PANEPISTHMIO PEIRAIWS

TMHMA STATISTIKHS KAI ASFALISTIKHS EPISTHMHS

METAPTUQIAKO PROGRAMMA SPOUDWN STHN EFARMOSMENH STATISTIKH

FRAGMATA GIA THN ANANEWTIKH SUNARTHSH

BAIOS N. DERMITZAKHS

Diplwmatikă ErgasÐa pou upoblăjhke sto Tmăma Statistikăc kai Asfalistikăc Epistămhc tou PanepisthmÐou Peiraiÿc wc mèroc twn apaităsewn gia thn apìkthsh tou MetaptuqiakoÔ . Diplÿmatoc EidÐkeushc sthn Efarmosmènh Statistikă

PeiraiĹc Dekèmbrioc 2005

.

H paroÔsa Diplwmatikă ErgasÐa egkrÐjhke omìfwna apì thn Trimelă Exetastikă Epitropă pou orÐsjhke apì th GSES tou Tmămatoc Statistikăc kai Asfalistikăc Epistămhc tou PanepisthmÐou Peiraiÿc sthn up’ arijm. ..... sunedrÐash tou sÔmfwna me ton Eswterikì Kanonismì LeitourgÐac tou progrĹmmatoc Metaptuqiakÿn Spoudÿn sthn Efarmosmènh Statistikă. Ta mèlh thc epitropăc ătan :

-PolÐthc K. (Epiblèpwn) -KoÔtrac M. -MpoÔtsikac M.

H ègkrish thc Diplwmatikăc ErgasÐac apì to Tmăma Statistikăc kai Asfalistikăc Epistămhc tou PanepisthmÐou Peiraiÿc den upodhlÿnei apodoqă twn gnwmÿn tou suggrafèa.

UNIVERSITY OF PIRAEUS

DEPARTMENT OF STATISTICS AND INSURANCE SCIENCE

POSTGRADUATE PROGRAM IN APPLIED STATISTICS

BOUNDS FOR THE RENEWAL FUNCTION

By Vaios N. Dermitzakis

MSc Dissertation submitted to the Department of Statistics and Insurance Science of the University of Piraeus in partial fulfillment of the requirements for the degree of Master of Science in . Applied Statistics

Piraeus, Greece December 2005

.

Stouc goneÐc mou NÐko kai AnastasÐa kai stic adelfèc mou Eirănh kai MĹrtzu ii

EuqaristÐec

Ja ăjela na euqaristăsw thn oikogèneia mou h opoÐa apotèlese shmantikì sumparastĹth kaj’ ìlh th diĹrkeia suggrafăc thc paroÔsac ergasÐac. IdiaÐterec euqaristÐec ja ăjela na ekfrĹsw ston epiblèponta kajhghtă mou k. K. PolÐth gia thn Ĺristh sunergasÐa pou eÐqame kai gia thn upomonă pou epèdeixe. Oi polÔtimec parathrăseic, diorjÿseic kai sumboulèc tou kajÿc kai h mejodikìthta pou ton diakrÐnei sthn ergasÐa tou, sunèbalan ousiastikĹ sthn exèlixh kai oloklărwsh autăc thc Diplwmatikăc ergasÐac. EpÐshc ja ăjela na euqaristăsw kai ta upìloipa mèlh thc trimeloÔc epitropăc k. M. KoÔtra kai k. M. MpoÔtsika gia thn epÐbleyh thc ergasÐac.

iv

PerÐlhyh

Se mia ananewtikă anèlixh h posìthta me to megalÔtero endiafèron eÐnai h ananewtikă sunĹrthsh, U(t), h opoÐa ekfrĹzei to anamenìmeno plăjoc twn gegonìtwn sto qronikì diĹsthma [0, t] ìtan oi endiĹmesoi qrìnoi anĹmesa se diadoqikĹ gegonìta eÐnai anexĹrthtec tuqaÐec metablhtèc. H sunĹrthsh aută qrhsimopoieÐtai se diĹforouc klĹdouc thc efarmosmènhc èreunac ìpwc h jewrÐa axiopistÐac, h jewrÐa kindÔnwn, h jewrÐa ourÿn anamonăc kai h dhmografÐa. KÔrioc stìqoc thc sugkekrimènhc diplwmatikăc eÐnai h parousÐash twn shmantikìterwn fragmĹtwn pou èqoun protajeÐ gia thn ananewtikă sunĹrthsh allĹ kai h sugkritikă axiolìghsh autÿn twn fragmĹtwn tìso jewrhtikĹ ìso kai me bĹsh kĹpoia arijmhtikĹ paradeÐgmata, idiaÐtera sthn perÐptwsh pou h katanomă twn endiĹmeswn qrìnwn F metaxÔ twn sumbĹntwn anăkei se kĹpoia klĹsh axiopistÐac (p.q. IFR-DFR, NBU-NWU, IMRL-DMRL ).

vi

Abstract

In a renewal process the quantity with the major interest is the renewal function, U(t), which expresses the expected number of the renewals in the interval [0,t] when the intermediate times between successive events are independent random variables. This function has applications in various branches of applied research such as reliability theory, risk theory, queuing theory and demography. The main purpose of this thesis is the presentation of the most important bounds, which have been suggested for the renewal function and also the comparative study of these bounds both theoretically and numerically, especially in the case where the distribution of the intermediate times F belongs to an aging class of distributions (e.g. IFR-DFR, NBU-NWU, IMRL-DMRL ).

viii

Perieqìmena

1 Eisagwgă 1

2 Ananewtikèc anelÐxeic 5 2.1 Eisagwgă stic stoqastikèc anelÐxeic . . . . . . . . . . . . . . . . . . . . 5 2.2 BasikĹ stoiqeÐa Ananewtikÿn Diadikasiÿn . . . . . . . . . . . . . . . . . 10 2.3 Ananewtikă ExÐswsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.4 Melèth thc Ananewtikăc DiadikasÐac se ’Apeiro Qrìno . . . . . . . . . . 15 2.5 Efarmogèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3 JewrÐa qreokopÐac 21 3.1 Stoqastikă Anèlixh PleonĹsmatoc . . . . . . . . . . . . . . . . . . . . . 21 3.2 Klasikì Montèlo thc JewrÐac KindÔnwn . . . . . . . . . . . . . . . . . . 23 3.3 Pijanìthta QreokopÐac . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 3.3.1 Basikă upìjesh . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3.4 Pijanìthta QreokopÐac kai Ananewtikă ExÐswsh . . . . . . . . . . . . . . 29 3.5 Suntelestăc Prosarmogăc . . . . . . . . . . . . . . . . . . . . . . . . . . 31 3.6 KĹpoiec tuqaÐec metablhtèc pou sundèontai me th pijanìthta qreokopÐac . 34 3.7 Pijanìthta qreokopÐac se suneqă kai peperasmèno qrìno . . . . . . . . . 39 3.8 To ananewtikì montèlo thc JewrÐac KindÔnou . . . . . . . . . . . . . . . 40 3.9 Efarmogèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4 FrĹgmata gia thn ananewtikă sunĹrthsh 51 4.1 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 4.2 FrĹgmata sunartăsei twn ropÿn μ_1 kai μ_2. . . . . . . . . . . . . . . . . . 54 4.2.1 GenikĹ Ĺnw kai kĹtw frĹgmata . . . . . . . . . . . . . . . . . . . . 54

4.2.2 FrĹgmata gia diĹforouc tÔpouc găranshc . . . . . . . . . . . . . . 54 4.3 FrĹgmata upì th gnÿsh thc F . . . . . . . . . . . . . . . . . . . . . . . . 55 4.3.1 GenikĹ Ĺnw kai kĹtw frĹgmata. . . . . . . . . . . . . . . . . . . . 55 4.3.2 FrĹgmata upì diafìrouc tÔpouc găranshc . . . . . . . . . . . . . 59 4.4 FrĹgmata upì monìtonh ananewtikă puknìthta . . . . . . . . . . . . . . . 61 4.4.1 GenikĹ Ĺnw kai kĹtw frĹgmata . . . . . . . . . . . . . . . . . . . . 62 4.4.2 FrĹgmata upì diafìrouc tÔpouc găranshc . . . . . . . . . . . . . 63 4.5 EFARMOGES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 4.6 Epanalhptikă mèjodoc dhmiourgÐac fragmĹtwn . . . . . . . . . . . . . . . 82

5 Mia nèa mèjodoc kataskeuăc kĹtw fragmĹtwn gia thn ananewtikă sunĹrthsh 87 5.1 Ananewtikă sunĹrthsh kai ourĹ sÔnjethc gewmetrikăc . . . . . . . . . . 87 5.1.1 ’Anw frĹgmata gia thn ourĹ sÔnjethc gewmetrikăc katanomăc . . . 88 5.1.2 KĹtw frĹgmata gia thn ananewtikă sunĹrthsh proerqìmena apì Ĺnw frĹgmata thc ourĹc thc sÔnjethc gewmetrikăc katanomăc. . . 91 5.2 Efarmogèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

6 FrĹgmata kai efarmogèc 127 6.1 Pijanìthta qreokopÐac kai frĹgmata gia thn ananewtikă sunĹrthsh . . . 127 6.2 Nèa frĹgmata gia thn ourĹ thc sÔnjethc gewmetrikăc katanomăc . . . . . 134

7 SumperĹsmata 143

Parartămata 147

BibliografÐa 161

KefĹlaio 1 Eisagwgă

Oi ananewtikèc diadikasÐec èqoun wc stìqo touc th melèth diadoqikÿn pragmatopoiăsewn enìc gegonìtoc ìtan oi endiĹmesoi qrìnoi metaxÔ twn sumbĹntwn eÐnai anexĹrthtec kai isìnomec tuqaÐec metablhtèc. Oi ananewtikèc diadikasÐec eÐnai mia genÐkeush thc diadikasÐac Poisson, afoÔ oi qrìnoi metaxÔ twn sumbĹntwn mporoÔn na èqoun opoiadăpote katanomă se antÐjesh me thn anèlixh Poisson sthn opoÐa apaiteÐtai na eÐnai h Ekjetikă katanomă. H jewrÐa pou anaptÔqjhke gia th melèth twn ananewtikÿn diadikasiÿn onomĹzetai ananewtikă jewrÐa. Oi prÿtec efarmogèc twn ananewtikÿn anelÐxewn proèrqontan apì to qÿro thc jewrÐac thc AxiopistÐac. H ananewtikă jewrÐa apoteleÐ èna shmantikì ergaleÐo gia th melèth thc axiopistÐac enìc sustămatoc gia parĹdeigma mhqanhmĹtwn, sto opoÐo mac endiafèrei h sumperiforĹ tou sustămatoc kai metĹ apì thn antikatĹstash miac monĹdac pou èqei apotÔqei. Argìtera h ananewtikă jewrÐa sundèjhke me genikìtera problămata thc jewrÐac pijanotătwn pou sqetÐzontan me ajroÐsmata anexĹrthtwn kai mh arnhtikÿn tuqaÐwn metablhtÿn. Sămera oi ananewtikèc diadikasÐec brÐskoun efarmogèc se polloÔc episthmonikoÔc klĹdouc ektìc twn efarmosmènwn pijanotătwn, ìpwc gia parĹdeigma sthn oikonomÐa (melèth qartofulakÐwn ependÔsewn), sth biologÐa (melèth ananeÿsewn - antikatastĹsewc enìc kuttĹrou) kai th dhmografÐa.

Mia posìthta h opoÐa parousiĹzei megĹlo endiafèron sth melèth kĹje ananewtikăc diadikasÐac eÐnai h ananewtikă sunĹrthsh. H ananewtikă sunĹrthsh ekfrĹzei ton anamenìmeno arijmì ananeÿsewn thc anèlixhc se èna sugkekrimèno qronikì diĹsthma. O upologismìc thc ananewtikăc sunĹrthshc exartĹtai apì thn katanomă pou èqei o qrìnoc metaxÔ twn ananeÿsewn kai gia tic perissìterec katanomèc eÐnai dÔskolo ă adÔnaton na upologisteÐ. Epomènwc, h èreuna èqei strafeÐ sthn eÔresh proseggistikÿn timÿn kai fragmĹtwn gia thn ananewtikă sunĹrthsh. Sthn paroÔsa diplwmatikă ergasÐa ja asqolhjoÔme me thn parousÐash twn kuriìterwn fragmĹtwn, pou mporoÔn na qrhsimopoihjoÔn anĹloga me ta stoiqeÐa pou eÐnai diajèsima gia thn katanomă twn endiĹmeswn qrìnwn metaxÔ twn ananeÿsewn.

Domă thc ergasÐac

H domă pou ja akoloujăsoume sthn paroÔsa ergasÐa eÐnai h exăc :

Sto kefĹlaio 2 dÐnoume kĹpoiec basikèc ènnoiec twn stoqastikÿn anelÐxewn kai eisĹgoume thn ènnoia thc ananewtikăc anèlixhc. Sth sunèqeia anafèroume basikĹ qarakthristikĹ kai idiìthtec thc anèlixhc autăc kai dÐnoume ta basikĹ jewrămata pou perigrĹfoun thn oriakă thc sumperiforĹ. Sto tèloc tou kefalaÐou perigrĹfoume mia mejodologÐa gia ton akribă upologismì thc ananewtikăc sunĹrthshc gia tic katanomèc pou autìc eÐnai efiktìc.

Sto kefĹlaio 3 dÐnoume ta basikĹ stoiqeÐa thc jewrÐac qreokopÐac, h opoÐa sundèetai stenĹ kai qrhsimopoieÐtai wc mejodologikì ergaleÐo stic ananewtikèc diadikasÐec. Sugkekrimèna eisĹgoume thn ènnoia thc pijanìthtac qreokopÐac kai perigrĹfoume tic idiìthtec thc. ApodeiknÔoume pwc h pijanìthta qreokopÐac mporeÐ na grafteÐ san ourĹ miac sÔnjethc gewmetrikăc katanomăc kai tèloc upologÐzoume thn akribă timă thc pijanìthtac qreokopÐac se kĹpoia sugkekrimèna paradeÐgmata akoloujÿntac th mejodologÐa twn Gerber, Goovaerts kai Kaas (1987).

Sto kefĹlaio 4 parousiĹzoume ta kuriìtera frĹgmata gia thn ananewtikă sunĹrthsh kai gÐnetai anaforĹ sth mejodologÐa pou qrhsimopoÐhsan prìsfata oi Politis kai Koutras (2005) gia thn kataskeuă beltiwmènwn fragmĹtwn. H mèjodoc aută dÐnei th dunatìthta na kataskeuĹsoume nèa frĹgmata an eisĹgoume gnwstĹ frĹgmata thc ananewtikăc sunĹrthshc sthn antÐstoiqh ananewtikă exÐswsh. FusikĹ h mèjodoc aută mporeÐ na efarmosteÐ kai epanalhptikĹ eisĹgontac kĹje forĹ to kainoÔrgio frĹgma pou prokÔptei sthn ananewtikă exÐswsh. Tèloc dÐnontai dÔo efarmogèc stic opoÐec sugkrÐnoume ta shmantikìtera frĹgmata stic periptÿseic pou èqoume aÔxousa kai fjÐnousa bajmÐda apotuqÐac antÐstoiqa.

Sto kefĹlaio 5 meletĹme mia sqèsh pou sundèei ta Ĺnw frĹgmata thc ourĹc thc sÔnjethc gewmetrikăc katanomăc me ta kĹtw frĹgmata gia thn ananewtikă sunĹrthsh. Sth sunèqeia xekinÿntac apì ta Ĺnw frĹgmata pou parousÐase o Brown (1990), dÐnoume mia seirĹ apì kĹtw frĹgmata gia thn ananewtikă sunĹrthsh.

Sto kefĹlaio 6 upologÐzoume èna kĹtw frĹgma gia thn pijanìthta qreokopÐac sthn perÐptwsh pou gnwrÐzoume ton akribă tÔpo thc pijanìthtac qreokopÐac (gia sugkekrimènh katanomă tou qrìnou metaxÔ diadoqikÿn ananeÿsewn). EpÐshc efarmìzoume th mejodologÐa twn Politis kai Koutras (2005) gia th beltÐwsh twn Ĺnw fragmĹtwn tou Brown (1990) kai kataskeuĹzoume nèa frĹgmata gia thn ananewtikă sunĹrthsh apì ta beltiwmèna frĹgmata.

Tèloc sto kefĹlaio 7 dÐnontai ta genikĹ sumperĹsmata pou proèkuyan apì thn melèth twn fragmĹtwn thc ananewtikăc sunĹrthshc.

4

KefĹlaio 2 Ananewtikèc anelÐxeic

2.1 Eisagwgă stic stoqastikèc anelÐxeic

Orismìc 1. ’Estw (W, F, R) ènac qÿroc pijanìthtac, tìte kĹje metrăsimh sunĹrthsh X : Ω → R

kaleÐtai tuqaÐa metablhtă.

Sugkekrimèna, tuqaÐa metablhtă eÐnai mia sunĹrthsh pou ikanopoieÐ tic exăc dÔo idiìthtec :

1. Se kĹje shmeÐo tou deigmatikoÔ qÿrou W, antistoiqeÐ èna pragmatikì arijmì X(ω) = x ∈ R.

2. IkanopoieÐ th sqèsh:

X^{−1} ((−∞, x]) = {ω ∈ Ω : −∞ < X(ω) ≤ x} ∈ F, ∀x ∈ R.

Orismìc 2. ’Estw (W, F, R) ènac qÿroc pijanìthtac, tìte kĹje oikogèneia tuqaÐwn metablhtÿn {X(t), t ∈ T } orismènwn ston Ðdio autì qÿro pijanìthtac, kaleÐtai stoqastikă anèlixh ă stoqastikă diadikasÐa .

Gia thn perigrafă twn stoqastikÿn anelÐxewn qrhsimopoieÐtai epÐshc kai o sumbolismìc {X_t, t ∈ T }, ton opoÐo kai ja qrhsimopoiăsoume sth sunèqeia. To sÔnolo T, sunăjwc antistoiqeÐ se kĹpoio qronikì diĹsthma katĹ th diĹrkeia tou opoÐou jèloume na meletăsoume tic timèc thc tuqaÐac metablhtăc X_t. AnĹloga me to eÐdoc tou sunìlou T, oi stoqastikèc anelÐxeic mporoÔn na qwristoÔn se dÔo kathgorÐec. An T eÐnai arijmăsimo sÔnolo, tìte èqoume stoqastikă anèlixh diakritoÔ qrìnou, enÿ an eÐnai uperarijmăsimo h antÐstoiqh diadikasÐa kaleÐtai suneqoÔc qrìnou.

’Enac, epiplèon diaqwrismìc twn stoqastikÿn anelÐxewn mporeÐ na prokÔyei me bĹsh to qÿro katastĹsewn touc, dhladă tic dunatèc timèc twn X_t. An to sÔnolo autì eÐnai peperasmèno ă arijmăsimo, tìte lème ìti èqoume stoqastikă diadikasÐa me diakritì qÿro katastĹsewn enÿ an to sÔnolo autì eÐnai uperarijmăsimo, h stoqastikă anèlixh èqei suneqă qÿro katastĹsewn. Profanÿc, sunduĹzontac touc dÔo prohgoÔmenouc trìpouc diaqwrismoÔ twn stoqastikÿn diadikasiÿn, prokÔptoun tèsseric nèec kathgorÐec.

Paratărhsh

H stoqastikă sumperiforĹ thc diadikasÐa {X_t, t ∈ T } eÐnai plărwc kajorismènh, an xèroume :

1. To parametrikì qÿro T.

2. To qÿro katastĹsewn S.

3. Th stoqastikă exĹrthsh twn melÿn thc stoqastikăc anèlixhc {X_t, t ∈ T }, h opoÐa kajorÐzetai apì thn apì koinoÔ sunĹrthsh katanomăc kĹje dunatăc peperasmènhc upooikogèneiac thc

F_{t1,t2,...,tn} (x_1, x_2, ..., x_n) = P r [X_{t1} ≤ x_1, X_{t2} ≤ x_2, ..., X_{tn} ≤ x_n]

Orismìc 3. DÔo stoqastikèc anelÐxeic {X_t, t ∈ T }, {X_s, s ∈ T }, kaloÔntai stoqastikĹ anexĹrthtec, an kĹje dunatì zeÔgoc peperasmènwn upooikogeneiÿn touc, X = (X_{t1} , X_{t2} , ..., , X_{tn} ) kai Y = (Y_{t1} , Y_{t2} , ..., Y_{tn} ), eÐnai stoqastikĹ anexĹrthtec.

Oi stoqastikèc anelÐxeic mporoÔn na qwristoÔn se diĹforec kathgorÐec me bĹsh th stoqastikă exĹrthsh twn melÿn touc, ìpwc faÐnetai kai apì ta parakĹtw paradeÐgmata.

ParadeÐgmata stoqastikÿn anelÐxewn

1. Markobianèc stoqastikèc anelÐxeic.

An h gnÿsh opoiasdăpote plhroforÐac gia to pareljìn, ìtan eÐnai kajorismènh h paroÔsa katĹstash den ephreĹzei thn pijanìthta na sumbeÐ opoiodăpote dunatì endeqìmeno sto mèllon tìte èqoume Markobianèc stoqastikèc anelÐxeic. Dhladă, h {X_t, t ∈ T } eÐnai Markobiană, an oi tuqaÐec metablhtèc {X_s, s > t}, dedomènhc thc X_t eÐnai stoqastikĹ anexĹrthtec apì tic tuqaÐec metablhtèc {X_k, k < t}.

2. StĹsimec stoqastikèc diadikasÐec

Mia stoqastikă diadikasÐa {X_t, t ∈ T }, kaleÐtai stĹsimh, an: ∀r > 0, oi stoqastikèc anelÐxeic {X_t, t ∈ T } kai {X_{t+r}, t ∈ T }, eÐnai stoqastikĹ isodÔnamec dhladă, an oi tuqaÐec metablhtèc :

[X(t_1), X(t_2), X(t_3), ..., X(t_n)] kai [X(t_1 + r), X(t_2 + r), ..., X(t_n + r)] èqoun thn Ðdia apì koinoÔ katanomă, ∀n ∈ N kai t_1, t_2, ..., t_n ∈ T .

3. Stoqastikèc anelÐxeic me OmogeneÐc Prosauxăseic.

H stoqastikă anèlixh {X_t, t ∈ T }, èqei omogeneÐc prosauxăseic, an: gia s < t h katanomă thc tuqaÐac metablhtăc X_{t−s}, exartĹtai mìno apì th diaforĹ t − s kai ìqi apì tic timèc t, s.

