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Abstract

During the last decades, a significant increase in life expectancy has been observed
in most countries around the world. This change is mainly due to the improvement
of living conditions and the development of medical science. Consequently, a serious
demographic problem arises from the increasing number of elderly, combined with low
fertility rates. Population ageing creates an additional cost for life insurers and annuity
providers. In this spirit, the development of efficient methods to model and forecast the
mortality rates of a population is a key challenge for actuaries and demographers. This
thesis exploits actuarial credibility techniques to propose novel mortality modelling
methods, aiming to contribute in more accurate demographic projections. Before intro-
ducing these methods, we firstly examine and review the existing modelling techniques.
Greek population data are incorporated into the most used stochastic mortality models
under a common age-period-cohort framework. The fitting performance of each model
is thoroughly evaluated, while projection results for both genders are also illustrated
in pricing insurance-related products. In addition, we propose a credibility regression
approach with random coefficients to model and forecast the mortality dynamics for
populations with limited data. The results on Greek mortality data indicate that credibil-
ity regression contributes to more accurate forecasts, compared with those produced
from the Lee and Carter (1992) and Cairns et al. (2006) models. Then, the credibility
regression model is extended to a multi-level hierarchical credibility regression model
for mortality data of multiple populations in a hierarchical form. The forecasting per-
formances between the hierarchical model, the Lee-Carter model and two Lee-Carter
extensions for multiple populations are compared for both genders of three northern
European countries (Ireland, Norway, Finland). Empirical illustrations show that the
proposed method produces more accurate forecasts. Finally, we present a credibility for-
mulation of the Lee-Carter method particularly designed for multi-population mortality
modelling. Differently from the standard Lee-Carter methodology, where the time index
is assumed to follow an appropriate time series process, herein, the period dynamics
of mortality are estimated under a crossed classification credibility framework. The
forecasting performances between the proposed model, the Lee-Carter model and two
Lee-Carter extensions for multiple populations are compared for both genders of three
developed countries (United Kingdom, USA, Japan). The numerical results indicate

that the proposed model contributes to more accurate forecasts.






ITepiindmn

T teheutaleg dexactieg mapatneRinxe onuavtixg adinon Tou Teocdoxuov (whg oTIC
TEPLOCOTERES Y WEES Tou xoopou. H ahhayt autr ogelietoan xuping otn Beitivon twv
cLVINUGY BLaPinong xow TNy avanTudn TS LTEhc emoTAung. Koatd cuvénela, éva co-
Bopd dnuoypeopixd TEOBANUL TEOXUTTEL AT6 TOV AUEAVOUEVO ApLIUO TWY NAUGUEVGLY OF
GLYOUACUO UE TO YUUNAL TocooTd yoviuotntag. H yrpavorn tou mAnduopod dnuoupyet
€vol eTTAEOV XOOTOC YIoL TOUG O0QPUANOTEG LWhAC XU TOUG TAPOYOUS CUVTALEWY. XTO
TAAUOLO qUTO, 1) AVATTULY ATOTEAEGHATIXGY UEVOBMY Yiol TN LOVIEAOTIOINGT] Xou TEO[3-
Aedn TwV 10000 TOY YVNnowotnTag evoc TANYuouon anotehel facixy| TedXANCT) Yiol TOUC
avaAOYLo TEC Xat Toug dnuoypdgous. H mapolou dlatplf3r npotelvel véeg teyvinég mpof-
Aedne YvnowoTnTag, YENoWOTOWWYTOS avohoYloTixég uedodoug yoviehonoinong amod
™ Vewpla ollomoTtiog yapto@uiaxiou, ue oxomd TN cupBolr Toug oe To axpEElS
onuoypapeéc mpoBoiéc. oy mapoucidooupe T petddoug autée, apyixd e&etdlouue
TIC Umdipyouoeg TeYVIXEC povielomoinone. To eAAnvind dedopéva tpocapuélovial oo
XUPLOTEEA LOVTERX VVNOLUOTNTOG, TO OTOL0 UTOXEWVTOL OE £Val EUPUTERO TAUICLO UEAETNG
HOVTEALY Nhiag-Teptddou-yeveds. H xatodAnidtnto npocapuoyhc Tou xdie povtéiou
a&tohoyOnxe Bieodxd, eved Tor amoTeréouato Twv TEOBAEYEWY yior To BUO QUANA aTo-
TUTLOVOVTOL X0 (G TROG TNV TYOAOYTOT| AGPAUALC TIXMY TROLOVTWY. XTI CUVEYELL, TPO-
Teivoule €val HOVTEND TOAVOEOUNOTE AEOTIO TG UE TUYAOUG GUVTEAEGTES Yol TN LOV-
Teronolnon xar TNV teoBiedn Yvnowwotntag TANGUCU®Y UE TERLOPLOUEVO aptiud Oe-
oopévewy. To amoteréoyato Tou POVTEAOU TV OTo EAANVIXG DEBOpEVAL €DEICay OTL
n yenon uedodwyv ofomotiog cupfdiier oe axp3éotepec mpofiélelc, oc olyxplom
uE exelveg mou mpoxUTTouy omd tar wovtéha Lee and Carter (1992) xou Cairns et al.
(2006). Xtn ouvéyeta, To yovtého takvdpdunong ailomotiag yapTtopuiaxiov enexteive-
ToL GE €VaL LEQUPYIXO UOVTERO TOHAVOROUNCTS YoEeTOGUANXIOU Yl T1) LovTehoTolnoT) Oe-
dopEVGLY VVNodTnTac TOAGY TANIUcUOY ot tepapytxy| wopdt|. Ot tpoPAédelc uetall
ToU LEpaEytxol HovTélou, Tou poviehou Lee-Carter xon 600 enextdoewy TOU HOVTEAOU
Lee-Carter yio toAhomholg tAnduouols cuyxpivovton avd QUAO, YLol TEELS YWOEES TNG
Bégerog Evpdnne (Iphavdio, NopPnyla xar Pvhavdia). To amotehéoporto twv npof-
Aépewv Setyvouv oTL 1 TpoTevouevn uédodog odnyel oe o axplBelc mpofiédeic. Télog,
mopouctdlouye wa pédodo tponomoinone tou Yoviéhou Lee-Carter, péow tne Yewplag
a&lomo tiag yapTo@uAoKiou, EWBWE OYEBACUEVT) YIoL TN HOVTIEAOTIOMNGT TNG YVnooTnTOC
petagd ToAamAwy TAnduoumy. Awgopetixd and 1 Pooixr yevodoroyla Lee-Carter,
OTIOV 1) TUPAPUETEOC TEELOOOU 0xOhOVIEL EVar XUTIAANAO UOVTEAD YPOVOAOYIXWY CELRMY,
OTNV TEOTEWOUEVT uéVodo, 1 Yvnowotnta exTiudton Bdoet tng uedédou allomoTlag
oTawpnTAC Tadvounong. Ot mpofiédelc uetall Tou TEOTEWOUEVOU UOVTEAOU, TOU OV-
téhou Lee-Carter xou 600 enextdoewy tou yoviéiou Lee-Carter yia molhamiolc mh-
nduopolc ouyxpivovton avd QUAO, Yior To BEBOUEV TELWDY AVETTUYUEVGDY Ywewy (Hv-
ouévo Baotheo, HITA xa Tonwvia). To anoteréopoto tov npofrédeny delyvouv 6Tt

TO TEOTEWOUEVO UOVTELD GUUBAAAEL oe To axpyBelc mpoPAéderc.
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Chapter 1

Introduction

1.1 Background and Motivation

During the last decades, mortality has significantly declined in most developed countries
around the world, mainly due to the continuous improvement of living conditions and the
evolution of medical science and technology. Eventually, the decline in mortality creates
higher financial responsibilities for governments and annuity providers. Consequently,
finding ways to manage the mortality dynamics of a population is a very important
step in building a sustainable health and pension system. In this spirit, actuaries and
demographers are focused on the development of novel methods to model and forecast

the mortality rates of a population.

1.2 Single Population Mortality Models

In the literature, several methods have been proposed in order to capture the mortality
trends of a population. Lee and Carter (1992) proposed a pioneer modelling method
to forecast the mortality of the total population of the United States, by decompos-
ing the mortality rates into age and period parameters. A remarkable variant of the
Lee—Carter method, particularly designed for higher ages, was proposed by Cairns et al.
(2006). In the literature, we can find many extensions to these methods. Renshaw and
Haberman (2006) extended the Lee—Carter model by including a cohort effect, while
Plat (2009) proposed a model which combines preferable characteristics of the Lee
and Carter (1992) and Cairns et al. (2006) models. Despite its variants and extensions,
the Lee-Carter model inspired many authors to introduce more sophisticated methods
by including additional parameters. Hyndman and Ullah (2007) used functional data
analysis and penalized regression splines in their modelling framework and Hatzopoulos
and Haberman (2009) proposed a mortality modelling approach under the framework of
generalized linear models (GLM), while Hatzopoulos and Haberman (2011) extended
this approach by incorporating cohort effects.



2

| Introduction

Last years, many studies have been conducted to compare mortality models on
datasets of various countries. Booth et al. (2006) compared the accuracy of the forecasts
obtained by five extensions of the Lee-Carter method using data from ten developed
countries, while Shang et al. (2011) extended this accuracy comparison by using ten
methods and incorporating data from fourteen selected countries. Cairns et al. (2009)
and Haberman and Renshaw (2011) compared the fitting and forecasting performance
of different stochastic models for England & Wales and the United States mortality
experience. Gaille (2012) applied the Lee-Carter and the Heligman-Pollard models to
Swiss mortality rates and compared the financial impacts of their forecasts on future
pension liabilities. Stoeldraijer et al. (2013) compared the forecasts obtained from
the Lee-Carter method and its extensions with the official forecasts obtained from the
statistical offices in Europe to evaluate the differences for the case of Netherlands.
Hatzopoulos and Haberman (2015) proposed a dynamic parametric model, within the
GLM framework, for analyzing the cohort mortality survival function for Sweden,
Norway, England & Wales and Denmark. In addition, Van Berkum et al. (2016)
analyzed the impact of allowing for multiple structural changes on a large collection of
mortality models fitted on Dutch and Belgian male data and Maccheroni and Nocito
(2017) backtested the forecasting performance of the L.ee and Carter (1992) and the
Cairns et al. (2006) models on Italian data.

A common issue in mortality modelling is that, for some countries, there are not
enough historical data. This issue affects the existing modelling methods, which
inevitably base their forecasts on datasets of a limited period of observations. Li et al.
(2004) extended the Lee—Carter model to be applied for Chinese and South Korean
mortality data, which are available at only a few points in time and at unevenly spaced
intervals. Zhao (2012) modified the Lee—Carter model by incorporating linearized cubic
splines and other additive functions to approximate the model parameters and forecast
mortality for short-base-period Chinese data. Huang and Browne (2017) presented
a stochastic modification of the CMI (Continuous Mortality Investigation) model to
project mortality improvement rates for limited Chinese data using clustering analysis
techniques and Wang et al. (2018) proposed a mortality modelling approach for small
populations with a combination of data aggregation and graduation. Also, Kostaki and
Zafeiris (2019) reviewed the typical problems and limitations of empirical mortality
data in small populations and proposed some ways to deal with them.

Differently from the above Lee—Carter variants and extensions, alternative modelling
approaches can also serve as a tool in mortality modelling for populations with limited
data. Based on the actuarial credibility theory, these approaches aim to model the period
patterns of limited mortality data for a specific age, using information from a wider age
span. Biihlmann (1967) established the theoretical foundation of modern credibility
theory (also known as greatest accuracy credibility theory) and Hachemeister (1975)

introduced a credibility regression model to estimate auto-mobile bodily injury claims
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for various states in the USA. For an extensive review on credibility theory for non-life
insurance, we also refer to Goovaerts et al. (1990), Bithlmann and Gisler (2005) and
Klugman et al. (2012).

Regarding some life insurance applications of credibility theory, Hardy and Panjer
(1998) used empirical Bayes credibility theory to provide a theoretical basis for the cal-
culation of risk measures associated with mortality risk for insurance companies. Salhi
et al. (2016) proposed a credibility approach, which consists on reviewing the fitting
parameters of a Makeham mortality curve, as new observations arrive. Schinzinger
et al. (2016) presented a multivariate evolutionary credibility model for mortality im-
provement rates to describe the joint dynamics of mortality through time in several
populations. Tsai and Lin (2017a) applied Biihlmann credibility to mortality data of
Japan, the United Kingdom and the United States, while Tsai and Lin (2017b) incor-
porated Biihlmann credibility into the Lee and Carter (1992) model, the Cairns et al.
(2006) model and the linear relational model of Tsai and Yang (2015) to improve
forecasting performance for the United Kingdom dataset. Moreover, Li and Lu (2018)
proposed a Bayesian non-parametric model for the mortality of a small population,
when a benchmark mortality table of a larger population is also available and serves
as part of the prior information. By using an adaptive smoothing procedure based
on the local likelihood, Salhi and Thérond (2018) proposed a methodology to adjust
the graduated mortality table based on credibility techniques and Gong et al. (2018)
highlighted the importance of using credibility procedures in individual life and annuity

business.

1.3 Multi-Population Mortality Models

Wilson (2001) observed a global convergence in mortality, setting a basis for the
development of multi-population mortality models. Models like the aforementioned
ones ignore the dependence structure across populations and may lead to isolated and
divergent forecasts among populations. On the other hand, considering the mortality
dependency across populations could eliminate this divergent behaviour and potentially
improve the forecasting performance by incorporating more data. The most widely
used extensions of the Lee-Carter model for multiple populations are the Carter and
Lee (1992) approach, which applies a common time-varying index to all populations
and the Li and Lee (2005) approach, which proposes a two-step procedure to model
mortality dynamics for multiple populations.

In the literature, we can find many contributions regarding multi-population mortal-
ity modelling. Li and Hardy (2011) assumed that there is a linear relationship between
the time varying index of a base population and the other populations and Cairns et al.
(2011) introduced a Bayesian framework to jointly model two populations. Hatzopoulos
and Haberman (2013) presented a coherent mortality modelling structure under the
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GLM framework for analyzing mortality dynamics using worldwide data from the
Human Mortality Database. D’ Amato et al. (2014) extended the Lee-Carter model in
order to take into account the existence of dependence in mortality data across multiple
populations and Kleinow (2015) developed a common age effect model for multiple
populations. Li et al. (2015) generalized a single-population mortality model in different
possible ways to fit two or more populations and measured the basis risk in longevity
hedges. Wan and Bertschi (2015) proposed a coherent model for Swiss data. Tsai
and Wu (2018) incorporated the hierarchical credibility of Jewell (1975) to model
the mortality rates for multiple populations and Tsai and Zhang (2019) proposed a
multi-dimensional Biihlmann credibility approach to model mortality rates for multiple

populations.

1.4 Objectives and Thesis Outline

This thesis first investigates the fitting and forecasting performance of the most used
single and multi-population mortality models in the literature and then exploits actuarial
credibility modelling techniques in order to build novel mortality models, which could
potentially contribute to more accurate demographic projections. The rest of this thesis
is organized as follows:

Chapter 2 comparatively applies the most widely used mortality models in the
literature, for the first time, to Greek data. An analysis of their fitting behaviour was
conducted and the corresponding forecasting results were evaluated. More specifically,
we incorporated the Greek mortality data into seven mortality models under a common
age-period-cohort framework. The fitting performance of each model was thoroughly
evaluated based on information criteria values, as well as the likelihood ratio test, and
their robustness to period changes was investigated. In addition, parameter risk in
forecasts was assessed by employing bootstrapping techniques. For completeness,
projection results for both genders were also illustrated in pricing insurance-related
products.

Chapter 3 proposes a credibility regression approach with random coefficients to
model and forecast the mortality dynamics of a given population with limited data. Age-
specific mortality rates are modelled and extrapolation methods are utilized to estimate
future mortality rates. The results on Greek mortality data indicate that credibility
regression contributed to more accurate forecasts than those produced from the Lee
and Carter (1992) and Cairns et al. (2006). An application on pricing insurance-related
products is also provided.

Chapter 4 proposes a multi-level hierarchical credibility regression method to model
multi-population mortality data in a hierarchical form. Future mortality rates are derived
using different extrapolation techniques, while the forecasting performances between
the proposed model, the classical Lee-Carter model and two Lee-Carter extensions
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for multiple populations are compared for both genders of three northern European
countries (Ireland, Norway, Finland). Empirical illustrations show that the proposed
method produces more accurate forecasts, based on the mean absolute percentage
forecast error (MAPFE) values.

Chapter 5 presents a credibility formulation of the Lee-Carter method particularly
designed for multi-population mortality modelling. Differently from the standard
Lee-Carter methodology, where the Lee-Carter time index is assumed to follow an
appropriate time series process, herein, the period dynamics of mortality are estimated
under a crossed classification credibility framework. The forecasting performances
between the proposed model, the classical Lee-Carter model and two Lee-Carter ex-
tensions for multiple populations are compared for both genders of three developed
countries (United Kingdom, USA, Japan). The numerical results indicate that the
proposed model contributes to more accurate forecasts, based on the mean absolute
percentage forecast error (MAPFE) values. Finally, Chapter 6 presents the general

conclusions of this thesis.






Chapter 2

Stochastic Mortality Modelling under
the Age-Period-Cohort Framework

2.1 Introduction

During the last decades, a significant increase in life expectancy has been observed
worldwide. This change is mainly due to the human race dynamics, the improvement
of living conditions and the development of medical science. Due to these factors, life
expectancy in Greece has been increased from 70.2 to 78 years for males and 73.8 to
83.3 years for females during the period from 1961 to 2010, almost 9 years on average
for both genders in 50 years (http://ec.europa.eu/eurostat/data/database).

From a human point of view, this increase in life expectancy constitutes positive
news. However, for governments and annuity providers this is not necessarily the case,
because higher life expectancy increases future pension costs, as benefits have to be
provided over a longer period.

Especially, for the case of Greece, Tsimbos et al. (2011) presented estimates of life
expectancy at birth for males and females based on regional life tables, constructed for
the 51 administrative national departments for years 1991, 2001 and 2007. Kalogirou
et al. (2012) estimated appropriate mortality measures for the three main categories of
causes of death, for the 51 national prefectures and Verropoulou and Tsimbos (2016)
examined, for the first time in Greece, mortality by cause of death among immigrants.
Hatzopoulos and Haberman (2009) applied a parametrized approach, under the GLM
framework, to forecast mortality using Greek data for years 1957-2006 and Zafeiris and
Kostaki (2017) examined the mortality characteristics of the Greek population for years
1961 to 2014.

In general, actuaries and demographers are focused on the development of methods
that could estimate future mortality trends of a population. In this direction Hunt and
Blake (2015) introduced an age-period-cohort (APC) classification scheme for the
existing mortality models that was then deployed by Villegas et al. (2017). Our study


http://ec.europa.eu/eurostat/data/database

8 | Stochastic Mortality Modelling under the Age-Period-Cohort Framework

builds upon these works to investigate how the APC framework can be implemented
with Greek data. A comparative analysis of the fitting methods is performed and the
corresponding forecasting results for the Greek population are illustrated. In addition,
forecasts are applied to price net premiums of insurance-related products.

The rest of this chapter is organized as follows. Section 2.2 illustrates an overview
of the stochastic mortality models that Greek data fit. Section 2.3 describes fitting proce-
dures, while Section 2.4 illustrates the mortality projection results for each model, along
with an application in pricing insurance-related products. Our findings in comparison
with those from the original papers are presented in Section 2.5. Concluding remarks

are given in Section 2.6.

2.2 Mortality Modelling

In this section, we review the most widely used mortality models in the literature that
belong to a common APC framework. According to Booth and Tickle (2008), mortality
forecasting methods have been mainly developed under three notions, the “expectation”,
the “explanation” and the “extrapolation”, each one of them having its positive and
negative points.

In expectation methods, mortality forecasting is based on an expert’s opinion, which
incorporates specific demographic or other relevant knowledge, but sometimes can
lead to subjectivity or bias errors. Explanatory methods are based on structural or
epidemiological models of certain causes of death involving known risk factors and
they are generally limited to short-term forecasting. Extrapolative is the most promising
and modern research method as it assumes that past mortality trends will continue in the
future. Hence, all the models that will be discussed in the following sections incorporate
the extrapolative method and they take the advantage of using time series models that
give a probabilistic confidence interval for the forecasts.

Recent research activity aims to investigate the similarities among stochastic models
in order to highlight their common properties. Aro and Pennanen (2011) fitted a
general modelling framework into Finnish data that allows for multiple risk factors and
guarantees that the parameter estimates are well-defined. Later, Hunt and Blake (2015)
proposed a general APC modelling structure that encloses most of the existing mortality
models. In the following, this APC framework of stochastic mortality modelling is

described and then, it is illustrated using Greek data.

2.2.1 The Age-Period-Cohort Framework

Let us denote the observed number of deaths at at age x and year ¢ as d,; and central
(at the middle of year ¢) population exposures as E\ ;. Initial exposures are then approx-

imated by Egt ~ Ey;+ (1/2)dy ;. Therefore, the one-year probability of death at age x
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and year ¢ is defined by g, = d,/ Eg ; and the death rate by m,; = dy;/E, ;. According
to Cairns et al. (2009), under the assumption that force of mortality remains constant
over each year of integer age and over each calendar year, death rate m,, and force of
mortality ,uxJ' coincide. Above conventions are adopted in this study.

A stochastic APC model links a response variable (usually the one-year probability
of death ¢, ; or the force of mortality (i, ;) to an appropriate predictor, dependent on age
X=X, ..., X, period t =11, ...,x,, and cohort (year of birth) c =#; —xy, ...,t,;, — X1

for a population. This structure is given by the following formula

N
o=+ > Bk + By, @.1)
i=1
where 1, denotes the link function, which transforms a mortality rate measure into a
suitable modelling form, ., is the static age function that expresses the general shape
of mortality by age, Bx(i) K,(i) is a set of N age-period terms, determining the mortality
trends, where K,(i) indicates the general pattern of mortality through the time, while ﬁx(i)
shows this pattern of mortality change across ages and Bx(o)}/,,x is the age-cohort term,
where ¥, = 7. captures the effects of each year of birth ¢ and Bx(o) modifies this effect
across ages.

The choice of the response variable that is transformed by the link function 1, ,
depends on the format of mortality data. For instance, if the random variable of the
number of deaths at age x and year 7, D, ; ~ Binomial (E)?,t7 Gx;) With E(Dy;/ E)?’t) =qxs,
then initial exposures E)?J should be used. If random variable D, ; ~ Poisson(Ey i)
with E(Dy/Ey;) = . the central exposures Ey; are used. Hence, under the Binomial
distribution assumption, the logit expression for the probability of death is used and
link function takes the form 7, ; = logitg,; = log lz;‘}lxj’ while if a Poisson distribution
of deaths is assumed, then 1, , = log L, ;. For details, see Hunt and Blake (2015) and
Villegas et al. (2017). We note that presence of the bilinear terms f,x; classifies the
APC modelling structure into the generalised non linear family of models, discussed by
Currie (2016). It has to be mentioned that models with smoothing functions will be not
considered in this studyz.

Finally, we have to point out that in a mortality study, specific structural charac-
teristics of the dataset should affect model choice. For instance, if there is evidence
for cohort effects in our data, then a model with a cohort parameter should be selected.
Moreover, if we believe that there is randomness in mortality rates from one year to the

next, then our choice lies between models that incorporate more than one period factors.

1According to Cairns et al. (2009), the force of mortality can be viewed as the instantaneous death
rate at exact time ¢ for a person aged exactly x at time ¢.

2For instance, Hyndman and Ullah (2007) used functional data analysis and penalized regression
splines in their modelling framework.
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2.2.2 Data and Assumptions

The observed number of deaths d,; and the central exposures E, ; for the Greek popula-
tion were directly obtained from the Human Mortality Database (HMD, 2017). In HMD,
Greek data are available by gender and age for the observation period of 1981 to 2013.
Moreover, as suggested by Haberman and Renshaw (2011), for consistency in model
comparison, all models should be fitted using the same distributional assumptions and
results should be shown using the same mortality measure. Therefore, we assume a
Binomial distribution of deaths using link function 71, ; = logitg, ;.

For our study, only the ages from x; = 60 to x; = 89 will be considered, as most of
the models that will be discussed in next sections have been particularly designed for
higher ages. Also, in order to obtain more reliable fitting and forecasting conclusions,
only data of the historical period from #; = 1981 to 7, = 2010 were exploited, leaving
last three years3 out for backtesting reasons.

Furthermore, Cairns et al. (2009) point out that the reliability of the estimated cohort
parameters %_, depends on the number of the observations for each birth year. Our
analysis was repeated by excluding cohorts with less than three to ten observations.
Especially for datasets with short periods of time, excluding more than five cohorts
seems to be excessive. Nevertheless, excluding male and female cohorts with less than
eight observations (1892—-1899 and 1943-1950) provides a better balance between the
fitting and forecasting behaviour of Greek data. This choice gave us almost the same
fitting results in comparison with the fact of excluding less cohorts, but led us to more

reasonable forecasts, possibly due to avoiding overfitting of the cohort effect.

2.2.3 Age-Period-Cohort Mortality Models: A Review of Methods

In this subsection, we review the seven most widely used stochastic mortality models,
labelled M;,i = 1,...,7. The models of this section can be classified in the APC
framework (2.1), assuming a Binomial distribution of deaths with 7, ; = logitg, ;. The
seven models M;—M5 are listed in Table 4.1.

M;: The Lee-Carter Model

One of the most popular and widely applied models was proposed by Lee and Carter
(1992) to forecast the mortality rates of the United States. In its original version, the
model uses principal component analysis in order to decompose the bilinear age-period
matrix of log death rates into a single age parameter and a time index used in forecasting.
Many variants and extensions of this model followed. For some works related to the
Lee-Carter method and its modifications, we refer to Lee and Miller (2001), Booth et al.
(2002) and De Jong and Tickle (2006). In Booth et al. (2002), the Lee-Carter method

3Due to the limited availability of Greek data in HMD, years 2011-2013 correspond to a percentage
of 10% of the whole fitting year span.
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was embedded in a Poisson regression setting to model the Belgian death rates. The
Lee-Carter model predictor is given by 1y, = 0, + ﬁx(]) K,(l) , imposing the following

constraints ) [3)51) =land), Kt(l) = 0 to ensure identifiability of the model predictor.

