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Stou
 gone�
 mouStèrgo kai Dèspoina,kai sthn aderf  mou Paraskeu 





Euqarist�e
Aisj�nomai thn an�gkh na euqarist sw jerm� ton epiblèponta kajhght  M�rko B. KoÔ-tra, o opo�o
 me th st�sh tou kai thn polÔpleurh bo jei� tou, sunèbale kajoristik� stona oloklhrwje� h sugkekrimènh diatrib . H st rix  tou, h èmpeirh kai apotelesmatik kajod ghs  tou, apoteloÔse th lÔsh gia ìla ta probl mata pou anèkuptan. MporoÔseme idanikì trìpo, na me eis�gei se �gnwste
 ènnoie
 kai ped�a, kai  tan p�nta prìjumo
,na epide�xei thn apaitoÔmenh empistosÔnh kai upomon , pro
 emèna.Ja  jela ep�sh
 na euqarist sw eilikrin� ton ep�kouro kajhght  Miqa l B. MpoÔ-tsika, gia thn �yogh sunergas�a ma
, kai thn �mesh kai epoikodomhtik  antapìkris  tou,k�je for� pou qreiazìtan. Akìmh, ja  jela na ekfr�sw ti
 euqarist�e
 mou ston kajh-ght  kai mèlo
 th
 trimeloÔ
 sumbouleutik 
 epitrop 
 Bas�leio Zhsimìpoulo, o opo�o
me suneq  enj�rrunsh kai periss  projum�a, prosèfere th bo jei� tou.Ofe�lw na euqarist sw tou
 gone�
 mou kai thn aderf  mou, gia thn amèristh sumpa-r�stas  tou
 ìla aut� ta qrìnia. 'Htan parìnte
 se opoiad pote euq�risth   dus�resthstigm , d�nont�
 mou to k�nhtro kai th dÔnamh, pou p�nta qrei�zesai.Tèlo
, na euqarist sw kai to 'Idruma Kratik¸n Upotrofi¸n gia thn oikonomik  bo jeiapou mou pare�qe, kat� th di�rkeia ekpìnhsh
 th
 didaktorik 
 mou diatrib 
.





Per�lhyhSth diatrib  aut  melet¸ntai probl mata pou sqet�zontai me th jewr�a axiopist�a
kai to statistikì èlegqo poiìthta
. Sugkekrimèna, exet�zontai oi idiìthte
 tuqa�wn meta-blht¸n pou sqet�zontai me sust mata axiopist�a
 mon�dwn me pollapl� ep�peda apotuq�a
,me statistikè
 sunart sei
 s�rwsh
 kai me p�nake
 pl rou
 k�luyh
. Ta apotelèsmatapou ex�gontai, aforoÔn thn prosèggish   thn eÔresh th
 akriboÔ
 katanom 
, twn upìmelèth tuqa�wn metablht¸n, kai par�llhla, parousi�zontai efarmogè
 se di�fora episth-monik� ped�a. Basik� ergale�a sth melèth ma
, e�nai h jewr�a twn stoqastik¸n diat�xewn,h prosèggish katanom¸n apì mia sÔnjeth   apl  katanom  Poisson kai oi teqnikè
 th
emfÔteush
 tuqa�wn metablht¸n, se Markobian  alus�da.
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Abstract
The present Phd thesis deals with problems related to reliability theory and statistical

quality control. Specifically, we study the properties of random variables which are useful

for investigating multiple failure mode reliability systems, scan statistics and covering

arrays. The new results established in this study, concern the approximation or the

exact evaluation of the distribution, of the aforementioned random variables; also, several

applications of the theoretical results in various fields are presented. The main tools

exploited in this study are fetched from the theory of stochastic ordering, the Poisson

approximation theory and the Markov chain embedding method.
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Prìlogo
Mèsa apì th melèth th
 bibliograf�a
 twn teleuta�wn dekaeti¸n, kai ìqi mìno, g�netaiantilhptì ìti p�ra poll� probl mata, sta opo�a h jewr�a pijanot twn kale�tai na d¸seiapant sei
, sqet�zontai me thn exètash twn qarakthristik¸n mia
 akolouj�a
 apotelesm�-twn, h opo�a sqhmat�zetai apì diakritè
   suneqe�
 tuqa�e
 metablhtè
 (t.m.), e�te autè
e�nai poludi�state
 e�te monodi�state
 (exarthmène
   mh). Qarakthristikì par�deigmaapotele� h per�ptwsh twn t.m. pou anafèrontai sthn emf�nish ro¸n apì ìmoia apotelè-smata (runs), se mia akolouj�a diakrit¸n t.m., h opo�a èqei ti
 r�ze
 th
 sth melèth tou
de Moivre to 1738.K�tw ap� autì to pr�sma mporoÔn na upaqjoÔn kai ta sust mata axiopist�a
 (relia-

bility systems). Me ton ìro sust mata axiopist�a
 ennooÔme sÔnola apì mon�de
 (giapar�deigma, upologistè
, dèkte
/pompo�, mhqanè
 k.a.) oi opo�e
 e�nai sundedemène
 metètoio trìpo, ¸ste na fèrnoun ei
 pèra
 mia sugkekrimènh diergas�a (bl. gia par�deigma,
Barlow and Proschan (1981)). H kat�stash sthn opo�a br�sketai k�je mon�da, all�kai olìklhro to sÔsthma, ekfr�zetai mèsa apì t.m., oi opo�e
 mpore� na e�nai d�time
  pleiìtime
. Sugkekrimèna sÔnola apì mon�de
, kajor�zoun pl rw
 thn kat�stash sthnopo�a ja br�sketai olìklhro to sÔsthma, kai qwr�
 periorismì th
 genikìthta
, mporoÔmena jewr soume ìti oi katast�sei
 twn mon�dwn ja ekfr�zontai mèsw mia
 akolouj�a
t.m. (dunhtik� exarthmènwn). Parade�gmata susthm�twn, ta opo�a èqoun ekten¸
 mele-thje� sth bibliograf�a e�nai ta suneqìmena-k-apì-ta-n (consecutive-k-out-of-n, bl. Chao

et al (1995)), ìpw
 kai h gen�keush tou
, ta suneqìmena-r-metaxÔ-k-apì-ta-n (r-within-

consecutive-k-out-of-n, Griffith (1986)), to sÔsthma k-apì-ta-n (k-out-of-n), to sÔsthmase morf  gèfura
   to consecutively-connected system (bl. p.q. Barlow and Proschan

(1981)   Kuo and Zuo (2003)).Mpore� na g�nei eÔkola antilhptì ìti sta proanaferjènta sust mata, oi statistikè
sunart sei
 ro¸n kai s�rwsh
 (scan statistics), pa�zoun prwtarqikì rìlo. Epiplèon, tosÔnolo twn t.m. pou sqet�zontai me ta parap�nw sust mata, èqoun �mesh sqèsh me dia-dikas�e
 pou anadÔontai kai mèsa apì to statistikì èlegqo poiìthta
 (Balakrishnan and

xiii



Prìlogo

Koutras (2002)). Sth deigmatolhy�a apodoq 
 (acceptance sampling), gia par�deigma,oi kanìne
 ro¸n qrhsimopoioÔntai apì polÔ pali� se deigmatik� sqèdia (Mosteller (1941),

Wolfowitz (1943)), me b�sh ta opo�a èna
 swrì
 g�netai apodektì
 e�n kata ton èlegqo bre-je� èna pl jo
 apì suneqìmena, mh elattwmatik� proðìnta (Vance and McDonald (1979),

Govindaraju and Lai (1999)). Epiplèon, sta diagr�mmata elègqou mia
 diergas�a
, krit -ria basismèna se sunart sei
 ro¸n kai s�rwsh
, prosfèroun lÔsei
 (ende�knutai h qr shtou
) se arketè
 peript¸sei
 (Page (1955), Champ and Woodall (1987), Klein (2000),

Koutras et al (2006), Rakitzis (2008)). Ax�zei akìmh endeiktik� na anafèroume ti
 perio-qè
 twn test ekk�nhsh
 (start-up demonstration test, Hahn and Gage (1983), Viveros and

Balakrishnan (1993), Koutras and Balakrishnan (1999)), twn elègqwn tuqaiìthta
 (ran-

domness test, Gibbons and Chakraborti (1992), Agin and Godbole (1992), Lou (1997),

Koutras and Alexandrou (1997)) all� kai th
 sÔgkrish
 alus�dwn DNA (Arratia et al

(1990), Dembo and Karlin (1992)).Mia sun jh
 praktik  pou sunant�me kai sta duo episthmonik� ped�a-th
 jewr�a
 axio-pist�a
 kai tou elègqou poiìthta
-e�nai h èkfrash twn upì melèth endeqomènwn, mèsa apìde�ktrie
 (bohjhtikè
) t.m. To gegonì
 autì èqei w
 apotèlesma, o upologismì
 kai hmelèth twn pijanot twn pou ma
 apasqoloÔn, na ma
 odhgoÔn, sthn pleioyhf�a twn peri-pt¸sewn, sthn exètash ajroism�twn kai ginomènwn d�timwn t.m. (en dun�mei exarthmènwn).Epomènw
, e�nai logikì na upojèsei k�poio
 ìti genikè
 mèjodoi pou aposkopoÔn sthnprosèggish all�, kai ton akrib  upologismì th
 katanom 
 enì
 ajro�smato
   ginomènout.m., na apoteloÔn shmantikì komm�ti kai qr simo ergale�o sthn èreuna.P�nw s� autè
 ti
 b�sei
 sthr�qjhke kai h sugkekrimènh diatrib , kaj¸
 kÔrio
 skopì
th
 e�nai na melet sei tuqa�e
 metablhtè
, pou sqet�zontai me th jewr�a twn susthm�twnaxiopist�a
 kai problhm�twn elègqou poiìthta
. KÔria ergale�a sth melèth twn parap�nwt.m., apotèlesan h jewr�a twn stoqastik¸n diat�xewn, an�mesa se tuqa�a dianÔsmata(multivariate stochastic ordering, endeiktik� anafèroume to bibl�o twn Muller and Stoyan

(2002)), h prosèggish th
 katanom 
 enì
 ajro�smato
 t.m. mèsw katanom 
 Poisson  sÔnjeth
 katanom 
 Poisson (Poisson or compound Poisson approximations, Arratia et al

(1990), Barbour et al (1992), Barbour and Chryssaphinou (2001), Boutsikas and Koutras

(2001)), h jewr�a twn akra�wn parathr sewn (extreme value theory, bl. Embrechts et al

(1997), Reiss and Thomas (1997)), h mèjodo
 th
 emfÔteush
 t.m. se Markobian  alus�da(Fu and Koutras (1994), Koutras and Alexandrou (1995), Fu and Lou (2003), Koutras

(2003)) kai stoiqe�a apì th jewr�a th
 sunduastik 
 (bl. Charalambides (2002)).Pio sugkekrimèna, h paroÔsa diatrib  mpore� qwriste� se duo mèrh. To pr¸to mè-
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ro
, apartizìmeno apì ta Kef�laia 1 kai 2, perilamb�nei proseggistik� apotelèsmata,gia sust mata axiopist�a
 kai gia ti
 statistikè
 sunart sei
 s�rwsh
. Sto deÔtero mè-ro
, Kef�laia 4 kai 5, exet�zetai mia sugkekrimènh kl�sh tuqa�wn pin�kwn, kai melet�mesugkekrimène
 t.m. gia ti
 opo�e
 d�noume kai akrib  kai proseggistik� apotelèsmata.Analutik�, to perieqìmeno twn kefala�wn sunoy�zetai sta parak�tw:Sto pr¸to kef�laio ja asqolhjoÔme me mia sugkekrimènh kl�sh susthm�twn axiopi-st�a
. Ta sust mata aut� apoteloÔntai apì mon�de
, oi opo�e
 mporoÔn na br�skontaie�te se kat�stash (pl rou
) leitourg�a
 e�te na antimetwp�zoun èna apì m diaforetikoÔ
tÔpou
 bl�bh
 (ìpou, m ≥ 1). Epomènw
, oi katast�sei
 twn mon�dwn ekfr�zontai mèsaapì anex�rthte
 diakritè
 t.m. (upojètoume epiplèon ìti oi mon�de
 leitourgoÔn anex�r-thta h mia apì thn �llh), me ped�o tim¸n to sÔnolo {0, 1, . . . , m}. H kat�stash olìklhroutou sust mato
 (leitourg�a   mh), kajor�zetai apì m sugkekrimène
 oikogèneie
 sunìlwn.Gia ta sust mata aut� èqei epikrat sei h onomas�a Sust mata Axiopist�a
 Mon�dwnme Pollapl� Ep�peda Apotuq�a
 (Multiple Failure Mode systems, MFM ) kai èqoun mele-thje� apì tou
 Barlow et al (1963), Ben-Dov (1980), Satoh et al (1993), Koutras (1997),
Boutsikas and Koutras (2002a) k.a. ApoteloÔn gen�keush twn apl¸n susthm�twn axiopi-st�a
 (bl. Barlow and Proschan (1981)), sta opo�a tìso to sÔsthma ìso kai oi mon�de
,mporoÔn e�te na leitourgoÔn e�te na br�skontai se kat�stash apotuq�a
 (dhlad , m = 1).Sth bibliograf�a up�rqei kai mia �llh kl�sh susthm�twn mon�dwn, me pollapl� ep�pedaapotuq�a
 (Sust mata me Pollaplè
 katast�sei
, Multistate Systems), h opo�a ìmw
 dia-fèrei apì thn proanaferje�sa, kaj¸
 sth sugkekrimènh uiojete�tai mia di�taxh an�mesasta diaforetik� ep�peda apotuq�a
 (Barlow and Wu (1978), Ross (1979)   to bibl�o twn
Kuo and Zuo (2003)). S� aut� oi mon�de
 leitourgoÔn pl rw
 ìtan br�skontai sthn ka-t�stash 0, en¸ h met�bash tou
 apì thn kat�stash s sthn s + 1 (s ∈ {0, 1, . . . , m}),upodhl¸nei peraitèrw me�wsh th
 leitourgik 
 tou
 ikanìthta
. Sthn kat�stash m, jew-roÔme ìti èqoume thn {pl rh} apotuq�a/mh-leitourg�a th
 mon�do
.Sto sugkekrimèno komm�ti th
 diatrib 
 asqoloÔmaste me thn prosèggish th
 axio-pist�a
 (th
 pijanìthta
 leitourg�a
) enì
 MFM sust mato
, ìpou prote�noume èna nèok�tw fr�gma, pollaplasiastikoÔ tÔpou. KÔrio ergale�o sth melèth ma
 e�nai h jewr�a twnstoqastik¸n diat�xewn, an�mesa se tuqa�a dianÔsmata. Epiplèon, g�netai mia arijmhtik melèth diafìrwn susthm�twn, ta opo�a br�skoun efarmog  se di�fora episthmonik� ped�a,ìpw
 ston èlegqo poiìthta
 (gia par�deigma, h gen�keush twn susthm�twn suneqìmena-
k-apì-ta-n, se perib�llon mon�dwn me pollapl� ep�peda apotuq�a
, ta opo�a sqet�zontai�mesa kai me thn emf�nish ro¸n kai statistik¸n sunart sewn s�rwsh
, se akolouj�e
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Prìlogo
pleiìtimwn t.m.).Sto Kef�laio 2, melet�me arqik� thn katanom  twn statistik¸n sunart sewn s�rw-sh
, orizìmenwn ep�nw se mia akolouj�a apì anex�rthte
 kai isìnome
 d�time
 t.m. Su-gkekrimèna, g�netai mia anaskìphsh twn apotelesm�twn th
 bibliograf�a
, pou aforoÔnthn prosèggish twn parap�nw katanom¸n, mèsw th
 katanom 
 Poisson   th
 sÔnjeth
katanom 
 Poisson, me thn arwg  th
 jewr�a
 twn apost�sewn metaxÔ katanom¸n, opoÔd�detai tautìqrona kai sugkekrimèno fr�gma, gia to sf�lma th
 prosèggish
. Ta fr�g-mata aut� bohj�ne sth diatÔpwsh asumptwtik¸n apotelesm�twn, ta opo�a apodeiknÔontaipolÔ qr sima sto meg�lo eÔro
 efarmog¸n, pou parousi�zoun oi sunart sei
 s�rwsh
(sth jewr�a axiopist�a
, ston poiotikì èlegqo, sth asfalistik  epist mh, th biolog�ak.a.). AsqoloÔmaste tìso me th {klasik } sun�rthsh s�rwsh
, pou or�zetai w
 to mè-gisto pl jo
 ìmoiwn sumbìlwn, an�mesa se k suneqìmene
 dokimè
, apì ti
 sunolik� n,ìpw
 kai me thn aparijm tria t.m. twn k suneqìmenwn dokim¸n, me toul�qiston r ìmoiasÔmbola.Sth sunèqeia, epijum¸nta
 na exet�soume thn emf�nish akra�wn tim¸n (dhlad , tim¸npou uperba�noun èna {kat¸fli} u), se mia akolouj�a apì anex�rthte
 kai isìnome
 suneqe�
t.m., or�zoume ti
 parap�nw statistikè
 sunart sei
 s�rwsh
, k�tw apì èna genikìteromontèlo (w
 eidik  per�ptwsh autoÔ tou montèlou, prokÔptoun oi statistikè
 sunart sei
s�rwsh
, orismène
 se mia akolouj�a dokim¸n Bernoulli). Arqik¸
 g�netai prosèggishth
 katanom 
 twn sunart sewn s�rwsh
, apì mia sÔnjeth katanom  Poisson, kai epi-plèon, diatÔpwsh k�poiwn nèwn oriak¸n apotelesm�twn, k�tw apì thn upìjesh ìti oisuneqe�
 t.m. an koun s� èna apì ta mègista ped�a èlxh
 (maximum domain of attraction)twn katanom¸n Frechet, Weibull   Gumbel. Akìmh, apodeiknÔetai ìti ta prohgoÔmenaapotelèsmata èqoun �mesh sqèsh me ti
 kinoÔmene
 diatetagmène
 parathr sei
 (moving

order statistics, bl. David and Rogers (1983)) kai parousi�zontai di�fora arijmhtik�apotelèsmata, pou faner¸noun thn poiìthta twn prosegg�sewn.Sto Kef�laio 3 ja esti�soume to endiafèron ma
 s� èna prìblhma tou poiotikoÔ elèg-qou, kai eidikìtera, se diadikas�e
 pou èqoun �mese
 efarmogè
 (metaxÔ �llwn) stonèlegqo {logismikoÔ} kai {ulikoÔ} (software and hardware testing, bl. p.q. Dalal and

Mallows (1998), Colbourn (2004), Hartman (2006)). E�nai gnwstì mèsa apì arketè
 me-lète
 ìti h diadikas�a tou elègqou enì
 nèou logismikoÔ, apotele� èna apì ta shmantikì-tera st�dia sth diadikas�a th
 par�gwgh
, kai mia apì ti
 pio apaithtikè
 diergas�e
 stonoikonomikì sqediasmì (melète
 uposthr�zoun ìti h f�sh aut  th
 paragwg 
, apaite� apìto 1/3 èw
 to 1/2 tou pro�pologismoÔ, Beizer (1990), Carroll (2003a, b)). Tautìqrona,
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ta probl mata pou mporoÔn na anakÔyoun apì èna elleip  èlegqo, mpore� na prokalèsounmeg�lh, kai �sw
 anepanìrjwth oikonomik  zhmi�, se mia etaire�a (Hartman (2006)).Gia na skiagraf soume to prìblhma to opo�o melet�me, a
 jewr soume èna sÔsthmaapoteloÔmeno apì k mon�de
 (p.q. èna d�ktuo apì upologistè
, termatik�, ektupwtè
ktl), ìpou gia k�je mia mon�da, up�rqoun diajèsima, kai mporoÔn na qrhsimopoihjoÔn,
q diaforetik� logismik�. A
 upojèsoume akìmh, ìti kataskeu�zetai èna nèo logismikì(proðìn) , gia èna sugkekrimèno e�do
 mon�dwn (gia m�a sugkekrimènh diergas�a). Tìtestìqo
 ma
 e�nai na elegqje� kat� pìso omal� {epikoinwne�} (sunerg�zetai) to nèo pro-ðìn, me ìla ta upìloipa diaforetik� logismik�. Epomènw
, gia na exet�soume ìle
 ti
dunatè
 peript¸sei
   alli¸
, na exet�soume ìle
 ti
 pijanè
 allhlepidr�sei
 an�mesasta diaforetik� logismik� twn k mon�dwn (¸ste na exakrib¸soume e�n up�rqei k�poioprìblhma, se k�poio sunduasmì apì logismik�), ja prèpei na g�noun qk diaforetikè
 doki-mè
. Prìblhma dhmiourge�tai ìtan to q kai to k p�roun meg�le
 timè
 (ìpw
 sumba�nei staperissìtera probl mata), opìte to sen�rio autì kaj�statai praktik� mh efarmìsimo, kaiapì pleur�
 kìstou
, all� kai qrìnou. Epomènw
, èna
 apotelesmatikì
 trìpo
 gia naantimetwp�soume aut  thn kat�stash, e�nai na sqedi�soume mia diadikas�a elègqou h ìpoiaja exasfal�zei ton èlegqo ìlwn twn allhlepidr�sewn an�mesa se t (kai ìqi k) diaforetik�logismik�, ìpou t ≤ k, me to el�qisto dunatì pl jo
 dokim¸n (Dalal and Mallows (1998),

Hartman (2006)).To prìblhma autì isoduname� me thn kataskeu  enì
 k × n p�naka, me stoiqe�a apìèna alf�bhto me q gr�mmata, o opo�o
 ja èqei thn idiìthta, k�je èna
 apì tou
 (k
t

) upo-p�nakè
 tou di�stash
 t× n, èqei w
 st le
 kai ti
 qt diaforetikè
 lèxei
 m kou
 t (to nsthn per�ptws  ma
, pa�zei to rìlo tou pl jou
 twn dokim¸n pou prèpei na g�noun). Oip�nake
 me thn parap�nw idiìthta onom�zontai p�nake
 pl rou
 k�luyh
 (covering arrays, sumb. t-CA, bl. p.q. Colbourn (2004)). Sto kef�laio autì, eis�goume kai melet�me mianèa kl�sh k × n pin�kwn, pou èqoun �mesh sqèsh me tou
 t-CA. Oi p�nake
 auto� èqounstoiqe�a apì èna alf�bhto me q gr�mmata, kai qarakthr�zontai apì thn idiìthta, k�je
t × n upop�nak�
 tou
, apoteloÔmeno
 apì t suneqìmene
 grammè
 (up�rqoun k − t + 1tètoioi upop�nake
), èqei w
 st le
 kai ti
 qt diaforetikè
 lèxei
 m kou
 t. Tou
 teleuta�-ou
 p�nake
 tou
 onom�zoume p�nake
 suneqìmenh
 pl rou
 k�luyh
 (consecutive covering

arrays, sumb. t-CCA). Sta pla�sia th
 paroÔsh
 diatrib 
, anafèroume pleonekt mata kaimeionekt mata twn t-CCA, se sqèsh me tou
 t-CA, kaj¸
 ep�sh
 kai di�fore
 qr sime
efarmogè
 tou
. Na shmei¸soume ìti stou
 p�nake
 pl rou
 k�luyh
, oi t × n upop�-nake
 me tou
 opo�ou
 asqoloÔmaste, apoteloÔntai apì opoiesd pote t grammè
, kai ìqi
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Prìlogo
anagkastik� suneqìmene
.Gia th melèth twn pin�kwn t-CCA metaba�noume apì to nteterministikì perib�llon, ì-pou apeujÔnetai h meg�lh pleioyhf�a twn ergasi¸n sta t-CA, se stoqastikì perib�llon,jewr¸nta
 ìti ta stoiqe�a tou p�naka e�nai anex�rthte
 kai isìnome
 diakritè
 t.m. Mèswtwn teqnik¸n emfÔteush
 t.m. se Markobianè
 alus�de
 kai me th bo jeia stoiqe�wn apìth jewr�a th
 sunduastik 
, prosdior�zoume thn akrib  katanom  th
 t.m. pou ekfr�zei topl jo
 twn upopin�kwn, apì tou
 opo�ou
 apousi�zei toul�qiston mia lèxh m kou
 t. Ar-qik� melet�me me leptomèreia thn per�ptwsh ìpou ta stoiqe�a tou p�naka e�nai anex�rthte
kai isìnome
 dokimè
 Bernoulli (dhlad , q = 2). Sth sunèqeia, esti�zoume thn proso-q  ma
 sta poll� koin� stoiqe�a pou emfan�zoun oi diadikas�e
 pou anafèrame, me tou
peiramatikoÔ
 sqediasmoÔ
, kai parousi�zoume mia efarmog  twn nèwn apotelesm�twn.Sto Kef�laio 4, arqik� epekte�noume th mèjodo pou efarmìsame sto prohgoÔmeno ke-f�laio, gia thn per�ptwsh q > 2. 'Epeita, diapist¸nonta
 thn an�gkh gia eÔresh poiotik¸nkai upologistik� eÔqrhstwn prosegg�sewn, qrhsimopoioÔme th jewr�a pou anafèrjhke kaisto Kef�laio 2 (mèjodo
 Chen-Stein), ¸ste na diatup¸soume ant�stoiqa apotelèsmata,gia thn upì melèth t.m. Tèlo
, eis�goume kai melet�me ti
 idiìthte
 enì
 nèou elègqoutuqaiìthta
 (randomness test), pou bas�zetai sta prohgoÔmena apotelèsmata.
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Kef�laio 1Sust mata axiopist�a
 mon�dwn, mepollapl� ep�peda apotuq�a
Me ton ìro Sust mata Axiopist�a
, ennooÔme sÔnola apì mon�de
 (gia par�deigma, upolo-gistè
, dèkte
/pompo�, mhqanè
 k.a.) oi opo�e
 e�nai sundedemène
 me tètoio trìpo, ¸ste nafèrnoun ei
 pèra
 mia sugkekrimènh diergas�a. Sto pr¸to kef�laio th
 paroÔsh
 diatri-b 
, ja epikentrwjoÔme se mia sugkekrimènh kathgor�a susthm�twn axiopist�a
, ta opo�asunant�me sth bibliograf�a me thn onomas�a, Sust mata Axiopist�a
 Mon�dwn me Pol-lapl� Ep�peda Apotuq�a
 (Multiple Failure Mode systems, MFM ). Ta sust mata MFMapoteloÔntai apì mon�de
 oi opo�e
, mporoÔn e�te na leitourgoÔn, e�te na br�skontai sekat�stash apotuq�a
 tÔpou s, ìpou s ∈ {1, 2, . . . , m} (bl. Barlow et al (1963), Ben-Dov

(1980), Satoh et al (1993), Koutras (1997) kai Boutsikas and Koutras (2002a)). Se k�jetÔpo apotuq�a
, antistoiqe�tai mia oikogèneia sunìlwn (apì mon�de
) Cs, ètsi ¸ste tosÔsthma na mh leitourge� an kai mìno an up�rqei toul�qiston èna sÔnolo, apì k�poia oi-kogèneia Cs, me ìle
 ti
 mon�de
 tou se kat�stash apotuq�a
 tÔpou s (s ∈ {1, 2, . . . , m}).E�nai fanerì ìti ta parap�nw sust mata e�nai mia gen�keush twn apl¸n susthm�twn(Single Failure Mode systems, SFM ), sta opo�a tìso oi mon�de
, ìso kai olìklhro tosÔsthma, èqoun duo mìno dunatè
 katast�sei
 (leitourg�a
   mh leitourg�a
, bl. p.q.
Barlow and Proschan (1981)). Gia k�je sÔsthma SFM , prosdior�zetai m�a oikogèneia su-nìlwn apì mon�de
 ({el�qista sÔnola diakop 
}, minimal cut sets), me tètoio trìpo ¸steolìklhro to sÔsthma na apotugq�nei, e�n kai mìno e�n ìle
 oi mon�de
 enì
 toul�qistonsunìlou, apì thn parap�nw oikogèneia, na e�nai se kat�stash apotuq�a
. H gen�keushtwn apl¸n susthm�twn, se sust mata MFM , epitugq�netai e�n se k�je tÔpo apotuq�a
,antistoiq soume mia xeqwrist  oikogèneia apì el�qista sÔnola diakop 
.1



Sust mata axiopist�a
 mon�dwn, me pollapl� ep�peda apotuq�a
Ax�zei na anafèroume, ìti h jemel�wsh th
 jewr�a
 twn susthm�twn axiopist�a
, xek�-nhse apì ti
 ergas�e
 twn Moore and Shannon (1956) kai Birnbaum et al (1961). 'Ektoteèqei epideiqje� meg�lo endiafèron gia di�fora zht mata, ta opo�a prokÔptoun suneq¸
mèsa apì pragmatik� probl mata, kai w
 ap¸tero stìqo èqoun, thn kataskeu  ìso todunatìn axiìpistwn susthm�twn (bl. p.q. to exairetikì bibl�o twn Kuo and Zuo (2003)).Basikì krit rio gia thn axiolìghsh enì
 sust mato
, den e�nai �llo apì thn axiopist�atou, dhlad , thn pijanìthta leitourg�a
 tou.Thn episthmonik  koinìthta èqei apasqol sei kai mia �llh kl�sh susthm�twn, me pol-lapl� ep�peda apotuq�a
: ta Sust mata me Pollaplè
 katast�sei
 (Multistate Systems).H shmantik  diafor� an�mesa sti
 duo kl�sei
 (pou prokale� kai th diaforopo�hsh sthnereunhtik  drasthriìthta) ègkeitai sto gegonì
 ìti sta proanaferjènta sust mata, uio-jete�tai mia di�taxh an�mesa sta diaforetik� ep�peda apotuq�a
 (Barlow and Wu (1978),

Ross (1979)   Kuo and Zuo (2003)). Oi mon�de
 leitourgoÔn pl rw
 ìtan br�skontai sthnkat�stash 0, en¸ h met�bash tou
 apì thn kat�stash s sthn s+1 (s ∈ {0, 1, . . . , m−1}),upodhl¸nei peraitèrw me�wsh th
 leitourgik 
 tou
 ikanìthta
 (mèqri thn kat�stash m,ìpou èqoume thn {pl rh} apotuq�a/mh-leitourg�a th
 mon�do
). Ax�zei ìmw
 na epishm�-noume ìti, den e�nai dunatìn gia k�je sÔsthma axiopist�a
 mon�dwn, me pollapl� ep�pedaapotuq�a
, na upojèsoume mia di�taxh an�mesa stou
 diaforetikoÔ
 tÔpou
 blab¸n.'Etsi, h met�bash apì ta sust mata SFM sta MFM , jewre�tai apara�thth kai qr simh,blèponta
 ti
 efarmogè
 kai ta probl mata pou mpore� na ekfrastoÔn mèsa apì montèla
MFM . Gia par�deigma, oi bl�be
 pou mpore� na parousi�sei èna sÔsthma asfale�a
 e�nai,e�te adunam�a na shm�nei orj� èna sunagermì (failure to detect a breakdown), e�te nashm�nei lanjasmèna (false alarm). S� èna sÔsthma elègqou ro 
 ugr¸n, mia balb�dampore� na parame�nei kollhmènh kleist  (stuck closed)   kollhmènh anoiqt  (stuck open)kai poll� �lla. Sta dÔo parap�nw sust mata, e�nai dÔskolo na diatupwje� mia di�taxhan�mesa sti
 bl�be
 pou parousi�zoun (an�logh
 aut 
 twn susthm�twn me pollaplè
katast�sei
).Sust mata MFM (  DFM , gia thn per�ptwsh m = 2) apasqoloÔn tou
 suggrafe�
gia misì per�pou ai¸na (w
 oi palaiìtere
 ergas�e
 sthn perioq , ja mporoÔsan na jewrh-joÔn autè
 twn Moore and Shannon (1956), Barlow and Hunter (1960a,b), Barlow et al

(1963)). Ax�zei na anafèroume ìti thn �dia epoq  xek�nhse kai to meg�lo endiafèron gia thjewr�a axiopist�a
, kai h prosp�jeia poll¸n episthmìnwn na efarmìsoun apotelèsmataapì th jewr�a twn pijanot twn, sto sugkekrimèno ped�o (bl. sqetikè
 anaforè
 sto bibl�otwn Barlow and Proschan (1981)   thn istorik  anadrom  twn Rueda and Pawlak (2004)).2



'Ena meg�lo pl jo
 apì ti
 ergas�e
 sta sust mata MFM , ìpw
 autè
 twn Moore and

Shannon (1956), Barlow and Hunter (1960a,b), Barlow et al (1963), Ben-Dov (1980),

Page and Perry (1988), Pham and Malon (1994), Levitin and Lisnianski (2001), Zhang

et al (2002), Levitin (2002), asqoloÔntai me sust mata axiopist�a
 me sugkekrimènh dom (p.q. par�llhla-seiriak�, parallel-series) kai kur�w
 DFM . 'Ena qarakthristikì twn su-sthm�twn pou anafèrontai sti
 prohgoÔmene
 ergas�e
 e�nai ìti, h prosj kh nèwn mon�dwnmpore� na mei¸sei   na aux sei, thn pijanìthta leitourg�a
 olìklhrou tou sust mato
.'Etsi, h prosp�jei� tou
 epikentr¸netai, sthn eÔresh tou bèltistou arijmoÔ mon�dwn stosÔsthma, all� kai se zht mata pou èqoun na k�noun me thn politik  pou prèpei na ako-loujhje�, se per�ptwsh mh leitourg�a
 k�poia
 mon�do
 (replacement problem).'Omw
, èna apì ta kuriìtera qarakthristik� enì
 sust mato
, ìpw
 èqei  dh anafer-je�, e�nai h axiopist�a tou. Logik  kai polÔ qr simh ja e�nai loipìn, kai h èreuna ep�nwsti
 mejìdou
 gia ton upologismì th
 akriboÔ
 tim 
   prosèggish
, th
 axiopist�a
 enì
sust mato
 MFM . Oi ergas�e
 pou èqoume sth di�jesh ma
, gia ton akrib  upologismìth
 axiopist�a
, aforoÔn e�te sugkekrimèna sust mata (p.q. Satoh et al (1993), Barlow

and Heidtmann (1984), Koutras (1997)), e�te opoiad pote sust mata (Dhillon and Raya-

pati (1986), Boutsikas and Koutras (2002a), Levitin (2003) ). Gia par�deigma, oi Satoh et

al (1993) asqoloÔntai me ton upologismì th
 axiopist�a
 enì
 DFM sust mato
, me dom seiriak -par�llhlh   par�llhlh-seiriak . Oi Barlow and Heidtmann (1984) upolog�zounthn axiopist�a enì
 k-apì-ta-n, DFM sust mato
, me mia mèjodo basismènh se genn trie
sunart sei
. Sthn ergas�a Koutras (1997) , eis�getai èna nèo sÔsthma mon�dwn, me dÔoe�dh apotuqi¸n (suneqìmeno-k-apì-ta-n, DFM ), kai d�detai èna
 anadromikì
 tÔpo
 giaton upologismì th
 axiopist�a
 tou (ton opo�o kai ja qrhsimopoi soume stou
 arijmhti-koÔ
 upologismoÔ
, th
 Paragr�fou 1.4). Apì thn �llh, oi Dhillon and Rayapati (1986)prosfèroun m�a mèjodo gia ton upologismì th
 axiopist�a
 enì
 DFM sust mato
, pouìmw
, h efarmog  th
 perior�zetai se sust mata me polÔ mikro arijmì mon�dwn (4   5).Sthn ergas�a Levitin (2003), melet¸ntai di�fora mètra axiopist�a
 gia DFM sust mata(me genn trie
 sunart sei
), kai efarmìzontai se sugkekrimèna sust mata (ìpw
, h gè-fura, bl. kai Sq ma 1.2.1, sel�da 10). Oi Boutsikas and Koutras (2002a) anaptÔssounduo mejìdou
 gia ton upologismì th
 axiopist�a
 (opoiwnd pote) MFM susthm�twn: mèswkat�llhla orismènou aploÔ sust mato
,   mèsw enì
 anaptÔgmato
 se ajro�smata gino-mènwn t.m. m�a
 d�timh
 sun�rthsh
 pou ekfr�zei th leitourg�a tou sust mato
 (gia ti
duo teleuta�e
 mejìdou
 ja mil soume kai sthn Par�grafo 1.2).EÔkola g�netai katanohtì, ìti oi mèjodoi pou qrhsimopoioÔntai apì tou
 parap�nw3



Sust mata axiopist�a
 mon�dwn, me pollapl� ep�peda apotuq�a
suggrafe�
, poik�loun, en¸ h an�gkh gia thn eÔresh pio apl¸n upologistik� diadikasi¸n(gia ton upologismì   thn prosèggish, th
 axiopist�a
), paramènei shmantik . Eidikìtera,se sust mata ìpou to pl jo
 twn mon�dwn e�nai arket� meg�lo (  to sÔsthma èqei polÔ-plokh dom ), o upologismì
 th
 akriboÔ
 tim 
 th
 axiopist�a
 (me ti
 up�rqouse
 teqni-kè
), g�netai praktik� adÔnato
 (ìpw
 ja diapist¸soume kai sti
 epìmene
 paragr�fou
).Epomènw
, h eÔresh {poiotik¸n} prosegg�sewn (me timè
 kont� sthn tim  th
 axiopist�a
),mèsa apì aplè
 diadikas�e
, e�nai epibeblhmènh, kai pro
 aut  thn kateÔjunsh kine�tai kaih dik  ma
 melèth.Sto parìn kef�laio, eis�goume èna nèo k�tw fr�gma, pollaplasiastikoÔ tÔpou, gia thsun�rthsh axiopist�a
 enì
 MFM sust mato
. To nèo fr�gma, sthr�zetai sthn eÔresh th
axiopist�a
, kat�llhla orismènwn apl¸n susthm�twn, kai belti¸nei èna apì ta fr�gmatapou e�qan prote�nei oi Boutsikas and Koutras (2002a). Basikì rìlo sthn apìdeixh twnnèwn apotelesm�twn, pa�zei h jewr�a twn stoqastik¸n diat�xewn, an�mesa se tuqa�adianÔsmata (bl. p.q. Muller and Stoyan (2002)). O trìpo
 me ton opo�o qrhsimopoie�tai hproanaferje�sa jewr�a, diafèrei me ton èw
 t¸ra rìlo th
, se jèmata pou sqet�zontai me tasust mata axiopist�a
. Sthn klassik  bibliograf�a, oi stoqastikè
 diat�xei
 prosfèroun(kur�w
) ergale�a gia th melèth enì
 sust mato
, se sun�rthsh me to qrìno, th melèth giath diat rhsh diafìrwn idiot twn g ransh
 k.a.-de�te p.q. Boland et al (1994). Ant�jetaed¸, h jewr�a twn stoqastik¸n diat�xewn ma
 d�nei th dunatìthta na melet soume thnaxiopist�a enì
 sust mato
 MFM , se m�a sugkekrimènh qronik  stigm , ìpou h pijanìthtamia mon�da na br�sketai se kat�stash apotuq�a
 tÔpou s (s ∈ {0, 1, . . . , m−1}), jewre�taistajer .Sthn pr¸th par�grafo tou kefala�ou autoÔ, parousi�zontai k�poia stoiqe�a apì thjewr�a twn stoqastik¸n diat�xewn. Sthn epìmenh par�grafo, eis�gontai ìloi oi apara�-thtoi sumbolismo� kai oi idiìthte
, enì
 sust mato
 MFM . 'Epeita, proqwroÔme sthn apì-deixh twn nèwn apotelesm�twn (Par�grafo
 1.3), en¸ sthn teleuta�a par�grafo, esti�-zoume se arijmhtikoÔ
 upologismoÔ
 kai sugkr�sei
, an�mesa sta fr�gmata pou èqoun  dhemfaniste� sth bibliograf�a.1.1 Stoqastikè
 diat�xei
O stìqo
 th
 pr¸th
 paragr�fou e�nai na eis�gei ton anagn¸sth se basikè
 ènnoie
 th
jewr�a
 twn stoqastik¸n diat�xewn, prosfèronta
 par�llhla, ìla eke�na ta ergale�a pouja fanoÔn qr sima sthn pore�a. Me to skeptikì autì, epiqeire�tai ìqi mia apl  diatÔpwsh4



1.1 Stoqastikè
 diat�xei
twn ennoi¸n kai twn apotelesm�twn, all� mia pio leptomer 
 an�ptuxh. Eidikìtera, seapotelèsmata pou parousi�zoun genikìtero endiafèron, kai anadeiknÔoun tìso to eÔro
twn efarmog¸n twn stoqastik¸n diat�xewn (se poll� kai diafor� episthmonik� ped�a),all� ìso kai th dunamik  tou
, èqoun doje� gia lìgou
 plhrìthta
, kai oi ant�stoiqe
apode�xei
. Gia to sÔnolo th
 jewr�a
 pou up�rqei sth sugkekrimènh par�grafo, o ana-gn¸sth
 mpore� na anatrèxei sta bibl�a, p.q., twn Shaked and Shanthikumar (1994)  
Muller and Stoyan (2002).Oi stoqastikè
 diat�xei
 an�mesa se tuqa�e
 metablhtè
, e�nai merikè
 diat�xei
, p�nwsto q¸ro twn sunart sewn katanom 
. Sth bibliograf�a up�rqoun poll� e�dh stoqa-stik¸n diat�xewn, ìpw
 h di�taxh lìgou pijanof�neia
 (likelihood ratio order), h kurt di�taxh (convex order), kai h di�taxh me b�sh th bajm�da apotuq�a
 (hazard rate order).Wstìso, gia ti
 an�gke
 th
 an�ptuxh
 tou parìnto
 kefala�ou, ma
 arke� na epikentrw-joÔme sth di�taxh pou eis�getai apì ton Orismì 1.1.1 (th sun jh stoqastik  di�taxh,
usual stochastic order).Prin proqwr soume sth diatÔpwsh twn apotelesm�twn, e�nai apara�thto na aposafh-n�soume th qr sh orismènwn basik¸n ennoi¸n. Gia duo dianÔsmata z = (z1, z2, . . . , zn)kai y = (y1, y2, . . . , yn), tou ℜn (n ≥ 1), ja lème ìti e�nai z ≤ y, e�n zi ≤ yi, gia k�je
i = 1, 2, . . . , n (ìmoia, z < y e�n zi < yi, gia k�je i = 1, 2, . . . , n). Sto ex 
, mia sun�rthsh
f : ℜn → ℜ ja kale�tai aÔxousa, e�n gia k�je z ≤ y, isqÔei f(z) ≤ f(y) (mh fj�nousakat� suntetagmènh). Akìmh, èna sÔnolo D ⊆ ℜn ja lègetai �nw sÔnolo (upper set), e�ngia k�je z ∈ D kai y ≥ z, isqÔei y ∈ D (e�n to D e�nai Borel metr simo, tìte e�nai �nwsÔnolo e�n kai mìno e�n, h de�ktria sun�rths  tou e�nai aÔxousa).Orismì
 1.1.1 H t.m. Z e�nai mikrìterh apì thn t.m. Y, me b�sh th sun jh stoqastik di�taxh (sumb., Z ≤st Y ), e�n gia k�je u ∈ ℜ, isqÔei

P (Z > u) ≤ P (Y > u),  isodÔnama
P (Z ≤ u) ≥ P (Y ≤ u).H sun jh
 stoqastik  di�taxh, èqei emfaniste� sth bibliograf�a kai me �lle
 onomas�e
ìpw
, isqur  stoqastik  di�taxh (strong stochastic order, Szekli (1995)), stoqastik di�taxh pr¸th
 t�xh
 (first order stochastic dominance, Quirk and Saposnik (1962))   apl�stoqastik  di�taxh. Oi efarmogè
 pou parousi�zei e�nai arketè
, en¸ ax�zei na anafèroumeth sqèsh th
 me tou
 q�rte
 posostia�wn shme�wn (Q-Q plot). Sugkekrimèna, gia duo t.m.5
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Z, Y (me sunart sei
 katanom 
 FZ , FY , antisto�qw
) isqÔei Z ≤st Y , e�n kai mìno e�n togr�fhma th
 F−1

Z ènanti th
 FY (dhlad , ta shme�a (x, F−1
Z (FY (x)))), br�sketai k�tw apìth diqotìmo twn axìnwn (me F−1

Z sumbol�zoume th genikeumènh ant�strofh sun�rthsh, th

FZ).Endiafèron e�nai kai to epìmeno je¸rhma, diìti apotele� shmantikì kr�ko, sthn alus�datwn apotelesm�twn pou akoloujoÔn.Je¸rhma 1.1.1 'Estw duo t.m. Z kai Y , me sunart sei
 katanom 
 FZ , FY , antisto�qw
.Tìte Z ≤st Y e�n kai mìno e�n, up�rqoun duo �lle
 t.m. Z ′ kai Y ′ (se k�poio q¸ropijanìthta
), me sunart sei
 katanom 
 FZ , FY , antisto�qw
, tètoie
 ¸ste Z ′ ≤ Y ′.Apìdeixh. A
 jewr soume ìti Z ≤st Y , kai thn (genikeumènh) ant�strofh sun�rthsh

F−1(u) = inf{x : F (x) ≥ u}, u ∈ (0, 1),m�a
 sun�rthsh
 katanom 
 F . 'Estw akìmh mia t.m. U , me omoiìmorfh sun�rthsh katano-m 
 sto (0,1), kai oi t.m. Z ′ = F−1
Z (U) kai Y ′ = F−1

Y (U). Tìte, eÔkola diapist¸noume ìtioi Z ′ kai Y ′, èqoun sunart sei
 katanom 
 FZ , FY , antisto�qw
. Epiplèon, afoÔ Z ≤st Y ,dhlad 
FZ(x) ≥ FY (x), gia k�je x ∈ (−∞,+∞),isqÔei kai
F−1

Z (u) ≤ F−1
Y (u), gia k�je u ∈ (0, 1).'Ara Z ′ ≤ Y ′ kai h apìdeixh oloklhr¸netai �mesa, akolouj¸nta
 kai thn ant�strofh,pore�a.Me b�sh to prohgoÔmeno je¸rhma, mporoÔme na proqwr soume sthn apìdeixh tou epìmenouapotelèsmato
, to opo�o (ìpw
 ja fane� kai sth sunèqeia) ma
 prosfèrei èna koinì shme�ometaxÔ th
 stoqastik 
 di�taxh
 t.m. kai th
 di�taxh
 tuqa�wn dianusm�twn.Je¸rhma 1.1.2 Gia duo t.m. Z kai Y , isqÔei Z ≤st Y e�n kai mìno e�n

E(f(Z)) ≤ E(f(Y )),gia k�je aÔxousa sun�rthsh f : ℜ → ℜ, gia thn opo�a up�rqoun kai oi duo mèse
 timè
.6



1.1 Stoqastikè
 diat�xei
Apìdeixh. Arqik� upojètoume ìti Z ≤st Y . Tìte, me b�sh to Je¸rhma 1.1.1 kai qwr�
periorismì th
 genikìthta
, jewroÔme ìti Z ≤ Y . 'Opote gia k�je aÔxousa sun�rthsh f ,isqÔei f(Z) ≤ f(Y ) kai apì ti
 idiìthte
 th
 mèsh
 tim 
 prokÔptei, E(f(Z)) ≤ E(f(Y )).Ant�strofa, e�n E(f(Z)) ≤ E(f(Y )) gia k�je aÔxousa sun�rthsh f , tìte h prohgoÔmenhanisìthta ja isqÔei kai gia thn aÔxousa sun�rthsh fu(x), ìpou
fu(x) = 1(u,∞)(x) =

{

1, gia x > u

0, diaforetik� .H apìdeixh oloklhr¸netai, an l�boume upìyh ìti, P (Z > u) = E(fu(Z)) kai P (Y > u) =

E(fu(Y )), gia k�je u ∈ ℜ.Ax�zei na anafèroume, ìti h sun jh
 stoqastik  di�taxh an�mesa sti
 t.m. Z, Y (Z ≤st Y )mpore� isodÔnama na diatupwje� kai w

P (Z ∈ D) ≥ P (Y ∈ D), gia k�je �nw sÔnolo D ⊆ ℜ(an�logh sqèsh, sunant�me kai sthn per�ptwsh twn tuqa�wn dianusm�twn). Ep�sh
, toepìmeno pìrisma, fa�netai na parousi�zei arketè
 efarmogè
 kai ax�zei na proqwr soumesth diatÔpwsh tou.Pìrisma 1.1.1 'Estw Z1, Z2, . . . , Zn kai Y1, Y2, . . . , Yn, anex�rthte
 t.m. me Zi ≤st Yi,gia k�je i = 1, 2, . . . , n. Tìte,

Zi:n ≤ Yi:n, gia i = 1, 2, . . . , n,ìpou me Zi:n sumbol�zetai h i−ost  megalÔterh parat rhsh sto de�gma Z1, Z2, . . . , Zn

(ìmoia gia thn Yi:n).O stìqo
 ìswn prohg jhkan, e�nai dittì
: afenì
 apoteloÔn mia polÔ mikr  eisagwg sth jewr�a twn stoqastik¸n diat�xewn, kai afetèrou, na ma
 eis�goun sto shmantikì ped�otwn diat�xewn, an�mesa se tuqa�a dianÔsmata. H sun jh
 stoqastik  di�taxh, genikeÔetaise perib�llon dianusm�twn, me ton parak�tw orismì.Orismì
 1.1.2 'Estw duo tuqa�a dianÔsmata Z kai Y, tou ℜn. Ja lème ìti to tuqa�odi�nusma Z e�nai mikrìtero apì to tuqa�o di�nusma Y, me b�sh th sun jh (poludi�stath)stoqastik  di�taxh (sumb. Z ≤st Y), e�n isqÔei
E(f(Z)) ≤ E(f(Y)),gia k�je aÔxousa sun�rthsh f : ℜn → ℜ. 7



Sust mata axiopist�a
 mon�dwn, me pollapl� ep�peda apotuq�a
Mia isodÔnamh sunj kh, diapist¸same sto Je¸rhma 1.1.2 kai gia th di�taxh an�mesa set.m. H sun jh
 poludi�stath di�taxh (Lehmann (1955)), melet jhke kai efarmìsthke,apì polloÔ
 suggrafe�
 se di�fora ped�a (bl. p.q. Marshall and Olkin (1979)). Hepìmenh prìtash, apotele� th gen�keush se pollè
 diast�sei
, ant�stoiqou apotelèsmato
gia monodi�state
 t.m.Prìtash 1.1.1 Gia duo tuqa�a dianÔsmata Z kai Y, tou ℜn, isqÔei Z ≤st Y, an kai mìnoan
P (Z ∈ D) ≥ P (Y ∈ D), gia k�je �nw sÔnolo D ⊆ ℜn.Ap' ìsa prohg jhkan, mpore� k�poio
 na katano sei ìti e�nai polÔ dÔskolo na exakri-b¸soume th sun jh stoqastik  di�taxh, an�mesa se duo tuqa�a dianÔsmata, me b�sh ti
parap�nw sqèsei
. Shmantik  bo jeia s� èna tètoio egqe�rhma, ma
 prosfèrei to epìmenoJe¸rhma 1.1.3 (Veinott (1965)), ìpou ousiastik� h exètash gia thn Ôparxh th
 poludi�sta-th
 sun jh
 stoqastik 
 di�taxh
, an�getai se prìblhma stoqastik 
 di�taxh
, an�mesase dÔo monodi�state
 tuqa�e
 metablhtè
.Prin to epìmeno je¸rhma, na shmei¸soume ìti o sumbolismì
 [Zs|Z1 = z1, Z2 =

z2, . . . , Zs−1 = zs−1] qrhsimopoie�tai gia na upodhl¸sei thn t.m. me katanom , th desmeu-mènh katanom  tou Zs, dojènto
 Z1 = z1, Z2 = z2, . . . , Zs−1 = zs−1 (ìmoia kai gia thn
[Ys|Y1 = y1, Y2 = y2, . . . , Ys−1 = ys−1]).Je¸rhma 1.1.3 A
 jewr soume dÔo tuqa�a dianÔsmata Z = (Z1, Z2, . . . , Zn) kai Y =

(Y1, Y2, . . . , Yn), tou ℜn. E�n Z1 ≤st Y1, kai gia k�je s = 2, 3, . . . , n isqÔei
[Zs|Z1 = z1, Z2 = z2, . . . , Zs−1 = zs−1] ≤st [Ys|Y1 = y1, Y2 = y2, . . . , Ys−1 = ys−1] (1.1.1)gia ìla ta zj ≤ yj (gia j = 1, 2, . . . , s− 1), tìte

Z ≤st Y.Gia thn apìdeixh tou parap�nw jewr mato
 (to opo�o ja pa�xei shmantikì rìlo, sto kef�-laio autì), qrhsimopoie�tai mia {kataskeuastik } mèjodo
 (me pollè
 efarmogè
-kur�w
sthn prosomo�wsh, standard construction method, Rubinstein and Melamed (1998)), kaièna apotèlesma gia tuqa�a dianÔsmata, ant�stoiqo m� autì tou Jewr mato
 1.1.1.8



1.2 Sust mata mon�dwn, me pollapl� ep�peda apotuq�a
1.2 Sust mata mon�dwn, me pollapl� ep�peda apo-tuq�a
A
 upojèsoume ìti I = {1, 2, . . . , n} e�nai to sÔnolo twn mon�dwn, enì
 sust mato
 MFM .Gia k�je mon�da i ∈ I sumbol�zoume me 0, thn kat�stash leitourg�a
 th
, en¸ to sÔnolo
S = {1, 2, . . . , m}, perilamb�nei ìlou
 tou
 diaforetikoÔ
 tÔpou
 apotuq�a
. Se mia su-gkekrimènh qronik  stigm  t, mia mon�da i ∈ I mpore� na breje� mìno se mia, apì ti
 m+ 1diaforetikè
 katast�sei
 tou sunìlou S ∪ {0}. Epomènw
, sumbol�zonta
 me pi = q0i thnpijanìthta leitourg�a
 th
 i mon�do
 kai me qsi, s ∈ S thn pijanìthta h �dia mon�da nabr�sketai se kat�stash apotuq�a
 tÔpou s, èqoume

pi +
m∑

s=1

qsi =
m∑

s=0

qsi = 1, i = 1, 2, . . . , n(na shmei¸soume ìti h par�metro
 t, èqei apaleifje� apì tou
 sumbolismoÔ
 ma
, diìtiperior�zoume th melèth tou sust mato
, se mia sugkekrimènh qronik  stigm ).'Eqoume  dh anafèrei ìti ta sust mata axiopist�a
 pou melet�me, br�skontai se ka-t�stash mh leitourg�a
, e�n sugkekrimèna sÔnola mon�dwn, antimetwp�zoun ton �dio tÔpoapotuq�a
. Exet�zonta
 th dom  enì
 MFM sust mato
, e�nai dunatìn na prosdioristoÔn
m oikogèneie
 sunìlwn C1,C2, . . . ,Cm, apì to dunamosÔnolo tou I, tètoie
 ¸ste to sÔ-sthma na apotugq�nei, e�n kai mìno e�n up�rqei toul�qiston èna s ∈ S kai èna toul�qistonsÔnolo C ∈ Cs, me ìle
 ti
 mon�de
 tou se kat�stash apotuq�a
 tÔpou s (se mia dedo-mènh qronik  stigm  t). Ja anaferìmaste sto teleuta�o gegonì
 me ton ìro {apotuq�asust mato
 tÔpou s}, en¸ ta stoiqe�a tou sunìlou Cs (uposÔnola tou I), ja onom�zontai{el�qista sÔnola diakop 
 tÔpou s}. Na shmei¸soume ìti, h oikogèneia Cs (gia k�poio
s ∈ S), perilamb�nei ìla eke�na ta uposÔnola tou I, gia ta opo�a h stigmia�a apotuq�atwn mon�dwn tou
, prokale� apotuq�a sust mato
 tÔpou s, �lla kai tautìqrona, gia k�jesÔnolo tou Cs, den e�nai dunatìn na up�rxei uposÔnolo tou, me thn parap�nw idiìthta(eke� apod�detai kai h qrhsimopo�hsh tou ìrou {el�qista sÔnola diakop 
}).Poll� apì ta sust mata pou entop�zoume sth bibliograf�a   se pragmatikè
 efarmo-gè
, ikanopoioÔn ti
 parap�nw pro�pojèsei
. Gia par�deigma, se hlektronik� kukl¸mataìpou sunant�me suqn� sust mata se morf  gèfura
 (èna apì ta pio gnwst� sust matasth jewr�a axiopist�a
, de�te kai Sq ma 1.2.1), ja mporoÔse k�poio
 na k�nei th realisti-k  upìjesh ìti oi mon�de
 parousi�zoun adunam�a na kle�soun   na ano�xoun to kÔklwma(opìte èqoume duo eid¸n apotuq�e
). Ep�sh
, se sust mata thlepikoinwni¸n   anamet�do-sh
 s mato
, mpore� èna
 pompì
 e�te na ep�deixh adunam�a sth met�dosh tou s mato
   na9
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probe� se lanjasmènh met�dosh (ant�stoiqa probl mata mpore� na up�rxoun kai gia ènadèkth). Sto Par�deigma 1.1 ja doÔme p¸
 èna sÔsthma k-apì-ta-n (to opo�o èqei mele-thje� apì polloÔ
 suggrafe�
), mpore� na na metasqhmatiste� se perib�llon pollapl¸napotuqi¸n. To �dio mpore� na sumbe� kai gia ta suneqìmena-k-apì-ta-n, kai ti
 genikeÔ-sei
 tou
 (o anagn¸sth
 mpore� na anatrèxei sto bibl�o twn Kuo and Zuo (2003), gia miaanaskìphsh sth jewr�a twn parap�nw susthm�twn).Sq ma 1.2.1: SÔsthma axiopist�a
: Gèfura
1

4

3

2

5

BA

Par�deigma 1.1 A
 jewr soume èna sÔsthma me n mon�de
, ìpou k�je mia mpore� e�tena leitourge�, e�te na br�sketai se kat�stash apotuq�a
 tÔpou s, me s = 1, 2, 3 (dhlad ,
m = 3). To sÔsthma autì de ja leitourge� e�n kai mìno e�n, an�mesa sti
 n mon�de
,up�rqoun toul�qiston k1 se kat�stash apotuq�a
 tÔpou 1,   toul�qiston k2 se kat�stashapotuq�a
 tÔpou 2,   toul�qiston k3 se kat�stash apotuq�a
 tÔpou 3 (ks ≤ n, s = 1, 2, 3).Me to parap�nw sÔsthma (kai gia sugkekrimène
 kur�w
 timè
 twn paramètrwn), èqounasqolhje� pollo� suggrafe�
 ìpw
 oi Ben-Dov (1980), Barlow and Heidtmann (1984)k.a.E�nai fanerì ìti to sugkekrimèno sÔsthma apotele� mia gen�keush tou klasikoÔ-aploÔsust mato
 k-apì-ta-n:F . To aplì sÔsthma apart�zetai apì n mon�de
, oi opo�e
 mporoÔnna brejoÔn mìno se kat�stash leitourg�a
   apotuq�a
 (m = 1)-to sÔsthma apotugq�neian kai mìno an toul�qiston k apì ti
 n mon�de
 tou, de leitourgoÔn.Sto sÔsthma MFM tou parade�gmatì
 ma
, or�zontai trei
 oikogèneie
 el�qistwnsunìlwn diakop 
, C1,C2,C3, ìpou kajem�a perilamb�nei ìla ta uposÔnola tou I =

{1, 2, . . . , n}, me ks stoiqe�a, gia s = 1, 2, 3, antisto�qw
. Dhlad ,
Cs = {C ⊆ I : |C| = ks}, s = 1, 2, 3,10



1.2 Sust mata mon�dwn, me pollapl� ep�peda apotuq�a
ìpou me |C| sumbol�zoume ton plhj�rijmo tou sunìlou C (opìte, |Cs| =
(

n
ks

)
, s = 1, 2, 3).

Par�deigma 1.2 O Shanthikumar to 1987 eis gage èna sÔsthma to opo�o emfan�zeipolu�rijme
 efarmogè
, sta ped�a twn thlepikoinwni¸n, twn diktÔwn metafor�
 ugr¸n,diktÔwn anamet�dosh
 s mato
 kai alloÔ. To sÔsthma autì apotele�tai apì èna {pompì}(sumb. 0), èna {dèkth} (sumb. n+ 1) kai n mon�de
 I = {1, 2, . . . , n}, sundedemène
 se m�aseir�. O pompì
 e�nai sundedemèno
 (epikoinwne�) me ti
 mon�de
 {1, 2, . . . , ǫ0}, kai k�jemia mon�da i ∈ I, me ti
 mon�de
 {i+ 1, i+ 2, . . . , i+ ǫi}, 1 ≤ ǫi ≤ n, i = 1, 2, . . . , n. K�jemon�da (ìpw
 kai olìklhro to sÔsthma) mpore� e�te na leitourge� e�te na apotugq�nei. Opompì
, o dèkth
 kai oi sundèsei
 metaxÔ tou
, jewroÔntai ìti e�nai p�nta se kat�stashleitourg�a
. To sÔsthma leitourge�, e�n kai mìno e�n, up�rqei mia sÔndesh tou pompoÔ meto dèkth, mèsw mon�dwn pou leitourgoÔn. Gia to prohgoÔmeno sÔsthma èqei qrhsimopoihje�h onomas�a consecutively-connected system, (CCS).Metafr�zonta
 ìla ta parap�nw, s� èna prìblhma met�dosh
 s mato
, mporoÔme najewr soume, ìti apì ton pompì metad�detai èna s ma s� èna apì tou
 ǫ0 plhsièsterou
stajmoÔ
 anamet�dosh
 (mon�de
). O stajmì
 i ∈ I pou lamb�nei to s ma, ekpèmpei meth seir� tou to s ma s� èna apì tou
 ǫi anametadìte
, me tou
 opo�ou
 e�nai sundedemèno
.kai h diadikas�a suneq�zetai, èw
 ìtou to s ma fj�sei sto dèkth.E�nai ìmw
 realistikì k�poio
 na upojèsei, gia par�deigma, ìti oi anametadìte
 (mon�-de
) parousi�zoun ìqi mìno èna e�do
 bl�bh
, all� m diaforetik� (p.q. san sf�lma tÔpou1, mpore� na e�nai mia sugkekrimènh allo�wsh sto s ma, san sf�lma tÔpou 2, adunam�amet�dosh
 ktl). 'Etsi, h gen�keush tou parap�nw sust mato
 se perib�llon mon�dwn,me pollapl� e�dh apotuq�a
, fa�netai arket� qr simh kai parousi�zei idia�tero praktikìendiafèron.Pro
 aut  thn kateÔjunsh èqoun g�nei  dh k�poie
 prosp�jeie
, kai mia ap� autè
 e�-nai twn Hwang and Yao (1989). Sth sugkekrimènh ergas�a, h kat�stash k�je mon�do
ekfr�zei to pl jo
 twn plhsièsterwn mon�dwn, me ti
 opo�e
 epikoinwne�, se k�poia de-domènh qronik  stigm . M� �lla lìgia, oi dunatè
 katast�sei
 mia
 mon�do
 i ∈ I e�naioi {0, 1, . . . , ǫi}. Epiplèon, mia mon�da jewre�tai qalasmènh e�n den mpore� na epikoinwn -sei me kam�a �llh mon�da (dhlad , e�nai sthn kat�stash mhdèn). Par�llhla, to sÔsthmae�nai se kat�stash leitourg�a
, e�n mporoÔme na metaboÔme apì ton pompì sto dèkth,diamèsou mon�dwn me katast�sei
 diaforetikè
 apì th mhdenik  (o anagn¸sth
 mpore� na11



Sust mata axiopist�a
 mon�dwn, me pollapl� ep�peda apotuq�a
anatrèxei sto bibl�o twn Kuo and Zuo (2003), gia th melèth tou prohgoÔmenou sust ma-to
, ìpw
 kai gia ti
 genikeÔsei
 tou-circular consecutively-connected systems, two-way

consecutively-connected systems k.a.).O trìpo
 pou epiqeiroÔme na metafèroume to CCS, se sÔsthma me mon�de
 me pollapl�ep�peda apotuq�a
, e�nai diaforetikì
, apì ton prohgoÔmeno. JewroÔme (se mia sugkekri-mènh qronik  stigm ) ìti k�je mon�da mpore� na e�nai se kat�stash leitourg�a
   na e�nai,se kat�stash apotuq�a
 tÔpou s, (s ∈ S = {1, 2, . . . , m}). To sÔsthma leitourge� e�nkai mìno e�n, up�rqei trìpo
 na fj�soume apì ton pompì sto dèkth, mèsw mon�dwn, apìti
 opo�e
 to polÔ ns (ìpou ns ∈ {0, 1, . . . , n}) ap� autè
 e�nai se kat�stash apotuq�a
tÔpou s, gia k�je s ∈ S. Alli¸
, mporoÔme na poÔme ìti to sÔsthma apotugq�nei, e�n kaimìno e�n, se k�je pijan  diadrom  apì ton pompì sto dèkth, up�rqoun perissìtere
 apì
ns mon�de
 (dhlad , ns + 1, ns + 2, . . . , n), se kat�stash apotuq�a
 tÔpou s (gia k�poio
s ∈ S). Na shmei¸soume ìti, e�n ns = 0 gia k�je s, tìte h axiopist�a tou sust mato
,taut�zetai m� aut  tou aploÔ CCS.Sq ma 1.2.2: SÔsthma CCS me ǫ0 = 2, ǫ1 = 3, ǫ2 = 1, ǫ3 = 2, ǫ4 = 2, ǫ5 = 1

0 1 2 3 4 5 6

Gia par�deigma, ìtan m = 2, jewroÔme ìti h mon�da i e�nai se kat�stash apotuq�a
tÔpou 1, e�n p.q. up�rqei adunam�a apostol 
 tou s mato
, en¸ e�nai se kat�stash apo-tuq�a
 tÔpou 2, e�n p.q. metad�dei to s ma lanjasmèna. A
 jewr soume ìti èqoume 5mon�de
, me n1 = 0, n2 = 1 kai ǫ0 = 2, ǫ1 = 3, ǫ2 = 1, ǫ3 = 2, ǫ4 = 2, ǫ5 = 1 (bl. Sq ma1.2.2). Melet¸nta
 to sÔsthma, oi duo oikogèneie
 el�qistwn sunìlwn diakop 
 e�nai,
C1 = {{1, 2}, {1, 3}, {3, 4}, {4, 5}}, C2 = {{1, 2, 3, 4}, {1, 2, 4, 5}, {1, 3, 4, 5}}.