4. Stoqastikèc AnelÐxeic me AnexĹrthtec Prosauxăseic.

H stoqastikă anèlixh {X_t, t ∈ T }, èqei anexĹrthtec prosauxăseic, an: oi tuqaÐec metablhtèc X_{t2} − X_{t1} , ...X_{tn} − X_{tn−1} , eÐnai anexĹrthtec, n ∈ N kai t_1, t_2, ..., t_n ∈ T me t_1 < t_2 < ... < t_n.

5. Ananewtikèc diadikasÐec.

Oi ananewtikèc diadikasÐec èqoun san stìqo touc th melèth diadoqikÿn pragmatopoiăsewn enìc gegonìtoc, ìtan oi endiĹmesoi qrìnoi metaxÔ twn sumbĹntwn eÐnai anexĹrthtec kai isìnomec tuqaÐec metablhtèc. Oi diadikasÐec autèc ja exetastoÔn analutikìtera sth sunèqeia.

Orismìc 4. Mia stoqastikă anèlixh {N_t, t ≥ 0}, kaleÐtai aparijmătria stoqastikă anèlixh, an h N_t ikanopoieÐ tic parakĹtw sunjăkec :

1. N_t ≥ 0.

2. N_t ∈ Z.

3. N_t eÐnai aÔxousa sunĹrthsh wc proc t, dhladă : gia s < t ⇒ N_s ≤ N_t.

4. Gia s < t, h tuqaÐa metablhtă N_t − N_s, paristĹnei twn arijmì twn sumbĹntwn pou pragmatopoiăjhkan sto qronikì diĹsthma (s, t].

Orismìc 5. Mia aparijmătria stoqastikă anèlixh {N_t, t ≥ 0}, kaleÐtai diadikasÐa Poisson, me parĹmetro l an kai mìno an gia kĹje apeirostì qronikì diĹsthma (t, t + h], isqÔei:

P r (N(t, t + h) = k |N(s), 0 ≤ s ≤ t) = � � � λh + o(h), an k = 1 1 − λh + o(h), an k = 0 o(h), an k ≥ 2

(2.1)

ìpou N(t, u) = N(u) − N(t), 0 ≤ t ≤ u eÐnai o arijmìc twn sumbĹntwn sto qronikì diĹsthma (t, u] kai o(h), o parĹgontac diìrjwshc gia ton opoÐo isqÔei:

lim_{h→0} o(h) h = 0 H sqèsh 2.1 mporeÐ diaisjhtikĹ na metafrasteÐ wc exăc :

1. Se kĹje apeirostì qronikì diĹsthma upĹrqoun akribÿc dÔo endeqìmena, eÐte na sumbeÐ èna gegonìc, eÐte kanèna.

2. H pijanìthta pragmatopoÐhshc gegonìtwn den exartĹtai apì thn arqă t, tou qronikoÔ diastămatoc (t, t + h], eidikìtera h pijanìthta emfĹnishc enìc akribÿc sumbĹntoc, eÐnai anĹlogh mìno tou măkouc h tou diastămatoc kai thc paramètrou l.

3. H pijanìthta pragmatopoÐhshc enìc gegonìtoc se èna apeirostì qronikì diĹsthma paramènei stajeră se ìlh th diĹrkeia tou qrìnou kai den exartĹtai apì to pareljìn.

Orismìc 6. ’Estw X_1, X_2, X_3, ... mia akoloujÐa apì anexĹrthtec tuqaÐec metablhtèc kai N_t, t ≥ 0 mia stoqastikă anèlixh Poisson, tètoia ÿste h N_t na eÐnai anexĹrthth twn X_i, ∀i. Tìte orÐzoume thn tuqaÐa metablhtă :

Z_t =

N_t�

i=1 X_i

pou kaleÐtai sÔnjeth Poisson tuqaÐa metablhtă. AntÐstoiqa orÐzetai h anèlixh :

{Z_t, t ≥ 0} =

�_{Nt} � i=1 X_i , t ≥ 0 �

h opoÐa kaleÐtai sÔnjeth Poisson stoqastikă anèlixh.

Mia genÐkeush tou parapĹnw orismoÔ mporeÐ na prokÔyei an deqtoÔme pwc h aparijmătria stoqastikă anèlixh N(t), t ≥ 0 den eÐnai diadikasÐa Poisson allĹ mia opoiadăpote Ĺllh aparijmătria stoqastikă anèlixh. ParakĹtw dÐnetai o orismìc thc sÔnjethc tuqaÐac metablhtăc kai thc sÔnjethc stoqastikăc anèlixhc.

Orismìc 7. ’Estw X_1, X_2, X_3, ... mia akoloujÐa apì anexĹrthtec tuqaÐec metablhtèc kai {N_t, t ≥ 0} mia aparijmătria stoqastikă anèlixh, tètoia ÿste h tuqaÐa metablhtă N_t na eÐnai anexĹrthth apì tic X_1, X_2, X_3, .... Tìte, orÐzoume thn tuqaÐa metablhtă :

Z_t =

N_t�

i=1 X_i

h opoÐa kaleÐtai sÔnjeth N_t (ìnoma katanomăc pou akoloujeÐ h N_t) tuqaÐa metablhtă^1 kai antÐstoiqa, th: {Z_t, t ≥ 0} =

�_{Nt} � i=1 X_i , t ≥ 0 �

pou kaleÐtai sÔnjeth N_t-stoqastikă anèlixh.

Mia eidikă perÐptwsh aparijmătriac diadikasÐac eÐnai h ananewtikă diadikasÐa, o orismìc thc opoÐac dÐnetai parakĹtw:

Orismìc 8. Mia aparijmătria stoqastikă anèlixh {N_t, t ≥ 0} kaleÐtai ananewtikă diadikasÐa, an oi endiĹmesoi qrìnoi anamonăc metaxÔ twn sumbĹntwn eÐnai anexĹrthtec kai isìnomec tuqaÐec metablhtèc .

H xenìglwssh bibliografÐa pou mporeÐ na qrhsimopoihjeÐ gia mia eisagwgă sthn ananewtikă jewrÐa apoteleÐtai arqikĹ apì ta suggrĹmmata twn Cox (1962), Ross (1996) kai Grimmett & Strizaker (2001), enÿ mia pio austhră prosèggish tou jèmatoc gÐnetai apì touc Feller (1971) kai Asmussen (1987). Sthn ellhnikă bibliografÐa oi kuriìteroi suggrafeÐc pou èqoun asqolhjeÐ me tic ananewtikèc anelÐxeic eÐnai oi DamianoÔ (1996), FakÐnoc (1992) kai QrusafÐnou (2004). Sth sunèqeia ja meletăsoume ta basikĹ stoiqeÐa twn ananewtikÿn anelÐxewn me ton sumbolismì pou qrhsimopoiăjhke apì ton Feller (1971) kai thn upìjesh ìti th qronikă stigmă mhdèn, pou xekinĹei h melèth tou ananewtikăc diadikasÐac, èqoume mia ananèwsh.

1Sugkekrimèna h katanomă pou akoloujeÐ h N_t dÐnei thn onomasÐa sthn katanomă pou akoloujeÐ h sÔnjeth tuqaÐa metablhtă p.q an N_t ∼ Geometric, tìte lème ìti h Z_t akoloujeÐ th sÔnjeth gewmetrikă katanomă.

2.2 BasikĹ stoiqeÐa Ananewtikÿn Diadikasiÿn

’Estw, T_1, T_2, T_3, ..., mia akoloujÐa apì mh arnhtikèc suneqeÐc, anexĹrthtec kai isìnomec tuqaÐec metablhtèc me koină ajroistikă sunĹrthsh katanomăc F_{Ti} (t) = P r(T_i ≤ t), i = 1, 2, 3, .... An jewrăsoume pwc h tuqaÐa metablhtă T_i antistoiqeÐ ston endiĹmeso qrìno metaxÔ twn diadoqikÿn ananeÿsewn i, i + 1, i = 0, 1, 2, ... kai upojèsoume pwc th qronikă stigmă mhdèn èqoume mia ananèwsh tìte orÐzoume tic tuqaÐec metablhtèc:

1. Qrìnoc mèqri thn n-ostă ananèwsh :

S_n = n−1� i=0 T_i (2.2)

2. Plăjoc ananeÿsewn sto qrìno [0, t] :

N(t) = N_t = 1 + max {n : S_n ≤ t} , (t ≥ 0) (2.3)

Me bĹsh twn parapĹnw sumbolismì, isqÔoun ta exăc:

1. H stoqastikă anèlixh {S_n, n ∈ N} kaleÐtai sunăjhc ă aplă ananewtikă diadikasÐa diakritoÔ qrìnou me suneqă qÿro katastĹsewn.

2. H stoqastikă anèlixh {N_t, t ≥ 0} kaleÐtai aparijmătria ananewtikă diadikasÐa suneqoÔc qrìnou me diakritì qÿro katastĹsewn.

3. H mèsh timă thc tuqaÐac metablhtăc N_t, U(t) = E(N_t) t ≥ 0, kaleÐtai ananewtikă sunĹrthsh kai antistoiqeÐ ston anamenìmeno arijmì ananeÿsewn sto [0, t].

4. IsqÔoun oi parakĹtw isodÔnamec isìthtec:

(aþ) {N_t ≥ n} = {S_n ≤ t} (bþ) {N_t ≤ n} = {S_{n+1} > t} (gþ) {N_t = n} = {S_n ≤ t < S_{n+1}}

� � � � � � � � � qrìnoc t = 0

T_0 T_1 T_{n−2} T_{n−1} S_{n−1}

S_1 S_2 S_n t_0

S_{n−2} � � � � � � � � 10

Sto shmeÐo autì prèpei na anafèroume pwc ektìc thc sunăjouc (ordinal) ananewtikăc diadikasÐac pou anafèrame mèqri tÿra, upĹrqei kai h kajusterhmènh ananewtikă diadikasÐa (delayed renewal process), sthn opoÐa o qrìnoc pou sumbaÐnei h prÿth ananèwsh mporeÐ na èqei diaforetikă katanomă apì ekeÐnh pou èqoun oi T_2, T_3, ..., oi opoÐec paramènoun isìnomec. EmeÐc sth sunèqeia tou kefalaÐou mac ja asqolhjoÔme me tic sunăjeic ananewtikèc diadikasÐec.

Prìtash 1. H ajroistikă sunĹrthsh katanomăc thc tuqaÐac metablhtăc S_n, dÐnetai apì:

P r[S_n ≤ t] = F^{∗n}(t) (2.4)

ìpou F^{∗n} eÐnai h n-tĹxhc sunèlixh thc F me ton eautì thc (blèpe ParĹrthma B).

Prìtash 2. H sunĹrthsh puknìthtac thc tuqaÐac metablhtăc N_t, dÐnetai apì:

P r[N_t = t] = F^{∗n}(t) − F^{∗(n+1)}(t) (2.5)

ìpou: n = 0, 1, 2, ... kai F^{∗0}(t) = 1, ∀t ≥ 0

Apìdeixh

P r[N_t = n] = P r[N_t ≥ n] − P r[N_t ≥ n + 1]

= P r[S_n ≤ t] − P r[S_{n+1} ≤ t] = F^{∗n}(t) − F^{∗(n+1)}(t)

Prìtash 3. Gia thn ananewtikă sunĹrthsh, isqÔoun:

1. ∀t ≥ 0, èqoume: U(t) = ∞� n=0 F^{∗n}(t) (2.6)

2. ∀t ≥ 0 : F (t) < 1, èqoume: U(t) ≤ 1 1 − F (t)

(2.7)

Apìdeixh

1. ’Opwc eÐnai gnwstì gia th mèsh timă miac mh arnhtikăc akèraihc tuqaÐac metablhtăc Q, isqÔei : E(X) = ∞� k=1 P r(X ≥ k) = ∞� k=0 P r(X > k) epomènwc, èqoume:

U(t) = E(N_t) = ∞� n=1 P r[N_t ≥ t | T_0 = 0] = ∞� n=1 P r[S_n ≤ t | T_0 = 0] = ∞� n=1 P r[S_{n−1} ≤ t] = ∞� n=1 F^{∗(n−1)}(t) = ∞� k=0 F^{∗k}(t) (2.8)

2. Qrhsimopoiÿntac th basikă idiìthta twn sunelÐxewn : f ∗ g ≤ fg ⇒ f^{∗n} ≤ f^n ìpou f, g aÔxousec sunartăseic kai afoÔ F (t) < 1, èqoume :

U(t) = ∞� n=0 F^{∗n}(t) ≤ ∞� n=0 F^n(t) = 1 1 − F (t) Prìtash 4. Se mia ananewtikă diadikasÐa, an F (0) = P r[T_i = 0] < 1,tìte h ananewtikă sunĹrthsh U(t) =

�_∞ n=0 F^{∗n}(t) sugklÐnei omoiìmorfa se kĹje peperasmèno diĹsthma thc morfăc [0, τ], ∀τ ≥ 0. ’Ara, sugklÐnei kai gia kĹje ∀t ≥ 0.

Prìtash 5. An oi endiĹmesoi qrìnoi T_i metaxÔ diadoqikÿn ananeÿsewn èqoun ajroistikă sunĹrthsh katanomăc F me tic exăc idiìthtec:

1. F_{Ti} (0) = 0, i = 1, 2, ...

2. ’Eqei fragmènh prÿth parĹgwgo, F^′ = f tìte, isqÔei: U^′ (t) = ∞� i=1 f ∗ F^{∗(i−1)}(t) = f(t) + (f ∗ U)(t) , ∀t ≥ 0 (2.9) ìpou: n = 0, 1, 2, ... kai F^{∗0}(t) = 1, ∀t ≥ 0.

Apì thn parapĹnw prìtash, prokÔptei o exăc orismìc:

Orismìc 9. H parĹgwgoc thc ananewtikăc sunĹrthshc se mia ananewtikă diadikasÐa ìpou oi endiĹmesoi qrìnoi zwăc èqoun ajroistikă sunĹrthsh katanomăc F , me suneqă prÿth parĹgwgo kai F_{Ti} (0) = 0, i = 1, 2, ..., kaleÐtai puknìthta ananeÿsewn ă ananewtikă puknìthta (renewal density), sumbolÐzetai me u(t) kai isoÔtai me: u(t) = ∞� n=1 f ∗ F^{∗(n−1)}(t) = f(t) + (f ∗ U)(t), ∀t ≥ 0 (2.10) Orismìc 10. An {S_n, n ∈ N}, eÐnai mia ananewtikă diadikasÐa kai {N_t : t ≥ 0} h antÐstoiqh aparijmătria ananewtikă diadikasÐa, tìte orÐzoume tic parakĹtw tuqaÐec metablhtèc:

1. Qronikă stigmă thc teleutaÐac ananèwshc sto [0, t] : S_{Nt} = T_0 + T_1 + T_2 + ... + T_{Nt−1} (2.11) 2. Qronikă stigmă thc prÿthc ananèwshc , sto [t, ∞]: S_{Nt+1} = T_0 + T_1 + T_2 + ... + T_{Nt} (2.12) 3. Upoleipìmenoc qrìnoc zwăc monĹdac pou ădh leitourgeÐ qrìno t : Y_t = S_{Nt} − t (2.13) 4. HlikÐa thc monĹdac pou brÐsketai se leitourgÐa katĹ h qronikă stigmă t (ìpou t, sunolikìc qrìnoc leitourgÐac tou sustămatoc) : X_t = t − S_{Nt−1} (2.14) 5. Sunolikă zwă thc monĹdoc pou brÐsketai se leitourgÐa th qronikă stigmă t : Z_t = X_t + Y_t (2.15)

�

� � � � � � qrìnoc t = 0

Z_t X_t Y_t t S_1 S_2 S_{Nt+1}

S_{Nt} � � � � � � � �

2.3 Ananewtikă ExÐswsh

Stic ananewtikèc diadikasÐec to gegonìc ìti metĹ apì kĹje ananèwsh genniètai mia nèa ananewtikă diadikasÐa me ta Ðdia qarakthristikĹ pou eÐqe h prohgoÔmenh, boăjhse sthn diatÔpwsh tou legìmenou ananewtikoÔ epiqeirămatoc. SÔmfwna me autì mporoÔme na upologÐsoume diĹfora qarakthristikĹ thc diadikasÐac, desmeÔontac wc proc to qrìno thc prÿthc ananèwshc. Akoloujÿntac th mejodologÐa aută diatupÿjhkan pollĹ apotelèsmata sthn Ananewtikă JewrÐa. Ta shmantikìtera apì autĹ anafèrontai se aută kai thn epìmenh parĹgrafo.

Prìtash 6. H ananewtikă sunĹrthsh U(t) ikanopoieÐ th sqèsh :

U(t) = 1 + (F ∗ U)(t) = 1 +

�_t 0 U(t − x)dF (x),

∀t ≥ 0.

Apìdeixh

Gia thn apìdeixh thc prìtashc ja qrhsimopoiăsoume to ananewtikì epiqeÐrhma. ’Etsi, an desmeÔsoume th mèsh timă tou arijmoÔ twn ananeÿsewn wc proc to qrìno pou sumbaÐnei h prÿth ananèwsh (metĹ th qronikă stigmă mhdèn) èqoume :

E(N_t | T_1 = x) = � � � 0, an x > t U(t − x), an 0 < x ≤ t 1, an x = 0

(2.16)

H efarmogă tou jewrămatoc thc olikăc pijanìthtac sth 2.16, mac dÐnei :

U(t) = E(N_t) =

�_t 0 E(N_t | T_1 = x)dF (x)

= 1 +

�_t 0 (U(t − x))dF (x) = 1 + (F ∗ U)(t)

Orismìc 11. An Q, eÐnai mia sunĹrthsh fragmènhc kÔmanshc sto [0,t] kai F, mia sunĹrthsh katanomăc, tètoiec ÿste na orÐzontai oi sunelÐxeic H ∗ F kai Q ∗ F, tìte gia kĹje

Ĺgnwsth sunĹrthsh H sto [0,t], orÐzoume thn exÐswsh:

H = Q + H ∗ F (2.17)

ă isodÔnama H(t) = Q(t) +

�_t

0^−

H(t − x)dF (x) (t ≥ 0) (2.18) h opoÐa kaleÐtai ananewtikă exÐswsh.

Jeÿrhma 1. H ananewtikă exÐswsh (2.17), èqei mia kai monadikă lÔsh h opoÐa eÐnai fragmènh se peperasmèna diastămata kai dÐnetai apì ton tÔpo :

H = Q ∗ U (2.19)

ă isodÔnama H(t) =

�_t 0 Q(t − x)dU(x) (2.20) ìpou U(x) =

�_∞ n=0 F^{∗n}(x) h ananewtikă sunĹrthsh

Prìtash 7. Se mia ananewtikă diadikasÐa, ìpou oi qrìnoi metaxÔ twn diadoqikÿn ananeÿsewn èqoun ajroistikă sunĹrthsh katanomăc, F_{Ti(t)}P r[T_i ≤ t], me suneqă prÿth parĹgwgo (F^′ = f), tìte gia th puknìthta twn ananeÿsewn, u(t) isqÔei ìti:

u(t) = lim_{δt→0+} 1 δt P r[ananèwshc sto(t, t + δt)] (2.21)

2.4 Melèth thc Ananewtikăc DiadikasÐac se ’Apeiro Qrìno

Stic prohgoÔmenec paragrĹfouc, meletăsame thn ènnoia thc ananewtikăc diadikasÐac se èna peperasmèno qronikì diĹsthma. Sthn prĹxh ìmwc mac endiafèrei kai h melèth thc diadikasÐac sth perÐptwsh ìpou o qrìnoc eÐnai arketĹ megĹloc, jewrhtikĹ Ĺpeiroc, lìgw tou ìti mìno ètsi mporoÔme na prosomeiÿsoume th sumperiforĹ susthmĹtwn, pou èqoun ădh leitourgăsei ă prìkeitai na leitourgăsoun gia megĹlo qronikì diĹsthma.

Jeÿrhma 2. Se mia ananewtikă diadikasÐa, ìpou oi qrìnoi metaxÔ twn diadoqikÿn ananeÿsewn èqoun mèsh timă μ = E(T_i) < ∞ kai diasporĹ σ^2 = V ar(T_i) < ∞, gia th metabatikă katanomă N(t) pou antistoiqeÐ sthn aparijmătria stoqastikă anèlixh {N(t), t ≥ 0}, isqÔei: lim_{t→∞} P r � � N(t) −^t_μ �_1

μ^3 tσ 2 ≤ x � � = Φ(x), ∀x ∈ R (2.22)

ìpou Φ(x) h sunĹrthsh katanomăc thc tupopoihmènhc kanonikăc katanomăc N(0,1). Jeÿrhma 3 (Stoiqeiÿdec Ananewtikì Jeÿrhma). Se mia ananewtikă diadikasÐa, ìpou oi qrìnoi metaxÔ twn diadoqikÿn ananeÿsewn èqoun mèsh timă μ = E(T_i) < ∞, gia thn aparijmătria ananewtikă diadikasÐa {N(t), t ≥ 0} kai thn ananewtikă sunĹrthsh , isqÔoun ta exăc :

1. lim_{t→∞}

�_{N(t)} t � =^1_μ , (me pijanìthta 1)

2. lim_{t→∞}

�_{U(t)} t � =^1_μ Orismìc 12. Mia tuqaÐa metablhtă Q, (antÐstoiqa kai h katanomă thc, F ) kaleÐtai arijmhtikă (lattice), an upĹrqei d > 0 : oi timèc thc na anăkoun sto sÔnolo {0, ±1d, ±2d, ...} me pijanìthta 1 dhladă, na isqÔei : ∞� n=−∞

P r[X = nd] = 1 (2.23)

O megalÔteroc jetikìc d, gia ton opoÐo isqÔei h (2.23), kaleÐtai Ĺnoigma (span) thc F kai tìte h F kaleÐtai d-arijmhtikă. Sth perÐptwsh pou den upĹrqei tètoioc arijmìc d, tìte h F , kaleÐtai mh arijmhtikă.

Paratărhsh

KĹje suneqăc tuqaÐa metablhtă eÐnai mh arijmhtikă, enÿ diakritèc tuqaÐec metablhtèc me timèc sto sÔnolo twn fusikÿn arijmÿn eÐnai 1-arijmhtikèc.