M,: The Renshaw-Haberman Model

Renshaw and Haberman (2006) extended the Lee-Carter model by including a cohort
parameter to 1, ; = O + Bx(l) Kt(l) + BX(O)%_X. Haberman and Renshaw (2011) investi-
gated certain complications of this model associated with predictions efficiency and
the capture of the cohort effect for both United States and England & Wales mortality
experience. These issues were resolved by using a simpler model predictor given by
Mer = o+ B K
rameters. This model will be considered in our application, incorporating the following
identifiability constraints ) ﬁx(l) =1, ), Kt(l) =0and ) .y =0, where c is the set
of cohort years of birth that have been fitted in the model.

+ %—_x, assuming independence between the period and cohort pa-

M3: The "Age-Period-Cohort'' Currie Model

Currie (2006) presented in the actuarial literature a demographic model structure, firstly
discussed by Hobcraft et al. (1982). Its predictor is given by 1)y ; = 0t + K‘t(]) + Y—x.
We can easily observe that this simple APC structure is a simplification of the previous
model, considering that ﬂx(l) = 1. Hence, period and cohort parameter estimates can

be obtained as in M, under the identifiability constraints  _, K,(l) =0, > .Y =0and
> o.cv%=0.

My: The Plat Model

After combining characteristics of other models, Plat (2009) proposed a three period
factor model 1y, = o, + K,(I) + (x—X) 1(,(2) +(x—x)" 1(,(3) + %—x, where X is the average
age in the data. Then, he compared the fitting quality with datasets from the United
States, England & Wales and Netherlands and noticed that when the age range is limited
to higher ages (60 years or older), the reduced expression of his model predictor 1, ; =
O+ K,(I) + (x—X) K,(z) + %—x should be ideally used. Thus, latter model structure is
adopted for our application, using > _, Kt(l) =0, >, K,(z) =0, > .7%=0, > .c¥=0

and ), ¢?¥. = 0 constraints to eliminate identifiability issues.

M;: The Cairns-Blake-Dowd Model

In order to reduce the number of free parameters, Cairns et al. (2006) proposed a
parsimonious model for the data from England & Wales, incorporating only two period

factors in the absence of a static age function and cohort terms. This model predictor is
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given by 1y, = K,(l) + (x—X) K,(z). This structure has no identifiability issues, hence no

constraints were taken into consideration.

Mg: The ""Cohort' Cairns et al. Model

Cairns et al. (2009) extended M5 to include a cohort effect as 1, ; = K,(]) +(x—x) K‘t(2> +
% —x. Note that this model structure is a reduced version of Plat’s structure without a
static age term, under the following constraints ) .7 =0and > __.c}. =0.

M7: The ""Quadratic' Cairns et al. Model

A more complicated structure for Mg was introduced by Cairns et al. (2009), which
includes an additional quadratic age effect with a period term. The model predictor is
given by 1y, = K,(I) +(x—%) K,(z) + ((x— %)% — 63) K,(3) + %_x, where the constant 62
is the mean of (x — ). This model is identifiable under the transformations 3" 7. = 0,
S.c¥.=0and >, c*y =0.

Finally, another extension of Mg with a decreasing cohort effect was also discussed
in Cairns et al. (2009), given by 1, = Kt(l) + (x—X) Kt(z) + (X4 — X)¥%—x, Where x4 is a
constant parameter and its predictor is identifiable under ) 7% = 0. Unfortunately,
this model revealed some dangers associated with its use, according to Cairns et al.
(2011), where it led to very implausible results in forecasting the United States male
mortality. Hence, due to the above issues, this model structure will not be considered in

this study4.

Table 2.1 Structure overview of M; — M7 mortality models.

Model Structure Original Papers

M logitgy, = o+ B i Lee and Carter (1992)

M, logitgy; = o+ ﬁx(l) Kt(l) + Y Renshaw and Haberman (2006)
M logitgye, = 06 + K + %y Currie (2006)

M,y logitges = 6+ K+ (x— ) K2 + ps Plat (2009)

Ms logitgy, =K\ + (x— %) Cairns et al. (2006)

Mg logitgy, = K’,(l) +(x—%) Kt(z) + Y Cairns et al. (2009)

M logitgy, = KV + (x— )P + (x—5)2— 62k +y_,  Cairns et al. (2009)

* As Hunt and Blake (2015) point out, in practice, M7 has been proved the most popular extension
of the original Cairns et al. (2006) model, since it gives a better fit than Mg, while the age function for
the cohort parameters in Mg may be more complicated to fit data due to the estimation of the additional
constant parameter x,.
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2.3 Model Fit

In this section, we describe the fitting methods whereby model parameters can be
estimated. Lee and Carter (1992) estimated model parameters using singular value
decomposition (SVD) in the context of least squares fitting method, while Renshaw
and Haberman (2003) minimised the deviance of their predictor structure. Following
Brouhns et al. (2002), we estimate age, period and cohort parameters by maximising
model’s likelihood. Under the assumption of a Binomial distribution, log-likelihood for

models M; - M7 is given in Villegas et al. (2017) as

~

dyy 0 E)(c),t - dAx,t E)(c)z
L(de) = Z wx’t de log 0 + <EX7[ —_— dx7t) 10g —O —|— log ’ s (22)
Xt Ex,t Ex,z de

where Egt is the initial exposure, while £~ now denotes the inverse link function of

f(u) = logitu. Then, the expected number of deaths for each model is given by

N
dry =B~ (o Yo 4710 ) 23)
i=1

with N = 1 for M - M3, N = 2 for My - Mg and N = 3 for M7 and the prior weights @,
are defined as

0, ifa (x,r) data cell is omitted,
s = { x1) (2.4)

1, if data cell is included.

For the implementation of mortality models, there are various R-packages in the

literature. In particular, the standard Lee-Carter model and some of its extensions
are included in the “demography” (Hyndman et al., 2014) package, while Butt et al.
(2014) developed the “ilc” package that contains the Renshaw-Haberman family related
models. Turner and Firth (2015) provided the “gnm” package, which facilitates the
fitting procedure and the parameters estimation of generalized nonlinear models and
Villegas et al. (2017) introduced the powerful “StMoMo” package that incorporates all
the fitting algorithms that we used in this chapter.
It is worth mentioning that when we firstly fitted M2 to Greek female data, K,(l)
showed an upward trend compared to decreasing ¥, values. This is the result of the
well-known identifiability issues of the Renshaw-Haberman model. To overcome this
issue, we considered an additional constraint for the cohort parameter, according to
Hunt and Villegas (2015).

We also note that fitting models M1—-My under the Poisson assumption (1)y; =
log u. (), as they were firstly adjusted in original papers, gave us similar parameter
estimates. In addition, robustness of parameter estimates was examined by using two
different fitting periods of data: 1981-2000 and 1981-2010. Figures 2.1-2.7 illustrate
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the maximum likelihood estimates under the Binomial assumption for models M;—
M5 respectively, for Greek males and females, aged 60—89. Solid lines correspond
to parameter estimates for the fitting period 1981-2010, while dotted lines for the
period 1981-2000. In the following, we give some explanatory comments on parameter
estimates.

2.3.1 Parameter Estimates

The o estimates (Figure 2.1) show an almost linear upward trend for both genders,
which is similar for models M>—My, therefore it is omitted from Figures 2.2—2.4. The
estimates for K,(l) decrease in every mortality model, indicating a general mortality
improvement for both genders over the time.

For each one of the (five) models that incorporate a cohort parameter, estimates
cannot be safely interpreted as they depend on the whole model setting, including
possible interactions with K,(z), Kt(3) parameters and the corresponding age effects. More
precisely, cohort estimates of M, (Figure 2.2), M3 (Figure 2.3), Mg (Figure 2.6) and M~
(Figure 2.7) show an increase until year 1915 and decreasing fluctuations for the rest of

the cohort years, while M, cohort estimates (Figure 2.4) fluctuate over the entire period.

2.3.2 Robustness

As Cairns et al. (2009) pointed out, an important property of a model is the robustness
of its parameter estimates relative to changes in the range of fitted data. That is,
parameter estimates should not change significantly when fitting to a shorter data range.
Consequently, a possible lack of robustness for a model means that is sensitive to
changes in the period of fitted data and brings into question the appropriateness of its
use for projections or other relevant applications that wholly rely on them.

Dotted lines in Figures 2.1-2.7 indicate that none of the seven models suffers
from serious robustness issues. However, use of a fitting range with less data results
to an abrupt increase of ﬁx(l) female estimates (bottom-left panel of Figure 2.2) and
that remains unchanged even if we repeated model fit, considering less cohorts to be
excluded. On the contrary, models M5 (Figure 2.5) and Mg (Figure 2.6) seem to be the

most robust ones for both genders.
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Figure 2.1 M;: o, Bx(l) and K,(l) estimated parameters for males (top panels) and females
(bottom panels), aged 60-89, fitted in 1981-2010 (solid lines) and 1981-2000 (dotted lines).
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Figure 2.2 M;: ﬁx(l), K,(l) and 7, estimated parameters for males (top panels) and females
(bottom panels), aged 60-89, fitted in 1981-2010 (solid lines) and 1981-2000 (dotted lines).
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Figure 2.3 Mj3: Kt(l) and 7, estimated parameters for males (top panels) and females (bottom
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2.3.3 Goodness of Fit Diagnostics

A model’s goodness of fit is measured by the scaled residual deviance between the
observed and the fitted data, which depends on the chosen distributional assumption. As
discussed in Pitacco et al. (2009), lack of randomness in the residuals patterns indicates
the inability of a model to capture specific age, period or cohort effects.

Under the Binomial distribution assumption of deaths, residual deviance for each
model is defined by Debon et al. (2010) as

- d E0, —d
D(dx,tydx,t) = Zdev(x,t) = Zzwx,t{dx,t log (JLI) + (E)(c),t — dx’[) log (E)(C)’t Ax’t> }
X,t Xt

Xt Xt dxvt

Then, standardised deviance is given by Pitacco et al. (2009) as

1/2
Iyt = Sign(dx,t - Cix,t) (%) . (2.5)

The weights m,, in (2.3.3) are defined as in (2.4) and

A

L D<dx,t;dx,t)
¢ = v

Y

where v expresses the degrees of freedom of the model (the number of the observations
minus the number of the model parameters).

Figures 2.8-2.14 plot the residuals deviance against age, period (calendar year) and
cohort (year of birth) for models M|—M3, fitted for ages 60—89 of period 1981-2010 for
males and females. According to the structural features of each model, we can make
some comiments.

* The evident dispersion of residuals in the right panels of Figures 2.8 and 2.12
reveal the inability of models M and M5, respectively to capture the cohort effect.

* The strong patterns, appeared in left panels of Figures 2.12 and 2.13 illustrate the
weakness of models M5 and Mg respectively to capture the age effects, especially
for females.

» All the models capture effectively the period effects.
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period 1981-2010 and ages 60—89 in Greece.

Information Criteria

Generally, a better fit is expected from models with more parameters. According to
Haberman and Renshaw (2011), an alternative way to address this conjecture is to
penalize the model parameters using AIC (Akaike, 1974) and BIC (Schwarz, 1978)
information criteria for each model. In addition, Hurvich and Tsai (1989) derived a
correction of the Akaike criterion, the AIC(c), which is more suitable for small samples.
Therefore, we use AIC, AIC(c) and BIC, which are defined for M;, i=1,...,7 as

2ki(ki+1)

AICi(c) = AIC;
Cile) =AIC+ 5

, with AIC; = 2k; —2logL;

and
BIC; = (logn)k; —2logL;,

where £; is the maximum likelihood estimate, k; is the number of the effective param-
eters’ estimated by M; and n is the number of the observations. Smaller AIC, AIC(c)
and BIC values indicate a better model fitting. Table 5.2 presents the log likelihood
estimates along with the number of the effective parameters and the corresponding AIC,
AIC(c) and BIC values of M|—M7 (ranking order in brackets), for males and females.

3The sum of the estimated parameters minus those that reflect each model’s constraints.
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Table 2.2 The log likelihood and the number of the effective parameters along with AIC(c),
AIC and BIC values (ranking order in brackets) of the mortality models for males and females.

Males
o Effective
Model Log Likelihood AIC AIC(c) BIC
Parameters
M, —4487.643 88 9151.287(7) 9172.483(7) 9566.560(7)
M, —4191.779 129 8641.558(4) 8689.610(4) 9250.311(4)
M; —4218.961 100 8637.922(3) 8665.708(3) 9109.823(2)
My —4202.953 128 8661.907(5) 8709.151(5) 9265.940(5)
M; —4501.146 60 9122.291(6) 9131.835(6) 9405.432(6)
Mg —4209.024 101 8620.048(2) 8648.429(2) 9096.669(1)
My —4160.547 130 8581.094(1) 8629.960(1) 9194.565(3)
Females
M, —4980.632 88 10,137.265(6) 10,158.461(6) 10,552.538(6)
M, —4254.321 129 8766.643(3) 8814.694(3) 9375.395(3)
M; —4367.542 100 8935.085(4) 8962.870(4) 9406.986(4)
My —4235.015 128 8726.030(2) 8773.275(2) 9330.064(2)
M; —5279.019 60 10,678.038(7) 10,687.581(7) 10,961.178(7)
Mg —4474.985 101 9151.969(5) 9180.349(5) 9628.590(5)
M7 —4209.487 130 8678.975(1) 8727.841(1) 9292.447(1)

In line with BIC male results, Mg is on top, M3 follows and M35 is third, while AIC
and AIC(c) male rankings coincide, with M7, Mg, M3 being on top. Note that BIC
penalizes model parameters stronger than AIC and AIC(c), we therefore expect to rank
better models containing less parameters. For females, all information criteria coincide
to M7, M4 and M; rank order. Unsurprisingly, M; and M5 models hold the worst criteria
ranking for both genders, indicating that cohort effect must be taken into account in

Greek male and female mortality modelling.

Likelihood-Ratio Test

In Table 4.1, we can easily observe that some models are special cases of others. More
specifically models M| and M3 are nested within M,, M3 in My, M5 nests in Mg and
M7 and finally, Mg is nested within M7. In order to test the null hypothesis that the
nested model is the correct versus the alternative hypothesis that the more general is
correct, we follow Cairns et al. (2009) in using the Likelihood Ratio (LR) test. Six pairs
of tested models and their statistics are presented for both genders in Table 5.3. LR
statistic is given by w*k = 21log i—f , where L, is the maximum likelihood estimate of the
general model and L; of the nested model, while I/ILR approximates a %2 distribution,
with ny — ny degrees of freedom, where n, are the degrees of the general model and n

of the nested model. For each pair of models in Table 5.3, null hypothesis is rejected in



2.4 Mortality Projection | 25

2 gorthepvalue=1-F,  (y"*). Our

(n27n1)7 X( _
ny—ny)
testing results confirm information criteria rankings, suggesting that models with more

a significance level «, since IIILR > X

parameters fit on Greek data better than more parsimonious models.

Table 2.3 Likelihood ratio test statistics for pairs of nested models (Hy) within general models
(Hy).

Males
Likelihood Ratio
H(: Nested Model H;: General Model L. Degrees of Freedom  p-Value
Test Statistic
M, M, 591.730 41 <0.0001
M; M, 54.364 29 <0.0001
M; n 32.015 28 <0.0001
Ms Mg 584.240 41 <0.0001
M; M; 681.200 70 <0.0001
Mg M; 96.955 29 <0.0001
Females
M, M, 1452.600 41 <0.0001
M; M, 226.440 29 <0.0001
M; My 265.050 28 <0.0001
M; Mg 1608.100 41 <0.0001
M; M; 2139.100 70 <0.0001
Mg M; 530.990 29 <0.0001

2.4 Mortality Projection

In this section, we estimate future mortality rates using models M;—M for both genders.
Projection methods are based on the extrapolation of period and cohort parameters
for each model fitted on Greek data. Currie (2016) stated that the key point in order
to obtain as accurate as possible mortality forecasts is to select the most appropriate
time series models that reflect to period and cohort dynamics for a given population. In
similar comparative studies, Cairns et al. (2011) and Haberman and Renshaw (2011)
modelled period indices using a multivariate random walk with a drift and cohort indices
with univariate ARIMA models.

In our case, we thoroughly selected an appropriate univariate ARIMA model for
each period and cohort index over a range of candidate models, according to KPSS
(Kwiatkowski et al., 1992), ADF (Dickey and Fuller, 1979) and PP (Phillips and Perron,
1988) unit root tests and the information criteria values. More precisely, our choice was
based on time series overall performance against AIC, AICc and BIC penalized scores.
Discordance issues between criteria values were addressed by preferring simpler time
series models on grounds of parsimony. Therefore, k;’s in models M», M3, My, Mg and

M7 are assumed to be independent of the corresponding 7,’s for each mortality model,
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following respectively univariate ARIMA(p,d,q) processes of the forms

(1—¢B—--—0,B")(1-B) 1., =8+(1+6B+---+6,B))e,, (2.6

(1—¢B—--—¢,B")(1-B)' 9% =8 +(1+6B+--+6,Be,, (2.7

where B? is a time lag operator (also known as back-shift operator) that shifts data d
periods back, 6 and 8 are constant drift parameters, ¢p,---,¢, and ¢>{ g ,(D;, are the
autoregressive coefficients with ¢, # 0, ¢;, # 0, while 6y,---,6, and 9;, s 9; are the
moving average parameters with 6, # 0, 9; # 0 and ¢, e,c are white noise processes.
Tables 2.4 and 2.5 present the selected ARIMA models for period and cohort indices,
respectively for males and females. For all models period indices are assumed to be
modelled independently. Also remind that M and M5 do not incorporate a cohort index.

Time series equations (2.6) and (2.7) were simulated to produce 1000 trajectories for
future values of the period &;, 1 and the cohort §; . indices, where s = 1,2,---,20
denotes the years of the forecasting horizon. Then, future simulated mortality values

are extracted using

N
logit‘}x,tn+s =0t Z ﬁx(l) ’Actills + Vipts—x
i=1
or o
exp( oy + vazl ﬁx(l) kzills + Frpts—x)

1 +exp(oy + Zivzl Bx(i) ’A(r(niis + Fruts—x)

Gxtts = ; (2.8)
where f,, = 2010 is the last year of the fitting period and logitéx,tﬁ_s denotes the logit-
transform of future probabilities of death for each age x for models M|—M3.

Short-term male and female forecast errors of period 2011-2013 were extracted for
models M;—M7, while for the sake of comparison, extrapolation was firstly performed
by using fitted jump-off rates® and secondly by using actual rates for the year 2010
(Table 2.6), taken directly from HMD. Measures show that models M,, M3, M4 and Mg
produce better forecasts for both genders (ranking order in brackets), either by using
fitted or actual jump-off rates. Especially, when fitted rates are used, models M, and M3
distinguish for both genders, while for actual rates M4 and M3 are dominant for males
and Mg outperforms for females. In any case, all of the three error measures give the
higher error values for M, M5 and M7, indicating the presence of cohort effects in male
and female mortality indices that cannot be captured by models M, M5 and a possible
overfitting behaviour of M;.

The probabilities of death in the last year of the fitting period.
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Table 2.4 Selected ARIMA(p,d,q) models for the period index K,(i), i=1,2,3 of male and
female mortality models.

Males
Model KV K2 K
M ARIMA(0,2,2) — —
M, ARIMA(0,1,1) with drift — —
M3 ARIMA(1,1,0) with drift — —
My ARIMA(0,2,2) ARIMA(2,1,0) with drift —
Ms ARIMA(1,2,1) ARIMA(2,1,0) with drift —
Mg ARIMA(0,2,2) with drift ~ ARIMA(O0,1,1) with drift —
M; ARIMA(1,2,1) ARIMA(2,2,0) ARIMA(O0,1,1) with drift
Females
Model K,(l) K‘t(2) K‘t(3>
M, ARIMA(1,1,0) with drift — —
M, ARIMA(3,1,0) with drift — —
M3 ARIMA(3,1,0) with drift — —
My ARIMA(1,1,0) with drift ~ ARIMA(1,1,0) with drift —
M;s ARIMA(0,2,2) ARIMA(0,1,0) with drift —
Mg ARIMA(O0,1,1) with drift ~ ARIMA(0,1,1) with drift —
My ARIMA(2,1,0) with drift ARIMA(2,2,0) ARIMA(O,1,1) with drift

Table 2.5 Selected ARIMA(p,d,q) models for the cohort index 7, of male and female mortality

models.

Model Y. for Males Y. for Females
M, ARIMA(2,1,0) ARIMA(2,1,1) with drift
M; ARIMA(0,0,1) ARIMA(4,1,1)
My ARIMA(0,0,2) ARIMA(4,1,1)
e ARIMA(0,1,3) ARIMA(3,0,2)
M; ARIMA(0,0,1) ARIMA®4,0,1)

The predictive power of mortality models was evaluated by measuring the differ-

ences (errors) between the observed and the forecasted values for the same period. For

the first three out-of-sample years of projection (¢, = 2010, s = 1,2, 3), in which Greek

mortality data are available in HMD, forecast accuracy of models M;—M7 can be evalu-

ated by averaging the mean absolute error (MAE) and the mean absolute percentage

error (MAPE) values over the 3-years period for ages 60 to 89, defined by

1

3% (89—60+1)

389

D [dx20101s — gx201045] X 100,
s=1 x=60

(2.9)
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4x2010+s — 4x,2010+s
MAPE,,, = . 2.10
T3 (89 — 60 +1) Z Z qx,2010+s (10

Table 2.6 Averaged values (ranking order in brackets) of MAE and MAPE measures of the
forecasting period 2011-2013 using fitted or actual jump-off rates for males and females.

Fitted Jump-off Rates

Males

Error M] M2 M3 M4 M5 M6 M7

MAE,, 0.332(6) 0.251(1)  0.253(2) 0.287(3) 0.327(5) 0.295(4) 0.346(7)
MAPE,,, 10.194(4)  6.496(1)  6.583(2) 9.385(3) 10.935(6)  10.559(5)  15.697(7)

Females

MAE,,, 0.207(4) 0.147(1)  0.165(2) 0.219(5) 0.234(6) 0.198(3) 0.281(7)
MAPE,,, 10.363(3) 6.052(1) 7.981(2) 12.239(5) 13.396(6)  11.216(4)  22.340(7)

Actual Jump-off Rates

Males

Error M] M2 M3 M4 M5 M6 M7

MAE,, 0.273(6) 0.213(3)  0.208(2) 0.192(1) 0.289(7) 0.237(4) 0.247(5)
MAPE,,, 6.780(5) 5.222(2)  5.086(1) 5.371(3) 6.916(6) 6.020(4) 8.545(7)

Females

MAE,,, 0.213(6) 0.180(3)  0.168(2) 0.196(4) 0.200(5) 0.165(1) 0.250(7)
MAPE,,, 7.073(5) 5.570(2)  5.336(1) 6.225(4) 7.283(6) 5.866(3) 11.818(7)

Long-term mortality projections for a 20 year horizon ahead were obtained using
(2.8) with actual jump-off rates for the seven mortality models, incorporating 1000
simulation trajectories of the selected period and cohort indices. The simulated one
year probabilities of death (in logarithmic scale) for models M{—M7 are illustrated for
both genders in Figure 2.15.

Plotting results reveal the appropriateness of a mortality model for long-term fore-
casting. In addition, according to Cairns et al. (2011); Villegas et al. (2017) differences
in uncertainty levels of each model indicates the significance of model risk in mortality
forecasting.

Figure 2.15 shows that M, M, and M3 forecasts seem to be implausible for both
genders, since fans at age 85 are notably narrower than at age 65. Furthermore, M4 and
Mg fans at age 75 show a weak, but not significant increase for both genders, while fans
at age 85 show some decreasing fluctuations. On the other hand, parsimonious model
M5 performs well in general for both genders. Finally, female fans of model M7 are
narrower age 75 and 85 than at 65 and show an unreasonable increase in older ages.
This is mainly because forecasts are linked to the estimated cohort effect of Figure 2.7

that exhibits a steep, upward and linear trend between cohort years 1930 and 1940.
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Figure 2.15 Long-term mortality projection results at ages x = 65 (bottom lines), x = 75 (middle
lines) and x = 85 (top lines) derived from models M;—Mj fitted to males (left panels) and females
(right panels) for ages 60—89 of the period 1981-2010. The shades regions in the projection
period 2011-2030 denote the 50%, 80% and 95% prediction intervals.
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2.4.1 Assessing Parameter Risk

We observe that mortality projections obtained with stochastic models incorporate only
the forecast error that arises from the estimation of the period and the cohort indices,
ignoring the effects of the so called parameter risk.

Especially, for countries with limited data experience such as Greece, use of boot-
strapping techniques is required to address this issue. Therefore, we exploit the advan-
tages of a residual bootstrapping method to assess the parameter uncertainty in mortality
projections for the seven models, described in the previous sections.

In their study, Renshaw and Haberman (2008) proposed a residual bootstrapped
method to accommodate uncertainty in estimating the parameters of the Lee-Carter
model under the Poisson assumption of deaths. In our case, we produce bootstrap
samples under the Binomial distribution assumption, following a slightly modified
approach described by Debon et al. (2010).

Simulations were carried out using “StMoMo” R-package and 1000 trajectories were
generated to compare the prediction intervals of the forecast error and the parameter
estimation uncertainty of projections. Figure 2.16 illustrates for both genders the 95%
prediction intervals for the probabilities of death at ages x = 65, x =75 and x = 85
for models M{—M7, fitted to Greek data for ages 60—89 of the period 1981-2010. The
historical rates are denoted by thick dots, solid lines denote the corresponding fitted
rates and dot-dashed lines depict the 95% confidence intervals including parameter
uncertainty. For the projection period 2011-2030, dashed lines represent the central
forecast values and dot lines show the 95% prediction intervals excluding parameter
uncertainty. The dot-dashed lines depict the 95% prediction intervals accounting for
parameter uncertainty.

