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EuqaristÐec

Ja ăjela na euqaristăsw polÔ touc goneÐc mou pou mou stĹjhkan kai me boăjhsan ìqi

mìno me thn Diplwmatikă ergasÐa, allĹ kai ìla autĹ ta qrìnia pou spoudĹzw sto Pane-

pistămio Peiraiÿc. H stărixă touc kai h agĹph touc mou èdinan dÔnamh na proqwrĹw kai

na xepernĹw ìti me stenaqwroÔse kai me apogoăteue. EpÐshc jèlw na euqaristăsw touc

kontinoÔc mou anjrÿpouc pou èdeixan upomonă tic mèrec pou ămoun makriĹ touc. Tic jermèc

mou euqaristÐec ja ăjela na dÿsw ston epiblèponta kajhghtă mou k. K. PolÐth gia thn

polÔtimh boăjeia kai tic sumboulèc pou mou èdine. EÐnai ènac Ĺnjrwpoc pou me èkane na

aisjĹnomai Ĺneta kai na niÿjw dhmiourgikìc kajflolh th diĹrkeia suggrafăc thc paroÔsac

ergasÐac. EÐnai timă mou pou sunergastăkame kai ja eÐnai polÔ megĹlh qarĹ gia mèna na

sunergastoÔme xanĹ sto mèllon. Tèloc jèlw na euqaristăsw kai ta upìloipa mèlh thc

trimeloÔc epitropăc k. M. KoÔtra kai k. M. MpoÔtsika, ìqi mìno gia thn epÐbleyh thc

Diplwmatikăc ergasÐac allĹ kai gia th boăjeiĹ touc ta qrìnia pou spoÔdaza sto tmăma

Statistikăc kai Asfalistikăc Epistămhc tou PanepisthmÐou Peiraiÿc.

Dhmătrhc M. MalaxianĹkhc
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PerÐlhyh

MÐa eidikă perÐptwsh thc sunĹrthshc twn Gerber kai Shiu sto klasikì montèlo thc

jewrÐac kindÔnwn eÐnai o metasqhmatismìc Laplace tou qrìnou qreokopÐac, T , sto montèlo.

MÐa basikă idiìthta thc parapĹnw sunĹrthshc eÐnai ìti, ìpwc kai h pijanìthta qreokopÐac,

apoteleÐ thn ourĹ miac sÔnjethc gewmetrikăc katanomăc. Sthn paroÔsa ergasÐa meletĹme,

tìso apì jewrhtikă Ĺpoyh, allĹ kai empeirikĹ me th qrăsh arijmhtikÿn paradeigmĹtwn,

diĹforec proseggÐseic gia thn parapĹnw sunĹrthsh. ParadeÐgmata tètoiwn proseggÐsewn,

pou èqoun qrhsimopoihjeÐ gia thn pijanìthta qreokopÐac, eÐnai h prosèggish tou Tijms

kai h prosèggish tou DeV ylder. EpÐshc kĹnoume qrăsh kai dÔo nèwn proseggÐsewn,

thn idèa twn opoÐwn analÔoume diexodikĹ, kai sth sunèqeia sugkrÐnoume autèc tic nèec

proseggÐseic me tic Ĺllec dÔo pou anafèrame parapĹnw. ’Etsi mporoÔme na exetĹsoume

eĹn oi nèec proseggÐseic eÐnai kalÔterec kai an nai, se poiec periptÿseic. Gia na mporoÔn

na qrhsimopoihjoÔn oi proseggÐseic autèc, apaiteÐtai epÐshc o upologismìc twn ropÿn tou

qrìnou qreokopÐac, o opoÐoc gÐnetai sunăjwc bĹsei anadromikÿn tÔpwn. KatĹ sunèpeia,

mac endiafèrei na meletăsoume thn sumperiforĹ twn ropÿn tou qrìnou qreokopÐac gia

diĹforec periptÿseic kai mèsw twn ropÿn autÿn na doÔme to pìso kalĹ leitourgoÔn oi

nèec proseggÐseic gia ìlec autèc tic periptÿseic thc katanomăc twn apozhmiÿsewn.
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Abstract

A special case of the Gerber and Shiu function in the classical model of risk theory is

the Laplace transform at the time of ruin, T, in the model. A basic characteristic of the

above function is that it can be expressed as the tail of a compound geometric distribution.

The present thesis studies several approximations for the above function, in a theoretical

as well as an empirical basis with the use of numerical examples. Examples of such

approximations, which have been used for the probability of ruin, are Tijms and DeVylder

approximations. Furthermore, we propose two new approximations and we explain in

detail their use in the present context. These two new approximations are compared

with the ones referred to above. Thus, we study in which cases the new approximations

perform better than the existing ones. For the use of these approximations, the calculation

of the moments of time of ruin is required. This calculation is usually based on recursive

relations. Consequently we study the behaviour of the moments of the time to ruin in

order to examine the performance of the new approximations in various cases. For the

claim-size distribution in the model.
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KefĹlaio 0

Eisagwgă

’Opwc ìloi gnwrÐzoume o skopìc thc Ôparxhc miac asfalistikăc etaireÐac eÐnai na analam-

bĹnei na fèrnei eic pèrac kĹpoiouc kindÔnouc me antĹllagma kĹpoio qrhmatikì posì pou

onomĹzetai asfĹlistro. ’Etsi me autĹ ta posĹ pou sugkentrÿnei h etaireÐa, mèsa se kĹpoio

qronikì diĹsthma, prospajeÐ na kalÔyei tic zhmièc pou mporeÐ na prokÔyoun apì autoÔc

touc kindÔnouc. H kĹje asfalistikă etaireÐa èqei sth diĹjesă thc èna apojematikì to

opoÐo to qreiĹzetai an epèljei kĹpoia polÔ megĹlh zhmiĹ. Epomènwc armodiìthta thc etai-

reÐac eÐnai na elègqei an autì to apojematikì eÐnai eparkèc gia na kalÔyei tètoiou eÐdouc

zhmièc kajÿc kai na prospajeÐ me thn efarmogă kĹpoiwn montèlwn na breÐ èstw katĹ pro-

sèggish poia eÐnai h pijanìthta na gÐnei to pleìnasma thc etaireÐac arnhtikì. Gia na mporeÐ

na brejeÐ aută h pijanìthta, ja prèpei na gÐnetai mÐa taxinìmhsh twn qartofulakÐwn pou

èqei sth diĹjesă thc h etaireÐa anĹloga me to ti perÐpou katanomă akoloujeÐ to mègejoc

thc zhmiĹc twn apozhmiÿsewn. Bèbaia sthn prĹxh autì eÐnai arketĹ dÔskolo kajÿc den

xèroume pollèc forèc aută thn katanomă kai stic perissìterec periptÿseic jewroÔme gia

dieukìlunsh stouc upologismoÔc kĹpoia katanomă me elafriĹ ourĹ, kĹti pou sthn pragma-

tikìthta den eÐnai tìso realistikì. ’Ola autĹ apoteloÔn kommĹti thc JewrÐac QreokopÐac

pou eÐnai ènac klĹdoc thc JewrÐac KindÔnou. ’Otan edÿ milĹme gia qreokopÐa, dhladă mÐa

etaireÐa na èqei èlleimma, den ennooÔme qreokopÐa thc etaireÐac me thn kuriolektikă ènnoia,

kajÿc mporeÐ na kalufjeÐ to sugkekrimèno èlleimma mèsw Ĺllwn qartofulakÐwn, anta-

sfĹlishc ă perissìtero kerdofìrwn ependÔsewn. Sthn ergasÐa pou meletĹme parakĹtw

asqoloÔmaste me to klasikì montèlo thc jewrÐac qreokopÐac ìpou ekeÐ oi qrìnoi anĹmesa

se dÔo zhmièc akoloujeÐ pĹnta ekjetikă katanomă, en antijèsei me to ananewtikì montèlo

to opoÐo eÐnai duskolìtero kajÿc autoÐ oi qrìnoi mporoÔn na akoloujoÔn opoiadăpote

katanomă, lìgw tou gegonìtoc ìti ìtan sumbaÐnei mÐa zhmiĹ tìte h diadikasÐa ananeÿnetai.

PolÔ shmantikèc posìthtec sth jewrÐa qrokopÐac me tic opoÐec ja asqolhjoÔme edÿ, eÐnai

h pijanìthta qreokopÐac pou anafèrame parapĹnw kajÿc kai o metasqhmatismìc Laplace

tou qrìnou qreokopÐac. Oi sugkekrimènec posìthtec prokÔptoun polÔ eÔkola wc eidikèc

periptÿseic mÐac sunĹrthshc pou eisăgagan to 1998 oi Gerber kai Shiu. H sugkekrimènh
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sunĹrthsh èqei megĹlo endiafèron kajÿc mèsa apì aută eÐnai dunată h eÔresh pĹra pol-

lÿn posotătwn pou eÐnai polÔ shmantikèc gia mÐa asfalistikă etaireÐa allĹ kai gia thn

anĹptuxh thc jewrÐac genikìtera. Ta teleutaÐa qrìnia pĹra polloÐ melethtèc douleÔoun

pĹnw sthn arqikă suanĹrthsh me skopì na broun kĹpoiec kainoÔriec posìthtec kai apote-

lèsmata me megĹlo endiafèron. Genikìteroc skopìc thc paroÔsac ergasÐac eÐnai h eÔresh

tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac gia diĹfora arijmhtikĹ paradeÐgma-

ta, ìpou oi apozhmiÿseic akoloujoÔn kĹpoiec gnwstèc katatanomèc, kai sth sunèqeia h

eÔresh kĹpoiwn proseggÐsewn gia aută thn posìthta pou eÐnai ădh gnwstèc, gia thn efar-

mogă touc ìmwc sthn pijanìthta qreokopÐac. ’Opwc katalabaÐnoume eÐnai polÔ shmantikì

na broÔme mÐa polÔ kală prosèggish kajÿc ètsi h etaireÐa mporeÐ na problèpei me megalÔ-

terh akrÐbeia tic timèc pou paÐrnei o metasqhmatismìc Laplace tou qrìnou qreokopÐac, gia

opoiadăpote timă apojematikoÔ dialègei h etaireÐa. Tèloc jèloume na kataskeuĹsoume kĹ-

poiec kainoÔriec proseggÐseic me th boăjeia twn ropÿn tou qrìnou qreokopÐac, tic opoÐec

jèloume na sugkrÐnoume me tic prohgoÔmenec proseggÐseic kai sth sunèqeia na elègxoume

to poia apì ìlec eÐnai kalÔterh gia tic timèc tou apojematikoÔ pou kratĹei h kĹje etaireÐa.

’Olec autèc oi posìthtec dÐnontai analutkĹ katĹ th diĹrkeia thc ergasÐac me tètoio trìpo,

ÿste na gÐnontai katanohtèc ìqi mìno stouc kajhghghtèc mou allĹ kai stouc anjrÿpouc

pou kĹpoia mèra mporeÐ na diabĹsoun thn ergasÐa mou.

Domă thc Diplwmatikăc ergasÐac

H domă pou akoloujoÔme sthn paroÔsa ergasÐa eÐnai h exăc:

Sto KefĹlaio 1 dÐnoume kĹpoiec basikèc ènnoiec pou emfanÐzontai sth jewrÐa qreokopÐac

kai oi opoÐec ja bohjăsoun touc anagnÿstec na mpoun sto klÐma thc ergasÐac kajÿc kai

kĹpoiec posìthtec oi opoÐec den eÐnai kommĹti thc jewrÐac qreokopÐac, allĹ eÐnai aparaÐ-

thtec gia na mporèsoume na proqwrăsoume kai na anaptÔxoume kĹpoiec Ĺllec posìthtec.

’Etsi jumÐzoume to pÿc orÐzontai autèc oi posìthtec. Sth sunèqeia dÐnoume th sunĹrth-

sh twn Gerber & Shiu kai estiazìmaste stic eidikèc periptÿseic thc pou mac dÐnoun

kĹpoiec posìthtec polÔ shmantikèc ìpwc eÐnai h pijanìthta qreokopÐac kai o metasqhma-

tismìc Laplace tou qrìnou qreokopÐac. ’Etsi brÐskontac analutikoÔc tÔpouc gia autèc

tic posìthtec, mporoÔme na proqwrăsoume sthn efarmogă arijmhtikÿn paradeigmĹtwn.

Sto KefĹlaio 2 dÐnoume thn idèa kai tic sqèseic pou isqÔoun gia tic proseggÐseic

DeV ylder kai Tijms antÐstoiqa. Oi sugkekrimènec proseggÐseic eÐnai polÔ gnwstèc sth

jewrÐa qreokopÐac gia thn efarmogă touc sthn prosèggish thc pijanìthtac qreokopÐac.

EmĹc stìqoc mac eÐnai na efarmìsoume tic sugkekrimènec proseggÐseic gia ton metasqh-

matismì Laplace tou qrìnou qreokopÐac, kĹti pou faÐnetai arketĹ dÔskolo kajÿc emeÐc

gnwrÐzoume mìno ìti proseggÐzoun thn pijanìthta qreokopÐac. KĹti tètoio ìmwc den mac

2



apasqoleÐ kajìlou kajÿc dÐnoume analutikĹ ton trìpo me ton opoÐo mporoÔme na proseggÐ-

soume thn posìthta pou mac endiafèrei. Tèloc autèc tic proseggÐseic tic qrhsimopoioÔme

sthn efarmogă dÔo arijmhtikÿn paradeigmĹtwn, ìpou oi apozhmiÿseic akoloujoÔn dÔo

diaforetikèc katanomèc, kai mèsw diaforetikÿn timÿn kĹpoiwn paramètrwn pou analÔoume

sto prÿto kefĹlaio, prospajoÔme na doÔme to katĹ pìso kalĹ proseggÐzoun tic pragma-

tikèc timèc tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac.

Sto KefĹlaio 3 dÐnoume kĹpoiec sqèseic pou isqÔoun gia tic ropèc miac sÔnjethc tuqaÐ-

ac metablhtăc, oi opoÐec eÐnai polÔ qrăsimec gia to tètarto kefĹlaio, kai sth sunèqeia

dÐnoume to pwc orÐzontai oi ropèc tou qrìnou qreokopÐac kajÿc kai kĹpoiec sqèseic pou

isqÔoun gia thn eÔresh twn ropÿn. Skopìc tou kefalaÐou eÐnai na upologÐsoume tic ropèc

tou qrìnou qreokopÐac gia ta arijmhtikĹ paradeÐgmata pou qrhsimopoiăsame sto deÔtero

kefĹlaio, afoÔ prÿta broÔme thn pijanìthta qreokopÐac, kai na doÔme to pwc sumperifè-

rontai oi sugkekrimènec ropèc gia diĹforec timèc twn paramètrwn pou èqoume upojèsei.

Tèloc to sugkekrimèno kefĹlaio eÐnai h eisagwgă gia to tètarto kefĹlaio ìpou ekeÐ ja

mac qreiastoÔn oi ropèc tou qrìnou qreokopÐac pou èqoume upologÐsei edÿ. EpÐshc ana-

fèroume ìti sto tèloc thc ergasÐac, se parĹrthma, dÐnontai akìma dÔo paradeÐgmata gia

tic ropèc tou qrìnou qreokopÐac.

Sto KefĹlaio 4 dhmiourgoÔme dÔo nèec proseggÐseic gia ton metasqhmatismì Laplace

tou qrìnou qreokopÐac. H mejodologÐa kai kĹpoia prÿta paradeÐgmata dÐnontai analuti-

kĹ sto sugkekrimèno kefĹlaio. Basikì gia na upologistoÔn oi nèec proseggÐseic eÐnai h

eÔresh thc prÿthc kai deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac kajÿc kai h

gnÿsh twn sqèsewn gia tic ropèc miac sÔnjethc t.m, pou dÐnontai sto trÐto kefĹlaio. Sth

sunèqeia efarmìzoume tic dÔo nèec proseggÐseic sta arijmhtikĹ paradeÐgmata pou părame

kai prin, gia na doÔme katĹ pìso kalĹ leitourgoÔn oi sugkekrimènec proseggÐseic ìqi mìno

ìson aforĹ to pìso kontĹ eÐnai me timèc thc paragmatikăc sunĹrthshc, allĹ kai se sqèsh

me tic proseggÐseic DeV ylder kai Tijms. Oi tÔpoi kai oi timèc twn nèwn proseggÐsewn

dÐnontai analutikĹ se kĹje parĹdeigma kai me thn efarmogă diĹforwn mejìdwn sugkrÐnoume

tic proseggÐseic pou èqoume anafèrei èwc tÿra, metaxÔ touc.

Tèloc sto KefĹlaio 5 dÐnoume dÔo epiplèon arijmhtikĹ paradeÐgmata, antÐstoiqa me autĹ

pou upĹrqoun sta parartămata gia thn eÔresh twn ropÿn tou qrìnou qreokopÐac, ìpou

se autĹ upojètoume ìti oi zhmièc akoloujoÔn poluplokìterec katanomèc se sqèsh me ta

prohgoÔmena paradeÐgmata. H dhmiourgÐa autÿn twn paradeigmĹtwn gÐnetai me skopì thn

efarmogă twn dÔo nèwn proseggÐsewn kajÿc kai thc prosèggishc Tijms, gia na doÔme to

pÿc sumperifèrontai kai se Ĺllec periptÿseic. H efarmogă twn proseggÐsewn se pollĹ

paradeÐgmata kai gia diaforetikèc timèc twn paramètrwn, mac dÐnei thn eukairÐa na odh-
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ghjoÔme se kĹpoia endiafèronta sumperĹsmata ìson aforĹ th dhmiourgÐa twn dÔo nèwn

proseggÐsewn.

PolÔ shmantikă posìthta sth jewrÐa qreokopÐac eÐnai o desmeumènoc qrìnoc qreokopÐac

kai sugkekrimèna h katanomă pou akoloujeÐ. To sugkekrimèno eÐnai èna polÔ dÔskolo prì-

blhma allĹ me polÔ endiafèron, kajÿc den upĹrqoun analutikoÐ tÔpoi gia thn eÔresh thc

katanomăc stic perissìterec periptÿseic. Epomènwc mÐa lÔsh gia autì to prìblhma eÐnai

h eÔresh kĹpoiwn mejìdwn pou na proseggÐzoun ìso kalÔtera gÐnetai aută thn katanomă.

Sth bibliografÐa upĹrqoun arketèc tètoiec proseggÐseic pou mporoÔn na qrhsimopoihjoÔn

gia autì to skopì. Endiafèron ìmwc ja ătane h dhmiourgÐa mÐac nèac prosèggishc gia thn

katanomă tou desmeumènou qrìnou qreokopÐac, h opoÐa mporeÐ metĹ apì kĹpoia skèyh na

prokÔyei mèsw twn proseggÐsewn pou eisagĹgame sto tètarto kefĹlaio. ’Ara aută h dia-

dikasÐa ja mporoÔse na efarmosteÐ kai na apoteleÐ th sunèqeia autăc thc diplwmatikăc

ergasÐac.
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KefĹlaio 1

Eisagwgă sth JewrÐa QreokopÐac.

Sto prÿto kefĹlaio thc ergasÐac dÐnoume kĹpoiec basikèc ènnoiec pou isqÔoun sto klasikì

kai ananewtikì montèlo thc JewrÐac QreokopÐac kajÿc orÐzoume kai kĹpoiec posìthtec,

mìno gia to klasikì montèlo, oi opoÐec eÐnai polÔ basikèc kai qrhsimopoioÔntai gia ton

upologismì dÔo polÔ shmantikÿn posotătwn, ìpwc eÐnai h pijanìthta qreokopÐac kai o

metasqhmatismìc Laplace tou qrìnou qreokopÐac. ’Etsi afoÔ deÐxoume analutikĹ to ti

ekfrĹzoun ìlec autèc oi posìthtec, stìqoc mac eÐnai na mporoÔme na upologÐsoume, gia

diĹforec periptÿseic, ton metasqhmatismì Laplace tou qrìnou qreokopÐac me ton opoÐo

ja asqolhjoÔme se ìlh thn ergasÐa.

1.1 To klasikì montèlo thc JewrÐac KindÔnou

Sth jewrÐa qreokopÐac stìqoc mac eÐnai na exetĹsoume kai na analÔsoume tic sunolikèc

apozhmiÿseic, apì èna qartofulĹkio, ìpwc autèc katagrĹfontai sto qrìno. Oi sunoli-

kèc apozhmiÿseic sumbolÐzontai me S(t) kai ekfrĹzontai mèsw miac stoqastikăc anèlixhc

{S(t) : t ≥ 0}. EpÐshc gia kĹje qronikă stigmă t, jewroÔme mia tuqaÐa metablhtă(t.m)
N(t) pou dhlÿnei to plăjoc twn apaităsewn proc thn asfalistikă etaireÐa sto qronikì

diĹsthma [0, t]. ’Etsi, h oikogèneia t.m {N(t) : t ≥ 0} eÐnai mia stoqastikă anèlixh. KatĹ
sunèpeia, blèpoume ìti oi sunolikèc apozhmiÿseic sto diĹsthma [0, t] eÐnai

S(t) =


∑N(t)

i=1 Xi, N(t) ≥ 1

0, N(t) = 0

ìpou Xi eÐnai jetikèc, anexĹrthtec kai isìnomec tuqaÐec metablhtèc, me koină sunĹrthsh

katanomăc F , pou dhlÿnoun to Ôyoc thc zhmiĹc apì thn i-apaÐthsh.

Sth sunèqeia eisĹgoume mÐa sunĹrthsh P (t) h opoÐa ekfrĹzei ta sunolikĹ asfĹlistra pou

èqei wc èsoda h asfalistikă etaireÐa sto qronikì diĹsthma [0, t]. H sunĹrthsh P (t) eÐnai
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mÐa aÔxousa nteterministikă sunĹrthsh kai ìqi mÐa stoqastikă diadikasÐa. EpÐshc upojè-

toume ìti gia kĹje qartofulĹkio upĹrqei èna arqikì apojematikì, èstw ìti to sumbolÐzou-

me me u, to opoÐo to qreiazìmaste gia na kalÔyei h asfalistikă etaireÐa thn pijanìthta

na èrjei mia megĹlh zhmiĹ (apozhmÐwsh) sthn arqă thc Ôparxhc tou qartofulakÐou. Me

thn boăjeia twn parapĹnw sqèsewn kai ennoiÿn, orÐzoume thn posìthta me to megalÔtero

endiafèron sth JewrÐa Qreokopiac h opoÐa eÐnai h pijanìthta qreokopÐac, dhladă

h pijanìthta to pleìnasma thc asfalistikăc etaireÐac na gÐnei kĹpoia stigmă arnhtikì.

To apojematikì ă pleìnasma sumbolÐzetai me U(t), ekfrĹzetai mèsw miac stoqastikăc

anèlixhc {U(t) : t ≥ 0} kai orÐzetai ∀ t ≥ 0 apì th sqèsh

U(t) = u+ P (t)− S(t),

ìpou gia t = 0, U(0) = u eÐnai to arqikì apojematikì to opoÐo orÐzetai apì thn kĹje

asfalistikă etaireÐa.

An isqÔoun oi parakĹtw upojèseic:

i) P (t) = c t, c ≥ 0, t ≥ 0 dhladă P (t) na eÐnai mia grammikă sunĹrthsh tou qrìnou.

ii) Oi tuqaÐec metablhtèc Xi pou ekfrĹzoun to mègejoc twn apozhmiÿsewn, eÐnai anexĹr-

thtec kai isìnomec kai eÐnai epÐshc anexĹrthtec apì ton arijmì twn apozhmiÿsewn,

se èna diĹsthma, N(t).

iii) H {N(t) : t ≥ 0} eÐnai mia anèlixh Poisson, ètsi ÿste h anèlixh {S(t) : t ≥ 0} na eÐnai
mia sÔnjeth anèlixh Poisson,

tìte milĹme gia to klasikì montèlo thc JewrÐac KindÔnou ă alliÿc montèlo twn

Cramér-Lundberg.

Sto parakĹtw Sqăma 1.1, paristĹnetai grafikĹ h anèlixh pleonĹsmatoc U(t). Anafè-

roume ìti oi parĹllhlec mple grammèc, oi opoÐec èqoun klÐsh c, ekfrĹzoun thn aÔxhsh

tou pleonĹsmatoc lìgw thc eisroăc asfalÐstrwn kai oi kĹjetec diakekommènec grammèc

ekfrĹzoun to Ôyoc twn apozhmiÿsewn. EpÐshc faÐnetai kai h qronikă stigmă sthn opoÐa

to pleìnasma gÐnetai gia prÿth forĹ arnhtikì, dhladă h stigmă katĹ thn opoÐa epèrqetai

qreokopÐa.
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t

UHtL

Sqăma 1.1: Anèlixh pleonĹsmatoc sto qrìno.

Sto klasikì montèlo èqoume ìti N(t) ∼ Poisson(λt), ìpou λ > 0 eÐnai h èntash thc

anèlixhc Poisson dhladă ekfrĹzei ton mèso arijmì apaităsewn sthn monĹda tou qrìnou.

OrÐzoume wc Yi thn stigmă èleushc thc i-apaÐthshc kai wc Ti ton endiĹmeso qrìno

metaxÔ thc èleushc dÔo apaităsewn. ’Eqoume dhladă ìti

Yi = min{t : N(t) = i},

kai isqÔoun ta exăc:

T1 = Y1,

Tj = Yj − Yj−1, j = 2, 3, . . .

EÐnai gnwstì ìti epeidă h anèlixh Poisson èqei thn amnămona idiìthta, isqÔei ìti oi en-

diĹmesoi qrìnoi eÐnai anexĹrthtec kai isìnomec tuqaÐec metablhtèc pou akoloujoÔn thn

Ekjetikă katanomă me parĹmetro, thn èntash thc anèlixhc Poisson, λ. ProkÔptei dhladă

ìti

fTi
(t) = λe−λt, t > 0

me E(Ti) =
1

λ
kai V ar(Ti) =

1

λ2
.
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Me bĹsh ton tÔpo
1 (blèpe KefĹlaio 3)

E[S(t)] = E(Xi) · E[N(t)],

mia polÔ shmantikă upìjesh pou kĹnoume sto klasikì montèlo eÐnai ìti

c > λp1 (1.1)

Sto aristerì mèloc èqoume thn mèsh timă twn esìdwn thc etaireÐac sthn monĹda tou qrì-

nou h opoÐa orÐzetai wc

c =
P (t)

t

kai onomĹzetai èntash tou asfalÐstrou (premium rate).

Sto dexiì mèloc thc (1.1), èqoume ton mèso rujmì apozhmiÿsewn sthn monĹda tou qrìnou

pollaplasiasmèno me thn mèsh apozhmÐwsh h opoÐa orÐzetai wc

p1 =

∫ ∞

0

xf(x)dx =

∫ ∞

0

F (x) = E(Xi)

Epomènwc sumperaÐnoume ìti h sunjăkh (1.1), dhlÿnei ìti ta èsoda ja prèpei na eÐnai me-

galÔtera katĹ mèso ìro apì ta èxoda, sthn monĹda tou qrìnou.

H parapĹnw sqèsh eÐnai logikì na isqÔei kajÿc se Ĺllh perÐptwsh h qreokopÐa ja ătan

bèbaih, dhladă ja Ðsque ψ(u) = 1 (blèpe Asmussen (2000)).

GenikĹ anafèroume ìti h k-ropă thc katanomăc twn apozhmiÿsewn, brÐsketai apì th sqèsh

pk =

∫ ∞

0

xk f(x) dx, k = 1, 2, . . . (1.2)

Ektìc ìmwc apì th sunjăkh thc sqèshc (1.1), h asfalistikă etaireÐa epidiÿkei na èqei kèr-

doc apì thn asfĹlish enìc kindÔnou. Epomènwc orÐzoume to suntelestă ă perijÿrio

asfaleÐac (premium loading factor) θ, to opoÐo dhlÿnei to anamenìmeno posostì

kèrdouc thc etaireÐac kai dÐnetai apì thn sqèsh

θ =
c

λp1

− 1, θ > 0 (1.3)

1
Ο συγκεκριµένοc τύποc χρησιµοποιείται για την εύρεση τηc πρώτηc ροπήc µιαc σύνθετηc κατανοµήc

και αποδεικνύεται αναlυτικά στην Ενότητα 3.1.
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Apì thn sqèsh (1.3), prokÔptei h isodÔnamh sqèsh

c = (1 + θ) · λp1, (1.4)

gia to lìgo autì to c onomĹzetai kai epibarumèno asfĹlistro.

Oi timèc pou paÐrnei to θ sthn prĹxh eÐnai θ ∈ (0, 1) kajÿc an paÐrnei timèc pĹnw apì

1 tìte to pröiìn thc etaireÐac den ja eÐnai antagwnistikì sthn agorĹ lìgw thc uyhlăc

tou timăc.

H pijanìthta qreokopÐac me arqikì apojematikì u orÐzetai apì th sqèsh

ψ(u) = Pr (U(t) < 0, gia kĹpoio t)

H ψ(u) mikraÐnei kajÿc megalÿnei to θ. EpÐshc h ψ(u) eÐnai mia fjÐnousa sunĹrthsh wc

proc u kai isqÔei ìti

lim
u→∞

ψ(u) = 0.

Ektìc ìmwc apì thn pijanìthta qreokopÐac shmantikì rìlo paÐzei kai h pijanìthta

mh-qreokopÐac, thn opoÐa sumbolÐzoume me δ(u) kai dÐnetai apì thn sqèsh

δ(u) = 1− ψ(u).

H δ(u) antÐstoiqa eÐnai mia aÔxousa sunĹrthsh kai isqÔei ìti

lim
u→∞

δ(u) = 1,

Ĺra h δ h opoÐa eÐnai kai dexiĹ suneqăc, eÐnai mÐa sunĹrthsh katanomăc. EpÐshc h katano-

mă δ(u) eÐnai meiktoÔ tÔpou, dhladă èqei mĹza pijanìthtac sto mhdèn, afoÔ isqÔei ìti h

pijanìthta mh-qreokopÐac me mhdèn arqikì apojematikì eÐnai jetikă (δ(0) > 0), kai eÐnai

suneqăc sto (0,∞).

To pleìnasma sto klasikì montèlo anafèrame ìti dÐnetai apì th sqèsh

U(t) = u+ (1 + θ)λp1 t− S(t) t, u ≥ 0

An to arqikì apojematikì isoÔtai me mhdèn dhladă an U(0) = 0, tìte gia tic pijanìthtec
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pou orÐsame parapĹnw isqÔoun ta exăc (blèpe Bowers et al (1997))

ψ(0) =
1

1 + θ
kai δ(0) =

θ

1 + θ
. (1.5)

Ta parapĹnw apotelèsmata faÐnontai xekĹjara sta diagrĹmmata 1.2 kai 1.3 pou akolou-

joÔn

1

1 + Θ

u

ΨHuL

Sqăma 1.2: Grafikă parĹstash thc pijanìthtac qreokopÐac.

1

Θ

1 + Θ

u

∆HuL

Sqăma 1.3: Grafikă parĹstash thc pijanìthtac mh-qreokopÐac.
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SÔmfwna me thn anèlixh pleonĹsmatoc, to pleìnasma mporeÐ na gÐnei kĹpoia stigmă ar-

nhtikì mìno ìmwc sta qronikĹ shmeÐa pou emfanÐzetai h apozhmÐwsh. ’Otan to pleìnasma

gia prÿth forĹ gÐnei arnhtikì tìte lème ìti epèrqetai qreokopÐa. To qrìno qreoko-

pÐac ton ekfrĹzoume mèsw thc tuqaÐac metablhtăc T kai dÐnetai apì thn majhmatikă sqèsh

T =

inf{t : U(t) < 0}

∞, an U(t) > 0 ∀ t
(1.6)

Thn pijanìthta qreokopÐac ψ(u) mporoÔme na thn ekfrĹsoume sunartăsei tou qrìnou

qreokopÐac mèsw thc sqèshc

ψ(u) = Pr (T <∞|U(0) = u) = E [I(T <∞)] , (1.7)

kajÿc to T <∞ dhlÿnei ìti o qrìnoc qreokopÐac eÐnai peperasmènoc, dhladă ìti kĹpoia
qronikă stigmă epèrqetai qreokopÐa. EpÐshc h T eÐnai mia elleimmatikă tuqaÐa metablhtă

kajÿc paÐrnei thn timă ∞ me jetikă pijanìthta, dhladă isqÔei ìti Pr(T = ∞) > 0.

MÐa akìma shmantikă tuqaÐa metablhtă gia th jewrÐa qreokopÐac eÐnai to mègejoc thc

ptÿshc tou pleonĹsmatoc kĹtw apì to arqikì apojematikì, dojèntoc ìti emfanÐzetai ptÿ-

sh, ă alliÿc to klimakwtì Ôyoc (ladder height). Aută thn tuqaÐa metablhtă th

sumbolÐzoume me Li, i = 1, 2, 3, . . . kai paÐrnei jetikèc timèc kajÿc meletĹme thn ptÿsh

tou pleonĹsmatoc se apìluth timă.

Oi qronikèc stigmèc katĹ tic opoÐec emfanÐzetai to klimakwtì Ôyoc, onomĹzontai klima-

kwtèc stigmèc (ladder epochs), eÐnai anexĹrthtec kai isìnomec t.m kai sumbolÐzontai

me ti, i = 1, 2, 3, . . . , N . Gia thn prÿth klimakwtă stigmă, isqÔei ìti

t1 = min{t : u− U(t) > 0} = min{t : S(t)− ct > 0}

Epomènwc gia thn tuqaÐa metablhtă L1, dhladă thn prÿth ptÿsh tou pleonĹsmatoc kĹtw

apì to arqikì apojematikì, isqÔei ìti

L1 = u− U(t1)

GenikeÔontac ta parapĹnw, h akoloujÐa twn klimakwtÿn uyÿn Li orÐzetai wc exăc

Li =

U(ti−1)− U(ti), Apÿleia sto (ti−1, ti)

0, an U(t) < U(ti−1) ∀ t > ti−1
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Ta L1, L2, L3, . . . , LN , ìpou h tuqaÐa metablhtă N dhlÿnei ton arijmì twn “kategrammè-

nwn”2 ptÿsewn (blèpe sqèsh (1.11)), eÐnai anexĹrthtec kai isìnomec tuqaÐec metablhtèc

me koină sunĹrthsh katanomăc Fe(x), ìpou me Fe(x) sumbolÐzoume thn katanomă isor-

ropÐac twn apozhmiÿsewn kai h opoÐa isoÔtai me

Fe(x) =

∫ x

0

F (t)dt

p1

= Pr (L1 ≤ y) , (1.8)

ìpou F (t) = 1− F (t) eÐnai h dexiĹ ourĹ twn apozhmiÿsewn (blèpe Bowers et al (1997)).

AntÐstoiqa orÐzoume thn ourĹ thc katanomăc isorropÐac h opoÐa dÐnetai apì ton tÔpo

F e(x) =

∫ ∞

x

F (t)dt

p1

, (1.9)

kai thn sunĹrthsh puknìthtac pijanìthtac pou èqei h parapĹnw katanomă

fe(x) =
F (x)

p1

. (1.10)

MÐa kategrammènh ptÿsh emfanÐzetai th qronikă stigmă t, an

U(t) < U(s), ∀ s < t (1.11)

dhladă h anèlixh {U(s)} parousiĹzei elĹqisto th qronikă stigmă t.

H pijanìthta xekinÿntac me arqikì apojematikì u, na upĹrxei ptÿsh kĹtw apì to u,

isoÔtai me ψ(0) dhladă kĹje kategrammènh ptÿsh isodunameÐ me qreokopÐa gia u = 0.

H tuqaÐa metablhtă N akoloujeÐ thn Gewmetrikă katanomă me parĹmetro p = 1−ψ(0) kai

èqei sunĹrthsh pijanìthtac

Pr (N = n) = [1− ψ (0)][ψ (0)]n, n = 0, 1, 2, . . . (1.12)

Edÿ epeidă anaferìmaste sto klasikì montelo, isqÔei h (1.5), opìte èqoume ìti

2
Με την lέξη κατεγραµµένη αναφερόµαστε σε µία πτώση του πlεονάσµατοc κάτω από το αρχικό απο-

θεµατικό, δοθέντοc ότι υπάρχει πτώση, δηlαδή στην τ.µ Li|Li > 0, i = 1, 2, . . . .
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N ∼ Geo

(
θ

1 + θ

)
,

kai epomènwc h sqèsh (1.12), grĹfetai wc

Pr (N = n) =

(
θ

1 + θ

)(
1

1 + θ

)n

, n = 0, 1, 2, . . .

Mèsw twn tuqaÐwn metablhtÿn Li pou orÐsame parapĹnw, mporoÔme na meletăsoume akìma

mia tuqaÐa metablhtă h opoÐa ja ekfrĹzei th mègisth swreutikă apÿleia

(maximal aggregate loss), dhladă thn sunolikă ptÿsh tou pleonĹsmatoc kĹtw apì to

arqikì apojematikì. Thn sugkekrimènh tuqaÐa metablhtă thn sumbolÐzoume me L kai dÐne-

tai apì th sqèsh (blèpe QatzhkwnstantinÐdhc (2008))

L = u− U(TN) = u− {u− c · tN − S(tN)} = S(tN)− c · tN

= {u− U(t1)}+ {U(t1)− U(t2)}+ {U(t2)− U(t3)}+ . . .+ {U(tN−1)− U(tN)}

= L1 + L2 + . . .+ LN .

Epomènwc isqÔei ìti

L =

L1 + L2 + . . .+ LN =
∑N

i=1 Li

0, an N = 0

SÔmfwna me ta parapĹnw parathroÔme ìti h katanomă thc L eÐnai meiktoÔ tÔpou, afoÔ

paÐrnei thn timă mhdèn me jetikă pijanìthta kai sugkekrimèna èqoume

Pr(L = 0) = Pr(N = 0) = δ(0) =
θ

1 + θ
,

kai eÐnai suneqăc sto (0,∞).

EpÐshc h katanomă pou akoloujeÐ eÐnai SÔnjeth Gewmetrikă, afoÔ to plăjoc N twn ka-

tegrammènwn ptÿsewn akoloujeÐ Gewmetrikă katanomă. ’Omwc upĹrqoun kai sqèseic oi

opoÐec sundèoun thn mègisth swreutikă apÿleia me thn pijanìthta qreokopÐac. ’Opwc pa-

rathroÔme, eĹn h mègisth swreutikă apÿleia eÐnai megalÔterh apì to arqikì apojematikì,
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tìte lème ìti sumbaÐnei qreokopÐa. DhlĹdă isqÔei ìti

Pr(L ≤ u) = δ(u)

kai epÐshc

Pr(L > u) = Pr

(
max
t≥0

{S(t)− ct} > u

)
= ψ(u) (1.13)

Apì thn teleutaÐa sqèsh sumperaÐnoume ìti h pijanìthta qreokopÐac eÐnai h dexiĹ ourĹ

miac sÔnjethc Gewmetrikăc katanomăc sto shmeÐo u.

u

T

u1

u2

u3

u4

L1

L2

L3

L4
t1 t2 t3

L

t

UHtL

Sqăma 1.4: Grafikă parĹstash twn ladder heights kai twn ladder epochs.

Sto parapĹnw Sqăma 1.4, apeikonÐzontai grafikĹ ta klimakwtĹ Ôyh Li (kìkkinec diake-

kommènec grammèc), oi klimakwtèc stigmèc ti kajÿc kai h mègisth swreutikă apÿleia L.

Edÿ sto parĹdeigma pou qrhsimopoiăsame gia thn kataskeuă tou grafămatoc, parathroÔ-

me ìti

1. upĹrqoun tèssera klimakwtĹ Ôyh ta opoÐa eÐnai:

L1 = u− u1,

L2 = u1 − u2,

L3 = u2 − u3,
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kai tèloc

L4 = u3 − u4.

2. upĹrqoun tèsseric klimakwtèc stigmèc (ìsa kai ta klimakwtĹ Ôyh), apì tic opoÐec

h mÐa eÐnai o qrìnoc qreokopÐac T , kajÿc eÐnai h qronikă stigmă katĹ thn opoÐa to

pleìnasma gÐnetai gia prÿth forĹ arnhtikì,

3. h mègisth swreutikă apÿleia isoÔtai me th mègisth ptÿsh tou pleonĹsmatoc kĹtw

apì to arqikì apojematikì u, dhladă

L = u− u4.

1.2 Ananewtikèc exisÿseic kai pijanìthta qreo-

kopÐac.

H genikă morfă miac ananewtikăc exÐswshc eÐnai

m(x) = φ

∫ x

0

m(x− y) dF (y) + r(x), x ≥ 0 (1.14)

ìpou F eÐnai mia sunĹrthsh katanomăc sto [0,∞), me F (0) = 0, kai r(x) eÐnai mÐa fragmènh

sunĹrthsh se peperasmèna diastămata.

’Otan φ = 1, tìte h (1.14) onomĹzetai kanonikă ananewtikă exÐswsh

(proper renewal equation), enÿ ìtan φ < 1 onomĹzetai elleimmatikă ă elattwmati-

kă ananewtikă exÐswsh (defective renewal equation) (blèpe Willmot & Lin (2001)).

EmĹc sth sugkekrimènh ergasÐa ja mac aposqolăsoun oi elleimmatikèc ananewtikèc exi-

sÿseic.

Sto klasikì montèlo me u ≥ 0, isqÔoun ta exăc: (blèpe Bowers et al (1997))

1. H pijanìthta mh-qreokopÐac ikanopoieÐ thn oloklhrodiaforikă exÐswsh

δ′(u) =
λ

c
δ(u)− λ

c

∫ u

0

δ(u− x)f(x) dx,
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2. kai thn ananewtikă exÐswsh

δ(u) = δ(0) +
λ

c

∫ u

0

δ(u− x)F (x) dx.

3. Parìmoia, gia thn pijanìthta qreokopÐac isqÔoun ta exăc

ψ′(u) =
λ

c
ψ(u)− λ

c

∫ u

0

ψ(u− x)f(x) dx− λ

c
F (u),

4. kai

ψ(u) = ψ(0) +
λ

c

∫ u

0

ψ(u− x)F (x) dx− λ

c

∫ u

0

F (x) dx.

’Omwc apì tic sqèseic (1.4), (1.5) parathroÔme ìti isqÔei

ψ(0) =
λp1

c

EpÐshc prokÔptei ìti

ψ(0)− λ

c

∫ t

0

F (x) dx =
λp1

c
− λ

c

∫ t

0

F (x) dx

=
λ

c

[∫ ∞

0

F (x)dx−
∫ t

0

F (x)dx

]

=
λ

c

∫ ∞

t

F (x) dx.

Opìte katalăgoume sthn oloklhrwtikă exÐswsh

ψ(u) =
λ

c

∫ u

0

ψ(u− x) F (x) dx+
λ

c

∫ ∞

u

F (x) dx, (1.15)

gia thn opoÐa mporoÔme
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• Na broÔme mÐa genikă lÔsh, h opoÐa ìmwc stic perissìterec periptÿseic eÐnai polÔ
dÔskolo na upologisteÐ analutikĹ kai gia autì ton lìgo gÐnetai prospĹjeia gia ton

upologismì mÐac proseggistikăc pijanìthtac qreokopÐac.

• Na broÔme ènan asumptwtikì tÔpo gia thn pijanìthta qreokopÐac, pou na mac dÐnei
thn oriakă sumperiforĹ thc gia megĹlo arqikì apojematikì, u.

Mèsw thc exÐswshc (1.15), mporoÔme na dhmiourgăsoume mia elleimmatikă ananewtikă exÐ-

swsh pou na ikanopoieÐ thn pijanìthta qreokopÐac. Gia na gÐnei autì, ja prèpei na sun-

dèsoume thn katanomă isorropÐac, pou èqoume orÐsei sth sqèsh (1.8), me thn ourĹ twn

apozhmiÿsewn. IsqÔei ìti

λ

c
F (x) =

1

p1

F (x) ψ(0) = fe(x) ψ(0).

Efarmìzontac thn parapĹnw sqèsh sthn oloklhrwtikă ananewtikă exÐswsh (1.15), paÐr-

noume:

ψ(u) = ψ(0)

∫ u

0

ψ(u− x)fe(x) dx+ ψ(0)

∫ ∞

t

fe(x) dx⇒

ψ(u) =
1

1 + θ

∫ u

0

ψ(u− x)fe(x) dx+
1

1 + θ
F e(x) (1.16)

=
λp1

c

∫ u

0

ψ(u− x)fe(x) dx+
λp1

c
F e(x)

H parapĹnw exÐswsh eÐnai mia elleimmatikă ananewtikă exÐswsh kajÿc èqoume upojèsei

c > λp1 ⇒
λp1

c
< 1.

Anafèrame prohgoumènwc ìti h pijanìthta mh-qreokopÐac akoloujeÐ mÐa SÔnjeth Gewme-

trikă katanomă. Dhladă isqÔei

δ(u) = Pr(L ≤ u)

=
∞∑

n=0

Pr(L ≤ u|N = n)Pr(N = n)
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AfoÔ spĹsoume to Ĺjroisma sto diakritì kai sto suneqèc mèroc, prokÔptei

δ(u) = Pr(N = 0) +
∞∑

n=1

Pr(L1 + L2 + . . .+ Ln ≤ u)Pr(N = n)

= δ(0) +
∞∑

n=1

θ

1 + θ

(
1

1 + θ

)n

F ∗n
e (u)

=
θ

1 + θ
+

∞∑
n=1

θ

1 + θ

(
1

1 + θ

)n

F ∗n
e (u)

=
∞∑

n=0

θ

1 + θ

(
1

1 + θ

)n

F ∗n
e (u), (1.17)

ìpou F ∗n
e eÐnai h n-sunèlixh thc katanomăc isorropÐac me ton eautì thc. Gia n = 0 isqÔei

F ∗0
e (x) =

1, an x ≥ 0

0, an x < 0

AfoÔ orÐsame thn δ(u), mporoÔme na broÔme mÐa antÐstoiqh sqèsh kai gia thn pijanì-

thta qreokopÐac, afoÔ èqoume anafèrei parapĹnw ìti h ψ(u) eÐnai h ourĹ miac SÔnjethc

Gewmetrikăc katanomăc kai xèroume epÐshc ìti isqÔei

ψ(u) = 1− δ(u).

Epomènwc prokÔptei ìti

ψ(u) =
∞∑

k=1

θ

1 + θ

(
1

1 + θ

)k

F
∗k
e (u). (1.18)

Sth sunèqeia orÐzoume mÐa Ĺllh shmantikă posìthta sth jewrÐa qreokopÐac, h opoÐa

onomĹzetai suntelestăc prosarmogăc (adjustment coefficient). O suntelestăc

prosarmogăc R eÐnai h mikrìterh jetikă rÐza thc exÐswshc Lundberg

1 + (1 + θ)p1r = MX(r), (1.19)
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ìpouMX(r) eÐnai h ropogennătria thc katanomăc F twn apozhmiÿsewn, h opoÐa prèpei

na eÐnai peperasmènh se kĹpoio diĹsthma gia na upĹrqei o suntelestăc prosarmogăc, kai

isoÔtai me

MX(r) = E(erX) =

∫ ∞

0

erxf(x) dx.

OnomĹzoume to aristerì mèloc thc exÐswshc (1.19) me y1(r), h opoÐa eÐnai mia grammikă

sunĹrthsh tou r kai to dexiì mèloc me y2(r), h opoÐa eÐnai aÔxousa kai kurtă sunĹrthsh

kajÿc:

y′2(r) = E(XerX) =

∫ ∞

0

x erxf(x) dx > 0,

kai

y′′2(r) = E(X2erX) =

∫ ∞

0

x2 erxf(x) dx > 0.

EpÐshc isqÔoun ta exăc:

y1(0) = 1, y2(0) = 1

kai

y′1(r) = (1 + θ)p1 ⇒ y′1(0) = (1 + θ)p1,

y′2(r) = M ′
X(r) ⇒ y′2(0) = E(X).

’Ara sto shmeÐo mhdèn èqoume ìti h klÐsh thc (1 + θ)p1 eÐnai megalÔterh apì aută thc p1,

dhladă isqÔei ìti

y′2(0) < y′1(0),

kai epÐshc ìti pĹnta mÐa lÔsh tou suntelestă prosarmogăc eÐnai to R = 0 h opoÐa kai

aporrÐptetai (blèpe Bowers et al (1997)). ’Ola ta parapĹnw faÐnontai xekĹjara sto pa-

rakĹtw Sqăma 1.5.

Tèloc mÐa polÔ shmantikă paratărhsh eÐnai ìti o suntelestăc prosarmogăc den upĹrqei

ìtan ta megèjh twn apozhmiÿsewn akoloujoÔn katanomèc me barièc ourèc, gia tic opoÐec

den upĹrqei ropogennătria. Tètoiec katanomèc eÐnai gia parĹdeigma h Pareto(λ, α) kai h

Weibull(τ, γ), gia γ < 1.
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1

R

MX HrL

y1HrL=1+H1+ΘL p1 r

r

y1HrL

Sqăma 1.5: Grafikă parĹstash thc exÐswshc gia to Suntelestă Prosarmogăc R.

Thn exÐswsh tou Lundberg mporoÔme na thn ekfrĹsoume kai mèsw thc katanomăc isorro-

pÐac, me th sqèsh

1 + (1 + θ)p1r = MX(r) ⇒

1 + (1 + θ)p1r = 1 + r

∫ ∞

0

erxF (x) dx⇒

1 + θ =

∫ ∞

0

erx F (x)

p1

dx.

’Ara o suntelestăc prosarmogăc eÐnai h mikrìterh jetikă lÔsh, wc proc R, thc exÐswshc

1 + θ =

∫ ∞

0

eRx fe(x) dx.

An upojèsoume to klasikì montèlo me thn sunjăkh c > λp1 na isqÔei kai epÐshc na

∃ R > 0, tìte isqÔoun ta exăc:

1. ψ(u) ≤ e−Ru, ∀ u ≥ 0

H sqèsh aută onomĹzetai anisìthta tou Lundberg.
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2. UpĹrqei stajerĹ C > 0 tètoia ÿste na isqÔei o asumptwtikìc tÔpoc twn

Cramér-Lundberg,

ψ(u) ∼ Ce−Ru, kajÿc u→∞

dhladă

∃ C > 0: lim
u→∞

ψ(u)eRu = C

kai h opoÐa stajerĹ isoÔtai me

C =
θp1

R

∫ ∞

0

x eRx F (x) dx

.

O asumptwtikìc tÔpoc eÐnai akribăc ìtan to mègejoc twn apozhmiÿsewn akoloujeÐ

Ekjetikă katanomă, p.q me parĹmetro β, dhladă ìtan èqoume

FX(x) = 1− e−βx.

Se aută thn perÐptwsh èqoume ìti (blèpe PolÐth (2008))

R =
θβ

1 + θ
kai C = ψ(0) =

1

1 + θ
.

1.3 Ananewtikì montèlo

Sto klasikì montèlo thc JewrÐac KindÔnou me anèlixh pleonĹsmatoc

U(t) = u+ ct−
N(t)∑
i=1

Xi

eÐqame upojèsei ta exăc:

1. c > λp1 gia na isqÔei ìti ψ(u) < 1,

2. h aparijmătria stoqastikă anèlixh {N(t) : t ≥ 0} h opoÐa ekfrĹzei to plăjoc twn
apaităsewn pou katafjĹnoun sto qrìno, akoloujeÐ mia anèlixh Poisson me èntash
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λ. Epomènwc oi endiĹmesoi qrìnoi èleushc twn apaităsewn eÐnai anexĹrthtec kai

isìnomec tuqaÐec metablhtèc pou akoloujoÔn thn Ekjetikă katanomă me parĹmetro

λ thc anèlixhc Poisson.

EpÐshc eÐdame ìti isqÔoun ta exăc:

α)

ψ(0) =
1

1 + θ
kai δ(0) =

θ

1 + θ
,

β) ta klimakwtĹ Ôyh Li akoloujoÔn thn katanomă isorropÐac Fe(x) kai h pijanìthta

qreokopÐac eÐnai h ourĹ miac sÔnjethc Gewmetrikăc katanomăc pou dÐnetai apì th

sqèsh

ψ(u) =
∞∑

k=1

(1− φ)φk F
∗k
e (u),

ìpou φ =
1

1 + θ
= ψ(0).

Tèloc o suntelestăc prosarmogăc R orÐsthke wc h mikrìterh jetikă lÔsh thc

exÐswshc (1.19).

Mia genÐkeush tou klasikoÔ montèlou eÐnai to Ananewtikì montèlo ă alliÿc

Sparre Andersen model, me anèlixh pleonĹsmatoc

U(t) = u+ ct−
N(t)∑
i=1

Xi

H basikă diaforĹ tou sugkekrimènou montèlou, se sqèsh me to klasikì, eÐnai ìti

• H aparijmătria sunĹrthsh N(t) den akoloujeÐ anèlixh Poisson allĹ mporeÐ na ako-

loujeÐ opoiadăpote ananewtikă diadikasÐa. Sunepÿc oi endiĹmesoi qrìnoi Ti eÐnai

anexĹrthtec kai isìnomec tuqaÐec metablhtèc pou tÿra ìmwc mporoÔn na akolou-

joÔn opoiadăpote katanomă ektìc apì thn ekjetikă.
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• H antÐstoiqh upìjesh thc (1.1), sto ananewtikì montèlo eÐnai h exăc:

c >
1

E(Ti)
p1, (1.20)

ìpou E(Ti) eÐnai h mèsh timă thc tuqaÐac metablhtăc twn endiĹmeswn qrìnwn kai p1

eÐnai h mèsh timă tou megèjouc twn apozhmiÿsewn, ètsi ìpwc ătan kai sto klasikì

montèlo. Epomènwc kai to perijÿrio asfaleÐac se aută thn perÐptwsh, dÐnetai apì

th sqèsh

θ =
c E(Ti)

p1

− 1.

’Ara sto ananewtikì montèlo, isqÔoun ta exăc:

1.

ψ(0) 6= 1

1 + θ
kai δ(0) 6= θ

1 + θ
.

Oi sugkekrimènec posìthtec eÐnai Ĺgnwstec kai epomènwc eÐnai polÔ dÔskolo na upo-

logisteÐ analutikĹ h pijanìthta qreokopÐac.

2. Ta klimakwtĹ Ôyh Li orÐzontai me ton Ðdio trìpo ìpwc kai sto klasikì montèlo,

eÐnai anexĹrthtec kai isìnomec tuqaÐec metablhtèc, mìno pou tÿra h katanomă touc

den eÐnai h katanomă isorropÐac allĹ mia Ĺllh Ĺgnwsth katanomă, èstw H, h opoÐa

eÐnai genikĹ dÔskolo na brejeÐ.

’Ara h pijanìthta qreokopÐac eÐnai kai se aută thn perÐptwsh h ourĹ miac sÔnjethc

katanomăc, mìno pou tÿra èqei thn morfă

ψ(u) =
∞∑

k=1

(1− φ)φk H
∗k

(u),

ìpou φ = ψ(0) 6= 1

1 + θ
.

Sth sunèqeia jèloume na deÐxoume poia eÐnai h exÐswsh tou Lundberg gia to ananewtikì

montèlo (blèpe Rolski et al (1999)). ’Estw ìti Xi eÐnai h tuqaÐa metablhtă pou ekfrĹzei

to Ôyoc thc i-apaÐthshc kai Ti h tuqaÐa metablhtă pou ekfrĹzei to qrìno pou epèrqetai

23



h i-apaÐthsh. Epomènwc to pleìnasma th stigmă thc èleushc thc n-apozhmÐwshc, isoÔtai me

U(Yn) = u−
n∑

i−1

(Xi − cTi)

OrÐzoume thn t.m

Wi = Xi − cTi,

me E(Wi) < 0 gia na isqÔei h (1.20).

Upojètoume ìti h prÿth ropă, E(Wi), upĹrqei kai epÐshc ìti h t.m Wi, ∀ i ≥ 1 den

sugkentrÿnetai sto 0, dhladă isqÔei ìti Pr(W = 0) < 1.

EmĹc mac endiafèrei ìmwc to Ĺjroisma twn t.m Wi. ’Etsi èqoume ìti

Sn =


∑n

i=1Wi

0, an n = 0

H sugkekrimènh stoqastikă anèlixh {Sn : n ≥ 0} twn merikÿn ajroismĹtwn Sn =
n∑

i=1

Wi

onomĹzetai tuqaÐoc perÐpatoc (random walk), an upojèsoume ìti h akoloujÐa

{Wn, n ≥ 1} apoteleÐtai apì anexĹrthtec kai isìnomec t.m (blèpe Grimmet & Stirzaker (2001)).

’Estw tÿra ìti G eÐnai h ajroistikă sunĹrthsh katanomăc thc metablhtăcWi. Tìte o sun-

telestăc prosarmogăcR eÐnai h mikrìterh jetikă lÔsh thc exÐswshc (blèpe Grandell (1991))

MG(R) = 1 =

∫ ∞

−∞
eRxdG(x)

An oi ropogennătriec twn metablhtÿn Xi, Ti eÐnai MXi
(R) kai MTi

(R) antÐstoiqa,

tìte

MG(R) = MTi
(−cR)MXi

(R)

’Ara h exÐswsh tou Lundberg, gÐnetai

MTi
(−cR)MXi

(R) = 1. (1.21)

O tuqaÐoc perÐpatoc èqei pollèc efarmogèc sth jewrÐa pijanotătwn kai sth jewrÐa qreo-

kopÐac eidikìtera. Autì sumbaÐnei giatÐ mèsw tuqaÐou peripĹtou, mporoÔme na upologÐsou-
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me thn pijanìthta qreokopÐac, pou edÿ isoÔtai me:

ψ(u) = Pr ({S1 > u} ∪ {S2 > u} ∪ . . .) = Pr (max{S1, S2, . . .} > u) (1.22)

’Omwc sÔmfwna me ton nìmo twn megĹlwn arijmÿn, isqÔei ìti

E

(
Sn

n

)
= E(Yi) < 0

Epomènwc katalăgoume sto ìti isqÔei

lim
n→∞

Sn = −∞

’Ara to max{S1, S2, . . .} eÐnai peperasmèno me pijanìthta 1 kai sunepÿc isqÔei ìti
ψ(u) < 1, ∀ u ≥ 0.

An jèsoume tÿra

M = max
n≥0

n∑
i=1

(Xi − cTi) ,

apì th sqèsh (1.22), paÐrnoume ìti

ψ(u) = Pr(M > u).

Edÿ anafèrame ènan trÐto trìpo gia to pÿc mporeÐ na ekfrasteÐ h pijanìthta qreokopÐ-

ac. Oi Ĺlloi dÔo trìpoi, anafèrjhkan leptomerÿc parapĹnw kai dÐnontai apì tic sqèseic

(1.16), (1.18).

EpÐshc eÐnai gnwstì ìti h pijanìthta qreokopÐac, sto ananewtikì montèlo, ikanopoieÐ

thn elleimmatikă ananewtikă exÐswsh (blèpe Gerber & Shiu (2005))

ψ(u) = φ

∫ u

0

ψ(u− x)h(x)dx+ φH(u),

ìpou h(x) eÐnai h sunĹrthsh puknìthtac pijanìthtac kai H(x) eÐnai h ourĹ thc sunĹrthshc

katanomăc antÐstoiqa, thc tuqaÐac metablhtăc Li, ∀ i.
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1.4 SunelÐxeic kai metasqhmatismoÐ Laplace

’Estw X,Y anexĹrthtec, suneqeÐc, jetikèc tuqaÐec metablhtèc me sunĹrthsh puknìthtac

pijanìthtac fX(x) kai gY (y) antÐstoiqa. Gia na upologÐsoume thn sunĹrthsh puknìthtac

pijanìthtac thc tuqaÐac metablhtăc Z = X + Y , qrhsimopoioÔme thn sunèlixh twn dÔo

sunartăsewn, h opoÐa sumbolÐzetai me fX ∗ gY kai isoÔtai me

(fX ∗ gY ) (x) = f(x) ∗ g(x)

=

∫ x

0

fX(x− y) gY (y)dy

=

∫ x

0

fX(y) gY (x− y)dy

JewroÔme thn sunĹrthsh f(t) pou orÐzetai ∀ t ≥ 0. To oloklărwma∫ ∞

0

e−stf(t) dt,

to opoÐo eÐnai sunĹrthsh thc paramètrou s, onomĹzetai metasqhmatismìc Laplace thc

sunĹrthshc f(t) kai sumbolÐzetai wc f̂(s) ă me L{f(t)}. ’Etsi èqoume ìti

L{f(t)} = f̂(s) =

∫ ∞

0

e−stf(t) dt.

Se antÐjesh me th ropogennătria, o metasqhmatismìc Laplace orÐzetai ∀ s ≥ 0 arkeÐ h f

na eÐnai oloklhrÿsimh. Autì isqÔei afoÔ∫ ∞

0

e−sx f(x) dx <

∫ ∞

0

f(x) dx <∞

Oi idiìthtec tou metasqhmatismoÔ Laplace eÐnai pollèc, allĹ edÿ ja perioristoÔme se

autèc pou ja mac qreiastoÔn sth sunèqeia. Oi sugkekrimènec idiìthtec eÐnai oi exăc:

(blèpe GkaroÔtsoc (2007))

i. An f ′(t) eÐnai h parĹgwgoc thc sunĹrthshc f(t) wc proc t, tìte isqÔei h sqèsh

L{f ′(t)} = sf̂(s)− f(0) (1.23)

ìpou f(0) eÐnai mia stajerĹ (h timă thc sunĹrthshc sto mhdèn).
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ii. ’Estw oi sunartăseic f(t), g(t) me sunèlixh f(t)∗g(t). Gia ton metasqhmatismì Laplace
thc sugkekrimènhc sunèlixhc, èqoume

L{f(t) ∗ g(t)} = L{f(t)}L{g(t)} = f̂(s) ĝ(s) (1.24)

IsqÔei ìmwc kai to antÐstrofo, dhladă

L−1{f̂(s) ĝ(s)} = f(t) ∗ g(t) =

∫ t

0

f(x)g(t− x) dx =

∫ t

0

f(t− x)g(x) dx.

iii. An f(t) = αe−βt
, tìte o metasqhmatismìc laplace thc f(t) isoÔtai me

f̂(s) =
α

β + s
. (1.25)

AntÐjeta ston antÐstrofo tou metasqhmatismoÔ Laplace, dÐnetai h f̂(s) kai gÐnetai pro-

spĹjeia gia thn eÔresh thc arqikăc sunĹrthshc f(t) = L−1{f̂(s)}. Bèbaia h eÔresh tou
antistrìfou eÐnai mia arketĹ dÔskolh upìjesh kai gia autì ton lìgo mporoÔme na ton

upologÐsoume mìno se eidikèc periptÿseic. H perÐptwsh pou ja qreiastoÔme parakĹtw

eÐnai

• An èqoume mÐa rhtă sunĹrthsh ìpou to poluÿnumo tou paranomastă èqei bajmì mega-
lÔtero apì autì tou arijmhtă tìte gÐnetai qrăsh thc mejìdou twn aplÿn klasmĹtwn,

brÐskoume dhladă ton antÐstrofo metasqhmatismì Laplace tou kĹje klĹsmatoc kai

sto tèloc ton antÐstrofo thc f̂(s).