Jeÿrhma 4 (Basikì Ananewtikì Jeÿrhma). An {S_n, n ∈ N}, eÐnai mia ananewtikă diadikasÐa me aparijmătria anèlixh {N_t, t ≥ 0}, ananewtikă sunĹrthsh U(t) = E(N_t kai katanomă twn endiĹmeswn qrìnwn F mh arijmhtikă tìte gia mia sunĹrthsh Q, Ĺmesa oloklhrÿsimh katĹ Riemann^2 , isqÔei: lim_{t→∞}

�_t 0 Q(t − x)dU(x) = 1 μ �_∞ 0 Q(x)dx (2.24)

2Mia sunĹrthsh f, orismènh sto [0, ∞], kaleÐtai Ĺmesa oloklhrÿsimh katĹ Riemann an, isqÔei:

sup {L(f, P ), P mia diamèrish tou[0, ∞]} = inf {U(f, D), D mia diamèrish tou[0, ∞]} < ∞

Jeÿrhma 5 (Blackwell). An {S_n, n ∈ N}, eÐnai mia ananewtikă diadikasÐa me aparijmătria anèlixh {N_t, t ≥ 0} kai ananewtikă sunĹrthsh U(t) = E(N_t),tìte, isqÔoun:

1. An h katanomă twn endiĹmeswn qrìnwn T_i eÐnai mh arijmhtikă, tìte : lim_{t→∞} [U(t + h) − U(t)] = h μ , ∀h > 0 (2.25)

2. An h katanomă twn endiĹmeswn qrìnwn T_i eÐnai d-arijmhtikă, tìte : lim_{t→∞} [U(t + nd) − U(t)] = nd μ , ∀n > 0 (2.26)

2.5 Efarmogèc

Sthn paroÔsa parĹgrafo ja asqolhjoÔme me ton upologismì thc ananewtikăc sunĹrthshc sthn perÐptwsh pou oi endiĹmesoi qrìnoi metaxÔ twn diadoqikÿn sumbĹntwn akoloujoÔn: (a) thn ekjetikă katanomă kai (b) th GĹmma katanomă. Gia to skopì autì ja qrhsimopoiăsoume to metasqhmatismì Laplace-Stieltjes (L-S)^3 miac sunĹrthshc F : ^F (λ) =

�_∞ 0 e^{−λx}dF (x) H poreÐa pou ja akoloujăsoume prokeimènou na katalăxoume sthn ananewtikă sunĹrthsh eÐnai h exăc: arqikĹ ja broÔme to metasqhmatismì Laplace-Stieltjes thc sunĹrthshc katanomăc twn endiĹmeswn qrìnwn ^F , sth sunèqeia ja upologÐsoume to metasqhmatismì L-S gia thn ananewtikă sunĹrthsh kai tèloc ja broÔme ton antÐstrofo metasqhmatismì prokeimènou na pĹroume thn U(t) =

�_∞ n=0 F^{∗n}(t). ParistĹnontac th parapĹnw diadikasÐa sqhmatikĹ, èqoume: F → ^F → ^U =^{^F}_{1− ^F}

AntÐstrofoc MetasqhmatismìcL−S � Upologismìc thc Ananewtikăc SunĹrthshc

EFARMOGH 1. Ekjetikă katanomă

’Estw, ìti oi endiĹmesoi qrìnoi metaxÔ twn ananeÿsewn akoloujoÔn thn Ekjetikă katanomă: f(x) = ae^{−ax}, ∀x ≥ 0. Tìte, èqoume : ^F (t) =

�_∞ 0 e^{−tx}ae^{−ax}dx = a a + t

= M_X (−t)

3blèpe ParĹrthma G

Epomènwc,

^m(λ) =

�_∞ � k=1 F^{(k)}

�_^

(λ) = ∞� k=1 � F^{(k)}

�_^ (λ) = ∞� k=1 � ^F (λ)

�_k

= ^F (λ) 1 − ^F (λ) = a λ (2.27) kai ^m(λ) = a λ = �_∞ 0 ae^{−λx}dx (2.28) ’Omwc, gnwrÐzoume pwc ^m(λ) =

�_∞ 0 e^{−λx}dm(x) (2.29) Apì th monadikìthta tou metasqhmatismoÔ L-S kai me bĹsh thc (2.28), (2.29), èqoume :

dm(x) = adx ⇒ m(s) =

�_s 0 dm(x) =

�_s 0 adx = as

’Ara, afoÔ U(x) = 1 + m(x), èqoume :

U(x) = 1 + ax

EFARMOGH 2. GĹmma katanomă

’Estw, ìti oi endiĹmesoi qrìnoi metaxÔ twn ananeÿsewn akoloujoÔn thn GĹmma(2, l) katanomă (sÔnjesh dÔo ekjetikÿn) me f(x) = λ^2xe^{−λx}, ∀x ≥ 0. Tìte, o metasqhmatismìc L-S thc ajroistikăc sunĹrthshc katanomăc F, eÐnai :

^F (s) =

�_∞ 0 e^{−sx}λ^2xe^{−λx}dx = λ^2

�_∞ 0 xe^{−(s+λ)x}dx (2.30) ’Opwc, gnwrÐzoume apì tic idiìthtec thc katanomăc GĹmma(a, j), èqoume:

• Γ(α) =

�_∞ 0 x^{α−1}e^{−x}dx

•^{θα}_{Γ(α)}

�_∞ 0 x^{α−1}e^{−θx}dx = 1

’Ara, apì tic prohgoÔmenec dÔo sqèseic, èqoume : �_∞ 0 x^{α−1}e^{−θx} Γ(α) dt = 1 θ^α

(2.31)

Epomènwc, jètontac sthn (2.31), α = 2 kai θ = s + λ h (2.30), mac dÐnei :

^F (s) = λ^2

(λ + s)^2

(2.32)

O metasqhmatismìc L-S gia thn ananewtikă sunĹrthsh, eÐnai :

^m(s) =

�_∞ � k=1 F^{(k)}

�_^

(s) = ∞� k=1 � F^{(k)}

�_^ (s) = ∞� k=1 � ^F (s)

�_k

= ^F (s) 1 − ^F (s)

(2.33)

= λ^2 (λ+s)^2

1 −^{λ2}_{(λ+s)2}

(2.34)

kai qwrÐzontac se dÔo klĹsmata, èqoume :

^m(s) = λ 2s − λ 2(s + 2λ) = �_∞ 0 λ 2 e^{−sx}dx −

�_∞ 0 λ 2 e^{−(s+2λ)x}dx = λ 2 �_∞ 0 e^{−sx}[1 − e^{−2λx}]dx (2.35)

’Omwc, gnwrÐzoume pwc ^m(λ) =

�_∞ 0 e^{−λx}dm(x) (2.36)

Apì th monadikìthta tou metasqhmatismoÔ L-S kai me bĹsh thc (2.35), (2.36), èqoume:

dm(x) = λ 2 [1 − e^{−2λx}]dx ⇒

m(s) =

�_s 0 dm(x) =

�_s 0 λ 2 [1 − e^{−2λx}]dx = λs 2 + λ 2 · 2 · λ

�_s 0 (e^{−2λx})^′ dx = λs 2 − 1 4 (1 − e^{−2λs}) (2.37)

’Ara, afoÔ U(x) = 1 + m(x), èqoume :

U(x) = 1 + λx 2 − 1 4 (1 − e^{−2λx}) = 3 4 + λx 2 − e^{−2λx} 4

O upologismìc thc ananewtikăc sunĹrthshc mporeÐ na gÐnei kai me th qrăsh kĹpoiou upologistikoÔ progrĹmmatoc gia tic katanomèc twn endiĹmeswn qrìnwn pou autì eÐnai efiktì. Sto ParĹrthma D dÐnoume dÔo algìrijmouc se peribĹllon Mathematica pou mac parèqoun th dunatìthta na upologÐsoume Ĺmesa thn ananewtikă sunĹrthsh.

KefĹlaio 3 JewrÐa qreokopÐac

3.1 Stoqastikă Anèlixh PleonĹsmatoc

H ènnoia thc stoqastikăc anèlixhc pleonĹsmatoc apoteleÐ basikì antikeÐmeno melèthc sth JewrÐa thc QreokopÐac. Sunăjwc qrhsimopoieÐtai gia th melèth ekeÐnwn twn qartofulakÐwn pou ektìc apì ta prokajorismèna stoiqeÐa (èsoda - èxoda), perièqoun kai posìthtec oi opoÐec èqoun tuqaÐo mègejoc kai tuqaÐo rujmì emfĹnishc. Tètoiou eÐdouc qartofulĹkia, sunantÿntai se asfalistikèc etaireÐec, qrhmatooikonomikèc etaireÐec, allĹ kai genikìtera se kĹje oikonomikă epiqeÐrhsh pou to qartofulĹkio thc den eÐnai problèyimo allĹ ephre- Ĺzetai apì tuqaÐa gia parĹdeigma èxoda.

Gia th kalÔterh katanìhsh thc anèlixhc tou pleonĹsmatoc ja meletăsoume to qartofulĹkio miac asfalistikăc etaireÐac. ’Opwc gnwrÐzoume, oi asfalistikèc etaireÐec analambĹnoun th kĹluyh kindÔnwn ènanti prokajorismènwn asfalÐstrwn pou lambĹnoun. Oi kÐndunoi pou kaleÐtai na kalÔyei h etaireÐa anagrĹfontai sto sumbìlaio pou upogrĹfei me ton pelĹth thc. An pragmatopoihjeÐ ènac ă kai perissìteroi kÐndunoi tìte h asfalistikă etaireÐa analambĹnei na kalÔyei ta èxoda pou proklăjhkan ston kĹtoqo thc asfĹleiac. Ac upojèsoume pwc mia asfalistikă etaireÐa th stigmă pou upogrĹfei kĹpoio sumbìlaio diajètei apojematikì u. Ja meletăsoume to qartofulĹkio thc sto suneqèc qronikì diĹsthma [0, t], ∀t > 0, ìpou jewroÔme th qronikă stigmă pou upogrĹfetai to sumbìlaio san shmeÐo anaforĹc apì to opoÐo arqÐzei na metrĹei o qrìnoc. Tèloc, an upojèsoume pwc ta èsoda apì asfĹlistra pou plhrÿnei o asfalismènoc èrqontai me suneqă trìpo kai eÐnai sunolikĹ P (t) gia to qronikì diĹsthma [0, t] enÿ ta èxoda pou prokÔptoun eÐnai S(t) gia to Ðdio qronikì diĹsthma tìte katĹ th qronikă stigmă t, h axÐa tou qartofulakÐou thc asfalistikăc etaireÐac eÐnai:

R(t) = u + P (t) − S(t) (3.1)

Sto shmeÐo autì ja prèpei na tonÐsoume pwc h posìthta S(t) kai epomènwc kai h R(t) eÐnai tuqaÐec metablhtèc, gia sugkekrimènec timèc tou t, enÿ an tic jewrăsoume katĹ th diĹrkeia tou qrìnou, h prÿth mac dÐnei th stoqastikă anèlixh tou pleonĹsmatoc kai h deÔterh th stoqastikă anèlixh twn exìdwn pou prokÔptoun.

Qrhsimopoiÿntac mia akoloujÐa apì tuqaÐec metablhtèc, X_1, X_2, X_3, X_4, .... pou antistoiqoÔn sta Ôyh twn exìdwn pou prokÔptoun sto qronikì diĹsthma [0, t] kai mia aparijmătria stoqastikă anèlixh {N(t), t ≥ 0} pou ekfrĹzei to plăjoc twn zhmiogìnwn sumbĹntwn mèsa sto Ðdio qronikì diĹsthma kai h opoÐa eÐnai anexĹrthth apì tic tuqaÐec metablhtèc X_i, ∀i, mporoÔme na grĹyoume th stoqastikă anèlixh twn exìdwn san mia sÔnjeth stoqastikă anèlixh, ìpwc faÐnetai parakĹtw:

S(t) = � 0, an N(t) = 0 �_{N(t)}

i=1 X_i, an N(t) ≥ 1 Tèloc, sunoyÐzontac èqoume ton parakĹtw orismì:

Orismìc 13. H stoqastikă anèlixh, {R(t), t ≥ 0}, kaleÐtai stoqastikă anèlixh pleonĹsmatoc, an gia kĹje t ≥ 0, h timă tou pleonĹsmatoc orÐzetai apì th tuqaÐa metablhtă:

R(t) = u + P (t) − S(t)

ìpou:

• u = Arqikì apojematikì.

• P (t) = SunolikĹ asfĹlistra pou lambĹnei h etaireÐa sto qronikì diĹsthma [0,t] (èsoda).

• S(t) = Sunolikèc apozhmiÿseic pou kaleÐtai na kalÔyei h etaireÐa sto qronikì diĹsthma [0,t] (èxoda).

�

� u

R(t)

t

� � � � � � � � � � � � � � � � � � �

� � �

� � � � � � � � � �

� � � � � � �

� � � � � � � � � �

Sqăma 3.1: Stoqastikă anèlixh pleonĹsmatoc

3.2 Klasikì Montèlo thc JewrÐac KindÔnwn

Sth prohgoÔmenh parĹgrafo ègine eisagwgă sthn ènnoia thc stoqastikăc anèlixhc pleonĹsmatoc mèsw thc opoÐac ja dojeÐ o orismìc tou klasikoÔ montèlou thc JewrÐac KindÔnwn. Sto montèlo autì basÐzetai megĹlo plăjoc thc èreunac pou gÐnetai sto qÿro tou analogismoÔ kai ja apotelèsei to basikì ergaleÐo pou ja qrhsimopoiăsoume gia th melèth thc pijanìthtac qreokopÐac.

Orismìc 14. An se mia stoqastikă anèlixh pleonĹsmatoc {R(t), t ≥ 0} isqÔoun oi parakĹtw upojèseic :

1. H P(t) eÐnai grammikă sunĹrthsh tou qrìnou, dhladă:

P (t) = ct, ∀t (3.2)

ìpou c eÐnai mia jetikă stajerĹ.

2. Oi tuqaÐec metablhtèc X_i, pou antistoiqoÔn stic apozhmiÿseic pou prèpei na katablhjoÔn katĹ th diĹrkeia tou qronikoÔ diastămatoc [0,t] eÐnai jetikèc, anexĹrthtec kai isìnomec.

3. H aparijmătria stoqastikă anèlixh {N(t), t ≥ 0}, eÐnai mia anèlixh Poisson. tìte, èqoume to Klasikì Montèlo thc JewrÐac KindÔnou ă Montèlo Cramér-Lundberg Parathrăsh Apì thn upìjesh ìti h stoqastikă anèlixh {N(t), t ≥ 0}, eÐnai mia anèlixh Poisson, prokÔptoun ta exăc:

1. H stoqastikă anèlixh {S(t), t ≥ 0} pou mac dÐnei to sunolikì Ôyoc twn apozhmiÿsewn sto [0,t], eÐnai mia sÔnjeth anèlixh Poisson.

2. ApodeiknÔetai ìti afoÔ h {N(t), t ≥ 0} eÐnai mia stoqastikă anèlixh Poisson oi endiĹmesoi qrìnoi metaxÔ twn sumbĹntwn pou apaitoÔn apozhmÐwsh akoloujoÔn thn ekjetikă katanomă.

Mia eisagwgă sthn JewrÐa KindÔnwn, mporeÐ na gÐnei mèsa apì ta suggrĹmmata twn Bowers et al (1986) kai Kaas et al (2001), enÿ mia pio leptomerăc prosèggish tou jèmatoc gÐnetai apì touc Rolski et al (1999) kai Asmussen (2000). Orismìc 15. Sto klasikì montèlo h stajerĹ: c = P (t) t (3.3) pou apeikonÐzei to asfĹlistro pou lambĹnetai sth monĹda tou qrìnou, onomĹzetai èntash tou asfalÐstrou.

Orismìc 16. H stajerĹ : θ = c λp_1

− 1 (3.4) ìpou :

p_1 = E(X_i) =

�_∞ 0 xdF (x) (3.5) kaleÐtai suntelestăc asfaleÐac ă perijÿrio asfaleÐac (premium loading factor) kai ekfrĹzei ta anamenìmeno posostì kèrdouc tou asfalistă.

Paratărhsh

1. O suntelestăc asfaleÐac eÐnai pĹnta jetikìc, afoÔ :

E(ct) > E(

N(t)�

i=0 X_i) ct > λp_1t c λp_1

− 1 > 0

2. O suntelestăc asfaleÐac, ìpwc èqei anaferjeÐ mporeÐ na jewrhjeÐ ìti ekfrĹzei to anamenìmeno kèrdoc tou asfalistă epomènwc sth prĹxh oi timèc pou paÐrnei eÐnai metaxÔ 0 kai 1 ă an jèloume na ekfrastoÔme me posostĹ metaxÔ 0 kai 100%.

3.3 Pijanìthta QreokopÐac

QreokopÐa onomĹzetai h katĹstash sthn opoÐa upeisèrqetai h epiqeÐrhsh th stigmă pou èqei qĹsei thn ikanìthta na exoflăsei tic upoqreÿseic thc proc trÐtouc. KĹti tètoio mporeÐ na sumbeÐ sthn perÐptwsh pou to sunolikì apojematikì pou diajètei den eparkeÐ gia thn exìflhsh ofeilÿn pou prokÔptoun apì ta zhmiogìna sumbĹnta. Sth sugkekrimènh parĹgrafo ja dÿsoume ton orismì thc pijanìthtac na sumbeÐ èna tètoio gegonìc gia to klasikì montèlo, anĹloga me to qronikì orÐzonta pou meletĹme autì to endeqìmeno.

An jewrăsoume to klasikì montèlo thc JewrÐac KindÔnwn: R(t) = u + P (t) − S(t), ∀t ≥ 0 tìte, h pijanìthta qreokopÐac gia qronikì orÐzonta :

A = { t gia ta opoÐa jèloume na meletăsoume to pleìnasma R(t)} ⊆ R^+, orÐzetai, wc exăc:

ψ(u)=P r( R(t) < 0, gia kĹpoio t ∈ A | u) (3.6) = P r( u + P (t) − S(t) < 0, gia kĹpoio t ∈ A | u)

AnĹloga me to eÐdoc tou sunìlou A, pou ekfrĹzei to qronikì diĹsthma pou jèloume na meletăsoume thn anèlixh, h pijanìthta qreokopÐac qwrÐzetai stic exăc tèsseric kathgorÐec:

1. An A eÐnai to sÔnolo twn jetikÿn pragmatikÿn arijmÿn dhladă, A = {t : t ∈ [0, ∞)}tìte èqoume th pijanìthta qreokopÐac se suneqă kai Ĺpeiro qrìno:

ψ(u) = P r( R(t) < 0, gia kĹpoio t ∈ A | u)

2. An A eÐnai èna suneqèc uposÔnolo twn jetikÿn pragmatikÿn arijmÿn me peperasmèna Ĺkra,dhladă A = {t : t ∈ [a, b], 0 < a < b∞} tìte èqoume th pijanìthta qreokopÐac se suneqă kai peperasmèno qrìno :

ψ(u, t) = P r( R(t) < 0, gia kĹpoio t : 0 < t ≤ t | u)

3. An A = {t : t ∈ [0, h_1, h_2, h_3, ...], h_i ∈ N}, dhladă èna uposÔnolo twn fusikÿn arijmÿn tìte èqoume th pijanìthta qreokopÐac se diakritì kai Ĺpeiro qrìno:

ψ_h(u) = P r( R(t) < 0, gia kĹpoio t ∈ A)

4. An A = {t : t ∈ [0, h_1, h_2, h_3..., h_n], h_i ∈ N} eÐnai èna peperasmèno uposÔnolo twn fusikÿn arijmÿn, tìte èqoume th pijanìthta qreokopÐac se diakritì kai peperasmèno qrìno:

ψ_h(u, t) = P r( R(t) < 0, gia kĹpoio t ∈ A)

Paratărhsh

Sth sunèqeia ja epikentrwjoÔme sth melèth tou klasikoÔ montèlou se qrìno suneqă kai Ĺpeiro.

Orismìc 17. Sto klasikì montèlo thc JewrÐac KindÔnwn, h pijanìthta mh qreokopÐac se suneqă kai Ĺpeiro qrìno, orÐzetai wc exăc:

δ(u) = P r( R(t) ≥ 0, gia kĹje t | u) (3.7) = P r( u + P (t) − S(t) ≥ 0, gia kĹje t | u) = 1 − ψ(u)

3.3.1 Basikă upìjesh

Sto klasikì montèlo prokeimènou na apofÔgoume th sÐgourh qreokopÐa enìc qartofulakÐou, jewroÔme ìti prèpei na isqÔei h parakĹtw anÐswsh:

c > λp_1 (3.8)

ìpou l eÐnai h èntash thc anèlixhc Poisson. ’Etsi, exasfalÐzoume ìti mèsh timă twn esìdwn tou asfalistă sth monĹda tou qrìnou ja eÐnai megalÔterh apì thn antÐstoiqh mèsh timă twn exìdwn tou.

Paratărhseic

1. An den isqÔei h sunjăkh c > λp_1, tìte h pijanìthta qreokopÐac eÐnai sÐgourh afoÔ se kĹje qronikă stigmă ta anamenìmena èxoda eÐnai megalÔtera apì ta antÐstoiqa èxoda, dhladă:

ψ(u) = 1, ∀u

2. H pijanìthta qreokopÐac eÐnai fjÐnousa sunĹrthsh tou u afoÔ ìso megalÔtero eÐnai to arqikì apojematikì tìso mikraÐnei h pijanìthta gia qreokopÐa. AntÐjeta, h pijanìthta mh qreokopÐac eÐnai aÔxousa sunĹrthsh tou u. Epomènwc, isqÔoun:

(aþ) lim_{u→∞} ψ(u) = 0

(bþ) lim_{u→∞} δ(u) = 1

3. H pijanìthta mh qreokopÐac d(u) mporeÐ na jewrhjeÐ san sunĹrthsh katanomăc, afoÔ:

(aþ) eÐnai aÔxousa wc proc u (bþ) eÐnai suneqăc apì dexiĹ (gþ) lim_{u→∞} δ(u) = 1

4. H d(u) antistoiqeÐ se miktă katanomă, afoÔ:

(aþ) d(0) > 0 (bþ) d(u) èqei puknìthta sto(0,∞), Ĺra eÐnai suneqăc sto (0,∞).

Sta Sqămata 3.2 kai 3.3 faÐnetai h grafikă parĹstash thc pijanìthtac qreokopÐac kai thc pijanìthtac mh qreokopÐac sunartăsei tou apojematikoÔ u, antÐstoiqa.