Me b�sh ta prohgoÔmena katalaba�noume ìti h kat�stash mia
 mon�do
 i ∈ I, mpore�na ekfraste� me th bo jeia mia
 akèraia
 t.m. Vi, me ped�o tim¸n to S ∪ {0}, me ton ex 
12



1.2 Sust mata mon�dwn, me pollapl� ep�peda apotuq�a
trìpo
Vi =







0, e�n h i mon�da leitourge�,
1, e�n h i mon�da e�nai se kat�stash apotuq�a
 tÔpou 1,...
m, e�n h i mon�da e�nai se kat�stash apotuq�a
 tÔpou m.Par� ìla aut�, ja fane� arket� gìnimo gia th sunèqeia, e�n gia thn perigraf  twn katast�-sewn m�a
 mon�do
, qrhsimopoihje� èna tuqa�o di�nusma (st lh) X.i = (X1i, X2i, . . . , Xmi)

′(kai ìqi h t.m. Vi), tètoio ¸ste h suntetagmènh tou Xsi, na pa�rnei thn tim  0 e�n h imon�da br�sketai se kat�stash apotuq�a
 tÔpou s, kai 1 diaforetik� (s ∈ S kai i ∈ I).Epomènw
, X.i = (1, 1, . . . , 1)′ e�n kai mìno e�n h mon�da leitourge�. Me thn praktik aut , h kat�stash olìklhrou tou sust mato
, mpore� eÔkola na perigrafe� mèsw mia
d�timh
 (aÔxousa
) sun�rthsh
, ìmoia
 me th sun�rthsh dom 
 enì
 klasikoÔ sust mato
axiopist�a
 (sust mato
 SFM , bl. p.q. Barlow and Proschan (1981)).A
 jewr soume sth sunèqeia ton parak�tw tuqa�o p�naka, o ìpoio
 èqei w
 st le
 tat.d. X.1,X.2 . . . ,X.n, dhlad 
X = (Xsi)m×n =










X11 X12 . . . X1n

X21 X22 . . . X2n... ... . . . ...
Xm1 Xm2 . . . Xmn










(1.2.1)kai a
 sumbol�soume me X1.,X2. . . . ,Xm., ti
 grammè
 tou. Tìte ja èqoume apotuq�asust mato
 tÔpou s, e�n kai mìno e�n h ditimh (0-1) sun�rthsh dom 

ϕs(Xs.) =

∏

C∈Cs

(1 −
∏

i∈C

(1 −Xsi))p�rei thn tim  0. Epiprìsjeta h pijanìthta na mhn èqoume apotuq�a tou sust mato
tÔpou s, e�nai �sh me E(ϕs(Xs.)). H teleuta�a mèsh tim , e�nai h axiopist�a enì
 sust mato

SFM , apoteloÔmenou apì n anex�rthte
 mon�de
, me pijanìthte
 apotuq�a
 qs1, qs2, . . . , qsn(  alli¸
, me pijanìthte
 leitourg�a
 1 − qs1, 1 − qs2, . . . , 1 − qsn) kai el�qista sÔnoladiakop 
 Cs.'Etsi, an qs. = (qs1, qs2, . . . , qsn) e�nai to di�nusma pijanot twn apotuq�a
 tÔpou s, twnmon�dwn, tìte

Rs(qs.) = E(ϕs(Xs.)) (1.2.2)13



Sust mata axiopist�a
 mon�dwn, me pollapl� ep�peda apotuq�a
e�nai h pijanìthta to sÔsthma na mh qal�sei, lìgw apotuq�a
 tÔpou s. Epomènw
, tosÔsthma apotÔgq�nei e�n kai mìno e�n ϕs(Xs.) = 0, gia toul�qiston èna s ∈ S. 'Etsi, hd�timh (kai aÔxousa) sun�rthsh ϕ : {0, 1}mn → {0, 1}, me
ϕ = ϕ(X1.,X2., . . . ,Xm.) =

m∏

s=1

ϕs(Xs.) =
m∏

s=1

(
∏

C∈Cs

(1 −
∏

i∈C

(1 −Xsi))

)ekfr�zei thn kat�stash olìklhrou tou sust mato
, kaj¸
: ϕ = 1 e�n to sÔsthma lei-tourge� kai ϕ = 0, e�n apotÔqei. 'Ara, h axiopist�a tou sust mato
 ja d�netai apì thsqèsh
R(q) = E(ϕ(X1.,X2., . . . ,Xm.))

= E

(
m∏

s=1

ϕs(Xs.)

)

= E

(
m∏

s=1

(
∏

C∈Cs

(1 −
∏

i∈C

(1 −Xsi))

)) (1.2.3)ìpou q e�nai o m× n p�naka
 (pijanot twn apotuq�a
)
q =










q1.

q2....
qm.










=










q11 q12 . . . q1n

q21 q22 . . . q2n... ... . . . ...
qm1 qm2 . . . qmn










. (1.2.4)H parap�nw prosèggish gia th melèth enì
 sust mato
 MFM (qrhsimopoi¸nta
 taproanaferjènta tuqa�a dianÔsmata, gia na ekfr�soume ti
 katast�sei
 twn mon�dwn, kaid�nonta
 thn axiopist�a tou sust mato
 mèsw th
 (1.2.3)), prot�jhke apì tou
 Boutsikas

and Koutras (2002a). Sthn �dia ergas�a, dìjhkan duo trìpoi gia ton akrib  upologismìth
 R(q): o èna
 ekfr�zonta
 th sun�rthsh axiopist�a
 w
 an�ptugma ajroism�twn apìginìmena pijanot twn apotuq�a
 kai o deÔtero
 (pou d�detai apì to parak�tw je¸rhma),mèsw th
 axiopist�a
 enì
 kat�llhla orismènou sust mato
 SFM .Je¸rhma 1.2.1 H sun�rthsh axiopist�a
 enì
 MFM sust mato
, me n anex�rthte
 mo-n�de
 kai p�naka pijanot twn apotuq�a
 ton (1.2.4) (me pi > 0, gia k�je i ∈ I), d�detai apìth sqèsh
R(q) = RSFM

(
n∏

i=1

pm−1
i

∏m
s=1(pi + qsi)

)−1

.H RSFM e�nai h sun�rthsh axiopist�a
 enì
 aploÔ sust mato
, me ta ex 
 qarakthristik�:a. to sÔsthma apotele�tai apì mn anex�rthte
 mon�de
 (ti
 (s, i), s ∈ S, i ∈ I), mepijanìthte
 apotuq�a
 qsi(pi + qsi)
−1,14



1.3 K�tw fr�gma gia th sun�rthsh axiopist�a
b. ta ∑m
s=1 |Cs| + n

(
m
2

) el�qista sÔnola diakop 
 tou, e�nai ta parak�tw
• {(s, i), i ∈ C}, C ∈ Cs, gia k�je s ∈ S

• {(s, i), (t, i)}, s, t ∈ S, s < t, gia k�je i ∈ I.Sthn ergas�a Koutras (1997), dìjhke èna
 anadromikì
 tÔpo
, gia th sun�rthsh axio-pist�a
 enì
 sugkekrimènou sust mato
 MFM (gia to opo�o ja mil soume sthn teleuta�apar�grafo, tou parìnto
 kefala�ou), gia thn per�ptwsh m = 2.Wstìso, kaj¸
 aux�nontai oi timè
 twn paramètrwn n,m,   kai o plhj�rijmo
 twn
Cs, s ∈ S, o upologismì
 th
 akriboÔ
 tim 
 th
 axiopist�a
, g�netai praktik� adÔnato
.'Etsi, oi Boutsikas and Koutras (2002a), prìteinan k�poia fr�gmata gia thn R(q) (merik�apì ta opo�a ja sunant soume kai sthn Par�grafo 1.4), kai melèthsan thn asumptwtik th
 sumperifor�. Sthn epìmenh par�grafo, ja eis�goume èna nèo k�tw fr�gma, polla-plasiastikoÔ tÔpou (gia th sun�rthsh axiopist�a
), to opo�o belti¸nei èna apì ta k�twfr�gmata pou e�qan prote�nei oi parap�nw suggrafe�
.1.3 K�tw fr�gma gia th sun�rthsh axiopist�a
A
 jewr soume ìti èqoume èna sÔsthma axiopist�a
 MFM , me sÔnolo mon�dwn I kai dia-nÔsmata pijanot twn apotuq�a
 tÔpou s, to qs. = (qs1, qs2, . . . , qsn), me s ∈ S. Epiplèon,a
 eis�goume ta tuqa�a dianÔsmata (st le
) T.i, i = 1, 2, . . . , n, ìpou

T.i = (T1i, T2i, . . . , Tmi)
′ta opo�a apoteloÔntai apì anex�rthte
 kai d�time
 (0-1) t.m., me

P (T1i = 0) = q1i, P (T1i = 1) = 1 − q1ikai
P (Tsi = 0) = qsi/(1 −

s−1∑

j=1

qji), P (Tsi = 1) = (1 −
s∑

j=1

qji)/(1 −
s−1∑

j=1

qji),gia s = 2, 3, . . . , m. H prìtash pou akolouje�, apotele� to pr¸to b ma gia thn apìdeixhtou k�tw fr�gmato
, kaj¸
 exakrib¸nei mia qr simh stoqastik  di�taxh an�mesa sta T.i,pou eis qjhsan parap�nw, kai ta tuqa�a dianÔsmata X.i, pou ekfr�zoun ti
 katast�sei
twn mon�dwn (Milienos and Koutras (2008)). 15



Sust mata axiopist�a
 mon�dwn, me pollapl� ep�peda apotuq�a
Prìtash 1.3.1 'Estw èna sÔsthma axiopist�a
 MFM, gia to opo�o oi katast�sei
 twnanex�rthtwn mon�dwn tou kai oi pijanìthte
 apotuq�a
 tou
, perigr�fontai apì tou
 p�nake
(1.2.1) kai (1.2.4), antisto�qw
. Tìte,
T′

.i ≤st X′
.igia k�je i ∈ I.Apìdeixh. Me b�sh to Je¸rhma 1.1.3 arke� na apode�xoume ìti, gia k�je u ∈ (−∞,+∞)isqÔei,

P (T1i ≤ u) ≥ P (X1i ≤ u),kai gia s = 2, 3, . . . , m,
P (Tsi ≤ u|T1i = t1, . . . , Ts−1,i = ts−1) ≥ P (Xsi ≤ u|X1i = x1, . . . , Xs−1,i = xs−1), (1.3.1)gia opoiad pote tj ≤ xj, j = 1, 2, . . . , s−1. Epeid  kai oi dÔo t.m. Tsi kai Xsi, e�nai d�time
(0-1), h pr¸th sunj kh isqÔei w
 isìthta, afoÔ gia u ≥ 1 èqoume

P (T1i ≤ u) = P (X1i ≤ u) = 1,gia u < 0, e�nai profanè
 ìti
P (T1i ≤ u) = P (X1i ≤ u) = 0,kai gia 0 ≤ u < 1, prokÔptei ìti

P (T1i ≤ u) = P (T1i = 0) = q1i = P (X1i = 0) = P (X1i ≤ u).Gia na proqwr soume sthn apìdeixh th
 sunj kh
 (1.3.1), parathroÔme arqik� ìti, lìgwth
 anexarths�a
 twn t.m. T1i, T2i, . . . , Tsi, h desmeumènh pijanìthta pou up�rqei sto ari-sterì mèro
 th
 anisìthta
, e�nai �sh me
P (Tsi ≤ u) =







1, e�n u ≥ 1
qsi

1−
∑s−1

j=1 qji
, e�n 0 ≤ u < 1

0, e�n u < 0.Par�llhla, gia u ≥ 1 èqoume
P (Tsi ≤ u|T1i = t1, . . . , Ts−1,i = ts−1) = P (Xsi ≤ u|X1i = x1, . . . , Xs−1,i = xs−1) = 1,16



1.3 K�tw fr�gma gia th sun�rthsh axiopist�a
en¸ gia u < 0, kai oi dÔo parap�nw pijanìthte
, mhden�zontai. Epomènw
, h apìdeixh th
prot�sew
 ja oloklhrwje�, e�n de�xoume ìti
P (Xsi ≤ u|X1i = x1, X2i = x2, . . . , Xs−1,i = xs−1) ≤

qsi

1 −∑s−1
j=1 qjigia 0 ≤ u < 1 kai tj ≤ xj , j = 1, 2, . . . , s− 1,   isodÔnama

P (Xsi = 0|X1i = x1, X2i = x2, . . . , Xs−1,i = xs−1) ≤
qsi

1 −
∑s−1

j=1 qjigia k�je xj ∈ {0, 1}, j = 1, 2, . . . , s− 1.Lamb�nonta
 upìyin ìti, to polÔ m�a apì ti
 X1i, X2i, . . . , Xmi mpore� na p�rei thn tim 0 (me ti
 upìloipe
 na e�nai �se
 me 1), katal goume sta ex 
:a. ìtan toul�qiston mia apì ti
 x1, x2, . . . , xs−1 e�nai �sh me 0, tìte h prohgoÔmenhanisìthta isqÔei, kaj¸
 to aristerì th
 mèro
 mhden�zetai,b. ìtan oi x1, x2, . . . , xs−1 e�nai ìle
 �se
 me 1, tìte èqoume
P (Xsi = 0|X1i = 1, X2i = 1, . . . , Xs−1,i = 1) =

P (Xsi = 0, X1i = 1, . . . , Xs−1,i = 1)

P (X1i = 1, X2i = 1, . . . , Xs−1,i = 1)

=
P (Xsi = 0)

1 −
∑s−1

j=1 P (Xji = 0)
=

qsi

1 −
∑s−1

j=1 qji
.Epomènw
, kai s� aut n thn per�ptwsh h anisìthta pou exet�zoume e�nai alhj 
.'Etsi, ta dianÔsmata T′

.i kai X′
.i (i ∈ I) ikanopoioÔn ti
 pro�pojèsei
 tou Jewr mato
1.1.3, kai h apìdeixh th
 prot�sew
 èqei oloklhrwje�.E�maste plèon se jèsh na anafèroume to kÔrio apotèlesma tou sugkekrimènou kefa-la�ou, pou afor� to k�tw fr�gma gia th sun�rthsh axiopist�a
, enì
 MFM sust mato
.To fr�gma autì upolog�zetai w
 ginìmeno apì sunart sei
 axiopist�a
, kat�llhla ori-smènwn apl¸n susthm�twn, kai shmantikì rìlo sthn apìdeixh tou, pa�zei h stoqastik di�taxh pou prokÔptei apì thn Prìtash 1.3.1.Je¸rhma 1.3.1 'Estw èna MFM sÔsthma axiopist�a
, gia to opo�o oi katast�sei
 twnanex�rthtwn mon�dwn tou kai oi pijanìthte
 apotuq�a
 tou
, perigr�fontai apì tou
 p�nake


(1.2.1) kai (1.2.4), antisto�qw
. Gia k�je i ∈ I kai s ∈ S, a
 jewr soume ti
 posìthte

Qsi =







q1i, e�n s = 1
qsi

1−
∑s−1

j=1 qji
, e�n s ≥ 2.

(1.3.2)17



Sust mata axiopist�a
 mon�dwn, me pollapl� ep�peda apotuq�a
Tìte gia thn axiopist�a R(q), tou sust mato
 MFM isqÔei
R(q) ≥

m∏

s=1

Rs(Qs1, Qs2, . . . , Qsn) = L(q),ìpou oi pijanìthte
 Rs(Qs1, Qs2, . . . , Qsn), d�nontai mèsw th
 (1.2.2).Apìdeixh. A
 ekfr�soume arqik� th sun�rthsh dom 
 ϕ tou sust mato
, mèsw th
 su-n�rthsh
 ψ : {0, 1}mn → {0, 1}, th
 opo�a
 to ìrisma e�nai to di�nusma (X′
.1,X

′
.2, . . . ,X

′
.n),diast�sew
 1 × (mn), kai or�zetai apì ton tÔpo

ψ(X′
.1,X

′
.2, . . . ,X

′
.n) =

m∏

s=1

ϕs(Xs.) = E

(
m∏

s=1

(
∏

C∈Cs

(1 −
∏

i∈C

(1 −Xsi))

))

.E�nai eÔkolo na diapist¸soume ìti kai h ψ, e�nai mia d�timh kai aÔxousa sun�rthsh.Akìmh, lìgw tou ìti oi suntetagmène
 twn tuqa�wn dianusm�twn T′
.i (i ∈ I), e�nai anex�r-thte
 t.m., ta tuqa�a dianÔsmata T′

.1,T
′
.2, . . . ,T

′
.n e�nai anex�rthta metaxÔ tou
. Epiplèon,apì thn Prìtash 1.3.1, èqoume

T′
.i ≤st X′

.i, gia i = 1, 2, . . . , n,ìpou kai ta X′
.1,X

′
.2, . . . ,X

′
.n e�nai anex�rthta tuqa�a dianÔsmata, afoÔ to sÔsthma apo-tele�tai apì anex�rthte
 mon�de
. Epomènw
, isqÔei (lìgw anexarths�a
 twn tuqa�wndianusm�twn T′

.i kai X′
.i, i = 1, 2, . . . , n)
(T′

.1,T
′
.2, . . . ,T

′
.n) ≤st (X′

.1,X
′
.2, . . . ,X

′
.n),kai apì th monoton�a th
 ψ, pa�rnoume

E(ψ(T′
.1,T

′
.2, . . . ,T

′
.n)) ≤ E(ψ(X′

.1,X
′
.2, . . . ,X

′
.n))  isodÔnama

E(ϕ(T1.,T2., . . . ,Tm.)) ≤ E(ϕ(X1.,X2., . . . ,X
′
m.)).H mèsh tim  sto dex� mèro
 th
 anisìthta
, e�nai h axiopist�a R = R(q) tou su-st mato
 MFM . Apì thn �llh, k�nonta
 qr sh tou tÔpou (1.2.3) (gia ta dianÔsmata

T1.,T2., . . . ,Tm.), mporoÔme na gr�youme ìti
E(ϕ(T1.,T2., . . . ,Tm.)) = E(

m∏

s=1

ϕs(Ts.))18



1.3 K�tw fr�gma gia th sun�rthsh axiopist�a
kai lìgw th
 anexarths�a
 twn Tsi, na p�roume
E(

m∏

s=1

ϕs(Ts.)) =

m∏

s=1

E(ϕs(Ts.)).H apìdeixh oloklhr¸netai, me thn parat rhsh ìti gia tou
 par�gonte
 tou parap�nwginomènou, isqÔei
E(ϕs(Ts.)) = Rs(Qs1, Qs2, . . . , Qsn), gia k�je s = 1, 2, . . . , m.Ax�zei na shmei¸soume ìti h Rs = Rs(Qs1, Qs2, . . . , Qsn), e�nai h axiopist�a enì
 SFMsust mato
, apoteloÔmena apì n anex�rthte
 mon�de
, me pijanìthte
 apotuq�a
 Qsi,

i ∈ I, kai el�qista sÔnola diakop 
 C ∈ Cs.'Ena shmantikì qarakthristikì tou L(q) e�nai ìti o upologismì
 tou, bas�zetai se miadi�taxh twn m oikogenei¸n Cs, s = 1, 2, . . . , m. Autì èqei w
 apotèlesma h tim  tou L(q)na exart�tai apì thn ant�stoiqh di�taxh (bl. th morf  twn pijanot twn Qsi sthn èkfrash(1.3.2)). To gegonì
 autì ofe�letai sthn apìdeixh pou akolouj same sthn Prìtash 1.3.1,ìpou gia na exakrib¸soume th stoqastik  di�taxh, an�mesa sta tuqa�a dianÔsmata pouma
 endièferan, èprepe na upolog�soume k�poie
 desmeumène
 pijanìthte
. H seir� me thnopo�a {eisèrqontan} ta gegonìta sth dèsmeush, èpaize rìlo kai ousiastik�,  tan h seir�me thn opo�a e�qame diat�xei ti
 oikogèneie
 Cs, s = 1, 2, . . . , m. 'Ameso epakìloujo e�nai hÔparxh, en dun�mei m! diaforetik¸n tim¸n gia to k�tw fr�gma. S�goura, an�mesa s� autè
ti
 timè
 k�poio
 mpore�, kai prèpei na epilèxei eke�nh th di�taxh, h opo�a megistopoie� to
L(q). Ja doÔme sthn par�grafo pou akolouje�, pìso all�zoun oi timè
 tou L(q), apìdi�taxh se di�taxh (s� èna sugkekrimèno sÔsthma), kai an pragmatik� o epiplèon kìpo
th
 anaz thsh
 th
 mègisth
 tim 
, isostajm�zetai apì th belt�wsh th
 prosèggish
, pouepitugq�noume.Me to prohgoÔmeno je¸rhma eis�game èna nèo fr�gma gia th sun�rthsh axiopist�a
, heÔresh tou opo�ou, apaite� ton upologismì th
 axiopist�a
 m apl¸n susthm�twn (diadika-s�a eÔkolh, apì th stigm  pou èqoume prosdior�sei ti
 m oikogèneie
 el�qistwn sunìlwndiakop 
). Oi mèjodoi pou up�rqoun, gia na fèroume ei
 pèra
 mia tètoia diadikas�a, e�naip�ra pollè
 (p.q. anadromikè
 sqèsei
, emfÔteush t.m. se Markobian  alus�da k.a.) kaimporoÔn ti
 perissìtere
 forè
 na d¸soun apotelesmatikè
 kai upologistik� gr gore
lÔsei
, sto prìblhma pou melet�me. Par� ìla aut�, ja e�nai qr simo an katafèroumemèsw tou parap�nw fr�gmato
, na prosegg�soume thn axiopist�a tou sust mato
, mèsaapì mia pio apl  sqèsh, diathr¸nta
 ìmw
 thn akr�beia th
 prosèggish
. Eke� stoqeÔei kai19



Sust mata axiopist�a
 mon�dwn, me pollapl� ep�peda apotuq�a
to epìmeno pìrisma, ìpou k�nonta
 qr sh tou k�tw fr�gmato
 twn Esary and Proschan

(1963), gia th sun�rthsh axiopist�a
 enì
 sust mato
 SFM , mporoÔme na broÔme èna nèofr�gma kai gia thn R(q).Pìrisma 1.3.1 'Estw èna MFM sÔsthma me n anex�rthte
 mon�de
, kai m diaforetikoÔ
tÔpou
 apotuq�a
. Tìte gia th sun�rthsh axiopist�a
 tou R(q), isqÔei
R(q) ≥

m∏

s=1

(
∏

C∈Cs

(1 −
∏

i∈C

Qsi)

)ìpou ta Qsi d�dontai apì thn (1.3.2).Apìdeixh. Apì to Je¸rhma 1.3.1, pa�rnoume èna k�tw fr�gma gia th sun�rthshaxiopist�a
 R(q), me th morf 
L(q) =

m∏

s=1

Rs(Qs1, Qs2, . . . , Qsn).'Omw
, gia th sun�rthsh axiopist�a
 Rs xèroume ìti (Esary and Proschan (1963))
Rs(Qs1, Qs2, . . . , Qsn) ≥

∏

C∈Cs

(1 −
∏

i∈C

Qsi).Epomènw
,
L(q) ≥

m∏

s=1

∏

C∈Cs

(1 −
∏

i∈C

Qsi),kai
R(q) ≥ L(q) ≥

m∏

s=1

∏

C∈Cs

(1 −
∏

i∈C

Qsi).

'Ena parìmoio fr�gma me to L(q), e�qan prote�nei kai oi Boutsikas and Koutras (2002a),oi opo�oi, ekfr�zonta
 thn R(q) mèsw th
 sun�rthsh
 axiopist�a
, enì
 kat�llhla ori-smènou aploÔ sust mato
 kai qrhsimopoi¸nta
 stoiqe�a apì th jewr�a twn sunaf¸n t.m.,apèdeixan ìti
R(q) ≥

m∏

s=1

Rs(Q
′
s1, Q

′
s2, . . . , Q

′
sn) = L′(q) (1.3.3)20



1.4 Efarmogè
 kai arijmhtik� apotelèsmataìpou
Q′

si =
qsi

pi + qsi
, i = 1, 2, . . . , n.'Ara, gia k�je s ∈ S kai i ∈ I, isqÔei

Q′
si ≥ Qsi,kai dedomènou ìti oi Rs (axiopist�e
 enì
 SFM sust mato
), e�nai aÔxouse
 sunart sei
w
 pro
 ti
 pijanìthte
 leitourg�a
 twn mon�dwn (p.q. Barlow and Proschan (1981)), tofr�gma apì to Je¸rhma 1.3.1, e�nai p�ntote kalÔtero apì to (1.3.3), kaj¸


L(q) ≥ L′(q), gia k�je q = (qsi)m×n.1.4 Efarmogè
 kai arijmhtik� apotelèsmataMe b�sh ìla ta prohgoÔmena, katalaba�noume ìti p�ra poll� apì ta gnwst� sust matamon�dwn, me duo dunatè
 katast�sei
, mporoÔn k�tw apì kat�llhle
 upojèsei
, na geni-keutoÔn se sust mata MFM .Sth sugkekrimènh par�grafo melet�me th sumperifor� tou nèou k�tw fr�gmato
,se mia kathgor�a susthm�twn, ta suneqìmena-k1, k2, . . . , km-apì-ta-n: MFM . Pragmato-poioÔme arijmhtikoÔ
 upologismoÔ
, gia di�fore
 timè
 twn paramètrwn, kai sugkr�noumeto nèo fr�gma, me ta fr�gmata pou èqoun  dh emfaniste� sth bibliograf�a. 'Epeita, d�noumearijmhtik� apotelèsmata gia to sÔsthma pou eis�game sto Par�deigma 1.2.1.4.1 SÔsthma suneqìmena-k1, k2, . . . , km-apì-ta-n: MFMTo sÔsthma suneqìmena-k1, k2, . . . , km-apì-ta-n: MFM , apotele�tai apì n mon�de
 sunde-demène
 grammik�, ìpou h k�je mia mpore� na antimetwp�sei m diaforetik� e�dh apotuq�a
.To sÔsthma de leitourge� lìgw apotuq�a
 tÔpou s, e�n kai mìno e�n toul�qiston ks su-neqìmene
 mon�de
, brejoÔn se kat�stash apotuq�a
 tÔpou s (s = 1, 2, . . . , m). H eidik per�ptwsh me duo e�dh apotuq�a
 (m = 2), melet jhke sth ergas�a Koutras (1997), en¸fr�gmata gia th genik  per�ptwsh (m ≥ 2) èqoun doje� apì tou
 Boutsikas and Koutras

(2002a) kai Chryssaphinou and Vaggelatou (2002). Ax�zei na anafèroume thn �mesh sqèshpou èqei h axiopist�a enì
 sust mato
, ìpw
 to prohgoÔmeno, me tou
 qrìnou
 anamon 
mèqri thn emf�nish ro¸n apì ìmoia sÔmbola, se mia akolouj�a pleiìtimwn t.m. (Aki (1992)  Fu and Lou (2003)). 21



Sust mata axiopist�a
 mon�dwn, me pollapl� ep�peda apotuq�a
EÔkola mporoÔme na diapist¸soume ìti oi oikogèneie
 twn m el�qistwn sunìlwn dia-kop 
, e�nai oi
Cs = {{i, i+ 1, . . . , i+ ks − 1} : i = 1, 2, . . . , n− ks + 1}, s = 1, 2, . . . , m.Upojètoume ìti oi mon�de
,   pio swst� oi t.m. pou ekfr�zoun ti
 katast�sei
 twn mon�dwne�nai anex�rthte
 kai isìnome
 t.m., me q0i = p, qsi = qs, s = 1, 2, . . . , m. Epiplèon, tosÔmbolo Rs(q) ja qrhsimopoie�tai sto ex 
 gia na dhl¸nei thn axiopist�a enì
 aploÔsust mato
, suneqìmena-ks-apì-ta-n, me thn pijanìthta apotuq�a
 twn anex�rthtwn kaiisìnomwn mon�dwn tou, na e�nai �sh me q. 'Opw
 èqoume  dh anafèrei, h Rs(q) mpore� naupologiste� mèsw anadromik¸n tÔpwn, mèswn teqnik¸n sunduastik 
, emfÔteush
 t.m. seMarkobian  alus�da k.a. (bl. p.q. Chao et al (1995), Balakrishnan and Koutras (2002),

Fu and Lou (2003) ). Gia ti
 dikè
 ma
 an�gke
, qrhsimopoi same thn anadromik  sqèsh
Rs,n(q) = Rs,n−1(q) − (1 − q)qksRs,n−ks−1(q),me arqikè
 sunj ke
,

Rs,n(q) = 1, gia n < ks,

Rs,k(q) = 1 − qks, gia n = ksìpou meRs,n′(q), gia opoiod pote akèraio n′ ≥ 1, sumbol�same thn axiopist�a tou suneqìmena-
ks-apì-ta-n′.P�naka
 1.4.1: Akrib  tim  th
 axiopist�a
 kai sqetik  belt�wsh

n m k1 k2 k3 q1 q2 q3 R L L′ (L − L′)/R(%)

100 2 2 2 − 0.08 0.05 − 0.4348 0.4186 0.3935 5.79

2 3 − 0.05 0.05 − 0.7800 0.7786 0.7594 2.47

3 5 − 0.10 0.06 − 0.9152 0.9151 0.8994 1.73

5 4 − 0.20 0.15 − 0.9355 0.8844 0.8595 2.66

100 3 2 2 2 0.10 0.05 0.05 0.2502 0.2168 0.1705 18.52

2 3 4 0.09 0.03 0.06 0.4811 0.4726 0.4068 13.68

3 4 4 0.15 0.05 0.05 0.7559 0.7506 0.6793 9.43

6 2 4 0.16 0.06 0.08 0.7104 0.6151 0.5544 8.55

250 3 2 3 2 0.06 0.05 0.02 0.3705 0.3648 0.3198 12.15

2 2 2 0.10 0.05 0.05 0.0300 0.0214 0.0117 32.34

6 6 6 0.20 0.15 0.15 0.9853 0.9515 0.8585 9.44

5 4 5 0.12 0.12 0.12 0.9437 0.9052 0.8433 6.56K�tw ap� autè
 ti
 upojèsei
, to nèo k�tw fr�gma (Je¸rhma 1.3.1) kai to fr�gma(1.3.3), pa�rnoun th morf 
L = L(q1, q2, . . . , qm) =

m∏

s=1

Rs(Qs), L′ = L′(q1, q2, . . . , qm) =
m∏

s=1

Rs(Q
′
s)22



1.4 Efarmogè
 kai arijmhtik� apotelèsmataìpou
Qs =







q1, e�n s = 1
qs

1−
∑s−1

j=1 qj
, e�n s ≥ 2

kai Q′
s =

qs
p+ qs

, gia s = 1, 2, . . . , m.'Opw
 èqoume epishm�nei sth suz thsh pou akoloÔjhse met� to Pìrisma 1.3.1, to L(q)e�nai p�nta kalÔtero (megalÔtero) apì to L′(q). Ston P�naka 1.4.1, mporoÔme na parath-r soume th belt�wsh th
 prosèggish
 pou epitugq�noume me to nèo fr�gma. Sugkekrimèna,gia di�fore
 timè
 twn paramètrwn d�netai h tim  th
 axiopist�a
 tou sust mato
 MFM ,
R = R(q1, q2, . . . , qm) (giam = 2 èqoume upolog�sei thn akrib  th
 tim , en¸ giam = 3 thnekt�mhsh mèsw prosomo�wsh
), oi timè
 twn L,L′ kai h sqetik  belt�wsh th
 prosèggish

(L− L′)/R, ìtan qrhsimopoie�tai to L kai ìqi to L′, gia thn prosèggish th
 R.Ep�sh
 sto Sq ma 1.4.1, blèpoume pw
 sumperifèretai to k�tw fr�gma L (kai to L′), giadi�fore
 timè
 tou p (èqoume p�rei q1 = q2 = (1−p)/2 kai n = 300), èqonta
 sumperil�beikai thn akrib  tim  th
 axiopist�a
 R. Ax�zei na parathr soume ìti ìso to k2 aux�nei (en¸ta n kai k1, paramènoun stajer�), to L prosegg�zei kalÔtera thn R, kai h apìstash touapì to L′, megal¸nei. Genik¸
, to L prosegg�zei kalÔtera thn R, ìtan to k1 e�nai arket�mikrìtero se sqèsh me to k2 (oi prohgoÔmene
 parathr sei
, mporoÔn na dikaiologhjoÔnkai me qr sh tou tÔpou pou dìjhke gia to L).Duo epiprìsjeta fr�gmata gia th sun�rthsh axiopist�a
 R, e�nai ta parak�tw (bl.
Boutsikas and Koutras (2002a))

LB = LB(q1.,q2., . . . ,qm.) =

m∑

s=1

Rs(qs.) −m+ 1,

LC = LC(q1.,q2., . . . ,qm.) =

m∏

s=1

Rs(qs.) −
∑

1≤s<t≤m

cstìpou
cst =

∑

C∈Cs

∑

D∈Ct
D∩C 6=∅

∏

i∈C

qsi
∏

j∈D

qtj .To pr¸to fr�gma apodeiknÔetai me qr sh twn anisot twn Bonferroni, en¸ to deÔtero, mèswenì
 genikìterou apotelèsmato
 pou afor� thn apìstash metaxÔ enì
 ajro�smato
 apìsunafe�
 t.m. kai enì
 ajro�smato
 apì anex�rthte
 t.m., me ti
 �die
 perij¸rie
 katanomè
,me ti
 prohgoÔmene
 (Boutsikas and Koutras (2000)).Ax�zei na anafèroume ìti agno¸nta
 to �jroisma apì to LC , pa�rnoume to parak�tw23



Sust mata axiopist�a
 mon�dwn, me pollapl� ep�peda apotuq�a

0.2 0.4 0.6 0.8

p

0.2

0.4

0.6

0.8

1

n 300,k1 5,k2 5

0.2 0.4 0.6 0.8
p

0.2

0.4

0.6

0.8

1

n 300,k1 5,k2 6

0.2 0.4 0.6 0.8
p

0.2

0.4

0.6

0.8

1

n 300,k1 5,k2 7

Sq ma 1.4.1: Apeikìnish th
 R kai twn L, L′, gia thn per�ptwsh: m = 2 kai q1 = q2 =

(1 − p)/2�nw fr�gma, gia th sun�rthsh axiopist�a
 (Boutsikas and Koutras (2002a)),
UC = UC(q1.,q2., . . . ,qm.) =

m∏

s=1

Rs(qs.).To sugkekrimèno fr�gma e�nai akrib¸
 th
 �dia
 morf 
 me to nèo k�tw fr�gma L (all� kaime to L′), e�n exairèsoume ti
 pijanìthte
 apotuq�a
, oi opo�e
 e�nai diaforetikè
. Akìmh,epeid  isqÔei
L′(q) ≤ L(q) ≤ R(q) ≤ Uc(q)gia k�je q = (qsi)m×n, kai ta fr�gmata L′(q), Uc(q) te�noun asumptwtik� sthn akrib tim  th
 axiopist�a
 R(q) (k�tw apì sugkekrimène
 sunj ke
, Boutsikas and Koutras

(2002a)), to nèo k�tw fr�gma L(q), te�nei kai autì sthn akrib  tim  th
 R(q) (k�tw apìti
 �die
 sunj ke
). Epomènw
, ta fr�gmata L(q) kai Uc(q) mporoÔn na qrhsimopoihjoÔntautìqrona, ¸ste na p�roume diast mata (s� arketè
 peript¸sei
, mikroÔ m kou
) staopo�a an kei h R(q).'Ena akìmh k�tw fr�gma gia th sun�rthsh axiopist�a
 (ìtan max1≤s≤m qs ≤ 1/2), toopo�o lamb�netai me prosèggish th
 katanom 
, mia
 kat�llhla orismènh
 aparijm tria
24
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Sq ma 1.4.2: Apeikìnish th
 L−LB kai L−LC , gia thn per�ptwsh: m = 3 kai q1 = q2 =

q3 = (1 − p)/3t.m., apì mia sÔnjeth katanom  Poisson, e�nai to parak�tw (Chryssaphinou and Vaggelatou

(2002))
LCP (q) = e−l∗ − B2 −

m∑

s=1

(ks − 1)qks
s ,ìpou l∗ = n

∑m
s=1(1 − qs)q

ks
s . Gia ti
 leptomèreie
 pou aforoÔn thn posìthta B2, oanagn¸sth
 mpore� na anatrèxei sthn ant�stoiqh ergas�a.Stou
 P�nake
 1.4.2 kai 1.4.3, parajètoume arijmhtikè
 sugkr�sei
 an�mesa sto nèofr�gma kai ta LB, LC , LCP , gia di�fore
 timè
 twn paramètrwn n, k1, k2, k3 kai qs, s =

1, 2, 3 (me èntona gr�mmata, shmei¸noume th mègisth tim , ap� ìla ta k�tw fr�gmata).Melet¸nta
 ta apotelèsmata, diapist¸noume ìti ti
 perissìtere
 forè
 to nèo fr�gmae�nai kalÔtero apì ta upìloipa, eidik� sti
 peript¸sei
, ìpou mia toul�qiston pijanìthtaapotuq�a
, pa�rnei sqetik� meg�le
 timè
 (to LCP ti
 perissìtere
 forè
 e�nai arnhtikì).Se m�a tètoia kat�stash (ìpw
 h prohgoÔmenh), ta apotelèsmata fa�nontai na g�nontaiakìmh kalÔtera, e�n sth di�taxh pou qrhsimopoioÔme, topojet soume pr¸th thn oikogè-neia, sthn opo�a antistoiqe� h uyhlìterh pijanìthta apotuq�a
. Sto Sq ma 1.4.2, up�r-25
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P�naka
 1.4.2: Suneqìmena-2, 3, 4-apì-ta-n:MFM
n q1 q2 q3 L LC LB LCP L∗

100 0.01 0.28 0.30 0.02549 0.00237 −0.24982 −1.05747 0.00454

0.16 0.01 0.02 0.10472 0.10472 0.10463 −0.52320 0.07672

0.20 0.02 0.02 0.03132 0.03122 0.03059 −1.22554 0.01755

0.15 0.08 0.10 0.12348 0.12334 0.08232 −0.40383 0.09421

0.16 0.15 0.15 0.05532 0.03463 −0.18390 −0.6865 0.03530

0.01 0.30 0.27 0.02869 0.00603 −0.19282 −1.22821 0.00624

0.12 0.20 0.03 0.10874 0.09797 −0.20122 −0.38110 0.07475

0.15 0.10 0.01 0.11824 0.11579 0.051478 −0.42038 0.08958

0.13 0.18 0.13 0.09815 0.09084 −0.18356 −0.40014 0.06846

500 0.02 0.20 0.09 0.02406 0.02254 −0.16878 −0.24006 0.01069

0.01 0.01 0.01 0.95130 0.95131 0.95129 0.95087 0.95083

0.09 0.02 0.01 0.02343 0.02333 0.01965 −0.16570 0.01719

0.08 0.04 0.04 0.04861 0.04821 0.01929 −0.09031 0.03889

0.09 0.09 0.08 0.01463 0.00394 −0.27695 −0.19542 0.01020

0.03 0.18 0.18 0.01620 0.00614 −0.61443 −0.18942 0.00685

0.05 0.17 0.05 0.02777 0.01388 −0.57212 −0.15502 0.01626

0.07 0.10 0.11 0.05036 0.04789 −0.32475 −0.06898 0.03980

0.07 0.07 0.02 0.08230 0.08210 −0.04693 −0.01940 0.06969

1.000 0.02 0.15 0.15 0.01315 0.00773 −0.61831 −0.09490 0.00642

0.06 0.03 0.01 0.03203 0.03181 0.00724 −0.04450 0.02637

0.08 0.02 0.01 0.00253 0.00233 −0.00525 −0.1558 0.00162

0.06 0.01 0.06 0.03248 0.03237 0.01999 −0.04377 0.02675

0.08 0.05 0.02 0.00219 −0.00093 −0.10941 −0.15929 0.00140

0.03 0.14 0.15 0.01303 0.00478 −0.83919 −0.08340 0.00695

0.03 0.15 0.07 0.01695 0.00989 −0.54934 −0.09218 0.00956

0.05 0.08 0.15 0.02559 0.02435 −0.63310 −0.04010 0.01872

0.05 0.10 0.03 0.03226 0.02729 −0.50277 −0.03828 0.02556qoun ta diagr�mmata twn sunart sewn L−LB kai L−LC , gia di�fore
 timè
 tou p (jèsame
q1 = q2 = q3 = (1 − p)/3), ap� ìpou diapist¸noume ìti gia ti
 perissìtere
 peript¸sei
,to nèo fr�gma upertere� twn upolo�pwn ( sthn pragmatikìthta, apeikon�same grafik� ti
sunart sei
 L− max(LB, 0), L− max(LC , 0)).O P�naka
 1.4.4 perièqei epiplèon ti
 timè
 tou L = L(q1, q2, q3), gia to sÔsthmasuneqìmena-k1, k2, k3 -apì-ta-n: MFM , gia thn per�ptwsh k1 = k2 = k3 = k. Oi timè
 twnparamètrwn q1, q2, q3, èqoun epileqje� (gia k�je k, xeqwrist�) ètsi ¸ste na dhmiourgoÔntaiìle
 oi pijanè
 diat�xei
 twn tri¸n oikogenei¸n (èxi sto pl jo
). Epomènw
, mporoÔme nap�roume mia idèa gia to kat� pìso h tim  tou k�tw fr�gmato
, all�zei apì di�taxh se di�-taxh (en¸, profan¸
 h tim  th
 axiopist�a
 paramènei amet�blhth). ParathroÔme, ìti kaisti
 trei
 peript¸sei
 pou exet�same, h mègisth tim  epitugq�netai, ìtan oi oikogèneie
 dia-taqjoÔn se fj�nousa seir�, me b�sh ti
 ant�stoiqe
 pijanìthte
 apotuq�a
. Prèpei ep�sh
na shmei¸soume, pw
 to nèo fr�gma den apaite� kam�a upologistik  diadikas�a parap�nw,se sqèsh me ta LB, LC (kai to LCP ). O upologismì
 ìlwn twn parap�nw fragm�twn,26



1.4 Efarmogè
 kai arijmhtik� apotelèsmataP�naka
 1.4.3: Suneqìmena-k1, k2, k3-apì-ta-5.000:MFM
q1 q2 q3 k1 k2 k3 L LC LB LCP L∗

0.10 0.01 0.02 3 2 5 0.00596 0.00469 −0.37949 −0.02652 0.00363

3 4 3 0.01038 0.01035 −0.02751 −0.01316 0.00636

5 5 6 0.95603 0.95603 0.95603 0.95593 0.95127

0.02 0.09 0.03 2 8 7 0.14064 0.14064 0.14062 0.12959 0.13533

2 3 6 0.00414 −0.00076 −0.82333 −0.03126 0.00282

9 6 5 0.99707 0.99747 0.99747 0.99746 0.99679

0.03 0.02 0.04 2 4 4 0.01241 0.01238 −0.00038 −0.00618 0.01091

2 3 5 0.01207 0.01197 −0.02631 −0.00987 0.01061

4 6 9 0.99608 0.99608 0.99608 0.99608 0.99596P�naka
 1.4.4: Suneqìmena-k, k, k-apì-ta-1.000:MFM
k = 3 k = 4 k = 5

q1 q2 q3 L q1 q2 q3 L q1 q2 q3 L

0.10 0.05 0.01 0.34491 0.10 0.05 0.01 0.90596 0.10 0.05 0.01 0.99058
0.10 0.01 0.05 0.34314 0.10 0.01 0.05 0.90559 0.10 0.01 0.05 0.99055

0.05 0.10 0.01 0.31173 0.05 0.10 0.01 0.89090 0.05 0.10 0.01 0.98826

0.05 0.01 0.10 0.30190 0.05 0.01 0.10 0.88682 0.05 0.01 0.10 0.98765

0.01 0.10 0.05 0.33425 0.01 0.10 0.05 0.90236 0.01 0.10 0.05 0.99011

0.01 0.05 0.10 0.30088 0.01 0.05 0.10 0.88661 0.01 0.05 0.10 0.98764pro�pojètei thn eÔresh th
 axiopist�a
 apl¸n suneqìmenwn-k-apì-ta-n, susthm�twn (giato par�deigma pou melet same), en¸ akìmh perissìtero, gia to LC qreiazìmaste kai tonprosdiorismì twn ìrwn cst. Bèbaia, me b�sh to Pìrisma 1.3.1, mporoÔme na d¸soume ènafr�gma, akìmh pio {elkustikì} upologistik� (q�nonta
 se akr�beia prosèggish
), me thmorf 
L∗ =

m∏

s=1

(1 −Qks
s )n−ks+1.Stou
 upologismoÔ
 tou P�naka 1.4.2 kai 1.4.3 èqoume sumperil�bei sti
 teleuta�e
st le
 kai to L∗, ètsi ¸ste na diapist¸soume pìso polÔ q�noume se akr�beia (se sqèsh meth qrhsimopo�hsh tou L) kai na sugkr�noume to L∗, me ta LB, LC . Se merikè
 peript¸sei
,ìpw
 oi p�nake
 faner¸noun, to L∗ paramènei kai autì kalÔtero apì ta LB, LC . Ax�zei naanafèroume ìti to L kai to L∗, pa�rnoun mìno jetikè
 timè
, se ant�jesh me ta LB kai LC ,ta opo�a gia sugkekrimène
 epilogè
 paramètrwn, mporoÔn na p�roun kai arnhtikè
 timè
.Fusik� sthn per�ptwsh aut , ja jewroÔme ìti e�nai �sa me mhdèn, mh d�nont�
 ma
 kam�aplhrofor�a gia thn axiopist�a tou sust mato
. 27



Sust mata axiopist�a
 mon�dwn, me pollapl� ep�peda apotuq�a
1.4.2 SÔsthma CCS , me pollapl� ep�peda apotuq�a
Sto Par�deigma 1.2 e�qame genikeÔsei to sÔsthma CCS, se perib�llon mon�dwn me polla-pl� ep�peda apotuq�a
. Ep�sh
, anafèrjhke ìti o trìpo
 pou or�zoume thn apotuq�a tousust mato
, diafèrei ap� autìn pou pollo� suggrafe�
 e�qan qrhsimopoi sei, gia an�logoskopì (bl. Kuo and Zuo (2003)).Upenjum�zoume ìti, to sÔsthma autì apotele�tai apì èna {pompì}, èna {dèkth} kai
n mon�de
 I = {1, 2, . . . , n}, sundedemène
 se m�a seir�. O pompì
 e�nai sundedemèno
(epikoinwne�) me ti
 mon�de
 {1, 2, . . . , ǫ0}, kai mia mon�da i ∈ I, epikoinwne� me ti
 mon�de

{i + 1, i + 2, . . . , i + ǫi}, 1 ≤ ǫi ≤ n, i = 1, 2, . . . , n. K�je mon�da mpore� na e�nai sekat�stash leitourg�a
   se kat�stash apotuq�a
 tÔpou s, (s ∈ S = {1, 2, . . . , m}).To sÔsthma apotugq�nei, e�n kai mìno e�n, se k�je pijan  diadrom  apì ton pompìsto dèkth, up�rqoun perissìtere
 apì ns mon�de
 (dhlad , ns + 1, ns + 2, . . . , n), sekat�stash apotuq�a
 tÔpou s, gia k�poio s ∈ S. E�n ns = 0 gia k�je s, tìte h axiopist�atou sust mato
, taut�zetai m� aut  tou aploÔ CCS. Epiplèon, e�n ǫi = 1, i = 0, 1, . . . , nkai ns = ks gia k�je s ∈ S, tìte prokÔptei to sÔsthma tou Parade�gmato
 1.1, toopo�o apotugq�nei e�n kai mìno e�n an�mesa sti
 n mon�de
, up�rqoun toul�qiston ks, sekat�stash apotuq�a
 tÔpou s (h gen�keush tou aploÔ sust mato
 k-apì-ta-n).Ax�zei na shmei¸soume ìti sto aplì CCS, ta el�qista sÔnola diakop 
 tou sust ma-to
, an koun ìla sthn oikogèneia C∗ = {C∗

j : j = ǫ0, ǫ0 + 1, . . . , n}, ìpou
C∗

j = {i : i ≤ j kai oi mon�de
 i kai j + 1 e�nai �mesa/apeuje�a
 sundedemène
}.Ousiastik�, to sÔnolo C∗
j apotele�tai ap� ìle
 ti
 mon�de
, oi opo�e
 {epikoinwnoÔn}�mesa, me thn j + 1. Epomènw
, ta el�qista sÔnola diakop 
, sto aplì CCS, mporoÔneÔkola na anazhthjoÔn, an�mesa sta C∗

j .A
 p�roume thn per�ptwsh ìpou to sÔsthma apotele�tai apì n = 7 anex�rthte
 kaiisìnome
 mon�de
, me m = 3, n1 = 0, n2 = 1, n3 = 2 kai ǫ0 = 2, ǫ1 = 3, ǫ2 = 1, ǫ3 = ǫ4 =

ǫ5 = ǫ6 = 2, ǫ7 = 1 (bl. Sq ma 1.4.3).Exet�zonta
 to sÔsthma, oi oikogèneie
 el�qistwn sunìlwn diakop 
 e�nai oi ex 

C1 = {{1, 2}, {1, 3}, {3, 4}, {4, 5}, {5, 6}, {6, 7}},
C2 = {{1, 2, 3, 4}, {1, 2, 4, 5}, {1, 2, 5, 6}, {1, 2, 6, 7}, {1, 3, 4, 5}, {1, 3, 5, 6}, {1, 3, 6, 7},
{3, 4, 5, 6}, {3, 4, 6, 7}, {4, 5, 6, 7}},
C3 = {{1, 2, 3, 4, 5, 6}, {1, 2, 3, 4, 6, 7}, {1, 2, 4, 5, 6, 7}, {1, 3, 4, 5, 6, 7}}.28



1.4 Efarmogè
 kai arijmhtik� apotelèsmataSq ma 1.4.3: SÔsthma CCS me: ǫ1 = 3, ǫ0 = ǫ3 = ǫ4 = ǫ5 = ǫ6 = 2, ǫ2 = ǫ7 = 1

5 6 71 2 3 4 80

H oikogèneia sunìlwn C1 e�nai �dia me to sÔnolo twn el�qistwn sunìlwn diakop 
 touaploÔ CCS (ta opo�a me th seir� tou
 taut�zontai me to C∗). H oikogèneia C2, e�nai sthnpragmatikìthta ìle
 oi an� duo en¸sei
, twn sunìlwn th
 C1, oi opo�e
 den èqoun koin�stoiqe�a. 'Omoia, h C3, e�nai oi an� trei
 en¸sei
 twn sunìlwn th
 C1, oi opo�e
 den èqounkoin� stoiqe�a. E�nai fanerì ìti h gn¸sh twn el�qistwn sunìlwn diakop 
 tou aploÔsust mato
, ma
 od ghse ston prosdiorismì twn tri¸n oikogenei¸n C1,C2 kai C3. Autìden apotele� tuqa�o gegonì
, kaj¸
 isqÔei to parak�tw.Pìrisma 1.4.1 'Estw èna MFM sÔsthma CCS, me n mon�de
, opoÔ h leitourg�a touprosdior�zetai apì ti
 paramètrou
 ns, ǫs, gia s = 1, 2, . . . , m. Tìte, èna sÔnolo an keisthn oikogèneia Cs, e�n kai mìno e�n, gr�fetai w
 ènwsh ns +1, xènwn an� duo, el�qistwnsunìlwn diakop 
 tou aploÔ sust mato
.Apìdeixh. Gia thn katanìhsh th
 apìdeixh
, ja bohj sei e�n èqoume upìyin ma
, thn{ideat } anapar�stash enì
 aploÔ sust mato
. Gia na g�noume pio sugkekrimènoi, a
upojèsoume ìti èna aplì sÔsthma èqei M el�qista sÔnola diakop 
. Tìte, gia k�jeel�qisto sÔnolo diakop 
, kataskeu�zoume èna uposÔsthma, sundèonta
 par�llhla ti
mon�de
 pou an koun s� autì. Sth sunèqeia, taM par�llhla uposust mata ta sundèoumese seir� (Sq ma 1.4.4), kai profan¸
, to sÔsthma pou prokÔptei m� autìn ton trìpo, èqeithn �dia axiopist�a me to arqikì.
Sq ma 1.4.4: Ideat  anapar�stash enì
 aploÔ sust mato


C1 C2 C3 CM 29
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Na jum�soume ìti èna aplì sÔsthma apotugq�nei e�n kai mìno e�n, èna toul�qistonel�qisto sÔsthma diakop 
, èqei ìle
 ti
 mon�de
 tou se kat�stash apotuq�a
.E�nai eÔkolo na diapistwje� ìti, k�je sÔnolo C pou an kei sthn oikogèneia Cs, gr�-fetai w
 ènwsh k�poiwn (èstw sto pl jo
 ρ ≥ ns + 1) el�qistwn sunìlwn diakop 
. E�naut� den e�nai xèna an� duo, tìte up�rqoun duo toul�qiston el�qista sÔnola diakop 
, mekoinè
 mon�de
. Tìte h Ôparxh kai twn duo sthn ènwsh, den prosfèrei parap�nw apotuq�e
(tÔpou s), se k�je pijan  diadrom .Epomènw
, afair¸nta
 apì to C, èna apì ta sÔnola pou èqoun tom  di�forh toukenoÔ, exakolouje� na prokale� ton �dio arijmì apotuqi¸n tÔpou s, se k�je diadrom .Suneq�zonta
 me ta �dia epiqeir mata, katal goume ìti èna sÔnolo C gia na an kei sthnoikogèneia Cs, prèpei na gr�fetai w
 ènwsh ns + 1, xènwn an� duo el�qistwn sunìlwndiakop 
 tou aploÔ sust mato
 (asfal¸
, den mpore� na e�nai ènwsh ligìterwn apì ns+1).
P�naka
 1.4.5: K�tw fr�gma gia th sun�rthsh axiopist�a
 tou CCS me: n1 = 0, n2 =

1, n3 = 2 kai ǫ1 = 3, ǫ2 = ǫ7 = 1, ǫ0 = ǫ3 = ǫ4 = ǫ5 = ǫ6 = 2.
q1 q2 q3 L L∗ q1 q2 q3 L L∗ q1 q2 q3 L L∗

0.05 0.05 0.05 0.98559 0.98502 0.05 0.05 0.30 0.98153 0.97962 0.07 0.60 0.25 0.10809 0.00335

0.10 0.05 0.05 0.94543 0.94139 0.05 0.30 0.05 0.92319 0.89140 0.07 0.55 0.25 0.19246 0.02219

0.05 0.10 0.01 0.98460 0.98389 0.30 0.05 0.05 0.62377 0.56772 0.01 0.50 0.30 0.19066 0.02785

0.20 0.02 0.02 0.80691 0.78276 0.10 0.10 0.10 0.94425 0.94003 0.05 0.60 0.22 0.15797 0.00996

0.20 0.10 0.10 0.80521 0.78082 0.20 0.20 0.20 0.78132 0.74859 0.08 0.50 0.30 0.18848 0.02739

0.10 0.20 0.20 0.92685 0.91677 0.30 0.30 0.30 0.35425 0.18397 0.01 0.59 0.25 0.11023 0.00425To nèo k�tw fr�gma L(q), gia th sun�rthsh axiopist�a
 tou parap�nw sust mato
(n1 = 0, n2 = 1, n3 = 2 kai ǫ1 = 3, ǫ2 = ǫ7 = 1, ǫ0 = ǫ3 = ǫ4 = ǫ5 = ǫ6 = 2), ja èqei thmorf 
L = L(q1, q2, q3) = R1(Q1)R2(Q2)R3(Q3),ìpou

R1(Q1) = R1(q1) = E

(
∏

C∈C1

(1 −
∏

i∈C

(1 − T1i))

)

= 1 − 6q2
1 + 5q3

1 + 6q4
1 − 9q5

1 + 3q6
1

R2(Q2) = R2

(
q2

1 − q1

)

= 1 − 10q4
2

(1 − q1)4
+

12q5
2

(1 − q1)5
− q6

2

(1 − q1)6
− 2q7

2

(1 − q1)7

R3(Q3) = R3

(
q3

1 − q1 − q2

)

= 1 − 4q6
3

(1 − q1 − q2)6
+

3q7
3

(1 − q1 − q2)7
,30



1.4 Efarmogè
 kai arijmhtik� apotelèsmataen¸
L∗ = (1 − q2

1)
6

(

1 −
(

q2
1 − q1

)4
)10(

1 −
(

q3
1 − q1 − q2

)6
)4

.O P�naka
 1.4.5 perièqei ti
 timè
 twn duo parap�nw fragm�twn, gia diaforè
 timè
 twnpijanot twn apotuq�a
. Axioprìseqto e�nai ìti sti
 perissìtere
 peript¸sei
, oi diaforè
an�mesa sta dÔo fr�gmata, e�nai polÔ mikrè
 (na jum�soume ìti L(q) ≥ L∗(q), gia k�je
q).
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Kef�laio 2Oriak� apotelèsmata gia ti
sunart sei
 s�rwsh
H diakrit  sun�rthsh s�rwsh
 Sn,k, orismènh se mia akolouj�a apì n d�time
 dokimè
 (1:epi-tuq�a, 0:apotuq�a) ekfr�zei to mègisto arijmì epituqi¸n, an�mesa se k�je k suneqìmene
dokimè
 (ìpou n kai k e�nai jetiko� akèraioi arijmo�, me k ≤ n). H Sn,k, èqei prokalè-sei èntono ereunhtikì endiafèron ti
 teleuta�e
 dekaet�e
, me aform  ti
 efarmogè
 pouparousi�zei se di�fora episthmonik� ped�a, ìpw
 ston èlegqo poiìthta
, sth jewr�a axio-pist�a
, sthn asfalistik  epist mh, th biolog�a, thn polumetablht  an�lush dedomènwnk.a. (bl. p.q. Naus (1974), Huntington and Naus (1975), Glaz and Balakrishnan (1999),

Glaz, Naus and Wallenstein (2001) kai Balakrishnan and Koutras (2002)).M�a apì ti
 peript¸sei
 ìpou sunant�me thn Sn,k e�nai stou
 elègqou
 tuqaiìthta
(randomness tests), kai sugkekrimèna, ìtan se mia akolouj�a apì d�time
 t.m. Xi, i =

1, 2, . . . , n, jèloume na elègxoume thn upìjesh ìti oi Xi e�nai anex�rthte
 kai isìnome
t.m., me P (Xi = 1) = 0.5. H upìjesh aut  mpore� na parabi�zetai, e�n up�rqei èna e�do
ex�rthsh
 an�mesa sta Xi   asfal¸
, ìtan P (Xi = 1) 6= 0.5, gia k�poia upakolouj�a th

X1, X2, . . . , Xn. Oi Glaz and Naus (1991) e�qan apode�xei ìti o èlegqo
 pou prokÔptei meqr sh tou genikeumènou lìgou pijanofanei¸n (generalized likelihood ratio test), aporr�pteithn upìjesh twn isop�janwn apotelesm�twn (P (Xi = 1) = 0.5), ìtan Sn,k ≥ c, ìpouto c prosdior�zetai apì to epijumhtì ep�pedo shmantikìthta
 tou elègqou (to sf�lmatÔpou I). Epomènw
, o upologismì
 th
 paramètrou c, apaite� thn eÔresh th
 akriboÔ
katanom 
 th
 Sn,k. Epeid  ti
 perissìtere
 forè
 oi èlegqoi tuqaiìthta
, efarmìzontaise meg�la sÔnola dedomènwn (me skopì, p.q. na meiwje� to sf�lma tÔpou II), ta jewrhtik�apotelèsmata pou sqet�zontai me thn asumptwtik  sumperifor� th
 Sn,k (kaj¸
 ta n, k →33
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 s�rwsh

∞), prob�loun ex�sou shmantik� kai qr sima.Ep�sh
, sthn asfalistik  epist mh gia ti
 n kajhmerinè
 apait sei
 enì
 qartoful�-kiou, mporoÔme (gia par�deigma) na qrhsimopoi soume ti
 d�time
 t.m. Xi, i = 1, 2, . . . , n,ìpou h Xi ja pa�rnei thn tim  èna e�n h apa�thsh uperba�nei k�poio ìrio u ({kat¸fli},
threshold), kai mhdèn (Xi = 0) diaforetik�. Tìte, h Sn,k ja perigr�fei to mègisto arijmìapì {uyhlè
} apait sei
 (dhlad , apait sei
 oi opo�e
 uperba�noun to kat¸fli u), se pe-riìdou
 k suneqìmenwn hmer¸n. Asfal¸
, e�nai èkdhlo to endiafèron gia th sumperifor�th
 Sn,k, ìqi mìno sto �meso {mèllon}, all� kai se makroqrìnio or�zonta (ìtan to n kaito k, te�noun sto ∞).Sth jewr�a axiopist�a
, ta sust mata suneqìmena-k-apì-ta-n apoteloÔntai apì n mo-n�de
 sundedemène
 se mia seir�, oi opo�e
 mporoÔn e�te na leitourgoÔn, e�te na br�skontaise kat�stash apotuq�a
. Olìklhro to sÔsthma apotugq�nei e�n kai mìno e�n, k toul�qi-ston suneqìmene
 mon�de
 e�nai se kat�stash apotuq�a
 (bl. p.q. Chao et al (1995)). Hgen�keush twn parap�nw susthm�twn, ta r-metaxÔ-k-suneqìmenwn-apì-ta-n (r ≤ k ≤ n),apotugq�noun e�n an�mesa se k suneqìmene
 mon�de
 (apì ti
 n), brejoÔn toul�qiston
r, se kat�stash apotuq�a
 (Griffith (1986)). E�nai eÔkolo na diapist¸soume ìti sthnpr¸th per�ptwsh (sta suneqìmena-k-apì-ta-n) to sÔsthma apotugq�nei e�n kai mìno e�n
Sn,k = k, en¸ sth deÔterh (sta r-metaxÔ-k-suneqìmenwn-apì-ta-n), e�n isqÔei Sn,k ≥ r.E�nai gnwstì ìti mia alus�da DNA mpore� na jewrhje� w
 mia akolouj�a apì t.m.,me tèssera dunat� apotelèsmata. 'Ena apì ta probl mata pou antimetwp�zoun sto q¸roth
 biolog�a
, e�nai h sÔgkrish duo alus�dwn DNA, apì diaforetik� e�dh organism¸n,me skopì thn eÔresh genetik¸n omoiot twn (bl. p.q. Arratia, Gordon and Waterman

