnaka (4.1) parathroÔme ta ex c:
Arqik�, krat¸ntac stajer  thn tim  tou r kai sugkekrimèna gia r = 3 kai
aux�nontac tic timèc tou λ (λ = 3, λ = 4, λ = 5) h sun�rthsh sundiakÔmanshc
mei¸netai kai h sun�rthsh susqètishc paramènei stajer  kai Ðsh me -0.250.
AntÐstoiqa ìtan h tim  tou r isoÔtai me r = 2 kai to λ aux�netai, paÐrnontac
tic timèc 4 kai 5 antÐstoiqa, tìte h sun�rthsh sundiakÔmanshc mei¸netai kai h
sun�rthsh susqètishc paramènei stajer  kai Ðsh me -0.143. Tèloc krat¸ntac
stajer  kai Ðsh me 4 thn tim  tou r kai jètontac λ = 3, λ = 4, parathroÔme
ìti h sun�rthsh sundiakÔmanshc aux�netai kai h sun�rthsh susqètishc meta-
b�lletai el�qista. AntÐjeta t¸ra, e�n diathr soume stajer  thn tim  tou λ
kai metab�lloume thn tim  tou r tìte paÐrnoume ta akìlouja apotelèsmata.
Gia λ = 3 kai r = 3   r = 4 h sun�rthsh sundiakÔmanshc mei¸netai ìso au-
x�netai h tim  tou r en¸ epÐshc h sun�rthsh susqètishc mei¸netai (apì -0.250
se -0,336). Gia λ = 4 kai r = 2   r = 3   r = 4 kai ed¸ h sun�rthsh sun-
diakÔmanshc mei¸netai kaj¸c epÐshc kai h sun�rthsh susqètishc (apì -0,143
se -0,250 kai -0,333). Tèloc gia λ = 5 kai r = 2   r = 3 èqoume parìmoia
sumperifor� stic timèc twn sunart sewn sundiakÔmanshc kai susqètishc, dh-
lad  mei¸nontai kai oi dÔo sunart seic ìso aux�netai h tim  tou r.

Sto par�deigma pou akoloujeÐ upologÐzoume th sun�rthsh susqètishc
sthn stajer  kat�stash gia thn katanom  G�mma.
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Par�deigma 14 Upologismìc thc sun�rthshc susqètishc sth stajer 
kat�stash gia thn katanom  G�mma.

Ja upologÐsoume th sun�rthsh susqètishc gia thn G�mma katanom  (r, λ).
Antikajist¸ntac tic treic pr¸tec ropèc thc katanom c G�mma apì th sqèsh
(4.18) kaj¸c kai me th bo jeia thc sqèshc (4.21) èqoume:

lim
t→∞

ρ[B(t), A(t)] = 1− 2(r/λ)[r(r + 1)(r + 2)/λ3]

4(r/λ)[r(r + 1)(r + 2)]/(λ3)− 3[r2(r + 1)2/λ4]

= 1− 2r + 4

r + 5

Sunep¸c isqÔei ìti, gia t→∞:
•Gia r < 1 h susqètish eÐnai jetik .
•Gia r = 1 h susqètish isoÔtai me mhdèn.
•Gia r > 1 h susqètish eÐnai arnhtik .

Parousi�zei idiaÐtero endiafèron to gegonìc ìti asumptwtik� h susqètish
den exart�tai apì th par�metro λ, en¸ h sundiakÔmansh exart�tai ìpwc eÐdame
sto Par�deigma 10.
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Sto parìn kef�laio melet same thn sun�rthsh susqètishc metaxÔ tou
prodromikoÔ kai anadromikoÔ qrìnou emf�nishc. Mèsw thc apì koinoÔ su-
n�rthshc katanom c tou prodromikoÔ kai anadromikoÔ qrìnou emf�nishc u-
pologÐsame ènan kleistì tÔpo sthn qronik� exarthmènh perÐptwsh kai ènan
aplì tÔpo gia thn stajer  kat�stash. EpÐshc, upologÐsthke h sun�rthsh
sundiakÔmanshc tou prodromikoÔ kai anadromikoÔ qrìnou emf�nishc gia thn
stajer  kat�stash. Tèloc, upologÐsthkan arket� arijmhtik� paradeÐgmata
gia tic sunart seic sundiakÔmanshc kai susqètishc sthn stajer  kat�stash
kaj¸c kai gia thn qronik� exarthmènh kat�stash me th qr sh tou majhmati-
koÔ progr�mmatoc Mathematica.
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Kef�laio 5

EktÐmhsh prodromikoÔ qrìnou

Sto parìn kef�laio ja asqolhjoÔme me èna statistikì prìblhma (en an-
tijèsei me ta prohgoÔmena kef�laia pou asqolhj kame me èna stoqastikì
prìblhma) kai afor� thn ektÐmhsh tou prodromikoÔ qrìnou zw c ìtan èqoume
diajèsimo èna tuqaÐo deÐgma apì endi�mesouc qrìnouc, h (koin ) katanom  F
twn opoÐwn den eÐnai gnwst . AntÐstoiqa probl mata èqoun melethjeÐ sta
�rjra twn Grubel andP itts(1993), Baxter andLi (1994), P itts andPolitis
(2000) . Shmantikì rìlo sth mejodologÐa pou ja akolouj sei eÐnai h sunè-
peia tou deigmatikoÔ mac ektimht . Sthn prosp�jei� mac loipìn na entopÐ-
soume sunep  ektimht  ja paÐxei basikì rìlo h empeirik  sun�rthsh katanom c
F̂n(x) kaj¸c epÐshc kai h ektim¸menh ananewtik  mac sun�rthsh Ûn(x).Me th
bo jeia tou jewr matoc Glivenko−Cantelli pou epitugq�noume omoiìmorfh
sÔgklish gia thn empeirik  sun�rthsh kaj¸c epÐshc kai me k�poia apotelèsma-
ta twn Grubel kaiPitts (1993) mporoÔme na apofanjoÔme qr sima sumper�-
smata gia thn ananewtik  mac sun�rthsh (omoiìmorfh sÔgklish se fragmèna
diast mata). Tèloc mèsw tou L mmatoc 1 kai thc Prìtashc 4 katal goume
ìti up�rqei sunep c ektimht c gia ton prodromikì qrìno zw c. Xekin¸ntac
loipìn apì thn arq  ac orÐsoume thn ènnoia thc sunèpeiac enìc deigmatikoÔ
ektimht .

73



74 KEF�ALAIO 5. EKT�IMHSH PRODROMIKO�U QR�ONOU

5.1 Sunèpeia Ektimht 

H sunèpeia pou prot�jhke apì ton R.A.F isher apoteleÐ mÐa idiìthta enìc
deigmatikoÔ ektimht  kai dhl¸nei to ex c: 'Estw ìti èqoume mÐa akoloujÐa apì
ektimhtèc {Tn ≡ Tn(X1, X2, · · · , Xn) : n ≥ 1} gia k�poia �gnwsth pragmati-
k  parametrik  sun�rthsh τ(θ) ìpou θ ∈ Θ ⊆ <k. AxÐzei na shmeiwjeÐ ìti
up�rqei ex�rthsh twn ektimht¸n apì to mègejoc tou deÐgmatoc n kai autì ja
to dhl¸noume b�zontac to nwc deÐkth stouc ektimhtèc mac. Gia perissìterec
plhroforÐec deÐte Mukhopadhyay (2000). SÔmfwna loipìn me ta anwtèrw
èqoume ton akìloujo orismì.

Orismìc 4 Sunèpeia Ektimht 
JewroÔme {Tn ≡ Tn(X1, X2, · · · , Xn) : n ≥ 1}mÐa akoloujÐa ektimht¸n gia
k�poia �gnwsth parametrik  sun�rthsh τ(θ) ìpou θ ∈ Θ ⊆ <k. Tìte o Tn
onom�zetai sunep cgia th posìthta τ(θ) e�n kai mìno an:

Tn −→ τ(θ) kaj¸cn→∞, me pijanìthta 1.