�

�

1 ψ(u)

u

θ 1+θ

Sqăma 3.2: Grafikă parĹstash thc pijanìthtac qreokopÐac

�

�

1 δ(u)

u

1 1+θ

Sqăma 3.3: Grafikă parĹstash thc pijanìthtac mh qreokopÐac

Prìtash 8. Sto klasikì montèlo se suneqă kai Ĺpeiro qrìno,me u≥ 0, isqÔoun ta exăc: 1. δ^′(u) = λ c δ(u) − λ c �_u 0 δ(u − x)f(x)dx (3.9) 2. δ(u) = δ(0) − λ c �_u 0 δ(u − x)F (x)dx (3.10) ìpou, F (x) = 1 − F (x), h ourĹ thc katanomăc twn apozhmiÿsewn X_i. 3. δ(0) = 1 − λ_1p c = θ 1 + θ

(3.11) kai ψ(0) = λ_1p c = 1 1 + θ

(3.12)

3.4 Pijanìthta QreokopÐac kai Ananewtikă ExÐswsh

’Opwc gnwrÐzoume h genikă morfă thc ananewtikăc exÐswshc eÐnai :

μ(u) = g(u) +

�_∞ 0 μ(u − y)f(y)dy

enÿ sthn perÐptwsh pou h exÐswsh èqei th morfă :

μ(u) = g(u) + ϕ

�_∞ 0 μ(u − y)f(y)dy

(ìpou f mia stajerĹ tètoia ÿste : 0 < ϕ < 1) èqoume thn elattwmatikă ă elleimmatikă ananewtikă exÐswsh^1 (defective renewal equation)

Antikajistÿntac, th timă d(0) sthn exÐswsh (3.10), èqoume:

δ(u) = 1 − λp_1 c + λ c �_u 0 δ(u − x)F (x)dx (3.13)

Parathrÿntac, th parapĹnw exÐswsh, orÐzoume mia nèa sunĹrthsh

1’Estw ìti èqoume thn ananewtikă exÐswsh : μ(u) = g(u) +

�_∞ 0 μ(u − y)dF (y) tìte :

1. An ‖F ‖ < 1 → elattwmatikă ă elleimmatikă (defective) ananewtikă exÐswsh. 2. An ‖F ‖ = 1 → kanonikă (proper) ananewtikă exÐswsh. 3. An ‖F ‖ > 1 → uperbolikă (excessive) ananewtikă exÐswsh.

ìpou : ‖F ‖ = lim_{x→∞} F (x)

Orismìc 18. An oloklhrÿsoume thn ourĹ twn apozhmiÿsewn, F (x) = 1 − F (x),tìte orÐzoume th sunĹrthsh : H(x) = 1 p_1

�_x 0 F (y)dy (3.14)

’Ara, me bĹsh ton prohgoÔmeno orismì, h exÐswsh (3.13), gÐnetai:

δ(u) = 1 − λp_1 c + λp_1 c �_u 0 δ(u − x)dH(x) (3.15)

kai antÐstoiqa h pijanìthta qreokopÐac, eÐnai:

1 − δ(u) = λp_1 c − λp_1 c �_u 0 δ(u − x)dH(x) (3.16)

’Ara,

ψ(u) = λp_1 c − λp_1 c �_u 0 [1 − ψ(u − x)]dH(x) = � λp_1 c − λp_1 c H(x) � + λp_1 c �_u 0 ψ(u − x)dH(x) = λp_1 c H(u) + + λp_1 c �_u 0 ψ(u − x)dH(x) (3.17)

ìpou H(x) = 1 − H(x) ParathroÔme, pwc h exÐswsh (3.17) eÐnai mia elattwmatikă ananewtikă exÐswsh, afoÔ èqoume upojèsei ìti isqÔei h sunjăkh:

λp_1 < c ⇒ λp_1 c < 1 kai epiplèon èqoume : ‖H‖ = lim_{x→∞} 1 p_1

�_x 0 F (x)dx = p_1 p_1 = 1

Sth sunèqeia ja apodeÐxoume pwc h exÐswsh (3.17) mporeÐ na metatrapeÐ se mia kanonikă ananewtikă exÐswsh, kĹtw apì thn proôpìjesh, ìti upĹrqei jetikìc R pragmatikìc arijmìc,ÿste na isqÔei: �_∞ 0 e^{Rx}dH(x) = c λp_1 = 1 1 + θ

(3.18)

’Etsi, an pollaplasiĹsoume thn (3.17) me e^{Ru}, èqoume:

ψ(u)e^{Ru} = λp_1 c H(u)e^{Ru} + λp_1 c �_u 0 ψ(u − x)e^{Ru}dH(x) = λp_1 c H(u)e^{Ru} + λp_1 c �_u 0 e^{R(u−x)}ψ(u − x)e^{Rx}dH(x)

Prokeimènou na katalăxw sthn ananewtikă exÐswsh, ja orÐsw thn exăc ajroistikă sunĹrthsh katanomăc:

Orismìc 19. An h ourĹ tou Ôyouc twn apozhmiÿsewn eÐnai F (x) = 1−F (x) tìte orÐzoume thn ajroistikă sunĹrthsh katanomăc :

H_R(x) = λp_1 c �_x 0 e^{Rt}F (t)dt (3.19)

Paratărhsh

To diaforikì thc H_R(x), eÐnai:

dH_R(x) = λ p_1c e^{Rx}dH(x) (3.20)

’Ara, me bĹsh ton Orismì 19 èqoume:

ψ(u)e^{Ru} = λp_1 c H(u)e^{Ru} + λp_1 c �_u 0 e^{R(u−x)}ψ(u − x)e^{Rx}dH_R(x) (3.21) ìpou:

‖H_R‖ = lim_{x→∞} λp_1 c �_x 0 e^{Rt}F (t)dt = λp_1 c c λp_1

= 1 (3.22)

ParathroÔme pwc h exÐswsh (3.21), apoteleÐ thn kanonikă ananewtikă exÐswsh pou ikanopoieÐ h pijanìthta qreokopÐac ,upì thn proôpìjesh ìti isqÔei h (3.18)

3.5 Suntelestăc Prosarmogăc

Sth prohgoÔmenh parĹgrafo anaferjăkame sthn Ôparxh miac jetikăc stajerĹc R prokeimènou na upologÐsoume thn ananewtikă exÐswsh pou ikanopoieÐ h pijanìthta qreokopÐac. H stajerĹ aută kaleÐtai suntelestăc prosarmogăc (adjustment coefficient) kai o upologismìc thc gÐnetai mèsw thc parakĹtw exÐswshc .

�_∞ 0 e^{Rx}dH(x) = c λp_1 ⇒ 1 p_1

�_∞ 0 e^{Rx}F (x)dx = c λp_1 ⇒ �_∞ 0 e^{Rx}F (x)dx = c λ

Efarmìzontac paragontikă oloklărwsh èqoume:

�_∞ 0 ( 1 R e^{Rx})^′ F (x)dx = c λ ⇒ � 1 R e^{Rx}

�_∞ 0 + �_∞ 0 1 R e^{Rx}f(x)dx = c λ ⇒ − 1 R + �_∞ 0 1 R e^{Rx}f(x)dx = c λ ⇒ − 1 R + M_X (R) = c λ (3.23)

ìpou M_X (R), h ropogennătria thc katanomăc twn X_i.

Apì thn exÐswsh (3.23), parathroÔme pwc o suntelestăc prosdiorismoÔ R upologÐzetai san lÔsh thc parakĹtw exÐswshc wc proc r: − 1 r + M_X (r) = c λ (3.24)

ă an qrhsimopoiăsoume ton tÔpo: θ =^c_{λp1} − 1, apì thn isodÔnamh exÐswsh:

M_X (R) = (1 + θ)p_1R + 1 (3.25) Jeÿrhma 6. ’Estw to klasikì montèlo Cramér-Lundberg me :

R(t) = u + ct −

N(t)�

i=1 X_i , t ≥ 0

an upojèsoume ìti isqÔei h sunjăkh j > 0 kai epiplèon ìti upĹrqei R >0,tètoio ÿste: �_∞ 0 e^{Rx}dH(x) = c λp_1

= 1 + θ

Tìte, isqÔoun ta exăc: 1. ψ(u) ≤ e^{−Ru}, ∀u (3.26)

2. UpĹrqei jetikă stajerĹ C tètoia ÿste na isqÔei o parakĹtw asumptwtikìc tÔpoc:

ψ(u) ≈ Ce^{−Ru} (3.27)

dhladă, ∃C > 0 : lim_{u→∞} ψ(u) Ce^{−Ru}

= 1 (3.28)

3. Sthn eidikă perÐptwsh ìpou ta Ôyh twn apozhmiÿsewn akoloujoÔn ekjetikă katanomă me ajroistikă sunĹrthsh katanomăc F (x) = 1−e^{−x/p1} ,tìte h pijanìthta qreokopÐac me arqikì apojematikì u, dÐnetai apì ton tÔpo :

ψ(u) = 1 1 + θ e^{− θup}1^{(θ+1)} (3.29)

Apì tic parapĹnw sqèseic eÐnai safèc ìti ìti gia ton upologismì tou suntelestă prosdiorismoÔ anagkaÐa sunjăkh eÐnai na upĹrqei h ropogennătria thc katanomăc tou Ôyouc twn apozhmiÿsewn. Se pollèc katanomèc den upĹrqei h ropogennătria, ìpwc gia parĹdeigma sth Pareto kai th Weibull(t,g), me g<1, ă den mporeÐ na brejeÐ analutikìc tÔpoc gia autăn ìpwc sthn Weibull(t,g), me g>1. Stic periptÿseic autèc eÐnai aparaÐthto na brejoÔn kĹpoia frĹgmata gia ton suntelestă prosdiorismoÔ, lìgw thc shmantikìthtac pou parousiĹzei autìc ston upologismì thc pijanìthtac qreokopÐac.

’Ena pĹnw frĹgma gia ton suntelestă prosdiorismoÔ mporeÐ na prokÔyei an pĹroume to anĹptugma Taylor thc ropogennătriac gÔrw apì to mhdèn. ’Etsi, èqoume:

M_X (R) = E(e^{Rx}) = E( ∞� i=0 (Rx)^i i! ) = ∞� i=0 E( (Rx)^i i! )

= ∞� i=0 (R)^iE(x^i) i! ) = ∞� i=0 (R)^ip_i i! (3.30)

= 1 + Rp_1 +

R^2p_2 2 + R^3p_3 6 + ... (3.31)

’Ara, antikajistÿntac thn (3.31) sthn (3.25) kai qrhsimopoiÿntac touc treÐc prÿtouc ìrouc thc seirĹc, èqoume:

1 + Rp_1 +^{R2p2}_2 +^{R3p3}_6 + ... = (1 + θ)p_1R + 1

(1 + θ)p_1R + 1 > 1 + Rp_1 +^{R2p2}_2

Epomènwc, to frĹgma, eÐnai to: R < 2θp_1 p_2

(3.32) Enÿ, an pĹroume touc tèsseric prÿtouc ìrouc tou anaptÔgmatoc Taylor, èqoume:

R < 12θp_1 � 9p^2 + 24θp_1p_3 + 3p_2

(3.33)

EÐnai safèc pwc ìso perissìterouc ìrouc qrhsimopoioÔme apì to anĹptugma thc ropogennătriac, tìso megalÔterh akrÐbeia epitugqĹnoume.

Sto parakĹtw sqăma faÐnetai grafikĹ h Ôparxh tou suntelestă prosdiorismoÔ.

�

�

1 h(r)

r

� � � � � � � � � � � �

� R

M_X (R) h(r) = 1 + (1 + θ)p_1r

Sqăma 3.4: Suntelestăc prosdiorismoÔ

3.6 KĹpoiec tuqaÐec metablhtèc pou sundèontai me th pijanìthta qreokopÐac

Sth parĹgrafo aută ja anafèroume tic pio shmantikèc tuqaÐec metablhtèc pou mac bohjoÔn sth melèth thc stoqastikăc anèlixhc pleonĹsmatoc kai ston upologismì thc pijanìthtac qreokopÐac.

Orismìc 20. H tuqaÐa metablhtă: T = � inf {t : R(t) < 0} ∞, an R(t) ≥ 0 ∀t kaleÐtai qrìnoc qreokopÐac.

Parathrăseic

1. O qrìnoc qreokopÐac eÐnai mia elattwmatikă tuqaÐa metablhtă,afoÔ:

(aþ) P r(na sumbeÐ qreokopÐa ) = P r(T < ∞) < 1 (bþ) P r(na mhn sumbeÐ qreokopÐa ) = P r(T = ∞) > 0

2. IsqÔei, ìti : P r(T = ∞) = P r(R(t) > 0, ∀t) = 1 − ψ(u) = δ(u)

Orismìc 21. H tuqaÐa metablhtă pou mac dÐnei to mègejoc thc ptÿshc tou pleonĹsmatoc kĹtw apì to mhdèn thn qronikă stigmă t=T kaleÐtai èlleimma th stigmă thc qreokopÐac kai sumbolÐzetai me U(T) ă an jèloume na to ekfrĹsoume se jetikă klÐmaka me -U(T). Orismìc 22. H tuqaÐa metablhtă pou mac dÐnei to mègejoc tou pleonĹsmatoc prin th qronikă stigmă t=T kaleÐtai pleìnasma prin th qreokopÐa sumbolÐzetai me U(T-) kai dÐnetai apì ton tÔpo: U(T −) = lim_{t→T −} R(t) Orismìc 23. H tuqaÐa metablhtă pou mac dÐnei to mègejoc thc ptÿshc tou pleonĹsmatoc kĹtw apì to arqikì apojematikì u, sumbolÐzetai me L_1.

An h prÿth ptÿsh tou pleonĹsmatoc kĹtw apì to u ègine th qronikă stigmă t_1 me to pleìnasma tìte na eÐnai Ðso me U(t_1) = u_1, tìte me to Ðdio skeptikì mporoÔme na orÐsoume mia deÔterh tuqaÐa metablhtă thn L_2 pou na mac dÐnei to mègejoc thc ptÿshc tou pleonĹsmatoc kĹtw apì to prohgoÔmeno apojematikì u_1. Epomènwc, akoloujÿntac thn Ðdia diadikasÐa dhmiourgoÔme mia akoloujÐa apì tuqaÐec metablhtèc, L_3, L_4, ..., L_i, pou mac dÐnoun to mègejoc thc ptÿshc tou pleonĹsmatoc, ìtan gia prÿth forĹ pèsei kĹtw apì, u_2, u_3, ..., u_{i−1}, antÐstoiqa.

Pìrisma 1. An isqÔei h sunjăkh c > λp_1 sto klasikì montèlo thc JewrÐac KindÔnwn, tìte to plăjoc twn L_i pou emfanÐzontai (èstw K), eÐnai peperasmèno kai mĹlista akoloujeÐ thn gewmetrikă katanomă me pijanìthta epituqÐac δ(0), dhladă: K ∼ Geo(δ(0)) ⇒ (3.34) P r(K = x) = [ψ(0)]^xδ(0) ⇒ (3.35) P r(K = x) = � 1 1 + θ

�_x θ 1 + θ

(3.36)

Orismìc 24. Sto klasikì montèlo, orÐzoume san mègisth swreutikă apÿleia th tuqaÐa metablhtă pou ekfrĹzei to sÔnolo thc ptÿshc kĹtw apì to arqikì apojematikì u. Th sumbolÐzoume me L kai isoÔtai me: L = L_1 + L_2 + L_3 + ... + L_K = K� i=1 L_i (3.37)

Parathrăseic

1. H L eÐnai sÔnjeth gewmetrikă tuqaÐa metablhtă. 2. H L eÐnai miktă tuqaÐa metablhtă. 3. P r(L = 0) = P r(K = 0) = δ(0) H mègisth swreutikă apÿleia sundèetai me thn pijanìthta qreokopÐac. Sugkekrimèna, parathroÔme pwc to endeqìmeno h tuqaÐa metablhtă L, na pèsei kĹtw apì to arqikì apojematikì eÐnai isodÔnamo me to endeqìmeno na èqoume qreokopÐa, dhladă: P r(L > u) = ψ(u) (3.38) ă isodÔnama P r(L ≤ u) = δ(u) (3.39) Sto parakĹtw sqăma faÐnontai grafikĹ oi tuqaÐec metablhtèc: L_1, L, kai U(T ).

Prìtash 9. Gia th tuqaÐa metablhtă L_1, h opoÐa orÐzetai sto klasikì montèlo sthn perÐptwsh pou sumbeÐ ptÿsh tou pleonĹsmatoc kĹtw apì to arqikì apojematikì u, isqÔoun ta exăc:

1. H ajroistikă sunĹrthsh katanomăc thc isoÔtai me: F_{L1} (x) = P r(L_1 ≤ x) =

�_x 0 1 p_1

[1 − F_X (t)]dt = H(x) (3.40)

2. H ropogennătria thc eÐnai h : M_{L1} (r) = 1 p_1

(M_X (r) − 1) (3.41)

�

�

u

R(t)

t

� � � � � � � � �

� � � � � � � �

� � �

� � � � � � � �

� � � � � � � � �

� � � � � �

� � � � � � � �

� � � � � � � � � u_1 u_2 u_3

t_1 t_2 t_3 t_4 t_5 t_6 t_7 t_8 t_9

� � � � � � � � �

L_1 L_2 L_3 L_4

� � � �

� � T � −U(T ) �

L

�

� Sqăma 3.5: Grafikă parĹstash thc stoqastikăc anèlixhc pleonĹsmatoc kai apeikìnish twn bohjhtikÿn tuqaÐwn metablhtÿn L_1 kai L.

3. Eidikìtera, gia thn perÐptwsh pou oi tuqaÐec metablhtèc X_i, akoloujoÔn ekjetikă katanomă, me parĹmetro b tìte kai h tuqaÐa metablhtă L_1, akoloujeÐ ekjetikă katanomă me thn Ðdia parĹmetro.

4. H r tĹxhc ropă thc (gÔrw apì to mhdèn) eÐnai:

E(L^r_i ) = p_{r+1} p_1(r + 1)

(3.42)

’Opwc èqoume anafèrei h mègisth swreutikă apÿleia, eÐnai mia sÔnjeth gewmetrikă katanomă, epomènwc h ropogennătria thc dÐnetai apì thn sqèsh:

M_L(r) = M_K (ln(M_{Li} (r)) (3.43)

ìpou :

M_K (r) = E(e^{rK} ) = δ(0) 1 − ψ(0)e^r

(3.44) afoÔ :

K ∼ Geometric(δ(0)) Antikajistÿntac tic (3.41) kai (3.44) sthn (3.43), èqoume :

M_L(r) = θ 1+θ 1 −^1_{1+θ} M_{Li} (r) = θ (1 + θ) − M_{Li} (r)

(3.45)

Prìtash 10. Sto klasikì montèlo gia th mègisth swreutikă apÿleia isqÔoun ta exăc:

1. èqei mèsh timă :

E(L) = 1 θ p_2 p_1

(3.46) kai

2. diasporĹ :

V ar(L) = p_3 3θp_1 + ( p_2 2θp_1

)^2 (3.47)

Jeÿrhma 7. Sto klasikì montèlo, an L = L_1 + L_1 + ... + L_K , eÐnai h mègisth swreutikă apÿleia, ìpou L_i eÐnai anexĹrthtec kai isìnomec tuqaÐec metablhtèc kai K ∼ Geo(δ(0)), tìte h pijanìthta mh qreokopÐac ìtan to arqikì apojematikì eÐnai u, dÐnetai apì ton tÔpo : δ(u) = θ 1 + θ ∞� k=0 H^{∗k}(u) � 1 1 + θ

�_k (3.48)

ìpou : H^{∗k}(u) = P r(L_1 + L_2 + ... + L_K = u), eÐnai h k-tĹxhc sunèlixh thc H, me ton eautì thc (Blèpe ParĹrthma B).

Apìdeixh

δ(u) = P r(L ≤ u) = ∞� k=0 P r(L ≤ u|K = k)P r(K = k)

= P r(K = k) + ∞� k=0 P r(L_1 + L_2 + ... + L_K ≤ u)P r(K = k)

= δ(0) + ∞� k=1 H^{∗k}(u) � 1 1 + θ

�_k θ 1 + θ

(3.49)

ìmwc, an orÐsoume :

H^{∗0}(x) = � 1, an x ≥ 0 0, an x < 0 tìte, h (3.49), gÐnetai :

δ(u) = θ 1 + θ + ∞� k=1 H^{∗k}(u) � 1 1 + θ

�_k θ 1 + θ = θ 1 + θ � 1 1 + θ

�_0

H^{∗0}(u) + ∞� k=1 H^{∗k}(u) � 1 1 + θ

�_k θ 1 + θ = θ 1 + θ ∞� k=0 H^{∗k}(u) � 1 1 + θ

�_k (3.50)

Ja prèpei na tonÐsoume pwc to prohgoÔmeno jeÿrhma mac odhgeÐ sto sumpèrasma pwc h ourĹ thc sÔnjethc gewmetrikăc katanomăc kai h pijanìthta qreokopÐac eÐnai ènnoiec tautìshmec. ’Etsi kĹje idiìthta pou apodeiknÔetai gia thn ourĹ thc sÔnjethc gewmetrikăc metafèretai kai sthn pijanìthta qreokopÐac kai antÐstrofa.

3.7 Pijanìthta qreokopÐac se suneqă kai peperasmèno qrìno

H melèth thc pijanìthtac qreokopÐac enìc qartofulakÐou se suneqă kai peperasmèno qronikì diĹsthma [0, τ], exartĹtai ektìc apì to arqikì apojematikì u kai apì to măkoc tou diastămatoc t. Aută h epiplèon parĹmetroc, empodÐzei akìma kai se aplèc periptÿseic(ìpwc h ekjetikă katanomă) ton akribă upologismì thc pijanìthtac qreokopÐac. Gia to lìgw autì periorizìmaste sth dhmiourgÐa proseggÐsewn kai fragmĹtwn thc pijanìthtac ψ(u, t).