EpÐshc orÐzoume ton metasqhmatismì Laplace-Stieltjes, pou qrhsimopoieÐtai gia tic

sunartăseic katanomăc kai dÐnetai apì thn parakĹtw sqèsh (blèpe Rolski et al (1999))

F̂`(s) =

∫ ∞

0

e−sx dF (x).

An tÿra h sunĹrthsh katanomăc F eÐnai suneqăc kai èqei puknìthta f , tìte o metasqhma-

tismìc Laplace−Stieltjes isoÔtai me ton metasqhmatismì Laplace thc f . Dhladă o meta-
sqhmatismìc Laplace eÐnai mÐa eidikă perÐptwsh tou metasqhmatismoÔ Laplace−Stieltjes.
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Sth jewrÐa kindÔnou polÔ shmantikă eÐnai h sqèsh pou sundèei to metasqhmatismì Laplace

thc ourĹc miac katanomăc me to metasqhmatismì Laplace thc sunĹrthshc puknìthtac pi-

janìthtac pou èqei aută h katanomă. ’Estw ìti

f̂(s) =

∫ ∞

0

e−sxf(x) dx,

kai

F̂ (s) =

∫ ∞

0

e−sx F (x) dx.

Apì thn deÔterh sqèsh, kĹnontac oloklărwsh katĹ parĹgontec, paÐrnoume:

F̂ (s) =

∫ ∞

0

e−sx F (x) dx

=

[
−1

s
e−sx F (x)

]∞
0

− 1

s

∫ ∞

0

e−sxf(x) dx

= − lim
x→∞

1

s
e−sx F (x) +

1

s
− 1

s
f̂(s)

= 0 +
1

s

(
1− f̂(s)

)

=
1− f̂(s)

s
.

Sto Ðdio apotèlesma katalăgoume kai an qrhsimopoiăsoume thn prÿth idiìthta pou dÿsame

ston metasqhmatismì Laplace, sqèsh (1.23). ’Etsi blèpoume ìti

L{−F ′
(t)} = F (0)− sF̂ (s) ⇒

f̂(s) = 1− sF̂ (s) ⇒

F̂ (s) =
1− f̂(s)

s
(1.26)

’Opwc èqoume dei èwc tÿra oi posìthtec pou mac endiafèroun sqetÐzontai me thn sÔnjeth
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gewmetrikă katanomă. Epomènwc qreiĹzetai na dÿsoume èna genikì tÔpo gia metasqhmati-

smì Laplace sÔnjethc gewmetrikăc katanomăc.

’Estw ìti paÐrnoume thn pijanìthta mh-qreokopÐac δ(u), h opoÐa ìpwc èqoume anafèrei

eÐnai mia sÔnjeth gewmetrikă katanomă meiktoÔ tÔpou. ’Ara an pĹroume metasqhmatismì

Laplace− Stieltjes sthn δ(u), èqoume:∫ ∞

0−
e−sudδ(u) = δ(0) +

∫ ∞

0+

e−sudδ(u)

Epeidă h δ(u) eÐnai mia forĹ paragwgÐsimh mporoÔme na grĹyoume thn prohgoÔmenh sqèsh

kai san aplì metasqhmatismì Laplace.

H Ĺllh posìthta pou mac endiafèrei eÐnai o metasqhmatismìc Laplace thc pijanìthtac

qreokopÐac. An pĹroume metasqhmatismì Laplace, qrhsimopoiÿntac thn deÔterh idiìthta

sthn oloklhrwtikă ananewtikă exÐswsh (1.16) kai qrhsimopoiăsoume thn sqèsh (1.26),

pou sundèei ton Laplace thc ourĹc me thn sunĹrthsh puknìthtac pijanìthtac, paÐrnoume

ψ̂(s) =
1

1 + θ
ψ̂(s)f̂e(s) +

1

1 + θ
F̂ e(s)

=

1

1 + θ
F̂ e(s)

1− 1

1 + θ
f̂e(s)

⇒

ψ̂(s) =

1

1 + θ

(
1− f̂e(s)

)
s

(
1− 1

1 + θ
f̂e(s)

)

=

(
1− f̂e(s)

)
s
(
1 + θ − f̂e(s)

) . (1.27)

Mia deÔterh sqèsh pou isqÔei gia ton metasqhmatismì Laplace thc ψ(u), sto klasikì

montèlo, eÐnai h exăc: (blèpe Rolski et al (1999))

ψ̂(s) =
1

s
− c− λp1

cs− λ
(
1− f̂(s)

) . (1.28)

Tèloc h exÐswsh tou Lundberg gia to ananewtikì montèlo, sqèsh (1.21), mporeÐ na gra-
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fteÐ sunartăsei tou metasqhmatismoÔ Laplace wc:

LTi
(cR)LXi

(−R) = 1.

1.5 H sunĹrthsh twn Gerber-Shiu

Sto klasikì montèlo thc jewrÐac kindÔnou mÐa polÔ shmantikă posìthta pou èqei mele-

thjeÐ ta teleutaÐa qrìnia eÐnai h anamenìmenh proexoflhmènh sunĹrthsh poi-

năc (discounted expected penalty function) pou meletăjhke gia prÿth forĹ apì touc

Gerber − Shiu to 1998 kai h opoÐa ekfrĹzetai wc:

φδ(u) = E
[
e−δTw (U(T−), |U(T )|) I(T <∞)|U(0) = u

]
,

ìpou

• To δ ≥ 0 mporeÐ na ermhneuteÐ wc h parĹmetroc tou metasqhmatismoÔ Laplace ă wc

h èntash tou epitokÐou (force of interest).

• H w(x, y), x, y ∈ [0,∞) eÐnai mia jetikă sunĹrthsh.

• U(T−) ekfrĹzei to pleìnasma lÐgo prin thn èleush thc apaÐthshc pou fèrnei th

qreokopÐa kai |U(T )| ekfrĹzei to èlleimma, se apìluth timă, thn qronikă stigmă T
pou epèrqetai h qreokopÐa.

• EpÐshc I(A) eÐnai mia deÐktria sunĹrthsh tou endeqomènou A , dhladă isqÔei ìti

I(A) =

1, an sumbaÐnei to A

0, diaforetikĹ
(1.29)

H posìthta me thn opoÐa ja asqolhjoÔme sta epìmena kaefĹlaia eÐnai mÐa eidikă perÐ-

ptwsh thc sunĹrthshc twn Gerber−Shiu gia w(x, y) = 1 ∀ x, y kai δ > 0. Sugkekrimèna3

3
Εδώ δίνουµε έναν δεύτερο συµβοlισµό για την ειδική περίπτωση των Gerber − Shiu, στον οποίο

βάζουµε την παύlα γιατί όπωc θα δούµε αργότερα η συνάρτηση αυτή είναι η ουρά µιαc σύνθετηc γεωµετρικήc

κατανοµήc.
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φδ(u) = Kδ(u) = E
[
e−δT I(T <∞)|U(0) = u

]
.

Dhladă blèpoume ìti sthn perÐptwsh aută, hKδ(u) eÐnai o metasqhmatismìc Laplace

tou qrìnou qreokopÐac.

Oi Gerber kai Shiu (1998) brăkan ìti, sth genikă perÐptwsh, h φδ(u) ikanopoieÐ thn

elleimmatikă ananewtikă exÐswsh

φδ(u) =
λ

c

∫ u

0

φδ(u− x)

∫ ∞

x

e−r(y−x) dF (y) dx+
λ

c
eρu

∫ ∞

u

e−ρy

∫ ∞

x

w(y − x) dF (y) dx,

ìpou ρ = ρ(δ) eÐnai h jetikă lÔsh, wc proc s, thc genikeumènhc exÐswshc Lundberg

λ+ δ − cs = λf̂(s). (1.30)

OnomĹzoume to aristerì mèloc thc genikeumènhc exÐswshc me `(s), h opoÐa eÐnai mia gram-

mikă (me arnhtikă klÐsh), fjÐnousa sunĹrthsh wc proc s, diìti

`′(s) = −c < 0,

kai to dexiì mèloc thc (1.30) me τ(s) h opoÐa, ìtan oi apozhmiÿseic akoloujoÔn oikogèneiec

katanomÿn me peperasmèno metasqhmatismì Laplace, eÐnai fjÐnousa kai kurtă sunĹrthsh

kajÿc isqÔei

τ ′(s) = λf̂ ′(s) < 0,

enÿ h deÔterh parĹgwgoc isoÔtai me

τ ′′(s) = λf̂ ′′(s) > 0.

EpÐshc isqÔei ìti upĹrqei mìno mÐa jetikă lÔsh, ρ, me tic upìloipec na eÐnai ìlec arnhtikèc

kai gia s = 0, paÐrnoume

`(0) = λ+ δ,

kai

τ(0) = λ.

’Etsi ìsa anafèrjhkan parapĹnw, ta parousiĹzoume sto Sqăma 1.6.
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Sqăma 1.6: Grafikă parĹstash thc genikeumènhc exÐswshc Lundberg.

Paratărhsh 1.5.1 Sthn eidikă perÐptwsh pou èqoume δ = 0, isqÔoun ta exăc:

• H lÔsh thc exÐswshc (1.30), eÐnai

ρ = lim
δ→0

ρ(δ) = 0

• H exÐswsh (1.30) èqei mÐa arnhtikă lÔsh h opoÐa isoÔtai me ton suntelestă prosar-
mogăc, dhladă isqÔei ìti

R(δ) = R gia δ = 0

EÐnai epÐshc eÔkolo na deiqteÐ ìti gia δ = 0, h (1.30) sumpÐptei me thn (1.19).

Sth perÐptwsh pou δ > 0 kai w(x, y) = 1, tìte o metasqhmatismoc Laplace tou qrìnou

qreokopÐac ikanopoieÐ thn elleimmatikă ananewtikă exÐswsh (blèpe Willmot & Lin (2001))

Kδ(u) =
1

1 + β

∫ u

0

Kδ(u− x) dGδ(x) +
1

1 + β
Gδ(u), u ≥ 0 (1.31)
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ìpou Gδ(x) eÐnai mÐa katanomă isorropÐac kai isoÔtai me

Gδ(x) =

eρx

∫ ∞

x

e−ρy F (y) dy∫ ∞

0

e−ρy F (y) dy

, x ≥ 0 (1.32)

me sunĹrthsh puknìthtac pijanìthtac

G
′
δ(x) =

eρx

∫ ∞

x

e−ρy dF (y)∫ ∞

0

e−ρy F (y) dy

, x ≥ 0 (1.33)

kai h stajerĹ
4 β isoÔtai me

β =
1 + θ∫ ∞

0

e−ρy dFe(y)

− 1. (1.34)

Prìtash 1 (blèpe Willmot & Lin (2001, kef. 9)). ’Otan w(x, y) = 1 kai δ > 0, tìte

h posìthta Kδ(u) eÐnai h dexiĹ ourĹ miac sÔnjethc gewmetrikăc katanomăc, dhladă èqoume

Kδ(u) = Pr (Z1 + Z2 + . . .+ ZM > u) ,

ìpou M ∼ Geo

(
β

1 + β

)
me Pr(M = n) =

β

1 + β

(
1

1 + β

)n

, n ≥ 0

Edÿ ta Zi eÐnai anexĹrthtec kai isìnomec tuqaÐec metablhtèc me koină sunĹrthsh katano-

măc thn Gδ(x) kai isqÔei ìti

1

1 + β
=
λ

c

1− f̂(ρ)

ρ
= 1− δ

cρ
=

1

1 + θ
f̂e(ρ)

4
Εδώ η σταθερά β δεν έχει καµία αποlύτωc σχέση µε την παράµετρο που χρησιµοποιούµε για την

εκθετική κατανοµή και δεν πρέπει να συγχέουµε τιc δύο ποσότητεc.
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Epeidă h Kδ(u) eÐnai mÐa sÔnjeth gewmetrikă katanomă, ìpwc eÐnai kai h pijanìthta mh-

qreokopÐac, mporeÐ na grafteÐ wc

Kδ(u) =
β

1 + β

∞∑
k=0

(
1

1 + β

)k

G∗k
δ (u), (1.35)

me

Kδ(0) =
β

1 + β
.

SpĹme to Ĺjroisma sto diakritì kai sto suneqèc mèroc kai paÐrnoume

Kδ(u) =
β

1 + β
+

β

1 + β

∞∑
k=1

(
1

1 + β

)k

G∗k
δ (u) ⇒

Kδ(u)−Kδ(0) =
β

1 + β

∞∑
k=1

(
1

1 + β

)k

G∗k
δ (u)

OrÐzontac th sunĹrthsh,

K0(u) = Kδ(u)−Kδ(0)

=
β

1 + β

∞∑
k=1

(
1

1 + β

)k

G∗k
δ (u) (1.36)

kai paragwgÐzontac thn K0(u), wc proc u, prokÔptei

K ′
0(u) =

β

1 + β

∞∑
k=1

(
1

1 + β

)k

G
′∗k
δ (u)

Sth sunèqeia, epeidă èqoume anafèrei sth sqèsh (1.24) ìti h sunèlixh k-tĹxhc mÐac sunĹr-

thshc me ton eautì thc isoÔtai me ton metasqhmatismì Laplace thc sunĹrthshc k-forèc,

paÐrnontac metasqhmatismì Laplace sthn K ′
0(u), prokÔptei

K̂ ′
0(s) =

β

1 + β

∞∑
k=1

(
1

1 + β

)k [
Ĝ′

δ(s)
]k

=
β

1 + β

1

1 + β

(
Ĝ′

δ(s)
)

1− 1

1 + β

(
Ĝ′

δ(s)
) (1.37)
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Gia na brejeÐ h K ′
0(u), paÐrnoume antÐstrofo metasqhmatismì Laplace sth sqèsh (1.37)

kai sth sunèqeia, mèsw thc posìthtac K ′
0(u), mporoÔme na upologÐsoume thn Kδ(u) apì

th sqèsh

Kδ(u) = Kδ(0) +

∫ u

0+

K ′
0(x) dx (1.38)

’Ara metĹ ton upologismì thc sqèshc (1.38), mporoÔme me eukolÐa na upologÐsoume ton

metasqhmatismì Laplace tou qrìnou qreokopÐac apì th sqèsh

Kδ(u) = 1−Kδ(u).

EpÐshc gia ton metasqhmatismì Laplace thcKδ(u) mporoÔme na qrhsimopoiăsoume ton tÔpo

K̂δ(s) =

1

1 + β
(1− ĝδ(s))

s

(
1− 1

1 + β
ĝδ(s)

)

=
(1− ĝδ(s))

s (1 + β − ĝδ(s))
. (1.39)

’Etsi paÐrnontac ton antÐstrofo metasqhmatismì Laplace thc sqèshc (1.39), katalăgoume

se ènan deÔtero trìpo upologismoÔ tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac,

Kδ(u).

Sth sunèqeia dÐnoume èna apotèlesma gia thn eidikă perÐptwsh pou oi apozhmiÿseic ako-

loujoÔn mÐa meÐxh ă èna sunduasmì Ekjetikÿn katanomÿn.

Prìtash 2 (blèpe Lin & Willmot (1999)). ’Otan h katanomă twn apozhmiÿsewn eÐnai

mÐa meÐxh ă ènac sunduasmìc n Ekjetikÿn katanomÿn, dhladă ìtan èqoume ìti

F (x) =
n∑

i=1

Ai e
−βix,

ìpou

n∑
i=1

Ai = 1, tìte kai h posìthta Gδ(x) ja eÐnai mia meÐxh ă ènac sunduasmìc an-

tÐstoiqa, n Ekjetikÿn katanomÿn me diaforetikĹ bĹrh kai me Ðdiec paramètrouc me thn

F (x).
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Dhladă èqoume ìti

Gδ(x) =
n∑

i=1

A′ie
−βix, ìpou

n∑
i=1

A′i = 1 me

A′i =

Ai

βi + ρ
n∑

i=1

Ai

βi + ρ

, (1.40)

ìpou ρ eÐnai h jetikă lÔsh thc exÐswshc (1.30).

Apìdeixh

Gia meÐxh ă sunduasmì n Ekjetikÿn katanomÿn, apì th sqèsh (1.32), èqoume:

Gδ(x) =

eρx

∫ ∞

x

e−ρy F (y) dy∫ ∞

0

e−ρy F (y) dy

=

eρx

∫ ∞

x

e−ρy

n∑
i=1

Ai e
−βiy dy∫ ∞

0

e−ρy

n∑
i=1

Ai e
−βiy dy

=

n∑
i=1

Ai e
ρx

∫ ∞

x

e− (βi + ρ) y dy

n∑
i=1

Ai

∫ ∞

0

e− (βi + ρ) y dy

KĹnontac oloklărwsh katĹ parĹgontec, prokÔptei
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Gδ(x) =

n∑
i=1

Ai e
ρx

(
− 1

βi + ρ

)[
e− (βi + ρ) y

]∞
x

n∑
i=1

Ai

(
− 1

βi + ρ

)[
e− (βi + ρ) y

]∞
0

=

−
n∑

i=1

Ai e
ρx

βi + ρ

(
0− e− (βi + ρ)x

)
−

n∑
i=1

Ai

βi + ρ
(0− 1)

Epomènwc katalăgoume ìti

Gδ(x) =

n∑
i=1

Ai e
−βix

βi + ρ
n∑

i=1

Ai

βi + ρ

=

A1

β1 + ρ
n∑

i=1

Ai

βi + ρ

e−β1x +

A2

β2 + ρ
n∑

i=1

Ai

βi + ρ

e−β2x + . . .+

An

βn + ρ
n∑

i=1

Ai

βi + ρ

e−βnx,

pou eÐnai kai to zhtoÔmeno. 2

Paratărhsh 1.5.2 (blèpe Badier & Chan (1992)). ’Estw ìti èqoume mÐa sunĹrthsh

puknìthtac pijanìthtac dÔo ekjetikÿn katanomÿn me paramètrouc β1, β2 ,ìpou isqÔei ìti

β1 < β2, kai bĹrh A, 1− A, ta opoÐa ajroÐzoun pĹnta sthn monĹda. Dhladă èqoume ìti

f(x) = Aβ1 e
−β1x + (1− A) β2 e

−β2x
gia x ≥ 0

Sth genikă perÐptwsh, dhladă ìtan den isqÔei aparaÐthta ìti A ∈ (0, 1), gia na eÐnai h

f(x) sunĹrthsh puknìthtac pijanìthtac ja prèpei na isqÔei kĹpoioc periorismìc gia to

bĹroc A, ètsi ÿste h f(x) na eÐnai mh-arnhtikă sunĹrthsh ∀ x ≥ 0. H anagkaÐa kai ikană
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sunjăkh gia na isqÔei to parapĹnw, eÐnai h exăc:

0 ≤ A ≤ β2

β2 − β1

,

afoÔ an A < 0, tìte h f(x) ja ătan arnhtikă gia megĹlec timèc tou x kai an A >
β2

β2 − β1

,

tìte h f(x) ja ătan arnhtikă gia mikrèc timèc tou x. AfoÔ katalăxame sto ìti prèpei

na isqÔei autìc o periorismìc, sth sunèqeia diaqwrÐzoume thn diaforĹ anĹmesa sthn meÐxh

kai sto sunduasmì dÔo ekjetikÿn katanomÿn. ’Otan isqÔei

0 ≤ A ≤ 1,

tìte èqoume mÐa meÐxh dÔo ekjetikÿn katanomÿn, enÿ ìtan isqÔei

1 ≤ A ≤ β2

β2 − β1

,

èqoume ènan sunduasmì dÔo ekjetikÿn katanomÿn. O parapĹnw periorismìc mporeÐ na ge-

nikeuteÐ kai gia thn perÐptwsh pou exetĹzoume sunduasmì n ekjetikÿn katanomÿn.

Apì thn Prìtash 2, parathroÔme ìti:

• IsqÔei kai gia jetikĹ kai gia arnhtikĹ bĹrh, Ai, me thn proupìjesh ìmwc na èqoume

n∑
i=1

Ai = 1

• Gia n = 1, dhladă ìtan oi apozhmiÿseic akoloujoÔn mÐa ekjetikă katanomă, prokÔ-

ptei apì thn sqèsh (1.40) ìti

Gδ(x) = A′1 e
−β1x = A1 e

−β1x = F (x)

dhladă èqoume ìti oi dÔo katanomèc eÐnai akribÿc oi Ðdiec.

Prìtash 3 (blèpe Lin & Willmot (1999)). ’Otan h katanomă twn apozhmiÿsewn eÐnai

mÐa meÐxh n katanomÿn GĹmma me akèraiec5 paramètrouc (αi, βi), dhladă me sunĹrthsh

5
Στον αναlογισµό, επειδή χρησιµοποείται ποlύ η κατανοµή Γάµµα µε ακέραιεc και τιc δύο παραµέτρουc,

συνηθίζεται να ονοµάζουν τη συγκεκριµένη κατανοµή ωc Erlang. Εµείc στη συγκεκριµένη εργασία όταν

αναφερόµαστε στην κατανοµή Γάµµα, θα µιlάµε πάντα για ακέραιεc τιµέc των παραµέτρων.
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puknìthtac pijanìthtac

f(x) =
n∑

i=1

Ai
βαi

i xαi−1 e−βix

(αi − 1)!
,

kai me ourĹ

F (x) =
n∑

i=1

Ai

αi−1∑
k=0

(βix)
k

k!
e−βix,

ìpou

n∑
i=1

Ai = 1, tìte kai h posìthta Gδ(x) ja eÐnai mia meÐxh n katanomÿn GĹmma me

diaforetikĹ bĹrh kai me tic Ðdiec paramètrouc me thn F (x).

ProkÔptei dhladă ìti

Gδ(x) =
n∑

i=1

A′i

αi−1∑
k=0

(βix)
k

k!
e−βix, ìpou

n∑
i=1

A′i = 1 me

A′i =

n∑
j=i

Aj

(
βi

βi + ρ

)j−i

n∑
j=1

Aj

j−1∑
k=0

(
βi

βi + ρ

)k
. (1.41)

Apìdeixh

Edÿ gia na upologÐsoume thn Gδ(x) , mporoÔme gia megalÔterh eukolÐa na broÔme prÿta

thn G′
δ(x), me thn opoÐa apofeÔgoume thn qrhsimopoÐhsh thc ourĹc thc Gamma katano-

măc. ’Ara gia ton arijmhtă thc sqèshc (1.33), paÐrnoume ìti

eρx

∫ ∞

x

e−ρy dF (y) = eρx

∫ ∞

x

e−ρy

n∑
j=1

Aj
βj

i y
j−1 e−βiy

(j − 1)!
dy

= eρx

∫ ∞

x

n∑
j=1

Aj
βj

i y
j−1 e−(βi+ρ)y

(j − 1)!
dy

= eρx

n∑
j=1

Aj β
j
i

∫ ∞

x

yj−1 e−(βi+ρ)y

(j − 1)!
dy
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ParathroÔme ìti h posìthta pou upĹrqei mèsa sto oloklărwma mporeÐ, mèsw katĹllhlwn

prĹxewn, na mac odhgăsei se mÐa katanomă Gamma me paramètrouc (j, β + ρ). Epomènwc

sth sunèqeia to oloklărwma, sto diĹsthma (x,∞), thc sunĹrthshc puknìthtac pijanìth-

tac pou èqei, eÐnai h dexiĹ ourĹ thc katanomăc Gamma(j, β + ρ). Dhladă èqoume ìti

eρx

∫ ∞

x

e−ρy dF (y) = eρx

n∑
j=1

Aj
βj

i

(βi + ρ)j

∫ ∞

x

yj−1 e−(βi+ρ)y (βi + ρ)j

(j − 1)!
dy

= eρx

n∑
j=1

Aj
βj

i

(βi + ρ)j

j−1∑
i=0

((βi + ρ)x)α
i

αi!
e−(βi+ρ)x

= eρx

n∑
j=1

Aj

(
βi

βi + ρ

)j j∑
i=1

((βi + ρ)x)αi−1

(αi − 1!)
e−(βi+ρ)x

Tèloc, kĹnontac allagă sta ìria twn ajroismĹtwn, katalăgoume sto parakĹtw apotè-

lesma

eρx

∫ ∞

x

e−ρy dF (y) =
1

βi + ρ

n∑
i=1

[
n∑

j=i

Aj

(
βi

βi + ρ

)j−i
]
βαi

i xαi−1 e−βix

(αi − 1)!

AntÐstoiqa gia ton paranomastă thc sqèshc (1.33), me oloklărwsh katĹ parĹgontec,

paÐrnoume

∫ ∞

0

e−ρy F (y) dy =

[
−1

ρ
e−ρy F (y)

]∞
0

−
∫ ∞

0

1

ρ
e−ρy dF (y)

= − lim
y→∞

1

ρ
e−ρyF (y) +

1

ρ
− 1

ρ

∫ ∞

0

e−ρy dF (y)

= 0 +
1

ρ
− 1

ρ

∫ ∞

0

e−ρy dF (y)

=
1

ρ

(
1−

∫ ∞

0

e−ρy

n∑
j=1

Aj
βj

i y
j−1 e−βiy

(j − 1)!
dy

)
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Edÿ ìpwc kai prin, mporoÔme na sqhmatÐsoume mèsa sto oloklărwma mÐa katanomă Gamma

me paramètrouc (j, λ+ρ). Epomènwc to oloklărwma, sto diĹsthma (0,∞), thc sunĹrthshc

puknìthtac pijanìthtac pou èqei, ja isoÔtai me 1. Dhladă prokÔptei

∫ ∞

0

e−ρy F (y) dy =
1

ρ

(
1−

n∑
j=1

Aj

(
βi

βi + ρ

)j ∫ ∞

0

yj−1 e−(βi+ρ)y (βi + ρ)j

(j − 1)!
dy

)

=
1

ρ

(
1−

n∑
j=1

Aj

(
βi

βi + ρ

)j
)

=
1

βi + ρ

n∑
j=1

Aj


1−

(
βi

βi + ρ

)j

1− βi

βi + ρ



=
1

βi + ρ

n∑
j=1

Aj

j−1∑
k=0

(
βi

βi + ρ

)k

’Ara h sqèsh (1.33), grĹfetai:

G′
δ(x) =

1

βi + ρ

n∑
i=1

[
n∑

j=i

Aj

(
βi

βi + ρ

)j−i
]
βαi

i xαi−1 e−βix

(αi − 1)!

1

βi + ρ

n∑
j=1

Aj

j−1∑
k=0

(
βi

βi + ρ

)k

=
n∑

i=1

n∑
j=i

Aj

(
βi

βi + ρ

)j−i

n∑
j=1

Aj

j−1∑
k=0

(
βi

βi + ρ

)k

βαi
i xαi−1 e−βix

(αi − 1)!

AfoÔ upologÐsame thn G′
δ(x), mporoÔme tÿra na broÔme kai thn ourĹ Gδ(x). Epomè-

nwc katalăgoume ìti
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Gδ(x) =
n∑

i=1

n∑
j=i

Aj

(
βi

βi + ρ

)j−i

n∑
j=1

Aj

j−1∑
k=0

(
βi

βi + ρ

)k

αi−1∑
k=0

(βix)
k

k!
e−βix

pou eÐnai kai to zhtoÔmeno. 2

Epomènwc ìtan to mègejoc twn apozhmiÿsewn akoloujeÐ kĹpoia katanomă apì autèc pou

anafèrontai stic ProtĹseic 2 kai 3, tìte gia ton upologismì thc posìthtac Gδ(x) mpo-

roÔme gia eukolÐa na qrhsimopoiăsoume tic sqèseic pou apodeÐxame stic sugkekrimènec

protĹseic kai ìqi thn pio dÔskolh ston upologismì thc, sqèsh (1.32).
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KefĹlaio 2

Oi proseggÐseic DeVylder kai

Tijms gia to metasqhmatismì

Laplace tou qrìnou qreokopÐac.

Me th boăjeia twn tÔpwn pou anaptÔxame analutikĹ sto prohgoÔmeno kefĹlaio, jèloume

na upologÐsoume ton metasqhmatismì Laplace tou qrìnou qreokopÐac gia dÔo diaforetikĹ

arijmhtikĹ paradeÐgmata kai sth sunèqeia na upologÐsoume kĹpoiec gnwstèc proseggÐseic

pou isqÔoun gia thn pijanìthta qreokopÐac. ’Omwc epeidă o skopìc thc paroÔsac ergasÐac

eÐnai h eÔresh kĹpoiwn proseggÐsewn gia ton metasqhmatismì Laplace tou qrìnou qreo-

kopÐac, qrhsimopoioÔme autèc tic proseggÐseic ìqi gia thn pijanìthta qreokopÐac pou eÐnai

ădh gnwstèc, allĹ gia na proseggÐsoume aută thn posìthta pou mac endiafèrei, dhladă

thn Kδ(u).

2.1 Oi proseggÐseic DeVylder kai Tijms

Epeidă sth genikă perÐptwsh, o akribăc upologismìc thc pijanìthtac qreokopÐac den eÐnai

dunatìc analutikĹ, qrhsimopoioÔntai diĹforec proseggÐseic. DÔo apì tic kuriìterec tè-

toiec proseggÐseic parousiĹzontai sth sunèqeia (blèpe Grandell (1991) kai PolÐthc (2008)).

Prosèggish DeVylder

Skopìc thc prosèggishc DeV ylder eÐnai h antikatĹstash thc anèlixhc pleonĹsmatoc

{U(t) : t ≥ 0}, me mÐa Ĺllh kainoÔria anèlixh pleonĹsmatoc {U ′(t) : t ≥ 0}, me tÔpo:

U ′(t) = u+ ct− S ′(t),
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ìpou S ′(t) eÐnai to Ĺjroisma tou Ôyouc twn apozhmiÿsewn, pou tÿra akoloujoÔn ekjetikă

katanomă me mèsh timă p′1. To plăjoc twn apaităsewn pou fjĹnoun sto qrìno, N
′(t), ako-

loujeÐ mia stoqastikă anèlixh Poisson me èntash λ′, θ′ eÐnai to perijÿrio asfaleÐac thc

anèlixhc kai R′
o suntelestăc proasarmogăc. Me thn qrăsh thc prosèggishc DeV ylder,

stìqoc mac eÐnai na proseggÐsoume thn pijanìthta qreokopÐac ψ(u), thc anèlixhc U(t)

me opoiadăpote katanomă apozhmiÿsewn, mèsw thc pijanìthtac qreokopÐac ψDV (u), thc

anèlixhc U ′(t) me ekjetikèc apozhmiÿseic.

H pijanìthta ψDV (u) dÐnetai apì th sqèsh

ψDV (u) =
1

1 + θ′
e−R′ u =

1

1 + θ′
e
− θ′

(1+θ′)p′1
u

(2.1)

Sthn ekjetikă katanomă, me parĹmetro β, oi ropèc sundèontai metaxÔ touc me th sqèsh

E
(
Xk
)

= pk =
k!

βk
(2.2)

’Ara isqÔoun ta exăc:

p′2 = 2p′21 (2.3)

kai

p′3 = 6p′31 (2.4)

Gia na upologistoÔn ta θ′, p′1, λ
′
pou qrhsimopoioÔntai gia thn eÔresh thc pijanìthtac

qreokopÐac thc prosèggishc DeV ylder, ψDV (u), prèpei na lujeÐ to sÔsthma:

θ′λ′p′1 = θλp′1

λ′p′2 = λp2

λ′p′3 = λp3

to opoÐo sÔmfwna me tic sqèseic (2.3), (2.4), gÐnetai
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θ′λ′p′1 = θλp1

2λ′p′1
2 = λp2 (2.5)

6λ′p′1
3 = λp3

LÔnontac to sÔsthma (2.5), wc proc θ′, p′1 kai λ
′
, katalăgoume sta exăc:

Gia to p′1 paÐrnoume ìti

p′1 =
p3

3p2

, (2.6)

gia to λ′ antÐstoiqa

λ′ =
9λp3

2

2p2
3

, (2.7)

kai tèloc gia to θ′, paÐrnoume

θ′ =
2p1p3θ

3p2
2

. (2.8)

Prosèggish Tijms

’Opwc èqoume anafèrei h pijanìthta qreokopÐac eÐnai h ourĹ mÐac sÔnjethc gewmetri-

kăc katanomăc kai mporeÐ na upologisteÐ analutikĹ mìno se orismènec periptÿseic. H

prosèggish tou Tijms prospajeÐ mèsw thc qrăshc mÐac meÐxhc dÔo ekjetikÿn katanomÿn,

na proseggÐsei thn ψ(u). Bèbaia gia na qrhsimopoihjeÐ h prosèggish aută, ja prèpei oi

parĹmetroi pou ja epileqjoÔn na ikanopoioÔn ta exăc:

1.

ψT (0) = ψ(0) =
1

1 + θ
.

Edÿ, kai sth sunèqeia, h sunĹrthsh ψT (u), dhlÿnei thn pijanìthta qreokopÐac pou

qrhsimopoieÐtai gia thn prosèggish Tijms.
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2. H mèsh timă gia th mègisth swreutikă apÿleia sta dÔo montèla na eÐnai h Ðdia.

ă isodÔnama,

H mèsh timă thc katanomăc pou dhlÿnei thn pijanìthta mh-qreokopÐac gia kĹje

montèlo, na eÐnai h Ðdia.

Apì th sqèsh (1.13), paÐrnoume ìti
1

∫ ∞

0

ψ(u)du = E(L)

Epomènwc prèpei na isqÔei∫ ∞

0

ψ(u)du =

∫ ∞

0

ψT (u)du = E(LT ),

ìpou LT eÐnai h mègisth swreutikă apÿleia sthn prosèggish tou Tijms.

3. H pragmatikă pijanìthta qreokopÐac ψ(u) kai h prosèggish tou Tijms èqoun thn

Ðdia asumptwtikă sumperiforĹ gia u→∞.
Dhladă isqÔei ìti

lim
u→∞

ψ(u)

ψT (u)
= 1.

’Etsi an isqÔoun oi parapĹnw upojèseic, sÔmfwna me ton Tijms h pijanìthta qreokopÐac

dÐnetai apì th sqèsh

ψT (u) =

(
1

1 + θ
− C

)
e−γu + Ce−Ru, (2.9)

ìpou C eÐnai h Ðdia stajerĹ pou qrhsimopoieÐtai kai ston asumptwtikì tÔpo tou Lundberg,

dhladă

C =
θp1

R

∫ ∞

0

xeRxF (x) dx

, (2.10)

1
Η µέση τιµή τηc µέγιστηc σωρευτικήc απώlειαc παρουσιάζεται αναlυτικά στην Ενότητα 3.1.
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kai h stajerĹ γ sth sqèsh (2.9) epilègetai apì th sqèsh

γ =

(
1

1 + θ
− C

)(
1

θp1

∫ ∞

0

xF (x) dx− C

R

)−1

. (2.11)

ParathroÔme ìti an isqÔei h trÐth sunjăkh, tìte gia u→∞, o deÔteroc ìroc thc ψT (u)

sugklÐnei pio argĹ sto mhdèn apì ìti o prÿtoc ìroc kai ètsi èqoume ìti

ψT (u) ∼ Ce−Ru,

dhladă h prosèggish èqei pĹnta th swstă asumptwtikă sumperiforĹ.

H prosèggish tou Tijms èqei apodeiqjeÐ ìti eÐnai akribăc me thn pragmatikă ψ(u), ∀ u ≥ 0,

ìtan h katanomă twn apozhmiÿsewn eÐnai:

i) Ekjetikă,

ii) meÐxh ă sunduasmìc dÔo Ekjetikÿn katanomÿn,

iii) sunèlixh dÔo Ekjetikÿn katanomÿn, dhladă katanomă Gamma me prÿth parĹmetro

to plăjoc twn sunelÐxewn (Xi ∼ Gamma(2, β)).

2.2 Oi proseggÐseic Tijms kai DeVylder gia meÐxh

ekjetikÿn katanomÿn.

Sth sunèqeia ja pĹroume èna parĹdeigma, ìpou oi apozhmiÿseic akoloujoÔn mÐa meÐxh triÿn

ekjetikÿn katanomÿn kai mèsw twn sqèsewn pou anafèrjhkan parapĹnw sth jewrÐa, ja

upologÐsoume tic proseggÐseic Tijms kai DeV ylder gia ton metasqhmatismì Laplace tou

qrìnou qreokopÐac (δ ≥ 0) kai ìqi aplÿc gia thn pijanìthta qreokopÐac (δ = 0). Sko-

pìc mac eÐnai epÐshc, na sugkrÐnoume ton pragmatikì metasqhmatismì Laplace tou qrìnou

qreokopÐac me tic proseggÐseic tou, na doÔme poia prosèggish leitourgeÐ kalÔtera kai

giatÐ, kai tèloc na parathrăsoume an oi proseggÐseic allĹzoun kai pìso, ìtan allĹzei h

timă tou δ. EpÐshc prèpei na anaferjeÐ ìti gia na gÐnoun ìlec oi prĹxeic pou akoloujoÔn,
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èqei qrhsimopoihjeÐ to prìgramma Mathematica (blèpe ParĹrthma A’).

ParĹdeigma 2.2.1 ’Estw ìti oi apozhmiÿseic akoloujoÔn mia meÐxh triÿn ekjetikÿn

katanomÿn, me bĹrh Ai = 1
3
, i = 1, 2, 3 kai paramètrouc β1 = 2, β2 = 4, β3 = 6. Dhladă

h sunĹrthsh puknìthtac pijanìthtac eÐnai

f(x) =
1

3
2 e−2x +

1

3
4 e−4x +

1

3
6 e−6x,

kai h ourĹ thc katanomăc

F (x) =
1

3
e−2x +

1

3
e−4x +

1

3
e−6x.

Upojètoume ìti c = 1, λ = 2 kai δ = 0.05, epomènwc apì th sqèsh (1.3) prokÔptei ìti

θ =
7

11
.

Sth sunèqeia upologÐzoume tic treic prÿtec ropèc thc f(x), apì th sqèsh (1.2), kai

paÐrnoume

p1 = E(X) = 0.305556,

p2 = E(X2) = 0.226852,

kai

p3 = E(X3) = 0.290509.

H sunĹrthsh puknìthtac pijanìthtac thc katanomăc isorropÐac, upologÐzetai apì th sqè-

sh (1.10), kai isoÔtai me

fe(x) =
12

11
e−2x +

12

11
e−4x +

12

11
e−6x,

epÐshc h ourĹ thc katanomăc isorropÐac brÐsketai mèsw thc sqèshc (1.9) kai isoÔtai me

F e(x) =
6

11
e−2x +

3

11
e−4x +

2

11
e−6x.
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Epeidă h katanomă twn apozhmiÿsewn eÐnai thc morfăc α e−βx
, o metasqhmatismìc Laplace

thc f(x) brÐsketai mèsw thc sqèshc2 (1.25). Epomènwc prokÔpei ìti

f̂(s) =
2

3(2 + s)
+

4

3(4 + s)
+

2

6 + s

Gia thn eÔresh thc pijanìthtac qreokopÐac, ja prèpei prÿta na upologisteÐ o metasqhma-

tismìc Laplace thc ψ(u), pou dÐnetai apì th sqèsh (1.28), kai sth sunèqeia me antistrofă

tou metasqhmatismoÔ Laplace, katalăgoume sto apotèlesma

ψ(u) = 0.0166231 e−5.58503u + 0.0436979 e−3.4447u + 0.55079 e−0.970262u
(2.12)

Oi ekjètec pou emfanÐzontai eÐnai oi rÐzec thc exÐswshc tou Lundberg, pou brÐskontai apì

th sqèsh (1.19) kai isqÔei ìti R = 0.970262, diìti eÐnai h mikrìterh jetikă lÔsh.
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Sqăma 2.1: Grafikă parĹstash thc pijanìthtac qreokopÐac.

Gia thn pijanìthta qreokopÐac, sqèsh (2.12), mporoÔme na efarmìsoume tic proseggÐseic

DeV ylder kai Tijms sÔmfwna me tic sqèseic pou dìjhkan sthn Enìthta 2.1.

Gia thn prosèggish DeV ylder, mèsw twn lÔsewn (2.6), (2.7), (2.8), paÐrnoume:

2
Η συγκεκριµένη σχέση είναι αποτέlεσµα τηc τρίτηc ιδιότηταc του µετασχηµατισµού Laplace που είχαµε

αναφέρει στην Ενότητα 1.4.
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p′1 =
p3

3p2

= 0.426871,

λ′ =
9λp3

2

2p2
3

= 1.24494,

kai

θ′ =
2p1p3θ

3p2
2

= 0.731778.

Epomènwc sÔmfwna me th sqèsh (2.1), prokÔptei ìti

ψDV (u) = 0.577441 e−0.989898 u. (2.13)

SugkrÐnontac thn pragmatikă pijanìthta qreokopÐac, thc sqèshc (2.12), me thn proseg-

gistikă, sqèsh (2.13), èqoume to parakĹtw koinì diĹgramma 2.2.
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Sqăma 2.2: Grafikă parĹstash thc prosèggishc DeV ylder gia thn pijanìthta qreokopÐac

ψ(u).

Blèpoume apì to diĹgramma 2.2, ìti h prosèggish ψDV (u) brÐsketai pĹra polÔ kontĹ stic

pragmatikèc timèc tou ψ(u), ektìc apì tic polÔ mikrèc timèc tou u.

AntÐstoiqa gia thn prosèggish Tijms, apì tic sqèseic (2.10), (2.11), (2.9), prokÔptei
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C =
θp1

R

∫ ∞

0

xeRxF (x) dx

= 0.55079,

kai

γ =

(
1

1 + θ
− C

)(
1

θp1

∫ ∞

0

xF (x) dx− C

R

)−1

= 3.8515.

Epomènwc

ψT (u) = 0.0603208 e−3.8515 u + 0.55079 e−0.970262 u. (2.14)

SugkrÐnontac thn pragmatikă pijanìthta qreokopÐac, sqèsh (2.12), me thn proseggistikă

tou Tijms, sqèsh (2.14), èqoume to parakĹtw diĹgramma 2.3.

Sto diĹgramma 2.3, eÐnai safèc ìti h sunĹrthsh ψT (u) proseggÐzei pĹra polÔ kalĹ th

sunĹrthsh ψ(u) gia ìlec tic timèc tou u.
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Sqăma 2.3: Grafikă parĹstash thc prosèggishc Tijms gia thn pijanìthta qreokopÐac

ψ(u).

ParĹdeigma 2.2.2 Se sunèqeia tou prohgoÔmenou paradeÐgmatoc, stìqoc mac tÿra eÐnai

h eÔresh tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac.
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Gia na upologÐsoume thn posìthta Kδ(u), ja prèpei prÿta na broÔme thn jetikă lÔsh thc

genikeumènhc exÐswshc tou Lundberg gia δ = 0.05, pou dÐnetai apì th sqèsh (1.30) kai h

opoÐa metĹ apì prĹxeic sto Mathematica, brÐskoume ìti isoÔtai me

ρ = 0.120512.

Sth sunèqeia, prèpei na upologistoÔn oi posìthtec Gδ(x) kai β, oi opoÐec dÐnontai apì tic

sqèseic (1.32) kai (1.34) antÐstoiqa.

’Omwc, sÔmfwna me thn Prìtash 2, gia thn Gδ(x), analutikĹ èqoume:

Gδ(x) =

A1

β1+ρ

A1

β1+ρ
+ A2

β2+ρ
+ A3

β3+ρ

e−2x +

A2

β2+ρ

A1

β1+ρ
+ A2

β2+ρ
+ A3

β3+ρ

e−4x +

A3

β3+ρ

A1

β1+ρ
+ A2

β2+ρ
+ A3

β3+ρ

e−6x

= 0.537321 e−2x + 0.276518 e−4x + 0.18616 e−6x,

kai h stajerĹ β isoÔtai me

β =
1 + θ∫ ∞

0

e−ρy dFe(y)

− 1 = 0.709095.

ParagwgÐzontac thn Gδ(x), brÐskoume thn gδ(x) wc:

gδ(x) = 1.07464 e−2x + 1.10607 e−4x + 1.11696 e−6x

O metasqhmatismìc Laplace thc gδ(x), qrhsimopoiÿntac kai pĹli th sqèsh (1.25), isoÔtai

me

ĝδ(s) =
1.07464

2 + s
+

1.10607

4 + s
+

1.11696

6 + s
.

Tÿra upĹrqoun dÔo trìpoi gia na upologisteÐ o metasqhmatismìc Laplace tou qrìnou

qreokopÐac. SÔmfwna me ton prÿto trìpo, epeidă eÐnai polÔ dÔskolo na ergastoÔme me

sunelÐxeic, ja prèpei na qrhsimopoiăsoume th sqèsh (1.39), dhladă na broÔme ton metasqh-

matismì Laplace thcKδ(u). Sth sunèqeia paÐrnontac antÐstrofo metasqhmatismì Laplace

sthn K̂δ(s), katalăgoume sthn posìthta pou mac endiafèrei, dhladă ston metasqhmatismì

Laplace tou qrìnou qreokopÐac.

Gia ton deÔtero trìpo, ja prèpei prÿta na broÔme ton metasqhmatismì Laplace thc posì-

thtac K ′
0(u), h opoÐa proălje paragwgÐzontac th sqèsh (1.36). Sth sunèqeia paÐrnontac
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antÐstrofo metasqhmatismì Laplace, brÐskoume thn posìthta K ′
0(u). Epomènwc mèsw twn

sqèsewn (1.37), kai

Kδ(u) = 1−Kδ(u), (2.15)

katalăgoume ston metasqhmatismì Laplace tou qrìnou qreokopÐac.

’Opoion trìpo kai na pĹroume ja odhghjoÔme sto Ðdio akribÿc apotèlesma. EmeÐc edÿ

epilègoume na qrhsimopoiăsoume ton deÔtero trìpo.

’Etsi apì th sqèsh (1.37), paÐrnoume

K̂ ′
0(s) =

0.242757

(
1.07464

2 + s
+

1.10607

4 + s
+

1.11696

6 + s

)
1− 0.585105

(
1.07464

2 + s
+

1.10607

4 + s
+

1.11696

6 + s

)

PaÐrnontac antÐstrofo metasqhmatismì Laplace sthn K̂ ′
0(s), prokÔptei

K ′
0(u) = 0.100209 e−5.58716 u + 0.163282 e−3.45027 u + 0.537043 e−1.03308 u.

Mèsw thc sqèshc (1.38), brÐskoume thn posìthta Kδ(u) kai epomènwc, sÔmfwna me th

sqèsh (2.15), katalăgoume sto ìti o metasqhmatismìc Laplace tou qrìnou qreokopÐac

isoÔtai me

Kδ(u) = 0.0179356 e−5.58716 u + 0.0473246 e−3.45027 u + 0.519845 e−1.03308 u. (2.16)

H grafikă parĹstash thc Kδ(u) parousiĹzetai sto parakĹtw diĹgramma 2.4.

Sto Sqăma 2.4 parathroÔme ìti h grafikă parĹstash thc Kδ(u), èqei thn Ðdia sumperiforĹ

me aută thc ψ(u). Autì jèloume na sumbaÐnei, kajÿc èqoume anafèrei sto KefĹlaio 1 ìti

kai oi dÔo posìthtec eÐnai dexièc ourèc mÐac sÔnjethc gewmetrikăc katanomăc.
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Sqăma 2.4: Grafikă parĹstash tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, gia

δ = 0.05.

Sth sunèqeia stìqoc mac eÐnai na qrhsimopoiăsoume tic proseggÐseic DeV ylder kai

Tijms, gia na proseggÐsoume thn Kδ(u) kai na exetĹsoume pìso kalèc eÐnai oi sugkekri-

mènec proseggÐseic, dhladă pìso kontĹ eÐnai oi proseggÐseic se sqèsh me ton pragmatikì

metasqhmatismì Laplace tou qrìnou qreokopÐac, pou dÐnetai apì th sqèsh (2.16).

Parathrÿntac thn analogÐa pou upĹrqei anĹmesa sth sqèsh (1.17) kai sth sqèsh (1.35),

blèpoume ìti h Kδ(u) mporeÐ na jewrhjeÐ wc mÐa sunĹrthsh pou dÐnei thn pijanìthta qreo-

kopÐac sto klasikì montèlo. H pijanìthta qreokopÐac aută antistoiqeÐ sthn katanomă

Gδ, an aută jewrhjeÐ wc mÐa katanomă isorropÐac h opoÐa ìmwc den proèrqetai apì thn

katanomă apozhmiÿsewn pou jewrăsame sthn arqă. EmeÐc èqoume anafèrei leptomerÿc to

pÿc leitourgoÔn oi proseggÐseic gia thn pijanìthta qreokopÐac kai ìqi gia ton metasqh-

matismì Laplace tou qrìnou qreokopÐac. Epomènwc èqoume na antimetwpÐsoume exarqăc

èna dÔskolo prìblhma. Gia autì to lìgo ja prospajăsoume na metafèroume autì to

prìblhma se èna Ĺllo, polÔ eukolìtero. ’Etsi an broÔme thn kainoÔria katanomă apo-

zhmiÿsewn mèsw thc Gδ(x), upologÐsoume thn pijanìthta qreokopÐac pou antistoiqeÐ se

aută thn kainoÔria katanomă kai sth sunèqeia efarmìsoume tic proseggÐseic pĹnw sth

sugkekrimènh ψ(u), tìte ja eÐnai san na èqoume brei thn Kδ(u) kai thn prosèggisă thc,

gia to arqikì mac prìblhma dhladă gia thn arqikă katanomă apozhmiÿsewn. Autì mporeÐ

na apodeiqjeÐ arketĹ eÔkola, afoÔ isqÔei ìti:

ψ(u) =
1

1 + θ

∫ u

0

ψ(u− x) dFe(x) +
1

1 + θ
F e(u),
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kai

Kδ(u) =
1

1 + β

∫ u

0

Kδ(u− x) dGδ(x) +
1

1 + β
Gδ(u).

EpÐshc èqoume anafèrei ìti kai oi dÔo posìthtec eÐnai dexièc ourèc sÔnjethc gewmetrikăc

katanomăc kai epÐshc ìti F e(x), Gδ(x) eÐnai dÔo diaforetikèc katanomèc isorropÐac. ’Ara

h pijanìthta qreokopÐac gia thn nèa katanomă twn apozhmiÿsewn ja eÐnai h ourĹ miac

sÔnjethc gewmetrikăc katanomăc kai ja ikanopoieÐ thn elleimmatikă ananewtikă exÐswsh

ψδ(u) =
1

1 + θ

∫ u

0

ψδ(u− x) dGδ(x) +
1

1 + θ
Gδ(u)

Gia to lìgo autì, gia na deÐxoume ìti h Kδ mporeÐ na jewrhjeÐ wc mÐa sunĹrthsh pou mac

dÐnei thn pijanìthta qreokopÐac, qrhsimopoioÔme to sumbolismì ψδ gia th sunĹrthsh aută,

dhladă ψδ = Kδ.

’Etsi an jèsoume θ = β, parathroÔme ìti h Kδ(u) pou mac endiafèrei, isoÔtai me thn

pijanìthta qreokopÐac thc kainoÔriac katanomăc apozhmiÿsewn. ’Ara katalăxame se èna

eÔkolo prìblhma kajÿc to mìno pou qreiĹzetai eÐnai h qrăsh twn proseggÐsewn se aută

th ψδ(u) kai sth sunèqeia na gÐnei h sÔgkrish twn pijanotătwn.

Gia thn eÔresh thc nèac katanomăc twn apozhmiÿsewn ja prèpei prÿta na jewrăsoume

ìti

θ = β = 0.709095

EpÐshc ja prèpei na upologÐsoume thn prÿth ropă thc katanomăc kai sth sunèqeia th

dexiĹ ourĹ thc katanomăc twn apozhmiÿsewn. Dhladă èqoume

gδ(x) =
F δ(x)

p1

⇒ gδ(0) =
1

p1

⇒

p1 =
1

gδ(0)
⇒ p1 = 0.303244

kai

F δ(x) = fδ,e(x) p1 = gδ(x) 0.303244

= 0.325879 e−2x + 0.33541 e−4x + 0.338711 e−6x.
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Mèsw thc ourĹc thc katanomăc, paragwgÐzontac, katalăgoume sth sunĹrthsh puknìthtac

pijanìthtac twn apozhmiÿsewn

fδ(x) = 0.651757 e−2x + 1.34164 e−4x + 2.03227 e−6x.

Oi ropèc thc katanomăc brÐskontai apì th sqèsh

pk =

∫ ∞

0

xkfδ(x) dx,

kai edÿ mac endiafèroun oi treic prÿtec ropèc. H prÿth ropă èqei upologisteÐ parapĹnw,

enÿ gia tic Ĺllec dÔo èqoume

p2 = 0.223683,

kai

p3 = 0.285262.

O upologismìc thc pijanìthtac qreokopÐac ja gÐnei me ton Ðdio trìpo pou ègine kai gia

thn arqikă katanomă twn apozhmiÿsewn. O metasqhmatismìc Laplace thc fδ(x) isoÔtai me

f̂δ(s) =
0.651757

2 + s
+

1.34164

4 + s
+

2.03227

6 + s
,

kai thc ourĹc thc katanomăc isorropÐac antÐstoiqa, me

F̂ δ,e(s) =
0.537325

2 + s
+

0.276515

4 + s
+

0.18616

6 + s
.

Epomènwc katalăgoume sto ìti h pijanìthta qreokopÐac, h opoÐa sto parĹdeigmĹ mac pro-

seggÐzei me akrÐbeia thn Kδ(u), isoÔtai me

ψδ(u) = 0.0179356 e−5.58716 u + 0.0473239 e−3.45027 u + 0.519842 e−1.03308 u,

ìpou oi ekjètec eÐnai oi jetikèc lÔseic thc exÐswshc (1.19) kai isqÔei ìti

R = 1.03308, epeidă eÐnai h mikrìterh jetikă lÔsh.
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Sqăma 2.5: Grafikă parĹstash thc pijanìthtac qreokopÐac ψδ(u) = Kδ(u), gia meÐxh

triÿn ekjetikÿn katanomÿn gia δ = 0.05.

Sth sunèqeia ja efarmìsoume tic dÔo proseggÐseic pou èqoume anafèrei, gia thn ψδ(u) =

Kδ(u), kai ja sugkrÐnoume tic pragmatikèc timèc me tic proseggistikèc, me thn boăjeia koi-

nÿn diagrammĹtwn kajÿc kai diagrammĹtwn pou ja apeikonÐzoun to posostiaÐo sfĹlma pou

upĹrqei se autèc tic timèc, gia kĹje timă tou u.

Gia thn prosèggish DeV ylder, lÔnontac to sÔsthma (2.5) katalăgoume sta exăc:

p′1 =
p3

3p2

= 0.425099,

λ′ =
9λp3

2

3p2
3

= 0.618902,

kai

θ′ =
2p1p3θ

3p2
2

= 0.817304.

Tèloc qrhsimopoiÿntac ton tÔpo (2.1), paÐrnoume ìti

ψδ,DV (u) = K
DV

δ (u) = 0.550266 e−1.05795 u.

H grafikă parĹstash thc ψδ,DV (u), dÐnetai sto parakĹtw Sqăma 2.6. Gia na sugkrÐnoume

thn ψδ(u) me thn ψδ,DV (u) mporoÔme na bĹloume se èna diĹgramma tic grafikèc touc para-

stĹseic gia na doÔme pìso kontĹ eÐnai. Opìte prokÔptei to parakĹtw Sqăma 2.7.
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Sqăma 2.6: Grafikă parĹstash thc prosèggishc DeV ylder gia thn pijanìthta qreokopÐac

ψδ(u).
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Sqăma 2.7: Koinì diĹgramma twn grafikÿn parastĹsewn twn pijanotătwn ψδ(u), ψδ,DV (u),

gia δ = 0.05.
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Apì to Sqăma 2.7, bgĹzoume to sumpèrasma ìti h prosèggish DeV ylder gia ton meta-

sqhmatismì Laplace tou qrìnou qreokopÐac, gia megĹlec timèc tou u, eÐnai arketĹ kontĹ

se sqèsh me tic pragmatikèc timèc thc Kδ(u). To prìblhma thc prosèggishc entopÐzetai

gia polÔ mikrèc timèc tou u, ìpou ekeÐ faÐnetai mÐa aisjhtă diaforĹ.

Ja exetĹsoume tÿra pìso ikanopoihtikă eÐnai h prosèggish Tijms gia thn sunĹrthsh

ψδ(u) = Kδ(u), gia thn Ðdia katanomă apozhmiÿsewn kai gia tic Ðdiec timèc twn paramètrwn

ìpwc prin. Epomènwc mèsw twn sqèsewn (2.10), (2.11), prokÔptoun

C =
θp1

R

∫ ∞

0

xeRxF (x) dx

= 0.51985,

kai

γ =

(
1

1 + θ
− C

)(
1

θp1

∫ ∞

0

xF (x) dx− C

R

)−1

= 3.85675.

Epeidă isqÔei ìti R < γ, dhladă upĹrqei swstă asumptwtikă sumperiforĹ gia u → ∞,
mporoÔme na qrhsimopoiăsoume thn prosèggish kai sÔmfwna me ton tÔpo (2.9), paÐrnoume

ψδ,T (u) = K
Tijms

δ (u) = 0.065255 e−3.85675 u + 0.51985 e−1.03308 u. (2.17)

EpÐshc sumperaÐnoume ìti

ψδ,T (0) = ψδ(0) = 0.585105,

kai ∫ ∞

0

ψδ,T (u) du =

∫ ∞

0

ψδ(u) du = 0.520124.

H grafikă parĹstash thc prosèggishc Tijms gia thn ψδ(u) = Kδ(u), dÐnetai sto para-

kĹtw Sqăma 2.8. Gia na sugkrÐnoume thn ψδ(u) me thn ψδ,T (u), ja akoloujăsoume thn Ðdia

diadikasÐa pou kĹname kai sthn prosèggish DeV ylder. Epomènwc èqoume to parakĹtw

koinì diĹgramma 2.9.

Sto Sqăma 2.9, den mporoÔme na diakrÐnoume th diaforĹ metaxÔ thc prosèggishc Tijms

kai twn pragmatikÿn timÿn, kai autì sumbaÐnei giatÐ h sugkekrimènh prosèggish eÐnai pĹra

polÔ kontĹ me tic paragmatikèc timèc, gia ìlec tic timèc tou apojematikoÔ, u.
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Sqăma 2.8: Grafikă parĹstash thc prosèggishc Tijms gia thn pijanìthta qreokopÐac.
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Sqăma 2.9: Koinì diĹgramma twn grafikÿn parastĹsewn twn pijanotătwn ψδ(u), ψδ,T (u),

gia δ = 0.05.
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Thn Ðdia diadikasÐa akoloujoÔme kai sthn perÐptwsh pou to δ paÐrnei Ĺllec timèc. Edÿ

epeidă jewrăsame ìti δ = 0.05 to opoÐo wc proexoflhtikìc parĹgontac eÐnai arketĹ mi-

krìc, ja jewrăsoume kai mÐa deÔterh perÐptwsh ìpou to δ = 2. Autì to kĹnoume ètsi

ÿste na doÔme katĹ pìso h timă tou δ ephreĹzei thn apotelesmatikìthta thc prosèggishc

tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac. Epomènwc gia thn Ðdia katanomă

apozhmiÿsewn, f(x), sunoptikĹ autĹ pou allĹzoun eÐnai ta exăc:

Apì to Mathematica, èqoume ìti h jetikă lÔsh thc (1.30), eÐnai

ρ = 2.89043.

H ourĹ thc katanomăc isorropÐac thc kainoÔriac katanomăc twn apozhmiÿsewn, fδ(x),

isoÔtai me

Gδ(x) = 0.442513 e−2x + 0.31407 e−4x + 0.243417 e−6x,

kai h stajerĹ β isoÔtai me

β = 2.24612.

ParagwgÐzontac thn Gδ(x), paÐrnoume

gδ(x) = 0.885026 e−2x + 1.25628 e−4x + 1.4605 e−6x

PaÐrnontac ton metasqhmatismì Laplace thc gδ(x) kajÿc kai ton metasqhmatismì Laplace

thc K ′
0(u) apì th sqèsh (1.37), katalăgoume sto ìti o metasqhmatismìc Laplace tou qrì-

nou qreokopÐac isoÔtai me

Kδ(u) = 0.0308491 e−5.65609 u + 0.0717303 e−3.60584 u + 0.205481 e−1.6285 u.

H kainoÔria katanomă twn apozhmiÿsewn isoÔtai me

fδ(x) = 0.491434 e−2x + 1.39517 e−4x + 2.43295 e−6x,

me treic prÿtec ropèc

p1 = 0.277638,

p2 = 0.188985,
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kai

p3 = 0.228251.

Sth sunèqeia brÐskontac ton metasqhmatismì Laplace thc fδ(x), mporoÔme na upologÐ-

soume thn pijanìthta qreokopÐac eĹn pĹroume antÐstrofo metasqhmatismì Laplace sth

sqèsh (1.28). Epomènwc katalăgoume ìti h pijanìthta qreokopÐac isoÔtai me

ψδ(u) = 0.0308491 e−5.65609 u + 0.0717303 e−3.60584 u + 0.205481 e−1.6285 u,

ìpou oi ekjètec eÐnai oi jetikèc lÔseic thc exÐswshc (1.19) kai isqÔei ìti

R = 1.6285, epeidă eÐnai h mikrìterh jetikă rÐza.

Kai se aută thn perÐptwsh mac endiafèrei na broÔme proseggÐseic gia thn ψδ(u) = Kδ(u),

kajÿc kai na sugkrÐnoume ta apotelèsmata twn proseggÐsewn pou èqoume brei, gia tic

diĹforec timèc thc paramètrou δ.

Gia thn prosèggish DeV ylder akoloujÿntac akribÿc ta Ðdia bămata me prin, prokÔptei ìti

p′1 = 0.402591,

λ′ = 0.583001,

kai

θ′ = 2.65692.

Epomènwc h prosèggish DeV ylder thc sunĹrthshc ψδ(u) = Kδ(u) gia δ = 2, isoÔtai me

ψδ,DV (u) = 0.273454 e−1.80467 u,

kai to koinì diĹgramma twn pijanotătwn ψδ(u), ψδ,DV , dÐnetai sto parakĹtw Sqăma 2.10.

Sto Sqăma 2.10, parathroÔme ìti h prosèggish DeV ylder gÐnetai ligìtero kală ìso

megalÿnei h parĹmetroc δ. Epomènwc sumperaÐnoume ìti h prosèggish DeV ylder den eÐnai

idiaÐtera ikanopoihtikă se aută thn perÐptwsh, prĹgma pou ja gÐnei amèswc antilhptì kai

sth sunèqeia.
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Sqăma 2.10: Koinì diĹgramma twn grafikÿn parastĹsewn twn pijanotătwn ψδ(u),

ψδ,DV (u), gia δ = 2.

Akoloujÿntac tÿra tic sqèseic pou isqÔoun sthn prosèggish tou Tijms gia tic timèc

twn paramètrwn C, γ, katalăgoume sta exăc

C = 0.205477,

kai

γ = 4.04673.

Epomènwc h prosèggish Tijms thc sunĹrthshc ψδ(u) = Kδ(u) gia δ = 2, isoÔtai me

ψδ,T (u) = 0.102583 e−4.04673 u + 0.205477 e−1.6285 u.

SugkrÐnoume tic pijanìthtec ψδ(u), ψδ,T (u), me to akìloujo Sqăma 2.11.