(1990), Goldstein and Waterman (1992)). 'Etsi, autì pou ma
 endiafèrei e�nai o entopismì
meg�lwn tmhm�twn apì ti
 alus�de
, sti
 opo�e
 èqoume taÔtish   sqedìn taÔtish. 'Omw
,gia k�je sÔgkrish metaxÔ duo alus�dwn, mporoÔme na dhmiourg soume mia nèa akolouj�a meapotelèsmata 1   0, an�loga me to e�n sthn ant�stoiqh jèsh oi duo alus�de
 taut�zontai  ìqi. 'Etsi, autì pou anazhtoÔme metafr�zetai, sthn eÔresh upakolouji¸n me pollè
epituq�e
 (epituq�a e�nai h taÔtish twn alus�dwn, se k�poio sugkekrimèno shme�o), ¸ste naexet�soume tuqìn genetikè
 omoiìthte
. En tèlei, asqoloÔmaste me ti
 timè
 pou ja p�reih Sn,k, kai ti
 ant�stoiqe
 pijanìthte
, k�tw apì di�fore
 pro�pojèsei
.'Ena �llo episthmonikì ped�o, apì to opo�o anadÔetai h qr sh twn statistik¸n sunar-t sewn s�rwsh
, e�nai kai o poiotikì
 èlegqo
. Gia par�deigma, e�nai polÔ dhmofil 
 ti
teleuta�e
 dekaet�e
, h melèth twn diagramm�twn elègqou mia
 diergas�a
, me th qr shkanìnwn ro¸n   sunart sewn s�rwsh
 (Page (1955), Champ and Woodall (1987), Klein34



(2000), Koutras et al (2006), Rakitzis (2008)). Oi kanìne
 auto� èqoun w
 kÔrio stìqotou
 thn euaisjhtopo�hsh twn diagramm�twn, gia thn eÔresh mikr¸n allag¸n sti
 timè
twn paramètrwn mia
 diergas�a
 (p.q. th
 mèsh
 tim 
   th
 diaspor�
, tou qarakthri-stikoÔ pou melet�me/elègqoume). Sugkekrimèna, èqonta
 prosdior�sei ta proeidopoihtik�ìria elègqou enì
 diagr�mmato
, apofas�zetai ìti h diergas�a e�nai ektì
 elègqou (dhlad ,k�poia apì ti
 paramètrou
 pou ma
 endiafèroun, èqei all�xei tim , qwr�
 autì na èprepena sumbe�), e�n entop�soume k suneqìmena shme�a p�nw apì k�poio proeidopoihtikì ìrio,  broÔme r metaxÔ k suneqìmenwn metr sewn, p�nw apì k�poio �llo ìrio.Akrib  apotelèsmata gia thn katanom  th
 sun�rthsh
 s�rwsh
, mporoÔme na broÔmesti
 ergas�e
 (metaxÔ �llwn) Naus (1974), Fu (2001)   sta bibl�a twn Balakrishnan and

Koutras (2002) kai Fu and Lou (2003). Oi mèjodoi pou èqoun protaje� gi autì to skopì(ìpw
 g�netai katanohtì kai mèsa apì th melèth th
 prohgoÔmenh
 bibliograf�a
), kaj�-stantai praktik� mh qr sime
, sti
 peript¸sei
 ìpou ta n, k p�roun meg�le
 timè
. Giato lìgo autì, oi prosegg�sei
 kai ta fr�gmata, èqoun aposp�sei thn prosoq  th
 ereu-nhtik 
 koinìthta
, ti
 teleuta�e
 dekaet�e
. 'Etsi pollo� suggrafe�
, mèsa apì di�fore
mejìdou
 epiqe�rhsan na d¸soun prosegg�sei
 gia th sun�rthsh katanom 
 th
 Sn,k, ìpw
pollaplasiastikoÔ tÔpou prosegg�sei
, fr�gmata tÔpou Bonferroni, prosegg�sei
 mèswth
 jewr�a
 twn martingales, prosegg�sei
 mèsw katanom¸n Poisson k.a. (bl. p.q. Glaz

and Balakrishnan (1999), Glaz, Naus and Wallenstein (2001), Pozdnyakov et al (2005)).Mia �llh t.m. �mesa sundedemènh me thn Sn,k, e�nai h aparijm tria twn k suneqìme-nwn dokim¸n (  alli¸
, twn parajÔrwn m kou
 k), me toul�qiston r epituq�e
, an�mes�tou
. E�n se mia akolouj�a apì n d�time
 t.m., sumbol�soume me Wn,k,r thn parap�nwaparijm tria, tìte eÔkola mporoÔme na diapist¸soume thn isqÔ th
 parak�tw sqèsh

P (Wn,k,r = 0) = P (Sn,k < r).Gia th statistik  sun�rthsh Wn,k,r, qrhsimopoie�tai h onomas�a pollapl  sun�rthsh s�-rwsh
 (multiple scan statistic). Oi efarmogè
 sti
 opo�e
 mporoÔme na sunant soumethn pollapl  sun�rthsh s�rwsh
 e�nai parìmoie
 m� autè
 th
 Sn,k ({apl } sun�rthshs�rwsh
), ìpou ousiastik� belti¸noume   epekte�noume ta ant�stoiqa apotelèsmata.Oi Balakrishnan and Koutras (2002) eis gagan kai dÔo �lle
 t.m. oi opo�e
 anafè-rontai sthn katamètrhsh twn parajÔrwn (m kou
 k), me r toul�qiston epituq�e
. H dia-foropo�hsh an�mes� tou
, ègkeitai ston trìpo me ton opo�o epilègoume ta par�jura pouma
 endiafèroun-gia par�deigma, aut� mpore� na e�nai epikaluptìmena   mh. 'Etsi, qrhsimo-po�hsan tou
 ìrou
 katamètrhsh {tÔpou III}, gia thn per�ptwsh pou endiaferìmaste giaepikaluptìmena par�jura (ìpw
 sumba�nei sto sugkekrimèno kef�laio) kai katamètrhsh35
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 s�rwsh
{tÔpou I} kai {tÔpou II}, gia kat�llhla orismène
 diadikas�e
 apar�jmhsh
, se par�juraqwr�
 koin� shme�a (t.m.).Gia thn prosèggish th
 sun�rthsh
 pijanìthta
 th
Wn,k,r sto shme�o mhdèn, up�rqounsth bibliograf�a arket� apotelèsmata, prosfèronta
 akribe�
 prosegg�sei
 kai qr simafr�gmata (bl. p.q. Chen and Glaz (1999)). 'Otan ìmw
 esti�soume sti
 prosegg�sei
 pouaforoÔn olìklhrh thn katanom  th
Wn,k,r, tìte diapist¸noume ìti oi katast�sei
 g�nontaiexairetik� polÔploke
, kai ta diajèsima apotelèsmata, den prosfèroun (ti
 perissìtere
forè
) ta anamenìmena. Oi Koutras and Alexandrou (1995) parous�asan m�a mèjodo ba-sismènh sthn emfÔteush t.m. se Markobian  alus�da, me thn opo�a upolog�zetai h akrib 
katanom  th
 Wn,k,r. Dustuq¸
, eÔkola k�poio
 mpore� na diapist¸sei ìti gia meg�le
timè
 twn paramètrwn k, r kai n, kai h parap�nw diadikas�a, e�nai mh efarmìsimh, lìgwtwn upologistik¸n th
 apait sewn. Autì apotele� èna akìmh stoiqe�o, pou sunhgore�sthn eÔresh kai th melèth twn asumptwtik¸n idiot twn th
 Wn,k,r, k�tw apì realistikè
(genikè
) sunj ke
, me stìqo thn k�luyh ìso to dunatìn perissìterwn peript¸sewn.Sth bibliograf�a èqoun emfanisje� kai di�fora all� apotelèsmata, pou sth pragma-tikìthta aforoÔn genikeÔsei
, twn sunart sewn s�rwsh
. Gia par�deigma, èqoume kata-l�bei apì ta prohgoÔmena, ìti se mia akolouj�a apì anex�rthte
 kai isìnome
 d�time
 t.m.
X1, X2, . . . , Xn, h sun�rthsh Sn,k or�zetai w
 o mègisto
 arijmì
 epituqi¸n se par�juram kou
 k,   isodÔnama, h mègisth tim  apì ta ajro�smata, Xi +Xi+1 + . . . +Xi+k−1, i =

1, 2, . . . , n − k + 1. Ti g�netai ìmw
, e�n jewr soume ìti oi t.m. Xi, i = 1, 2, . . . , n e�naitopojethmène
 s� èna kÔklo (dhlad , h X1 me thn Xn e�nai geitonikè
, Chen and Glaz

(1999)),   s� èna orjog¸nio (bl. p.q. Chen and Glaz (1996)); Profan¸
 anakÔptoun pa-rìmoia pro
 melèth zht mata, m� aut� pou èqoume  dh anafèrei gia ti
 aplè
 sunart sei
s�rwsh
. Endiafèron parousi�zei kai h per�ptwsh ìpou mporoÔme na jewr soume ìti tom ko
 tou par�jurou mpore� na p�rei di�fore
 timè
 -ìqi mìno mia sugkekrimènh tim - kaian�mesa sti
 epilogè
 autè
, na axiolog soume ti
 ant�stoiqe
 timè
 twn Sn,k kai Wn,k,r(p.q. na entop�soume aut  pou fa�netai ligìtero anamenìmenh, k�tw apì ti
 pro�pojèsei
ma
, de�te Loader (1991) kai Kulldorff (1997)).Sto sugkekrimèno kef�laio, ja parousi�soume arqik� ìla ta apotelèsmata pou su-nant�me sth bibliograf�a, kai aforoÔn thn prosèggish twn sunart sewn s�rwsh
 (th

Sn,k kai Wn,k,r), mèsa apì diadikas�e
 pou prosfèroun tautìqrona kai fr�gmata, gia tasf�lmata twn ant�stoiqwn prosegg�sewn. Autì, ìpw
 ja diapist¸soume, epitugq�netaimèsa apì thn prosèggish th
 katanom 
 twn sunart sewn s�rwsh
, apì katanomè
 Pois-

son (aplè
   sÔnjete
), kai thn eÔresh fragm�twn, gia ti
 ant�stoiqe
 apost�sei
 pou36



2.1 Prosegg�sei
 mèsw apl 
   sÔnjeth
 katanom 
 Poisson, kai stoiqe�a apì th jewr�atwn akra�wn tim¸nqrhsimopoioÔntai gia na ektim soume thn eggÔthta metaxÔ katanom¸n.Sth sunèqeia, eis�goume ti
 sunart sei
 s�rwsh
 k�tw apì èna genikìtero montèlo,basismèno se mia akolouj�a anex�rthtwn kai isìnomwn suneq¸n tuqa�wn metablht¸n.K�tw apì kat�llhle
 sunj ke
 ja exet�soume thn asumptwtik  sumperifor� twn uperb�-sewn (p�nw apì èna kat¸fli) th
 parap�nw akolouj�a
, se kinoÔmena-epikaluptìmena pa-r�jura. Basikì rìlo sta prohgoÔmena apotelèsmata, ja pa�xei kai h jewr�a twn akra�wntim¸n (extreme value theory), kaj¸
 k�tw apì thn upìjesh ìti h sun�rthsh katanom 
twn t.m. an kei se k�poio apì ta mègista ped�a èlxh
 (maximum domain of attraction)twn katanom¸n akra�wn tim¸n, exasfal�zoume k�poie
 basikè
 pro�pojèsei
 gia thn an�-ptuxh qr simwn oriak¸n apotelesm�twn. Endiafèron ja parousi�sei kai h sÔndesh twnnèwn (genikeumènwn) sunart sewn s�rwsh
, me ti
 kinoÔmene
 diatetagmène
 parathr -sei
 (moving order statistics, bl. p.q. David and Rogers (1983)). W
 eidik  per�ptwshtou genikìterou montèlou, prokÔptoun oi klasikè
 sunart sei
 s�rwsh
, Sn,k kai Wn,k,r,orismène
 se akolouj�e
 apì d�time
 t.m.'Etsi, sthn Par�grafo 2.1 parousi�zoume k�poia basik� stoiqe�a apì th jewr�a (ka-tanomè
 Poisson, apost�sei
 metaxÔ katanom¸n, prosegg�sei
 apì katanomè
 Poisson kaijewr�a akra�wn tim¸n), ta opo�a ja ma
 bohj soun sthn an�ptuxh twn apotelesm�twn pouakoloujoÔn. Sth sunèqeia (Par�grafo
 2.2), eis�goume tou
 apara�thtou
 sumbolismoÔ
kai ti
 basikè
 idiìthte
, twn sunart sewn s�rwsh
. Sthn Par�grafo 2.3, ja sumperil�-boume ìla ta apotelèsmata pou up�rqoun sth bibliograf�a, kai aforoÔn thn prosèggishtwn Sn,k kai Wn,k,r, mèsw katanom 
 Poisson (apl 
   sÔnjeth
), ta opo�a tautìqronaprosfèroun, kai fr�gmata gia ta sf�lmata th
 prosèggish
. Tèlo
, sthn Par�grafo 2.4meletoÔme ti
 genikeumène
 sunart sei
 s�rwsh
, kai d�noume k�poia nèa apotelèsmatamaz� me arijmhtikoÔ
 upologismoÔ
 kai sugkr�sei
.
2.1 Prosegg�sei
 mèsw apl 
   sÔnjeth
 katanom 


Poisson, kai stoiqe�a apì th jewr�a twn akra�wntim¸n'Opw
 èqei  dh anaferje�, to sugkekrimèno kef�laio diapragmateÔetai thn prosèggish twnstatistik¸n sunart sewn s�rwsh
, apì katanomè
 Poisson (aplè
   sÔnjete
). Ja lèmeìti m�a t.m. N akolouje� thn katanom  Poisson, me mèsh tim  λ (sumb. Po(λ)), e�n h37
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sun�rthsh pijanìthta
 th
 N d�detai apì th sqèsh
P (N = ν) = e−λλ

ν

ν!
, me λ ≥ 0 kai ν = 0, 1, . . .Me ton ìro sÔnjeth katanom  Poisson, ennooÔme thn katanom  th
 t.m.

U =
N∑

i=1

Zi,ìpou ta Zi, i = 1, 2, . . . , n, e�nai anex�rthte
 kai isìnome
 t.m. me sun�rthsh katanom 

F , kai N e�nai m�a t.m. me katanom  Poisson, anex�rthth apì ti
 Zi, me mèsh tim  λ (sumb.
U ∼ CP (λ, F )). H pijanogenn tria sun�rthsh th
 U , èqei th morf 

PU(t) = E(tU) = e−λ(1−E(tZ )) = e−λ(1−PZ (t)), (2.1.1)ìpou PZ(t), e�nai h pijanogenn tria twn Zi. Epomènw
, sthn per�ptwsh pou gnwr�zoumethn pijanogenn tria PZ(t), h sun�rthsh pijanìthta
 th
 U , mpore� na upologiste� apì toan�ptugma Taylor th
 PU(t),   mèsa apì anadromikè
 sqèsei
 (Bowers et al (1997)), ìpw
ja doÔme kai sth sunèqeia.IsodÔnama, h sÔnjeth katanom  Poisson mpore� na jewrhje� w
 h katanom  th
 para-k�tw t.m.,
U =

∑

j=1,2,...

jNj,ìpou Nj, e�nai anex�rthte
 t.m., me Nj ∼ Po(λj) (s� aut n per�ptwsh, ja gr�foume ìti
U ∼ CP ({λi})). H sun�rthsh pijanìthta
 th
 U , ja e�nai �sh me

P (U = i) =

{

exp(−∑∞
j=1 λj), e�n i = 0

exp(−
∑∞

j=1 λj)v(i), e�n i = 1, 2, . . .
(2.1.2)ìpou

v(i) =
∑

s1+2s2+...+isi=i,si≥0

λs1
1 λ

s2
2 · · ·λsi

i

s1!s2! · · · si!(dhlad , to �jroisma kine�tai s� ìle
 ti
 akèraie
 lÔsei
 th
 ex�swsh
 s1+2s2+. . .+isi = i,me si ≥ 0).Gia na axiolog soume thn prosèggish th
 katanom 
 m�a
 t.m. (thn opo�a sun jw
 du-skoleuìmaste na prosdior�soume   na ekfr�soume), apì mia �llh katanom , qreiazìmastethn ènnoia th
 apìstash
, an�mesa se katanomè
. Oi dÔo apost�sei
 pou ja pa�xoun shma-ntikì rìlo sta apotelèsmat� ma
, e�nai h omoiìmorfh apìstash (  apìstash Kolmogorov,38



2.1 Prosegg�sei
 mèsw apl 
   sÔnjeth
 katanom 
 Poisson, kai stoiqe�a apì th jewr�atwn akra�wn tim¸n
dK) kai h apìstash olik 
 kÔmansh
 (total variation distance, dTV ). Gia duo t.m. U, V(orismène
 ston �dio q¸ro pijanìthta
) me sunart sei
 katanom 
 FU , FV , ant�stoiqa, oiparap�nw apost�sei
 d�nontai apì ti
 sqèsei


dK(L(U),L(V )) = dK(FU , FV ) = sup
−∞<x<∞

|FU(x) − FV (x)|,kai
dTV (L(U),L(V )) = dTV (FU , FV ) = sup

A
|P (U ∈ A) − P (V ∈ A)|ìpou to supremum upolog�zetai gia ìla ta sÔnola A, th
 s-�lgebra
 tou q¸rou pijanì-thta
 twn U, V . Gia lìgou
 eukol�a
, ja qrhsimopoioÔme pollè
 forè
 mèsa sto ke�meno,kai to sumbolismì d(U, V ) enno¸nta
, d(FU , FV ) (gia d = dK   gia d = dTV ).Mia idiìthta twn parap�nw apost�sewn, pou ja epikaloÔmaste arket� suqn� sti
epìmene
 paragr�fou
, e�nai ìti e�n gia m�a akolouj�a t.m. Un, oi ant�stoiqe
 akolouj�e
twn apost�sewn dK(Un, V )   dTV (Un, V ), te�noun sto mhdèn, tìte h Un sugkl�nei kat�katanom  sthn t.m. V (asjen 
 sÔgklish). Ax�zei ep�sh
 na anafèroume, thn isqÔ th
anisìthta
, dK(U, V ) ≤ dTV (U, V ), gia opoiesd pote t.m. U, V .To basikì antike�meno tou sugkekrimènou kefala�ou, ent�ssetai s� èna genikìtero prì-blhma, pou afor� thn prosèggish th
 katanom 
 enì
 ajro�smato
 apì t.m., kai eidikìtera,thn prosèggish enì
 ajro�smato
 apì d�time
 t.m. (sun jw
 exarthmène
), apì mia katano-m  Poisson   m�a sÔnjeth katanom  Poisson. H enasqìlhsh me tètoiou e�dou
 probl mata,xekin�ei sqedìn duo ai¸ne
 prin, me thn prosèggish enì
 ajro�smato
 apì anex�rthte
kai isìnome
 dokimè
 Bernouli (diwnumik  katanom ), apì m�a katanom  Poisson (Poisson

(1837)). Ta teleuta�a qrìnia, gia thn eÔresh upologistik� eÔqrhstwn fragm�twn, giathn apìstash metaxÔ th
 katanom 
 enì
 ajro�smato
 apì d�time
 t.m., kai mia
 katanom 

Poisson (kai ìqi mìno), qrhsimopoie�tai eurèw
 h mèjodo
 Chen-Stein (bl. p.q. Arratia et

al (1989, 1990), Barbour et al (1992)). H mèjodo
 aut  bas�sthke sth mejodolog�a poueis gage o C. Stein to 1972 gia suneqe�
 katanomè
, kai prosarmìsthke apì ton L. Chen,sthn katanom  Poisson, to 1975 (Chen (1975)). Sthn per�ptwsh ìpou h emf�nish twngegonìtwn pou ma
 endiafèroun, e�nai sp�nia, h parap�nw mèjodo
 apodeiknÔetai idia�teraapotelesmatik .'Etsi mèsa apì th melèth th
 bibliograf�a
, pou afor� thn prosèggish twn statistik¸nsunart sewn s�rwsh
, mèsw katanom 
 Poisson (bl. Par�grafo
 2.3), diapist¸same ìtito epìmeno je¸rhma apotele� èna apì ta basikìtera ergale�a (Arratia et al (1989)). 39
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Je¸rhma 2.1.1 'Estw Γ èna tuqa�o (aparijm simo) sÔnolo, kai Ii m�a t.m. Bernoulli memèsh tim  πi = E(Ii) = P (Ii = 1), gia k�je i ∈ Γ . E�n W =
∑

i∈Γ
Ii kai λ = E(W ) =

∑

i∈Γ
πi (λ ∈ (0,∞)) tìte

dTV (L(W ), P o(λ)) ≤ 1 − e−λ

λ
(b1 + b2) + b3 min{1, 1.4λ−1/2}ìpou

b1 =
∑

i∈Γ

∑

j∈Γi

πiπj , b2 =
∑

i∈Γ

∑

j∈Γi\{i}

πij , b3 =
∑

i∈Γ

E |E (Ii − πi|σ(Ij : j /∈ Γi))|me πij = E(IiIj) kai {Γi : Γi ⊂ Γ , i ∈ Γ} na e�nai opoiad pote oikogèneia uposunìlwn tou
Γ .Ax�zei na shmei¸soume ìti o ìro
 b3, e�nai ousiastik� èna mètro gia to bajmì th
 ex�rthsh
twn Ii, apì t.m. (gegonìta) pou e�nai èxw apì thn {topik } perioq , pou or�zoun tasÔnola Γi . Autì sumba�nei diìti h s-�lgebra, w
 pro
 thn opo�a g�netai h dèsmeush (h
σ(Ij : j /∈ Γi)), par�getai apì ti
 {Ij : j /∈ Γi}. 'Etsi, ìtan ta Γi epilegoÔn me tètoiotrìpo ¸ste na perilamb�noun ìle
 ti
 t.m., me ti
 opo�e
 h Ii den e�nai anex�rthth, tìteisqÔei b3 = 0, kaj¸
 E(Ii − πi|σ(Ij : j /∈ Γi)) = E(Ii − πi) = 0. Opìte, blèponta
 kaith morf  twn b1, b2 katalaba�noume giat� ta apotelèsmata mèsw th
 mejìdou Chen-Steine�nai ikanopoihtik�, ìtan oi mèse
 timè
 twn Ii e�nai mikrè
 (sp�nia endeqìmena), kai èqoumeasjen  topik  ex�rthsh metaxÔ twn Ii, i ∈ Γ .Se arketè
 peript¸sei
, kai kur�w
 ìtan ta gegonìta pou melet�me, èqoun mia t�shna emfan�zontai kat� om�de
 (sust�de
, clusters/clumps), oi prosegg�sei
 mèsa apì miakatanom  Poisson, apodeiknÔontai ìqi kai tìso apotelesmatikè
 (meg�le
 timè
 sta fr�g-mata, kai arg  sÔgklish sto mhdèn). 'Ena
 trìpo
 na antimetwp�soume tètoie
 katast�sei
,e�nai na prosegg�soume thn katanom  tou ajro�smato
, mèsa apì mia sÔnjeth katanom 
Poisson (eidik�, e�n to pl jo
 twn om�dwn fa�netai na akolouje� mia katanom  Poisson,en¸ to {mègejo
} k�je om�da
, mia katanom  F ). To akìloujo je¸rhma, pou afor� thnprosèggish enì
 ajro�smato
 mh arnhtik¸n t.m., Boutsikas and Koutras (2001), èqei  dhqrhsimopoihje� se prosegg�sei
, twn statistik¸n sunart sewn s�rwsh
 (bl. Par�grafo
2.3), all� apotele� kai th b�sh twn nèwn apotelesm�twn (Par�grafo
 2.4), tou parìnto
kefala�ou.
40



2.1 Prosegg�sei
 mèsw apl 
   sÔnjeth
 katanom 
 Poisson, kai stoiqe�a apì th jewr�atwn akra�wn tim¸nJe¸rhma 2.1.2 'Estw Zi, i = 1, 2, . . . , n m�a akolouj�a mh arnhtik¸n t.m., me pi =

P (Zi > 0), gia k�je i = 1, 2, . . . , n. E�n λ =
∑n

i=1 pi tìte
dK(L(

n∑

i=1

Zi), CP (λ, F )) ≤
n∑

i=2

(

P (Zi > 0,
∑

j∈Bi

Zj > 0) + P (Zi > 0)P (
∑

j∈Bi

Zj > 0)

)

+

1

2

n∑

i=1

P (Zi > 0)2 +
n∑

i=2

dk(
∑

j∈B′

i

Zj + Zi,
∑

j∈B′

i

Zj + Z ′
i)ìpou F (x) = 1

λ

∑n
i=1 piP (Zi ≤ x|Zi > 0), x ∈ ℜ, Bi, i = 2, 3, . . . , n mia oikogèneia sunìlwn,me Bi ⊆ {1, 2, . . . , i − 1} (gia k�je i = 2, 3, . . . , n) kai Z ′

i mia akolouj�a apì anex�rthte
t.m., me ti
 �die
 katanomè
, me ti
 Zi (i = 1, 2, . . . , n).Ta prohgoÔmena jewr mata, nai men apoteloÔn ta jemèlia gia ta apotelèsmata pouakoloujoÔn, ìmw
 ex�sou endiafèrousa e�nai kai h sÔndesh twn statistik¸n sunart -sewn s�rwsh
, me ti
 kinoÔmene
 diatetagmène
 parathr sei
 (moving order statistics).Gia na g�noume pio safe�
, me ton ìro kinoÔmene
 diatetagmène
 parathr sei
, ennooÔmeti
 diatetagmène
 parathr sei
 th
 akolouj�a
 t.m. Y1, Y2, . . . , Yn, se k�je par�juro
Yi, Yi+1, . . . , Yi+k−1, m kou
 k (i ∈ {1, 2, . . . , n − k + 1}). Analutik�, se k�je par�jurom kou
 k, diat�ssoume ti
 parathr sei
 se fj�nousa seir�, kai sumbol�zoume me Y (i)

r:k thn
r-ost  megalÔterh parat rhsh, dhlad 

Y
(i)
1:k ≥ Y

(i)
2:k ≥ . . . ≥ Y

(i)
k:k .Tìte oi t.m. Y

(1)
r:k , Y

(2)
r:k , . . . , Y

(n−k+1)
r:k (ìpou 1 ≤ k ≤ n, 1 ≤ r ≤ k), apoteloÔn ti
 ki-noÔmene
 diatetagmène
 parathr sei
 (m kou
 k) tou arqikoÔ de�gmato
. Oi kinoÔmene
diatetagmène
 parathr sei
 èqoun apasqol sei di�forou
 suggrafe�
, kaj¸
 parousi�zeiendiafèron o prosdiorismì
 twn apì koinoÔ katanom¸n tou
, o upologismì
 th
 sundia-kÔmansh
 duo kinoÔmenwn diatetagmènwn parathr sewn, ìpw
 kai oi efarmogè
 tou
 stonpoiotikì èlegqo, kai sta diagr�mmata elègqou pou stìqo èqoun thn exakr�bwsh th
 ex�r-thsh
 an�mesa se duo t.m. (de�te p.q. David (1955), Cleveland and Kleiner (1975), David

and Rogers (1983)).Sti
 epìmene
 paragr�fou
, ja doÔme pw
 apodeiknÔetai eÔkola ìti se m�a akolouj�aapì anex�rthte
 kai isìnome
 suneqe�
 t.m., h asumptwtik  sumperifor� twn genikeumènwnsunart sewn s�rwsh
, taut�zetai m� aut  twn kinoÔmenwn diatetagmènwn parathr sewn.Tautìqrona, me th arwg  th
 jewr�a
 twn akra�wn tim¸n (extreme value theory), epitug-q�netai h exasf�lish twn kat�llhlwn pro�pojèsewn, gia thn ep�teuxh qr simwn oriak¸napotelesm�twn. 'Etsi, prin kle�soume thn paroÔsa par�grafo, e�nai apara�thto na sumpe-ril�boume merik� basik� stoiqe�a, apì thn parap�nw jewr�a. 41
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H melèth twn akra�wn parathr sewn, p re meg�lh ¸jhsh apì to q¸ro th
 astronom�a
,lìgw tou pl jou
 twn jewrhtik¸n apotelesm�twn pou sqet�zontai me thn antimet¸pishproblhm�twn pou emfan�zontai sto sugkekrimèno episthmonikì ped�o. Apì to 1920 èw
 to1950, dhmiourg jhke èna meg�lo reÔma sto q¸ro twn pijanot twn, pou ofe�letai kur�w
sti
 efarmogè
 th
 parap�nw jewr�a
 se tome�
 th
 metewrolog�a
, ston èlegqo th
 an-jektikìthta
 twn ulik¸n, sth seismolog�a, sthn asfalistik  kai analogistik  epist mhk.a. Gia mia sfairik  anaskìphsh th
 jewr�a
, mpore� k�poio
 na anatrèxei sta bibl�a,p.q., twn Embrechts et al (1997), Kotz and Nadarajah (2000), Reiss and Thomas (2000),

Coles (2001).H stoqastik  sumperifor� th
 mègisth
 parat rhsh
 Mn = max{Y1, Y2, . . . , Yn}, sem�a akolouj�a apì anex�rthte
 kai isìnome
 t.m. Y1, Y2, . . . , Yn, me sun�rthsh katanom 
 F ,apotele� shme�o anafor�
 gia th jewr�a twn akra�wn tim¸n. Oi asumptwtikè
 idiìthte
 twndiatetagmènwn parathr sewn, kai sun�ma, to pl jo
 twn t.m. pou uperba�noun èna kat¸fli(number of exceedances), kajor�zontai apì th sumperifor� th
 our�
 th
 katanom 
,apì thn opo�a proèrqetai to de�gma pou exet�zoume. H akrib 
 katanom  th
 t.m. Mn,upolog�zetai eÔkola, kaj¸

P (Mn ≤ x) = F (x)n.'Omw
, poll� probl mata exakoloujoÔn na uf�stantai, diìti afenì
, h sun�rthsh kata-nom 
 F , e�nai sun jw
 �gnwsth, kai afetèrou,

lim
n→∞

P (Mn ≤ x) = lim
n→∞

F (x)n = 0,gia k�je x, me F (x) < 1. Epomènw
, h teleuta�a sqèsh de ma
 d�nei kam�a plhrofor�a, giathn asumptwtik  sumperifor� th
 mègisth
 parat rhsh
.Leitourg¸nta
 sta �dia pla�sia me to kentrikì oriakì je¸rhma, kai br�skonta
 k�poie
stajerè
 me skopì thn {kanonikopo�hsh} th
 mègisth
 parat rhsh
, stoqeÔoume se pioeÔqrhste
 oriakè
 idiìthte
. 'Etsi, to shmantikì je¸rhma Fisher-Tippett (bl. p.q. Em-

brechts et al (1997)), ma
 lèei ìti e�n up�rqoun stajerè
 cn > 0 kai dn ∈ ℜ, tètoie
¸ste
lim

n→∞
P

(
Mn − dn

cn
≤ x

)

= H(x) (2.1.3)ìpou H e�nai mia mh-ekfulismènh sun�rthsh katanom 
, tìte h H an kei se m�a apì ti
trei
 akìlouje
 oikogèneie
 (jèsh
-diaspor�
) katanom¸n:
Frechet : Φa(x) =

{

0, x ≤ 0

exp(−x−a), x > 0
, a > 042
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(Reversed)Weibull : Ψa(x) =

{

exp(−(−x)a), x ≤ 0

1, x > 0
, a > 0

Gumbel : Λ(x) = exp(−e−x), x ∈ ℜ.Pio sugkekrimèna, ja isqÔei
H(x) = Φa((x− µ)/σ)   H(x) = Ψa((x− µ)/σ)   H(x) = Λ((x− µ)/σ),ìpou µ ∈ ℜ e�nai mia par�metro
 jèsh
 kai σ > 0 par�metro
 diaspor�
. Oi parap�nwoikogèneie
 e�nai gnwstè
 w
 katanomè
 akra�wn tim¸n (extreme value distributions), en¸oi ant�stoiqe
 akolouj�e
 cn, dn, w
 stajerè
 kanonikopo�hsh
 (norming constants).E�n isqÔei h (2.1.3) gia mia katanom  F , ja lème ìti h our� th
 F (sumb. F ) an keisto mègisto ped�o èlxh
 (maximum domain of attraction) th
 H (sumb., F ∈MDA(H)).Tèlo
, shme�o kleid� gia th sunèqeia, e�nai kai to parak�tw je¸rhma (bl. p.q., Embrechts

et al (1997)), to opo�o ma
 prosfèrei mia ikan  kai anagka�a sunj kh ¸ste mia katanom 
F , na an kei se k�poio ped�o èlxh
, me sugkekrimène
 stajerè
 kanonikopo�hsh
.Je¸rhma 2.1.3 H sun�rthsh katanom 
 F an kei sto mègisto ped�o èlxh
 th
 katanom 
akra�wn tim¸n H , me stajerè
 kanonikopo�hsh
 cn > 0, dn ∈ ℜ e�n kai mìno e�n

lim
n→∞

nF (cnx+ dn) = − lnH(x), x ∈ ℜ.'Otan H(x) = 0, tìte to ìrio jewre�tai +∞.2.2 Statistikè
 sunart sei
 s�rwsh
'Estw Y1, Y2, . . . , Yn m�a akolouj�a apì anex�rthte
 kai isìnome
, suneqe�
 t.m., me sun�r-thsh katanom 
 F kai Xi(u) h de�ktria t.m., pou or�zetai w
 ex 

Xi(u) = I(u,∞)(Yi) =

{

1, e�n Yi > u

0, e�n Yi ≤ u
, i = 1, 2, . . . , n.H t.m. Yi, uperba�nei thn tim  u ∈ ℜ me pijanìthta

p = P (Xi(u) = 1) = E(Xi(u)) = P (Yi > u) = F (u).A
 jewr soume sth sunèqeia, ìla ta kinoÔmena par�jura m kou
 k, th
 akolouj�a

Y1, Y2, . . . , Yn, dhlad ,

Yi, Yi+1, . . . , Yi+k−1, i = 1, 2, . . . , n− k + 1 43
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kai a
 eis�goume thn akolouj�a tou pl jou
 twn uperb�sewn apì to kat¸fli u, se par�-jura m kou
 k (k-scan exceedance process), me ton ex 
 trìpo
S

(i)
k (u) =

i+k−1∑

j=i

Xj(u) =

i+k−1∑

j=i

I(u,∞)(Yj), i = 1, 2, . . . , n− k + 1.Profan¸
, h S(i)
k (u) ekfr�zei ton arijmì twn t.m. Yi, Yi+1,. . ., Yi+k−1, oi opo�e
 èqoun tim megalÔterh apì u, en¸ h
Sn,k(u) = max

1≤i≤n−k+1
S

(i)
k (u) = max

1≤i≤n−k+1

i+k−1∑

j=i

Xj(u)ekfr�zei to mègisto pl jo
 tètoiwn {akra�wn} tim¸n (p�nw apì u), an�mesa s� ìla tapar�jura m kou
 k, th
 akolouj�a
 Y1, Y2, . . . , Yn. 'Amesh sqèsh me thn prohgoÔmenh t.m.,èqei kai h t.m.
Wn,k,r(u) =

n−k+1∑

i=1

I[r,∞)(S
(i)
k (u))h opo�a, aparijme� to pl jo
 twn parajÔrwn m kou
 k, sta opo�a oi t.m. pou èqounxeper�sei to kat¸fli u, e�nai perissìtere
 apì r. E�nai fanerì pw
 isqÔei

P (Wn,k,r(u) = 0) = P (Sn,k(u) < r).Oi t.m. Wn,k,r(u) kai Sn,k(u) ja apokaloÔntai, genikeumène
 sunart sei
 s�rwsh
.'Opw
 èqoume  dh anafèrei, up�rqei mia endiafèrousa sÔndesh twn genikeumènwn su-nart sewn s�rwsh
, me ti
 kinoÔmene
 diatetagmène
 parathr sei
, th
 arqik 
 akolouj�a

Y1, Y2, . . . , Yn. Arqik� a
 jumhjoÔme ìti, diat�ssonta
 se fj�nousa seir� ti
 Yi, Yi+1, . . .,
Yi+k−1, se k�je par�juro m kou
 k (i ∈ {1, 2, . . . , n− k + 1}), pa�rnoume

Y
(i)
1:k ≥ Y

(i)
2:k ≥ . . . ≥ Y

(i)
k:k .Dhlad , me Y (i)

r:k sumbol�zoume thn r-ost  megalÔterh parat rhsh, sto i par�juro. Epi-plèon, gia k�poio sugkekrimèno r, a
 diat�xoume ti
 t.m. Y (1)
r:k , Y

(2)
r:k , . . . , Y

(n−k+1)
r:k , se fj�-nousa seir�, kai me Ym:r:k na sumbol�soume thn m-ost  megalÔterh parat rhsh, an�mesasti
 prohgoÔmene
 n− k + 1 t.m. Autì shma�nei ìti

Y1:r:k ≥ Y2:r:k ≥ . . . ≥ Yn−k+1:r:k.Sti
 eidikè
 peript¸sei
 ìpou m = 1 kai m = n− k + 1, èqoume
Y1:r:k = max{Y (1)

r:k , Y
(2)
r:k , . . . , Y

(n−k+1)
r:k },

Yn−k+1:r:k = min{Y (1)
r:k , Y

(2)
r:k , . . . , Y

(n−k+1)
r:k }.44
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S� autì to shme�o anafèroume ìti h par�metro
 n, èqei afaireje� apì tou
 teleuta�ou
sumbolismoÔ
, afoÔ th jewr same w
 stajer�. Sthn per�ptwsh ìmw
, pou to n metab�lle-tai (p.q. sthn exètash twn asumptwtik¸n idiot twn, ìpou to n → ∞) ja qrhsimopoioÔmeto sumbolismì Ym:r:k(n), ant� Ym:r:k. H sun�rthsh katanom 
 th
 Ym:r:k(n) mpore� naekfraste� mèsw th
 ant�stoiqh
 th
 Wn,k,r(u), w
 ex 
:
P (Ym:r:k(n) ≤ u) = P ( to polÔ m− 1 apì ta Y (1)

r:k , . . . , Y
(n−k+1)
r:k uperba�noun to u)

= P (

n−k+1∑

i=1

I(u,∞)(Y
(i)
r:k ) < m)

= P (

n−k+1∑

i=1

I[r,∞)(

i+k−1∑

j=i

I(u,∞)(Yj)) < m)

= P (

n−k+1∑

i=1

I[r,∞)(S
(i)
k (u)) < m)

= P (Wn,k,r(u) < m). (2.2.1)Gia par�deigma, gia m = 1, pa�rnoume
P (max{Y (1)

r:k , Y
(2)
r:k , . . . , Y

(n−k+1)
r:k } ≤ u) = P (Wn,k,r(u) = 0), (2.2.2)dhlad , h sun�rthsh katanom 
 th
 mègisth
, apì ti
 kinoÔmene
 diatetagmène
 para-thr sei
 Y (1)

r:k , Y
(2)
r:k , . . . , Y

(n−k+1)
r:k , prosdior�zetai apì thn tim  pou ja p�rei h sun�rthshpijanìthta
 th
 Wn,k,r(u), sto mhdèn.Ax�zei na epishm�noume, ìti h mègisth parat rhsh pou anafèrame prohgoumènw
, apeu-jÔnetai s� èna sÔnolo apì exarthmène
 t.m. (kaj¸
 oi Y (i)

r:k or�zontai se epikaluptìmenapar�jura). Ep�sh
, oi sumbolismo� pou qrhsimopoioÔme ed¸ gia ti
 diatetagmène
 parath-r sei
, e�nai diaforetiko� ap� autoÔ
 pou qrhsimopoioÔntai sun jw
 sta bibl�a (bl. p.q.
Arnold and Balakrishnan (1989) kai David and Nagaraja (2003)). Sugkekrimèna, giaem�
 h r-ost  diatetagmènh anafèretai sthn r-ost  megalÔterh parat rhsh, kai ìqi sthn
r-ost  mikrìterh.A
 jewr soume sth sunèqeia, thn eidik  per�ptwsh ìpou oi t.m. Yi akoloujoÔn thnOmoiìmorfh katanom  sto (0, 1), kai a
 p�roume u = 1 − p, me 0 < p < 1. Tìte h Xi(u)g�netai mia t.m. Bernoulli (thn opo�a ja sumbol�zoume me Xi), me pijanìthta epituq�a
 p,afoÔ

P (Xi = 1) = P (Yi > u) = P (Yi > 1 − p) = 1 − P (Yi ≤ 1 − p) = p.Ep�sh
, s� aut  thn per�ptwsh h Sn,k(u) kai h Wn,k,r(u), metasqhmat�zontai sti
 klasikè
45
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sunart sei
 s�rwsh
, Sn,k kai Wn,k,r, ant�stoiqa, orismène
 ep�nw se anex�rthte
 kaiisìnome
 dokimè
 Bernoulli.Gia thn teleuta�a per�ptwsh qrhsimopoioÔme tou
 akìloujou
 sumbolismoÔ

S

(i)
k =

i+k−1∑

j=i

Xj , i = 1, 2, . . . , n− k + 1,

Sn,k = max
1≤i≤n−k+1

S
(i)
k ,

Wn = Wn,k,r =
n−k+1∑

i=1

I[r,∞)(S
(i)
k ).Sth sunèqeia ja sumbol�zoume me b(x; l, p) kai B(x; l, p), th sun�rthsh pijanìthta
 kaithn ajroistik  sun�rthsh katanom 
 mia
 diwnumik 
 t.m. X, antisto�qw
, dhlad 

b(x; l, p) = P (X = x) =

(
l

x

)

px(1 − p)l−x, x = 0, 1, . . . , n,

B(x; l, p) = P (X ≤ x) =

⌊x⌋
∑

j=0

b(j; l, p), x ∈ ℜ.ìpou me ⌊x⌋ anaferìmaste sto akèraio mèro
 tou x. Epiplèon, sti
 epìmene
 paragr�fou
,k�noume qr sh kai twn pijanot twn
f(s; k, p) = P (S

(1)
k < s, S

(2)
k < s, . . . , S

(k)
k < s, S

(k+1)
k ≥ s)

G(s; k, p) = P (S
(1)
k < s, S

(2)
k < s, . . . , S

(k+1)
k < s)oi opo�e
 mporoÔn na ekfrastoÔn mèsw twn b(x; l, p) kai B(x; l, p), me ton ex 
 trìpo (Glaz

and Naus (1991))
f(s; k, p) =

p

s
b(s− 1; k − 1, p)[s(1 − p)b(s− 1; k − 1, p)

+(s− kp)B(s− 2; k − 1, p)], (2.2.3)
G(s; k, p) = B(s− 1; k, p)2 − b(s; k, p)[(s− 1)B(s− 2; k, p)

−kpB(s− 3; k − 1, p)],me 1 ≤ s ≤ k (e�n s > k   s < 0 tìte f(s; k, p) = 0).Akìmh, me H(θ, p) sumbol�zoume thn apìstash Kullback-Leibler (  sqetik  entrop�a,
relative entropy)

H(θ, p) = θ ln

(
θ

p

)

+ (1 − θ) ln

(
1 − θ

1 − p

)

= ln
θθ(1 − θ)1−θ

pθ(1 − p)1−θ
,46



2.3 Prosegg�sei
 gia ti
 statistikè
 sunart sei
 s�rwsh
, mèsw apl 
   sÔnjeth
katanom 
 Poissonkai me h(θ, p) th merik  par�gwgo th
 H(θ, p) w
 pro
 θ, dhlad 
h(θ, p) =

d

dθ
H(θ, p) = ln

θ(1 − p)

p(1 − θ)
,ìpou 0 < p < θ < 1.Tèlo
, ta sÔmbola ∼, O(·) qrhsimopoioÔntai me to sun jh trìpo, dhlad ,

f(t) ∼ g(t) kaj¸
 t→ t0 e�n lim
t→t0

f(t)

g(t)
= 1,

f(t) = O(g(t)) e�n h sun�rthsh f(t)

g(t)
, e�nai fragmènh.2.3 Prosegg�sei
 gia ti
 statistikè
 sunart sei
 s�-rwsh
, mèsw apl 
   sÔnjeth
 katanom 
 Pois-

sonH sugkekrimènh par�grafo
, apotele� mia anaskìphsh twn apotelesm�twn pou aforoÔnthn prosèggish th
 {apl 
} statistik 
 sun�rthsh
 s�rwsh
 Sn,k kai th
 aparijm tria
t.m. Wn,k,r. Eidikìtera, sthn Par�grafo 2.3.1 sumperilamb�noume ìla ta apotelèsmatagia thn prosèggish th
 katanom 
 twn klasik¸n sunart sewn s�rwsh
, mèsw sÔnjeth
  apl 
 katanom 
 Poisson. Periorizìmaste se apotelèsmata ta opo�a prosfèroun ekti-m sei
 gia to sf�lma th
 prosèggish
 (�nw fr�gma gia thn apìstash th
 proseggistik 
katanom 
, apì thn akrib ), ta opo�a sun jw
 e�nai arket� apotelesmatik�, ìtan to npa�rnei meg�le
 timè
.Parìlo pou sth bibliograf�a up�rqei kai mia �llh kathgor�a prosegg�sewn, pollapla-siastikoÔ tÔpou, de skopeÔoume na anaferjoÔme s� autè
 diìti, sun jw
 den prosfèrounfr�gmata gia ta sf�lmata twn prosegg�sewn, me apotèlesma na mhn mporoÔn na qrhsimo-poihjoÔn gia asumptwtik� apotelèsmata. O anagn¸sth
 mpore� na anatrèxei sto bibl�otwn Glaz, Naus and Wallenstein (2001), gia mia leptomer  parous�ash twn teleuta�wnprosegg�sewn.'Opw
 èqoume  dh anafèrei, mia dhmofil 
 mèjodo
, h opo�a ma
 d�nei th dunatìthtamèsa apì eÔqrhsta ergale�a, na prosegg�zoume thn katanom  enì
 ajro�smato
 apì d�ti-me
 t.m., apì mia katanom  Poisson, e�nai h mèjodo
 Chen-Stein. Epomènw
, to Je¸rhma2.1.1 pa�zei kur�arqo rìlo sta apotelèsmata pou akoloujoÔn, kur�w
 ìtan prosegg�zontaioi sunart sei
 s�rwsh
, apì mia apl  katanom  Poisson. 'Omw
, epeid  h pollapl  su-n�rthsh s�rwsh
 Wn,k,r, aparijme� gegonìta ta opo�a èqoun thn t�sh na parousi�zontai47



Oriak� apotelèsmata gia ti
 sunart sei
 s�rwsh
kat� sust�de
, mia prosèggish mèsw mia
 sÔnjeth
 katanom 
 Poisson, e�nai pijanìtatamia pio endedeigmènh lÔsh. Gia th diamìrfwsh twn apotelesm�twn pou anafèrontai sthnteleuta�a prosèggish, apodeiknÔetai idia�tera qr simo to Je¸rhma 2.1.2.2.3.1 Prosegg�sei
 kai fr�gmataJa xekin soume m� èna apotèlesma gia thn apl  sun�rthsh s�rwsh
 Sn,k, to opo�o ofe�-letai stou
 Arratia, Gordon and Waterman (1990). A
 eis�goume arqik� ti
 t.m.
Ci =







1, e�n i+k−1∑

j=i

Xj = r

0, diaforetik� , i = 1, 2, . . . , n− k + 1.(sÔmbash: Ci = 0 gia i ≤ 0) kai èpeita, a
 jewr soume th bohjhtik  t.m. W , ajro�zonta
ti
 posìthte

Di = Ci

k∏

j=1

(1 − Ci−j), i = 1, 2, . . . , n− k + 1dhlad 
W =

n−k+1∑

i=1

Ci

k∏

j=1

(1 − Ci−j).Oi Arratia, Gordon and Waterman (1990) me th bo jeia tou Jewr mato
 2.1.1, apèdeixanto epìmeno endiafèron apotèlesma.Je¸rhma 2.3.1 E�n p < r/k < 1 tìte
∣
∣P (Sn,k < r) − e−E(W )

∣
∣ ≤ 7kb(r; k, p) + (1 −B(r; k, p)).Dhlad , h pijanìthta P (Sn,k < r) fr�ssetai apì thn posìthta e−E(W )±UB, ìpou to UBe�nai �so me to dexiì mèlo
 th
 teleuta�a
 anisìthta
, en¸

E(W ) = (n− k + 1)E(Di).Oi �dioi suggrafe�
, apèdeixan ìti gia th mèsh tim  E(W ), isqÔei
r

k
− p ≤ E(W )

(n− k + 1)b(r; k, p)
≤ (

r

k
− p) + 2(1 − r

k
)(1 −B(r; k, p)) (2.3.1)en¸ èna enallaktikì �nw fr�gma d�detai apì

E(W )

(n− k + 1)b(r; k, p)
≤ (

r

k
− p) + 2(1 − r

k
)e−kH(r/k, p)48



2.3 Prosegg�sei
 gia ti
 statistikè
 sunart sei
 s�rwsh
, mèsw apl 
   sÔnjeth
katanom 
 Poissonìpou H(θ, p) e�nai h apìstash Kullback-Leibler. Gia meg�le
 timè
 th
 paramètrou k (meto phl�ko r/k, na diathre�tai stajerì) o deÔtero
 ìro
 tou ajro�smato
, sto dex� mèlo
th
 anisìthta
 (2.3.1), pa�rnei amelhtèe
 timè
 kai epomènw
, mpore� na qrhsimopoihje� oproseggistikì
 tÔpo

E(W ) ≈ (

r

k
− p)(n− k + 1)b(r; k, p).Oi Dembo and Karlin (1992), qrhsimopoi¸nta
 me th seir� tou
 th mèjodo Chen-Stein(Je¸rhma 2.1.1), melèthsan thn pollapl  sun�rthsh s�rwsh
, orismènh p�nw se m�a ako-louj�a anex�rthtwn kai isìnomwn jetik¸n t.m. (ìqi anagkastik� d�timwn). Sugkekrimèna,èdwsan èna �nw fr�gma gia thn apìstash olik 
 kÔmansh
, metaxÔ th
 katanom 
 th
sunart sew
 s�rwsh
, kai m�a
 apl 
 katanom 
 Poisson, to opo�o gia thn per�ptwshakolouj�a
 anex�rthtwn kai isìnomwn d�timwn t.m., perigr�fetai sto epìmeno je¸rhma.Je¸rhma 2.3.2 E�n

λ = (n− k + 1)B(r − 1; k, p), µ = (n− k + 1)(1 − B(r − 1; k, p)).tìte a. dTV (L(Wn,k,r), P o(µ)) ≤ (1 − e−µ)[(2k − 1)(1 − B(r − 1; k, p))

+2
k−1∑

i=1

P (S
(i+1)
k ≥ r|S(1)

k ≥ r)]b. dTV (L(n− k + 1 −Wn,k,r), P o(λ)) ≤ (1 − e−λ)[(2k − 1)B(r − 1; k, p)

+2
k−1∑

i=1

B(r − 1; i, p)]Ti
 desmeumène
 pijanìthte
 P (S
(i+1)
k ≥ r|S(1)

k ≥ r), pou emfan�zontai sto pr¸to �nwfr�gma, mporoÔme na ti
 upolog�soume mèsw twn akìloujwn sqèsewn
P (S

(i+1)
k ≥ r|S(1)

k ≥ r) =
1

1 −B(r − 1; k, p)
·

k−i∑

s=0

(1 − B(r − s− 1; i, p))2b(k − i; s, p)me B(x; l, p) = b(x; l, p) = 0, gia x < 0.Epomènw
, to apotèlesma apì to Je¸rhma 2.3.2, mpore� na qrhsimopoihje� gia na d¸-soume fr�gmata gia th sun�rthsh pijanìthta
   thn ajroistik  sun�rthsh katanom 
 th
49



Oriak� apotelèsmata gia ti
 sunart sei
 s�rwsh
t.m. Wn,k,r. Ta fr�gmata aut�, sqhmat�zoun diast mata, me kèntro ti
 ant�stoiqe
 sunar-t sei
 (sun�rthsh pijanìthta
   ajroistik  sun�rthsh katanom 
), mia
 apl 
 katanom 

Poisson, kai to m ko
 tou
 ja isoÔtai me dÔo forè
 to �nw fr�gma, pou eis qjhke apì toparap�nw je¸rhma.'Opw
 èqoume epishm�nei, lìgw tou gegonìto
 ìti ta par�jura me meg�lo pl jo
 epi-tuqi¸n, èqoun thn t�sh na emfan�zontai kat� om�de
, e�nai logikì oi prosegg�sei
 mèswapl 
 katanom 
 Poisson, ìpw
 aut  apì to Je¸rhma 2.3.2, na mhn e�nai kai tìso akribe�
.Pro
 ep�rrwsin twn legomènwn ma
, anafèroume ìti to �nw fr�gma th
 (a) te�nei sto mhdèn(ìtan to n te�nei sto �peiro) mìno ìtan r = k kai p→ 0, en¸ to fr�gma apì thn (b) mìnoe�n r = 1 kai p→ 1ParakinoÔmenoi apì èna prìblhma sÔgkrish
 akolouji¸n, ìpou e�nai apara�thth h an�-gkh gia akribe�
 prosegg�sei
, oi Goldstein and Waterman (1992) qrhsimopo�hsan ti
bohjhtikè
 t.m.

Ei = I[r,∞)(S
(i)
k )

min(s,i−1)
∏

j=1

(1 − I[r,∞)(S
(i−j)
k )), i = 1, 2, . . . , n− k + 1(ìpou s e�nai èna
 stajerì
 akèraio
 arijmì
 1) ¸ste na upolog�soun èna �nw fr�gma giathn apìstash olik 
 kÔmansh
, metaxÔ th
 katanom 
 th
 pollapl 
 sun�rthsh
 s�rwsh
kai m�a
 sÔnjeth
 katanom 
 Poisson. Ousiastik�, oi t.m. Ei or�zoun mia om�da (sust�da),me thn emf�nish enì
 parajÔrou m kou
 k (me arqikì shme�o thn Xi), me r toul�qistonepituq�e
, to opo�o apèqei apì to teleuta�o par�juro pou èqei thn �dia idiìthta, toul�qiston

min(s, i−1) dokimè
. H katanom  tou pl jou
 C, twn emfan�sewn twn gegonìtwn S(j)
k ≥ r,mèsa se m�a sust�da, d�detai apì ton tÔpo

P (C = c) = P (

β
∑

j=i

I[r,∞)(S
(j)
k ) = c|Ei = 1), c = 1, 2, . . .ìpou

β = min(γ ≥ i : I[r,∞)(S
(γ)
k ) = 1, I[r,∞)(S

(γ+1)
k ) = 0, . . . , I[r,∞)(S

(γ+s)
k ) = 0).Jètonta
 s = k, apodeiknÔetai to epìmeno apotèlesma (Goldstein and Waterman (1992))me th bo jeia th
 mejìdou Chen-Stein (mèsw enì
 an�logou apotelèsmato
, m� autì touJewr mato
 2.1.1, gia thn per�ptwsh twn prosegg�sewn mèsw diadikas�a
 Poisson, Arratia

et al (1989)).1Ginìmena th
 morf 
 ∏i2

i=i1
f(i) me i1 > i2, jewroÔntai �sa me 1.50



2.3 Prosegg�sei
 gia ti
 statistikè
 sunart sei
 s�rwsh
, mèsw apl 
   sÔnjeth
katanom 
 PoissonJe¸rhma 2.3.3 H apìstash olik 
 kÔmansh
 metaxÔ th
 Wn,k,r kai th
 sÔnjeth
 kata-nom 
 Poisson CP (λ,G), me λ = (n − k + 1)(1 − B(r − 1; k, p))/E(C) kai sunjètousakatanom  G(x) = P (C ≤ x), fr�ssetai �nw w
 ex 

dTV (L(Wn,k,r), CP (λ,G)) ≤ 6λ2(1 + E(C))

k

n− k
+ 2λP (C > k).Na shmei¸soume ìti, sthn parap�nw èkfrash gia to λ, agno jhkan oi periorismo� pouofe�lontai sto eÔro
 th
 akolouj�a
 twn t.m. (boundary effects). Epeid  h akrib 
 kata-nom  th
 C, e�nai polÔ dÔskolo na prosdioriste�, oi Goldstein and Waterman (1992) e�qanprote�nei mia apl  prosèggish gia thn katanom  th
 C (gia perissìtere
 leptomèreie
,mporoÔme na anatrèxoume sth sugkekrimènh ergas�a). E�n ìmw
 endiaferìmaste mìno giathn katanom  th
 Sn,k, kai ìqi gia olìklhrh thn katanom  th
 Wn,k,r (na jum�soume ìti,

P (Sn,k < r) = P (Wn,k,r = 0)), to epìmeno aplì fr�gma gia thn E(C) (dojènto
 ìti s = k)mpore� na fane� qr simo
r

k
− p ≤ 1

E(C)
≤ (

r

k
− p) + 2(1 − r

k
)e−kH(r/k, p).K�nonta
 qr sh parìmoiwn bohjhtik¸n t.m., oi Boutsikas and Koutras (2002b) eis -gagan kai upolìgisan èna fr�gma gia thn apìstash an�mesa sthn katanom  th
 Wn,k,rkai m�a
 sÔnjeth
 katanom 
 Poisson. Sugkekrimèna, me th qr sh twn parak�tw (perike-kommènwn) bohjhtik¸n metablht¸n (“truncated” declumping variables )

E ′
i = (1 − I[r,∞)(S

(i−1)
k ))

k∑

j=1

i+j−1
∏

l=i

(I[r,∞)(S
(l)
k )), i = 1, 2, . . . , n− k + 1kai epikaloÔmenoi to Je¸rhma 2.1.2, èfjasan sto Je¸rhma 2.3.4, pou diatup¸netai sthsunèqeia.Gia thn parous�ash twn apotelesm�twn apì dw kai sto ex 
, jewroÔme ìti gia tonupologismì twn S(i)

k , h akolouj�a twn t.m. Xi, i = 1, 2, . . . , n, or�zetai kai gia i < 1  
i > n (¸ste na exale�youme ta boundary effects). Ton�zoume ep�sh
 ìti, h apìstash pouqrhsimopoie�tai sth sunèqeia, e�nai h Kolmogorov kai ìqi h olik 
 kÔmansh
.
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Oriak� apotelèsmata gia ti
 sunart sei
 s�rwsh
Je¸rhma 2.3.4 'Estw λ = (n − k + 1)P (E ′
1 > 0) kai G(x) = P (E ′

1 ≤ x|E ′
1 > 0)

x = 0, 1, . . . , k. Tìte,
dK(L(Wn,k,r), CP (λ,G)) ≤ (λ+ 1)

k∑

i=r

(
k

i

)

pi(1 − p)k−i +

(λ(3k − 1) + k − 1)

(
k − 1

r − 1

)

pr(1 − p)k−r+1 +

(n− k)

k−1∑

b=2

min{b−2,r−2}
∑

i=max{0,r−k+b−1}

(
k − b

r − i− 1

)(
b− 2

i

)

(
k − b

r − i− 2

)

p2r−i−1(1 − p)2k−b−2r+i+3.To pleonèkthma tou parap�nw apotelèsmato
, se sqèsh m� autì pou perigr�fetai stoJe¸rhma 2.3.3 e�nai ìti, tìso to �nw fr�gma ìso kai oi par�metroi λ,G th
 sÔnjeth
katanom 
 Poisson, d�nontai apì pio aplè
 ekfr�sei
. 'Etsi, mpore� eÔkola na apodeiqje�ìti,
P (E ′

1 > 0) =

(
k − 1

r − 1

)

prqk−r+1kai epomènw

λ = (n− k + 1)P (E ′

1 > 0) = (n− k + 1)

(
k − 1

r − 1

)

prqk−r+1.Oi Boutsikas and Koutras (2002b) èdeixan ìti h sunjètousa ajroistik  sun�rthsh kata-nom 
 G(x), èqei th morf 
G(x) = 1 −

min{k−x−1,r−1}
∑

j=max{0,r−x−1}

((
x

x−r+j+1

)(
k−x−1

j

)

(
k−1
r−1

)

)

·

·
((

x

x− r + j + 1

)

pr−j−1(1 − p)x−r+j+1 +

+

(

1 − (x+ 1)(1 − p)

x− r + j + 2

)(x−r+j
∑

i=0

(
x

i

)

(1 − p)ipx−i−1

))gia x = 1, 2, . . . , k−1, kai G(0) = 0, G(k) = 1. To �nw fr�gma tou Jewr mato
 2.3.4 èqeit�xh sÔgklish
 O(p) (gia r < k) kai epomènw
, prosfèrei arket� akribe�
 prosegg�sei
gia thn katanom  th
 Wn,k,r, toul�qiston gia thn per�ptwsh pou p → 0. Bèbaia, e�n to
p diathre�tai stajerì h poiìthta twn prosegg�sewn de ja e�nai arket� kal , kai epomè-nw
 den mporoÔn na exaqjoÔn me th bo jeia tou Jewr mato
 2.3.4, qr sima asumptwtik�apotelèsmata kaj¸
 n, k → ∞ (gia p stajerì).52



2.3 Prosegg�sei
 gia ti
 statistikè
 sunart sei
 s�rwsh
, mèsw apl 
   sÔnjeth
katanom 
 PoissonLìgw th
 teleuta�a
 parat rhsh
 (kai me skopì na antimetwpiste� to prohgoÔmenoprìblhma), oi Boutsikas and Koutras (2006) eis gagan thn akìloujh oikogèneia apì boh-jhtikè
 metablhtè

E ′′

i =

(
i−1∏

j=i−k

(1 − I[r,∞)(S
(j)
k ))

)

I[r,∞)(S
(i)
k )

(
i+k∑

l=i

I[r,∞)(S
(l)
k )

)

, i = 1, 2, . . .H teleuta�a parènjesh aparijme� to pl jo
 twn parajÔrwn m kou
 k, ta opo�a xekin�neapì ti
 jèsei
 i, i + 1, . . . , i + k, kai perièqoun toul�qiston r epituq�e
. Par�llhla, hpr¸th parènjesh exasfal�zei ìti sti
 prohgoÔmene
 k jèsei
, i − k, i − k + 1, . . . , i − 1,ìla ta par�jura m kou
 k perièqoun ligìtere
 apì r epituq�e
. O ìro
 autì
 e�nai pouk�nei dunat  (gia thn per�ptwsh pou ma
 endiafèrei) thn kataskeu  akrib¸n prosegg�sewn.'Etsi oi Boutsikas and Koutras (2006), qrhsimopoi¸nta
 ti
 E ′′
i , i = 1, 2, . . . , katèlhxansto akìloujo je¸rhma.Je¸rhma 2.3.5 'Estw λ = (n− k + 1)P (E ′′

1 > 0) = (n− k + 1)f(r; k, p), kai
G(x) = P (E ′′

1 ≤ x|E ′′
1 > 0)

= P

(
2k+1∑

l=k+1

I[r,∞)(S
(l)
k ) ≤ x

∣
∣
∣
∣
∣
I[r,∞)(S

(l)
k ) = 0, l = 1, 2, . . . , k, I[r,∞)(S

(k+1)
k ) = 1

)

,

x = 0, 1, . . . , k.Tìte
dK(L(Wn,k,r), CP (λ,G)) ≤ (2k − 1)λp(1 − p)b(r − 1; k − 1, p)

+3λkf(r; k, p) + (λ+ 2)(1 −G(r; k, p))ìpou oi posìthte
 f(r; k, p), G(r; k, p) d�nontai apì (2.2.3).O upologismì
 th
 sunjètousa
 sun�rthsh
 katanom 
 G(x), e�nai mia ep�ponh diadika-s�a. Parìla aut�, to prohgoÔmeno apotèlesma e�nai exairetik� qr simo gia th melèth th
asumptwtik 
 sumperifor�
 th
 Wn,k,r, gia p stajerì kai n, k → ∞.Akìmh, e�n to endiafèron ma
 epikentrwje� sthn t.m. Sn,k kai ìqi s� olìklhrh thnkatanom  th
 Wn,k,r, prokÔptei eÔkola h epìmenh prìtash.Pìrisma 2.3.1 H sun�rthsh katanom 
 th
 Sn,k mpore� na proseggiste� apì thn posì-thta e−λ, λ = (n− k + 1)f(r; k, p), en¸ gia to sf�lma prosèggish
, isqÔei
|P (Sn,k < r) − e−λ| ≤ (2k − 1)λp(1 − p)b(r − 1; k − 1, p) + 3λkf(r; k, p)