EpÐshc o Tn onom�zetai mh-sunep c gia thn posìthta τ(θ) e�n o Tn den eÐnai
sunep c gia thn τ(θ).
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5.2 Perigraf  tou probl matoc

'Estw ìti paÐrnoume èna tuqaÐo deÐgma apì mÐa �gnwsth katanom  F , h opoÐa
apoteleÐ thn katanom  twn endi�meswn qrìnwn se mÐa ananewtik  anèlixh.

Sq ma 19

MporoÔme na upologÐsoume thn empeirik  sun�rthsh katanom c qrhsimopoi¸n-
tac ton parak�tw tÔpo:

F̂n(x) =
# {Xi ≤ n}

n
.

GnwrÐzoume ìti h sun�rthsh katanom c F sundèetai me thn ananewtik  mac
sun�rthsh U(x) kai antÐstoiqa h ananewtik  sun�rthsh sundèetai me ton
prodromikì qrìno zw c Z2(x). 'Etsi loipìn jèloume na diapist¸soume e�n
apì thn ektim tria pou diajètoume, F̂n(x), (dhlad  thn empeirik  sun�rthsh
katanom c) mporoÔme na upologÐsoume thn ektim¸menh ananewtik  sun�rthsh
Ûn(x) kai tèloc ton ektim¸meno prodromikì qrìno zw c Ẑ2,n(x). Sqhmatik�
loipìn ta parap�nw parist�nontai wc ex c:

F (x) −→ U(x) −→ Z2(x)

F̂n(x) −→ Ûn(x) −→ Ẑ2,n(x)

ìpou:

Z2(x) = g2,x(t) +

∫
Z2(x− y)dF (y)

dhl¸nei thn our� thc katanom c tou prodromikoÔ qrìnou emf�nishc. 'Opwc
gnwrÐzoume apì to Je¸rhma 1, pou anafèrjhke sto tèloc tou KefalaÐou 2,
h lÔsh thc exÐswshc isoÔtai me:

Z2(t) =

∫
g2,x(t− y)dU(y) (5.1)



76 KEF�ALAIO 5. EKT�IMHSH PRODROMIKO�U QR�ONOU

5.3 Omoiìmorfh SÔgklish Ektimht¸n

Apì ton isqurì nìmo twn meg�lwn arijm¸n gnwrÐzoume ìti gia k�je stajero
x, h F̂n(x) eÐnai mÐa akoloujÐa apì tuqaÐec metablhtèc pou sugklÐnei sthn
F (x) sqedìn bèbaia, dhlad  h F̂n sugklÐnei sthn F shmeiak�.OiGlivenko
kai Cantelli endun�mwsan to parap�nw apotèlesma apodeiknÔontac ìti h F̂n
sugklÐnei omoiomìrfwc sthn F me pijanìthta 1. IsqÔei loipìn to akìloujo
je¸rhma:

Je¸rhma 4 (GlivenkoCantelli)

'Estw X1, X2, · · · , Xn èna tuqaÐo deÐgma apì mÐa sun�rthsh katanom c F kai
h F̂n(x) h empeirik  sun�rthsh katanom c.Tìte gia autì to deÐgma isqÔei:

lim
n→∞

∣∣∣∣∣∣F̂n − F ∣∣∣∣∣∣
∞

= lim
n→∞

supx∈<

∣∣∣F̂n(x)− F (x)
∣∣∣ = 0

sqedìn bèbaia.

Sthn sunèqeia ja prèpei na diapist¸soume e�n o ektimht c Ẑ2,n eÐnai su-
nep c gia thn sun�rthsh Z2(x)wc proc thn omoiìmorfh nìrma. Gia na isqÔei
autì ja prèpei

supx

∣∣∣Ẑn(x)− Z(x)
∣∣∣→ 0

me pijanìthta 1, ìtan n→∞.
Gia na kataskeu�soume ton ektimht  Ẑ2,n(x) ja qrhsimopoi soume ton kanìna
plug − in. UpenjumÐzoume pwc ja akolouj soume th poreÐa

F̂n(x) −→ Ûn(x) −→ Ẑ2,n(x).

'Opwc  dh èqoume anafèrei

U(x) =
∞∑
k=o

F ?k(x)

kai jewroÔme ìti h F eÐnai suneq c.
H ektim tria ananewtik  sun�rthsh, thn opoÐa apokaloÔme empeirik  ananew-
tik  sun�rthsh, orÐzetai apì thn akìloujh sqèsh:

Ûn(x) =
∞∑
k=0

F̂ ?k
n (x)
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ìpou h F̂n eÐnai mÐa aÔxousa klimakwt  sun�rthsh. Di�forec idiìthtec thc
posìthtac aut c èqoun melethjeÐ sto �rjro twn Grubel&Pitts (1993). Gia
to epìmeno b ma ja qrhsimopoi soume thn sqèsh (5.1). GnwrÐzoume ìti gia
thn our� tou prodromikoÔ qrìnou zw c sto qronikì shmeÐo t h Z2(x) dÐnetai
apì th sqèsh:

Z2(t) = (U ? g2,x)(t)

epomènwc qrhsimopoi¸ntac thn mèjodo plug− in mporoÔme na gr�youme thn
ektim tria thc Z2 wc:

Ẑ2,n = Ûn ? ĝ2,x,n.

Epiplèon gnwrÐzoume apì th sqèsh (3.7) ìti:

g2,x(t) = [1− F (t)] 1[0,x](t).

Sunep¸c h ektim¸menh posìthta ĝ2,n(t) ja isoÔtai me:

ĝ2,x,n(t) =
[
1− F̂n(t)

]
1[0,x](t). (5.2)

Epistrèfontac sto je¸rhma Glivenko− Cantelli kai prospaj¸ntac na sun-
du�soume ìla ta parap�nw apotelèsmata anafèroume to ex c: SÔmfwna me
to je¸rhma Glivenko− Cantelli, up�rqei èna sÔnolo

A = {ωi : ωi = (Xi1, Xi2, · · · , Xin, · · · )}

pou apoteleÐtai apì akoloujÐec anex�rthtwn kai isìnomwn tuqaÐwn metablh-
t¸n me sun�rthsh katanom c F , ètsi ¸ste

lim
n
supx

∣∣∣F̂n(x)− F (x)
∣∣∣ = 0

gia ìla ta ωi sto sÔnolo A kai epiplèon èqoume P (A) = 1. Stìqoc mac
eÐnai na deÐxoume ìti gia ìla ta ωi ∈ A,

1. h empeirik  ananewtik  sun�rthsh pou antistoiqeÐ sto ωi sugklÐnei ∀x ∈
<, sthn ananewtik  sun�rthsh U(x)

2. sth sunèqeia, ja deÐxoume ìti to Ðdio isqÔei gia ton empeirikì ektimht 

Ẑ2,n o opoÐoc kat� sunèpeia sugklÐnei omoiìmorfa sth posìthta Z2(t).

To pr¸to apì ta dÔo aut� apotelèsmata, exasfalÐzetai apì thn parak�tw
prìtash, h opoÐa m�lista mac dÐnei ìti h sÔgklish tou ektimht  Ûn sth su-
n�rthsh U eÐnai omoiìmorfh se fragmèna diast mata.
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Prìtash 3 Grubel kai Pitts (1993)
'Estw F mÐa sun�rthsh katanom c sto [0,∞),U h antÐstoiqh ananewtik  su-

n�rthsh, F̂n h empeirik  sun�rthsh pou prokÔptei apì èna deÐgma megèjouc

n apì thn F kai Ûn h ananewtik  sun�rthsh pou antistoiqeÐ sthn F̂n. Tìte

h Ûn(x)sugklÐnei omoiìmorfa sthn U(x)se k�je fragmèno di�sthma dhlad 
isqÔei:

lim supx∈[0,t]

∣∣∣Ûn(x)− U(x)
∣∣∣ = 0.