Sto Sqăma 2.11, parathroÔme ìti h prosèggish Tijms mporeÐ na ephreĹzetai lÐgo apì

megĹlec timèc tou δ, allĹ paramènei pĹra polÔ kală gia ìlec tic timèc tou apojematikoÔ

u. Epomènwc blèpoume, apì mÐa prÿth matiĹ, ìti h prosèggish Tijms eÐnai kalÔterh apì

thn prosèggish DeV ylder. Autì ja faneÐ kalÔtera kai sth sunèqeia.
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Sqăma 2.11: Koinì diĹgramma twn grafikÿn parastĹsewn twn pijanotătwn ψδ(u) , ψδ,T (u)

gia δ = 2.

Perissìtero gia mikrèc timèc tou δ, apì thn prohgoÔmenh anĹlush kai ta sqămata sum-

perasmatikĹ prokÔptei ìti tìso h prosèggish DeV ylder, allĹ idiaÐtera h prosèggish tou

Tijms brÐskontai exairetikĹ kontĹ stic pragmatikèc timèc thc sunĹrthshc pou proseggÐ-

zoume.

Sta prohgoÔmena sqămata kai eidikĹ gia thn prosèggish tou Tijms h diaforĹ anĹmesa

sthn pragmatikă sunĹrthsh kai thn prosèggisă thc diakrÐnetai me duskolÐa sto diĹgram-

ma. Sunepÿc kai gia na èqoume mÐa kalÔterh eikìna gia thn apotelesmatikìthta twn dÔo

proseggÐsewn, tìso sugkritikĹ metaxÔ touc (DeV ylder ènanti tou Tijms) allĹ kai san

posostì sfĹlmatoc % apì thn pragmatikă timă, allĹ kai gia na doÔme to pÿc ephreĹzetai

h kĹje prosèggish ìtan metabĹlletai to δ, ergazìmaste wc exăc.

DhmiourgoÔme mÐa nèa sunĹrthsh h opoÐa ekfrĹzei to posostiaÐo sfĹlma (percentage error)

pou upĹrqei anĹmesa sthn pragmatikă timă tou metasqhmatismoÔ Laplace tou qrìnou qreo-

kopÐac kai sthn proseggistikă timă tou.

Dhladă gia thn prosèggish DeV ylder, èqoume ìti

perδ,DV (u) =
ψδ,DV (u)− ψδ(u)

ψδ(u)
· 100

Sth sunèqeia kataskeuĹzoume th grafikă parĹstash thc perδ,DV (u), gia tic periptÿseic

pou δ = 0, dhladă gia thn pijanìthta qreokopÐac ψ(u), kajÿc kai gia δ = 0.05, δ = 2,
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dhladă gia ton metasqhmatismì Laplace tou qrìnou qreokopÐac ψδ(u) = Kδ(u).
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Sqăma 2.12: Grafikă parĹstash tou posostiaÐou sfĹlmatoc gia thn prosèggish ψδ,DV (u),

gia δ = 0, δ = 0.05, δ = 2.

AntÐstoiqa gia thn prosèggish Tijms, èqoume ìti

perδ,T (u) =
ψδ,T (u)− ψδ(u)

ψδ(u)
· 100

kai to koinì diĹgramma tou posostiaÐou sfĹlmatoc thc prosèggishc, gia δ = 0, δ = 0.05

kai δ = 2, parousiĹzetai sto parakĹtw Sqăma 2.13.

Apì ta diagrĹmmata 2.12 kai 2.13, sumperaÐnoume ìti gia ton metasqhmatismì Laplace

tou qrìnou qreokopÐac, h prosèggish tou Tijms eÐnai safÿc kalÔterh apì thn prosèggi-

sh DeV ylder. EpÐshc parathroÔme ìti gia δ = 0, dhladă gia thn pijanìthta qreokopÐac

ìtan oi apozhmiÿseic akoloujoÔn mÐa meÐxh triÿn ekjetikÿn katanomÿn, oi proseggistikèc

timèc eÐnai pio kontĹ me tic pragmatikèc apì ìti gia δ > 0, dhladă gia ton metasqhmati-

smì Laplace tou qrìnou qreokopÐac. Tèloc san teleutaÐa paratărhsh èqoume ìti ìso

auxĹnetai h timă tou δ tìso “qalĹne” kai oi dÔo proseggÐseic pou anafèrame. AxÐzei na

shmeiwjeÐ ìmwc, ìti h timă tou δ ephreĹzei perissìtero thn prosèggish DeV ylder, kajÿc

gia megĹlo δ auxĹnetai apìtoma kai to posostiaÐo sfĹlma. AntÐjeta h prosèggish Tijms

ephreĹzetai ligìtero apì mÐa megĹlh timă tou δ, kajÿc blèpoume ìti to posostiaÐo sfĹlma

paramènei se qamhlĹ epÐpeda (kĹtw apì 1%).
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Sqăma 2.13: Grafikă parĹstash tou posostiaÐou sfĹlmatoc gia thn prosèggish ψδ,T (u),

gia δ = 0, δ = 0.05, δ = 2.

2.3 Oi proseggÐseic DeVylder kai Tijms gia ka-

tanomă GĹmma.

Se aută thn enìthta ja pĹroume èna deÔtero parĹdeigma, ìpou edÿ oi apozhmiÿseic ako-

loujoÔn mÐa katanomă Gamma kai mèsw twn sqèsewn pou èqoume anafèrei analutikĹ,

ja upologÐsoume tic proseggÐseic Tijms kai DeV ylder gia ton metasqhmatismì Laplace

tou qrìnou qreokopÐac (δ > 0). EpÐshc ìpwc kai sto prÿto parĹdeigma, stìqoc mac eÐ-

nai na sugkrÐnoume ton pragmatikì metasqhmatismì Laplace tou qrìnou qreokopÐac me tic

proseggÐseic tou, na doÔme poia prosèggish leitourgeÐ kalÔtera kai giatÐ, kai tèloc na pa-

rathrăsoume an oi proseggÐseic allĹzoun kai pìso, ìtan allĹzei h timă tou δ. EpÐshc kai

se autì to parĹdeigma ìlec oi prĹxeic èqoun gÐnei mèsw tou progrĹmmatoc Mathematica.

ParĹdeigma 2.3.1 ’Estw ìti tÿra oi apozhmiÿseic akoloujoÔn mÐa Gamma(α, β) ka-

tanomă me paramètrouc α = 3 kai β = 3. Dhladă èqoume mÐa katanomă h opoÐa proèrqetai

apì mÐa sunèlixh triÿn ekjetikÿn katanomÿn, me sunĹrthsh puknìthtac pijanìthtac

f(x) =
27

2
x2 e−3x,
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kai ourĹ

F (x) =
1

2
e−3x

(
2 + 6x+ 9x2

)
.

EpÐshc upojètoume ìti c = 1.5, λ = 1 kai δ = 0.05. ’Ara apì th sqèsh (1.3), prokÔtei ìti

to perijÿrio asfaleÐac isoÔtai me

θ = 0.5

Oi treic prÿtec ropèc thc f(x), upologÐzontai mèsw thc sqèshc (1.2) kai isoÔntai me

p1 = E(X) = 1,

p2 = E(X2) =
4

3
,

kai

p3 = E(X3) =
20

9
.

H sunĹrthsh puknìthtac pijanìthtac thc katanomăc isorropÐac, sqèsh (1.10), efìson

p1 = 1 eÐnai Ðdia me thn dexiĹ ourĹ twn apozhmiÿsewn, dhladă

fe(x) =
1

2
e−3x

(
2 + 6x+ 9x2

)
,

kai h ourĹ thc katanomăc isorropÐac, mèsw thc sqèshc (1.9), isoÔtai me

F e(x) =
1

2
e−3x

(
2 + 4x+ 3x2

)
.

O metasqhmatismìc Laplace thc f(x), qrhsimopoiÿntac to Mathematica, prokÔptei ìti

isoÔtai me

f̂(s) =
27

(3 + s)3
.

GnwrÐzontac tÿra tic parapĹnw posìthtec, mporoÔme mèsw touMathematica na lÔsoume3

thn exÐswsh (1.19) wc proc R. ’Ara prokÔptei ìti o suntelestăc prosarmogăc isoÔtai me

R = 0.534774.

3
Για να lυθεί η εξίσωση (1.19), θα πρέπει να υπάρχει η ροπογεννήτρια τηc κατανοµήc των αποζηµιώσεων,

δηlαδή να είναι πεπερασµένη. Για να ισχύει αυτό θα πρέπει να πάρουµε ωc υπόθεση, ότι R < 3.
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H pijanìthta qreokopÐac, h opoÐa upologÐzetai apì th sqèsh (1.28), eÐnai mÐa pragmatikă

sunĹrthsh. ’Omwc to Mathematica mac thn emfanÐzei sth parakĹtw migadikă morfă:

ψ(u) =0.721398 e−0.534774 u + (−0.0273655− 0.0195514 i) e(−3.89928−1.27481 i) u

− (0.0273655− 0.0195514 i) e(−3.89928+1.27481 i) u

Oi ekjètec pou emfanÐzontai sth parapĹnw sqèsh eÐnai oi rÐzec thc exÐswshc tou Lundberg.

Epeidă ìmwc oi migadikèc rÐzec eÐnai suzugeÐc mporoÔme na metatrèyoume thn ψ(u) se tri-

gwnometrikă morfă (blèpe Kaas et al (1987)). Gia na gÐnei autì ja prèpei na qrhsimo-

poiăsoume tic sqèseic:

eiu = cosu+ i sinu kai e−iu = cosu− i sinu (2.18)

Epomènwc paÐrnoume ìti h pijanìthta qreokopÐac isoÔtai me

ψ(u) = 0.721398 e−0.534774 u−e−3.89928 u [0.054731 cos(1.27481u) + 0.0391028 sin(1.27481u)] .

(2.19)
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Sqăma 2.14: Grafikă parĹstash thc pijanìthtac qreokopÐac.

Gia thn prosèggish DeV ylder thc pijanìthtac qreokopÐac, mèsw twn sqèsewn (2.6), (2.7)

kai (2.8), prokÔptoun ta exăc:
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p′1 =
p3

3p2

= 0.555556,

λ′ =
9λp3

2

2p2
3

= 2.16,

kai

θ′ =
2p1p3θ

3p2
2

= 0.416667.

Epomènwc sÔmfwna me th sqèsh (2.1), isqÔei ìti

ψDV (u) = 0.705882 e−0.529412 u. (2.20)

SugkrÐnontac thn pragmatikă pijanìthta qreokopÐac, thc sqèshc (2.19), me thn proseg-

gistikă, sqèsh (2.20), èqoume to parakĹtw koinì diĹgramma 2.15.
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Sqăma 2.15: Grafikă parĹstash thc prosèggishc DeV ylder gia thn pijanìthta qreoko-

pÐac ψ(u).

Apì to Sqăma 2.15, parathroÔme ìti h prosèggish DeV ylder, gia thn pijanìthta qreo-

kopÐac, eÐnai pĹra polÔ kală prosèggish, idÐwc gia megalÔterec timèc tou apojematikoÔ

u, kajÿc brÐsketai polÔ kontĹ me tic pragmatikèc timèc thc pijanìthtac qreokopÐac pou

dÐnetai apì th sqèsh (2.19).

69



AntÐstoiqa gia thn prosèggish Tijms, apì tic sqèseic (2.10), (2.11), (2.9), prokÔptoun

C =
θp1

R

∫ ∞

0

xeRxF (x) dx

= 0.721398,

γ =

(
1

1 + θ
− C

)(
1

θp1

∫ ∞

0

xF (x) dx− C

R

)−1

= 3.49846,

kai

ψT (u) = 0.721398 e−0.534774 u − 0.0547316 e−3.49846 u. (2.21)

Gia na sugkrÐnoume thn pragmatikă pijanìthta qreokopÐac, sqèsh (2.19), me thn proseg-

gistikă tou Tijms, sqèsh (2.21), kataskeuĹzoume to parakĹtw koinì diĹgramma 2.16.
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Sqăma 2.16: Grafikă parĹstash thc prosèggishc Tijms gia thn pijanìthta qreokopÐac

ψ(u).

Sto diĹgramma 2.16, eÐnai sqedìn adÔnato na xeqwrÐsoume thn prosèggish ψT (u) apì thn

pragmatikă pijanìthta qreokopÐac ψ(u). Autì shmaÐnei ìti h prosèggish Tijms eÐnai mÐa

pĹra polÔ kală prosèggish gia ìlec tic timèc tou u.

ParĹdeigma 2.3.2 SuneqÐzoume to prohgoÔmeno parĹdeigma, kai skopìc mac tÿra eÐnai

na upologÐsoume ton metasqhmatismì Laplace tou qrìnou qreokopÐac.

70



Gia na broÔme thnKδ(u), ja prèpei na ergastoÔme ìpwc kai sto ParĹdeigma 2.2.2. Dhladă

ja prèpei prÿta na broÔme ton metasqhmatismì Laplace thc posìthtacK ′
0(u) kai sth sunè-

qeia, paÐrnontac antÐstrofo metasqhmatismì Laplace, katalăgoume sthn posìthta K ′
0(u).

Gia na upologÐsoume tÿra tic posìthtec pou dÐnontai apì tic sqèseic (1.32), (1.34), ja

prèpei na upologÐsoume prÿta, me th boăjeia touMathematica, th lÔsh thc genikeumènhc

exÐswshc Lundberg (1.30), wc proc s. Epomènwc gia δ = 0.05, paÐrnoume ìti

ρ = 0.0897683.

Apì thn Prìtash 3, analutikĹ paÐrnoume ìti:

Gδ(x) =
3∑

i=1

A′i

2∑
k=0

(λx)k

k!
e−λx

=

3∑
j=1

Aj

(
λ

λ+ ρ

)j−1

3∑
j=1

Aj

j−1∑
k=0

(
λ

λ+ ρ

)k
e−λx

+

3∑
j=2

Aj

(
λ

λ+ ρ

)j−2

3∑
j=1

Aj

j−1∑
k=0

(
λ

λ+ ρ

)k

(
e−λx + λx e−λx

)

+

3∑
j=3

Aj

(
λ

λ+ ρ

)j−3

3∑
j=1

Aj

j−1∑
k=0

(
λ

λ+ ρ

)k

(
e−λx + λx e−λx +

(λx)2

2
e−λx

)

MetĹ apì prĹxeic, pĹnw sta bĹrh, katalăgoume ìti
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Gδ(x) =

(
λ

λ+ ρ

)2

1 +
λ

λ+ ρ
+

(
λ

λ+ ρ

)2 e
−λx +

λ

λ+ ρ

1 +
λ

λ+ ρ
+

(
λ

λ+ ρ

)2

(
e−λx + λx e−λx

)

+
1

1 +
λ

λ+ ρ
+

(
λ

λ+ ρ

)2

(
e−λx + λx e−λx +

(λx)2

2
e−3x

)

Antikajistÿntac tic timèc twn paramètrwn kai tou ρ, prokÔptei ìti

Gδ(x) = e−3x
(
1 + 2.02933x+ 1.54444x2

)
.

EpÐshc èqoume ìti h stajerĹ β, isoÔtai me

β =
1 + θ∫ ∞

0

e−ρy dFe(y)

− 1 = 0.59065

ParagwgÐzontac thn Gδ(x), wc proc x, paÐrnoume

gδ(x) = e−3x
(
0.970665 + 2.99913x+ 4.63331x2

)
’Opwc eÐqame perigrĹyei kai sth perÐptwsh pou oi apozhmiÿseic akoloujoÔsan mÐa meÐxh

triÿn ekjetikÿn katanomÿn, h gδ(x) mporeÐ na jewrhjeÐ ìti eÐnai sunĹrthsh puknìthtac

pijanìthtac miac Ĺllhc katanomăc isorropÐac, me Ĺllh katanomă apozhmiÿsewn apì aută

pou èqoume jewrăsei. Wstìso, kĹti tètoio den isqÔei austhrĹ edÿ, giatÐ h sunĹrthsh

gδ(x) den eÐnai fjÐnousa sto (0,∞), epomènwc den mporeÐ na eÐnai h puknìthta miac ka-

tanomăc isorropÐac (blèpe sqèsh 1.10), afoÔ h antÐstoiqh katanomă twn apozhmiÿsewn

den eÐnai sthn pragmatikìthta mÐa ajroistikă sunĹrthsh katanomăc kĹpoiac t.m. Parìla

autĹ, ja doÔme ìti h prosèggish tou Tijms douleÔei pĹra polÔ kalĹ sthn perÐptwsh miac

katanomăc GĹmma, ìpwc kai sthn prohgoÔmenh enìthta gia th meÐxh ekjetikÿn.

O lìgoc eÐnai ìti h prosèggish Tijms mporeÐ na qrhsimopoihjeÐ gia na proseggÐsei thn

ourĹ miac opoiasdăpote sÔnjethc gewmetrikăc katanomăc (blèpe Tijms (1994)) kai ìqi

mìno gia thn pijanìthta qreokopÐac, h opoÐa eÐnai sthn pragmatikìthta h ourĹ miac sÔn-

jethc gewmetrikăc pou antistoiqeÐ se kĹpoia katanomă isorropÐac, blèpe sqèsh (1.18).
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O metasqhmatismìc Laplace thc gδ(x), me qrăsh tou Mathematica katalăgoume ìti isoÔ-

tai me

ĝδ(s) =
9.26662

(3 + s)3
+

2.99913

(3 + s)2
+

0.970665

3 + s
,

kai epomènwc, apì th sqèsh (1.37), paÐrnoume

K̂ ′
0(s) =

0.233443

(
9.26662

(3 + s)3 +
2.99913

(3 + s)2 +
0.970665

3 + s

)
1− 0.628674

(
9.26662

(3 + s)3 +
2.99913

(3 + s)2 +
0.970665

3 + s

)

PaÐrnontac antÐstrofo metasqhmatismì Laplace sth K̂ ′
0(s), katalăgoume pĹli se apo-

tèlesma pou faÐnetai na èqei migadikă morfă. Oi migadikèc rÐzec pou prokÔptoun apì

thn exÐswsh tou Lundberg eÐnai suzugeÐc, kai ètsi, qrhsimopoiÿntac touc tÔpouc sth

sqèsh (2.18) kai metĹ apì prĹxeic (sto Mathematica) blèpoume ìti to migadikì kommĹti

aplopoeÐtai kai ìpwc anamènetai h fδ eÐnai mÐa pragmatikă sunĹrthsh. Sugkekrimèna, to

apotèlesma sto opoÐo katalăgoume eÐnai

K ′
0(u) = 0.412062 e−0.596656 u−e−3.89656 u [0.185467 cos(1.27286u) + 0.249994 sin(1.27286u)]

Mèsw thc sqèshc (1.38), brÐskoume thn posìthta Kδ(u) kai epomènwc, sÔmfwna me th

sqèsh (2.15), katalăgoume sto ìti o metasqhmatismìc Laplace tou qrìnou qreokopÐac

isoÔtai me

Kδ(u) = 0.690619 e−0.596656 u−e−3.89656 u [0.0619455 cos(1.27286u) + 0.0439222 sin(1.27286u)] .

(2.22)

Sto diĹgramma 2.17, parousiĹzetai h grafikă parĹstash tou metasqhmatismoÔ Laplace

tou qrìnou qreokopÐac.
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Sqăma 2.17: Grafikă parĹstash tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac,

ìtan h katanomă twn apozhmiÿsewn eÐnai Ga(3, 3) kai δ = 0.05.

Sth sunèqeia gia na upologÐsoume tic proseggÐseic tou DeV ylder kai tou Tijms, ja

kĹnoume akribÿc thn Ðdia diadikasÐa pou eÐqame kĹnei kai sto ParĹdeigma 2.2.2. Epomènwc

jewroÔme ìti

θ = β = 0.59065

kai

gδ(x) =
F δ(x)

p1

⇒ gδ(0) =
1

p1

⇒

p1 =
1

gδ(0)
⇒ p1 = 1.03022

Epomènwc èqoume ìti h ourĹ twn apozhmiÿsewn eÐnai

F δ(x) = fδ,e(x) p1 = gδ(x) 1.03022

= e−3x
(
1 + 3.08977x+ 4.77333x2

)

ParagwgÐzontac thn F δ(x), èqoume ìti h sunĹrthsh puknìthtac pijanìthtac twn apozh-

miÿsewn isoÔtai me
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fδ(x) = 14.32 e−3x (−0.0894499 + x) (0.070081 + x)

Gia th deÔterh kai trÐth ropă thc fδ(x), èqoume ìti

p2 = 1.38713,

kai

p3 = 2.32316.

O upologismìc thc pijanìthtac qreokopÐac ja gÐnei me ton Ðdio trìpo pou ègine kai gia thn

arqikă katanomă twn apozhmiÿsewn. Qrhsimopoiÿntac to Mathematica, prokÔptei ìti o

metasqhmatismìc Laplace thc fδ(x) isoÔtai me

f̂δ(s) = 14.32

(
2

(3 + s)3
− 0.0193689

(3 + s)2
− 0.00626874

3 + s

)
,

kai thc F δ,e(x) antÐstoiqa, me

F̂ δ,e(s) =
3.08887

(3 + s)3
+

2.02933

(3 + s)2
+

1

3 + s
.

’Ara sumperaÐnoume ìti h pijanìthta qreokopÐac, ψδ(u), isoÔtai me thn Kδ(u), dhladă

ψδ(u) = 0.690619 e−0.596656 u−e−3.89656 u [0.0619448 cos(1.27286u) + 0.0439226 sin(1.27286u)] .

Apì ton tÔpo thc ψδ(u), allĹ kai apì th lÔsh thc exÐswshc (1.19), èqoume ìti o suntele-

stăc prosarmogăc isoÔtai me

R = 0.596656.

Sto parakĹtw Sqăma 2.18, parousiĹzetai h grafikă parĹstash thc ψδ(u), h opoÐa ìpwc

parathroÔme eÐnai Ðdia me thn grafikă parĹstash thc Kδ(u), tou Sqămatoc 2.17.
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Sqăma 2.18: Grafikă parĹstash thc pijanìthtac qreokopÐac ψδ(u) = Kδ(u), gia

Gamma(3, 3) katanomă kai gia δ = 0.05.

AfoÔ upologÐsame thn pijanìthta qreokopÐac thc kainoÔrgiac katanomăc twn apozhmiÿ-

sewn, ψδ(u), h opoÐa ìpwc èqoume apodeÐxei isoÔtai me ton metasqhmatismì Laplace tou

qrìnou qreokopÐac, gia thn arqikă katanomă twn apozhmiÿsewn, mporoÔme tÿra me megĹlh

eukolÐa na efarmìsoume tic proseggÐseicDeV ylder kai Tijms, pĹnw sthn ψδ(u) = Kδ(u).

Opìte gia thn prosèggish DeV ylder, lÔnontac to sÔsthma (2.5), katalăgoume sta exăc:

p′1 =
p3

3p2

= 0.558267,

λ′ =
9λp3

2

2p2
3

= 2.22537,

kai

θ′ =
2p1p3

3p2
2

= 0.489797.

Sth sunèqeia qrhsimopoiÿntac ton tÔpo (2.1), paÐrnoume

ψδ,DV (u) = K
DV

δ (u) = 0.671232 e−0.588907 u.

H grafikă parĹstash thc ψδ,DV (u), parousiĹzetai sto parakĹtw Sqăma 2.19. Gia thn

sÔgkrish twn ψδ(u), ψδ,DV (u), kataskeuĹzoume tic grafikèc touc parastĹseic kai sth

sunèqeia tic parousiĹzoume sto parakĹtw koinì diĹgramma 2.20.
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Sqăma 2.19: Grafikă parĹstash thc prosèggishc DeV ylder gia thn pijanìthta qreoko-

pÐac ψδ(u).
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Sqăma 2.20: Koinì diĹgramma twn grafikÿn parastĹsewn twn pijanotătwn ψδ(u),

ψδ,DV (u), gia δ = 0.05.
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Apì to Sqăma 2.20, parathroÔme ìti h prosèggish DeV ylder gia ton metasqhmatismì

Laplace tou qrìnou qreokopÐac brÐsketai polÔ kontĹ me tic pragmatikèc timèc thc Kδ(u),

ektìc apì kĹpoiec polÔ mikrèc timèc tou u.

Sthn prosèggish tou Tijms, apì touc tÔpouc (2.10),(2.11), prokÔptoun

C =
θp1

R

∫ ∞

0

xeRxF (x) dx

= 0.69062,

kai

γ =

(
1

1 + θ
− C

)(
1

θp1

∫ ∞

0

xF (x) dx− C

R

)−1

= 3.50126.

Epeidă isqÔei ìti R < γ, mporoÔme na qrhsimopoiăsoume thn prosèggish kai sÔmfwna

me ton tÔpo (2.9), paÐrnoume

ψδ,T (u) = K
Tijms

δ (u) = 0.69062 e−0.596656 u − 0.0619457 e−3.50126 u. (2.23)

Akìma parathroÔme ìti

ψδ,T (0) = ψδ(0) = 0.628674,

kai ∫ ∞

0

ψδ,T (u) du =

∫ ∞

0

ψδ(u) du = 1.13979.

H grafikă parĹstash thc prosèggishc Tijms gia thn ψδ(u) = Kδ(u), dÐnetai sto pa-

rakĹtw Sqăma 2.21. Gia th sÔgkrish twn ψδ(u) kai ψδ,T (u), ja akoloujăsoume thn Ðdia

diadikasÐa pou kĹname kai sthn prosèggish DeV ylder. To koinì diĹgramma twn dÔo pija-

notătwn, dÐnetai sto Sqăma 2.22.

Sto Sqăma 2.22, parathroÔme ìti h prosèggish Tijms brÐsketai pĹra polÔ kontĹ me thn

Kδ(u), gia ìlec tic timèc tou u. Autìc eÐnai o lìgoc bèbaia gia ton opoÐo den mporoÔme na

diakrÐnoume ìti upĹrqoun dÔo diagrĹmmata sto sqăma.
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Sqăma 2.21: Grafikă parĹstash thc prosèggish tou Tijms gia thn pijanìthta qreoko-

pÐac.
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Sqăma 2.22: Koinì diĹgramma twn grafikÿn parastĹsewn twn pijanotătwn ψδ(u), ψδ,T (u),

gia δ = 0.05.
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EpÐshc edÿ mac endiafèrei kai h perÐptwsh pou to δ paÐrnei kai Ĺllec timèc ektìc apì

aută pou èqoume jewrăsei. EmeÐc ja pĹroume thn perÐptwsh pou to δ = 2. Akoloujÿntac

thn Ðdia diadikasÐa pou kĹname kai sthn perÐptwsh pou to δ = 2, me thn Ðdia katanomă twn

apozhmiÿsewn f(x), dÐnoume ta parakĹtw apotelèsmata:

Apì to Mathematica, èqoume ìti h jetikă lÔsh thc (1.30), eÐnai

ρ = 1.84138

H ourĹ thc katanomăc isorropÐac thc kainoÔrgiac katanomăc twn apozhmiÿsewn, fδ(x),

isoÔtai me

Gδ(x) = e−3x
(
1 + 2.42508x+ 2.24592x2

)
,

kai h stajerĹ β isoÔtai me

β = 2.62445.

ParagwgÐzontac thn Gδ(x), prokÔptei

gδ(x) = e−3x
(
0.574919 + 2.7834x+ 6.73776x2

)
.

PaÐrnontac ton metasqhmatismì Laplace thc gδ(x) kajÿc kai ton metasqhmatismì Laplace

thc K ′
0(u) apì th sqèsh (1.37), upologÐzoume ton metasqhmatismì Laplace tou qrìnou

qreokopÐac, o opoÐoc eÐnai se migadikă morfă. Qrhsimopoiÿntac thn sqèsh (2.18), èqoume

kai pĹli ìti to migadikì kommĹti aplopoieÐtai kai h sunĹrthsh Kδ(u) isoÔtai me

Kδ(u) = 0.406344 e−1.22642 u−e−3.80748 u [0.13044 cos(1.20178u) + 0.0941572 sin(1.20178u)] .

H kainoÔria sunĹrthsh puknìthtac pijanìthtac twn apozhmiÿsewn ètsi ÿste h gδ na eÐnai

h puknìthta thc katanomăc isorropÐac, isoÔtai me

fδ(x) = 35.1584 e−3x (−0.388405 + x) (0.134843 + x) ,

me treic prÿtec ropèc

p1 = 1.73937,

p2 = 2.67568,

kai

p3 = 4.77052.
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Sth sunèqeia brÐskontac ton metasqhmatismì Laplace thc fδ(x), mèsw thc sqèshc (1.28),

upologÐzoume thn pijanìthta qreokopÐac. Qrhsimopoiÿntac pĹli thn sqèsh (2.18), pro-

kÔpei ìti

ψδ(u) = 0.406344 e−1.22642 u−e−3.80748 u [0.13044 cos(1.20178u) + 0.0941572 sin(1.20178u)] ,

ìpou oi ekjètec eÐnai oi jetikèc lÔseic thc exÐswshc (1.19) kai isqÔei ìti R = 1.22642,

epeidă eÐnai h mikrìterh jetikă lÔsh.

’Opwc sto ParĹdeigma 2.2.2 ètsi kai edÿ, mac endiafèrei na efarmìsoume tic proseggÐ-

seic DeV ylder kai Tijms gia thn ψδ(u) = Kδ(u), kai sth sunèqeia na sugkrÐnoume ta

apotelèsmata pou brăkame stic sugkekrimènec proseggÐseic, gia δ = 0, δ = 0.05 kai δ = 2.

Gia thn prosèggish DeV ylder akoloujÿntac akribÿc ta Ðdia bămata me prin, prokÔptei

ìti

p′1 = 0.594306,

λ′ = 3.78778,

kai

θ′ = 2.02785.

Epomènwc h prosèggish DeV ylder thc sunĹrthshc ψδ(u) = Kδ(u) gia δ = 2, isoÔtai me

ψδ,DV (u) = 0.330267 e−1.12692 u,

kai to koinì diĹgramma twn pijanotătwn ψδ(u), ψδ,DV , dÐnetai sto parakĹtw Sqăma 2.23.

Sto Sqăma 2.23, parathroÔme ìti h prosèggish DeV ylder, gia megĹlec timèc tou δ, den

eÐnai tìso kală ìso stic periptÿseic pou exetĹsame parapĹnw, dhladă gia δ = 0 kai

δ = 0.05. Autì ja faneÐ perissìtero sth sunèqeia pou ja sugkrÐnoume autèc tic proseg-

gÐseic, dhmiourgÿntac èna koinì diĹgramma me to posostiaÐo sfĹlma thc prosèggishc pou

upĹrqei se kĹje perÐptwsh.
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Sqăma 2.23: Koinì diĹgramma twn grafikÿn parastĹsewn twn pijanotătwn ψδ(u),

ψδ,DV (u), gia δ = 2.

Akoloujÿntac tic sqèseic pou isqÔoun sthn prosèggish tou Tijms, prokÔptoun ta exăc

C = 0.406346,

kai

γ = 3.40975.

Epomènwc h prosèggish Tijms thc sunĹrthshc ψδ(u) = Kδ(u) gia δ = 2, isoÔtai me

ψδ,T (u) = 0.406346 e−1.22642 u − 0.130442 e−3.40975 u.

SugkrÐnoume tic pijanìthtec ψδ(u), ψδ,T (u), me to akìloujo Sqăma 2.24.

Apì to Sqăma 2.24, ektìc apì tic polÔ mikrèc tou u, eÐnai arketĹ dÔskolo na diakrÐ-

noume ìti upĹrqoun dÔo grafikèc parastĹseic sto Ðdio diĹgramma, prĹgma pou deÐqnei to

pìso kală eÐnai h prosèggish tou Tijms akìma kai gia megĹlec timèc thc paramètrou δ.

EpÐshc parathroÔme ìti h prosèggish Tijms gÐnetai ìlo kai kalÔterh (sugkritikĹ) apì

thn prosèggish DeV ylder, ìso h parĹmetroc δ megalÿnei. Thn allagă sthn timă tou δ

thn kĹname ètsi ÿste na doÔme katĹ pìso ephreĹzontai oi proseggÐseic tou metasqhmati-

smoÔ Laplace tou qrìnou qreokopÐac pou èqoume anafèrei.
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Sqăma 2.24: Koinì diĹgramma twn grafikÿn parastĹsewn twn pijanotătwn ψδ(u), ψδ,T (u)

gia δ = 2.

Epeidh ìmwc apì ta koinĹ diagrĹmmata den bgĹlame kĹpoia asfală sumperĹsmata gia to

pìso kalèc eÐnai oi dÔo proseggÐseic, dhmiourgoÔme kai se autì to parĹdeigma mÐa sunĹr-

thsh h opoÐa ekfrĹzei to posostiaÐo sfĹlma pou upĹrqei anĹmesa sthn pragmatikă timă

tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac kai sthn proseggistikă timă tou.

Gia thn prosèggish DeV ylder, paÐrnoume ìti

perδ,DV (u) =
ψδ,DV (u)− ψδ(u)

ψδ(u)
· 100

Sth sunèqeia kataskeuĹzoume th grafikă parĹstash thc perδ,DV (u), Sqăma 2.25, gia tic

periptÿseic pou δ = 0, dhladă gia thn pijanìthta qreokopÐac ψ(u), kajÿc kai gia δ = 0.05,

δ = 2, dhladă gia ton metasqhmatismì Laplace tou qrìnou qreokopÐac ψδ(u) = Kδ(u).

AntÐstoiqa gia thn prosèggish Tijms, paÐrnoume ìti

perδ,T (u) =
ψδ,T (u)− ψδ(u)

ψδ(u)
· 100,

kai to koinì diĹgramma tou posostiaÐou sfĹlmatoc thc prosèggishc, gia δ = 0, δ = 0.05

kai δ = 2, parousiĹzetai sto parakĹtw Sqăma 2.26.
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Sqăma 2.25: Grafikă parĹstash tou posostiaÐou sfĹlmatoc gia thn prosèggish ψδ,DV (u),

gia δ = 0, δ = 0.05, δ = 2.
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Sqăma 2.26: Grafikă parĹstash tou posostiaÐou sfĹlmatoc gia thn prosèggish ψδ,T (u),

gia δ = 0, δ = 0.05, δ = 2.
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Apì ta Sqămata 2.25 kai 2.26 antÐstoiqa, bgĹzoume to sumpèrasma ìti gia ton meta-

sqhmatismì Laplace tou qrìnou qreokopÐac, h prosèggish tou Tijms eÐnai kalÔterh apì

thn prosèggish DeV ylder. EpÐshc parathroÔme ìti gia δ = 0, dhladă gia thn pijanìthta

qreokopÐac ìtan oi apozhmiÿseic akoloujoÔn mÐa GĹmma katanomă, oi proseggistikèc ti-

mèc eÐnai pio kontĹ me tic pragmatikèc apì ìti gia δ > 0, dhladă gia ton metasqhmatismì

Laplace tou qrìnou qreokopÐac. Akìma axÐzei na shmeiwjeÐ ìti ìso auxĹnetai h timă tou δ

tìso qalĹne kai oi dÔo proseggÐseic pou anafèrame. ’Omwc h timă tou δ ephreĹzei perissì-

tero thn prosèggish DeV ylder, kajÿc gia megĹlo δ auxĹnetai apìtoma kai to posostiaÐo

sfĹlma. AntÐjeta h prosèggish Tijms ephreĹzetai ligìtero apì mÐa megĹlh timă tou δ,

kajÿc blèpoume ìti to posostiaÐo sfĹlma paramènei se qamhlĹ epÐpeda. Tèloc san teleu-

taÐa paratărhsh èqoume ìti gia mikrèc timèc tou δ, h prosèggish DeV ylder eÐnai kalÔterh

gia apozhmiÿseic pou akoloujoÔn mÐa GĹmma katanomă parĹ mia meÐxh triÿn ekjetikÿn ka-

tanomÿn kai epÐshc h prosèggish Tijms eÐnai kalÔterh, gia opoiadăpote jetikă timă tou

δ, sthn perÐptwsh pou oi apozhmiÿseic akoloujoÔn mia meÐxh triÿn ekjetikÿn katanomÿn.
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KefĹlaio 3

Ropèc sÔnjetwn katanomÿn kai

ropèc tou qrìnou qreokopÐac.

MÐa Ĺllh sunĹrthsh me megĹlo endiafèron sth jewrÐa qreokopÐac eÐnai h katanomă tou

qrìnou qreokopÐac. H melèth thc katanomăc tou qrìnou qreokopÐac eÐnai èna polÔploko

prìblhma kai gia autì ton lìgo mporoÔme na qrhsimopoiăsoume kĹpoiec proseggÐseic, ădh

gnwstèc, gia thn eÔresh thc katanomăc ă na dhmiourgăsoume mÐa nèa prosèggish, me th

boăjeia thc prosèggishc pou eisĹgoume sto kefĹlaio 4, me thn opoÐa den ja asqolhjoÔme

sthn paroÔsa ergasÐa allĹ èqei endiafèron gia peraitèrw èreuna kajÿc upĹrqei h idèa

pÐsw apì aută thn prosèggish. Epeidă h katanomă aută eÐnai sqedìn pĹnta Ĺgnwsth
1
,

upĹrqei idiaÐtero endiafèron gia tic ropèc tou qrìnou qreokopÐac, blèpe gia parĹdeigma to

Ĺrjro twn Lin & Willmot (2000).

Stìqoc tou trÐtou kefalaÐou eÐnai na orÐsoume kai na meletăsoume tic ropèc tou qrìnou

qreokopÐac gia diĹforec periptÿseic katanomÿn allĹ kai gia diĹforec timèc tou perijwrÐou

asfaleÐac, θ. Gia na arqÐsoume ìmwc na meletĹme tic ropèc tou qrìnou qreokopÐac, ja

prèpei prÿta na orÐsoume to pÿc brÐskontai oi ropèc twn sÔnjetwn katanomÿn.

3.1 Ropèc SÔnjetwn Katanomÿn

Gia na doÔme pÿc ekfrĹzontai oi ropèc mÐac sÔnjethc katanomăc, ja prèpei prÿta na orÐ-

soume kĹpoiec basikèc sqèseic pou isqÔoun sth JewrÐa Pijanotătwn. ’Etsi èqoume ìti:

(blèpe Koutsìpouloc (1999))

Prìtash 4 An X,Y eÐnai dÔo opoiesdăpote mh-arnhtikèc t.m me apì koinoÔ sunĹrthsh

1
Αφού η κατανοµή του χρόνου χρεοκοπίαc είναι ποlύπlοκη και σε ποllέc περιπτώσειc άγνωστη, η

υlοποίηση τηc ιδέαc που έχουµε για την δηµιουργία µίαc νέαc προσέγγισηc, για την κατανοµή αυτή, είναι

αρκετά πιο δύσκοlη από το πρόβlηµα που εξετάζουµε στο παρόν κεφάlαιο.
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puknìthtac pijanìthtac

fX,Y (x, y) = fY (y) fX|Y (x, y),

tìte gia thn mèsh timă kai th diasporĹ thc t.m X, isqÔoun antÐstoiqa ta exăc:

E(X) = EY [EX (X|Y )] , (3.1)

kai

V ar(X) = EY [V arX (X|Y )] + V arY [EX (X|Y )] . (3.2)

’Etsi tÿra me th boăjeia twn sqèsewn (3.1) kai (3.2), jèloume na broÔme tic ropèc twn

sÔnjetwn katanomÿn pou èqoume anafèrei mèqri stigmăc sthn paroÔsa ergasÐa.

Sto KefĹlaio 1 eÐqame exhgăsei leptomerÿc ìti oi sunolikèc apozhmiÿseic, pou prokÔ-

ptoun apì èna qartofulĹkio, akoloujoÔn mÐa sÔnjeth katanomă h opoÐa exartĹtai apì

thn katanomă pou akoloujeÐ to plăjoc, K, twn apaităsewn gia apozhmÐwsh. Sunăjwc oi

sunolikèc apozhmiÿseic S, ìtan o qronikìc orÐzontac jewreÐtai stajerìc, ìpwc gia parĹ-

deigma sto sullogikì prìtupo thc jewrÐac kindÔnwn, akoloujoÔn mÐa sÔnjeth katanomă

Poisson kai ekfrĹzontai mèsa apì th sqèsh

S =
K∑

i=1

Xi, (3.3)

ìpou Xi eÐnai anexĹrthtec kai isìnomec t.m pou ekfrĹzoun to mègejoc thc i-apaÐthshc kai

K eÐnai to plăjoc twn apaităsewn, to opoÐo eÐnai anexĹrthto apì to mègejoc thc zhmÐac

pou upĹrqei se kĹje apaÐthsh. Sth sqèsh (3.3) jètoume S = 0 ìtan to plăjoc twn apai-

tăsewn K = 0.

Gia na broÔme tÿra tic ropèc
2
thc t.m S, ja prèpei na desmeÔsoume wc proc K. Epo-

mènwc mèsw thc sqèshc (3.1), gia thn mèsh timă thc S, isqÔei

E(S) = EK [ES (S|K)] = EK [E (X1 +X2 + . . .+XK |K = k)]

Epeidă ìmwc ta Xi eÐnai anexĹrthtec kai isìnomec t.m, isqÔei ìti

2
Οι τύποι για τιc ροπέc των σύνθετων κατανοµών παρουσιάστηκαν για πρώτη φορά από τον

Abraham Wald και για αυτό τον lόγο αναφέρονται στην βιβlιογραφία και ωc εξισώσειc του Wald.
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E(S) = E (K · E(X)) = E(X) · E(K), (3.4)

ìpou E(X) eÐnai to anamenìmeno Ôyoc apozhmÐwshc kai E(K) eÐnai o anamenìmenoc arijmìc

apaităsewn.

AntÐstoiqa gia thn diakÔmansh thc t.m S, mèsw thc sqèshc (3.2), èqoume

V ar(S) = EK [V ar (S|K)] + V arK [E (S|K)]

’Omwc kai pĹli èqoume ìti ta Xi eÐnai anexĹrthtec kai isìnomec tuqaÐec metablhtèc, epomè-

nwc isqÔei ìti

V ar(S) = E [K · V ar(X)] + V ar [K · E(X)]

= V ar(X) · E(K) + E2(X) · V ar(K), (3.5)

ìpou V ar(X) eÐnai ènac stajerìc arijmìc pou ekfrĹzei thn metablhtìthta tou megèjouc

thc apaÐthshc kai V ar(K) ekfrĹzei thn metablhtìthta tou arijmoÔ twn apaităsewn.

’Etsi sÔmfwna me ta parapĹnw, sumperaÐnoume ìti to V ar(S) ekfrĹzei thn metablhtìthta

twn sunolikÿn apaităsewn (apozhmiÿsewn).

H deÔterh metablhtă pou akoloujeÐ sÔnjeth katanomă apì autèc pou meletăsame sto

KefĹlaio 1, eÐnai h mègisth swreutikă apÿleia, L, h opoÐa akoloujeÐ mÐa sÔnjeth gewme-

trikă katanomă kai ekfrĹzetai mèsw thc sqèshc

L = L1 + L2 + . . .+ LN , (3.6)

ìpou ta Li, i = 1, 2, . . . eÐnai anexĹrthtec kai isìnomec t.m pou ekfrĹzoun ta klimakwtĹ

Ôyh (ladder heights) kai h t.m N eÐnai to plăjoc twn klimakwtÿn uyÿn pou emfanÐzontai.

Sth sqèsh (3.6) jètoume L = 0 ìtan to plăjoc twn klimakwtÿn uyÿn N = 0. H t.m N

akoloujeÐ mÐa gewmetrikă katanomă me parĹmetro p = θ · (1 + θ)−1
,

mèsh timă

E(N) =
q

p
=

1

1 + θ
θ

1 + θ

=
1

θ
, (3.7)
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kai diasporĹ

V ar(N) =
q

p2
=

1

1 + θ(
θ

1 + θ

)2 =
1 + θ

θ2
. (3.8)

Gia na upologÐsoume tÿra tic ropèc tou tuqaÐou ajroÐsmatoc L, ja prèpei prÿta na broÔme

mÐa sqèsh gia tic ropèc twn t.m Li. Xèroume ìmwc ìti h t.m Li akoloujeÐ thn katanomă

isorropÐac me puknìthta fe(x), h opoÐa dÐnetai apì th sqèsh (1.10). Epomènwc paÐrnoume

ìti

E(Lr
i ) =

∫ ∞

0

xr fe(x) dx

=

∫ ∞

0

xr F (x)

p1

dx

=
1

p1

∫ ∞

0

xr [1− F (x)] dx

KĹnontac oloklărwsh katĹ parĹgontec, prokÔptei

E(Lr
i ) =

[
xr+1

p1 (r + 1)
[1− F (x)]

]∞
0

+

∫ ∞

0

xr+1

p1 (r + 1)
f(x) dx

= lim
x→∞

xr+1

p1 (r + 1)
[1− F (x)]− 0 +

∫ ∞

0

xr+1

p1 (r + 1)
f(x) dx

= 0 +
pr+1

p1 (r + 1)

=
pr+1

p1 (r + 1)
, (3.9)

ìpou pr+1 eÐnai h (r + 1) ropă thc t.m Xi.

Epomènwc gia thn mèsh timă tou tuqaÐou ajroÐsmatoc L, mèsw thc sqèshc (3.4), isqÔei ìti

E(L) = E(Li) E(N) =
p2

2 p1

1

θ
=

p2

2θp1

, (3.10)
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kai gia thn diakÔmansh tou L, mèsw thc sqèshc (3.5), isqÔei ìti

V ar(L) = E(N) V ar(Li) + E2(Li) V ar(N)

=
1

θ

(
p3

3p1

−
(
p2

2p1

)2
)

+

(
p2

2p1

)2
1 + θ

θ2

=
p3

3θp1

+

(
p2

2p1

)2 (
1 + θ

θ2
− 1

θ

)

=
p3

3θp1

+

(
p2

2p1

)2 (
1 + θ − θ

θ2

)

=
p3

3θp1

+

(
p2

2θp1

)2

.

An jèloume na broÔme ropèc megalÔterhc tĹxhc gia sÔnjetec katanomèc, tìte mporoÔme na

katafÔgoume sthn ropogennătria thc sÔnjethc katanomăc. EÐnai gnwstì apì th JewrÐa

Pijanotătwn ìti mèsw thc ropogennătriac miac t.m mporoÔme na upologÐsoume tic ropèc k-

tĹxhc, k = 1, 2, . . ., thc sugkekrimènhc t.m. Autì gÐnetai an paragwgÐsoume gia parĹdeigma

th ropogennătria mÐac t.m X, MX(t), k-forèc wc proc t kai jèsoume sthn k-parĹgwgo

ìpou t = 0 (blèpe KoÔtrac (2004)).

Gia na deÐxoume pÿc gÐnetai h sugkekrimènh diadikasÐa, ja pĹroume thn sÔnjeth t.m S

twn sunolikÿn apozhmiÿsewn, pou dÐnetai apì th sqèsh (3.3), kai paÐrnontac thn ropo-

gennătria thc S, prokÔptei

MS(t) =

∫ ∞

0

ets dF (t) = E
(
etS
)

Qrhsimopoiÿntac th sqèsh (3.1) kai desmeÔontac wc proc K, paÐrnoume

MS(t) = EK

[
E
(
etS|K = k

)]
. (3.11)

PaÐrnontac tÿra th desmeumènh mèsh timă sth sqèsh (3.11), prokÔptei

E
(
etS|K = k

)
= E

(
et(X1+X2+...+Xk)

)
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Epeidă ìmwc gnwrÐzoume ìti ta Xi eÐnai anexĹrthtec kai isìnomec
3
t.m, h desmeumènh mèsh

timă gÐnetai

E
(
etS|K = k

)
= E

(
etX1

)
E
(
etX2

)
. . . E

(
etXk

)
= MX1(t) MX2(t) . . .MXk

(t)

= MX1(t)
k.

Epomènwc antikajistÿntac th desmeumènh mèsh timă sth sqèsh (3.11), paÐrnoume ìti h

ropogennătria thc t.m S isoÔtai me

MS(t) = EK

[
MX1(t)

K
]

= EK

[
eln MX1

(t)K
]

= EK

[
eK ln MX1

(t)
]

= MK (lnMX1(t)) ,

ìpou MK(t) eÐnai h ropogennătria thc t.m K. Sth sugkekrimènh perÐptwsh, epeidă ìpwc

èqoume anafèrei h t.m K, sto qronikì diĹsthma [0, t], akoloujeÐ katanomă Poisson(λ),

prokÔptei ìti h t.m S akoloujeÐ mÐa sÔnjeth katanomă Poisson. Gia thn ropogennătria

thc t.m K isqÔei

MK(t) = eλ (et−1), λ, t > 0

Epomènwc h ropogennătria thc sÔnjethc t.m S ja isoÔtai me

MS(t) = MK (lnMX1(t)) = e
λ

“
e
ln MX1

(t)−1
”

= eλ(MX1
(t)−1).

’Etsi gnwrÐzontac thn katanomă twn Xi, mporoÔme na broÔme thn ropogennătria thc S

kajÿc kai tic ropèc thc, paragwgÐzontac thn MS(t) sto shmeÐo t = 0.

3
Επειδή τα Xi είναι ισόνοµεc τ.µ έχουν την ίδια ροπογεννήτρια, MX1(t).
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3.2 Oi ropèc tou qrìnou qreokopÐac

Efìson h akribăc katanomă tou qrìnou qreokopÐac den eÐnai gnwstă, upĹrqei idiaÐtero

endiafèron gia tic ropèc tou qrìnou autoÔ. Epeidă ìpwc èqoume dei, o qrìnoc autìc, T ,

eÐnai mÐa elleimmatikă t.m, eÐnai profanèc ìti isqÔei

E(T k) = ∞ ∀ k = 1, 2, . . .

efìson Pr (T = ∞) > 0.

Sunepÿc gia na meletăsoume tic ropèc tou T , ja prèpei eÐte na exetĹsoume tic desmeumènec

ropèc dojèntoc ìti ja sumbeÐ qreokopÐa, dhladă T <∞, eÐte na exetĹsoume tic ropèc thc
t.m T · I(T < ∞), ìpou I(A) h deÐktria sunĹrthsh enìc endeqomènou A, sqèsh (1.29),

ìpou edÿ sugkekrimèna to endeqìmeno A eÐnai to endeqìmeno na sumbeÐ qreokopÐa.

Ta kuriìtera apotelèsmata gia tic dÔo autèc periptÿseic, meletÿntac kĹje forĹ th su-

nĹrthsh pou exetĹzoume sa sunĹrthsh tou arqikoÔ apojematikoÔ u, parousiĹzontai sth

sunèqeia, ìpwc autĹ dÐnontai sto Ĺrjro twn Lin & Willmot (2000).

Gia na meletăsoume tic desmeumènec ropèc dojèntoc ìti sumbaÐnei qreokopÐa, ja prèpei

na dÿsoume mÐa polÔ shmantikă sqèsh pou isqÔei gia tic desmeumènec pijanìthtec, sth

jewrÐa pijanotătwn (blèpe KoÔtrac (2004)).

’Etsi an Ω eÐnai ènac deigmatikìc qÿroc kai B ⊆ Ω eÐnai èna endeqìmeno tou Ω kai isqÔei ìti

Pr(B) > 0, tìte gia opoiodăpote endeqìmeno A tou deigmatikoÔ qÿrou Ω, h desmeumènh

pijanìthta tou A dojèntoc ìti pragmatopoieÐtai to B dÐnetai apì ton tÔpo

Pr (A|B) =
Pr(AB)

Pr(B)
. (3.12)

O mèsoc qrìnoc mèqri thn èleush thc qreokopÐac, dojèntoc ìti sumbaÐnei qreokopÐa
4
qrh-

simopoiÿntac ton tÔpo (3.12) prokÔpei ìti dÐnetai apì th sqèsh
5
:

E(T |T <∞) =
E [T · I(T <∞)]

E [I(T <∞)]
=
ψ1(u)

ψ(u)
, (3.13)

ìpou to ψ1(u) = E [T I(T <∞)] ikanopoieÐ thn elleimmatikă ananewtikă exÐswsh

4
Συνήθωc στην βιβlιογραφία, ο χρόνοc µέχρι τη χρεοκοπία, δοθέντοc ότι κάποια χρονική στιγµή επέρ-

χεται χρεοκοπία, εκφράζεται µέσω τηc κανονικήc τ.µ Tc = T |T < ∞, την οποία αναlύουµε διεξοδικά στο
επόµενο Κεφάlαιο και θα την χρησιµοποιούµε για ευκοlία από εδώ και πέρα.

5
Θυµίζουµε ότι η E [I(T <∞)] ισούται µε την πιθανότητα χρεοκοπίαc ψ(u), πράγµα που δείξαµε και

στο Κεφάlαιο 1, στη σχέση (1.7).
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ψ1(u) =
1

1 + θ

∫ u

0

ψ1(u− x) dFe(x) +
1

c

∫ ∞

u

ψ(x) dx,

kai dÐnetai analutikĹ apì ton tÔpo

ψ1(u) =
1

λp1θ

[∫ u

0

ψ(u− x)ψ(x) dx+

∫ ∞

u

ψ(x) dx− p2

2p1θ
ψ(u)

]
. (3.14)

EpÐshc sÔmfwna me autĹ pou èqoume orÐsei mèqri tÿra kai th sqèsh (3.10), h sqèsh (3.14)

grĹfetai kai wc

ψ1(u) =
1

λp1θ

[∫ u

0

ψ(u− x)ψ(x) dx+

∫ ∞

0

ψ(x) dx−
∫ u

0

ψ(x) dx− p2

2p1θ
ψ(u)

]

=
1

λp1θ

[∫ u

0

ψ(u− x)ψ(x) dx+ E(L)−
∫ u

0

ψ(x) dx− E(L)ψ(u)

]

=
1

λp1θ

[∫ u

0

ψ(u− x)ψ(x) dx+ E(L)δ(u)−
∫ u

0

ψ(x) dx

]
.

H ψ1(u), ìpwc eÐdame, isoÔtai me th mèsh timă tou ginomènou E [T · I(T <∞)], apì to opoÐo

blèpoume diaisjhtikĹ ìti o mèsoc qrìnoc mèqri th qreokopÐa eÐnai mÐa aÔxousa sunĹrthsh

wc proc to arqikì apojematikì u kai h mèsh timă thc deÐktriac sunĹrthshc I(T < ∞),

dhladă h ψ(u), eÐnai mÐa fjÐnousa sunĹrthsh wc proc u, ìpwc eÐqame deÐxei kai sto prÿto

kefĹlaio. Epomènwc èqoume èna ginìmeno mÐac aÔxousac sunĹrthshc me mÐa fjÐnousa su-

nĹrthsh. Epeidă ìmwc h pijanìthta qreokopÐac fjÐnei me taqÔtero rujmì sto mhdèn apì

ìti auxĹnei o mèsoc qrìnoc qreokopÐac sto +∞, h prÿth mh-desmeumènh ropă tou qrì-
nou qreokopÐac prokÔptei ìti eÐnai mÐa sunĹrthsh, h opoÐa gia megĹlo arqikì apojematikì

fjÐnei
6
sto mhdèn.

Genikìtera, qrhsimopoiÿntac ton tÔpo (3.12), brÐskoume ìti h k-ropă tou qrìnou qreoko-

pÐac, dojèntoc ìti ja upĹrxei qreokopÐa, dÐnetai apì th sqèsh

E(T k|T <∞) =
E
[
T k · I (T <∞)

]
E [I (T <∞)]

=
ψk(u)

ψ(u)
,

6
΄Οπωc θα δούµε και στιc επόµενεc ενότητεc µε τα αριθµητικά παραδείγµατα, η ψ1(u) δεν είναι πάντα µία

µονότονη (φθίνουσα) συνάρτηση ωc προc u, αllά συνήθωc είναι αύξουσα µέχρι το σηµείο που η συνάρτηση

παρουσιάζει µέγιστο και φθίνουσα πέρα από αυτό το σηµείο, µέχρι το µηδέν που φθάνει για µεγάlεc τιµέc

του u.
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ìpou oi ropèc ψk(u) = E
[
T kI(T <∞)

]
ikanopoioÔn mia seirĹ apì elleimmatikèc ananew-

tikèc exisÿseic

ψk(u) =
1

1 + θ

∫ u

0

ψk(u− x) dFe(x) +
k

c

∫ ∞

u

ψk−1(x) dx,

gia k = 1, 2, . . ., me ψ0(u) = ψ(u).

Epiplèon h ψk(u) dÐnetai apì ton anadromikì tÔpo

ψk(u) =
k

λp1θ

[∫ u

0

ψ(u− x)ψk−1(x) dx+

∫ ∞

u

ψk−1(x) dx− ψ(u)

∫ ∞

0

ψk−1(x) dx

]
,

(3.15)

ìpou ψk−1(u) eÐnai h (k − 1) ropă tou qrìnou qreokopÐac kai to oloklărwma∫ u

0

ψ(u− x)ψk−1(x) dx,

ekfrĹzei thn sunèlixh dÔo sunartăsewn, thc pijanìthtac qreokopÐac kai thc (k−1) ropăc

tou qrìnou qreokopÐac. Autì mporoÔme na to diapistÿsoume diabĹzontac prosektikĹ ton

orismì pou eÐqame dÿsei sthn Enìthta 1.4, gia thn sunèlixh dÔo sunartăsewn.

San parĹdeigma, h deÔterh ropă tou qrìnou qreokopÐac, dojèntoc ìti upĹrqei qreoko-

pÐa, dÐnetai apì th sqèsh

E(T 2|T <∞) =
E [T 2 · I(T <∞)]

E [T <∞]
=
ψ2(u)

ψ(u)
, (3.16)

ìpou h ψ2(u) = E [T 2 · I(T <∞)] ikanopoieÐ thn elleimmatikă ananewtikă exÐswsh

ψ2(u) =
1

1 + θ

∫ u

0

ψ2(u− x) dFe(x) +
1

1 + θ
H2(u),

me

H2(u) =
2

λ2p2
1θ

[∫ u

0

ψ(u− x)

∫ ∞

x

ψ(t) dt dx+

∫ ∞

u

(x− u)ψ(x) dx

]
.

H ψ2(x) mporeÐ na upologisteÐ apì ton anadromikì tÔpo pou dìjhke parapĹnw gia k = 2,

sqèsh (3.15), allĹ mporeÐ na upologisteÐ kai kateujeÐan, qwrÐc th qrăsh thc prÿthc ropăc
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ψ1(u), apì th sqèsh:

ψ2(u) =
2

λ2p2
1θ

2

∫ u

0

ψ(u− x)

∫ x

0

ψ(x− t)ψ(t) dt dx

+
4

λ2p2
1θ

2

∫ u

0

ψ(u− x)

∫ ∞

x

ψ(t) dt dx+
2

λ2p2
1θ

2

∫ ∞

u

(x− u)ψ(x) dx

− p2

λ2p3
1θ

3

∫ u

0

ψ(u− x)ψ(x) dx− 2p1p3θ + 3p2
2

6λ2p4
1θ

4
ψ(u) (3.17)

Stic parakĹtw enìthtec ja dÿsoume kĹpoia paradeÐgmata gia diĹforec katanomèc apozh-

miÿsewn kai ja upologÐsoume tic prÿtec kai deÔterec ropèc tou qrìnou qreokopÐac pou

èqoun oi sugkekrimènec katanomèc. EpÐshc megĹlo endiafèron èqoun kai oi grafikèc pa-

rastĹseic twn ropÿn, kajÿc mèsa apì autèc mporoÔme na diakrÐnoume gia poio arqikì

apojematikì parousiĹzoun oi mh-desmeumènec ropèc mègisto. Bèbaia ja perimèname ìloi,

oi mh-desmeumènec ropèc na parousiĹzoun mègisto gia arqikì apojematikì u = 0. ’Omwc

kĹti tètoio den isqÔei se ìlec tic periptÿseic. To shmeÐo sto opoÐo parousiĹzetai mègisto,

ephreĹzetai se megĹlo bajmì apì thn timă tou perijwrÐou asfaleÐac θ. Gia autì to lìgo

jèloume na deÐxoume sta parakĹtw paradeÐgmata ti allagèc gÐnontai sthn monotonÐa twn

ropÿn tou qrìnou qreokopÐac kai pìte h ψk(u), gia k = 1, 2, parousiĹzei mègisto gia

u = 0 kai pìte gia u > 0, gia diĹforec timèc tou θ. ’Otan oi apozhmiÿseic akoloujoÔn

mÐa ekjetikă katanomă me parĹmetro β, tìte upĹrqei analutikìc tÔpoc gia to arqikì apo-

jematikì sto opoÐo h sunĹrthsh parousiĹzei mègisto (blèpe Dermitzakis et al (2009)).

’Omwc gia tic katanomèc twn apozhmiÿsewn pou meletĹme edÿ, to na brejeÐ kĹpoioc ana-

lutikìc tÔpoc gia to u eÐnai èna pĹra polÔ dÔskolo prìblhma. Gia autì ton lìgo emeÐc

ja meletăsoume grafikĹ kai mèsw tou Mathematica gia poia timă tou u, parousiĹzei h

ψk(u), gia k = 1, 2, mègisto. Sugkekrimèna paÐrnoume tèsseric diaforetikèc katanomèc

apozhmiÿsewn, oi opoÐec eÐnai:

1. meÐxh triÿn ekjetikÿn, Ðdia me aută pou eÐqame exetĹsei sto ParĹdeigma 2.2.1,

2. meÐxh pènte ekjetikÿn, gia thn opoÐa ìloi oi tÔpoi gia thn pijanìthta qreokopÐac kai

tic dÔo prÿtec ropèc tou qrìnou qreokopÐac, gia tic diĹforec timèc tou θ, dÐnontai

sto tèloc thc ergasÐac sto ParĹrthma B
′
,

3. katanomă GĹmma(3,3), Ðdia me aută pou eÐqame analÔsei sto ParĹdeigma 2.3.1,
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4. kai tèloc, katanomă GĹmma(10,10) gia thn opoÐa dÐnontai oi tÔpoi analutikĹ kai ta

diagrĹmmata twn ropÿn sto ParĹrthma G
′
.

Tic ropèc tou qrìnou qreokopÐac gia tic dÔo epiplèon katanomèc pou dialèxame na exe-

tĹsoume, tic qrhsimopoioÔme sto KefĹlaio 4, ìpou ekeÐ ja eisĹgoume mÐa kainoÔria pro-

sèggish gia ton metasqhmatismì Laplace tou qrìnou qreokopÐac h opoÐa qrhsimopoieÐ th

prÿth kai deÔterh desmeumènh ropă. Gia ton lìgo autì paÐrnoume thn eukairÐa na deÐxoume

to pÿc sumperifèrontai oi ropèc tou qrìnou qreokopÐac, gia pio perÐplokec katanomèc

apozhmiÿsewn, se kĹje allagă tou perijwrÐou asfaleÐac θ. Epeidă ìmwc oi tÔpoi twn

ropÿn èqoun polloÔc ìrouc den eÐnai dìkimo na exetasjoÔn edÿ, kajÿc ja epektajeÐ pĹra

polÔ to kefĹlaio kai ja eÐnai kourastikì gia touc anagnÿstec. OÔtwc ă Ĺllwc, dÐnontac

analutikĹ kai grafikĹ tic ropèc tou qrìnou qreokopÐac gia tic dÔo katanomèc pou anafè-

rame, eÐnai arketĹ ètsi ÿste na odhghjoÔme se kĹpoia ousiÿdh sumperĹsmata.