+(λ+ 2)(1 −G(r; k, p)). 53



Oriak� apotelèsmata gia ti
 sunart sei
 s�rwsh
2.3.2 Asumptwtik� apotelèsmataSthn paroÔsa par�grafo, ja parousi�soume èna arijmì asumptwtik¸n apotelesm�twn,sqetik� me th sÔgklish sthn apl    sÔnjeth katanom  Poisson, twn sunart sewn s�-rwsh
 Sn,k kai Wn,k,r. Oi leptomèreie
 twn apode�xewn de ja sumperilhfjoÔn, parìlopou e�nai �mesa epakìlouja twn fragm�twn (ep�nw sti
 apost�sei
 olik 
 kÔmansh
  
Kolmogorov), pou melet same sthn prohgoÔmenh par�grafo.Me thn arwg  tou Jewr mato
 2.3.1 (kai th suz thsh pou akoloÔjhse), prokÔpteieÔkola to epìmeno apotèlesma (Arratia, Gordon and Waterman (1990)).Pìrisma 2.3.2 E�n oi n, k, r e�nai jetiko� akèraioi arijmo�, me p < r/k < 1 kai

λ = (n− k + 1)(
r

k
− p)b(r; k, p)tìte h P (Sn,k < r) mpore� na proseggiste� apì thn e−λ me to sf�lma th
 prosèggish
 naèqei t�xh sÔgklish
 O( lnn

n
).Sthn epìmenh prìtash, h opo�a apodeiknÔetai eÔkola me th bo jeia tou Jewr mato
2.3.4 (gia leptomèreie
, blèpe Boutsikas and Koutras (2002b)), diatup¸netai m�a prosèg-gish th
 Wn,k,r, mèsw sÔnjeth
 katanom 
 Poisson.Pìrisma 2.3.3 A
 upojèsoume ìti ta k, r paramènoun stajer�, en¸ n→ ∞, pn → 0 ètsi¸ste

λn = (n− k + 1)

(
k − 1

r − 1

)

pr
n(1 − pn)k−r+1 → λ ∈ (0,∞).Tìte h katanom  th
 Wn,k,r sugkl�nei se mia sÔnjeth katanom  Poisson, me paramètrou


λ kai
G(x) =







0, x ≤ 0

1 − (k−x−1
r−1 )

(k−1
r−1)

, x = 1, 2, . . . , k − r,

1, x ≥ k − r + 1.K�tw apì ti
 �die
 pro�pojèsei
, gia thn ajroistik  sun�rthsh katanom 
 th
 Sn,k isqÔei
P (Sn,k < r) ∼ e−λ.H sun�rthsh pijanìthta
 g(x), th
 sunjètousa
 katanom 
 G(x), d�detai apì th sqèsh

g(x) = G(x) −G(x− 1) =

(
k−x−1

r−2

)

(
k−1
r−1

) , x = 1, 2, . . . , k − r + 1.54
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, mèsw apl 
   sÔnjeth
katanom 
 PoissonAx�zei na anafèroume ìti, sthn eidik  per�ptwsh r = 2 < k, h g(x) e�nai m�a omoiìmorfhdiakrit  katanom  sto sÔnolo 1, 2, . . . , k − 1. Ep�sh
, gia k = r h sunjètousa katano-m  ekful�zetai se mia stajer  katanom  (pa�rnei mìno thn tim  1) kai h oriak  sÔnjethkatanom  Poisson CP (λ,G), katal gei se mia apl  katanom  Poisson.H pijanogenn tria sun�rthsh th
 sÔnjeth
 katanom 
 Poisson th
 Prot�sew
 2.3.3,e�nai (bl. (2.1.1) )
P (t) = E(tWn,k,r) = e−λ(1−E(tZ )) = e−λ(1−

∑k−r+1
x=1 txg(x))

= exp

(

−λ
(

1 −
k−r+1∑

x=1

tx
(

k−x−1
r−2

)

(
k−1
r−1

)

))kai epomènw
, oi pijanìthte
 P (Wn,k,r = i) mporoÔn eÔkola na upologistoÔn apì thneÔresh tou i ìrou, th
 dunamoseir�
 th
 P (t), i = 0, 1, . . . Autì mpore� na g�nei e�tearijmhtik� (gia sugkekrimène
 timè
 twn paramètrwn)   analutik� gia ìrou
 mikr 
 t�xew
.Gia par�deigma,
P (Wn,k,r = 0) =

1

0!
P (0) = e−λ,

P (Wn,k,r = 1) =
1

1!

dP (t)

dt

∣
∣
∣
∣
t=0

= λg(1)e−λ = λ
r − 1

k − 1
e−λ (2.3.2)

P (Wn,k,r = 2) =
1

2!

d2P (t)

dt2

∣
∣
∣
∣
t=0

= λ
(r − 1)(k − r)

(k − 1)(k − 2)
e−λ +

λ2

2!
(
r − 1

k − 1
)2e−λktl. Enallaktik�, mpore� na qrhsimopoihje� h anadromik  sqèsh (bl. Bowers et al (1997))

P (Wn,k,r = 0) = e−λ,

P (Wn,k,r = i) =
λk

ri

(
k

r

)−1 min{k−r+1,i}
∑

j=1

j

(
k − j − 1

r − 2

)

P (Wn,k,r = i− j), i = 1, 2, . . .Gia r < k, o rujmì
 sÔgklish
, pou ex�goume apì thn Prìtash 2.3.3, gia thn prosèggishth
 P (Sn,k < r) ≈ e−λ e�nai t�xew
 O(p). 'Ameso epakìloujo e�nai ta {ftwq�} oriak�apotelèsmata, gia thn per�ptwsh pou to n kai to k te�noun sto ∞, en¸ to p paramènei sta-jerì. H teleuta�a per�ptwsh, antimetwp�zetai apì to epìmeno apotèlesma (bl. Je¸rhma2.3.5 kai gia perissìtere
 leptomèreie
, Boutsikas and Koutras (2006)).Pìrisma 2.3.4 A
 upojèsoume ìti to p pa�rnei mia stajer  tim , kai ìti θ ∈ (p, 1), en¸oi kn, rn e�nai duo akolouj�e
 jetik¸n akèraiwn arijm¸n, me thn idiìthta
lim

n→∞

rn − θkn√
kn

= 0. 55
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E�n ρn = rn − θkn kai h akolouj�a
ln = n

(θ − p)e−knH(θ,p)−ρnh(θ,p)

√

2πθ(1 − θ)kn

, n = 1, 2, . . .e�nai �nw fragmènh, tìte
P (Sn,k < r) ∼ e−lnme to rujmì sÔgklish
 na e�nai t�xew
 O(ρ2

n+1
kn

).Apì thn teleuta�a prìtash mporoÔme na sumper�noume ìti gia meg�le
 timè
 twn para-mètrwn n, k, r kai p < r/k 6= 1 h ajroistik  sun�rthsh katanom 
 th
 Sn,k prosegg�zetaiapì ton parak�tw tÔpo (ston tÔpo tou ln, antikatast same ta rn, kn,θ, me r, k, r/k, anti-sto�qw
)
P (Sn,k < r) ≈ exp

(

−n(r − kp)e−kH(r/k,p)−ρh(r/k,p)

√

2πrk(k − r)

)

.2.3.3 Apotelèsmata akra�wn tim¸nAntike�meno èreuna
 gia pollè
 dekaet�e
, èqei apotelèsei h asumptwtik  sumperifor�kinoÔmenwn ajroism�twn apì anex�rthte
 kai isìnome
 (ìqi apara�thta d�time
) tuqa�e
metablhtè
. Tètoiou e�dou
 apotelèsmata, anafèrontai w
 nìmoi Erdös-Rényi kai aforoÔnthn t.m.
Un = max

1≤i≤n−k+1

i+k−1∑

j=i

Yjìpou Y1, Y2, . . . e�nai mia akolouj�a apì anex�rthte
 kai isìnome
 tuqa�e
 metablhtè
.To klasikì je¸rhma apì thn ergas�a Erdös-Rényi (1970), exasfal�zei th sqedìn bè-baih sÔgklish sth mon�da, th
 akolouj�a
 Un/(akn). Pio sugkekrimèna apodeiknÔetaiìti isqÔei P (limn→∞ Un/(akn) = 1) = 1, gia mia meg�lh kl�sh katanom¸n twn Yi, ìpou
k = kn = ⌊c ln(n)⌋ gia k�poia jetik  stajer� c, en¸ to a > 0 exart�tai apì thn tim  th

c, kai thn katanom  twn Yi. Akìmh, oi Deheuvels and Devroye (1987), apèdeixan ìti k�twapì thn upìjesh ìti oi Yi akoloujoÔn mia non-lattice katanom  me mhdenik  mèsh tim ,isqÔei

lim
n→∞

P

(
Un − bn
an

≤ x

)

= Λ(x)56
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, mèsw apl 
   sÔnjeth
katanom 
 Poissonìpou Λ(x) = exp(−e−x), x ∈ ℜ e�nai h sun�rthsh katanom 
 Gumbel kai an, bn ∈ ℜ e�naikat�llhle
 stajerè
 kanonikopo�hsh
.Ta epìmena dÔo apotelèsmata (akra�wn tim¸n), aforoÔn thn apl  sun�rthsh s�rw-sh
 Sn,k. To gegonì
 ìti èqoume mia akolouj�a d�timwn t.m. (kai epomènw
 katanom 
lattice), ma
 epitrèpei na ekfr�soume, me sugkekrimènou
 kleistoÔ
 tÔpou
, ti
 stajerè
kanonikopo�hsh
. 'Etsi, to akìloujo je¸rhma proèrqetai apì m�a epanadiatÔpwsh enì
apotelèsmato
, twn Arratia, Gordon and Waterman (1990).Je¸rhma 2.3.6 'Estw k > −(ln p)−1 lnn, kai a
 sumbol�soume me θ = θ(n, k, p) ∈ (p, 1)th monadik  lÔsh2 th
 ex�swsh


H(θ, p) =
lnn

kkai me bn ti
 stajerè
 kanonikopo�hsh
, ìpou
bn = θ

lnn

H(θ, p)
− 1

2h(θ, p)
ln(lnn) − 1

2h(θ, p)
ln(

2πθ(1 − θ)

H(θ, p)
) +

ln(θ − p)

h(θ, p)
.Tìte, gia k�je ε > 0 tètoio ¸ste 1 + ε ≤ −(ln n)−1k ln p ≤ 1/ε isqÔei (kaj¸
 n, k → ∞)

sup
x

|P (Sn,k − bn < x) − Λ(h(θ, p)x)| → 0To supremum upolog�zetai ep�nw s� ìla ta x ∈ ℜ, tètoia ¸ste to x + bn na e�nai èna
akèraio
 jetikì
 arijmì
.Epiprìsjeta, apì thn Prìtash 2.3.4 prokÔptei �mesa èna an�logo apotèlesma gia thn
Sn,k, me oriak  sun�rthsh katanom 
 thn Gumbel, kai kat�llhla orismène
 stajerè
kanonikopo�hsh
 (Boutsikas and Koutras (2006)).Je¸rhma 2.3.7 Gia stajerì p ∈ (0, 1), kai gia k�je θ pou an kei sto di�sthma (p, 1)or�zoume

kn = ⌊lnn/H(θ, p)⌋ ,

bn = knθ +
1

h(θ, p)
ln
n(θ − p)e−knH(θ,p)

√

2πθ(1 − θ)kn

,

ǫn(y) =

(

bn +
y

h(θ, p)

)

−
⌊

bn +
y

h(θ, p)

⌋

.Tìte
lim

n→∞

[

P

(
Sn,k − bn
1/h(θ, p)

< y

)

− Λ(y − ǫn(y)h(θ, p))

]

= 0me rujmì sÔgklish
, t�xew
 O( (lnkn)2

kn
).2Epeid , d

dθ
H(θ, p)=h(θ, p) > 0, h sun�rthsh H(θ, p) e�nai aÔxousa sto di�sthma apì 0 èw
 − ln p.'Ara, h ex�swsh H(θ, p) = c èqei monadik  lÔsh θ ∈ (p, 1) gia 0 < c < − ln p 57
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2.3.4 Arijmhtikè
 sugkr�sei
Sthn par�grafo aut  ja epiqeir soume mia arijmhtik  sÔgkrish twn apotelesm�twn pouprohg jhkan kai aforoÔn thn prosèggish th
 sun�rthsh
 katanom 
 th
 Sn,k. Ousia-stik�, ja exet�soume (arijmhtik�) thn poiìthta twn fragm�twn, pou ex�gontai apì taparap�nw jewr mata, en¸ gia ti
 asumptwtikè
 idiìthte
 merik¸n ap� aut¸n, e�qame mil -sei kai sthn Par�grafo 2.3.2.Me b�sh ta prohgoÔmena apotelèsmata, gia th sun�rthsh katanom 
 P (Sn,k < r),r =

1,2, . . . , k , isqÔei ìti
P (Sn,k < r) ∈ [e−b2 − UB1, e−b1 + UB1], (2.3.3)(gia k�je n,r,k,p me p<r/k< 1) ìpou UB1 e�nai to �nw fr�gma tou Jewr mato
 2.3.1 kai(de�te (2.3.1)),

b1 = (n− k + 1)b(r; k, p)
(

(
r

k
− p) + 2(1 − r

k
)(1 − B(r; k, p))

)

,

b2 = (n− k + 1)b(r; k, p)(
r

k
− p).Duo diaforetik� diast mata (gia k�je n, r, k, p), sta opo�a kine�tai h P (Sn,k < r), d�dontaiapì ti
 parak�tw sqèsei


P (Sn,k < r) ∈ [e−µ − UB2, e−µ + UB2], (2.3.4)
P (Sn,k < r) ∈ [e−λ1 − UB3, e−λ1 + UB3], (2.3.5)ìpou

µ = (n− k + 1)(1 −B(r − 1; k, p)), λ1 = (n− k + 1)B(r − 1; k, p),kai ta UB2, UB3 e�nai ta �nw fr�gmata pou emfan�zontai sto Je¸rhma 2.3.2.Apì to Je¸rhma 2.3.4, pa�rnoume
P (Sn,k < r) ∈ [e−λ2 − UB4, e−λ2 + UB4], (2.3.6)ìpou UB4 na e�nai to �nw fr�gma tou teleuta�ou jewr mato
 kai

λ2 = (n− k + 1)

(
k − 1

r − 1

)

prqk−r+1.Tèlo
, èqoume kai to parak�tw di�sthma
P (Sn,k < r) ∈ [e−λ3 − UB5, e−λ3 + UB5], (2.3.7)58
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Sq ma 2.3.1: Gr�fhma tou diast mato
 (2.3.3), me kentrik  gramm  thn e−b2 .ìpou to UB5 d�detai apì to Pìrisma 2.3.1 kai λ3 = (n− k + 1)f(r; k, p).Na shmei¸soume ìti de ja anaferjoÔme sto di�sthma pou prokÔptei apì to Je¸rhma2.3.3, kaj¸
 h morf  tou den epitrèpei ton �meso upologismì tou, kai par�llhla oi diajè-sime
 prosegg�sei
, prosfèroun kak 
 poiìthta
 apotelèsmata (polÔ meg�la diast mata).'Opw
 e�dame kai sti
 prohgoÔmene
 paragr�fou
, oi sunj ke
 k�tw apì ti
 opo�e
 ta pa-rap�nw fr�gmata g�nontai apotelesmatik�, diafèroun, k�ti pou ja fane� kai apì tou
arijmhtikoÔ
 ma
 upologismoÔ
. 59
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Sq ma 2.3.2: Gr�fhma tou diast mato
 (2.3.4).Sto Sq ma 2.3.1 kai sti
 duo pr¸te
 grafikè
 parast�sei
, parathroÔme ìti gia mia su-gkekrimènh epilog  twn k, r, kaj¸
 aux�noume thn pijanìthta epituq�a
 (apì 0.10 se 0.15)to di�sthma (2.3.3) g�netai qeirìtero. Sta duo epìmena graf mata, tou �diou sq mato
,kaj¸
 aux�noume to k (en¸ to r parèmeine stajerì), to di�sthma apèkthse megalÔteroeÔro
. Tèlo
, aux�nonta
 kai to k kai to r me tètoio trìpo ¸ste to r/k na me�nei stajerì(apì k = 5, r = 4 se k = 10, r = 8), to fr�gma belti¸jhke.Apì to Sq ma 2.3.2, parathroÔme pw
 to di�sthma (2.3.4) belti¸netai aux�nonta
 to
k, gia dedomèna p, r (duo pr¸te
 grafikè
 parast�sei
), en¸ aux�nonta
 mìno to p, èqoumeta ant�strofa apotelèsmata.To di�sthma (2.3.5), ma
 d�nei prosegg�sei
 kak 
 poiìthta
, s� ìle
 sqedìn ti
 peri-pt¸sei
 pou melet same, ìpw
 fa�netai kai apì to Sq ma 2.3.3. Sto Sq ma 2.3.4, ìpouanaferìmaste sto di�sthma (2.3.6), diapist¸noume pw
 an mei¸soume thn tim  tou p, jabeltiwje� h prosèggish (de�te ta duo pr¸ta graf mata), en¸ ant�jeta ja auxhje� to eÔ-ro
 tou diast mato
, an aux soume to k. Bèbaia, e�n aux soume kai to k kai to r, hprosèggish paramènei to �dio kal  (de�te to deÔtero kai to tètarto gr�fhma).60
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Sq ma 2.3.3: Gr�fhma tou diast mato
 (2.3.5).Tèlo
, h poiìthta tou (2.3.7) (Sq ma 2.3.5) fa�netai na belti¸netai e�te aux�nonta
ti
 timè
 twn k, r e�te, mei¸nonta
 to p.2.4 Genikeumène
 sunart sei
 s�rwsh
Sthn paroÔsa enìthta ja parousi�soume k�poia nèa apotelèsmata sqetik� me th geni-keumènh pollapl  sun�rthsh s�rwsh
 (montèlo uperb�sewn, exceedance model), se miaakolouj�a suneq¸n t.m. Me b�sh thn Prìtash 2.3.3, apodeiknÔoume èna je¸rhma gia thnprosèggish th
 katanom 
 th
 Wn,k,r(uan), mèsw m�a
 sÔnjeth
 katanom 
 Poisson, ìpou
an e�nai mia kat�llhlh akolouj�a, jetik¸n pragmatik¸n arijm¸n. Sth sunèqeia, exet�ze-tai h asumptwtik  katanom  th
 Wn,k,r(uan)   isodÔnama, th
 diatetagmènh
 parat rhsh

Ym:r:k(n) (bl. Par�grafo
 2.2), k�tw apì thn upìjesh ìti h katanom  twn Yi, an kei s�èna apì ta tr�a ped�a èlxh
, twn klasik¸n katanom¸n akra�wn tim¸n, (Weibull, Frechet  Gumbel). Tèlo
, parousi�zontai èna pl jo
 apì arijmhtik� apotelèsmata, ta opo�afaner¸noun thn poiìthta twn prosegg�sewn ma
. 61
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Sq ma 2.3.4: Gr�fhma tou diast mato
 (2.3.6).
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Sq ma 2.3.5: Gr�fhma tou diast mato
 (2.3.7).
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2.4.1 Prosegg�sei
 mèsw sÔnjeth
 katanom 
 Poisson, gia thgenikeumènh pollapl  sun�rthsh s�rwsh
A
 jewr soume arqik� mia akolouj�a Y1, Y2, . . . , Yn apì anex�rthte
 kai isìnome
 suneqe�
t.m., me sun�rthsh katanom 
 F , kai èna kat¸fli u = un. Gia na ekmetalleutoÔme taapotelèsmata pou prohg jhkan, upojètoume ìti to kat¸fli un, metab�lletai sunart seitou n, me tètoio trìpo ¸ste to endeqìmeno Yi > un na g�netai èna sp�nio endeqìmeno,dhlad 
lim

n→∞
P (Yi > un) = 0(profan¸
, mia akolouj�a un me thn parap�nw idiìthta, e�nai dunatìn na breje� gia opoia-d pote katanom  F ). Mia sun jh
 sunj kh pou exasfal�zei k�ti tètoio, qwr�
 na odh-goÔmaste se tetrimmèna apotelèsmata, e�nai h akìloujh

lim
n→∞

nP (Yi > un) = lim
n→∞

nF (un) = τ ∈ (0,∞).Qrhsimopoi¸nta
 mia tètoia akolouj�a pragmatik¸n arijm¸n (un), mporoÔme na apode�-xoume to epìmeno, endiafèron je¸rhma (Boutsikas et al (2008)), ekmetalleuìmenoi to Je-¸rhma 2.3.4 kai to Pìrisma 2.3.3.Je¸rhma 2.4.1 'Estw anex�rthte
 kai isìnome
 suneqe�
 t.m. Y1, Y2, . . . , Yn (me Yi ∼ F ,gia i = 1, 2, . . . , n), un mia akolouj�a pragmatik¸n arijm¸n, tètoia ¸ste
lim

n→∞
nF (un) = τ > 0kai an = n1/r. Tìte h katanom  tou pl jou
Wn,k,r(uan) twn kinoÔmenwn parajÔrwn m kou


k, ta opo�a perièqoun toul�qiston r uperb�sei
 tou or�ou uan , sugkl�nei se mia sÔnjethkatanom  Poisson, me par�metro
λ =

(
k − 1

r − 1

)

τ rkai sunjètousa sun�rthsh pijanìthta

g(x) =

(
k−x−1

r−2

)

(
k−1
r−1

) , x = 1, 2, . . . , k − r + 1. (2.4.1)Apìdeixh. Apì th sqèsh
lim

n→∞
nF (un) = τ > 0, 63
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prokÔptei �mesa ìti
lim

n→∞
nF (uan)r = lim

n→∞
(anF (uan))r = τ r.Epiplèon, oi t.m. Xi(uan) = I(uan ,∞)(Yi), i = 1, 2, . . ., sqhmat�zoun mia akolouj�a apìdokimè
 Bernoulli, me pijanìthta epituq�a
 pn = F (uan). Tìte e�nai fanerì ìti,

lim
n→∞

pn = lim
n→∞

F (uan)r = 0.Ep�sh
, gia thn posìthta
λn = (n− k + 1)

(
k − 1

r − 1

)

pr
n(1 − pn)k−r+1(de�te kai Je¸rhma 2.3.4) isqÔei

lim
n→∞

λn = lim
n→∞

(n− k + 1)

(
k − 1

r − 1

)

pr
n(1 − pn)k−r+1

=

(
k − 1

r − 1

)

lim
n→∞

(n− k + 1)pr
n(1 − pn)k−r+1 =

(
k − 1

r − 1

)

τ r > 0afoÔ
lim

n→∞
(n− k + 1)pr

n = lim
n→∞

npr
n = τ r, lim

n→∞
(1 − pn)k−r+1 = 1.'Etsi, mporoÔme na efarmìsoume thn Prìtash 2.3.3, kai na sumper�noume ìti h Wn,k,r(uan)sugkl�nei se mia sÔnjeth katanom  Poisson, me sunjètousa sun�rthsh pijanìthta
 thn(2.4.1) kai λ = limn→∞ λn =

(
k−1
r−1

)
τ r.SÔmfwna me to prohgoÔmeno je¸rhma, gia meg�le
 timè
 tou n h sun�rthsh katanom 
th
 Wn,k,r(uan) (ìpou an = n1/r), prosegg�zetai apì mia sÔnjeth katanom  Poisson (mekat�llhle
 paramètrou
), gia k�je akolouj�a pragmatik¸n arijm¸n un, me thn idiìthta

limn→∞ nF (un) = τ ∈ (0,∞). S� aut n thn per�ptwsh to sf�lma th
 prosèggish
 pa�rneimikrè
 timè
, kai prosdior�zetai akrib¸
, apì to Je¸rhma 2.3.4.'Amesh sunèpeia tou prohgoÔmenou jewr mato
, e�nai to epìmeno pìrisma, pou afor�thn oriak  sumperifor� th
 diatetagmènh
 parat rhsh
 Ym:r:k(n).Pìrisma 2.4.1 E�n sumbol�soume me fCP th sun�rthsh pijanìthta
 th
 sÔnjeth
 ka-tanom 
 Poisson pou perigr�fetai sto Je¸rhma 2.4.1, tìte isqÔei
lim

n→∞
P (Ym:r:k(n) ≤ uan) =

m−1∑

i=0

fCP (i).64
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Gia thn apìdeixh tou Por�smato
 2.4.1, arke� na anakalèsoume th sqèsh an�mesa sthn
Ym:r:k(n) kai thn Wn,k,r(u) (de�te (2.2.1)).Parìlo pou h akolouj�a uan or�zetai sun jw
 sto sÔnolo twn jetik¸n akèraiwn n,apì ed¸ kai sto ex 
 ja jewroÔme thn epèktash th
 uan , sto sÔnolo jetik¸n pragmatik¸n
ℜ+, dhlad  ux = u(x), x ∈ ℜ+. K�tw apì aut  thn upìjesh e�nai dunatìn na gr�foume uanìpou an e�nai m�a opoiad pote akolouj�a pragmatik¸n arijm¸n (ìqi apara�thta akèraiwn)-k�ti pou sunant�me suqn� s� aut  thn enìthta. Ax�zei na anafèroume ìti aut  h taktik ,qrhsimopoie�tai kai sta parade�gmata th
 Paragr�fou 2.4.3. E�n ìmw
, den e�nai efikt  miaepèktash th
 akolouj�a
 uan , sto ℜ+, tìte mporoÔme na qrhsimopoi soume thn akolouj�a
u⌊an⌋, sth jèsh th
 uan, me ìla ta jewrhtik� apotelèsmata na paramènoun orj�.Blèponta
 to Je¸rhma 2.4.1, diapist¸noume ìti h mình duskol�a gia ton prosdiorismìth
 asumptwtik 
 katanom 
, e�nai h eÔresh th
 akolouj�a
 un, gia thn opo�a prèpei naisqÔei

lim
n→∞

nF (un) = τ > 0.Sthn epìmenh par�grafo, ja antimetwp�soume to prìblhma autì me thn upìjesh ìti hkatanom  apì thn opo�a proèrqetai to tuqa�o de�gma, an kei se k�poio apì ta tr�a ped�aèlxh
 twn katanom¸n twn akra�wn tim¸n, ekmetalleuìmenoi ètsi kai to Je¸rhma 2.1.3.Ax�zei na ton�soume ìti to ìrio
lim

n→∞
λn =

(
k − 1

r − 1

)

τ r > 0upolog�sthke, qrhsimopoi¸nta
 thn idiìthta
(1 − pn)k−r+1 =

(

1 − anF (uan)

an

)k−r+1

∼
(

1 − τ

an

)k−r+1

→
n→∞

1H parap�nw sÔgklish ìmw
, e�nai exairetik� arg , akìmh kai gia mikrè
 timè
 tou r. Giapar�deigma, e�n k = 4, r = 2, τ = 2 tìte qk−r+1
100 ≈ 0.512, qk−r+1

1000 ≈ 0.822, qk−r+1
10000 ≈ 0.941.Ta pr�gmata g�nontai akìmh qeirìtera ìtan to r pa�rnei megalÔtere
 timè
 (de�te kai Sq ma2.4.1). Epomènw
, parìti ta asumptwtik� apotelèsmata apì to Je¸rhma 2.4.1 isqÔoun gia

n → ∞, h katanom  th
 Wr,k,n(uan) den mpore� na proseggiste� ikanopoihtik� gia mètrie
timè
 tou n, mèsw th
 sÔnjeth
 katanom 
 Poisson CP (λn, G). Se tètoie
 peript¸sei
e�nai protimìtero h prosèggish na g�nei mèsw th
 sÔnjeth
 katanom 
 Poisson CP (λ∗n, G),me par�metro
λ∗n =

(
k − 1

r − 1

)

τ r

(

1 − τ

an

)k−r+1

= λ

(

1 − τ

an

)k−r+1

. (2.4.2)65
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Sq ma 2.4.1: Gr�fhma th
 posìthta
 (1 − τ/an)k−r+1 gia k = 8, τ = 2 kai di�fore
 timè
tou rThn prosèggish aut  uiojetoÔme kai sta parade�gmata th
 Paragr�fou 2.4.3.'Ena apotèlesma parìmoio m� autì tou Jewr mato
 2.4.1, dhmosieÔjhke apì ton Dud-

kiewicz (1998). 'Omw
, to apotèlesma autì (Je¸rhma 2.4.2), ìpw
 ja katal�boume, ana-fèretai sthn eidik  per�ptwsh pou melet�me kinoÔmena el�qista kai efarmìzetai k�tw apìdiaforetikè
 sunj ke
, gia ti
 timè
 twn paramètrwn k, r.Je¸rhma 2.4.2 'Estw mia akolouj�a jetik¸n akèraiwn arijm¸n kn, tètoia ¸ste
lim

n→∞

kn

lnn
= d ≥ 0,kai mia akolouj�a un, me thn idiìthta

lim
n→∞

nF (un)kn = τ ′ > 0.Tìte gia thn asumpwtik  katanom  th
 diatetagmènh
 parat rhsh
 Ym,kn,kn(n), isqÔei
lim

n→∞
P (Ym,kn,kn(n) ≤ un) =

m−1∑

i=0

fCP (i).ìpou oi fCP (i) d�nontai apì thn (2.1.2), me
λ1 = τ ′, λj = 0, gia j ≥ 2ìtan d = 0, kai

λj = τ ′(1 − exp(−1/d))2 exp(−(j − 1)/d), gia j ≥ 1,ìtan d > 0.66



2.4 Genikeumène
 sunart sei
 s�rwsh
Sthn eidik  per�ptwsh th
 Yn−kn+1,kn,kn(n), prokÔptei èna apotèlesma pou e�qan apode�xeioi Canfield and McCormick (1992). Ep�sh
, sthn ergas�a Dudkiewicz (1998) de g�netaikam�a anafor� gia ton prosdiorismì th
 akolouj�a
 un.Prin kle�soume thn paroÔsa enìthta, ax�zei na anaferjoÔme s� èna de�kth gia to bajmìex�rthsh
 an�mesa sti
 metablhtè
 pou melet�me, kai ton opo�o oi Embrechts et al (1997),onìmasan extremal index . O de�kth
 autì
 pa�rnei timè
 sto di�sthma apì 0 èw
 1, kaieis�getai mèsw tou parak�tw orismoÔ.Orismì
 2.4.1 'Estw mia akolouj�a (austhr¸
 st�simh) apì isìnome
 t.m. Yi, i = 1, 2, . . . , n

(me Yi ∼ F, ∀i) kai θ èna
 mh arnhtikì
 arijmì
. A
 upojèsoume ìti gia k�je τ > 0, up�rqeimia akolouj�a pragmatik¸n arijm¸n un, tètoia ¸ste
lim

n→∞
nF (un) = τ,

lim
n→∞

P (Mn ≤ un) = e−θτ ,ìpou Mn = max{Y1, Y2, . . . , Yn}. Tìte, h posìthta θ onom�zetai extremal index th
 ako-louj�a
 Yi, i = 1, 2, . . . , n.O extremal index èqei arket� endiafèrouse
 idiìthte
, ìpw
 aut  pou perigr�fetai apìthn epìmenh prìtash.Prìtash 2.4.1 'Estw mia austhr¸
 st�simh akolouj�a Yi, i = 1, 2, . . . , n, me Yi ∼ F kai
F ∈MDA(H), kai stajerè
 kanonikopo�hsh
 cn, dn. Tìte

lim
n→∞

P

(
Mn − dn

cn
≤ x

)

= Hθ(x)e�n kai mìno e�n
lim

n→∞
P

(
M ′

n − dn

cn
≤ x

)

= H(x),ìpou me M ′
n sumbol�zoume th mègisth parat rhsh, apì ti
 Yi, i = 1, 2, . . . , n, me thnepiplèon pro�pìjesh ìti e�nai anex�rthte
 t.m.Ax�zei na shmei¸soume ìti h katanom  Hθ(x) an kei sthn �dia oikogèneia me thn H(x),dhlad  up�rqoun c kai d, me thn idiìthta, Hθ(x) = H(cx+d). Ep�sh
, mpore� na apodeiqje�pw
, o orismì
 tou extremal index e�nai anex�rthto
 apì thn epilog  th
 un. Akìmh, e�nh akolouj�a Yi, i = 1, 2, . . . , n èqei extremal index θ, tìte oi dÔo sunj ke
 tou OrismoÔ2.4.1, kai h sqèsh

lim
n→∞

P (M ′
n ≤ un) = e−τ , 67
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e�nai isodÔname
 (na epishm�noume pw
 up�rqoun akolouj�e
 tuqa�wn metablht¸n, oi opo�e
den èqoun extremal index).Gia thn per�ptwsh pou melet�me, sthn paroÔsa par�grafo, lamb�nonta
 upìyin toPìrisma 2.4.1 kai th sqèsh (2.2.2), èqoume
lim

n→∞
P (max{Y (1)

r:k , Y
(2)
r:k , . . . , Y

(n−k+1)
r:k } ≤ uan) = lim

n→∞
P (Wn,k,r(uan) = 0) = e−λ.H parap�nw sqèsh afor� thn asumptwtik  sumperifor� th
 mègisth
 parat rhsh
, apìèna sÔnolo apì exarthmène
 t.m., ti
 Y (1)

r:k ,Y (2)
r:k ,. . .,Y (n−k+1)

r:k . Oi perij¸rie
 katanomè
 twn
Y

(i)
r:k , mporoÔn na ekfrastoÔn mèsw twn diwnumik¸n katanom¸n, me paramètrou
 k kai
F (uan), me ton ex 
 trìpo

nP (Y
(i)
r:k > uan) = n

k∑

i=r

(
k

i

)

F (uan)iF (uan)k−ikai
n

k∑

i=r

(
k

i

)

F (uan)iF (uan)k−i ∼
(
k

r

)

(anF (uan))r →n→∞

(
k

r

)

τ r.E�n upojèsoume t¸ra ìti oi Y (i)
r:k  tan anex�rthte
, h asumptwtik  sumperifor� th
mègisth
 parat rhsh
 ja  tan

lim
n→∞

P (max{Y (1)
r:k , Y

(2)
r:k , . . . , Y

(n−k+1)
r:k } ≤ uan) = lim

n→∞

(

1 − nP (Y
(i)
r:k > uan)

n

)n

= e−λindìpou λind =
(

k
r

)
τ r. O lìgo


λ

λind

=

(
k−1
r−1

)
τ r

(
k
r

)
τ r

=
r

ke�nai o extremal index th
 akolouj�a
 Y (i)
r:k , i = 1, 2, . . . , n−k+1 kai qarakthr�zei to bajmìex�rthsh
 an�mesa sti
 Y (i)

r:k . 'Opw
 èqoume anafèrei, o extremal index pa�rnei timè
 apì 0èw
 1, kai ìso mikrìtero
 e�nai, tìso megalÔterh fa�netai na e�nai h ex�rthsh an�mesa sti
t.m. th
 akolouj�a
. 'Etsi, me b�sh ta prohgoÔmena, o extremal index gia thn akolouj�a
Y

(i)
r:k , i = 1, 2, . . . , n−k+1 mei¸netai kaj¸
 to k aux�netai   to r mei¸netai, kai epomènw
,h ex�rthsh g�netai megalÔterh (gegonì
 to opo�o sumbad�zei kai me th dia�sjhs  ma
).2.4.2 Asumptwtik  melèth th
 sun�rthsh
 s�rwsh
, me b�sh toped�o èlxh
 twn suneq¸n t.m.Sthn paroÔsa enìthta ja melet soume k�poia asumptwtik� apotelèsmata, gia th geni-keumènh pollapl  sun�rthsh s�rwsh
 Wn,k,r(u), k�tw apì thn upìjesh ìti h sun�rthsh68
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katanom 
 F , twn suneq¸n t.m. Yi, an kei s� èna apì ta tr�a mègista ped�a èlxh
 (MDA),twn katanom¸n Φa, Ψa   Λ.Je¸rhma 2.4.3 E�n F ∈MDA(H) me stajerè
 kanonikopo�hsh
 cn > 0, dn ∈ ℜ tìte
lim

n→∞
P

(
Ym:r:k(n) − dan

can

≤ x

)

= lim
n→∞

P (Wn,k,r(canx+ dan) < m) =

m−1∑

i=0

fCP (x; i)ìpou an = n1/r kai fCP (x; ·), e�nai h sun�rthsh pijanìthta
 th
 sÔnjeth
 katanom 

Poisson, me par�metro

λ(x) =

(
k − 1

r − 1

)

(− lnH(x))r (2.4.3)kai sunjètousa katanom  thn (2.4.1).Apìdeixh. Epeid  F ∈MDA(H), èqoume (Je¸rhma 2.1.3)
lim

n→∞
nF (cnx+ dn) = − lnH(x), x ∈ ℜ.Efarmìzonta
 to Je¸rhma 2.4.1 gia
un = cnx+ dn kai τ = − lnH(x),katal goume ìti h Wn,k,r(uan) sugkl�nei (asjen¸
) sth sÔnjeth katanom  Poisson, mepar�metro

(
k − 1

r − 1

)

τ r =

(
k − 1

r − 1

)

(− lnH(x))r = λ(x) (2.4.4)kai ant�stoiqh sunjètousa katanom , thn (2.4.1). H apìdeixh oloklhr¸netai me qr sh th
isìthta
 (de�te (2.2.1))
P (Ym:r:k(n) ≤ cnx+ dn) = P (Wn,k,r(cnx+ dn) < m).

Me b�sh to Je¸rhma 2.4.3, h katanom  th
 Wn,k,r(canx+ dan), mpore� na proseggiste�gia meg�le
 timè
 tou n, apì m�a sÔnjeth Poisson, me par�metro λ(x) pou d�detai apì thn(2.4.4). Epanalamb�nonta
 ta sqìlia ìmw
 pou akoloÔjhsan to Je¸rhma 2.4.1, mporoÔmek�llista na belti¸soume thn prosèggish, e�n antikatast soume to λ(x) me to (bl. (2.4.2))
λ∗(x) = λ(x)

(

1 − τ

an

)k−r+1

=

(
k − 1

r − 1

)

(− lnH(x))r

(

1 +
lnH(x)

n1/r

)k−r+1

. 69
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K�poie
 pijanè
 epilogè
 gia ta cn, dn, ìpw
 kai oi timè
 twn paramètrwn λ(x), λ∗(x), giak�je ped�o èlxh
 xeqwrist�, d�nontai parak�tw (qrhsimopoioÔme to sumbolismì xF , gia to�nw pèra
 tou sthr�gmato
 th
 katanom 
 F , dhlad , xF = sup{x ∈ ℜ : F (x) < 1}):a. Mègisto ped�o èlxh
 th
 FrechetE�n F ∈MDA(Φa) tìte xF = ∞, kai m�a pijan  epilog  twn cn, dn e�nai h
cn = F−1(1 − n−1) kai dn = 0ìpou me F−1 sumbol�zoume th genikeumènh ant�strofh th
 F . Epeid ,
− lnH(x) = − ln Φa(x) = x−ata λ(x), λ∗(x) pa�rnoun th morf 

λ(x) =

(
k − 1

r − 1

)

x−ra, λ∗(x) =

(
k − 1

r − 1

)

x−ra

(

1 − x−a

n1/r

)k−r+1

, x > 0.Qarakthristikè
 katanomè
, apì to sugkekrimèno ped�o èlxh
 (me {bari�} dexi� our�) e�naioi Cauchy, Pareto kai Loggamma.b. Mègisto ped�o èlxh
 th
 (Reversed) WeibullE�n F ∈ MDA(Ψa) tìte to xF e�nai peperasmèno, kai mia dunat  epilog  twn cn, dne�nai h
cn = xF − F−1(1 − n−1) kai dn = xF .Oi par�metroi th
 sÔnjeth
 katanom 
 Poisson

λ(x) =

(
k − 1

r − 1

)

(−x)ra, (2.4.5)
λ∗(x) =

(
k − 1

r − 1

)

(−x)ra

(

1 − (−x)a

n1/r

)k−r+1

, x ≤ 0. (2.4.6)Sto ped�o èlxh
 th
 (Reversed) Weibull, an koun p.q. h Omoiìmorfh katanom  kai hkatanom  B ta.g. Mègisto ped�o èlxh
 th
 GumbelE�n F ∈MDA(Λ) tìte h F mpore� na grafe� w
 (bl. p.q. Embrechts et al (1997))
F (x) = c(x)e−

∫ x
z

g(t)
a(t)

dt, z < x < xF70
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ìpou z e�nai èna
 pragmatikì
 arijmì
, me z < xF kai c, g e�nai (metr sime
) sunart sei
tètoie
 ¸ste c(x) → c0 > 0, kai g(x) → 1, ìtan x ↑ xF . H a(·), e�nai mia sun�rthshjetik , apolÔtw
 suneq 
, me par�gwgo a′, tètoia ¸ste a′(x) → 0, kaj¸
 x ↑ xF . M�aepilog  gia thn a, e�nai h
a(x) =

∫ xF

x

F (t)

F (x)
dt.en¸ gia ti
 stajerè
 kanonikopo�hsh
, mporoÔme na p�roume

dn = F−1(1 − n−1) kai cn = a(dn).Oi par�metroi λ(x), λ∗(x), ikanopoioÔn t¸ra ti
 sqèsei

λ(x) =

(
k − 1

r − 1

)

e−rx, (2.4.7)
λ∗(x) =

(
k − 1

r − 1

)

e−rx

(

1 − e−x

n1/r

)k−r+1

. (2.4.8)H Kanonik  katanom , h Ekjetik  kai h G�mma, e�nai k�poie
 apì ti
 katanomè
 tou su-gkekrimènou ped�ou èlxh
.'Opw
 èqoume  dh diapist¸sei, h per�ptwsh m = 1, tou Jewr mato
 2.4.3, anafèretaisthn asumptwtik  sumperifor� th
 mègisth
 parat rhsh
, apì sugkekrimène
 kinoÔmene
diatetagmène
 parathr sei
, m kou
 k, dhlad ,
Y1:r:k = max{Y (1)

r:k , Y
(2)
r:k , . . . , Y

(n−k+1)
r:k }.Sti
 efarmogè
, ta Yi mpore� na e�nai timè
 apì metr sei
 k�poiou megèjou
 (se mia sugke-krimènh kl�maka), p.q. wria�e
 metr sei
 tou epipèdou th
 j�lassa
, kajhmerinè
 apait -sei
 se k�poio qartoful�kio, mhnia�e
 jermokras�e
 ktl. Tìte, h statistik  sun�rthsh

Y
(i)
r:k e�nai èna mètro jèsh
, gia mia dedomènh qronik  per�odo (p.q. h Y (i)

r:k mpore� na e�nai hdi�meso
 apì k suneqìmene
 hmère
) kai epomènw
, h Y1:r:k anafèretai sth mègisth para-t rhsh apì ta prohgoÔmena mètra jèsh
. Probl mata sta opo�a ta parap�nw jewrhtik�apotelèsmata br�skoun efarmogè
, sunant�me sth sullog  kai thn apoj keush dedomè-nwn (lìgw, p.q., periorismènh
 qwrhtikìthta
), sth s�rwsh enì
 q¸rou periorismènoueÔrou
 ktl. Mia �llh per�ptwsh, pou mpore� na qrhsimopoihje� h Y1:r:k, e�nai se diagr�m-mata apeikìnish
 mètrwn jèsh
 (ìpw
 e�nai ta diagr�mmata apeikìnish
 kinoÔmenh
 mèsh
tim 
), ìpou jèlonta
 na èqoume pio anjektik� (robust) diagr�mmata se akra�e
 metabo-lè
, qrhsimopoioÔme w
 apeikonizìmenh posìthta, k�poia apì ti
 kinoÔmene
 diatetagmène
parathr sei
.H epìmenh Prìtash anafèretai sthn asumptwtik  sumperifor� th
 Y1:r:k. 71
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Prìtash 2.4.2 An F ∈MDA(H) me cn > 0, dn ∈ ℜ, tìte
lim

n→∞
P

(

max{Y (1)
r:k , Y

(2)
r:k , . . . , Y

(n−k+1)
r:k } − dan

can

≤ x

)

= e−λ(x)ìpou to λ(x) d�detai apì thn (2.4.3).Apìdeixh. To zhtoÔmeno prokÔptei �mesa, apì th sqèsh
lim

n→∞
P

(

max{Y (1)
r:k , Y

(2)
r:k , . . . , Y

(n−k+1)
r:k } − dan

can

≤ x

)

= lim
n→∞

P (Wn,k,r(canx+ dan) < 1) = fCP (x; 0) = e−λ(x).

Ax�zei na shmei¸soume ìti h mègisth parat rhsh, apì ti
 kinoÔmene
 diatetagmène
parathr sei
, an kei sto �dio ped�o èlxh
, m� autì twn Yi. Aut� pou all�zoun e�nai h pa-r�metro
 jèsh
 µ kai h par�metro
 kl�maka
 σ. Gia thn apìdeixh tou parap�nw isqurismoÔ,arke� na parathr soume ta ex 
:a. Mègisto ped�o èlxh
 th
 FrechetAn H(x) = Φa(x), tìte
λ(x) =

(
k − 1

r − 1

)

(− ln Φa(x))
−r =

(
k − 1

r − 1

)

(x)−ra =

(
x− µ

σ

)−a′

, x > 0ìpou
a′ = ar, µ = 0, σ =

(
k − 1

r − 1

)1/ra

.Epomènw

e−λ(x) = e−(x−µ

σ )
−a′

= Φa′

(
x− µ

σ

)

.b. Mègisto ped�o èlxh
 th
 (Reversed) WeibullE�n H(x) = Ψa(x) tìte
λ(x) =

(
k − 1

r − 1

)

(− ln Ψa(x))
−r =

(
k − 1

r − 1

)

(−x)ra =

(

−x− µ

σ

)a′

, x ≤ 072
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me
a′ = ar, µ = 0, σ =

(
k − 1

r − 1

)−1/ra

.'Etsi
e−λ(x) = e−(x−µ

σ )
−a′

= Ψa′

(
x− µ

σ

)

.g. Mègisto ped�o èlxh
 th
 GumbelE�n H(x) = Λ(x) ja èqoume
λ(x) =

(
k − 1

r − 1

)

(− ln Λ(x))−r =

(
k − 1

r − 1

)

e−rx = e−
x−µ

σ , x ∈ ℜìpou
µ =

1

r
ln

(
k − 1

r − 1

)

, σ =
1

r
.Sunep¸


e−λ(x) = e−e−
x−µ

σ = Λ

(
x− µ

σ

)

.Shmei¸noume kai p�li ìti, ta apotelèsmata gia thn prosèggish th
 katanom 
 th
 t.m.
Y1:r:k, qrhsimopoi¸nta
 thn Prìtash 2.4.2, belti¸nontai arket�, e�n antikatast soume to
λ(x) me to λ∗(x) (eidik� gia mikrè
 timè
 tou n).2.4.3 Arijmhtikè
 sugkr�sei
Gia na exakrib¸soume thn poiìthta twn prosegg�sewn pou eis�game, me qr sh tou Jew-r mato
 2.4.3 kai th
 Prìtash
 2.4.2, proqwroÔme sth sunèqeia se grafik  sÔgkrish th
akriboÔ
 kai proseggistik 
 katanom 
, gia eidikè
 katanomè
 apì k�je ped�o èlxh
.a. Katanom  Pareto. A
 upojèsoume ìti oi t.m. Y1, Y2, . . . akoloujoÔn mia katanom 
Pareto, me sun�rthsh katanom 


F (x) = 1 −
( c

x

)a

, x ≥ cìpou a kai c, jetiko� arijmo�. H katanom  Pareto e�nai m�a apì ti
 pio dhmofile�
 katanomè
me bari� our�, kai oi efarmogè
 pou parousi�zei e�nai p�ra pollè
, kur�w
 sta ped�a73
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twn asfal�sewn, twn analogistik¸n kai koinwnikì-oikonomik¸n montèlwn k.a. (bl. p.q.
Johnson et al (1994)   to exairetikì bibl�o tou Arnold (1985)).Jewr¸nta
 ti
 stajerè
 kanonikopo�hsh


cn = F−1(1 − n−1) = cn1/a, dn = 0,èqoume
nF (cnx+ dn) = n

( c

cn1/ax

)a

= x−a, x > 0,opìte,
F ∈MDA(Φa).Epomènw
, apì to Je¸rhma 2.4.3 prokÔptei

lim
n→∞

P

(
Ym:r:k(n)

cn1/ra
≤ x

)

= lim
n→∞

P (Wn,k,r(cn
1/rax) < m) =

m−1∑

i=0

fCP (x; i), x > 0ìpou fCP (x; ·) e�nai h sun�rthsh pijanìthta
 th
 sÔnjeth
 katanom 
 Poisson, me par�-metro
λ(x) =

(
k − 1

r − 1

)

x−ra, x > 0kai sunjètousa katanom  thn (2.4.1). Epiprìsjeta, ja isqÔei
lim

n→∞
P

(

max{Y (1)
r:k , Y

(2)
r:k , . . . , Y

(n−k+1)
r:k }

cn1/ra
≤ x

)

= e−λ(x), x > 0en¸ mia kalÔterh prosèggish epitugq�noume, qrhsimopoi¸nta
 to
λ∗(x) =

(
k − 1

r − 1

)

x−ra

(

1 − x−a

n1/r

)k−r+1

, x > 0.sth jèsh tou λ(x).Gia par�deigma, e�n epijumoÔme na melet soume thn katanom  th
 deÔterh
 megalÔ-terh
 parat rhsh
, an�mesa sta Y (i)
r:k , i = 1, 2, . . . , n − k + 1, katal goume sth sqèsh(efarmìzoume to Je¸rhma 2.4.3, gia m = 2, k�nonta
 qr sh th
 (2.3.2))

P (Y2:r:k(n) ≤ x) ≈ e
−λ∗

(
x

cn1/ra

) (

1 +
r − 1

k − 1
λ∗
( x

cn1/ra

))

.Sto Sq ma 2.4.2, parousi�zoume thn katanom  th
 Ym:r:k(n) (kat�llhla kanonikopoihmè-nh
) gia n = 50 kai n = 500, kai 2 epilogè
 gia ti
 timè
 twn m, k, r. H kampÔlh pou74
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up�rqei sta sq mata, e�nai h asumptwtik  katanom  th
 Ym:r:k(n), en¸ to istìgramma afo-r� ti
 timè
 th
 Ym:r:k(n)/ (cn1/ra), apì thn prosomo�wsh 100.000 epanal yewn (ìpou ta
Yi, i = 1, 2, . . . , n akoloujoÔn mia katanom  Pareto me c = 1, a = 2). Axioshme�wth e�nai hpolÔ kal  prosèggish th
 katanom 
, akìmh kai gia mikrè
 timè
 tou n (p.q. gia n = 50).

m=3, r=2, k = 4, n = 50 m=3, r=2, k = 4, n = 500 

m=2, r=4, k = 7, n = 50 m=2, r=4, k = 7, n = 500 

1 2

0.25

0.5

0.75

1

1.25

1.5

1.75

1 2

0.25

0.5

0.75

1

1.25

1.5

1.75

1 1.5 2 2.5

0.5

1

1.5

2

1 1.5 2 2.5

0.5

1

1.5

2

Sq ma 2.4.2: Akrib 
 (mèsw prosomo�wsh
) kai proseggistik  katanom , th
 Ym:r:k, giathn per�ptwsh th
 katanom 
 Pareto , me F (x) = 1 − x−2, x ≥ 1.
b. Omoiìmorfh Katanom . A
 upojèsoume t¸ra ìti, oi anex�rthte
 kai isìnome
 t.m.
Y1, Y2, . . ., akoloujoÔn m�a omoiìmorfh katanom  sto di�sthma (0, 1), me

F (x) = x, 0 < x < 1.AfoÔ, F ∈ MDA(Ψa) (kai pio sugkekrimèna, F ∈ MDA(Ψ1)) me xF = 1, mporoÔme nap�roume
cn = xF − F−1(1 − n−1) = n−1, dn = xF = 1, 75
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opìte katal goume sthn asumptwtik  katanom 
lim

n→∞
P

(
Ym:r:k(n) − 1

n−1/r
≤ x

)

= lim
n→∞

P (Wn,k,r(n
−1/rx+ 1)) < m)

=
m−1∑

i=0

fCP (x; i), x > 0ìpou h par�metro
 λ(x) th
 sÔnjeth
 katanom 
 Poisson, na d�detai apì thn (2.4.5).Sto Sq ma 2.4.3, sugkr�netai h akrib 
 katanom  th
 Ym:r:k(n) (mèsw prosomo�wsh
)me thn asumptwtik , gia 2 diaforetikè
 timè
 twn paramètrwn n,m, r, k (ìpw
 èqoume  dhanafèrrei, gia kalÔtera proseggistik� apotelèsmata, qrhsimopoi jhke o tÔpo
 (2.4.6),ant� tou (2.4.5)).
-2 -1.5 -1 -0.5 0
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m = 3, r = 2, k = 4, n=50 m = 3, r = 2, k = 4, n=500

m = 2, r = 4, k = 7, n=50 m = 2, r = 4, k = 7, n=500 Sq ma 2.4.3: Akrib 
 (mèsw prosomo�wsh
) kai proseggistik  katanom , th
 Ym:r:k, giathn per�ptwsh th
 Omoiìmorfh
 katanom 
, F (x) = x, 0 < x < 1.g. Kanonik  kai ekjetik  katanom . Duo qarakthristik� mèlh apì to mègisto ped�oèlxh
 th
 katanom 
 Gumbel, e�nai h Ekjetik  katanom , me mèsh tim  1/β kai h tupik Kanonik  katanom . Mia epilog  apì stajerè
 kanonikopo�hsh
, e�nai h akìloujh (bl.p.q. ton P�naka 3.4.2, sto Embrechts et al (1997))
cn = β−1, dn = β−1 lnn,76
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kai
cn = (2 lnn)−1/2, dn = (2 lnn)1/2 − ln 4π + ln lnn

2(2 lnn)1/2antisto�qw
 (h teleuta�a epilog  e�nai ousiastik�, mia prosèggish twn stajer¸n kanoni-kopo�hsh
). Efarmìzonta
 to Je¸rhma 2.4.3, sumpera�noume �mesa ìti h katanom  th
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m = 3, r = 2, k = 4, n=50 m = 3, r = 2, k = 4, n=500

m = 2, r = 4, k = 7, n=50 m = 2, r = 4, k = 7, n=500Sq ma 2.4.4: Akrib 
 (mèsw prosomo�wsh
) kai proseggistik  katanom , th
 Ym:r:k, giathn per�ptwsh th
 Ekjetik 
 katanom 
, F (x) = 1 − e−x, x ≥ 0.
Ym:r:k(n), prosegg�zetai apì m�a sÔnjeth katanom  Poisson, me to λ(x) na d�netai apì thn(2.4.7) (gia poiotikìterh prosèggish, qrhsimopoioÔme th sqèsh (2.4.8) ant� th
 (2.4.1)).Sta Sq mata 2.4.4 kai 2.4.5, d�netai mia grafik  sÔgkrish twn prosegg�sewn me ti
akribe�
 katanomè
, gia thn t.m. Ym:r:k(n), sthn per�ptwsh pou oi t.m. Y1, Y2, . . . ako-loujoÔn thn Ekjetik  kai thn Kanonik  katanom , ant�stoiqa. H qamhl  poiìthta th
prosèggish
 pou diafa�netai sto Sq ma 2.4.5, apod�detai sto mikro rujmì sÔgklish
, toumègistou apì t.m. me kanonik  katanom , sthn katanom  Gumbel (o rujmì
 sÔgklish
 th

nΦ(cnx+ dn) sthn e−x, e�nai th
 t�xew
 O((lnn)−1)).Tèlo
, ax�zei na anafèroume ìti mporoÔn na diatupwjoÔn �mesa, parìmoia apotelè-smata gia thn per�ptwsh pou ma
 endiafèroun oi el�qiste
 kinoÔmene
 diatetagmène
 pa-rathr sei
 (kai ìqi oi mègiste
). Pro
 toÔto arke� na doulèyoume me ti
 mègiste
 parath-r sei
 twn −Yi, sth jèsh twn Yi. 77
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m=2, r=4, k=7, n = 500Sq ma 2.4.5: Akrib 
 (mèsw prosomo�wsh
) kai proseggistik  katanom , th
 Ym:r:k, giathn per�ptwsh th
 tupik 
 kanonik 
 katanom 
, Φ(x), x ∈ ℜ.
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Kef�laio 3Duadiko� tuqa�oi p�nake
 pl rou
k�luyh
A
 jewr soume èna p�naka duo diast�sewn me k grammè
 kai n st le
, tou opo�ou ta knstoiqe�a proèrqontai apì èna alf�bhto, me q gr�mmata. E�n epilèxoume t grammè
 apì tonparap�nw k×n p�naka (ìpou t e�nai èna
 akèraio
 arijmì
, me 1 < t ≤ k), tìte se k�je m�ast lh tou upop�naka t×n pou prokÔptei (apì ti
 t epilegmène
 grammè
), sqhmat�zetai mialèxh m kou
 t (ètsi pa�rnoume sunolik� n lèxei
 m kou
 t). Gia par�deigma, a
 jewr soumeton epìmeno 4 × 6 p�naka (dhlad , k = 4 kai n = 6), ìpou k�je stoiqe�o tou proèrqetaiapì èna alf�bhto me 2 gr�mmata (ta {0,1})








1 0 1 0 1 0

0 1 1 0 1 1

1 0 0 1 1 0

1 1 0 1 1 0









.An epilèxoume duo grammè
 (t = 2) tou parap�nw p�naka, p.q. th deÔterh kai thn tètarth,tìte prokÔptei o 2 × 6 upop�naka

(

0 1 1 0 1 1

1 1 0 1 1 0

)oi st le
 tou opo�ou, sqhmat�zoun ti
 epìmene
 6 duadikè
 lèxei

(

0

1

)

,

(
1

1

)

,

(
1

0

)

,

(
0

1

)

,

(
1

1

) kai (1

0

)

.'Ena
 k × n p�naka
 (me stoiqe�a apì èna alf�bhto me q gr�mmata) ja onom�zetaip�naka
 pl rou
 k�luyh
   p�naka
 me pl rh k�luyh, megèjou
 t (t-covering array, t-

CA), e�n k�je t×n upop�naka
 tou, perilamb�nei sti
 st le
 tou kai ti
 qt dunatè
 lèxei
,79



Duadiko� tuqa�oi p�nake
 pl rou
 k�luyh
m kou
 t (ìpou, n ≥ qt). Asfal¸
, to pl jo
 twn upopin�kwn, diast�sew
 t × n , touarqikoÔ k × n p�naka, e�nai �so me tou
 sunduasmoÔ
 twn k an� t (dhlad , (k
t

)).A
 p�roume thn per�ptwsh pou èqoume èna p�naka me k = 3 grammè
, n = 5 st le
(ìpw
 autì
 tou Sq mato
 3.0.1), me stoiqe�a apì èna alf�bhto me 2 gr�mmata (èstw
{0, 1}). O p�naka
 autì
 ja e�nai p�naka
 pl rou
 k�luyh
 megèjou
 t = 2, e�n kai mìnoe�n k�je èna
 apì tou
 trei
 (kaj¸
, (3

2

)
= 3) 2 × 5 upop�nake
, èqei sti
 st le
 tou kaiti
 4 dunatè
 lèxei
 m kou
 2 (enì
 alf�bhtou me duo gr�mmata), dhlad , ti
 lèxei


(
0

0

)

,

(
0

1

)

,

(
1

0

) kai (1

1

)

.'Etsi, gia ton p�naka tou Sq mato
 3.0.1, èqoume ìti o pr¸to
 upop�naka
 o opo�o

00011

01101

10101

00011

01101

01101

10101

00011

10101

1  2

2 3

1 3Sq ma 3.0.1: P�naka
 pl rh
 k�luyh
 megèjou
 t = 2, me k = 3,n = 5 kai q = 2.sqhmat�zetai apì thn pr¸th kai th deÔterh gramm , èqei w
 st le
 ti
 lèxei
 (m kou
 2)
(

1

1

)

,

(
0

0

)

,

(
1

1

)

,

(
0

1

) kai (1

0

)o deÔtero
 upop�naka
 (apotele�tai apì th deÔterh kai tr�th gramm ) ti

(

1

1

)

,

(
0

1

)

,

(
1

0

)

,

(
1

0

) kai (0

0

)en¸ o tr�to
 upop�naka
 (dhmiourge�tai apì thn pr¸th kai tr�th gramm ) ti

(

1

1

)

,

(
0

1

)

,

(
1

0

)

,

(
0

0

) kai (1

0

)

.EÔkola diapist¸noume ìti k�je 2 × 5 upop�naka
, èqei kai ti
 tèsseri
 pijanè
 lèxei
m kou
 2, pou anafèrjhkan prohgoumènw
. Epomènw
, o parap�nw p�naka
 e�nai ìntw
èna
 p�naka
 pl rou
 k�luyh
, megèjou
 2 (èna
 2-CA).Sth bibliograf�a sunant�me di�fore
 ènnoie
, kur�w
 apì to q¸ro th
 sunduastik 
,pou ousiastik� o orismì
 tou
 e�nai isodÔnamo
 me ton orismì twn t-CA. Pio sugkekrimèna,80



sti
 onomas�e
 t-qualitatively independent partitions (bl. p.q. Katona (1973), Poljak et al

(1983), Poljak and Tuza (1989)),   (k, t)-universal set (Bierbrauer and Schellwatt (2000))  t-surjective array (Gargano et al (1992)), apod�dontai enallaktiko� orismo� twn t-CA.'Ena apì ta basikìtera antike�mena èreuna
 th
 jewr�a
 twn t-CA, e�nai h eÔresh twnbèltistwn tim¸n gia ti
 paramètrou
 n kai k. Gia na g�noume perissìtero safe�
, a
upojèsoume ìti jèloume na kataskeu�soume èna t-CA p�naka, me k grammè
, tou opo�ouk�je stoiqe�o na proèrqetai apì èna alf�bhto me q gr�mmata. Tìte, ìse
 perissìtere
st le
 p�roume, tìso pio eÔkola mporoÔme na fèroume ei
 pèra
 mia tètoia diadikas�a. Sthnper�ptwsh aut  w
 bèltisth tim  th
 paramètrou n, or�zoume to el�qisto pl jo
 sthl¸npou mpore� na èqei èna
 t-CA p�naka
, gia dedomèna k, t, q. Ant�strofa, aux�nonta
 topl jo
 twn gramm¸n kai krat¸nta
 stajerè
 ti
 timè
 twn paramètrwn n, t, q, h kataskeu enì
 t-CA p�naka, g�netai oloèna kai pio {dÔskolh} (èw
 ìtou g�nei adÔnath). 'Etsi, w
bèltisth tim  gia to k, or�zoume th mègisth tim  gia thn opo�a up�rqei èna
 t-CA p�naka
(gia dedomèna n, t, q). H bibliograf�a e�nai ploÔsia se dhmosieÔsei
 epi twn parap�nwjem�twn kai endeiktik� anafèroume ta Renyi (1971), Katona (1973), Kleitman and Spencer

(1973), Sloane (1993), Godbole et al (1996) kai Colbourn (2004).Apant sei
 gia ta duo parap�nw (isodÔnama) probl mata, èqoun doje� mìno gia thnper�ptwsh t = 2 kai q ≥ 2. Analutik�, gia thn per�ptwsh t = 2 kai q = 2, oi Katona

(1973) kai Kleitman and Spencer (1973) apèdeixan anex�rthta, ìti h mègisth tim  poumpore� na p�rei to k (gia dedomèno n), d�detai apì th sqèsh
k =

(
n− 1

⌊n/2⌋

)

,(ìpou ⌊n/2⌋ e�nai to akèraio mèro
 tou n/2). Gia thn per�ptwsh t = 2 kai q > 2, oi
Gargano et al (1994) apèdeixan ìti h el�qisth tim  tou n (gia dedomèna k, q), èqei thnparak�tw morf 

n =
q

2
log k(1 + o(1)).Oi Godbole et al (1996) asqol jhkan me th genikìterh per�ptwsh, dhlad  gia t ≥ 2kai q ≥ 2, kai kat�feran na d¸soun èna �nw fr�gma gia to el�qisto n. Sugkekrimèna,mèsa apì m�a {pijanojewrhtik } prosèggish (diaforetik  apì ti
 èw
 tìte prosegg�sei
),èdeixan ìti h parak�tw posìthta apotele� èna �nw fr�gma, gia to el�qisto n:

(t− 1) log k

log qt

qt−1

(1 + o(1)). 81



Duadiko� tuqa�oi p�nake
 pl rou
 k�luyh
Genikìtera, ìtan to t > 2 èqoume sth di�jesh ma
 di�fora �nw fr�gmata gia to el�qisto
n, ta opo�a apodeiknÔontai sun jw
 mèsa apì {kataskeuastikè
} teqnikè
. Dhlad , kata-fèrnonta
 me k�poia diadikas�a na kataskeu�soume èna t-CA p�naka, gia dedomèna k, n, t, q,e�maste s�gouroi ìti to el�qisto n, e�nai mikrìtero (  �so) apì to n, pou eme�
 qrhsimo-poi same (ant�stoiqa, gia to mègisto k). Oi mèjodoi kai oi teqnikè
 pou qrhsimopoioÔntai,e�nai p�ra pollè
 kai gia mia exairetik  anaskìphsh tou
, mporoÔme na anatrèxoume sthnergas�a tou Colbourn (2004). Ep�sh
, mèsw th
 prohgoÔmenh
 ergas�a
 (metaxÔ �llwn),g�netai katanohtì ìti èna deÔtero meg�lo z thma sth jewr�a twn t-CA pin�kwn, e�nai hkataskeu  tou
, me apotelesmatikì trìpo. Dhlad , poio
 e�nai o grhgorìtero
 trìpo
,gia na kataskeuaste� èna
 t-CA p�naka
, gnwr�zonta
 ìti up�rqei èna
 tètoio
 p�naka
,gia dedomène
 timè
 twn paramètrwn.Oi p�nake
 pl rou
 k�luyh
 èqoun sten  sqèsh me probl mata poiotikoÔ elègqou kaipeiramatik¸n sqediasm¸n (bl. p.q. Dalal and Mallows (1998), Roy (2001)). Eidikìtera,parousi�zetai èntono endiafèron gia diadikas�e
 pou br�skoun �mese
 efarmogè
 ston poio-tikì èlegqo {logismikoÔ} kai {ulikoÔ} (software and hardware testing, bl. p.q. Dalal

and Mallows (1998), Roy (2001), Colbourn (2004), Hartman (2006)). Prin exhg soumeton trìpo me ton opo�o upeisèrqontai oi t-CA ston èlegqo poiìthta
 enì
 logismikoÔ, ax�-zei na anafèroume pw
 to komm�ti tou elègqou, apotele� èna apì ta shmantikìtera st�diasth diadikas�a th
 par�gwgh
 nèou logismikoÔ, kai mia apì ti
 pio oikonomik� apaithti-kè
 diergas�e
 (Beizer (1990), Hartman (2006)). Melète
 uposthr�zoun ìti h f�sh aut th
 paragwg 
, apaite� apì to 1/3 èw
 to 1/2 tou pro�pologismoÔ, en¸ tautìqrona, taprobl mata pou mporoÔn na anakÔyoun apì èna elleip  èlegqo, mpore� na prokalèsounmeg�lh, kai �sw
 anepanìrjwth, oikonomik  zhmi� se mia etaire�a (Beizer (1990), Carroll

(2003a, b), Hartman (2006)).Gia na entop�soume èna apì ta shme�a tom 
 an�mesa sth jewr�a twn t-CA kai tonèlegqo poiìthta
, a
 jewr soume èna sÔsthma apoteloÔmeno apì k mon�de
 (p.q. ènad�ktuo apì upologistè
, termatik�, ektupwtè
 ktl), ìpou gia k�je mia mon�da, up�rqoundiajèsima, kai mporoÔn na qrhsimopoihjoÔn, q diaforetik� logismik�. A
 upojèsoumeakìmh, ìti kataskeu�zetai èna nèo logismikì (proðìn), gia èna sugkekrimèno e�do
 mon�-dwn. Tìte gia na elegqje� pìso omal� {epikoinwne�}   alli¸
 sunerg�zetai to nèo proðìn,me ìla ta upìloipa diaforetik� logismik�, ja efodi�soume mia mon�da tou sust mato
,me to sugkekrimèno nèo logismikì. E�nai fanerì ìti gia na exet�soume ìle
 ti
 dunatè
peript¸sei
   alli¸
, na exet�soume ìle
 ti
 pijanè
 allhlepidr�sei
 an�mesa sta diafo-retik� logismik� twn k mon�dwn (¸ste na exakrib¸soume e�n up�rqei k�poio prìblhma,82



se k�poio sunduasmì apì logismik�), ja prèpei na g�noun qk diaforetikè
 dokimè
.Klasikì par�deigma apotele� èna d�ktuo upologist¸n, gia to opo�o up�rqei èna meg�lopl jo
 apì diaforetikè
 sunj ke
, k�tw apì ti
 opo�e
 prèpei na leitourge� omal�. Sugke-krimèna, oi upologistè
 enì
 diktÔou mporoÔn na qrhsimopoioÔn, èna apì tr�a diaforetik�leitourgik� sust mata (p.q. Windows, Linux, Macintosh), na èqoun trei
 dunatè
 epilo-gè
 gia ton perihght  tou diadiktÔou (Browser, ìpw
 Internet Explorer, Netscape, Mo-

zilla), tr�a diaforetik� prwtìkolla epikoinwn�a
 (ethernet, token ring, ARCnet),   trei
epilogè
 gia ta prwtìkolla tou leitourgikoÔ sust mato
 tou diktÔou (APPC/ARRN,

TCP/IP, IPX/SPX, bl. kai Sq ma 3.0.2). Tìte gia na elègxoume ìle
 ti
 pijanè
 allh-lepidr�sei
, an�mesa s� ìle
 ti
 parap�nw epilogè
, me skopì bèbaia thn exasf�lish th
omal 
 leitourg�a
 tou diktÔou, prèpei na k�noume 34 = 81 (k = 4, q = 3) elègqou
.
Browser

   

Windows Internet 
Explorer 

Ethernet APPC/

Linux Netscape Token ring TCP/IP 

Macintosh Mozilla ARCnet IPX/SPX 

Sq ma 3.0.2: Di�fora logismik� s� èna d�ktuo.W
 èna deÔtero par�deigma, anafèroume èna kÔklwma me k diakìpte
, gia to opo�ojèloume na elègxoume e�n up�rqei k�poio prìblhma sto �noigma   sto kle�simì tou
, giak�poio sugkekrimèno sunduasmì. Tìte to pl jo
 twn dokim¸n pou prèpei na k�noume e�nai�so me 2k (afoÔ q = 2).E�nai fanerì (kai apì ta prohgoÔmena parade�gmata) ìti ja dhmiourge�tai èntono prì-blhma ìtan to q kai k p�roun meg�le
 timè
 (ìpw
 sumba�nei sta perissìtera probl mata),opìte to sen�rio th
 exètash
 ìlwn twn sunduasm¸n ja kaj�statai praktik� mh efarmì-simo, kai apì pleur�
 kìstou
, all� kai qrìnou (p.q. ìtan to k = 10 kai q = 5, tìteqreiazìmaste per�pou 10 ekatommÔria elègqou
/dokimè
). 'Ena
 apotelesmatikì
 trìpo
(ìpw
 èqei apodeiqje�, bl. p.q. Dalal and Mallows (1998), Hartman (2006)) na antime-twp�soume aut  thn kat�stash, e�nai na sqedi�soume mia diadikas�a elègqou h ìpoia jaexasfal�zei ton èlegqo ìlwn twn allhlepidr�sewn an�mesa se t (kai ìqi k) diaforetik�83



Duadiko� tuqa�oi p�nake
 pl rou
 k�luyh
logismik� (ìpou t ≤ k), me to el�qisto dunatì pl jo
 dokim¸n. To prìblhma autì isodu-name� me thn kataskeu  enì
 k × n p�naka pl rou
 k�luyh
, megèjou
 t, me stoiqe�a apìèna alf�bhto me q gr�mmata. To n sthn per�ptwsh ma
, pa�zei to rìlo tou pl jou
 twndokim¸n, pou prèpei na pragmatopoi soume.Mia �llh kathgor�a pin�kwn (�mesa sundedemènh me tou
 t-CA) pou èqei ep�sh
 naparousi�sei èntono endiafèron, e�nai h orjog¸nioi p�nake
 pl rou
 k�luyh
 (orthogonal

array , bl. Cheng (1995), Hedayat et al (1999)). 'Ena
 p�naka
 me k grammè
, n st le
kai stoiqe�a apì èna alf�bhto me q gr�mmata, onom�zetai orjog¸nio
 p�naka
 pl rou
k�luyh
, megèjou
 t kai suqnìthta
 c, e�n k�je t × n upop�nak�
 tou, èqei w
 st le
k�je m�a apì ti
 qt diaforetikè
 lèxei
 m kou
 t, akrib¸
 c forè
 (ìpou c ∈ {1, 2, . . .}kai n = cqt). Oi efarmogè
 twn orjog¸niwn pin�kwn pl rou
 k�luyh
, e�nai parìmoie
 m�autè
 twn t-CA (p.q. sto ped�o twn peiramatik¸n sqediasm¸n), kai ex�sou endiafèrousae�nai h sÔndes  tou
 me klasikè
 ènnoie
 apì th jewr�a th
 sunduastik 
, ìpw
 ta latinik�tetr�gwna (latin squares, bl. p.q. Bush (1952), Hedayat et al (1999)).Sto sugkekrimèno kef�laio ja eis�goume kai ja melet soume mia nèa kl�sh pin�kwn, oiopo�oi èqoun �mesh sqèsh me tou
 t-CA, tou
 opo�ou
 ja apokaloÔme p�nake
 suneqìmenh
pl rou
 k�luyh
 (consecutive covering array). 'Ena
 k × n p�naka
, me stoiqe�a apì ènaalf�bhto me q gr�mmata, ja onom�zetai suneqìmenh
 pl rou
 k�luyh
, megèjou
 t (sumb.
t-CCA) e�n k�je t × n upop�nak�
 tou, apoteloÔmeno
 apì t suneqìmene
 grammè
 touarqikoÔ p�naka, perièqei sti
 st le
 tou kai ti
 qt dunatè
 lèxei
 m kou
 t. To pl jo
 twnparap�nw t× n upopin�kwn, e�nai �so me k− t+ 1, ìse
 dhlad  kai oi suneqìmene
 t-ade
,sthn akolouj�a 1, 2, . . . , k. Epomènw
, h diafor� an�mesa stou
 t-CA kai tou
 t-CCA,ègkeitai sthn epilog  twn t× n upopin�kwn, stou
 opo�ou
 epijumoÔme na up�rqoun ìle
oi dunatè
 lèxei
, w
 st le
. E�nai fanerì pw
, e�n èna
 p�naka
 e�nai t-CA tìte e�nai kai
t-CCA (to ant�strofo den isqÔei).Gia par�deigma, o p�naka
 tou Sq mato
 3.0.1 ja e�nai 2-CCA e�n kai mìno e�n o 2× 5upop�naka
, apoteloÔmeno
 apì thn pr¸th kai th deÔterh gramm , dhlad  o

(

1 0 1 0 1

1 0 1 1 0

)kai o 2 × 5 upop�naka
, pou sqhmat�zetai apì th deÔterh kai thn tr�th gramm ,
(

1 0 1 1 0

1 1 0 0 0

)èqoun kai ti
 4 lèxei
 m kou
 2, w
 st le
 (k�ti pou ìpw
 e�dame sumba�nei). O upop�naka
84



pou apotele�tai apì thn pr¸th kai thn tr�th gramm , de ma
 apasqole�, kaj¸
 oi duo autè
grammè
, den e�nai suneqìmene
.Ep�sh
, ja qrhsimopoioÔme ton ìro mh pl rh
 upop�naka
   upop�naka
 mh pl rou
 k�-luyh
, gia na dhl¸soume ton t×n upop�naka (pou apotele�tai apì t suneqìmene
 grammè
)apì ton opo�o le�pei mia toul�qiston lèxh m kou
 t-apì ti
 2t diaforetikè
.H met�bash ma
 apì tou
 t-CA stou
 t-CCA, e�nai an�logh me thn ant�stoiqh met�-bash pou pragmatopoie�tai se mia (monodi�stath) akolouj�a dokim¸n Bernouli, ìtan ant�na endiaferìmaste gia ti
 suqnìthte
 emf�nish
 twn duo apotelesm�twn, koit�me gia sune-qìmene
 roè
 apì ìmoia apotelèsmata (bl. p.q. Balakrishnan and Koutras (2002)). Autìèqei g�nei giat�, poll� statistik�   pijanojewrhtik� probl mata wjoÔn sthn exètash twnsuneqìmenwn apotelesm�twn (emf�nish sqhmatism¸n, ro¸n ktl), se mia akolouj�a doki-m¸n Bernouli. Parìmoia, stou
 t-CCA mporoÔme na jewr soume ìti k�je gramm  toup�naka e�nai to apotèlesma se diadoqikè
 qronikè
 stigmè
, apì d�tima dianÔsmata dia-st�sew
 1 × n. Epomènw
, ant� na exet�zoume opoiod pote upop�naka diast�sew
 t × n,periorizìmaste se upop�nake
 oi opo�oi proèrqontai apì suneqìmene
 grammè
 (  alli¸
suneqìmena apotelèsmata), tou arqikoÔ p�naka. Bèbaia, oi (poludi�statoi) sqhmatismo�pou ma
 endiafèroun na entop�soume, e�nai auto� pou èqoun ìle
 ti
 dunatè
 lèxei
 m kou

t, tou ant�stoiqou alf�bhtou. 'Ekdhlh e�nai kai h omoiìthta me ta disdi�stata sust mata,pou sunant�me sth jewr�a axiopist�a
, kai sta opo�a elègqoume ep�sh
 thn emf�nish dis-di�statwn sqhmatism¸n (bl. p.q. Akiba and Yamamoto (2001), Boutsikas and Koutras

(2003), Aki and Hirano (2004)).'Opw
 ja fane� kalÔtera kai apì ti
 epìmene
 paragr�fou
, oi p�nake
 suneqìmenh
k�luyh
 mpore� na parousi�soun parìmoie
 efarmogè
 me tou
 t-CA. Ep�sh
, ax�zei naepishm�noume pw
 oi t-CCA p�nake
 e�nai apallagmènoi apì erwt mata pou aforoÔn thneÔresh twn bèltistwn tim¸n gia ti
 paramètrou
 k kai n (ìpw
 aut� pou e�dame stou
 t-CA),afoÔ mporoÔme eÔkola na diapist¸soume ìti gia opoiesd pote timè
 twn k, n, t, q (me n ≥ qtkai t ≤ k), up�rqei toul�qiston èna
 t-CCA. Epiplèon, h kataskeu  enì
 toul�qiston t-
CCA mpore� na pragmatopoihje� me mia polÔ apl  diadikas�a (bl. Par�grafo 3.2.1).Sta pla�sia th
 paroÔsh
 diatrib 
 ja asqolhjoÔme me th stoqastik  di�stash twn
t-CCA, jewr¸nta
 arqik� ìti ta stoiqe�a tou k × n p�naka X = (Xij), e�nai anex�rthte
kai isìnome
 (i.i.d.) dokimè
 Bernouli (q = 2), me

P (Xij = 1) = p, kai P (Xij = 0) = 1 − pgia k�je i = 1, 2, . . . , k kai j = 1, 2, . . . , n . Sto epìmeno kef�laio ja asqolhjoÔme me thgenikìterh per�ptwsh, ìpou t, q ≥ 2, kai ta stoiqe�a tou p�naka ja e�nai i.i.d. t.m. me ped�o85



Duadiko� tuqa�oi p�nake
 pl rou
 k�luyh
tim¸n to {0, 1, . . . , q − 1}. Oi ergas�e
 oi opo�e
 melet�ne ti
 idiìthte
 twn stoqastik¸n
t-CA, prospaj¸nta
 par�llhla na d¸soun k�poie
 apant sei
 kai sta erwt mata pouanafèrjhkan prohgoumènw
, e�nai l�ge
 se sÔgkrish me ti
 upìloipe
 (ja anafèroume ti

Godbole and Janson (1996), Godbole et al (1996), Carey and Godbole (2008)).H t.m. pou ja pa�xei shmantikì rìlo sth melèth ma
 e�nai h Tk,n,t, h opo�a ja aparijme�to pl jo
 twn upopin�kwn diast�sew
 t × n, apì tou
 opo�ou
 le�pei toul�qiston mialèxh apì ti
 2t (dhlad , h Tk,n,t ekfr�zei to pl jo
 twn upopin�kwn mh pl rou
 k�luyh
).Me ti
 teqnikè
 th
 emfÔteush
 t.m. se Markobian  alus�da (Fu and Koutras (1994),

Koutras and Alexandrou (1995)) kai me thn arwg  stoiqe�wn apì th jewr�a th
 sundua-stik 
, ja upolog�soume th sun�rthsh pijanìthta
 th
 Tk,n,t (Tk,n,t ∈ {0, 1, . . . , k−t+1}).Ja exet�soume mia efarmog  twn apotelesm�twn ma
, stou
 peiramatikoÔ
 sqediasmoÔ
,prospaj¸nta
 na d¸soume apant sei
 se di�fora praktik 
 shmas�a
 erwt mata.Analutik�, sthn Par�grafo 3.1 ja anaferjoÔme sti
 teqnikè
 th
 emfÔteush
 t.m. seMarkobian  alus�da, oi opo�e
 ja ma
 bohj soun ston upologismì th
 sun�rthsh
 pija-nìthta
 th
 Tk,n,t. Sthn Par�grafo 3.2.1 eis�goume ti
 ènnoie
 kai ti
 tuqa�e
 metablhtè
,me ti
 opo�e
 ja asqolhjoÔme, en¸ sti
 Paragr�fou
 3.2.2 kai 3.2.3, ja upolog�soume thnpijanìthta P (Tk,n,t = 0). 'Epeita, b�sei th
 mejìdou pou qrhsimopoi same gia ton upo-logismì th
 P (Tk,n,t = 0) kai th diap�stwsh ìti h Tk,n,t e�nai emfuteÔsimh t.m. diwnumikoÔtÔpou (bl. Par�grafo 3.1), ja proqwr soume (Par�grafo 3.3) ston prosdiorismì th
 su-n�rthsh
 pijanìthta
 th
 Tk,n,t. Sthn epìmenh par�grafo, ma
 apasqole� h per�ptwsh pouup�rqei Markobian  ex�rthsh an�mesa sti
 grammè
 tou p�naka (ta stoiqe�a tou p�nakaden e�nai plèon anex�rthte
 t.m.), en¸ sthn Par�grafo 3.5 ja or�soume kai ja melet soumetou
 orjog¸niou
 p�nake
 suneqìmenh
 pl rou
 k�luyh
 (consecutive orthogonal arrays),me trìpo ant�stoiqo m� autìn twn t-CCA. Tèlo
, ja anaferjoÔme se pijanè
 efarmogè
kai arijmhtik� apotelèsmata, pou aforoÔn tou
 t-CCA (Par�grafo
 3.6).3.1 EmfÔteush tuqa�wn metablht¸n se Markobian alus�daOi Fu and Koutras (1994), èbalan ta jemèlia gia m�a mèjodo h opo�a arqik� stìqeue sthmelèth t.m. pou sqet�zontai me thn katamètrhsh ro¸n ìmoiwn sumbìlwn, se mia akolou-j�a apì diakritè
 t.m. H prosèggish pou prìteinan onom�sthke mèjodo
 emfÔteush
 sepeperasmènh Markobian  alus�da (finite Markov chain embedding technique, MCET). Hparap�nw teqnik  èqei ti
 r�ze
 th
, sti
 ergas�e
 twn Fu (1986), Fu and Hu (1987), Chao86



3.1 EmfÔteush tuqa�wn metablht¸n se Markobian  alus�da
and Fu (1989, 1991), sti
 opo�e
 melet¸ntai sugkekrimèna probl mata, pou sqet�zontai meth jewr�a axiopist�a
 (ìpw
 akrib 
 upologismì
 th
 axiopist�a
 kai asumptwtikè
 idiì-thte
, sugkekrimènwn susthm�twn). Sth sunèqeia, oi Koutras and Alexandrou (1995)eis gagan kai melèthsan thn ènnoia twn emfuteÔsimwn t.m. se Markobianè
 alus�de
, diw-numikoÔ tÔpou (Markov chain embeddable variable of Binomial type, MVB), prosfèronta
arket� qr sima apotelèsmata, gia th melèth mia
 eure�a
 om�da
 t.m. (me sugkekrimènaqarakthristik�).Gia lìgou
 plhrìthta
 th
 paroÔsa
 diatrib 
 kai gia na dieukolÔnoume ton anagn¸-sth, ja xekin soume me thn parous�ash twn basikìterwn ennoi¸n, apì thn MCET. Oorismì
 mia
 tuqa�a
 metablht 
, emfuteÔsimh
 se Markobian  alus�da, d�detai parak�tw(Koutras and Alexandrou (1995)).Orismì
 3.1.1 'Estw èna
 q¸ro
 katast�sewn Ω = {a1, a2, . . .}. Mia jetik  akèraiat.m. Tv, v = 0, 1, . . ., me sÔnolo tim¸n

{0, 1, . . . , lv}ìpou lv = max{m : P (Tv = m) > 0}, ja lègetai emfuteÔsimh se Markobian  alus�da, e�nisqÔoun ta akìlouja
i. up�rqei mia Markobian  alus�da diakritoÔ qrìnou {Yr, r = 0, 1, . . .}, orismènh stoq¸ro katast�sewn Ω,
ii. up�rqei diamèrish {Cm, m = 0, 1, . . .} tou q¸rou Ω, kai epiplèon
iii. P (Tv = m) = P (Yv ∈ Cm), gia k�je m = 0, 1, . . . , lv.O Orismì
 3.1.1 ma
 lèei ìti, gia na ekmetalleutoÔme ti
 idiìthte
 twn Markobian¸nalus�dwn, me skopì na upolog�soume th sun�rthsh pijanìthta
 mia
 akèraia
 t.m. Tv,prèpei arqik¸
 na or�soume kat�llhla mia alus�da diakritoÔ qrìnou {Yr, r = 0, 1, . . .}, (sek�poion peperasmèno q¸ro Ω). Gia thn alus�da aut , ja prèpei na broÔme mia diamèrishtou q¸rou twn katast�se¸n th
 ({Cm, m = 0, 1, . . .}), ètsi ¸ste na isqÔei

P (Tv = m) = P (Yv ∈ Cm),gia k�je m = 0, 1, . . . , lv. Dhlad , h pijanìthta P (Tv = m) ja e�nai �sh me thn pijanìthtah Markobian  alus�da {Yr, r = 0, 1, . . .}, met� apì v b mata na br�sketai se mia apì ti
katast�sei
 tou sunìlou Cm.To epìmeno je¸rhma e�nai �mesh sunèpeia tou OrismoÔ 3.1.1 87



Duadiko� tuqa�oi p�nake
 pl rou
 k�luyh
Je¸rhma 3.1.1 An h t.m. Tv e�nai emfuteÔsimh sthn Markobian  alus�da {Yr, r =

0, 1, . . .}, me q¸ro katast�sewn Ω = {a1, a2, . . .}, tìte
P (Tv = m) = π1

(
v∏

r=1

Λr

)
∑

i:ai∈Cm

e′i,ìpou
π1 = (P (Y0 = a1), P (Y0 = a2), . . .) ,e�nai to di�nusma arqik¸n pijanot twn th
 alus�da
, Λr o p�naka
 twn pijanot twn met�-bash
 (pr¸th
 t�xh
) th
 alus�da
 kai ei to monadia�o di�nusma (gramm ), pou èqei ìlata stoiqe�a tou na e�nai �sa me mhdèn, ektì
 th
 i-ost 
 sunist¸sa
, h opo�a e�nai �sh meèna.Gia na k�noume ti
 parap�nw ènnoie
 perissìtero katanohtè
, a
 doÔme to epìmeno pa-r�deigma, to opo�o anafèretai se èna prìblhma katamètrhsh
 epikaluptwmenwn ro¸n m -kou
 k, se mia akolouj�a apì i.i.d. dokimè
 Bernoulli kai sqet�zetai �mesa me to antike�menotou Kefala�ou 2 (gia th qr sh th
 MCET se probl mata ro¸n, emf�nish sqhmatism¸n,sunart sewn s�rwsh
 kai �lla, o anagn¸sth
 mpore� na anatrèxei sti
 ergas�e
 twn Fu

and Koutras (1994), Koutras and Alexandrou (1995), Koutras (2003)   sti
 monograf�e

Balakrishnan and Koutras (2002) kai Fu and Lou (2003)).Par�deigma 3.1 'Estw m�a akolouj�a X1, X2, . . . , Xn, apì anex�rthte
 kai isìnome
 do-kimè
 Bernoulli, me pijanìthta epituq�a


P (Xi = 1) = p, i = 1, 2, . . . , n.Sto Kef�laio 2, e�dame pw
 h t.m. Wn,k,r (orismènh se mia akolouj�a apì i.i.d. dokimè

Bernoulli) aparijme� to pl jo
 twn epikaluptìmenwn parajÔrwn m kou
 k, me toul�qiston
r epituq�e
 (r ≤ k ≤ n, bl. Par�grafo 2.2). Gia par�deigma, gia ti
 parak�tw akolouj�e


11100110111, 00101110111h W11,2,2 pa�rnei ti
 timè
 5 kai 4, ant�stoiqa. Na jumhjoÔme pw
 h Wn,k,r e�nai mia jetik akèraia t.m. (Wn,k,r ∈ {0, 1, . . . , n − k + 1}), kai epomènw
 me b�sh ton Orismì 3.1.1,apotele� en dun�mei emfuteÔsimh t.m. Pr�gmati, sthn eidik  per�ptwsh ìpou r = k, oi
Fu and Koutras (1994) prìteinan thn epìmenh Markobian  alus�da, h opo�a mpore� naqrhsimopoihje� gia ton prosdiorismì th
 sun�rthsh
 pijanìthta
 th
 Wn,k,k.88



3.1 EmfÔteush tuqa�wn metablht¸n se Markobian  alus�daOr�zoume arqik� to q¸ro katast�sewn Ω mia
 Markobian 
 alus�da
 {Yr, r = 0, 1, . . .}w
 ex 
:
Ω = {(m, i) : m = 0, 1, . . . , n− k, i = −1, 0, 1, . . . ,k − 1}

∪ {(n− k + 1,−1)}\{(0,−1)}.Epiplèon, a
 jewr soume ìti gia opoiad pote qronik  stigm , h metablht  δ, metr�ei topl jo
 twn suneqìmenwn epituqi¸n, xekin¸nta
 apì th qronik  stigm  pou briskìmastekai phga�nonta
 pro
 ta p�sw kai a
 sumbol�soume me m to pl jo
 twn parajÔrwn me kepituq�e
 pou èqoume  dh parathr sei (mèqri th qronik  stigm  pou briskìmaste).Akìmh, jewroÔme ìti isqÔei Yj = (m, δ) e�n kai mìno e�n, kat� thn j-ost  dokim ,èqoume  dh parathr sei m par�jura (m kou
 k), me k epituq�e
 kai tautìqrona isqÔei
δ ≤ k− 1. Tèlo
, jètoume Yj = (m,−1) e�n kai mìno e�n kat� thn j-ost  dokim , èqoume dh parathr sei m par�jura (m kou
 k), me k epituq�e
 kai tautìqrona δ ≥ k.Exet�zonta
 ton trìpo pou or�same thn Markobian  alus�da, katalaba�noume ìti miakat�llhlh diamèrish tou q¸rou katast�sewn, e�nai h akìloujh

C0 = {(0, i) : i = 0, 1, . . . , k − 1}
Cm = {(m, i) : i = −1, 0, 1, . . . , k − 1}, m = 1, 2, . . . , n− k

Cn−k+1 = {(n− k + 1,−1)}.MporoÔme eÔkola na diapist¸soume ìti
P (Yj = (m, i+ 1)|Yj−1 = (m, i)) = p, gia 0 ≤ m ≤ n− k kai 0 ≤ i ≤ k − 2,

P (Yj = (m+ 1,−1)|Yj−1 = (m, k − 1)) = p, gia 0 ≤ m ≤ n− k,

P (Yj = (m+ 1,−1)|Yj−1 = (m,−1)) = p, gia 1 ≤ m ≤ n− k,en¸ to arqikì di�nusma pijanot twn e�nai to π1 = (1, 0, . . . , 0) (dhlad , P (Y0 = (0, 0)) =

1). H di�stash tou p�naka pijanot twn met�bash
 e�nai �sh me
n−k+1∑

m=0

|Cm| = (n− k + 1)(k + 1).'Etsi, p.q. gia thn per�ptwsh n = 4 kai k = 2, o p�naka
 pijanot twn met�bash
 (th
89



Duadiko� tuqa�oi p�nake
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omogenoÔ
 Markobian 
 alus�da
) e�nai o akìloujo
 (ìpou q = 1 − p)
Λ =

























(0, 0) (0, 1) (1,−1) (1, 0) (1, 1) (2,−1) (2, 0) (2, 1) (3,−1)

q p 0

q 0 p

0 0 0 q 0 p

q p 0

q 0 p

q 0 p

q p 0

q 0 p

0 0 1

























Ax�zei ep�sh
 na anafèroume thn parak�tw endiafèrousa idiìthta (apodeiknÔetai �mesa,apì ti
 idiìthte
 twn Markobian¸n alus�dwn), pou afor� ton upologismì twn rop¸n kaith
 pijanogenn tria
 sun�rthsh
 twn emfuteÔsimwn t.m.Je¸rhma 3.1.2 An h t.m. Tv e�nai emfuteÔsimh sthn Markobian  alus�da {Yr, r =

0, 1, . . .}, me q¸ro katast�sewn Ω = {a1, a2, . . .}, tìte oi ropè
 kai h pijanogenn triasun�rthsh th
 Tv, d�dontai (ant�stoiqa) apì ti
 parak�tw sqèsei

E(T (i)

v ) = π1

(
v∏

r=1

Λr

)

ξ′(i),

ϕT (z) =

lv∑

m=0

P (Tv = m)zm = π1

(
v∏

r=1

Λr

)

ψ′(z)ìpou
ξ(i) =

lv∑

m=0

mi
∑

j:aj∈Cm

e′j , ψ(z) =

lv∑

m=0

zm
∑

j:aj∈Cm

e′j .Oi Koutras and Alexandrou (1995) parat rhsan ìti h emfÔteush t.m., se poll� apìta probl mata pou sqet�zontai me thn emf�nish ro¸n, dhmiourge� p�nake
 pijanot twnmet�bash
, oi opo�oi ìtan grafoÔn sth morf  diamerismènwn pin�kwn (blocked matrices)sugkentr¸noun tou
 mh mhdenikoÔ
 p�nake
, sthn kÔria diag¸nio. Pio sugkekrimèna, ta mhmhdenik� stoiqe�a twn pin�kwn aut¸n, emfan�zontai mìno se upop�nake
, oi opo�oi br�skontai90



3.1 EmfÔteush tuqa�wn metablht¸n se Markobian  alus�dagÔrw apì thn kÔria diag¸nio (ìpw
 sto Par�deigma 3.1). 'Etsi, me basikì erèjisma thnprohgoÔmenh parat rhsh, eis gagan kai melèthsan mia nèa kathgor�a emfuteÔsimwn t.m.Prin proqwr soume ston orismì th
 parap�nw kathgor�a
, e�nai qr simo na parath-r soume ìti gia mia emfuteÔsimh t.m., mporoÔme (qwr�
 periorismì th
 genikìthta
) naupojèsoume pw
 k�je sÔnolo th
 diamèrish
 tou q¸rou katast�se¸n th
, apotele�tai apìton �dio arijmì stoiqe�wn. M� �lla lìgia, gia th diamèrish {Cm, m = 0, 1, . . .}, tou q¸rou
Ω, ja isqÔei

Cm = {cm0, cm1, . . . , cm,s−1}, gia k�je m = 0, 1, . . . ,ìpou s e�nai o koinì
 plhj�rijmo
 twn sunìlwn Cm (s = |Cm|).Orismì
 3.1.2 Mia jetik  akèraia t.m. Tv, v = 0, 1, . . ., lègetai emfuteÔsimh t.m. diw-numikoÔ tÔpou (MVB), e�n isqÔoun ta akìlouja
i. e�nai emfuteÔsimh t.m. (Orismì
 3.1.1), me diamèrish Cm = {cm0, cm1, . . . , cm,s−1},kai
ii. P (Yr ∈ Cm1 |Yr−1 ∈ Cm2) = 0, gia k�je m1 6= m2, m2 + 1 kai r ≥ 1.SÔmfwna me ton parap�nw orismì, mia MVB t.m. an br�sketai se mia kat�stash enì
sunìlou Cm2 (th
 diamèrish
 tou q¸rou katast�sewn), thn epìmenh qronik  stigm  mpore�e�te na metabe� se k�poio stoiqe�o th
 �dia
 kl�sh
 (Cm2) e�te na metabe� sthn amèsw
epìmenh kl�sh (Cm2+1). H idiìthta aut , dhmiourge� duo diaforetikoÔ
 tÔpou
 pin�kwnpijanot twn met�bash
, diast�sew
 s× s, me th morf 
Ar(m) = (P (Yr ∈ Cm|Yr−1 ∈ Cm)) , Br(m) = (P (Yr ∈ Cm+1|Yr−1 ∈ Cm)) , (3.1.1)ìpou o p�naka
 Ar(m)+Br(m), e�nai stoqastikì
. Sthn per�ptwsh th
 omogenoÔ
 Marko-bian 
 alus�da
, oi p�nake
 Ar(m), Br(m) den exart¸ntai apì ta r,m kai ètsi ja gr�foume

Ar(m) = A, Br(m) = B, gia k�je r kai m.Epiplèon, a
 sumbol�soume me fr(m), ta (1 × s) dianÔsmata pijanot twn
fr(m) = (P (Yr = cm0), P (Yr = cm0), . . . , P (Yr = cm,s−1)) ,me 0 ≤ r ≤ v kai 0 ≤ m ≤ lv. Tìte, gia mia MVB t.m. isqÔei to parak�tw, polÔ qr simoje¸rhma. 91



Duadiko� tuqa�oi p�nake
 pl rou
 k�luyh
Je¸rhma 3.1.3 H dipl  akolouj�a dianusm�twn fr(m), me 0 ≤ r ≤ v, 0 ≤ m ≤ lv,ikanopoie� ti
 anadromikè
 sqèsei

fr(0) = fr−1(0)A,

fr(m) = fr−1(m)A + fr−1(m− 1)B, 1 ≤ m ≤ lv, (3.1.2)gia k�je r = 1, 2, . . . , v. Oi arqikè
 sunj ke
 e�nai
f0(m) = (P (Y0 = cm0), P (Y0 = cm1), . . . , P (Y0 = cm,s−1))gia 0 ≤ m ≤ lv, en¸ h sun�rthsh pijanìthta
 th
 Tv d�detai apì th sqèsh

P (Tv = m) = fv(m)1′, 0 ≤ m ≤ lvìpou 1 = (1, 1, . . . , 1) e�nai to di�nusma (gramm ) tou ℜs, m� ìle
 ti
 sunist¸se
 tou �se
me èna.Me b�sh to Je¸rhma 3.1.3, an diapist¸soume ìti mia emfuteÔsimh tuqa�a metablht , e�naitautìqrona kai MVB, oi upologismo� (pollaplasiasmo� pin�kwn) gia ton prosdiorismì th
sun�rthsh
 pijanìthta
, aplopoioÔntai arket� (kaj¸
 oi p�nake
 kai ta dianÔsmata pouprèpei na pollaplasi�soume, e�nai mikrìterh
 diast�sew
).Par�deigma 3.2 A
 epanèljoume sto Par�deigma 3.1, ìpou koit¸nta
 ti
 pijanìthte
met�bash
, mporoÔme eÔkola na diapist¸soume ìti h t.m Wn,k,k e�nai mia MVB. Oi duop�nake
 met�bash
 A, B èqoun th morf 
A =


















(·, 0) (·, 1) (·, 2) · · · (·, k − 1) (·,−1)

q p 0 · · · 0 0

q 0 p · · · 0 0... ... ... · · · ... ...
q 0 0 · · · p 0

q 0 0 · · · 0 0

q 0 0 · · · 0 0


















(k+1)×(k+1)92
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kai
B =


















(·, 0) (·, 1) (·, 2) · · · (·, k − 1) (·,−1)

0 0 0 · · · 0 0

0 0 0 · · · 0 0... ... ... · · · ... ...
0 0 0 · · · 0 0

0 0 0 · · · 0 p

0 0 0 · · · 0 p


















(k+1)×(k+1)en¸ gia ta dianÔsmata pijanot twn fr(m) isqÔei
f0(0) = (1, 0, . . . , 0),

f0(m) = (0, 0, . . . , 0), gia k�je m > 0.

Gia thn pijanogenn tria sun�rthsh kai ti
 ropè
 twn MVB, mporoÔn na dojoÔn akìmhpio {elkustiko�} tÔpoi, se sqèsh m� autoÔ
 pou perigr�fontai apì to Je¸rhma 3.1.2 (bl.
Koutras and Alexandrou (1995)). H idèa twn emfuteÔsimwn t.m. diwnumikoÔ tÔpou, epe-kt�jhke tìso se emfuteÔsime
 t.m. poluwnumikoÔ tÔpou (Antzoulakos et al (2003)), ìsokai se tuqa�a dianÔsmata (Koutras et al (2008)).
3.2 Upologismì
 th
 pijanìthta
 emf�nish
 p�naka,suneqìmenh
 pl rou
 k�luyh
Sthn paroÔsa enìthta ja eis�goume arqik� ti
 basikè
 ènnoie
 kai sumbolismoÔ
 pou e�naisqetikè
 me to prìblhma twn t-CCA. Ja or�soume thn t.m. Tk,n,t h opo�a aparijme� tou
upop�nake
 mh pl rou
 k�luyh
, kai ja upolog�soume thn pijanìthta P (Tk,n,t = 0), mèsw
MCET. Me ton trìpo autì ja exasfal�soume mia omal  met�bash, gia th melèth th
genikìterh
 per�ptwsh
 P (Tk,n,t = m), gia m > 0. 93



Duadiko� tuqa�oi p�nake
 pl rou
 k�luyh
3.2.1 'Ennoie
 kai sumbolismo�A
 jewr soume èna k × n tuqa�o p�naka X = (Xij), tou opo�ou ta kn stoiqe�a e�naianex�rthte
 kai isìnome
 dokimè
 Bernoulli, me
P (Xij = 1) = p, kai P (Xij = 0) = q = 1 − pgia i = 1, 2, . . . , k kai j = 1, 2, . . . , n .'Opw
 èqoume  dh anafèrei, o k × n tuqa�o
 p�naka
 X, ja onom�zetai suneqìmenh
pl rou
 k�luyh
, megèjou
 t e�n k�je t × n upop�nak�
 tou, apoteloÔmeno
 apì t sune-qìmene
 grammè
 (tou arqikoÔ p�naka), perièqei sti
 st le
 tou kai ti
 2t dunatè
 lèxei
m kou
 t. To pl jo
 twn parap�nw t× n upopin�kwn, e�nai �so me k − t+ 1, ìse
 dhlad kai oi suneqìmene
 t-ade
, sthn akolouj�a 1, 2, . . . , k.A
 or�soume sth sunèqeia ti
 d�time
 t.m. Ii, i = 1, 2, . . . , k − t+ 1, me ton ex 
 trìpo

Ii =







1, e�n o upop�naka
 pou apotele�tai apì ti
 grammè
 i, i+ 1, . . . , i+ t− 1,den èqei toul�qiston m�a apì ti
 2t lèxei
 m kou
 t, w
 st lh
0, diaforetik�.E�nai fanerì pw
 h tuqa�a metablht  Tk,n,t, pou or�zetai w


Tk,n,t =
k−t+1∑

i=1

Ii, (3.2.1)ekfr�zei to sunolikì pl jo
 twn t× n (suneqìmenwn) upopin�kwn tou X, apì tou
 opo�-ou
 le�pei toul�qiston m�a lèxh m kou
 t. Oi timè
 th
 t.m. Tk,n,t an koun sto sÔnolo
{0, 1, . . . , k− t+1} kai o p�naka
 X ja e�nai t-CCA e�n kai mìno e�n Tk,n,t = 0. Epomènw
,h pijanìthta o p�naka
 X na e�nai t-CCA, e�nai �sh me P (Tk,n,t = 0), en¸ an ta stoiqe�atou p�naka e�nai summetrikè
 dokimè
 Bernoulli, dhlad 

P (Xij = 1) =
1

2
, gia k�je i = 1, 2, . . . , k kai j = 1, 2, . . . , n ,tìte o plhj�rijmo
 th
 oikogèneia
 twn suneqìmenwn pin�kwn pl rou
 k�luyh
 (sumb.

Ck,n,t) ja e�nai �so
 me
Ck,n,t = P (Tk,n,t = 0)2kn.Par�llhla, h pijanìthta P (Tk,n,t = 0) e�nai mh mhdenik , gia opoiesd pote timè
 twnparamètrwn k, n, t, me t ≤ k kai n ≥ 2t. An upojèsoume pw
 douleÔoume se perib�llon mhtuqa�o (dhlad , oi Yij den e�nai t.m.), tìte mpore� eÔkola na kataskeuaste� èna
 toul�qiston

t-CCA p�naka
, me ton ex 
 trìpo94



3.2 Upologismì
 th
 pijanìthta
 emf�nish
 p�naka, suneqìmenh
 pl rou
 k�luyh

• ston t× n upop�naka pou apotele�tai apì ti
 pr¸te
 t grammè
, jètoume w
 st le
,ìle
 ti
 dunatè
 lèxei
 m kou
 t, toul�qiston m�a for�,
• èpeita, w
 (t+1)-ost  gramm , epanalamb�noume thn pr¸th gramm , w
 (t+2)-ost gramm  th deÔterh gramm  k.o.k.Apì thn �llh, gnwr�zoume ìti o p�naka
 X ja onom�zetai p�naka
 pl rou
 k�luyh
, me-gèjou
 t (t-CA), e�n k�je t × n upop�naka
 tou, èqei sti
 st le
 tou kai ti
 2t dunatè
lèxei
, m kou
 t (ìpou, n ≥ 2t). H diafor� an�mesa stou
 t-CA kai t-CCA e�nai ìtistou
 deÔterou
 p�nake
 ma
 endiafèrei k�je t× n upop�naka
, o opo�o
 apotele�tai apì tsuneqìmene
 grammè
, kai ìqi opoiosd pote, ìpw
 sumba�nei stou
 t-CA.EÔkola katalaba�noume pw
, e�n èna
 p�naka
 e�nai t-CA tìte e�nai kai t-CCA. Epo-mènw
, h pijanìthta P (Tk,n,t = 0) apotele� èna �nw fr�gma gia thn pijanìthta o p�naka


X, na e�nai t-CA, kai ant�stoiqa, o plhj�rijmo
 Ck,n,t th
 oikogèneia
 twn t-CCA, e�naimegalÔtero
   �so
 apì ton ant�stoiqo plhj�rijmo twn t-CA (h eÔresh tou opo�ou apote-le� shmantikì antike�meno èreuna
, ti
 teleuta�e
 dekaet�e
- bl. p.q. Renyi (1971), Sloane

(1993), Godbole et al (1996), Colbourn (2004)).3.2.2 Upologismì
 th
 pijanìthta
 emf�nish
 p�naka suneqìme-nh
 pl rou
 k�luyh
, megèjou
 2Sthn par�grafo aut  ja asqolhjoÔme me ton upologismì th
 pijanìthta
 P (Tk,n,2 = 0),mèsw MCET. P�nw sth mèjodo pou ja akolouj soume, ja basiste� kai o prosdiorismì
th
 P (Tk,n,t = 0) all� kai ({olìklhrh
}) th
 sun�rthsh
 pijanìthta
 th
 Tk,n,t (Godbole

et al (2008a)).Kr�simo shme�o gia th sunèqeia e�nai h parat rhsh ìti, o sqhmatismì
 enì
 k×n p�nakampore� na jewrhje� w
 m�a diadikas�a, h opo�a exel�ssetai stadiak�. Pio sugkekrimèna,mporoÔme na k�noume thn upìjesh pw
 h dhmiourg�a enì
 p�naka xekin�ei me to pr¸to{komm�ti} tou, di�stash
 (t − 1) × n, kai oloklhr¸netai stadiak� Ôstera apì k − t + 1b mata, ìpou se k�je b ma g�netai h prosj kh mia
 gramm 
. Se k�je b ma krat�me w
plhrofor�a ton teleuta�o (t − 1) × n upop�naka, kai par�llhla, phga�noume apì to ènab ma sto �llo, mìno e�n h idiìthta pou ma
 endiafèrei, ikanopoie�tai. Me ton trìpo autìsqhmat�zetai m�a Markobian  alus�da, kai esti�zonta
 sto (k − t + 1)-ostì b ma th
,mporoÔme na upolog�soume thn pijanìthta pou ma
 endiafèrei.Gia na g�noun ìla ta parap�nw pio xek�jara, a
 asqolhjoÔme arqik� me thn pio apl per�ptwsh ìpou t = 2. A
 jewr soume loipìn, thn Markobian  alus�da {Yr, r = 0, 1, . . .},95
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me q¸ro katast�sewn Ω, ìpou
Ω = Ω1 ∪ {xabs}me

Ω1 = {(x1, x2, . . . , xn) : xi ∈ {0, 1} gia i = 1, 2, . . . , n kai 2 ≤
n∑

i=1

xi ≤ n− 2}.To sÔnolo Ω1 perièqei ìla ta dianÔsmata (x1, x2, . . . , xn) tou {0, 1}n, gia ta opo�a topl jo
 twn mon�dwn e�nai megalÔtero   �so apì dÔo, kai mikrìtero   �so apì n−2 (ìla taupìloipa dianÔsmata (x1, x2, . . . , xn) pou den perièqontai ston Ω1, èqoun topojethje� sthnkat�stash aporrìfhsh
 xabs). Na shmei¸soume ìti den e�nai dunatìn gia èna di�nusma mepl jo
 �sswn mikrìtero tou duo   megalÔtero tou n−2, na up�rxei k�poio �llo di�nusma¸ste aut� ta dÔo maz� na sqhmat�soun 2×n p�naka, me ìle
 ti
 lèxei
. Autì
 e�nai o lìgo
pou èqei teje� o periorismì
 2 ≤
∑n

i=1 xi ≤ n − 2, ston orismì tou q¸rou katast�sewn.Epiplèon, jewroÔme ìti th qronik  stigm  r, h Markobian  alus�da {Yr, r = 0, 1, . . .}, jabr�sketai sthn kat�stash (x1, x2, . . . , xn), dhlad ,
Yr = (x1, x2, . . . , xn), r ≥ 1,e�n kai mìno e�n h (r + 1)-ost  gramm  tou p�naka X e�nai h (x1, x2, . . . , xn) kai tau-tìqrona, o upop�naka
 tou X o opo�o
 apotele�tai apì ti
 pr¸te
 r + 1 grammè
 (ti
grammè
 1, 2, . . . , r+ 1), e�nai èna
 p�naka
 suneqìmenh
 pl rou
 k�luyh
, megèjou
 2. Seopoiad pote �llh per�ptwsh, h Markobian  ma
 alus�da, ja br�sketai sthn kat�stashaporrìfhsh
 xabs.To pl jo
 twn katast�sewn tou Ω1 e�nai �so me

s = 2n − 2(n+ 1)opìte o plhj�rijmo
 tou q¸rou katast�sewn Ω th
 prohgoÔmenh
 Markobian 
 alus�da
,isoÔtai me |Ω| = s + 1. Oi mh mhdenikè
 pijanìthte
 met�bash
, metaxÔ twn katast�sewntou Ω1 d�nontai w
 ex 
:
P (Yr = (x1, x2, . . . , xn)|Yr−1 = (x′1, x

′
2, . . . , x

′
n)) = p

∑n
j=1 xj(1 − p)n−

∑n
j=1 xj (3.2.2)e�n kai mìno e�n, o 2 × n p�naka


(

x′1 x′2 . . . x′n

x1 x2 . . . xn

)
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3.2 Upologismì
 th
 pijanìthta
 emf�nish
 p�naka, suneqìmenh
 pl rou
 k�luyh
perièqei (w
 st le
) kai ti
 22 = 4 dunatè
 (d�time
) lèxei
 m kou
 2. 'Ara, h pijanìthtatou endeqomènou Tk,n,2 = 0 ja d�detai apì th sqèsh
P (Tk,n,2 = 0) = P (Yk−1 6= xabs) = π1Λ

k−1

(

1

0

)ìpou
Λ =

(

P h′

0 1

)en¸ o s× s p�naka
 P anafèretai sti
 pijanìthte
 met�bash
, an�mesa sti
 katast�sei
tou Ω1 (kai epomènw
 oi pijanìthte
 pou perilamb�nei, perigr�fontai apì thn (3.2.2) ),
0 = (0, 0, . . . , 0) e�nai to mhdenikì 1 × s di�nusma, kai

h′ = 1′ − P1′ = (I − P1′), 1 = (1, 1, . . . , 1),me π1 na e�nai to (1× (s+1)) di�nusma twn arqik¸n pijanot twn th
 alus�da
. Epomènw
,o k × n p�naka
, ja e�nai t-CCA e�n h Markobian  alus�da met� apì k − t+ 1 b mata, debr�sketai sthn kat�stash aporrìfhsh
 xabs.Ax�zei na shmei¸soume ìti, h parap�nw diamèrish tou p�naka pijanot twn met�bash

Λ, aplopoie� w
 èna bajmì tou
 upologismoÔ
 ma
, kaj¸


Λk−1 =

(

P k−1 (I + P + . . .+ P k−2)h′

0 1

)kai h pijanìthta P (Tk,n,2 = 0) mpore� na doje� telik� mèsw th
 sqèsh

P (Tk,n,2 = 0) = π0P

k−11′, (3.2.3)ìpou π0 e�nai to 1 × s di�nusma, me suntetagmène
 ti
 s pr¸te
 arqikè
 pijanìthte
 th
Markobian 
 alus�da
, dhlad 
π0 = (p1, p2, . . . , ps).H pijanìthta pi, i = 1, 2, . . . , s, e�nai �sh me thn pijanìthta emf�nish
 th
 i kat�stash
(dianÔsmato
). Gia par�deigma h pijanìthta emf�nish
 th
 kat�stash
 (1, 1, 0, . . . , 0)e�nai �sh me p2(1 − p)n−2. Prèpei ep�sh
 na epishm�noume ìti to π0 prokÔptei apì to π1,afair¸nta
 thn pijanìthta pou antistoiqe� sthn kat�stash aporrìfhsh
, kai epomènw
den apotele� di�nusma arqik¸n pijanot twn.To shmantikìtero meionèkthma th
 mejìdou pou mìli
 perigr�yame e�nai to mègejo
 touq¸rou katast�sewn Ω. Sugkekrimèna, e�dame ìti

|Ω| = s+ 1 = 2n − 2(n+ 1) + 1, 97
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kai epomènw
, kaj¸
 to n aux�netai to pl jo
 twn katast�sewn aux�netai ekjetik�, lìgwtou ìrou 2n (bl. kai Sq ma 3.2.1).

5 6 7 8 9 10
n

200

400

600

800

1000

s

Sq ma 3.2.1: O plhj�rijmo
 tou Ω1, gia thn per�ptwsh t = 2.Eutuq¸
, mia kat�llhlh omadopo�hsh tou q¸rou katast�sewn th
 alus�da
, mpore� nama
 odhg sei se èna q¸ro me polÔ mikrìterh di�stash. H me�wsh aut  epitugq�netai mele-t¸nta
 pio proseqtik� ti
 pijanìthte
 met�bash
 kai parathr¸nta
 ìti ìla ta dianÔsmatapou èqoun ton �dio arijmì mon�dwn (  isodÔnama, mhdenik¸n), èqoun thn �dia pijanìthtana breje� èna �llo di�nusma, se sunduasmì me to opo�o ja fti�qnoun ènan 2 × n p�nakapl rou
 k�luyh
. Epomènw
, apì èna di�nusma (x1, x2, . . . , xn) tou q¸rou Ω1 , h plhro-for�a pou arke� na krat soume, e�nai to pl jo
 twn �sswn, kai ìqi h akrib 
 jèsh aut¸n.K�tw ap� aut  th logik  ìla ta dianÔsmata (x1, x2, . . . , xn) me
n∑

i=1

xi = x, x ∈ {0, 1, . . . , n}(dhlad  me to �dio pl jo
 �sswn x), ja apoteloÔn mia sugkekrimènh kat�stash, h opo�aja sumbol�zetai me x. Lamb�nonta
 upìyh ìti oi peript¸sei
 me ∑n
i=1 xi < 2   ∑n

i=1 xi >

n − 2, èqoun enswmatwje� sthn kat�stash aporrìfhsh
 xabs, o nèo
 (meiwmèno
) q¸ro
katast�sewn g�netai
Ω = Ω2 ∪ {xabs}ìpou

Ω2 = {2, 3, . . . , n− 2}98



3.2 Upologismì
 th
 pijanìthta
 emf�nish
 p�naka, suneqìmenh
 pl rou
 k�luyh
kai |Ω| = s+ 1, me s = n− 3.'Opw
 kai sthn prohgoÔmenh prosèggish, h Markobian  alus�da {Yr, r = 0, 1, . . .}, jabr�sketai th qronik  stigm  r, sthn kat�stash x ∈ Ω2, dhlad ,
Yr = x, r ≥ 1,e�n kai mìno e�n h (r+1)-ost  gramm  tou p�naka X èqei x �ssou
, kai tautìqrona, o upo-p�naka
 tou X o opo�o
 apotele�tai apì ti
 pr¸te
 r+1 grammè
 (ti
 grammè
 1, 2, . . . , r+1),e�nai èna
 p�naka
 suneqìmenh
 pl rou
 k�luyh
, megèjou
 2. Se opoiad pote �llh per�-ptwsh, h Markobian  ma
 alus�da, ja br�sketai sthn kat�stash aporrìfhsh
 xabs.Mèsa apì th jewr�a th
 sunduastik 
, den e�nai dÔskolo na apode�xoume ìti oi mhmhdenikè
 pijanìthte
 met�bash
, an�mesa sti
 katast�sei
 tou Ω2, gia thn ant�stoiqhMarkobian  alus�da {Yr, r = 0, 1, . . .}, d�dontai apì ton tÔpo

P (Yr = x|Yr−1 = x′) = px(1 − p)n−x

min{x−1,x′−1}
∑

j=max{1,x+x′+1−n}

(
x′

j

)(
n− x′

x− j

)

,ìpou 2 ≤ x, x′ ≤ n − 2. H teleuta�a sqèsh proèkuye me ton ex 
 trìpo: e�nai plèonkatanohtì ìti h P (Yr = x| Yr−1 = x′), e�nai h pijanìthta gia èna di�nusma me x′ �ssou
,na breje� èna �llo di�nusma me x �ssou
, tètoio ¸ste o 2 × n p�naka
 pou sqhmat�zounaut� ta dÔo dianÔsmata, na e�nai pl rh
. 'Etsi, to pl jo
 twn dianusm�twn gia ta opo�aèqoume j �ssou
 (apì tou
 sunolik� x), an�mesa sti
 suntetagmène
 pou up�rqoun oi x′�ssoi, tou arqikoÔ dianÔsmato
, e�nai
(
x′

j

)(
n− x′

x− j

)

, j = 0, 1, . . . , x.'Omw
, gia na e�nai o 2 × n p�naka
 pou prokÔptei pl rh
, ja prèpei na isqÔei
1 ≤ j ≤ min{x− 1, x′ − 1} kai 1 ≤ x− j ≤ n− x′ − 1,kai lamb�nonta
 upìyin ìti èqoume anex�rthte
 kai isìnome
 dokimè
 Bernoulli, katal -goume sthn proanaferje�sa pijanìthta met�bash
.Oi suntetagmène
 tou dianÔsmato
 π0 = (p1, p2, . . . , pn−3), ja e�nai �se
 me
px =

(
n

x+ 1

)

px+1(1 − p)n−x−1, x = 1, 2, . . . , n− 3.
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 pl rou
 k�luyh
Par�deigma 3.3 A
 jewr soume thn per�ptwsh n = 6 kai p = 1/2 (na shmei¸soume ìtimèqri stigm  èqoume anaferje� mìno sthn per�ptwsh pou t = 2). O (meiwmèno
) q¸ro
katast�sewn Ω e�nai
Ω = Ω2 ∪ {xabs} = {2, 3, 4, xabs}en¸ oi pijanìthte
 met�bash
 an�mesa sti
 katast�sei
 tou Ω2, d�dontai apì tou
 tÔpou


P (Yr = 2|Yr−1 = 2) = 8p6, P (Yr = 3|Yr−1 = 2) = 12p6,

P (Yr = 4|Yr−1 = 2) = 8p6, P (Yr = 2|Yr−1 = 3) = 9p6,

P (Yr = 3|Yr−1 = 3) = 18p6, P (Yr = 4|Yr−1 = 3) = 9p6,

P (Yr = 2|Yr−1 = 4) = 8p6, P (Yr = 3|Yr−1 = 4) = 12p6,

P (Yr = 3|Yr−1 = 4) = 8p6.Epomènw
, o p�naka
 met�bash
 èqei th morf 
P =







8p6 12p6 8p6

9p6 18p6 9p6

8p6 12p6 8p6





en¸ gia to di�nusma π0, pa�rnoume

π0 =
(

15p6 20p6 15p6
)

.Efarmìzonta
 ton tÔpo (3.2.3) gia di�fora k, mporoÔme eÔkola na katal xoume sti
 pi-janìthte
 pou sqet�zontai me to prìblhma 2-CCA. Gia par�deigma, gia k = 5 kai k = 10èqoume
P (T5,6,2 = 0) = π0P

41′ = 0.0464, P (T10,6,2 = 0) = π0P
91′ = 0.0014kai oi ant�stoiqoi plhj�rijmoi Ck,6,2 th
 oikogèneia
 twn 2-CCA, e�nai

C5,6,2 = 25·6P (T5,6,2 = 0) = 49774080,

C10,6,2 = 210·6P (T10,6,2 = 0) = 160109 · 1010.
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3.2 Upologismì
 th
 pijanìthta
 emf�nish
 p�naka, suneqìmenh
 pl rou
 k�luyh
3.2.3 Upologismì
 th
 pijanìthta
 emf�nish
 p�naka suneqìme-nh
 pl rou
 k�luyh
, megèjou
 t ≥ 2Ja proqwr soume sth sunèqeia me th genikìterh per�ptwsh ìpou t ≥ 2. A
 jèsoume ìti
a = 2t−1 kai a
 sumbol�soume me

w1, w2, . . . , wati
 a diaforetikè
 lèxei
 m kou
 t−1 (enì
 alf�bhtou me gr�mmata {0, 1}), diatetagmène
se lexikografik  seir�. Gia par�deigma an t = 4, èqoume a = 23 = 8 kai
w1 =







0

0

0






, w2 =







0

0

1






,w3 =







0

1

0






, w4 =







0

1

1






,

w5 =







1

0

0






, w6 =







1

0

1






, w7 =







1

1

0






, w8 =







1

1

1






.Me epiqeir mata, parìmoia m� aut� th
 per�ptwsh
 t = 2, mporoÔme eÔkola na diapi-st¸soume ìti gia na èqoume ton pl rh èlegqo twn katast�sewn th
 alus�da
, kat� thmet�bash apì th qronik  stigm  (gramm ) r−1 sthn r, h mình plhrofor�a pou qreiazìma-ste e�nai o arijmì
 twn emfan�sewn xi, th
 lèxh
 wi, i = 1, 2, . . . , a, sti
 teleuta�e
 t − 1grammè
. Epomènw
, èna
 kat�llhlo
 q¸ro
 katast�sewn, gia thn per�ptwsh t ≥ 2, jad�detai apì ton

Ω = Ω2 ∪ {xabs}ìpou me Ω2 sumbol�zoume to sÔnolo twn akèraiwn lÔsewn th
 grammik 
 ex�swsh

x1 + x2 + . . .+ xa = n, me xi ≥ 2 kai i = 1, 2, . . . , a. (3.2.4)QrhsimopoioÔme ton periorismì xi ≥ 2, i = 1, 2, . . . , a diìti k�je (t−1)×n upop�naka
, enì


t-CCA p�naka, ja prèpei na perièqei an�mesa sti
 st le
 tou, ti
 lèxei
 w1, w2, . . . , wa,toul�qiston duo forè
 (thn k�je m�a). 'Etsi, k�je (t−1)×n upop�naka
 pou den ikanopoie�ton parap�nw periorismì, jewre�tai pw
 up�getai sthn kat�stash aporrìfhsh
.E�nai gnwstì apì th jewr�a th
 sunduastik 
 (bl. p.q. Charalambides (2002)), ìti topl jo
 twn akèraiwn lÔsewn th
 parak�tw grammik 
 ex�swsh
,
x1 + x2 + . . .+ xγ = β, 101
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 pl rou
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(oi lÔsei
 th
 ex�swsh
, ja sumbol�zontai me to di�nusma (x1, x2, . . . , xγ)) me tou
 periori-smoÔ
 xi ≥ ci gia k�je i = 1, 2, . . . , γ, ìpou xi, γ, β, ci e�nai mh arnhtiko� akèraioi arijmo�,e�nai �so me
(
γ + β −∑γ

i=1 ci − 1

γ − 1

)

=

(
γ + β −∑γ

i=1 ci − 1

β −
∑γ

i=1 ci

)

.Epomènw
, to pl jo
 twn akèraiwn mh arnhtik¸n lÔsewn, th
 grammik 
 ex�swsh
(3.2.4) e�nai
s = |Ω2| =

(
a+ (n− 2a) − 1

n− 2a

)

=

(
n− a− 1

a− 1

)

,kai ètsi èqoume
|Ω| = |Ω2| + 1 =

(
n− a− 1

a− 1

)

+ 1.Akìmh, ja isqÔei Yr = (x1, x2, . . . , xa) ∈ Ω2, e�n kai mìno e�n, to pl jo
 twn emfa-n�sewn th
 lèxh
 wi, ston (t − 1) × n upop�naka, tou opo�ou h teleuta�a gramm  e�nai h
r + t − 1, isoÔtai me xi (ìpou xi ≥ 2 gia i = 1, 2, . . . , a) kai tautìqrona, o p�naka
 pouapotele�tai apì ti
 grammè
 1, 2, . . . , r+t−1, e�nai t-CCA. Se opoiad pote �llh per�ptwsh,ja jewroÔme ìti briskìmaste sthn kat�stash aporrìfhsh
.Ja proqwr soume t¸ra ston upologismì twn pijanot twn met�bash


P (Yr = (x1, x2, . . . , xa)|Yr−1 = (x′1, x
′
2, . . . , x

′
a))gia (x1, x2, . . . , xa), (x′1, x

′
2, . . . , x

′
a) ∈ Ω2. To epìmeno l mma, ma
 prosfèrei mia ikan  kaianagka�a sunj kh, ¸ste na e�nai mh mhdenik  mia pijanìthta met�bash
, th
 prohgoÔmenh
morf 
.L mma 3.2.1 Mia ikan  kai anagka�a sunj kh ¸ste na isqÔei

P (Yr = (x1, x2, . . . , xa)|Yr−1 = (x′1, x
′
2, . . . , x

′
a)) 6= 0e�nai h

x2i−1 + x2i = x′i + x′i+a/2, (3.2.5)gia k�je i = 1, 2, . . . , a/2.Apìdeixh. 'Eqonta
 diat�xei ti
 a = 2t−1 diaforetikè
 lèxei
 m kou
 t−1 se lexikografi-k  seir� (w1, w2, . . . , wa), mporoÔme eÔkola na diapist¸soume ìti gia k�je i = 1, 2, . . . , a/2,102
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 th
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 emf�nish
 p�naka, suneqìmenh
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oi lèxei
 w2i−1 kai w2i, èqoun akrib¸
 to �dio arqikì komm�ti (tm ma) m kou
 t−2. Dhlad ,e�n sumbol�soume me wi(j), j = 1, 2, . . . , t − 1 to gr�mma pou br�sketai sth j jèsh th
lèxh
 wi (j suntetagmènh), pa�rnoume ìti
w2i−1(j) = w2i(j), j = 1, 2, . . . , t− 2

w2i−1(t− 1) = 0, w2i(t− 1) = 1.Parìmoia, gia k�je i = 1, 2, . . . , a/2, to teleuta�o tm ma m kou
 t − 2 twn lèxewn wi kai
wi+a/2 taut�zetai, kai epomènw


wi(j) = wi+a/2(j), j = 2, 3, . . . , t− 1

wi(1) = 0, wi+a/2(1) = 1.Epiprìsjeta, to arqikì tm ma twn lèxewn w2i−1, w2i me to telikì tm ma twn wi, wi+a/2,e�nai akrib¸
 to �dio.SÔmfwna me ton trìpo orismoÔ th
 Markobian 
 alus�da
 {Yr, r = 0, 1, . . .}, h pija-nìthta met�bash