EpishmaÐnoume pwc h sÔgklish den mporeÐ na eÐnai se ìlo to di�sthma
[0,∞) diìti ìpwc gnwrÐzoume apì to stoiqei¸dec ananewtikì je¸rhma:

U(x) ∼ x

µ
gia x→∞

ìpou:

µ =

∫ ∞
0

xdF (x)

�ra kai h:

Ûn(x) ∼ x

µ̂n

ìpou µ̂n eÐnai o mèsoc ìroc thc F̂n,

µ̂n =
X1 +X2 + · · ·+Xn

n
.

Gia na eÐqame sÔgklish se ìlo to [0,∞)ja èprepe na isqÔei:

µ̂n = µ

gia k�je n megalÔtero   Ðso apì k�poia jetik  stajer� n0. 'Opwc gnwrÐ-
zoume ìmwc apì to nìmo twn meg�lwn arijm¸n isqÔei:

lim µ̂n = µ

qwrÐc aparaÐthta oi timèc µ̂n na eÐnai Ðsec me to µ.
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5.4 Sunèpeia Ektimht 

Sth sunèqeia me thn bo jeia twn anwtèrw ja apodeÐxoume ìti o ektimht c
Ẑ2,n(t) eÐnai sunep c ektimht c gia th posìthta Z2(t). Gia na to apodeÐxoume
autì ja prèpei na isqÔei:∣∣∣Ẑ2,n(t)− Z2(t)

∣∣∣ −→ 0, me pijanìthta 1. (5.3)

Arqik� parathroÔme ìti isqÔei:

Z2(t) = (g2,x ? U)(t).

'Opwc eÐnai logikì, ja qrhsimopoi soume thn ektÐmhsh thc Z(t), dhlad  th
sun�rthsh Ẑn(t) h opoÐa isoÔtai me:

Ẑ2,n(t) = (ĝ2,x,n ? Ûn)(t)

ìpou h ĝ2,x(t) dÐnetai apì th sqèsh (5.2). Arqik� parathroÔme ìti sÔmfw-
na me to je¸rhma Glivenko − Cantelli h empeirik  sun�rthsh katanom c
∀ tsugklÐnei shmeiak� sthn F .Dhlad  isqÔei:∣∣∣F̂n(t)− F (t)

∣∣∣ −→ 0, (5.4)

epomènwc ja isqÔei:∣∣∣∣∣∣∣∣
[
1− F̂n(t+ x)

]
︸ ︷︷ ︸

ĝ2,x,n(t)

− [1− F (t+ x)]︸ ︷︷ ︸
g2,x(t)

∣∣∣∣∣∣∣∣ −→ 0, (5.5)

∀ t omoiìmorfa sto 0. Apì tic sqèseic loipìn (5.4) kai (5.5) parathroÔme ìti
∀ tsugklÐnoun omoiìmorfa h F̂n −→ F kaj¸c kai h ĝ2,x,n(t) −→ g2,x(t). To
epìmeno er¸thma mac eÐnai e�n h Ẑ2,n(t) −→ Z2(t) dhlad  e�n isqÔei h sunèqeia
thc sunèlixhc:

(ĝ2,x,n ? Ûn)(t) −→ (g2,x ? U)(t) (5.6)

omoiìmorfa wc proc t gia k�je stajerì x ≥ 0. Gia thn ap�nthsh thc anwtèrw
er¸thshc ja mac faneÐ qr simo to akìloujo L mma.
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L mma 1 (Baxter, kai Li 1994)
'Estw {fn(t)} eÐnai mÐa akoloujÐa apì peperasmènec, mh fjÐnousec sunart -
seic sto [0, b] kai èstw f(t) eÐnai mÐa suneq c kai peperasmènh sun�rthsh
sto [0, b] ètsi ¸ste h fn(t) na sugklÐnei omoiìmorfa sthn f(t) kaj¸c n →
∞. Epiplèon èstw gn : [0, b] → <, n = 1, 2, · · · mÐa akoloujÐa sunart sewn
pou sugklÐnei omoiìmorfa sth g : [0, b]→ < kaj¸c n→∞. Tìte:∫ x

0

gn(t)dfn(t) −→
∫ x

0

g(t)df(t) (5.7)

omoiìmorfa gia x ∈ [0, b] kaj¸c n→∞, ìpou ìla ta oloklhr¸mata ermhneÔ-
ontai wc oloklhr¸mata Lebesgue (blèpe par�rthma G).

Prìtash 4 'Estw F mÐa suneq c (¸ste na isqÔei to anwtèrw L mma) su-

n�rthsh katanom c sto [0,∞), U h antÐstoiqh ananewtik  sun�rthsh, F̂n h
empeirik  sun�rthsh katanom c pou prokÔptei apì èna deÐgma megèjouc n apì

thn F kai Ûn h ananewtik  sun�rthsh pou antistoiqeÐ sthn F̂n. Tìte o ekti-

mht c Ẑ2 eÐnai sunep c ektimht c wc proc thn omoiìmorfh nìrma se k�je
di�sthma [0, b] gia thn posìthta Z2(t) tou prodromikoÔ qrìnou zw c.

Apìdeixh E�n jèsoume ìpou t = t− y sto tÔpo gn thc sqèshc (5.7) kaj¸c
epÐshc kai ìpou dfn(t) = dÛn(t), ĝ2,x,n = gn, g2,x = g paÐrnoume:∫ t

0

g2,x,n(t− y)dÛn(y) −→
∫ t

0

g2,x(t− y)dU(y). (5.8)

Sumperasmatik� loipìn èqoume:

1. H Ûn −→ U sÔmfwna me thn prìtash twn Grubel kaiPitts me pijanì-
thta 1.

2. H ĝ2,n,x(t) −→ g2,x(t) apì sqèsh (5.5) me pijanìthta 1.

3. Th sunèqeia thc sunèlixhc
∫ x

0
g2,x,n(t−y)dÛn(t) −→

∫ x
0
g2,x(t−y)dU(t).

Me b�sh to L mma 1, apì ta anwtèrw èqoume omoiìmorfh sÔgklish gia t ∈
[0, b] dhlad  isqÔei:

sup
t∈ [0,b]

∣∣∣Ẑ2,n(t)− Z2(t)
∣∣∣ −→ 0 (5.9)

pou oloklhr¸nei thn apìdeixh thc Prìtashc 4.
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Parat rhsh

H Prìtash 4 èqei apodeiqjeÐ (me �llo trìpo) sto �rjro twn Politis and
Pitts (2000).

'Ena er¸thma pou prokÔptei eÐnai to ex c: M pwc mporoÔme na isqu-
ropoi soume thn anwtèrw sqèsh?Dhlad  h sÔgklish na eÐnai omoiìmorfh
∀ t ∈ [0,∞)?
GnwrÐzoume pwc to U eÐnai èna �peiro mètro, en¸ gia k�je x stajerì h
gx(t) eÐnai h our� k�poiac katanom c pou eÐnai peperasmènh (afoÔ teÐnei sth
mon�da.) To er¸thma ègkeitai loipìn sto na prosdiorÐsoume thn sunèlixh
Z(t) = (gx ? U)(t). EÐnai �peirh   peperasmènh? GnwrÐzoume pwc h Z(t) eÐnai
h our� thc katanom c tou prodromikoÔ qrìnou kai epomènwc h our� mÐac su-
n�rthshc katanom c dhlad  h sunolik  m�za pijanìthtac ja isoÔtai me 1.MÐa
pr¸th diaisjhtik  ektÐmhsh loipìn eÐnai ìti h Prìtash 4 ja prèpei na isqÔei
gia ∀ t ∈ [0,∞).
Gia thn epibebaÐwsh tou anwtèrou sullogismoÔ ja mac faneÐ qr simo to akì-
loujo apotèlesma pou dÐnetai wc h 'Askhsh 5 tou kefalaÐou 7 sto biblÐo tou
Feller (1971).