EpÐshc prèpei na epishmĹnoume edÿ, ìti skopìc mac sthn epilogă twn θ eÐnai na pĹrou-

me treic timèc, mÐa mikră, mÐa mesaÐa kai mÐa megĹlh timă ètsi ÿste na èqoume mÐa genikă

Ĺpoyh gia to ti sumbaÐnei se kĹje shmantikă allagă sthn timă tou θ. Oi timèc tou θ

pou dialègoume, èqoun epilegeÐ tuqaÐa kai koitĹme perissìtero na doÔme ti sumbaÐnei mìno

sta paradeÐgmata pou paÐrnoume sth sunèqeia. Gia autì ton lìgo, ìpwc ja doÔme kai

sth sunèqeia paÐrnoume kĹpoiec megĹlec timèc tou θ, oi opoÐec sthn pragmatikìthta7 den

ufÐstantai.

Ektìc ìmwc apì tic dÔo kentrikèc ropèc tou qrìnou qreokopÐac, mporoÔme na upologÐsoume

kai thn metablhtìthta (tupikă apìklish) pou upĹrqei sto qrìno qreokopÐac, dojèntoc ìti

sumbaÐnei qreokopÐa, dhladă sthn t.m Tc = T |T <∞, kajÿc kai ton suntelestă asumme-
trÐac kai kÔrtwshc pou upĹrqei, upologÐzontac bèbaia prÿta tic trÐtec kai tètartec ropèc

tou qrìnou qreokopÐac. Edÿ ja asqolhjoÔme mìno me thn metablhtìthta pou upĹrqei

ìtan oi apozhmiÿseic akoloujoÔn mÐa meÐxh triÿn ekjetikÿn katanomÿn kai mÐa GĹmma ka-

tanomă me paramètrouc αi = 3, βi = 3, gia na deÐxoume perissìtero to pÿc sumperifèretai

h metablhtìthta tou qrìnou qreokopÐac gia diaforetikèc katanomèc apozhmiÿsewn kai gia

diĹforec timèc tou θ. ’Omwc merikèc forèc, mèsw thc tupikăc apìklishc den mporoÔme na

bgĹloume kĹpoia asfală sumperĹsmata. Gia autì ton lìgo paÐrnoume to suntelestă me-

tablhtìthtac (coefficient of variation), o opoÐoc genikĹ ekfrĹzei th sqetikă diasporĹ

twn timÿn mÐac metablhtăc apì ton mèso ìro thc metablhtăc kai isoÔtai me to phlÐko thc

tupikăc apìklishc me thn mèsh timă pou èqei mÐa metablhtă.

7
Είχαµε αναφέρει και στο πρώτο κεφάlαιο ότι οι ασφαlιστικέc εταιρίεc διαlέγουν να έχουν περιθώριο

κέρδουc κάτω από 1, θ ∈ (0, 1), καθώc θέlουν το ασφαlιστικό προ̈ιόν που πουlάνε να είναι ανταγωνιστικό
στην αγορά.
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Tèloc, kalì eÐnai na upologÐsoume tic ropèc tou qrìnou qreokopÐac gia katanomèc apo-

zhmiÿsewn pou èqoun thn Ðdia prÿth ropă, kajÿc kai tic Ðdiec timèc twn paramètrwn c, λ kai

antÐstoiqa tou θ, gia na doÔme pwc sumperifèrontai oi ropèc ìtan allĹzei mìno h katanomă

twn apozhmiÿsewn ă mìno oi parĹmetroi kĹpoiac Ðdia katanomăc. KĹti tètoio edÿ gÐnetai

gia tic dÔo katanomèc GĹmma pou paÐrnoume, oi opoÐec èqoun th Ðdia mèsh timă, p1 = 1,

kajÿc kai tic Ðdiec timèc tou perijwrÐou asfaleÐac, θ = 0.5, θ = 0.1 kai θ = 1.5.

3.3 Oi ropèc tou qrìnou qreokopÐac gia meÐxh

triÿn ekjetikÿn katanomÿn

Se sunèqeia tou ParadeÐgmatoc 2.2.1, ìpou h katanomă twn apozhmiÿsewn eÐnai mÐa meÐxh

triÿn ekjetikÿn katanomÿn me sunĹrthsh puknìthtac pijanìthtac

f(x) =
1

3
2 e−2x +

1

3
4 e−4x +

1

3
6 e−6x,

jèloume na upologÐsoume tic ropèc tou qrìnou qreokopÐac, ìpwc autèc dìjhkan sthn Enì-

thta 3.1. Sth sunèqeia paÐrnoume treic diaforetikèc timèc tou θ, ètsi ÿste na bgĹloume

kĹpoia sumperĹsmata gia thn monotonÐa twn mh-desmeumènwn ropÿn tou qrìnou qreoko-

pÐac, na doÔme gia poio arqikì apojematikì parousiĹzei h sunĹrthsh mègisto, kajÿc kai

gia poiec timèc tou θ èqoume metakÐnhsh tou mègistou shmeÐou. EpÐshc mac endiafèrei na

elègxoume pìso grăgora fjÐnoun sto mhdèn kajÿc kai na doÔme grafikĹ tic timèc tou

anamenìmenou qrìnou qreokopÐac ∀ u ≥ 0.

AntÐjeta, apì thn prÿth desmeumènh ropă mporoÔme na diakrÐnoume metĹ apì pìsec qroni-

kèc monĹdec, katĹ mèso ìro, epèrqetai qreokopÐa, dojèntoc ìti kĹpoia qronikă stigmă ja

sumbeÐ qreokopÐa. H deÔterh desmeumènh ropă qrhsimopoieÐtai sto na upologÐsoume thn

metablhtìthta twn ropÿn, gia kĹje timă tou u, mègejoc to opoÐo mac bohjĹei na doÔme ti

tupikă apìklish upĹrqei sto qrìno pou perimènoume mèqri na epèljei qreokopÐa.

EpÐshc prèpei na anaferjeÐ ìti gia ìlec tic parakĹtw prĹxeic, apotelèsmata kai grafikèc

parastĹseic, èqei qrhsimopoihjeÐ to prìgramma Mathematica.

Sthn arqă upojètoume ìti c = 1 kai λ = 2. Epomènwc prokÔptei ìti to θ eÐnai Ðdio

me autì pou eÐqame kai sto ParĹdeigma 2.2.1, dhladă

θ =
7

11
.
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Gia thn prÿth mh-desmeumènh ropă tou qrìnou qreokopÐac, qrhsimopoiÿntac thn pijanì-

thta qreokopÐac pou èqei dojeÐ sto deÔtero kefĹlaio apì th sqèsh (2.12), sth sqèsh

(3.14), paÐrnoume

ψ1(u) = e−10 u
[
e4.41497 u (−0.0292302 + 0.000710558u) + e6.5553 u (−0.081205 + 0.00491016u)

+ e9.02974 u (0.693768 + 0.780094u)
]

ParathroÔme ìti h ψ1(u) èqei treic ekjetikoÔc ìrouc pollaplasiasmènouc me isĹrijma po-

luÿnuma prÿtou bajmoÔ, ìso dhladă eÐnai kai o bajmìc thc ropăc pou upologÐsame.

H prÿth desmeumènh ropă, ψ1(u)/ψ(u), sÔmfwna me th sqèsh (3.13) kai metĹ apì prĹxeic

sto Mathematica, isoÔtai me:

[
e4.41497 u(12.8591− 0.312594u) + e6.5553 u(35.7243− 2.16011u)

+ e9.02974 u(−305.208− 343.184u)
]
×
(
−7.31296 e−4.41497 u − 19.2239 e−6.5553 u

(3.18)

− 242.308 e−9.02974 u
)

Oi grafikèc parastĹseic thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac kai

thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac, dÐnontai sta Sqămata 3.1 kai 3.2

antÐstoiqa.

Gia na broÔme to shmeÐo pou mÐa sunĹrthsh parousiĹzei mègisto, prèpei na paragwgÐsoume

th sugkekrimènh sunĹrthsh kai sth sunèqeia na jèsoume thn parĹgwgo Ðsh me mhdèn. ’Etsi

edÿ paragwgÐzontac tic mh-desmeumènec ropèc, mporoÔme na broÔme ta shmeÐa sta opoÐa

parousiĹzoun mègisto. Bèbaia an mÐa sunĹrthsh eÐnai monìtonh kai sth sugkekrimènh pe-

rÐptwsh pou meletĹme fjÐnousa, tìte h sunĹrthsh parousiĹzei mègisto sto shmeÐo mhdèn.
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Sqăma 3.1: Grafikă parĹstash thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 7
11
.
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Sqăma 3.2: Grafikă parĹstash thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 7
11
.
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Sto Sqăma 3.1 parathroÔme ìti h ψ1(u) den eÐnai monìtonh gia u ≥ 0, allĹ eÐnai aÔxousa

mèqri to shmeÐo u = 0.343055, ìpou ekeÐ parousiĹzei mègisto, kai fjÐnousa apì ekeÐ kai

pèra. To mègisto shmeÐo thc ψ1(u), ètsi ìpwc faÐnetai kai apì to diĹgramma, eÐnai to

ψ1(0.343055) = 0.660532

EpÐshc parathroÔme ìti gia u > 8 h prÿth ropă tou qrìnou qreokopÐac paÐrnei sqedìn

mhdenikèc timèc. ’Oso megalÔterec timèc paÐrnei o anamenìmenoc qrìnoc qreokopÐac gia

kĹje timă tou u, tìso pio polÔ argeÐ na epèljei h qreokopÐa. Dhladă mÐa asfalistikă

etaireÐa jèlei na èqei sthn katoqă thc èna qartofulĹkio me ìso to dunatìn megalÔtero

anamenìmeno qrìno qreokopÐac. Gia na doÔme an oi timèc pou paÐrnei sth sugkekrimènh

perÐptwsh h ψ1(u) eÐnai ikanopoihtikèc, ja prèpei na tic sugkrÐnoume me tic antÐstoiqec

timèc thc ψ1(u) pou upologÐzontai gia tic upìloipec timèc tou θ.

Sto Sqăma 3.2 diakrÐnoume ìti h prÿth desmeumènh ropă eÐnai mÐa aÔxousa sunĹrthsh wc

proc u. Autì epibebaiÿnetai kai mèsw tou Mathematica, ìpou paÐrnoume ìti h prÿth pa-

rĹgwgoc thc ψ1(u)/ψ(u) paÐrnei jetikèc timèc ∀ u ≥ 0. Autì shmaÐnei ìti ìso pio megĹlo

eÐnai to arqikì apojematikì tìso pio megĹloc eÐnai kai o anamenìmenoc qrìnoc qreokopÐac,

dojèntoc ìti kĹpoia stigmă sumbaÐnei qreokopÐa. Gia parĹdeigma, gnwrÐzontac ìti kĹpoia

stigmă ja èrjei qreokopÐa, an u = 10 tìte prèpei na perimènoume, katĹ mèso ìro, 15.4228

qronikèc monĹdec mèqri na epèljei h qreokopÐa.

Gia th deÔterh mh-desmeumènh ropă tou qrìnou qreokopÐac, paÐrnoume ton anadromikì

tÔpo (3.15) gia k = 2 kai antikajistÿntac ston tÔpo thn ψ1(u) pou brăkame parapĹnw,

prokÔptei

ψ2(u) = e−10 u
[
0.0000303729 e4.41497 u (−117.346 + u) (39.7982 + u)

+ 0.000551735 e6.5553 u (−45.8261 + u) (16.2042 + u)

+ 1.10486 e9.02974 u (0.656005 + u) (4.94232 + u)
]

ParathroÔme ìti h ψ2(u) èqei treic ekjetikoÔc ìrouc pollaplasiasmènouc me isĹrijma po-

luÿnuma deutèrou bajmoÔ, ìso dhladă eÐnai kai o bajmìc thc ropăc pou upologÐsame.

AntÐstoiqa h deÔterh desmeumènh ropă, ψ2(u)/ψ(u), dÐnetai apì th sqèsh (3.16) kai metĹ

apì prĹxeic sto Mathematica, brÐskoume ìti isoÔtai me:
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[
−486.058 e19.0297 u (0.656005 + u) (4.94232 + u)

− 0.242723 e16.5553 u (−45.8261 + u) (16.2042 + u)

(3.19)

− 0.0133619 e14.415 u (−117.346 + u) (39.7982 + u)
]

×
(
−7.31296 e−14.415 u − 19.2239 e−16.5553 u − 242.308 e−19.0297 u

)
Oi grafikèc parastĹseic thc deÔterhc mh-desmeumènhc ropăc tou qrìnou qreokopÐac kai

thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac, dÐnontai sta Sqămata 3.3 kai 3.4

antÐstoiqa.
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Sqăma 3.3: Grafikă parĹstash thc deÔterhc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 7
11
.

Sto Sqăma 3.3 parathroÔme ìti h deÔterh mh-desmeumènh ropă tou qrìnou qreokopÐac eÐnai

aÔxousa mèqri to shmeÐo u = 0.669555, ìpou parousiĹzetai to mègisto, kai fjÐnousa apì

ekeÐ kai pèra. To mègisto shmeÐo thc ψ2(u) eÐnai to

ψ2(0.669555) = 4.24689

EpÐshc parathroÔme ìti h deÔterh mh-desmeumènh ropă tou qrìnou qreokopÐac paÐrnei me-

galÔterec timèc ∀ u ≥ 0 apì ìti h prÿth mh-desmeumènh ropă tou qrìnou qreokopÐac,
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kajÿc kai ìti h ψ2(u) fjÐnei pio argĹ sto mhdèn apì ìti h ψ1(u).
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Sqăma 3.4: Grafikă parĹstash thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 7
11
.

Sto Sqăma 3.4 blèpoume ìti h deÔterh desmeumènh ropă eÐnai mÐa aÔxousa kai kurtă su-

nĹrthsh. Autì prokÔptei kai apì to Mathematica, kajÿc paÐrnoume ìti h prÿth kai

deÔterh parĹgwgoc thc ψ2(u)/ψ(u) eÐnai jetikèc sunartăseic gia u sto diĹsthma [0,∞).

Oi sugkekrimènec parĹgwgoi den dÐnontai analutikĹ diìti eÐnai tÔpoi me polloÔc ìrouc kai

den ja ătan eÔkolo na parousiĹsoume ìlec tic paragÿgouc twn ropÿn gia tìsec pollèc

periptÿseic pou exetĹzoume. EpÐshc parathroÔme ìti ìso megalÔtero eÐnai to arqikì apo-

jematikì, tìso me megalÔtero rujmì auxĹnei kai h timă thc deÔterhc desmeumènhc ropăc

tou qrìnou qreokopÐac. Epiplèon blèpoume ìti h deÔterh desmeumènh ropă tou qrìnou

qreokopÐac paÐrnei megalÔterec timèc apì ìti h prÿth desmeumènh ropă, gia kĹje jetikă

timă tou arqikoÔ apojematikoÔ u. Autì eÐnai safèc kajÿc pĹnta h deÔterh ropă mÐac ka-

nonikăc t.m, ìpwc edÿ eÐnai h t.m Tc, prèpei na paÐrnei megalÔterec timèc, gia kĹje timă thc

paramètrou, apì to tetrĹgwno thc prÿthc ropăc thc Ðdiac t.m, ètsi ÿste h diakÔmansă thc

na eÐnai mh-arnhtikă gia opoiadăpote timă thc paramètrou. Epomènwc sth sugkekrimènh

perÐptwsh ja prèpei na isqÔei ìti

ψ2(u)

ψ(u)
≥
(
ψ1(u)

ψ(u)

)2

,

gia kĹje timă tou arqikoÔ apojematikoÔ u.
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Efìson upologÐsame tic dÔo prÿtec desmeumènec ropèc tou qrìnou qreokopÐac, mporoÔ-

me na broÔme thn metablhtìthta tou qrìnou qreokopÐac, èqontac ek twn protèrwn thn

plhroforÐa ìti kĹpoia stigmă ja epèljei h qreokopÐa, dhladă thn metablhtìthta thc t.m

Tc. Gia na upologÐsoume thn tupikă apìklish (standard deviation), kataskeuĹzoume thn

exăc sunĹrthsh
8

stdev(Tc,u) =

√
ψ2(u)

ψ(u)
−
(
ψ1(u)

ψ(u)

)2

(3.20)

Dhmiourgÿntac aută th nèa sunĹrthsh sto Mathematica, paÐrnoume ìti h tupikă apìkli-

sh tou desmeumènou qrìnou qreokopÐac, gia θ = 7/11, dÐnetai apì to parakĹtw diĹgramma

3.5.
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Sqăma 3.5: Grafikă parĹstash thc tupikăc apìklishc tou desmeumènou qrìnou qreokopÐac

Tc, gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 7/11.

Ek prÿthc ìyewc, den mporoÔme na bgĹloume kĹpoia asfală sumperĹsmata gia tic timèc

pou paÐrnei h tupikă apìklish thc t.m Tc, kajÿc den mporoÔme na poÔme eĹn autì to epÐpe-

do twn timÿn eÐnai ikanopoihtikì ă ìqi. Gia autì ton lìgo qrhsimopoioÔme to suntelestă

metablhtìthtac o opoÐoc sth sugkekrimènh perÐptwsh, ekfrĹzei thn metablhtìthta pou

upĹrqei sto qrìno qreokopÐac anĹ tic qronikèc monĹdec pou perimènoume katĹ mèso ìro

mèqri na epèljei h qreokopÐa, dojèntoc ìti kĹpoia qronikă stigmă sumbaÐnei qreokopÐa. O

suntelestăc metablhtìthtac edÿ isoÔtai me

8
Η µεταβlητότητα τηc τ.µ Tc εξαρτάται από τιc τιµέc που παίρνει το αρχικό αποθεµατικό και για αυτό

τον lόγο βάζουµε το u ωc υποδείκτη στην τ.µ Tc.
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CV (Tc,u) =
stdev(Tc,u)

ψ1(u)

ψ(u)

, (3.21)

kai afoÔ upologÐsoume gia kĹje timă tou θ to suntelestă metablhtìthtac pou dÐnetai

apì th parapĹnw sqèsh (3.21), kataskeuĹzoume se èna koinì diĹgramma tic grafikèc touc

parastĹseic. Autì mac bohjĹei polÔ, kajÿc blèpontac grafikĹ to suntelestă metablhtì-

thtac pou upĹrqei gia kĹje timă tou θ, mporoÔme na poÔme se poia perÐptwsh o desmeumènoc

qrìnoc qreokopÐac èqei megalÔterh sqetikă diasporĹ.

Sth sunèqeia skopìc mac eÐnai na allĹxoume tic timèc tou perijwrÐou asfaleÐac θ kai na

doÔme se aută th perÐptwsh pÿc sumperifèrontai oi grafikèc parastĹseic twn ropÿn tou

qrìnou qreokopÐac. ’Etsi an pĹroume c = 0.7 kai Ðdio λ me prin, dhladă λ = 2, prokÔptei

apì th sqèsh (1.3) ìti

θ = 0.145455.

AfoÔ Ĺllaxe h timă tou θ ja èqoume kai diaforetikă pijanìthta qreokopÐac kajÿc kai

diaforetikèc ropèc gia ton qrìno qreokopÐac apì ìti eÐqame sthn perÐptwsh pou θ = 7/11.

H eÔresh thc pijanìthtac qreokopÐac gÐnetai akribÿc me ton Ðdio trìpo ìpwc ègine kai sta

paradeÐgmata tou deutèrou kefalaÐou. ’Etsi prokÔptei ìti

ψ(u) = 0.0053461 e−5.50053 u + 0.0143625 e−3.30728 u + 0.853307 e−0.335055 u

ParakĹtw brÐskoume tic prÿtec kai deÔterec ropèc tou qrìnou qreokopÐac ètsi ìpwc kĹ-

name kai prohgoumènwc.

Gia thn prÿth mh-demeumènh ropă, paÐrnoume

ψ1(u) =e−9.14286 u
(
e3.64233 u (−0.163216 + 0.000321534u) + e5.83558 u (−0.455493 + 0.00232065u)

+ e8.8078 u (4.26454 + 8.1915u)
)

H grafikă parĹstash thc ψ1(u) parousiĹzetai sto parakĹtw diĹgramma 3.6.
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Sqăma 3.6: Grafikă parĹstash thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 0.145455.

Apì to Sqăma 3.6, blèpoume ìti h prÿth mh-desmeumènh ropă eÐnai mÐa aÔxousa sunĹrthsh

èwc to shmeÐo u = 2.46434, ìpou parousiĹzetai to mègisto, kai fjÐnousa pèra apì autì

to shmeÐo. H mègisth timă thc ψ1(u) eÐnai h

ψ1(2.46434) = 10.7079

EpÐshc parathroÔme ìti se autì to parĹdeigma pou èqoume upojèsei mikrìterh timă gia to

θ, h ψ1(u) paÐrnei polÔ megalÔterec timèc ∀ u ≥ 0, apì ìti èpairne sthn perÐptwsh pou

eÐqame θ = 7/11. Autì dhlÿnei ìti gia mikrìterec timèc tou θ, o anamenìmenoc qrìnoc

èwc th qreokopÐa eÐnai megalÔteroc, gia kĹje timă tou arqikoÔ apojematikoÔ u, apì ìti

eÐnai gia megalÔterec timèc tou θ. KĹti tètoio ja epibebaiwjeÐ kai sth sunèqeia pou ja

pĹroume mÐa arketĹ megĹlh timă gia to perijÿrio asfaleÐac θ. Epiplèon, h ψ1(u) fjÐnei

pĹra polÔ argĹ sto mhdèn kai sugkekrimèna paÐrnei sqedìn mhdenikèc timèc gia u > 25.

Prèpei na anafèroume ìti ìso pio argĹ fjÐnei sto mhdèn h ψ1(u) kai h ψ2(u) antÐstoiqa,

tìso pio argĹ, katĹ mèso ìro, mporeÐ na epèljei h qreokopÐa. Epomènwc, sÔmfwna me

ta parapĹnw, katalăgoume sto sumpèrasma ìti sthn perÐptwsh pou θ = 0.145455, faÐne-

tai xekĹjara apì to diĹgramma ìti o anamenìmenoc qrìnoc èwc th qreokopÐa eÐnai arketĹ

megalÔteroc apì ìti sth perÐptwsh pou Ðsque ìti θ = 7/11. KĹti tètoio ìmwc faÐne-

tai na eÐnai asÔmforo me thn pragmatikìthta, giatÐ logikĹ ja perimèname o anamenìmenoc

qrìnoc èwc th qreokopÐa na paÐrnei megalÔterec timèc ìso megalÔtero eÐnai to perijÿrio

kèrdouc, θ, gia thn kĹje asfalistikă etaireÐa. Gia na mporoÔme na poÔme kĹpoia prĹgma-

ta parapĹnw, ja prèpei na upologÐsoume kai tic desmeumènec ropèc tou qrìnou qreokopÐac.
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AntÐstoiqa h prÿth desmeumènh ropă ψ1(u)/ψ(u), metĹ apì prĹxeic sto Mathematica,

paÐrnoume ìti isoÔtai me

[
e3.64233 u (−0.163216 + 0.000321534u) + e5.83558 u (−0.455493 + 0.00232065u)

+ e8.8078 u (4.26454 + 8.1915u)
]
×
(
0.0053461 e−3.64233 u + 0.0143625 e−5.83558 u

+ 0.853307 e−8.8078 u
)

H prÿth desmeumènh ropă parousiĹzetai grafikĹ sto epìmeno diĹgramma 3.7.
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Sqăma 3.7: Grafikă parĹstash thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 0.145455.

’Opwc eÐqame deÐ kai sto Sqăma 3.2, ètsi kai apì to Sqăma 3.7 paÐrnoume ìti h ψ1(u)/ψ(u)

eÐnai mÐa aÔxousa sunĹrthsh wc proc u, kajÿc h prÿth parĹgwgoc eÐnai jetikă ∀ u ≥ 0.

EpÐshc ìso megalÔtero eÐnai to arqikì apojematikì u, tìso perissìterec qronikèc monĹ-

dec qreiĹzontai mèqric ìtou na epèljei qreokopÐa, dojèntoc ìti kĹpoia stigmă sumbaÐnei

qreokopÐa. Gia parĹdeigma, an u = 10 kai xèroume apì prin ìti kĹpoia stigmă ja èrjei

qreokopÐa, tìte o anamenìmenoc qrìnoc mèqri thn qreokopÐa isoÔtai me 100.995 qronikèc

monĹdec. Epomènwc gia to Ðdio arqikì apojematikì u = 10, blèpoume ìti o anamenìmenoc

qrìnoc qreokopÐac, dojèntoc ìti ja epèljei qreokopÐa, eÐnai perÐpou 6.5 forèc megalÔte-

roc apì autìn pou eÐqame sthn perÐptwsh pou θ = 7/11. Opìte kai edÿ katalăgoume sto

Ðdio sumpèrasma pou bgĹlame parapĹnw. Gia na elègxoume ìmwc an to sumpèrasma pou
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bgĹlame eÐnai swstì, ja prèpei na sugkrÐnoume thn tupikă apìklish kai to suntelestă

metablhtìthtac tou qrìnou qreokopÐac, pou èqoume sthn kĹje perÐptwsh.

Gia na upologÐsoume tÿra thn deÔterh mh-desmeumènh ropă tou qrìnou qreokopÐac, mac

boleÔei perissìtero na qrhsimopoiăsoume thn sqèsh (3.17). Epomènwc prokÔptei ìti

ψ2(u) =e−18.2857 u
[
e14.9784 u (−28.8773− 0.101681u) + e12.7852 u (−10.4813− 0.0158326u)

+ 0.0000193382 e12.7852 u (−152.368 + u) (−40.3812 + u) + 0.000374966 e14.9784 u

× (−94.3762 + u) (−24.5407 + u) + 78.636 e17.9507 u (−0.092378 + u) (0.131207 + u)

+ e17.9507 u (283.693 + 629.99u)
]

H grafikă parĹstash thc ψ2(u) apeikonÐzetai sto parakĹtw Sqăma 3.8.
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Sqăma 3.8: Grafikă parĹstash thc deÔterhc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 0.145455.

Apì to Sqăma 3.8 prokÔptei ìti h ψ2(u) parousiĹzei mègisto sto shmeÐo u = 3.59777,

dhladă eÐnai aÔxousa sunĹrthsh mèqri ekeÐno to shmeÐo kai fjÐnousa apì ekeÐ kai pèra. H

mègisth timă thc ψ2(u) eÐnai h

ψ2(3.59777) = 1039.64
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’Opwc kai sth prÿth desmeumènh ropă ètsi kai edÿ h ψ2(u) paÐrnei polÔ megalÔterec timèc

gia u ∈ [0,∞), apì ìti èpairne sthn perÐptwsh pou eÐqame θ = 7/11. AnĹloga, parath-

roÔme ìti fjÐnei pĹra polu argĹ sto mhdèn kai paÐrnei praktikĹ mhdenikèc timèc gia u > 30.

AfoÔ upologÐsame thn ψ2(u), brÐskoume metĹ apì prĹxeic ìti h deÔterh desmeumènh ropă

ψ2(u)/ψ(u) isoÔtai me

[
e14.9784 u (−28.8773− 0.101681u) + e12.7852 u (−10.4813− 0.0158326u)

+ 0.0000193382 e12.7852 u (−152.368 + u) (−40.3812 + u) + 0.000374966 e14.9784 u

× (−94.3762 + u) (−24.5407 + u) + 78.636 e17.9507 u (−0.092378 + u) (0.131207 + u)

+ e17.9507 u (283.693 + 629.99u)
]
×
(
0.0053461 e−12.7852 u + 0.0143625 e−14.9784 u

+ 0.853307 e−17.9507 u
)

H deÔterh desmeumènh ropă apeikonÐzetai grafikĹ sto diĹgramma 3.9.
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Sqăma 3.9: Grafikă parĹstash thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 0.145455.

’Opwc eÐqame deÐ kai sto Sqăma 3.4, ètsi kai apì to Sqăma 3.9 parathroÔme ìti h ψ2(u)/ψ(u)
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eÐnai mÐa aÔxousa kai kurtă sunĹrthsh kajÿc mèsw tou Mathematica brăkame ìti h prÿ-

th kai deÔterh parĹgwgoc eÐnai jetikèc ∀ u ≥ 0. IsqÔei kai edÿ ìti h ψ2(u)/ψ(u) paÐrnei

megalÔterec timèc apì ìti h ψ1(u)/ψ(u) pou upologÐsame parapĹnw.

Gia na upologÐsoume pĹli thn metablhtìthta tou desmeumènou qrìnou qreokopÐac, dh-

ladă tou qrìnou èwc th qreokopÐa dojèntoc ìti aută ja sumbeÐ, gia thn perÐptwsh pou

θ = 0.145455, qrhsimopoioÔme th sqèsh (3.20). ’Etsi apì to apotèlesma paÐrnoume to

parakĹtw diĹgramma 3.10.

0 2 4 6 8 10 12 14
u

20

40

60

80

100

stdevHTc,uL

Sqăma 3.10: Grafikă parĹstash thc tupikăc apìklishc tou desmeumènou qrìnou qreoko-

pÐac, gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 0.145455.

Apì to Sqăma 3.10, mporoÔme na katalĹboume ìti gia mikrèc timèc tou θ, h metablhtìthta

tou desmeumènou qrìnou qreokopÐac eÐnai arketĹ megalÔterh apì ìti gia megalÔterec timèc

tou θ. Epomènwc mporeÐ gia θ = 0.145455 h pijanìthta qreokopÐac na auxĹnetai, allĹ tì-

so o anamenìmenoc qrìnoc èwc th qreokopÐa ìso kai h tupikă apìklish tou desmeumènou

qrìnou qreokopÐac auxĹnontai, se sÔgkrish me thn perÐptwsh pou θ = 7/11, gegonìc pou

dhlÿnei ìti an xèroume ìti kĹpote ja sumbeÐ qreokopÐa, eÐmaste arketĹ sÐgouroi ìti aută

ja argăsei na epèljei (blèpe Dickson & Hipp (2001), Chan & Zhang (2007)).

’Omwc h eÔresh thc tupikăc apìklishc den dÐnei pĹnta asfală sumperĹsmata afoÔ den

mporoÔme ètsi eÔkola na sugkrÐnoume tic timèc pou paÐrnei h tupikă apìklish tou qrìnou

qreokopÐac gia kĹje timă tou θ. Autì sumbaÐnei exaitÐac tou ìti oi timèc tou anamenìme-

nou qrìnou qreokopÐac, ψ1(u)/ψ(u), eÐnai anĹlogec me autèc thc tupikăc apìklishc gia

kĹje timă tou θ kai tou u. Dhladă gia parĹdeigma ìtan upojèsoume mÐa mikră timă gia

to perijÿrio asfĹleiac θ, tìte den mporoÔme na sugkrÐnoume to epÐpedo twn timÿn thc
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tupikăc apìklishc me autì gia thn perÐptwsh pou èqoume epilèxei mÐa megalÔterh timă gia

to θ, diìti upĹrqei polÔ megĹlh diaforĹ, stic dÔo periptÿseic, kai sto epÐpedo timÿn tou

anamenìmenou qrìnou qreokopÐac. Gia autì ton lìgo upologÐzoume to suntelestă meta-

blhtìthtac tou qrìnou qreokopÐac, gia θ = 0.145455, pou dÐnetai apì th sqèsh (3.21).

Tÿra jèloume na doÔme ti gÐnetai an pĹroume mÐa megĹlh timă tou θ. An allĹxoume thn

timă thc èntashc tou asfalÐstrou paÐrnontac c = 1.5 kai kratăsoume thn Ðdia timă gia thn

èntash thc anèlixhc Poisson, λ = 2, tìte prokÔptei ìti

θ = 1.45455,

kai epomènwc paÐrnoume ìti h pijanìthta qreokopÐac isoÔtai me

ψ(u) = 0.0231392 e−5.67921 u + 0.0559842 e−3.5938 u + 0.328284 e−1.39366 u. (3.22)

PaÐrnontac pĹli tic sqèseic pou èqoume dÿsei gia tic ropèc tou qrìnou qreokopÐac, gia th

prÿth mh-desmeumènh ropă katalăgoume ìti isoÔtai me

ψ1(u) =e−10.6667 u
[
e4.98746 u (−0.00744566 + 0.000602351u)

+ e7.07287 u (−0.0159459 + 0.00352601u) + e9.27301 u (0.19353 + 0.121242u)
]

H grafikă parĹstash thc ψ1(u), gia θ = 1.45455, parousiĹzetai sto akìloujo diĹgramma

3.11.

Sto Sqăma 3.11 parathroÔme ìti h ψ1(u) eÐnai mÐa monìtonh sunĹrthsh kai sugkekri-

mèna fjÐnousa gia u ≥ 0. Epomènwc isqÔei ìti se aută thn perÐptwsh to mègisto shmeÐo

thc sunĹrthshc eÐnai to u = 0. Sugkekrimèna paÐrnoume ìti h mègisth timă sto shmeÐo

mhdèn eÐnai

ψ1(0) = 0.170139.

EpÐshc blèpoume ìti h ψ1(u) fjÐnei polÔ grăgora sto mhdèn kai paÐrnei mhdenikèc timèc

gia u ≥ 6. Epiplèon oi timèc pou paÐrnei eÐnai arketĹ mikrìterec apì autèc pou eÐqame stic

prohgoÔmenec dÔo periptÿseic, prĹgma pou shmaÐnei ìti gia megĹlec timèc tou θ, o aname-

nìmenoc qrìnoc èwc th qreokopÐa eÐnai polÔ mikrìc. Autì ja to doÔme kai sth sunèqeia

pou ja parousiĹsoume se èna koinì diĹgramma thn prÿth mh-desmeumènh ropă tou qrìnou

qreokopÐac pou isqÔei se kĹje timă tou θ.
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Sqăma 3.11: Grafikă parĹstash thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 1.45455.

AntÐstoiqa, h prÿth desmeumènh ropă prokÔptei ìti isoÔtai me

[
e4.98746 u (−0.00744566 + 0.000602351u)

+ e7.07287 u (−0.0159459 + 0.00352601u) + e9.27301 u (0.19353 + 0.121242u)
]

(3.23)

×
(
0.0231392 e−4.98746 u + 0.0559842 e−7.07287 u + 0.328284 e−9.27301 u

)

H ψ1(u)/ψ(u) apeikonÐzetai grafikĹ sto parakĹtw Sqăma 3.12.

Apì to Sqăma 3.12 kai me th boăjeia tou Mathematica, paÐrnoume ìti h ψ1(u)/ψ(u)

eÐnai mÐa aÔxousa sunĹrthsh, kajÿc h prÿth thc parĹgwgoc eÐnai jetikă ∀ u ≥ 0. Gia na

thn sugkrÐnoume me tic prohgoÔmenec, paÐrnontac u = 10, apì to Mathematica prokÔptei

ìti qreiĹzontai katĹ mèso ìro 4.28272 qronikèc monĹdec mèqri thn èleush thc qreokopÐac,

gnwrÐzontac apì thn arqă ìti kĹpoia stigmă sumbaÐnei qreokopÐa. Aută h timă sunhgoreÐ

se autĹ pou eÐpame parapĹnw, kajÿc eÐnai arketĹ mikrìterh apì aută pou eÐqame sthn

perÐptwsh pou θ = 7/11 kai pĹra polÔ mikrìterh apì aută pou eÐqame gia θ = 0.145455.

AutĹ faÐnontai kalÔtera sto Sqăma 3.17, ìpou parousiĹzontai se èna koinì diĹgramma oi

grafikèc parastĹseic thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac gia tic treic

timèc tou θ pou paÐrnoume.
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Sqăma 3.12: Grafikă parĹstash thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 1.45455.

Qrhsimopoiÿntac kai pĹli th sqèsh (3.17), paÐrnoume ìti h deÔterh mh-desmeumènh ropă

tou qrìnou qreokopÐac isoÔtai me

ψ2(u) =e−16.3459 u
[
e10.6667 u (0.00309265− 0.000345881u) + 0.0447769 e14.9522 u (1.03823 + u)

× (6.7136 + u) + 0.000222076 e12.7521 u (−15.2583u) (11.2201 + u)

+ 0.0000156802 e10.6667 u (−30.259 + u) (33.8734 + u)
]

H grafikă parĹstash thc ψ2(u) parousiĹzetai sto parakĹtw Sqăma 3.13.

Apì to Sqăma 3.13 parathroÔme ìti h ψ2(u) eÐnai mÐa aÔxousa sunĹrthsh mèqri to shmeÐo

u = 0.135358, ìpou eÐnai to shmeÐo sto opoÐo parathreÐtai olikì mègisto, kai fjÐnousa

gia tic upìloipec megalÔterec timèc tou u. H mègisth timă thc deÔterhc mh-desmeumènhc

ropăc isoÔtai me

ψ2(0.135358) = 0.268554,

kai h timă tou arqikoÔ apojematikoÔ sthn opoÐa h ψ2(u) paÐrnei sqedìn mhdenikă timă eÐnai

gia u > 6. EpÐshc se sqèsh me tic prohgoÔmenec timèc tou θ pou dokimĹsame, blèpou-

me ìti h ψ2(u) paÐrnei mikrìterec timèc apì ìti èpairne stic prohgoÔmenec periptÿseic,
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kajÿc kai ìti fjÐnei grhgorìtera sto mhdèn. Edÿ milĹme gia olikì mègisto kajÿc an

exisÿsoume thn prÿth parĹgwgo thc ψ2(u) me to mhdèn, paÐrnoume mìno mÐa lÔsh gia

∀ u ∈ (−∞,∞) kai sugkekrimèna th lÔsh u = 0.135358. EpÐshc prèpei na xekajarÐsoume

ìti ìtan h mh-desmeumènh ropă tou qrìnou qreokopÐac den eÐnai mÐa monìtonh sunĹrthsh,

tìte parousiĹzei monadikì mègisto gia jetikă timă tou u enÿ ìtan eÐnai monìtonh gia u ≥ 0

kai sugkekrimèna fjÐnousa, tìte parousiĹzei monadikì mègisto se arnhtikă timă tou u kai

epomènwc gia ton jetikì Ĺxona, isqÔei ìti parousiĹzei mègisto sto shmeÐo u = 0.
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Sqăma 3.13: Grafikă parĹstash thc deÔterhc mh-desmeumènhc ropăc tou qrìnou qreoko-

pÐac, gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 1.45455.

Tèloc gia th deÔterh desmeumènh ropă tou qrìnou qreokopÐac, ψ2(u)/ψ(u), katalăgoume

metĹ apì prĹxeic ìti isoÔtai me

[
e10.6667 u (0.00309265− 0.000345881u) + 0.0447769 e14.9522 u (1.03823 + u)

× (6.7136 + u) + 0.000222076 e12.7521 u (−15.2583u) (11.2201 + u)

(3.24)

+ 0.0000156802 e10.6667 u (−30.259 + u) (33.8734 + u)
]

×
(
0.0231392 e−10.6667 u + 0.0559842 e−12.7521 u + 0.328284 e−14.9522 u

)
,

kai h grafikă thc parĹstash parousiĹzetai sto parakĹtw diĹgramma 3.14.
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Sqăma 3.14: Grafikă parĹstash thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 1.45455.

Apì to Sqăma 3.14 kai paÐrnontac apì to Mathematica ìti oi dÔo prÿtec parĹgwgoi thc

ψ2(u)/ψ(u) eÐnai jetikèc gia kĹje mh-arnhtikì u, katalăgoume pĹli sto sumpèrasma ìti h

deÔterh desmeumènh ropă eÐnai mÐa aÔxousa kai kurtă sunĹrthsh.

H tupikă apìklish tou anamenìmenou qrìnou qreokopÐac, sthn perÐptwsh pou èqoume

θ = 1.45455, upologÐzetai pĹli apì th sqèsh (3.20) kai parousiĹzetai grafikĹ sto akì-

loujo Sqăma 3.15.

Apì to Sqăma 3.15, parathroÔme ìti h metablhtìthta tou desmeumènou qrìnou qreokopÐ-

ac, dojèntoc ìti sumbaÐnei qreokopÐa, eÐnai arketĹ mikrìterh apì aută pou eÐqame stic dÔo

prohgoÔmenec periptÿseic. Epomènwc gia θ = 1.45455 kai gnwrÐzontac ìti kĹpoia stigmă

epèrqetai qreokopÐa, eÐmaste arketĹ sÐgouroi ìti h qreokopÐa ja èrjei sqetikĹ grăgora,

dhladă grhgorìtera apì ìti pisteÔoume ìti ja sumbeÐ gia θ = 7/11 kai polÔ perissìtero

gia θ = 0.145455. Epeidă ìmwc mìno me thn melèth thc tupikăc apìklishc thc t.m Tc den

mporoÔme na bgĹloume kĹpoia sumperĹsmata gia to epÐpedo twn timÿn pou paÐrnei, upo-

logÐzoume to suntelestă metablhtìthtac pou èqei h sugkekrimènh t.m, mèsw thc sqèshc

(3.21), kai sth sunèqeia dÐnoume th grafikă tou parĹstash sto Sqăma 3.19.
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Sqăma 3.15: Grafikă parĹstash thc tupikăc apìklishc tou desmeumènou qrìnou qreoko-

pÐac, gia meÐxh triÿn ekjetikÿn katanomÿn me θ = 1.45455.

Tèloc gia na doÔme poia eÐnai h epÐptwsh thc timăc tou θ stic ropèc tou qrìnou qreo-

kopÐac, parousiĹzoume se koinì diĹgramma tic ropèc pou upologÐsame parapĹnw
9
, se kĹje

perÐptwsh. H prÿth mh-desmeumènh ropă tou qrìnou qreokopÐac gia thn kĹje timă tou θ,

dÐnetai grafikĹ apì to parakĹtw Sqăma 3.16.

Apì to koinì diĹgramma 3.16, parathroÔme ìti ìso pio mikră eÐnai h timă tou θ, tìso

megalÔteroc eÐnai o anamenìmenoc qrìnoc qreokopÐac gia kĹje timă tou arqikoÔ apojema-

tikoÔ u. Aută h megĹlh diaforĹ faÐnetai kai apì to gegonìc ìti gia tic megalÔterec timèc

tou θ pou upĹrqoun sto diĹgramma, diakrÐnoume me duskolÐa tic grafikèc touc parastĹseic

(se sqèsh me thn mikrìterh timă tou θ). EpÐshc blèpoume ìti ìso mikrìterh eÐnai h timă

tou θ, tìso pio dexiĹ metatopÐzetai kai h timă tou u, sto opoÐo h sunĹrthsh parousiĹzei

mègisto. AntÐstoiqa gia megĹlec timèc tou θ parathroÔme ìti h ψ1(u) gÐnetai mÐa fjÐnousa

sunĹrthsh gia kĹje u ∈ [0,∞). Epomènwc se autèc tic periptÿseic isqÔei ìti h timă tou

u sthn opoÐa paraousiĹzei h sunĹrthsh mègisto, eÐnai h timă mhdèn.

AntÐstoiqa h prÿth desmeumènh ropă tou qrìnou qreokopÐac gia tic diĹforec timèc thc

paramètrou θ, h opoÐa mporeÐ na mac dÿsei asfalèstera sumperĹsmata, parousiĹzetai gra-

fikĹ sto parakĹtw diĹgramma 3.17.

9
Εδώ παρουσιάζουµε σε κοινό διάγραµµα µόνο τιc ψ1(u) και ψ1(u)/ψ(u) αντίστοιχα, διότι µαc ενδιαφέ-

ρουν περισσότερο σαν ποσότητεc από ότι οι δεύτερεc ροπέc του χρόνου χρεοκοπίαc.
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Sqăma 3.16: Koinì diĹgramma thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac

gia θ = 7
11
, θ = 0.145455 kai θ = 1.45455.

Θ=7�11

Θ=0.145455

Θ=1.45455

2 4 6 8 10 12 14
u

20

40

60

80

100

120

140

Ψ1HuL
ΨHuL

Sqăma 3.17: Koinì diĹgramma thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac gia

θ = 7
11
, θ = 0.145455 kai θ = 1.45455.
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Apì to Sqăma 3.17, paÐrnoume ìti o anamenìmenoc qrìnoc qreokopÐac, dojèntoc ìti kĹpoia

qronikă stigmă epèrqetai h qreokopÐa, eÐnai megalÔteroc gia kĹje timă tou arqikoÔ apo-

jematikoÔ u, ìso mikrìterh eÐnai h timă tou perijwrÐou asfaleÐac θ. EpÐshc parathroÔme

ìti kai oi treic grafikèc parastĹseic eÐnai aÔxousec sunartăseic, me th diaforĹ ìmwc ìti

ìso pio megĹlo eÐnai to θ, tìso megalÔterh eÐnai kai h klÐsh thc ψ1(u)/ψ(u).

Ta diagrĹmmata 3.16 kai 3.17, deÐqnoun kĹti teleÐwc antÐjeto apì autì pou perimèname.

Epomènwc sÔmfwna me autĹ, mÐa asfalistikă etaireÐa ja prèpei na dialègei qartofulĹkia

me mikrì θ ètsi ÿste na eÐnai megĹloc o anamenìmenoc qrìnoc èwc th qreokopÐa. Autì

ìmwc èrqetai se sÔgkroush me ìsa èqoume peÐ èwc tÿra, afoÔ xèroume ìti ìso megalÔ-

tero eÐnai to perijÿrio kèrdouc gia ènan asfalistă, tìso eukolìtera mporeÐ na kalÔyei

tic apaităseic gia apozhmÐwsh. Gia na faneÐ aută h asumfwnÐa, parousiĹzoume parakĹtw

sto koinì diĹgramma 3.18 thn tupikă apìklish tou desmeumènou qrìnou qreokopÐac, pou

èqoume breÐ gia thn kĹje mÐa perÐptwsh pou èqoume meletăsei.
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Sqăma 3.18: Koinì diĹgramma thc tupikăc apìklishc tou desmeumènou qrìnou qreokopÐac,

gia θ = 7
11
, θ = 0.145455 kai θ = 1.45455.

Sto Sqăma 3.18, parathroÔme ìti h tupikă apìklish thc metablhtăc Tc auxĹnetai ìso

mikraÐnei h timă tou θ. Opìte katalăgoume, gia parĹdeigma gia θ = 0.145455, ìti o desmeu-

mènoc anamenìmenoc qrìnoc qreokopÐac allĹ kai h metablhtìthta tou desmeumènou qrìnou

qreokopÐac eÐnai megalÔtera san megèjh apì ìti gia tic Ĺllec dÔo megalÔterec timèc tou θ.

’Ara to sumpèrasma pou bgĹzoume eÐnai ìti gia θ = 0.145455 kai gnwrÐzontac ìti h qreo-

kopÐa ja sumbeÐ, eÐmaste sqedìn bèbaioi ìti katĹ mèso ìro ja perimènoume perissìterec

qronikèc monĹdec mèqri na epèljei h qreokopÐa.
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Epeidă ìmwc mìno me th melèth thc tupikăc apìklishc thc metablhtăc Tc den mporoÔme

na poÔme me sigouriĹ kĹpoia prĹgmata epeidă oi timèc pou paÐrnei h tupikă apìklish exar-

tÿntai me ta epÐpeda twn timÿn tou anamenìmenou qrìnou qreokopÐac, kataskeuĹzoume se

èna koinì diĹgramma tic grafikèc parastĹseic tou suntelestă metablhtìthtac pou èqoume

upologÐsei parapĹnw gia kĹje timă tou θ.
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Sqăma 3.19: Koinì diĹgramma tou suntelestă metablhtìthtac thc t.m Tc, gia θ = 7
11
,

θ = 0.145455 kai θ = 1.45455.

Apì to Sqăma 3.19, parathroÔme ìti o desmeumènoc qrìnoc qreokopÐac èqei megalÔtero

suntelestă metablhtìthtac sthn perÐptwsh pou isqÔei ìti θ = 0.145455. Blèpoume ìti

gia mikrèc timèc tou arqikoÔ apojematikoÔ u, oi timèc tou suntelestă metablhtìthtac eÐnai

uyhlèc enÿ sth sunèqeia fjÐnoun apìtoma kai katalăgoun me polÔ mikrì rujmì meÐwshc

gia megĹlec timèc tou u. EidikĹ gia u = 0 upĹrqei megĹlh diaforĹ stic timèc tou suntele-

stă, idÐwc sthn perÐptwsh pou θ = 0.145455, enÿ ìso auxĹnetai to u diakrÐnoume ìti kai

stic treic periptÿseic eÐnai kontĹ oi timèc. Tèloc enÿ gia θ = 7/11 upĹrqei megalÔterh

sqetikă diasporĹ gia mikrèc timèc tou arqikoÔ apojematikoÔ apì ìti gia θ = 1.45455, gia

megalÔterec timèc tou u h sqetikă diasporĹ gia θ = 7/11 meiÿnetai apìtoma me apotèlesma

o suntelestăc metablhtìthtac na gÐnetai mikrìteroc, èstw kai gia lÐgo, se sqèsh me thn

perÐptwsh pou θ = 1.45455.
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3.4 Oi ropèc tou qrìnou qreokopÐac gia katanomă

GĹmma

Se sunèqeia tou ParadeÐgmatoc 2.3.1, ìpou oi apozhmiÿseic akoloujoÔn mÐa katanomă

GĹmma(3, 3) me sunĹrthsh puknìthtac pijanìthtac

f(x) =
27

2
x2 e−3x,

jèloume na upologÐsoume tic ropèc tou qrìnou qreokopÐac gia diĹforec timèc tou perijw-

rÐou asfaleÐac θ. ’Opwc kai prin, ètsi kai edÿ paÐrnoume treic timèc tou θ kai prospajoÔme

na bgĹloume kĹpoia sumperĹsmata ta opoÐa ja mac bohjăsoune na katalĹboume to pÿc

sumperifèrontai oi ropèc tou qrìnou qreokopÐac se kĹje allagă tou θ, kajÿc kai na

exetĹsoume gia poiec timèc tou θ eÐnai megalÔteroc o anamenìmenoc qrìnoc qreokopÐac,

dojèntoc ìti ja sumbeÐ qreokopÐa. EpÐshc mac endiafèrei na broÔme gia poio arqikì apo-

jematikì u parousiĹzoun mègisto h prÿth kai deÔterh mh-desmeumènh ropă antÐstoiqa.

PolÔ megĹlh shmasÐa sto na mhn odhghjoÔme se lĹjoc sumperĹsmata, èqei to pìso megĹ-

lh eÐnai h metablhtìthta tou desmeumènou qrìnou qreokopÐac, gia kĹje timă tou θ. ’Opwc

kai sthn Enìthta 3.3 ètsi kai edÿ, ìlec oi parakĹtw prĹxeic, apotelèsmata kai grafikèc

parastĹseic, èqoun gÐnei mèsw tou progrĹmmatoc Mathematica.

Wc prÿto parĹdeigma upojètoume ìti = 1.5 kai λ = 1. Epomènwc paÐrnoume ìti to perijÿ-

rio asfĹleiac θ eÐnai Ðdio me autì tou ParadeÐgmatoc 2.3.1, dhladă

θ = 0.5.

Mèsw thc sqèshc (3.14), h prÿth mh-desmeumènh ropă ψ1(u), isoÔtai me

ψ1(u) = e−0.534774 u (0.722066 + 1.04083u)

+ e−3.89928 u [0.166823 cos(1.27481u) + 0.111769 sin(1.27481u)]

+ e−3.89928 u u [0.00146645 cos(1.27481u) + 0.00428027 sin(1.27481u)]

Prèpei na anaferjeÐ ìti gia na upologisteÐ h ψ1(u) sto Mathematica, ston tÔpo (3.14)

prèpei na qrhsimopoiăsoume thn migadikă morfă thc ψ(u), ètsi ìpwc mac thn èdine sthn

arqă toMathematica. An qrhsimopoihjeÐ h trigwnometrikă morfă, tìte ta oloklhrÿmata

den sugklÐnoun me apotèlesma na mhn mporeÐ na brejeÐ lÔsh gia thn ψ1(u).
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Sth sunèqeia epeidă h ψ1(u) bgaÐnei kai aută se migadikă morfă enÿ eÐnai mÐa pragma-

tikă sunĹrthsh, mèsw katĹllhlwn entolÿn sto Mathematica mporeÐ na metatrapeÐ se

trigwnometrikă morfă, dhladă sth morfă pou thc dÿsame parapĹnw.

AntÐstoiqa, mèsw thc sqèshc (3.13), h prÿth desmeumènh ropă, ψ1(u)/ψ(u), isoÔtai me

[
e3.89928 u (0.722066 + 1.04083u) + e0.534774 u [(0.166823 + 0.0014664u) cos(1.27481u)

+ (0.111769 + 0.00428027u) sin(1.27481u)]] (3.25)

×
[
0.721398 e−3.89928 u + e−0.534774 u [−0.054731 cos(1.27481u)− 0.0391028 sin(1.27481u)]

]
Oi grafikèc parastĹseic thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac kai thc

prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac, dÐnontai sta Sqămata 3.20 kai 3.21

antÐstoiqa.
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Sqăma 3.20: Grafikă parĹstash thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(3,3) katanomă me θ = 0.5.

Sto Sqăma 3.20, parathroÔme ìti h ψ1(u) eÐnai aÔxousa sunĹrthsh mèqri to shmeÐo u =

1.14932, ìpou ekeÐ parousiĹzei h sunĹrthsh mègisto, kai eÐnai fjÐnousa apì ekeÐ kai pèra.

To mègisto shmeÐo thc ψ1(u) eÐnai to

ψ1(1.14932) = 1.03902
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EpÐshc blèpoume ìti fjÐnei polÔ argĹ sto mhdèn kai mìno gia timèc tou arqikoÔ apojema-

tikoÔ pĹnw apì 15, paÐrnei h ψ1(u) mhdenikèc timèc.

Sto Sqăma 3.21 blèpoume ìti h prÿth desmeumènh ropă tou qrìnou qreokopÐac eÐnai mÐa

aÔxousa sunĹrthsh tou arqikoÔ apojematikoÔ, gegonìc pou shmaÐnei ìti ìso megalÔtero

eÐnai to arqikì apojematikì tìso megalÿnei kai o anamenìmenoc qrìnoc mèqri th qreokopÐ-

a, dojèntoc ìti kĹpoia stigmă sumbaÐnei qreokopÐa. Gia parĹdeigma an u = 10, tìte prèpei

na perimènoume 15.4289 qronikèc monĹdec, katĹ mèso ìro, mèqri na epèljei qreokopÐa, do-

jèntoc ìti kĹpoia stigmă sumbaÐnei qreokopÐa.
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Sqăma 3.21: Grafikă parĹstash thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(3,3) katanomă me θ = 0.5.

Sth sunèqeia upologÐzoume thn deÔterh mh-desmeumènh ropă, ψ2(u), pou dÐnetai apì ton

tÔpo (3.17). Epeidă ìmwc eÐnai arketĹ dÔskoloc o upologismìc twn oloklhrwmĹtwn kai

epeidă edÿ den eÐnai efiktì na dÿsoume thn ψ2(u) sthn pragmatikă thc morfă, dÐnoume to

apotèlesma se migadikă morfă, ìpwc autì prokÔptei sto Mathematica. Sugkekrimèna,

èqoume

ψ2(u) = e(−4.43405−2.54963 i) u
[
(−0.000252141− 0.000665453 i) e(0.534774+1.27481 i) u

+ 0.000504282 e(3.89928+2.54963 i) u + 1.5017 e(3.89928+2.54963 i) u (0.627045 + u) (5.89456 + u)

+ (0.000043552 + 0.000145803 i) e(0.534774+3.82444 i) u ((−30.3799− 21.8785 i) + u)
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× ((99.7858 + 73.6168 i) + u) + e(0.534774+1.27481 i) u ((0.582763 + 0.400329 i)

+ ((−0.00452061− 0.0123731 i) + (0.0000435552− 0.000145803 i)u) u)]

EpÐshc kai h deÔterh desmeumènh ropă, ψ2(u)/ψ(u), dÐnetai se migadikă morfă ètsi ìpwc

upologÐsthke apì to Mathematica, metĹ apì prĹxeic, kai isoÔtai me

[
(−0.000252141− 0.000665453 i) e(0.53474+1.27481 i) u + 0.000504282 e(3.89928+2.54963 i) u

+ 1.5017 e(3.89928+2.54963 i) u (0.627045 + u) (5.89456 + u) + (0.0000435552 + 0.000145803 i)

× e(0.534774+3.82444 i) u ((−30.3799− 21.8785 i) + u) ((99.7858 + 73.6168 i) + u)

+ e(0.534774+1.27481 i) u((0.582763 + 0.400329 i)((−0.00452061− 0.0123731 i) (3.26)

+ (0.000435552− 0.000145803 i)u) u)]

×
[
(−0.0273655− 0.0195514 i) e−(0.534774+1.27481 i) u − (0.0273655− 0.0195514 i) e−(0.534774+3.82444 i) u

+ 0.721398 e−(3.89928+2.54963 i) u
]

Oi grafikèc parastĹseic thc deÔterhc mh-desmeumènhc ropăc tou qrìnou qreokopÐac kai

thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac, dÐnontai sta Sqămata 3.22 kai

3.23 antÐstoiqa.

Sto Sqăma 3.22 parathroÔme ìti h deÔterh mh-desmeumènh ropă tou qrìnou qreokopÐac

eÐnai aÔxousa mèqri to shmeÐo u = 1.83889, ìpou eÐnai to mègisto shmeÐo thc sunĹrthshc,

kai fjÐnousa apì ekeÐ kai pèra. To mègisto shmeÐo thc ψ2(u) eÐnai to

ψ2(1.83889) = 10.7117.

EpÐshc h deÔterh mh-desmeumènh ropă tou qrìnou qreokopÐac paÐrnei megalÔterec timèc

∀ u ≥ 0 apì ìti h prÿth mh-desmeumènh ropă tou qrìnou qreokopÐac, kajÿc kai h ψ2(u)

fjÐnei pio argĹ sto mhdèn apì ìti h ψ1(u).
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Sqăma 3.22: Grafikă parĹstash thc deÔterhc mh-desmeumènhc ropăc tou qrìnou qreoko-

pÐac, gia GĹmma(3,3) katanomă me θ = 0.5.
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Sqăma 3.23: Grafikă parĹstash thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(3,3) katanomă me θ = 0.5.

123



Sto Sqăma 3.23 blèpoume ìti h deÔterh desmeumènh ropă eÐnai mÐa aÔxousa kai kurtă su-

nĹrthsh, kajÿc h prÿth kai deÔterh parĹgwgoc thc ψ2(u)/ψ(u) eÐnai jetikèc sunartăseic

∀ u ≥ 0. EpÐshc parathroÔme ìti ìso megalÔtero eÐnai to arqikì apojematikì, tìso me me-

galÔtero rujmì auxĹnei kai h timă thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac.

Ektìc ìmwc apì ton anamenìmeno qrìno mèqri thn qreokopÐa, mÐa Ĺllh posìthta pou

deÐqnei megĹlo endiafèron eÐnai h tupikă apìklish thc t.m Tc. O upologismìc thc tupikăc

apìklishc pou èqei mÐa t.m, eÐnai polÔ shmantikìc kajÿc mac bohjĹei na diakrÐnoume pìso

megĹlh eÐnai h metablhtìthta twn timÿn pou paÐrnei mÐa t.m apì thn mèsh timă autÿn twn

timÿn. ’Opwc ja doÔme kai parakĹtw, upĹrqoun megĹlec diaforèc sthn tupikă apìklish

gia kĹje diaforetikă timă tou θ pou qrhsimopoioÔme.

’Etsi qrhsimopoiÿntac th sqèsh (3.20), upologÐzoume thn tupikă apìklish gia thn perÐ-

ptwsh pou θ = 0.5 kai apì to Mathematica, prokÔptei ìti h grafikă thc parĹstash

dÐnetai apì to epìmeno Sqăma 3.24.
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Sqăma 3.24: Grafikă parĹstash thc tupikăc apìklishc tou desmeumènou qrìnou qreoko-

pÐac, gia GĹmma(3,3) katanomă me θ = 0.5.

Apì to Sqăma 3.24 den mporoÔme na bgĹloume kĹpoio sumpèrasma, kajÿc den xèroume

akribÿc eĹn oi timèc thc tupikăc apìklishc eÐnai ikanopoihtikèc ă ìqi. Sth sunèqeia ja

sugkrÐnoume thn sugkekrimènh tupikă apìklish me autèc pou ja upologÐsoume stic epìme-

nec periptÿseic. ’Omwc ìpwc ja diapistÿsoume kai sth sunèqeia, h sÔgkrish thc tupikăc

apìklishc kai gia tic treic diaforetikèc timèc tou θ den mac odhgeÐ se asfală sumperĹsma-

ta kajÿc oi timèc pou paÐrnei h tupikă apìklish sundèontai me tic timèc tou anamenìmenou
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qrìnou qreokopÐac. ’Etsi, gia parĹdeigma, an jèloume na sugkrÐnoume thn tupikă apìkli-

sh mÐac metablhtăc gia dÔo diaforetikèc periptÿseic, den mporoÔme na ermhneÔsoume me

sigouriĹ to mègejoc twn timÿn, eÐte eÐnai megĹlo eÐte ìqi, kajÿc eÐnai anĹlogo me thn mèsh

timă timă pou èqei aută h metablhtă sth kĹje perÐptwsh. Epomènwc edÿ mac endiafèrei

na gnwrÐzoume pìsh eÐnai h metablhtìthta thc metablhtăc Tc anĹ mèso qrìno anamonăc

mèqri thn èleush thc qreokopÐac. H posìthta pou ekfrĹzei ta parapĹnw eÐnai o suntele-

stăc metablhtìthtac, o opoÐoc upologÐzetai sto Mathematica mèsw thc sqèshc (3.21).

H grafikă parĹstash tou suntelestă metablhtìthtac gia kĹje mÐa perÐptwsh dÐnetai sto

tèloc thc enìthtac, sto Sqăma 3.38.

AfoÔ oloklhrÿsame thn eÔresh twn ropÿn tou qrìnou qreokopÐac gia θ = 0.5, sth

sunèqeia ja akoloujăsoume thn Ðdia diadikasÐa pou ègine kai sthn Enìthta 3.3. Dhladă

ja allĹxoume thn timă tou θ gia na doÔme katĹ pìso ephreĹzontai oi grafikèc parastĹseic

twn ropÿn tou qrìnou qreokopÐac.

An upojèsoume ìti c = 1.1 kai λ = 1, apì th sqèsh (1.3) prokÔptei ìti

θ = 0.1.

Qrhsimopoiÿntac autèc tic timèc sth sqèsh (1.28), metĹ apì prĹxeic paÐrnoume ìti

ψ(u) =0.924229 e−0.138546 u − e−3.97618 u [0.01513834 cos(1.38072u) + 0.0107109 sin(1.38072u)]

Qrhsimopoiÿntac th sqèsh (3.14), paÐrnoume apì toMathematica ìti h prÿth mh-desmeumènh

ropă tou qrìnou qreokopÐac isoÔtai me

ψ1(u) = e−0.138546 u (5.01271 + 8.542u)

+ e−3.97618 u [1.04789 cos(1.38072u) + 0.725516 sin(1.38072u)]

+ e−3.97618 u u [0.00057223 cos(1.38072u) + 0.00162145 sin(1.38072u)]

H grafikă parĹstash thc ψ1(u), dÐnetai sto parakĹtw diĹgramma 3.25.
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Sqăma 3.25: Grafikă parĹstash thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(3,3) katanomă me θ = 0.1.