Figure 2.16 shows an evident parameter uncertainty in the projection period for
males (left panels) of models M, (age 85) and M7 (ages 65 and 85). Parameter variability
is also observed for females of the same models (right panels), with an implausible
upward trend for M7 at age 75 and 85, which indicates the inappropriateness of this

model to forecast female mortality at higher ages.
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Figure 2.16 95% prediction intervals for the probabilities of death at ages x = 65, x =75 and
x = 85 for models M1—M3, fitted to males (left panels) and females (right panels) for ages 60-89
and the period 1981-2010 (thick dots). Solid lines denote the corresponding fitted rates and
dot-dashed lines depict the 95% confidence intervals including parameter uncertainty. For the
projection period 2011-2030, the central forecast values are given by dashed lines. Dashed
lines and dot lines show the 95% prediction intervals with and without parameter uncertainty,
respectively.
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2.4.2 Application in Insurance-Related Products

An appropriate mortality modelling method constitutes an essential tool in pricing in-
surance products. In addition, as Lovdsz (2011) point out, insurance-related application
results reflect the appropriateness of a model choice. In the following, we apply the
cohort mortality forecasts obtained from M|—M5 to calculate life insurance premiums,
similarly as in Tsai and Lin (2017b). Let us denote as A L the fully discrete life

insurance premium issued to an insured aged x in year f, + 1, payable at the end of the

year of death, if it occurs within a term of K years and as A ; the pure endowment
X,ty+1:K
issued to an insured aged x in year ¢, + 1, payable at the end of K years in case of being

alive. Net premiums (NP) are given respectively by

K1
LartR | 2 kPxintl - Dtk itk - (14+0)~*D (2.11)
k=0
A =kpeger - (14078 2.12)
X,ty+1:K1

where ;py;,+1 denotes the k-year survival probability for age x in year #, + 1, while its
estimate is given by g Py s, +1 = Prgy1----- Drtk—14p+1+k—1, k=1,..., K —1 (similarly
for g prs,+1), 1 1s the interest rate and ¢py s, 41 = 1.

Since mortality projection models are typically used for pension applications, it
would also be beneficial to see the performance of a life annuity product. Let us denote
as d,, .. a discrete life annuity-due of an insured aged x in year #, + 1, payable on
an annual basis for up to K years, so long as insured survives. Actuarial present value
(APV) is given by

K—1

1K= D kPrpet - (1475 (2.13)
k=0

Hence, we apply the estimated mortality rates obtained from M;—M3, fitted to 1981—
2000 with actual jump-off rates to calculate life insurance NPs and annuity APV for
ages 60-79 with K = 10, assuming i = 4%. As before, we use averaged MAE and
MAPE to evaluate the errors between forecasted NPs and those produced from the
observed mortality rates for the years 2001-2010. For each model, error measures for

life insurance premiums are given by

79
(k=10) _ 1 A B
MAE: 20 26: A}c,zomzm A}c,zoolzm x 100, (2.14)
x=

79 AA —A
— 1 1 0! ! 10!
M !PE)SKfIO) x,2001:10 x,2001:10 . (2.15)

A,
x=60 x,2001:10]
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Similarly, MAE and MAPE formulas are adjusted for pure endowment or annuity

products by replacing A, with A 1 Ordy, 1.gin (2.14) and (2.15). Table
Xty +1:K] X1yt 1:K] e
2.7 presents the averaged values of MAE and MAPE values in ranking order for a 10

year forecasted life insurance, pure endowment and life annuity using actual jump-off
rates for males and females, aged 60-79 in 2001-2010.

Table 2.7 Averaged values (ranking order in brackets) of MAE and MAPE measures for 10 year
forecasted life insurance, pure endowment and life annuity values using actual jump-off rates
for males and females, aged 6079 in 2001-2010.

Life Insurance

Males

Error M] M2 M3 M4 M5 Mﬁ M7

MAE, 2222(6)  1.242(1)  2.284(7)  2.199(5)  2.020(4)  1.456(2) 1.799(3)
MAPE,  7.651(6) 5.536(1) 8.895(7) 7.626(5) 7.412(4) 5.557(2) 6.490(3)

Females

MAE,  1.6056) 0.870(1) 0.885(2)  1.494(5) 0914(3) 1.016(4)  2.150(7)
MAPE,  9264(5) 6.404(1) 6.901(3) 9.268(6) 6.426(2) 6.930(4)  11.883(7)

Pure Endowment

Males

Error M, M, M3 My Ms Mg My

MAE,  1.605(6) 0.927(1) 1.666(7) 1.590(5) 1.451(4) 1.0392)  1.293(3)
MAPE,  4.114(7)  2.190(1)  4.094(6)  4.064(5) 3.6194) 2.531(2)  3.212(3)

Females

MAE, 1.198(6)  0.623(1)  0.651(2)  1.091(5)  0.6903)  0.738(4) 1.556(7)
MAPE,  2.615(6) 1.282(2)  1.242(1) 2.250(5) 1.408(3) 1.565(4) 3.240(7)

Life Annuity

Males

Error M] Mz M3 M4 M5 M6 M7

MAE,  7711(6) 5506(2) 8.132(7) 7.637(5) 6.781(4) 5.225(1)  5.924(3)
MAPE,  1.127(6)  0.785(2) 1.168(7) 1.112(5) 0.980(4) 0.748(1)  0.856(3)

Females

MAE,  5.484(6) 2465(1) 2.944(2) 4.995(5) 3.254(4) 3.0913)  6.466(7)
MAPE,  0.754(6)  0.325(1) 0.386(2) 0.673(5) 0.4394) 0416(3)  0.873(7)

Figure 2.17 illustrates the MAE and MAPE values against age for life insurance and
annuity products, respectively for males (left panels) and females (right panels) for the
top four models in ranking. According to MAE and MAPE values, models M>, Mg and
M7 produce better insurance-related forecasts for males, while M>, M3 and M5 are the
top ranked models for females. For both genders, measures show that M, outperforms
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in aggregate. However, regarding its robustness (especially for female data) and taking
into account values of Table 2.7, a good insurance-related model choice should also
be Mg for males and M3 for females. This fact is also evident in Figure 2.17, where
absolute error and absolute percentage error values against age for the corresponding

models lie on the lower levels for all the insurance products.

2.5 Results

In this section, we summarize the fitting and forecasting results of this analysis and
our findings are compared with the corresponding results obtained from the original
papers. Our study shows that all the models capture effectively the period effects for
both genders. We can also notice that the most parsimonious models M; and M5 do not
capture the cohort effect as it is illustrated in the right panels of male and female scatter
plots of residual deviance in Figures 2.8 and 2.12. Furthermore, models M5 and Mg
seem to be inadequate to capture the age effects, especially for females (left panels in
Figures 2.12 and 2.13).

AIC and AIC(c) scores coincide to the fact that models M7, Mg and M3 outperform
in ordered ranking for males, while in the BIC rankings7 Mg is on top, M3 follows
and M7 is third. For females, all measure values show that M7 comes out first, My
second and M, follows. For both genders, models M and M5 have the worst criteria
ranking for both genders, lacking a cohort term that must be taken into account in Greek
male and female mortality modelling. Likelihood ratio results confirm the information
criteria ranking, indicating that the more complicated models M2, M4, Mg and M7 are
in aggregate more suitable for modelling Greek mortality.

Mortality projections derived from the seven models are illustrated for both genders
in Figure 2.15. Plotting results show that long-term forecasts from model M, M, and
M3 seem to be unreliable for both genders, since figures at age 85 are notably narrower
than at age 65. In addition, model M7 for females shows an implausible increase of
mortality rates at ages 75 and 85. However, forecast accuracy measures of Table 2.6
suggests that models M, M3, M5 and Mg produce better short-term forecasts for both
genders.

Parameter uncertainty is evident in models M, and M7 for both genders in higher
ages (Figure 2.16). Parameter variability is also observed in model M5 for females,
while while the implausible upward trend for M7 at age 75 and 85 raise some questions
regarding the appropriateness of this model to forecast Greek female mortality.

7Inconsistency in male ranking results is expected, since BIC criterion penalizes stronger models with
more parameters.
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Figure 2.17 Absolute error and absolute percentage error values of life insurance and annuity
products for the top four models in ranking for males (left panels) and females (right panels).

2.5.1 Comparison with Original Papers

Here, we present the commonalities and differences between estimation results of our
study and the corresponding findings obtained from the original papers.

Lee and Carter (1992) modelled the mortality rates of the entire United States
population for grouped ages 0-85" of years 1933—1987. The same year, Carter and
Lee (1992) implemented their model for males and females separately, using the SVD
method to derive forecasts of the K,(l) time index for a full range of grouped ages
0-85" of the years 1933-1988. Fitted values of o, and ﬁx(l) for Greek males and
females of our study show similar trends with the corresponding results obtained for
both genders of the United States population data. Likewise, comparing our estimates
with the corresponding Belgian results obtained from the Poisson Lee-Carter approach
of Brouhns et al. (2002), we observed that their maximum likelihood estimates of o,
Bﬁ” and Kt(l) for ages 60-98 in the years 1960—1998 are in line with the Greek results,
especially for males, where the estimates lie between the same levels.

The Haberman and Renshaw (2011) model estimates obtained from fitting ages
55-89 of years 1961-2007 for England & Wales male data. Even if estimates show
similar patterns, they cannot be directly compared with our results, since authors used

different model constraints in their analysis (see Haberman and Renshaw, 2011, p. 37).
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The Currie (2006) model was initially fitted to selected assured lives, aged 20—
90, for the years 1947-2002. Estimates of o, are in accordance with our results for
both genders. The period component of the model shows an upward trend between
1950-1975, but after the year 1980, it complies with Greek patterns.

Plat (2009) fitted his model to three different data sets of males, for the United states
(ages 2084, years 1961-2005), the England & Wales (ages 20—-89, years 1961-2005)

and the Netherlands (ages 20-90, years 1951-2005). Estimated parameters o, and K,(]),

K[(Z) and 7y, were illustrated only for the United States mortality data. Although his o,

and K,(l) male estimates were based on a wide age range of data fitted onto his extended
model form, they totally agree with our corresponding values exported from the reduced
model form used for Greek data of ages 60—89. In the contrary, Kt@ parameter estimates
have completely different trends for the entire common period, while the y;_, parameter
values show similar patterns with the Greek males between cohort years 1890-1930
(Figure 2.4).

Cairns et al. (2006) illustrated their model using England & Wales data of males,
aged 60-90, for the years 1961-2002. Their results show that Kt(l) estimated values
have a steep downward trend for the whole fitting period, while 1(,(2) values follow
an opposite upward trend for the same years. Estimates of these two parameters are
obviously similar with the corresponding Greek results, obtained for ages 60-89 of
period 1981-2010. This is more evident for Kt(z) parameter, where its values lie between
the same levels for all countries.

The Cairns et al. (2009) “cohort” extension of the Cairns et al. (2006) model was
fitted to England & Wales (1961-2004) and United States (1968-2003) male data for
ages 60-89. K,(l) and Kt(z) estimates for England & Wales data are in accordance with
the Greek values, showing a decreasing trend for the first parameter and an upward
trend for the second one, respectively. Cohort estimates lie between the same levels with
the Greek ones, with an exception after birth year 1935, where Greek cohort estimates
jump abruptly to higher levels. The corresponding x; results for the United States data
are quite similar, but the %_, parameter estimates show a steep fall around the year
1920 in comparison with the derived Greek results.

The “quadratic” extension of the Cairns et al. (2006) model was illustrated in Cairns
et al. (2009) for the England & Wales (1961-2004) and the United States (1968-2003)
male data for ages 60-89. Although K,(l), Kt(z) and 79—, estimates for England &
Wales and United States males take similar values and show the same patterns with the
corresponding Greek population data, some differences are observed in the estimates
Kt(3), where a steep, upward trend between the years 1985-2003 is evident for both

countries in contrast with the decreasing Greek values.
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2.6 Concluding Remarks

A comparative analysis of seven stochastic mortality models of a common APC frame-
work was conducted for Greek male and female data. The fitting behaviour of each
model was examined using specific criteria and the corresponding forecasting results
were presented. Fitting behaviour of each model was evaluated using AIC, AIC(c) and
BIC information criteria, as well as the likelihood ratio test. Models M3, Mg and M~y for
males and M, , My and M5 for females were respectively distinguished for their fitting
performance.

Although in such analyses is highly important all of the considered models should
provide a good fit to historical data, it does not imply that a model which fits better the
historical data does necessarily give the best forecasting results. That point was also
underlined in similar studies that have been conducted for other datasets in the literature
(Cairns et al., 2011). Especially for the case of Greece, a cohort effect was identified in
the data that was accounted for the selection of the most appropriate mortality model.

The accuracy of the short-term forecasts was assessed by the MAE and the MAPE
error values. Backtesting results show that models M,, M3 and M, for males and M>,
M35 and Mg for females provide with the most reliable short-term forecasts. Parameter
uncertainty was also identified in some cases (more evident in M, for males and M7 for
females), indicating the inappropriateness of the corresponding models for long-term
forecasts.

In addition, parameter estimates for Greek data were compared with the correspond-
ing results obtained from the original papers, where each model was initially discussed
and implemented, revealing several commonalities in patterns.

The main contribution of this chapter is to be the first work in comparing the fitting
and the forecasting performance of the APC mortality models on Greek data, with
applications in pricing insurance-related products. Unfortunately, the limited availability
of historical data was an additional drawback for a more effective modelling.

Finally, animated Figures 2.18-2.24 illustrate the overall evolution of death rates for
each model as an alternative, interactive way to present our results. Animated figures
were created using the “animation” R-package. For instructions on using this package,
see Xie (2013).
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Chapter 3

Credibility Regression Mortality
Models for Populations with Limited
Data

3.1 Introduction

An issue that sometimes appears in mortality modelling is that, for some countries,
there are too few data to fit. This issue affects the existing modelling methods, which
inevitably base their forecasts on population datasets of a limited historical period of
observations. In the literature, there are extensions of the Lee—Carter method that can
be utilized when dealing with limited datasets. For instance, Li et al. (2004) extended
the Lee—Carter model to be applied for Chinese and South Korean mortality data, which
are available at only a few points in time and at unevenly spaced intervals. Zhao (2012)
modified the Lee—Carter model by incorporating linearized cubic splines and other
additive functions to approximate the model parameters and forecast mortality for
short-base-period Chinese data. Also, Huang and Browne (2017) presented a stochastic
modification of the CMI (Continuous Mortality Investigation) model to project mortality
improvement rates for limited Chinese data using clustering analysis techniques.

Recently, some alternative modelling approaches have also been proposed as a tool
in mortality forecasting. Differently from the above Lee—Carter variants and extensions,
these approaches are based on credibility theory, aiming to model the period patterns
of limited mortality data for a specific age, using information from a wider age span.
Bithlmann (1967) established the theoretical foundation of modern credibility theory and
Hachemeister (1975) introduced a credibility regression model to estimate auto-mobile
bodily injury claims for various states in the USA.

Credibility regression has a long history in credibility literature, with applications
mainly in non-life insurance. De Vylder (1978) proposed credibility estimators for

the structural parameters in a more general regression model. Norberg (1980) pro-
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posed empirical credibility estimators under various model assumptions and established
asymptotic optimality. Ledolter et al. (1991) derived a credibility method that allows
for time-varying parameters in the process. Pitselis (2004) presented the relationship
between claim amounts and a set of explanatory variables into a credibility regression
model with cross-section and time effects, with applications for general insurance data.

Two recent contributions to modelling mortality under a credibility framework
were made by Tsai and Lin (2017a, 2017b). In the first paper, they applied Bithlmann
credibility to mortality data of Japan, the United Kingdom and the United States,
while, in the second one, they incorporated Biithlmann credibility into the Lee and
Carter (1992) model, the Cairns—Blake—-Dowd model (Cairns et al., 2006) and the linear
relational model of Tsai and Yang (2015) to improve forecasting performance for the
Unitingdomed Kingdom dataset.

However, it has been observed that the age-specific mortality rates show a clear
downward trend over time. Moreover, when we have limited mortality data experience
for a specific age, but extensive data experience for the entire age range, the use of
credibility regression techniques should be preferred to capture mortality trends. Our
study aims to exploit the advantages of credibility regression compared with the most
widely used mortality models, as an alternative to Biihlmann credibility, to forecast the
mortality rates, especially for populations with limited data.

The rest of this chapter is organized as follows: Section 3.2 briefly reviews the
Lee—Carter, the Cairns—Blake—Dowd and the random coefficients regression models.
Section 3.3 proposes a credibility regression approach with random coefficients and
a special case with fixed coefficients to model mortality rates. Section 3.4 presents
the extrapolation methods used to estimate future mortality rates under the credibility
regression approaches. An empirical illustration using Greek male and female data is
presented in Section 3.5.1, in which forecasting performances of credibility regression,
and the Lee—Carter and Cairns—Blake—Dowd methods are evaluated with the MAFE
and RMSFE measures. A comparison between Biithlmann credibility and credibility
regression forecasting methods is also presented in Section 3.5.3 and an application on
pricing insurance-related products follows in Section 3.5.4. Finally, concluding remarks
are discussed in Section 3.6.

3.2 Mortality Modelling: A Review of Methods

In this section, we briefly review the Lee—Carter model, the Cairns—Blake—Dowd model

and the random coefficients regression models that will be utilized in next sections.
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3.2.1 The Lee—Carter Model

In its original form, the Lee—Carter (LC) model links the natural logarithm of the ob-
served mortality rates ¥; . = logm(t,x) for age x =xp,...,x;_; and yeart =1y,...,t,—1

with the following model predictor

Vo= o) + 0P i+ &, 3.1)

(1)

where oy is an age parameter that reflects the average mortality at age x, k; is a period

parameter which indicates the general level of mortality in year ¢ and aﬁz)

is an age
parameter that indicates the deviation from the average mortality at age x, as the general
level of mortality changes. The errors & , are expected to be normally distributed, with
zero mean and constant variance, reflecting specific period and age effects not captured
by the model. Thus, after assuming that errors are independent and homoscedastic
with zero mean, Lee and Carter (1992) suggested a close approximation to the SVD
(Singular Value Decomposition) method, under the constraints Zﬁ’;‘o a)gz) =1 and

Z?’:‘% K; = 0, to obtain the following parameter estimates

In—1 Xg—1
(1) 1 S R=Y (1)
Oy ' =——— 1 t K= 1 1L,x)—o
X tn—l _t0+1 - Ogm( ,)C) 9 1 . [Ogm( ,)C) X ] 9
0 X=Xo
) ogm(t,x) — 66(1)]f
(2) _ 1=ty g ) X t

- i R

Later on, to allow for heteroscedasticity in error variance, Brouhns et al. (2002)
assumed that D(¢,x) follows a Poisson distribution with mean m(z,x) - E(¢,x). Under this
approach, age and period parameters are estimated by maximising the log-likelihood
function of (3.1). After choosing one of the above estimation approaches, period
estimates are extrapolated using time series methods. Lee and Carter (1992) suggested
a random walk with a drift parameter 0 to project period parameter forh =1,2,... . H
years ahead, according to K, _, 44 = K;, | + 6h. Then, projected ;s are utilized along
with the estimates of age parameters a)El) and a)ﬁz) to obtain the following mortality

forecasts
S ~(1 ~(2) ~ E ~(2) A~
Y, one=0"+aP% =% .+ @P0)h forh=12,... H (32

3.2.2 The Cairns-Blake-Dowd Model

The Cairns—Blake-Dowd (CBD) model links the logit transformation of one-year
probabilities of death Y; , = logitg(z,x) with the following model predictor

Yi.. = logitg(t,x) = KV + (x— )k + &, (3.3)
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(1)

where k;  is a period parameter which indicates the general level of mortality in year
t and Kt(z) is a period parameter that shows how mortality affects each age, while X is
the mean age of the considered fitting age interval and & , reflects specific effects not
captured by the model and is expected to be normally distributed, with zero mean and
constant variance. Again, we briefly present the estimates of the model parameters,

which can be obtained by regressing logitg(z,x) on (x — X) for each ¢

X1 X1 : =
~(1) 1 ) ~(2) Zx:xo [logitg(#,x)(x — X)]
K ' =————) logitg(t,x) and K7 = - .
T it 2P g &= e

Alternatively, Cairns et al. (2009) assumed that deaths follow a Poisson distribution
with mean m(¢,x) - E(t,x), where m(t,x) = —log[1 — ¢(¢,x)]. Then, the CBD model
parameters are obtained by maximizing the log-likelihood function of (3.3). Assuming
that period estimates are independent, each one of them is extrapolated using a random
walk with a drift parameter (§i, i = 1,2) and then mortality forecasts for h =1,2,... . H

are obtained by
Y, e = (R 4 01h)+ (x— D) (R 4+ 6oh) =T, o+ [0+ (x—D)BJh. (3.4)

Remark 3.1. We can easily observe that expressions in Equations (3.2) and (3.4) are
both linear functions of the forecasting horizon A, where their intercepts are equal to the
fitted rates of the last observed year and their slopes are the products of the estimated

age parameters with the drift terms.

3.2.3 The Random Coefficients Regression Model

Empirical data indicate that mortality in each age x = xo,...,x;_| decreases over time.
Especially in higher ages, mortality rates have been significantly improving over the
last few years. We are interested in a model structure able to capture the improvement
trends and describe the mortality evolution through time. For this reason, we consider a
regression structure with random coefficients, aiming to capture the underlying mortality
effects that are not included in the explanatory variables.

For each age x, the regression model with random coefficients is defined by Y; , =
Biex+ Zf:z Bi xZkt x + €0t x » fOrt =to,t1,...,t,—1, where ¥; . is the response variable,
Biix, k=1,2,..., p are the random coefficients and Zj, , are the explanatory variables.
Then, each coefficient element can be decomposed in By » = B x + €k x, for all £ and
k, with By, x and g , being the fixed and random parts, respectively, assuming that
E (&) =0, Var(gy ) = G,ix for all t and COV(Skt,x,é‘k',"x) =0 for k # k and t =+ {.
The above formulation means that the unknown regression coefficients can take different

values over an observed period. Actually, mortality dynamics for a specific age can
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vary over time, due to unknown or exogenous1 factors. For more details on regression
models with random coefficients, we refer to the works of Hildreth and Houck (1968),
Hsiao (1986) and Greene (2012).

The random coefficients regression model may be reduced to a fixed coefficients

model with heteroscedastic variances, defined as

p

Yl,x = ﬁl,x + Z ﬁk,kat,x + Vi x5 with Vix = (80t.,x + 8lt,x) + Zfzz Zkt,xgkt,m (35)
k=2

where

E(vix) =0, Var(vx) = (07, + 07 ) + >0, 68, Zf,  and Cov (v, vy ) =0, (3.6)
for all x and 7, with ¢ £ t. We have to point out that error variances G&x and Gﬁx
cannot be identified separately, while the sum (G& Lt 612_‘ ) can be. Therefore, without
loss of generality, Gg’x is dropped and the above variance is simplified to Var(v; ;) =
Glz,x + 22’:2 613 xZ,%m. Note that variance heteroscedasticity is still present even if
Gk% .= ze for k = 1,2,...,p, due to the existence of squared explanatory variables Z,%t’x.

3.3 Credibility Regression Mortality Models

In this section, we propose a mortality modelling approach embedded, for the first
time, in a credibility regression framework with random coefficients. The parameter
estimation procedure is described and a special case with fixed coefficients is also
provided.

3.3.1 A Credibility Regression Approach with Random Coefficients

Denote D(t,x) as the observed number of deaths at age x in year ¢t and E(z,x) as
the average population aged x during year ¢ (also called as population exposure to
risk). Then, age-specific mortality rates m(t,x) are obtained by the ratio D(¢,x)/E(t,x)
and one-year probabilities of death can be derived from the identity ¢(7,x) = 1 —
exp[—m(z,x)], which is implied by the assumption of a constant force of mortality over
each year of integer age and over each calendar year.

We assume that response variable Y; , refers to an appropriate transform (log or logit)
of a mortality measure [m(t,x) or g(t,x)] forage x =x,...,x,_1 of yeart =to,...,tp—1,
where variable x corresponds to consecutive integer ages (k in total) and ¢ corresponds

to consecutive calendar years (n in total). We also consider A, as an age-related random

"Medical, biological, environmental or other factors that affect mortality evolution of each corre-
sponding age over consecutive years are treated as unknown or exogenous due to the lack of specific
data.
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risk parameter, Y, = (Y, . Y, x,---, 13, | 7x)/ as a mortality vector and Z, as the design
matrix of explanatory variables. We note that, in general, the design matrix could consist
of various explanatory variables that reflect mortality characteristics. For instance, in a
medical study, mortality may depend on various factors, such as the genetic background
of an individual aged x, the life style, the nutrition, the toxicity of the environment,
a possible infectious cause (bacteria, parasites, or fungi) or other socio-demographic
factors that should affect mortality dynamics. Therefore, the pair that describes mortality
evolution in age x is (A, Y ), under the following assumptions:

(1) The pairs (Ay,,Yy,), (Ax,,Yy,), ..., (Ax,_,,Yx,_,) are independent and Ay, .. .,

A, _, are independent and identically distributed.

Xk—1

(i) E(Y.|Ay)=Z.B(A;), where Z, is a fixed n x p design matrix of full rank p (< n)

and B(A,) is an unknown regression vector of length p.

(iii)  Cov(Y«|Ay) = diag [diy, (Ax), ..., ds, 11, , (Ax)],
p
where dy,(Ay) = of (Ax) + Z op (Ay) Zl%t,xv with 67 (A) = 07 (Ax) + 071 (Ax),
k=2

or in matrix formulation as

P
o7 (Ax) + ) OF(Ax) Ziy, 0
k=2
Cov(Y,|Ay) =
p
0 o (Ax) + Z o} (Ay) Zl%zn,l,x
k=2

The structural parameters are defined as follows

!

b=E(B(A,)), ®=Cov[B(A,)], s* = E[6*(A,)] = E[(61(Ay), ..., 03 (Ax)) ]

P (3.7)
and A, = E[Cov(Y,|A,)].