L mma 2

An mÐa akoloujÐa Fn apì aÔxousec sunart seic sugklÐnei shmeiak� se mÐa
suneq sun�rthsh F , tìte h sÔgklish eÐnai omoiìmorfh dhlad  isqÔei:

lim
n→∞

Fn(x) = F (x) ∀x ∈ <

⇒ lim
n→∞

sup
x
|Fn(x)− F (x)| = 0.

SÔmfwna me ton orismì pou akoloujeÐ, mÐa sun�rthsh onom�zetai fragmènhc
kÔmanshc e�n h kÔmansh thc eÐnai peperasmènh.

Orismìc 5

Gia k�je pragmatik  sun�rthsh f se èna sÔnolo J ⊂ <, h sunolik  thc
kÔmansh sto J orÐzetai wc:

V arfJ := sup

{
n∑
i=1

|f(xi)− f(xi−1)| : x0 < x1 < · · · < xn, xi ∈ J

}
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ìpou xi ∈ J gia i = 0, 1, · · · , n. E�n h V arf J < +∞ lème ìti h f eÐnai
fragmènhc kÔmanshc sto J . Sth sunèqeia ja qrhsimopoi soume su-
nart seic me fragmènh kÔmansh se ìlo ton mh arnhtikì hmi�xona dhlad  ja
exetasteÐ h perÐptwsh ìpou J = [0,+∞)

Pio sugkekrimèna, gia na mporèsoume na epekteÐnoume to L mma 2 sth
dik  mac kathgorÐa sunart sewn ekmetalleuìmaste thn akìloujh Prìtash
ìpou mac plhroforeÐ ìti mÐa sun�rthsh èqei fragmènh kÔmansh sto di�sthma
(0,∞) an kai mìno an mporeÐ na grafeÐ wc diafor� dÔo auxous¸n kai fragmè-
nwn sunart sewn. 'Etsi loipìn èqoume:

Prìtash 5

MÐa mh arnhtik  sun�rthsh f èqei fragmènh kÔmansh sto di�sthma (0,∞) an
kai mìno an mporeÐ na grafeÐ san diafor� dÔo auxous¸n sunart sewn. Dhlad 
isqÔei ìti:

f(x) = f+(x)− f−(x),

ìpou oi f+, f− eÐnai aÔxousec kai fragmènec.

Me b�sh loipìn th Prìtash 5, ja apodeÐxoume ìti to L mma 2 isqÔei kai
gia sunart seic fragmènhc kÔmanshc.

Prìtash 6

An mÐa akoloujÐa {Fn} apì sunart seic fragmènhc kÔmanshc sto (0,∞) sug-
klÐnei shmeiak� se mÐa suneq  sun�rthsh F , tìte h sÔgklish eÐnai omoiìmorfh.

Apìdeixh
'Estw {Fn}n∈N akoloujÐa sunart sewn fragmènhc kÔmanshc ∀n = 1, 2, · · ·n
h Fn gr�fetai wc:

Fn(t) = F+
n (t)− F−n (t)︸ ︷︷ ︸
aÔxousec

epiplèon,
F+
n (t)→ F+(t)

F−n (t)→ F−(t).
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Apì to L mma 2 prokÔptei ìti h sÔgklish

F+
n (t)→ F+(t)

kai
F−n (t)→ F−(t)

eÐnai omoiìmorfh.
'Ara,

F+
n − F−n︸ ︷︷ ︸
Fn

−→ F+ − F−︸ ︷︷ ︸
F

omoiìmorfa.

Me b�sh th sqèsh (5.9) isqÔei ìti:

∀ω se èna sÔnolo pijanìthtac èna,

lim Ẑ2,n(t)︸ ︷︷ ︸
fragmènh kÔmansh

= Z2(t)︸ ︷︷ ︸
suneq c

,

ìpou gia ∀ x stajerì
g2,x(t) = 1− F (t+ x)

kai

Z2(t) =

∫ t

0

g2,x(t− y)dU(y)

= g2,x(t)︸ ︷︷ ︸
m�za sto mhdèn

+

∫ t

0

g2,x(t− y)u(y)dy

= 1− F (t+ x)︸ ︷︷ ︸
suneq c

+

∫
[1− F (x+ t− y)]︸ ︷︷ ︸

suneq c

u(y)dy︸ ︷︷ ︸
fragmènh

ìpou sÔmfwna me to je¸rhma thc Kuriarqhmènhc SÔgklishc gia t → ∞ o
pr¸toc ìroc tou teleutaÐou oloklhr¸matoc teÐnei sto mhdèn.
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•Gia thn ektÐmhsh tou prodromikoÔ qrìnou epanemf�nishc B(t) parath-
roÔme ìti afoÔ isqÔei h sqèsh (3.6) emeÐc mporoÔme na qrhsimopoi soume gia
ektÐmhsh tou prodromikoÔ qrìnou thn akìloujh sqèsh kai en suneqeÐa na
apodeÐxoume th sunèpeia tou ektimht :

P [B̂(t) > x] = (Ûn ? ĝx,n)(t). (5.10)

Qrhsimopoi¸ntac kai ed¸ to L mma 1 sumperaÐnoume ìti gia th katanom  thc
our�c isqÔei:

P [B̂(t) > x] −→ P [B(t) > x]

dhlad  ∀ tsugklÐnei shmeiak� h sunèlixh:

Ûn(t) ? ĝx,n(t) −→ U(t) ? g(t) (5.11)

me pijanìthta 1.
Qrhsimopoi¸ntac t¸ra thn Prìtash 4 kai thn Prìtash 5, prokÔptei to ex c:

Prìtash 7

K�tw apì tic upojèseic thc Prìtashc 4, isqÔei ìti:

lim
n

sup
t

∣∣∣Ûn(t) ? ĝx,n(t)− U(t) ? g2,x(t)
∣∣∣ = 0. (5.12)

Sunep¸c, afoÔ apodeÐxame ìti isqÔei:∣∣∣Ûn(t) ? ĝx,n(t)− U(t) ? g(t)
∣∣∣ −→ 0,

o ektimht c gia th posìthta B(t) eÐnai sunep c.

KleÐnontac, se autì to kef�laio asqolhj kame me èna basikì statistikì
prìblhma pou aforoÔse thn ektÐmhsh tou prodromikoÔ qrìnou zw c dojèntoc
enìc tuqaÐou deÐgmatoc apì endi�mesouc qrìnouc ìpou h koin  katanom  F den
eÐnai gnwst . ApodeÐxame epÐshc ta ex c dÔo pr�gmata: Afenìc ìti o deigma-
tikìc ektimht c pou jewr same eÐnai sunep c kai afetèrou me th bo jeia thc
empeirik c sun�rthshc kaj¸c kai tou jewr matoc Glivenko − Cantelli epi-
tugq�noume omoiìmorfh sÔgklish gia thn ektim¸menh ananewtik  sun�rthsh
se di�sthma [0, b] all� kai se ìlo telik� to (0,∞].



Par�rthma Aþ

Jewrhm�ta sÔgklishc
katanom¸n

UpenjÔmish basik¸n jewrhm�twn sÔgklishc.

Je¸rhma 5 Monìtonhc SÔgklishc
'Estw 0 ≤ Xn ↑ X tìte

0 ≤ E(Xn) ↑ E(X)

  isodÔnama
E( lim

n→∞
↑ Xn) = lim

n→∞
↑ E(Xn)

Stic seirèc (ìpwc kai sto olokl rwma antÐstoiqa) mporoÔme na enall�ssoume
thn mèsh tim  kai th seir�, ef`ìson oi posìthtec eÐnai mh arnhtikèc. 'Estw
ξi ≥ 0, mh arnhtikèc t.m.gia n ≥ 1tìte:

E(
∞∑
j=1

ξj) =
∞∑
j=1

E(ξj).