Gia na broÔme gia poio arqikì apojematikì u, parousiĹzei mègisto h sunĹrthsh ψ1(u),

paragwgÐzoume mÐa forĹ th sunĹrthsh kai thn exisÿnoume me to mhdèn. H sugkekrimènh

diadikasÐa gÐnetai polÔ aplĹ me th qrăsh touMathematica. ’Etsi katalăgoume ìti h lÔsh

thc exÐswshc eÐnai to u = 6.30735 kai sunepÿc ìti h mègisth timă thc ψ1(u), isoÔtai me

ψ1(6.30735) = 24.577.

Ta parapĹnw faÐnontai xekĹjara kai sto Sqăma 3.25. EpÐshc parathroÔme ìti h prÿth

mh-desmeumènh ropă tou qrìnou qreokopÐac, gia θ = 0.1, eÐnai aÔxousa sunĹrthsh sto diĹ-

sthma [0, 6.30735] kai fjÐnousa sto upìloipo diĹsthma tou jetikoÔ Ĺxona twn u. ’Opwc

sthn meÐxh twn triÿn ekjetikÿn katanomÿn ètsi kai edÿ, gia mikră timă tou θ paÐrnou-

me megĹlec timèc ga ton anamenìmeno qrìno qreokopÐac, ψ1(u). Autì faÐnetai xekĹjara

sugkrÐnontac ta diagrĹmmata 3.20 kai 3.25 metaxÔ touc. Epomènwc sumperaÐnoume ìti gia

θ = 0.1, h ψ1(u) paÐrnei arketĹ megalÔterec timèc, gia kĹje timă tou arqikoÔ apojematikoÔ

u, apì ìti paÐrnei gia θ = 0.5. Sth sunèqeia jèloume na doÔme an isqÔei to Ðdio kai gia

thn prÿth desmeumènh ropă tou qrìnou qreokopÐac, ψ1(u)/ψ(u).

Mèsw thc ψ1(u) eÐnai polÔ eÔkolo na upologÐsei kĹpoioc thn prÿth desmeumènh ropă.

’Eqoume anafèrei ìti h diaforĹ thc desmeumènhc ropăc eÐnai ìti xèroume ìti kĹpoia stigmă

ja epèljei qreokopÐa. ’Etsi sÔmfwna me ton tÔpo (3.12), prèpei na upologÐsoume to phlÐko

thc ψ1(u) pou èqoume ădh upologÐsei, proc thn pijanìthta qreokopÐac. TelikĹ, metĹ apì

prĹxeic sto Mathematica, katalăgoume sto ìti h ψ1(u)/ψ(u) isoÔtai me
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[
e3.97618 u (5.01271 + 8.542u) + e0.138546 u [(1.04789 + 0.00057223u) cos(1.38072u)

+ (0.725516 + 0.00162145u) sin(1.38072u)]]

×
[
0.924229 e−3.97618 u + e−0.138548 u [−0.0151383 cos(1.38072u)− 0.0107109 sin(1.38072u)]

]
H prÿth desmeumènh ropă parousiĹzetai sto parakĹtw diĹgramma 3.26
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Sqăma 3.26: Grafikă parĹstash thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(3,3) katanomă me θ = 0.1.

Mèsw touMathematica brÐskoume ìti h prÿth parĹgwgoc thc prÿthc desmeumènhc ropăc

eÐnai jetikă gia kĹje mh arnhtikă timă tou u, prĹgma pou upodhlÿnei ìti eÐnai mÐa aÔxousa

sunĹrthsh. KĹti tètoio faÐnetai kai apì to Sqăma 3.26, ìpou ìso auxĹnetai to arqikì

apojematikì auxĹnetai kai o anamenìmenoc qrìnoc pou qreiĹzetai mèqri na sumbeÐ qreoko-

pÐa. Gia na kĹnoume mÐa sÔgkrish me ton anamenìmeno qrìno pou eÐqame sthn perÐptwsh

pou θ = 0.5, paÐrnoume wc arqikì apojematikì thn timă u = 10 kai mèsw touMathematica

prokÔptei ìti katĹ mèso ìro qreiĹzontai 97.8462 qronikèc monĹdec mèqri na parousiasteÐ

h qreokopÐa. Apì aută th sÔgkrish katalăgoume sto Ðdio sumpèrasma pou eÐqame katală-

xei kai sthn Enìthta 3.3 me thn meÐxh twn triÿn ekjetikÿn katanomÿn. Dhladă h prÿth

desmeumènh ropă tou qrìnou qreokopÐac gia θ = 0.1, paÐrnei megalÔterec timèc, gia kĹje

timă tou u, apì ìti gia θ = 0.1 kai sugkekrimèna gia u = 10 paÐrnei timă sqedìn 6.3 forèc

megalÔterh.
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Qrhsimopoiÿntac th sqèsh (3.17), metĹ apì prĹxeic sto Mathematica prokÔptei ìti h

deÔterh mh-desmeumènh ropă tou qrìnou qreokopÐac isoÔtai me

ψ2(u) =e(−4.11473−1.38072 i) u
[
78.9476 e(3.97618+1.38072 i) u

× (0.569631 + u) (16.2136 + u) + (0.0000217616 + 0.0000766881 i) e(0.138546+2.76144 i) u

× ((−452.429− 316.993 i) + u) ((1652.7 + 1183.68 i) + u) + e0.138546 u ((73.1393 + 51.622 i)

+ ((−0.0403451− 0.110907 i) + (0.0000217616− 0.0000766881 i)u) u)]

To parapĹnw apotèlesma gia thn ψ2(u), parousiĹzetai grafikĹ sto parakĹtw Sqăma 3.27.
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Sqăma 3.27: Grafikă parĹstash thc deÔterhc mh-desmeumènhc ropăc tou qrìnou qreoko-

pÐac, gia GĹmma(3,3) katanomă me θ = 0.1.

Apì to Mathematica, paragwgÐzontac thn ψ2(u) kai jètontac thn parĹgwgo Ðsh me to

mhdèn, prokÔptei ìti h timă tou arqikoÔ apojematikoÔ gia thn opoÐa h sunĹrthsh parou-

siĹzei mègisto, eÐnai h u = 9.46949 kai h timă thc sunĹrthshc sto sugkekrimèno shmeÐo

eÐnai

ψ2(9.46949) = 5481.55.
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Parathrÿntac ta Sqămata 3.25 kai 3.27, katalăgoume ìti h ψ2(u) paÐrnei polÔ megalÔ-

terec timèc apì ìti h ψ1(u) kai sto ìti fjÐnei pio argĹ apì ìti h ψ1(u). Epeidă h ψ2(u)

paÐrnei megĹlec timèc, logikĹ kai h desmeumènh deÔterh ropă tou qrìnou qreokopÐac ja

paÐrnei megĹlec timèc gia kĹje timă tou u.

’Opwc kai sth perÐptwsh thc prÿthc desmeumènhc ropăc ètsi kai edÿ, o upologismìc

thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac eÐnai arketĹ eÔkoloc, kajÿc to

mìno pou prèpei na kĹnoume eÐnai na diairèsoume thn ψ2(u) me thn pijanìthta qreokopÐac

ψ(u) pou èqoume upologÐsei gia thn perÐptwsh pou èqoume θ = 0.1. Epomènwc, metĹ apì

kĹpoiec aplopoiăseic sto Mathematica, paÐrnoume ìti h ψ2(u)/ψ(u) isoÔtai me

[
78.9476 e(3.97618+1.38072 i) u (0.569631 + u) (16.2136 + u)

+ (0.0000217616 + 0.0000766881 i) e(0.138546+2.76144 i) u ((−452.429− 316.993 i) + u)

× ((1652.7 + 1183.68 i) + u) + e0.138546 u ((73.1393 + 51.622 i)

+ ((−0.0403451− 0.110907 i) + (0.0000217616− 0.0000766881 i)u) u)]

×
[
(−0.00756917− 0.00535545 i) e−0.138546 u − (0.00756917− 0.00535545 i) e−(0.138546+2.76144 i) u

+ 0.924229 e−(3.97618+1.38072 i) u
]

H deÔterh desmeumènh ropă tou qrìnou qreokopÐac dÐnetai grafikĹ apì to parakĹtw diĹ-

gramma 3.28.

ParagwgÐzontac dÔo forèc th deÔterh desmeumènh ropă, stoMathematica, paÐrnoume ìti

kai oi dÔo prÿtec parĹgwgoi thc sunĹrthshc eÐnai jetikèc ∀ u ≥ 0. Epeidă h ψ2(u)/ψ(u)

paÐrnei polÔ megĹlec timèc, upoyiazìmaste ìti ja eÐnai megĹlec kai oi timèc pou paÐrnei h

tupikă apìklish gia kĹje timă tou u. KĹti tètoio ja doÔme an isqÔei sth sunèqeia, ìtan

ja kataskeuĹsoume thn grafikă parĹstash thc tupikăc apìklishc. Gia na upologÐsou-

me tou tÔpo thc tupikăc apìklishc sunartăsei tou u, qrhsimopoioÔme th sqèsh (3.20).

Gia na parousiĹsoume grafikĹ thn sunĹrthsh thc tupikăc apìklishc, gÐnetai qrăsh tou

Mathematica kai prokÔptei to parakĹtw diĹgramma 3.29.
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Sqăma 3.28: Grafikă parĹstash thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(3,3) katanomă me θ = 0.1.
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Sqăma 3.29: Grafikă parĹstash thc tupikăc apìklishc tou desmeumènou qrìnou qreoko-

pÐac, gia GĹmma(3,3) katanomă me θ = 0.1.

130



PragmatikĹ, parathrÿntac to Sqăma 3.29 diapistÿnoume ìti h tupikă apìklish eÐnai ar-

ketĹ megalÔterh, gia kĹje timă tou u, apì ìti sthn prohgoÔmenh perÐptwsh pou eÐqame

θ = 0.5. Se sÔgkrish ìmwc me ton anamenìmeno qrìno qreokopÐac pou brăkame sthn pe-

rÐptwsh pou θ = 0.1, eÐnai logikì na upĹrqei megalÔterh metablhtìthta stic timèc thc

metablhtăc apì ìti upĹrqei gia θ = 0.5 ìpou ekeÐ o anamenìmenoc qrìnoc qreokopÐac eÐnai

polÔ mikrìteroc. Epomènwc gia θ = 0.1, eĹn gnwrÐzoume ìti kĹpoia stigmă ja sumbeÐ

qreokopÐa, eÐmaste arketĹ sÐgouroi ìti aută ja argăsei na sumbeÐ.

Sth sunèqeia upologÐzoume kai se aută thn prÐptwsh tic timèc tou suntelestă metablh-

tìthtac gia kĹje timă tou u, mèsw thc sqèshc (3.21). Edÿ den dÐnoume analutikì tÔpo

gia ton suntelestă metablhtìthtac kajÿc mac boleÔei perissìtero na kataskeuĹsoume th

grafikă tou parĹstash gia na mporèsoume kiìlac na sugkrÐnoume tic timèc gia tic treic

diaforetikèc timèc tou θ pou meletĹme.

Tÿra mac apomènei na pĹroume mÐa megalÔterh timă gia to θ. Upojètontac ìti c = 2.5 kai

λ = 1, prokÔptei ìti

θ = 1.5.

H pijanìthta qreokopÐac, pou antistoiqeÐ gia thn sugkekrimènh timă tou θ, isoÔtai me

ψ(u) = 0.493199 e−1.04468 u−e−3.77766 u [0.0931988 cos(1.11193u) + 0.069102 sin(1.11193u)]

(3.27)

’Opwc kĹname kai stic prohgoÔmenec periptÿseic ètsi kai edÿ brÐskoume thn prÿth mh-

desmeumènh ropă tou qrìnou qreokopÐac, mèsw thc sqèshc (3.14). Epomènwc paÐrnoume

ìti

ψ1(u) = e−1.04468 u (0.143558 + 0.162163u)

+ e−3.77766 u [0.0342195 cos(1.11193u) + 0.0241803 sin(1.11193u)]

+ e−3.77766 u u [0.0013 cos(1.11193u) + 0.00429348 sin(1.11193u)] ,

kai thn parousiĹzoume grafikĹ sto epìmeno diĹgramma 3.30.
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Sqăma 3.30: Grafikă parĹstash thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(3,3) katanomă me θ = 1.5.

Apì to Sqăma 3.30 faÐnetai xekĹjara ìti h ψ1(u), gia θ = 1.5, eÐnai mÐa fjÐnousa

sunĹrthsh wc proc u. Epomènwc to mègisto thc sunĹrthshc parousiĹzetai sto shmeÐo

u = 0, ìpou h timă thc sunĹrthshc eÐnai

ψ1(0) = 0.177778.

Ta parapĹnw epibebaiÿnontai kĹnontac qrăsh touMathematica, kajÿc apì to prìgramma

prokÔptei ìti h prÿth parĹgwgoc thc ψ1(u) eÐnai arnhtikă gia kĹje u ≥ 0. Sugkekrimèna

paÐrnoume ìti to mègisto thc sunĹrthshc parathreÐtai gia mÐa arnhtikă timă tou u. MetĹ

apì autì to shmeÐo h sunĹrthsh gÐnetai fjÐnousa gia ìlec tic timèc tou u, gegonìc pou

upodhlÿnei Ĺmesa ìti gia mh-arnhtikèc timèc tou u, h sunĹrthsh ψ1(u) parousiĹzei mègi-

sto sto shmèio u = 0. MÐa akìma paratărhsh gia thn ψ1(u), eÐnai ìti paÐrnei polu mikrèc

timèc kai ìti fjÐnei polÔ grăgora sto mhdèn, prĹgma pou den sunèbaine stic prohgoÔmenec

periptÿseic. Epomènwc katalăgoume sto sumpèrasma ìti ìso megalÔterh eÐnai h timă tou

θ, tìso mikraÐnei o anamenìmenoc qrìnoc qreokopÐac. AllĹ kĹti tètoio ja faneÐ kai ar-

gìtera pou ja sugkrÐnoume tic ropèc metaxÔ touc. Oi mikrèc timèc thc ropăc, mac kĹnoun

na skeftoÔme ìti katĹ pĹsa pijanìthta kai h prÿth desmeumènh ropă ja paÐrnei mikrèc ti-

mèc, se sqèsh pĹnta me tic timèc pou paÐrnei stic prohgoÔmenec periptÿseic pou exetĹsame.

GnwrÐzontac thn ψ1(u), pou upologÐsame prohgoumènwc, kai diairÿntac me thn pijanìthta

qreokopÐac pou dÿsame sthn perÐptwsh pou èqoume θ = 1.5, prokÔptei ìti h ψ1(u)/ψ(u)

isoÔtai me

132



[
e3.77766 u (0.143558 + 0.162163u) + e1.04468 u [(0.0342195 + 0.00130364u) cos(1.11193u)

+ (0.0241803 + 0.00429348u) sin(1.11193u)]] (3.28)

×
[
0.493199 e−3.77766 u + e−1.04468 u [−0.0931988 cos(1.11193u)− 0.069102 sin(1.11193u)]

]
,

kai dÐnetai apì to parakĹtw Sqăma 3.31.

PĹli se aută thn perÐptwsh prokÔptei ìti h prÿth desmeumènh ropă tou qrìnou qreokopÐac

eÐnai mÐa aÔxousa sunĹrthsh, kajÿc h prÿth parĹgwgoc eÐnai jetikă gia kĹje mh-arnhtikă

timă tou arqikoÔ apojematikoÔ u. SugkrÐnontac kai tic treic periptÿseic metaxÔ touc,

brÐskoume thn timă tou anamenìmenou qrìnou qreokopÐac gia u = 10. Antikajistÿntac

aută thn timă, paÐrnoume ìti qreiĹzontai, katĹ mèso ìro, 3.57907 qronikèc monĹdec mèqri na

epèljei h qreokopÐa, gnwrÐzontac ek twn protèrwn ìti sumbaÐnei se kĹpoia qronikă stigmă

qreokopÐa. Aută h timă eÐnai polÔ pio mikră apì autèc pou eÐqame stic dÔo prohgoÔmenec

periptÿseic kai autì sunhgoreÐ sto ìti ìso megalÔtero perijÿrio kèrdouc dialèxei na èqei

mÐa asfalistikă etaireÐa se èna qartofulĹkio, tìso pio grăgora anamènetai na qreokopă-

sei to sugkekrimèno qartofulĹkio.
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Sqăma 3.31: Grafikă parĹstash thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(3,3) katanomă me θ = 1.5.
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SunoyÐzontac, katalăgoume kai se aută thn perÐptwsh sto Ðdio parĹdoxo apotèlesma pou

eÐqame katalăxei kai sthn enìthta 3.3. ’Omwc gia na èqoun bĹsh ìla autĹ, spoudaÐa sh-

masÐa èqei kai h melèth thc metablhtìthtac tou desmeumènou qrìnou qreokopÐac, kajÿc

ìpwc ja diapistÿsoume kai sth sunèqeia stic periptÿseic pou èqoume megalÔterec timèc

gia thn ψ1(u)/ψ(u), dhladă gia mikrèc timèc tou θ, upĹrqei megalÔterh metablhtìthta

(tupikă apìklish) stic timèc autèc apì ìti gia megĹlec timèc tou θ.

Qrhsimopoiÿntac tÿra th sqèsh (3.17), mèsw tou Mathematica paÐrnoume ìti

ψ2(u) = e(−4.82234−2.22385 i) u
[
e(1.04468+1.11193 i) u ((0.0278303 + 0.0149297 i)

− (0.000357543 + 0.00135555 i)u) + 0.0533192 e(3.77766+2.22385 i) u (0.757486 + u)

× (4.74032 + u) + (0.0000292 + 0.0000817 i) e(1.04468+3.33578 i) u ((−8.65899− 7.33239 i) + u)

× (21.9842 + 16.4703 i)u) + e(1.04468+1.11193 i) u ((−0.00503919− 0.000372671 i)

+ (0.0000291984− 0.0000817054 i) u2
)]

H ψ2(u) dÐnetai grafikĹ sto parakĹtw Sqăma 3.32.

ParagwgÐzontac thn ψ2(u) prokÔptei ìti h prÿth parĹgwgoc eÐnai arnhtikă gia kĹje

u ≥ 0. Autì shmaÐnei ìti eÐnai monìtonh sunĹrthsh ston jetikì Ĺxona twn u kai sug-

kekrimèna eÐnai mÐa fjÐnousa sunĹrthsh wc proc u. To mègisto shmeÐo thc sunĹrthshc

parousiĹzetai gia arnhtikì u kai apì ekeÐ kai pèra eÐnai pantoÔ fjÐnousa, gegonìc pou

shmaÐnei ìti h sunĹrthsh ψ2(u) parousiĹzei mègisto sto shmeÐo u = 0. H mègisth timă thc

sunĹrthshc sto shmeÐo u = 0 isoÔtai me

ψ2(0) = 0.237037.

Ta parapĹnw diakrÐnontai kai apì to Sqăma 3.32. AplĹ kĹnoume thn ìlh diadikasÐa pou

qreiĹzetai sto Mathematica gia na doÔme akribÿc an isqÔoun autĹ ta opoÐa parathroÔme

sto diĹgramma.
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Sqăma 3.32: Grafikă parĹstash thc deÔterhc mh-desmeumènhc ropăc tou qrìnou qreoko-

pÐac, gia GĹmma(3,3) katanomă me θ = 1.5.

Diairÿntac tÿra thn ψ2(u), pou upologÐsame parapĹnw, me thn pijanìthta qreokopÐac

gia thn perÐptwsh pou èqoume θ = 1.5, prokÔptei ìti h ψ2(u)/ψ(u) isoÔtai me

[
e(1.04468+1.11193 i) u ((0.0278303 + 0.0149297 i)− (0.000357543 + 0.00135555 i)u)

+ 0.0533192 e(3.77766+2.22385 i) u (0.757486 + u) (4.74032 + u)

+ (0.0000291984 + 0.0000817054 i) e(1.04468+3.33578 i) u ((−8.65899− 7.33239 i) + u)

(3.29)

× ((21.9842 + 16.4703 i)u) + e(1.04468+1.11193 i) u ((−0.00503919− 0.000372671 i)

+ (0.0000291984− 0.0000817054 i) u2
)] [

(−0.0465994− 0.034551 i) e−(1.04468+1.11193 i) u

− (0.0465994− 0.034551 i) e−(1.04468+3.33578 i) u + 0.493199 e−(3.77766+2.22385 i) u
]

H grafikă parĹstash thc deÔterhc desmeumènhc ropăc dÐnetai apì to parakĹtw diĹgramma

3.33.
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Sqăma 3.33: Grafikă parĹstash thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(3,3) katanomă me θ = 1.5.

UpologÐzontac thn prÿth kai deÔterh parĹgwgo thc deÔterhc desmeumènhc ropăc, sto

Mathematica, prokÔptei ìti eÐnai mÐa aÔxousa kai kurtă sunĹrthsh gia kĹje u ≥ 0. Autì

shmaÐnei ìti ìso megalÿnei to arqikì apojematikì tìso megalÿnei kai o rujmìc aÔxhshc

tou anamenìmenou qrìnou qreokopÐac. KĹti tètoio isqÔei kai stic prohgoÔmenec periptÿ-

seic pou exetĹsame.

Tèloc, upologÐzoume thn tupikă apìklish stdev(Tc,u) gia thn perÐptwsh pou θ = 1.5, h

opoÐa dÐnetai apì th sqèsh (3.20) kai parousiĹzetai grafikĹ sto epìmeno Sqăma 3.34.

’Opwc blèpoume sto Sqăma 3.34, h tupikă apìklish gia θ = 1.5 eÐnai arketĹ mikră gia

kĹje timă tou u, se sqèsh me aută pou eÐqame stic prohgoÔmenec periptÿseic kai eidikĹ

sthn perÐptwsh pou θ = 0.1. ’Ara sumperaÐnoume ìti gia megĹlec timèc tou θ kai èqontac

thn plhroforÐa ìti kĹpoia qronikă stigmă ja epèljei qreokopÐa, eÐmaste sqedìn bèbaioi

ìti aută ja sumbeÐ grhgorìtera apì ìti gia mikrèc timèc tou θ. Gia na exetĹsoume ìmwc

kalÔtera thn tupikă apìklish pou upĹrqei se kĹje perÐptwsh, dÐnoume sth sunèqeia èna

koinì diĹgramma kai me tic treic tupikèc apoklÐseic, ìpou ekeÐ ja mporoÔme na doÔme kalÔ-

tera autĹ pou èqoume anafèrei mèqri tÿra.

AntÐstoiqa ìpwc kĹname kai stic prohgoÔmenec periptÿseic, upologÐzoume ton suntele-

stă metablhtìthtac tou desmeumènou qrìnou qreokopÐac gia thn perÐptwsh pou meletĹme,

dhladă gia θ = 1.5, kai sth sunèqeia parousiĹzoume grafikĹ tic timèc tou, gia kĹje timă

tou u, sto koinì diĹgramma 3.38.
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Sqăma 3.34: Grafikă parĹstash thc tupikăc apìklishc tou desmeumènou qrìnou qreoko-

pÐac, gia GĹmma(3,3) katanomă me θ = 1.5.

Tèloc gia na doÔme me poion trìpo ephreĹzei h timă tou θ tic posìthtec ψ1(u) kai

ψ1(u)/ψ(u) antÐstoiqa, kataskeuĹzoume dÔo koinĹ diagrĹmmata pou ja apeikonÐzoun autèc

tic dÔo sugkekrimènec posìthtec gia ìlec tic timèc tou θ pou èqoume pĹrei sto parĹdeigmĹ

mac. To prÿto koinì diĹgramma thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia θ = 0.1, 0.5, 1.5, dÐnetai sto parakĹtw Sqăma 3.35. AntÐstoiqa, to deÔtero koinì diĹ-

gramma thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac, gia tic treic diaforetikèc

timèc pou paÐrnei to θ, parousiĹzetai sto Sqăma 3.36.

Parathrÿntac to koinì diĹgramma 3.35, mporoÔme na sunoyÐsoume ta sumperĹsmatĹ mac

ìson aforĹ ton anamenìmeno qrìno èwc th qreokopÐa. GÐnetai antilhptì ìti gia mikrèc ti-

mèc tou θ kai sth sugkekrimènh perÐptwsh gia θ = 0.1, o anamenìmenoc qrìnoc qreokopÐac,

ψ1(u), paÐrnei megalÔterec timèc apì ìti gia megalÔterec timèc tou θ. Autì shmaÐnei ìti

ìso mikrìtero eÐnai to perijÿrio kèrdouc gia ènan asfalistă, tìso perissìteroc qrìnoc

qreiĹzetai, katĹ mèso ìro, gia na sumbeÐ qreokopÐa. EpÐshc parathroÔme ìti ìso mikrìterh

eÐnai h timă tou θ, tìso megalÔterh eÐnai h timă tou arqikoÔ apojematikoÔ u, sto opoÐo

parousiĹzei h sunĹrthsh ψ1(u) mègisto. ’Ara ìpwc kai sto parĹdeigma thc Enìthtac 3.3

ètsi kai edÿ, isqÔei ìti ìso pio mikrì eÐnai to perijÿrio asfaleÐac, θ, tìso dexiìtera, proc

to jetikì Ĺxona thc grafikăc parĹstashc thc ψ1(u), metatopÐzetai to shmeÐo u pou parou-

siĹzei mègisto h sunĹrthsh. Tèloc, prèpei na anafèroume ìti gia megĹlec timèc tou θ kai

sugkekrimèna edÿ gia θ = 1.5, h ψ1(u) eÐnai mÐa fjÐnousa sunĹrthsh gia kĹje mh-arnhtikă

timă tou arqikoÔ apojematikoÔ u. Epomènwc lìgw autăc thc monotonÐac, prokÔptei ìti o

anamenìmenoc qrìnoc qreokopÐac paÐrnei thn mègisth timă tou, gia u = 0.
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Sqăma 3.35: Koinì diĹgramma thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac

gia θ = 0.5, θ = 0.1 kai θ = 1.5.
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Sqăma 3.36: Koinì diĹgramma thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac gia

θ = 0.5, θ = 0.1 kai θ = 1.5.
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’Opwc kai sthn perÐptwsh thc prÿthc mh-desmeumènhc ropăc pou analÔsame parapĹnw,

ètsi kai edÿ sto Sqăma 3.36 faÐnetai xekĹjara ìti o anamenìmenoc qrìnoc qreokopÐac,

dojèntoc ìti sumbaÐnei qreokopÐa, eÐnai megalÔteroc sthn perÐptwsh pou isqÔei θ = 0.1.

’Opwc ìmwc èqoume anafèrei arketèc forèc èwc tÿra, autì eÐnai polÔ parĹxeno sÔmfwna

me autĹ pou gnwrÐzoume sth jewrÐa kindÔnou na isqÔei kĹti tètoio. To anamenìmeno ătan

na sumbaÐnei akribÿc to antÐjeto. ’Omwc den mporeÐ na pei kĹpoioc edÿ me sigouriĹ ìti ìso

mikrìtero eÐnai to perijÿrio asfaleÐac tìso kalÔtero eÐnai gia thn asfalistikă etaireÐa.

Gia na dojoÔn pio asfală sumperĹsmata ja prèpei na gÐnei kai mÐa melèth thc metablhtì-

thtac pou parousiĹzei h posìthta ψ1(u)/ψ(u).

Epomènwc, akoloujÿntac thn Ðdia diadikasÐa pou kĹname kai prin, kataskeuĹzoume èna akì-

ma koinì diĹgramma pou aută th forĹ ja perièqei apì koinoÔ tic grafikèc parastĹseic thc

tupikăc apìklishc gia kĹje mÐa apì tic periptÿseic pou èqoun melethjeÐ. To sugkekrimèno

diĹgramma parousiĹzetai sto parakĹtw Sqăma 3.37 kai mac bohjĹei na epibebaiÿsoume ta

sumperĹsmata sta opoÐa katalăxame parapĹnw.
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Sqăma 3.37: Koinì diĹgramma thc tupikăc apìklishc tou desmeumènou qrìnou qreokopÐac,

gia θ = 0.5, θ = 0.1 kai θ = 1.5.

Tèloc parousiĹzoume sto parakĹtw Sqăma 3.38, tic grafikèc parastĹseic tou suntele-

stă metablhtìthtac pou upologÐsame gia kĹje mÐa perÐptwsh. ’Etsi me autì ton trìpo

mporoÔme na doÔme xekĹjara se poia perÐptwsh, o desmeumènoc qrìnoc qreokopÐac èqei

megalÔterh metablhtìthta anĹ qronikă monĹda pou anamènoume mèqri na epèljei h qreo-

kopÐa.
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Sqăma 3.38: Koinì diĹgramma tou suntelestă metablhtìthtac thc t.m Tc, gia θ = 0.5,

θ = 0.1 kai θ = 1.5.

Apì to Sqăma 3.38, parathroÔme ìti gia θ = 0.1 o suntelestăc metablhtìthtac tou

desmeumènou qrìnou qreokopÐac eÐnai arketĹ megalÔteroc se sqèsh me tic Ĺllec dÔo pe-

riptÿseic. Sugkekrimèna gia polÔ mikrèc timèc tou u, upĹrqei aisjhtă diaforĹ anĹmesa

se autèc tic timèc enÿ ìso megalÿnei to arqikì apojematikì tìso mikraÐnei kai h diaforĹ,

kajÿc oi timèc tou suntelestă fjÐnoun apìtoma. EpÐshc prèpei na epishmĹnoume thn mikră

diaforĹ stic timèc tou suntelestă, gia megĹlec timèc tou u, anĹmesa stic periptÿseic pou

isqÔei ìti θ = 0.5 kai θ = 1.5.

Tèloc mporoÔme na sugkrÐnoume tic ropèc tou qrìnou qreokopÐac pou exetĹsame se aută

thn enìthta, me tic ropèc pou exetĹzoume sto ParĹrthma G
′
kajÿc h mình diaforĹ stic

dÔo periptÿseic eÐnai h katanomă twn apozhmiÿsewn. Kai sta dÔo paradeÐgmata èqoume

upojèsei tic Ðdiec timèc gia to perijÿrio asfaleÐac θ, kajÿc kai oi dÔo katanomèc twn

apozhmiÿsewn èqoun mèsh timă p1 = 1. ’Etsi sugkrÐnontac ta diagrĹmmata pou èqoume ka-

taskeuĹsei se kĹje perÐptwsh, parathroÔme ìti sthn perÐptwsh thc GĹmma(3,3) katanomăc

enÿ h prÿth mh-desmeumènh ropă eÐnai arketĹ megalÔterh kai stic treic periptÿseic, o ana-

menìmenoc qrìnoc qreokopÐac dojèntoc ìmwc ìti aută ja sumbeÐ eÐnai lÐgo megalÔteroc

apì ìti sthn perÐptwsh thc GĹmma(10,10). EpÐshc parathroÔme ìti kai h tupikă apìkli-

sh eÐnai megalÔterh, lìgw thc megĹlhc deÔterhc desmeumènhc ropăc, sthn perÐptwsh thc

GĹmma(3,3) katanomăc kajÿc kai to ìti gia ìlec tic timèc tou θ to arqikì apojematikì

gia to opoÐo parousiĹzoun oi mh-desmeumènec ropèc mègisto, metatopÐzetai proc ta dexiĹ

tou jetikoÔ Ĺxona dhladă oi timèc tou eÐnai megalÔterec sthn perÐptwsh thc GĹmma(3,3)

katanomăc.
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KefĹlaio 4

Nèec proseggÐseic gia ton

metasqhmatismì Laplace tou

qrìnou qreokopÐac.

Me th boăjeia twn ropÿn tou qrìnou qreokopÐac pou dìjhkan analutikĹ sto prohgoÔmeno

kefĹlaio, prospajoÔme mèsw mÐac skèyhc pou kĹname na kataskeuĹsoume dÔo nèec proseg-

gÐseic gia ton metasqhmatismì Laplace tou qrìnou qreokopÐac pou na qrhsimopoioÔn autèc

tic ropèc. AfoÔ gia ta arijmhtikĹ paradeÐgmata pou èqoume qrhsimopoiăsei upologÐsame

tic ropèc tou qrìnou qreokopÐac, sunartăsei tou u, h idèa twn nèwn proseggÐsewn basÐ-

zetai sto na proseggÐsoume thn katanomă pou akoloujeÐ to plăjoc twn apaităsewn pou

fjĹnoun se mÐa asfalistikă etaireÐa, gnwrÐzontac ìti kĹpoia qronikă stigmă h qreokopÐa

ja sumbeÐ.

4.1 Oi nèec proseggÐseic mèsw arnhtikăc diwnu-

mikăc katanomăc kai katanomăc Poisson

AnalÔsame diexodikĹ sto KefĹlaio 2 to pÿc leitourgoÔn oi proseggÐseic DeV ylder kai

Tijms gia ton metasqhmatismì Laplace tou qrìnou qreokopÐac, kajÿc kai dÿsame dÔo

paradeÐgmata ètsi ÿste na katanohjeÐ plărwc to pÿc qrhsimopopoioÔntai allĹ kai na doÔ-

me pìso kalèc eÐnai oi sugkekrimènec proseggÐseic gia tic katanomèc twn apozhmiÿsewn

pou meletĹme, dhladă na doÔme pìso kontĹ pèftoun oi proseggistikèc me tic pragmatikèc

timèc. Stìqoc tou tètartou kefalaÐou eÐnai na eisagĹgoume mÐa kainoÔria prosèggish h

opoÐa na eÐnai safÿc kalÔterh apì thn prosèggish DeV ylder, kajÿc kai na eÐnai se kĹ-

poiec periptÿseic kalÔterh apì thn prosèggish tou Tijms. ’Opwc eÐqame anafèrei kai

sto deÔtero kefĹlaio, h prosèggish Tijms eÐnai mÐa pĹra polÔ kală prosèggish h opoÐa

141



den qrhsimopoieÐtai mìno sth jewrÐa kindÔnou, allĹ kai se Ĺllouc episthmonikoÔc tomeÐc

ìpwc h Fusikă kai h jewrÐa axiopistÐac. H prosèggish Tijms èqei pollĹ pleonektămata,

kajÿc eÐnai katanohtă kai polÔ eÔkolh sthn efarmogă thc, leitourgeÐ polÔ kalĹ gia tic

katanomèc apozhmiÿsewn pou meletĹme, gia diĹforec timèc thc paramètrou δ, allĹ kai gia

Ĺllec katanomèc pou èqoun elafriĹ ourĹ. EÐnai epÐshc akribăc gia meÐxh dÔo ekjetikÿn ka-

tanomÿn kai èqei swstă asumptwtikă sumperiforĹ gia u→∞. Autì eÐnai polÔ shmantikì
stoiqeÐo thc prosèggishc, kajÿc me èna polÔ eÔkolo trìpo katafèrnei na proseggÐzei

me akrÐbeia tic paragmatikèc timèc tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac,

gia megĹlec timèc tou u. KĹti tètoio faÐnetai xekĹjara kai sta diagrĹmmata pou eÐqame

kataskeuĹsei me to posostì sfĹlmatoc thc prosèggishc, ìpou ekeÐ diakrÐnoume ìti gia

megĹlec timèc tou u to posostì sfĹlmatoc eÐnai sqedìn mhdenikì. Epomènwc ja prospa-

jăsoume na ftiĹxoume mÐa kainoÔria prosèggish h opoÐa na eÐnai kalÔterh gia ekeÐnec tic

timèc tou arqikoÔ apojematikoÔ u, gia tic opoÐec h prosèggish den eÐnai teleÐwc akribăc.

’Etsi h dikiĹ mac prosèggish ja prèpei na upertereÐ gia polÔ mikrèc timèc tou arqikoÔ

apojematikoÔ u se sqèsh me thn prosèggish Tijms. EÐnai fanerì ìti autì pou jèloume

perissìtero eÐnai na èqoume mÐa prosèggish h opoÐa na eÐnai polÔ kală gia mikrèc timèc tou

u, dhladă ekeÐ ìpou kamÐa prosèggish den ătan akribăc sta paradeÐgmata twn enotătwn

2.2 kai 2.3, kai autì giatÐ mÐa asfalistikă etaireÐa sunăjwc den kratĹei megĹla posĹ gia

arqikì apojematikì. Opìte prèpei na gnwrÐzei, èqontac mikrìtero posostì lĹjouc sthn

prosèggish, tic timèc pou paÐrnei o metasqhmatismìc Laplace tou qrìnou qreokopÐac, gia

kĹje timă tou u. H prosèggish pou ja anaptÔxoume sth sunèqeia èqei to pleonèkthma ìti

eÐnai eÔkolh sto na thn katanoăsei kĹpoioc kai ìti eÐnai pĹra polÔ kală gia mikrèc timèc

tou u. To kÔrio meionèkthmĹ thc eÐnai o arketĹ polÔplokoc kai qronobìroc upologismìc

thc kajÿc kai to ìti, lìgw epiplèon duskolÐac, den bĹzoume kĹpoia sunjăkh ètsi ÿste

na èqei swstă asumptwtikă sumperiforĹ gia megĹlec timèc tou u ă na eÐnai Ðsh me thn

pragmatikă timă gia u = 0. KĹti tètoio den mac apasqoleÐ kajìlou, kajÿc mporoÔme na

sunduĹsoume thn nèa prosèggish me aută tou Tijms. ’Etsi ekeÐ pou eÐnai kalÔterh tou

Tijms, dhladă gia u = 0 kai gia u→∞, paÐrnoume aută thn prosèggish, enÿ gia mikrèc
timèc tou u epilègoume thn nèa prosèggish. Bèbaia kĹti tètoio isqÔei gia tic katanomèc

apozhmiÿsewn pou paÐrnoume sta paradeÐgmata pou ja akoloujăsoun stic epìmenec enì-

thtec kai ìqi gia katanomèc apozhmiÿsewn pou h prosèggish Tijms eÐnai akribăc. EpÐshc

prèpei na anafèroume ìti h nèa prosèggish leitourgeÐ kalĹ mìno gia mikrèc timèc tou δ,

enÿ ìpwc ja doÔme sth sunèqeia eÐnai polÔ kalÔterh apì thn prosèggish Tijms gia me-

gĹlec timèc tou θ, gia tic opoÐec h prosèggish Tijms “qalĹei” perissìtero apì ìti h nèa

prosèggish pou epinoăsame (blèpe Tijms (1986)).

Prin xekinăsoume me to na exhgăsoume thn idèa pou upĹrqei pÐsw apì aută th prosèg-

gish, ja prèpei na orÐsoume analutikĹ thn ènnoia thc t.m Tc pou qrhsimopoiăsame gia
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prÿth forĹ sto prohgoÔmeno kefĹlaio kai h opoÐa ekfrĹzei ton qrìno qreokopÐac do-

jèntoc ìti kĹpoia stigmă epèrqetai qreokopÐa. Edÿ h elleimmatikă t.m T pou ekfrĹzei

to qrìno qreokopÐac kai h opoÐa dÐnetai apì th sqèsh (1.6), den mac eÐnai qrăsimh kai

epomènwc den mporoÔme na th qrhsimopoiăsoume gia aută thn prosèggish. Gia autì ton

lìgo orÐzoume thn “kanonikopoihmènh”(proper)1 t.m Tc = T |T < ∞, h opoÐa dhlÿnei ton
desmeumèno qrìno mèqri thn qreokopÐa. H kanonikă t.m Tc, sth genikă perÐptwsh isoÔtai

me

Tc =
K?∑
i=1

Ti, K? = 1, 2, . . . (4.1)

ìpou ta Ti ekfrĹzoun touc endiĹmesouc qrìnouc Ĺfixhc twn apaităsewn gia apozhmÐwsh.

EpÐshc h t.m K? = K|sumbaÐnei qreokopÐa, ekfrĹzei ton arijmì twn apozhmiÿsewn, pou
fjĹnoun se mÐa asfalistikă etaireÐa, èwc ìtou epèljei h qreokopÐa, dojèntoc

2
ìti kĹpoia

stigmă ja epèljei h qreokopÐa. ’Opwc èqoume anafèrei, gia na upĹrxei qreokopÐa ja prèpei

na èrjei mÐa apozhmÐwsh to mègejoc thc opoÐac ja rÐxei to apojematikì kĹtw apì to mhdèn.

Epomènwc gia na sumbeÐ qreokopÐa, ìtan ădh gnwrÐzoume ìti kĹpoia qronikă stigmă epèr-

qetai qreokopÐa, ja prèpei na sumbeÐ toulĹqiston mÐa apaÐthsh gia apozhmÐwsh, dhladă

prokÔptei ìti h t.m K?
, sth sqèsh (4.1), den mporeÐ na paÐrnei thn timă 0 giatÐ alliÿc den

ja sunèbaine potè qreokopÐa. Opìte h arqikă idèa gia thn dhmiourgÐa thc prosèggishc

ătan h t.m K?
na paÐrnei tic timèc 1, 2, . . .. KataskeuĹzontac ìmwc thn nèa prosèggish

diapistÿsame ìti den leitourgeÐ gia tic sugkekrimènec timèc, allĹ antijètwc leitourgeÐ

exairetikĹ gia K? = 0, 1, 2, . . .. Bèbaia, sthn prĹxh upĹrqei pijanìthta na epèljei qreo-

kopÐa qwrÐc na èqei pragmatopoihjeÐ apozhmÐwsh kai autì mporeÐ na sumbeÐ exaitÐac kĹpoiac

lanjasmènhc diaqeÐrishc ă apì thn pragmatopoÐhsh kĹpoiwn kindÔnwn oi opoÐoi eÐnai li-

gìtero oratoÐ allĹ katastrofikoÐ ìtan sumboÔn, ìpwc eÐnai o leitourgikìc kÐndunoc, eÐte

apì thn abebaiìthta genikĹ pou epikrateÐ sthn oikonomÐa. Me autoÔc touc parĹgontec

den ja asqolhjoÔme sthn paroÔsa ergasÐa, kajÿc den eÐnai mèroc thc jewrÐac kindÔnou

allĹ enìc Ĺllou megĹlou tomèa ìpwc eÐnai h diaqeÐrish kindÔnwn (Risk Management).

Sth sunèqeia ja anaptÔxoume thn idèa pou upĹrqei pÐsw apì autèc tic proseggÐseic, paÐr-

nontac ìti h t.m K?
paÐrnei akèraiec jetikèc timèc, enÿ gia thn praktikă efarmogă twn

proseggÐsewn jewroÔme ìti h t.m K?
paÐrnei kai thn timă mhdèn, kajÿc metĹ apì arketèc

dokimèc, katalăxame ìti ètsi leitourgeÐ kalÔtera h prosèggish.

AfoÔ orÐsame poia eÐnai h ènnoia thc t.m Tc, mporoÔme tÿra na ekfrĹsoume me sÔmbo-

la ti shmaÐnei metasqhmatismìc Laplace tou qrìnou qreokopÐac. ’Opwc eÐqame anafèrei

kai sth sqèsh (1.7), h pijanìthta qreokopÐac ekfrĹzetai kai wc anamenìmenh timă miac

1
Εδώ εννοούµε ότι η Tc είναι µία κανονική (proper) τ.µ, καθώc ισχύει ότι Pr (Tc = ∞) = 0.
2
΄Οπωc γίνεται αντιlηπτό, lόγω τηc δέσµευσηc που προσθέσαµε στην τ.µ K, η K?

είναι µία κανονικο-

ποιηµένη τ.µ, η δηµιουργία τηc οποίαc παίζει σηµαντικό ρόlο στη συνέχεια που θα εξηγήσουµε µαθηµατικά

την ιδέα τηc νέαc προσέγγισηc.
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deÐktriac sunĹrthshc pou èqei wc endeqìmeno ìti o qrìnoc qreokopÐac eÐnai peperasmè-

noc, dhladă èqoume thn plhroforÐa ìti kĹpoia stigmă ja sumbeÐ qreokopÐa. AntÐstoiqa

o metasqhmatismìc Laplace tou qrìnou qreokopÐac ekfrĹzetai wc anamenìmenh timă tou

parĹgonta Laplace δ, tou qrìnou qreokopÐac T , pollaplasiasmèno me thn deÐktria su-

nĹrthsh tou endeqomènou ìti kĹpoia qronikă stigmă epèrqetai qreokopÐa. Epomènwc o

metasqhmatismìc Laplace tou qrìnou qreokopÐac, ekfrĹzetai majhmatikĹ wc

Kδ(u) = E
(
e−δT I (T <∞) |U(0) = u

)
DesmeÔontac kai wc proc thn t.m tou plăjouc twn apozhmiÿsewn mèqri th qreokopÐa, do-

jèntoc ìti ja sumbeÐ qreokopÐa, K?
, kai ajroÐzontac to k sto diĹsthma [1,∞), prokÔptei

ìti

Kδ(u) = E
(
e−δT I (T <∞) |U(0) = u

)

=
∞∑

k=1

E
(
e−δT I(T <∞)|U(0) = u,K? = k

)
Pr(K? = k) (4.2)

’Omwc mèsw thc sqèshc (4.1), mporoÔme na broÔme mÐa sqèsh pou na sundèei thn kanonikă

t.m Tc me thn elleimmatikă t.m T . ’Etsi paÐrnoume ìti

Kδ(u) = E
(
e−δT I(T <∞)|U(0) = u

)
= ψ(u)E

(
e−δTc |U(0) = u

)
,

epeidă isqÔei ìti

e−δT I(T <∞) = e−δTc (4.3)

Epomènwc prokÔptei ìti mèsw thc sqèshc (4.3), h sqèsh (4.2) mporeÐ na grafteÐ sunartă-

sei thc t.m Tc, wc

Kδ(u) =
∞∑

k=1

E
(
e−δTc |U(0) = u,K? = k

)
ψ(u)Pr(K? = k) (4.4)

Apì th sqèsh (4.4), blèpoume pìso qrăsimh eÐnai h t.m K?
pou orÐsame parapĹnw, kajÿc
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an den upărqe h dèsmeush sthn t.m K?
tìte sth jèsh thc ja eÐqame thn elleimmatikă t.m

K pou ja eÐqe wc apotèlesma na mhn isqÔei h sqèsh. Sugkekrimèna gia δ = 0, to aristerì

mèloc thc sqèshc (4.4) isoÔtai me thn pijanìthta qreokopÐac ψ(u), enÿ kai to dexiì mèloc

isoÔtai me thn pijanìthta qreokopÐac, afoÔ isqÔei ìti

∞∑
k=1

ψ(u)Pr(K? = k) = ψ(u),

kajÿc h t.m K?
eÐnai mÐa kanonikopoihmènh t.m kai isqÔei ìti

∞∑
k=1

Pr(K? = k) = 1.

Epomènwc katalăgoume sto sumpèrasma ìti h sqèsh (4.4) isqÔei mìno sthn perÐptwsh pou

qrhsimopoioÔme thn desmeumènh t.m K?
.

Sth sunèqeia, qrhsimopoiÿntac th sqèsh (4.1), h sqèsh (4.4) grĹfetai wc

Kδ(u) =
∞∑

k=1

E

e
−δ

K?∑
i=1

Ti

|U(0) = u,K? = k

 ψ(u)Pr(K? = k)

Epeidă ìmwc ta Ti eÐnai anexĹrthtec kai isìnomec
3
tuqaÐec metablhtèc, isqÔei ìti

Kδ(u) =
∞∑

k=1

[
E
(
e−δT1

)]k
Pr(K? = k)ψ(u) (4.5)

Apì th sqèsh (4.5), autì pou den xèroume eÐnai ti katanomă akribÿc akoloujeÐ h t.m K?
.

’Ola ta upìloipa eÐnai gnwstĹ, kajÿc o prÿtoc ìroc antistoiqeÐ ston metasqhmatismì

Laplace miac ekjetikăc katanomăc, o opoÐoc upologÐzetai eÔkola mèsw thc sqèshc (1.25)

kai o trÐtoc ìroc antistoiqeÐ sthn pijanìthta qreokopÐac, thn eÔresh thc opoÐac èqou-

me analÔsei diexodikĹ sto KefĹlaio 2. ’Etsi proseggÐzontac thn katanomă tou K?
apì

kĹpoia gnwstă diakrită katanomă, antistoiqeÐ san na èqoume breÐ mÐa prosèggish gia ton

metasqhmatismì Laplace tou qrìnou qreokopÐac. Epomènwc to mìno pou qreiĹzetai eÐnai

na broÔme mÐa katĹllhlh diakrită katanomă pou na proseggÐzei ìso to dunatì kalÔtera

thn pragmatikă katanomă tou K?
, h opoÐa eÐnai Ĺgnwsth wc proc emĹc. Epeidă qrhsimo-

poioÔme dÔo diaforetikèc diakritèc katanomèc gia thn prosèggish thc t.m K?
, genikĹ ja

3
Επειδή είναι ισόνοµεc τ.µ, έχουν όlα τα Ti την ίδια κατανοµή µε την T1.
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sumbolÐzoume thn prosèggish thc sqèshc (4.5) wc K
MP

δ (u), lìgw tou ìti dhmiourgăjhke

apì touc MalaxianĹkh kai PolÐth. H sugkekrimènh prosèggish, sthn prĹxh, den leitour-

geÐ ètsi akribÿc ìpwc èqei dojeÐ sth sqèsh (4.5) kai gia autì ton lìgo ston upologismì

thc prosèggishc, gia kĹje timă tou u, sta arijmhtikĹ paradeÐgmata pou ja akoloujăsoun

paÐrnoume ìti to k ajroÐzei apì to 0 èwc to +∞. Edÿ prèpei na anafèroume ìti sthn
ousÐa milĹme gia mÐa nèa prosèggish kajÿc h idèa eÐnai h Ðdia kai gia tic dÔo proseggÐ-

seic. To mìno pou allĹzei eÐnai ìti epilègoume dÔo diaforetikèc diakritèc katanomèc oi

opoÐec ìmwc sundèontai katĹ kĹpoio trìpo metaxÔ touc. H arqikă skèyh ătan h epilogă

mÐac mìno katanomăc, allĹ lìgw duskoliÿn pou analÔoume sth sunèqeia thc enìthtac,

paÐrnoume akìma mÐa katanomă. Gia thn kataskeuă thc prÿthc prosèggishc, h katanomă

pou epilègoume na qrhsimopoiăsoume ston tÔpo (4.5), gia ton ìro Pr(K? = k), eÐnai h

arnhtikă diwnumikă katanomă. Na jumÐsoume apì th jewrÐa pijanotătwn, ìti h arnhtikă

diwnumikă katanomă ekfrĹzei thn katanomă tou arijmoÔ twn apotuqiÿn se mÐa seirĹ apì

dokimèc Bernoulli, mèqri thn emfĹnish thc r epituqÐac. An edÿ sumbolÐsoume wc apotuqÐa

thn mh-emfĹnish apozhmÐwshc me stajeră pijanìthta q kai wc epituqÐa thn emfĹnish apo-

zhmÐwshc me stajeră pijanìthta
4 p, tìte milĹme gia mÐa arnhtikă diwnumikă katanomă me

dÔo paramètrouc r kai p, h opoÐa sumbolÐzetai wc NB(r, p) kai èqei sunĹrthsh puknìthtac

Pr(K? = k) =

(
r + k − 1

r − 1

)
pr qk

=
(r + k − 1)!

k! (r − 1)!
pr qk, k = 0, 1, 2, . . . (4.6)

’Ara qrhsimopoiÿntac tic sqèseic (4.6) kai (1.25), apì tic idiìthtec tou metasqhmatismoÔ

Laplace, katalăgoume ìti h nèa prosèggish mèsw arnhtikăc diwnumikăc katanomăc, thn

opoÐa ja thn sumbolÐzoume wc K
NB

δ (u), isoÔtai me

K
NB

δ (u) =
∞∑

k=0

(
λ

λ+ δ

)k
(r + k − 1)!

k! (r − 1)!
pr (1− p)k ψ(u) (4.7)

Epeidă sth sunèqeia ja asqolhjoÔme me dÔo proseggÐseic, oi opoÐec ousiastikĹ èqoun thn

Ðdia logikă wc proc thn dhmiourgÐa touc, dÐnoume diaforetikì ìnoma sthn prosèggish gia

ton metasqhmatismì Laplace tou qrìnou qreokopÐac, anĹloga me to poia proseggistikă

katanomă qrhsimopoioÔme gia thn t.m K?
.

Sthn jewrÐa pijanotătwn h arnhtikă diwnumikă katanomă qrhsimopoieÐtai sunăjwc gia

4
Ισχύει ότι η πιθανότητα αποτυχίαc και η πιθανότητα επιτυχίαc πρέπει να αθροίζουν στην µονάδα, δηlαδή

ισχύει ότι p+ q = 1.
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akèraiec timèc tou r, edÿ ìmwc gia thn prosèggish pou ftiĹqnoume qrhsimopoioÔme prag-

matikèc timèc gia to r, ìpwc autèc dÐnontai apì thn lÔsh enìc sustămatoc to opoÐo ja

exhgăsoume analutikĹ sth sunèqeia.

Me th boăjeia tou Mathematica mporoÔme na upologÐsoume tic ădh gnwstèc, apì th

jewrÐa pijanotătwn, ropèc thc arnhtikăc diwnumikăc katanomăc. ’Etsi paÐrnoume ìti h

mèsh timă thc sunĹrthshc puknìthtac (4.6), isoÔtai me

E(K?) =
∞∑

k=0

k Pr(K? = k)

=
∞∑

k=0

k
(r + k − 1)!

k! (r − 1)!
prqk

= r
1− p

p
(4.8)

H deÔterh kentrikă ropă thc arnhtikăc diwnumikăc isoÔtai me

E
(
K?2

)
=

∞∑
k=0

k2 Pr(K? = k)

=
∞∑

k=0

k2 (r + k − 1)!

k! (r − 1)!
prqk

=
qr (1 + qr)

p2
(4.9)

Epomènwc apì tic sqèseic (4.8) kai (4.9), prokÔptei ìti h diakÔmansh thc arnhtikăc diw-

numikăc isoÔtai me

V ar(K?) = E
(
K?2

)
− [E(K?)]2

= r
1− p

p2
(4.10)
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Sth sunèqeia afoÔ upologÐsame tic ropèc thc t.m K?
, jèloume na broÔme èna sÔsthma

dÔo exisÿsewn me dÔo agnÿstouc gia na upologÐsoume tic paramètrouc r kai p pou qrhsi-

mopoioÔntai sthn sunĹrthsh puknìthtac Pr(K? = k), sth sqèsh (4.5). EÐqame anafèrei

sthn Enìthta 3.1, sthn opoÐa anaptÔxame leptomerÿc tic ropèc twn sÔnjetwn katanomÿn,

ìti gia thn mèsh timă kai diakÔmansh mÐac sÔnjethc t.m isqÔoun oi sqèseic (3.4) kai (3.5)

antÐstoiqa. H t.m Tc, pou dÐnetai apì th sqèsh (4.1), eÐnai mÐa sÔnjeth t.m kajÿc t.m K
?

èqoume upojèsei ìti akoloujeÐ mÐa arnhtikă diwnumikă katanomă. Epomènwc, proseggisti-

kĹ, h t.m Tc akoloujeÐ mÐa sÔnjeth arnhtikă diwnumikă katanomă.

Gia thn mèsh timă thc t.m Tc, isqÔei

E(Tc) = E(K?) · E(Ti) (4.11)

Gia na upologÐsoume tÿra thn mèsh timă thc t.m K?
pou mac endiafèrei, ja prèpei na lÔ-

soume th sqèsh (4.11) wc proc E(K?). ’Epomènwc prokÔptei ìti

E(K?) =
E(Tc)

E(Ti)
. (4.12)

’Omwc h mèsh timă thc sÔnjethc t.m Tc eÐnai isodÔnamh me thn prÿth desmeumènh ropă tou

qrìnou qreokopÐac ψ1(u)/ψ(u), thn opoÐa orÐsame analutikĹ sthn Enìthta 3.2. Epomènwc

isqÔei ìti

E(Tc) = E [T |I(T <∞)]

=
E [T · I(T <∞)]

E [I(T <∞]

=
ψ1(u)

ψ(u)
(4.13)

Antikajistÿntac th sqèsh (4.13) sth sqèsh (4.12), prokÔptei ìti h mèsh timă thc t.m K?

isoÔtai me

E(K?) =

ψ1(u)

ψ(u)
1

λ

= λ
ψ1(u)

ψ(u)
. (4.14)

AntÐstoiqa gia th diakÔmansh thc t.m Tc, isqÔei
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V ar(Tc) = E(K?) V ar(Ti) + E2(Ti) V ar(K
?) (4.15)

Gia na upologÐsoume th diakÔmansh thc t.m K?
, lÔnoume th sqèsh (4.15) wc proc to

V ar(K?). Epomènwc paÐrnoume

V ar(K?) =
V ar(Tc)− E(K?) V ar(Ti)

E2(Ti)

’Omwc, h diakÔmansh thc t.m Tc isoÔtai me to tetrĹgwno thc tupikăc apìklishc, sqèsh

(3.20) pou upologÐsame sta ParadeÐgmata twn ropÿn tou qrìnou qreokopÐac, stic Enìth-

tec 3.3 kai 3.4. Sugkekrimèna paÐrnoume
5

V ar(Tc) = E
(
T 2

c

)
− E2(Tc)

=
ψ2(u)

ψ(u)
−
(
ψ1(u)

ψ(u)

)2

=
ψ2(u) ψ(u)− ψ2

1(u)

ψ2(u)
(4.16)

Epomènwc mèsw thc sqèshc (4.16), prokÔptei

V ar(K?) =

ψ2(u) ψ(u)− ψ2
1(u)

ψ2(u)
− λ ψ1(u)

ψ(u)

1

λ2

1

λ2

= λ2
ψ2(u) ψ(u)− ψ2

1(u)−
ψ1(u) ψ(u)

λ
ψ2(u)

= λ2

[
ψ2(u)

ψ(u)
−
(
ψ1(u)

ψ(u)

)2
]
− λ

ψ1(u)

ψ(u)

Qrhsimopoiÿntac ìmwc tic sqèseic (4.13) kai (4.16), katalăgoume sth sqèsh

V ar(K?) = λ2 V ar(Tc)− λ E(Tc) (4.17)

5
Εδώ η δεύτερη κεντρική ροπή αφορά την τ.µ T 2

c = T 2|T < ∞ και ισούται µε τη δεύτερη δεσµευµένη
ροπή του χρόνου χρεοκοπίαc, ψ2(u)/ψ(u).
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Epeidă ìmwc h diakÔmansh eÐnai mÐa mh-arnhtikă posìthta, ja prèpei na isqÔei ìti

λ

[
ψ2(u)

ψ(u)
−
(
ψ1(u)

ψ(u)

)2
]
≥ ψ1(u)

ψ(u)
⇒

λ V ar(Tc) ≥ E(Tc)

GnwrÐzontac tic sqèseic (4.14) kai (4.17), mporoÔme na upologÐsoume thn deÔterh kentrikă

ropă thc t.m K?
kai sth sunèqeia mèsw autăc na deÐxoume kĹpoiec sqèseic pou prèpei na

isqÔoun. Epomènwc katalăgoume ìti h deÔterh kentrikă ropă thc t.m K?
, isoÔtai me

E
(
K?2

)
= V ar(K?) + E2(K?)

= λ2

[
ψ2(u)

ψ(u)
−
(
ψ1(u)

ψ(u)

)2
]
− λ

ψ1(u)

ψ(u)
+

(
λ
ψ1(u)

ψ(u)

)2

= λ2
ψ2(u)−

ψ1(u)

λ
ψ(u)

. (4.18)

Gia na eÐnai jetikă (> 0) h deÔterh ropă, ja prèpei na isqÔei pĹnta ìti

ψ2(u) >
ψ1(u)

λ

’Ena Ĺllo shmantikì erÿthma pou aforĹ tic sqèseic pou anaptÔxame parapĹnw, eÐnai to

pìte isqÔei ìti

E
(
K?2

)
≥ 2E2(K?) (4.19)

Anisìthtec autăc thc morfăc emfanÐzontai suqnĹ kai èqoun idiaÐterh shmasÐa sth jewrÐa

axiopistÐac. DiaisjhtikĹ mporoÔme na poÔme ìti an isqÔei h sqèsh (4.19), h katanomă thc

K?
èqei bariĹ ourĹ enÿ an isqÔei h antÐstrofh anisìthta

E
(
K?2

)
≤ 2E2(K?),

h katanomă thc K?
èqei elafriĹ ourĹ. Akribèstera, mÐa klĹsh katanomÿn axiopistÐac gia

thn opoÐa isqÔei h sqèsh (4.19) eÐnai h klĹshNWUE (new worse than used in expectation),
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enÿ h antÐstrofh anisìthta isqÔei gia katanomèc pou anăkoun sthn klĹsh axiopistÐac

NBUE (new better than used in expectation). EpÐshc prèpei na anafèroume ìti gia thn

perÐptwsh thc ekjetikăc katanomăc me parĹmetro β isqÔei h isìthta sth sqèsh (4.19).

Autì faÐnetai eÔkola kajÿc gnwrÐzoume ìti h prÿth kentrikă ropă thc Exp(λ) isoÔtai

me λ−1
kai h deÔterh kentrikă ropă me 2λ−2

. Epomènwc antikajistÿntac tic ropèc thc

ekjetikăc katanomăc sth sqèsh (4.19), katalăgoume ìti isqÔei h isìthta.

Gia perissìterec leptomèreiec, blèpe gia parĹdeigma to biblÐo twnMüller & Stoyan (2002).

PaÐrnontac to deÔtero mèloc thc anÐswshc (4.19), prokÔptei apì thn (4.14) ìti

2E2(K?) = 2 λ2 ψ
2
1(u)

ψ2(u)

Apì thn Ĺllh, to prÿto mèloc thc (4.19) èqei upologisteÐ sth sqèsh (4.18), thn opoÐa

fèrnoume sthn morfă pou èqei to 2E2(K?) kai pio sugkekrimèna

E(K?2) = λ2

(
ψ2(u)−

ψ1(u)

λ

)
ψ(u)

ψ2(u)

’Ara isqÔei h anisotikă sqèsh (4.19), an kai mìno an isqÔei ìti(
ψ2(u)−

ψ1(u)

λ

)
ψ(u) ≥ 2 ψ2

1(u)

AfoÔ upologÐsame thn mèsh timă kai th diakÔmansh thc t.m K?
, ètsi ìpwc proèkuyan apì

th sqèsh (4.1) allĹ kai apì thn prosèggish pou părame ìti h t.m K? ∼ NB(r, p), sth

sunèqeia ja qrhsimopoiăsoume thn mèjodo twn ropÿn. ’Etsi exisÿnoume thn prÿth ropă,

sqèsh (4.14), me thn mèsh timă thc arnhtikăc diwnumikăc, pou dÿsame sth sqèsh (4.8),

kajÿc kai th diakÔmansh, sqèsh (4.17), me th diakÔmansh thc arnhtikăc diwnumikăc, pou

dÐnetai apì th sqèsh (4.10). Dhladă paÐrnoume ìti

λ E(Tc) = r
1− p

p

(4.20)

λ2 V ar(Tc)− λ E(Tc) = r
1− p

p2

Me autì ton trìpo katalăxame se èna sÔsthma dÔo exisÿsewn me dÔo agnÿstouc oi opoÐoi

eÐnai oi parĹmetroi r kai p thc arnhtikăc diwnumikăc katanomăc. ’Etsi afoÔ brèjhke ènac

trìpoc sto na upologÐzontai oi parĹmetroi, qrhsimopoiÿntac th sqèsh (4.7) kai me th
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boăjeia tou Mathematica, prokÔptoun oi proseggistikèc timèc gia ton metasqhmatismì

Laplace tou qrìnou qreokopÐac gia tic diĹforec timèc tou arqikoÔ apojematikoÔ u. Prèpei

na epishmĹnoume ìti gia na upologistoÔn oi timèc autăc thc nèac prosèggishc, ja prèpei

na gÐnei aparaÐthta qrăsh hlektronikoÔ upologistă kajÿc eÐnai polÔ dÔskolo na gÐnoun

oi prĹxeic me to Ĺjroisma wc proc k = 0, 1, 2, . . ., tou sunduasmoÔ(
r + k − 1

r − 1

)
,

gia pragmatikèc timèc thc paramètrou r kai gia tic diĹforec timèc tou u. Gia na faneÐ h

duskolÐa autÿn twn prĹxewn, anafèroume ìti gia na mporèsei to Mathematica na upolo-

gÐsei tic prĹxeic thc sqèshc (4.7), bĹzoume mìno tèssera dekadikĹ yhfÐa stic timèc twn r

kai p.