Prìtash 11. Sto klasikì montèlo thc JewrÐac KindÔnwn kai gia arqikì apojematikì u=0, h pijanìthta mh qreokopÐac δ(u, t) = 1 − ψ(u, t) sto [0, t], èqei to exăc Ĺnw frĹgma :

δ(u, t) ≤ θ 1 + θ + p_2 θp_1 1 ct , ∀t ≥ 0. (3.51)

Prèpei na anafèroume pwc h pijanìthta mh qreokopÐac gia peperasmèno qronikì orÐzonta kai h pijanìthta qreokopÐac se Ĺpeiro, qrìno sundèontai me th sqèsh:

ψ(u, t) = ψ(u)P r[T ≤ t | T < ∞], (3.52)

ìmwc gia megĹlec timèc tou u, isqÔei to exăc :

P r[T ≤ t | T < ∞] ∼= Φ � t − m σ � , ìpou : Φ(·) h sunĹrthsh katanomăc thc tupopoihmènhc kanonikăc metablhtăc kai

m = E[T ≤ t | T < ∞]

σ^2 = V ar[T ≤ t | T < ∞]

Prìtash 12. Sto klasikì montèlo thc JewrÐac KindÔnwn kai gia megĹlec timèc tou arqikoÔ apojematikoÔ u, mia prosèggish thc pijanìthtac mh qreokopÐac δ(u, t) = 1 − ψ(u, t) sto [0, t],eÐnai h exăc:

δ(u, t) ∼= ψ(u)Φ � t − μ σ � (3.53)

3.8 To ananewtikì montèlo thc JewrÐac KindÔnou

Sto klasikì montèlo thc jewrÐac KindÔnou upojèsame ìti oi qrìnoi metaxÔ twn apozhmiÿsewn eÐnai anexĹrthtec kai isìnomec tuqaÐec metablhtèc pou akoloujoÔn thn ekjetikă katanomă. Epiplèon jewrăsame ìti h stoqastikă anèlixh {N(t), t ≥ 0}, pou antistoiqeÐ sto plăjoc twn ananeÿsewn pou sumbaÐnoun sto [0, t], ∀t > 0 eÐnai mia diadikasÐa Poisson. Mia apì tic pollèc genikeÔseic tou klasikoÔ montèlou pou èqoun melethjeÐ, apoteleÐ kai to Ananewtikì Montèlo. SÔmfwna me autì, oi qrìnoi metaxÔ twn zhmiogìnwn sumbĹntwn paramènoun anexĹrthtec kai isìnomec tuqaÐec metablhtèc enÿ autì pou allĹzei eÐnai ìti ektìc apo thn ekjetikă mporoÔn na akoloujoÔn opoiadăpote katanomă kai epiplèon ìti h stoqastikă anèlixh {N(t), t ≥ 0} mporeÐ na eÐnai mia opoiadăpote ananewtikă diadikasÐa.

Prìtash 13. Sto ananewtikì montèlo h pijanìthta na sumbeÐ qreokopÐa th stigmă pou èrqetai h prÿth apozhmÐwsh eÐnai:

ψ_1(u) =

�_∞ 0 ϕ(t)[1 − F (u + ct)]dt (3.54)

ìpou, ϕ(t) h sunĹrthsh puknìthtac pijanìthtac twn endiĹmeswn qrìnwn metaxÔ diadoqikÿn sumbĹntwn.

Apìdeixh

Ja qrhsimopoiăsoume to legìmeno ananewtikì epiqeÐrhma, desmeÔontac wc proc to qrìno pou sumbaÐnei h prÿth apozhmÐwsh. An upojèsoume ìti to prÿto autì zhmiogìno gegonìc sumbaÐnei th qronikă stigmă T_1 = t tìte qrhsimopoiÿntac to nìmo thc olikăc pijanìthtac, èqoume: ψ_1(u) =

�_∞ 0 P r(R(t) < 0|T_1 = t)ϕ(t)dt = �_∞ 0 P r(u + ct − X_1 < 0)ϕ(t)dt = �_∞ 0 P r(X_1 > u + ct)ϕ(t)dt = �_∞ 0 ϕ(t) [1 − F_{X1} (u + ct)] dt Sto ananewtikì montèlo oi orismoÐ gia thn tuqaÐec metablhtèc L_1, L, paramènoun Ðdioi me to klasikì montèlo, ètsi :

• L = L_1 + L_2 + ... + L_K • K ∼ Geo(δ(0)) • δ(u) = P r(L ≤ u) enÿ, den isqÔei h isìthta: ψ(0) =^1_{1+θ} Prìtash 14. Sto ananewtikì montèlo h pijanìthta qreokopÐac se Ĺpeiro kai suneqă qrìno, ikanopoieÐ thn parakĹtw elattwmatikă ananewtikă exÐswsh : ψ(u) = ϕ H(u) + ϕ

�_u 0 ψ(u − y)dH(y) (3.55) ìpou : ϕ = ψ(0) kai H(x) h ajroistikă sunĹrthsh katanomăc thc tuqaÐac metablhtăc L_1.

Apìdeixh ’Estw K to endeqìmeno na upĹrqei ptÿsh tou pleonĹsmatoc kĹtw apì to prohgoÔmeno apojematikì. Tìte, èqoume : ψ(u) = P r(R(t) < 0| u) = �_∞ 0 P r(R(t) < 0|u, K, L_1 = x)P r(K)P r(L_1 ≈ x)dx + + �_∞ 0 P r(R(t) < 0| u, K^′ , L_1 = x) � � � =0 P r(K^′ )P r(L_1 ≈ x)dx = ϕ �_∞ 0 P r(R(t) < 0|u, K, L_1 = x) )P r(L_1 ≈ x)dx

LambĹnontac, upìyin mac ìti:

• An L_1 = x, tìte:

P r(R(t) < 0|u, K, L_1 = x) = 1 • An L_1 = x ≤ u, tìte :

P r(R(t) < 0|u, K, L_1 = x) = ψ(u − x) kai P r(L_1 = x) = dH(x) dx ⇒ dH(x) = P r(L_1 = x)dx tìte, èqoume :

ψ(u) = ϕ

�_u 0 P r(R(t) < 0|u, K, L_1 = x)dH(x) + + ϕ �_∞ u P r(R(t) < 0|u, K, L_1 = x) � � � =1 dH(x) = ϕ �_∞ 0 ψ(u − x)dH(x) + ϕ[1 − H(u)] = ϕ H(u) + ϕ

�_u 0 ψ(u − y)dH(y)

3.9 Efarmogèc

Sth paroÔsa parĹgrafo, ja asqolhjoÔme me ton akribă upologismì thc pijanìthtac qreokopÐac. Gia pollèc katanomèc, o upologismìc enìc analutikoÔ tÔpou gia th pijanìthta qreokopÐac eÐnai dÔskoloc èwc kai akatìrjwtoc. Gia to lìgo autì ja perioristoÔme sthn parousÐash dÔo mejìdwn upologismoÔ, stic periptÿseic pou ta Ôyh twn apozhmiÿsewn akoloujoÔn mia apì tic parakĹtw katanomèc :

1. Ekjetikă katanomă 2. GĹmma katanomă 3. Sunduasmì Ekjetikÿn katanomÿn 4. MeÐxh GĹmma katanomÿn

Mèjodoc 1 (Bowers et al (1986) )

H pijanìthta qreokopÐac upologÐzetai Ĺmesa apì th sunĹrthsh katanomăc thc Mègisthc Swreutikăc Apÿleiac L.

ParĹdeigma

’Estw, X_i ∼ Ekjetikă(b). ArqikĹ, ja upologÐsoume th ropogennătria thc tuqaÐac metablhtăc L :

M_L(r) = θ 1 + θ − M_{Xi} (r) = θ 1 + θ −^b_{b−r}

, r < b

(3.56)

Sth sunèqeia lambĹnontac upìyin mac ìti h tuqaÐa metablhtă L, eÐnai miktă^2 ja grĹyoume th ropogennătria san Ĺjroisma dÔo melÿn, me to èna apì autĹ na antistoiqeÐ sto diakritì kai to Ĺllo sto suneqèc kommĹti thc.

M_L(r) = θ 1 + θ + θ 1 + θ −^b_{b−r} − θ 1 + θ = θ 1 + θ + θ(b − r) (1 + θ)(b − r) − b − θ 1 + θ = θ 1 + θ + 1 1 + θ � (1 + θ)θ(b − r) − θ[b + θb − r − rθ − b] b + bθ − r − rθ − b �

= θ 1 + θ + 1 1 + θ � (1 + θ)(θb − θr) − θ^2b + rθ + rθ^2 θb − r(1 + θ) �

= θ 1 + θ + 1 1 + θ θb θb − r(1 + θ) = θ 1 + θ + 1 1 + θ θb 1+θ θb 1+θ − r

(3.57)

Sthn exÐswsh (3.57), parathroÔme pwc o ìroc : θ 1 + θ antistoiqeÐ sto diakritì kommĹti thc katanomăc enÿ to : 1 1 + θ θb 1+θ θb 1+θ − r

2’Eqei mĹza sto mhdèn (d(0)=j/1+j) kai eÐnai suneqăc sto (0,∞)

sto suneqèc kommĹti thc kai apoteleÐ th ropogennătria thc ekjetikăc katanomăc pollaplasiasmènh me^1_{1+θ} . Me bĹsh ta parapĹnw, h tuqaÐa metablhtă L èqei:

1. MĹza sto mhdèn pou isoÔtai me δ(0) = P r(L ≤ 0) =^1_{1+θ} 2. EÐnai suneqăc sto (0,∞), me puknìthta: P r(L = x) = 1 1 + θ θb 1 + θ e^{− θb1+θ x} , x ∈ (0, ∞) Epomènwc, h ajroistikă sunĹrthsh katanomăc thc L, eÐnai: P r(L ≤ u) = 1 − 1 1 + θ e^{− θb1+θ u} kai Ĺra, h pijanìthta qreokopÐac dÐnetai apì ton parakĹtw, tÔpo : ψ(u) = 1 1 + θ e^{− θb1+θ u} ìmwc, ìpwc èqoume apodeÐxei o ìroc^{θb}_{1+θ} , isoÔtai me to suntelestă prosarmogăc R sthn perÐptwsh pou ta Ôyh apozhmÐwshc akoloujoÔn thn ekjetikă katanomă. ’Ara, èqoume: ψ(u) = 1 1 + θ e^{−Ru} (3.58) kai afoÔ ψ(0) =^1_{1+θ} , isqÔei :

ψ(u) = ψ(0)e^{−Ru} (3.59) Paratărhsh GenikĹ gnwrÐzoume pwc gia to suntelestă prosarmogăc R isqÔoun oi idiìthtec:

1. ψ(u) ≤ Ce^{−Ru} , ∀u ≥ 0 2. ∃ C > 0 : ψ(u) ∼= Ce^{−Ru} , u → ∞ Sth perÐptwsh pou ta Ôyh apozhmÐwshc akoloujoÔn thn ekjetikă, tìte oi prohgoÔmenec idiìthtec antikajÐstantai apì thn isìthta: ψ(u) = Ce^{−Ru}, ∀u ≥ 0 kai C = ψ(0) = 1 1 + θ

Mèjodoc 2 H mejodologÐa pou ja akoloujăsoume sth deÔterh mèjodo perigrĹfhke apì touc Gerber, Goovaerts and Kaas (1987)kai efarmìzetai stic periptÿseic pou ta Ôyoc thc kĹje apozhmÐwshc akoloujeÐ meÐxh ekjetikÿn ă kai gĹmma katanomÿn.

An jewrăsoume tic sunartăseic puknìthtac p_i(x) pou antistoiqoÔn se katanomèc tou Ðdiou tÔpou allĹ me diaforetikèc paramètrouc, tìte orÐzoume san sunduasmì (combination) twn katanomÿn autÿn, th katanomă ekeÐnh pou èqei thn exăc sunĹrthsh puknìthtac: p(x) = n� j=1 A_j p_i(x) (3.60) ìpou oi stajerèc A_j , èqoun thn idiìthta : n� j=1 A_j = 1 Sthn perÐptwsh pou oi stajerèc A_j eÐnai epiplèon kai jetikèc, tìte orÐzetai h meÐxh (mixture) twn katanomÿn.

A. Sunduasmìc Ekjetikÿn katanomÿn ’Estw oi ekjetikèc katanomèc :

p_j(x) = b_j e^{−bj x}, x > 0 (3.61) kai o sunduasmìc touc eÐnai: p(x) = n� j=1 A_jb_j e^{−bj x}, x > 0 (3.62) me_n � j=1 A_j = 1 Tìte, h pijanìthta qreokopÐac gia to sunduasmì twn ekjetikÿn katanomÿn, dÐnetai apì ton parakĹtw tÔpo : ψ(u) = n� j=1 C_ke^{−rku} (3.63) ìpou gia k=1,2,3,...,n oi stajerèc C_k upologÐzontai apì th sqèsh : C_k = n� j=1 C_{jk} b_j

(3.64) me C_{jm} =

A_j (b_j −r_m) �_n

i A_i (b_j −r_m)^2

(3.65) kai r_1, r_2, ..., r_n oi rÐzec thc parakĹtw exÐswshc : λ c n� j=1 A_j (b_j − r)^2

= 1 (3.66) wc proc r.

Paratărhsh H exÐswsh (3.66) eÐnai Ðdia me ekeÐnh pou qrhsimopoiăsame gia ton upologismì tou suntelestă prosdiorismoÔ R, sunepÿc h mikrìterh apì autèc tic rÐzec sumpÐptei me ton R. B. Sunduasmìc GĹmma katanomÿn ’Estw oi katanomèc GĹmma :

p_i(x) = b^2_j xe^{−bj x}, x > 0 (3.67) kai o sunduasmìc touc: p(x) = n� j=1 A_jb^2_j xe^{−bj x}, x > 0 (3.68) me_n � j=1 A_j = 1 Tìte, h pijanìthta qreokopÐac gia to sunduasmì twn GĹmma(2,b_j), j=1,2,...n dÐnetai apì ton parakĹtw tÔpo : ψ(u) = 2n� k=1 C^′_ke^{−rku} (3.69) ìpou : C^′_k = n� j=1 �_∞ 0 C^′_{jk}(y)e^{−bj x}dy (3.70)

= �_n j=1 A_j

3−2rk bj (b_j −r_k)^2

�_n j=1 A_j^{3bj −rk}

(b_j −r_k)^2

(3.71)

kai r_1, r_2, ..., r_n oi rÐzec thc parakĹtw exÐswshc : 1 − λ c n� j=1 A_j

2b_j − r (b_j − r)^2

= 0 (3.72)

Paratărhsh

’Omoia me thn ekjetikă perÐptwsh, h mikrìterh apì tic rÐzec antistoiqeÐ ston suntelestă prosarmogăc.

ParadeÐgmata (Gerber, Goovaerts and Kaas (1987) )

1. Sunduasmìc ekjetikÿn katanomÿn

An jewrăsoume th meÐxh dÔo ekjetikÿn katanomÿn :

p(x) = A_1p_1(x) + A_2p_2(x) (3.73)

me :

1. p_1(x) = 3e^{−3x}

2. p_2(x) = 4e^{−4x}

kai an epiplèon upojèsoume ìti l=1 c = 1, A_1 = 4 kai A_2 = −3, tìte èqoume:

p(x) = 12e^{−3x} − 12e^{−4x} (3.74)

Epomènwc h lÔsh thc (3.57) wc proc r, mac dÐnei :

r_1 = R = 1 kai r_2 = 5

Apì thn (3.65), ;èqoume

C_{11} =

A_1 (b_1 −r_1) �_2

i A_i (b_1−r_1)^2 = 3

C_{12} =

A_1 (b_1 −r_2) �_2

i A_i (b_1−r_2)^2 = 1

C_{21} =

A_2 (b_2 −r_1) �_2

i A_i (b_2−r_1)^2 = − 3 2 C_{22} =

A_2 (b_j −r_2) �_2

i A_i (b_2−r_2)^2 = − 3 2 (3.75)

Epomènwc, h (3.64) mac dÐnei :

C_1 = 2� j=1 C_{j1} b_j = 5 8 (3.76)

C_2 = 2� j=1 C_{j2} b_j = − 1 24 (3.77)

’Ara, h pijanìthta qreokopÐac, bĹsh thc (3.63), dÐnetai apì ton tÔpo :

ψ(u) = 5 8 e^{−u} − 1 24 e^{−5u} (3.78)

2. MeÐxh gĹmma katanomÿn

An jewrăsoume th meÐxh dÔo GĹmma(2, b_j ) katanomÿn :

p(x) = A_1p_1(x) + A_2p_2(x) (3.79)

me :

1. p_1(x) = b^2_1e^{−b1x}x , b_1 = 3 − √ 3 2. p_2(x) = b^2e^{−b2x}x , b_2 = 3 + √ 3 kai an epiplèon upojèsoume ìti l=1 c = 2, A_1 =^1_2 kai A_2 =^1_2 , tìte èqoume:

p(x) = 1 2 (3 − √ 3)^2e^{−(3−√3)x} + 1 2 (3 + √ 3)^2e^{−(3+√3)x} (3.80)

Epomènwc h lÔsh thc (3.72) wc proc r, mac dÐnei :

r_1 = R = 0.506, r_2 = 1.756, r_3 = 3.544 kai r_4 = 5.685

Apì thn (3.71), èqoume :

C^′_1 =

�_2 j=1 A_j

3−2r1 bj (b_j −r_1)^2

�_2 j=1 A_j^{3bj −r1}

(b_j −r_1)^2

= 0.517

C^′_2 =

�_2 j=1 A_j

3−2r2 bj (b_j −r_2)^2

�_2 j=1 A_j^{3bj −r2}

(b_j −r_2)^2

= −0.070

C^′_3 =

�_2 j=1 A_j

3−2r3 bj (b_j −r_3)^2

�_2 j=1 A_j^{3bj −r3}

(b_j −r_3)^2

= 0.089

C^′_4 =

�_2 j=1 A_j

3−2r4 bj (b_j −r_4)^2

�_2 j=1 A_j^{3bj −r4}

(b_j −r_4)^2

= −0.036

’Ara, h pijanìthta qreokopÐac qrhsimopoiÿntac th (3.69), dÐnetai apì ton tÔpo :

ψ(u) = 0.517e^{−0.506u} − 0.070e^{−1.765u} + 0.089e^{−3.544u} − 0.036e^{−5.685u} (3.81)

50

KefĹlaio 4 FrĹgmata gia thn ananewtikă sunĹrthsh

4.1 Eisagwgă

Stic ananewtikèc diadikasÐec h gnÿsh thc ananewtikăc sunĹrthshc:

U(x) = ∞� k=0 F^{∗k}(x)

parousiĹzei megĹlo endiafèron giatÐ mac parèqei th dunatìthta na upologÐsoume ton anamenìmeno arijmì ananeÿsewn gia èna sugkekrimèno qronikì diĹsthma. O upologismìc autìc fusikĹ exartĹtai se megĹlo bajmì apì thn katanomă twn endiĹmeswn qrìnwn metaxÔ twn ananeÿsewn. Epomènwc gia pollèc katanomèc h ananewtikă sunĹrthsh eÐnai dÔskolo na upologisteÐ lìgou twn prĹxewn pou apaitoÔntai ( kurÐwc antistrofă metasqhmatismoÔ Laplace), enÿ gia Ĺllec, ìpwc gia parĹdeigma sth Weibull eÐnai adÔnato na brejeÐ analutikìc tÔpoc. Stic periptÿseic autèc eÐnai polÔ qrăsimo na upologÐsoume proseggÐseic kai frĹgmata gia thn ananewtikă sunĹrthsh. Skopìc mac se autì to kefĹlaio eÐnai na anafèroume ta shmantikìtera Ĺnw kai kĹtw frĹgmata pou kataskeuĹsthkan mèqri sămera. Sto parakĹtw sqăma faÐnontai oi kuriìteroi suggrafeÐc, pou èqoun asqolhjeÐ me th dhmiourgÐa tètoiwn fragmĹtwn.

� FrĹgmata gia thn ananewtikă sunĹrthsh

Lorden(1970)

Butterworth & Marshall(1964)

Barlow & P roschan(1975)

Siegel & W unsche(1979)

Brown(1983, 1987, 1990)

P olitis & Koutras(2005)

�

AnĹloga me ta qarakthristikĹ thc katanomăc pou qrhsimopoioÔntai ston upologismì twn fragmĹtwn, ja ta qwrÐsoume stic exăc treic kathgorÐec:

(I) FrĹgmata pou o upologismìc touc apaiteÐ mìno th gnÿsh thc prÿthc kai thc deÔterhc ropăc gÔrw apì to mhdèn thc katanomăc pou akoloujoÔn oi endiĹmesoi qrìnoi ( μ_1 kai μ_2, antÐstoiqa ).

(II) FrĹgmata pou isqÔoun sthn perÐptwsh pou gnwrÐzoume thn ajroistikă sunĹrthsh katanomăc twn endiĹmeswn qrìnwn.

(III) FrĹgmata pou qrhsimopoioÔntai sthn perÐptwsh pou ektìc apì th gnÿsh thc ajroistikăc sunĹrthshc katanomăc eÐnai aparaÐthth kai h monotonÐa thc ananewtikăc puknìthtac, u(x) wc proc x.

Gia kĹje mia apì tic treic parapĹnw kathgorÐec ja qrhsimopoiăsoume ènan epiplèon diaqwrismì :

1. GenikĹ Ĺnw kai kĹtw frĹgmata pou gia thn efarmogă touc eÐnai aparaÐthtec mìno oi arqikèc proôpojèseic thc kathgorÐac sthn opoÐa anăkoun.

2. FrĹgmata ta opoÐa ektìc apì tic arqikèc proôpojèseic thc kathgorÐac sthn opoÐa anăkoun apaitoÔn epiplèon h katanomă twn qrìnwn metaxÔ twn ananeÿsewn na anăkei se kĹpoia mh parametrikă oikogèneia katanomÿn^1 p.q. IFR, NBUE, NWUE, DFR, IMRL

1blèpe ParĹrthma E

ÿste na eÐnai efiktă h Ĺmesh sÔgkrish touc.

Apì touc orismoÔc pou qrhsimopoiăjhkan sto KefĹlaio 2 gia thn eisagwgă thc ènnoiac thc ananewtikăc diadikasÐac prokÔptoun ta exăc frĹgmata :

Prìtash 15. An oi endiĹmesoi qrìnoi metaxÔ diadoqikÿn ananeÿsewn èqoun katanomă F tìte gia thn ananewtikă sunĹrthsh U(x) isqÔei: F (x) + 1 ≤ U(x) ≤ 1 1 − F (x)

, (4.1) ìpou gia to Ĺnw frĹgma^1_{1−F (x)} apaiteÐtai na isqÔei F (x) < 1.

Apìdeixh

An upojèsoume pwc èqoume mia sunăjh ananewtikă diadikasÐa, dhladă diadikasÐa sthn opoÐa h katanomă tou qrìnou mèqri thn prÿth ananèwsh eÐnai Ðdia me thn katanomă twn upoloÐpwn endiĹmeswn qrìnwn, tìte èqoume :

max T_i ≤ r� j=0 T_j = S_r , T_0 = 0, S_0 = 0

’Ara

F^{∗r}(x) = P r(S_r ≤ x) ≤ P r(maxT_i ≤ x) ≤ P r(T_i ≤ x)^r = (F (x))^r kai F^{∗1}(x) = F (x) F^{∗0}(x) = 1_{[0,∞)}(x) ìpou 1_{[0,∞)} = � 1 , an x ∈ [0, ∞) 0 , an x /∈ [0, ∞) Epomènwc

F (x) + 1 = F^{(1)}(x) + 1 ≤ ∞� r=0 F^{∗r}(x) ≤ ∞� r=0 (F (x))^r = 1 1 − F (x) ’Ara F (x) ≤ U(x) ≤ 1 1 − F (x) Ta frĹgmata autĹ den dÐnoun apotelèsmata megĹlhc akrÐbeiac se sqèsh me autĹ pou ja parousiastoÔn sth sunèqeia gia to lìgo autì den ja apotelèsoun antikeÐmeno melèthc mac.