P (Yr = (x1, x2, . . . , xa)|Yr−1 = (x′1, x

′
2, . . . , x

′
a))anafèretai sthn per�ptwsh sthn opo�a, apì èna (t − 1) × n p�naka ston opo�o oi lèxei


wi, wi+a/2, emfan�zontai x′i+x′i+a/2 forè
, metaba�noume (afair¸nta
 thn pr¸th tou gramm ,kai prosjètonta
 mia nèa gramm  sto tèlo
) s� èna �llo (t−1)×n p�naka, o opo�o
 perièqeit¸ra ti
 lèxei
 w2i−1, w2i, x2i−1 + x2i forè
. 'Omw
, k�ti tètoio e�nai dunatìn na sumbe�e�n kai mìno e�n, oi arijmo� x′i + x′i+a/2 kai x2i−1 + x2i, taut�zontai kai h apìdeixh toul mmato
, sumplhr¸jhke.Ekmetalleuìmenoi kai to apotèlesma tou L mmato
 3.2.1 e�maste plèon se jèsh naapode�xoume to kÔrio apotèlesma th
 sugkekrimènh
 paragr�fou, pou anafèretai stonupologismì twn (mh mhdenik¸n) pijanot twn met�bash
, th
 alus�da
 oi opo�e
 ja qrhsi-mopoihjoÔn sth sunèqeia gia ton upologismì th
 P (Tk,n,t = 0).Je¸rhma 3.2.1 E�n (x1, x2, . . . , xa) ∈ Ω2 kai (x′1, x
′
2, . . . , x

′
a) ∈ Ω2, me

x2i−1 + x2i = x′i + x′i+a/2, gia k�je i = 1, 2, . . . , a/2.tìte
P (Yr = (x1, x2, . . . , xa)|Yr−1 = (x′1,x

′
2, . . . , x

′
a))

= (p
∑a/2

i=1 x2i(1 − p)n−
∑a/2

i=1 x2i)

a/2
∏

i=1

ci (3.2.6)103
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ìpou
ci =

(
x′i+a/2 + x′i

x2i

)

−
(
x′i+a/2

mi

)(
x′i

x2i −mi

)

−
(
x′i+a/2

m′
i

)(
x′i

x2i −m′
i

)

, (3.2.7)
mi = max{0, x2i − x′i}, m′

i = min{x2i, x
′
i+a/2},gia i = 1, 2, . . . , a/2.Apìdeixh. Arqik¸
, na shmei¸soume p�li ìti o nèo
 (t − 1) × n p�naka
, tou opo�ou hdom  perigr�fetai apì thn kat�stash (x1, x2, . . ., xa), ja prokÔptei apì ton prohgoÔmenop�naka-ton p�naka pou anafèretai sto endeqìmeno Yr−1 = (x′1, x

′
2, . . . , x

′
a)-afair¸nta
 thnpr¸th tou gramm  kai prosjètonta
 mia nèa sto tèlo
. To pl jo
 twn �sswn pou perièqeih nèa gramm , e�nai

b =

a/2
∑

i=1

x2ikai tautìqrona perièqei,
a/2
∑

i=1

x2i−1 = n−
a/2
∑

i=1

x2i = n− bmhdenik�, gegonì
 pou dikaiologe� kai thn emf�nish tou ìrou pb(1 − p)n−b, sthn èkfrash(3.2.6).A
 koit�xoume t¸ra sti
 st le
 tou nèou (t−1)×n p�naka, oi opo�e
 èqoun akrib¸
 to�dio arqikì tm ma, m kou
 t−2. Gia sugkekrimèno i ∈ {1, 2, . . . , a/2}, oi x2i +x2i−1 st le
oi opo�e
 perièqoun ti
 lèxei
 w2i−1, w2i ja prokÔptoun apì ti
 x′i + x′i+a/2 st le
, touprohgoÔmenou (t − 1) × n p�naka, oi opo�e
 ja perièqoun ti
 lèxei
 wi, wi+a/2. Epomènw
,autì pou qreiazìmaste (¸ste na exasfal�soume th dhmiourg�a enì
 t× n p�naka pl rou
k�luyh
) e�nai na katane�moume ta x2i−1 mhdenik� kai tou
 x2i �ssou
, sth nèa gramm , metètoio trìpo, ¸ste na up�rqei toul�qiston èna mhdenikì kai toul�qiston èna
 �sso
, sek�je m�a apì ti
 duo om�de
 sthl¸n, pou antistoiqoÔn sti
 lèxei
 w′
i kai w′

i+a/2.To pl jo
 twn trìpwn me tou
 opo�ou
 mporoÔme na petÔqoume k�ti tètoio, e�nai
ci =

x2i−1∑

j=1

(
x′i+a/2

j

)(
x′i

x2i − j

)

,jewr¸nta
 ìti
(
u

v

)

= 0, u ≤ v.104
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E�n jèloume na apallagoÔme apì thn prohgoumènh paradoq , ta �nw kai k�tw ìria touajro�smato
, prèpei na all�xoun me
max{1, x2i − x′i + 1}, kai min{x2i − 1, x′i+a/2 − 1},ant�stoiqa. 'Etsi, to ci ja g�nei

ci =

min{x2i−1,x′

i+a/2
−1}

∑

j=max{1,x2i−x′

i+1}

(
x′i+a/2

j

)(
x′i

x2i − j

)

.Epiplèon, efarmìzonta
 to gnwstì tÔpo tou Cauchy (bl. p.q. Charalambides (2002))
(
u1 + u2

v

)

=

min{u1,v}
∑

j=max{0,v−u2}

(
u1

j

)(
u2

v − j

)

,gia
u1 = x′i+a/2, u2 = x′i, v = x2ikatal goume ìti ta ci mporoÔn na upologistoÔn mèsw th
 (3.2.7), afoÔ

(
x′i+a/2 + x′i

x2i

)

=

min{x2i,x
′

i+a/2
}

∑

j=max{0,x2i−x′

i}

(
x′i+a/2

j

)(
x′i

x2i − j

)

=

min{x2i−1,x′

i+a/2
−1}

∑

j=max{1,x2i−x′

i+1}

(
x′i+a/2

j

)(
x′i

x2i − j

)

+

(
x′i+a/2

mi

)(
x′i

x2i −mi

)

+

(
x′i+a/2

m′
i

)(
x′i

x2i −m′
i

)

= ci +

(
x′i+a/2

mi

)(
x′i

x2i −mi

)

+

(
x′i+a/2

m′
i

)(
x′i

x2i −m′
i

)

,ìpou, mi = max{0, x2i − x′i}, m′
i = min{x2i, x

′
i+a/2}.Tèlo
, e�dame pw
 ta ci d�noun to pl jo
 twn trìpwn me tou
 opo�ou
 mporoÔme apìti
 x′i + x′i+a/2 lèxei
 wi, wi+a/2 (th qronik  stigm  r − 1) na metaboÔme sti
 x2i−1 + x2ilèxei
 w2i−1, w2i (th qronik  stigm  r), k�tw apì ti
 pro�pojèsei
 pou perigr�yame proh-goumènw
 (¸ste na ikanopoie�tai to t-CCA krit rio). 'Ara, h met�bash apì thn kat�stash

(x′1, x
′
2, . . . , x

′
a) sthn (x1, x2, . . . , xa) (¸ste na p�roume èna t-CCA p�naka), mpore� na g�neime ∏a/2

i=1 ci diaforetikoÔ
 trìpou
, kai autì oloklhr¸nei thn apìdeix  ma
. 105
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 pl rou
 k�luyh
'Etsi, gia na upolog�soume thn pijanìthta èna
 k × n p�naka
 na e�nai t-CCA, mporoÔmena k�noume qr sh th
 sqèsh

P (Tk,n,t = 0) = π0P

k−t+11′, k ≥ t (3.2.8)ìpou to π0 = (p1, p2, . . . , ps) e�nai to 1 × s di�nusma pijanot twn, me ti
 suntetagmène
tou na anafèrontai sthn emf�nish twn (t − 1) × n (duadik¸n) pin�kwn, apì tou
 opo�-ou
 mpore� na xekin sei h {kataskeu } enì
 k × n p�naka. Epomènw
, oi p1, p2, . . . , pse�nai oi pijanìthte
 na p�roume èna (t − 1) × n p�naka me dom  (x1, x2, . . . , xa), ìpou ta
(x1, x2, . . . , xa) antistoiqoÔn sti
 s akèraie
 lÔsei
 th
 ex�swsh
 (3.2.4). Oi teleuta�e
pijanìthte
 isoÔntai me

n!

x1!x2! · · ·xa!
p
∑a

i=1 xi|wi|(1 − p)n(t−1)−
∑a

i=1 xi|wi| (3.2.9)ìpou me |wi|, i = 1, 2, . . . , a sumbol�zoume to pl jo
 twn �sswn, sth lèxh i. Enallaktik�,to �jroisma∑a
i=1 xi|wi| mpore� na jewrhje� w
 o sunolikì
 arijmì
 �sswn, ston (t−1)×np�naka, o opo�o
 perièqei xi forè
, th lèxh wi, gia i = 1, 2, . . . , a.To epìmeno par�deigma, ja ma
 bohj sei na katano soume kalÔtera, th mèjodo poumìli
 perigr�yame, upolog�zonta
 ìle
 ti
 parap�nw pijanìthte
, gia sugkekrimène
 timè
twn paramètrwn.Par�deigma 3.4 A
 upojèsoume ìti endiaferìmaste gia thn per�ptwsh ìpou n = 10 kai

t = 3. Tìte a = 2t−1 = 4 kai ìle
 oi diaforetikè
 lèxei
 (lexikografik� diatetagmène
)m kou
 t− 1 = 2, e�nai
w1 =

(
0

0

)

, w2 =

(
0

1

)

, w3 =

(
1

0

)

, w4 =

(
1

1

)

.O q¸ro
 katast�sewn Ω e�nai th
 morf 
 Ω = Ω2 ∪ {xabs} ìpou o Ω2 perilamb�nei ti
akèraie
 lÔsei
, th
 grammik 
 ex�swsh

x1 + x2 + x3 + x4 = 10,k�tw apì tou
 periorismoÔ
 xi ≥ 2, gia i = 1, 2, 3, 4. O plhj�rijmo
 tou Ω2 e�nai �so
 me

s = |Ω2| =

(
n− a− 1

a− 1

)

=

(
10 − 4 − 1

4 − 1

)

= 10kai sumbol�zonta
 me ωi, i = 1, 2, . . . , 10 ta stoiqe�a tou, pa�rnoume
ω1 = (4, 2, 2, 2), ω2 = (2, 2, 4, 2), ω3 = (2, 4, 2, 2), ω4 = (2, 2, 2, 4), ω5 = (3, 2, 3, 2),

ω6 = (3, 3, 2, 2), ω7 = (3, 2, 2, 3), ω8 = (2, 2, 3, 3), ω9 = (2, 3, 2, 3), ω10 = (2, 3, 3, 2).106
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Me b�sh to L mma 3.2.1 èqoume ìti oi pijanìthte
 met�bash

P (Yr = (x1, x2, . . . , xa)|Yr−1 = (x′1, x

′
2, . . . , x

′
a))de mhden�zontai, e�n kai mìno e�n

(x1, x2, . . . , xa) ∈ C kai (x′1, x
′
2, . . . , x

′
a) ∈ Dìpoua. C = {ω1, ω3, ω6} kai D = {ω1, ω2, ω5},  b. C = {ω2, ω4, ω8} kai D = {ω3, ω4, ω9},  g. C = {ω5, ω7, ω9, ω10} kai D = {ω6, ω7, ω8, ω10}.Gia par�deiga, an jewr soume thn kat�stash ω1 = (x1, x2, x3, x4) = (4, 2, 2, 2) kai thn

ω5 = (x′1, x
′
2, x

′
3, x

′
4) = (3, 2, 3, 2), ja èqoume
x2i−1 + x2i =

{

x1 + x2 = 4 + 2 = 6, i = 1

x3 + x4 = 2 + 2 = 4, i = 2kai
x′i + x′i+a/2 =

{

x′1 + x′3 = 3 + 3 = 6, i = 1

x′2 + x′4 = 2 + 2 = 4, i = 2to opo�o exasfal�zei ìti ikanopoie�tai h sunj kh (3.2.5), tou L mmato
 3.2.1. 'Etsi gia naupolog�soume thn ant�stoiqh pijanìthta met�bash
, arke� na upolog�soume ti
 posìthte
(3.2.7). Epeid ,
mi =

{

max{0, 2 − 3} = 0, i = 1

max{0, 2 − 2} = 0, i = 2
, m′

i =

{

min{2, 3} = 2, i = 1

min{2, 2} = 2, i = 2
,pa�rnoume

c1 =

(
3 + 3

2

)

−
(

3

0

)(
3

2 − 0

)

−
(

3

2

)(
3

2 − 2

)

= 9

c2 =

(
2 + 2

2

)

−
(

2

0

)(
2

2 − 0

)

−
(

2

2

)(
2

2 − 2

)

= 4kai epomènw
, o tÔpo
 (3.2.6) d�nei
P (Yr = (4, 2, 2, 2)|Yr−1 = (3, 3, 2, 2)) = 36p4(1 − p)6. 107
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DouleÔonta
 parìmoia, gia tou
 upìloipou
 sunduasmoÔ
 katast�sewn, katal goume stonepìmeno p�naka pijanot twn met�bash

P =

























32b1 0 32b3 0 0 48b2 0 0 0 0

32b1 0 32b3 0 0 48b2 0 0 0 0

0 32b1 0 32b3 0 0 0 48b2 0 0

0 32b1 0 32b3 0 0 0 48b2 0 0

36b1 0 36b3 0 0 72b2 0 0 0 0

0 0 0 0 36b1 0 36b2 0 36b3 36b2

0 0 0 0 36b1 0 36b2 0 36b3 36b2

0 0 0 0 36b1 0 36b2 0 36b3 36b2

0 36b1 0 36b3 0 0 0 72b2 0 0

0 0 0 0 36b1 0 36b2 0 36b3 36b2























ìpou bi = p3+i(1−p)7−i, i = 1, 2, 3. To arqikì di�nusma π0 to opo�o emfan�zetai ston tÔpo(3.2.8) mpore� eÔkola na upologiste� apì thn (3.2.9), kaj¸
 π0 = (p1, p2, . . . , p10) ìpou

p1 = αp8(1 − p)12, p2 = p3 = αp10(1 − p)10, p4 = αp12(1 − p)8,

p5 = p6 = βp9(1 − p)11, p7 = p10 = βp10(1 − p)1, p8 = p9 = βp11(1 − p)9,me
α =

10!

4!(2!)3
= 18900, β =

10!

(2!)2(3!)2
= 25200.Tèlo
, o upologismì
 twn pijanot twn pou ma
 endiafèroun (gia thn per�ptwsh n = 10kai t = 3), mpore� na oloklhrwje�, me b�sh th sqèsh

P (Tk,10,3 = 0) = π0P
k−21′, k ≥ 3.Ax�zei na epishm�noume ìti o teleuta�o
 tÔpo
 mpore� akìmh na qrhsimopoihje� ¸ste nabroÔme mia anadromik  sqèsh gia ti
 pijanìthte
 ak = P (Tk,10,3 = 0), k = 3, 4, . . . Gia nakatafèroume k�ti tètoio, arke� na ekfr�soume th genn tria sun�rthsh

∞∑

k=3

akz
k =

∞∑

k=3

π0z
2(zP )k−21′ = z3π0 (I − zP )−1 P1′ = z2(π0 (I − zP )−1 1′ − π01

′)w
 lìgo duo poluwnÔmwn tou z, dhlad 
∞∑

k=3

akz
k = P1(z)/P2(z),108
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kai na gr�youme thn teleuta�a tautìthta sth morf  P2(z)
(∑∞

k=3 akz
k
)

= P1(z), ¸stena sugkr�noume tou suntelestè
 twn dunamoseir¸n pou prokÔptoun, sto aristerì kai stodexiì mèlo
.Sthn eidik  per�ptwsh twn summetrik¸n dokim¸n Bernoulli (p = 1/2), o P g�netai
P =

1

210

























32 0 32 0 0 48 0 0 0 0

32 0 32 0 0 48 0 0 0 0

0 32 0 32 0 0 0 48 0 0

0 32 0 32 0 0 0 48 0 0

36 0 36 0 0 72 0 0 0 0

0 0 0 0 36 0 36 0 36 36

0 0 0 0 36 0 36 0 36 36

0 0 0 0 36 0 36 0 36 36

0 36 0 36 0 0 0 72 0 0

0 0 0 0 36 0 36 0 36 36

























(3.2.10)
en¸ to π0, gr�fetai sth morf 

π0 =
1

220
(α, α, α, α, β, β, β, β, β, β). (3.2.11)Oi pijanìthte
 P (Tk,10,3 = 0) gia k = 3, 4, 5, 6, e�nai �se
 me

P (T3,10,3 = 0) =
3.024 · 107

230
= 0.02816,

P (T4,10,3 = 0) =
4.08361 · 109

240
= 0.00371,

P (T5,10,3 = 0) =
5.53977 · 1011

250
= 0.00049.Epiplèon, pragmatopoi¸nta
 tou
 apara�thtou
 upologismoÔ
, mporoÔme eÔkola na kata-l xoume sth sqèsh

∞∑

k=3

akz
k =

P1(z)

P2(z)
=

−4725(−409600z3 + 384z4 + 243z5)

65536(1048576− 139264z − 576z2 + 81z3)ap� ìpou prokÔptei o akìloujo
 anadromikì
 tÔpo

ak =

1

1048576
(139264ak−1 + 576ak−2 − 81ak−3), k ≥ 6o opo�o
 qrhsimopoie�tai gia ton upologismì twn pijanot twn P (Wk,10,3 = 0), gia k =

6, 7, . . .Duo �mesa sumper�smata, ap� ìsa prohg jhkan, e�nai ta akìlouja: 109
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a. H pijanìthta P (Tk,10,3 = 0) mei¸netai kaj¸
 to k aux�netai.b. Oi arijmhtè
 twn prohgoÔmenwn pijanot twn P (Tk,10,3 = 0), e�nai apl� oi plhj�rij-moi Ck,10,3, gia n = 10, t = 3 kai k = 3, 4, 5.
Apì to sÔnolo th
 an�lush
 pou prohg jhke, mporoÔme eÔkola na diapist¸soumeìti oi lèxei
 m kou
 t, ja èqoun thn �dia pijanìthta emf�nish
, e�n kai mìno e�n p =

0.5. Epomènw
, e�nai orjì na anamènoume ìti h pijanìthta P (Wk,n,t = 0) ja pa�rnei thmègisth tim  th
, ìtan isqÔei p = 0.5 (gia dedomène
 ti
 timè
 twn paramètrwn k, n, t). Tosumperasm� autì epibebai¸netai kai apì ta graf mata tou Sq mato
 3.2.2, gia t = 2 kaidi�fore
 epilogè
, gia ti
 timè
 twn paramètrwn n, k.
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0.8
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k=3

k=4
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k=4

k=5

k=6

Sq ma 3.2.2: H pijanìthta P (Tk,n,2 = 0), sunart sei tou p.Tèlo
, ax�zei na anafèroume ìti gia opoiousd pote akèraiou
 jetikoÔ
 arijmoÔ
 n, kkai t, me t ≤ k kai n ≥ 2t, isqÔei
lim
k→∞

P (Tk,n,t = 0) = 0,dhlad , h pijanìthta h Markobian  alus�da (pou qrhsimopoi same gia thn emfÔteush th
t.m.), na mh br�sketai sthn kat�stash aporrìfhsh
, met� apì �peira b mata, te�nei stomhdèn. To parap�nw apotèlesma, apodeiknÔetai polÔ eÔkola mèsa apì ti
 idiìthte
 twnMarkobian¸n alus�dwn, oi opo�e
 èqoun toul�qiston m�a kat�stash aporrìfhsh
.110



3.3 H katanom  tou pl jou
 twn upopin�kwn mh pl rou
 k�luyh
, enì
 tuqa�ou duadikoÔp�naka3.3 H katanom  tou pl jou
 twn upopin�kwn mh pl -rou
 k�luyh
, enì
 tuqa�ou duadikoÔ p�nakaSthn par�grafo aut  ja ma
 apasqol sei o prosdiorismì
 th
 sun�rthsh
 pijanìthta
th
 Tk,n,t, ìpw
 aut  èqei oriste� apì thn (3.2.1). H mèjodo
 pou ja qrhsimopoi soumebas�zetai s� aut n pou perigr�yame sthn prohgoÔmenh par�grafo, kai sth polÔ shmantik diap�stwsh, ìti h Tk,n,t e�nai emfuteÔsimh t.m., diwnumikoÔ tÔpou (bl. Orismì 3.1.2).Gia na katano soume kalÔtera ti akrib¸
 dhl¸nei h Tk,n,t, a
 jewr soume thn parak�twpragmatopo�hsh enì
 k × n tuqa�ou p�naka, me k = 6, n = 10















0 1 0 0 1 0 1 0 0 1

0 1 1 0 0 1 0 1 1 0

1 0 1 0 1 1 0 0 1 1

0 0 1 0 1 1 1 1 0 1

0 1 1 0 1 0 1 1 0 1

0 1 1 0 1 0 1 1 0 1













Tìte, h t.m. T6,10,2 pa�rnei thn tim  2, afoÔa. ston upop�naka di�stash
 2 × 10, pou sqhmat�zetai apì ti
 grammè
 {1, 2}, denup�rqei h lèxh (1

1

),b. ston upop�naka pou sqhmat�zetai apì ti
 grammè
 {5, 6}, den up�rqoun oi lèxei

(
0
1

)
,
(
1
0

),en¸, oi upop�nake
 me grammè
 {2, 3} kai {3, 4}, e�nai pl rou
 k�luyh
. Parìmoia, èqoumeìti T6,10,3 = 3 kaj¸
 oi t × n = 3 × 10 upop�nake
, pou sqhmat�zontai apì ti
 grammè

{1, 2, 3}, {3, 4, 5} kai {4, 5, 6}, e�nai mh pl rou
 k�luyh
.Aposkop¸nta
 ston upologismì th
 sun�rthsh
 pijanìthta
 th
 Tk,n,t, ja epekte�-noume ton q¸ro katast�sewn Ω2 (bl. (3.2.4)) ètsi ¸ste na krat�me ìqi mìno thn plh-rofor�a pou afor� th dom  tou teleuta�ou (t − 1) × n upop�naka, th qronik  stigm  r,�lla kai to pl jo
 twn upopin�kwn mh pl rou
 k�luyh
, pou ja èqoume parathr sei mèqrith stigm  eke�nh. Tìte, diapist¸noume pw
 h Tk,n,t e�nai mia emfuteÔsimh t.m. diwnumikoÔtÔpou, kai ta ergale�a pou èqoume sth di�jesh ma
 (bl. Orismì 3.1.2 kai Je¸rhma 3.1.3)ma
 odhgoÔn �mesa sthn katanom  th
 Tk,n,t.Gia thn emfÔteush th
 aparijm tria
 t.m. Tk,n,t se mia Markobian  alus�da, ja qrhsi-mopoi soume arqik� ektì
 apì ti
 s katast�sei
 tou Ω2, pou eis�game sthn prohgoÔmenh111



Duadiko� tuqa�oi p�nake
 pl rou
 k�luyh
par�grafo, m�a epiplèon kat�stash ωs+1. H nèa aut  kat�stash ja dhl¸nei ìti ston
(t − 1) × n p�naka pou melet�me (mia dedomènh qronik  stigm ), up�rqei mia lèxh m kou

t − 1, h opo�a èqei emfaniste� ligìtere
 apì 2 forè
. Qrhsimopoi¸nta
 epiplèon kai miaaparijm tria metablht , èstw m, h opo�a ja krat�ei w
 plhrofor�a ton arijmì twn upo-pin�kwn mh pl rou
 k�luyh
, katal goume sto nèo q¸ro katast�sewn

Ω∗ = (Ω2 ∪ {ωs+1}) × {0, 1, . . . , k − t+ 1}(to Ω∗ e�nai to kartesianì ginìmeno twn sunìlwn Ω2 ∪ {ωs+1} kai {0, 1, . . . , k− t+ 1}) meplhj�rijmo
|Ω∗| = (s+ 1)(k − t+ 2).O orismì
 th alus�da
 {Yr, r = 0, 1, . . .}, me q¸ro katast�sewn Ω∗, oloklhr¸netai me ti
parak�tw sunj ke
:

i. ja isqÔei Yr = (ω,m), me ω = (x1, x2, . . . , xa) ∈ Ω2 kai 0 ≤ m ≤ k−t+1, e�n kai mìnoe�n to pl jo
 twn emfan�sewn th
 lèxh
 wi, ston (t−1)×n upop�naka, tou opo�ou hteleuta�a gramm  e�nai h r+ t− 1, isoÔtai me xi (ìpou xi ≥ 2 gia i = 1, 2, . . . , a) kaiepiplèon, ston p�naka pou apotele�tai apì ti
 grammè
 1, 2, . . . , r + t − 1, up�rqounakrib¸
 m upop�nake
 mh pl rou
 k�luyh
,
ii. ja isqÔei Yr = (ω,m) me ω = ωs+1 kai 0 ≤ m ≤ k − t + 1, e�n kai mìno e�ntoul�qiston m�a lèxh apì ti
 w1, w2, . . . , wa (a = 2t−1) èqei emfaniste� ligìtere
 apì2 forè
, ston (t− 1)× n upop�naka, tou opo�ou h teleuta�a gramm  e�nai h r+ t− 1kai epiplèon, up�rqoun akrib¸
 m upop�nake
 mh pl rou
 k�luyh
, ston p�naka pouapotele�tai apì ti
 grammè
 1, 2, . . . , r + t− 1.Jewr¸nta
 thn parak�tw diamèrish, tou q¸rou katast�sewn Ω∗

Ω∗ =
⋃

m≥0

Cm, Cm = {(ω,m) : ω ∈ Ω2 ∪ {ωs+1}}, m = 0, 1, . . . , k − t+ 1,eÔkola diapist¸noume pw
 h t.m. Tk,n,t g�netai mia MVB, gia thn opo�a o p�naka
 pijano-t twn met�bash
 A (bl. kai (3.1.1)) èqei th morf 
A =

(

P 0′

0 0

)

(s+1)×(s+1)

(3.3.1)ìpou P e�nai o p�naka
 met�bash
 pou qrhsimopoi same gia ton upologismì th
 P (Tk,n,t =

0). H morf  tou A dikaiologe�tai kai apì to gegonì
 ìti oi pr¸te
 s grammè
 kai s st le
112



3.3 H katanom  tou pl jou
 twn upopin�kwn mh pl rou
 k�luyh
, enì
 tuqa�ou duadikoÔp�nakatou, anafèrontai sti
 pijanìthte
 met�bash
 an�mesa sti
 katast�sei
 tou q¸rou Ω2, ap�ìpou den prokÔptoun upop�nake
 mh pl rou
 k�luyh
. Apì thn �llh, e�n Yr−1 = (ωs+1, m),e�nai fanerì ìti h Yr den mpore� na per�sei se kam�a apì ti
 katast�sei
 (ω,m), me ω ∈ Ω2,kai autì èqei w
 apotèlesma oi pijanìthte
 sthn teleuta�a gramm  tou A, na mhden�zontai.Prin suneq�soume me ton p�naka met�bash
 B, prèpei na anafèroume ìti oi pr¸te
 ssuntetagmène
 tou arqikoÔ dianÔsmato
 pijanot twn
f0(0) = (P (Y0 = (ω1, 0)), P (Y0 = (ω2, 0)), . . . , P (Y0 = (ωs+1, 0))) ,upolog�zontai �mesa apì thn (3.2.9), en¸ h P (Y0 = (ωs+1, 0)) e�nai �sh me

P (Y0 = (ωs+1, 0)) = 1 −
s∑

i=1

P (Y0 = (ωi, 0)). (3.3.2)O p�naka
 met�bash
 B, mpore� na grafe� w

B =

(

Q c′

b ρ

)

(s+1)×(s+1).Oi pijanìthte
 met�bash
 pou perièqontai ston Q, anafèrontai sti
 peript¸sei

P (Yr = (ω,m+ 1)|Yr−1 = (ω′, m)),ìpou

ω = (x1, x2, . . . , xa) ∈ Ω2 kai ω′ = (x′1, x
′
2, . . . , x

′
a) ∈ Ω2.SÔmfwna me to L mma 3.2.1, e�n den ikanopoie�tai h sunj kh (3.2.5), h kat�stash ω e�nai mhprosb�simh (me èna b ma) apì thn ω′ kai epomènw
, P (Yr = (ω,m+1)|Yr−1 = (ω′, m)) = 0.An ìmw
 h (3.2.5) ikanopoie�tai, h pijanìthta P (Yr = (ω,m)|Yr−1 = (ω′, m)), h opo�ataut�zetai me thn (3.2.6), èqei sumperilhfje� ston upop�naka P , tou A. 'Ara, o upop�naka


Q tou B ja perilamb�nei thn {upìloiph} pijanìthta, h opo�a mpore� na ekfraste� mèswtou tÔpou
P (Yr = (ω,m+ 1)|Yr−1 = (ω′, m))

= p
∑a/2

i=1 x2i(1 − p)n−
∑a/2

i=1 x2i





a/2
∏

i=1

di −
a/2
∏

i=1

ci



 , (3.3.3)ìpou
di =

(
x2i + x2i−1

x2i

)

, i = 1, 2, . . . , a/2. 113



Duadiko� tuqa�oi p�nake
 pl rou
 k�luyh
'Eqonta
 prosdior�sei ti
 pijanìthte
 tou p�naka Q, to di�nusma c upolog�zetai �mesa apìth sqèsh
c′ = 1′ −Q1′ − P1′ (3.3.4)h opo�a prokÔptei apì to gegonì
 ìti o p�naka
 A+B e�nai èna
 stoqastikì
 p�naka
.A
 proqwr soume t¸ra sto di�nusma b, to opo�o apotele�tai apì pijanìthte
 met�ba-sh
, th
 morf 


P (Yr = (ω,m+ 1)|Yr−1 = (ωs+1, m)) (3.3.5)ìpou ω = (x1, x2, . . . , xa) ∈ Ω2. Epiplèon, ja sumbol�zoume me ωs+1,j = (x′1j , x
′
2j , . . . , x

′
aj),

j = 1,2, . . . , h ti
 akèraie
 lÔsei
 th
 ex�swsh

x′1j + x′2j + . . .+ x′aj = n,k�tw apì tou
 periorismoÔ


• x′i < 2, gia toul�qiston èna i ∈ {1, 2, . . . , a} kai,
• x′ij + x′i+a/2,j = x2i−1 + x2i gia k�je i ∈ {1, 2, . . . , a}.Tìte, to pl jo
 twn lÔsewn th
 parap�nw ex�swsh
, e�nai �so me

h =

a/2
∏

i=1

(x2i + x2i−1 + 1) −
a/2
∏

i=1

(x2i + x2i−1 − 3),kai h (3.3.5) g�netai
P (Yr = (ω,m+ 1)|Yr−1 = (ωs+1, m))

= P (Y1 = (ω, 1)|Y0 = (ωs+1, 0))

=
1

P (Y0 = (ωs+1, 0))

h∑

j=1

P (Y0 = (ωs+1,j, 0))P (Y1 = (ω, 1)|Y0 = (ωs+1,j, 0)),

=
1

P (Y0 = (ωs+1, 0))

h∑

j=1

P (Y0 = (ωs+1,j, 0))p0,

=
p0

P (Y0 = (ωs+1, 0))

h∑

j=1

pωs+1,j
, (3.3.6)ìpou pωs+1,j

e�nai pijanìthte
 oi opo�e
 upolog�zontai mèsw parìmoiwn sqèsewn me ti
(3.2.9), h P (Y0 = (ωs+1, 0)) d�detai apì thn (3.3.2) kai
p0 = p

∑a/2
i=1 x2i(1 − p)n−

∑a/2
i=1 x2i

a/2
∏

i=1

di.114



3.3 H katanom  tou pl jou
 twn upopin�kwn mh pl rou
 k�luyh
, enì
 tuqa�ou duadikoÔp�nakaAx�zei na epishm�noume pw
 to �jroisma pou emfan�zetai sthn (3.3.6), mpore� enallaktik�na ekfraste� w

∑

0 ≤ yi ≤ x2i−1 + x2i,gia i = 1, 2, . . . , a/2

n!
∏a/2

i=1 yi!(x2i + x2i−1 − yi)!
πω

−
∑

2 ≤ yi ≤ x2i−1 + x2i − 2,gia i = 1, 2, . . . , a/2

n!
∏a/2

i=1 yi!(x2i + x2i−1 − yi)!
πω

ìpou
πω = p

∑a/2
i=1(x2i+x2i−1)|wi|+n−

∑a/2
i=1 yi(1 − p)n(t−1)−

∑a/2
i=1(x2i+x2i−1)|wi|−n+

∑a/2
i=1 yi.Sthn per�ptwsh anex�rthtwn kai summetrik¸n dokim¸n Bernoulli, to πω den exart�tai apìto ω ∈ Ω2 (πω = 2−n(t−1) gia k�je ω ∈ Ω2), en¸ gia t = 2 h pijanìthta met�bash
 (3.3.6)lamb�nei thn akìloujh apl  morf 

P (Yr = (ω,m+ 1)|Yr−1 = (ωs+1, m)) =

(
n

x2

)

px2(1 − p)n−x2(diìti, P (Y0 = (ωs+1, 0)) =
∑h

j=1 pωs+1,j
). H parap�nw prosèggish, ja g�nei perissìterokatanoht , mèsw tou epìmenou parade�gmato
.Par�deigma 3.5 A
 upojèsoume ìti n = 10, t = 3 kai p = 1/2 (i.i.d. summetrikè
 dokimè


Bernoulli). Tìte, anakal¸nta
 tou
 sumbolismoÔ
 kai thn an�lush tou Parade�gmato
3.4, mporoÔme na gr�youme to q¸ro katast�sewn Ω∗ w

Ω∗ = {(ω,m) : ω = (x1, x2, x3, x4) ∈ (Ω2 ∪ {ωs+1}) kai 0 ≤ m ≤ k − 2},ìpou Ω2 = {ω1, ω2, . . . , ω10}. Oi pr¸te
 10 suntetagmène
 tou arqikoÔ dianÔsmato
 pija-not twn f0(0), taut�zontai me autè
 tou π0 (bl. (3.2.11)) kai epomènw
, apì th sqèsh

f0(0) = (π0, 1 − π01
′)pa�rnoume

f0(0) =
1

220
(α, α, α, α, β, β, β, β, β, β, γ), 115



Duadiko� tuqa�oi p�nake
 pl rou
 k�luyh
me, α = 18900, β = 25200 kai γ = 220 − 4α − 6β. O p�naka
 met�bash
 A, ja èqei thmorf  pou perigr�fetai apì thn (3.3.1), ìpou o P ja d�detai apì thn (3.2.10).Oi pijanìthte
 tou Q upolog�zontai, mèsw th
 (3.3.3). Sth dik  ma
 per�ptwsh, otÔpo
 (3.3.3) g�netai
P (Yr = (ω,m+ 1)|Yr−1 = (ω′, m)) =

1

210

(
x1 + x2

x2

)(
x3 + x4

x4

)

− p(ω, ω′)ìpou p(ω, ω′) e�nai oi ant�stoiqe
 pijanìthte
 tou P . 'Etsi, gia ω1 = (4, 2, 2, 2), pa�rnoume
P (Yr = (ω1, m+ 1)|Yr−1 = (ω1, m)) =

1

210

((
6

2

)(
4

2

)

− 32

)

=
58

210kai douleÔonta
 me parìmoio trìpo gia ti
 upìloipe
 mh mhdenikè
 pijanìthte
 tou Q,katal goume ston p�naka
Q =

1

210

























58 0 58 0 0 72 0 0 0 0

58 0 58 0 0 72 0 0 0 0

0 58 0 58 0 0 0 72 0 0

0 58 0 58 0 0 0 72 0 0

54 0 54 0 0 48 0 0 0 0

0 0 0 0 64 0 64 0 64 64

0 0 0 0 64 0 64 0 64 64

0 0 0 0 64 0 64 0 64 64

0 54 0 54 0 0 0 48 0 0

0 0 0 0 64 0 64 0 64 64

























.

To di�nusma c, pou emfan�zetai sthn teleuta�a st lh tou B, upolog�zetai mèsw th
 (3.3.4),kai br�sketai �so me
c′ = 1′ −Q1′ − P1′ =

1

210
(δ, δ, δ, δ, ǫ, ǫ, ǫ, δ, ǫ)′ìpou δ = 724, ǫ = 624. Tèlo
, to b prokÔptei apì thn (3.3.6), en¸ gia n = 10, t = 3èqoume

b =
1

210
(ζ, ζ, ζ, ζ, η, θ, η, θ, η, η)me ζ = 16.6513, η = 19.1351 kai θ = 22.2017. Profan¸
, h pijanìthta ρ pou up�rqei sthnteleuta�a st lh kai gramm  tou p�naka B, ja e�nai �sh me

ρ = 1 − b1′ = 1 − 2−10(4ζ + 4η + 2θ) =
1

210
836451.116



3.4 H per�ptwsh th
 Markobian 
 ex�rthsh
Mèsw twn anadromik¸n sqèsewn (3.1.2) mporoÔme na prosdior�soume olìklhrh thnkatanom  th
 T5,10,3 kai na katal xoume sta ex 
:
P (T5,10,3 = 0) = f0(0)A31′ = 0.00049

P (T5,10,3 = 1) = f0(0)(BA2 + ABA + A2B)1′ = 0.00722

P (T5,10,3 = 2) = f0(0)(B2A+BAB + AB2)1′ = 0.06858

P (T5,10,3 = 3) = f0(0)B31′ = 0.92371.

3.4 H per�ptwsh th
 Markobian 
 ex�rthsh
H mèjodo
 pou analÔsame sti
 prohgoÔmene
 paragr�fou
, mpore� eÔkola na prosarmoste�kai sthn per�ptwsh ìpou oi t.m. pou br�skontai sthn �dia st lh tou p�naka, èqoun miaMarkobian  ex�rthsh, en¸ oi st le
 e�nai metaxÔ tou
 anex�rthte
. Sth sugkekrimènhpar�grafo ja perigr�youme en suntom�a ton trìpo me ton opo�o ja antimetwp�soume toprìblhma gia thn per�ptwsh t = 2, kai ìtan oi t.m. pou br�skontai sthn �dia st lh, èqounmia Markobian  ex�rthsh pr¸th
 t�xh
.Ja anaferjoÔme mìno sthn per�ptwsh t = 2, ¸ste oi di�fore
 ènnoie
 na exhghjoÔnkalÔtera. H gen�keush twn apotelesm�twn gia t ≥ 2, e�nai �mesh (gia Markobian  ex�r-thsh t�xew
, to polÔ t − 1), wstìso oi sumbolismo� g�nontai arket� polÔplokoi. Gia tolìgo autì de ja epektajoÔme perissìtero sto jèma autì.'Estw, X = (Xij)k×n, èna
 (duadikì
) tuqa�o
 p�naka
 me anex�rthte
 st le
 kai a
upojèsoume pw
 gia dedomèno j ∈ {1, 2, . . . , n}, h akolouj�a {Xij, i = 1, 2, . . . , k} e�nai m�aomogen 
 Markobian  alus�da, me duo katast�sei
 kai pijanìthte
 met�bash

P (Xij = 1|Xi−1,j = 0) = p01, P (Xij = 0|Xi−1,j = 0) = p00,

P (Xij = 1|Xi−1,j = 1) = p11, P (Xij = 0|Xi−1,j = 1) = p10,gia i = 1, 2, . . . , k. Tìte, h t.m. pou aparijme� to pl jo
 twn 2×n upopin�kwn, mh pl rou
k�luyh
, mpore� na antimetwpiste� w
 MVB t.m. me q¸ro katast�sewn
Ω∗ = {(x,m) : x ∈ {2, 3, . . . , n− 2, ω∗}, m = 0, 1, . . . , k − t+ 1}, 117



Duadiko� tuqa�oi p�nake
 pl rou
 k�luyh
ìpou h t.m. x ∈ {2, 3, . . . , n−2} metr�ei to pl jo
 twn �sswn sth gramm  pou briskìmaste,en¸ ìtan x = ω∗, shma�nei ìti to pl jo
 twn �sswn e�nai �so me 0, 1, n − 1   n. Haparijm tria m anafèretai sto pl jo
 twn 2 × n upopin�kwn mh pl rou
 k�luyh
, pouèqoun entopiste� mèqri th qronik  stigm  pou briskìmaste.Oi pijanìthte
 met�bash
 tou p�naka P (upop�naka
 tou A) e�nai t¸ra �se
 me
P (Yr = (x,m)|Yr−1 = (x′, m))

=

min{x−1,x′−1}
∑

j=max{1,x+x′+1−n}

(
x′

j

)(
n− x′

x− j

)

pj
11p

x−j
01 px′−j

10 pn−x′−x+j
00gia x, x′ ∈ {2, 3, . . . , n− 2} en¸ oi upìloipe
 pijanìthte
 tou A, mhden�zontai. Oi pijanì-thte
 met�bash
 tou p�naka Q, d�dontai apì thn èkfrash

P (Yr =(x,m+ 1)|Yr−1 = (x′, m))

=

x∑

j=0

(
x′

j

)(
n− x′

x− j

)

pj
11p

x−j
01 px′−j

10 pn−x′−x+j
00

−
min{x−1,x′−1}

∑

j=max{1,x+x′+1−n}

(
x′

j

)(
n− x′

x− j

)

pj
11p

x−j
01 px′−j

10 pn−x′−x+j
00gia x, x′ ∈ {2, 3, . . . , n − 2}. To di�nusma b (pou emfan�zetai sthn teleuta�a gramm  toup�naka B) upolog�zetai apì th sqèsh

P (Yr = (x,m+ 1)|Yr−1 = (ω∗, m))

=
∑

y∈{0,1,n−1,n}

x∑

j=0

(
y

j

)(
n− y

x− j

)

pj
11p

x−j
01 py−j

10 pn−y−x+j
00 , x ∈ {2, 3, . . . , n− 2}.E�n upojèsoume ìti h pr¸th gramm  tou p�naka, proèrqetai apì i.i.d. d�time
 t.m. mepijanìthta (apotuq�a
) epituq�a
 p (1 − p), tìte to arqikì di�nusma pijanot twn f0(0),to opo�o e�nai apara�thto gia ti
 arqikè
 sunj ke
 twn (3.1.2), ja èqei suntetagmène


(
n

i+ 1

)

pi+1(1 − p)n−i−1, i = 1, 2, . . . , n− 2,en¸ h teleuta�a suntetagmènh tou, e�nai h diafor� apì th mon�da, tou ajro�smato
 twnupolo�pwn.118
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, suneqìmenh
 pl rou
 k�luyh
3.5 Orjog¸nioi p�nake
, suneqìmenh
 pl rou
 k�lu-yh
'Estw èna
 p�naka
 me k grammè
, n st le
 kai stoiqe�a apì èna alf�bhto me q gr�m-mata. 'Opw
 èqoume  dh anafèrei, èna
 tètoio
 p�naka
 ja onom�zetai orjog¸nio
 p�naka
pl rou
 k�luyh
 megèjou
 t, kai suqnìthta
 c, e�n k�je t × n upop�nak�
 tou, perièqeisti
 st le
 tou k�je m�a apì ti
 qt diaforetikè
 lèxei
 m kou
 t, akrib¸
 c forè
 (ìpou
c ∈ {1, 2, . . .} kai n = cqt).Gia par�deigma, a
 jewr soume ton epìmeno p�naka me k = 3 grammè
 kai n = 8 st le
(me q = 2):







0 0 1 1 1 1 0 0

0 0 1 1 0 0 1 1

0 1 1 0 0 1 0 1





Tìte, oi 2×8 upop�nake
, oi opo�oi sqhmat�zontai apì ti
 grammè
 {1, 2}, {2, 3} kai {1, 3},e�nai ant�stoiqa oi

(

0 0 1 1 1 1 0 0

0 0 1 1 0 0 1 1

) (pr¸th kai deÔterh gramm )
(

0 0 1 1 0 0 1 1

0 1 1 0 0 1 0 1

) (deÔterh kai tr�th gramm )
(

0 0 1 1 1 1 0 0

0 1 1 0 0 1 0 1

) (pr¸th kai tr�th gramm ) .Parathr¸nta
 pw
 kajèna
 ap� autoÔ
, perièqei w
 st le
, k�je mia apì ti
 lèxei
 m kou
2, akrib¸
 duo forè
, odhgoÔmaste sto sumpèrasma ìti o parap�nw p�naka
 e�nai èna
orjog¸nio
 p�naka
 pl rou
 k�luyh
, megèjou
 t = 2, suqnìthta
 c = 2.Oi orjog¸nioi p�nake
 (ìpw
 kai oi t-CA) parousi�zoun shmantikè
 efarmogè
 stoq¸ro twn peiramatik¸n sqediasm¸n, kai èqoun �mesh sqèsh me th jewr�a th
 sunduastik 
.Ta probl mata pou apasqoloÔn thn ereunhtik  koinìthta, e�nai parìmoia m� aut� twn t-CA(h {Ôparxh} enì
 orjog¸niou p�naka, gia dedomène
 timè
 twn paramètrwn kai h an�ptuxhapotelesmatik¸n algìrijmwn, gia thn kataskeu  tou). Gia m�a anaskìphsh sth jewr�atwn parap�nw pin�kwn, kai th melèth twn efarmog¸n tou
, mporoÔme na anatrèxoume sthmonograf�a twn Hedayat et al (1999), ìpou ja diapist¸soume kai to meg�lo pl jo
 twnerwthm�twn sta opo�a den èqoun doje� akìmh apant sei
. 119



Duadiko� tuqa�oi p�nake
 pl rou
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Me thn �dia logik  pou eis�game thn ènnoia twn pin�kwn suneqìmenh
 pl rou
 k�luyh
,basismènoi stou
 p�nake
 pl rou
 k�luyh
, mporoÔme na eis�goume mia ant�stoiqh kl�shorjog¸niwn pin�kwn. 'Etsi, èna
 k×n p�naka
 ja onom�zetai orjog¸nio
 p�naka
 suneqì-menh
 pl rou
 k�luyh
, megèjou
 t kai suqnìthta
 c, e�n k�je t×n upop�naka
 tou, pousqhmat�zetai apì t suneqìmene
 grammè
, èqei w
 st le
 k�je mia apì ti
 qt dunatè
 lèxei
,m kou
 t, akrib¸
 c forè
 (ìpou, c ∈ {1, 2, . . .} kai n = cqt). Gia par�deigma, prokeimènouna exet�soume e�n o 3× 8 p�naka
 pou anafèrame prohgoumènw
 e�nai orjog¸nio
 p�naka
suneqìmenh
 pl rou
 k�luyh
, megèjou
 2 (kai suqnìthta
 c = 2), ja prèpei na elègxoumetou
 upop�nake
 pou sqhmat�zontai apì ti
 grammè
 {1, 2} kai {2, 3} (de ma
 endiafèrei oupop�naka
 pou sqhmat�zetai apì ti
 grammè
 {1, 3}, kaj¸
 h pr¸th kai h tr�th gramm den e�nai suneqìmene
).Ja sumbol�zoume me COA(k, t, c), to endeqìmeno èna
 tuqa�o
 k × n p�naka
 (ìpou
n = cqt), me stoiqe�a i.i.d. dokimè
 Bernoulli, na e�nai orjog¸nio
 p�naka
 suneqìmenh
pl rou
 k�luyh
, megèjou
 t kai suqnìthta
 c. Tìte gia thn pijanìthta tou endeqomènou
COA(k, t, c), pa�rnoume to epìmeno apotèlesma.Je¸rhma 3.5.1 'Estw èna
 k × n tuqa�o
 p�naka
, me stoiqe�a i.i.d. dokimè
 Bernoulli.Tìte h pijanìthta tou endeqomènou COA(k, t, c), d�netai apì ton tÔpo (a = 2t−1)

P (COA(k, t, c)) =
(2tc)!

((2c)!)a

(
2c

c

)a(k−t+1)

((1 − p)p)cak .Apìdeixh. Gia thn apìdeixh tou jewr mato
 ja akolouj soume parìmoia mèjodo m� aut pou qrhsimopoi same gia ton upologismì th
 pijanìthta
 èna
 k × n p�naka
 (me q = 2),na e�nai t-CCA (dhlad , th
 pijanìthta P (Tk,n,t = 0)). Arqik¸
, parathroÔme ìti e�nèna
 t× n p�naka
, èqei w
 st le
 k�je mia apì ti
 lèxei
 m kou
 t, akrib¸
 c forè
, tìteja èqei kai k�je mia apì ti
 lèxei
 m kou
 t− 1, akrib¸
 2c forè
.A
 or�soume èna nèo q¸ro katast�sewn Ω, o opo�o
 ja e�nai h ènwsh twn stoiqe�wntou Ω3 kai m�a
 kat�stash
 aporrìfhsh
 xabs. O Ω3 perilamb�nei ti
 akèraie
 lÔsei
 th
ex�swsh

x1 + x2 + . . .+ xa = c2t, a = 2t−1k�tw apì tou
 periorismoÔ
 xi = 2c, dhlad , o Ω3 perièqei th monadik  lÔsh,
(x1, x2, . . . , xa) = (2c, 2c, . . . , 2c).Epomènw
, o Ω apotele�tai apì duo stoiqe�a, thn kat�stash ω = (2c, 2c, . . . , 2c) kai thn

xabs. H Markobian  alus�da {Yr, r = 0, 1, . . .}, or�zetai ep�nw ston Ω, me ton exh
 trìpo:
Yr = (2c, 2c, . . . , 2c), r ≥ 1,120



3.5 Orjog¸nioi p�nake
, suneqìmenh
 pl rou
 k�luyh
e�n kai mìno e�n, to pl jo
 twn emfan�sewn th
 lèxh
 wi, ston (t− 1)×n upop�naka, touopo�ou h teleuta�a gramm  e�nai h r + t − 1, isoÔtai me 2c (gia k�je i = 1, 2, . . . , a) kaitautìqrona, o p�naka
 pou apotele�tai apì ti
 grammè
 1, 2, . . . , r+ t− 1, e�nai èna
 orjo-g¸nio
 p�naka
, suneqìmenh
 pl rou
 k�luyh
. Se opoiad pote �llh per�ptwsh, jewroÔmeìti briskìmaste sthn kat�stash aporrìfhsh
.H pijanìthta met�bash
,
P (Yr = (2c, 2c, . . . , 2c)|Yr−1 = (2c, 2c, . . . , 2c))e�nai �sh me

P (Yr = (2c, 2c, . . . , 2c)|Yr−1 = (2c, 2c, . . . , 2c)) =

((
2c

c

)

pc(1 − p)c

)2t−1

= π11.'Etsi, o p�naka
 pijanot twn met�bash
 th
 alus�da
 e�nai th
 morf 

Λ =

(

π11 1 − π11

0 1

)opìte
P (COA(k, t, c)) = p1(π11)

k−t+1 = p1

((
2c

c

)

pc(1 − p)c

)2t−1(k−t+1)ìpou p1 e�nai h pijanìthta na p�roume èna (t− 1) × n p�naka, me th dom  (2c, 2c, . . . , 2c).H pijanìthta p1 apodeiknÔetai �mesa ìti e�nai �sh me
p1 =

(2tc)!

((2c)!)a
(1 − p)2cs(t)pc(t−1)2t−2cs(t)ìpou

s(t) =
t−1∑

i=0

(
t− 1

i

)

(t− 1 − i) = (t− 1)2t−2kai ètsi oloklhr¸netai h apìdeixh tou jewr mato
.Telei¸nonta
, ax�zei na anafèroume pw
 h pijanìthta P (COA(k, t, c)) apotele� ènak�tw fr�gma gia thn P (Tk,c2t,t = 0), dhlad ,
P (Tk,c2t,t = 0) ≥ P (COA(k, t, c)),en¸ ant�strofa, h P (COA(k, t, c)) e�nai megalÔterh   �sh apì thn pijanìthta èna
 p�na-ka
 na e�nai orjog¸nio
 pl rou
 k�luyh
. Sthn epìmenh par�grafo, ja exet�soume tontrìpo me ton opo�o ìla ta parap�nw apotelèsmata, ja qrhsimopoihjoÔn sth jewr�a twnparagontik¸n sqediasm¸n. 121
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 pl rou
 k�luyh
3.6 Efarmogè
 kai arijmhtik� apotelèsmataMia endeqìmenh efarmog  twn t-CCA proèrqetai apì to ped�o twn paragontik¸n sqedia-sm¸n. A
 upojèsoume ìti endiaferìmaste gia thn ep�drash t = 3 paragìntwn A, B, C (meduo ep�peda o kajèna
), se mia suneq  metablht  apìkrish
 Z. Ep�sh
, a
 jewr soumeìti qrhsimopoioÔme èna tuqa�o sqediasmì, me ton ex 
 trìpo: se k�je qronik  stigm  anti-stoiqoÔntai tuqa�a n metr sei
, pou aforoÔn to ep�pedo enì
 sugkekrimènou par�gonta(bl. p.q. Dalal and Mallows (1998)). A
 sumbol�soume me p, 1 − p thn pijanìthta èna
par�gonta
 na e�nai sto ep�pedo 1, 0, antisto�qw
.Akìmh, upojètoume pw
 h tuqa�a antisto�qhsh twn epipèdwn se k�poio par�gonta,epanalamb�netai k�je t = 3 qronikè
 stigmè
 (p.q. hmère
), me èna kuklikì trìpo. Autìshma�nei ìti thn pr¸th hmèra pa�rnoume n metr sei
 pou aforoÔn ta ep�peda tou par�gonta
A, th deÔterh hmèra sullègoume n metr sei
 gia ta ep�peda tou par�gonta B (en¸ taep�peda tou par�gonta A paramènoun �dia), thn tr�th hmèra oi plhrofor�e
 aforoÔn taep�peda tou par�gonta C (ta ep�peda twn paragìntwn A,B paramènoun), en¸ thn tètarthhmèra pa�rnoume metr sei
 gia ton par�gonta A (epanerqìmaste ston pr¸to par�gonta),th pèmpth hmèra asqoloÔmaste me ton B k.o.k.E�n t¸ra sumbol�soume me Zi−2,j, j = 1, 2, . . . , n thn tim  th
 suneqoÔ
 t.m. pou anti-stoiqe� sthn j-ost  mètrhsh, th
 i hmèra
, ìpou i = 3, 4, . . . , k, tìte to perib�llon toupeir�mato
 ma
, mpore� na anaparastaje� apì ton P�naka 3.6.1 (to D e�nai k�poio apì ta
A,B,C). P�naka
 3.6.1: Pl rh
 paragontikì
 sqediasmì
.ep�peda gia thn i mètrhsh apìkrish gia thn i mètrhshhmèra par�gonta
 1 2 3 . . . n 1 2 3 . . . n

1 A 0 1 0 . . . 0

2 B 1 1 0 . . . 0

3 C 1 0 1 . . . 1 z11 z12 z13 . . . z1n

4 A 0 1 1 . . . 1 z21 z22 z23 . . . z2n

5 B 1 0 0 . . . 0 z31 z32 z33 . . . z3n

6 C 0 0 0 . . . 1 z41 z42 z43 . . . z4n

7 A 1 1 0 . . . 1 z51 z52 z53 . . . z5n... ... ... ... ... . . .
... ... ... ... . . .

...
k D 1 0 1 . . . 0 zk−2,1 zk−2,2 zk−2,3 . . . zk−2,n122



3.6 Efarmogè
 kai arijmhtik� apotelèsmata'Estw ìti epijumoÔme gia k�je mèra, na èqoume dedomèna gia èna pl rh paragontikìsqediasmì, ¸ste na mporoÔme na melet soume ìle
 ti
 kÔrie
 epidr�sei
 kai ti
 allh-lepidr�sei
, an�mesa se duo par�gonte
 kai ìle
 ti
 allhlepidr�sei
 an�mesa se trei
par�gonte
. Autì shma�nei isodÔnama ìti, sto deÔtero block tou p�naka ja prèpei na em-fanisjoÔn ìle
 oi lèxei
 m kou
 3, toul�qiston m�a for�, dhlad  ja prèpei o k×n p�naka
sqediasmoÔ, na e�nai èna
 t-CCA, me t = 3.H pijanìthta tou endeqomènou Tk,n,t = 0, pou melet jhke sthn prohgoÔmenh par�-grafo, antistoiqe� sthn pijanìthta na èqoume èna pl rh paragontikì sqediasmì- me b�shth diadikas�a pou perigr�yame prohgoumènw
-se m�a per�odo k hmer¸n. Merik� praktik 
shmas�a
 (kai ìqi mìno), erwt mata pou anakÔptoun, e�nai ta ex 
:
i. gia mia dedomènh qronik  per�odo k hmer¸n, poio
 e�nai o el�qisto
 arijmì
 metr -sewn n pou prèpei na p�roume, ¸ste h pijanìthta na èqoume èna pl rh paragontikìsqediasmì na e�nai megalÔterh apì k�poia tim  (ep�pedo shmantikìthta
);
ii. gia èna dedomèno arijmì metr sewn n, poia e�nai h mègisth qronik  per�odo
 (h mègisthtim  tou k) pou mporoÔme na melet�me to prìblhm� ma
, ¸ste h pijanìthta na èqoumeèna pl rh paragontikì sqediasmì na e�nai megalÔterh apì k�poia prokajorismènhtim ;
iii. poie
 e�nai oi ant�stoiqe
 timè
 gia ta n (gia thn er¸thsh (i))   to k (gia thn er¸-thsh (ii)), e�n endiaferìmaste kai gia mh pl rei
 paragontikoÔ
 sqediasmoÔ
; Giapar�deigma, mporoÔme na zht soume h P (Tk,n,t ≤ 1) na e�nai megalÔterh apì k�poioep�pedo, gia sugkekrimèno qronikì or�zonta   pl jo
 dokim¸n.Bèbaia, e�n èqoume sth di�jesh ma
 t par�gonte
 (kai ìqi trei
), tìte ìla ta parap�nwmporoÔn eÔkola na melethjoÔn me th bo jeia tou genikoÔ probl mato
 t-CCA, apant¸nta
sti
 ant�stoiqe
 erwt sei
. 'Etsi, a
 jewr soume ìti endiaferìmaste gia thn ep�drash tparagìntwn,A1, A2, . . . , At (kajèna
 apì tou
 opo�ou
 èqei duo ep�peda), sth suneq  t.m.apìkrish
 Z. Ta ep�peda twn paragìntwn prosdior�zontai apì tuqa�o mhqanismì, me b�shton opo�o èna
 par�gonta
 br�sketai sto ep�pedo 1, me pijanìthta p kai me pijanìthta

1 − p, sto ep�pedo 0. Se mia qronik  stigm , pa�rnoume n metr sei
 gia èna mìno apìtou
 t par�gonte
, èstw ton A1. Thn epìmenh hmèra, pa�rnoume p�li n metr sei
, gia tonpar�gonta A2 kai autì suneq�zetai mèqri thn t-osth hmèra, ìpou ja p�roume ta ep�peda giaton par�gonta At. AfoÔ p�roume ta ep�peda gia k�je èna par�gonta mia for� (me th seir�pou anafèrjhke prohgoumènw
), epanalamb�noume th diadikas�a (me mia kuklik  seir�),xekin¸nta
 p�li apì ton pr¸to par�gonta, kai ousiastik� ja melet�me tou
 par�gonte
123



Duadiko� tuqa�oi p�nake
 pl rou
 k�luyh
(ja sullègoume plhrofor�e
 gia th metablht  apìkrish
 Z, metab�llonta
 tuqa�a taep�peda tou
), me th seir�: A1, A2, . . . , At, A1, A2, . . . k.o.k.Me ton trìpo pou pa�rnoume ta dedomèna, ti
 pr¸te
 t − 1 hmère
 den e�nai dunatìnna sullègoume plhrofor�e
 gia th suneq  metablht  apìkrish
 Z, kaj¸
 mèqri tìte denèqoume dedomèna gia ìlou
 tou
 par�gonte
. 'Etsi, oi timè
 th
 Z, èstw zij , j = 1, 2, . . . , nja anafèrontai sti
 t prohgoÔmene
 hmère
, apì th stigm  i, dhlad , ti
 hmère
 i − t +

1, i− t+ 2, . . . , i.P�naka
 3.6.2: Per�ptwsh t = 2 kai p = 1/2 (P (Tk,n,2 = 0)).
k n = 12 n = 13 n = 14 n = 15 n = 16 n = 17 n = 18 n = 19 n = 20

2 0.8748 0.9057 0.9291 0.9467 0.9600 0.9700 0.9775 0.9831 0.9873

3 0.7782 0.8293 0.8694 0.9004 0.9244 0.9427 0.9566 0.9673 0.9753

4 0.6923 0.7593 0.8135 0.8564 0.8900 0.9161 0.9363 0.9517 0.9634

5 0.6158 0.6953 0.7612 0.8145 0.8570 0.8903 0.9163 0.9363 0.9517

6 0.5478 0.6366 0.7122 0.7747 0.8252 0.8653 0.8968 0.9212 0.9401

7 0.4873 0.5829 0.6664 0.7368 0.7945 0.8409 0.8777 0.9064 0.9287

8 0.4335 0.5337 0.6236 0.7007 0.7650 0.8172 0.8589 0.8918 0.9174An o stìqo
 ma
 e�nai na ulopoioÔme èna pl rh paragontikì sqediasmì, gia ti
 hmère

t, t+ 1, . . . , k e�nai fanerì ìti o k× n p�naka
 sqediasmoÔ, prèpei na e�nai èna
 t-CCA (me
q = 2). Tìte, gia k�poio k, o el�qisto
 arijmì
 metr sewn pou prèpei na p�roume ¸stena sumbe� to parap�nw, me pijanìthta megalÔterh apì 1 − a (0 < a < 1), ekfr�zetai w
ex 
:

nmin = min{n : P (Tk,n,t = 0) ≥ 1 − a}.Sthn paroÔsa enìthta ja qrhsimopoi soume ta apotelèsmata twn prohgoÔmenwn para-gr�fwn, ¸ste na d¸soume arijmhtik� apotelèsmata kai apant sei
, pou aforoÔn to nmin,�lla kai erwt mata san aut� pou perigr�yame sthn arq  th
 paragr�fou. 'Etsi, stonP�naka 3.6.2, up�rqoun oi timè
 th
 pijanìthta
 P (Tk,n,t = 0) gia t = 2, p = 1/2, oi opo�e
mporoÔn na qrhsimopoihjoÔn ¸ste na apant soume sto er¸thma (i). Gia par�deigma, e�njèloume pijanìthta toul�qiston 90%, gia na èqoume ena plhrh paragontikì sqediasmìgia k = 5, tìte ja prepei na p�roume toulaqiston nmin = 18 metrhsei
, k�je hmèra.Ean o qroniko
 ma
 orizonta
 megal¸sei sti
 k = 8 hmère
, tìte apaitoÔntai nmin = 20metr sei
, gia na petÔqoume ton �dio stìqo. Ep�sh
, parìmoie
 plhrofor�e
 mporoÔn naexaqjoÔn kai apì ta Sq mata 3.6.1, 3.6.2 kai 3.6.3, ìpou g�netai mia arijmhtik  melèth124



3.6 Efarmogè
 kai arijmhtik� apotelèsmatath
 P (Tk,n,t = 0), gia di�fore
 timè
 twn paramètrwn. Gia par�deigma, sto Sq ma 3.6.1parathroÔme pw
 metab�letai h pijanìthta P (T4,n,2 = 0), w
 sun�rthsh tou p, kai giadi�fora n.