Sthn arqă thc enìthtac sqoliĹsame ìti h nèa prosèggish leitourgeÐ kalĹ mìno gia mi-

krèc timèc tou δ, gegonìc pou faÐnetai kai apì ton parĹgonta

∞∑
k=0

(
λ

λ+ δ

)k

,

thc sqèshc (4.7). ’Oso megalÿnei o suntelestăc proexìflhshc δ, tìso mikraÐnei o para-

pĹnw ìroc me apotèlesma h prosèggish na apomakrÔnetai arketĹ, gia kĹje timă tou u, apì

tic pragmatikèc timèc tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, Kδ(u).

Gia na eÐnai ìmwc kală h prosèggish K
NB

δ (u), ja prèpei upoqrewtikĹ na isqÔoun ta exăc:

• H timă thc paramètrou r na eÐnai jetikă, dhladă na anăkei sto diĹsthma (0,∞),

• kajÿc kai h timă thc paramètrou p na eÐnai jetikă kai na paÐrnei timèc sto diĹsthma
(0, 1).

’Etsi an apì to sÔsthma (4.20) prokÔyoun timèc twn r kai p oi opoÐec den ikanopoioÔn ta

prohgoÔmena, tìte h prosèggish gia ton metasqhmatismì Laplace tou qrìnou qreokopÐ-

ac, mèsw thc arnhtikăc diwnumikăc katanomăc, den mporeÐ na efarmosteÐ. Epomènwc lìgw

thc adunamÐac autăc pou parousiĹzei h prosèggish gia orismènec paramètrouc katanomÿn

apozhmiÿsewn, eisĹgoume mÐa deÔterh, eukolìterh wc proc tic upologistikèc prĹxeic, pro-

sèggish h opoÐa qrhsimopoieÐ ìti h t.m K?
akoloujeÐ mÐa Poisson katanomă me parĹmetro

λ̃, thn opoÐa sumbolÐzoume ètsi gia na thn xeqwrÐzoume apì thn parĹmetro thc anèlixhc
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Poisson, λ, pou qrhsimopoioÔme gia to klasikì montèlo thc jewrÐac kindÔnou, kajÿc oi

dÔo parĹmetroi den èqoun kamÐa apolÔtwc sqèsh metaxÔ touc. H epilogă thc sugkekri-

mènhc diakrităc katanomăc proălje apì to gegonìc ìti, mèsw tou oriakoÔ jewrămatoc

(blèpe Feller (1971)), gia megĹlec timèc thc paramètrou r, h arnhtikă diwnumikă katano-

mă proseggÐzetai eparkÿc apì thn katanomă Poisson(λ̃), me λ̃ = r(p−1−1). H sunĹrthsh

puknìthtac thc Poisson(λ̃) dÐnetai apì th sqèsh

Pr(K? = k) = e−λ̃ λ̃k

k!
, k = 0, 1, . . . (4.21)

AntÐstoiqa ìpwc kĹname kai gia thn perÐptwsh ìpou o arijmìc twn apozhmiÿsewn mèqri

th qreokopÐa akoloujoÔse arnhtikă diwnumikă katanomă, ètsi kai edÿ gia na upologisteÐ

h timă thc paramètrou λ̃ gia kĹje timă tou arqikoÔ apojematikoÔ u, ja prèpei na dÿsoume

ton tÔpo thc mèshc timăc kai diakÔmanshc gia mÐa katanomă Poisson(λ̃). EÐnai gnwstì apì

th jewrÐa pijanotătwn ìti h mèsh timă miac Poisson katanomăc sumpÐptei me th diakÔmansă

thc. Dhladă sth sugkekrimènh perÐptwsh isqÔei ìti

E(K?) = λ̃, (4.22)

kai

V ar(K?) = λ̃. (4.23)

Tÿra antikajistÿntac th sqèsh (4.21) sto basikì tÔpo thc prosèggishc, sqèsh (4.5),

paÐrnoume ìti h prosèggish gia ton metasqhmatismì Laplace tou qrìnou qreokopÐac, mèsw

thc katanomăc Poisson, isoÔtai me

K
Poi

δ (u) =
∞∑

k=0

(
λ

λ+ δ

)k

e−λ̃ λ̃k

k!
. (4.24)

Kai se aută thn perÐptwsh isqÔei o tÔpoc (4.1), mìno pou tÿra h sÔnjeth t.m Tc akoloujeÐ,

proseggistikĹ, mÐa sÔnjeth Poisson katanomă, lìgw tou ìti èqoume proseggÐsei thn t.m

K?
mèsw miac Poisson(λ̃) katanomăc. Epomènwc isqÔoun akribÿc oi sqèseic pou eÐqame

orÐsei parapĹnw gia thn mèsh timă kai diakÔmansh thc t.m K?
, pou prokÔptoun apì tic

ropèc thc sÔnjethc t.m Tc, sqèseic (4.14) kai (4.17) antÐstoiqa. To mìno pou allĹzei se

sqèsh me thn prohgoÔmenh prosèggish, eÐnai oi ropèc pou qrhsimopoioÔme gia thn t.m K?

tic opoÐec upologÐsame stic sqèseic (4.22) kai (4.23) antÐstoiqa. Epeidă ìmwc h katanomă

Poisson èqei mìno mÐa parĹmetro ja qrhsimopoiăsoume kai pĹli thn mèjodo twn ropÿn,

aută thn forĹ ìmwc exisÿnontac mìno thn prÿth ropă thc katanomăc Poisson, sqèsh

(4.22), me thn prÿth ropă pou eÐqame brei apì th sqèsh (4.14). Epomènwc h parĹmetroc λ̃
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prokÔptei apì th lÔsh thc exÐswshc

λ E(Tc) = λ̃⇒

λ
ψ1(u)

ψ(u)
= λ̃. (4.25)

JewrhtikĹ prèpei na anamènoume ìti h prosèggish mèsw arnhtikăc diwnumikăc katanomăc

ja eÐnai kalÔterh, stic periptÿseic pou oi timèc twn paramètrwn r kai p ikanopoioÔn ta

krităria pou jèsame parapĹnw, apì ìti h prosèggish mèsw katanomăc Poisson, diìti ìpwc

anafèrame kai parapĹnw h katanomă Poisson eÐnai mÐa prosèggish thc arnhtikăc diwnu-

mikăc katanomăc me apotèlesma na mhn eÐnai tìso akribăc ìso h arqikă katanomă. ’Omwc

prèpei na anafèroume ìti h prosèggish mèsw katanomăc Poisson èqei to megĹlo pleonè-

kthma ìti upologÐzetai eukolìtera kai se polÔ pio sÔntomo qrìno apì ìti h prosèggish

mèsw arnhtikăc diwnumikăc katanomăc. Epomènwc eĹn apodeÐxoume ìti h K
Poi

δ (u) eÐnai exÐ-

sou kală ă polÔ kontĹ me thn K
NB

δ (u), tìte eÐnai protimìtero na qrhsimopoieÐtai, gia

lìgouc eukolÐac, h katanomă Poisson.

Mèsw twn arijmhtikÿn paradeigmĹtwn pou akoloujoÔn stic epìmenec enìthtec autoÔ tou

kefalaÐou, ja diapistÿsoume ìti h prosèggish mèsw arnhtikăc diwnumikăc katanomăc lei-

tourgeÐ kalÔtera gia katanomèc apozhmiÿsewn me mikrèc timèc paramètrwn, kajÿc gia

megĹlec timèc o upologismìc thc prosèggishc den eÐnai efiktìc lìgw tou ìti oi timèc twn

paramètrwn r kai p den ikanopoioÔn touc periorismoÔc pou èqoume jèsei. Epomènwc se

tètoiec periptÿseic eÐnai logikì ìti den mporoÔme na kĹnoume sÔgkrish metaxÔ twn pro-

seggÐsewn kajÿc gÐnetai qrăsh mìno thc prosèggishc K
Poi

δ (u). EpÐshc ja doÔme ìti gia

megĹlec timèc tou perijwrÐou asfaleÐac θ, gia thn Ðdia katanomă apozhmiÿsewn, h prosèg-

gish gia ton metasqhmatismì Laplace tou qrìnou qreokopÐac K
Poi

δ (u) beltiÿnetai polÔ se

sqèsh me mikrìtera θ kai dÐnei kĹpoiec forèc kalÔtera apotelèsmata apì ìti h prosèggish

K
NB

δ (u), kajÿc oi timèc thc eÐnai pio kontĹ me tic pragmatikèc timèc tou metasqhmatismoÔ

Laplace tou qrìnou qreokopÐac Kδ(u). Ta parapĹnw ja ta doÔme kai ja ta exhgăsoume

analutikìtera sta paradeÐgmata pou akoloujoÔn, sta opoÐa paÐrnoume tic tèsseric dia-

foretikèc katanomèc apozhmiÿsewn pou eÐqame pĹrei kai sto trÐto kefĹlaio me tic ropèc

tou qrìnou qreokopÐac. Gia tic sugkekrimènec katanomèc apozhmiÿsewn, paÐrnoume thn

Ðdia arqikă timă gia to θ, pou eÐqame pĹrei kai sta prohgoÔmena paradeÐgmata, gia na sug-

krÐnoume
6
tic nèec proseggÐseic me thn prosèggish tou Tijms. Epeidă ìmwc se aută thn

6
∆εν συγκρίνουµε τιc νέεc προσεγγίσειc µε την προσέγγιση DeV ylder, καθώc όπωc θα δούµε και στη

συνέχεια είναι ποlύ καlύτερεc από αυτή, για κάθε τιµή του u και του θ, οπότε κάτι τέτοιο δεν θα είχε και

νόηµα να γίνει.
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perÐptwsh h nèa prosèggish mporeÐ na eÐnai oriakĹ kalÔterh apì aută tou Tijms, gia na

gÐnei pio orată h diaforĹ paÐrnoume kai mÐa megĹlh timă gia to θ ìpou ekeÐ perimènoume na

mhn eÐnai tìso kală h prosèggish tou Tijms. ’Etsi an gia mÐa megĹlh timă tou θ oi nèec

proseggÐseic èqoun polÔ mikrìtero posostì sfĹlmatoc apì ìti h prosèggish Tijms, gia

mikrèc timèc tou u, tìte autì shmaÐnei ìti ektìc apì to ìti h idèa sthn opoÐa basÐsth-

ke h prosèggish eÐnai swstă, èqei dhmiourghjeÐ mÐa prosèggish gia ton metasqhmatismì

Laplace tou qrìnou qreokopÐac h opoÐa faÐnetai xekĹjara ìti eÐnai kalÔterh, gia mikrèc

timèc tou u kai gia megĹlec timèc tou θ, apì thn mèqri tìte kalÔterh prosèggish pou eÐ-

qame, thn prosèggish Tijms. Bèbaia tètoiec megĹlec timèc gia to θ den qrhsimopoioÔntai

sthn prĹxh, aplĹ tic paÐrnoume gia na deÐxoume eĹn h nèa prosèggish leitourgeÐ swstĹ.

Gia mikrèc timèc tou θ den ja asqolhjoÔme kajÿc h prosèggish tou Tijms eÐnai pĹra polÔ

kală kai den prìkeitai na faneÐ kĹpoia aisjhtă diaforĹ se sÔgkrish me tic nèec proseg-

gÐseic. Epomènwc stìqoc mac edÿ eÐnai na deÐxoume gia poièc periptÿseic kĹpoia apì tic

dÔo nèec proseggÐseic ă kai oi dÔo, eÐnai polÔ kalÔterec apì thn prosèggish Tijms, gia

mikrèc timèc tou arqikoÔ apojematikoÔ u.

Tèloc san paratărhsh, epeidă h arqikă skèyh gia ton upologismì twn nèwn proseggÐ-

sewn ătan h t.m K?
na paÐrnei akèraiec jetikèc timèc, ètsi ìpwc dìjhke sth sqèsh (4.5),

ja èprepe na tropopoihjoÔn kai oi dÔo diakritèc katanomèc pou epilèxame, kajÿc h sunĹr-

thsh puknìthtac kai twn dÔo katanomÿn orÐzetai gia K? = 0, 1, 2, . . .. KĹti tètoio gÐnetai

arketĹ eÔkola afoÔ mporoÔme na orÐsoume mÐa t.m K̃ h opoÐa ja isoÔtai me

K̃ = K?|K? > 0

Epeidă ìmwc isqÔei ìti

Pr(K̃ = k) = Pr(K?|K? > 0)

=
Pr(K? = k)

Pr(K? > 0)

=
Pr(K? = k)

1− Pr(K? = 0)
,

eÐnai arketĹ eÔkolo na metatrèyoume tic dÔo katanomèc ètsi ÿste h t.m K?
na paÐrnei

akèraiec jetikèc timèc. ’Etsi diairÿntac tic sqèseic (4.6) kai (4.21) antÐstoiqa, me ton ìro

1−Pr(K? = 0), èqoume katafèrei na metatopÐsoume thn arnhtikă diwnumikă katanomă kai

thn katanomă Poisson, gia K̃ = 1, 2, . . .. Oi dÔo autèc metatopismènec katanomèc prèpei

na anaferjeÐ ìti èqoun diaforetikă mèsh timă kai diakÔmansh apì autèc pou eÐqan dojeÐ

stic sqèseic (4.8), (4.10) kai (4.22), (4.23) antÐstoiqa. ’Omwc ìpwc eÐpame kai sthn arqă
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thc enìthtac, h sugkekrimènh prosèggish den leitourgeÐ kajÿc dÐnei entelÿc lanjasmènec

timèc kai gia autì ton lìgo qrhsimopoieÐtai h prosèggish K
MP

δ (u) gia ton metasqhmatismì

Laplace tou qrìnou qreokopÐac.

Ta parapĹnw ta anafèroume kajÿc ìtan upĹrqei kĹpoia skèyh gia to pÿc mporeÐ na dh-

miourghjeÐ kĹpoia posìthta pou mporeÐ na èqei kĹpoio shmantikì endiafèron, kai sth

prokeimènh perÐptwsh h prosèggish gia ton metasqhmatismì Laplace tou qrìnou qreo-

kopÐac, eÐnai arketĹ dÔskolo na epiteuqjeÐ qwrÐc idiaÐterh prospĹjeia kai qwrÐc dokimèc.

’Etsi mèsa apì kĹpoia lĹjh kai adunamÐec pou endèqetai na èqei h arqikă posìthta pou

èqei kataskeuasteÐ, mporeÐ na beltiwjeÐ kai na mac odhgăsei se apotelèsmata me megĹlo

endiafèron kai qrhsimìthta.

4.2 Oi nèec proseggÐseic K
NB
δ (u) kai K

Poi
δ (u) gia

meÐxh triÿn ekjetikÿn katanomÿn.

Stìqoc thc sugkekrimènhc enìthtac allĹ kai twn upoloÐpwn pou ja akoloujăsoun, eÐnai

na parousiĹsoume gia tic katanomèc apozhmiÿsewn pou èqoume qrhsimopoiăsei èwc tÿra,

kai sta prohgoÔmena kefĹlaia allĹ kai sta parartămata pou upĹrqoun sto tèloc thc

ergasÐac, tic nèec proseggÐseic pou eisagĹgame sthn Enìthta 4.1, dhladă na elègxoume

katĹ pìso kalĹ leitourgoÔn kai sth sunèqeia na tic sugkrÐnoume me thn èwc tÿra kalÔte-

rh prosèggish pou eÐnai aută tou Tijms. EpÐshc paÐrnontac dÔo diaforetikèc timèc gia to

perijÿrio asfĹleiac θ, mÐa mètria kai mÐa megĹlh timă, mporoÔme na doÔme akribÿc se poiec

periptÿseic leitourgeÐ kalÔtera, se sqèsh me thn prosèggish Tijms, èstw mÐa apì tic

dÔo nèec proseggÐsec pou èqoume kataskeuĹsei. Epomènwc sto tèloc tou kefalaÐou ja

èqoume bgĹlei arketĹ sumperĹsmata gia tic nèec proseggÐseic K
NB

δ (u) kai K
Poi

δ (u). Tè-

loc anafèroume ìti epeidă oi dÔo nèec proseggÐseic eÐnai dÔskolec ston upologismì touc,

idÐwc h prosèggish tou metasqhmatismoÔ Laplace mèsw arnhtikăc diwnumikăc katanomăc,

èqoun qrhsimopoihjeÐ gia ìlec tic prĹxeic, apotelèsmata kai diagrĹmmata to prìgramma

Mathematica, qwrÐc to opoÐo7 den ja eÐqame thn dunatìthta na upologÐsoume tic prĹxeic

pou apaitoÔntai gia na doÔme to pÿc leitourgoÔn oi dÔo nèec proseggÐseic.

Gia arqă, paÐrnoume thn katanomă apozhmiÿsewn pou eÐqame sto ParĹdeigma 2.2.1, dh-

ladă mÐa meÐxh triÿn ekjetikÿn katanomÿn me sv.p.p

7
Φυσικά συµπεριlαµβάνουµε και κάποια άllα προγράµµατα που έχουν τιc ίδιεc δυνατότητεc µε το

Mathematica, καθώc οποιοδήποτε τέτοιο πρόγραµµα µπορεί να επιlύσει τιc συγκεκριµένεc πράξειc.
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f(x) =
1

3
2 e−2x +

1

3
4 e−4x +

1

3
6 e−6x,

èqontac upojèsei ìti c = 1, λ = 2 kai δ = 0.05. Epomènwc gnwrÐzontac ìti θ = 7/11,

prokÔptoun oi exăc basikèc posìthtec pou èqoun upologisteÐ analutikĹ sto KefĹlaio 2.

H pijanìthta qreokopÐac (δ = 0) dÐnetai apì th sqèsh (2.12), enÿ o metasqhmatismìc

Laplace tou qrìnou qreokopÐac (δ > 0), apì th sqèsh (2.16).

EpÐshc gia th sunèqeia ja qreiastoÔme kai thn prosèggish Tijms gia ton metasqhmatismì

Laplace tou qrìnou qreokopÐac, thn opoÐa jèloume na sugkrÐnoume me tic nèec proseg-

gÐseic pou ja kataskeuĹsoume sth sunèqeia thc paroÔsac enìthtac. JumÐzoume ìti me

thn efarmogă thc prosèggishc Tijms ìqi sthn arqikă katanomă twn apozhmiÿsewn, allĹ

sthn kainoÔria katanomă apozhmiÿsewn, fδ(x), pou prokÔptei apì thn posìthta Gδ(x),
8

paÐrnoume mèsw tou Mathematica ìti h K
Tijms

δ (u) isoÔtai me th sqèsh (2.17).

’Opwc anafèrame kai sthn prohgoÔmenh Enìthta, gia na kataskeuĹsoume tic dÔo nèec

proseggÐseic ja prèpei prÿta na broÔme thn prÿth kai deÔterh desmeumènh ropă tou qrì-

nou qreokopÐac gia th sugkekrimènh katanomă apozhmiÿsewn, f(x). ’Omwc oi dÔo autèc

ropèc èqoun upologisteÐ analutikĹ, me th boăjeia tou Mathematica, sthn Enìthta 3.3

kai dÐnontai apì tic sqèseic (3.18) kai (3.19) antÐstoiqa. Gia na upologÐsoume tÿra tic

paramètrouc twn dÔo katanomÿn pou mac endiafèroun, exisÿnoume tic ropèc thc sÔnjethc

t.m K?
me tic ropèc thc katanomăc pou mac endiafèrei, sqèseic (4.20) kai (4.25) antÐstoiqa.

Gia thn prÿth prosèggish, sthn opoÐa proseggÐzoume thn katanomă tou arijmoÔ twn apo-

zhmiÿsewn èwc th qreokopÐa me mÐa arnhtikă diwnumikă katanomă, paÐrnoume to sÔsthma

dÔo exisÿsewn me dÔo agnÿstouc, sqèsh (4.20). Sth sunèqeia mèsw katĹllhlhc entolăc

sto Mathematica brÐskoume tic lÔseic gia tic paramètrouc r kai p, gia kĹje timă tou

arqikoÔ apojematikoÔ u. ’Ara to mìno pou mènei tÿra eÐnai na gÐnei qrăsh tou tÔpou thc

prosèggishc K
NB

δ (u), pou dÐnetai apì th sqèsh (4.7) kai edÿ gia na upologisteÐ paÐrnei

thn morfă

K
NB

δ (u) =
∞∑

k=0

(
2

2 + 0.05

)k
(r + k − 1)!

k!(r − 1)!
pr(1− p)k

(4.26)

×
(
0.0166231 e−5.58503 u + 0.0436979 e−3.4447 u + 0.55079 e−0.970262 u

)
,

8
Να θυµίσουµε ότι η συγκεκριµένη ποσότητα lειτουργεί ωc κατανοµή ισορροπίαc σε µία καινούρια κατα-

νοµή αποζηµιώσεων την οποία συµβοlίζουµε µε fδ(x).
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kai na upologÐsoume gia kĹje timă tou u tic timèc pou paÐrnei h parapĹnw prosèggish.

Epeidă ìmwc prèpei na antikajistoÔme ston tÔpo thc prosèggishc, gia kĹje timă tou u,

diaforetikèc timèc twn paramètrwn r kai p, pou ìpwc eÐpame proèkuyan apì th lÔsh tou su-

stămatoc (4.20), eÐnai arketĹ qronobìroc o upologismìc autăc thc prosèggishc. EpÐshc

sth sqèsh (4.26), gia na mporèsei to Mathematica na upologÐsei tic prĹxeic qrhsimo-

poioÔme mìno tèssera dekadikĹ yhfÐa metĹ thn upodiastolă, gia tic paramètrouc r kai

p. ’Ara katalabaÐnoume pìso pio dÔskolh9 eÐnai h efarmogă thc prosèggishc K
NB

δ (u),

se sqèsh me thn arketĹ pio aplă prosèggish Tijms. Sth sunèqeia, ètsi ìpwc kĹname

kai sthn prosèggish Tijms, sugkrÐnoume tic proseggistikèc timèc pou upologÐsame me

tic pragmatikèc timèc tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, Kδ(u). Gia

na gÐnei aută h sÔgkrish, kataskeuĹzoume gia arqă èna koinì diĹgramma twn K
NB

δ (u) kai

Kδ(u). ’Omwc epeidă brÐskoume diakritèc timèc gia thn nèa prosèggish, h grafikă thc

parĹstash den ja eÐnai mÐa suneqăc grammă allĹ ja eÐnai shmeÐa pĹnw sto epÐpedo. O

aploÔsteroc trìpoc gia na metatrapeÐ se suneqă, eÐnai na pĹroume polÔ kontinèc timèc gia

to u kai na upologÐsoume tic timèc thc prosèggishc gia autĹ ta u. ’Etsi èqontac polÔ kon-

tinĹ
10
diakritĹ shmeÐa sto epÐpedo, me katĹllhlh entolă sto Mathematica mporoÔme na

enÿsoume autĹ ta shmeÐa ètsi ÿste na faÐnetai h grafikă parĹstash wc suneqăc. Bèbaia

gia na gÐnei kĹti tètoio apaiteÐtai arketă ÿra, kajÿc ja prèpei na broÔme arketèc timèc

thc prosèggishc K
NB

δ (u), gia kontinèc timèc tou u.

KataskeuĹzontac th grafikă parĹstash thc K
NB

δ (u), me ton trìpo pou perigrĹyame para-

pĹnw, kai sugkrÐnontĹc thn me th grafikă parĹstash thc Kδ(u) pou dÐnetai apì th sqèsh

(2.16), paÐrnoume to parakĹtw koinì diĹgramma 4.1.

Apì to Sqăma 4.1, parathroÔme ìti oi timèc thc nèac prosèggishc eÐnai pĹra polÔ kontĹ

me tic pragmatikèc timèc, gegonìc pou sunhgoreÐ kai to ìti den mporoÔme na diakrÐnoume

kĹpoia diaforĹ anĹmesa stic dÔo grafikèc parastĹseic. Epomènwc katalăgoume sto sum-

pèrasma ìti h nèa prosèggish K
NB

δ (u) eÐnai mÐa polÔ kală prosèggish. Den mporoÔme

ìmwc apì edÿ na katalĹboume eĹn eÐnai kalÔterh apì aută tou Tijms, afoÔ kai se ekeÐnh

thn perÐptwsh den mporoÔsame na diakrÐnoume ta diagrĹmmata metaxÔ touc. Epomènwc gia

na gÐnei h sÔgkrish metaxÔ twn proseggÐsewn akoloujoÔme kai ènan deÔtero trìpo, ìmoio

me autì pou eÐqame akoloujăsei kai gia thn prosèggish Tijms sthn Enìthta 2.2.

9
Αυτό το µειονέκτηµα το έχουµε αναφέρει και στην παρουσίαση τηc προσέγγισηc K

NB

δ (u), που έγινε
στην Ενότητα 4.1.

10
Θέlουµε τα σηµεία να είναι αρκετά κοντά µεταξύ τουc έτσι ώστε να είµαστε σίγουροι ότι αν ενώσουµε

αυτά τα σηµεία, δεν θα φαίνεται κάποια ασυνέχεια στο διάγραµµα.
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Sqăma 4.1: Koinì diĹgramma twn grafikÿn parastĹsewn tou pragmatikoÔ metasqhmati-

smoÔ Laplace tou qrìnou qreokopÐac, Kδ(u), kai tou proseggistikoÔ, K
NB

δ (u), gia meÐxh

triÿn ekjetikÿn katanomÿn me θ = 7/11 kai δ = 0.05.

O deÔteroc trìpoc gia na doÔme thn apotelesmatikìthta thc prosèggishc, eÐnai na upo-

logÐsoume to posostiaÐo sfĹlma pou upĹrqei anĹmesa stic timèc thc prosèggishc tou

metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, K
NB

δ (u), kai stic pragmatikèc timèc

tou, pou brÐskontai gia kĹje timă tou u apì th sqèsh (2.16). ’Etsi paÐrnontac th sunĹr-

thsh

per(u) =
K

NB

δ (u)−Kδ(u)

Kδ(u)
· 100, (4.27)

kai antikajistÿntac ston tÔpo tic proseggistikèc kai pragmatikèc timèc tou metasqhma-

tismoÔ Laplace tou qrìnou qreokopÐac, gia kĹje timă tou u, mporoÔme na doÔme akribÿc

poio eÐnai to posostiaÐo sfĹlma (%) gia kĹje timă tou u. H grafikă parĹstash thc su-

nĹrthshc per(u) parousiĹzetai grafikĹ mazÐ me tic grafikèc parastĹseic tou posostiaÐou

sfĹlmatoc thc prosèggishc K
Poi

δ (u) pou ja upologisteÐ sth sunèqeia, kajÿc kai thc

prosèggishc Tijms pou èqei upologisteÐ sto kefĹlaio 2 kai dÐnetai grafikĹ apì thn mple

grammă tou sqămatoc 2.13. To sugkekrimèno koinì diĹgramma parousiĹzetai sth sunèqeia

sto Sqăma 4.3.

Gia to sugkekrimèno parĹdeigma, paÐrnoume timèc gia to u sto diĹsthma [0, 3] me băma

0.1 kai apì to 3.1 èwc to 6 me diaforetikì băma, ètsi ÿste na mporèsoume na ftiĹxoume to

suneqèc diĹgramma 4.1. Oi timèc tou u pou èqoume epilèxei, oi timèc thc prosèggishc gia ta
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sugkekrimèna u, kajÿc kai oi timèc twn paramètrwn thc arnhtikăc diwnumikăc katanomăc

r kai p, gia thn perÐptwsh pou èqoume θ = 7/11, dÐnontai analutikĹ ston parakĹtw pÐnaka

4.1.

u K
NB

δ (u) Kδ(u) r p

0 0.585267 0.585105 0.294541 0.133662

0.1 0.512754 0.512595 0.346527 0.129999

0.2 0.452577 0.452409 0.395239 0.127569

0.3 0.401622 0.401472 0.440873 0.125724

0.4 0.357862 0.357705 0.483841 0.124199

0.5 0.319812 0.319658 0.524586 0.122877

0.6 0.286433 0.286288 0.56352 0.121697

0.7 0.256956 0.256825 0.600995 0.120628

0.8 0.230821 0.23068 0.637302 0.119652

0.9 0.207524 0.207391 0.672679 0.118755

1 0.186718 0.186586 0.707315 0.117928

1.1 0.168075 0.167959 0.741364 0.117165

1.2 0.151367 0.151255 0.774945 0.11646

1.3 0.136351 0.136256 0.808157 0.115806

1.4 0.122866 0.122775 0.841077 0.1152

1.5 0.110728 0.110649 0.873765 0.114638

1.6 0.0998122 0.0997355 0.906271 0.114115

1.7 0.0899795 0.0899089 0.938634 0.113628

1.8 0.0811295 0.0810578 0.970885 0.113175

1.9 0.0731535 0.0730832 1.00305 0.112751

2 0.0659604 0.0658969 1.03515 0.112356

2.1 0.0594761 0.0594197 1.0672 0.111986

2.2 0.0536282 0.053581 1.09921 0.111639

2.3 0.0483631 0.0483173 1.13119 0.111314

2.4 0.0436142 0.0435716 1.16315 0.111008

2.5 0.0393314 0.0392927 1.19509 0.110721

2.6 0.0354719 0.0354344 1.22703 0.11045

2.7 0.0319899 0.0319553 1.25896 0.110194
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2.8 0.0288464 0.028818 1.29089 0.109953

2.9 0.0260169 0.0259889 1.32282 0.109725

3 0.023464 0.0234377 1.35476 0.109509

3.3 0.0173199 0.017191 1.45057 0.108423

3.5 0.0140894 0.0139818 1.51447 0.108582

3.8 0.0103347 0.0102556 1.61036 0.108125

4 0.00835401 0.00834116 1.67431 0.107853

4.2 0.00679386 0.0678411 1.73829 0.107604

4.5 0.00501541 0.00497615 1.83428 0.107266

4.8 0.00365629 0.00365001 1.93031 0.106965

5 0.00297372 0.00296867 1.99435 0.106783

5.5 0.00178562 0.00177105 2.1545 0.106379

5.8 0.00130945 0.00129907 2.25063 0.106166

6 0.00105842 0.00105657 2.31472 0.106035

7 0.000376877 0.000376042 2.6353 0.105484

8 0.000134185 0.000133836 2.95602 0.105061

9 0.0000477519 0.0000476334 3.27683 0.104725

10 0.0000170073 0.0000169531 3.59771 0.104453

PÐnakac 4.1: PÐnakac timÿn tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, thc

nèac prosèggishc K
NB

δ (u) kai twn paramètrwn thc proseggistikăc NB katanomăc, gia

meÐxh triÿn ekjetikÿn katanomÿn kai θ = 7/11.

AntÐstoiqh eÐnai kai h diadikasÐa gia thn eÔresh twn timÿn thc prosèggishc K
Poi

δ (u), gia

kĹje timă tou arqikoÔ apojematikoÔ u. Gia aută thn prosèggish, ìpwc èqoume anafèrei

kai sthn Enìthta 4.1, qreiazìmaste mìno thn prÿth desmeumènh ropă tou qrìnou qreo-

kopÐac gia na broÔme tic timèc thc paramètrou λ̃, mèsw thc sqèshc (4.25), pou qreiĹzontai

gia thn proseggistikă katanomă Poisson. ’Etsi antikajistÿntac tic timèc tou λ̃ gia tic

diĹforec timèc tou u, sth sqèsh

K
Poi

δ (u) =
∞∑

k=0

(
2

2 + 0.05

)k

e−λ̃ λ̃k

k!

(4.28)

×
(
0.0166231 e−5.58503 u + 0.0436979 e−3.4447 u + 0.55079 e−0.970262 u

)
,

brÐskoume gia kĹje timă tou u tic proseggistikèc timèc tou metasqhmatismoÔ Laplace tou

qrìnou qreokopÐac, K
Poi

δ (u). O upologismìc twn prĹxewn sth sqèsh (4.28), gia kĹje
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timă twn u kai λ̃, eÐnai arketĹ pio eÔkoloc kai grăgoroc apì ìti sthn perÐptwsh thc

prosèggishc K
NB

δ (u) pou eÐqe dojeÐ apì th sqèsh (4.26). Sth sunèqeia jèloume na doÔme

katĹ pìso kală eÐnai h prosèggish se sqèsh me tic pragmatikèc timèc, allĹ kai se sqèsh

me thn prohgoÔmenh prosèggish pou upologÐsame. ’Omwc ìpwc ja doÔme kai sth sunèqeia,

kataskeuĹzontac se koinì diĹgramma to posostiaÐo sfĹlma pou èqei h kĹje prosèggish,

h prosèggish K
Poi

δ (u) mporeÐ na eÐnai eukolìterh ston upologismì, allĹ den proseggÐzei

tic pragmatikèc timèc me thn akrÐbeia pou tic proseggÐzei h K
NB

δ (u).

Epeidă kai se aută thn perÐptwsh brÐskoume diakritĹ tic timèc thc prosèggishc, gia kĹje

timă tou u, kataskeuĹzoume th grafikă parĹstash autÿn twn timÿn akoloujÿntac thn

Ðdia diadikasÐa me prin, kai sth sunèqeia th sugkrÐnoume me th grafikă parĹstash tou

pragmatikoÔ metasqhmatismoÔ Laplace tou qrìnou qreokopÐac. To koinì diĹgramma autÿn

twn dÔo grafhmĹtwn dÐnetai sto parakĹtw Sqăma 4.2.
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Sqăma 4.2: Koinì diĹgramma twn grafikÿn parastĹsewn tou pragmatikoÔ metasqhmati-

smoÔ Laplace tou qrìnou qreokopÐac, Kδ(u), kai tou proseggistikoÔ, K
Poi

δ (u), gia meÐxh

triÿn ekjetikÿn katanomÿn me θ = 7/11 kai δ = 0.05.

Apì to Sqăma 4.2, den mporoÔme na parathrăsoume na upĹrqei kĹpoia diaforĹ anĹmesa stic

dÔo grafikèc parastĹseic. Gia autì ton lìgo gia na doÔme akribÿc pìso kontĹ ă makriĹ

antÐstoiqa, eÐnai oi timèc thc prosèggishc K
Poi

δ (u) se sqèsh me tic pragmatikèc timèc,

allĹ kai gia na doÔme poia prosèggish apì tic treic eÐnai h kalÔterh, kataskeuĹzoume èna

diĹgramma to opoÐo perièqei to psostiaÐo sfĹlma pou èqei h kĹje prosèggish, gia thn Ðdia

timă tou perijwrÐou asfaleÐac, θ = 7/11. To sugkekrimèno diĹgramma parousiĹzetai sth

sunèqeia, sto Sqăma 4.3.
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Sqăma 4.3: PosostiaÐo sfĹlma twn proseggÐsewn K
Tijms

δ (u), K
NB

δ (u) kai K
Poi

δ (u), gia

meÐxh triÿn ekjetikÿn katanomÿn me θ = 7/11 kai δ = 0.05.

Apì to Sqăma 4.3, katarqĹc parathroÔme ìti h prosèggish K
NB

δ (u) eÐnai polÔ kalÔte-

rh gia ìlec tic timèc tou u apì ìti h prosèggish K
Poi

δ (u), kajÿc eÐnai pio kontĹ me tic

pragmatikèc timèc Kδ(u). Epomènwc eÐmaste sÐgouroi ìti gia th sugkekrimènh perÐptwsh h

prosèggish K
Poi

δ (u) den eÐnai tìso ikanopoihtikă ìso eÐnai oi Ĺllec dÔo pou qrhsimopoioÔ-

me. Sth sunèqeia blèpoume ìti gia mikrèc timèc tou arqikoÔ apojematikoÔ u, h prosèggish

K
NB

δ (u) eÐnai kalÔterh apì aută tou Tijms kai sugkekrimèna perÐpou mèqri to u = 1.5.

Apì ekeÐ kai pèra h prosèggish Tijms eÐnai kalÔterh lìgw thc swstăc asumptwtikăc

sumperiforĹc pou th diakrÐnei gia megĹlec timèc tou u. Epomènwc gia tic mikrèc timèc tou

u, dhladă perÐpou mèqri thn timă 1.5 epilègoume na paÐrnoume tic timèc thc prosèggishc

K
NB

δ (u) gia ton metasqhmatismì Laplace tou qrìnou qreokopÐac, enÿ gia u = 0 kai gia

u > 1.5 protimĹme thn prosèggish Tijms. ’Ara katalăgoume sto sumpèrasma ìti gia

th sugkekrimènh katanomă apozhmiÿsewn kai gia tic timèc twn paramètrwn pou èqoume

upojèsei, katafèrame na dhmiourgăsoume mÐa nèa prosèggish, K
NB

δ (u), h opoÐa na eÐnai

kalÔterh gia tic timèc tou arqikoÔ apojematikoÔ pou mac endiafèroun perissìtero, dhladă

gia tic mikrèc timèc tou u apì thn mèqri tÿra kalÔterh prosèggish pou eÐqame, dhladă thn

prosèggish Tijms. Bèbaia epeidă h nèa prosèggish pou kataskeuĹsame den èqei th swstă

asumptwtikă sumperiforĹ gia megĹlec timèc tou u ă thn akribă timă gia u = 0 ìpwc èqei h

prosèggish Tijms, sunduĹzoume tic dÔo proseggÐseic gia tic timèc tou u pou emfanÐzetai

kĹpoia apì tic dÔo proseggÐseic wc h kalÔterh. Epeidă ìmwc edÿ den faÐnetai tìso polÔ h

diaforĹ twn dÔo proseggÐsewn, jèloume na dÿsoume èna parĹdeigma sto opoÐo na faÐnetai

xekĹjara h uperoqă kĹpoiac ă kai twn dÔo nèwn proseggÐsewn se sqèsh me thn prosèggish

Tijms. Gia na gÐnei autì ja prèpei na megalÿsoume thn timă tou perijwrÐou asfaleÐac θ
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ètsi ÿste na megalÿsei to posostiaÐo sfĹlma thc prosèggishc Tijms. UpenjumÐzoume

ìti gia megĹlec timèc tou θ to posostiaÐo sfĹlma twn nèwn proseggÐsewn den ephreĹzetai

se megĹlo bajmì, se antÐjesh me autì thc prosèggishc Tijms. EkeÐ pou den eÐnai kajìlou

kalèc oi nèec proseggÐseic eÐnai gia megĹlec timèc tou δ kai gia autì ton lìgo kratĹme se

ìla ta paradeÐgmata ìti δ = 0.05.

EpÐshc oi timèc thc prosèggishc K
Poi

δ (u) kai h timă thc paramètrou thc Poisson ka-

tanomăc λ̃, gia tic diĹforec timèc tou u, dÐnontai analutikĹ ston epìmeno pÐnaka11 4.2.

u K
Poi

δ (u) Kδ(u) λ̃

0 0.583308 0.585105 1.90909

0.1 0.510619 0.512595 2.31908

0.2 0.450331 0.452409 2.703

0.3 0.399345 0.401472 3.06581

0.4 0.355566 0.357705 3.41184

0.5 0.317534 0.319658 3.74462

0.6 0.284199 0.286288 4.067

0.7 0.254788 0.256825 4.38122

0.8 0.228702 0.23068 4.68902

0.9 0.205482 0.207391 4.99176

1 0.184751 0.186586 5.29053

1.1 0.166203 0.167959 5.58614

1.2 0.149579 0.151255 5.87925

1.3 0.134662 0.136256 6.17037

1.4 0.121262 0.122775 6.45991

1.5 0.109217 0.110649 6.74819

1.6 0.098383 0.0997355 7.03546

1.7 0.0886342 0.0899089 7.32193

1.8 0.0798585 0.0810578 7.60776

1.9 0.0719568 0.0730832 7.89307

2 0.0648406 0.0658969 8.17797

2.1 0.0584307 0.0594197 8.46254

2.2 0.0526561 0.053581 8.74685

2.3 0.0474535 0.0483173 9.03095

11
Εδώ παίρνουµε τιµέc για το αρχικό αποθεµατικό µέχρι την τιµή u = 6, καθώc από εκεί και πέρα οι τιµέc

είναι σχεδόν µηδενικέc και δεν έχει νόηµα να υποlογίζουµε κάθε φορά τόσεc ποllέc τιµέc.
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2.4 0.0427659 0.0435716 9.31488

2.5 0.038542 0.0392927 9.59868

2.6 0.0347356 0.0354344 9.88236

2.7 0.0313055 0.0319553 10.166

2.8 0.028214 0.028818 10.4495

2.9 0.0254286 0.0259889 10.733

3 0.022918 0.0234377 11.0164

3.3 0.0167783 0.017191 11.8665

3.5 0.013629 0.0139818 12.4332

3.8 0.00997804 0.0102556 13.2831

4 0.00810527 0.00834116 13.8496

4.2 0.00658399 0.0678411 14.4162

4.5 0.00482029 0.00497615 15.266

4.8 0.00352905 0.00365001 16.1158

5 0.00286669 0.00296867 16.6823

5.5 0.00170486 0.00177105 18.0987

6 0.0010139 0.00105657 19.515

PÐnakac 4.2: PÐnakac timÿn tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, thc

nèac prosèggishc K
Poi

δ (u) kai thc paramètrou thc proseggistikăc katanomăc Poisson,

gia meÐxh triÿn ekjetikÿn katanomÿn kai θ = 7/11.

Sth sunèqeia allĹzoume thn timă tou θ upojètontac ìti c = 1.5 kai λ = 2. ’Etsi

gnwrÐzontac kai ìti h prÿth ropă thc f(x) isoÔtai me p1 = 0.305556, mèsw thc sqèshc

(1.3), prokÔptei ìti

θ = 1.45455.

Mèsw thc pijanìthtac qreokopÐac pou èqei upologisteÐ ădh sthn Enìthta 3.3 kai sug-

kekrimèna dÐnetai apì th sqèsh (3.22), katalăxame me th boăjeia tou Mathematica ìti h

prÿth kai deÔterh desmeumènh ropă tou qrìnou qreokopÐac, dÐnontai apì tic sqèseic (3.23)

kai (3.24) antÐstoiqa. EpÐshc akoloujÿntac thn Ðdia diadikasÐa pou ègine kai sthn perÐ-

ptwsh pou Ðsque θ = 7/11 (blèpe Enìthta 2.2) gia ton upologismì tou metasqhmatismoÔ

Laplace tou qrìnou qreokopÐac, katalăgoume ìti

Kδ(u) = 0.023496 e−5.68051 u + 0.0567362 e−3.59692 u + 0.318978 e−1.41138 u
(4.29)

EpÐshc mèsw twn sqèsewn (2.10), (2.11) kai (2.9), katalăgoume ìti h prosèggish Tijms

gia ton metasqhmatismì Laplace tou qrìnou qreokopÐac, isoÔtai me
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K
Tijms

δ (u) = 0.0802267 e−4.03045 u + 0.318984 e−1.41138 u
(4.30)

Xekinÿntac me thn prosèggish K
NB

δ (u), oi timèc thc opoÐac dÐnontai apì th sqèsh

K
NB

δ (u) =
∞∑

k=0

(
2

2 + 0.05

)k
(r + k − 1)!

k!(r − 1)!
pr(1− p)k

(4.31)

×
(
0.0231392 e−5.67921 u + 0.0559842 e−3.5938 u + 0.328284 e−1.39366 u

)
,

gia kĹje timă tou arqikoÔ apojematikoÔ u kai twn paramètrwn r kai p pou brÐskontai lÔ-

nontac to sÔsthma (4.20). Gia na kataskeuĹsoume to grĹfhma twn proseggistikÿn timÿn

pou brÐskoume, paÐrnoume kontinèc timèc gia to u, ètsi ÿste na mporoÔme na enÿsoume ta

diakritĹ shmeÐa kai na mporèsoume sth sunèqeia na doÔme pìso kontĹ eÐnai me tic pragma-

tikèc timèc. Edÿ epeidă to θ eÐnai megalÔtero apì prin, o metasqhmatismìc Laplace tou

qrìnou qreokopÐac fjÐnei grhgorìtera sto mhdèn se sqlesh me thn perÐptwsh pou Ðsque

θ = 7/11. Gia autì ton lìgo paÐrnoume timèc èwc to u = 4, afoÔ apì ekeÐ kai pèra oi timèc

tou Kδ(u) gÐnontai sqedìn mhdenikèc. To koinì diĹgramma thc Kδ(u), pou dÐnetai apì th

sqèsh (4.29), kai thc prosèggishc K
NB

δ (u), pou dÐnetai gia kĹje timă tou u apì th sqèsh

(4.31), qrhsimopoieÐtai gia na doÔme katĹ pìso kontĹ eÐnai oi dÔo grafikèc parastĹseic

kai dÐnetai apì to parakĹtw Sqăma 4.4.

Apì to Sqăma 4.4, den mporoÔme na bgĹloume asfală sumperĹsmata sto na poÔme an

h prosèggish eÐnai kală, kajÿc parathrÿntac to den mporoÔme na diakrÐnoume diaforĹ

anĹmesa sta dÔo diagrĹmmata. FusiologikĹ autì mac upodeiknÔei ìti h prosèggish eÐnai

kală, allĹ den xèroume akribÿc pìso kală kai akribăc eÐnai. Gia autì ton lìgo kata-

skeuĹzoume èna diĹgramma pou anaparistĹ to posostiaÐo sfĹlma pou upĹrqei anĹmesa

sthn prosèggish K
NB

δ (u) kai sthn pragmatikă Kδ(u). Epomènwc gia kĹje timă tou u,

antikajistÿntac tic proseggistikèc kai pragmatikèc timèc sth sqèsh (4.27), paÐrnoume

poio eÐnai to posostiaÐo sfĹlma gia kĹje timă tou arqikoÔ apojematikoÔ.
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Sqăma 4.4: Koinì diĹgramma twn grafikÿn parastĹsewn tou pragmatikoÔ metasqhmati-

smoÔ Laplace tou qrìnou qreokopÐac, Kδ(u), kai tou proseggistikoÔ, K
NB

δ (u), gia meÐxh

triÿn ekjetikÿn katanomÿn me θ = 1.45455 kai δ = 0.05.

Gia thn prosèggish K
Poi

δ (u), akoloujoÔme thn Ðdia diadikasÐa me prin me mình diaforĹ

ìti oi timèc thc prosèggishc dÐnontai, gia kĹje timă tou u, apì th sqèsh

K
Poi

δ (u) =
∞∑

k=0

(
2

2 + 0.05

)k

e−λ̃ λ̃k

k!

(4.32)

×
(
0.0231392 e−5.67921 u + 0.0559842 e−3.5938 u + 0.328284 e−1.39366 u

)
.

SugkrÐnontac tic proseggistikèc timèc, pou brÐskontai apì th parapĹnw sqèsh (4.32), me

tic pragmatikèc timèc thc sqèshc (4.29), katalăgoume sto na kataskeuĹsoume to parakĹ-

tw koinì diĹgramma 4.5 pou perièqei tic grafikèc parastĹseic twn dÔo posothtwn.

’Opwc kai prohgoumènwc sthn perÐptwsh thc prosèggishc K
NB

δ (u) ètsi kai edÿ, apì to

Sqăma 4.5 blèpoume ìti h prosèggish eÐnai polÔ kală kajÿc oi grafikèc parastĹseic eÐnai

sqedìn h mÐa pĹnw sthn Ĺllh. Gia na faneÐ akribÿc katĹ pìso kală eÐnai h prosèggish

K
Poi

δ (u), kataskeuĹzoume mÐa grafikă parĹstash pou na apeikonÐzei to posostiaÐo sfĹlma

thc prosèggishc se sqèsh me tic pragmatikèc timèc, gia kĹje timă tou u, kai sth sunèqeia

sugkrÐnoume to posostiaÐo sfĹlma twn triÿn proseggÐsewn pou mac endiafèroun, gia na

doÔme poia eÐnai h kalÔterh, dhmiourgÿntac to parakĹtw koinì diĹgramma 4.6.
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Sqăma 4.5: Koinì diĹgramma twn grafikÿn parastĹsewn tou pragmatikoÔ metasqhmati-

smoÔ Laplace tou qrìnou qreokopÐac, Kδ(u), kai tou proseggistikoÔ, K
Poi

δ (u), gia meÐxh

triÿn ekjetikÿn katanomÿn me θ = 1.45455 kai δ = 0.05.
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Sqăma 4.6: PosostiaÐo sfĹlma twn proseggÐsewn K
Tijms

δ (u), K
NB

δ (u) kai K
Poi

δ (u), gia

meÐxh triÿn ekjetikÿn katanomÿn me θ = 1.45455 kai δ = 0.05.

168



Sto parapĹnw Sqăma 4.6, blèpoume mazÐ tic grafikèc parastĹseic tou posostiaÐou sfĹl-

matoc, gia kĹje timă tou u, twn dÔo nèwn proseggÐsewn kajÿc kai thc prosèggishc Tijms

pou thn eÐqame kataskeuĹsei kai sto deÔtero kefĹlaio. ’Opwc xananafèrame, stìqoc tou

sugkekrimènou kefalaÐou eÐnai na exetĹsoume periptÿseic katanomÿn apozhmiÿsewn ka-

jÿc kai timèc paramètrwn, gia tic opoÐec toulĹqiston h mÐa nèa prosèggish na eÐnai safÿc

kalÔterh apì thn prosèggish Tijms. Sthn prohgoÔmenh perÐptwsh pou Ðsque θ = 7/11,

mìno h prosèggish K
NB

δ (u) ătan kalÔterh apì aută tou Tijms kai autì gia polÔ mikrèc

timèc tou u. Se aută thn perÐptwsh pou isqÔei ìti θ = 1.45455, parathroÔme ìti kai

oi dÔo proseggÐseic eÐnai polÔ kalÔterec apì thn prosèggish Tijms. Sugkekrimèna h

prosèggish K
Poi

δ (u) èqei beltiwjeÐ shmantikĹ se sqèsh me thn prohgoÔmenh perÐptwsh,

kajÿc eÐnai safÿc kalÔterh apì tou Tijms gia timèc tou arqikoÔ apojematikoÔ pou fjĹ-

noun mèqri to u = 2.1 kai sth sunèqeia gÐnetai qeirìterh apì thn K
Tijms

δ (u) lìgw thc

swstăc asumptwtikăc sumperiforĹc pou dièpei th sugkekrimènh prosèggish. H kalÔterh

ìmwc prosèggish eÐnai h K
NB

δ (u), h opoÐa apì to sqăma faÐnetai xekĹjara ìti eÐnai katĹ

polÔ kalÔterh apì tic Ĺllec dÔo proseggÐseic kai idÐwc apì thn prosèggish Tijms. H

diaforĹ eÐnai tìso megĹlh pou to posostiaÐo sfĹlma thc K
NB

δ (u), sto sqăma, diakrÐnetai

me duskolÐa se sqèsh me ton Ĺxona tou x, gegonìc pou deÐqnei to pìsec forèc mikrìtero

eÐnai to posostiaÐo sfĹlma pou èqei h nèa prosèggish. ’Ara apì ta parapĹnw katalăgoume

sto sumpèrasma ìti ìso megalÿnei h timă tou perijwrÐou asfaleÐac, θ, tìso kalÔterec

gÐnontai kai oi dÔo nèec proseggÐseic se sqèsh me thn prosèggish Tijms. EpÐshc apì ìti

faÐnetai apì tic dÔo periptÿseic pou meletăsame parapĹnw, ìtan oi apozhmiÿseic akolou-

joÔn mÐa meÐxh triÿn ekjetikÿn katanomÿn, diapistÿnoume ìti kai oi dÔo nèec proseggÐseic

mporoÔn na upologistoÔn kai gia fusiologikèc kai gia megĹlec timèc tou θ, kajÿc kai to

ìti gia kĹje perÐptwsh toulĹqiston mÐa apì tic dÔo proseggÐseic, kai edÿ sugkekrimèna h

prosèggish K
NB

δ (u), eÐnai kalÔterh gia mikrèc timèc tou u, apì ìti h prosèggish Tijms.

Opìte katafèrame na dhmiourgăsoume mÐa prosèggish h opoÐa na eÐnai emfanÿc kalÔterh,

gia mikrèc timèc tou u pou mac endiafèroun perissìtero, apì thn ădh pĹra polÔ kală pro-

sèggish Tijms. SunduĹzontac tic proseggÐseic, sta shmeÐa tou arqikoÔ apojematikoÔ

pou eÐnai h kĹje mÐa kalÔterh, paÐrnoume kĹpoia polÔ shmatnikĹ apotelèsmata ta opoÐa

mporoÔn sthn prĹxh na bohjăsoun tic asfalistikèc etaireÐec sto na gnwrÐzoun me mega-

lÔterh akrÐbeia tic timèc tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac Kδ(u), gia

ìso arqikì apojematikì kratĹei h kajemÐa etaireÐa.

Oi timèc twn Kδ(u), K
NB

δ (u), K
Poi

δ (u) kai twn paramètrwn thc arnhtikăc diwnumikăc kai

thc Poisson katanomăc, gia thn perÐptwsh pou isqÔei θ = 1.45455, dÐnontai sunoptikĹ

stouc PÐnakec 4.3 kai 4.4 antÐstoiqa.
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u K
NB

δ (u) Kδ(u) r p

0 0.399216 0.39921 3.56739 0.810288

0.1 0.329903 0.3299 3.20115 0.76744

0.2 0.275712 0.275707 3.10031 0.738992

0.3 0.232433 0.232429 3.07766 0.717599

0.4 0.197258 0.197256 3.08047 0.70007

0.5 0.168269 0.168266 3.09091 0.684901

0.6 0.144104 0.144102 3.1029 0.671341

0.7 0.123784 0.123781 3.11479 0.658996

0.8 0.106577 0.106575 3.12651 0.64764

0.9 0.0919284 0.0919267 3.13849 0.637136

1 0.0794059 0.0794038 3.15126 0.62739

1.1 0.068664 0.0686625 3.18073 0.609894

1.2 0.0594274 0.0594257 3.19793 0.602034

1.3 0.0514677 0.0514665 3.21695 0.594702

1.4 0.0445988 0.0445974 3.23783 0.587858

1.5 0.0386632 0.0386617 3.26055 0.581463

1.6 0.0335287 0.0335273 3.28509 0.575481

1.7 0.0290837 0.0290826 3.31137 0.569881

1.8 0.0252336 0.0252326 3.33931 0.564633

1.9 0.0218966 0.0218961 3.36882 0.559708

2 0.0190039 0.0190033 3.39982 0.555083

2.1 0.0164952 0.0164945 3.43222 0.550734

2.2 0.0143186 0.0143182 3.46592 0.54664

2.3 0.0124303 0.0124299 3.50084 0.542781

2.4 0.0107918 0.0107913 3.5369 0.539141

2.5 0.00936934 0.00936909 3.57401 0.535702

2.6 0.00813494 0.00813462 3.61212 0.53245

2.7 0.00706341 0.00706301 3.65113 0.529371

2.8 0.00613303 0.00613271 3.691 0.526453

2.9 0.00532527 0.00532505 3.73166 0.523684

3 0.00462404 0.00462382 3.77306 0.521054

3.3 0.0030275 0.00302734 3.90116 0.513905

3.5 0.00228278 0.00228271 3.9894 0.509678

3.8 0.00149473 0.00149467 4.12527 0.504012

4 0.00112712 0.00112706 4.21785 0.500622

PÐnakac 4.3: PÐnakac timÿn tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, thc

nèac prosèggishc K
NB

δ (u) kai twn paramètrwn thc proseggistikăc NB katanomăc, gia

meÐxh triÿn ekjetikÿn katanomÿn kai θ = 1.45455.
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u K
Poi

δ (u) Kδ(u) λ̃

0 0.399192 0.39921 0.835227

0.1 0.329876 0.3299 0.970057

0.2 0.27568 0.275707 1.09502

0.3 0.2324 0.232429 1.21117

0.4 0.197227 0.197256 1.31976

0.5 0.168237 0.168266 1.42202

0.6 0.144073 0.144102 1.51904

0.7 0.123754 0.123781 1.61178

0.8 0.106548 0.106575 1.70103

0.9 0.0919014 0.0919267 1.78744

1 0.0793798 0.0794038 1.87155

1.1 0.06864 0.0686625 1.95378

1.2 0.0594046 0.0594257 2.03449

1.3 0.0514469 0.0514665 2.11395

1.4 0.0445792 0.0445974 2.19239

1.5 0.0386447 0.0386617 2.27001

1.6 0.0335117 0.0335273 2.34695

1.7 0.0290683 0.0290826 2.42333

1.8 0.0252195 0.0252326 2.49926

1.9 0.021884 0.0218961 2.57482

2 0.0189923 0.0190033 2.65007

2.1 0.0164845 0.0164945 2.72507

2.2 0.0143092 0.0143182 2.79986

2.3 0.0124217 0.0124299 2.87449

2.4 0.0107838 0.0107913 2.94898

2.5 0.00936235 0.00936909 3.02335

2.6 0.00812854 0.00813462 3.09763

2.7 0.00705753 0.00706301 3.17184

2.8 0.00612778 0.00613271 3.24598

2.9 0.00532061 0.00532505 3.32008

3 0.00461984 0.00462382 3.39413

3.3 0.00302447 0.00302734 3.6161

3.5 0.00228041 0.00228271 3.76398

3.8 0.00149304 0.00149467 3.98571

4 0.00112577 0.00112706 4.13349

PÐnakac 4.4: PÐnakac timÿn tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, thc

nèac prosèggishc K
Poi

δ (u) kai thc paramètrou thc proseggistikăc katanomăc Poisson,

gia meÐxh triÿn ekjetikÿn katanomÿn kai θ = 1.45455.
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4.3 Oi nèec proseggÐseic K
NB
δ (u) kai K

Poi
δ (u) gia

katanomă Gamma(3,3).

SuneqÐzoume ta arijmhtikĹ paradeÐgmata, paÐrnontac tÿra ìti oi apozhmiÿseic akoloujoÔn

mÐa Gamma(3, 3) katanomă Ðdia me aută pou eÐqame sto ParĹdeigma 2.3.1 thc enìthtac 2.3.

JumÐzoume ìti h sv.p.p mÐac Gamma(3, 3) katanomăc isoÔtai me

f(x) =
27

2
x2e−3x,

kai ìti gia arqă eÐqame upojèsei ìti c = 1.5 kai λ = 1. Epeidă ìmwc h prÿth kentrikă

ropă thc f(x) isoÔtai me p1 = 1 , apì th sqèsh (1.3) prokÔptei ìti

θ = 0.5.

Oi posìthtec pou mac endiafèroun gia th sugkekrimènh perÐptwsh, èqoun upologisteÐ sto

ParĹdeigma 2.3.1. Epomènwc èqoume ìti h pijanìthta qreokopÐac dÐnetai apì th sqèsh

(2.19), enÿ o metasqhmatismìc Laplace tou qrìnou qreokopÐac apì th sqèsh (2.22). Tè-

loc sto sugkekrimèno parĹdeigma, mèsw thc mejìdou eÔreshc thc prosèggishc Tijms gia

δ > 0 dhladă gia ton metasqhmatismì Laplace tou qrìnou qreokopÐac pou exhgăsame ana-

lutikĹ sto KefĹlaio 2, eÐqame katalăxei sto apotèlesma ìti h K
Tijms

δ (u) dÐnetai apì th

sqèsh (2.23).

Gia na upologÐsoume tÿra tic timèc twn dÔo nèwn proseggÐsewn, gia kĹje timă tou u,

ja prèpei gia thn prÿth perÐptwsh thc K
NB

δ (u) na exisÿsoume tic ropèc thc sÔnjethc

t.m K?
me tic ropèc thc arnhtikăc diwnumikăc katanomăc. ’Etsi gnwrÐzontac thn timă pou

paÐrnei h èntash thc anèlixhc Poisson, λ, kai tic dÔo desmeumènec ropèc tou qrìnou qreo-

kopÐac, oi opoÐec èqoun upologisteÐ sthn Enìthta 3.4 kai dÐnontai apì tic sqèseic (3.25)

kai (3.26) antÐstoiqa, brÐskoume tic timèc pou antistoiqoÔn gia kĹje timă tou u twn pa-

ramètrwn thc arnhtikăc diwnumikăc katanomăc r kai p. ’Etsi oi timèc twn paramètrwn pou

prokÔptoun apì to sÔsthma exisÿsewn (4.20), antikajistoÔntai sth sqèsh

K
NB

δ (u) =
∞∑

k=0

(
1

1 + 0.05

)k
(r + k − 1)!

k!(r − 1)!
pr(1− p)k ×

(
0.721398 e−0.534774 u

(4.33)

−e−3.89928 u [0.054731 cos(1.27481u) + 0.0391028 sin(1.27481u)]
)
,
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kai me autì ton trìpo prokÔptoun oi timèc thc prosèggishc gia ton metasqhmatsmì Laplace

tou qrìnou qreokopÐac, mèsw arnhtikăc diwnumikăc katanomăc, gia opoiadăpote timă tou

arqikoÔ apojematikoÔ pou jèlei na kratĹei h kĹje asfalistikă etaireÐa. Epomènwc metĹ

apì arketă prospĹjeia kai qrìno, afoÔ ìpwc èqoume xananafèrei eÐnai polÔ qronobìrec

oi sugkekrimènec prĹxeic thc sqèshc (4.33), brÐskoume tic timèc thc prosèggishc gia tic

timèc tou u, pou èqoume epilèxei kai sta paradeÐgmata twn prohgoÔmenwn enotătwn, kai

tic parousiĹzoume grafikĹ mazÐ me th grafikă parĹstash thc Kδ(u), sto parakĹtw koinì

diĹgramma 4.7.