In such a regression setting, A, has to be estimated. Consequently, instead of the
ordinary least squares method, regression coefficients are estimated with the generalised
least squares method (GLS). Then, an individual estimator of B(A,) can be obtained by

B.=(ZA;'Z) 'Z A;'Y, and Cov(B,|A,) = (Z.A]'Z,)~". (3.8)
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Theorem 3.2. Under the above assumptions, the credibility estimator of B(Ay) is given
by
B¥=C,B,+(I-Cy) b, (3.9)

with
C.=®E,+®) |, (3.10)

where Bx is given in (3.8), b and ® are defined in (3.7), By = E[COV(BX\AX)] and I is
the p X p identity matrix.

Proof: The mean square error of (3.9) can be defined in terms of the norm ||.||% as

0 = |[IB(A) B IE
= E{[B(A) BT [B(A,) — B} (3.11)
= E|[B°0)] B(A) + (BY)C, C: B~ [B°(40)] €. B~ (€ B B(4)|

where ﬁO(Ax) =B (A;) —band [32 = B, — b . Using the product rule and differentiating
(3.11) with respect to matrix C,, we have

20 , ,
ey — EBANBY -CBlBY]. (3.12)

By substituting the values of ﬁO(Ax) and BS and setting (3.12) equal to zero, we obtain

-1

. = E{IB(A)-b][B,—b] | {E|(B,~b)(B,~b)|}
— Cov[B(4:),B,) [Cov(B,)]™!
= {E{CovB(A.),B,A} +Cov{EIB(A)ALEIB,IA]}} [Cov(B,)] ™
— {0+ Cov[B(A)]}{E[CoV(B,JA,) + CovIE(B,AV]} ",

which yields (3.10). [
Then, the credibility estimator of future mortality rates ¥; 4., h=1,2,...,H may

be compactly written as
+h __ n+h pRC
Y =Z" B,

where ZZ”’ denotes the design matrix of future periods.
3.3.2 Estimation of Structural Parameters

To estimate the structural parameters of the random coefficients credibility regres-
sion model, we can proceed similarly as in Hildreth and Houck (1968). Let ry =

/! . .
(Figx>---+71, ,x) be the vector of the least squares residuals from the regression of Y
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on Z, given A,, which is obtained by
re=Y.—Z.B. =M, (3.13)

where B . (Z;Zx)*IZ;Yx is the least squares estimator of coefficients in ordinary
regression, M, = I — Zx(Z;Zx)_IZ; is a symmetric and idempotent matrix of order
nxnand vy =Y, —Z, B(A,) is the error term. Then, given A,, the variance matrix of
ry, via (3.6), becomes

E(rerJAy) = E(Mywv,v M|A,), (3.14)

from which we can get
E(iAy) = M Z,6%(A,), (3.15)

Where "‘X - (rtzo_‘)m MR rtznihx) ’ Mx = {mtzs,x}t7s:t()7"'7tn—1 and Zx = {Z]%t.,x}kzla"wp? t:t(J?"'vtn—l
are the Hadamard products of matrices r,, M, and Z,, respectively, while o? (Ay) is as
defined in (3.7). In addition, (3.15) implies that, for given A,, least squares residuals #

are regressed on 62(A,), which yields
i =M,Z.06%(A,) +e. = G.G*(A,) +e,, (3.16)

where G, = M, Z, and e, is a n x 1 disturbance vector, such that E (ex|Ay) = 0. Hence,

its variance-covariance matrix is given by

Cov(edAy) = E{[i— E(i|Ad)][F — E(id]AL)] |Ac}
= E(rJAQ)E(FJA)] +2E(rerAy) % E(rer Ac) — E (i A [E (#]A)]

= 2¥,, (3.17)
where W, represents the Hadamard product of matrix ¥, by itself, with
¥, = E(r.rJAy) = E(Mv (Movy) |A,) = MLE(vov |A)M, = M,AM,.

Then, if os are known, the GLS estimator of 6*(A,) in (3.16) is obtained by minimising
the criterion function [, — G,6> (Ax)]l(Z‘I‘x)*l e — G,6%(A,)], which gives

6’=(G¥,.'G,) 'G¥, i . (3.18)

However, estimators of B(A,) in (3.8) and o’ (Ay) in (3.18) are non-operational, because
the variance-covariance matrices A, and 2%, are functions of unknown variances.
Therefore, operational estimators of B(A,) and 6%(A,) can be obtained by replacing

I~

unknown matrices with estimators A, and 2%¥,, respectively. A least squares estimator



3.3 Credibility Regression Mortality Models | 53

of the unknown variances 6 (A,) is directly obtained from (3.16) as follows

6 = (G.G,) 'G.i
= [(M.Z) (M.Z)] (M.Z,) i (3.19)
— (ZM’Z)\Z M,

X

=

where equality M; — M, holds true, since (M, «M x)/ =M, xM, for a symmetric matrix
M,.

Remark 3.3. In the actuarial literature, there are many other types of estimators
for variance in (3.16). For instance Hildreth and Houck (1968) suggested the un-
6. () (Z M,Z,)" 1Z;i'x, while Rao (1973) proposed the so-
called “Mlmmum Norm Quadratic Unbiased Estimator” (MINQUE), which is given by

62 — (7 M, Z,)"\Z M.

biased estimator O

The random coefficients (RC) credibility estimator of B(A,), which is denoted as
~RC ~p !
B, = (B¥,. Bﬁf) , is given by

B =C. B+ (I-C)b, (3.20)

where

~

-~ r ~—1 r ~—1
B:=(ZA, Z)'ZA Y,

and A, = diag <5;(§,O, S0 1) , with 5;; =5 Z Zktx, t=1p,...,1n—1, obtained

according to (3.7), by using the mean of the estlmated variances in (3.19). Future
mortality estimates follow from

7" =2 B = ZiC B+ Zi (U -C) b, h=12.H,  (321)

where C = &J(ix + &))_1, X =Xg,...,Xr_1, is the corresponding credibility factor. We
suggest the following estimators for parameters b, E, and @ to obtain De Vylder’s

(1978) optimality (minimum variance within the class of unbiased estimators)

Xk—1 Xk—1

b=(> C) 'S Cip., (3.22)
X=X0 X=X0
= 1 . r ~—1
E = PoRRp——T > (ZzA, z)! (3.23)

xX'=xq
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and
———— 3 CuB—b)(B.—b) . (3.24)

Note that the estimators of @ and b are implicit functions of the parameter to be

estimated and should be calculated iteratively, by imposing (&> +® )/2 =0 to retain

symmetry after each iteration.

3.3.3 Credibility Regression with Fixed Coefficients as Special Case

In the case of fixed regression’s coefficients, the previous model reduces to a special
case of Hachemeister’s (1975) model with no weighs, i.e., W, = I. In particular,
some weights may appear in each regression line of A,. For instance, population
exposures E(t,x), fort =ty,...,t,_1 can be used as weights. In this case, we have the
standard regression case of Hachemeister’s model. To proceed, we follow the same
Assumptions (i) and (i1) as in the random coefficients case, but covariance matrix in
Assumption (iii) is simplified to Cov(¥Y|A,) = GZ(AX)WX, where W is a fixed n x n
positive definite diagonal matrix, with weights W, = diag [E (1, x),...,E(t,—1,x)]. The

structural parameters are now defined as
b=E[B(A,)], U = Cov[B(A,)] and s* = E[c*(A,)] (3.25)
and the ordinary least squares estimator of the coefficients vector B(A,) is given by
B.—(ZW.'z)'Zw,'Y, (3.26)

The variance-covariance matrix is obtained by COV(BX\AX) = (Ax)(Z;W; 1z) 1,

while its expected value is given by
E[Cov(B,|A,)] = E[0*(A)(ZW;'Z,) | = 2(ZW;'Z,) . (3.27)

Based on the above assumptions, the credibility estimator B, = (B{C, ... ,ngc ) of

B (A,) for the fixed coefficients (FC) model is given by

~F ~ ~

B=K.B.+(I-K)b, (3.28)

where K, = U[s> (Z;W; 1Z,)"'+ U] is the estimated credibility factor. Similarly,
for the derivation of (3.28), we refer to Bithlmann and Gisler (2005). To recapture De
Vylder’s (1978) optimality, we use the following estimators

Xk—1

1 NN ~
o= (et —x0+ D(ta1 —to+1—p) > (Yi-ZB )W, (Y.~Z.B,), (329

X=X(
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R 1 Xk—1 PN N -,
U=——> K.B,—b)B,—-b) , 3.30
Xk_l_x();) (B.—b)(B.—b) (330)
R M-l L S
b=(> Ko 'Y K.B,. (3.31)
X=X( X=X(

~

Again, the estimators of U and b should be calculated iteratively, imposing (U +
U )/2 = 0 after each iteration.

3.4 Extrapolation Methods for Estimating Future Mor-
tality Rates

In this section, we fit the random coefficients (RC) and the fixed coefficients (FC)
credibility regression models to mortality rates for age x = xo,...,x;_ of year t =
to, - ..,t,—1. For both models, the fitted rates up to year #,_; can be compactly written as
Y = ZXB - As we noted before, design matrix Z, could consist of various independent
variables that reflect risk factors for any given age x, but due to lack of specific data,
we assume that Y s for each given age x, depend only on the period effects of each
calendar year, i.e., Z, = Z. However, if specific data are available, for instance in case
of life insurance datasets, then more explanatory variables can be incorporated in the

regression model. Henceforth, we consider the same design matrix for all Y ;s, i.e.,

1 1 ... 1
VA= .
(1 2 ... n>

3.4.1 Standard Extrapolation Method (SEM)

Based on current fitting data of the response variable 1/7; = (YIO’X,Y,1 ,x,...,I/tn717x)l,

mortality rates for one-year ahead are estimated by
Vir1a =Bl 4 BS, (a1 —10+2), (332)

where ¢ = RC or FC. Similarly, estimates of future mortality rates for age x =
Xo,---,Xg_1 are given by extrapolating one-year ahead estimates of (3.32) to 17,”_1+h7x =
BS +BS, (ta1 —to+14h), for h =2,3,...,H, where the credibility estimators
ﬁ; = (Afx,gﬁx)l are obtained by (3.20) for the RC or (3.28) for the FC model. Hence,
under this method, future estimates are based on the mortality data of the initial fitting

span [to, n—1].

3.4.2 Other Extrapolation Methods

In practice, two additional methods can also be used to extrapolate mortality rates

over a given forecasting horizon h = 1,2,...,H. Thus, for each one of the RC and
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FC models, one-year ahead estimates i/\,,HH’x can be embedded to the existing fit-
ting span, with Y;,  simultaneously excluded from it, so that the fitting year span is
moved forward by one year each time to [ty,t,—1 + 1], [t2,t,—1 + 2], [t3,80—1 + 3], ..
Then, after repeating the estimation procedure, we can consecutively obtain 2}171”’”
17[”71+3,x,17tn71+47x, . ,2n71+[-1,x. Under this “moving extrapolation method (MEM)”,
future estimates are based on more recent mortality trends.

Alternatively, one-year ahead estimates /Y\tn—1+17x can be embedded to the existing
fitting span, without removing Y; ,, so that the fitting year span is extended by one year
each time to [tg,t,—1 + 1], [to,t,—1 + 2], [to,t,—1 + 3], . ... Hence, in each estimation step,
credibility regression models are fitted on a continuously extended response variable,
to obtain 2”_1+27x, 17,"_1+3,x, ?tn—l+47X7 . ,Y\,,HjLH’x. Under this “extended extrapolation
method (EEM)”, future mortality trends are based on both the initial mortality rates and
the recent ones that have been obtained after each estimation step. Similar practical
approaches have also been adopted by Luan (2015). The numerical results in the

following section justify that all methods can be efficiently applied in actuarial practice.

3.5 Empirical Illustration

In this section, the Lee—Carter (LC), the Cairns—Blake—Dowd (CBD) and the credibility
regression models are fitted on Greek mortality data. Then, forecasting results are
evaluated using the mean absolute forecast error (MAFE) and the root mean of squared
forecast error (RMSFE) measures. Greek data have a limited number of historical
mortality observations (1981-2013), which are available on the Human Mortality
Database (2017), structured by year, age and gender.

Furthermore, in life insurance datasets similar limitations frequently exist. Credi-
bility regression can efficiently capture the underlying data trends, especially in cases
where there is limited mortality experience for a specific age, but extensive experience
for the entire age range (the case of Greek data). Of course, credibility regression
methods can also be used for larger datasets.

Mortality evolution for the period 1981-2010 in Greece is illustrated in Figures 3.1
and 3.2 for logm(t,x) and logitg(t,x), respectively. Both mortality measures show a
downward trend for discrete ages x = 40, 60, 80 of males (left panels of Figures 3.1 and
3.2) and females (middle panels of Figures 3.1 and 3.2). In addition, for both genders,
average mortality decline shows a clear downward trend over time (right panels of 3.1
and 3.2).
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Figure 3.1 Observed logm(z,x) of the period 1981-2010 in Greece, for males (left) and females
(middle) at the age of 40, 60 and 80. Average male and female logm(z,x) values over ages 15-84
are illustrated in (right), where straight lines show the corresponding trends in mortality decline.
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Figure 3.2 Observed logitg(z,x) of the period 1981-2010 in Greece, for males (left) and
females (middle) at the age of 40, 60 and 80. Average male and female logitg(z,x) values
over ages 15-84 are illustrated in (right), where straight lines show the corresponding trends in
mortality decline.

3.5.1 Forecasting Results

For the numerical illustration that follows, we used the empirical age-specific mortality
rates m(t,x) from 1981 to 2010, for males and females at the ages of 15 to 84. This
age span choice is in accordance with similar studies (Tsai and Lin 2017a, 2017b) as
it corresponds to the age of a young adult up to the overall level of life expectancy in
developed countries. To ensure robustness, relative to changes in the fitting range of
data, we used two age and three period spans to extract forecasts for a 10-year (H = 10)
forecasting horizon, presented in Table 3.1. In particular, for the FC model, we used
W, =TI as weights. The credibility regression mortality methods, as well as the LC and
the CBD mortality models, were developed into the R (R Core Team, 2017) statistical
software, using our own routines. Exceptionally, for the Poisson LC and CBD fitting
methods, we used the “LifeMetrics” R packagez.

2This software, which is not part of CRAN, is available from http://www.macs.hw.ac.uk/
~andrewc/lifemetrics/.
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Table 3.1 Selected fitting and forecasting periods.

Fitting Ages  Fitting Period  Forecasting Period

[x0, X% 1] [to, tn—1] [th1+1,tp—1 +H|
[15,84] [1981,2000)] [2001,2010]
[15,84] [1986,2000)] [2001,2010]
[15,84] [1991,2000] [2001,2010]
[55,84] [1981,2000] [2001,2010]
[55,84] [1986,2000)] [2001,2010]
[55,84] [1991,2000] [2001,2010]

To retain linearity over each corresponding fitting period, the logarithmic transform
Y, » =logm(t,x) was used for the age-specific mortality rates and the logit transform

. t,x
Y, x = logitg(t,x) = log %

errors were then evaluated over the 10-year forecasting horizon using MAFE and

for the one-year probabilities of death. Forecast

RMSFE measures’, where smaller values indicate a better forecasting performance.
Averaged (avg) MAFE and RMSFE values are obtained by using

H Xk
1
MAFE,,, = m(ty—1 +h,x) —m(t,_1+h 100 3.33
and
1 H Xp—1 5
RMSFE,,, = M(ty—1 +h,x) —m(t,_1+h 100. (3.34

Similarly, in the case of using ¥; , = logitg(z,x) as response variable, m(t,x) should
be replaced by ¢(¢,x) in above formulas. Forecast accuracy results at percentage (%)
scales are evaluated over the period [2001,2010]. MAFE and RMSFE values for fitting
ages [15,84], using ¥; , = logm(z,x) are illustrated in Table 3.2 (a) and (b), respectively,
while the corresponding values for ages [55,84] with ¥; , = logitg(z,x) are presented
in Table 3.3 (a) and (b), respectively. Note that CBD model is included only for
comparisons in fitting ages [55,84], as it has been particularly designed for higher ages.

3For instance, use of MAFE is demonstrated in the modelling comparison study of Shang et al. (2011),
while RMSFE in Hansen (2013) and Van Berkum et al. (2016).
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Table 3.2 MAFE and RMSFE values of forecasts over the period [2001,2010] for ages [15, 84].

(a) MAFE Values
MAFE 1534 Lee-Carter Random Coefficients (RC) Fixed Coefficients (FC)
Fitting Period Gender LC LC- SEM MEM EEM SEM MEM EEM
Poisson
Male 0.1513  0.1569 0.1338  0.1205 0.1322  0.1352  0.1256  0.1361
[1981,2000]
Female 0.0831  0.0861 0.0702  0.0740  0.0711 0.0691  0.0657  0.0690
Male 0.1684  0.1514 0.1175 0.1196  0.1158  0.1203  0.1221  0.1206
[1986,2000]
Female 0.0625  0.0799 0.0650  0.0696  0.0758  0.0608  0.0651 0.0613
Male 0.1468  0.1681 0.1275  0.1257 0.1280  0.1288  0.1289  0.1289
[1991,2000]
Female 0.0763  0.0959 0.0705  0.0678  0.0750  0.0622  0.0663  0.0669
Average 0.1147(7) 0.1231(8)  0.0974(5) 0.0962(3) 0.0997(6) 0.0961(2) 0.0956(1) 0.0971(4)
(b) RMSFE Values
RMSFE [15,84] Lee—Carter Random Coefficients (RC) Fixed Coefficients (FC)
Fitting Period Gender LC LC- SEM MEM EEM SEM MEM EEM
Poisson
Male 0.3165  0.3220 0.2661  0.2349  0.2629 0.2716  0.2511  0.2745
[1981,2000]
Female 0.1791  0.1825 0.1398  0.1594  0.1457  0.1376  0.1365 0.1374
Male 0.3543  0.3200 0.2257  0.2265 0.2204  0.2362 0.2364 0.2375
[1986,2000]
Female 0.1307 0.1742 0.1410  0.1509  0.1700  0.1264  0.1385  0.1288
Male 0.3180  0.4010 0.2478  0.2457 0.2470  0.2570  0.2551  0.2516
[1991,2000]
Female 0.1694  0.2415 0.1580  0.1511  0.1707  0.1302  0.1438 0.1476
Average 0.2447(7) 0.2735(8) 0.1964(4) 0.1948(3) 0.2028(6) 0.1932(1) 0.1936(2) 0.1962(5)

For both genders, accuracy results for ages [15,84] and [55,84] indicate that, for
each fitting period, credibility regression methods outperform the LC and CBD models
for both error measures. Average values over the whole period are given in the last rows
of each measure’s subtable.

More precisely, for ages [15,84], the FC-MEM and FC-SEM produce the smallest
average MAFE and RMSFE, while for ages [55,84|, RC-MEM performs better in
average under both measures, which indicates that forecasts for higher ages are based
on more recent mortality trends. Moreover, we observe that errors are getting evidently
larger, when shortening the age fitting span to [55,84]. This is due to the fact that
both [i(t,1 +h,x) — m(ty_1 +h,x)| in (3.33) and [i(t,_1 +h,x) —m(t,_1 +h,x)]” in
(3.34) are generally increasing with age x. Therefore, MAFE,,, and RMSFE,,, for
ages [55,84] are larger than those for [15,84].

We note that, for our comparison, we used the Lee—Carter (1992) and Cairns—Blake—
Dowd (2006) models, which incorporate only age and period effects. Models with
cohort parameters were intentionally excluded from our analysis to be consistent with
the age-period structure of the proposed credibility regression methods that model the

period dynamics of mortality across the ages.
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Table 3.3 MAFE and RMSFE values of forecasts over the period [2001,2010] for ages [55, 84].

(a) MAFE Values

MAFE 55 g4 Mortality Models Random Coefficients (RC) Fixed Coefficients (FC)

Fitting Period Gender LC LC- CBD CBD- SEM MEM EEM SEM MEM EEM
Poisson Poisson
[1981,2000] Male 03191  0.3322 02924  0.3247 0.2885 0.2642 0.2846  0.2871  0.2673  0.2870
Female 0.1884  0.1933 0.1694  0.1884 0.1624  0.1458  0.1611 0.1629  0.1448  0.1627
[1986,2000] Male 02928  0.3186 0.2682  0.2988 0.2506  0.2547 02494  0.2544  0.2581  0.2541
Female 0.1577  0.1769 0.1618  0.1708 0.1287  0.1377  0.1344  0.1289  0.1351  0.1288
[1991,2000] Male 0.3091  0.3622 0.2790  0.3348 0.2483 02461 02464  0.2538  0.2493  0.2525
Female 0.1723  0.2126 0.1659  0.1868 0.1324  0.1350  0.1363  0.1363  0.1382  0.1361
Average 0.2399(8) 0.2660(10) 0.2228(7) 0.2507(9)  0.2018(3) 0.1973(1) 0.2020(4) 0.2039(6) 0.1988(2) 0.2035(5)
(b) RMSFE Values

RMSFE 55 g4 Mortality Models Random Coefficients (RC) Fixed Coefficients (FC)

Fitting Period Gender LC LC- CBD CBD- SEM MEM EEM SEM MEM EEM
Poisson Poisson
(1981,2000) Male 04616  0.4848 0.3904  0.4467 0.4041 03644 03963 04065 0.3786  0.4061
Female 0.2795  0.2842 02221  0.2512 0.2260  0.1996  0.2213  0.2304  0.2010  0.2299
[1986,2000] Male 0.4320  0.4872 0.3551  0.4073 0.3506  0.3522  0.3419  0.3631 0.3653  0.3618
Female 0.2340  0.2699 0.2165  0.2244 0.1805  0.1940 0.1895  0.1803  0.1897  0.1800
[1991,2000] Male 0.4671  0.6129 0.3698  0.4625 0.3484  0.3423  0.3389  0.3660 0.3501  0.3616
Female 0.2652  0.3721 02202  0.2510 0.1866  0.1888  0.1912  0.1961  0.1930  0.1954
Average 0.3566(9) 0.4185(10) 0.2957(7) 0.3405(8)  0.2827(4) 0.2736(1) 0.2799(3) 0.2904(6) 0.2796(2) 0.2891(5)

3.5.2 Credibility Effects on Mortality Modelling

In the preceding section, we used the proposed credibility regression methods to estimate
the actual mortality trend for a specific age, by weighting the mortality trend for this age
and the mean trend over a wider group of ages that encompasses much more information.
Figure 3.3 illustrates the downward trend of the actual (observed) logitg(z,x) for Greek
males (left panel) and females (right panel), aged 55, 65 and 75 over the period 1981—
2010.

The intuition behind using credibility regression is that the proposed methods
could potentially lead us to more accurate estimates for the intercept and the slope
of the mortality curve for a given age x = xo,...,X;_1. To assure this, we used the
absolute forecast errors by age (AFE,) to compare the trend (intercept and slope) of the
logitg(2000+ h,x), h =1,..., 10 between the actual rates and the rates produced from
the best performing models for both genders over years [2001,2010], with and without
credibility, for pension ages [65, 84], fitted for [1981,2000]. For each model, AFE, can
be obtained by AFE, = |logitg(2000 + &, x) — logitg(2000 + A,x)| x 100 .
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Figure 3.3 Observed logitg(z,x) of the period 1981-2010 in Greece, for males (left) and females
(right) at the age of 55, 65 and 75.

Figure 3.4 displays the AF E, comparison results, which indicate that, almost for all
ages, credibility regression methods (dot lines) perform better than the LC (solid lines)
and CBD (dashed lines) models. An alternative way to see how close the credibility
forecasts are to the the actual mortality trend, Figure 3.5 illustrates the intercept and
the slope of the actual rates and the forecasted ones for some ages, under the best
performing methods (based on AFE,) with credibility (FC-MEM for males and RC-
MEM for females) and without credibility (LC, CBD).

The trend lines for the RC-MEM and FC-MEM forecasts can be easily extracted
using the ordinary least squares method. Recall that, the intercept and the slope for the
LC and CBD models is given by Equations (3.2) and (3.4), respectively (Remark 3.1),
while for the credibility method RC by (3.20) and for FC by (3.28). The illustrated
results in Figure 3.5 indicate that intercepts and slopes of the FC-MEM (for males) and
RC-MEM (for females) lines are closer to the actual ones, which set the best starting

point for the forecasts.

Absolute Forecast Error by age for Males Absolute Forecast Error by age for Females
Lc § Lc
CBD CBD
""""" FC-MEM soeeoe RC-MEM
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Figure 3.4 AFE values against age of logitg(2000+ h,x), h = 1,..., 10 between the actual rates
and the rates produced from the best performing models with and without credibility for males
(left) and females (right) over [2001,2010], fitted to pension ages [65, 84] for years [1981,2000].
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Figure 3.5 Intercept and slope estimates of logitg(2000+ 4, x) for h=1,...,10 and ages x = 66
for males and x = 67 for females, with credibility (dot-dashed lines for FC-MEM and RC-MEM)
and without credibility (dashed lines for LC and dot lines for CBD). Solid lines show the actual
mortality and its trend.