4.2 FrĹgmata sunartăsei twn ropÿn μ_1 kai μ_2.

Ja anafèroume frĹgmata gia thn ananewtikă sunĹrthsh pou qrhsimopoioÔntai, ìtan gnwrÐzoume mìno tic duo prÿtec kentrikèc ropèc twn qrìnwn metaxÔ twn ananeÿsewn.

4.2.1 GenikĹ Ĺnw kai kĹtw frĹgmata

O Lorden (1970), parousÐase to exăc genikì Ĺnw frĹgma :

U(x) ≤ x μ + μ_2 μ^2

:= U_1(x) (4.2)

enÿ oi Barlow kai Proschan (1981) èdwsan èna genikì kĹtw frĹgma :

U(x) ≥ x μ := L_1(x) (4.3)

SunduĹzontac thc (4.2) kai (4.3), parathroÔme pwc sth genikă perÐptwsh pou gnwrÐzoume mìno tic duo prÿtec ropèc (gÔrw apì to mhdèn), h ananewtikă sunĹrthsh eÐnai Ĺnw kai kĹtw fragmènh, apì tic posìthtec :

L_1(x) = x μ ≤ U(x) ≤ x μ + μ_2 μ^2

= U_1(x) (4.4)

4.2.2 FrĹgmata gia diĹforouc tÔpouc găranshc

Sthn perÐptwsh pou h katanomă twn endiĹmeswn qrìnwn metaxÔ twn ananeÿsewn anăkei se mÐa apì tic epìmenec mh parametrikèc kathgorÐec katanomÿn^2:

1. NBUE - NWUE

2. IMRL

3. IFR

èqoume akribèstera frĹgmata gia thn ananewtikă sunĹrthsh se sqèsh me ta genikĹ frĹgmata pou anafèrjhkan sthn prohgoÔmenh parĹgrafo. Epiplèon eÐnai safèc ìti ìso pio mikră eÐnai h klĹsh pou anăkei h ajroistikă sunĹrthsh katanomăc, tìso pio akribèc eÐnai to frĹgma.

2blèpe ParĹrthma E

To 1981 oi Barlow kai Proschan upojètontac, ìti h katanomă twn qrìnwn metaxÔ twn ananeÿsewn anăkei sthn klĹsh NBUE, kataskeÔasan to exăc Ĺnw frĹgma :

U(x) ≤ x μ + 1 := U_2(x) (4.5)

enÿ an anăkei sthn NWUE :

U(x) ≥ x μ + 1 := L_2(x) (4.6)

Gia thn perÐptwsh pou h katanomă twn endiĹmeswn qrìnwn metaxÔ twn sumbĹntwn, anăkoun sthn oikogèneia katanomÿn IMRL o Brown, to 1980, parousÐase to exăc Ĺnw frĹgma : U(x) ≤ x μ + μ_2 2μ^2

:= U_3(x) (4.7) enÿ to 1987, o Ðdioc suggrafèac èdwse kai èna kĹtw frĹgma thc ananewtikăc sunĹrthshc ìtan h katanomă èqei thn idiìthta IFR

U(x) ≥ x μ + μ_2 − μ^2

μ^2

:= L_3(x) (4.8)

4.3 FrĹgmata upì th gnÿsh thc F

Sthn parĹgrafo aută ja parousiĹsoume ta frĹgmata thc ananewtikăc sunĹrthshc pou gia ton upologismì touc qrhsimopoieÐtai h ajroistikă sunĹrthsh katanomăc F twn tuqaÐwn metablhtÿn pou antistoiqoÔn stouc endiĹmesouc qrìnouc metaxÔ twn ananeÿsewn.

4.3.1 GenikĹ Ĺnw kai kĹtw frĹgmata.

To 1964, oi Butterworth kai Marshall, upojètontac ìti h mèsh timă m thc katanomăc F, eÐnai ènac peperasmènoc pragmatikìc arijmìc, dhmosÐeusan to exăc kĹtw frĹgma gia thn U(x) : U(x) ≥ x μ − F_e(x) + 1 := L_4(x) (4.9) ìpou F_e(x) = 1 μ �_x 0 (1 − F (u))du Gia mikrèc timèc tou x kai idiaÐtera gia mia perioqă gÔrw apì to mhdèn oi Politis kai Koutras (2005), parousÐasan beltiwmèna frĹgmata (kĹtw apì sugkekrimènec sunjăkec pou prèpei na ikanopoioÔn ta qarakthristikĹ thc katanomăc tou qrìnou metaxÔ twn ananeÿsewn) se sqèsh me autĹ pou ădh upărqan gia thn ananewtikă sunĹrthsh. H mèjodoc pou qrhsimopoÐhsan, eÐnai h exăc : ArqikĹ upologÐzoume èna Ĺnw ă kĹtw frĹgma gia th lÔsh thc ananewtikăc exÐswshc. To frĹgma autì to eisĹgoume sthn ananewtikă exÐswsh me apotèlesma na prokÔptei èna nèo frĹgma gia thn ananewtikă sunĹrthsh pou sunăjwc eÐnai kalÔterhc akrÐbeiac apì to frĹgma apì to opoÐo proărje toulĹqiston gia mia perioqă gÔrw apì to mhdèn. SqhmatikĹ èqoume :

Ananewtikă exÐswsh � LÔsh thc ananewtikăc ExÐswshc � FrĹgma gia th lÔsh thc Ananewtikăc ExÐswshc

Eisagwgă sthn ananewtikă exÐswsh � Nèo frĹgma gia thn lÔsh thc ananewtikă exÐswshc � Nèo frĹgma gia thn ananewtikă sunĹrthsh

Lămma 1. An F (x) eÐnai h ajroistikă sunĹrthsh katanomăc miac tuqaÐac metablhtăc tìte gia x > 0 isqÔei: �_x 0 x − t μ dF (t) = x μ − F_e(x) (4.10)

Apìdeixh �_x 0 x − t μ dF (t) = x μ �_x 0 1dF (t) − 1 μ �_x 0 tdF (t) = xF (x) μ − 1 μ � [tF (t)]^x_0 −

�_x 0 dF (t) �

= xF (x) μ − xF (x) μ + 1 μ �_x 0 dF (t) = x μ − F_e(x)

Sth sunèqeia ja anafèroume èna parĹdeigma pou mac eisĹgei sth mejodologÐa pou qrhsimopoÐhsan oi Politis kai Koutras (2005). SÔmfwna me ton Feller (1971) h ananewtikă exÐswsh pou ikanopoieÐ h ananewtikă sunĹrthsh U(x) eÐnai : U(x) = 1 +

�_x 0 U(x − t)dF (t) (4.11) Qrhsimopoiÿntac to frĹgma (4.3) sthn (4.11) èqoume : U(x) = 1 +

�_x 0 U(x − t)dF (t) ≥ 1 +

�_x 0 x − t μ dF (t)

Lămma1 = x μ + F̄_e(t) Epomènwc, U(x) ≥ x μ + F_e(x) (= L_4(x)) (4.12) Epiplèon ènac deÔteroc trìpoc gia na katalăxoume sto Ðdio frĹgma faÐnetai parakĹtw: An jewrăsoume thn ananewtikă exÐswsh : H(x) = F̄_e(x) +

�_x 0 H(x − t)dF (t) tìte, gnwrÐzoume pwc h monadikă thc lÔsh eÐnai h: H(x) = U(x) − x μ = �_∞ 0 F̄_e(x − t)dU(x) (4.13) ìmwc isqÔei ìti : �_x 0 H(x − t)dF (t) ≥ 0 ’Ara, U(x) ≥ x μ + F̄_e(x) (4.14) pou apoteleÐ èna nèo kĹtw frĹgma gia thn ananewtikă sunĹrthsh kai mĹlista eÐnai kalÔtero apì to L_1(x) =^x_μ .

Me th mèjodo pou perigrĹfhke parapĹnw oi Politis kai Koutras (2005) dhmioÔrghsan, to exăc genikì Ĺnw frĹgma gia thn ananewtikă sunĹrthsh. Jeÿrhma 8. Gia thn ananewtikă sunĹrthsh, isqÔei h parakĹtw anÐswsh : U(x) ≤ x μ + μ_2F (x)

μ^2

+ F̄_e(x) := U_4(x) , ∀x ≥ 0 (4.15) To parapĹnw Ĺnw frĹgma eÐnai mikrìtero apì autì tou Lorden, sthn perÐptwsh pou isqÔei : μ �_∞ x F̄ (t)dt ≤ μ_2F̄ (x) (4.16) kĹti to opoÐo exasfalÐzetai gia toulĹqiston èna diĹsthma [0, a], me a ∈ (0, ∞].

Paratărhsh

Sthn perÐptwsh pou h katanomă twn qrìnwn metaxÔ twn ananeÿsewn, anăkei sthn klĹsh NBUE tìte isqÔei h sunjăkh (4.16).

An jewrăsoume thn ananewtikă exÐswsh (4.11) pou ikanopoieÐ h ananewtikă sunĹrthsh: U(x) = 1 +

�_x 0 U(x − t)dF (t) (4.17) tìte, eisĹgontac thn (4.14) sthn (4.17), èqoume :

U(x) ≥ 1 +

�_x 0 F̄_e(x − t)dF (t) +

�_x 0 x − t μ dF (t) +

�_x 0 dF (t)

= 1 +

�_x 0 F̄_e(x − t)dF (t) + xF (x) μ + F (x) − 1 μ �_x 0 ydF (y) kai qrhsimopoiÿntac, ìti: �_x 0 ydF (y) = μ − xF̄ (x) −

�_∞ x F̄ (x)

èqoume :

U(x) ≥ 1 +

�_x 0 F̄_e(x − t)dF (t) + xF (x) μ + F (x) − − 1 μ � μ − xF̄ (x) −

�_∞ x F̄ (x) �

= �_x 0 F̄_e(x − t)dF (t) + x μ + F_e(x) := L_5(x) (4.18) ’Ena epÐshc genikì Ĺnw frĹgma mporeÐ na prokÔyei, apì th lÔsh thc ananewtikăc exÐswshc (4.13) parathrÿntac ìti h sunĹrthsh F̄_e(t) eÐnai fjÐnousa sunĹrthsh tou t. ’Etsi, èqoume: U(x) − x μ ≥ F̄_e(x)U(x) ⇒ U(x) ≥ x μF_e(x)

:= L_6(x) (4.19) gia ìla ta x gia ta opoÐa isqÔei : F_e(x) > 0

An ektìc apì apì th gnÿsh thc ajroistikăc sunĹrthshc upojèsoume ìti h sunĹrthsh tou mèsou upoleipìmenou qrìnou zwăc (mean residual life)

m(t) =

�_∞ t F̄ (y)dy F̄ (t) eÐnai fragmènh, tìte mporoÔme na upologÐsoume ta parakĹtw frĹgmata :

Prìtash 16. An jewrăsoume mia ananewtikă diadikasÐa gia thn opoÐa gnwrÐzoume ìti h sunĹrthsh m(t) thc katanomăc F eÐnai Ĺnw ă kĹtw fragmènh tìte :

1. An m(x) eÐnai Ĺnw fragmènh, dhladă ∃ stajerĹ r : m(x) ≤ r, ∀x ∈ [0, a] kai a ∈ (0, ∞] tìte : U(x) ≤ x μ + rF (x) μ + F_e(x) := U_5(x), (4.20) gia x ∈ [0, a]

2. An m(x) eÐnai kĹtw fragmènh, dhladă ∃ stajerĹ r : m(x) ≥ r, ∀x ∈ [0, a] kai a ∈ (0, ∞] tìte : U(x) ≥ x μ + rF (x) μ + F_e(x) := L_7(x), (4.21) gia x ∈ [0, a]

’Opwc gnwrÐzoume an mia katanomă anăkei sthn oikogèneia NBUE ă sthn NWUE tìte h sunĹrthsh m(x) eÐnai Ĺnw ă kĹtw fragmènh, antÐstoiqa apì th mèsh timă m, dhladă isqÔei :

F ∈ NBUE(NW UE) ⇒ m(x) ≤ (≥)μ , ∀x ∈ [0, ∞] H paratărhsh aută mazÐ me thn prohgoÔmenh prìtash, odhgoÔn sth diatÔpwsh tou parakĹtw porÐsmatoc :

Pìrisma 2. An h katanomă twn qrìnwn apozhmÐwshc anăkei sth klĹsh NBUE ă NWUE, tìte gia thn ananewtikă sunĹrthsh isqÔei antÐstoiqa :

U(x) ≤ x μ + F (x) + F_e(x) := U_6(x) (4.22) U(x) ≥ x μ + F (x) + F_e(x) := L_8(x) (4.23)

4.3.2 FrĹgmata upì diafìrouc tÔpouc găranshc

Sthn parĹgrafo aută ja asqolhjoÔme me ta frĹgmata ekeÐna pou apaitoÔn th gnÿsh thc ajroistikăc sunĹrthshc katanomăc kai epiplèon anăkoun se mia apì tic parakĹtw oikogèneiec katanomÿn :

1. NBUE - NWUE

2. IFR

3. IMRL

Oi Siegel kai Wunsche (1979), upolìgisan to parakĹtw Ĺnw frĹgma gia thn perÐptwsh pou h katanomă twn endiĹmeswn qrìnwn F èqei thn idiìthta NBUE:

U(x) ≤ x μ − F_e(t) + F (t) + 1 (= U_6(x)) (4.24)

Epiplèon, apèdeixan ìti to Ðdio frĹgma apoteleÐ kai kĹtw frĹgma gia thn ananewtikă sunĹrthsh sthn perÐptwsh pou h upokeÐmenh katanomă F anăkei sth klĹsh NWUE, dhladă: U(x) ≥ x μ − F_e(t) + F (t) + 1(= L_8(x)) (4.25) To 2005 oi Politis kai Koutras periègrayan frĹgmata gia tic periptÿseic ìpou h katanomă twn endiĹmeswn qrìnwn èqoun tic idiìthtec IFR ă IMRL. Ta frĹgmata autĹ perigrĹfontai stic epìmenec duo protĹseic antÐstoiqa.

Prìtash 17. An upojèsoume pwc h katanomă twn qrìnwn metaxÔ twn diadoqikÿn ananeÿsewn se mia ananewtikă diadikasÐa anăkei sthn klĹsh katanomÿn IFR kai epiplèon èqei peperasmènh mèsh timă μ kai diasporĹ σ^2 tìte isqÔei h anÐswsh:

U(x) ≥ x μ + σ^2F (x) μ^2

+ F_e(x) := L_9(x) (4.26)

Prèpei na parathrăsoume pwc to frĹgma L_9(x) eÐnai kalÔtero apì to antÐstoiqo Ĺnw frĹgma L_3(x) =^x_μ +^{σ2}_{μ2} , sthn perÐptwsh pou isqÔei: F_e(x) F̄ (x) ≥ σ^2 μ^2

(4.27)

ParĹdeigma

An jewrăsoume ìti oi endiĹmesoi qrìnoi metaxÔ twn ananeÿsewn akoloujeÐ thn katanomă Gamma(2,1), tìte isqÔoun :

1. f(x) = xe^{−x}

2. E(X) = 2

3. V ar(X) = 2

4. F (x) = 1 − e^{−x}(1 + x)

5. F_e(x) = 1 −^1_2 e^{−x}(1 + 2x)

Epomènwc, h sunjăkh (4.27) isqÔei gia kĹje x jetikì, afoÔ : F_e(x) F̄ (x) =

1 + 2x (1 + x) ≥ 1 2 = σ^2 μ^2 Prìtash 18. An h katanomă F, anăkei sthn oikogèneia IMRL, tìte èqoume gia thn ananewtikă sunĹrthsh ta exăc frĹgmata : 1. U(x) ≤ x μ + F_e(x) F̄ (x) := U^7(x) (4.28) 2. L_{10}(x) := μ_2 2μ^2

F^{(2)}_e (x) + x μ + F̄_e(x) ≤ U(x) ≤ μ_2 2μ^2

F (x) + x μ + F̄_e(x) := U_8(x) (4.29)

ìpou :

F^{(2)}_e (x) := 1 μ_e

�_x 0 F̄_e(t)dt

kai μ_e h mèsh timă thc katanomăc F_e(t).

H dexiĹ anÐswsh thc (4.29) mac parèqei pĹnta èna kalÔtero Ĺnw frĹgma gia thn ananewtikă sunĹrthsh apì to antÐstoiqo frĹgma tou Brown gia thn IMRL katanomă sthn perÐptwsh pou isqÔei : �_∞ x F̄ (t)dt ≤ μ^2 2μ F̄ (x)

4.4 FrĹgmata upì monìtonh ananewtikă puknìthta

Sto kefĹlaio 2 anafèrame pwc gia thn ananewtikă sunĹrthsh

U(x) = ∞� k=0 F^{∗k}(x)

mporoÔme na orÐsoume thn antÐstoiqh ananewtikă puknìthta apì ton exăc tÔpo:

u(x) = ∞� i=1 f ∗ F^{∗(i−1)}(t) = (f + (f ∗ U))(t) (4.30) ìpou f eÐnai h puknìthta twn endiĹmeswn qrìnwn. H sqèsh pou sundèei tic parapĹnw dÔo posìthtec eÐnai : U(x) = 1 +

�_x 0 u(t)dt (4.31) Oi Politis kai Koutras (2005) dhmioÔrghsan frĹgmata gia thn ananewtikă sunĹrthsh me basikă proôpìjesh h ananewtikă puknìthta na eÐnai monìtonh. Tètoiou eÐdouc frĹgmata perièqontai stic epìmenec duo upoenìthtec.

4.4.1 GenikĹ Ĺnw kai kĹtw frĹgmata

Jeÿrhma 9. Se mia ananewtikă diadikasÐa an upojèsoume ìti h ananewtikă puknìthta u(x) eÐnai monìtonh sunĹrthsh tou x, tìte upĹrqoun ta exăc frĹgmata gia thn ananewtikă sunĹrthsh.

1. (aþ) An u(x) eÐnai aÔxousa sunĹrthsh tou x, isqÔei :

U(x) ≤ 1 + xF (x) �_x 0 F̄ (t)dt := U^9(x) (4.32) (bþ) An u(x) eÐnai fjÐnousa sunĹrthsh tou x, isqÔei :

U(x) ≥ 1 + xF (x) �_x 0 F̄ (t)dt := L^{11}(x) (4.33) 2. An gnwrÐzoume ìti h katanomă F, èqei peperasmènh mèsh timă m, tìte oi prohgoÔmenec anisÿseic gÐnontai :

(aþ) U(x) ≤ 1 + x μ + x[F (x) − F_e(x)] �_x 0 F̄ (t)dt := U^{10}(x) (4.34) (bþ) U(x) ≥ 1 + x μ + x[F (x) − F_e(x)] �_x 0 F̄ (t)dt := L^{12}(x) (4.35) kai 3. An h mèsh timă thc katanomăc F èqei peperasmènh mèsh timă tìte isqÔoun ta parakĹtw sumplhrwmatikĹ frĹgmata gia ekeÐna pou protĹjhkan sto 2. :

(aþ) Sthn aÔxousa perÐptwsh

U(x) ≥ 1 + x μ + x[μ^{−1}

�_x 0 F̄_e(x)dt − F_e(x)] �_x 0 F_e(t)dt

:= L_{13}(x) (4.36)

(bþ) Sth fjÐnousa perÐptwsh

U(x) ≤ 1 + x μ + x[μ^{−1}

�_x 0 F̄_e(x)dt − F_e(x)] �_x 0 F_e(t)dt

:= U_{11}(x) (4.37)

EÐnai shmantikì na anafèroume pwc ta frĹgmata pou prokÔptoun apì tic (4.32) kai (4.33), den apaitoÔn thn Ôparxh kĹpoiac tĹxhc ropăc, μ_k k=1,2,... kai epomènwc mporoÔn na efarmostoÔn kai se periptÿseic pou jewrhtikĹ èqoume Ĺpeirh mèsh timă.

4.4.2 FrĹgmata upì diafìrouc tÔpouc găranshc

Sthn paroÔsa upoenìthta ja asqolhjoÔme me th sumperiforĹ twn fragmĹtwn ananewtikăc sunĹrthshc upì tic exăc dÔo proôpojèseic :

(i) H ananewtikă puknìthta u(x) na eÐnai monìtonh.

(ii) H katanomă twn qrìnwn metaxÔ diadoqikÿn ananeÿsewn na anăkei se mia apì tic parakĹtw mh parametrikèc klĹseic katanomÿn :

• DFR • IMRL

Oi Shaked kai Zhu (1992) apèdeixan ìti kĹje katanomă h opoÐa anăkei sthn oikogèneia katanomÿn DFR, èqei fjÐnousa ananewtikă puknìthta. BĹsh autăc thc paratărhshc oi Politis kai Koutras (2005) diatÔpwsan thn exăc prìtash :

Prìtash 19. An upojèsoume pwc F ∈ DF R, tìte to frĹgma (4.33), eÐnai pio akribèc apì to antÐstoiqo kĹtw frĹgma L_2(x) (4.6) twn Barlow kai Proschan (1981), dhladă isqÔei gia NWUE 1 + xF (x) �_x 0 F̄ (t)dt ≥ x μ Sthn perÐptwsh pou F ∈ IMRL, oi Politis kai Koutras (2005) apèdeixan ìti isqÔei :

U(x) ≥ m� k=0 F^{∗k} − 1 μ �_x 0 F^{∗m}(t)dt (4.38)

To sugkekrimèno frĹgma qrhsimopoieÐtai wc kĹtw frĹgma tou sfĹlmatoc pou prokÔptei apì thn prosèggish thc ananewtikăc sunĹrthshc me perikekkomènh (truncating) seirĹ sunelÐxewn, dhladă upĹrqei m, tètoio ÿste :

U(x) ≈ m� k=0 F^{∗k(x)}

Epiplèon h idiìthta ìti kĹje katanomă pou anăkei sthn DF R oikogèneia katnomÿn eÐnai koÐlh, mac bohjĹei ston upologismì tou parakĹtw frĹgmatoc :

U(x) ≥ 1 + x μF (x) − xf(x) F (x)

:= L_{14}(x) (4.39)

Paratărhsh

’Opwc èqoume anafèrei oi Shaked kai Zhu (1992), apèdeixan pwc kĹje DFR katanomă, èqei fjÐnousa ananewtikă puknìthta, epomènwc stic periptÿseic pou gnwrÐzoume ìti h katanomă twn qrìnwn pou meletĹme èqei fjÐnousa bajmÐda apotuqÐac, mporoÔme na qrhsimopoiăsoume ta frĹgmata pou orÐsame sthn parĹgrafo aută.