Sto Sqăma 4.7 parathroÔme ìti h diaforĹ twn dÔo grafikÿn parastĹsewn de diakrÐnetai

eÔkola, gegonìc pou mac odhgeÐ sto sumpèrasma ìti katĹ pĹsa pijanìthta h prosèggish

K
NB

δ (u) eÐnai mÐa sqedìn akribăc prosèggish h opoÐa pisteÔoume ìti ja eÐnai kalÔterh

apì tou Tijms idÐwc gia mikrèc timèc tou arqikoÔ apojematikoÔ. Gia na elègxoume ìmwc

analutikĹ to an h prosèggish eÐnai ìntwc tìso kală ìso pisteÔoume, kataskeuĹzoume

èna sqăma pou perièqei to posostiaÐo sfĹlma twn timÿn thc prosèggishc se sqèsh me tic

pragmatikèc, gia tic timèc tou u pou èqoume epilèxei, kai sth sunèqeia to sugkrÐnoume me th

grafikă parĹstash tou posostiaÐou sfĹlmatoc thc prosèggishc Tijms, pou dÐnetai apì

thn mple grammă tou Sqămatoc 2.26. SunduĹzontac autèc tic dÔo grafikèc parastĹseic,

kajÿc kai thn antÐstoiqh pou ja kataskeuĹsoume gia thn prosèggish K
Poi

δ (u), katală-

goume sto koinì diĹgramma 4.9.

0 2 4 6 8 10
u

0.1

0.2

0.3

0.4

0.5

0.6

9K∆HuL, K ∆
NBHuL=

Sqăma 4.7: Koinì diĹgramma twn grafikÿn parastĹsewn tou pragmatikoÔ metasqhma-

tismoÔ Laplace tou qrìnou qreokopÐac, Kδ(u), kai tou proseggistikoÔ, K
NB

δ (u), gia

Gamma(3, 3) katanomă me θ = 0.5 kai δ = 0.05.
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Sth sunèqeia exisÿnontac to ginìmeno thc èntashc thc anèlixhc Poisson, λ, kai thc prÿthc

desmeumènhc ropăc tou qrìnou qreokopÐac me thn prÿth kentrikă ropă thc Poisson(λ̃),

brÐskoume thn timă thc paramètrou λ̃ pou antistoiqeÐ se kĹje timă tou u. Epomènwc anti-

kajistÿntac autèc tic timèc sth sqèsh

K
Poi

δ (u) =
∞∑

k=0

(
1

1 + 0.05

)k

e−λ̃ λ̃k

k!
×
(
0.721398 e−0.534774 u − e−3.89928 u

(4.34)

× [0.054731 cos(1.27481u) + 0.0391028 sin(1.27481u)]) ,

paÐrnoume tic timèc pou antistoiqoÔn sthn prosèggish gia ton metasqhmatismì Laplace tou

qrìnou qreokopÐac, mèsw mÐac Poisson(λ̃) katanomăc, gia diĹforec timèc tou u. Epilègon-

tac tic timèc tou arqikoÔ apojematikoÔ pou părame kai gia thn prohgoÔmenh prosèggish,

katalăgoume sto epìmeno Sqăma 4.8 to opoÐo perièqei ektìc apì tic timèc thc prosèggishc

K
Poi

δ (u), kai th grafikă parĹstash thc Kδ(u) pou dÐnetai apì th sqèsh (2.22).
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9K∆HuL, K ∆
PoiHuL=

Sqăma 4.8: Koinì diĹgramma twn grafikÿn parastĹsewn tou pragmatikoÔ metasqhma-

tismoÔ Laplace tou qrìnou qreokopÐac, Kδ(u), kai tou proseggistikoÔ, K
Poi

δ (u), gia

Gamma(3, 3) katanomă me θ = 0.5 kai δ = 0.05.

Apì to Sqăma 4.8, blèpoume ìti h grafikă parĹstash thc prosèggishc K
Poi

δ (u) apèqei,

èstw kai lÐgo, apì th grafikă parĹstash thc Kδ(u). Epomènwc mìno apì autì to sqăma

mporoÔme na bgĹloume to sumpèrasma ìti h prosèggish K
NB

δ (u) ja eÐnai kalÔterh, ka-

tĹ pĹsa pijanìthta gia ìlec tic timèc tou u, afoÔ deÐxame parapĹnw ìti oi antÐstoiqec
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grafikèc parastĹseic ătan polÔ pio kontĹ h mÐa me thn Ĺllh. Gia na epalhjeÔsoume ta

legìmenĹ mac, kataskeuĹzoume kai se aută thn perÐptwsh th grafikă parĹstash tou po-

sostiaÐou sfĹlmatoc thc prosèggishc K
Poi

δ (u). Tèloc gia na mporèsoume na sugkrÐnoume

tic treic proseggÐseic metaxÔ touc, kataskeuĹzoume se èna koinì diĹgramma tic grafikèc

parastĹseic me to psosostiaÐo sfĹlma kai twn triÿn proseggÐsewn kai to parousiĹzoume

sth sunèqeia, sto Sqăma 4.9.

Apì to Sqăma 4.9, blèpoume ìti an kai to posostiaÐo sfĹlma thc prosèggishc Tijms

eÐnai polÔ mikrì kai paÐrnei sqedìn mhdenikèc timèc gia u > 2.5, h prosèggish K
NB

δ (u)

katalăgoume ìti eÐnai kalÔterh gia timèc tou arqikoÔ apojematikoÔ, perÐpou mèqri thn

timă u = 1.2 kai apì ekeÐ kai pèra gÐnetai kalÔterh h prosèggish K
Tijms

δ (u). Bèbaia isqÔei

kai ìti gia u = 0 kai u = 0.5, epilègoume thn prosèggish Tijms kajÿc èqei polÔ mikrì-

tero posostiaÐo sfĹlma gia tic sugkekrimènec timèc. Edÿ parathroÔme ìti h prosèggish

Tijms leitourgeÐ sqedìn exairetikĹ kajÿc den eÐnai akribăc mìno gia polÔ mikrèc timèc

tou u. Epomènwc èqoume odhghjeÐ se mÐa shmantikă epituqÐa, kajÿc dhmiourgăsame mÐa

prosèggish h opoÐa mporeÐ kai eÐnai kalÔterh apì thn ădh polÔ kală prosèggish Tijms,

èstw kai gia polÔ mikrèc timèc tou arqikoÔ apojematikoÔ. ’Omwc sthn arqă tou kefalaÐou

anaferjăkame ìti stìqoc mac eÐnai na dhmiourgăsoume mÐa prosèggish pou na eÐnai kalÔ-

terh apì tou Tijms gia mikrèc timèc tou arqikoÔ apojematikoÔ pou mporeÐ na kratĹei mÐa

etaireÐa. ’Ara mÐa asfalistikă etaireÐa pou sthn prĹxh ìpwc èqoume xananafèrei epilègei

mÐa timă gia to θ < 1, jèlei na katèqei mÐa prosèggish12 pou na eÐnai ìso gÐnetai pio kontĹ

me ton pragmatikì metasqhmatismì Laplace tou qrìnou qreokopÐac, gia opoiadăpote timă

tou arqikoÔ apojematikoÔ epijumeÐ. Apì thn Ĺllh h prosèggish K
Poi

δ (u) den eÐnai ikano-

poihtikă kajÿc èqei polÔ megalÔtero posostiaÐo sfĹlma, gia kĹje timă tou u, se sqesh

me tic Ĺllec dÔo proseggÐseic pou meletăsame. ’Opwc kai sto parĹdeigma thc Enìthtac 4.2

ètsi kai edÿ, gia timèc tou θ pou qrhsimopoioÔntai kai sthn prĹxh, h prosèggish K
NB

δ (u)

eÐnai polÔ kalÔterh apì thn K
Poi

δ (u). Autì pou apomènei na doÔme eÐnai to ti gÐnetai sthn

perÐptwsh pou to θ paÐrnei megĹlec timèc, dhladă na doÔme eĹn oi nèec proseggÐseic gÐnontai

kalÔterec, poia apì tic dÔo eÐnai h kalÔterh kai tèloc eĹn kĹpoia apì tic dÔo nèec pro-

seggÐseic gÐnetai akìma kalÔterh apì tou Tijms, se sqèsh me thn prohgoÔmenh perÐptwsh.

Oi timèc thc Kδ(u), twn proseggÐsewn K
NB

δ (u), K
Poi

δ (u) kai oi timèc twn paramètrwn

r, p kai λ̃, dÐnontai stouc PÐnakec 4.5 kai 4.6 antÐstoiqa.

12
Στη συγκεκριµένη περίπτωση το βέlτιστο είναι να κάνει έναν συνδυασµό των δύο προσεγγίσεων, στα

σηµεία που είναι η καθεµία καlύτερη, έτσι ώστε να επιτυγχάνει το βέlτιστο αποτέlεσµα.
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u K
NB

δ (u) Kδ(u) r p

0 0.629193 0.628673 0.315789 0.191489

0.1 0.60574 0.605226 0.320198 0.185515

0.2 0.580882 0.58036 0.328408 0.180586

0.3 0.555008 0.554488 0.340112 0.176594

0.4 0.528613 0.528101 0.354852 0.173401

0.5 0.50219 0.501659 0.372141 0.170867

0.6 0.476076 0.475545 0.391528 0.168864

0.7 0.450578 0.450053 0.412612 0.16728

0.8 0.4259 0.425393 0.435051 0.166024

0.9 0.402209 0.401704 0.458557 0.165022

1 0.379574 0.379067 0.482892 0.164217

1.1 0.358037 0.357523 0.507863 0.163563

1.2 0.337576 0.337078 0.533315 0.163024

1.3 0.318225 0.31772 0.559127 0.162575

1.4 0.299911 0.299419 0.585202 0.162194

1.5 0.282626 0.282136 0.611468 0.161867

1.6 0.266307 0.265829 0.63787 0.161581

1.7 0.250908 0.250451 0.664366 0.161329

1.8 0.236412 0.235954 0.690927 0.161103

1.9 0.22274 0.222291 0.717532 0.160899

2 0.20985 0.209417 0.744164 0.160713

2.1 0.197705 0.197287 0.770814 0.160541

2.2 0.186278 0.185859 0.797474 0.160383

2.3 0.175492 0.175093 0.824140 0.160236

2.4 0.165345 0.16495 0.850809 0.160099

2.5 0.155783 0.155395 0.877479 0.159971

2.6 0.146774 0.146394 0.90415 0.159850

2.7 0.138268 0.137914 0.930819 0.159737

2.8 0.130269 0.129926 0.957489 0.15963

2.9 0.122732 0.1224 0.984158 0.159529

3 0.115632 0.11531 1.010826 0.159434

3.3 0.0967112 0.0964115 1.09083 0.159176

3.5 0.085837 0.0855664 1.144167 0.159026

3.8 0.0717851 0.0715428 1.224174 0.158825

4 0.0637226 0.0634952 1.277514 0.158705

PÐnakac 4.5: PÐnakac timÿn tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, thc

nèac prosèggishc K
NB

δ (u) kai twn paramètrwn thc proseggistikăc NB katanomăc, gia

GĹmma(3, 3) katanomă kai θ = 0.5.

176



u K
Poi

δ (u) Kδ(u) λ̃

0 0.625656 0.628673 1.33333

0.1 0.602028 0.605226 1.4058

0.2 0.576989 0.58036 1.49016

0.3 0.550957 0.554488 1.58585

0.4 0.524428 0.528101 1.69157

0.5 0.497863 0.501659 1.80581

0.6 0.471646 0.475545 1.92708

0.7 0.446073 0.450053 2.05399

0.8 0.421351 0.425393 2.18537

0.9 0.397621 0.401704 2.3202

1 0.374961 0.379067 2.45768

1.1 0.353411 0.357523 2.59714

1.2 0.332974 0.337078 2.73807

1.3 0.313638 0.31772 2.88007

1.4 0.295371 0.299419 3.02283

1.5 0.278133 0.282136 3.16613

1.6 0.261878 0.265829 3.3098

1.7 0.24656 0.250451 3.45372

1.8 0.23213 0.235954 3.5978

1.9 0.218539 0.222291 3.74199

2 0.205742 0.209417 3.88624

2.1 0.193693 0.197287 4.03053

2.2 0.182349 0.185859 4.17483

2.3 0.171668 0.175093 4.31915

2.4 0.161614 0.16495 4.46346

2.5 0.152148 0.155395 4.60778

2.6 0.143237 0.146394 4.75208

2.7 0.134848 0.137914 4.89639

2.8 0.126951 0.129926 5.04069

2.9 0.119516 0.1224 5.18498

3 0.112516 0.11531 5.32927

3.3 0.0938833 0.0964115 5.76213

3.5 0.0832089 0.0855664 6.0507

3.8 0.0694295 0.0715428 6.48354

4 0.0615355 0.0634952 6.7721

PÐnakac 4.6: PÐnakac timÿn tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, thc

nèac prosèggishc K
Poi

δ (u) kai thc paramètrou thc proseggistikăc katanomăc Poisson,

gia GĹmma(3, 3) katanomă kai θ = 0.5.
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Sqăma 4.9: PosostiaÐo sfĹlma twn proseggÐsewn K
Tijms

δ (u), K
NB

δ (u) kai K
Poi

δ (u), gia

Gamma(3, 3) katanomă me θ = 0.5 kai δ = 0.05.

Sth sunèqeia upojètoume ìti c = 2.5 kai λ = 1, me apotèlesma na allĹzei h timă tou

perijwrÐou asfaleÐac kai na gÐnetai

θ = 1.5.

H pijanìthta qreokopÐac se aută thn perÐptwsh, èqei upologisteÐ sthn Enìthta 3.4 kai

dÐnetai apì th sqèsh (3.27). Edÿ ja dÿsoume touc tÔpouc tou metasqhmatismoÔ Laplace

tou qrìnou qreokopÐac kai thc prosèggishc Tijms tou metasqhmatismoÔ, kajÿc den èqoun

upologisteÐ xanĹ sth paroÔsa ergasÐa. Epomènwc, akoloujÿntac tic ădh gnwstèc dia-

dikasÐec pou akoloujăsame kai sta prohgoÔmena paradeÐgmata, gia thn prÿth posìthta

paÐrnoume ìti

Kδ(u) = 0.486249 e−1.06064 u−e−3.77611 u [0.0948552 cos (1.11078u) + 0.0702762 sin (1.11078u)] ,

(4.35)

enÿ gia th deÔterh posìthta prokÔptei ìti

K
Tijms

δ (u) = 0.486253 e−1.06064 u − 0.0948594 e−3.36821 u. (4.36)

Gia na upologÐsoume tÿra tic timèc pou paÐrnoun oi dÔo nèec proseggÐseic, gia tic timèc

tou u pou èqoume epilèxei kai sta prohgoÔmena paradeÐgmata, ja prèpei prÿta na broÔ-

me tic timèc twn paramètrwn pou upologÐzontai apì thn lÔsh twn exisÿsewn (4.20) kai

(4.25) antÐstoiqa. Epomènwc, gia thn prosèggish K
NB

δ (u), gnwrÐzontac thn timă thc ènta-

178



shc λ pou upojèsame parapĹnw kajÿc kai tic desmeumènec ropèc tou qrìnou qreokopÐac

ψ1(u)/ψ(u) kai ψ2(u)/ψ(u) pou dÐnontai sthn Enìthta 3.4 apì tic sqèseic (3.28) kai (3.29)

antÐstoiqa, mporoÔme na broÔme tic paramètrouc r, p thc arnhtikăc diwnumikăc katanomăc.

KĹnontac thn sugkekrimènh diadikasÐa sto prìgramma Mathematica, paÐrnoume timèc thc

paramètrou, gia diĹfora u, pou plhroÔn ìlouc touc periorismoÔc pou èqoume jèsei gia

autèc. Efìson eÐmaste sÐgouroi ìti h nèa prosèggish leitourgeÐ, to mìno pou mènei na

kĹnoume eÐnai na antikajistăsoume tic timèc twn paramètrwn r kai p, gia opoiodăpote u

epijumoÔme, sth sqèsh

K
NB

δ (u) =
∞∑

k=0

(
1

1 + 0.05

)k
(r + k − 1)!

k!(r − 1)!
pr(1− p)k ×

(
0.493199 e−1.04468 u

(4.37)

−e−3.77766 u [0.0931988 cos(1.11193u) + 0.069102 sin(1.11193u)]
)
.

AfoÔ upologÐzoume tic diĹforec timèc thc prosèggishc, akoloujoÔme akribÿc thn Ðdia

diadikasÐa pou kĹname kai sta prohgoÔmena paradeÐgmata, dhladă kataskeuĹzoume èna

diĹgramma pou apoteleÐtai apì to grĹfhma twn timÿn thc prosèggishc kai apì th grafikă

parĹstash thc Kδ(u), to opoÐo to parousiĹzoume sto parakĹtw Sqăma 4.10.

0 2 4 6 8 10
u

0.1

0.2

0.3

0.4

9K∆HuL, K ∆
NBHuL=

Sqăma 4.10: Koinì diĹgramma twn grafikÿn parastĹsewn tou pragmatikoÔ metasqhma-

tismoÔ Laplace tou qrìnou qreokopÐac, Kδ(u), kai tou proseggistikoÔ, K
NB

δ (u), gia

Gamma(3, 3) katanomă me θ = 1.5 kai δ = 0.05.
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Parathrÿntac to Sqăma 4.10, katalăgoume akribÿc sto Ðdio sumpèrasma pou eÐqame ka-

talăxei kai sta prohgoÔmena paradeÐgmata pou qrhsimopoiăsame thn prosèggish K
NB

δ (u),

dhladă sto sumpèrasma ìti apì mÐa prÿth matiĹ faÐnetai na eÐnai mÐa polÔ kală prosèggish

me timèc kontĹ stic pragmatikèc. To pìso kontĹ ìmwc eÐnai autèc oi timèc, to deÐqnei h

eÔresh tou posostiaÐou sfĹlmatoc pou upĹrqei se kĹje timă tou u. To grĹfhma pou apei-

konÐzei to posostiaÐo sfĹlma thc sugkekrimènhc prosèggishc, dÐnetai proc to tèloc thc

enìthtac, sto Sqăma 4.12. Sto Ðdia sqăma parousiĹzontai epÐshc oi grafikèc parastĹseic

tou posostiaÐou sfĹlmatoc gia tic proseggÐseic K
Tijms

δ (u), K
Poi

δ (u) kai epomènwc me autì

ton trìpo ja sumperĹnoume poia apì tic treic proseggÐseic eÐnai kalÔterh kai gia poièc

timèc tou u.

Gia thn prosèggish K
Poi

δ (u), to mìno pou qreiĹzetai eÐnai na exisÿsoume to ginìmeno

thc èntashc λ kai thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac, me thn prÿth

kentrikă ropă mÐac Poisson(λ̃) katanomăc. Epomènwc, me th boăjeia tou Mathematica,

brÐskoume thn timă thc paramètrou λ̃ pou antistoiqeÐ se kĹje timă tou arqikoÔ apojema-

tikoÔ. Sth sunèqeia antikajistÿntac autèc tic timèc ston tÔpo

K
Poi

δ (u) =
∞∑

k=0

(
1

1 + 0.05

)k

e−λ̃ λ̃k

k!
×
(
0.493199 e−1.04468 u − e−3.77766 u

(4.38)

× [0.0931988 cos(1.11193u) + 0.069102 sin(1.11193u)]) ,

paÐrnoume me th boăjeia tou Mathematica thn timă thc prosèggishc pou antistoiqeÐ se

kĹje timă tou u. Edÿ dhladă brÐskoume mÐa mÐa tic timèc thc prosèggishc, kĹnontac thn

Ðdia diadikasÐa arketèc forèc, kai katalăgoume sto parakĹtw Sqăma 4.11 ìpou èqoume

sunduĹsei tic grafikèc parastĹseic twn K
Poi

δ (u) kai Kδ(u).

Apì to Sqăma 4.11, parathroÔme ìti oi timèc thc prosèggishc K
Poi

δ (u) eÐnai pĹra po-

lÔ kontĹ stic pragmatikèc timèc kajÿc den mporoÔme na diakrÐnoume thn diaforĹ twn dÔo

grafhmĹtwn. EpÐshc sugkrÐnontĹc to me to Sqăma 4.10, blèpoume ìti katĹ pĹsa pija-

nìthta h prosèggish K
Poi

δ (u) eÐnai kalÔterh apì ìti h K
NB

δ (u). ’Omwc gia kĹti tètoio

den mporoÔme na eÐmaste sÐgouroi koitĹzontac mìno ta koinĹ diagrĹmmata kai ja prèpei na

kataskeuĹsoume èna koinì diĹgramma me to posostiaÐo sfĹlma pou èqei h kĹje prosèg-

gish. Efarmìzoume dhladă akribÿc thn Ðdia diadikasÐa pou kĹname kai sta prohgoÔmena

paradeÐgmata tou kefalaÐou. To koinì diĹgramma pou anafèrame, dÐnetai sto akìloujo

Sqăma 4.12.
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Sqăma 4.11: Koinì diĹgramma twn grafikÿn parastĹsewn tou pragmatikoÔ metasqhma-

tismoÔ Laplace tou qrìnou qreokopÐac, Kδ(u), kai tou proseggistikoÔ, K
Poi

δ (u), gia

Gamma(3, 3) katanomă me θ = 1.5 kai δ = 0.05.
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Sqăma 4.12: PosostiaÐo sfĹlma twn proseggÐsewn K
Tijms

δ (u), K
NB

δ (u) kai K
Poi

δ (u), gia

Gamma(3, 3) katanomă me θ = 1.5 kai δ = 0.05.
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Apì to Sqăma 4.12, epibebaiÿnoume ìti h prosèggish K
Poi

δ (u) eÐnai polÔ kalÔterh apì

thn K
NB

δ (u), gia kĹje timă tou arqikoÔ apojematikoÔ u. Epomènwc ìtan oi apozhmiÿseic

akoloujoÔn mÐa Gamma(3, 3) katanomă kai èqoume upojèsei mÐa megĹlh timă gia to θ, tìte

faÐnetai ìti h K
Poi

δ (u) proseggÐzei kalÔtera ton pragmatikì metasqhmatismì Laplace tou

qrìnou qreokopÐac. EpÐshc gia megĹlec timèc tou θ isqÔei kai edÿ ìti to pososstiaÐo

sfĹlma thc prosèggishc Tijms megalÿnei kai prokÔptei ìti h prosèggish K
Poi

δ (u) eÐnai

polÔ kalÔterh apì tou Tijms gia arketèc timèc tou u. Sugkekrimèna gia polÔ mikrèc timèc

tou u to posostiaÐo sfĹlma thc nèac prosèggishc gÐnetai mèqri kai 6 forèc mikrìtero apì

autì thc prosèggish Tijms, enÿ mèqri thn timă u = 2.2, h nèa prosèggish faÐnetai na

eÐnai polÔ kalÔterh apì tou Tijms. Mèqri to u = 2.5 oi dÔo proseggÐseic èqoun perÐpou

to Ðdio posostì sfĹlmatoc, enÿ apì ekeÐ kai pèra h prosèggish Tijms gÐnetai kalÔterh

afoÔ isqÔei ìti gia megĹlec timèc tou u proseggÐzei thn Kδ(u) sqedìn me akrÐbeia. ’Ara

to sumpèrasma eÐnai ìti èstw mÐa apì tic dÔo nèec proseggÐseic leitourgeÐ kalÔtera apì

tou Tijms, enw ìso megalÿnei to θ tìso autèc beltiÿnontai se sqèsh pĹnta me thn pro-

sèggish Tijms.

Tèloc oi timèc twn proseggÐsewn K
NB

δ (u), K
Poi

δ (u), tou pragmatikoÔ metasqhmatismoÔ

Laplace Kδ(u) kai twn paramètrwn r, p kai λ̃ antÐstoiqa, gia kĹje timă tou u pou èqoume

epilèxei, dÐnontai apì touc PÐnakec 4.7 kai 4.8 antÐstoiqa.

Gia na oloklhrÿsoume thn Enìthta 4.4, jumÐzoume ìti sthn prĹxh h asfalistikă etaireÐa

epilègei sunăjwc mikrèc timèc gia to θ. Gia autèc tic timèc deÐxame ìti h nèa prosèggish

eÐnai stic perissìterec periptÿseic elafrÿc kalÔterh apì tou Tijms kai autì gia polÔ

mikrèc timèc tou θ. Edÿ deÐqnoume kai ti gÐnetai gia megĹlec timèc tou θ, mìno kai mìno gia

na faneÐ ìti upĹrqei aisjhtă diaforĹ anĹmesa stic dÔo proseggÐseic kai ìqi giatÐ tètoiec

timèc qrhsimopoioÔntai sthn prĹxh.

182



u K
NB

δ (u) Kδ(u) r p

0 0.394107 0.391394 0.021978 0.0471204

0.1 0.370054 0.367354 0.020596 0.043715

0.2 0.345248 0.342554 0.019548 0.040752

0.3 0.320091 0.31745 0.018795 0.038206

0.4 0.295145 0.29255 0.018293 0.036035

0.5 0.270856 0.268308 0.017997 0.034191

0.6 0.247557 0.24508 0.017868 0.032623

0.7 0.225525 0.223114 0.017874 0.031284

0.8 0.204896 0.202564 0.017985 0.030134

0.9 0.185752 0.183504 0.018181 0.029137

1 0.168124 0.165948 0.01844 0.028266

1.1 0.15195 0.149867 0.018749 0.027495

1.2 0.137181 0.135201 0.019094 0.026808

1.3 0.123754 0.12187 0.019465 0.026187

1.4 0.111572 0.109785 0.019855 0.025621

1.5 0.100547 0.0988522 0.020256 0.0251

1.6 0.09058 0.0889771 0.020664 0.024617

1.7 0.0815844 0.0800681 0.021074 0.024166

1.8 0.0734637 0.0720377 0.021484 0.1023742

1.9 0.066146 0.0648041 0.02189 0.02334

2 0.059555 0.0582914 0.022293 0.022959

2.1 0.0536133 0.0524299 0.022688 0.022595

2.2 0.0482616 0.0471558 0.023077 0.022247

2.3 0.0434455 0.042411 0.023459 0.021913

2.4 0.0391135 0.038143 0.023833 0.021591

2.5 0.0352087 0.0343042 0.024199 0.021282

2.6 0.0316931 0.0308516 0.024557 0.020983

2.7 0.0285316 0.0277464 0.024907 0.020694

2.8 0.0256851 0.0249537 0.02525 0.020415

2.9 0.0231196 0.0224422 0.025585 0.020144

3 0.0208146 0.0201835 0.025912 0.019882

3.2 0.0168675 0.0163252 0.0265454 0.0193803

3.5 0.0123078 0.0118758 0.0274452 0.0186793

3.8 0.00897912 0.00863908 0.0282895 0.0180327

4 0.00727792 0.00698779 0.028824 0.0176284

PÐnakac 4.7: PÐnakac timÿn tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, thc

nèac prosèggishc K
NB

δ (u) kai twn paramètrwn thc proseggistikăc NB katanomăc, gia

GĹmma(3, 3) katanomă kai θ = 1.5.
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u K
Poi

δ (u) Kδ(u) λ̃

0 0.391624 0.391394 0.444444

0.1 0.367566 0.367354 0.450542

0.2 0.34275 0.342554 0.460122

0.3 0.317631 0.31745 0.473143

0.4 0.292718 0.29255 0.48934

0.5 0.268464 0.268308 0.508367

0.6 0.245225 0.24508 0.529859

0.7 0.223249 0.223114 0.553468

0.8 0.20269 0.202564 0.578872

0.9 0.183622 0.183504 0.605783

1 0.166059 0.165948 0.633914

1.1 0.14997 0.149867 0.663134

1.2 0.135297 0.135201 0.693161

1.3 0.121959 0.12187 0.723862

1.4 0.109869 0.109785 0.7551

1.5 0.0989303 0.0988522 0.786762

1.6 0.0890499 0.0889771 0.818752

1.7 0.080136 0.0800681 0.850995

1.8 0.072101 0.0720377 0.88343

1.9 0.0648629 0.0648041 0.916008

2 0.058346 0.0582914 0.948691

2.1 0.0524805 0.0524299 0.98145

2.2 0.0472028 0.0471558 1.014262

2.3 0.0424547 0.042411 1.047111

2.4 0.0381834 0.038143 1.079984

2.5 0.0343415 0.0343042 1.112872

2.6 0.030886 0.0308516 1.145768

2.7 0.0277782 0.0277464 1.178669

2.8 0.0249831 0.0249537 1.211572

2.9 0.0224693 0.0224422 1.244474

3 0.0202085 0.0201835 1.277374

3.2 0.0163465 0.0163252 1.34317

3.5 0.0118923 0.0118758 1.44184

3.8 0.00865189 0.00863908 1.5405

4 0.00699857 0.00698779 1.60627

PÐnakac 4.8: PÐnakac timÿn tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, thc

nèac prosèggishc K
Poi

δ (u) kai thc paramètrou thc proseggistikăc katanomăc Poisson,

gia GĹmma(3, 3) katanomă kai θ = 1.5.
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KefĹlaio 5

Epiplèon arijmhtikĹ paradeÐgmata

gia thn efarmogă twn nèwn

proseggÐsewn.

Se autì to kefĹlaio dÐnoume dÔo epiplèon paradeÐgmata ìpou to mègejoc twn apozhmiÿsewn

akoloujeÐ pio polÔpokec katanomèc apì prin kai stìqoc mac eÐnai na exetĹsoume to pÿc

leitourgoÔn oi dÔo nèec proseggÐseic gia tic sugkekrimènec periptÿseic. Me autì ton

trìpo mporoÔme na doÔme to poia apì tic dÔo proseggÐseic leitourgeÐ kalÔtera sthn kĹje

perÐptwsh, kajÿc kai se poia perÐptwsh mporeÐ kĹpoia na eÐnai polÔ kalÔterh apì thn

prosèggish Tijms. Bèbaia gia na mporeÐ na gÐnei qrăsh twn dÔo proseggÐsewn, ja prèpei

prÿta na èqoun upologisteÐ oi ropèc tou qrìnou qreokopÐac. Epeidă sto trÐto kefĹlaio

den qrhsimopoiăsame ta sugkekrimèna paradeÐgmata, dÐnoume sta Parartămata B
′
kai G’

antÐstoiqa analutikĹ kai grafikĹ tic ropèc tou qrìnou qreokopÐac pou eÐnai aparaÐthtec

gia thn eÔresh twn timÿn twn proseggÐsewn.

5.1 Oi nèec proseggÐseic K
NB
δ (u) kai K

Poi
δ (u) gia

meÐxh pènte ekjetikÿn katanomÿn.

Sthn Enìthta 5.1 genikeÔoume thn katanomă apozhmiÿsewn pou eÐqame sthn prohgoÔmenh

enìthta, jewrÿntac tÿra ìti oi apozhmiÿseic akoloujoÔn mÐa meÐxh pènte ekjetikÿn ka-

tanomÿn me sv.p.p

f(x) =
1

5
2 e−2x +

1

5
4 e−4x +

1

5
6 e−6x +

1

5
8 e−8x +

1

5
10 e−10x

Jèloume na doÔme eĹn se aută thn perÐptwsh, gia dÔo diaforetikèc timèc tou θ, leitourgoÔn
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exÐsou kalĹ oi dÔo nèec proseggÐseic pou èqoume dhmiourgăsei. Gia arqă, upojètoume ìti

c = 1, λ = 2 kai epomènwc prokÔptei ìti

θ = 1.18978.

Sto ParĹrthma B′
pou upĹrqei sto tèloc thc ergasÐac, gia th sugkekrimènh katanomă

apozhmiÿsewn kai thn timă tou θ, eÐqame katalăxei ìti h pijanìthta qreokopÐac dÐnetai

apì th sqèsh (B′.1). EpÐshc akoloujÿntac ton trìpo upologismoÔ tou metasqhmatismoÔ

Laplace tou qrìnou qreokopÐac, pou èqei dojeÐ analutikĹ sto KefĹlaio 1, paÐrnoume ìti

Kδ(u) =0.0103896 e−9.72709 u + 0.0175533 e−7.68031 u + 0.030267 e−5.6371 u

(5.1)

+ 0.0633029 e−3.57868 u + 0.322453 e−1.41675 u

EpÐshc sto KefĹlaio 2 kai sugkekrimèna sta arijmhtikĹ paradeÐgmata twn enotătwn 2.2

kai 2.3, analÔoume leptomerÿc to pÿc mporeÐ na brejeÐ h prosèggish Tijms gia ton meta-

sqhmatismì Laplace tou qrìnou qreokopÐac. Epomènwc, efarmìzontac thn Ðdia diadikasÐa

pou eÐqame perigrĹyei stic parapĹnw enìthtec, prokÔptei ìti

K
Tijms

δ (u) = 0.088628 e−3.52959 u + 0.442262 e−1.2385 u
(5.2)

ParathroÔme ìti epeidă h prosèggish Tijms apoteleÐtai mìno apì dÔo ekjetikoÔc ìrouc

enÿ h pragmatikă Kδ(u) apì pènte ìrouc, Ðswc na mhn eÐnai tìso akribăc prosèggish ìso

ătan sthn perÐptwsh thc meÐxhc twn triÿn ekjetikÿn katanomÿn. Autì eÐnai logikì ka-

jÿc ìso auxĹnontai oi ìroi tìso perissìtero qeirotereÔei kai h prosèggish Tijms. KĹti

tètoio ìmwc gia na doÔme an isqÔei ja prèpei na upologÐsoume to posostiaÐo sfĹlma thc

kai sth sunèqeia na to sugkrÐnoume me to posostiaÐo sfĹlma twn nèwn proseggÐsewn.

H diaforĹ edÿ eÐnai ìti den èqoume kataskeuĹsei se prohgoÔmeno kefĹlaio thn grafikă

parĹstash ă to posostiaÐo sfĹlma thc K
Tijms

δ (u), se sqèsh me thn Kδ(u). Epomènwc

ja kataskeuĹsoume èna koinì diĹgramma to opoÐo ja perièqei to posostiaÐo sfĹlma, gia

kĹje timă tou u, pou èqoun oi proseggÐseic pou ja qrhsimopoiăsoume parakĹtw. Tèloc

eÐnai polÔ shmantikì na doÔme an leitourgoÔn kai oi dÔo nèec proseggÐseic, kajÿc kai na

elègxoume an kai katĹ pìso kalÔterec eÐnai apì thn prosèggish Tijms. Bèbaia to pio

endiafèron ja ătane na eÐqame pĹrei mÐa meÐxh pènte ekjetikÿn h opoÐa na eÐqe thn Ðdia mèsh

timă kai thn Ðdia timă gia to θ, me aută twn triÿn ekjetikÿn pou eÐqame sthn prohgoÔmenh

enìthta. ’Etsi me autì ton trìpo ja mporoÔsame na doÔme to pÿc ephreĹzontai oi proseg-

gÐseic mìno ìtan allĹzei h katanomă twn apozhmiÿsewn me ìlec tic Ĺllec paramètrouc, pou

mporoÔn na tic ephreĹsoun, na mènoun stajerèc. KĹti tètoio den gÐnetai sth sugkekrimènh
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perÐptwsh, allĹ ja to doÔme sth sunèqeia tou kefalaÐou ìpou paÐrnoume dÔo katanomèc

Gamma me diaforetikèc paramètrouc, allĹ me thn Ðdia mèsh timă kai tic Ðdiec timèc gia to

perijÿrio asfĹleiac, θ.

DokimĹzontac thn prosèggish K
NB

δ (u) pou dÐnetai apì th sqèsh (4.7), ja diapistÿsoume

ìti den mporeÐ na efarmosteÐ diìti lÔnontac to sÔsthma (4.20), prokÔptoun lÔseic gia tic

paramètrouc r kai p thc arnhtikăc diwnumikăc katanomăc oi opoÐec den ikanopoioÔn touc

periorismoÔc pou eÐqame jèsei gia autèc tic timèc, sthn Enìthta 4.1. Epomènwc katală-

goume sto sumpèrasma ìti ìtan oi apozhmiÿseic akoloujoÔn mÐa meÐxh arketÿn ekjetikÿn

katanomÿn, upĹrqei pijanìthta na mhn eÐnai dunată h eÔresh thc prosèggishc K
NB

δ (u),

kajarĹ lìgw adunamÐac eÔreshc katĹllhlwn timÿn gia tic paramètrouc thc arnhtikăc diw-

numikăc katanomăc.

’Ara apì ta parapĹnw gÐnetai katanohtì ìti mìno h prosèggish K
Poi

δ (u) mporeÐ na efarmo-

steÐ kajÿc apì th lÔsh thc exÐswshc (4.25), prokÔptoun jetikèc timèc gia thn parĹmetro

λ̃ gia kĹje timă tou u. JumÐzoume ìti gia thn eÔresh thc paramètrou thc proseggisti-

kăc Poisson katanomăc, prèpei na gnwrÐzoume thn èntash thc anèlixhc Poisson, pou edÿ

isoÔtai me λ = 2, kai thn prÿth desmeumènh ropă tou qrìnou qreokopÐac h opoÐa èqei

upologisteÐ sto ParĹrthma B′
kai dÐnetai apì th sqèsh (B′.2). Sth sunèqeia, èqontac

upologÐsei tic timèc tou λ̃ gia kĹje timă tou u, paÐrnoume th sqèsh (4.24) h opoÐa edÿ

grĹfetai wc

K
Poi

δ (u) =
∞∑

k=0

(
2

2 + 0.05

)k

e−λ̃ λ̃k

k!
×
[
0.0101273 e−9.72616 u + 0.0171163 e−7.67875 u

(5.3)

+ 0.0295346 e−5.6344 u + 0.0619662 e−3.57305 u + 0.337922 e−1.38765 u
]
,

kai antikajistÿntac tic timèc thc paramètrou λ̃ kai tou arqikoÔ apojematikoÔ, brÐskoume

tic timèc thc prosèggishc gia tic timèc tou u pou epilègoume na pĹroume. Epomènwc blè-

poume kai se autì to parĹdeigma ìti oi timèc thc nèac prosèggishc brÐskontai me diakritì

trìpo kai autì eÐnai pou kĹnei autèc tic proseggÐseic na upologÐzontai se perissìtero

qrìno apì ìti h prosèggish Tijms. Epilègontac polÔ kontinèc timèc gia to u, mporoÔme

na enÿsoume ta diakritĹ shmeÐa thc prosèggishc kai na kataskeuĹsoume mÐa grafikă parĹ-

stash h opoÐa na faÐnetai suneqăc, qwrÐc na qreiĹzetai na upologÐsoume thn prosèggish

gia ìlec tic timèc tou u, kai sth sunèqeia na th sugkrÐnoume me th grafikă parĹstash thc

Kδ(u). To koinì diĹgramma twn dÔo autÿn grafhmĹtwn, dÐnetai sto parakĹtw Sqăma 5.1.
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Sqăma 5.1: Koinì diĹgramma twn grafikÿn parastĹsewn tou pragmatikoÔ metasqhmati-

smoÔ Laplace tou qrìnou qreokopÐac, Kδ(u), kai tou proseggistikoÔ, K
Poi

δ (u), gia meÐxh

pènte ekjetikÿn katanomÿn me θ = 1.18978 kai δ = 0.05.

Apì to Sqăma 5.1 den mporeÐ kĹpoioc na diakrÐnei th diaforĹ pou upĹrqei anĹmesa stic

dÔo grafikèc parastĹseic kai faÐnetai na eÐnai to èna grĹfhma pĹnw sto Ĺllo. Autì mac

kĹnei, me mÐa prÿth matiĹ, na pisteÔoume ìti oi timèc thc prosèggishc pou kataskeuĹsame

mĹllon ja eÐnai polÔ kontĹ me tic pragmatikèc timèc. Gia na sigoureutoÔme ìmwc, brÐ-

skoume gia kĹje timă tou u to posostiaÐo sfĹlma pou èqei h prosèggish se sqèsh me tic

pragmatikèc timèc kai sth sunèqeia gia na mporoÔme na bgĹloume kĹpoia sumperĹsmata,

kataskeuĹzoume th grafikă parĹstash autÿn twn timÿn pou brÐskoume. ’Opwc katala-

baÐnoume kai autì to diĹgramma èqei diakritĹ shmeÐa, kajÿc den èqoume upologÐsei poio

eÐnai to posostiaÐo sfĹlma gia opoiadăpote timă tou u. To koinì diĹgramma pou perièqei

tic grafikèc parastĹseic tou posostiaÐou sfĹlmatoc twn proseggÐsewn K
Tijms

δ (u) kai

K
Poi

δ (u), dÐnetai sto parakĹtw Sqăma 5.2.

Apì to Sqăma 5.2, parathroÔme ìti h prosèggish K
Poi

δ (u) eÐnai kalÔterh apì tou Tijms

gia tic perissìterec timèc tou u mèqri thn timă 0.5, ektìc apì thn timă 0 kai kĹpoiec timèc

kontĹ sto diĹsthma 0.4 èwc 0.5. MetĹ apì autĹ ta shmeÐa eÐnai kalÔterh, akìma kai 3

perÐpou forèc kalÔterh, mèqri thn timă 2.1, ìpou ekeÐ plhsiĹzei thn prosèggish Tijms,

enÿ sth sunèqeia gÐnetai kalÔterh h prosèggish Tijms kajÿc gia timèc tou u megalÔterec

tou 2.1, apoktĹei swstă asumptwtikă sumperiforĹ me apotèlesma gia ekeÐnec tic timèc na

epilègoume thn prosèggish K
Tijms

δ (u). Autìc eÐnai kai o lìgoc pou èqoume epilèxei na

pĹroume timèc gia to u mèqri thn timă 3.
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Sqăma 5.2: PosostiaÐo sfĹlma twn proseggÐsewn K
Tijms

δ (u), K
Poi

δ (u), gia meÐxh pènte

ekjetikÿn katanomÿn me θ = 1.18978 kai δ = 0.05.

Sth sunèqeia paÐrnoume mÐa megĹlh timă gia to θ gia na doÔme katĹ pìso kalÔterh eÐnai,

se aută thn perÐptwsh, h prosèggish K
Poi

δ (u) apì thn prosèggish K
Tijms

δ (u). ’Opwc kai

prin ètsi kai edÿ, h prosèggish K
NB

δ (u) den mporeÐ na upologisteÐ kajÿc kai se aută

thn perÐptwsh, apì th lÔsh twn dÔo exisÿsewn thc sqèshc (4.20), prokÔptoun timèc gia

tic paramètrouc r kai p oi opoÐec den ikanopoioÔn touc periorismoÔc pou jètei h arnhtikă

diwnumikă katanomă. Epomènwc ja asqolhjoÔme pĹli mìno me thn prosèggish gia ton me-

tasqhmatismì Laplace tou qrìnou qreokopÐac, mèsw katanomăc Poisson.

Upojètoume ìti c = 1.1 kai λ = 2. Epomènwc paÐrnoume ìti to perijÿrio asfĹleiac

isoÔtai me

θ = 1.40876.

H pijanìthta qreokopÐac sth sugkekrimènh perÐptwsh, èqoume breÐ apì to ParĹrthma

B′
, ìti isoÔtai me th sqèsh (B′.3) kai o metasqhmatismìc Laplace tou qrìnou qreokopÐac

(δ > 0) brÐskoume metĹ apì prĹxeic sto Mathematica ìti isoÔtai me

Kδ(u) =0.010768 e−9.74402 u + 0.0179373 e−7.70271 u + 0.0304945 e−5.66516 u

(5.4)

+ 0.0623966 e−3.61533 u + 0.28369 e−1.48559 u

Tèloc mèsw thc mejodologÐac pou anaptÔxame sto deÔtero kefĹlaio, prokÔptei ìti h pro-

sèggish Tijms gia ton metasqhmatismì Laplace tou qrìnou qreokopÐac, isoÔtai me
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K
Tijms

δ (u) = 0.121599 e−4.66302 u + 0.283688 e−1.48559 u
(5.5)

EpÐshc gnwrÐzoume ìti h prÿth desmeumènh ropă tou qrìnou qreokopÐac isoÔtai me th

sqèsh (B′.4) pou èqei dojeÐ sto parĹrthma B′
. Epomènwc lÔnontac thn exÐswsh (4.25),

wc proc λ̃, brÐskoume thn parĹmetro thc Poisson katanomăc, gia kĹje timă tou u, me thn

opoÐa èqoume proseggÐsei thn Ĺgnwsth, wc proc emĹc, katanomă thc t.m K?
. Sth sunèqeia

antikajistÿntac autèc tic timèc thc paramètrou, gia kĹje arqikì apojematikì, sto tÔpo

K
Poi

δ (u) =
∞∑

k=0

(
2

2 + 0.05

)k

e−λ̃ λ̃k

k!
×
[
0.0105739 e−9.7432 u + 0.017624 e−7.70134 u

(5.6)

+ 0.0299932 e−5.66284 u + 0.0615949 e−3.6106 u + 0.295365 e−1.46384 u
]
,

paÐrnoume tic timèc thc prosèggishc K
Poi

δ (u). Epilègontac diĹforec timèc gia to arqi-

kì apojematikì pou kratĹ h kĹje etaireÐa, kataskeuĹzoume èna koinì diĹgramma me tic

grafikèc parastĹseic twn timÿn thc nèac prosèggishc, pou upologÐsthke apì th sqèsh

(5.6), kai tou pragmatikoÔ metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, Kδ(u). To

sugkekrimèno koinì diĹgramma dÐnetai apì to parakĹtw Sqăma 5.3.
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Sqăma 5.3: Koinì diĹgramma twn grafikÿn parastĹsewn tou pragmatikoÔ metasqhmati-

smoÔ Laplace tou qrìnou qreokopÐac, Kδ(u), kai tou proseggistikoÔ, K
Poi

δ (u), gia meÐxh

pènte ekjetikÿn katanomÿn me θ = 1.40876 kai δ = 0.05.
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Sto Sqăma 5.3, parathroÔme ìti oi dÔo grafikèc parastĹseic faÐnontai san na eÐnai mÐa,

dhladă san na eÐnai h mÐa pĹnw sthn Ĺllh. Autì mac odhgeÐ sto sumpèrasma ìti h prosèg-

gish K
Poi

δ (u) eÐnai mÐa parĹ polÔ kală prosèggish, kajÿc faÐnetai ìti oi timèc thc eÐnai

polÔ kontĹ me tic pragmatikèc timèc pou dÐnontai, gia kĹje timă tou u, apì th sqèsh (5.4).

Gia na epibebaiÿsoume ìmwc ta parapĹnw kai gia na doÔme akribÿc pìso kontĹ eÐnai oi

timèc thc prosèggishc me tic pragmatikèc, paÐrnoume to posostiaÐo sfĹlma pou upĹrqei

anĹmesa se autèc tic timèc, gia kĹje timă tou arqikoÔ apojematikoÔ u. KataskeuĹzontac

kai to posostiaÐo sfĹlma thc prosèggishc Tijms se sqèsh me thn Kδ(u), paÐrnoume to

koinì diĹgramma me tic grafikèc parastĹseic tou posostiaÐou sfĹlmatoc twn dÔo proseg-

gÐsewn to opoÐo dÐnetai sth sunèqeia, sto Sqăma 5.4.
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Sqăma 5.4: PosostiaÐo sfĹlma twn proseggÐsewn K
Tijms

δ (u), K
Poi

δ (u), gia meÐxh pènte

ekjetikÿn katanomÿn me θ = 1.40876 kai δ = 0.05.

Apì to Sqăma 5.4, diakrÐnoume kajarĹ gia poiec timèc tou u eÐnai kalÔterh h nèa pro-

sèggish se sqèsh me thn prosèggish Tijms allĹ kai to antÐjeto. Edÿ èqoume epilèxei

na pĹroume timèc gia to arqikì apojematikì mèqri thn timă u = 3 kajÿc apì ekeÐ kai

pèra to posostiaÐo sfĹlma paÐrnei sqedìn mhdenikèc timèc. EkeÐ pou mporoÔme na upo-

logÐsoume ìti h nèa prosèggish pou kataskeuĹsame eÐnai kalÔterh, eÐnai gia timèc tou u

mèqri thn timă u = 1.5. ’Omwc anĹmesa se autĹ upĹrqoun timèc tou u gia tic opoÐec eÐ-

nai kalÔterh h prosèggish K
Tijms

δ (u), ìpwc gia parĹdeigma h timă u = 0 kai h timă u = 0.4.

Tèloc oi timèc thc prosèggishc K
Poi

δ (u), tou metasqhmatismoÔ Laplace tou qrìnou qreo-

kopÐac Kδ(u) kai thc paramètrou λ̃, gia θ = 1.18978 kai θ = 1.40876, dÐnontai stouc

parakĹtw PÐnakec 5.1 kai 5.2 antÐstoiqa.
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u K
Poi

δ (u) Kδ(u) λ̃

0 0.443713 0.443966 1.17975

0.1 0.353149 0.353413 1.47344

0.2 0.288638 0.2889 1.72708

0.3 0.24008 0.240333 1.94996

0.4 0.202045 0.202285 2.14997

0.5 0.171404 0.17163 2.33308

0.6 0.14623 0.146442 2.50357

0.7 0.12526 0.125457 2.66451

0.8 0.107616 0.107799 2.81811

0.9 0.0926631 0.0928326 2.966

1 0.0799227 0.0800788 3.10938

1.1 0.0690233 0.0691667 3.24919

1.2 0.0596703 0.0598016 3.38613

1.3 0.051625 0.051745 3.52076

1.4 0.0446921 0.0448015 3.65352

1.5 0.038709 0.0388086 3.78475

1.6 0.0335399 0.0336303 3.91475

1.7 0.02907 0.0291519 4.04373

1.8 0.0252019 0.025276 4.17189

1.9 0.0218528 0.0219198 4.29937

2 0.0189517 0.0190121 4.42629

2.1 0.0164378 0.0164923 4.55276

2.2 0.0142588 0.0143078 4.67885

2.3 0.0123697 0.0124137 4.80464

2.4 0.0107315 0.010771 4.93017

2.5 0.00931074 0.00934619 5.0555

2.6 0.00807843 0.0081102 5.18066

2.7 0.00700945 0.00703789 5.30568

2.8 0.0060821 0.00610753 5.43058

2.9 0.00527755 0.00530027 5.55539

3 0.00457951 0.00459979 5.68013

3.3 0.00299233 0.0030067 6.054

3.5 0.00225331 0.00226469 6.30306

3.8 0.00147249 0.00148048 6.67648

4 0.00110887 0.00111516 6.92536

PÐnakac 5.1: PÐnakac timÿn tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, thc

nèac prosèggishc K
Poi

δ (u) kai thc paramètrou thc proseggistikăc katanomăc Poisson,

gia meÐxh pènte ekjetikÿn katanomÿn kai θ = 1.18978.
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u K
Poi

δ (u) Kδ(u) λ̃

0 0.405184 0.405286 0.996369

0.1 0.317647 0.317665 1.22081

0.2 0.256292 0.256246 1.41104

0.3 0.210789 0.210696 1.57458

0.4 0.175616 0.17549 1.71804

0.5 0.147617 0.147469 1.84649

0.6 0.124861 0.124698 1.96364

0.7 0.10609 0.105919 2.07213

0.8 0.090442 0.0902668 2.17388

0.9 0.0772946 0.0771195 2.2703

1 0.0661842 0.066012 2.36243

1.1 0.0567541 0.0565867 2.45107

1.2 0.0487232 0.0485622 2.53683

1.3 0.0418662 0.0417127 2.62019

1.4 0.0359998 0.0358544 2.70153

1.5 0.0309728 0.0308359 2.78115

1.6 0.0266598 0.0265316 2.85928

1.7 0.0229557 0.0228361 2.93613

1.8 0.0197719 0.0196608 3.01185

1.9 0.0170338 0.0169309 3.08656

2 0.0146776 0.0145827 3.16039

2.1 0.0126493 0.0125619 3.2334

2.2 0.0109026 0.0108225 3.30568

2.3 0.00939816 0.00932477 3.37728

2.4 0.00810198 0.00803494 3.44826

2.5 0.00698506 0.00692394 3.51864

2.6 0.00602247 0.00596685 3.58846

2.7 0.00519279 0.00514227 3.65775

2.8 0.0044776 0.00443178 3.72654

2.9 0.00386105 0.00381955 3.79485

3 0.00332949 0.00329197 3.86268

3.3 0.00213531 0.00210778 4.06349

3.5 0.00158815 0.00156588 4.19521

3.8 0.0010188 0.00100272 4.38973

4 0.000757841 0.000744958 4.51742

PÐnakac 5.2: PÐnakac timÿn tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, thc

nèac prosèggishc K
Poi

δ (u) kai thc paramètrou thc proseggistikăc katanomăc Poisson,

gia meÐxh pènte ekjetikÿn katanomÿn kai θ = 1.40876.
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’Opwc eÐqame anafèrei kai sto KefĹlaio 4, gia megĹlec timèc tou θ èqei apodeiqjeÐ ìti h

prosèggish Tijms qeirotereÔei se sqèsh me mikrìterec timèc tou θ. Autì faÐnetai xekĹ-

jara kai apì ta diagrĹmmata 5.2 kai 5.4 antÐstoiqa. ’Omwc sthn perÐptwsh pou eÐqame ìti

oi apozhmiÿseic akoloujoÔn mÐa meÐxh triÿn ekjetikÿn katanomÿn, gia megĹlec timèc tou θ

eÐqame deÐxei ìti kai oi dÔo nèec proseggÐseic beltionìntousan se sqèsh me thn prosèggish

Tijms kai mĹlista eÐdame katĹ pìso kalÔterh ătan h prosèggish K
NB

δ (u) se sqèsh me

thn K
Tijms

δ (u), gia θ = 1.45455. Sthn perÐptwsh pou exetĹzoume se aută thn enìthta,

blèpoume ìti mporeÐ to posostiaÐo sfĹlma thc prosèggishc Tijms, gia θ = 1.40876, na

paÐrnei megalÔterec timèc apì ìti gia θ = 1.18978 allĹ kai h prosèggish K
Poi

δ (u) faÐnetai

na qeirotereÔei gia megalÔterec timèc tou θ. Autìc eÐnai o lìgoc pou sthn perÐptwsh

pou isqÔei ìti θ = 1.18978, h nèa prosèggish eÐnai kalÔterh apì aută tou Tijms gia

perissìterec timèc tou arqikoÔ apojematikoÔ u. Se autì mporeÐ na eujÔnetai kai to ge-

gonìc ìti edÿ den mporeÐ na efarmosteÐ h prosèggish K
NB

δ (u), kajÿc èqoume anafèrei

ìti aută eÐnai h kÔria prosèggish kai h K
Poi

δ (u) dhmiourgăjhke mìno kai mìno epeidă se

merikèc periptÿseic, ìpwc aută pou exetĹzoume, den eÐnai dunată h efarmogă thc arnhtikăc

diwnumikăc katanomăc wc proseggistikăc katanomăc gia thn t.m K?
. Sunăjwc apì tic dÔo

nèec proseggÐseic, kalÔterh eÐnai stic perissìterec periptÿseic h prosèggish K
NB

δ (u),

ìtan o upologismìc thc eÐnai efiktìc, enÿ ìpwc ja doÔme kai sth sunèqeia h prosèggish

K
Poi

δ (u) mporeÐ na eÐnai kalÔterh gia orismènec katanomèc apozhmiÿsewn kai gia megĹlec

timèc tou θ. Bèbaia gia na gÐnei h sÔgkrish metaxÔ twn dÔo nèwn proseggÐsewn, ja prèpei

na mporoÔn na upologistoÔn kai oi dÔo kai sth sunèqeia na doÔme poia eÐnai kalÔterh kai

se poièc periptÿseic me thn eÔresh tou posostiaÐou sfĹlmatoc pou èqei h kĹje prosèg-

gish, gia diĹforec timèc tou u.

5.2 Oi nèec proseggÐseic K
NB
δ (u) kai K

Poi
δ (u) gia

katanomă Gamma(10,10).

Sto sugkekrimèno parĹdeigma upojètoume ìti to mègejoc twn apozhmiÿsewn akoloujeÐ

mÐa GĹmma(10,10) katanomă me mesh timă p1 = 1 kai èqoume pĹrei gia arqă ìti c = 1.5 kai

λ = 1. Epomènwc apì th sqèsh (1.3), paÐrnoume ìti

θ = 0.5.

To Ðdio parĹdeigma èqei melethjeÐ kai sto ParĹrthma G’, ìpou ekeÐ èqoun dojeÐ h pijanìthta

qreokopÐac kai oi ropèc tou qrìnou qreokopÐac pou isqÔoun gia kĹje diaforetikă timă tou

θ. Gia θ = 0.5, paÐrnoume ìti h pijanìthta qreokopÐac isoÔtai me th sqèsh (G’.1), enÿ
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epiplèon gia δ = 0.05 o metasqhmatismìc Laplace tou qrìnou qreokopÐac isoÔtai me

Kδ(u) =0.733858 e−0.743358 u − 0.0142072 e−17.1964 u − e−15.948 u

× [0.028033 cos (4.10547u) + 0.01012534 sin (4.10547u)]− e−12.5931 u

× [0.026604 cos (6.85254u) + 0.022337 sin (6.85254u)]− e−8.17293 u
(5.7)

× [0.0226714 cos (7.29731u) + 0.0409218 sin (7.29731u)]− e−4.01177 u

× [0.0079242 cos (5.16178u) + 0.0827798 sin (5.16178u)]

Tèloc h prosèggish Tijms gia ton metasqhmatismì Laplace tou qrìnou qreokopÐac isoÔ-

tai me

K
Tijms

δ (u) = 0.733858 e−0.743361 u − 0.0994406 e−5.02832 u. (5.8)

Edÿ prèpei na anafèroume ìti qrhsimopoioÔme mìno thn prosèggish K
Poi

δ (u) kajÿc h pro-

sèggish K
NB

δ (u) den mporeÐ na upologisteÐ lìgw tou ìti oi timèc twn paramètrwn r kai p

thc arnhtikăc diwnumikăc katanomăc, pou brÐskontai apì thn lÔsh tou sustămatoc (4.20),

den ikanopoioÔn touc periorismoÔc pou èqoume jèsei sthn Enìthta 4.1. Epomènwc gnwrÐ-

zontac ìti λ = 1 kai thn prÿth desmeumènh ropă tou qrìnou qreokopÐac, ψ1(u)/ψ(u), pou

dÐnetai sto ParĹrthma G’ apì th sqèsh (G′.2), brÐskoume, lÔnontac wc proc λ̃ thn exÐswsh

(4.25), thn parĹmetro λ̃ thc Poisson katanomăc pou antistoiqeÐ gia kĹje timă tou arqikoÔ

apojematikoÔ u. Sth sunèqeia gia kĹje u pou epilègoume, antikajistoÔme thn timă thc

paramètrou λ̃ pou antistoiqeÐ se kĹje mÐa apì autèc tic timèc, ston tÔpo

K
Poi

δ (u) =
∞∑

k=0

(
1

1 + 0.05

)k

e−λ̃ λ̃k

k!
×
(
0.75634 e−0.676577 u − 0.0129101 e−17.1977 u

− e−15.9492 u [0.0254646 cos (4.10593u) + 0.00922196 sin (4.10593u)]− e−12.5943 u

× [0.0241322 cos (6.85355u) + 0.0203378 sin (6.85355u)]− e−8.17395 u
(5.9)

× [0.0204626 cos (7.29917u) + 0.0372274 sin (7.29917u)]− e−4.0121 u

× [0.00670382 cos (5.16553u) + 0.0750684 sin (5.16553u)]) ,
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paÐrnoume tic timèc thc nèac prosèggishc gia ton metasqhmatismì Laplace tou qrìnou

qreokopÐac, mèsw katanomăc Poisson. Oi timèc thc nèac prosèggishc pou prokÔptoun apì

ton tÔpo (5.9) kajÿc kai h grafikă parĹstash thc Kδ(u), pou dÐnetai apì th sqèsh (5.7),

dÐnontai apì to parakĹtw koinì diĹgramma 5.5.

Apì to Sqăma 5.5, parathroÔme ìti oi dÔo grafikèc parastĹseic eÐnai pĹra polÔ kon-

tĹ h mÐa sthn Ĺllh afoÔ den diakrÐnoume kĹpoia diaforĹ anĹmesĹ touc. ’Opwc kĹname kai

stic prohgoÔmenec enìthtec tou kefalaÐou, kataskeuĹzoume to posostiaÐo sfĹlma twn

timÿn thc nèac prosèggishc, gia kĹje timă tou u, kai sth sunèqeia dÐnoume se koinì diĹ-

gramma tic grafikèc parastĹseic tou posostiaÐou sfĹlmatoc twn proseggÐsewn K
Poi

δ (u)

kai K
Tijms

δ (u). SÔmfwna me to parakĹtw Sqăma 5.6, katalăgoume sto sumpèrasma ìti

gia Gamma(10, 10) katanomă twn apozhmiÿsewn kai θ = 0.5, pou eÐnai mÐa timă pou qrh-

simopoeÐtai sthn prĹxh apì tic asfalistikèc etaireÐec, h nèa prosèggish K
Poi

δ (u) eÐnai

kalÔterh apì tou Tijms gia lÐgec timèc tou u kai sugkekrimèna gia u = 0.1, u = 0.2,

u = 0.3 kai apì u = 0.5 èwc u = 0.9. Gia tic upìloipec timèc tou arqikoÔ apojematikoÔ

pou èqoume epilèxei, pio akribăc eÐnai h prosèggish Tijms.

’Ara edÿ katafèrame na dhmiourgăsoume mÐa prosèggish h opoÐa an kai den eÐnai, gia fu-

siologikèc timèc tou θ, tìso kală ìso h kÔria prosèggish K
NB

δ (u), eÐnai kalÔterh èstw

kai gia polÔ mikrèc timèc tou u apì thn ădh polÔ kală, gia thn sugkekrimènh perÐptwsh,

prosèggish Tijms.

0 2 4 6 8 10
u
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9K∆HuL, K ∆
PoiHuL=

Sqăma 5.5: Koinì diĹgramma twn grafikÿn parastĹsewn tou pragmatikoÔ metasqhma-

tismoÔ Laplace tou qrìnou qreokopÐac, Kδ(u), kai tou proseggistikoÔ, K
Poi

δ (u), gia

Gamma(10, 10) katanomă me θ = 0.5 kai δ = 0.05.
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Sqăma 5.6: PosostiaÐo sfĹlma twn proseggÐsewn K
Tijms

δ (u) kai K
Poi

δ (u), gia

Gamma(10, 10) katanomă me θ = 0.5 kai δ = 0.05.

Sth sunèqeia jèloume na xèroume ti gÐnetai sthn perÐptwsh pou upojètoume mÐa mega-

lÔterh timă gia to θ. Sta prohgoÔmena paradeÐgmata eÐqame sumperĹnei ìti gia megĹlec

timèc tou θ oi nèec proseggÐseic ginìntousan polÔ kalÔterec apì thn prosèggish Tijms,

afoÔ ìpwc èqoume xananafèrei to posostiaÐo sfĹlma thc prosèggishc Tijms auxĹnetai

gia megĹlec timèc tou θ. Epomènwc upojètontac ìti c = 2.5 kai λ = 1, paÐrnoume

θ = 1.5.