3.5.3 Comparison with the Biihlmann Credibility Approach

Tsai and Lin (2017a) proposed a Bithlmann credibility approach to forecast mortality
rates for both genders in Japan, the United Kingdom and the United States. This model
can be directly obtained from the more general regression model, presented in Section
3.3.3, if we set Z,, = (1 1 ... 1) and W, = I for x = xq,...,x;_;. Then, from

(3.26), B, is equal to Y and the model parameters, which are scalars now, can be

estimated by
-2 1 Y1 In1 B
P (Xk1—X0+1)(tn_1—10)§§(Eax_yx> ; (3.35)
> 1 o | Yt -
b:m XZ;OYX: (xk—1 —x0+ 1) (th—1 —t0+1);;0 ;Y”’CIY’ (3.36)
~ 1 i 2
U:mg(yx—lf)—m, (3.37)

~ ~ ~1-1
K= [(r,,_l —to+1) U} [3‘2+(r,,_1 o+ 1) U] . (3.38)
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The Biithlmann credibility estimates for one year ahead can be obtained by
Y, 11x=KY.+(1—-K)Y, forx=xo,...,0_1 . (3.39)

In contrast to the credibility regression approaches, which aim to capture the down-
ward trend of m(¢,x)s over ¢, for the Bithlmann credibility approach to be applied, this
downward trend must be eliminated. For this reason, Tsai and Lin (2017a) applied the
Biihlmann credibility model on the time series of mortality rate changes rather than the
mortality rate levels, i.e., ¥; = logm(t,x) —logm(t — 1,x), for t,...,t,_1. Then, they
proposed two strategies for estimating Y; 1 v, h = 2,...,H. The first strategy expands
fitting window (EW) by one year, similarly with the EEM regression method, described
in Section 3.4 and the second one moves fitting window (MW) by one year, similarly
with the MEM regression method. In what follows, we compare the forecasting perfor-
mance between the Bithlmann and the credibility regression methods on Greek data. To
be consistent with the Biihimann modelling framework of Tsai and Lin (2017a), age
fitting spans [21,85] and [56,85] were selected and forecast errors were also evaluated
under the averaged MAPFE values, which is defined by

1 |m(ty—1+ h,x) —m(ty,—1 +h,x)|
MAPFE,,, = x 100.
W& H X (xp_ —xo+1) ZZ |m(ty—1 + h,x)|

h=1 x=xo

Error values for each gender were evaluated by fitting ¥; ,s for periods [1982,2000],
[1986,2000], and [1990,2000]. Comparison of averaged MAFE, RMSFE and MAPFE*
results between Biithlmann and credibility regression methods is given for both genders
in Table 3.4 (a) — (c) for ages [21,85] and Table 3.5 (a) — (c) for ages [56,85].

The results indicate that credibility regression methods produce the smallest MAFE,
RMSFE and MAPFE values for the majority of the selected fitting periods for both
age spans. More precisely, the FC-MEM method has the best average performance
according to MAFE and MAPFE values for ages [21,85], while the RC-MEM method
seems to be more appropriate to capture future mortality trends for older ages [56,85].
We note that the smallest values in average are produced by different regression methods,
depending on which measure is used. Such inconsistencies are expected due to the
nature of MAFE, RMSFE and MAPFE formulas. That was also pointed out by Tsai
and Yang (2015).

“To be distinguished, MAFE and RMSFE averaged error values are rounded to four decimal points,
while, for MAPFE values, two decimal points are enough.
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Table 3.4 MAFE, RMSFE and MAPFE values of forecast errors over the period [2001,2010)
for ages [21,85].

(a) MAFE Values
MAFE|y g5) Biihlmann Methods  Regression Methods — RC ~ Regression Methods — FC
Fitting Period Gender EW MW SEM MEM  EEM SEM MEM  EEM
Male 0.2348  0.2334 0.1404  0.1287  0.1379  0.1444  0.1361  0.1460
[1982,2000]
Female 0.0930  0.0931 0.0816  0.0882  0.0843  0.0791  0.0780  0.0790
Male 0.2170  0.2294 0.1329  0.1321  0.1306  0.1364  0.1358  0.1373
[1986,2000]
Female 0.0918  0.0919 0.0782  0.0852  0.0909  0.0741  0.0805  0.0747
Male 0.2355  0.2258 0.1399  0.1392  0.1369  0.1434  0.1422  0.1423
[1990,2000]
Female 0.0954  0.0933 0.0836  0.0839  0.0879  0.0798  0.0818  0.0802
Average 0.1613(8) 0.1612(7) 0.1094(2) 0.1096(4) 0.1114(6) 0.1095(3) 0.1091(1) 0.1099(5)
(b) RMSFE Values
RMSFE ) g5) Biihimann Methods  Regression Methods - RC ~ Regression Methods — FC
Fitting Period Gender EW MW SEM MEM EEM SEM MEM EEM
Male 0.4980  0.4948 0.2633  0.2342  0.2566  0.2756  0.2564  0.2799
[1982,2000]
Female 0.1795  0.1795 0.1613  0.1884  0.1730  0.1540  0.1581  0.1541
Male 0.4584  0.4861 0.2447  0.2387 0.2386  0.2564  0.2532  0.2591
[1986,2000]
Female 0.1767  0.1772 0.1633  0.1781  0.1999  0.1484  0.1643  0.1502
Male 0.4997  0.4765 0.2578  0.2574 0.2472  0.2704  0.2666  0.2668
[1990,2000]
Female 0.1849  0.1802 0.1640  0.1761  0.1767  0.1567  0.1674  0.1570
Average 0.3329(8) 0.3324(7) 0.2091(1) 0.2122(5) 0.2153(6) 0.2103(2) 0.2110(3) 0.2112(4)
(c) MAPFE Values
MAPFE ) g5) Biihlmann Methods  Regression Methods — RC ~ Regression Methods - FC
Fitting Period Gender EW MW SEM MEM  EEM SEM MEM  EEM
Male 11.90 11.86 11.97 11.24 11.80 11.95 11.43 12.00
[1982,2000]
Female 13.75 13.76 11.66 11.83 11.69 11.66 11.54 11.66
Male 11.30 11.71 12.05 10.76 11.73 11.86 10.72 11.90
[1986,2000]
Female 13.71 13.72 11.52 11.82 11.89 11.56 11.73 11.55
Male 11.93 11.60 10.81 9.81 10.60 10.57 9.71 10.52
[1990,2000]
Female 13.83 13.77 11.84 11.79 12.08 12.05 11.83 11.99

Average 12.73(7) 12.74(8) 11.64(6) 11.21(2) 11.63(5) 11.61(4) 11.16(1) 11.60(3)
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Table 3.5 MAFE, RMSFE and MAPFE values of forecast errors over the period [2001,2010)
for ages [56,85].

(a) MAFE Values
MAFE 56 g5) Biihlmann Methods  Regression Methods — RC ~ Regression Methods - FC
Fitting Period Gender EW MW SEM MEM  EEM SEM MEM  EEM
Male 0.3599  0.3503 03272 03012 0.3210 0.3262  0.3036  0.3255
[1982,2000]
Female 0.1686  0.1623 0.1717  0.1633  0.1735 0.1711  0.1595  0.1709
Male 0.3233  0.3430 0.2893  0.2958  0.2886  0.2946  0.2991  0.2937
[1986,2000]
Female 0.1481  0.1539 0.1534  0.1601  0.1617  0.1495  0.1573  0.1511
Male 0.3745  0.3641 0.2958  0.2934  0.2937  0.2999  0.2954  0.2973
[1990,2000]
Female 0.1670  0.1646 0.1617 0.1616  0.1613  0.1601  0.1625  0.1615
Average 0.2569(8) 0.2564(7) 0.2332(3) 0.2293(1) 0.2333(4) 0.2336(6) 0.2296(2) 0.2334(5)
(b) RMSFE Values
RMSFE 56 35) Biihimann Methods  Regression Methods —- RC ~ Regression Methods — FC
Fitting Period Gender EW MW SEM MEM EEM SEM MEM EEM
Male 0.5411  0.5261 0.4670 04213 04524 04700 04305 0.4679
[1982,2000]
Female 0.2358  0.2282 0.2368  0.2242  0.2366  0.2389  0.2202  0.2381
Male 0.4852  0.5159 0.4065 0.4138 0.3987  0.4221 04224  0.4185
[1986,2000]
Female 0.2120 0.2178 0.2151  0.2235 0.2271  0.2089  0.2192  0.2107
Male 0.5636  0.5472 04139 04130 04072 04291 04184 04195
[1990,2000]
Female 0.2338  0.2307 0.2243  0.2246  0.2236  0.2217  0.2257  0.2232
Average 0.3786(8) 0.3777(7) 0.3273(4) 0.3201(1) 0.3243(3) 0.3318(6) 0.3227(2) 0.3297(5)
(c) MAPFE Values
MAPFE 56 g5) Biihlmann Methods  Regression Methods - RC ~ Regression Methods - FC
Fitting Period Gender EW MW SEM MEM  EEM SEM MEM  EEM
Male 9.53 9.34 9.48 9.17 9.54 9.29 8.97 9.31
[1982,2000]
Female 9.93 9.72 9.98 9.81 10.36 9.65 9.43 9.69
Male 8.82 9.20 8.78 8.97 8.99 8.61 8.85 8.66
[1986,2000]
Female 9.23 9.45 9.14 9.42 9.62 8.84 9.26 8.98
Male 9.82 9.61 8.85 8.74 9.00 8.62 8.74 8.78
[1990,2000]
Female 9.88 9.81 9.49 9.33 9.46 9.32 9.37 9.48
Average 9.54(8)  9.52(7) 9.29(5) 9.24(4) 9.50(6) 9.06(1) 9.10(2)  9.15(3)

3.5.4 Application in Insurance-Related Products

In this section, we apply the mortality forecasts obtained from the Lee—Carter, the
Cairns—Blake—-Dowd and the credibility regression models to calculate life premiums,

reflecting the appropriateness of each model in pricing applications. Denote A, -
tp—1+1x
as the fully discrete life insurance premium, payable at the end of the year of death, if it

occurs within a term of K years and A ; as the pure endowment, payable at the
ti_1+1,x:K]
end of K years in case of being alive. Both products are issued to an insured aged x in
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year t,_1 + 1. Net premiums (NP) are obtained (see Bozikas and Pitselis, 2018) by
A = i w1+ kx+k) L (140) "D (3.40)

A L=k - (107K (3.41)
th—1+1.x:K]

where ;p; 11 denotes the k-year survival probability for age x in year 7,1 + 1, while
its estimate is given by ¢p; ,+1x = Pr, +1x----- Dby 14k xtk—1> k=1,...,K—1
and similarly for gp; 41, Where i is the interest rate and ¢p;, ,+1 = 1. In addition,
to see the performance on a life annuity product, typically used for pension applications,
denote d, ., g as the discrete life annuity-due at age x in year #,—; + 1, payable

annually for up to K years. Its actuarial present value (APV) can be obtained by

K-1

Gy, 1wkl = D kPh 1 - (1) 75 (3.42)
k=0

Then, we apply the estimated mortality rates obtained from the LC, CBD and credibility
methods, fitted to 1981-2000 rates, to calculate the NPs and APVs for ages 55-74 with
K =10, assuming i = 4%. The errors between forecasted values and those produced
from the observed mortality rates for the years 2001-2010 are evaluated using MAFE
and RMSFE, which are defined by

74

1 .
MAFE,,, = — A —A x 100 , 343
00 )25:5 éOOl,x:m éOOl,x:m ( )
74
RMSFE,,, = ,| — A —A 2%100. 3.44
ave 20 ;55( 2001 2101 éooLxm) (344)

Similarly, MAFE and RMSFE formulas are adjusted for pure endowment or annuity

products by replacing A; _ with A 1 ord, .. in Equations (3.43)
tho1+1,xKl ty_1+1.xK] el
and (3.44). Table 3.6 presents the averaged error values in ranking order for a 10

year forecasted life insurance, pure endowment and life annuity for both genders, aged
55-74 in 2001-2010. In addition, Figure 3.6 illustrates the absolute forecast error values
against each corresponding age (AFE,) for the top LC, CBD, RC and FC credibility
regression methods for males and females, according to Table 3.6 values. For each

model, AFE, is obtained from AFE, = Xl _ —A 1 x100.
x,2001:T01 ~ x,2001:101

According to MAFE and RMSFE values for both genders and insurance products

in Table 3.6, credibility regression models produce better insurance-related forecasts

in comparison with the LC and CBD modelling methods. We can easily observe that
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for each gender, error measures coincide in the same ranking order for all insurance

products. In particular, measures show that credibility regression methods under a

moving fitting span outperform LC and CBD methods in aggregate, with FC-MEM

being dominant and RC-MEM following. This fact is also evident in Figure 3.6, where

absolute error values against age for the MEM regression models lie on the lower

levels for all the insurance products. Nevertheless, the FC-SEM should also be a good

modelling choice for pricing insurance-related products.

Table 3.6 MAFE and RMSFE values (ranking order in brackets) for a 10-year forecasted life
insurance, a pure endowment and a life annuity for males and females of ages 5574 during

2001-2010.
(a) Life Insurance
MAFE,,,; Mortality Models Random Coefficients (RC) Fixed Coefficients (FC)
Gender LC LC- CBD CBD- SEM MEM EEM SEM MEM EEM
Poisson Poisson
Male 1.6019(8) 1.5640(7) 1.7151(10) 1.6794(9)  1.5000(6) 1.4169(2) 1.4924(5) 1.4735(3) 1.3932(1) 1.4741(4)
Female 1.0264(6) 1.0269(7) 1.2141(10) 1.1079(9)  1.0262(5) 0.9317(2) 1.0346(8) 0.9898(3) 0.8840(1) 0.9910(4)
RMSFE,y; Mortality Models Random Coefficients (RC) Fixed Coefficients (FC)
Gender LC LC- CBD CBD- SEM MEM EEM SEM MEM EEM
Poisson Poisson
Male 1.8423(8) 1.8043(7) 1.9401(10) 1.9089(9)  1.7125(6) 1.6143(2) 1.7043(5) 1.6871(3) 1.5989(1) 1.6875(4)
Female 1.2320(8) 1.2294(7) 1.4023(10) 1.2918(9)  1.2133(5) 1.0965(2) 1.2215(6) 1.1744(3) 1.0494(1) 1.1756(4)
(b) Pure Endowment
MAFE,,, Mortality Models Random Coefficients (RC) Fixed Coefficients (FC)
Gender LC LC- CBD CBD- SEM MEM EEM SEM MEM EEM
Poisson Poisson
Male 1.1439(8) 1.1139(7) 1.2417(10) 1.2044(9)  1.0722(6) 1.0153(2) 1.0681(5) 1.0512(3) 0.9942(1) 1.0518(4)
Female 0.7181(7) 0.7192(8) 0.8894(10)0.7923(9)  0.7340(5) 0.6717(2) 0.7463(6) 0.7026(3) 0.6297(1) 0.7038(4)
RMSFE,,; Mortality Models Random Coefficients (RC) Fixed Coefficients (FC)
Gender LC LC- CBD CBD- SEM MEM EEM SEM MEM EEM
Poisson Poisson
Male 1.3274(8) 1.2975(7) 1.4104(10) 1.3786(9)  1.2347(6) 1.1659(2) 1.2303(5) 1.2150(3) 1.1535(1) 1.2154(4)
Female 0.8745(8) 0.8717(7) 1.0310(10)0.9319(9)  0.8774(5) 0.7968(2) 0.8889(6) 0.8440(3) 0.7552(1) 0.8451(4)
(c) Life Annuity
MAFE,,; Mortality Models Random Coefficients (RC) Fixed Coefficients (FC)
Gender LC LC- CBD CBD- SEM MEM EEM SEM MEM EEM
Poisson Poisson
Male 5.4466(8) 5.2602(7) 6.3032(10)5.7857(9)  5.1642(6) 4.9260(2) 5.1561(5) 5.0331(3) 4.7893(1) 5.0369(4)
Female 2.9140(7) 2.9361(8) 4.4471(10)3.5932(9) 3.1527(5) 2.9479(2) 3.2151(6) 2.9656(3) 2.7024(1) 2.9721(4)
RMSFE,; Mortality Models Random Coefficients (RC) Fixed Coefficients (FC)
Gender LC LC- CBD CBD- SEM MEM EEM SEM MEM EEM
Poisson Poisson
Male 6.6138(7) 6.4342(8) 7.2583(10)6.8729(9) 6.1786(6) 5.8730(2) 6.1608(5) 6.0681(3) 5.7919(1) 6.0704(4)
Female 3.7013(7) 3.7218(8) 5.1510(10)4.3300(9) 3.9187(5) 3.6344(2) 3.9846(6) 3.7084(3) 3.3878(1) 3.7155(4)
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Figure 3.6 AFE values against age of life insurance and annuity products for the top LC, CBD
and credibility regression models for males (left panels) and females (right panels): (a) life
insurance AFEs for males; (b) life insurance AFEs for females; (c¢) pure endowment AFEs for
males; (d) pure endowment AFEs for females; (e) life annuity AFEs for males; and (f) life
annuity AFEs for females.
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3.6 Concluding Remarks

Credibility regression techniques seem to be of special interest and particularly useful
for mortality datasets of a relatively short historical period of observations (limited data),
as they can efficiently capture the underlying mortality trend for a given age, using all
the information gained from populations of other ages. This chapter proposes mortality
modelling approaches embedded, for the first time, in a credibility regression framework.
In our illustration on Greek data, credibility regression approaches resulted in better
forecasts for both genders (in terms of MAFE and RMSFE measures), compared to
the Lee—Carter and Cairns—Blake—Dowd models, as well as the Bithlmann credibility
approach (Tsai and Lin, 2017a). Their performance was also evaluated on insurance-
related applications.

Specifically, in Section 3.3, we proposed a credibility regression mortality frame-
work with random coefficients and a special case with fixed coefficients. To estimate
future mortality rates, we presented extrapolation methods for each credibility approach
in Section 3.4. The applicability of our modelling approaches was comparatively
illustrated on Greek male and female data in Section 3.5, accompanied with an expla-
nation of the credibility effects in mortality modelling and a pricing application on
insurance-related products. From our analysis, we concluded that, in aggregate, credi-
bility modelling methods performed better than the LC and CBD methods. Forecasting
accuracy results indicate that, for the whole age fitting span, fixed coefficients credibility
methods performed better on average, while, for higher ages, the RC-MEM should also
be a good choice. In addition, the FC-MEM performed a bit better in aggregate on
pricing insurance-related products.

Furthermore, we noted that FC-SEM credibility forecasts were closer to observed
rates for the same periods, when we used population exposure to risk as weights,
i.e., W, =diag[E(t9,x),...,E(ty_1,x)], for x = xp,...,x;_1, but weighted regression
is restricted for use only under the SEM , as E(t,x)s are practically unknown for
the upcoming years. Additionally, during the estimation procedure for the random
regression models, we observed that, if we use the MINQUE estimator (Remark 3.3)
instead of (3.19), error values for all the credibility modelling methods become even
smaller for both genders.

For the sake of comparability, the Biithlmann credibility approach (Tsai and Lin,
2017a) was applied on our dataset in Section 3.5, where the credibility regression
methods resulted to better forecasts based on MAFE, RMSFE and MAPFE measures.
In addition, credibility regression methods had a very good forecasting performance,
when we applied them to the datasets of other countries for a limited selected fitting
period (1980-2000), such as Belgium, Finland, Norway, Ireland, Slovakia and New
Zealand.






Chapter 4

A Hierarchical Credibility Regression
Mortality Model for Multiple
Populations

4.1 Introduction

In the previous chapter, we described how credibility regression can be used to model
the mortality trends of a population, especially in cases where there is limited mortality
experience for a specific age, but extensive experience for the entire age range. Even if
credibility regression can yield desirable results when it is applied on mortality rates of a
single population, a question arises when we deal with datasets of multiple populations.
Since Wilson (2001) observed a global convergence in mortality, many multi-population
mortality models have been developed to account for any relationship between multiple
populations (see Introduction, Section 1.3).

Hierarchical credibility can accommodate classification schemes, where multi-
population mortality data can be represented in a hierarchical form. Jewell (1975)
extended Biihlmann credibility into a hierarchical structure. Under this specification,
Tsai and Wu (2018) modelled the mortality rates for multiple populations. Furthermore,
Jewell’s model was generalized to a hierarchical credibility regression model with
random parameters on two levels in Sundt (1979) and on multiple levels in Sundt (1980).
This chapter extends the credibility regression mortality approach of the previous
chapter (Bozikas and Pitselis, 2019) to its multi-level hierarchical counterpart to derive
multi-population mortality forecasts, using a different approach than Sundt (1980) for
the estimation of model parameters.

The rest of this chapter is organized as follows. Section 4.2 reviews two widely
used Lee-Carter extensions for multiple populations. Section 4.3 presents the multi-
level credibility mortality model, with a detailed description of parameters estimation.
Section 4.4 gives a numerical illustration on projecting age specific mortality rates for
males and females using data from three countries in northern Europe, the Ireland, the

Finland and the Norway. Concluding remarks are presented in Section 4.5.
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4.2 Multi-Population Mortality Models: A Review of
Methods

In this section, we briefly review the most popular and widely applied multi-population
mortality models, the joint-k model extension for multiple populations presented in
Carter and Lee (1992) and the augmented common factor model proposed by Li and
Lee (2005). We denote D(t,xgc) as the observed number of deaths and E (¢,xgc) as the
average population (exposure to risk) in calendar yeart =11, ...,t,, forage x =xp,...,xg,
gender g =1,...,G (G =2, i.e. male = 1, female = 2) and country ¢ = 1,...,C .
Then, the corresponding age-specific mortality rates m(z,xgc) are obtained by the ratio
D(t,xgc)/E(t,xgc).

4.2.1 The joint-K model

Carter and Lee (1992) proposed a model structure for multiple populations, in which

mortality is jointly driven by a single period parameter K; as follows
log Mt xge = Oxge + ﬁxcht + € xges (4 1)

where 0t and Py are defined as in the original Lee-Carter model, but now, K; is the
common period parameter of the mortality level in year ¢ for gender g and country c.
Errors & xgc are assumed independent and identically distributed. Then, constraints
DIRD D 012 xy, Brge =1 and Zt” = 0 lead to the following parameter estimates

axgc PR 1 Z logm; XgCH Kt Z Z Z log My xgc axgc]

c=1 g=1x=x1

and

~

il 1 [logmt sge — Oxge] K
K2

tl1

Bxgc =

The common period parameter K, is assumed to follow a random walk with a drift 6,
K, K; 1 + 0 + &, where the time trend errors & are again assumed to be independent

and identically distributed, and independent of the model EITOTS & xgc- The drift parame-

Kn
ter is estimated by 6 = P 7” Zt t1+1(K, K_)=" —
period estimates Kthrh = K,n + 6h. Thus, projected mortahty rates forh =1,2,... years

and then it used to project

ahead, for age x, gender g and country c are given by

log mtn—O—h Xgc — axgc + ﬁxchl,,—i-h - log ny, ,Xgc + (ﬁxgc ) . (42)
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4.2.2 The augmented common factor model

To avoid long-run divergence in mean mortality forecasts for multiple countries, Li and
Lee (2005) modified the original Lee-Carter model by setting a common age parameter

B, and the same period parameter K; for all populations as follows
logmy xge = Olxge 1 B,K; + & Xge: (4.3)

Again, we use two constraints 12 1Dy WeeBy =1, and S ", Ki =0, where
wec 1s the weight for gender g in country ¢, set to be proportional to the total number of
populations, i.e., wgc = 1/(GC). The model parameters are estimated by

a)cgc = i+ 1 Z logm, XgCH Kl Z Z Z Wec 10g ny xgc axgc]

t=t| c=1 g=1x=x1

and

B Dy 1Zg Py =t Wgc [logmy xge — Oge] Ki
X .
K2

tl1

To include the individual differences in the trends, Li and Lee (2005) suggested an
additional factor chgc K,ﬁgc to form the augmented common factor model

lOg ny xge = chgc +B Kt + o xgc Kl 8¢ -+ & Xge -

o, . = 1, the additional parameters are estimated

Assuming the extra constraint ) % o,

as
X

~ Z - ~
Kt,gc — |:10g m[,xgc - axgc - BxK[:|

X=X
and
In P~ ~ =7 A1
~! =t [logml,xgc — Oge — By ti| thc
o

xge In 2
t=h Kt,gc

Both period parameters I?t and ﬁtl gc follow a random walk model with a drift, given by
K, =K,_1+6+¢& and K, gc f, lLge T ch + & gc, respectively, where time trend errors
& and & g are assumed to be independent and identically distributed, and independent

of the model error & ,,c. The drift parameters can be estimated by

and
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Then, projected mortality rates for 4 = 1,2,... years ahead, for age x, gender g and

country c are obtained by

~

R e o~ o~ !
log my, +hxge = anc + BxKl11+h + axé'c Ktn+h>gc

= logniy, xgc+ ( 0+ a

). (4.4)

Table 4.1 lists the model structure of the original Lee-Carter (1992) model (LC) for a
single population, as well as its two extensions for multiple populations, the joint-K

model (LCjok) and the augmented common factor model (LCpct).

Table 4.1 Structure overview of multi-population Lee-Carter models.

Model Structure Original Papers

LC logmy yge = Obxge + Prge - Kt ge + € xge Lee and Carter (1992)
LCjok logmy xgc = Oxge + Prge - Ki + € xge Carter and Lee (1992)
LCyct 108 My xg = Otuge + By Ki + Gge Ko g+ Erxge Li and Lee (2005)

Remark 4.1. We can easily observe that expressions (4.2) and (4.4) are linear functions

of the forecasting horizon h, where their intercept equal to the fitted rates of the last

observed year and their slope is the product of the estimated age parameters with the

drift terms.

4.3 Credibility Mortality Modelling for Multiple Popu-

lations

In this section, we present a multi-level hierarchical credibility regression (henceforth

HCR) approach to model mortality for multiple populations. Beginning from the bottom,

mortality data are first classified by age (Level 1). Ages are then grouped by gender

(Level 2) and genders by country (Level 3) to constitute a multi-country credibility

structure. Each level is also associated with a random risk variable that reflects specific

characteristics for each country, gender and age. More precisely, country level is

associated with a random variable ©., c = 1,...,C, gender level is associated with O,

g=1,...,G¢, and age level by Oy, x = x1,. .. s Xk (€€ Figure 4.1).
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Multi-Country

Level 3: Country . Country - Country
@1 ®c ®C
Level 2: Gender . Gender o Gender
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A A Age
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Figure 4.1 A multi-level hierarchical credibility structure.