0.6 0.7 0.8 0.9
p

0.2

0.4

0.6

0.8

1

P Tk,n,t 0

n=10

n=15

n=20

n=25

P(T4,n,2=0) 

Sq ma 3.6.1: H pijanìthta P (T4,n,2 = 0), gia p ≥ 0.5.
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Sq ma 3.6.2: H pijanìthta P (T7,n,3 = 0), gia p = 0.50, 0.60, 0.70.O P�naka
 3.6.3, mpore� na qrhsimopoihje� gia thn eÔresh tou el�qistou pl jou
 me-tr sewn n, ¸ste na isqÔei P (Tk,n,t = 0) ≥ 1 − a, gia t = 3, p = 0.50 kai di�fore
epilogè
 tou a (a = 0.01, 0.025, 0.05, 0.10) kai tou k (k = 3, 4, . . . , 16). Par�llhla, oP�naka
 3.6.4 anafèretai se ant�stoiqa apotelèsmata, ìtan den isqÔei p = 0.50. Ax�zei125



Duadiko� tuqa�oi p�nake
 pl rou
 k�luyh
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Sq ma 3.6.3: H pijanìthta P (Tk,n,2 = 0), gia p = 0.50.na shmei¸soume to pìso polÔ aux�netai to el�qisto pl jo
 metr sewn n (¸ste na isqÔei
P (Tk,n,t = 0) ≥ 1 − a), kaj¸
 apomakrunìmaste apì thn tim  p = 0.50 (p.q. gia k = 4kai a = 0.10, en¸ qreiazìmastan 38 metr sei
, ìtan p = 0.50, oi metr sei
 pou apaitoÔntaig�nontai 41, 51 kai 70, gia p = 0.55, 0.60, 0.65, antisto�qw
).H ap�nthsh sthn er¸thsh (ii), d�detai mèsw th
 eÔresh
 tou kmax, ìpou

kmax = max{k : P (Tk,n,t = 0) ≥ 1 − a}.P�naka
 3.6.3: O el�qisto
 arijmì
 n, gia ton opo�o isqÔei P (Tk,n,3 = 0) ≥ 1−a (p = 0.50).
k a = 0.10 a = 0.05 a = 0.025 a = 0.01 k a = 0.10 a = 0.05 a = 0.025 a = 0.01

3 33 38 44 50 10 48 54 59 66

4 38 43 48 55 11 49 54 60 66

5 41 46 52 58 12 50 55 61 67

6 43 48 54 60 13 51 56 61 68

7 45 50 55 62 14 51 57 62 69

8 46 51 57 63 15 52 57 62 69

9 47 53 58 65 16 52 58 63 70Apì ton P�naka 3.6.2 (t = 2, p = 1/2) pa�rnoume p.q. ìti, e�n n = 15 tìte o mègisto
arijmì
 hmer¸n pou mporoÔme na melet soume to prìblhma ma
, ¸ste na èqoume èna pl rhparagontikì sqediasmì me pijanìthta toul�qiston 90%, einai k = 3 hmère
. E�n ìmw
sullègoume n = 19 metr sei
 k�je hmèra, tìte to pl jo
 twn hmer¸n aux�netai se k = 7.126



3.6 Efarmogè
 kai arijmhtik� apotelèsmataO P�naka
 3.6.3 mpore� ep�sh
 na qrhsimopoihje� gia ton upologismì tou mègistou kmaxgia t = 3, p = 1/2, kai di�fore
 timè
 tou n kai a.Tèlo
, sto er¸thma (iii) endiaferìmaste p.q., gia thn eÔresh tou n ètsi ¸ste na isqÔei
nmin(r) = min{n : P (Tk,n,t ≤ r) ≥ 1 − a},gia prokajorismène
 timè
 twn paramètrwn r ∈ {1, 2, . . .} kai a ∈ (0, 1). O P�naka
 3.6.6ma
 prosfèrei thn ajroistik  sun�rthsh katanom 
 (CDF) th
 Tk,n,t gia t = 3, p = 1/2kai gia di�fore
 epilogè
 twn n kai k. Me b�sh aut� ta arijmhtik� apotelèsmata, e�njèloume me pijanìthta toul�qiston 90% to pl jo
 twn upopin�kwn mh pl rou
 k�luyh
,na e�nai to polu 1, tìte ja prèpei na pa�rnoume toul�qiston nmin(1) = 26 metr sei
,kajhmerin¸
, gia qronikì or�zonta k = 4,   nmin(1) = 29 gia k = 5 k.o.k. Profan¸
,h tim  tou n pou apaite�tai katw apo to pla�sio autì, e�nai p�nta mikrìterh apì thnant�stoiqh, pou anafèretai s� ena plhrh paragontiko sqediasmì (efìson oi upìloipe
par�metroi paramènoun amet�blhte
).P�naka
 3.6.4: O el�qisto
 arijmì
 n, gia ton opo�o isqÔei P (Tk,n,3 = 0) ≥ 1 − a, gia

p = 0.55, 0.60, 0.65.
p = 0.55 p = 0.60 p = 0.65

k a = 0.10 a = 0.05 a = 0.10 a = 0.05 a = 0.10 a = 0.05

3 35 41 43 51 58 70

4 41 47 51 59 70 84

5 44 49 55 64 78 91

6 46 53 59 68 84 97

7 48 55 62 71 88 102

8 50 56 65 74 92 107

9 52 58 66 75 96 111Tèlo
, èstw n = c2t kai ìti gia k�je hmèra de jèloume apl� na èqoume èna pl rhparagontikì sqediasmì, all� k�je m�a apì ti
 2t jerape�e
, na èqei qrhsimopoihje� (gia thmètrhsh th
 metablht 
 apìkrish
), akrib¸
 c forè
 (dhlad , jèloume na èqoume akrib¸
 cepanalambanìmene
 metr sei
, an� jerape�a). Tìte, h pijanìthta na sumba�nei k�ti tètoio,e�nai �sh me thn pijanìthta tou endeqomènou COA(k, t, c). 'Etsi apì to Je¸rhma 3.5.1,prokÔptei �mesa o P�naka
 3.6.5, o opo�o
 perièqei ti
 P (COA(k, t, c)), gia di�fore
 timè
twn c, t, k. 127



Duadiko� tuqa�oi p�nake
 pl rou
 k�luyh

P�naka
 3.6.5: H pijanìthta P (COA(k, t, c)).

k c = 1 c = 2 c = 3 c = 4

t = 2 2 0.0938 0.0385 0.0220 0.0147

3 0.0234 0.0054 0.0022 0.0011

4 0.0059 0.0008 0.0002 0.0001

t = 3 3 0.0024 0.0003 0.0001 0.00003

4 0.0002 5.742 · 10−6 7.450 · 10−7 1.687 · 10−7

5 9.388 · 10−6 1.136 · 10−7 7.114 · 10−9 9.429 · 10−10

P�naka
 3.6.6: Per�ptwsh t = 3 kai p = 1/2 (CDF : P (Tk,n,3 ≤ i)).
k i n = 25 n = 26 n = 27 n = 28 n = 29 n = 30 n = 31 n = 32 n = 33

4 0 0.5734 0.6157 0.6549 0.6910 0.7240 0.7541 0.7813 0.8058 0.8279

1 0.8999 0.9184 0.9336 0.9461 0.9562 0.9645 0.9713 0.9767 0.9812

2 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

5 0 0.4485 0.4962 0.5419 0.5851 0.6255 0.6631 0.6978 0.7296 0.7586

1 0.7995 0.8334 0.8622 0.8865 0.9067 0.9236 0.9376 0.9491 0.9585

2 0.9619 0.9714 0.9787 0.9841 0.9881 0.9912 0.9935 0.9951 0.9963

3 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

6 0 0.3508 0.3999 0.4483 0.4953 0.5404 0.5831 0.6232 0.6606 0.6952

1 0.7004 0.7470 0.7878 0.8230 0.8531 0.8786 0.9001 0.9180 0.9329

2 0.9095 0.9308 0.9474 0.9603 0.9701 0.9775 0.9832 0.9875 0.9907

3 0.9860 0.9903 0.9934 0.9955 0.9970 0.9979 0.9986 0.9991 0.9994

4 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

7 0 0.2743 0.3223 0.3709 0.4194 0.4668 0.5127 0.5566 0.5981 0.6370

1 0.6065 0.6628 0.7134 0.7582 0.7973 0.8310 0.8599 0.8843 0.9048

2 0.8468 0.8809 0.9081 0.9296 0.9464 0.9594 0.9695 0.9771 0.9828

3 0.9608 0.9726 0.9809 0.9868 0.9909 0.9938 0.9958 0.9971 0.9980

4 0.9948 0.9968 0.9980 0.9987 0.9992 0.9995 0.9997 0.9998 0.9998

5 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
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Kef�laio 4P�nake
 suneqìmenh
 pl rou
k�luyh
 kai èlegqo
 tuqaiìthta
Sto Kef�laio 3, upolog�same (me th mèjodo th
 emfÔteush
 t.m., se Markobian  alus�da)thn akrib  katanom  th
 t.m. Tk,n,t , h opo�a aparijmoÔse to pl jo
 twn t×n upopin�kwn mhpl rou
 k�luyh
, gia thn per�ptwsh q = 2. Ep�sh
, melet jhke mia efarmog  twn pin�kwnpl rou
 k�luyh
, sto ped�o twn paragontik¸n sqediasm¸n. Sto sugkekrimèno kef�laioja asqolhjoÔme xan� me tou
 p�nake
 suneqìmenh
 pl rou
 k�luyh
. Ja ma
 apasqol seih genikìterh per�ptwsh, ìpou ta kn stoiqe�a tou k × n p�naka, ja e�nai diakritè
 t.m. meped�o tim¸n to alf�bhto A = {0, 1, . . . , q − 1}, me q ≥ 2. Me teqnikè
 parìmoie
 m� autè
tou prohgoÔmenou kefala�ou (MCET), ja upolog�soume thn akrib  katanom  th
 Tk,n,t(q),h opo�a e�nai h ant�stoiqh th
 aparijm tria
 Tk,n,t, gia thn per�ptwsh q ≥ 2.Ja g�nei fanerì kai mèsa apì ta apotelèsmata pou ja akolouj soun, ìti sthn per�-ptwsh pou to n pa�rnei polÔ meg�le
 timè
 (se sqèsh me to qt), o prosdiorismì
 twn pin�kwnmet�bash
 (pou apaitoÔntai gia ton akrib  upologismì th
 katanom 
 th
 Tk,n,t(q)), ka-tal gei se m�a polÔ apaithtik  diadikas�a (èw
, praktik� mh efikt ). Opìte, se tètoie
peript¸sei
 h an�gkh gia eÔresh poiotik¸n prosegg�sewn, gia thn upì melèth katano-m , prob�lei epitaktik . W
 ek toÔtou, ja epidi¸xoume mèsw th
 mejìdou Chen-Stein, naprosegg�soume thn katanom  th
 Tk,n,t(q), apì mia kat�llhla orismènh katanom  Poisson,d�nonta
 tautìqrona kai èna �nw fr�gma gia to sf�lma th
 prosèggis 
 ma
. Na shmei¸-soume ìti sth mèjodo Chen-Stein kai th suneisfor� th
 sthn prosèggish twn katanom¸n,pou sqet�zontai me ti
 sunart sei
 s�rwsh
, e�qame anaferje� kai sto Kef�laio 2, th
paroÔsh
 diatrib 
.H mèjodo
 Chen-Stein èqei  dh qrhsimopoihje� se parìmoia probl mata, ìpw
 sthn129



P�nake
 suneqìmenh
 pl rou
 k�luyh
 kai èlegqo
 tuqaiìthta
ergas�a twn Godbole et al (1996), ìpou prosegg�zetai h ant�stoiqh aparijm tria t.m., giathn per�ptwsh twn t-CA (ìtan ta stoiqe�a tou p�naka e�nai anex�rthte
 kai isìnome
 t.m.,oi opo�e
 akoloujoÔn thn omoiìmorfh diakrit  katanom  sto A). Ep�sh
, thn parap�nwmèjodo th sunant�me kai sthn ergas�a twn Godbole and Janson (1996), ìpou exet�zetaièna prìblhma apì to q¸ro th
 sunduastik 
, pou èqei �mesh sqèsh me to t-CA.E�nai gnwstì ìti p�nw se mia akolouj�a dokim¸n, or�zontai di�fore
 t.m. ìpw
 hsuqnìthta emf�nish
 k�je apotelèsmato
, h suqnìthta emf�nish
 diafìrwn sqhmatism¸n(patterns), to pl jo
 twn ro¸n, to mègisto m ko
 m�a
 ro 
 ktl (bl. p.q. Balakrishnan

and Koutras (2002)). Na epishm�noume s� autì to shme�o ìti se mia akolouj�a diakrit¸nt.m., w
 ro  or�zoume ta suneqìmena ìmoia apotelèsmata. Gia par�deigma, sthn akolouj�a0011101, èqoume arqik� mia ro  m kou
 2, apì mhdenik�, sth sunèqeia mia ro  m kou
 3,apì �ssou
, kai tèlo
, dÔo roè
 m kou
 1. 'Etsi, èqoume sunolik� 4 roè
 kai to m ko
 th
megalÔterh
 ro 
 e�nai tr�a.Melet¸nta
 ti
 efarmogè
 twn parap�nw t.m. diapist¸noume, thn �mesh sqèsh tou
me tou
 elègqou
 tuqaiìthta
, oi opo�oi qrhsimopoioÔntai gia ton èlegqo th
 upìjesh
ìti h akolouj�a sqhmat�zetai apì i.i.d. t.m. (bl. p.q. Lehmann (1973), Gibbons and

Chakraborti (1992)). IsodÔnama, o èlegqo
 tuqaiìthta
 se mia akolouj�a dokim¸n Ber-

noulli, mpore� na diatupwje� kai w
 ex 
: dojènto
 tou pl jou
 twn epituqi¸n, e�nai k�jemet�jesh twn parap�nw apotelesm�twn, isop�janh;To endiafèron th
 ereunhtik 
 koinìthta
, gia tou
 elègqou
 tuqaiìthta
 xekin�ei to1940, me thn ergas�a twn Wald and Wolfowitz (1940) ìpou prote�netai èna
 nèo
 èlegqo
,gia thn exètash th
 upìjesh
 kat� pìso dÔo de�gmata, proèrqontai apì ton �dio plhjusmì.H statistik  sun�rthsh tou elègqou e�nai to sunolikì pl jo
 twn ro¸n (se mia kat�llhlaorismènh, d�timh akolouj�a apotelesm�twn), gia thn opo�a upolog�sthke h desmeumènh th
katanom , dojènto
, tou pl jou
 twn epituqi¸n (bl. ep�sh
 kai thn ergas�a twn Swed and

Eisenhart (1943), h opo�a d�nei sugkekrimèna arijmhtik� apotelèsmata, gia thn parap�nwkatanom ).Oi èlegqoi tuqaiìthta
, gia mia akolouj�a d�timwn t.m., e�nai auto� pou èqoun trab xeith megalÔterh prosoq . Sthn ergas�a tou Mosteller (1941), w
 krit rio tuqaiìthta
 je-wr jhke kai melet jhke, to m ko
 th
 megalÔterh
 ro 
 (alli¸
, to mègisto m ko
 ro 
).Parìmoia antimet¸pish, sunant�me kai sti
 ergas�e
 Lou (1996, 1997), ìpou melet¸ntaioi èlegqoi tuqaiìthta
, basismènoi sto pl jo
 twn ro¸n epituqi¸n kai sto m ko
 th
megalÔterh
 ro 
 epituqi¸n.Oi Koutras and Alexandrou (1997) exet�zoun ti
 katanomè
 tuqa�wn metablht¸n (se130



mia akolouj�a dokim¸n Bernoulli), ìpw
 to pl jo
 twn epikaluptìmenwn ro¸n (enì
 su-gkekrimènou m kou
), to pl jo
 twn mh epikaluptìmenwn ro¸n, to pl jo
 twn ro¸n tou-l�qiston k�poiou (sugkekrimènou) m kou
 k.a. Efarmìzoun ta apotelèsmat� tou
 seelègqou
 tuqaiìthta
, kai exet�zoun th sumperifor� twn nèwn elègqwn se sqèsh me tou
klasikoÔ
 elègqou
, stou
 opo�ou
 èqoume  dh anaferje�. Ep�sh
, g�netai sÔgkrish kaim� èna nèo èlegqo pou eis gagan oi Agin and Godbole (1992), gia ton opo�o h eÔresh th
kr�simh
 perioq 
 (critical region), bas�zetai sto pl jo
 twn mh epikaluptìmenwn ro¸n(sugkekrimènou m kou
).Endiafèron parousi�zei kai o èlegqo
 tuqaiìthta
 pou prot�jhke sthn ergas�a tou O’

Brien (1976). O èlegqo
 autì
 bas�zetai sthn (deigmatik ) tupik  apìklish, tou m kou
twn ro¸n epituqi¸n, ìpou ìmw
, èqei qrhsimopoihje� èna
 diaforetikì
 trìpo
 gia ton ori-smì twn ro¸n (se sqèsh m� autì pou èqoume anafèrei-ton klasikì orismì). Argìtera, oi
O’Brien and Dyck (1985), qrhsimopoi¸nta
 ton klasikì orismì mia
 ro 
 kai lamb�nonta
upìyh kai ti
 roè
 twn apotuqi¸n, eis gagan èna èlegqo basismèno sto stajmismèno �jroi-sma twn tupik¸n apokl�sewn, tou m kou
 twn ro¸n epituqi¸n kai apotuqi¸n. Oi Larsen et

al (1973) melèthsan mia diadikas�a me thn opo�a mporoÔme na entop�soume apokl�sei
 apìthn tuqaiìthta, pou prokaloÔn th sugkèntrwsh twn epituqi¸n, se k�poio sugkekrimènotm ma th
 akolouj�a
 (p.q. sto kèntro th
 akolouj�a
). 'Etsi, je¸rhsan èna kat�llhlomètro pou aposkope� sthn posotikopo�hsh th
 apìstash
 twn emfan�sewn twn epituqi¸n,apì èna sugkekrimèno shme�o th
 akolouj�a
, kai melèthsan thn katanom  tou. O èlegqo
pou eis gagan problèpei th qrhsimopo�hsh poll¸n anex�rthtwn akolouji¸n, me skopìthn exagwg  pio asfal¸n sumperasm�twn.En¸ ìloi oi prohgoÔmenoi èlegqoi tuqaiìthta
 anafèrontai se d�time
 t.m., e�nai pro-fanè
 ìti ereunhtikì endiafèron parousi�zei kai h genikìterh per�ptwsh, ìpou èqoumeakolouj�e
 apì diakritè
 t.m. me peperasmèno ped�o tim¸n, èstw, to A (|A| = q ≥ 2).H diajèsimh bibliograf�a e�nai saf¸
 pio periorismènh, kai antiproswpeutikè
 ergas�e
,mpore� na jewrhjoÔn autè
 twn Shaughnessy (1981) kai Rubin et al (1990). H statistik sun�rthsh tou elègqou, kai sti
 dÔo peript¸sei
 e�nai to �jroisma tou pl jou
 twn ro¸n,kajenì
 apì ta q diaforetik� apotelèsmata.Genik�, apotelèsmata pou anafèrontai sth jewr�a ro¸n, se mia akolouj�a diakrit¸nt.m. me ped�o tim¸n to A (|A| = q ≥ 2), mporoÔme na broÔme (metaxÔ �llwn), sti
ergas�e
 Mood (1940) kai Schwager (1983). 'Amesh sqèsh èqoun kai oi qrìnoi anamon 
(waiting times) gia thn emf�nish sqhmatism¸n, se mia akolouj�a ìpw
 h prohgoÔmenh(bl. Fu (1996), Antzoulakos (2001), Fu and Chang (2002) k.a.), ìpw
 kai h jewr�a twn131



P�nake
 suneqìmenh
 pl rou
 k�luyh
 kai èlegqo
 tuqaiìthta
statistik¸n sunart sewn s�rwsh
, me thn opo�a asqolhj kame sto Kef�laio 2.O skopì
 tou sugkekrimènou kefala�ou, pèra apì ton akrib  upologismì kai thn pro-sèggish th
 katanom 
 th
 t.m. Tk,n,t(q), e�nai h qrhsimopo�hsh twn parap�nw apotele-sm�twn, gia thn eisagwg  kai th melèth enì
 nèou elègqou tuqaiìthta
. O èlegqo
 autì
ja afor� tuqa�ou
 p�nake
 di�stash
 k × n, ìpou ta kn stoiqe�a tou
, ja e�nai diakritè
t.m. me ped�o tim¸n to alf�bhto A. H statistik  sun�rthsh tou test, ja e�nai h t.m.
Tk,n,t(q). Ja diapist¸soume sth sunèqeia, pw
 up�rqoun arket� probl mata, pou mpore�na ma
 odhg soun sth qr sh enì
 tètoiou elègqou (p.q. zht mata pou prokÔptoun apìtou
 klasikoÔ
/monodi�statou
 elègqou
,   fusik�, zht mata pou aforoÔn poludi�statadedomèna).Ja xekin soume to sugkekrimèno kef�laio (Par�grafo 4.1), me ton upologismì th
akriboÔ
 katanom 
 th
 Tk,n,t(q), gia q ≥ 2, me mia mèjodo, parìmoia m� aut  pou qrhsimo-poi same gia thn per�ptwsh th
 Tk,n,t (ousiastik�, mporoÔme na mil soume gia th gen�keushth
 teleuta�a
 mejìdou). Sthn Par�grafo 4.2, anadeiknÔoume arqik¸
 to prìblhma poudhmiourge�tai ìtan to n p�rei meg�le
 timè
 (se sqèsh me to qt), kaj¸
 se tètoie
 pe-ript¸sei
, h di�stash twn pin�kwn pijanot twn met�bash
 pou apaitoÔntai, g�netai polÔmeg�lh. 'Epeita, apodeiknÔoume èna �nw fr�gma gia thn apìstash olik 
 kÔmansh
 me-taxÔ th
 katanom 
 th
 Tk,n,t(q) kai mia
 katanom 
 Poisson, me mèsh tim  �dia me aut th
 Tk,n,t(q) (me thn arwg  th
 mejìdou Chen-Stein, kai ìpw
 aut  diatup¸netai apì tou

Arratia et al (1989, 1990)). Me b�sh to fr�gma autì, katal goume sthn asjen  sÔgklishtwn duo katanom¸n, gia thn per�ptwsh pou to n, k → ∞ (en¸ oi par�metroi t, q paramènounstajerè
). Tèlo
, h Par�grafo
 4.3 afier¸netai sti
 idiìthte
 kai ta qarakthristik� tounèou elègqou tuqaiìthta
.4.1 H katanom  tou pl jou
 twn upopin�kwn mh pl -rou
 k�luyh
, se èna tuqa�o p�naka me stoiqe�adiakritè
 tuqa�e
 metablhtè
A
 jewr soume èna tuqa�o p�naka X = (Xij)k×n, ìpou ta kn stoiqe�a tou Xij, e�naianex�rthte
 kai isìnome
 t.m., oi opo�e
 akoloujoÔn thn omoiìmorfh diakrit  katanom sto sÔnolo A = {0, 1, . . . , q − 1}. Dhlad ,

P (Xij = l) = 1/q, l = 0, 1, . . . , q − 1,gia i = 1, 2, . . . , k kai j = 1, 2, . . . , n.132



4.1 H katanom  tou pl jou
 twn upopin�kwn mh pl rou
 k�luyh
, se èna tuqa�o p�nakame stoiqe�a diakritè
 tuqa�e
 metablhtè
Sto Kef�laio 3 ma
 apasqìlhse h aparijm tria t.m. Tk,n,t, h opo�a e�qe oriste� s�èna tuqa�o p�naka X, me stoiqe�a d�time
 t.m. Sthn paroÔsa par�grafo ja asqolhjoÔmeme th genikìterh per�ptwsh, ìpou q ≥ 2, kai se analog�a me tou
 sumbolismoÔ
 touprohgoÔmenou kefala�ou, mporoÔme na gr�youme ìti
Tk,n,t(q) =

k−t+1∑

i=1

Ii, (4.1.1)ìpou (ìpw
 kai sto Kef�laio 3)
Ii =







1, e�n o upop�naka
 pou apotele�tai apì ti
 suneqìmene
 grammè

i, i+ 1, . . . , i+ t− 1, den perièqei kai ti
 qt lèxei
, w
 st le


0, diaforetik� (4.1.2)me i = 1, 2, . . . , k − t+ 1 (t ≤ k).Ja perigr�youme sth sunèqeia ton trìpo me ton opo�o mporoÔme na proqwr soumeston upologismì th
 akriboÔ
 katanom 
 th
 Tk,n,t(q), mèsw th
 MCET. H mèjodo
 pouja akolouj soume e�nai ìmoia m� aut  pou perigr�yame sto Kef�laio 3. O ìro
 mh pl rh
upop�naka
   upop�naka
 mh pl rou
 k�luyh
, ja qrhsimopoie�tai kai sto sugkekrimènokef�laio, gia na dhl¸soume ton t × n upop�naka (pou apotele�tai apì t suneqìmene
grammè
) apì ton opo�o le�pei (apì ti
 st le
 tou) mia toul�qiston lèxh m kou
 t, apì ti

qt pijanè
 lèxei
 (tou alf�bhtou A).E�nai xek�jaro ìti h Tk,n,t(q) aparijme� to pl jo
 twn upopin�kwn mh pl rou
 k�lu-yh
, pou up�rqoun ston k × n (arqikì) p�naka. Prin proqwr soume ston upologismì th
sun�rthsh
 katanom 
 th
 Tk,n,t(q), ja apodeiqje� qr simo na asqolhjoÔme arqik¸
 meton upologismì th
 pijanìthta
 P (Tk,n,t(q) = 0).'Opw
  dh to k�name sto Kef�laio 3, ja jewr soume kai p�li ìti o sqhmatismì
 enì

k × n p�naka, o opo�o
 ja ikanopoie� to krit rio twn t-CCA, pragmatopoie�tai stadiak�.Pio sugkekrimèna, h dhmiourg�a enì
 p�naka ja xekin�ei me to pr¸to (t−1)×n tm ma tou,kai ja oloklhr¸netai stadiak� Ôstera apì k − t + 1 b mata. Se k�je b ma ja g�netai hprosj kh mia
 gramm 
, kai ja krat�me w
 plhrofor�a th dom  tou teleuta�ou (t− 1)× nupop�naka (dhlad , pìse
 forè
 emfan�sthke h k�je lèxh). Par�llhla, ja phga�noumeapì to èna b ma sto �llo, mìno e�n h idiìthta pou ma
 endiafèrei, ikanopoie�tai. Tìte, jasqhmat�zoume m�a Markobian  alus�da, kai koit¸nta
 sto (k − t + 1)-ostì b ma th
, jamporoÔme na upolog�soume thn pijanìthta P (Tk,n,t(q) = 0).'Ena
 kat�llhlo
 q¸ro
 katast�sewn Ω, gia thn emfÔteush th
 Tk,n,t(q) e�nai o

Ω = Ω4 ∪ {xabs}, 133



P�nake
 suneqìmenh
 pl rou
 k�luyh
 kai èlegqo
 tuqaiìthta
ìpou to sÔnolo Ω4 perilamb�nei ti
 (akèraie
) lÔsei
 th
 grammik 
 ex�swsh
 (a = qt−1)
x1 + . . .+ xa = n, (4.1.3)k�tw apì tou
 periorismoÔ
 xi ≥ q, gia k�je i = 1, 2, . . . , a (to a e�nai ousiastik�, topl jo
 twn diaforetik¸n lèxewn m kou
 t− 1). Dhlad ,

Ω4 = {(x1, . . . , xa) : x1 + . . .+ xa = n, xi ∈ Z kai xi ≥ q}.O plhj�rijmo
 tou Ω4 e�nai �so
 me (bl. kai Par�grafo 3.2.3)
|Ω| = |Ω2| + 1 =

(
n+ a(1 − q) − 1

a− 1

)

+ 1 = s+ 1.O orismì
 th
 Markobian 
 alus�da
 {Yr, r = 0, 1, . . .}, pou ja qrhsimopoihje� gia tonupologismì th
 P (Tk,n,t(q) = 0), oloklhr¸netai me ta ex 
:
• Yr = (x1, x2, . . . , xa) ∈ Ω4, 1 ≤ r ≤ k − t + 1 e�n kai mìno e�n o arijmì
 twnemfan�sewn th
 i−ost 
 lèxh
 m kou
 t − 1 (apì to alf�bhto me q gr�mmata),sti
 grammè
 r + 1, r + 2, . . . , r + t − 1 e�nai �so
 me xi (gia k�je i = 1, 2, . . . , a)kai tautìqrona, o upop�naka
 pou apotele�tai apì ti
 pr¸te
 r + t − 1 grammè
tou p�naka X, e�nai t-CCA. Se opoiad pote �llh per�ptwsh, ja jewroÔme ìti hMarkobian  alus�da br�sketai sthn kat�stash aporrìfhsh
 xabs.Den e�nai plèon dÔskolo na diapist¸soume ìti o p�naka
 pijanot twn met�bash
, th


{Yr, r = 0, 1, . . .}, ja èqei th morfh
Λ =

(

P h′

0 1

)ìpou o P e�nai èna
 s × s p�naka
 pou perièqei ti
 pijanìthte
 met�bash
, an�mesa sti
katast�sei
 tou sunìlou Ω4, dhlad , ti
 pijanìthte

P (Yr = (x1, x2, . . . , xn)|Yr−1 = (x′1, x

′
2, . . . , x

′
n))me (x1, x2, . . . , xn), (x′1, x

′
2, . . . , x

′
n) ∈ Ω4. To di�nusma h, diast�sew
 1× s, d�detai apì thsqèsh

h′ = 1′ − P1′ = (I − P )1′, 1 = (1, 1, . . . , 1),en¸ 0 = (0, 0, . . . , 0)1×s. H tim  th
 sun�rthsh
 pijanìthta
 th
 t.m. Tk,n,t(q), sto mhdèn,upolog�zetai mèsw tou tÔpou
P (Tk,n,t(q) = 0) = P (Yk−t+1 6= xabs) = π0P

k−t+11′,134



4.1 H katanom  tou pl jou
 twn upopin�kwn mh pl rou
 k�luyh
, se èna tuqa�o p�nakame stoiqe�a diakritè
 tuqa�e
 metablhtè
ìpou to π0, e�nai to 1 × s di�nusma twn arqik¸n pijanot twn th
 {Yr, r = 0, 1, . . .}.Sugkekrimèna, to π0 èqei th morf 
π0 = (p1, p2, . . . , ps)ìpou oi pijanìthte
 p1, p2, . . . , ps antistoiqoÔn sti
 s lÔsei
 th
 ex�swsh
 (4.1.3), kaiekfr�zoun thn pijanìthta na p�roume èna (t−1)×n p�naka, me dom  (x1, x2, . . . , xa) ∈ Ω4.Epomènw
, ta pi, i = 1, 2, . . . , s e�nai th
 morf 


1

q(t−1)n

n!

x1!x2! · · ·xa!
. (4.1.4)Gia na upolog�soume ti
 pijanìthte
 met�bash
 tou p�naka P , a
 sumbol�soume me

w1, w2, . . . , wati
 a = qt−1 diaforetikè
 lèxei
 m kou
 t − 1 (apì èna alf�bhto me q gr�mmata), selexikografik  di�taxh. Arqik¸
 prèpei na epishm�noume pw
 o periorismì
 xi ≥ q, i =

1, 2, . . . , a (gia ton prosdiorismì twn katast�sewn tou q¸rou Ω4) qrhsimopoi jhke diìti,k�je upop�naka
 (t− 1)× n enì
 p�naka t× n o opo�o
 e�nai t-CCA, ja prèpei na perièqeikajem�a apì ti
 w1, w2, . . . , wa toul�qiston q forè
.To epìmeno l mma, ma
 prosfèrei mia ikan  kai anagka�a sunj kh, ¸ste oi pijanìthte
,
P (Yr = (x1, x2, . . . , xa)|Yr−1 = (x′1, x

′
2, . . . , x

′
a))gia (x1, x2, . . ., xa)∈ Ω4 kai (x′1, x′2, . . ., x′a) ∈ Ω4 na e�nai mh mhdenikè
. To apotèlesmaautì, apotele� gen�keush tou L mmato
 3.2.1, to opo�o anafèretai sto mh mhdenismì twnant�stoiqwn pijanot twn met�bash
, gia thn per�ptwsh q = 2.L mma 4.1.1 Mia ikan  kai anagka�a sunj kh gia na isqÔei

P (Yr = (x1, x2, . . . , xa)|Yr−1 = (x′1, x
′
2, . . . , x

′
a)) 6= 0e�nai h ex 


xq(i−1)+1 + xq(i−1)+2 + . . .+ xq(i−1)+q = x′i + x′i+a/q + . . .+ x′i+(q−1)a/q , (4.1.5)gia k�je i = 1, 2, . . . , a/q.Apìdeixh. 'Eqonta
 diat�xei ti
 a = qt−1 diaforetikè
 lèxei
 w1, w2,. . .,wa, m kou
 t−1,se lexikografik  seir�, e�nai eÔkolo na diapist¸soume ìti gia k�je i = 1, 2, . . . , a/q oilèxei

wq(i−1)+1, wq(i−1)+2, . . . , wq(i−1)+q, 135



P�nake
 suneqìmenh
 pl rou
 k�luyh
 kai èlegqo
 tuqaiìthta
èqoun akrib¸
 to �dio arqikì tm ma m kou
 t − 2. P.q. gia q = t = 3, oi a = 33−1 = 9diaforetikè
 lèxei
, m kou
 t− 1 = 2, se lexikografik  seir�, e�nai oi
w1 =

(
0

0

)

, w2 =

(
0

1

)

, w3 =

(
0

2

)

, w4 =

(
1

0

)

, w5 =

(
1

1

)

,

w6 =

(
1

2

)

, w7 =

(
2

0

)

, w8 =

(
2

1

)

, w9 =

(
2

2

)

.Sthn per�ptwsh aut , oi lèxei
 w1, w2, w3, èqoun to �dio arqikì tm ma m kou
 t − 2 = 1(kai sugkekrimèna, to arqikì tou
 tm ma e�nai �so me mhdèn), oi w4, w5, w6, èqoun to �dioarqikì tm ma m kou
 1 (�so me èna) kai oi w7, w8, w9, èqoun to �dio arqikì tm ma m kou
 1(�so me dÔo).Epomènw
, e�n me wi(j), j = 1, 2, . . . , t− 1 sumbol�soume to i−ostì gr�mma, th
 lèxh

wi, ja isqÔei

wq(i−1)+1(j) = wq(i−1)+2(j) = . . . = wq(i−1)+q(j), j = 1, 2, . . . , t− 2en¸ gia to (t− 1)−ostì gr�mma, ja èqoume
wq(i−1)+l+1(t− 1) = l, l = 0, 1, . . . , q − 1.Parìmoia, gia i = 1, 2, . . . , a/q, to telikì tm ma m kou
 t− 2, twn lèxewn

wi, wi+a/q, . . . , wi+(q−1)a/qtaut�zetai,  toi
wi(j) = wi+a/q(j) = . . . = wi+(q−1)a/q(j), j = 2, 3, . . . , t− 1,en¸

wi+la/q(1) = l, l = 0, 1, . . . , q − 1.Epiplèon, to arqikì tm ma twn lèxewn
wq(i−1)+1, wq(i−1)+2, . . . , wq(i−1)+qkai to ant�stoiqo telikì tm ma twn

wi, wi+a/q, . . . , wi+(q−1)a/qe�nai to �dio (gia k�je i = 1, 2, . . . , a/q). S� autì to shme�o, epib�lletai na anafèroume ìtih pijanìthta met�bash

P (Yr = (x1, x2, . . . , xa)|Yr−1 = (x′1, x

′
2, . . . , x

′
a))136



4.1 H katanom  tou pl jou
 twn upopin�kwn mh pl rou
 k�luyh
, se èna tuqa�o p�nakame stoiqe�a diakritè
 tuqa�e
 metablhtè
anafèretai sthn per�ptwsh ìpou, apì èna (t − 1) × n p�naka, ston opo�o to pl jo
 twnlèxewn wi,wi+a/q,. . .,wi+(q−1)a/q, e�nai iso me
x′i + x′i+a/q + . . .+ x′i+(q−1)a/qphga�noume s� èna �llo (t − 1) × n p�naka, afair¸nta
 thn pr¸th tou gramm , kai pro-sjètonta
 mia nèa sto tèlo
. O nèo
 p�naka
 perièqei xq(i−1)+1 + xq(i−1)+2 + . . .+ xq(i−1)+qforè
, ti
 lèxei


wq(i−1)+1, wq(i−1)+2, . . . , wq(i−1)+q.Me b�sh thn an�lush pou prohg jhke prokÔptei ìti, k�ti tètoio mpore� na sumba�nei e�nkai mìno e�n, oi arijmo�
xq(i−1)+1 + xq(i−1)+2 + . . .+ xq(i−1)+qkai

x′i + x′i+a/q + . . .+ x′i+(q−1)a/q ,e�nai �soi (o.e.d.).E�maste plèon se jèsh na upolog�soume ti
 pijanìthte
 met�bash
 th
 Markobian 
 alu-s�da
, pou eis�game prohgoumènw
 (Godbole et al (2008b)).Je¸rhma 4.1.1 E�n (x1, x2, . . . , xa), (x′1, x
′
2, . . . , x

′
a) ∈ Ω2 kai

xq(i−1)+1 + xq(i−1)+2 + . . .+ xq(i−1)+q = x′i + x′i+a/q + . . .+ x′i+(q−1)a/q ,gia k�je i = 1, 2, . . . , a/q, tìte
P (Yr = (x1, x2, . . . , xa)|Yr−1 =(x′1, x

′
2 . . . , x

′
a)) =

=
1

qn

a/q
∏

i=1

(Σ1Σ2 . . .Σq−1D1iD2i · · ·Dq−1,i) . (4.1.6)To l−ostì �jroisma (l = 1, 2, . . . , q − 1) ekte�netai s� ìle
 ti
 (jetikè
) akèraie
 lÔsei
th
 grammik 
 ex�swsh

rl1 + rl2 . . .+ rlq = xq(i−1)+l, l = 1, 2, . . . , q − 1en¸ oi posìthte
 Dli, l = 1, 2, . . . , q − 1 kai i = 1, 2, . . . , a/q, d�dontai apì ton tÔpo

Dli = Dli(rl1, rl2, . . . , rlq) =

q
∏

j=1

(
x′i+(j−1)a/q −

∑l−1
v=1 rvj

rlj

)

, 137



P�nake
 suneqìmenh
 pl rou
 k�luyh
 kai èlegqo
 tuqaiìthta
me th sÔmbash
(
u

v

)

= 0, gia u ≤ v   u ≤ 0.Apìdeixh. 'Opw
 èqoume  dh anafèrei, o nèo
 (t − 1) × n p�naka
, tou opo�ou h dom perigr�fetai apì to di�nusma (x1, x2, . . ., xa), prokÔptei apì ton (t− 1)× n p�naka, me taqarakthristik� (x′1, x
′
2, . . . , x

′
a) (afair¸nta
 ap� autìn thn pr¸th tou gramm , kai prosjè-tonta
 mia nèa, sto tèlo
). Sth nèa gramm , to pl jo
 twn emfan�sewn tou gr�mmato
 l(l = 0, 1, . . . , q − 1) e�nai �so me

a/q
∑

i=1

xq(i−1)+l+1.A
 koit�xoume t¸ra sti
 st le
 tou nèou (t − 1) × n p�naka, oi opo�e
 èqoun to �dioarqikì tm ma m kou
 t− 2. Th qronik  stigm  r (gia sugkekrimèno i ∈{1, 2, . . . , a/q}), oilèxei

wq(i−1)+1, wq(i−1)+2, . . . , wq(i−1)+qemfan�zontai xq(i−1)+1+xq(i−1)+2+ . . .+xq(i−1)+q forè
, kai proèrqontai apì ti
 st le
 tou

(t− 1) × n p�naka (th
 qronik 
 stigm 
 r − 1), pou perièqoun ti
 lèxei

wi, wi+a/q, . . . , wi+(q−1)a/qkai oi opo�e
 e�nai se pl jo
 x′i+x

′
i+a/q+ . . .+x′i+(q−1)a/q . Epomènw
, autì pou prèpeina g�nei ¸ste na mhn per�soume sthn kat�stash aporrìfhsh
, e�nai na katane�moume ta

xq(i−1)+l+1 gr�mmata l (l = 0, 1, . . . , q − 1), sth nèa gramm , me tètoio trìpo ¸ste, sti
st le
 pou up�rqoun oi lèxei
 wi, na up�rqei toul�qiston èna l, sti
 st le
 pou up�rqounoi lèxei
 wi+a/q, na up�rqei toul�qiston èna l, ktl, kai sti
 st le
 pou up�rqoun oi lèxei

wi+(q−1)a/q , na up�rqei kai eke�, toul�qiston èna l.H posìthta D1i, i = 1, 2, . . . , a/q, me

D1i =

q
∏

j=1

(
x′i+(j−1)a/q

r1j

)d�nei to pl jo
 twn trìpwn me tou
 opo�ou
 mporoÔme na topojet soume ta xq(i−1)+1 mhde-nik�, ètsi ¸ste r1j ap� aut� na èqoun topojethje� sti
 st le
 pou antistoiqoÔn sth lèxh
wi+(j−1)a/q, gia j = 1, 2, . . ., q. 'Omoia, h posìthta

D2i =

q
∏

j=1

(
x′i+(j−1)a/q − r1j

r2j

)

,138



4.1 H katanom  tou pl jou
 twn upopin�kwn mh pl rou
 k�luyh
, se èna tuqa�o p�nakame stoiqe�a diakritè
 tuqa�e
 metablhtè
d�nei to pl jo
 twn trìpwn me tou
 opo�ou
 mporoÔme na topojet soume tou
 xq(i−1)+2�ssou
, ètsi ¸ste na up�rqoun r21 �ssoi sti
 x′i − r11 st le
, pou antistoiqoÔn sth lèxh
wi, (na shmei¸soume ìti sti
 st le
 pou antistoiqoÔn sth lèxh wi,  dh èqoun topojethje�
r11 mhdenik�), na up�rqoun r22 �ssoi sti
 x′i+a/q − r12 st le
, pou antistoiqoÔn sth lèxh
wi+a/q, k.o.k. Oi posìthte
 Dli, l = 3, 4, . . . , q − 1 anafèrontai sthn katamètrhsh twnant�stoiqwn diadikasi¸n.Na shmei¸soume pw
, topojet¸nta
 ta gr�mmata 0, 1, . . . , q − 2 (me th diadikas�a pouperigr�yame), to gr�mma q − 1, mpore� na topojethje� sti
 upìloipe
 (enapome�nante
)kenè
 jèsei
, mìno m� èna trìpo. 'Etsi, to ginìmeno ∏q−1

l=1 Dli, ma
 d�nei tou
 trìpou
 metou
 opo�ou
 ìlh h parap�nw diadikas�a, mpore� na oloklhrwje�.H sÔmbash
(
u

v

)

= 0, gia u ≤ v   u ≤ 0.exasfal�zei thn emf�nish q diaforetik¸n gramm�twn, se k�je m�a apì om�de
 sthl¸n,pou antistoiqoÔn sti
 lèxei
 wi, wi+a/q, . . ., wi+(q−1)a/q . H apìdeixh ja oloklhrwje�,lamb�nonta
 upìyh ìti ìlh h parap�nw diadikas�a prèpei na epanalhfje�, gia k�je i ∈
{1, 2, . . . , a/q}, kai ìti ta stoiqe�a tou p�naka e�nai i.i.d. t.m., pou akoloujoÔn thn omoiì-morfh diakrit  katanom .Ax�zei na epishm�noume ìti oi parap�nw pijanìthte
 met�bash
, sqet�zontai �mesa m�èna sugkekrimèno montèlo k�lph
, to opo�o mpore� na perigrafe� apì ta ex 
:A
 jewr soume èna plhjusmì me x′i + x′i+a/q + . . . + x′i+(q−1)a/q = s′i antike�mena(�toma). Ta antike�mena aut� qwr�zontai se q om�de
, kai ta x′i+(l−1)a/q ap� aut�an koun sthn om�da hl, me l = 1, 2, . . . , q. A
 upojèsoume epiplèon pw
, pa�rnoumearqik� èna de�gma apì xq(i−1)+1 antike�mena tou plhjusmoÔ, qwr�
 epan�jesh. 'E-peita, apì ta upìloipa s′i − xq(i−1)+1 antike�mena pa�rnoume akìmh èna de�gma, megè-jou
 t¸ra xq(i−1)+2. Suneq�zoume th deigmatolhy�a me ton trìpo autì, pa�rnonta


xq(i−1)+l antike�mena, apì ta sunolik� s′i − xq(i−1)+1 − xq(i−1)+2 − . . . − xq(i−1)+l−1,kat� thn l−ost  l yh de�gmato
 (l ≥ 2). Tìte, to �jroisma
∑

1

∑

2 . . .
∑

q−1D1iD2i · · ·Dq−1,ito opo�o emfan�zetai sto Je¸rhma 4.1.1 (me ta �dia ìria kai periorismoÔ
) ekfr�zeitou
 trìpou
 me tou
 opo�ou
 mpore� na pragmatopoihje� to parap�nw deigmatolh-ptikì sqèdio, ¸ste se k�je èna apì ta q diadoqik� de�gmata, na up�rqei toul�qistonèna antike�meno, apì k�je m�a apì ti
 q diaforetikè
 om�de
. 139



P�nake
 suneqìmenh
 pl rou
 k�luyh
 kai èlegqo
 tuqaiìthta
'Etsi, mìli
 upolog�soume ti
 pijanìthte
 met�bash
, mporoÔme na proqwr soume stonprosdiorismì tou p�naka P , kai èpeita, mèsw th
 sqèsew

P (Tk,n,t(q) = 0) = π0P

k−t+11′, k ≥ t (4.1.7)na p�roume thn pijanìthta èna
 k×n tuqa�o
 p�naka
 (me stoiqe�a i.i.d. t.m., pou akolou-joÔn thn omoiìmorfh diakrit  katanom ), na e�nai t-CCA. Mèsa apì to epìmeno par�deigma,ja katano soume kalÔtera ton trìpo me ton opo�o douleÔei h parap�nw mèjodo
.Par�deigma 4.1 'Estw ìti endiaferìmaste gia thn per�ptwsh k × n pin�kwn, me n = 28,
t = 3 kai q = 3 (h katanom  twn nk = 28k anex�rthtwn kai isìnomwn t.m., ja e�nai homoiìmorfh diakrit , sto {0, 1, 2}). Tìte, oi a = 33−1 = 9 diaforetikè
 lèxei
, m kou

t− 1 = 2, se lexikografik  seir�, e�nai oi

w1 =

(
0

0

)

, w2 =

(
0

1

)

, w3 =

(
0

2

)

, w4 =

(
1

0

)

, w5 =

(
1

1

)

,

w6 =

(
1

2

)

, w7 =

(
2

0

)

, w8 =

(
2

1

)

, w9 =

(
2

2

)

.O q¸ro
 katast�sewn Ω, e�nai th
 morf 
 Ω = Ω4 ∪ {xabs}, ìpou to sÔnolo Ω4 meplhj�rijmo
|Ω4| =

(
n+ a(1 − q) − 1

a− 1

)

=

(
28 + 9(1 − 3) − 1

9 − 1

)

= 9 = s,perilamb�nei ti
 akèraie
 lÔsei
 th
 ex�swsh

x1 + x2 + . . .+ x9 = 28,k�tw apì tou
 periorismoÔ
 xi ≥ 3, gia i = 1, 2, . . . , 9. Sumbol�zonta
 me ωi, i = 1, 2, . . . , 9ta stoiqe�a tou Ω4, dhlad ,

ω1 = (3, 3, . . . , 3, 4), ω2 =(3, 3, . . . , 4, 3), . . . , ω8 = (3, 4, . . . , 3, 3), ω9 = (4, 3, . . . , 3, 3)kai efarmìzonta
 to L mma 4.1.1, sumpera�noume ìti oi pijanìthte
 met�bash

P (Yr = (x1, x2, . . . , xa)|Yr−1 = (x′1, x

′
2, . . . , x

′
a))e�nai mh mhdenikè
, e�n (x1,x2, . . ., xa)∈ E kai (x′1, x

′
2, . . . , x

′
a)∈ F , ìpou

a. E = {ω1, ω2, ω3} kai F = {ω1, ω4, ω7},  140
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b. E = {ω4, ω5, ω6} kai F = {ω2, ω5, ω8},  
c. E = {ω7, ω8, ω9} kai F = {ω3, ω6, ω9}.Gia na upolog�soume, p.q., thn pijanìthta met�bash
 apì thn kat�stash ω4 = (x′1, x

′
2, . . . , x

′
9) =

(3, 3, 3, 3, 3, 4, 3, 3, 3) sthn kat�stash ω1= (x1, x2, . . . , x9) = (3, 3, 3, 3, 3, 3, 3, 3, 4), qreia-zìmaste ta ajro�smata∑1

∑

2D1iD2i, gia i = 1, 2, 3, me
D1i =

(
x′i
r11

)(
x′i+3

r12

)(
x′i+6

r13

)

, D2i =

(
x′i − r11
r21

)(
x′i+3 − r12

r22

)(
x′i+6 − r13

r23

)

.Ta ìria tou exwterikoÔ ajro�smato
 ∑1, ekte�nontai sti
 akèraie
 jetikè
 lÔsei
 th
ex�swsh
,
r11 + r12 + r13 = x3(i−1)+1,en¸ tou eswterikoÔ ajro�smato
 ∑2, anafèrontai sti
 akèraie
 lÔsei
 th
 ex�swsh

r21 + r22 + r23 = x3(i−1)+2.Gia i = 1, pa�rnoume

r11 + r12 + r13 = 3, r21 + r22 + r23 = 3kai epomènw

Σ1Σ2D11D21 =

(
x′1
1

)(
x′4
1

)(
x′7
1

)(
x′1 − 1

1

)(
x′4 − 1

1

)(
x′7 − 1

1

)

=

(
3

1

)(
3

1

)(
3

1

)(
2

1

)(
2

1

)(
2

1

)

= 216.Me ton �dio trìpo, gia i = 2 kai i = 3, ja p�roume ìti
Σ1Σ2D12D22 = 216, Σ1Σ2D13D23 = 432.'Ara, h ant�stoiqh pijanìthta met�bash
 g�netai

P (Yr = ω1|Yr−1 = ω4) =
1

328

3∏

i=1

(Σ1Σ2D1iD2i) =
1

328
2162 × 432. 141
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DouleÔonta
 me ton parìmoio trìpo, gia ìle
 ti
 pijanìthte
 met�bash
, diapist¸noumeìti o p�naka
 P èqei thn parak�tw morf 
P =

512

328






















b1 b1 b1 0 0 0 0 0 0

0 0 0 b1 b1 b1 0 0 0

0 0 0 0 0 0 b1 b1 b1

b1 b2 b1 0 0 0 0 0 0

0 0 0 b1 b2 b1 0 0 0

0 0 0 0 0 0 b1 b2 b1

b1 b2 b1 0 0 0 0 0 0

0 0 0 b1 b2 b1 0 0 0

0 0 0 0 0 0 b1 b2 b1




















me b1 = 39366 kai b2 = 59049. To arqikì di�nusma pijanot twn π0, to opo�o emfan�zetaiston tÔpo (4.1.7), mpore� eÔkola na upologiste�, kaj¸
 oi suntetagmène
 tou e�nai th
morf 
 (4.1.4), kai sugkekrimèna, π0 = (p1, p2, . . . , p9) me

pi =
1

356

28!

3!3! · · ·4!
, i = 1, 2, . . . , 9.Telik�, oi pijanìthte
 P (Tk,28,3(3) = 0), d�dontai mèsw th
 èkfrash
 (bl. kai (4.1.7))

P (Tk,28,3(3) = 0) = π0P
k−21′, k ≥ 3,kai gia di�fore
 timè
 tou k, mporoÔme eÔkola na p�roume ton P�naka 4.1.1.P�naka
 4.1.1: H P (Tk,28,3(3) = 0) gia di�fora k.

k P (Tk,28,3(3) = 0) k P (Tk,28,3(3) = 0)

3 3.820 · 10−10 7 2.885 · 10−32

4 1.122 · 10−15 8 8.517 · 10−38

5 3.311 · 10−21 9 2.514 · 10−43

6 9.772 · 10−27 10 7.423 · 10−49

Apì to prohgoÔmeno par�deigma mporoÔme na doÔme pw
 h P (Tk,28,3(3) = 0) mei¸netaikaj¸
 to k aux�netai. Den e�nai dÔskolo na apode�xoume ìti gia opoiad pote n, t, q, isqÔei
lim
k→∞

P (Tk,n,t(q) = 0) = 0.142
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Pro
 toÔto, arke� na parathr soume pw
 h kat�stash aporrìfhsh
 e�nai prosb�simh apìk�je �llh kat�stash, kai na epikalestoÔme ti
 idiìthte
 tètoiou e�dou
 Markobian¸nalus�dwn.H mèjodo
 pou perigr�yame, mpore� na tropopoihje� katall lw
, ¸ste na kalÔyei thgenikìterh per�ptwsh, ìpou ta stoiqe�a tou p�naka X e�nai i.i.d. t.m., oi opo�e
 akoloujoÔnopoiad pote diakrit  katanom  (me peperasmèno ped�o tim¸n) kai ìqi mìno thn omoiìmorfhdiakrit . 'Etsi, an jewr soume ìti
P (Xij = l) = pl, l = 0, 1, . . . , q − 1, (4.1.8)(∑q−1

l=0 pl = 1) gia i = 1, 2, . . . , k kai j = 1, 2, . . . , n, me b�sh ta �dia epiqeir mata kai thn�dia logik , mpore� na apodeiqje� ìti oi pijanìthte
 met�bash
 (4.1.6), g�nontai
P (Yr+1 = (x1, . . . , xa)|Yr = (x′1, . . . , x

′
a))

=

q−1
∏

l=0

pbl
l

a/q
∏

i=1

(Σ1Σ2 . . .Σq−1D1iD2i · · ·Dq−1,i) , (4.1.9)ìpou
bl =

a/q−1
∑

j=0

xl+jq+1, l = 0, 1, . . . , q − 1,en¸ oi upìloipoi sumbolismo�, e�nai ìmoioi m� autoÔ
 tou Jewr mato
 4.1.1. H pijanìthtatou endeqomènou Tk,n,t(q) = 0, mpore� ep�sh
 na doje� apì thn (4.1.7), ìpou o s× s p�naka

P ja anafèretai sti
 pijanìthte
 met�bash
 (4.1.9) kai to π0, e�nai to di�nusma twnarqik¸n pijanot twn. Sugkekrimèna, to π0 ja èqei t¸ra suntetagmène
 th
 morf 


n!

x1!x2! · · ·xa!

q−1
∏

l=0

p
∑a

i=1 xi|wli|
l (4.1.10)ìpou ta |wli|, d�noun ton arijmì twn emfan�sewn tou
 gr�mmato
 l, sth lèxh wi, gia i =

1, 2, . . . , a kai l = 0, 1, . . . , q − 1.Ja suneq�soume th melèth ma
, me ton prosdiorismì th
 sun�rthsh
 pijanìthta
 th

Tk,n,t(q) (ìqi mìno sto mhdèn, �lla se opoiad pote shme�o tou ped�ou tim¸n th
). Autìpou ja k�noume e�nai na epekte�noume ton q¸ro katast�sewn Ω4, me tètoio trìpo ¸steektì
 apì thn plhrofor�a pou afor� th dom  tou teleuta�ou (t − 1) × n p�naka (dhlad ,tou p�naka pou briskìmaste th qronik  stigm  r), na krat�me kai thn plhrofor�a pouanafèretai sto pl jo
 twn upopin�kwn mh pl rou
 k�luyh
, pou èqoun  dh parathrhje�143
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 to qrìno r. Tìte, h t.m. Tk,n,t(q) mpore� na jewrhje� w
 mia emfuteÔsimh Markobian alus�da, diwnumikoÔ tÔpou (bl. Orismì 3.1.2 kai Je¸rhma 3.1.3, sel�da 91).Epomènw
, gia thn emfÔteush th
 Tk,n,t(q), se mia Markobian  alus�da, a
 jewr soumeektì
 apì ti
 s katast�sei
 tou Ω4, mia epiplèon kat�stash ωs+1, h opo�a ja dhl¸neithn per�ptwsh pou o (t − 1) × n p�naka
, ston opo�o briskìmaste, perièqei (w
 st lh)toul�qiston mia lèxh m kou
 t − 1, ligìtere
 apì q forè
. K�nonta
 qr sh kai mia
aparijm tria
 m, h opo�a ja krat�ei thn plhrofor�a tou pl jou
 twn upopin�kwn mhpl rou
 k�luyh
, pou èqoume  dh sunant sei (mèqri th qronik  stigm  pou briskìmaste),katal goume sto nèo q¸ro katast�sewn
Ω∗ = (Ω4 ∪ {ωs+1}) × {0, 1, . . . , k − t+ 1}me plhj�rijmo

|Ω∗| = (s+ 1)(k − t+ 2).Tèlo
, h Markobian  alus�da {Yr, r = 0, 1, . . .}, ston Ω∗, ja or�zetai w
 ex 
:
i. jètoume Yr = (ω,m), me ω = (x1, x2, . . . , xa) ∈ Ω2 kai 0 ≤ m ≤ k − t + 1, e�n kaimìno e�n, ston (t−1)×n upop�naka, tou opo�ou h teleuta�a gramm  e�nai h r+t−1, oarijmì
 twn emfan�sewn th
 lèxh
 wi, isoÔtai me xi (ìpou xi ≥ q gia i = 1, 2, . . . , a)kai epiplèon, ston p�naka pou apotele�tai apì ti
 grammè
 1, 2, . . . , r+t−1, up�rqounakrib¸
 m upop�nake
 mh pl rou
 k�luyh
,
ii. jètoume Yr = (ω,m) me ω = ωs+1 kai 0 ≤ m ≤ k − t + 1, e�n kai mìno e�n, ston

(t−1)×n upop�naka, tou opo�ou h teleuta�a gramm  e�nai h r+t−1, mia toul�qistonapì ti
 a = qt−1 diaforetikè
 lèxei
 w1, w2, . . . , wa, èqei emfaniste� ligìtere
 apì qforè
 kai epiplèon, ston p�naka pou apotele�tai apì ti
 grammè
 1, 2, . . . , r + t− 1,up�rqoun akrib¸
 m upop�nake
 mh pl rou
 k�luyh
.Jewr¸nta
 thn parak�tw diamèrish tou Ω∗,
Ω∗ =

⋃

m≥0

Cm, Cm = {(ω,m) : ω ∈ Ω2 ∪ {ωs+1}}, m = 0, 1, . . . , k − t+ 1,e�nai eÔkolo na apode�xoume ìti h Tk,n,t(q) e�nai mia MVB t.m., gia thn opo�a o p�naka
pijanot twn met�bash
 A = (P (Yr ∈ Cm|Yr−1 ∈ Cm)), èqei th morf 
A =

(

P 0′

0 0

)

(s+1)×(s+1)144
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 tuqa�e
 metablhtè
ìpou o P e�nai o p�naka
 pijanot twn met�bash
, pou melet same prohgoumènw
, gia thnper�ptwsh Tk,n,t(q) = 0. O p�naka
 B th
 alus�da

B = (P (Yr ∈ Cm+1|Yr−1 ∈ Cm)) ,mpore� ep�sh
 na gr�fei sth morf 

B =

(

Q c′

b ρ

)

(s+1)×(s+1)ìpou o p�naka
 Q, anafèretai sti
 pijanìthte
 met�bash

P (Yr = (ω,m+ 1)|Yr−1 = (ω′, m)),me ω = (x1, x2, . . . , xa) ∈ Ω4 kai ω′ = (x′1, x

′
2, . . . , x

′
a) ∈ Ω4.Epiplèon, prèpei na parathr soume ìti e�n ikanopoie�tai h sunj kh (4.1.5), tìte hpijanìthta P (Yr = (ω,m)|Yr−1 = (ω′, m)), h opo�a taut�zetai me thn (4.1.9), èqei  dhsumperilhfje� ston upop�naka P , tou A. Epomènw
, ston p�nakaQ ja up�rqei h {upìloiph}pijanìthta, dhlad 

P (Yr = (ω,m+ 1)|Yr−1 = (ω′, m)) =

q−1
∏

l=0

pbl
l





a/q
∏

i=1

di −
a/q
∏

i=1

ci



ìpou
ci =

∑

1

∑

2 . . .
∑

q−1D1iD2i · · ·Dq−1,i, di =
(
∑q

j=1 xq(i−1)+j)!
∏q

j=1(xq(i−1)+j)!
,gia i = 1, 2, . . . , a/q. Na shmei¸soume ìti h teleuta�a èkfrash anafèretai sth genikìterhper�ptwsh ìpou ta stoiqe�a tou p�naka X akoloujoÔn opoiad pote diakrit  katanom  (bl.(4.1.8)). O parap�nw tÔpo
 aplopoie�tai w
 èna bajmì, ìtan douleÔoume me thn per�ptwshpou ta stoiqe�a tou p�naka X e�nai i.i.d. t.m., me omoiìmorfh diakrit  katanom  sto A.Lamb�nonta
 upìyh ìti o p�naka
 A+B e�nai èna
 stoqastikì
 p�naka
, mporoÔme nap�roume �mesa ìti

c′ = 1′ −Q1′ − P1′.Gia to di�nusma b mporoÔme na katal�boume ìti perièqei ti
 pijanìthte
 met�bash

P (Yr = (ω,m+ 1)|Yr−1 = (ωs+1, m)) (4.1.11)me ω = (x1, x2, . . . , xa) ∈ Ω4. A
 sumbol�soume epiplèon, me

ωs+1,j = (x′1j , x
′
2j , . . . , x

′
aj), 145
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j = 1,2, . . . , h ti
 akèraie
 lÔsei
 th
 ex�swsh


x′1j + x′2j + . . .+ x′aj = n,me periorismoÔ
: x′i < q, gia toul�qiston èna i ∈ {1, 2, . . . , a} kai
xq(i−1)+1 + xq(i−1)+2 + . . .+ xq(i−1)+q = x′ij + x′i+a/q,j + . . .+ x′i+(q−1)a/q,jgia k�je i ∈ {1, 2, . . . , a/q}. Tìte,

h =

a/q
∏

i=1

(
q + si − 1

q − 1

)

−
a/q
∏

i=1

(
q + si − q2 − 1

q − 1

)

,ìpou si = xq(i−1)+1+xq(i−1)+2 + . . .+xq(i−1)+q, i = 1, 2, . . . , a/q kai h pijanìthta met�bash
(4.1.11) mpore� na ekfraste� sth morf 
P (Yr = (ω,m+ 1)|Yr−1 = (ωs+1, m)) =

p0

P (Y0 = (ωs+1, 0))

h∑

j=1

pωs+1,j
,ìpoua. oi pijanìthte
 pωs+1,j

(pou anafèrontai sti
 lÔsei
 ωs+1,j) upolog�zontai mèsw tÔpwn,ìmoiwn me ton (4.1.10),b. h pijanìthta P (Y0 = (ωs+1, 0)) d�netai apì ton tÔpo
P (Y0 = (ωs+1, 0)) = 1 −

s∑

i=1

P (Y0 = (ωi, 0)),ìpou oi s arqikè
 pijanìthte
 P (Y0 = (ωi, 0)) taut�zontai me ti
 ant�stoiqe
 sunte-tagmène
 tou π0 (�ra, upolog�zontai mèsw th
 (4.1.10)),g. kai tèlo

p0 =

q−1
∏

l=0

pbl
l

a/q
∏

i=1

di.Ax�zei na anafèroume pw
 h pijanìthta ∑h
j=1 pωs+1,j

, sthn per�ptwsh pou ta stoiqe�atou p�naka akoloujoÔn thn omoiìmorfh diakrit  katanom , d�detai enallaktik� kai mèswth
 epìmenh
 sqèsew

h∑

j=1

pωs+1,j
=

1

qn(t−1)




∑

j1≥0

∑

j2≥0

· · ·
∑

ja/q≥0

n!
∏a/q

i=1 ji1!ji2! · · · ji,q−1!(si − ji1 − . . .− ji,q−1)!

−
∑

j1≥q

∑

j2≥q

· · ·
∑

ja/q≥q

n!
∏a/q

i=1 ji1!ji2! · · · ji,q−1!(si − ji1 − . . .− ji,q−1)!