Je¸rhma 6 L mma Fatou
'Estw Xn ≥ 0, tìte:

E( lim
n→∞

inf Xn) ≤ lim
n→∞

inf E(Xn)

Genikìtera: E�n up�rqei z ∈ L1 kai Xn ≥ Z tìte:

E( lim
n→∞

supXn) ≥ lim
n→∞

inf E(Xn)
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Sunèpeia 1 Fatou 'Estw Xn ≤ Z ìpou Z ∈ L1, tìte:

E( lim
n→∞

supXn) ≥ lim
n→∞

supE(Xn)

Je¸rhma 7 Kuriarqhmènhc SÔgklishc (Lebesque′s dominated convergence)
E�n Xn → X kai up�rqei mÐa t.m. Z pou �kuriarqeÐ� thn akoloujÐa Xn me
thn Z ∈ L1, tètoia ¸ste:

|Xn| ≤ Z

tìte
E(Xn)→ E(X)

kai
E(|Xn −X1|)→ 0



Par�rthma Bþ

Metasqhmatismìc
Laplace Stieltjes (L− S)

O metasqhmatismìcLaplace eÐnai ènac telest c pou metasqhmatÐzei, sun jwc
wc proc to qrìno. QrhsimopoieÐtai gia par�deigma se grammikèc diaforikèc
exis¸seic stajer¸n suntelest¸n kai oloklhrwdiaforikèc exis¸seic metatrè-
pontac tec se algebrikèc exis¸seic. O metasqhmatismìc Laplace orÐzetai wc
ex c:

L{f(λ)} = f̂(λ) =

∫ ∞
0

e−λtf(t)dt

ìpou LsumbolÐzei to metasqhmatismì Laplace kai up�rqei me th proôpìjesh
ìti to epìmeno olokl rwma sugklÐnei gia k�poiec peperasmènec jetikèc timèc
twn M. ∫ ∞

0

|f(x)| e−σxdx ≤M

•O metasqhmatismìc Laplace Stieltjes (L S) anafèretai se mÐa ajroistik 
sun�rthsh katanom c F   kai genikìtera se opoiad pote aÔxousa sun�rthsh
(ìpwc gia par�deigma h ananewtik  mac sun�rthsh U ) kai orÐzetai apì ton
parak�tw tÔpo:

F̂ (λ) =

∫ ∞
0

e−λxdF (x)

  antÐstoiqa

û(λ) =

∫ ∞
0

e−λxdm(x).
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An h F èqei sun�rthsh puknìthtac pijanìthtac (σ.p.p.), tìte ì metasqhmati-
smìcLaplace eÐnai isodÔnamoc me ton metasqhmatismìLaplace Stieljes dhlad 
isqÔei:

f̂(λ) = F̂ (λ)

'Opwc èqoume anafèrei, h ananewtik  sun�rthsh isoÔtai me:

U(x) =
∞∑
k=0

F ?k(x)

Qrhsimopoi¸ntac to metasqhmatismì L S prokÔptei ìti

Û(λ) =

[
∞∑
k=0

F ?k(x)

]̂
(λ)

=
∞∑
k=0

[
F (k)

]̂
(λ)

=
∞∑
k=0

[
F̂ (λ)

]k
=

1

1− F̂ (λ)

an isqÔei
∣∣∣F̂ (λ)

∣∣∣ < 1 afoÔ to �jroisma sth proteleutaÐa gramm  eÐnai �-

jroisma gewmetrik c proìdou. Autì isqÔei gia k�je λ an h F eÐnai apìluta
suneq c.
•Metasqhmatismìc Laplace gia thn ananewtik  puknìthta (renewal density).
GnwrÐzoume ìti:

û(x) =
∞∑
k=1

f ?k(x)

⇒ û(λ) =
∞∑
k=1

[
f̂(λ)

]k
=

f̂(λ)

1− f̂(λ)
.
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Epomènwc h ananewtik  puknìthta upologÐzetai apì ton tÔpo:

û(x) =
f̂(λ)

1− f̂(λ)
(Bþ.1)

kai ètsi loipìn h ananewtik  sun�rthsh me th bo jeia thc ananewtik c pu-
knìthtac (Bþ.1) mporeÐ na upologisteÐ apì to tÔpo:

U(x) = 1 +

∫ x

0

u(t)dt.

Ed¸ U(x) eÐnai h (�gnwsth) ananewtik  sun�rthsh kai u(t) h ananewtik  pu-
knìthta. Sunep¸c, h seir� pou ja akolouj soume gia ton upologismì tou
metasqhmatismoÔ L S eÐnai h ex c:

f → f̂ → û→ u.

Sth sunèqeia ja upologÐsoume thn ananewtik  sun�rthsh ìtan oi endi�mesoi
qrìnoi akoloujoÔn thn ekjetik  katanom  qrhsimopoi¸ntac to metasqhmati-
smì Laplace.
•H sun�rthsh puknìthtac pijanìthtac thc ekjetik c katanom c ìpwc

gnwrÐzoume dÐnetai apì th sqèsh: f(x) = λe−λx, ∀x ≥ 0, tìte o metasqh-
matismìc L− S F̂ (λ) isoÔtai me:

F̂ (s) =

∫ ∞
0

e−sxdF (s) = f̂(s). (Bþ.2)

AfoÔ h F èqei σ.p.p. thn f isqÔei ìti F̂ (s) = f̂(s) kai epomènwc h (Bþ.2)
gÐnetai:

f̂(s) =

∫ ∞
0

e−tsλe−λsds

= λ

∫ ∞
0

e−s(t+λ)dx

= λ

[
−e
−s(λ+s)

λ+ s

]∞
0

= λ

[
− 1

λ+ s
· 1

e∞
+

1

λ+ s

]
⇒ f̂(s) =

λ

λ+ s
.
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GnwrÐzoume ìmwc ìti h ropogenn tria thc ekjetik c isoÔtai me :

MX(t) =
λ

λ− t

Epomènwc

f̂(t) = − λ

λ+ t
= MX(−t).

O metasqhmatismìc L S gia thn ananewtik  puknìthta isoÔtai me :

û(t) =

[
∞∑
k=1

f (k)

]
(̂λ)

=
f̂(λ)

1− f̂(λ)

=
λ
λ+t

1− λ
λ+t

=
λ
λ+t
t

λ+t

⇒ û(t) =
λ

t
.

Sth sunèqeia prèpei na upologÐsoume ton antÐstrofo metasqhmatismì L S
thc û(λ) dhlad  ton u(y). GnwrÐzoume ìti

û(λ) =

∫ ∞
0

e−λxdm(x)

Me th bo jeia tou upologistikoÔ progr�mmatoc Mathematica upologÐzoume
ton antÐstrofo metasqhmatismì Laplace pou isoÔtai me:

u(y) = λ
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Epomènwc h ananewtik  sun�rthsh isoÔtai me:

U(x) = 1 +

∫ x

0

u(y)dy

= 1 +

∫ x

0

λdy

= 1 + λx

⇒ U(x) = 1 + λx.
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Par�rthma Gþ

Sunoptik  Episkìphsh
JewrÐac Mètrou

'Ena polÔ meg�lo mèroc thc jewrÐac pou ja akolouj sei qrhsimopoi jhke apì
to biblÐo Measure Integral andProbability twn suggrafèwn M.Kapinsky
kaiE.Kopp (2004).
Metr simec Sunart seic
To pedÐo orismoÔ twn sunart sewn pou ja qrhsimopoi soume ja eÐnai su-
n jwc to R. Arqik� orÐzoume wc M ìla ta Lebesque metr sima uposÔnola
touR kai m to mètro Lebesque:M→ [0,∞]. P¸c proseggÐzoume ta oloklh-
r¸mata Lebesque? AntÐ na qwrÐsoume to pedÐo orismoÔ thc olokl rwshc se
mikr� komm�tia, diasp�me to pedÐo tim¸n thc sun�rthshc.UpologÐzoume to:

N∑
i=n

cnm(f−1(Jn)),

ìpou m to mètro Lebesque ìpwc dhl¸jhke anwtèrw.