Sth sunèqeia parousiĹzoume ìla ta frĹgmata pou anafèrjhkan sto kefĹlaio autì sunoptikĹ se èxi pÐnakec.UpenjumÐzoume ìti me I sumbolÐzoume thn kathgorÐa twn fragmĹtwn pou gia ton upologismì touc apaitoÔn th gnÿsh thc prÿthc kai deÔterhc ropăc gÔrw apì to mhdèn, me II ta frĹgmata ekeÐna pou isqÔoun sthn perÐptwsh pou gnwrÐzoume thn ajroistikă sunĹrthsh katanomÿn F pou akoloujeÐ o qrìnoc metaxÔ diadoqikÿn ananeÿsewn. kai tèloc me III sumbolÐzoume ta frĹgmata ekeÐna pou qrhsimopoioÔntai sthn perÐptwsh pou èqoume exasfalÐsei th monotonÐa thc ananewtikăc puknìthtac.

’Anw genikĹ frĹgmata I II III

U_1(x) =^x_μ +^{μ2}_{μ2} U_4(x) =^x_μ +^{μ2F (x)}_{μ2} + F̄_e(x) U9(x) = 1 +^{xF (x)� x}_0¯_{F (x)}

U_5(x) =^x_μ +^{rF (x)}_μ + F̄_e(x) U10(x) = 1 +^x_μ +^{x[F (x)−Fe(x)]� x}_0¯_{F (t)dt}

U_{11}(x) = 1 +^x_μ +^{x[μ}

−1 �_x 0 F̄_e(x)dt−F_e (x)] �_x 0 F_e(t)dt

PÐnakac 4.1:

KĹtw genikĹ frĹgmata I II III

L_1(x) =^x_μ L_4(x) =^x_μ − F_e(x) + 1 L11(x) = 1 +^{xF (x)� x}_0¯_{F (x)}

L_5(x) =

�_x 0 F̄_e(x − t)dF (t) +^x_μ + F_e(x) L_{12}(x) = 1 +^x_μ +^{x[F (x)−Fe(x)]}�_{x0 F̄ (t)dt}

L_6(x) =^x_{μFe(t)} L13(x) = 1 +^x_μ +^{x[μ}

−1 �_x 0 F̄_e(x)dt−F_e (x)] �_x 0 F_e(t)dt

L_7(x) =^x_μ +^{rF (x)}_μ + F̄_e(x)

PÐnakac 4.2:

’Anw frĹgmata gia aÔxousa

bajmÐda apotuqÐac I II III

U_2(x) =^x_μ + 1 (NBUE)

U_6(x) =^x_μ − F_e(x) + F (x) + 1 (NBUE) PÐnakac 4.3:

KĹtw frĹgmata

gia aÔxousa

bajmÐda apotuqÐac I II III

L_3(x) =^x_μ +^{μ2−μ2}_{μ2} (IF R)

L_9(x) =^x_μ +^{σ2F (x)}_{μ2} + F̄_e(x) (IF R) PÐnakac 4.4:

’Anw frĹgmata gia fjÐnousa

bajmÐda apotuqÐac I II III

U_3(x) =^x_μ +^{μ2}_{2μ2} (IMRL)

U_8(x) =^{μ2}_{2μ2} F (x) +^x_μ + F̄_e(x) (IMRL)

U_7(x) =^x_μ +^{Fe(x)}_{F̄ (x)} (IMRL) PÐnakac 4.5:

KĹtw frĹgmata gia fjÐnousa bajmÐda apotuqÐac I II III L_2(x) =^x_μ + 1 (NW UE)

L_8(x) =^x_μ − F_e(x) + F (x) + 1 (NW UE)

L_{14}(x) = 1 +^x_{μF (x)} −^{xf(x)}_{F (x)} (DF R) L_{10}(x) =^{μ2}_{2μ2} F^{(2)}_e (x) +^x_μ + F̄_e(x) (IMRL) PÐnakac 4.6:

4.5 EFARMOGES

Sthn parĹgrafo aută ja meletăsoume ta kuriìtera frĹgmata thc ananewtikăc sunĹrthshc ìtan h katanomă twn endiĹmeswn qrìnwn metaxÔ twn ananeÿsewn akoloujeÐ mia apì tic parakĹtw katanomèc :

1. Gamma(3,2) (IFR) 2. Pareto(4,3) (DFR) Efarmogă 1 ’Estw ìti h ufistĹmenh katanomă tou qrìnou metaxÔ twn ananeÿsewn akoloujeÐ thn IFR katanomă Gamma(3,2). Tìte isqÔoun ta exăc :

1. f(x) = 9xe^{−3x} 2. F (x) = 1 − (1 + 3x)e^{−3x} 3. E(X) = μ =^2_3 4. V ar(X) =^2_9 5. H ananewtikă sunĹrthsh U(x) pou antistoiqeÐ sthn F dÐnetai apì thn parakĹtw sqèsh : U(x) =^1_4 (3 + e^{−6x} + 6x) (blèpe ParĹrthma D) Tìte mporoÔme na upologÐsoume ta parakĹtw frĹgmata twn opoÐwn o genikìc orismìc èqei dojeÐ stic proghoÔmenec enìthtec.

1. GenikĹ kĹtw frĹgmata.

(aþ) L_1(x) =^x_μ =^{3x}_2 (bþ) L_4(x) =^x_μ + 1 − F_e(x) =^1_2 e^{−3x}(2 + 3x(1 + e^{3x})) (gþ) L_6(x) =^x_{μFe(x)} =^{3xe3x}_{2e3x−3x−2} 2. GenikĹ Ĺnw frĹgmata.

(aþ) U_1(x) =^x_μ +^{μ2}_{μ2} =^{3(1+x)}_2 , ìpou μ_2 = E(X^2) (bþ) U_4(x) =^x_μ +^{μ2F (x)}_{μ2} + F_e(x) =^1_2 e^{−3x}(3e^{3x}(1 + x) − 6x − 1)

3. AfoÔ F ∈ NBUE, èqoume ta exăc Ĺnw frĹgmata.

(aþ) U_2(x) =^x_μ + 1 = 1 +^{3x}_2 (bþ) U_6(x) =^x_μ + F (x) + F_e(x) = 1 +

�_3 2 −^{3e−3x}_2 � x 4. To gegonìc ìti F ∈ IF R, mac dÐnei th dunatìthta na qrhsimopoiăsoume ta parakĹtw kĹtw frĹgmata gia thn ananewtikă sunĹrthsh:

(aþ) L_3(x) =^x_μ +^{V ar(X)}_{μ2} =^1_2 (1 + 3x) (bþ) L_9(x) =^x_μ +^{V ar(X)F (x)}_{μ2} + F_e(x) =^1_2 (1 + 3x + e^{−3x})

5. Gia th sugkekrimènh katanomă qrìnwn an lĹboume upìyin mac th monotonÐa (aÔxousa) thc ananewtikăc puknìthtac (u(t) =^1_4 (6 − 6e^{−6t}), tìte mporoÔme na qrhsimopoiăsoume kai ta exăc frĹgmata:

(aþ) U_{10}(x) = 1 +^{x(F (x)−Fe(x))}

�_x 0 F_e(x)dx = e^{3x}(2+3x)−9x^2 −6x−2 2e^{3x}−3x−2

(bþ) L_{13}(x) = 1 +^x_μ +^x(^{μ−1}

�_x 0 F_e(t)dt−F_e ) �_x 0 F_e(t)dt =

1+3x+3x^2+e^{3x}(3x^2−1) 1+x+e^{3x}(2x−1)

To sqăma 4.1 kai o PÐnakac 4.7 mac parousiĹzoun thn sumperiforĹ twn genikÿn kĹtw fragmĹtwn L_1, L_4 kai L_6. EÐnai fanerì pwc to L_6 èqei thn kalÔterh sumperiforĹ se sqèsh me ta Ĺlla dÔo. To L_4 paramènei kalÔtero apì to L_1 gia timèc tou x mikrìterec tou 4.4 enÿ gia megalÔterec ta dÔo frĹgmata tautÐzontai (me akrÐbeia pènte dekadikÿn yhfÐwn). To Ðdio sumbaÐnei kai gia to L_6, ìpou ìtan o qrìnoc xeperĹsei to qronikì shmeÐo 5.5 oi timèc pou mac dÐnei eÐnai Ðdiec me autèc twn L_1 kai L_4.

Sto Sqăma 4.2 kai ton PÐnaka 4.8 parathroÔme ton trìpo leitourgÐac twn genikÿn Ĺnw fragmĹtwn U_1 kai U_4. ’Otan oi timèc tou x eÐnai mikrìterec tou 4.9 pio kontĹ sthn ananewtikă sunĹrthsh brÐsketai to frĹgma U_4, enÿ ìtan to x xeperĹsei to 4.9 ta dÔo frĹgmata praktikĹ tautÐzontai.

Sthn perÐptwsh pou kĹnoume qrăsh thc IFR idiìthtac thc katanomăc pou meletĹme (Gamma(3,2)) tìte mporoÔme na upologÐsoume pio akribă kĹtw frĹgmata gia thn ananewtikă sunĹrthsh. Sto Sqăma 4.3 kai ton PÐnaka 4.9 parousiĹzontai ta frĹgmata L_3 kai L_9. Epiplèon ta frĹgmata autĹ sugkrÐnontai me to L_{13}, pou qrhsimopoieÐtai ìtan h ananewtikă puknìthta eÐnai aÔxousa. MetaxÔ twn L_3 kai L_9 upertereÐ to deÔtero gia timèc tou x mikrìterec tou 3.8, enÿ gia megalÔterec ta frĹgmata autĹ tautÐzontai. To L_{13} èqei megalÔterec timèc apì autèc twn L_3 kai L_9 gia ìlh th diĹrkeia tou qrìnou.

Tèloc to Sqăma 4.4 kai o PÐnakac 4.10 mac dÐnoun th sumperiforĹ twn Ĺnw fragmĹtwn U_2, U_6 kai U_{10} thc ananewtikăc sunĹrthshc ìtan jewrhjeÐ gnwstì gia ta dÔo prÿta ìti h katanomă twn endiĹmeswn qrìnwn anăkei sthn NBUE oikogèneia katanomÿn kai h monotonÐa (aÔxousa) thc ananewtikăc puknìthtac gia to trÐto frĹgma. ParathroÔme pwc to U_{10} parousiĹzei gia timèc tou x mikrìterec tou 5.4 th kalÔterh sumperiforĹ. ’Otan to x xeperĹsei th timă 5.4 tìte to U_{10} tautÐzetai me ta U_2 kai U_6. To Ðdio sumbaÐnei kai sta dÔo teleutaÐa frĹgmata ìtan oi timèc tou x eÐnai megalÔterec tou 4.7 enÿ ìtan eÐnai mikrìterec to U_6 èqei mikrìterh apìstash apì thn ananewtikă sunĹrthsh se sqèsh me to U_2.

Sqăma 4.1: Grafikă parĹstash twn U(x) (•), L_1(x)(•), L_4(x) (•), L_5(x)(•) gia th katanomă Gamma(3,2)

Sqăma 4.2: Grafikă parĹstash twn U(x) (•), U_1(x)(•), U_4(x) (•) gia th katanomă Gamma(3,2)

Sqăma 4.3: Grafikă parĹstash twn U(x) (•), L_3(x)(•), L_9(x) (•), L_{13}(x)(•) gia th katanomă Gamma(3,2)

Sqăma 4.4: Grafikă parĹstash twn U(x) (•), U_2(x)(•),U_{10}(x)(•) U_6(x) (•), gia th katanomă Gamma(3,2)

x U(x) L_1(x) L_4(x) L_5(x) 0 1 0 1 - 0.1 1.0372 0.15 1.00194 1.01311 0.2 1.1253 0.3 1.01346 1.04696 0.3 1.24132 0.45 1.03953 1.09629 0.4 1.37268 0.6 1.08191 1.1581 0.5 1.51245 0.75 1.14048 1.23047 1 2.25062 1.5 1.62447 1.71324 2 3.75 3 3.00992 3.03004 3 5.25 4.5 4.50068 4.50306 4 6.75 6 6.00004 6.00026 4.3 7.2 6.45 6.45002 6.45012 4.4 7.35 6.6 6.60001 6.60009 4.8 7.95 7.2 7.2 7.20003 5 8.25 7.5 7.5 7.50002 5.4 8.85 8.1 8.1 8.10001 5.5 9 8.25 8.25 8.25001 5.6 9.15 8.4 8.4 8.4 6 9.75 9 9 9

PÐnakac 4.7:

x U(x) U_1(x) U_4(x) 0 1 1.5 1 0.1 1.0372 1.65 1.05735 0.2 1.1253 1.8 1.19631 0.3 1.24132 1.95 1.3808 0.4 1.37268 2.1 1.58797 0.5 1.51245 2.25 1.80374 1 2.25062 3 2.82575 2 3.75 4.5 4.48389 3 5.25 6 5.99883 3.7 6.3 7.05 7.04982 4 6.75 7.5 7.49992 4.8 7.95 8.7 8.69999 4.9 8.1 8.85 8.84999 5 8.25 9 9 6 9.75 10.5 10.5 7 11.25 12 12

PÐnakac 4.8:

x U(x) L_3(x) L_9(x) L_{13}(x) 0 1 0.5 1 - 0.1 1.0372 0.65 1.02041 1.02605 0.2 1.1253 0.8 1.07441 1.09188 0.3 1.24132 0.95 1.15328 1.1845 0.4 1.37268 1.1 1.2506 1.29561 0.5 1.51245 1.25 1.36157 1.41972 1 2.25062 2 2.02489 2.13584 2 3.75 3.5 3.50124 3.67326 3 5.25 5 5.00006 5.2004 3.7 6.3 6.05 6.05001 6.26099 3.8 6.45 6.2 6.20001 6.41216 3.9 6.6 6.35 6.35 6.56327 4 6.75 6.5 6.5 6.71431 5 8.25 8 8 8.22222 7 11.25 11 11 11.2308

PÐnakac 4.9:

x U(x) U_2(x) U_6(x) U_{10}(x) 0 1 1 1 - 0.1 1.0372 1.15 1.03888 1.03742 0.2 1.1253 1.3 1.13536 1.12763 0.3 1.24132 1.45 1.26704 1.24943 0.4 1.37268 1.6 1.41928 1.39071 0.5 1.51245 1.75 1.58265 1.54408 1 2.25062 2.5 2.42532 2.37205 2 3.75 4 3.99256 3.97747 3 5.25 5.5 5.49944 5.4975 4 6.75 7 6.99996 6.99978 4.5 7.5 7.75 7.74999 7.74994 4.6 7.65 7.9 7.89999 7.89995 4.7 7.8 8.05 8.04999 8.04996 4.8 7.95 8.2 8.2 8.19997 4.9 8.1 8.35 8.35 8.34998 5 8.25 8.5 8.5 8.49998 5.4 8.85 9.1 9.1 9.09999 5.5 9 9.25 9.25 9.25 7 11.25 11.5 11.5 11.5

PÐnakac 4.10:

Efarmogă 2 An o qrìnoc metaxÔ duo diadoqikÿn ananeÿsewn akoloujeÐ thn DFR katanomă Pareto(4,3). Tìte isqÔoun ta exăc :

1. f(x) =^{324}_{(2+x)4} 2. F (x) = 1 −^{81}_{(3+x)5} 3. E(X) = μ = 1 4. V ar(X) = 2 5. H ananewtikă sunĹrthsh den mporeÐ na upologisteÐ analutikĹ.

Tìte mporoÔme na upologÐsoume ta parakĹtw frĹgmata :

1. GenikĹ Ĺnw frĹgmata.

(aþ) L_1(x) =^x_μ = x (bþ) L_4(x) =^x_μ + 1 − F_e(x) = x +^{27}_{(x+3)3} (gþ) L_6(x) =^x_{μFe(x)} =^x_{1− 27(x+3)3} 2. GenikĹ kĹtw frĹgmata.

(aþ) U_1(x) =^x_μ +^{μ2}_{μ2} = x + 3, ìpou μ_2 = E(X^2) (bþ) U_4(x) =^x_μ +^{μ2F (x)}_{μ2} + F_e(x) = 3 + x −^{243}_{(3+x)4} +^{27}_{(3+x)4} 3. H katanomă F èqei fjÐnousa bajmÐda apotuqÐac epomènwc mporoÔme na qrhsimopoiăsoume ta exăc kĹtw frĹgmata. (aþ) L_2(x) =^x_μ + 1 = x + 1 (bþ) L_8(x) =^x_μ + F (x) + F_e(x) = 1 + x −^{81}_{(3+x)3} +^{27}_{(3+x)3} (gþ) L_{10}(x) =^x_μ + F̄ (x) +^{μ2F (2)e (x)}_{2μ2} =^3_2 + x +^{27}_{(3+x)3− 272(3+x)2} (dþ) L_{14}(x) = 1 +^x_{E(X)F (x)} −^{xf(x)}_{F (x)} = 1 + x −^{12}_{3+x} +^{12}_{2(6+x)} +^{3(24+x)}_{2(18+x(6+x))} 4. AfoÔ F ∈ IMRL, èqoume ta exăc Ĺnw frĹgmata gia thn ananewtikă sunĹrthsh.

(aþ) U_3(x) =^x_μ +^{μ2}_{μ2} =^3_2 + x (bþ) U_7(x) =^x_μ +^{Fe(x)}_{F (x)} = 1 +^{4x}_3 (gþ) U_8(x) =^x_μ +^{μ2F (x)}_{2μ2} + F_e(x) =^3_2 + x −^{243}_{2(3+x)4} +^{27}_{(3+x)3}

5. To gegonìc ìti h katanomă Pareto(4,3) anăkei sthn mh parametrikă oikogèneia DFR kai h paratărhsh twn Shaked kai Zhu, ìti kĹje DFR katanomă èqei fjÐnousa ananewtikă puknìthta, mac dÐnei th dunatìthta na qrhsimopoiăsoume ta exăc frĹgmata gia thn ananewtikă sunĹrthsh:

(aþ) L_{12}(x) = 1 +^{x(F (x)−Fe(x))}

�_x 0 F_e(x)dx = e^{3x}(2+3x)−9x^2−6x−2 2e^{3x}−3x−2

(bþ) U_{11}(x) = 1 +^x_μ +^x(^{μ−1}

�_x 0 F_e(t)dt−F_e ) �_x 0 F_e(t)dt =

1+3x+3x^2+e^{3x}(3x^2−1) 1+x+e^{3x}(2x−1)

Sto Sqăma 4.5 kai ton PÐnaka 4.11, parousiĹzontai ta genikĹ kĹtw frĹgmata L_1, L_4 kai L_6. ParathroÔme pwc to L_6 gia timèc tou x mikrìterec tou 227 eÐnai megalÔtero apì ta Ĺlla dÔo frĹgmata enÿ ìtan to x xeperĹsei to 227 tautÐzetai (me akrÐbeia pènte dekadikÿn yhfÐwn) me ta L_1 kai L_4. ’Omoia to L_4 èqei kalÔterh sumperiforĹ apì to L_1 ìtan o qrìnoc periorÐzetai se timèc mikrìterec tou 78 enÿ gia megalÔterec tautÐzetai me to L_1.

To sqăma 4.6 kai o PÐnakac 4.12 mac perigrĹfoun ton trìpo leitourgÐac twn genikÿn kĹtw fragmĹtwn U_1 kai U_4. To U_4 upertereÐ ènanti tou U_1 se akrÐbeia ìtan to x eÐnai mikrìtero tou 75, enÿ gia megalÔterec timèc tou x ta dÔo frĹgmata eÐnai Ðsa.

’Opwc anafèrame to gegonìc ìti h katanomă Pareto(4,3) èqei fjÐnousa bajmÐda apotuqÐac mac dÐnei th dunatìthta na qrhsimopoiăsoume wc kĹtw frĹgmata gia thn ananewtikă sunĹrthsh ta L_2, L_8 kai L_{10}. Ston PÐnaka 4.13 kai to Sqăma 4.7 faÐnetai h sumperiforĹ twn fragmĹtwn autÿn kai epiplèon ta sugkrÐnoume me to L_{12}, to opoÐo èqei san basikă sunjăkh gia th qrăsh tou, h ananewtikă puknìthta na eÐnai fjÐnousa. ParathroÔme pwc gia timèc tou x mikrìterec tou 3 to megalÔtero kĹtw frĹgma eÐnai to L_{12} kai to deÔtero kalÔtero eÐnai to L_8. ’Otan to x xeperĹsei th timă 3 h katĹstash allĹzei kai to L_{10} eÐnai pio kontĹ sthn ananewtikă sunĹrthsh se sqèsh me ta upìloipa. Tèloc eÐnai fanerì pwc metĹ apì kĹpoio qronikì shmeÐo (∼= 99) ta frĹgmata L_2, L_8, L_{12} kai L_{14} apoktoÔn tic Ðdiec timèc me akrÐbeia pènte dekadikÿn yhfÐwn.

To Sqăma 4.8 kai o PÐnakac 4.14 mac parousiĹzoun th sumperiforĹ twn Ĺnw fragmĹtwn U_3, U_7 kai U_8. Ta frĹgmata autĹ qrhsimopoioÔntai ìtan gnwrÐzoume ìti h katanomă mac anăkei sthn IMRL oikogèneia katanomÿn . Epiplèon gÐnetai kai h sÔgkrish touc me to U_{11}, to opoÐo apaiteÐ h ananewtikă puknìthta na eÐnai fjÐnousa. EÐnai fanerì pwc to U_{11} gia timèc tou x mikrìterec tou 7 brÐsketai pio kontĹ sthn ananewtikă sunĹrthsh se sqèsh me ta Ĺlla frĹgmata . Epiplèon to U_8 gia to qronikì diĹsthma (0,2) eÐnai pio akribă apì ta U_3 kai U_7, enÿ ìtan to x xeperĹsei thn timă 2 h katĹstash allĹzei kai to U_3 gÐnetai pio mikrì apì ta U_7 kai U_8. Gia timèc tou x megalÔterec tou 7, to kĹtw frĹgma U_3 èqei thn pio akribă sumperiforĹ se sqèsh me ta upìloipa mèqri o qrìnoc na ftĹsei to shmeÐo x = 300, ìpou praktikĹ tautÐzetai me ta U_8 kai U_{11}. To U_7 gia megĹlec timèc tou x parousiĹzei megĹlh apìklish apì thn proc prosèggish timă thc ananewtikăc sunĹrthshc se sqèsh me ta upìloipa frĹgmata.