4.3.1 Assumptions and Notation

We assume that the observable variable Y; ,o. corresponds to the log transform of
mortality rates m; y fort =11,....tp, x =x1,...,%,,8§=1,...,Gcandc=1,...,C. We
denote Y o = (Yz, xgCr - - - 7Yt,,,xgc)/ as the mortality vector for age x, gender g, country
c and Z,, as the corresponding design matrix of explanatory variables. We note that
in general, design matrix could consist of various explanatory variables that reflect
mortality characteristics. However, due to lack of data related with other mortality
factors, we assume that for each age, gender and country, mortality rates are only
affected by time trends. Thus, for all x, g and ¢ the observable variables and the design

matrices for Level 1 (age), Level 2 (gender) and Level 3 (country) are denoted as
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/

b 1), (Level 1), (4.5)

!

ngc = (log My xges - - alogmt,,,xgc) ) ngc = (

!/ !/ ! / /

Yoo=Vogor Vo o) s Zoe= ZugerriZy o) s (Level2)  (46)

and

Yo=Y\ Y6o) s Ze=(Zyer.. ., Zg,), (Level 3). (4.7)
Then, country c consists of the set variables {@ygc, Oge, Oc, ¥ o} for x =x1,...,x4,., §=
1,...,Ge, gender g consists of the variables {@ygc, O, Yoo} forx =xi,...,x;, and age

x consists of {G)xgc, ngc} under the following assumptions:

(A1) The countries are independent.

(A2) For each ¢ =1,...,C and for given ®,, the genders {G)xgc, Ogc, Y gc } are condi-
tionally independent.

(A3) Foreachc=1,...,Candg=1,...,G, and for given (@, O, ), the ages {Oxgc, ¥ roc }
are conditionally independent.

(Ad) Foreachc=1,...,C,g=1,...,G¢, x =x1,..., X, and for given (Oxgc; Oge, O ),
the mortality observations Y ., are conditionally independent.

(AS) All the vectors (@yge, Oge, O;) forc =1,...,C, g=1,...,Gc and x = x1,..., X,
are identically distributed.

(A6) E(Y x40|Oxge; Oge, Oc) = Zyge B(Orge,Oge, O), fort =11, ...,1,, where Zyg. is a
n x 2 design matrix and B(®y,¢, Og¢, O.) is the coefficients vector.

(A7) CoV(Y 14¢|Oxgc, Of,O;) = 62(®xgc,®gc, 0O,) W_! where W 4 is a fixed posi-

xges
tive definite diagonal (n x n) matrix with known elements w; yoc forc =1,...,C,

gzl,...,Gc,x:xl,...,xkgc andr =1,...,t,.

The structural parameters of the hierarchical credibility regression model are given by
(S1) B =E[B(Ouge, Oge, 0.,

(S2) 5% = E[0%(Oyge, Ope, O )],

(S3) A =E{CoV[B(Ossc,Opc,0.)|Opc,0c]},

(S4) U = E{Cov[B(®q,0.)|0.]},

(S5) ¥ = Cov[B(0,)].
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The regression coefficients for Level 1 are given by

Bo=(Z WiZuge) ' Z., Wige¥rge, (Level 1), (4.8)

xge xgc xgc

with conditional covariance

COV(ﬁxgc | ®xgc'7 ®gc’7 ®c) = 62 (®ch'7 ®gc7 G)c) (Zl Wxgczxgc) - ) (49)

xgc

while for the other levels we have

xkgc xkgc
Bee= (O Ki) 'S KigeBrper (Level2), (4.10)
X=X X=X]
R Ge Ge R
B.= (Y Koo)' KyBy (Level3) @.11)
g=1 g=1

and for the higher multi-country level

C C

B=(0_K)'> KB, (4.12)
c=1 c=1
The corresponding credibility factors for each level are respectively defined by
Kipe = A[A+5%(ZgWgeZoge) 17!, (Level 1), (4.13)
Xicge
Ko =UU+ (D Kuge) ', (Level 2) (4.14)
X=X]
and Ge
K. =¥+ K.)'UI™", (Level3). (4.15)
g=1

Theorem 4.2. Based on the above assumptions and notation, we obtain the following

expressions for the conditional expectations

E[B (®xg67 ®g07 ®c) ’®xg07 ®gC> ®c] = B (®ng7 ®gc; ®c)7 (4-16)
E[ﬁ(®xgc;®gw®c)|®gc;®c] = B(G)gc;@c)a (417)
E[ﬁ(®xga®gc»®c)|®c] = ﬁ(®c)7 (418)

E[B(Og,0.)|0] = B(O), (4.19)
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E[B(©.)|®.] = B(O.), (4.20)
E[B(©.)] =B. (421)

E[B g @, Oge, O] = B(Orge, O, 01, (4.22)
E[B 4|95, 0] = B(Oc. ©,), (4.23)

E[B |0 = B(©,), (4.24)

E(B..) =B, (4.25)

E(B,) =B (4.26)

E(B.)=B. (4.27)

Proof: Expressions (4.16)-(4.21) are notations. Expression (4.22) can be easily proved
using assumptions (A6) and (4.8)

E[Bxgc|®xgw®gc7®c] = (Z/ Wxgczxgc)_lz/ -Wxgc E(ngc|®xgw®gca®c)

xgc xgc

—(Zo o WrgZoge) ' Z, W ogeZoge B(Orge, O, O,)

xgc xgc

- ﬁ (®ng7 ®gC7 ®c)-

From (4.17), we can easily get (4.23)

-~ ~

E[B.;c|®¢, 0] =E [E[ﬁxgc|®xgc, Oy, 0.]|O4c, O,
= E[ﬁ (®xgc> ®gc; ®c) ‘®gc7 G)c]

= ﬁ(®gc;®c)a
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while from (4.19) we can prove (4.24)

~ ~

E[ﬁxgc‘(ac] =E E[ﬁxgc’(agca@C”@C

:E[ﬁ(®g6766)|®c] = B(®c)~

Similarly, the proof of (4.25) is direct from (4.21) and (4.24)

E(Byg) = E |E(B.gcl©.)]

:E[ﬁ(GC)] = ﬁa
while (4.26) follows from (4.10) and (4.25)
-~ ngc ngc -~
E(Bgc) = (Z Kng)il ZKngE(ﬁxgc) = B.

Finally, (4.27) can be directly proved using (4.11) and (4.26)

Gc Gce
E(Bc) = (ZK85>_] ZKgCE<ﬁgc> = B
g=1 g=1

]

Theorem 4.3. Based on Theorem 4.2, we can prove the following expressions for the

conditional covariances

A

Cov[ﬁ (@xgc, @)gc7 ®c),ﬂx/g/cf] = Oyl [5gg/ (SXX/A + U) + ‘I‘], (4.28)
Cov[B(Oge,0.), Byye] = 8 (809U +'P), (4.29)
Cov[B(©.), Byye] = 8.0, (4.30)

A A

COV(ﬁxgc, ﬁx/glc/) = Cov(ﬁx/glc“ﬁxgc)

(4.31)
= 5cc’ {égg’ [6xx’ (A + 52 (Z;chxchng)il) + U] + ‘I’},
xkgc
Cov(B oo Buge) = 8 {8 [(D Kuge) ' A+ Ul +¥}, (4.32)

X=X]
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xkgL
COV(ﬂxgcvﬁglcl> = 8p{ 8y Z Kx, I L U]+ ¥}, (4.33)
o
xkgL
Cov(B o Byer) = 8o {8eg[A (Y Kiuyo) ' +U]+ ¥}
Y= (4.34)
ngc
=8 {8eg (D Kige) 'A+U]+¥},
X=X
~ ~ GC
Cov(B o Buge) = 801> Kee) U+, (4.35)
g=1
-~ -~ GC
Cov(B g Bo) = 8eclU (Y Kip) ™' +¥), (4.36)
g'=1
A A GC
Cov(B.,Byo) = 801> Kee)' U+Y], (4.37)
g=1
A A GC
COV(ﬁgcaﬁc’) = 66‘6/ [U (ZK/g’c’)il +\P]7 (438)
g=1
o G, G,
Cov(Bo.B.) =8 [U (O Kiyo) ' +¥] = 8:0[(Y_Kee) 'U+Y], (4.39)
g=1 c=1
o C
Cov(B,B.) =D _K.) ¥, (4.40)
c=1
o C
Cov(B..B)=¥(>_K.)™", (4.41)
=1

C C
Cov(B.B)=(>_K.)"'¥=¥> _K.)™" (4.42)
=1
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Proof: For the proof of Theorem 4.3, we use the following properties of transpose
matrices.

* The transpose of the inverse of a square matrix M equals the inverse of the
! /
transpose of the same matrix, i.e. (M~') = (M )™},

* The transpose of the inverse sum of matrices is the inverse sum of transposes, that
. —1 / -
is [(om)| = [(Xm'))
Hence, (4.28) is proved as follows

A ~

COV[ﬁ (@xgc, @gc, ®C) s ﬁx/glcl] = E{COV[ﬁ <®xgc; ®gC7 @C), Bx/glcl |®L]}

~

—+ COV{E[ﬁ (G)xgca ®gca ®C)|®C]7E[ﬁx’g’c’ |®C]}

~

— E{Cov{E[B(®rse, Oy, 00) Oy, O], E[B 0Oy 0110, } |

+E {E{COV [B(Oxgc; O, ®C)7ﬁx’g’c’ Oge, O] |®c} } + 8,Cov[B(O.)]

= 8,8 E{CoV[B(Ogc,0.)|0.] }
+ E{E{COV{E[ﬁ (G)xgc; ®gC7 G)c) |®ng7 ®g67 ®C]7E[ﬁx’g’c’|®)€g6‘7 ®gC7 ®c] |®gc; G)c} |®c} }

+ E{E{E{COV[ﬁ(@xgc,®gc,®c), By O, ®gc,®c]|®gc,®c}|®c}} + 8,+Cov[B(0,)]

= 8,08,y E{Cov[B(04c,0,)[0.]}
48,0880 E{ E{CoV[B (O, O, ©.) Oy, 00} |
+0+ 6,Cov[B(O.)]
— By U + By By B + 8, ¥

= 6“./ [Sgg’ (5XX/A + U) + ‘P] .
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Similarly, we can obtain (4.29) and (4.30) as

COV[ﬁ(G)gc,@ ) ﬁxgc] E{COV[ﬁ((’DgC,@ ) ﬁxgc |® ]}
+ COV{E[ﬁ((agc;®C)|®C]7E[Bx’g’c"®c]}

:E{COV{E[ﬁ(®gC,®C)|®gC,@c], B.vw|®c, 0|0, }}

xX'g'c

E{E{COV[ ®gC7® ) ﬂxgc"®g€7®c]|®c}}
+ 5CC/COV[B(®C)]
= 8,08, E{CoV[B(@4,0.)|0.]} +0+ 8..Cov[B(8,)]

cc Vgg

= Scc’ <6gg/U + ‘P) ,

COV[ﬂ( ) ﬂxg/c’] _E{COV[ﬁ(® ) Bx’g’c'| c]}+ COV{E[ﬂ(G‘)c)|®c]7E[ﬁx’g’c’|®c]}
=0+ 8,4Cov[B(O.)]

— 5,

Expression (4.31) can be proved by

-~ o~

CoV(B rger Byrger) = EICOV(B ryer Byrgr|Oc)] + COVIE(B e | O], E(B ygrr©0)]
= E{ Cov[E(ByclOc. ), E(B oy |0y, c)] [0, |
+ E {E [COV(Bxngx’g’c"@)gC?@C)|®C] } + 8 Cov[B(O,)]

= 5cc’ Sgg/E{COV[B (®g07 ®L) |®C] }

E{E{COV[E(ﬁXgC|®ng,@)gc,@C), (Byger|®rge Oge, 0,) Oy, 0] 1O, }}
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~

+ E{E{E [Cov(Bxgc, By Orge, Oge, Oc) O, O |®c}} + 8. Cov[B(8,)]

= S8y U

+ Scc’ 5gg’ 6xx’ A

+ E{E{ E[0(Orge,Oge, O0) (Zy g WigeZrge) ' O, O] |®c}}
+ 36‘6/ COV[B (®C)]

= 6(,‘6/ 6gg’ U+ 660’ Sgg/ 6xx’ A+ 660’ Sgg/ 6xx’ S2 (Z/ Wxgczxgc)_l + 5cc’ b 3

xgc

— 5. {5gg, (B (A+5%(Z, g WigeZuge) )+ U] + \11}

= 6Cc’{6gg’ [sxx’(A +S2<Z;C/glc/wxlglcl x/glcl)_l) + U] +\I‘} = Cov(ﬁx’glc”ﬁxgc)‘

Expression (4.31) can also be proved by using the covariance property Cov(B g E xgc) =

Cov(ﬁxgc, ﬁx, g/cl)/ and taking into account the symmetry of matrices A,U and ¥. For
(4.32) and (4.33) we have

xkgc —1 'xkg(‘
COV(ﬁgm ﬁx’g’c’) = Cov |:( Z Kxgc) Z KXgCBXgU Bxlglclj|
X=X]| X=X]
Kkge —1  Yhge =R .
= (ZKXgC) {ZKxgcCOV(Bxgwﬁxlglc/)}
X=X X=X
xkg(_ -1 xkgc
- < S Kxgc> {3 Kege 80080980 (A+ (2, WooZog) ) + U]+ ¥}
X=x] X=X

xkgc

—1 xkgc
— ( > Kxgc) [Z Kige 8e Sy St (A+ 57 (2, WigZiog) ™)

X=X X=X
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Kkge Xhge Kkge 1 Fkge
+ ( Z Kxgc) < Z Kxgc 6 ’6 ’U> ( Z Kch) < Z Kxgc Scc"P>
X=X X=x1 X=X X=x1
Xkge 1
( Z Kxgc) [6cc’ Sgg’ A [A +s (ngCWXgCZXgC) 1]_1 (A + SZ (ngWXgZXg>_1 )}
X=X]
)CkgC 1 xkgc
( Z Kxgc) |: Z Kxgc<5cc’ 6gg’U + Scc"P):|
X=X1 X=X1
ngc 1
Sccl{chg/[(ZKng) A+ U} +‘I‘},
X=X
) A R xkg(,' -1 xkgc
COV(BxgmBg’c’) = Cov |:Bxgc7 ( Z Kx'g’C’) Z leg/cl x’g’c/]
x'=x x'=x
Xkge Xkge -1
_E [(Bxgc B (Buye B Kx,g,c( 3 Kg) ]
x'=x x'=x
xkgL xkgL 1
= ZE|: xge ﬁx’g’c’ :|Kx’g/cl( Z Kx’g’c’)
X=X /*xl
Xige Xkge 1
= |: Z Cov <ﬁxgc’ ﬁx’g’c’>Kx’g’c:| ( Z Kx’g’c/)
x'=x] x'=x;
xkgc xkgf -1
[ Z 6CC { xx’ A+S (Zx’g/c’WX/g'C' xlglc/) )—|— U} +‘I’}Kx/g’c:| ( Z Kx’g’c’)

/,xl ’*xl

ngL

1
= |:6cc’6gg’ [A+S (Zx/g,C/Wx g/C/Zx/gc leg/C:| ( Z Kx’g’c/)

/7x1
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Kkge Xkge 1 Xkge Xkge
( /UZK//)<ZK///> (LC,\PZK//)(Zleg/C/)

/7x lfx Ifx lfx

xkgc

-1
:acc,agg,A(ZK,,,> et Ogg U + 8, F

xx1

ngc

— CC/{S ZKx'g/c’ +U]+‘I‘}

/7'%1

Expression (4.33) can also be directly proved by (4.32) as follows

A A 12

COV(ﬁng, ﬁg’c’) = COV(Bg’c’vagc)

~a{au[( S ko) 4+ v

x'=x;

w}

xkgc

= 8o {Beg[A () Kluyu) ' +U]+ ¥}

lf_x1

Expression (4.34) is obtained as

Kkge —1 Yhge
Cov(B,.. B Cov{(ZKxgc) ZKXgCﬁxgwﬁg’c’]

x=x| X=xi
xkgc xkgc

— < Z Kxgc> [ Z KngCov xge ﬁ )}
X=X] X=X]
Xhge Xhge Xhge

_ <2Kxgc> {ZKW Beer{ By ZK;g,C, +U]+‘P}}
X=X X=X x'=x

Xkge

= 8per{ 8y Z Kpo) '+ U]+ ¥}

_X]
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Symmetry of (4.34) can be proved from

~

COV(ﬁgc’?ﬁ ):

~

COV(ﬁgc?Bg’c’)/ =9,

{0

xkgc

x'=x;

(3 Ke) " 0] )

taking into account the symmetry of matrices A,U and ¥ or by using (4.32) as

xkgc

Cov(Bye,Byo) = COV|: é(ZKX)
:E[<Bgc—ﬁ>§f(3x/gfc/

xkgc

= > E[(B,

x'=x;

-(;

xX'=x

x/g/ cl

xkgc

xkgL

> 8|

/_xl

|: ngc

X=X

ngc

SB[ Ku) A+ 0]+
X=X

s lo (k) A U] 1w
X=X1

From expression (4.32), we can get (4.35) as

Ge
C,Bx/glcl> COV|:(ZKgC)
g=1

. 1 Ge
Cov(pB

e (p, o] (S 1

» [(ZKxgc>1 A+ U|+ 2K,

ngc

> K

/_x1

1 Ykge

E Kx/g’c ﬁxlélc/

2
811K

xkgc

DK

I_XI

ngc

2.

/_xl

ng(

> K

/_XI

ngc

>_K

/_)Cl

)l

> KBy By
g=1

|
)|

1
x’gc’)

1
gC’)
gC’)
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(GZ ) ZK&C Cov(B o Byge)

_ (éKgc)_l{Kgc S [(szgl Ko 'A+ U} + (é@\lﬁ)}
(giKgc)l{U{m(:f;KW) N 6[(21{) a+0])

- 5“,[(§:Kgc)1u+w].
g=1

Expression (4.36) can be proved using

Ge
~ ~ ~

COV(ﬁx’g’c’?Bc) = COV(B ﬁx’g’c’) = 660’ [U(ZK;C)_I +‘P]7

g=1

exploiting symmetry of matrices A,U and ¥ or alternatively by using (4.33)

-1 Gc
COV(BngB ) COV[ xgcv(ZKg’c’) ZKg’C/ﬁg’c’:|
g'=1
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G,
:Z B gC’ gC(ZKgC>

Ge Xkge 1
:{25“{ (> Kuyo) ' +U] |+ ¥IK, KZQC}
g'=1 x'=x;
Xhge G, G -1
{ { O Kago) '+ U] | SRR < > Kg> } ( > Kg)
x'=x g'=1 g'=

Ge -1
- 660’ |:U < ZK;,/C/> +‘P:| .

Expression (4.37) is obtained by (4.34) as follows

Cov(B,.B ) = Cov KZKgC) h GZCIKgCBgC, B g,c/l
p

:<§Kgc>_lilfgc5“{ [(?::Kxgc> A+ U}+‘I‘}
:(§Kg6> [U+(§Kxgc) } [(ijingc) A |

-1 Gc

G
+ (ZK) 3 Kyed W
g=1

g=1
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5|3k vy
g=1

G.
PN PO N
and from Cov(By.,B.) = Cov(B,,By) = Oce [U ( g Kgc> +‘I’}, expression
—1

(4.38) yields from

G. G. —
— |:Z Cov (Bgc’ﬁg’c’)Kg’c’:| (ZKg/C/)
g'=1 g'=l1

xkgc

[Zscc{ag[A S Klyo)  H U+ PR, KZKgC> 1

l_xl

xk[s’(‘ Gc GL' —1
{ [ (O Koo)'+ U] Kyo+680% ( > Kg> } ( > Kg>
X'=x| g/:1 g1:1

G —1
U ( > Kg> + 8, ¥
g'=1
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-1

G,
f(Er)
g=l1

n np] _
From (4.38), we can prove (4.39)

oo bo=co(Yoke) YKeB B

and if we use Cov(B,B,.) = Cov(B,,B.) = . [(ZK8/0/> U+‘I‘] , the symme-

try of (4.39) is proved from

Cov(B,.Bo) = 8.0 [(ZKgc> U+‘P} ,

or alternatively using (4.37)

Cov(B,,B.) = Cov {BC, (élg) B iKg By }

:E{(Ec—ﬁ)fyﬁg’d g/c'(ZKgc> 1}

g'=1
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Ge

ZSCC/[(ZKgC)_IU+\P].

g=1
Similarly, (4.40) can be obtained using (4.39) as follows
c -1 C

covp.po) = cor[ (k) L KB.B]

c=1 c=1

(59 (el vl
(50 el el e )
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while (4.41) can be obtained as

=1 g'=1 d=1

c H, G . _ c 1
- {Z} S [U(ZlKg) +%| [U(ZlKé) +¥| ‘P} (ZIK )

= g'= g§= c=

Cc —1
v ( 3 K) |
=1
or alternatively using property
CovBB) —CcovB. B ~¥( XK. )

Finally, (4.42) can be proved from (4.40)

]~
=
—
M~
=
=)

Cov(B.B) = Cov {,3, (
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4.3.2 Estimation of Parameters

In this section, we present the linear credibility estimators for each level (country-

gender-age) of our hierarchical regression model. For Level 3 (country), we consider

y<red =z, BS4(@,), (4.43)
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where Y<ed = (y{red | y&red )/ and
BE(@®.) =K. B.+(I-K.)B, (4.44)

with K. defined by (4.15) and I the 2 x 2 identity matrix.

For Level 2 (gender), we have

YS! = Zge Bl (O, Oc), (4.45)

¢
where Ygfed = (chred, ) ...,Ygzecd,)/ and

B (@4,0c) = Ky B+ (I~ Kye) BE(O,) (4.46)
with K. obtained from (4.14). For Level 1 (age), estimator is defined by

YCred = ngc ﬁcred((axgw G)gCa ®C)7 (4.47)

xgc xgc

where YCred(G)ng7 ®g67 @C) — (YCl‘ed YCred )/ and

xgc t,xger o My xge

-~

Birc! (Ouge, Oge, Oc) = Kige Brge + (I~ Kxge) B (O, ©0) (4.48)

with K, as it is given by (4.13).

The following theorem reviews the optimal projection results, which imply the best

linear estimators in hierarchical credibility regression [De Vylder (1976), Sundt (1979;

1980)] . For the proof, we refer to Bithlmann and Gisler (2005).

Theorem 4.4. Let B (©,) be the linear estimator of B(©,.), ﬁgcred(@gc, O.) be the

linear estimator of B(®g¢,0.) and ﬁc’ed(@gc,@gc,(ac) be the linear estimator of

xgc

B (Oygc,Op¢,0.). Then, a) ﬁfr“’((ac) is the best linear credibility estimator of B(©,)
if it satisfies
E[B:"!(0c)] = E[B(©.)] (4.49)
and
Cov[BE™ (Oc), Bger] = Cov[B(Oc), By, (4.50)

b) ﬁged(@gc, O.) is the best linear credibility estimator of B (@, ®,) if it satisfies

E[BS ! (@4, 0.)] = E[B(Og,0,)] 4.51)
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and
Cov[B e (Oge, 0.), Bger] = Cov[B(Oge, ), By, (4.52)
c) ﬁgﬁd(@xgc, Oy, O, ) is the best linear credibility estimator of B(Oygc, Oge, O.) if it
satisfies
E[Blse (Orge, Ope, Oc)] = E[B(Orge, O, ) (453)
and
Cov[Bort (Orge, Oge, Oc), Byg] = Cov[B(Orge, O, O.), Brg].  (454)

The next lemma gives the conditions for the best linear credibility estimators of regres-

sion coefficients for our hierarchical model.

Lemma 4.5. Based on (4.49)-(4.54), the best linear estimators for Level 3 (country),
Level 2 (gender) and Level 1 (age) are given by

a) BS (@) =K. B,+(I—K.) B (Level 3), (4.55)

c

=)

b) Bor (@, Oc) = Ko Bye+ (I - Kge) BE(©,)  (Level 2), (4.56)

C

~

C) ﬁcrgd(e)xgc?G)gc,@c) = Kxgc ﬁxgc + (I_Kng) ﬁgcred((agc’ ®C) (Level ])’ (4.57)

xgc
where K., Kqc and K g are defined in (4.15), (4.14) and (4.13), respectively.

Proof: a) For country level it is sufficient to show that (4.55) satisfies (4.49) and (4.50)
of Theorem (4.4). Expectation unbiasedness holds from (4.27) and (4.21), as follows

—B=E[B(O)]. .58)
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The covariance condition is proved using expression (4.35) and (4.30).