Kai se aută thn perÐptwsh den eÐnai efiktìc o upologismìc thc prosèggishc K
NB

δ (u),

kajÿc apì thn lÔsh tou sustămatoc (4.20) den prokÔptoun ikanopoihtikèc timèc gia tic

paramètrouc thc arnhtikăc diwnumikăc katanomăc pou qrhsimopoioÔme wc prosèggish thc

katanomăc thc t.m K?
. Epomènwc ja qrhsimopoiăsoume kai pĹli mìno thn prosèggish

K
Poi

δ (u) h opoÐa elpÐzoume na eÐnai beltiwmènh se sqèsh me thn perÐptwsh pou Ðsque ìti

θ = 0.5. Sto parĹdeigma thc Enìthtac 4.3 ìpou oi apozhmiÿseic akoloujoÔn mÐa

GĹmma(3,3) katanomă, eÐdame ìti h prosèggish K
Poi

δ (u) beltiÿnetai gia θ = 1.5 kai gÐnetai

kalÔterh apì thn kÔria prosèggish K
NB

δ (u) h opoÐa eÐnai kalÔterh gia θ = 0.5.

Me thn allagă sthn timă tou θ allĹzoun kai oi basikèc posìthtec pou qrhsimeÔoun ston

upologismì thc nèac prosèggishc kajÿc kai sth sÔgkrish autăc me thn prosèggish Tijms.

Epomènwc paÐrnoume ìti h pijanìthta qreokopÐac dÐnetai apì th sqèsh (G′3) tou Parar-

tămatoc G
′
, enÿ gia δ = 0.05 o metasqhmatismìc Laplace tou qrìnou qreokopÐac isoÔtai me
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Kδ(u) =0.548833 e−1.4112 u − 0.0232321 e−16.8619 u − e−15.6703 u

× [0.0457638 cos (3.91634u) + 0.01675028 sin (3.91634u)]− e−12.468 u

× [0.0431322 cos (6.53533u) + 0.0369122 sin (6.53533u)]− e−8.24969 u
(5.10)

× [0.0358378 cos (6.95474u) + 0.0674236 sin (6.95474u)]− e−4.28189 u

× [0.00801988 cos (4.90463u) + 0.1348476 sin (4.90463u)] .

Tèloc gia thn prosèggish Tijms tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac,

paÐrnoume apì to Mathematica ìti

K
Tijms

δ (u) = 0.486253 e−1.06064 u − 0.0948594 e−3.36821 u, (5.11)

enÿ h prÿth desmeumènh ropă tou qrìnou qreokopÐac pou qrhsimopoeÐtai sthn eÔresh thc

paramètrou λ̃, dÐnetai apì th sqèsh (G′.4) tou Parartămatoc G′. Epomènwc tÿra antikaji-

stÿntac thn timă thc paramètrou λ̃ pou antistoiqeÐ se kĹje diaforetikă timă tou arqikoÔ

apojematikoÔ, ston tÔpo

K
Poi

δ (u) =
∞∑

k=0

(
1

1 + 0.05

)k

e−λ̃ λ̃k

k!
×
(
0.553816 e−1.39315 u − 0.0229407 e−16.8627 u

− e−15.671 u [0.0451862 cos (3.91662u) + 0.01654748 sin (3.91662u)]− e−12.4688 u

× [0.0425748 cos (6.53594u) + 0.036478 sin (6.53594u)]− e−8.25027 u
(5.12)

× [0.0353376 cos (6.95585u) + 0.066584 sin (6.95585u)]− e−4.28202 u

× [0.00777634 cos (4.90685u) + 0.133046 sin (4.90685u)]) ,

paÐrnoume tic timèc thc prosèggishc gia ton metasqhmatismì Laplace tou qrìnou qreo-
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kopÐac, mèsw katanomăc Poisson, gia tic diĹforec timèc tou u pou èqoume epilèxei. Ka-

taskeuĹzontac se grĹfhma tic timèc pou prokÔptoun apì th sqèsh (5.12) kajÿc kai th

grafikă parĹstash thc sqèshc (5.10), katalăgoume sto epìmeno koinì diĹgramma 5.7.
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Sqăma 5.7: Koinì diĹgramma twn grafikÿn parastĹsewn tou pragmatikoÔ metasqhma-

tismoÔ Laplace tou qrìnou qreokopÐac, Kδ(u), kai tou proseggistikoÔ, K
Poi

δ (u), gia

Gamma(10, 10) katanomă me θ = 1.5 kai δ = 0.05.

Parathrÿntac to Sqăma 5.7, katalăgoume sto Ðdio sumpèrasma pou eÐqame kai sta proh-

goÔmena paradeÐgmata. Epomènwc gia na doÔme se aută thn perÐptwsh eĹn h prosèggish

K
Poi

δ (u) eÐnai kalÔterh apì tou Tijms kai gia poièc timèc tou u, kataskeuĹzoume se koinì

grĹfhma to posostiaÐo sfĹlma pou èqei h kĹje prosèggish. ’Etsi prokÔptei to parakĹtw

Sqăma 5.8.

Apì to Sqăma 5.8, parathroÔme ìti gia θ = 1.5 h nèa prosèggish K
Poi

δ (u) gÐnetai po-

lÔ kalÔterh apì thn prosèggish Tijms, h opoÐa “qalĹei” polÔ se aută thn perÐptwsh

enÿ h nèa prosèggish deÐqnei na mhn ephreĹzetai. Epiplèon gia kĹpoiec timèc tou u faÐnetai

xekĹjara h diaforĹ anĹmesa stic dÔo proseggÐseic, kajÿc to posostiaÐo sfĹlma thc nèac

prosèggishc gÐnetai pollèc dekĹdec forèc mikrìtero apì tou Tijms. Sugkekrimèna gia u

mèqri thn timă 1.7, ektìc apì lÐga shmeÐa, h prosèggish K
Poi

δ (u) eÐnai safÿc h kalÔterh

kai blèpoume ìti upĹrqei kĹpoia beltÐwsh thc prosèggishc se sqèsh me thn prohgoÔmenh

perÐptwsh pou Ðsque θ = 0.5. ’Ara katalăxame se mÐa prosèggish thn opoÐa mporeÐ na

dialèxei mÐa etaireÐa pou kratĹei mikrì arqikì apojematikì, enÿ mporeÐ na thn sunduĹsei

me aută tou Tijms ìtan jèlei na auxăsei to arqikì apojematikì thc.
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Sqăma 5.8: PosostiaÐo sfĹlma twn proseggÐsewn K
Tijms

δ (u) kai K
Poi

δ (u), gia

Gamma(10, 10) katanomă me θ = 1.5 kai δ = 0.05.

EpÐshc se sqèsh me to parĹdeigma thc enìthtac 4.3 pou to mìno pou allĹzei eÐnai oi

parĹmetroi sthn GĹmma katanomă pou akoloujoÔn oi apozhmiÿseic, parathroÔme ìti kai

stic dÔo periptÿseic h prosèggish K
Poi

δ (u) beltiÿnetai katĹ polÔ sthn perÐptwsh pou

isqÔei θ = 1.5 kai epÐshc ìti gia megĹlec timèc twn paramètrwn thc GĹmma katanomăc, den

eÐnai efiktìc o upologismìc thc prosèggishc K
NB

δ (u). Parìla autĹ faÐnetai ìti kai na

mporoÔse na upologisteÐ h K
NB

δ (u), gia θ = 1.5, den ja ătan tìso kală ìso h nèa pro-

sèggish pou ădh èqoume upologÐsei. To antÐjeto faÐnetai na isqÔei gia thn perÐptwsh pou

èqoume upojèsei fusiologikèc timèc tou θ, pou eÐnai efarmìsimec kai sthn prĹxh, kajÿc

katĹ pĹsa pijanìthta ja ătan kalÔterh h prosèggish K
NB

δ (u), an bèbaia ătan efiktìc o

upologismìc thc. Autì eÐnai èna meionèkthma twn katanomÿn gia tic opoÐec den eÐnai duna-

tìc o upologismìc thc prosèggishc K
NB

δ (u), kajÿc gia mikrèc timèc tou θ kai tou u den

paÐrnoume thn kalÔterh dunată prosèggish pou ja mporoÔsame. Opìte mÐa asfalistikă

etaireÐa pou dialègei mikrì perijÿrio kèrdouc, den èqei sta qèria thc ènan bèltisto sun-

duasmì proseggÐsewn gia na eÐnai pio kontĹ me tic pragmatikèc timèc tou metasqhmatismoÔ

Laplace tou qrìnou qreokopÐac, gia opoiadăpote timă dialèxei wc arqikì apojematikì.

Tèloc oi timèc thc prosèggishc K
Poi

δ (u), thc Kδ(u) kai thc paramètrou λ̃ pou antistoiqeÐ

se kĹje u, ìtan θ = 0.5 kai θ = 1.5, dÐnontai stouc PÐnakec 5.3 kai 5.4 antÐstoiqa.
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u K
Poi

δ (u) Kδ(u) λ̃

0 0.632645 0.634418 1.1

0.1 0.609455 0.611363 1.147613

0.2 0.584596 0.586637 1.205061

0.3 0.557959 0.560127 1.274637

0.4 0.529497 0.531782 1.358978

0.5 0.499368 0.501755 1.460315

0.6 0.468069 0.470538 1.579357

0.7 0.436404 0.438933 1.714578

0.8 0.405294 0.407858 1.862412

0.9 0.375537 0.378115 2.018193

1 0.347662 0.350234 2.177372

1.1 0.321896 0.324448 2.336473

1.2 0.298226 0.300747 2.493519

1.3 0.276498 0.278981 2.647924

1.4 0.256504 0.258944 2.800054

1.5 0.238042 0.240432 2.95071

1.6 0.220941 0.223276 3.100721

1.7 0.205066 0.207343 3.2507

1.8 0.190317 0.192531 3.401022

1.9 0.17661 0.178759 3.55176

2 0.163877 0.165958 3.702867

2.1 0.152054 0.154066 3.85422

2.2 0.141081 0.143023 4.005674

2.3 0.1309 0.132771 4.15714

2.4 0.121454 0.123256 4.30856

2.5 0.112692 0.114424 4.459916

2.6 0.104564 0.106226 4.61121

2.7 0.0970219 0.0986159 4.76247

2.8 0.0900244 0.0915515 4.91371

2.9 0.0835317 0.0849933 5.06495

3 0.0775071 0.0789047 5.216192

3.3 0.0619167 0.0631325 5.669979

3.5 0.0533069 0.0544108 5.972523

3.8 0.0425842 0.0435345 6.426334

4 0.0366627 0.0375203 6.728869

PÐnakac 5.3: PÐnakac timÿn tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, thc

nèac prosèggishc K
Poi

δ (u) kai thc paramètrou thc proseggistikăc katanomăc Poisson,

gia GĹmma(10, 10) katanomă kai θ = 0.5.
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u K
Poi

δ (u) Kδ(u) λ̃

0 0.393076 0.392848 0.366667

0.1 0.369054 0.368847 0.364357

0.2 0.344005 0.343816 0.364522

0.3 0.317891 0.317722 0.3758

0.4 0.290746 0.290592 0.408637

0.5 0.262802 0.262662 0.43467

0.6 0.234613 0.234485 0.466628

0.7 0.207008 0.20689 0.503286

0.8 0.180887 0.180777 0.543

0.9 0.156981 0.156879 0.584058

1 0.135717 0.135622 0.625037

1.1 0.117195 0.117107 0.665029

1.2 0.101266 0.101183 0.703689

1.3 0.0876373 0.0875613 0.741122

1.4 0.0759733 0.0759036 0.777686

1.5 0.0659538 0.0658899 0.813808

1.6 0.0573055 0.0572474 0.849851

1.7 0.0498097 0.0497569 0.886053

1.8 0.043294 0.0432463 0.922518

1.9 0.0376227 0.0375796 0.959246

2 0.0326853 0.0326462 0.996178

2.1 0.0283887 0.0246207 1.033228

2.2 0.0246525 0.0246207 1.070318

2.3 0.0214062 0.0213776 1.107392

2.4 0.018587 0.0185613 1.144422

2.5 0.0161394 0.0161163 1.181399

2.6 0.014048 0.0139941 1.218331

2.7 0.0121704 0.0121518 1.255235

2.8 0.010569 0.0105524 1.292126

2.9 0.00917857 0.00916369 1.329017

3 0.00797109 0.00795779 1.365914

3.3 0.00520244 0.00521134 1.476659

3.5 0.0039235 0.00392983 1.550512

3.8 0.00256961 0.00257339 1.661285

4 0.0019379 0.00194057 1.735126

PÐnakac 5.4: PÐnakac timÿn tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, thc

nèac prosèggishc K
Poi

δ (u) kai thc paramètrou thc proseggistikăc katanomăc Poisson,

gia GĹmma(10, 10) katanomă kai θ = 1.5.
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ParĹrthma Aþ

Perigrafă entolÿn sto prìgramma

Mathematica.

Skopìc thc dhmiourgÐac tou sugkekrimènou parartămatoc, eÐnai na exhgăgoume analu-

tikĹ stouc anagnÿstec mac tic entolèc pou qrhsimopoiăsame gia na upologÐsoume sto

Mathematica ìlec tic prĹxeic, tic posìthtec kai ta diagrĹmmata pou qreiazìmaste, ka-

jÿc mporeÐ na mhn eÐnai safèc pÿc brèjhkan ìlec autèc oi posìthtec tìso eÔkola. DÐnoume

tic spoudaiìterec entolèc pou èqoume qrhsimopoiăsei gia ta kefĹlaia 2, 3, 4 kai 5. Epeidă

ìmwc èqoume upologÐsei tic Ðdiec posìthtec perissìterec apì mÐa forèc, dÐnoume mÐa forĹ

thn kĹje entolă h opoÐa ja xèroume ìti qrhsimopoieÐtai Ðdia gia ìlec tic periptÿseic pou

qreiĹzetai. ’Etsi edÿ jewroÔme ìti oi oi apozhmiÿseic akoloujoÔn thn meÐxh triÿn ekje-

tikÿn katanomÿn pou èqoume qrhsimopoiăsei sto ParadeÐgma 2.2.1.

Upologismìc posotătwn sto KefĹlaio 2

’Otan orÐzoume mÐa sunĹrthsh sto Mathematica ja prèpei gia na diakrÐnetai poia eÐnai h

parĹmetroc thc sunĹrthshc, na qrhsimopoioÔme metĹ to sÔmbolo thc paramètrou thn kĹtw

paÔla ( ). EpÐshc ìtan jèloume na orÐsoume mÐa sunĹrthsh kai na gÐnetai o upologismìc

thc ìpote zhthjeÐ, qrhsimopoioÔme to sÔmbolo (:=). ’Etsi gia na orÐsoume thn sv.p.p dÐ-

noume thn exăc entolă

f [x ] :=
1

3
PDF [ExponentialDistribution[2], x] +

1

3
PDF [ExponentialDistribution[4], x]

+
1

3
PDF [ExponentialDistribution[6], x]

AntÐstoiqa gia thn perÐptwsh pou oi apozhmiÿseic akoloujoÔn mÐa GĹmma(3,3) katanomă,
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h sv.p.p orÐzetai wc

f [x ] := PDF

[
GammaDistribution

[
3,

1

3

]
, x

]

To Mathematica qrhsimopoieÐ mÐa deÔterh morfă thc GĹmma katanomăc thc opoÐac h sv.p.p

eÐnai h exăc:

f(x) =
xα−1 e−

x
β

Γ(α)βα

Epeidă ìmwc emeÐc den qrhsimopoioÔme aută th sugkekrimènh morfă, gia na thn metatrè-

youme bĹzoume wc deÔterh parĹmetro thn antÐstrofh timă apì aută jèloume.

Prin suneqÐsoume me tic Ĺllec sunartăseic ja prèpei na èqoume orÐsei kai tic timèc twn

basikÿn paramètrwn pou mac endiafèroun, h qrăsh twn opoÐwn eÐnai anagkaÐa gia ton

upologismì ìlwn twn posotătwn. ’Etsi orÐzoume tic timèc me ton exăc trìpo

c = 1;λ = 2; δ = 0.05;

ìpou to ellhnikì erwthmatikì (; ), dhlÿnei ìti to prìgramma paÐrnei tic timèc pou tou orÐ-

zoume allĹ qwrÐc na tic tupÿnei. Autì eÐnai polÔ bolikì kajÿc jèloume mìno na orÐzoume

tic timèc pou paÐrnoun oi parĹmetroi kai ìqi na mac dÐnei pÐsw autèc tic timèc. EnnoeÐtai

ìti se kĹpoio Ĺllo parĹdeigma pou upojètoume diaforetikèc timèc gia tic parapĹnw para-

mètrouc, orÐzoume xanĹ me ton Ðdio trìpo tic paramètrouc allĹ aută th forĹ me tic timèc

pou èqoume upojèsei. Epomènwc tÿra apì th sqèsh (1.3) brÐskoume eÔkola to perijÿrio

asfaleÐac θ

AfoÔ teleiÿsame me tic basikèc posìthtec, suneqÐzoume na upologÐzoume tic sunartăseic

pou mporoÔme na broÔme mèsw thc sv.p.p f(x). Epomènwc gia na brejeÐ h sunĹrthsh kata-

nomăc kai h ourĹ thc katanomăc, dÐnoume tic antÐstoiqec entolèc

F [x ] := Integrate [f [t], {t, 0, x}]

kai

S [x ] := Integrate [f [t], {t, x, Infinity}]

H entolă Integrate dhlÿnei to oloklărwma, o deÔteroc kai trÐtoc ìroc pou perièqetai

mèsa sta Ĺgkistra dhlÿnei ta ìria tou oloklhrÿmatoc enÿ o prÿtoc ìroc thn metablhtă

oloklărwshc. Thn ourĹ thc katanomăc thn onomĹsame wc S(x) kajÿc sto Mathematica

den eÐnai bolikì na qrhsimopoioÔme to sÔmbolo F (x).
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Gia na upologÐsoume tic ropèc thc f(x), metafrĹzoume th sqèsh (1.2) ston exăc kÿdika

pk := Integrate
[
xkf [x], {x, 0, Infinity}

]
’Otan orÐzoume mÐa posìthta kalì eÐnai na mhn qrhsimopoioÔme deÐktec kajÿc mporeÐ na mh

gÐnontai dektèc oi entolèc.

AntÐstoiqa upologÐzetai kai h sv.p.p thc sunĹrthshc isorropÐac kajÿc kai h ourĹ thc,

pou dÐnontai apì tic sqèseic (1.10) kai (1.9) antÐstoiqa, me tic entolèc

fe [x ] :=
1

p1
S[x]

kai

Fet [x ] :=
1

p1
Integrate [S[t], {t, x, Infinity}]

H entolă gia na upologÐsoume ton metasqhmatismì Laplace thc f(x), eÐnai

LTf [s ] := LaplaceTransform [f [x], x, s]

Epomènwc tÿra, mèsw thc sqèshc (1.28), upologÐzoume eÔkola ton metasqhmatismì Laplace

thc pijanìthtac qreokopÐac. Gia ton upologismì tÿra thc pijanìthtac qreokopÐac paÐr-

noume ton antÐstrofo metasqhmatismì Laplace thc LTψ(s), me thn parakĹtw entolă

ψ [u ] := InverseLaplaceTransform [LTψ[s], s, u]

H grafikă parĹstash thc pijanìthtac qreokopÐac, dÐnetai apì thn entolă

Plot [ψ[u], {u, 0, 10}, AxesLabel→ {u, ψ[u]}, P lotRange→ {0, All}]

ìpou oi timèc mèsa sto prÿto Ĺgkistro dhlÿnoun gia poiec timèc tou u na sqediasteÐ to

grĹfhma, h entolă AxesLabel mac bohjĹei sto na onomĹsoume touc Ĺxonec tou grafăma-

toc, enÿ tèloc me thn entolă PlotRange kajorÐzoume to eÔroc twn timÿn, eÐte ston Ĺxona

twn y eÐte kai stouc dÔo Ĺxonec, pou ja emfanistoÔn sto grĹfhma. Epeidă h entolă gia na

sqediĹsoume èna opoiodăpote grĹfhma èqei thn Ðdia logikă me parapĹnw, den ja th xana-

nafèroume ektìc apì kĹpoiec periptÿseic pou eisĹgoume kai Ĺllec paramètrouc mèsa sthn

entolă Plot. EpÐshc prèpei na anafèroume ìti gia na kataskeuĹsoume èna koinì diĹgramma

me dÔo ă perissìterec grafikèc parastĹseic, to kĹnoume mèsw thc entolăc Show.

H ropogennătria thc t.m X upologÐzetai mèsw thc entolăc

Mx [r ] := Integrate [Exp[rx]f [x], {x, 0, Infinity}, Assumptions→ r < 2]
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ìpou me to Assumptions→ r < 2 dhlÿnoume thn upìjesh pou kĹnoume ìti o suntelestăc

prosarmogăc prèpei na eÐnai mikrìteroc tou 2. Autì prèpei na isqÔei ètsi ÿste na mporeÐ

na sugklÐnei to oloklărwma pou upĹrqei ston tÔpo thc ropogennătriac.

Gia ton upologismì tou suntelestă prosarmogăc, lÔnoume thn exÐswsh (1.19) wc proc

r. Autì gÐnetai me thn entolă

Solve [1 + (1 + θ) p1r == Mx[r], r] //N

ìpou to diplì Ðson qrhsimopoeÐtai pĹnta ìtan jèloume na lÔsoume mÐa exÐswsh wc proc

mÐa parĹmetro kai to sÔmbolo (//N) to qrhsimopoioÔmai ètsi ÿste na upologÐsei th rÐza

r se arijmì me thn akrÐbeia prĹxewn tou upologistă. O suntelestăc prosarmogăc isoÔtai

me thn mikrìterh jetikă rÐza thn opoÐa onomĹzoume r1.

AntÐstoiqa gia na lÔsoume th genikeumènh exÐswsh Lundberg, wc proc ρ, dÐnoume thn

entolă

Solve [cρ− δ == λ− λLTf [ρ], ρ] //N

ìpou orÐzoume wc ρ th mình jetikă lÔsh pou ja brejeÐ apì thn lÔsh thc parapĹnw exÐsw-

shc.

Tic posìthtec pou dÐnontai apì tic sqèseic (1.32) kai (1.34) antÐstoiqa, tic upologÐzoume

wc exăc

Gt [x ] :=
Exp[ρx]Integrate [Exp[−ρy]S[y], {y, x, Infinity}]

Integrate [Exp[−ρy]S[y], {y, 0, Infinity}]

kai

β :=
1 + θ

Integrate [Exp[−ρy]fe[y], {y, 0, Infinity}]
− 1

H posìthta Gδ(x) upologÐzetai mèsw thc entolăc

Gδ [x ] := 1−Gt[x]

enÿ h gδ(x) paragwgÐzontac thn parapĹnw sqèsh

gδ [x ] := D [Gδ[x], x]

O metasqhmatismìc Laplace thc gδ(x) dÐnetai me thn entolă
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LTgδ [s ] := LaplaceTransform [LTfδ[s], s, u]

enÿ o metasqhmatismìc Laplace thc fδ(x) apì thn entolă

LTfδ [s ] :=
β

1 + β

(
1

1+β
LTgδ[s]

1− 1
1+β

LTgδ[s]

)

PaÐrnoume antÐstrofo metasqhmatismì Laplace sthn posìthta LTfδ [s ], ètsi ìpwc eÐqa-

me prĹxei kai prohgoumènwc me thn pijanìthta qreokopÐac. Epomènwc èqoume

fδ [x ] := InverseLaplaceTransform [LTfδ[s], s, x]

H posìthta Kδ(u) upologÐzetai me thn entolă

Kδ [u ] :=
β

1 + β
+ Integrate [fδ[x], {x, 0, u}]

enÿ tèloc o metasqhmatismìc Laplace tou qrìnou qreokopÐac, h opoÐa eÐnai kai h posìthta

pou mac endiafèrei perissìtero, upologÐzetai eÔkola apì th sqèsh (2.15).

Gia thn efarmogă twn proseggÐsewn DeV ylder kai Tijms, gia thn pijanìthta qreokopÐ-

ac, qrhsimopoioÔme tic sqèseic pou èqoume dÿsei sthn Enìthta 2.1. Gia thn prosèggish

DeV ylder, gia na lÔsoume to sÔsthma (2.5) qrhsimopoioÔme thn exăc entolă

Solve

[{
p11 ==

p3

3p2
, λ11 ==

9p23

2p32
, θ1 ==

2p1p3θ

3p22

}
, {θ1, λ11, p11}

]
//N

Opìte me tic lÔseic pou paÐrnoume apì to prìgramma gia kĹje mÐa timă, brÐskoume ton tÔpo

thc prosèggishc mèsw thc sqèshc (2.1).

AntÐstoiqa gia thn prosèggish Tijms, brÐskoume tic paramètrouc C kai γ mèsw twn en-

tolÿn

Ccoef :=
θp1

rIntegrate [xExp[rx]S[x], {x, 0, Infinity}]

kai

γ :=

(
1

1 + θ
− Ccoef

)(
1

θp1
Integrate [xS[x], {x, 0, Infinity}]− Ccoef

r

)−1
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Opìte antikajistÿntac sth sqèsh (2.9) tic parapĹnw paramètrouc, brÐskoume thn pro-

sèggish Tijms.

AntÐstoiqa brÐskontac thn kainoÔria katanomă apozhmiÿsewn fδ(u) ètsi ìpwc exhgăsa-

me sto deÔtero kefĹlaio, efarmìzoume tic parapĹnw entolèc twn proseggÐsewn gia thn

pijanìthta qreokopÐac thc ψδ(u) dhladă gia ton metasqhmatismì Laplace tou qrìnou qreo-

kopÐac thc arqikăc katanomăc apozhmiÿsewn.

Upologismìc posotătwn sto KefĹlaio 3

Sto trÐto kefĹlaio èqoume dÿsei akribeÐc tÔpouc gia ton upologismì twn ropÿn tou qrìnou

qreokopÐac. Epomènwc èqontac upologÐsei ìlec tic posìthtec pou qreiĹzontai, brÐskoume

eÔkola tic prÿtec kai deÔterec ropèc tou qrìnou qreokopÐac. Edÿ den dÐnoume tic entolèc

pou qreiĹzontai kajÿc eÐnai efarmogă twn tÔpwn pou èqoume dÿsei. To mìno pou ja

dÿsoume eÐnai to pwc brÐskoume thn monotonÐa twn ropÿn kajÿc kai tic timèc tou u pou

parousiĹzoun oi mh-desmeumènec ropèc mègisto. ’Etsi gia parĹdeigma paÐrnontac thn prÿth

mh-desmeumènh ropă kai orÐzontĹc thn gia parĹdeigma wc p [u ], mporoÔme na broÔme thn

monotonÐa thc mèsw thc paragÿgou thc ropăc. Thn parĹgwgo thn brÐskoume me thn entolă

pt [u ] := D [p[u], u]

Gia na broÔme tÿra to shmeÐo u sto opoÐo parousiĹzei h ropă mègisto, exisÿnoume thn

prÿth parĹgwgo pou upologÐsame me to mhdèn. ’Ara me thn entolă

FindRoot [pt[u] == 0, {u, u0}]

ìpou sth jèsh tou u0 to opoÐo ekfrĹzei mÐa arqikă timă gia to u, bĹzoume thn timă pou

antistoiqeÐ se kĹje perÐptwsh. AntÐstoiqa gia thn prÿth desmeumènh ropă tou qrìnou

qreokopÐac, paÐrnoume kai th deÔterh parĹgwgo thc ropăc enÿ gia na elègxoume eĹn oi

parĹgwgoi eÐnai jetikèc ă arnhtikèc, gia mh-arnhtikèc timèc tou u, mporoÔme na pĹroume

ìti to u paÐrnei jetikèc timèc mèqri èna polÔ megĹlo noÔmero, me thn entolă

u := Range [0, 10000, 1]

’Etsi upologÐzontac thn parĹgwgo thc ropăc gia autĹ ta u brÐskoume to prìshmì thc.

Bèbaia upĹrqei kai Ĺlloc trìpoc gia na to elègxoume o opoÐoc eÐnai mporeÐ na eÐnai pio

aplìc, allĹ emeÐc qrhsimopoioÔme thn diadikasÐa pou analÔsame parapĹnw.

Tèloc sthn perÐptwsh pou oi apozhmiÿseic akoloujoÔn GĹmma(3,3) katanomă, gia na me-

tatrèyoume tic ropèc apì migadikă se trigwnometrikă morfă, dÐnoume thn entolă

FullSimplify [ComplexExpand [. . .]]
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Upologismìc posotătwn sta KefĹlaia 4 kai 5

OrÐzoume thn prÿth kai deÔterh desmeumènh ropă tou qrìnou qreokopÐac wc m [u ] kai

v [u ] antÐstoiqa. Epomènwc gia na broÔme tic paramètrouc r kai p, dÐnoume thn entolă

t [u ] := Solve

[{
r(1− p)

p
== m[u],

r(1− p)

p2
== v[u]

}
, {r, p}

]
//N

Gia na mporoÔme tÿra na brÐskoume tic timèc thc t(u) gia parĹdeigma apì u = 0 mèqri

u = 5 me băma 0.1, kataskeuĹzoume ton pÐnaka

lst := Table [t[u], u, 0, 5, 0.1]

Sth sunèqeia oi parĹmetroi r kai p dÐnontai mèsw twn entolÿn

r [i ] := lst [[i, 1, 1, 2]]

kai

p [i ] := lst [[i, 1, 2, 2]]

ìpou sth jèsh tou i bĹzoume thn timă tou arqikoÔ apojematikoÔ pou jèloume. Epomènwc

o tÔpoc thc prosèggishc K
NB

δ (u) ja eÐnai o exăc

q [u ] := Sum

[((
2

2 + 0.05

)k (
(r[i] + k − 1)!

k! (r[i]− 1)!

)
(p[i])r[i] (1− p[i])k

)
, {k, 0, Infinity}

]
[ψ(u)]

’Ara antikajistÿntac thn timă tou arqikoÔ apojematikoÔ pou jèloume, brÐskoume thn timă

thc prosèggishc gia to sugkekrimèno u. Gia na kataskeuĹsoume grafikĹ tic timèc thc

prosèggishc, dhmiourgoÔme mÐa lÐsta me tic timèc tou u kai thc prosèggishc se zeÔgh, thc

opoÐac h entolă genikĹ eÐnai

list1 := List [{{0, . . .} , {0.1, . . .} , . . .}]

kai sth sunèqeia me thn entolă

ListP lot [list1, Joined→ True]

ftiĹqnoume to sqăma pou epijumoÔme. AntÐstoiqa gia thn prosèggishK
Poi

δ (u) h diadikasÐa

eÐnai akribÿc h Ðdia.
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ParĹrthma Bþ

Oi ropèc tou qrìnou qreokopÐac

gia meÐxh pènte ekjetikÿn

katanomÿn.

Edÿ se autì to parĹrthma dÐnoume èna akìma parĹdeigma gia tic ropèc tou qrìnou qreo-

kopÐac, kajÿc paÐrnoume ìti oi apozhmiÿseic akoloujoÔn mÐa meÐxh pènte ekjetikÿn kata-

nomÿn. Oi ropèc tou qrìnou qreokopÐac gia thn sugkekrimènh katanomă, upologÐzontai

apì touc tÔpouc pou dìjhkan sthn Enìthta 3.2 kai ja mac qreiastoÔn gia na sqoliĹsoume

thn sumperiforĹ twn ropÿn gia diĹforec timèc tou θ, kajÿc kai sto KefĹlaio 5 ìpou ekeÐ

qrhsimopoioÔme thn prÿth kai deÔterh
1
desmeumènh ropă gia na upologÐsoume tic para-

mètrouc twn proseggistikÿn katanomÿn pou qrhsimopoioÔntai stic proseggÐseic gia ton

metasqhmatismì Laplace tou qrìnou qreokopÐac, K
NB

δ (u) kai K
Poi

δ (u) antÐstoiqa. EpÐshc

anafèroume ìti ìlec oi prĹxeic gia thn eÔresh twn ropÿn tou qrìnou qreokopÐac kajÿc kai

oi grafikèc touc parastĹseic, èqoun gÐnei me th boăjeia tou progrĹmmatoc Mathematica.

’Estw ìti h sunĹrthsh puknìthtac pijanìthtac twn apozhmiÿsewn isoÔtai me

f(x) =
1

5
2 e−2x +

1

5
4 e−4x +

1

5
6 e−6x +

1

5
8 e−8x +

1

5
10 e−10x

Upojètontac ìti c = 1, λ = 2, prokÔptei ìti

θ = 1.18978

Gia na upologÐsoume tÿra tic ropèc tou qrìnou qreokopÐac pou mac endiafèroun, ja prèpei

na upologÐsoume tic treic prÿtec ropèc thc f(x) kajÿc kai thn pijanìthta qreokopÐac pou

1
Εδώ δεν θα δοθεί ο αναlυτικόc τύποc για τη δεύτερη ροπή, καθώc στο συγκεκριµένο παράδειγµα δεν

είναι δυνατό να υποlογιστεί η προσέγγιση K
NB

δ (u).
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antistoiqeÐ gia th sugkekrimènh katanomă twn apozhmiÿsewn kai tic sugkekrimènec timèc

twn paramètrwn. Gia tic treic prÿtec kentrikèc ropèc thc f(x), mèsw thc sqèshc (1.2),

paÐrnoume ìti

p1 = 0.228333,

p2 = 0.146361,

kai

p3 = 0.177849.

Gia thn pijanìthta qreokopÐac, akoloujÿntac thn Ðdia diadikasÐa me ta paradeÐgmata tou

deÔterou kefalaÐou, paÐrnoume ìti

ψ(u) =0.0101273 e−9.72616 u + 0.0171163 e−7.67875 u + 0.0295346 e−5.6344 u

(Bþ.1)

+ 0.0619662 e−3.57305 u + 0.337922 e−1.38765 u

Epomènwc tÿra antikajistÿntac thn pijanìthta qreokopÐac sth sqèsh (3.14), prokÔptei

ψ1(u) =e−28 u
[
e18.2738 u (−0.00557142 + 0.000188764u) + e20.3213 u (−0.00931721 + 0.000539204u)

+ e22.3656 u (−0.0157348 + 0.00160545u) + e24.427 u (−0.0294783 + 0.00706714u)

+ e26.6124 u (0.329478 + 0.210168u)
]

Gia thn prÿth desmeumènh ropă ψ1(u)/ψ(u), metĹ apì prĹxeic stoMathematica, paÐrnou-

me to apotèlesma

[
e18.2738 u (−0.00557142 + 0.000188764u) + e20.3213 u (−0.00931721 + 0.000539204u)

+ e22.3656 u (−0.0157348 + 0.00160545u) + e24.427 u (−0.0294783 + 0.00706714u)

(Bþ.2)

+ e26.6124 u (0.329478 + 0.210168u)
]
×
[
0.0101273 e−18.2738 u + 0.0171163 e−20.3213 u

+ 0.0295346 e−22.3656 u + 0.0619662 e−24.427 u + 0.337922 e−26.6124 u
]

Oi grafikèc parastĹseic twn parapĹnw ropÿn dÐnontai sta Sqămata Bþ.1 kai Bþ.2.
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Sqăma Bþ.1: Grafikă parĹstash thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh pènte ekjetikÿn katanomÿn me θ = 1.18978.
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Sqăma Bþ.2: Grafikă parĹstash thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh pènte ekjetikÿn katanomÿn me θ = 1.18978.
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Sqăma Bþ.3: Grafikă parĹstash thc deÔterhc mh-desmeumènhc ropăc tou qrìnou qreoko-

pÐac, gia meÐxh pènte ekjetikÿn katanomÿn me θ = 1.18978.
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Sqăma Bþ.4: Grafikă parĹstash thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh pènte ekjetikÿn katanomÿn me θ = 1.18978.
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Epeidă h deÔterh desmeumènh ropă den qrhsimopoieÐtai sthn Enìthta 4.3, lìgw tou ìti

eÐnai efiktìc mìno o upologismìc thc prosèggishc K
Poi

δ (u), parousiĹzoume mìno grafikĹ

tic ψ2(u) kai ψ2(u)/ψ(u) antÐstoiqa. Epomènwc ta parapĹnw diagrĹmmata Bþ.3 kai Bþ.4,

dÐnontai me monadikì skopì na doÔme to pÿc sumperifèrontai oi ropèc gia th sugkekrimènh

katanomă apozhmiÿsewn kai timă tou θ, kajÿc epÐshc kai na diapistÿsoume an upĹrqei

kĹpoia omoiìthta sthn sumperiforĹ twn ropÿn, Ðdia me aută pou eÐqame parathrăsei sta

paradeÐgmata tou KefalaÐou 3.

An upojèsoume tÿra ìti c = 0.7 kai λ = 2, prokÔptei ìti

θ = 0.532847.

Qrhsimopoiÿntac autèc tic timèc sth sqèsh (1.28) kai paÐrnontac ton antÐstrofo meta-

sqhmatismì Laplace, prokÔptei

ψ(u) =0.00692813 e−9.65909 u + 0.0122398 e−7.58733 u + 0.0220346 e−5.51647 u

+ 0.0492834 e−3.41238 u + 0.561895 e−0.967589 u

Gia na brejoÔn oi parĹmetroi twn katanomÿn pou qrhsimopoioÔntai gia na proseggÐsoun

thn katanomă thc t.m K?
, prèpei ektìc apì thn èntash thc anèlixhc Poisson na eÐnai gnw-

stèc kai oi desmeumènec ropèc tou qrìnou qreokopÐac. Epeidă ìmwc sta paradeÐgmata pou

paÐrnoume sto KefĹlaio 5 den qrhsimopoioÔme mikrèc timèc gia to θ, kajÿc stìqoc mac

eÐnai na deÐxoume pìte h nèa prosèggish K
MP

δ (u) eÐnai polÔ kalÔterh apì thn prosèggish

Tijms, dÐnoume mìno grafikĹ tic ropèc tou qrìnou qreokopÐac.

’Opwc blèpoume apì ta Sqămata Bþ.5 kai Bþ.6, h ψ1(u) kai h ψ1(u)/ψ(u) èqoun thn Ðdia

sumperiforĹ me tic ropèc pou eÐqame breÐ sta paradeÐgmata tou trÐtou kefalaÐou, gia mi-

krèc timèc tou θ. Epomènwc kai edÿ katalăgoume sto sumpèrasma ìti gia mikrèc timèc tou

θ, o anamenìmenoc qrìnoc qreokopÐac, dojèntoc ìti sumbaÐnei qreokopÐa, eÐnai megalÔteroc

apì ìti eÐnai gia megalÔterec timèc tou θ.

Sth sunèqeia, parousiĹzoume grafikĹ, sta Sqămata Bþ.7 kai Bþ.8, tic ψ2(u) kai ψ2(u)/ψ(u)

antÐstoiqa. Ta sumperĹsmata apì thn melèth twn sqhmĹtwn eÐnai Ðdia me autĹ pou èqoume

dÿsei sta paradeÐgmata tw Enotătwn 3.3 kai 3.4. Gia autì ton lìgo den dÐnoume edÿ th

grafikă parĹstash thc tupikăc apìklishc allĹ oÔte tou suntelestă metablhtìthtac thc

metablhtăc Tc, kajÿc odhgoÔmaste sta Ðdia sumperĹsmata me prin. Opìte, logw eukolÐac

kai dikiĹ mac kai tou anagnÿsth, den ja ătan qrăsimo na gÐnei kĹti tètoio ka na exhgoÔme

sunèqeia ta Ðdia prĹgmata. Autìc eÐnai bèbaia kai o lìgoc pou to sugkekrimèno parĹdeigma

dÐnetai se ParĹrthma.
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Sqăma Bþ.5: Grafikă parĹstash thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh pènte ekjetikÿn katanomÿn me θ = 0.532847.
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Sqăma Bþ.6: Grafikă parĹstash thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh pènte ekjetikÿn katanomÿn me θ = 0.532847.
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Sqăma Bþ.7: Grafikă parĹstash thc deÔterhc mh-desmeumènhc ropăc tou qrìnou qreoko-

pÐac, gia meÐxh pènte ekjetikÿn katanomÿn me θ = 0.532847.
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Sqăma Bþ.8: Grafikă parĹstash thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh pènte ekjetikÿn katanomÿn me θ = 0.532847.
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Tèloc upojètontac ìti c = 1.1 kai λ = 2, prokÔptei mÐa megalÔterh timă gia to θ, apì

autèc pou èqoume pĹrei mèqri stigmăc, kai sugkekrimèna

θ = 1.40876.

H pijanìthta qreokopÐac, pou antistoiqeÐ gia thn sugkekrimènh timă tou θ, isoÔtai me

ψ(u) =0.0105739 e−9.7432 u + 0.017624 e−7.70134 u + 0.0299932 e−5.66284 u

(Bþ.3)

+ 0.0615949 e−3.6106 u + 0.295365 e−1.46384 u

Epeidă th sugkekrimènh perÐptwsh th qrhsimopoioÔme sthn Enìthta 5.1, dÐnoume analu-

tikĹ ton tÔpo thc prÿthc ropăc tou qrìnou qreokopÐac kajÿc ja qreiasteÐ sthn eÔresh

thc paramètrou λ̃ thc nèac prosèggishc K
Poi

δ (u). ’Opwc eÐdame kai sthn Enìthta 5.1, h

prosèggish K
NB

δ (u) den mporeÐ na qrhsimopoihjeÐ, kajÿc apì th lÔsh tou sustămatoc

(4.20) prokÔptoun timèc gia tic paramètrouc r kai p pou den ikanopoioÔn touc periorismoÔc

pou èqoume dÿsei sthn Enìthta 5.1. Epomènwc, analutikĹ ja dojoÔn mìno oi ropèc ψ1(u)

kai ψ1(u)/ψ(u), enÿ oi deÔterec ropèc ψ2(u) kai ψ2(u)/ψ(u), dÐnontai mìno grafikĹ kai

sugkekrimèna apì ta Sqămata Bþ.11 kai Bþ.12 antÐstoiqa.

GnwrÐzontac thn pijanìthta qreokopÐac pou dÿsame sth sqèsh (B′.3), gia thn perÐptwsh

pou isqÔei θ = 1.40876, kai qrhsimopoiÿntac th sqèsh (3.14), paÐrnoume ìti

ψ1(u) =− 0.0128418 e−9.7583 u + 0.00880027 e−9.7432 u − 0.0266985 e−7.72112 u

+ 0.02020901 e−7.70134 u − 0.0608863 e−5.68745 u + 0.0505912 e−5.66284 u

+ 0.1921962 e−3.64258 u + 0.17533 e−3.6106 u − 1.98323 e−1.52389 u

+ 2.226938 e−1.46384 u

H grafikă parĹstash thc ψ1(u) parousiĹzetai sto sqăma Bþ.9, enÿ o analutikìc tÔpoc

thc ψ1(u)/ψ(u) dÐnetai sth sqèsh (B′.4) kai parousiĹzetai grafikĹ sto Sqăma Bþ.10.
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Sqăma Bþ.9: Grafikă parĹstash thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh pènte ekjetikÿn katanomÿn me θ = 1.40876.
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Sqăma Bþ.10: Grafikă parĹstash thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh pènte ekjetikÿn katanomÿn me θ = 1.40876.
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Sqăma Bþ.11: Grafikă parĹstash thc deÔterhc mh-desmeumènhc ropăc tou qrìnou qreoko-

pÐac, gia meÐxh pènte ekjetikÿn katanomÿn me θ = 1.40876.
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Sqăma Bþ.12: Grafikă parĹstash thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia meÐxh pènte ekjetikÿn katanomÿn me θ = 1.40876.
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Diairÿntac tÿra thn prÿth ropă tou qrìnou qreokopÐac me thn pijanìthta qreokopÐ-

ac, brÐskoume metĹ apì kĹpoiec prĹxeic sto Mathemaica ìti h prÿth desmeumènh ropă

ψ1(u)/ψ(u), isoÔtai me

[
−0.0128418 e−63.1752 u + 0.00880027 e−63.1903 u − 0.0266985 e−65.2124 u

+ 0.02020901 e−65.2322 u − 0.0608863 e−67.2461 u + 0.0505912 e−67.2707 u

+ 0.1921962 e−69.2909 u + 0.17533 e−69.3229 u − 1.98323 e−71.4697 u
(Bþ.4)

+ 2.226938 e−1.46384 u
]
×
[
0.0105739 e−63.1903 u + 0.017624 e−65.2322 u

+ 0.0299932 e−67.2707 u + 0.0615949 e−69.3229 u + 0.295365 e−71.4697 u
]
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ParĹrthma Gþ

Oi ropèc tou qrìnou qreokopÐac

gia GĹmma(10,10) katanomă.

Sto sugkekrimèno ParĹrthma upojètoume tic Ðdiec timèc gia tic paramètrouc kai thn prÿ-

th kentrikă ropă thc katanomăc twn apozhmiÿsewn pou eÐqame upojèsei kai sto ParĹ-

deigma 2.3.1, me thn mình diaforĹ ìti tÿra paÐrnoume ìti oi apozhmiÿseic akoloujoÔn

mÐa Gamma(10, 10) katanomă. Epomènwc gia thn prÿth perÐptwsh èqoume upojèsei ìti

c = 1.5, λ = 1 kai h prÿth ropă thc katanomăc twn apozhmiÿsewn isoÔtai me p1 = 1, me

apotèlesma na isqÔei ìti

θ = 0.5.

EpÐshc h deÔterh kai trÐth kentrikă ropă thc f(x) isoÔntai antÐstoiqa me

p2 = 1.1,

kai

p3 = 1.32.

H pijanìthta qreokopÐac pou antistoiqeÐ se autì to parĹdeigma, brÐsketai mèsw tou

Mathematica kai isoÔtai me

ψ(u) =0.75634 e−0.676577 u − 0.0129101 e−17.1977 u − e−15.9492 u

× [0.0254646 cos (4.10593u) + 0.00922196 sin (4.10593u)]− e−12.5943 u

× [0.0241322 cos (6.85355u) + 0.0203378 sin (6.85355u)]− e−8.17395 u
(Gþ.1)

× [0.0204626 cos (7.29917u) + 0.0372274 sin (7.29917u)]− e−4.0121 u

× [0.00670382 cos (5.16553u) + 0.0750684 sin (5.16553u)]
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Epomènwc gnwrÐzontac thn pijanìthta qreokopÐac, apì tic sqèseic pou èqoun dojeÐ sthn

Enìthta 3.2, mporoÔme na upologÐsoume me th boăjeia tou Mathematica tic ropèc tou

qrìnou qreokopÐac. Epeidă thn perÐptwsh pou meletĹme ja thn qrhsimopoiăsoume kai sto

pèmpto kefĹlaio, ìpou ekeÐ mporeÐ na efarmosteÐ mìno h prosèggish gia ton metasqhmati-

smì Laplace tou qrìnou qreokopÐac, mèsw Poisson katanomăc, dÐnoume analutikĹ mìno tic

ropèc ψ1(u) kai ψ1(u)/ψ(u). H deÔterh ropă tou qrìnou qreokopÐac den qrhsimopoieÐtai

sth sugkekrimènh prosèggish, opìte gia eukolÐa ja thn parousiĹsoume mìno grafikĹ gia

na deÐxoume to pwc sumperifèrontai oi ropèc se mÐa allagă tou θ. To parĹdeigma pou

meletĹme se autì to ParĹrthma èqei idiaÐtero endiafèron kajÿc mporoÔme na sugkrÐnoume

tic ropèc tou qrìnou qreokopÐac kajÿc kai thn nèa prosèggish gia ton metasqhmatismì

Laplace tou qrìnou qreokopÐac me ta apotelèsmata pou brăkame sthn perÐptwsh pou oi

apozhmiÿseic akoloujoÔn mÐa GĹmma(3,3) katanomă, pou meletăsame stic Enìthtec 3.4 kai

4.3 antÐstoiqa, afoÔ èqoume pĹrei tic Ðdiec upojèseic kai sta dÔo paradeÐgmata.

Sth sunèqeia dÐnoume ton tÔpo thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac

ìpwc aută upologÐsthke apì to Mathematica. Se aută thn perÐptwsh eÐnai arketĹ dÔ-

skolo kai qronobìro sto na metatrèyoume thn migadikă morfă pou mac dÐnei to prìgramma,

se trigwnometrikă morfă. Opìte an kai oi ropèc tou qrìnou qreokopÐac eÐnai pragmati-

kèc sunartăseic, edÿ tic parousiĹzoume se migadikă morfă ìpwc autèc prokÔptoun apì to

Mathematica.

H prÿth mh-desmeumènh ropă tou qrìnou qreokopÐac, isoÔtai me

ψ1(u) =e(−80.0486−23.4242 i) u
[
(0.024389 + 0.0219301 i) e(67.4543+16.5706ı) u + (0.024389− 0.0219301 i)

× e(67.4543+30.2777 i) u + (0.0188534 + 0.03966 i) e(71.8746+16.125 i) u + (0.0188534− 0.03966 i)

× e(71.8746+30.7234 i) u + 0.571837 e(79.372+23.4242 i) u + e(76.0365+28.5897 i) u

× ((0.0134739− 0.0871996 i)− (0.00279516 + 0.000503245 i) u) + e(76.0365+18.2587 i) u

× ((0.0134739 + 0.0871996 i)− (0.00279516− 0.000503245 i) u) + e(71.8746+30.7234 i) u

× ((0.00607419− 0.0022474 i)− (0.000483582 + 0.000761769 i) u) + e(71.8746+16.125 i) u

× ((0.00607419 + 0.0022474 i)− (0.000483582− 0.000761769 i) u) + e(67.4543+30.2777 i) u
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× ((0.00360104− 0.000767992 i) + (0.0000844− 0.000491 i) u) + e(67.4543+16.5706 i) u

× ((0.00360104 + 0.000767992 i) (0.0000844 + 0.000491 i) u) + e(64.0994+27.5301 i) u

× ((0.0291128− 0.0102599 i) + (0.0002817− 0.000234833 i) u) + e(64.0994+19.3183 i) u

× ((0.0291128 + 0.0102599 i) + (0.0002817 + 0.000234833 i) u) + e(62.8509+23.4242 i) u

× (0.0294139 + 0.000333341u) + e(79.372+23.4242 i) u (−0.0589264 + 1.1441u)
]

Diairÿntac tÿra thn ψ1(u) me thn pijanìthta qreokopÐac pou upologÐzetai se migadikă

morfă apì to Mathematica, prokÔptei h prÿth desmeumènh ropă tou qrìnou qreokopÐac.

O analutikìc tÔpoc thc ψ1(u)/ψ(u), ètsi ìpwc upologÐzetai apì toMathematica, dÐnetai

parakĹtw sth sqèsh (G′.2).

Tèloc oi grafikèc parastĹseic twn prÿtwn kai deÔterwn ropÿn, gia θ = 0.5, dÐnontai

sth sunèqeia sta Sqămata Gþ.1, Gþ.2, Gþ.3 kai Gþ.4.
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Sqăma Gþ.1: Grafikă parĹstash thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(10,10) katanomă me θ = 0.5.
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Sqăma Gþ.2: Grafikă parĹstash thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(10,10) katanomă me θ = 0.5.
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Sqăma Gþ.3: Grafikă parĹstash thc deÔterhc mh-desmeumènhc ropăc tou qrìnou qreoko-

pÐac, gia GĹmma(10,10) katanomă me θ = 0.5.
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Sqăma Gþ.4: Grafikă parĹstash thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(10,10) katanomă me θ = 0.5.

[
(0.024389 + 0.0219301 i) e(67.4543+16.5706ı) u + (0.024389− 0.0219301 i)

× e(67.4543+30.2777 i) u + (0.0188534 + 0.03966 i) e(71.8746+16.125 i) u + (0.0188534− 0.03966 i)

× e(71.8746+30.7234 i) u + 0.571837 e(79.372+23.4242 i) u + e(76.0365+28.5897 i) u

× ((0.0134739− 0.0871996 i)− (0.00279516 + 0.000503245 i) u) + e(76.0365+18.2587 i) u

× ((0.0134739 + 0.0871996 i)− (0.00279516− 0.000503245 i) u) + e(71.8746+30.7234 i) u

× ((0.00607419− 0.0022474 i)− (0.000483582 + 0.000761769 i) u) + e(71.8746+16.125 i) u

× ((0.00607419 + 0.0022474 i)− (0.000483582− 0.000761769 i) u) + e(67.4543+30.2777 i) u

× ((0.00360104− 0.000767992 i) + (0.0000844− 0.000491 i) u) + e(67.4543+16.5706 i) u

× ((0.00360104 + 0.000767992 i) (0.0000844 + 0.000491 i) u) + e(64.0994+27.5301 i) u
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× ((0.0291128− 0.0102599 i) + (0.0002817− 0.000234833 i) u) + e(64.0994+19.3183 i) u

(Gþ.2)

× ((0.0291128 + 0.0102599 i) + (0.0002817 + 0.000234833 i) u) + e(62.8509+23.4242 i) u

× (0.0294139 + 0.000333341u) + e(79.372+23.4242 i) u (−0.0589264 + 1.1441u)
]

×
[
−0.0129101 e−(62.8509+23.4242 i) u − (0.0127323 + 0.00461098 i) e−(64.0994+19.3183 i) u

− (0.0127323− 0.00461098 i) e−(64.0994+27.5301 i) u − (0.0120661 + 0.0101689 i) e−(67.4543+16.5706 i) u

− (0.0120661− 0.0101689 i) e−(67.4543+30.2777 i) u − (0.0102313 + 0.0186137 i) e−(71.8746+16.125 i) u

− (0.0102313− 0.0186137 i) e−(71.8746+30.7234 i) u − (0.00335191 + 0.0375342 i) e−(76.0365+18.2587 i) u

− (0.00335191− 0.0375342 i) e−(76.0365+28.5897 i) u + 0.75634 e−(79.372+23.4242 i) u
]

Sth sunèqeia upojètoume ìti c = 1.1 kai λ = 1, me apotèlesma na isqÔei ìti

θ = 0.1.

Gia thn pijanìthta qreokopÐac se aută thn perÐptwsh, paÐrnoume ìti

ψ(u) =0.933864 e−0.169641 u − 0.00353317 e−17.4059 u − e−16.1218 u

× [0.00697164 cos (4.22422u) + 0.0025171 sin (4.22422u)]− e−12.6707 u

× [0.00661706 cos (7.05146u) + 0.00555232 sin (7.05146u)]− e−8.12366 u

× [0.00564258 cos (7.5114u) + 0.01016934 sin (7.5114u)]− e−3.84152 u

× [0.00200864 cos (5.32032u) + 0.020552 sin (5.32032u)]

GnwrÐzontac thn pijanìthta qreokopÐac, brÐskoume me qrăsh tou Mathematica kai mè-

sw twn sqèsewn pou èqoume dÿsei sthn Enìthta 3.2, tic prÿtec kai deÔterec ropèc tou
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qrìnou qreokopÐac. Epeidă ìmwc th sugkekrimènh prÐptwsh den ja thn meletăsoume sto

pèmpto kefĹlaio, afoÔ se mÐa tètoia perÐptwsh den ja eÐnai tìso polÔ aisjhtă h diaforĹ

anĹmesa stic nèec proseggÐseic kai sthn prosèggish Tijms, dÐnoume mìno grafikĹ tic ro-

pèc tou qrìnou qreokopÐac gia na doÔme to pÿc sumperifèrontai se mÐa mikrìterh timă tou

θ. Ta sumperĹsmata pou katalăgoume, gia mikră timă tou θ, eÐnai Ðdia me autĹ pou eÐqame

kai sta prohgoÔmena paradeÐgmata. To mìno pou allĹzei eÐnai h timă tou anamenìmenou

qrìnou qreokopÐac pou upĹrqei se kĹje perÐptwsh.

Oi mh-desmeumènec kai desmeumènec ropèc tou qrìnou qreokopÐac dÐnontai sta parakĹ-

tw Sqămata Gþ.5, Gþ.7 kai Gþ.6, Gþ.8 antÐstoiqa.
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Sqăma Gþ.5: Grafikă parĹstash thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(10,10) katanomă me θ = 0.1.

OÔte edÿ upologÐzoume thn tupikă apìklish kai to suntelestă metablhtìthtac tou de-

smeumènou qrìnou qreokopÐac kajÿc ìpwc èqoume xananafèrei kai sto prohgoÔmeno pa-

rĹrthma, odhgoÔmaste sta Ðdia sumperĹsmata pou eÐqame sta paradeÐgmata tou KefalaÐou

3.
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Sqăma Gþ.6: Grafikă parĹstash thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(10,10) katanomă me θ = 0.1.
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Sqăma Gþ.7: Grafikă parĹstash thc deÔterhc mh-desmeumènhc ropăc tou qrìnou qreoko-

pÐac, gia GĹmma(10,10) katanomă me θ = 0.1.
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Sqăma Gþ.8: Grafikă parĹstash thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(10,10) katanomă me θ = 0.1.

Tèloc efarmìzoume sto parĹdeigmĹ mac kai mÐa megĹlh timă gia to θ. ’Etsi an upojèsoume

ìti c = 2.5 kai λ = 1, paÐrnoume ìti

θ = 1.5.

Me bĹsh ta parapĹnw prokÔptei oti h pijanìthta qreokopÐac isoÔtai me

ψ(u) =0.553816 e−1.39315 u − 0.0229407 e−16.8627 u − e−15.671 u

× [0.0451862 cos (3.91662u) + 0.01654748 sin (3.91662u)]− e−12.4688 u

× [0.0425748 cos (6.53594u) + 0.036478 sin (6.53594u)]− e−8.25027 u
(Gþ.3)

× [0.0353376 cos (6.95585u) + 0.066584 sin (6.95585u)]− e−4.28202 u

× [0.00777634 cos (4.90685u) + 0.133046 sin (4.90685u)]

Qrhsimopoiÿntac th parapĹnw sqèsh (G′.3), tic timèc twn dÔo prÿtwn ropÿn thc f(x)

kai thc èntashc thc anèlixhc Poisson, λ, sth sqèsh (3.14), prokÔptei ìti h prÿth mh-

desmeumènh ropă tou qrìnou qreokopÐac isoÔtai me
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ψ1(u) =e(−63.2099−26.2319 i) u
[
(0.00064589 + 0.000124714 i) e(47.5389+22.3153ı) u + (0.00516− 0.00207 i)

× e(47.5389+30.1485 i) u + (0.000964334− 0.0149595 i) e(58.9279+21.325 i) u + (0.00348− 0.00288 i)

× e(58.9279+31.1387 i) u − (0.00444 + 0.012084) e(58.9279+31.1387 i) u + e(58.9279+31.1387 i) u

× ((0.00347774− 0.0034792 i)− (0.00294013 + 0.00034487 i) u) + e(58.9279+21.325 i) u

× ((0.00347774 + 0.0034792 i)− (0.00294013− 0.00034487 i) u) + e(54.9597+33.1877 i) u

× ((0.0051269− 0.00860124 i)− (0.000530781 + 0.000784305 i) u) + e(54.9597+19.276 i) u

× ((0.0051269 + 0.00860124 i)− (0.000530781− 0.000784305 i) u) + e(50.7412+19.6959 i) u

× ((0.00571379 + 0.00461433 i) + (0.0000805237 + 0.000517451 i) u) + e(50.7412+32.7678 i) u

× ((0.00571379− 0.00461433 i) + (0.0000805237− 0.000517451 i) u) + e(47.5389+30.1485 i) u

× (0.000763823 + (0.000294663− 0.000249239 i) u) + e(47.5389+22.3153 i) u

× ((0.00527353 + 0.0019536 i) + (0.000294663 + 0.000249239 i) u) + e(46.3472+26.2319 i) u

× (0.00597382 + 0.000350851u) + e(61.8168+26.2319 i) u (0.102146 + 0.204474u)
]

AfoÔ upologÐsame thn ψ1(u), mèsw tou Mathematica, sqediĹzoume th grafikă thc parĹ-

stash kai thn parousiĹzoume sto parakĹtw Sqăma Gþ.9. Sth sunèqeia upologÐzoume thn

prÿth desmeumènh ropă tou qrìnou qreokopÐac, ψ1(u)/ψ(u), h opoÐa dÐnetai analutikĹ sto

tèloc tou Parartămatoc, sth sqèsh (G′.4), kai grafikĹ apì to Sqăma Gþ.10.

Gia tic deÔterec ropèc tou qrìnou qreokopÐac, ψ2(u) kai ψ2(u)/ψ(u) antÐstoiqa, parou-

siĹzoume mìno tic grafikèc touc parastĹseic oi opoÐec dÐnontai sta parakĹtw Sqămata

Gþ.11 kai Gþ.12 antÐstoiqa.
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Sqăma Gþ.9: Grafikă parĹstash thc prÿthc mh-desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(10,10) katanomă me θ = 1.5.
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Sqăma Gþ.10: Grafikă parĹstash thc prÿthc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(10,10) katanomă me θ = 1.5.
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Sqăma Gþ.11: Grafikă parĹstash thc deÔterhc mh-desmeumènhc ropăc tou qrìnou qreoko-

pÐac, gia GĹmma(10,10) katanomă me θ = 1.5.
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Sqăma Gþ.12: Grafikă parĹstash thc deÔterhc desmeumènhc ropăc tou qrìnou qreokopÐac,

gia GĹmma(10,10) katanomă me θ = 1.5.
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[
(0.00064589 + 0.000124714 i) e(47.5389+22.3153ı) u + (0.00516− 0.00207 i)

× e(47.5389+30.1485 i) u + (0.000964334− 0.0149595 i) e(58.9279+21.325 i) u + (0.00348− 0.00288 i)

× e(58.9279+31.1387 i) u − (0.00444 + 0.012084) e(58.9279+31.1387 i) u + e(58.9279+31.1387 i) u

× ((0.00347774− 0.0034792 i)− (0.00294013 + 0.00034487 i) u) + e(58.9279+21.325 i) u

× ((0.00347774 + 0.0034792 i)− (0.00294013− 0.00034487 i) u) + e(54.9597+33.1877 i) u

× ((0.0051269− 0.00860124 i)− (0.000530781 + 0.000784305 i) u) + e(54.9597+19.276 i) u

× ((0.0051269 + 0.00860124 i)− (0.000530781− 0.000784305 i) u) + e(50.7412+19.6959 i) u

× ((0.00571379 + 0.00461433 i) + (0.0000805237 + 0.000517451 i) u) + e(50.7412+32.7678 i) u

× ((0.00571379− 0.00461433 i) + (0.0000805237− 0.000517451 i) u) + e(47.5389+30.1485 i) u

× (0.000763823 + (0.000294663− 0.000249239 i) u) + e(47.5389+22.3153 i) u
(Gþ.4)

× ((0.00527353 + 0.0019536 i) + (0.000294663 + 0.000249239 i) u) + e(46.3472+26.2319 i) u

× (0.00597382 + 0.000350851u) + e(61.8168+26.2319 i) u (0.102146 + 0.204474u)
]

×
[
−0.0229407 e−(46.3472+26.2319 i) u − (0.0225931 + 0.00827374 i) e−(47.5389+22.3153 i) u

− (0.0225931− 0.00827374 i) e−(47.5389+30.1485 i) u − (0.0212874 + 0.0182309 i) e−(50.7412+19.6959 i) u

− (0.0212874− 0.0182309 i) e−(50.7412+32.7678 i) u − (0.0176688 + 0.033292 i) e−(54.9597+19.276 i) u

− (0.0176688− 0.033292 i) e−(549597+33.1877 i) u − (0.00388817 + 0.066523 i) e−(58.9279+21.325 i) u

− (0.00388817− 0.066523 i) e−(58.9279+31.1387 i) u + 0.553816 e−(61.8168+26.2319 i) u
]
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