Orismìc 6 'Estw ìti to E eÐnai lebesquemetr simo sÔnolo. Lème ìti mÐa
sun�rthsh f : E 7→ R eÐnai Lebesquemetr simh e�n gia k�je di�sth-
ma I ⊆ R

f−1(I) = {x ∈ E : f(x) ∈ I} ∈ M

93
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E�n ìla ta sÔnola f−1(I) ∈ B dhlad  eÐnai sÔnola Borel onom�zoume
thn f Borel metr simh   apl� Borel sun�rthsh.

?Oi suneqeÐc sunart seic eÐnai metr simec .To (a,+∞) eÐnai èna anoi-
qtì di�sthma kai ètsi f−1(a,+∞) eÐnai èna anoiqtì di�sthma epeid  gnwrÐ-
zoume ìti ìla ta anoiqt� sÔnola eÐnai metr sima. Sumperasmatik� loipìn ìpwc
faÐnetai kai sth sunèqeia h kl�sh twn metr simwn sunart sewn eÐnai polÔ
ploÔsia!

Je¸rhma 8 To sÔnolo twn pragmatik¸n metr simwn sunart sewn orismè-
nwn se èna sÔnolo E ∈M eÐnai ènac dianusmatikìc q¸roc kai kleistìc k�tw
apì ton pollaplasiamì dhlad  e�n f kai g eÐnai metr simec sunart seic tì-
te f + g, kai f · g eÐnai epÐshc metr simec. Sugkekrimèna e�n g eÐnai stajer 
sun�rthsh g ≡ c tìte c · f eÐnai metr simh gia ìlouc touc pragmatikoÔc c.

??Topologikì gegonìc
K�je anoiqtì sÔnolo ston R2 analÔetai se mÐa arijm simh ènwsh orjog¸-
niwn, se antÐstoiqh analogÐa me ta anoiqt� sÔnola ston R.

L mma 3 'Estw ìti F : R × R 7→ R eÐnai mÐa suneq c sun�rthsh.E�n
f και g eÐnai metr simec tìteh(x) = F (f(x), g(x)) eÐnai epÐshc metr simh.

Gia thn akìloujh prìtash ja qreiasteÐ na orÐsoume to jetikì mèroc (f+) kai
to arnhtikì mèroc (f−) mÐac metr simhc sun�rthshc. OrÐzoume loipìn wc:

f+(x) =

{
f(x), e�n f(x) > 0

0, e�n f(x) ≤ 0
(Gþ.1)

kai,

f−(x) =

{
0, e�n f(x) > 0

−f(x), e�n f(x) ≤ 0
(Gþ.2)

Prìtash 8 'Estw E èna metr simo uposÔnolo tou R.

1. f : E 7→ R eÐnai metr simh e�n kai mìno an kai oi f+ και f− eÐnai
metr simec.

2. E�n h f eÐnai metr simh, epÐshc kai h |f | eÐnai metr simh all� to antÐ-
strofo den isqÔei
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Je¸rhma 9 'Estw fn eÐnai mÐa akoloujÐa metr simwn sunart sewn orismè-
nec se èna sÔnoloE stoR, tìte oi akìloujec eÐnai metr simec sunart seic:

max
n≤k

fn, min
n≤k

fn, sup
n∈N

fn, inf
n∈N

fn, lim sup
n→∞

fn, lim inf
n→∞

fn

Sunèpeia: E�n mÐa akoloujÐa fn metr simwn sunart sewn sugklÐnei (shmeiak�)
tìte to ìrio eÐnai mÐa metr simh sun�rthsh.

Je¸rhma 10 'Estw f : E 7→ R eÐnai metr simh kaiE ∈ M, g : E 7→
R, ètsi ¸ste to sÔnolo {x : f(x) 6= g(x)} eÐnai mhdenikì, tìte h g eÐnai metr -
simh

Sunèpeia : 'Estw fn eÐnai mÐa akoloujÐa metr simwn sunart sewn kai
fn → f(x)sqedìn pantoÔ gia th x ∈ E tìte h f eÐnai metr simh.

?AfoÔ eÐmaste ikanoÐ na broÔme mÐa sun�rthsh f se mhdenikì sÔnolo qwrÐc
na all�xoume tic idiìthtec thc mètrhshc, o akìloujoc orismìc eÐnai qr simoc
na esti�zoume stic timèc thc f pou metr�ne pragmatik�gia th jewrÐa thc
olokl rwshc, prosdiorÐzontac ta ìria, èxw apì ta mhdenik� sÔnola.

sup{z : f ≥ z}

Prìtash 9 E�n f, g eÐnai metr simec sunart seic tìte:

ess sup f ≤ sup f,

ìpou orÐzoume ess sup f wc: {inf z : f ≤ z}
Pijanìthta:Sthn eidik  perÐptwsh twn q¸rwn pijanìthtac qrhsimopoioÔ-
me th fr�sh tuqaÐa metablht  antÐ metr simh sun�rthsh.Dhlad 
e�n (Ω, F , P ) eÐnai ènac q¸roc pijanìthtac, (q.p) tìteX : Ω 7→ R eÐnai mÐ-
a tuqaÐa metablht  (metr simh sun�rthsh) e�n gia ìla ta a ∈ R to sÔnolo
X−1([a,∞)) brÐsketai sthn F

{ω ∈ Ω : X(ω) ≥ a} ∈ F

??Sth perÐptwsh ìpou Ω = R kai F = B eÐnai h s- �lgebra twn Borel uposunìlwn
tou Ω oi tuqaÐec metablhtèc f : R 7→ R onom�zontai sunart seic Borel. Je-
wroÔme diaforetikèc s- �lgebrec pou perièqontai sthn F . JewroÔme loipìn
thn oikogèneia sunìlwn:

X−1(B) = {S ∈ F : S = X−1(B) gia k�poioB ∈ B}

eÐnai s-�lgebra.
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1. E�n h X paÐrnei dÔo timèc a 6= b tìte h FX perièqei 4 stoiqeÐa.
FX = {∅, Ω, X−1({a}), X−1({b})}

2. E�n to X paÐrnei peperasmènec to pl joc timèc h FX eÐnai peperasmènh.

•H ènnoia thc FX èqei thn ex c ermhneÐa:Oi timèc thc mètrhshcX eÐnai ì-
lec pou mporoÔme na parathr soume.Apì autèc exhgoÔme k�poia plhroforÐa
sto bajmì thc periplokìthtac tou tuqaÐou peir�matoc, dhlad  tou megèjouc
twn Ω και FX kai mporoÔme na ektim soume tic pijanìthtec twn sunìlwn
sthn FX me statistikèc mejìdouc.H paragìmenh s- �lgebra anaparist� to
mègejoc thc plhroforÐac pou èqei paraqjeÐ apì th tuqaÐa metablht .

Katanomèc Pijanìthtac:
Gia k�je suneq  t.m.X mporoÔme na par�goume èna mètro sth s- �lgebra twn
Borel sunìlwnB, jètontac

PX(B) = P (X−1(B))

ìpou h sun�rthsh aut  apoteleÐ th sun�rthsh puknìthtac pijanìthtac thc
t.m X.

Je¸rhma 11 H sunolosun�rthsh PX eÐnai arijm sima prosjetik .

?Katanom  pijanìthtac diakrit c tuqaÐac metablht c:

PX(B) =
∞∑
i=1

piδai(B)

AnexarthsÐa t.m:
Oi X, Y eÐnai anex�rthtec e�n oi s-�lgebrec pou genn¸ntai apì autèc eÐnai
anex�rthtec.Dhlad  gia k�je Borel sÔnola B,C ston R,

P (X−1(B) ∩ Y −1(C)) = P (X−1(B)) · P (Y −1(C))

Olokl rwma
Qrei�zìmaste to m na eÐnai èna mètro dhlad  mÐa arijm sima prosjetik  prag-
matik  sun�rthshm orismènh se mÐa s-�lgebra uposunìlwn enìc dosmènou
sunìlouΩ me m(∅) = 0 .