146
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ìpou ta parap�nw ajro�smata, antistoiqoÔn sta epìmena pollapl� ajro�smata
∑

ji≥0

=

si∑

ji1=0

si−ji1∑

ji2=0

· · ·
si−j1i−...−ji,q−2∑

ji,q−1=0

,

∑

ji≥q

=

si−q(q−1)
∑

ji1=q

si−ji1−q(q−2)
∑

ji2=q

· · ·
si−j1i−...−ji,q−2−q

∑

ji,q−1=qgia i = 1, 2, . . . , a/q.'Eqonta
 plèon upolog�sei ta stoiqe�a twn A,B, h sun�rthsh pijanìthta
 th
 Tk,n,t(q)d�detai mèsw th

P (Tk,n,t(q) = m) = fk−t+1(m)1′, k ≥ tìpou {fr(m), 0 ≤ r,m ≤ k − t+ 1}, e�nai h akolouj�a twn dianusm�twn

fr(m) = (P (Yr = (ω1, m)), P (Yr = (ω2, m)), . . . , P (Yr = (ωs+1, m)))h opo�a ikanopoie� ti
 parak�tw anadromikè
 sqèsei

fr(0) = fr−1(0)A,

fr(m) = fr−1(m)A + fr−1(m− 1)B, 1 ≤ m ≤ k − t+ 1,me arqikè
 sunj ke
 (a
 jumhjoÔme ìti, π1 = (π0, 1 − π01
′))

f0(0) = π1 kai f0(m) = 0, gia m > 0.Par�deigma 4.2 'Opw
 kai sto Par�deigma 4.1, ja asqolhjoÔme me thn per�ptwsh n = 28,
t = 3 kai q = 3, ìpou ta nk = 28k stoiqe�a tou p�naka e�nai anex�rthte
 kai isìnome
t.m., oi opo�e
 akoloujoÔn thn omoiìmorfh diakrit  katanom , sto {0, 1, 2}. O q¸ro
katast�sewn th
 Markobian 
 alus�da
, e�nai o

Ω∗ = (Ω4 ∪ {ω10}) × {0, 1, . . . , k − 2}(bl. kai Par�deigma 4.1, sel. 140), ìpou Ω4 e�nai to sÔnolo twn akèraiwn lÔsewn th
ex�swsh

x1 + x2 + . . .+ x9 = 28,k�tw apì tou
 periorismoÔ
 xi ≥ 3, gia i = 1, 2, . . . , 9. Epomènw
,

|Ω4| =

(
n+ a(1 − q) − 1

a− 1

)

=

(
28 + 9(1 − 3) − 1

9 − 1

)

= 9 = s, 147



P�nake
 suneqìmenh
 pl rou
 k�luyh
 kai èlegqo
 tuqaiìthta
kai a
 sumbol�soume me ωi, i = 1, 2, . . . , s ta stoiqe�a tou Ω4, dhlad ,
ω1 = (3, 3, . . . , 3, 4), ω2 =(3, 3, . . . , 4, 3), . . . , ω8 = (3, 4, . . . , 3, 3), ω9 = (4, 3, . . . , 3, 3).O p�naka
 pijanot twn met�bash
 A, prokÔptei �mesa ìti ja èqei th morf 

A =

(

P 0′

0 0

)

10×10ìpou
P =

512

328






















b1 b1 b1 0 0 0 0 0 0

0 0 0 b1 b1 b1 0 0 0

0 0 0 0 0 0 b1 b1 b1

b1 b2 b1 0 0 0 0 0 0

0 0 0 b1 b2 b1 0 0 0

0 0 0 0 0 0 b1 b2 b1

b1 b2 b1 0 0 0 0 0 0

0 0 0 b1 b2 b1 0 0 0

0 0 0 0 0 0 b1 b2 b1




















me b1 = 39366 kai b2 = 59049. Gia na upolog�soume ton p�naka B

B =

(

Q c′

b ρ

)

10×10ja xekin soume me ti
 pijanìthte
 met�bash
, pou up�rqoun stonQ, dhlad  me pijanìthte
th
 morf 

P (Yr = (ω,m+ 1)|Yr−1 = (ω′, m)) =

1

328

(
3∏

i=1

di −
3∏

i=1

ci

)me ω, ω′ ∈ Ω4 kai
ci =

∑

1

∑

2D1iD2i, di =
(
∑3

j=1 x3(i−1)+j)!
∏3

j=1(x3(i−1)+j)!
.Ousiastik�, epeid  oi pijanìthte
 1

328

∏3
i=1 ci èqoun  dh upologiste�, kaj¸
 sumperilamb�-nontai ston p�naka P , autì pou apomènei e�nai na upolog�soume ti
 posìthte
 1

328

∏3
i=1 di.'Etsi, p.q. gia thn per�ptwsh

P (Yr = (ω1, m+ 1)|Yr−1 = (ω4, m))148



4.1 H katanom  tou pl jou
 twn upopin�kwn mh pl rou
 k�luyh
, se èna tuqa�o p�nakame stoiqe�a diakritè
 tuqa�e
 metablhtè
ìpou
ω1 = (x1, x2, . . . , x9) = (3, 3, 3, 3, 3, 3, 3, 3, 4),

ω4 = (x′1, x
′
2, . . . , x

′
9) = (3, 3, 3, 3, 3, 4, 3, 3, 3)pa�rnoume

d1 =
(x1 + x2 + x3)!

x1!x2!x3!
, d2 =

(x4 + x5 + x6)!

x4!x5!x6!
, d3 =

(x7 + x8 + x9)!

x7!x8!x9!
,opìte

P (Yr = (ω1, m+ 1)|Yr−1 = (ω4, m)) =
1

328

9!9!10!

(3!)84!
− 1

328
2162 · 432 = 0.00051729.DouleÔonta
 me parìmoio trìpo gia ti
 upìloipe
 pijanìthte
 met�bash
, ja p�roume

Q =






















a1 a1 a1 0 0 0 0 0 0

0 0 0 a1 a1 a1 0 0 0

0 0 0 0 0 0 a1 a1 a1

a1 a1 a1 0 0 0 0 0 0

0 0 0 a1 a1 a1 0 0 0

0 0 0 0 0 0 a1 a1 a1

a1 a1 a1 0 0 0 0 0 0

0 0 0 a1 a1 a1 0 0 0

0 0 0 0 0 0 a1 a1 a1




















ìpou a1 = 0.00051729. Gia to di�nusma c, èqoume

c = 1 − 1Q− 1P = (a2, a2, . . . , a2),me a2 = 0.998445. Tèlo
, gia ton upologismì tou dianÔsmato
 b, prèpei na qeiristoÔmepijanìthte
 th
 morf 

P (Yr = (ω,m+ 1)|Yr−1 = (ω10, m)).H kat�stash ω10, antistoiqe� se m�a apì ti
 akèraie
 lÔsei
 th
 ex�swsh


x′1 + x′2 + . . .+ x′9 = 28,me periorismoÔ
: x′i < 3, gia toul�qiston èna i ∈ {1, 2, . . . , 9} kai
x3(i−1)+1 + x3(i−1)+2 + x3(i−1)+3 = x′i + x′i+3 + x′i+6 = si 149



P�nake
 suneqìmenh
 pl rou
 k�luyh
 kai èlegqo
 tuqaiìthta
gia k�je i ∈ {1, 2, 3}. P.q. gia ω1 = (x1, x2, . . . , x9) = (3, 3, 3, 3, 3, 3, 3, 3, 4), èqoume ìti
P (Yr = (ω1, m+ 1)|Yr−1 = (ω10, m)) =

p0

P (Y0 = (ωs+1, 0))

h∑

j=1

pω10,j
,me

h∑

j=1

pω10,j
=

1

356

(
s1∑

j11=0

s1−j11∑

j12=0

s2∑

j21=0

s2−j21∑

j22=0

s3∑

j31=0

s3−j31∑

j32=0

n!
∏3

i=1 ji1!ji2!(si − ji1 − ji2)!

−
s1−6∑

j11=3

s1−j11−3
∑

j12=3

s2−6∑

j21=3

s2−j21−3
∑

j22=3

s3−6∑

j31=3

s3−j31−3
∑

j32=3

n!
∏3

i=1 ji1!ji2!(si − ji1 − ji2)!

)

,kai s1 = s2 = 9, s3 = 10. 'Ara,
h∑

j=1

pω10,j
= 0.0278472,en¸

p0 =
1

328

9!9!10!

(3!)84!kai P (Y0 = (ω10, 0)) = 1 − π01
′, ìpou π0 = (p1, p2, . . . , ps) me

pi =
1

356

28!

3!3! · · ·4!
, i = 1, 2, . . . , 9.Me ton trìpo autì katal goume sto di�nusma

b = (ζ, ζ, ζ, ζ, ζ, ζ, ζ, ζ, ζ)me ζ = 0.144315 · 10−4. Me b�sh ìsa prohg jhkan, mporoÔme plèon na upolog�soume thnakrib  katanom  th
 Tk,28,3(3). Gia par�deigma, sthn eidik  per�ptwsh k = 3, ja p�roume
P (T3,28,3(3) = 0) = 3.43787 · 10−10, P (T3,28,3(3) = 1) = 1 − 3.43787 · 10−10,en¸ gia k = 4, èqoume
P (T4,28,3(3) = 0) = 9.08671 · 10−16, P (T4,28,3(3) = 1) = 6.87572 · 10−10,

P (T4,28,3(3) = 2) = 1 − 9.08671 · 10−15 − 6.87572 · 10−10.

Prin kle�soume th sugkekrimènh par�grafo, e�nai qr simo na anafèroume pw
 ta apo-telèsmata pou prohg jhkan, mporoÔn eÔkola na tropopoihjoÔn ¸ste na antimetwp�soumekai thn per�ptwsh pou èqoume Markobian  ex�rthsh an�mesa sti
 grammè
 tou p�naka.O trìpo
 pou mpore� na g�nei k�ti tètoio, e�nai an�logo
 m� autìn pou perigr�yame sthnPar�grafo 3.4.150



4.2 Prosèggish th
 katanom 
 tou pl jou
 twn upopin�kwn mh pl rou
 k�luyh
, mèswth
 katanom 
 Poisson4.2 Prosèggish th
 katanom 
 tou pl jou
 twn upo-pin�kwn mh pl rou
 k�luyh
, mèsw th
 katano-m 
 PoissonSthn prohgoÔmenh par�grafo, perigr�yame mia mèjodo h opo�a ma
 epitrèpei na upolog�-soume thn akrib  tim  th
 sun�rthsh
 puknìthta
 th
 t.m. Tk,n,t(q), mèsa apì teqnikè
emfÔteush
 t.m. se Markobian  alus�da. 'Omw
, ìtan h par�metro
 n p�rei polÔ mega-lÔtere
 timè
 apì thn qt, o akrib 
 upologismì
 g�netai arket� dÔskolo
, kaj¸
 tìte oidiast�sei
 twn pin�kwn met�bash
 A kai B, g�nontai polÔ meg�le
 (to k den ephre�zei thdi�stash twn pin�kwn, p�ra mìno to pl jo
 twn pollaplasiasm¸n, metaxÔ pin�kwn, pouprèpei na g�noun). Gia par�deigma, e�n q = 3, t = 4 tìte to n ja prèpei na e�nai n ≥ qt = 81kai oi p�nake
 A,B ja èqoun di�stash (s+ 1) × (s+ 1), ìpou
s =

(
n+ qt−1(1 − q) − 1

qt−1 − 1

)

=

(
n− 55

26

)

, n ≥ 81.'Etsi, e�n to n p�rei timè
 arket� megalÔtere
 apì to qt = 81, tìte to s g�netai polÔmeg�lo (p.q., èqoume s = 27, 378, 3654, 27405, gia n = 82, 83, 84, 85, antisto�qw
) kai oakrib 
 upologismì
 th
 katanom 
 th
 Tk,n,t(q), g�netai praktik� adÔnato
.'Ara e�nai apara�thto, kai lìgw th
 fÔsew
 th
 efarmog 
 pou ja melet soume sth su-nèqeia (èlegqo
 tuqaiìthta
, o opo�o
 efarmìzetai sun jw
 s� èna meg�lo pl jo
 apote-lesm�twn), na anazht soume poiotikè
 prosegg�sei
 gia thn katanom  th
 Tk,n,t(q). Asfa-l¸
, ja  tan polÔ qr simo e�n tautìqrona, up�rqei dunatìthta ekt�mhsh
 gia ta megèjhtwn sfalm�twn pou prokÔptoun, apì ti
 parap�nw prosegg�sei
. Mia mèjodo
 h opo�ampore� na ma
 bohj sei, kai gia thn opo�a èqoume mil sei sto Kef�laio 2 (gia th sumbol th
, sti
 prosegg�sei
 twn statistik¸n sunart sewn s�rwsh
) e�nai h Chen-Stein (bl. kaiPar�grafo 2.1).Ja jewr soume gia th sunèqeia ìti ta stoiqe�a tou p�naka X, e�nai i.i.d. t.m., me thsun�rthsh pijanìtht�
 tou
 na d�detai apì thn (4.1.8). Apì th morf  pou èqei h Tk,n,t(q)(bl. (4.1.1)), e�nai eÔkolo na diapist¸sei kane�
 ìti mia kat�llhlh epilog  gia to sÔnolo
Γ pou emfan�zetai sto Je¸rhma 2.1.1, e�nai h

Γ = {1, 2, . . . , k − t+ 1}.Epomènw
, h par�metro
 λ th
 proseggistik 
 katanom 
 Poisson, g�netai
λk,n = E(Tk,n,t(q)) =

k−t+1∑

i=1

πi = (k − t+ 1)π, (4.2.1)151



P�nake
 suneqìmenh
 pl rou
 k�luyh
 kai èlegqo
 tuqaiìthta
ìpou π e�nai h koin  mèsh tim  twn t.m. Ii, i ∈ Γ , pou d�dontai apì thn (4.1.2), dhlad 
E(Ii) = P (Ii = 1) = πi = π, i = 1, 2, . . . , k − t+ 1.Ep�sh
 gia th sunèqeia jewroÔme ìti, Ii = 0 gia i < 1   i > k − t+ 1.Prin proqwr soume sth diatÔpwsh tou kÔriou apotelèsmato
 th
 sugkekrimènh
 pa-ragr�fou, ja anafèroume k�poiou
 epiplèon (apara�thtou
) sumbolismoÔ
. Me Γi jasumbol�zoume to uposÔnolo (deikt¸n) tou Γ , gia to opo�o isqÔei
Γi = Γ ∩ {z ∈ Z : i− t+ 1 ≤ z ≤ i+ t− 1}\{i}, (4.2.2)en¸ me Aj , j = 0, 1, . . . , k − t, to endeqìmeno ìti le�poun akrib¸
 j lèxei
, apì èna t × np�naka, pou sqhmat�zetai apì t suneqìmene
 grammè
. H pijanìthta tou Aj , mpore� nadoje� mèsw tou tÔpou

P (Aj) =

aq−j
∑

v=1

(−1)a−j−v

(
a− v

j

)
∑

(pi1(1, t) + pi2(1, t) + . . .+ piv(1, t))
n,

j = 0, 1, . . . , k − tìpou to eswterikì �jroisma, kine�tai se ìlou
 tou
 sunduasmoÔ
 twn v stoiqe�wn {i1, i2,
. . ., iv}, tou sunìlou {1,2, . . .,aq} kai

pi(x, y) =

y
∏

j=x

pwi(j), i = 1, 2, . . . , aq, y, x ∈ {1, 2, . . . , t}, y ≥ x. (4.2.3)'Amesa prokÔptei ìti π = 1 − P (A0), en¸ ∑aq
j=1 pj(1, t) = 1.ApodeiknÔoume sth sunèqeia, to kÔrio apotèlesma th
 paroÔsh
 paragr�fou.Je¸rhma 4.2.1 H apìstash olik 
 kÔmansh
 metaxÔ th
 katanom 
 L(Tk,n,t(q)) th


Tk,n,t(q) kai th
 katanom 
 Poisson, me mèsh tim  λk,n (Po(λk,n)), fr�ssetai w
 ex 

dTV (L(Tk,n,t(q)), P o(λk,n)) ≤ (1 − e−(k−t+1)π)

((

1

k − t+ 1

k−t+1∑

i=1

|Γi| + 1

)

π

+
1

k − t+ 1

k−t+1∑

i=1

t∑

r=2

(I[i−r≥0] + I[i+r≤k−t+2])u(r)

)

= UBTVìpou
u(r) = UBr

P (A1)

1 − P (A0)
+

1 − P (A0) − P (A1)

1 − P (A0)kai
UBr =

aq
∑

j=1

(1 − pj(t− r + 2, t))qr−1

(1 − pj(1, t))
n−a+1.152



4.2 Prosèggish th
 katanom 
 tou pl jou
 twn upopin�kwn mh pl rou
 k�luyh
, mèswth
 katanom 
 PoissonApìdeixh. Lìgw th
 sugkekrimènh
 epilog 
 twn sunìlwn Γi, h posìthta b3 pou emfa-n�zetai sto Je¸rhma 2.1.1, mhden�zetai kai h ant�stoiqh anisìthta, g�netai
dTV (L(Tk,n,t(q)), P o(λn)) ≤

1 − e−λk,n

λk,n

(
k−t+1∑

i=1

π2
i +

k−t+1∑

i=1

∑

j∈Γi

(E(IiIj) + πiπj)

)

= (1 − e−(k−t+1)π)UBìpou
UB = π +

1

k − t+ 1

k−t+1∑

i=1

∑

j∈Γi

(P (Ij = 1|Ii = 1) + π).Ep�sh
,
UB = π +

1

k − t+ 1

k−t+1∑

i=1

∑

j∈Γi

π +
1

k − t+ 1

k−t+1∑

i=1

∑

j∈Γi

P (Ij = 1|Ii = 1)

= UB∗ +
1

k − t+ 1

k−t+1∑

i=1

∑

j∈Γi

P (Ij = 1|Ii = 1) (4.2.4)ìpou
UB∗ =

(

1

k − t+ 1

k−t+1∑

i=1

|Γi| + 1

)

π,kai to gegonì
 ìti isqÔei Ii = 0 gia i < 1   i > k − t + 1, ma
 bohj�ei sto na gr�youmeto teleuta�o �jroisma th
 (4.2.4), sth morf 
∑

j∈Γi

P (Ij = 1|Ii = 1) =

t−1∑

r=1

(P (Ii−r = 1|Ii = 1) + P (Ii+r = 1|Ii = 1)).Antikajist¸nta
 thn parap�nw sqèsh ston tÔpo tou UB, pa�rnoume
UB = UB∗ +

1

k − t+ 1

k−t+1∑

i=1

t−1∑

r=1

(P (Ii−r = 1|Ii = 1) + P (Ii+r = 1|Ii = 1)).Profan¸
, isqÔei ìti e�n
P (Ii−r = 1|Ii = 1) 6= 0 kai P (Ii+r = 1|Ii = 1) 6= 0tìte

P (Ii−r = 1|Ii = 1) = P (Ii+r = 1|Ii = 1)gia k�je r ∈ {1, 2, . . . , t− 1} kai i ∈ {1, 2, . . . , k − t+ 1}. 'Omoia, e�n
P (Ii1−r = 1|Ii1 = 1) 6= 0 kai P (Ii2−r = 1|Ii2 = 1) 6= 0 153



P�nake
 suneqìmenh
 pl rou
 k�luyh
 kai èlegqo
 tuqaiìthta
tìte
P (Ii1−r = 1|Ii1 = 1) = P (Ii2−r = 1|Ii2 = 1)gia k�je i1, i2 ∈ {1, 2, . . . , k − t + 1} kai i1 6= i2. Epomènw
, to UB mpore� na grafe� w
ex 
:

UB = UB∗ +
1

k − t+ 1

k−t+1∑

i=1

t−1∑

r=1

(I[i−r≥1] + I[i+r≤k−t+1])P (I1+r = 1|I1 = 1)

= UB∗ +
1

(k − t+ 1)

k−t+1∑

i=1

t∑

r=2

(I[i−r≥0] + I[i+r≤k−t+2])P (Ir = 1|I1 = 1). (4.2.5)Sunep¸
, gia ton akrib  upologismì tou �nw fr�gmato
, to mìno pou ja prèpei na ma
apasqol sei, e�nai oi desmeumène
 pijanìthte
 P (Ir = 1|I1 = 1). 'Etsi, efarmìzonta
 m�amèjodo gia ton upologismì twn prohgoÔmenwn pijanot twn, parìmoia m� aut  twn Godbole

et al (1996) (h opo�a apeujunìtan sto t-CA prìblhma gia thn per�ptwsh th
 omoiìmorfh
diakrit 
 katanom 
), pa�rnoume
P (Ir = 1|I1 = 1) = P (Ir = 1|A1 ∪ A2 ∪ . . . Aaq−1)

=
P (Ir = 1, A1)

1 − P (A0)
+

∑aq−1
j=2 P (Ir = 1, Aj)

1 − P (A0)

= P (Ir = 1|A1)
P (A1)

1 − P (A0)
+

∑aq−1
j=2 P (Ir = 1, Aj)

1 − P (A0)
. (4.2.6)A
 sumbol�soume t¸ra, me Bj to endeqìmeno ìti h lèxh wj (m kou
 t) den up�rqei, ston

r−ostì upop�naka pou sqhmat�zetai apì t suneqìmene
 grammè
 (j = 1, 2, . . . , qt). Tìte,h pijanìthta P (Ir = 1|A1) fr�ssetai me th seir� th
 (k�nonta
 qr sh twn anisot twn
Bonferroni), w
 ex 


P (Ir = 1|A1) = P (B1 ∪ . . . ∪ Baq|A1) ≤
aq
∑

j=1

P (Bj|A1). (4.2.7)Sth sunèqeia, ja asqolhjoÔme me ti
 pijanìthte
 P (Bj|A1), oi opo�e
 ìpw
 ja doÔme, ek-fr�zontai mèsw twn posot twn pi(x, y), pou eis�game sthn (4.2.3). ParathroÔme arqik¸
ìti, o pr¸to
 kai o r−ostì
 upop�naka
, èqoun akrib¸
 t−r+1 koinè
 grammè
. Epiplèon,isqÔei
P (Bj|A1) =

n∑

c=0

P (Bj|Zj = c, A1)P (Zj = c|A1)ìpou Zj e�nai mia aparijm tria t.m., h opo�a metr�ei to pl jo
 twn emfan�sewn tou arqikoÔtm mato
 th
 lèxh
 wj, m kou
 t − r + 1, sti
 t − r + 1 koinè
 grammè
 tou pr¸tou kai154



4.2 Prosèggish th
 katanom 
 tou pl jou
 twn upopin�kwn mh pl rou
 k�luyh
, mèswth
 katanom 
 Poissontou r−ostoÔ upop�naka. Dojènto
 ìti mìno mia lèxh den up�rqei ston pr¸to upop�naka,anamènoume ìti:
• qt−r+1−1 lèxei
 m kou
 t−r+1, na emfan�zontai toul�qiston qr−1 forè
, sto koinìkomm�ti twn t− r + 1 gramm¸n, kai
• mia lèxh m kou
 t − r + 1, na emfan�zetai toul�qiston qr−1 − 1 forè
, sto koinìkomm�ti twn t − r + 1 gramm¸n (aut  h lèxh e�nai sthn pragmatikìthta, �dia me toteleuta�o tm ma m kou
 t− r + 1, th
 lèxh
 pou den up�rqei).Epomènw
, h pijanìthta P (Zj = c|A1) e�nai mh mhdenik , e�n kai mìno e�n,

qr−1 − 1 ≤ c ≤ n− qt + qr−1,gia thn teleuta�a per�ptwsh, kai
qr−1 ≤ c ≤ n− qt + qr−1 + 1gia k�je m�a apì ti
 qt−r+1 − 1 lèxei
, th
 pr¸th
 per�ptwsh
.'Otan to teleuta�o tm ma m kou
 t− r + 1, th
 lèxh
 pou den up�rqei, e�nai to �dio meto ant�stoiqo arqikì tm ma th
 lèxh
 wj , pa�rnoume c = qr−1 − 1, kai h P (Bj|A1) g�netai

P (Bj|A1) =

n−aq+1
∑

b=0

P (Bj|Zj = c+ b, A1)P (Zj = c+ b|A1)

=

n−aq+1
∑

b=0

(1 − pj(t− r + 2, t))c+bP (Zj = c+ b|A1).Qrhsimopoi¸nta
 tèlo
 thn èkfrash
P (Zj = c+ b|A1) =

(
n− aq + 1

b

)

pj(1, t− r + 1)b(1 − pj(1, t− r + 1))n−aq+1−bkatal goume sth sqèsh
P (Bj|A1) = (1 − pj(t− r + 2, t))qr−1−1(1 − pj(1, t))

n−aq+1.'Omoia me prin, e�n to teleuta�o tm ma m kou
 t− r+ 1 th
 lèxh
 pou den up�rqei, dene�nai to �dio me to ant�stoiqo arqikì tm ma th
 lèxh
 wj , pa�rnoume
P (Bj|A1) = (1 − pj(t− r + 2, t))qr−1

(1 − pj(1, t))
n−aq+1. 155
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'Ara, h sqèsh (4.2.7) ma
 odhge� sto �nw fr�gma
P (Ir = 1|A1) ≤

aq∑

j=1

(1 − pj(t− r + 2, t))qr−1

(1 − pj(1, t))
n−aq+1 = UBrkai h apìdeixh oloklhr¸netai, sundu�zonta
 ti
 (4.2.4),(4.2.5),(4.2.6) kai (4.2.7).Me to epìmeno apotèlesma, exasfal�zoume thn asjen  sÔgklish, th
 Tk,n,t(q) se m�a ka-t�llhla orismènh katanom  Poisson.Pìrisma 4.2.1 'Estw ìti n, k → ∞, ètsi ¸ste

λk,n → λ ∈ (0,∞),en¸ oi par�metroi q, t kai pl (gia l = 0, 1, . . . , q − 1), paramènoun stajerè
. Tìte,
dTV (L(Tk,n,t(q)), P o(λk,n)) → 0kai epomènw
 h sun�rthsh katanom 
 th
 Tk,n,t(q) sugkl�nei (asjen¸
) sthn katanom 

Poisson me par�metro λ.Apìdeixh. Apì ton trìpo orismoÔ twn sunìlwn Γi,
Γi = Γ ∩ {z ∈ Z : i− t+ 1 ≤ z ≤ i+ t− 1}\{i}prokÔptei �mesa ìti |Γi| ≤ 2(t− 1). K�nonta
 qr sh twn anisot twn Bonferroni, apodei-knÔetai �mesa ìti

π ≤
aq∑

j=1

(1 − pj(1, t))
nen¸ epiplèon, isqÔei

UBr ≤
aq∑

j=1

(1 − pj(1, t))
n−aq+1.Ep�sh
, eÔkola mporoÔme na apode�xoume ìti

1 − P (A0) − P (A1) ≤
aq
∑

i,j=1,i6=j

(1 − pj(1, t) − pi(1, t))
n

1 − P (A0) ≥ (1 − pmin(1, t))n−aq+1

∏aq
j=1 pj(1, t)

pmin(1, t)156



4.2 Prosèggish th
 katanom 
 tou pl jou
 twn upopin�kwn mh pl rou
 k�luyh
, mèswth
 katanom 
 Poissonìpou
pmin(1, t) = min{pj(1, t) : j = 1, 2, . . . , aq}kai na katal xoume sto parak�tw �nw fr�gma, gia to UBTV tou Jewr mato
 4.2.1

UBTV ≤ (2t− 1)

aq∑

j=1

(1 − pj(1, t))
n+2(t− 1)

(
aq∑

j=1

(1 − pj(1, t))
n−aq+1

+

∑aq
i,j=1,i6=j(1 − pj(1, t) − pi(1, t))

n

(1 − pmin(1, t))n−aq+1

pmin(1, t)
∏aq

j=1 pj(1, t)

)

.H apìdeixh tou por�smato
, oloklhr¸netai me thn parat rhsh ìti
∑aq

i,j=1,i6=j(1 − pj(1, t) − pi(1, t))
n

(1 − pmin(1, t))n−aq+1
→ 0kaj¸
 n→ ∞.

4.2.1 Arijmhtik� apotelèsmata gia thn prosèggish, mèsw ka-tanom 
 PoissonSthn par�grafo aut , ja d¸soume merik� arijmhtik� apotelèsmata, me ta opo�a ja axio-log soume thn poiìthta th
 prosèggish
 pou prokÔptei apì to Je¸rhma 4.2.1. Pio su-gkekrimèna, ja exet�soume thn per�ptwsh pou ta stoiqe�a tou p�naka, akoloujoÔn thnomoiìmorfh diakrit  katanom .P�naka
 4.2.1: Oi timè
 tou UBTV , gia t = q = 2.
k n = 5 n = 10 n = 20 n = 30 n = 40 n = 50

5 3.0834 0.5146 0.0024 7.846 · 10−6 2.484 · 10−8 7.871 · 10−11

10 3.6882 0.8640 0.0060 0.00002 6.354 · 10−8 2.013 · 10−10

15 3.8225 0.9902 0.0094 0.00003 1.022 · 10−7 3.240 · 10−10

20 3.8845 1.0386 0.0126 0.00004 1.409 · 10−7 4.466 · 10−10O P�naka
 4.2.1 d�nei ti
 timè
 tou �nw fr�gmato
, gia thn per�ptwsh t = q = 2 kai giadi�fore
 timè
 twn k, n. Gia par�deigma, ìtan to n = 20 kai k = 10, to UBTV e�nai �some 0.0060, en¸ ìtan to n g�nei 30, e�nai UBTV = 0.00002. Epiplèon, apì ton prohgoÔmenop�naka parathroÔme ìti kaj¸
 to n megal¸nei, to fr�gma g�netai oloèna kai mikrìtero, giak�je k (p.q. gia k = 15 to UBTV pa�rnei ti
 timè
 3.8225, 0.9902, 0.0094, gia n = 5, 10, 20,157
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antisto�qw
). Ant�strofa, ìso to k megal¸nei, gia sugkekrimèno n, to fr�gma pa�rneimegalÔtere
 timè
. Ax�zei ep�sh
 na shmei¸soume ti
 polÔ mikrè
 tou UBTV , akìmh kai gia
n = 20.
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Sq ma 4.2.1: To el�qisto n, gia to opo�o isqÔei UBTV ≤ 0.01   0.001.Ant�stoiqa sumper�smata mporoÔn na exaqjoÔn kai gia ti
 peript¸sei
, {t = 2, q = 3},
{t = 3, q = 3} kai {t = 3, q = 4} blèponta
 ton P�naka 4.2.2. Par�llhla, sto Sq ma 4.2.1apeikon�zetai to el�qisto n pou apaite�tai, ¸ste to �nw fr�gma na p�rei timè
 mikrìtere
apì 0.01   0.001, gia dedomèna t, q kai k. Gia par�deigma, ìtan t = q = 3 kai k = 15,tìte UBTV ≤ 0.01 gia n ≥ 211, en¸ UBTV ≤ 0.001 gia n ≥ 242 (oi ant�stoiqe
 timè
 gia
t = 3, q = 4 kai k = 15, e�nai 561 kai 635).Sta Sq mata 4.2.2, 4.2.3, blèpoume th grafik  par�stash th
 P (Zλk,n

= 0), maz� meto �nw kai k�tw fr�gma th
 ekt�mhsh
, dhlad , ti
 grafikè
 parast�sei
 twn P (Zλk,n
=

0) ± UBTV (na jum�soume ìti me Zλk,n
sumbol�zoume thn t.m., pou akolouje� katanom 

Poisson, me mèsh tim  λk,n). ParathroÔme kai apì ta duo sq mata ìti arket� gr gora(dhlad , gia sqetik� mikrè
 timè
 tou n) ta �nw kai k�tw fr�gmata sugkl�noun.

158
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Sq ma 4.2.2: Per�ptwsh: P (Zλk,n
= 0) ± UBTV gia k = 5, 10, t = 2, q = 3.
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Sq ma 4.2.3: Per�ptwsh: P (Zλk,n
= 0) ± UBTV gia k = 5, 10, t = q = 3.
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P�naka
 4.2.2: Melèth tou UBTV .
t = 2, q = 3 k n = 15 n = 30 n = 35 n = 40 n = 50 n = 60

5 3.595 0.652 0.256 0.091 0.009 0.001

10 4.225 1.061 0.487 0.194 0.023 0.002

15 4.376 1.196 0.605 0.264 0.036 0.004

20 4.447 1.245 0.665 0.311 0.046 0.005

t = 3, q = 3 k n = 50 n = 120 n = 140 n = 180 n = 220 n = 250

5 4.737 0.790 0.234 0.014 0.001 0.0001

10 7.481 1.948 0.712 0.053 0.003 0.0003

15 8.059 2.322 0.970 0.087 0.005 0.001

20 8.315 2.460 1.110 0.116 0.007 0.001

t = 3, q = 4 k n = 200 n = 340 n = 390 n = 420 n = 490 n = 580

5 4.575 0.840 0.240 0.104 0.013 0.001

10 7.291 2.057 0.732 0.349 0.049 0.003

15 7.857 2.444 0.997 0.512 0.081 0.005

20 8.108 2.585 1.141 0.622 0.108 0.0084.3 'Elegqo
 tuqaiìthta
 kai arijmhtik� apotelèsmata'Opw
 èqoume  dh anafèrei kai sthn arq  tou sugkekrimènou kefala�ou, èna
 apì tou
stìqou
 ma
 e�nai na eis�goume kai na melet soume, èna nèo èlegqo tuqaiìthta
. H sta-tistik  sun�rthsh tou nèou elègqou, ja e�nai h Tk,n,t(q). Arqik� ja perigr�youme taqarakthristik� tou nèou elègqou, kai èpeita ja anafèroume merik� probl mata, mèsa apìta opo�a mpore� na prokÔyei h an�gkh gia thn efarmog /qrhsimopo�hs  tou.A
 upojèsoume ìti èqoume èna tuqa�o p�naka di�stash
 k×n, kai ìti h mhdenik  upìjesh
H0, thn opo�a jèloume na elègxoume, e�nai ìti ta kn stoiqe�a tou p�naka, e�nai anex�rthte
t.m., me katanom  P (Xij = l) = 1/q, l ∈ A. Dhlad ,

H0 : Xij anex�rthte
 kai isìnome
 me P (Xij = l) = 1/q, l ∈ Agia i = 1, 2, . . . , k, j = 1, 2, . . . , n.H mhdenik  upìjesh, ja aporr�ptetai ìtan isqÔei
Tk,n,t(q) < c1   Tk,n,t(q) > c2ìpou c1, c2 ∈ {0, 1, . . . , k − t+ 1}, me c1 < c2. 'Ara h kr�simh perioq  tou elègqou, e�nai h

[0, c1) ∪ (c2, k − t+ 1],160



4.3 'Elegqo
 tuqaiìthta
 kai arijmhtik� apotelèsmataP�naka
 4.3.1: H pijanìthta P (Tk,n,3(3) = 0|H0).
k n = 27 n = 28 n = 29 n = 30

3 2.455 · 10−11 3.820 · 10−10 3.053 · 10−9 1.675 · 10−8

4 3.245 · 10−17 1.122 · 10−15 1.883 · 10−14 2.057 · 10−13

5 4.289 · 10−23 3.311 · 10−21 1.175 · 10−19 2.576 · 10−18

6 5.668 · 10−29 9.772 · 10−27 7.333 · 10−25 3.227 · 10−23ìpou ta c1, c2, gia dedomèno ep�pedo shmantikìthta
 a ∈ (0, 1), prosdior�zontai apì thsqèsh
P (Tk,n,t(q) < c1   Tk,n,t(q) > c2 | H0) ≤ a,isodÔnama,

P (Tk,n,t(q) < c1|H0) + P (Tk,n,t(q) > c2|H0) ≤ a. (4.3.1)H qr sh mia
 kr�simh
 perioq 
, me thn parap�nw morf , e�nai apara�thth kaj¸
 giamikrè
 timè
 tou n, anamènoume k�tw apì thn H0, èna meg�lo pl jo
 apì upop�nake
 mhpl rou
 k�luyh
. Opìte k�ti ant�jeto, s�goura ja prèpei na ma
 gem�zei amfibol�e
, giathn orjìthta th
 H0. Bèbaia, gia meg�la n, autì pou e�nai mh anamenìmeno (k�tw apì thn
H0), ja e�nai to meg�lo pl jo
 upopin�kwn mh pl rou
 k�luyh
.Par�llhla, ìtan to n pa�rnei mikrè
 timè
 (kont� sthn tim  qt), tìte gia k�je c2 ∈
{0, 1, . . . , k − t}, oi pijanìthte
 P (Tk,n,t(q) > c2|H0) pa�rnoun timè
 kont� sth mon�da(isodÔnama, h pijanìthta P (Tk,n,t(q) = 0|H0) pa�rnei polÔ mikrè
 timè
). Autì e�nai em-fanè
 kai apì ton P�naka 4.3.1, an koit�xoume ti
 timè
 th
 P (Tk,n,t(q) = 0|H0), ìtan to
n an kei sto sÔnolo {qt, qt + 1, qt + 2, qt + 3} (gia t = 3, q = 3 kai di�fora k). Gia naantimetwp�soume thn per�ptwsh aut , jètoume c2 = k − t + 1, me apotèlesma na isqÔei
P (Tk,n,t(q) > k − t+ 1) = 0. H tim  th
 paramètrou c1, prosdior�zetai tìte apì th sqèsh

c1 = max{r : P (Tk,n,t(q) < r) ≤ a} ∈ {1, 2, . . . , k − t+ 1}.Ant�strofa, e�n to n pa�rnei polÔ meg�le
 timè
 se sqèsh me to qt, tìte oi pijanìthte

P (Tk,n,t(q) < c1|H0) e�nai kont� sth mon�da, gia k�je c1 ∈ {1, 2, . . . , k− t+1}. Epomènw
,sthn per�ptwsh aut  mporoÔme na jètoume c1 = 0 (opìte, P (Tk,n,t(q) < 0|H0) = 0), kai to
c2, ja upolog�zetai apì th sqèsh

c2 = min{r : P (Tk,n,t(q) > r) ≤ a} ∈ {0, 1, . . . , k − t}. 161



P�nake
 suneqìmenh
 pl rou
 k�luyh
 kai èlegqo
 tuqaiìthta
E�n ìmw
 to n den p�rei akra�e
 timè
 (polÔ mikrè
   polÔ meg�le
), tìte s�goura mporoÔmena broÔme c1, c2 ∈ {0, 1, . . . , k−t+1}, me c1 6= 0 kai c2 6= k−t+1, ¸ste na isqÔei h (4.3.1).Apì thn �llh meri� ìmw
, h Tk,n,t(q) e�nai mia diakrit  t.m., kai h qr sh mh tuqaiopoihmènwnelègqwn (randonmized test), den mpore� na ma
 prosfèrei p�ntote thn akrib  tim  pouepidi¸koume gia to sf�lma tÔpou I.Sta Sq mata 4.3.1 kai 4.3.2, apeikon�zetai h kr�simh perioq  tou elègqou, gia ti
peript¸sei
 t = 2, q = 2 kai t = 2, q = 3, ìtan k = 5 kai a = 0.05. 'Etsi, gia n = 6kai t = 2, q = 2 (Sq ma 4.3.1), h upìjesh H0 ja aporr�ptetai (se ep�pedo shmantikìthta

a = 0.05), ìtan T5,6,2(2) = 0, en¸ gia n = 59 kai t = 2, q = 3 (Sq ma 4.3.2), ìtan
T5,59,2(3) ≥ 1.
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Sq ma 4.3.1: H kr�simh perioq  gia t = q = 2, k = 5, kai a = 0.05.Sta parade�gmata pou ja akolouj soun, ma
 apasqoloÔn peript¸sei
 ìpou to n pa�rneimeg�le
 timè
, kai epomènw
 h kr�simh perioq  tou elègqou, ja an�getai sthn (c2, k−t+1].Up�rqei meg�lo pl jo
 apì enallaktikè
 upojèsei
H1, gia ti
 opo�e
 èna
 èlegqo
 tu-qaiìthta
 basismèno
 se suneqìmene
 parathr sei
 (ìpw
 autì
 pou prote�noume), mpore�na ma
 prosfèrei ikanopoihtik� apotelèsmata (ìson afor� bèbaia, thn isqÔ tou elègqou).Gia par�deigma, a
 upojèsoume ìti q ≥ 2 kai ìti oi t.m. th
 pr¸th
 gramm 
, akoloujoÔnthn omoiìmorfh katanom ,  toi
P (X1j = l) =

1

q
, j = 1, 2, . . . , n162
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Sq ma 4.3.2: H kr�simh perioq  gia t = 2, q = 3, k = 5, kai a = 0.05.en¸, gia i ≥ 2, èqoume
P (Xij = l2|Xi−1,j = l1) = ϑ1, gia l1 = l2,

P (Xij = l2|Xi−1,j = l1) = ϑ2, gia l1 6= l2,me l, l1, l2 ∈ A, j = 1, 2, . . . , n , ìpou
ϑ1 + (q − 1)ϑ2 = 1.Tìte, eÔkola diapist¸noume ìti gia k�je l ∈ A, isqÔei

P (X2j = l) =

q−1
∑

l1=0

P (X2j = l|X1j = l1)P (X1j = l1) =
1

q
(ϑ1 + (q − 1)ϑ2) =

1

q
,me j = 1, 2, . . . , n . Epomènw
, gia opoiesd pote timè
 twn ϑ1, ϑ2 (me ϑ1, ϑ2 ∈ (0, 1) kai

ϑ1+(q−1)ϑ2 = 1), h parap�nw per�ptwsh katal gei se mia (st�simh) Markobian  alus�da,me P (Xij = 1) = 1/q, gia k�je i, j. Tìte, e�nai sqedìn bèbaio ìti èlegqoi pou bas�zontaise statistikè
 sunart sei
 sqetikè
 me to pl jo
 twn emfan�sewn twn gramm�twn, ìpw
 h
∑

i,j Xij , de ja e�nai ikano� na entop�soun thn apìklish an�mesa sthn H0 kai thn H1. Apìthn �llh, e�n to ϑ1 p�rei meg�le
 timè
, tìte se k�je st lh ja sunant�me meg�lo pl jo
apì suneqìmena ìmoia sÔmbola, kai de ja up�rqoun lèxei
 ìpw
 h 0101 . . . (p.q. gia thn163
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P�naka
 4.3.2: Per�ptwsh: t=2, q=3.
k c P (Zλk,n

> c) UBTV power1 power2 powerM

n = 60 5 0 0.030 0.001 0.161(0.162) 0.359(0.359) 0.332

10 1 0.002 0.002 0.066(0.061) 0.267(0.265) 0.199

20 1 0.010 0.005 0.204(0.206) 0.624(0.624) 0.540

40 1 0.037 0.010 0.521(0.516) 0.929(0.930) 0.885

n = 80 5 0 0.003 10−5 0.041(0.040) 0.148(0.158) 0.088

10 0 0.007 2 · 10−5 0.083(0.089) 0.328(0.322) 0.195

20 0 0.014 5 · 10−5 0.178(0.178) 0.562(0.559) 0.367

40 0 0.028 0.0001 0.325(0.331) 0.801(0.814) 0.613
power1 : p0 = 0.45, p1 = 0.30, p2 = 0.25

power2 : p0 = 0.40, p1 = 0.40, p2 = 0.20

powerM : pl1l2 = 0.60, gia l1 = l2, pl1l2 = 0.20, gia l1 6= l2per�ptwsh q = 2). 'Etsi to pl jo
 twn upopin�kwn mh pl rou
 k�luyh
, ja e�nai meg�lo.Ant�strofa, e�n to ϑ2 p�rei meg�le
 timè
, tìte lèxei
 th
 morf 
 111 . . .   000 . . ., jae�nai apoÔse
, d�nonta
 kai s� aut  thn per�ptwsh meg�le
 timè
 sthn Tk,n,t(q).H mhdenik  upìjesh pou melet�me stou
 epìmenou
 p�nake
, e�nai ìti ta stoiqe�a toup�naka e�nai anex�rthte
 kai isìnome
 t.m., oi opo�e
 akoloujoÔn thn omoiìmorfh diakrit katanom . W
 enallaktikè
 upojèsei
, jewroÔme diaforè
 peript¸sei
, sti
 opo�e
 o èleg-qo
, ìpw
 fa�netai, d�nei axiìloga apotelèsmata. Me b�sh th suz thsh pou prohg jhke,h mhdenik  upìjesh ja aporr�ptetai e�n
Tk,n,t(q) > cìpou to c-gia ep�pedo shmantikìthta
 a ∈ (0, 1)-ja prosdior�zetai apì th sqèsh

c = min{r : P (Tk,n,t(q) > r) ≤ a}.Prèpei na anafèroume, ìti stou
 P�nake
 4.3.2 kai 4.3.3, qrhsimopoioÔme ti
 proseg-g�sei
 mèsw Poisson, pou prokÔptoun apì ta apotelèsmata th
 Paragr�fou 4.2, ¸ste naektim soume to c, apì th sqèsh (a = 0.05)
c = min{r : P (Zλk,n

> r) + UBTV ≤ 0.05}. (4.3.2)Ep�sh
, parìlo pou h akrib 
 katanom  th
 Tk,n,t(q) èqei prosdioriste� kai gia thnper�ptwsh pou perigr�fetai apì thn (4.1.8), h isqÔ
 tou elègqou ja ektim�tai mèsw pro-somo�wsh
   apì thn prosèggish mèsw th
 katanom 
 Poisson (lìgw twn meg�lwn tim¸n164



4.3 'Elegqo
 tuqaiìthta
 kai arijmhtik� apotelèsmatapou pa�rnei to n). Sthn per�ptwsh th
 Markobian 
 ex�rthsh
, an�mesa sta stoiqe�a mia
sugkekrimènh
 st lh
 (Markobian  ex�rthsh an�mesa sti
 grammè
 tou p�naka), ja ekti-m soume thn isqÔ mìno mèsw prosomo�wsh
, afoÔ den up�rqei diajèsimh prosèggish. Sepollè
 peript¸sei
 parathroÔme ìti h isqÔ
 pa�rnei meg�le
 timè
, akìmh kai th
 t�xew
tou 0.999. Ston P�naka 4.3.2 kai sti
 st le
 power1 kai power2, d�netai h prosèggishmèsw prosomo�wsh
 twn pijanot twn
P (Tk,n,t(q) > c|p0, p1, . . . , pq−1)en¸ sti
 parenjèsei
 èqoume thn prosèggish pou prokÔptei apì to Je¸rhma 4.2.1 (P (Zλk,n

>

c|p0, p1, . . . , pq−1)). H st lh powerM (timè
 mèsw prosomo�wsh
), anafèretai sthn per�-ptwsh th
 Markobian 
 ex�rthsh
, an�mesa sti
 grammè
 tou p�naka, dhlad 
P (Tk,n,t(q) > c|p00, p01, . . . , pq−1,q−1)ìpou

pl1l2 = P (Xij = l2|Xi−1,j = l1), l1, l2 ∈ {0, 1, . . . , q − 1}gia i = 2, 3, . . . , k kai j = 1, 2, . . . , n (Markobian  ex�rthsh t�xew
 1), en¸ P (X1j = l) =

1/q, l ∈ A.Mèsa kai apì ta arijmhtik� apotelèsmata, e�nai fanerì pw
, kaj¸
 apomakrunì-maste apì thn per�ptwsh pl = 1/q, h isqÔ
 tou elègqou aux�netai. Gia par�deigma,ìtan p0 = 0.45, p1 = 0.30, p2 = 0.25 (me n = 60, t = 2, q = 3, P�naka
 4.3.2) hisqÔ
 e�nai �sh me 0.1624, en¸ h isqÔ
 g�netai 0.3593, ìtan phga�noume sthn per�ptwsh
p0 = 0.40, p1 = 0.40, p2 = 0.20. Tèlo
, ax�zei na anafèroume ìti oi st le
 powerMantistoiqoÔn se peript¸sei
 san kai autè
 pou perigr�yame sthn arq  th
 paragr�fou,ìpou krit ria basismèna sti
 suqnìthte
 emf�nish
 twn gramm�twn, den e�nai dunatìn naentop�soun thn {apom�krunsh} ma
, apì th mhdenik  upìjesh (afoÔ, oi mh desmeumène
pijanìthte
 e�nai �se
 me 1/q).M�a �llh per�ptwsh, apì thn opo�a mporoÔme na odhghjoÔme s� èna èlegqo th
 para-p�nw morf 
, prokÔptei kai apì tou
 monodi�statou
 elègqou
 tuqaiìthta
, ep�nw se miaakolouj�a t.m. Pio sugkekrimèna, a
 upojèsoume ìti sthn upì melèth akolouj�a, up�rqeièna e�do
 (isqur 
) kuklik 
 ep�drash
 (cyclical effects) sta dedomèna ma
. Autì èqei w
apotèlesma oi timè
 pou ja parathroÔme apì mia qronik  stigm  kai èpeita, na ephre�zo-ntai apì sugkekrimène
 stigmè
 tou pareljìnto
. A
 jewr soume to epìmeno par�deigma,ìpou èqoume mia akolouj�a apì 30 dokimè
 Bernoulli

001110010001000
︸ ︷︷ ︸oi pr¸te
 15 dokimè
 101110010101100. 165



P�nake
 suneqìmenh
 pl rou
 k�luyh
 kai èlegqo
 tuqaiìthta
P�naka
 4.3.3: Per�ptwsh: t = 3, q = 3.
k c P (Zλk,n

> c) UBTV power1 power2 powerM

n = 200 5 0 0.042 0.003 0.380(0.369) 0.728(0.687) 0.533

10 1 0.006 0.013 0.349(0.348) 0.848(0.814) 0.686

20 1 0.028 0.030 0.765(0.763) 0.996(0.992) 0.977

40 2 0.017 0.057 0.933(0.931) 0.999(0.999) 0.999

n = 250 5 0 0.006 10−4 0.160(0.163) 0.504(0.492) 0.284

10 0 0.017 3 · 10−4 0.380(0.378) 0.839(0.836) 0.663

20 0 0.038 0.001 0.650(0.657) 0.983(0.983) 0.936

40 1 0.003 0.002 0.654(0.659) 0.998(0.998) 0.979

n = 280 5 0 0.002 10−7 0.096(0.096) 0.388(0.389) 0.184

10 0 0.006 3 · 10−5 0.227(0.237) 0.729(0.731) 0.506

20 0 0.012 10−4 0.458(0.455) 0.958(0.948) 0.820

40 0 0.026 2 · 10−4 0.730(0.723) 0.999(0.998) 0.990
power1 : p0 = 0.45, p1 = 0.30, p2 = 0.25, power2 : p0 = p1 = 0.40, p2 = 0.20

powerM : p00 = p22 = p11 = 0.50, p01 = p10 = p20 = 0.30,
p12 = p21 = p02 = 0.20E�nai fanerì ìti, h akolouj�a twn apotelesm�twn apì thn 15h parat rhsh kai met�, e�naisqedìn h �dia me thn arqik  (lìgw, pijanìtata, m�a
 isqur 
 kuklik 
 ep�drash
). Oi pe-rissìteroi apì tou
 elègqou
 tuqaiìthta
 pou anafèrontai se akolouj�e
 d�timwn dokim¸n(gia tou
 opo�ou
 èqoume mil sei sthn arq  tou kefala�ou), bas�zontai w
 ep� to ple�ston,se krit ria ro¸n (runs rules), ìpw
 to sunolikì pl jo
 ro¸n   to m ko
 th
 mègisth
 ro 
(the length of the longest run), e�te genik� se aparijm trie
 ro¸n, sugkekrimènou e�dou
(p.q. roè
 sugkekrimènou m kou
). 'Etsi oi perissìteroi apì tou
 parap�nw elègqou
, e�-nai polÔ pijanìn na mh diakr�noun thn kuklikìthta pou up�rqei sthn parap�nw akolouj�akai w
 ek toÔtou, de ja apèrriptan thn upìjesh twn anex�rthtwn kai isìnomwn dokim¸n.E�n ìmw
 qwr�soume thn arqik  ma
 akolouj�a se duo upakolouj�e
 twn 15 parathr sewn,kai ti
 topojet soume th mia k�tw apì thn �llh, ja p�roume ton epìmeno 2 × 15 p�naka

001110010001000

101110010101100Apì ton prohgoÔmeno p�naka, parathroÔme ìti h lèxh (1
0

), den up�rqei w
 st lh. H pi-janìthta na sumba�nei k�ti tètoio (T2,15,2(2) = 1), dhlad , èna
 2 × 15 p�naka
 na e�naimh pl rou
 k�luyh
, k�tw apì thn upìjesh ìti ta stoiqe�a tou e�nai i.i.d. summetrikè
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4.3 'Elegqo
 tuqaiìthta
 kai arijmhtik� apotelèsmatadokimè
 Bernoulli, e�nai per�pou 0.05. 'Ara, ta prohgoÔmena dedomèna ja prèpei na ma
dhmiourg soun arketè
 amfibol�e
, gia thn orjìthta th
 upìjes 
 ma
. Sunupolog�zo-nta
 to gegonì
 ìti h parap�nw diadikas�a elègqou, mpore� na efarmoste� se opoiad poteakolouj�a diakrit¸n t.m. (me q > 2), katalaba�noume pw
 o nèo
 èlegqo
, parousi�zei m�aaxioprìseqth dunamik .
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SÔnoyhH paroÔsa diatrib  xek�nhse (Kef�laio 1), me th melèth twn susthm�twn axiopist�a
 mo-n�dwn, me pollapl� ep�peda apotuq�a
 (sta opo�a den uiojete�tai, kam�a di�taxh an�mesasti
 katast�sei
 apotuq�a
 twn mon�dwn). Arqik¸
, eis�game ti
 basikè
 ènnoie
 apì thnprohgoÔmenh kl�sh susthm�twn kai anaferj kame sth jewr�a twn stoqastik¸n diat�-xewn, an�mesa se tuqa�e
 metablhtè
 kai tuqa�a dianÔsmata. Ta ergale�a pou ma
 prosè-fere h jewr�a twn stoqastik¸n diat�xewn ma
 epètreyan na prosegg�soume thn axiopist�aenì
 sust mato
 me pollapl� ep�peda apotuq�a
, dhlad , thn pijanìthta to sÔsthma nabr�sketai se kat�stash leitourg�a
 (isodÔnama, apotuq�a
).Autì epiteÔqjhke mèsa apì èna k�tw fr�gma, pollaplasiastikoÔ tÔpou, gia thn proa-naferje�sa pijanìthta. O upologismì
 tou nèou fr�gmato
, bas�zetai se mia di�taxh twnoikogenei¸n twn el�qistwn sunìlwn diakop 
, me apotèlesma, se èna sÔsthma mon�dwn me
m diaforetik� ep�peda apotuq�a
 (m ∈ {1, 2, . . .}), na èqoume en gènei m!, diaforetikè
 ti-mè
 gia to k�tw fr�gma. Par�llhla, o upologismì
 tou fr�gmato
 mèsa apì upologistik�aplè
 diadikas�e
, ma
 èdwse th dunatìthta na prosegg�soume thn axiopist�a susthm�twnme polÔ meg�lo pl jo
 mon�dwn, th
 opo�a
 o akrib 
 prosdiorismì
, e�nai praktik� adÔna-to
 (me ti
 up�rqouse
 mejìdou
). H akr�beia kai h poiìthta th
 prosèggish
, exet�sthkemèsa apì di�fora sust mata pou èqoun  dh apasqol sei th bibliograf�a, all� kai mèsaapì èna sÔsthma, pou gia pr¸th for� eis qjhke kai melet jhke, sth sugkekrimènh dia-trib .Sto Kef�laio 2 asqolhj kame me ti
 sunart sei
 s�rwsh
, oi opo�e
 èqoun �meshsqèsh tìso me th jewr�a axiopist�a
, ìso kai me to statistikì èlegqo poiìthta
. 'Eginearqik� m�a anaskìphsh th
 jewr�a
 pou afor� thn prosèggish twn katanom¸n th
 apl 
  pollapl 
 sun�rthsh
 s�rwsh
. Epikentrwj kame se diadikas�e
 pou prosfèroun tau-tìqrona kai fr�gmata gia ta sf�lmata twn ant�stoiqwn prosegg�sewn, kaj¸
 stìqo
 ma
 tan na melet soume kai ti
 asumptwtikè
 idiìthte
 twn prosegg�sewn. Parathr sameìti to sÔnolo twn parap�nw apotelesm�twn, anafèrontai sthn prosèggish twn sunart -sewn s�rwsh
 mèsa apì m�a katanom  Poisson (apl    sÔnjeth). Sth sunèqeia, or�same169



SÔnoyhti
 sunart sei
 s�rwsh
 mèsa apì èna genikìtero montèlo, basismèno se mia akolouj�aanex�rthtwn kai isìnomwn suneq¸n tuqa�wn metablht¸n. K�tw apì thn upìjesh ìti h su-n�rthsh katanom 
 twn tuqa�wn metablht¸n, an kei se k�poio apì ta mègista ped�a èlxh
twn katanom¸n akra�wn tim¸n, exasfal�same ti
 pro�pojèsei
 gia thn an�ptuxh qr simwnapotelesm�twn, gia thn asumptwtik  sumperifor� twn uperb�sewn th
 parap�nw akolou-j�a
, se kinoÔmena-epikaluptìmena par�jura. Endiafèron parous�ase kai h sÔndesh twnnèwn (genikeumènwn) sunart sewn s�rwsh
, me ti
 kinoÔmene
 diatetagmène
 parathr sei
.Tèlo
, sta Kef�laia 3 kai 4, ma
 apasqìlhsan oi p�nake
 pl rou
 k�luyh
. Anafer-j kame sti
 basikìtere
 ènnoie
, kai skiagraf same ti
 efarmogè
 pou parousi�zoun oiparap�nw p�nake
, kur�w
, ston èlegqo poiìthta
. Sth sunèqeia, eis�game kai melet -same mia nèa kl�sh tuqa�wn pin�kwn (me �mesh sqèsh me tou
 teleuta�ou
), tou
 p�nake
suneqìmenh
 pl rou
 k�luyh
. Sugkekrimèna, upolog�same thn katanom  th
 tuqa�a
 me-tablht 
 pou aparijme� to pl jo
 twn upopin�kwn, apì tou
 opo�ou
 le�pei toul�qistonmia lèxh, sthn per�ptwsh pou ta stoiqe�a tou p�naka e�nai diakritè
 tuqa�e
 metablhtè
(me peperasmèno ped�o tim¸n). H mèjodo
 pou qrhsimopoi jhke gia na fèroume ei
 pèra
thn parap�nw diadikas�a,  tan h emfÔteush tuqa�wn metablht¸n se Markobian  alus�da.Tautìqrona, h melèth pou prohg jhke anèdeixe kai thn an�gkh gia thn eÔresh poiotik¸nprosegg�sewn, me apotèlesma na anaptÔxoume èna �nw fr�gma gia thn apìstash an�mesasthn prohgoÔmenh aparijm tria tuqa�a metablht , kai m�a kat�llhla orismènh katanom 
Poisson (mèsw th
 mejìdou Chen-Stein). Epiplèon, melet jhkan dÔo efarmogè
 sta ped�atwn paragontik¸n sqediasm¸n kai twn elègqwn tuqaiìthta
.
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bution, for coin tossing and sequence matching. Annals of Statistics, 18, 539-570.

[11] Balakrishnan, N. and Koutras, M.V. (2002). Runs and Scans with Applications. John

Wiley & Sons, New York.

[12] Barbour, A.D., Holst, L., and Janson, S. (1992). Poisson Approximation. Clarendon

Press, Oxford.

[13] Barlow, R. and Heidtmann, K. (1984). Computing k-out-of-n system reliability. IEEE

Transactions on Reliability, 33, 322-323.

[14] Barlow, R. and Hunter, L. (1960a). Mathematical models for system reliability, Part

II. The Sylvania Technology, 13, 55-65.

[15] Barlow, R. and Hunter, L. (1960b). Criteria for determining optimum redundancy.

IRE Transactions on Reliability and Quality Control, 9, 73-77.

[16] Barlow, R., Hunter, L. and Proschan, F. (1963). Optimum redundancy when com-

ponents are subject to two kinds of failure. Journal of the Society for Industrial and

Applied Mathematics, 11, 64-73.

[17] Barlow, R. and Proschan, F. (1981). Statistical Theory of Reliability and Life Testing.

Holt, Reinhart and Winston, New York.

[18] Barlow, R. and Wu, A. (1978). Coherent systems with multi-state components. Math-

ematics of Operations Research, 3, 275-281.

[19] Beizer, B. (1990). Software Testing Techniques (Second ed.). International Thompson

Computer Press, Boston.

[20] Ben-Dov, Y. (1980). Optimal reliability design of k-out-of-n systems subject to kinds

of failure. Journal of Operation Research Society, 31, 743-748.

[21] Bhapkar, V. P. (1961). A nonparametric test for the problem of several samples.

Annals of Mathematical Statistics, 32, 1108-1117.

[22] Bierbrauer, J. and Schellwatt, H. (2000). Almost independent and weakly biased

arrays: efficient constructions and cryptologic applications. Advances in Cryptology,

Lecture Notes in Computer Science, 533-543.

172



Bibliograf�a
[23] Birnbaum, Z.W., Esary, J.D. and Saunders, S.C. (1961). Multi-component systems

and structures and their reliability. Technometrics, 3, 55-77.

[24] Boland, P.J. El-Newehi, E. and Proschan, F. (1994). Application of the hazard rate

ordering in reliability and order statistics. Journal of Applied Probability, 31, 180-192.

[25] Boutsikas, M.V. and Koutras, M.V. (2000). A bound for the distribution of the sum

of discrete associated or NA random variables. The Annals of Applied Probability,

10, 1137-1150.

[26] Boutsikas, M.V. and Koutras, M.V. (2001). Compound Poisson approximation for

sums of dependent random variables. In Probability and statistical models with appli-

cations (Eds., Charalambides, Ch.A., Koutras, M.V. and Balakrishnan, N.), 63-86.

FL: Chapman & Hall, Boca Raton.

[27] Boutsikas, M.V. and Koutras, M.V. (2002a). On a class of multiple failure mode

systems. Naval Research Logistics, 49, 167-185.

[28] Boutsikas, M.V. and Koutras, M.V. (2002b). Modeling claim exceedances over thresh-

olds. Insurance: Mathematics and Economics, 30, 67-83.

[29] Boutsikas, M.V. and Koutras, M.V. (2003). Bounds for the destribution of two-

dimensional binary scan statistics. Probability in the Engineering and Informational

Sciences, 17, 509-525.

[30] Boutsikas, M.V. and Koutras, M.V. (2006). On the asymptotic distribution of the

discrete scan statistic. Journal of Applied Probability, 43, 1137-1154.

[31] Boutsikas, M.V., Koutras, M.V. and Milienos, F.S. (2008). Extreme value results

for scan statistics. In Scan statistics methods and applications (Eds., Glaz, J., Pozd-

nyakov, V. and Wallenstein, S.), 57-82, Birkhauser.

[32] Bowers, N.L., Gerber, H.U., Hickman, J., Jones, D.A. and Nesbitt, C.J. (1997).

Actuarial Mathematics (Second ed.). The society of Actuaries, Illinois.

[33] Bush, K.A. (1952). Orthogonal arrays of index unity. The Annals of Mathematical

Statistics, 23, 426-434.

[34] Carey, P.A. and Godbole, A.P. (2008). Partial covering arrays and a generalized

Erdös-Ko-Rado property. under revision.

173



Bibliograf�a
[35] Carroll, C.T. (2003a). The cost of poor testing: A U.S. government study (part 1).

EDPACS, The EDP Audit, Control and Security Newsletter, 31 (1), 1-17.

[36] Carroll, C.T. (2003b). The cost of poor testing: A U.S. government study (part 2).

EDPACS, The EDP Audit, Control and Security Newsletter, 31 (2), 1-16.

[37] Champ, C.W. and Woodall, W.H. (1987). Exact results for Shewhart control charts

with supplementary runs rules. Technometrics, 29, 393-399.

[38] Chao, M.T. and Fu, J.C. (1989). A limit theorem of certain repairable systems.

Annals of the Institute of Statistical Mathematics, 41, 809-818.

[39] Chao, M.T. and Fu, J.C. (1991). The reliability of large series system under a Markov

chain structure. Advances in Applied Probability, 23, 894-908.

[40] Chao, M.T., Fu, J.C. and Koutras, M.V. (1995). Survey of reliability studies of

consecutive-k-out-of-n: F and related systems, IEEE Transactions on Reliability,

R44, 120-127.

[41] Charalambides, Ch. A. (2002). Enumerative Combinatorics. Chapman & Hall/CRC

Press, Boca Raton, Florida.

[42] Cheng, C. (1995). Some projection properties of orthogonal arrays. The Annals of

Statistics, 23, 1223-1233.

[43] Chryssaphinou, O. and Vaggelatou, E. (2002). Compound Poisson approximation for

multiple runs in a Markov chain. Annals of the Institute of Statistical Mathematics,

54, 411-424.

[44] Chen, J. and Glaz, J. (1996). Two dimensional discrete scan statistics. Statistics and

Probability Letters, 31, 59-68.

[45] Chen, J. and Glaz, J. (1999). Approximations for discrete scan statistics on the circle.

Statistics and Probability Letters, 44, 167-176.

[46] Chen, J. and Glaz, J. (1999). Approximations for the distribution and the moments

of discrete scan statistics. In Scan Statistics and Applications (Eds., Glaz, J. and

Balakrishnan, N.), Birkhäuser, Boston.
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