-~

COV[B (®C‘)Credaﬁx’g’c’) = Cov [Kc Bc + (I - KC) ﬁaﬁx’g’c’]

~ -~

=K. COV(Bcvﬁx’g’c’) + (I_ KC) COV(B?ﬁx’g’c’)

~

= KC Cov(ﬂc’ﬁx’g’c/) +0

GC GC
=P+ (D Ke) U '8 [(Y Kee)'U+Y]
g=1 g=1
= 8, ¥ = Cov[B(©,), Byye]. (4.59)

b) Similarly, for gender level it is sufficient to show that (4.56) satisfies (4.51) and
(4.52). The expectation condition can be proved by (4.26), (4.58), (4.25) and (4.23) as

E[B (04, 0,)] = E[KgeB o + (I - Ky) B7(O,)]
= Ko E B, + (I —Kgo) E[B7(0,)]

= B = E(Bxgc) =E [E(B\xgc|®gca®c)} =E [B (®gc; 60)] . (4.60)

Then, from (4.32), (4.61) and (4.29) we get

COV[ﬁ (G)gw @C)Cred, ﬁx/glcl] =
= Cov[KgeP oo+ (I — K BE(@,), B.ye]

-~

= KgcCOV(ﬂgc,Bxlg/C/) + (I_KgC) Cov[ﬁcred(®c)’ﬁx’g’c’]

Xkge Xkge
=UU+ (D Kuge) A7 {8,080 (D Kuge) ' A+ U] +¥}}
X=X]| X=X]
xkgc

+{I-UU+(>_ Kuge) 'AI '} 5,0%

X=X]



4.3 Credibility Mortality Modelling for Multiple Populations | 97

= 666’(6gg/U —|—‘I“) = COV[ﬁ (®gC7®C>7Bx’g’C/]' (461)

c) Finally, for the estimator (4.57) of age level, we have to prove (4.51) and (4.52). For
the expectation condition, we use (4.25), (4.60) and (S1) as follows

E [Bcred(Gnga ®gC7 ®C>] =E [KXgCBXgC + (I a Kxgc) Bcred(®gc’ ®C)]
= KuseE[Brg] + (I~ Kge) E[B (0. 0,)]

= B =E [ﬁ (®xgc; ®g67®cﬂ )

while for the covariance, the proof is given by using (4.31), (4.61) and (4.28)

COV[ﬁcmd(G)XgC’ ®g07 ®c)7ﬁx1glcl]

= COV[Kng ﬁxgc + (I - KXgC) ﬁcred(®gc‘7 ®C)7 ﬁx’g'c/]

~

= KygeCoV(B e, Brger) + (I — Kyge) Cov[B ! (@, 0,), B o]
= Kxgc5cc’{8gg’ [5xx’ (A + S2 (Z;chXgCZXgC)il) + U] + ‘P}
+ (I —Kyge) 8,0(8,0U +'P)

= 8.8 (5uvA +U) + %] = Cov[B (Orge, O, 00), By

]

Theorem 4.6. The unbiased estimators of the structural parameters s>, A, U and ¥
are given by the following formulas

C G, x’\'gz:

l N / -
Xiege (ngc _ngcﬁx c) Wng(ngc _ngc'Bx c)a (4.62)
S T S (n—2) ZZZ ¢ ¢

§2 =

c xkg c
~ ~ ~

C G
1/4\ = 1 Z Z Z Kxgc(ﬁxgc - ﬁgc) (ﬁxgc - ﬁgc)/v (463)

C <G,
D1 2aget ke —X1) T T
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R 1 C G, N A ~
U=— Ke(By—B)(Bo—B.), 4.64
S ) KB BB B (4.64
~ 1 ¢ “~ NN N

Proof: For the proof of expression (4.62) let

S*=E (ngc - ngcﬁxgc) Wxgc(ngc - ngcﬁxgc)}

/ !

= E ngcW_ngngc - ngcWXgCngCﬁng

~ ~

- (ﬁxgc) ngcWchYch + (Bxgc) ngchgCZXgCﬁxgc}

!

—E {YW (Wage = WoseZuge (Zo WgeZoge) ™ Zgc W) ngc]

—E {tr [Y;gc (Wxgc W g Zoge(Zo g W g Zoge) ™ z;gcwxgc) ngc} } ,

as matrix multiplication of above matrices gives a number equal to its trace. Also,
we have that tr(ABC) = tr(BCA), since trace is invariant under cyclic permutations of

random matrices A s B(nxn)» C(nxm)- Therefore,

/

S =t { (Wxgc W g Zoge(Zog W Zoge)™ lz;gcwxgc) E (ngCngc.)} ,
where
E(Yage¥ o) =5 Wi+ ZegeB B Ze
By recalling the linearity of trace, we take
§* — rr<s2W;gCWxgc) +zr(Wxgczxgc B ﬁ'z;gc>
17| W Zge (ZegeWageZoge) ™ Zuge W ages® Wik

/

_ tr[wxgczxgc(z;gcwxgczxgc)—1 Z o WeoZoe BB z;gc]

= S2 lr(W;gCWxgc) +tr(Wxchng ﬁ B chgc)
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_ 5 tr[(zxgcwxgczxgc) 1Z W oo Zoge

xgc

B tr(Wngngc B B ngc)

=5 [naﬂ) . tr(Iz)}

=s5* (n—2).
Hence,
~ 1 ¢ ke
E@) = TR D IO
1Zg lzx—)ﬂ( c=1 g= 1 x=x

For the proof of (4.63), we have

|: Cc G xkgc

=F ZZ Z Kxgc(ﬁxgc - B;) (Exgc - B:g'c)/:|

c:] g:l X=X1

{iizx[ B~ By B)|[Buc—B)- BB |

c=1 g=1x=x1

=E ZZZKXgC(Bxgc_ﬁ)(Bxgc_ﬂ)/_ (Bxgc_ﬁ)(ﬁgc_ﬁ)/

|: C G¢ Ykge
c=1 g:lx:)q

Xkge

~ -~

—ZZZKxgc[cOv Boge:Brge) — CoV(B e Boe) — Cov(Bye. Brge) + Cov(Bye By)

c=1 g=1x=x]

C G *kge

- ZZ Z KxéC [A +S ngcWXéchgc) ! +U +IP]

c=1 g=1x=x]

C Gq *kge Xkge

NS K[k, U]

c=1 g=1x=x X=X
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_ZZ§:KW[ %Kxgc )lA+U Y|
c=1 g=1x=x] X=X
+ZIZIZnggC[ (Zg xgc>_]+U+\P]
c=1 g=1x=x X=X
C Ge Fkge Yhge 1
_ZZZKW{[A—H (ZogWreeZuge) ' +U+%] — (D Kuee) A+U+‘P”
c= 1g 1 x=x; X=X
:XC:Z ngA[A+S ngcWXngng) 1} 1[A+S (ngcwxgczxgc) ]
c=1 g=1x=x1
C G Fge Yege 4
_X;X;ZKxgc<ZKxgc> A
c=1 g=1x=x1 X=X
S5 W3S 3 RIRN
c=1 g=1x=x1 c=1 g=1 c=1 g=1
Similarly, (4.64) is proved as follows
c G. R
B0 =5 XY KBy BB B |
c=1 g=1
Cc G R /
{2 K [BoB)- BB (BB - BB |
c=1g=1
C G R R R R
~E| XY KeBo— BBy B) B~ BB~ B
c=1 g=1

~(B.~B)B,.—B) +(B.~B)B.—~B)



4.3 Credibility Mortality Modelling for Multiple Populations | 101

igixg{[@xxgc)uww}[U(gzlxg) -
. [(gf;xg ) o]+ [U(gilxg ) o]}

:ZZK {[(ZK ) Ay [(gKg ) uey]]

:ZZK [(jlegylAw] _ZZK [éKg ) 'v]

and finally, (4.65) is obtained as follows

C
B =E [;KABC BB B|

C ~ ~

~£{ X K[ BB~ B-B)|[B-B-B-B) |

c=1
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4.3.3 Estimation of Future Mortality Rates

In this Section, we fit the logmy e rates for year t =1y,...,1,, age x = X1yee s Xy
gender g =1,...,G, and country ¢ = 1,...,C to the HCR model. Hence, fitted rates

up to year f, can be compactly written as ?xgc =Zy P xge TOT X =X1,... X, & =
1,...,G¢, c=1,...,C and mortality rates for one-year ahead are estimated by
Cred ~Cred  __ pCred Cred
Yt —7—61 Xgc log m, til Xge — Bl,;ZC + BZ ;Z’c ( ) (4.66)

Then, we can employ two methods to extrapolate mortality rates over a given forecasting
horizon h=1,2,...,H.

4.3.4 Method 1: Initial Fitting Span (IF)

The estimates of future mortality rates for ages x = xj,...,x;, are given by extrap-
olating one-year ahead estimates (4.66) to logm’’¢} g ﬁlc ;z‘i + B¢ ;?ﬁ (n+h), for

h=72,...,H. Under this method, forecasts are based on the mortality data of the initial
fitting span.

4.3.5 Method 2: Moving Fitting Span (MF)

In actuarial practice, we can use the MF method to estimate future mortality rates.

~Cred
th+1,xgc

logmy, xgc 1s simultaneously excluded from it, such that the fitting year span is moved

One-year ahead estimates logmn are embedded to the existing fitting span and
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by one year each time to [t2,#, + 1], [t3,2, + 2], [t4,1, + 3] and on. Then, after estimating
structural parameters, we can consecutively obtain log ﬁgffixgc, ...,log ﬁg’ﬁ,’xgc. Simi-
lar practical methods have also been applied by Tsai and Zhang (2019). We note that
under the MF method forecasts are based on more recent mortality trends, while for

~Cred

both extrapolation methods, one-year ahead estimates logm, 7 . are the same.

4.4 Empirical Illustration

In this section, we evaluate the LCjok, the LCycr model and the proposed credibility
model on mortality data for both genders of Ireland, Finland and Norway. Mortality
data are obtained from the Human Mortality Database (HMD, 2017), including calendar
years from 1960 to 2010. Mortality evolution over the period 1960-2010 in Ireland,
Finland and Norway is illustrated in Figures 4.2a, 4.2b and 4.2c, respectively, where the
observed rates show a downward trend for discrete ages x = 40, 60, 80 for males in
the left panels and females in the middle panels. In addition, average mortality decline
shows a steep downward trend over time in the right panels of Figures 4.2a, 4.2b and
4.2¢ for both genders of each country.

For the numerical illustration that follows, we set w; ygc = 1 and kg = k ages, imply-
ing no weights and the same number of fitted ages for any gender g and country c. Then,
the log m; e rates are fitted on selected periods of totally n =41 ([t1,1,] = [1960,2000])
years and k = 65 ([x,x;] = [20,84]) ages. We consider two forecasting periods [, +
l,tu+H|, h=1---, H, for an H = 10 years span (2001-2010) and an H = 20 years
span (1991-2010). Also, for robustness (relative to changes in the fitting period of data)
fitting and forecasting periods are partitioned in various sub-periods, presented in Table
4.2. The HCR mortality methods were built into the R (R Core Team, 2017) statistical

software, by creating our own routines.

Table 4.2 Selected fitting and forecasting periods.

Fitting Length  Fitting Period  Forecasting Horizon = Forecasting Period

n [t1,1,] H [t,+ 1,1, + H]
n=41 [1960,2000] [2001,2010]
n=31 [1970,2000] H—10 [2001,2010]
n=21 [1980,2000] B [2001,2010]
n=11 [1990,2000] [2001,2010]
n=31 [1960, 1990] H =20 [1991,2010]
n=21 [1970,1990] B [1991,2010]
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Figure 4.2 Observed logm(t,xgc) of period 1960-2010 in Ireland, Finland and Norway at the
age of 40, 60 and 80 for males in the left panel and females in the middle panel. Average male
and female logm(t,x) values over the ages 20-84 are illustrated in the right panel, where straight
lines show the corresponding trends in mortality decline.
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4.4.1 Forecasting Results

The original LC model (Chapter 3, Section 3.2.1) is fitted for the selected periods of
Table 4.2, separately on six single populations (the males of Ireland, the females of
Ireland, the males of Finland, the females of Finland, the males of Norway and the
females of Norway), while the LCjok, the LCyr, the HCRr and the HCRyr models
are jointly applied to six populations.

The forecasting performances of the LC, the LCjok, the LC,t and the HCR models
are comparatively evaluated using the mean absolute percentage forecast error (MAPFE)
measure. MAPFE has been used in many studies to measure forecast errors. For some
of them, see D’ Amato et al. (2012), Lin and Tsai (2015) and Tsai and Wu (2018).
MAPEFE average (avg) values over the selected forecasting horizon H, for age x, gender

g and country c are defined as

MAPFEqy = ——— Z Z

h=1x=x1

exp logmtcfﬁgxgc] —m(ty + h,xgc) 100

m(ty + h,xgc)

Accuracy results over the 10-year forecasting period [2001,2010] are presented for
both genders of Ireland, Finland and Norway in Tables 4.3 (a), (b), (c) and (d), for
fitting periods [1960,2000], [1970,2000], [1980,2000] and [1990,2000], respectively.
The corresponding results over the 20-year forecasting period are given in Tables 4.4
(a) and (b), for fitting periods [1960,1990] and [1970,1990], respectively. MAPFE
results indicate that HCR models gave us the better forecasts in average, compared with
the single and the multi-population Lee-Carter models for both genders of the three
countries (six populations in total). Boldface numbers indicate the lowest error values
over the corresponding fitting periods for each gender, while average values over the
six populations are given in the last row of each fitting subtable. The ranking order
(based on the lowest values) is given in brackets and shows that for each one of the
selected fitting and forecasting periods, the HCRyr and the HCRr models outperform
in average.

From the Lee-Carter type models, the LC,.s gave us the lowest error values for
Finland males of fitting period 1960-2000. Also, the single population LC model
produced the lowest errors for Norway male data of years 1960-2000. For consistency,
the forecasting performance was also evaluated with other well-known measures, such
as the mean absolute forecast error (MAFE), the root sum of squared forecast error
(RSSFE) and the root mean of squared forecast error (RMSFE), leading us to the same
ranking results, with the HCRyr and the HCRr models being on top.
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Table 4.3 Averaged MAPFE values (%) over the 10 year forecasting period [2001,2010] for
the Lee-Carter type and the proposed hierarchical models fitted on years (a) [1960,2000], (b)
[1970,2000], (c) [1980,2000] and (d) [1990,2000], for both genders of Ireland, Finland and

Norway.
MAPFE{??%}?& 10] Lee-Carter Models Hierarchical Models
Country Gender LC LCjox LCyer HCRyr HCRyfr
(a) Fitting period: [1960,2000]
Male 28.99 31.92 29.05 30.45 27.86
Ireland
Female 27.14 23.95 27.42 21.47 20.44
. Male 12.65 16.07 12.14 14.52 13.18
Finland
Female 19.29 16.33 18.13 16.04 15.94
Male 22.85 26.96 23.62 26.24 23.43
Norway
Female 16.18 15.71 15.80 14.82 14.87
Average 21.18(4) 21.82(5) 21.03(3) 20.59(2) 19.29(1)
(b) Fitting period: [1970,2000]
Male 26.48 27.18 25.75 23.74 22.40
Ireland
Female 25.38 21.93 25.55 18.87 18.75
. Male 12.42 14.29 12.24 12.08 12.38
Finland
Female 19.31 17.32 18.60 16.40 17.19
Male 19.92 21.91 19.95 19.78 18.81
Norway
Female 16.59 16.47 16.08 15.28 15.89
Average 20.02(5) 19.85(4) 19.69(3) 17.69(2) 17.57(1)
(c) Fitting period: [1980,2000]
Male 2491 25.44 23.57 21.72 22.49
Ireland
Female 24.38 2243 24.39 19.86 20.77
. Male 13.17 15.16 13.87 13.12 11.38
Finland
Female 21.42 19.83 21.40 18.58 17.12
Male 18.75 17.11 18.54 15.77 14.13
Norway
Female 18.15 17.64 16.88 16.45 15.28
Average 20.13(5) 19.60(3) 19.78(4) 17.58(2) 16.86(1)
(d) Fitting period: [1990,2000]
Male 28.39 30.26 26.13 25.14 23.13
Ireland
Female 27.52 28.06 29.05 23.06 24.79
. Male 12.20 12.42 10.78 9.84 9.97
Finland
Female 20.32 18.81 21.86 15.35 15.47
Male 17.19 15.80 16.92 13.86 16.17
Norway
Female 17.78 17.46 17.32 14.04 15.17

Average 20.57(5)  2047(4)  20.34(3)  16.88(1)  17.45(2)
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Table 4.4 Averaged MAPFE values (%) over the 20 year forecasting period [1991,2010] for the
Lee-Carter type and the proposed hierarchical models fitted on years (a) [1960,1990] and (b)
[1970,1990], for both genders of Ireland, Finland and Norway.

MAPFEE??;’:&}]O] Lee-Carter Models Hierarchical Models
Country Gender LC LCjox LCycr HCRyr HCRvEr

(a) Fitting period: [1960,1990]

Ireland Male 28.53 34.06 28.16 32.39 26.88
relan
Female 25.14 25.67 23.60 21.44 18.53
. Male 23.27 19.42 23.04 16.64 13.87
Finland
Female 18.28 16.06 16.73 16.83 16.68
Male 29.42 32.32 30.10 31.46 27.77
Norway
Female 16.44 15.18 16.12 14.04 14.53
Average 23.51(4) 23.78(5) 22.96(3) 22.13(2) 19.71(1)
(b) Fitting period: [1970,1990]
Male 25.79 28.24 23.13 23.07 19.61
Ireland
Female 23.24 23.62 23.06 17.82 16.07
. Male 19.42 16.07 19.28 12.25 13.59
Finland
Female 18.78 16.58 17.42 16.20 17.00
Male 24.17 27.26 23.43 24.47 25.07
Norway
Female 17.88 16.43 17.71 14.83 16.43
Average 21.55(5) 21.37(4) 20.67(3) 18.11(2) 17.96(1)

From the results of Tables 4.3 and 4.4, we can also observe that deviations in the
average MAPFE values between the best performed HCR and Lee-Carter models range
between 8% - 17%. This means that if we use the HCRyr instead of the LC,.f to model
mortality for years 1960-1990, the 20-year average forecasting performance for both
genders of the three countries gets improved by 14%, while for years 1960-2000 the
10-year forecasting performance gets improved by 8% and if we use the HCR[f instead
of the LC,¢ for years 1990-2000 the 10-year forecasting performance gets improved by
17%.

4.5 Concluding Remarks

In this chapter, we proposed a hierarchical credibility regression method to model the
mortality data of multiple counties, genders and ages, structured in a hierarchical form.
We considered different extrapolation strategies to derive future mortality rates, and
then, we compared the forecasting performances between the hierarchical model and
two Lee-Carter extensions for multiple populations. Based on the accuracy results,

the proposed models gave us a better forecasting performance in comparison with the



108 | A Hierarchical Credibility Regression Mortality Model for Multiple Populations

Lee-Carter models. This indicates that hierarchical credibility regression modelling
can be effectively applied to mortality datasets of multiple populations, with possible
similarities in their demographic or socio-economic structure.

To summarize, the averaged MAPFE results show that the best performing method
in average is the HCRyp, which indicates that mortality forecasts should be generally
be based on more recent observations. In addition, the forecasting performance of the
hierarchical model was even better when it was applied applied only for Finland and
Norway datasets of both genders (4 populations), resulting to even smaller MAPFE

values for the selected periods.



Chapter 5

A Crossed Classification Credibility
Mortality Model for Multiple
Populations

5.1 Introduction

In the previous chapter, we proposed a hierarchical credibility regression method to
model the mortality between multiple counties, genders and ages. Under this method,
age-specific mortality data for each gender are assumed to be nested into multiple
countries. An extension of the hierarchical credibility is the crossed classification
credibility model, in which mortality factors can also be modelled symmetrically.

Dannenburg et al. (1996) proposed the two-way crossed classification model, where
every contract in an insurance portfolio is assumed to be affected by the same number
of risk factors. Goulet (2001) generalized this model, allowing for a variable number of
risk factors per contract and Fung and Xu (2008) estimated the structural parameters of
the crossed classification credibility model using linear mixed models.

In this chapter, we present a multi-population mortality model, based on crossed
classification credibility techniques. Differently from the standard Lee-Carter method-
ology, where the Lee-Carter time index is assumed to follow an appropriate time series
process, under the proposed approach, period dynamics of mortality are modelled
under a two-way crossed classification credibility framework. This approach estimates
the impact of gender and country characteristics on mortality, allowing for possible
interaction effects between them.

This chapter is organized as follows. Section 5.2 describes a different formulation
of the original Lee-Carter model and then proposes a crossed classification credibility
model for multiple populations, with a detailed description for the parameter estimation

and the forecasting procedure. Section 5.3 presents an empirical illustration of the
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proposed method on males and females from three developed countries, the United
Kingdom (UK), the USA and Japan. Section 5.4 concludes this chapter.

5.2 A Credible Extension of the Lee-Carter Method for
Multiple Populations

In this section, we first review the original Lee-Carter (1992) model for a single
population and then we propose a credible extension for multiple populations. Let us
denote Dy o as the observed number of deaths and E; ,,. as the average population
(exposure to risk) in consecutive calendar years t =t,...,t,, ages x =Xy, ..., X, genders
g=1,...,G (G=2, ie., male = 1, female = 2) and countries ¢ = 1,...,C. Then,
mortality rates m1; v, are obtained by the ratio Dy y4¢/E; xoc. The original Lee-Carter

(1992) model is given as follows
10g My xgc — axgc + ﬁxgc Kt,gc + gt,xgca (5 . 1)

where o, is an age parameter that reflects the average mortality at age x for gender g
and country c, K; ¢ 1s a period parameter which indicates the general level of mortality
in year ¢ for gender g and country c¢ and P is an age parameter that indicates the
corresponding deviation from the average mortality, as the general level of mortality
changes. Errors & ,,. are assumed to be normally distributed, with zero mean and
constant variance, & g ~ N(0, 082 ), reflecting period, age, gender and country effects
not captured by the model. Lee and Carter (1992) estimated the model parameters using

a close approximation to the singular value decomposition method under the constraints

" Kige =0and Y7, & voe =0, (5.2)
which give
Olige = 737 Dotcr, 108 My xge (5.3)
and constraints
S Brge =1 and 3% & e =0, (5.4)
which yield
Krge = 21ty [l0gms vge — Olige] (5.5)

Then, by regressing (log My xgc — &xgc) on f,ygc for each age x (without an intercept
term), we obtain

th ~ ~

B, = 2= [logmy,xge — Otuge] Kt ge

Xgc — th ~2 .
t=t, K't,gc

(5.6)
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After estimating the model parameters, Lee and Carter (1992) suggested a random
walk with a drift parameter 6, to model period estimates for each gender g of country
cie., K gc= =K_ gc T Ogc + & gc, where the time trend errors & . are assumed to be
independent and identically dlstrlbuted and 1ndependent of the model errors & . The
drift parameter is then estimated by 9, e = _Zl S ] (Kt .gc — Ki—1,g¢) = nTll(ﬁtmgc —
K‘tl .g¢)- Hence, Kz,,,gc are first projected h = 1,2, ... years ahead using /K\-t,,—i—h,gc = f,mgc +
§gc - h and then future mortality estimates in year t, 4 h, for age x, gender g and country

¢ are obtained by

log f’\’lt,ﬂrh,xgc = &xgc + ,Bxgc : ﬁthrh,gc 10g My, xge + (Bxgc gc) h. (5.7)

5.2.1 Modelling the Period Improvements of Mortality

Instead of modelling the mortality rate levels according to the original Lee-Carter
methodology, many studies have shown that is more advantageous to target on the
mortality improvement rates. In order to capture the dependence structure between
ages (more accurately), Mitchell et al. (2013) reformulated the Lee-Carter model by
targeting to the log mortality improvement. This formulation was later adopted by
Schinzinger et al. (2016) and Tsai and Lin (2017b) to model the log improvement rates
of the original Lee-Carter model under a classical credibility framework. Following the

same approach, we consider the random variable of the log improvement rates

My xge

Mt7xgc log —%~ = log mt xge — logm; 4 XgCH (5.8)

my—1 xgc

fort=tr,...,ty, x=Xx1,..., %, g =1,...,Gand ¢ = 1,...,C. Then by substituting
(5.1) into (5.8), we can get

M, xge — ﬁxgc AK; ,8€C +Ag ,X8CH (5.9)

where AK; gc = K gc — Ki—1,6c €Xpresses the general level of mortality improvement
between consecutive years, while By, reflects the sensitivity to this mortality improve-
ment. The errors A& o = & xge — &1 xgc are assumed to be independent, identically
distributed and independent from Ak; 4.. Given each age x, gender g and country ¢, we
assume that A& v, is a white noise process, A& ygc ~ N(0, 2- 682) such that the mortality
improvement rates M; ¢ are independent for t =1,,...,1,. To ensure identifiability of
model (5.9), again constraints in (5.4) are considered. Also, summing M; . OVer x

using (5.4) gives

Xk Xk
Mt,.gc - Z Mz,xgc = Z ﬁxgc AKt,gc + Z ASt,xgc = AKt,gCa (510)

X=X1 X=X1 X=X1
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which connects the aggregate (for all ages) mortality improvement rates for consecutive
years with the general level of mortality improvement between these years, without
involving the age structure x, for gender g and country ¢, implied by Byg.. This
advantage has also been highlighted by Schinzinger et al. (2016). Expression (5.10) can
be equivalently obtained by taking the first differences of &; 4 with respect to # in (5.5).

Under formulation (5.9), one-year ahead mortality estimates for age x, gender g and

country c¢ can be obtained by

log ﬁz,qul,)cgc = 1Ogﬁtn,xgc + ﬁxgc : AKthrl,gw (5.11)

or recursively, for A = 2,... H years ahead by

h
logn/’\lt,,—‘,—h,xgc = log %tn xge T ﬁxgc Z AKt,,—Fs,gm (5.12)

s=1

where Exgc is estimated by (5.6) and KKtn+h7gC is projected using a time series model.
Selecting an appropriate time series model for the Zktygc process is a crucial stage in
mortality projection. Slightly different time series models can lead to evident deviations
in future mortality estimates. This sensitivity, as well as possible limitations in data
availability, can make forecasting even harder. However, the random walk with a
drift model is widely adopted, serving as a compromise for the majority of mortality

modelling studies.

5.2.2 The Crossed Classification Credibility Framework

Differently from the standard Lee-Carter methodology, in which Ak; ¢.s are assumed
to follow an appropriate time series process, herein we propose a two-way crossed
classification credibility approach to model the crossed effects between genders and
countries. Under this two-way model, mortality improvement is affected by two
qualitative risk factors and the possible interactions between them. Let us consider two
categories of risk factors, associated with gender and country characteristics, denoted
by the random variables IKél), g=1,....,Gand 5(&2), c=1,...,C, respectively. Under
this specification, the gender and country dynamics of mortality improvement can be
decomposed (additively) into independent variance components by assuming that the
elements of the gender-related vector (TKEI), . ,ng ) ) and the country-related vector
(9(52), . ,fK(CZ )) are independent and identically distributed, with all of their elements
being mutually independent across vectors. The conditional means and variance are
then defined as

B(Akrgel 55,567 = pua(o” %),



5.2 A Credible Extension of the Lee-Carter Method for Multiple Populations |

113

E(AKLgc’Kél)) = uul(:Kz(gl))?
E(Ak o|XE) = m(x),

E[Var(AK; ¢o|Kg, Ko)] = 52

Under the above assumptions, Ak; ¢ in (5.10) can be formulated into a two-way crossed
classification model

Ak ge = 4+ k) + k2 410D + & e (5.13)

fort =t,,...,t, (n—1 years), gender g = 1 (males), 2 (females) and country c=1,...,C
assuming that

E(k") = E(kY) = E(K4?) = E(g140) =0 (5.14)
and
Var(ky) = 62, Var(k”) = 62, Var(kye”) = 62, Var(ggc) = s°- (5.15)

Table 5.1 Gender, country and interaction terms in the two-way crossed classification model.