LÔsh tou probl matoc, pwc na oloklhr¸soume sunart seic ìpwc
1Q, pou paÐrnoume mìno peperasmènec to pl joc timèc, all� ta sÔnola
pou paÐrnoun tic timèc autèc den eÐnai san ta diast mata
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Orismìc 7 MÐa mh arnhtik  sun�rthsh ϕ : R 7→ R pou paÐrnei mìno
peperasmènec to pl joc timèc, dhlad  to sÔnolo tim¸n thcϕ eÐnai èna pepe-
rasmèno sÔnolo apì diakritoÔc mh- arnhtikoÔc pragmatikoÔc {a1, a2, · · · , an}
eÐnai mÐa apl  sun�rthsh (simple function) e�n ìla ta sÔnola:

Ai = ϕ−1({ai}) = {x : ϕ(x) = ai}, i = 1, 2, · · · , n

eÐnai metr sima sÔnola.AxÐzei na shmeiwjeÐ ìti ta sÔnola Ai ∈ M eÐnai an�
dÔo xèna kai h ènwsh touc eÐnai ìlo to R. 'Ara mporoÔme na gr�youme

ϕ(x) =
n∑
i=n

ai1Ai

kai sunep¸c k�je apl  sun�rthsh eÐnai metr simh.

Orismìc 8 To olokl rwma LebesquestoE ∈M thc apl c sun�rthshc
ϕ dÐnetai apì: ∫

E

ϕdm =
n∑
i=1

aim(Ai ∩ E)

?JewroÔme 0 · ∞ = 0

Par�deigma 15 'Estw h simple function 1Q pou paÐrnei th tim  1 sto
Q kai 0 sto R \Q. Apì ton anwtèrw orismì èqoume:∫

R
1Qdm = 1×m(Q) + 0×m(R \Q) = 0

epeid  to Q eÐnai mhdenikì sÔnolo. (H anwtèrw sun�rthsh den eÐqe olokl -
rwma Riemann.)

Orismìc 9 Gia k�je mh- arnhtik  metr simh sun�rthsh f kai E ∈ F to
olokl rwma

∫
E
fdm orÐzetai wc:∫

E

fdm = supY (E, f), oπoυ

Y (E, f) = {
∫
E

ϕdm : 0 ≤ ϕ ≤ f, ϕ ειναι απλη}
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To olokl rwma mporeÐ na eÐnai +∞ kai p�nta eÐnai mh arnhtikì. Xek�jara to
sÔnoloY (E, f), eÐnai p�nta tou tÔpou [0, x]   0, x ìpou h tim  x = +∞ epitrèpetai.

?E�n E = [a, b] gr�foume to olokl rwma wc:∫ b

a

fdm,  

∫ b

a

f(x)dm(x),  

∫ b

a

f(x)d(x),

Je¸rhma 12 'Estw ϕ, ψ eÐnai aplèc sunart seic tìte:

1. E�n ϕ ≤ ψ tìte
∫
E
ϕdm ≤

∫
E
ψdm.

2. E�n A,B eÐnai xènasÔnola sto M, tìte∫
A∪B

ϕdm =

∫
A

ϕdm+

∫
B

ϕdm.

3. Gia ìlec tic stajerèc, a > 0∫
E

αϕdm = α

∫
E

ϕdm

'Estw f kai g eÐnai mh arnhtikèc metr simec sunart seic:

1. E�n A ∈M kai f ≤ g sto A, tìte∫
A

fdm ≤
∫
A

gdm

2. E�n B ⊆ A, A, B ∈M kai tìte:∫
B

fdm ≤
∫
A

fdm

3. E�n α ≥ 0 ∫
A

αfdm = α

∫
A

fdm
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4. E�n A mhdenikì sÔnolo tìte:∫
A

fdm = 0

5. E�n A, B ∈M, A ∩B = ∅ tìte:∫
A∪B

fdm =

∫
A

fdm+

∫
B

fdm

Je¸rhma 13 'Estw h f eÐnai mÐa mh- arnhtik  metr simh sun�rthsh tìte
h f = 0 dhlad  an kai mìno an

∫
R fdm = 0.

Prìtash 10 E�n f kai g eÐnai metr simec sunart seic tìte f ≤ g⇒
∫
fdm ≤∫

gdm

Prìtash 11 H sun�rthsh f : R 7→ R eÐnai metr simh,e�n kai mìno
an kai oi dÔo sunart seic f+ kai f− eÐnai metr simec.

Je¸rhma 14 Monìtonhc SÔgklishc:
E�n {fn} eÐnai mÐa akoloujÐa mh arnhtik¸n metr simwn sunart sewn tìte
kai {fn(x) : n ≥ 1} aux�nei monìtona sto f(x)gia k�je x, dhlad  fn ↑
f shmeiak�, tìte

lim
n→∞

∫
E

fn(x)dm =

∫
E

fdm

Sunèpeia:
'Estw fn kai f eÐnai mh arnhtikèc kai metr simec. E�n fn aux�nei sthn f sqedìn
pantoÔ, tìte epÐshc èqoume

∫
E
fndm ↑

∫
E
fdmgia ìlo to metr simo E.

?Gia na efarmìsoume to je¸rhma thc monìtonhc sÔgklishc eÐnai bolikì
na proseggÐsoume me mh arnhtikèc metr simec sunart seic me aÔxousec ako-
loujÐec apl¸n sunart sewn.

Prìtash 12 Gia k�je mh arnhtik  metr simh sun�rthsh f ,up�rqei mÐa
akoloujÐa Sn apì mh arnhtikèc aplèc sunart seic ètsi ¸ste Sn ↑ f

Orismìc 10 E�n E ∈M kai h metr simh sun�rthsh f èqei kai ta dÔo∫
E
f+ dm kai

∫
E
f− dmpeperasmèna tìte lème ìti h f eÐnai oloklhr¸simh kai

orÐzoume
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E

fdm =

∫
E

f+dm −
∫
E

f−dm

?To sÔnolo ìlwn twn sunart sewn pou eÐnai oloklhr¸simec p�nw sto R dhl¸netai
me L1

??ParathroÔme ìti h f eÐnai oloklhr¸simh e�n kai mìno an |f | eÐnai oloklh-
r¸simh, kai ètsi: ∫

E

|f |dm =

∫
E

f+dm +

∫
E

f−dm

Efìson,
f = f+ − f−

kai
|f | = f+ + f−.

Prìtash 13 E�n h f kai g eÐnai oloklhr¸simec, f ≤ g, tìte
∫
fdm ≤

∫
gdm

Je¸rhma 15 Gia k�je oloklhr¸simec sun�rthseic f, g, to �jroism� touc
eÐnai epÐshc oloklhr¸simo kai∀E ∈ M :∫

E

(f + g)dm =

∫
E

fdm+

∫
E

gdm.

Prìtash 14 E�n h f eÐnai oloklhr¸simh kai c ∈ R tìte:∫
E

(c · f)dm = c

∫
E

fdm.

Je¸rhma 16 Gia k�je metr simo sÔnoloE, L1(E) eÐnai ènac dianusmatikìc
q¸roc.

Je¸rhma 17 E�n isqÔei
∫
A
f dm ≤

∫
A
g dmgia ìla ta A ∈ M tìte f ≤

gsqedìn pantoÔ.Sugkekrimèna, e�n
∫
A
f dm =

∫
A
g dmgia ìla ta A ∈

M, tìte
f = g sqedìn pantoÔ.

Prìtash 15 Idiìthtec

1. MÐa oloklhr¸simh sun�rthsh eÐnai sqedìn pantoÔpeperasmènh.
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2. Gia metr sima f kaiA,

m(A) inf
A
f(x) ≤

∫
A

f dm ≤ m(A) sup
A
f(x).

3. |
∫
f dm| ≤

∫
|f | dm.

4. 'Estw f ≥ 0 kai
∫
f dm = 0 tìte f = 0sqedìn pantoÔ.

?Pìte isqÔei autì?
∫
fn dm =

∫
(lim fn) dm?

H olokl rwsh eÐnai mÐa oriak  diadikasÐa. To je¸rhma thc kuriarqhmè-
nhc sÔgklishc mac parèqei thn ap�nthsh, ìti autì to sumpèrasma isqÔei gia
gnhsÐwc aÔxousec akoloujÐec mh arnhtik¸n metr simwn su-
nart sewn (e�n up�rqoun ta ìria.)

Je¸rhma 18 Kuriarqhmènhc SÔgklishc (DominatedConvergence)
Upojètoume ìti E ∈ M. 'Estw fn eÐnai mÐa akoloujÐa metr simwn sunart -
sewn ètsi ¸ste: |fn| ≤ g sqedìn pantoÔ stoE gia ìla ta n ≥ 1, ìpou g eÐnai
oloklhr¸simh stoE. E�n f = limn→∞ fn sqedìn pantoÔ, tìte h f eÐnai olo-
klhr¸simh stoE kai

lim
n→∞

∫
E

fn(x) dm =

∫
E

f dm

Prìtash 16 Gia mÐa akoloujÐa mh arnhtik¸n metr simwn sunart sewn
fn, èqoume: ∫ ∞∑

n=1

fn dm =
∞∑
n=1

∫
fn dm.

Je¸rhma 19 'Estw ìti
∑∞

k=1

∫
|fk| dm eÐnai peperasmèno tìte kai h seir�∑∞

k=1 fk(x)sugklÐneigia toul�qiston ìla ta x to �jroisma thc eÐnai olo-
klhr¸simo kai: ∫ ∞∑

k=1

fk dm =
∞∑
k=1

∫
fk dm.

Prìtash 17 Sqèsh me to Olokl rwmaRiemann
E�n f : [a, b] 7→ R eÐnai suneq c tìte h f eÐnai oloklhr¸simh kai h sun�rth-
shF pou orÐzetai:
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F (x) =

∫ b

a

f(x) dx.

eÐnai oloklhr¸simh gia x ∈ (a, b) me par�gwgoF ′ = f .

Je¸rhma 20 'Estw f : [a, b] 7→ R eÐnai fragmènh

1. H f eÐnai oloklhr¸simh kat� Riemann e�n kai mìno an h f eÐnai sune-
q c se sqèshme to mètroLebesquesto [a, b]

2. Oi oloklhr¸simec Riemannsunart seic sto [a, b] eÐnai oloklhr¸simec
se sqèsh me to mètro Lebesquesto [a, b] kai ta oloklhr¸mata eÐnai
ta Ðdia.

Je¸rhma 21 E�n f ≥ 0 kai to �nw Riemann olokl rwma up�rqei, tìte to
olokl rwma Lebesque

∫
R f dmp�nta up�rqei kai isoÔtai me to improper integral

?ProseggÐzontac tic metr simec sunart seic.

Je¸rhma 22 E�n h f eÐnai fragmènh metr simh sun�rthsh sto di�sth-
ma [a, b], tìte dojèntoc ε > 0, up�rqeimÐa klimakwt  sun�rthshh
(stepfunction) ètsi ¸ste: ∫ b

a

|f − h| < ε.

Je¸rhma 23 DojeÐshc mÐac sun�rthshc f ∈ L1 kai ε > 0, mporoÔme na
broÔme mÐa suneq sun�rthsh g, pou mhdenÐzetai èxw apì k�poio peperasmè-
no di�sthma ètsi ¸ste: ∫

|f − g| dm < ε.

Je¸rhma 24 'Estw PX =
∑

i piPi ìpou ta Pi eÐnai mètra pijanìthtac,∑
pi = 1, pi ≥ 0 tìte:∫

g(x) dPX(x) =
∑

pi

∫
g(x) dPi(x).

ApolÔtwc suneq  mètra
Ta mètra P tou tÔpou:

A 7→ P (A) =

∫
A

f dm
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onom�zontai apolÔtwc suneq .
Ajroistik  sun�rthsh

F (y) =

∫ y

−∞
f(x) dx

?Sth sunèqeia ja orÐsoume thn ajroistik  sun�rthsh katanom c mÐac tuqaÐac
metablht cX : Ω 7→ Rse èna q¸ro pijanìthtac (Ω,M, P ).

FX(y) = P ({ω : X(ω ≤ y)}) = PX((−∞, y)).

Prìtash 18 Idiìthtec

1. H FX eÐnai mh- fjÐnousa. ('Estw y1 ≤ y2 ⇒ FX(y1) ≤ FX(y2) )

2.
lim

y→+∞
FX(y) = 1, lim

y→−∞
FX(y) = 0

3. FX eÐnai dexi� suneq c (èstw y → y0, y ≥ y0 e�n

PX({y}) = 0

gia ìla ta y.

Je¸rhma 25 E�n mÐa sun�rthsh F : R 7→ [0, 1] ikanopoieÐ tic sunj kec (1-
3) thc prìtashc 18 tìte orÐzei mÐa t.m sto q¸ro pijanìthtac. ([0, 1],B,m[0, 1]),
X : [0, 1] 7→ R ètsi ¸ste F = FX .

Mèjodoc gia na upologÐzoume oloklhr¸mata sqetik� me apìluta sune-
qeÐc sunart seic katanom¸n.

Je¸rhma 26 E�n PX eÐnai orismènh ston Rn eÐnai apolÔtwc suneq c me
puknìthta fX , g : Rn 7→ R eÐnai oloklhr¸simh sto PX , tìte:∫

Rn

g(x) dPX =

∫
Rn

fX(x) g(x) dx.

Sunèpeia: 'Eqoume loipìn.∫
Ω

g(x) dPX =

∫
Rn

fX(x) g(x) dx.
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Je¸rhma 27 'Estw g : R 7→ R eÐnai aÔxousa kai paragwgÐsimh (sunep¸c kai
antistrèyimh), tìte:

fg(X)(y) = fX(g−1(y))
d

dy
g−1(y).

?AntÐstoiqa kai ìtan h g eÐnai fjÐnousa.
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Mèsh Tim  mÐac tuqaÐac metablht c:
E�n h X eÐnai t.m orismènh se èna q¸ro pijanìthtac (Ω, F , P ), tìte:

E(X) =

∫
Ω

X dP.

E(X) =

∫ +∞

−∞
x dPX(x).

kai gia thn apìluth sunèqeia isqÔei:

E(X) =

∫ +∞

−∞
x fX dx.

Qarakthristikèc Sunart seic:
'Estw Z = X + iY ìpou X, Y pragmatikèc t.m.∫

Z dP =

∫
X dP + i

∫
Y dP.

? IsqÔei èna shmantikì apotèlesma:∣∣∣∣∫ Z dP

∣∣∣∣ ≤ ∫ |Z| dP.
Orismìc 11 Gia mÐa t.m.X gr�foume:

ϕX(t) = E(eitx) για t ∈ R.

?Gia na upologÐsoume thn ϕX eÐnai anagkaÐo na gnwrÐzoume th katanom  thc
t.m. X,

ϕX(t) =

∫
eitx fX(t) dx.

Je¸rhma 28 H sun�rthshϕX ikanopoieÐ:

1. ϕX(0) = 1,
|ϕX(t)| ≤ 1.

2. ϕaX+b(t) = eitb ϕX(at).
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Par�rthma Dþ

Prìgramma sto Mathematica

To parak�tw prìgramma sto Mathematica upologÐzei th sundiakÔmansh kai
susqètish twn A(t), B(t) arqik� sth qronik� exarthmènh perÐptwsh sÔmfwna
me th sqèsh (4.14) kai en suneqeÐa paÐrnontac to ìrio gia t→∞ gia th sta-
jer  kat�stash. Sto par�deigma èqoun qrhsimopoihjeÐ oi timèc r = 3 kaiλ =
3 gia tic paramètrouc thc katanom c G�mma.

1. Arqik� gia th sun�rthsh sundiakÔmanshc, to prìgramma eÐnai to ex c:
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2. Gia th sun�rthsh susqètishc, to prìgramma eÐnai to ex c:
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