COllIltI'y (2) 2)
Gender ki kC

12 12

R I e

12 12

K K ko)

The gender and country factors, along with their interaction terms of model (5.13) are
given in Table 5.1. The one-year ahead credibility estimator of the general level of
mortality improvement for gender g and country c in the two-way crossed classification
model is given by the following theorem. For a detailed proof of this theorem, we refer
to Dannenburg et al. (1996, pp. 109-113).

Theorem 5.1. The credibility estimator of AK;, 11 g under the two-way crossed classifi-

cation model is given by

BrCef oo = Z0VAK o+ (1 =2 (B4R + 7). (5.16)

In

Sketch of Proof: Note that the credibility estimator of Ak;, 11 ¢ is directly obtained by
using the credibility estimators for each one of the terms appeared in model (5.13) as
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follows
AkCred =k AR R, (5.17)
where the credibility estimators of gender and country factors k(l), kgz) and kgz) are
given by
B = Z@ Bk -k -7, (5.18)
(1) I~
) WA ) —zMW N
ke! = ZU(Ak, —) -7 z;kc , (5.19)
c=
W — Z0@k . —p)-z0L S k. (5.20)
. G g

=1

oq

Thus, expression (5.16) is derived by substituting (5.18) into (5.17). L]

In terms of credibility theory, future estimates for the general level of mortality
improvement given in (5.16) can be interpreted as the weighted average of the character-
istics within a specific gender-country selection ZK,,gC (individual) and the overall mean
1 (collective), plus two terms that correspond to gender /]gél) and country %ﬁz) factors,
estimated by (5.19) and (5.20), respectively. The estimators for the terms, appeared in

(5.16), (5.19), (5.20) and (5.18), are presented in the next section.

5.2.3 Estimation of Model Parameters

Following Dannenburg et al. (1996), the credibility factors are given by

Z02) _ Oge
0z +s*/(n—1)
C-o?
zW = § (5.21)

C-o2+o0z.+s*/(n—1)

G-c?
G-62+o02.+s2/(n—1)

7(2)
and the means are defined as

C G

— 1 — 1 — — 1 —

AK.,gC = ﬁ g AKt,gCa AK.,g. = E g AKA,gw AK.,.C = 5 E AK.,gc- (5.22)
c=1 g=1

=t
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The structural parameters are estimated by

In cC G
h=Ax = XL ZZZAK},&L = LGZZIZK,@C, (5.23)

clglffz

$ = ZZZ Ak oo — AK g0)?, (5.24)

ng 1t=t>

while the estimators of 6 G and G can be obtained as solutions of the following

linear system of equations

“ 1 L~ < p_e C-1 IGC112
;5[25 e >3 5"
Clpal ~ _ G-1 C 3,1
> 2 g Br. 0] = (a3 e
&1 _ G-C—1 “ 1
;;G_C(AK“_AK” S © ;G
- W) praas
+o2(1-3 (5 - —
c=1 ¢ g=1c=1 G C

Remark 5.2. Theoretically, the above estimation can yield non positive estimates
for any of G 0'2 G . So if G . <0, then Z( 2) is set to be zero valued and from
(5.16), AKtcrffl gc equals to the overall mean U. Moreover, if AZ . 1s positive, but one

of 8; or G2 is non positive, then Z() or Z(?) are zero Valued and AKCEf? gc yields

ZUDAK 4+ (1 Z2)\ (1 +E(2)) or ZUAK oo+ (1 -2 (1 + k( )) respectively.
In part1cular if 6. is positive, but both G and G are non positive, then estimator (5.16)
reduces to the Buhlmann credibility formula, Le., AKth_e‘f =2 (IZ)AK.7 ge+(1— z(12) Y.

The results of Remark 5.2 are summarized as follows

(1, if 62, <0,
AkCed 2Rk g+ (1-ZUD) ([ +57), i 62 >0, 62> 0and 52 <0,
[I‘L bl el —~ AN . ~ ~ /\
“ ZUZ)AK.,gc + (1 _Z(lz))(.u ‘l'kél)), if 62 >0, Gg >0and 62 <0,

12, 6 ~06F <omec <0
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5.2.4 Mortality Forecasting

Substituting (5.16) into (5.11) gives the one-year ahead credibility forecast of the

mortality improvement rates, for age x, gender g and country c as follows
A < ~ 1), 72
ME o = Buge - AKCE = Brge [207) Ak g+ (1—212) (414" +82)](5.25)

Yet recall that S is estimated by (5.6). Lemma 5.3 shows that the credibility estimator

of the one-year ahead mortality improvement rates M,Cﬂf‘li xgc

classification credibility form, similarly with estimator (5.16) for the general level of

preserves the crossed

mortality improvement.

Lemma 5.3. The credibility estimator of the one-year ahead mortality improvement

rates Mtcff gc €an be obtained by

Mcffxgc =z(12) M ge+(1 —Z(lz))(ﬁxgc M. +Bxgc : ﬁ[g’l) +Bxgc ) ﬁ£2)>7 (5.26)

Proof: For the proof of Lemma (5.3), note that for any arbitrary x, g and c, the credibility
factor Z('?) is a scalar, thus expression (5.25) can be rearranged as

T e =2 (Buge B0, 50) + (1~ 202) (Bge- i Brge B+ Buse B). 52

Now, averaging (5.9) with respect to ¢ yields

In

1,

_ 1 1 1 _

M xge = n—1 E :Mf7XgC = n—1 E ﬁxgc'AKt,gc = ﬁxgc ‘AK.7gc , (5.28)
=t =t

while summmg (5.28) over x gives M. .gc = =AK .gc , which is connected with (5.28) by

M. xge = [ngc M .,.gc- Further averaging M gc With respect to g and ¢ yields
G 1 S
M. g = ZM == Ak ge=AK . (5.29)
g=1 =1
c c
== ZM —prgc =Ax (5.30)
c=1 c=1
and
| C. 6 | L. G
M =) D Ma=cp5) ) Akge=A0k =0 (5.31)



5.2 A Credible Extension of the Lee-Carter Method for Multiple Populations | 117

Slmllarly, )in (5.19) and k( )in (5.20) may be rewritten as

C
~ — 1
My =200, —M..) -2 2y (5.32)
c=1
and
() _ 5077 ) 1 c (1)
M7 =Z9(M_, — 5 Z : (5.33)
g=1
respectively. Then, substituting (5.28)—(5.33) into (5.27) yields (5.26). ]

In the two-way crossed cla551ﬁcat10n credibility estimator (5.26), the individual mean

is represented by My, (= ,Bxgc gc) while the collective mean by Bxgc M

two additional factors, By - Mél) and ﬁxgc M Ez), which express the influence of gender

.....

and country effects.

Remark 5.4. Summing (5.26) over x gives

MO = 70D M et (1- 202 (01 4+ W+ W), (5.34)

Estimator (5.34) allows to study the overall improvement of future mortality Mtcﬂf? <c

from the aggregate mortality dynamics ZK.7 g¢c» Without involving the Bxgc effects of age

x, for gender g and country c.

To summarize, the credibility estimator of one-year ahead mortality rates log m,Crf‘f xgc
can be directly obtained by substituting (5.25) in (5.8)
d d
logg s oo =108y, xge + MY o (5.35)
or recursively, for 4 years ahead by
~Cred Cred
log ™8 oo = logmy, xge + ZM,nj‘fs e (5.36)
s=1
In order to obtain future mortality rates log mtcff% e for h =2,3,...,H years ahead,
we first have to estimate mortality improvement rates Mtcffg xec in (5.36). Tsai and Lin

(2017b) proposed two methods to determine future mortality rates under the Biilmann
credibility approach. Similarly, we employ the moving fitting (MF) and the expanding
fitting (EF) methods to estimate future mortality improvement rates under the crossed

classification mortality framework as follows.

Method 1: Moving Fitting (MF)

Under this method, the one-year ahead credibility estimate of mortality improvement

rates Mcrf‘li xgc» Obtained by (5.25), is embedded to the existing fitting span, while
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the first observed rates My, v, are simultaneously excluded from it. Thus, the fit-
ting span is moved by one year to 13,1, + 1], keeping a constant fitting length, to
form [Mtg,ng7MlS$(11 xgc] which by (5.9) are decomposed to [AK;; g, AK;,+1,0c]. After
following the parameter estimation procedure of Section 5.2.3, AKthg g 18 derived

from (5.16) and then is incorporated into (5.25) to obtain Mcffg xgc- BY repeating the

same steps, we can consecutively obtain Mcfg xger M,Cffﬁl xge» Which by (5.36) yield
n?grfg g mtcrf:%, xgc» Tespectively. Under the MF method, a credibility expression

for M,Cff,‘f xge forh=2,3,... H, age x, gender g and country ¢ equals

Bege - 202 (14 h) - AK g (ty+h) + Buge [1 =202 (1, +h)] [Ak_(ta+h) + K +57], (5.37)

where
tht+h—1
AK go(tn +h) = — Z Ak g, (5.38)
l‘ t+h
Ak (ta+h) = ZZAK‘ ec(tath) (5.39)
C 1 g=1
and
12) g
Z8 (1, + h) = d (5.40)

ch—f—sz/(n— 1),
with AK ge(ty + h), Ak (1, +h) and Z1?) (1, 4+ h) being the Ak g, Ak and Z(!?
for year t, + h, respectively. Note that fye., as well as { 52, ngc} in 212 (1, + h) and
{AK 4, AK ., [} in Eg,l) and /IEEZ) are estimated over [t] + h,t, +h—1].

Method 2: Expanding Fitting (EF)

red
2+1,xgc

is embedded to the existing fitting span, but M;, ¢ is not removed from it. Thus, the

Here the one-year ahead credibility estimate of mortality improvement rates M, e

fitting span is expanded by one year to [t,,1, + 1] to form [Mt27xgc,MC5f§1 xgcl» which by

(5.9) are decomposed to [KK,2 gcs KK,nH gc] By repeating the estimation procedure of
Section 5.2.3, we derive A Fffg‘ ¢c and MEd . using (5.16) and (5.25), respectively.

nt+3.xgce
We follow the same steps to obtain MCEES g MCE,?,C_‘, xge» Which by (5.36) yields
n?grfgxgc, ﬁigr_ﬁ?{ gc- Again, the credibility formula of tcieg xges forh=23,....H

is given by (5.37), but now

1 tha+h—1
AK ety +h) = ——— A 5.41
Kogeltnth) = -—— ; Ki g (5.41)
1 C G
Ak (tnth) = 25D Y AR ge(tnth) (5.42)
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and
(12) Cge
V4 t,+h)= . 543
( ) Oz +s%/(n+h—2) (5:43)

Under the EF method, the rest of model components should be estimated over [, 1, +
h— 1]. MF and EF formulas follow directly from the estimation procedure of Section
5.2.3 to generalize (5.25) for an h-years ahead forecasting horizon. We note that under
the MF method, future estimates are based on the mortality experience, gained from the
rates of the most recent calendar years, while under the EF method, the whole historical

mortality experience is taken into account.

5.3 Empirical illustration

In this Section, we evaluate the forecasting performance of the proposed model, com-
paratively with the the joint-k (Carter and Lee, 1992) and the augmented common factor
(Li and Lee, 2005) multi-populations models, presented in Chapter 4 (Section 4.2). For
the numerical illustration, we use data for both genders of three developed countries,
the UK, the USA and Japan. The crossed classification credibility mortality model was

built into the R statistical software (R Core Team, 2017), by creating our own routines.

5.3.1 Numerical Results

In this Section, we fit the LC, the LCjok, the LC,cf models and the proposed credibility
model to mortality data for both genders of UK, USA and Japan. Mortality data
were obtained from the Human Mortality Database (HMD, 2017), covering calendar
years from 1960 to 2015. Figure 5.1 indicates the downward trend of logm; yg. rates
over the period 1960-2015 for ages x = 40, 60, 80 of both genders in UK, USA and
Japan, respectively. This downward trend is eliminated by considering the mortality
improvement rates M; ygc = 10gmy xgc —10g My 1 g, illustrated in Figure 5.2.

To proceed, we consider two risk factors, where gender G is the first factor and
country C is the second factor. The first factor consists of two categories, with g = 1 for
males and g = 2 for females, while the second factor includes three categories, ¢ = 1
for UK, ¢ = 2 for USA and ¢ = 3 for Japan.
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Figure 5.1 logm; . rates of period 1960-2015 for: (a) UK males, (b) USA males, (c) Japanese
males, (d) UK females, (¢) USA females and (f) Japanese females at the age of 40 (solid lines),
60 (dashed lines) and 80 (dotted lines).

Model (5.13) for the general level of mortality improvement Ak; ¢ can be represented
by Table 5.2. For the numerical illustration that follows, we set same number of
fitted years n and ages k for any selected gender g and country c. Thus, we consider
the mortality improvement rates M; o of n =56 ([t1,t,] = [1960,2015]) years and k =
65([x1,xx] = [20,84]) ages, for males and females (G = 2) of selected countries (C = 3).
Model (5.9) decomposes mortality improvement into B, and Ak; ¢ parameters, given
by (5.6) and (5.10), respectively. The one year ahead estimates Ak;, 1 4. for the general
level of mortality improvement are estimated by (5.16) and the corresponding mortality

improvement rates can then be derived by (5.25).
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Figure 5.2 M, ,,. improvement rates of period 1961-2015 for: (a) UK males, (b) USA males,
(c) Japanese males, (d) UK females, (e) USA females and (f) Japanese females at the age of 40
(solid lines), 60 (dashed lines) and 80 (dotted lines).

Table 5.2 Two-way tabular formulation of Ak; g, fort =1,,...,1,.

Count
MY L UK (c=1)  USA(c=2) Japan (c=3)
Gender

AK, 11 AK;, 12 Ak, 13

Males (g =1) : : :
Ak, 11 AK:, 12 AK:, 13
AK;, 21 AK;, 22 AK;, 23

Females (g = 2) : : :
AK;, 21 AK;, 22 AK;, 23

5.3.2 Interpretation of Credibility Estimates

To better understand how the proposed credibility approach contributes in multi-
population mortality modelling, let us consider the observed mortality rates for years
1960 — 2000, ages [20,84] for both genders of UK, USA and Japan. Our aim is to
estimate mortality rates for the next year. Figure 5.3 depicts the estimated values for the
general level of mortality improvement over the whole period, including the credibility
estimates for year 2001, while Table 5.3 presents the estimated parameters of model
(5.16).
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Figure 5.3 Kictygc estimates for the general level of 1961-2001 mortality improvement for:
(a) UK males, (b) USA males, (c) Japanese males, (d) UK females, () USA females and (f)

Japanese females.

For example, the one year ahead estimates for the general level of mortality improvement
of year 2001 are directly obtained by substituting the values of Table 5.3 into (5.16).

Thus, the estimate for the UK males can be written as

—0.760690 = 0.202901 - (—0.747607) + (1 —0.202901) - (—1.106842 +0.046297 +0.296524).

We can easily observe that the credibility factors within cells Z (12) — 209% and within
genders Z1) = 40% are both much smaller than Z®) = 93%. This means that more

credibility should be given to the mortality experience within countries. Also, the

existence of Eg,l) and Zﬁz)

factor Z1%)

is significant for the derivation of future estimates. A credibility

equal to 20% implies that the above formula assigns more weight to the

overall mean —1.1068, which is corrected by the sum of the estimated gender and
country factors (0.046297 + 0.296524). Under this correction, the one year ahead
estimate (—0.760689) is quite close to the estimated mean value (—0.747607), finally

differing only by 1.7%.
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Table 5.3 Estimated parameters for the one year ahead credibility estimates for year 2001.

(a) Credibility factors
7(12) 7(1) 7(2)

0.202901  0.397808  0.929935

(b) Gender factors

g = 1 (Males) 0.046297

Z(l)
g = 2 (Females) -0.046308

8

(c) Country factors

c=1UK) ¢=2(USA) c¢=3Japan)

2
¢ 0.296524 0.337690 -0.634199
(d) Estimated means
AK g c=1(UK) ¢=2(USA) c¢=3(Japan)
g = 1 (Males) -0.747607 -0.731227 -1.492506
g = 2 (Females) -0.828357 -0.756201 -2.085154
(e) Credibility estimates
ARSI c=1(UK) ¢=2(USA) c¢=3 (Japan)
g = 1 (Males) -0.760690 -0.724553 -1.653710
g = 2 (Females) -0.850890 -0.803436 -1.847775
(f) Structural parameters
u 5 oy o’ Oy

-1.106842  1.560731  0.0107789  0.324847  0.009932

5.3.3 Evaluation of Forecasts

After estimating the KK,#, the long-term mortality estimates can be derived by (5.36),
choosing between one of the MF or EF extrapolation methods. Thus, the LCj,k, the
LC,t, the MF and the EF models were fitted to mortality data of six populations,
including both genders (G = 2) of UK, USA and Japan (C = 3), while the single
population LC model was fitted separately on males and females for each country. To
ensure robustness of forecasts, all the methods were applied for various fitting and
forecasting periods, presented in Table 5.4. The forecasting performance of each model

was evaluated using the mean absolute percentage forecast error (MAPFE) measure.
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The averaged (avg) MAPFE values over the selected forecasting horizon H, for age x,

gender g and country ¢ are defined by

exp [logmi(t, + h,xgc)] —m(ty + h,xgc)
MAPFE,,, = Z Z x 100 .
l’l 1 x=x1 (tn+h7xgc)
Table 5.4 Fitting and forecasting periods.
Fitting Length  Fitting Period  Forecasting Horizon = Forecasting Period
n [t1, 1] H [ty +1,t,+H]
n=>51 [1960,2010)] Hes [2011,2015]
n=41 [1970,2010] B [2011,2015]
n =46 [1960,2005] H=10 [2006,2015]
n=36 [1970,2005] B [2006,2015]
n=41 [1960,2000] H—15 [2001,2015]
n=31 [1970,2000] B [2001,2015]

The evaluation results are presented in Table 5.5, for six different fitting and fore-
casting periods of both genders in UK, USA and Japan. MAPFE values indicate that
the proposed method gave us the better forecasts in average (ranking order in brackets),
compared with the single and the multi-population Lee-Carter models for both genders
of the three countries (six populations in total). Regarding the Lee-Carter type mod-
els, the LC,r gave us the lowest error values for the majority of the selected periods.
Surprisingly, the single population Lee-Carter model produced lower average errors
in comparison with its multi-population counterparts for the fitting period of years
1970-2000. For consistency, forecasting performance was also evaluated with other
well-known measures such as the mean absolute forecast error (MAFE), the root sum of
squared forecast error (RSSFE) and the root mean of squared forecast error (RMSFE),
leading us to the same ranking results, with the MF and EF methods being again on top.
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Table 5.5 Averaged MAPFE values (%) for the Lee-Carter type and the proposed credibility
models fitted on years (a) [1960,2010], (b) [1960,2005], (c) [1960,2000], (d) [1970,2010], (e)
[1970,2005] and (f) [1970,2000] for both genders of UK, USA and Japan, aged 20 — 84.

(a) Fitting period: [1960,2010], forecasting period: [2011,2015]

MAPFE Lee-Carter Models (L.C) Credibility Models (CM)
Country Gender LC LCjk LCyct CMmrp CMgg
UK Male 11.29 17.47 10.59 6.49 6.51

Female 7.19 10.12 7.47 5.83 5.84
USA Male 6.62 7.22 6.39 3.65 3.64
Female 7.99 8.13 7.78 3.86 3.85
Male 7.72 7.66 7.87 5.28 5.25
Japan
Female 8.87 15.81 6.60 5.41 5.39
Average 8.28(4) 11.07(5) 7.78(3) 5.092) 5.08(1)
(b) Fitting period: [1960,2005], forecasting period: [2006,2015]
Country Gender LC LCjk LCyet MF EF
UK Male 12.95 19.91 13.38 8.31 8.56
Female 9.80 12.80 9.75 7.54 7.72
USA Male 8.42 10.06 8.26 5.89 5.96
Female 8.51 8.74 8.74 5.34 5.28
Male 8.43 8.19 8.90 5.57 5.58
Japan
Female 12.14 1591 10.22 5.65 5.78
Average 10.04(4) 12.60(5) 9.87(3) 6.38(1) 6.48(2)
(c) Fitting period: [1960,2000], forecasting period: [2001,2015]
Country Gender LC LCjk LCyct CMmr CMgg
UK Male 17.27 21.71 18.24 14.19 14.71
Female 12.39 13.82 12.57 9.05 9.45
USA Male 9.50 12.13 8.59 8.57 8.57
Female 8.55 9.55 8.89 8.62 8.29
Male 9.03 10.48 9.50 6.22 6.34
Japan
Female 16.07 18.11 14.69 7.71 8.54
Average 12.14(4) 14.30(5) 12.08(3) 9.06(1) 9.32(2)
(d) Fitting period: [1970,2010], forecasting period: [2011,2015]
Country Gender LC LCj.k LCyet MF EF
UK Male 11.29 13.68 10.32 6.43 6.42
Female 6.30 7.47 6.37 5.75 5.74
USA Male 7.05 6.55 6.90 4.05 4.02
Female 8.23 7.87 7.72 4.18 4.18
Male 5.93 5.93 5.99 5.59 5.47
Japan
Female 5.81 12.48 5.81 5.66 5.61

Average 7.43(4) 9.00(5) 7.193) 5.27(2) 5.24(1)
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Table 5.5 Cont.
(e) Fitting period: [1970,2005], forecasting period: [2006,2015]

Country Gender LC LCjok LCct MF EF
UK Male 12.60 15.76 12.06 7.63 7.79
Female 8.90 10.16 8.65 7.08 7.16
USA Male 8.49 8.99 8.55 5.65 5.58
Female 9.31 9.29 9.35 5.38 5.46
Male 6.91 6.70 7.12 5.87 5.54
Japan
Female 8.39 12.77 7.94 5.81 5.77
Average 9.10(4) 10.61(5) 8.95(3) 6.24(2) 6.22(1)

() Fitting period: [1970,2000], forecasting period: [2001,2015]

Country Gender LC LCjok LCyct MF EF
UK Male 16.28 18.04 16.33 13.57 13.73
Female 11.22 11.67 11.40 8.46 8.68
USA Male 10.06 10.88 9.69 8.92 8.68
Female 9.84 10.38 10.12 9.11 9.24
Male 8.45 9.36 8.94 5.70 6.31
Japan
Female 12.54 15.03 12.02 6.56 7.58
Average 11.40(3) 12.56(5) 11.42(4) 8.72(1) 9.04(2)

5.4 Concluding Remarks

In this chapter, we presented a credibility formulation of the Lee-Carter method particu-

larly designed for multi-population mortality modelling. Differently from the standard

Lee-Carter methodology, where the time index is assumed to follow an appropriate

time series process, under our approach, the period dynamics of mortality are modelled

under a crossed classification credibility formulation. This approach allows to model

the gender and country mortality effects, as well as the possible interactions that may

exist between multiple genders and countries.

The future mortality rates were derived by incorporating different extrapolation

methods and the forecasting performance between the proposed method and two Lee-

Carter extensions for multiple populations was thoroughly evaluated. Numerical results

on mortality data of different periods, for both genders of the UK, the USA and Japan

show that the MF and the EF credibility methods have the best forecasting performance,

based on MAPFE values, for all the fitting and forecasting periods.



Chapter 6
General Conclusions

This thesis combined aspects of life and non-life insurance to propose novel mortality
modelling methods. Based on the actuarial credibility modelling techniques, we devel-
oped innovative methods, aiming to model and forecast mortality for a single or multiple
populations. Before introducing these methods, in Chapter 2, we examined the fitting
and forecasting performance of the most used stochastic mortality models on Greek
data. Furthermore, an application of mortality modelling in pricing insurance-related
products was also included.

However, it is highly important to point out that modelling efficiency and forecasting
reliability may also depend on unexpected events or other factors. For this reason, in
Chapter 3, we proposed a credibility regression mortality framework with random
coefficients to model mortality data. The applicability of this modelling approach
was comparatively illustrated on Greek mortality data with a pricing application on
insurance-related products.

In Chapter 4, we extended the credibility regression mortality framework to a
multi-level hierarchical structure, which models mortality for multiple populations of
different ages, genders and countries in a hierarchical form. The efficiency of this
method was illustrated on multi-population mortality data for both genders of three
northern European countries, the Ireland, the Finland and the Norway.

In Chapter 5, we presented a mortality model for multiple populations, based on
crossed classification credibility techniques. More specifically, period dynamics of
mortality are modelled under a two-way crossed classification credibility framework.
Under this specification, modelling procedure takes into account the impact of gender
and country characteristics on mortality improvement and allows for possible interaction
effects that may exist between them. The proposed method was thoroughly illustrated
on mortality data for both genders of three well-developed countries, the UK, the USA
and Japan.

To sum up, the proposed methods aimed to derive future mortality rates per age,

gender and country, which are essential for the construction of a life table (period or
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cohort). Then, any quantity of demographic or actuarial interest (e.g. life expectancies,
annuities) can be derived from this table.

Regarding some possible demographic extensions of our work, we note that even if
this thesis deals with applications on all-cause mortality data, the use of our methods
is not restricted to these data. For example, the hierarchical model of Chapter 4 can
accommodate datasets for different causes of death, per age, gender or country. In
addition, Lee (1993) suggested the use of the Lee-Carter method to model to forecast
the time series of US fertility. Accordingly, the crossed classification model of Chapter
5 can be implemented on fertility modelling studies.

Finally, we have to mention that all of the proposed methods throughout this
thesis were implemented using the "open source" R statistical software (R Core Team,
2017). Specifically, we developed our own R routines to build the credibility regression
mortality model of Chapter 3, the hierarchical credibility regression mortality model of
Chapter 4 and the crossed classification credibility mortality model of Chapter 5. The
numerical illustrations of each model are fully applicable and provide encouragement
that credibility modelling approaches could contribute to demographic projections,

beyond the scopes of this thesis.
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