Sqăma 4.5: Grafikă parĹstash twn L_1(x) (•), L_4(x)(•), L_6(x)(•) gia th katanomă Pareto(4,3)

Sqăma 4.6: Grafikă parĹstash twn U_1(x) (•), U_4(x) (•) gia th katanomă Pareto(4,3)

Sqăma 4.7: Grafikă parĹstash twn L_8(x) (•), L_2(x)(•), L_{10}(x) (•), L_{12}(x)(•), L_{14}(x)(•) gia th katanomă Pareto(4,3)

Sqăma 4.8: Grafikă parĹstash twn U_3(x) (•), U_7(x)(•),U_8(x)(•), U_{11}(x) (•) gia th katanomă Pareto(4,3)

x L_1(x) L_4(x) L_6(x) 0 0 1 - 0.1 0.1 1.00631 1.0674 0.2 0.2 1.02397 1.1362 0.3 0.3 1.05131 1.20634 0.4 0.4 1.08695 1.27776 0.5 0.5 1.12974 1.35039 1 1 1.42188 1.72973 2 2 2.216 2.55102 3 3 3.125 3.42857 4 4 4.07872 4.34177 5 5 5.05273 5.27835 7 7 7.027 7.19424 10 10 10.0123 10.1244 20 20 20.0022 20.0445 40 40 40.0003 40.0136 50 50 50.0002 50.0091 78 78 78.0001 78.004 79 79 79 79.0039 80 80 80 80.0038 100 100 100 100.002 200 200 200 200.001 227 227 227 227.001 228 228 228 228

PÐnakac 4.11:

x U_1(x) U_4(x) 0 3 1 0.1 3.1 1.37508 0.2 3.2 1.70655 0.3 3.3 2.00227 0.4 3.4 2.26855 0.5 3.5 2.51041 1 4 3.47266 2.5 5.5 5.39673 3 6 5.9375 4 7 6.97751 5 8 7.99341 7 10 10.0027 10 13 13.0038 20 23 23.0014 30 33 33.0005 40 43 43.0003 50 53 53.0002 60 63 63.0001 75 78 78.0001 76 79 79 77 80 80

PÐnakac 4.12:

x L_8(x) L_2(x) L_{10}(x) L_{12}(x) L_{14}(x) 0 1 1 1 - - 0.1 1.12924 1.1 1.10153 1.13121 0.892848 0.2 1.2515 1.2 1.20562 1.25851 1.03024 0.3 1.3683 1.3 1.31165 1.38239 1.16288 0.4 1.48082 1.4 1.41913 1.50327 1.29137 0.5 1.58996 1.5 1.5277 1.62148 1.41622 1 2.10547 2 2.07813 2.18243 2 3 4.0625 4 4.25 4.21429 4.06667 4 5.04498 5 5.30321 5.1953 5.05985 5 6.03296 6 6.3418 6.17397 6.05044 7 8.0189 8 8.392 8.13597 8.0343 10 11.0095 11 11.4324 11.0957 110197 20 21.0019 21 21.4767 21.0387 21.0048 50 51.0002 51 51.4954 51.0086 51.0005 70 71.0001 71 71.4975 71.0047 71.0002 76 77.0001 77 77.4979 77.004 77.0002 77 78.0001 78 78.4979 78.0039 78.0001 78 79 79 79.498 79.0038 79.0001 100 101 101 101.499 101.002 101

PÐnakac 4.13:

x U_3(x) U_7(x) U_8(x) U_{11}(x) 0 1.5 1 1 - 0.1 1.6 1.13333 1.1907 1.13191 0.2 1.7 1.26667 1.36526 1.26117 0.3 1.8 1.4 1.52679 1.38807 0.4 1.9 1.53333 1.67778 1.51285 0.5 2 1.66667 1.82007 1.63571 1 2.5 2.33333 2.44727 2.22727 2 3.5 3.66667 3.5216 3.33846 3 4.5 5 4.53125 4.4 4 5.5 6.33333 5.52811 5.43697 5 6.5 7.66667 6.52307 6.46053 7 8.5 10.3333 8.51485 8.48696 10 11.5 14.3333 11.508 11.504 20 21.5 27.6667 21.5018 21.5146 30 31.5 41 31.5006 31.5138 40 41.5 54.3333 41.5003 41.5122 50 51.5 67.6667 51.5002 51.5106 60 61.5 81 61.5001 61.5094 70 71.5 94.3333 71.5001 71.5084 76 77.5 102.333 77.5001 77.5079 77 78.5 103.667 78.5 78.5078 100 101.5 134.333 101.5 101.506 300 301.5 401 301.5 301.502

PÐnakac 4.14:

4.6 Epanalhptikă mèjodoc dhmiourgÐac fragmĹtwn

’Opwc anafèrjhke se prohgoÔmenh parĹgrafo, oi Politis kai Koutras (2005) dhmioÔrghsan nèa frĹgmata gia thn ananewtikă sunĹrthsh, topojetÿntac ta ădh gnwstĹ frĹgmata sto deÔtero mèloc thc ananewtikă exÐswsh:

U(x) = 1 +

�_x 0 U(x − t)dF (t)

FusikĹ h mèjodoc aută mporeÐ na efarmosteÐ kai epanalhptikĹ, dhladă kĹje forĹ pou upologÐzoume èna nèo frĹgma to eisĹgoume sthn ananewtikă exÐswsh kai upologÐzoume èna frĹgma pou tic perissìterec forèc apoteleÐ beltÐwsh tou arqikoÔ toulĹqiston gia mia mikră perioqă gÔrw apì to mhdèn.

Prìtash 20. Xekinÿntac apì to frĹgma tou Lorden (1970) kai metĹ apì k-diadoqikèc antikatastĹseic sto deÔtero mèloc thc ananewtikăc exÐswshc

U(x) = 1 +

�_x 0 U(x − t)dF (t)

twn fragmĹtwn pou prokÔptoun kĹje forĹ èqoume :

U(x) ≤ x μ + μ_2F^{∗k}(x) μ^2

+ F_e(x) + � F_e ∗ � F + F^{∗2} + ... + F^{∗(k−1)} � (x) := U_{re,k}(x) (4.40)

Apìdeixh

H apìdeixh ja gÐnei sÔmfwna me thn arqă thc majhmatikăc epagwgăc. Gia k=1 èqei apodeiqteÐ (Politis kai Koutras (2005}. Gia k=2, èqoume :

U(x) ≤ 1 +

�_x 0 x − t μ + μ_2F (x − t) μ^2

+ F_e(x − t)dF (t)

≤ 1 +

�_x 0 x − t μ dF (t) +

�_x 0 μ_2F (x − t)

μ^2 dF (t) +

�_x 0 F_e(x − t)dF (t)

Lămma1

= 1 + x μ − F_e(x) + μ_2F^{∗2}(x) μ^2

+ (F_e ∗ F )(x) (4.41)

’Estw ìti h sqèsh (4.40) isqÔei gia k=l

U(x) ≤ x μ + μ_2F^{∗l}(x) μ^2

+ F_e(x) + � F_e ∗ � F + F^{∗2} + ... + F^{∗(l−1)} � (x) ja apodeÐxoume ìti isqÔei kai gia l+1 ’Eqoume :

U(x) ≤ 1 +

�_x 0 � x − t μ + μ_2F^{∗l}(x − t) μ^2

+ F_e(x − t)dF (t) � + + �_x 0 � F_e ∗ � F + F^{∗2} + ... + F^{∗(l−1)} � (x − t) � dF (t)

= 1 + x μ − F_e(x) + μ_2F^{∗(l+1)}(x) μ^2

+ (F_e ∗ F )(x) + � F_e ∗ � F^{∗2} + F^{∗3} + ... + F^{∗l} � (x) = x μ − F_e(x) + μ_2F^{∗(l+1)}(x) μ^2 + � F_e ∗ � F + F^{∗2} + ... + F^{∗l} � (x)

Prìtash 21. Xekinÿntac apì to frĹgma L_3 pou dìjhke apì ton Brown (1987) (U(x) ≥ x μ +^{σ2}_{μ2} ) kai metĹ apì k-diadoqikèc antikatastĹseic sto deÔtero mèloc thc ananewtikăc exÐswshc

U(x) = 1 +

�_x 0 U(x − t)dF (t)

twn fragmĹtwn pou prokÔptoun kĹje forĹ èqoume :

U(x) ≥ x μ + σ^2F^{∗k}(x) μ^2

+ F_e(x) + � F_e ∗ � F + F^{∗2} + ... + F^{∗(k−1)} � (x) := L_{re,k}(x) (4.42)

Apìdeixh

’Omoia me thn prohgoÔmenh prìtash.

Efarmogă

An upojèsoume ìti oi endiĹmesoi qrìnoi metaxÔ twn ananeÿsewn akoloujoÔn thn katanomă Gamma(2,2),tìte ta Ĺnw kai kĹtw frĹgmata pou prokÔptoun apì autĹ tou Lorden kai

Brown, antÐstoiqa mèqri kai kai thn tètarth epanĹlhyh eÐnai:

U_1(x) = 3 2 + x U_{re,1}(x) = 3 2 + x − 1 2 e^{−2x}(1 + 4x) U_{re,2}(x) = 1 6 e^{−2x}(3e^{2x}(3 + 2x) − 8x^3 − 6x^2 − 12x − 3) U_{re,3}(x) = 1 30 e^{−2x}(15e^{2x}(3 + 2x) − 8x^5 − 10x^4 − 40x^3 − 30x^2 − 60x − 15) U_{re,4}(x) = 1 630 e^{−2x}(315e^{2x}(3 + 2x) − 16x^7 − 28x^6 − 168x^5 − 210x^4 − 840x^3 − 1260x − 315) kai (4.43) L_3(x) = x + 1 2 L_{re,1}(x) = 1 2 + x + e^{−2x} 2 L_{re,2}(x) = 1 2 + x + e^{−2x} � 1 2 + x^2 �

L_{re,3}(x) = 1 6 e^{−2x}(3 + 6x^2 + 2x^4 + e^{2x}(3 + 6x)) L_{re,4}(x) = 1 90 e^{−2x}(45 + 90x^2 + 30x^4 + 4x^6 + 45e^{2x}(1 + 2x))

Ston pÐnaka 4.15, faÐnontai ta frĹgmata pou prokÔptoun epanalhptikĹ xekinÿntac apì to frĹgma tou Lorden (1970). EÐnai fanerì pwc gia mikrèc timèc tou x ta nèa frĹgmata pou prokÔptoun kĹje forĹ parousiĹzoun beltiwmènh sumperiforĹ. Enÿ ìso auxĹnei o arijmìc twn epanalăyewn tìso auxĹnei kai o qronikìc orÐzontac pou to nèo frĹgma eÐnai kalÔtero apì autì apì to opoÐo kataskeuĹsthke. Gia parĹdeigma, anafèroume ìti me thn prÿth epanĹlhyh to kainoÔrgio frĹgma eÐnai pio akribă apì autì tou Lorden (1970) mèqri kai to shmeÐo x = 5, enÿ me thn tètarth epanĹlhyh o qronikìc orÐzontac pou eÐnai kalÔtero to nèo frĹgma ftĹnei mèqri kai to shmeÐo x = 10. Gia timèc tou x < 0.5, to L_{re,4} (tètarth epanĹlhyh) sumpÐptei me thn timă thc ananewtikăc sunĹrthshc. Enÿ to Ðdio sumbaÐnei kai gia to U_{re,4}, gia timèc tou x < 0.3.’Omoia katĹstash epikrateÐ kai sthn perÐptwsh pou kataskeuĹzoume kĹtw frĹgmata me thn epanalhptikă mèjodo, xekinÿntac apì to kĹtw frĹgma tou Brown (1980)(PÐnakac 4.16). Tèloc, autì pou prèpei na parathrăsoume kai stouc dÔo pÐnakec (4.15,4.16) eÐnai ìti ta epanalhptikĹ frĹgmata eÐnai pio akribă gia mikrĹ qronikĹ diastămata apì ta frĹgmata apì ta opoÐa proăljan, allĹ asumptwtikĹ sugklÐnoun se autĹ.

Sqăma 4.9: Grafikă parĹstash twn U(x)(•), U_1(x)(•), U_{re,1}(x)(•) , U_{re,2}(x)(•) , U_{re,3}(x)(•), U_{re,4}(x)(•) gia th GĹmma(2,2)

Sqăma 4.10: Grafikă parĹstash twn U(x)(•), L_1(x)(•), L_{re,1}(x)(•) , L_{re,2}(x) (•) , L_{re,3}(x)(•), L_{re,4}(x)(•) gia th GĹmma(2,2) x U(x) L_3(x) L_{re,1}(x) L_{re,2}(x) L_{re,3}(x) L_{re,4}(x) 0 1 0.5 1 1 1 1 0.1 1.01758 0.6 1.00937 1.01755 1.01758 1.01758 0.2 1.06233 0.7 1.03516 1.06197 1.06233 1.06233 0.3 1.1253 0.8 1.07441 1.1238 1.12528 1.1253 0.4 1.20047 0.9 1.12466 1.19656 1.20039 1.20047 0.5 1.28383 1 1.18394 1.27591 1.28357 1.28383 1 1.75458 1.5 1.56767 1.703 1.74811 1.75413 2 2.75008 2.5 2.50916 2.58242 2.6801 2.7322 3 3.75 3.5 3.50124 3.52355 3.59047 3.67079 4 4.75 4.5 4.50017 4.50554 4.53416 4.59523 5 5.75 5 5.50002 5.50116 5.51062 5.54214 7 7.75 7.5 7.5 7.50004 7.50071 7.50505 8 8.75 8.5 8.5 8.50001 8.50016 8.50147 9 9.75 9.5 9.5 9.5 9.50003 9.50039 10 10.75 10.5 10.5 10.5 10.5 10.5001 11 11.75 11.5 11.5 11.5 11.5 11.5 20 20.75 20.5 20.5 20.5 20.5 20.5

PÐnakac 4.15:

x U(x) U_1(x) U_{re,1}(x) U_{re,2}(x) U_{re,3}(x) U_{re,4}(x) 0 1 1.5 1 1 1 1 0.1 1.01758 1.6 1.02689 1.01761 1.01758 1.01758 0.2 1.06233 1.7 1.09671 1.06275 1.06233 1.06233 0.3 1.1253 1.8 1.19631 1.12716 1.12532 1.12533 0.4 1.20047 1.9 1.31587 1.20564 1.20058 1.20048 0.5 1.28383 2 1.44818 1.2949 1.28417 1.28384 1 1.75458 2.5 2.16166 1.84588 1.76468 1.75523 2 2.75008 3.5 3.41758 3.14895 2.89497 2.78334 3 3.75 4.5 4.48389 4.37234 4.14479 3.92681 4 4.75 5.5 5.49715 5.46316 5.34293 5.14227 5 5.75 6.5 6.49952 6.49082 6.44353 6.32192 7 7.75 8.5 8.49999 8.49957 8.49517 8.47343 8 8.75 9.5 9.5 9.4991 9.49878 9.49147 9 9.75 10.5 10.5 10.5 10.4999 10.4975 10 10.75 11.5 11.5 11.5 11.4999 11.4993 11 11.75 12.5 12.5 12.5 12.5 12.4998 12 12.75 13.5 13.5 13.5 13.5 13.5 20 20.75 21.5 21.5 21.5 21.5 21.5

PÐnakac 4.16:

KefĹlaio 5 Mia nèa mèjodoc kataskeuăc kĹtw fragmĹtwn gia thn ananewtikă sunĹrthsh

Sto kefĹlaio autì ja apodeÐxoume mia basikă sqèsh pou sundèei ta Ĺnw frĹgmata thc ourĹc thc sÔnjethc gewmetrikăc katanomăc kai epomènwc kai thc pijanìthtac qreokopÐac me ta kĹtw frĹgmata gia thn ananewtikă sunĹrthsh. Sth sunèqeia ekmetalleuìmenoi th sqèsh aută ja dÿsoume mia seirĹ apì nèa frĹgmata gia thn ananewtikă sunĹrthsh kai ja ta sugkrÐnoume me ta ădh gnwstĹ frĹgmata.

5.1 Ananewtikă sunĹrthsh kai ourĹ sÔnjethc gewmetrikăc

’Estw X_1, X_2, ... mia akoloujÐa apì anexĹrthtec kai isìnomec tuqaÐec metablhtèc me ajroistikă sunĹrthsh katanomăc F . An N eÐnai epÐshc mia tuqaÐa metablhtă pou akoloujeÐ thn gewmetrikă katanomă me sunĹrthsh puknìthtac P r(N = n) = pq^n, n = 0, 1, 2... (0 < p < 1, q = 1 − p) kai h opoÐa eÐnai anexĹrthth apì tic X_i, ∀i tìte h katanomă thc ourĹc thc sÔnjethc gewmetrikăc tuqaÐac metablhtăc

Y_0 = N� i=1 X_i

eÐnai ψ(x) = P r(Y_0 > x) = p ∞� k=1 q^kF^{∗k}(x) (5.1)

An antikatastăsoume thn tuqaÐa metablhtă N me mia ananewtikă diadikasÐa {N(x), x ≥ 0} sthn opoÐa oi endiĹmesoi qrìnoi metaxÔ twn apozhmiÿsewn èqoun ajroistikă sunĹrthsh katanomăc F , tìte sÔmfwna me ton Lin (1996) upĹrqei sqèsh pou na sundèei thn sÔnjeth gewmetrikă me thn ananewtikă diadikasÐa aută kai h opoÐa eÐnai : ψ(x) = E[q^{N(x)}], ∀x ≥ 0 (5.2) Efarmìzontac thn anisìthta Jensen sthn (5.2), èqoume : ψ(x) = E[q^{N(x)}] ≥ q^{E(N(x))} = q^{U(x)} (5.3) apì ìpou prokÔptei isodÔnama to exăc kĹtw frĹgma gia thn ananewtikă sunĹrthsh U(x) ≥ ln[ψ(x)] lnq (5.4) Apì thn teleutaÐa sqèsh parathroÔme pwc mporoÔme na kataskeuĹsoume kĹtw frĹgmata gia thn ananewtikă sunĹrthsh an gnwrÐzoume thn akribă timă ă kĹpoia Ĺnw frĹgmata gia thn ourĹ thc sÔnjethc gewmetrikăc, ψ(x) dhladă an ψ(x) ≤ f(x), ∀x ≥ 0 ⇒ ln[ψ(x)] ≤ ln[f(x)], ∀x ≥ 0 ⇒ ln[ψ(x)] lnq ≥ ln[f(x)] lnq , ∀x ≥ 0 ⇒

U(x) ≥ ln[f(x)] lnq (5.5) Apì thn Ĺllh meriĹ h (5.3) mporeÐ na qrhsimopoihjeÐ gia ton upologismì Ĺnw fragmĹtwn thn ourĹ thc sÔnjethc gewmetrikăc an gnwrÐzoume kĹtw frĹgmata gia thn ananewtikă sunĹrthsh.

5.1.1 ’Anw frĹgmata gia thn ourĹ sÔnjethc gewmetrikăc katanomăc

Sth parĹgrafo aută ja asqolhjoÔme me ta Ĺnw frĹgmata pou kataskeÔase o Brown (1990), gia thn ourĹ thc sÔnjethc gewmetrikăc katanomăc. Ta apotelèsmata kai o sumbolismìc pou ja qrhsimopoiăsoume akoloujoÔn ton Brown (1990). EÐnai gnwstì ìti gia kĹje sÔnjeth gewmetrikă katanomă

Y_0 =

N_0�

i=1 X_i

ìpou :

• N_0 ∼ Gewmetrikă(p) • N_0 anexĹrthth apì tic tuqaÐec metablhtèc X_i, ∀i • X_i ≥ 0, ∀i me μ_2 = E(X^2_i ) < ∞ isqÔei, gia p → 0 : Y_0 E(Y_0) d→ Ekjetikă(1) O Brown (1990) apèdeixe ìti Y_0 ∈ NW U kajÿc epÐshc kai ìti gia kĹje tuqaÐa metablhtă Q me thn idiìthta NBUE ă NWUE isqÔei: D^∗(X^∗, μ_ϵ) ≤ ρ_X ìpou :

1. X^∗ tuqaÐa metablhtă me ajroistikă sunĹrthsh katanomăc : F_e(x) = G(x) = μ^{−1}

�_x 0 F̄ (t)dt pou onomĹzetai katanomă isorropÐac (equilibrium) ă oloklhrwmènh ourĹ (integrated tail) 2. ρ_X = � � �^{μ2}_{2μ}2 − 1 � � � = |γ − 1|, μ = E(Xi) 3. Me μ_ϵ sumbolÐzoume thn ekjetikă katanomă me mèsh timă m.

4. D^∗(F_1, F_2) = sup_{B∈β} |F_1(B) − F_2(B)|, ìpou β to sÔnolo ìlwn twn sunìlwn Borel sto R ’Ara, kataskeuĹzontac frĹgmata gia thn diaforĹ ekjetikăc katanomăc apì th sÔnjeth gewmetrikă me thn me ton Ðdio mèso, prokÔptoun frĹgmata gia thn Y_0. Epomènwc qrhsimopoiÿntac ton parakĹtw sumbolismì:

• F̄_{Y0} = P r(Y_0 > t) • E(X_i) = μ kai E(X^2_i ) = μ_2 • γ =^{μ2}_{2μ2}

• E(Y_0) = E(N_0)E(X_i) =^{qμ}_p • An orÐsoume Y =

�_{N+1} i=1 X_i kai Y^∗ =

�_N

i=0 X_i, tìte:

F̄_Y (t) = q^{−1}F̄_{Y0} (t) (5.6) kai E(Y ) = E(N_0 + 1)E(X_i) = E(X_i)/p = μ p èqoume ta exăc Ĺnw frĹgmata gia tic sÔnjetec gewmetrikèc katanomèc: Prìtash 22. An X_i ≥ 0 me F (0) < 1 kai μ_2 < ∞, tìte gia thn ourĹ thc sÔnjethc gewmetrikăc Y_0 isqÔei h anisìthta : F̄_{Y0} (x) ≤ e^{− x}E(Y_0) + γp q = e^{− pxqμ} + γp q := ΨU_{B,1}(x) (5.7) To frĹgma pou parousiĹsthke parapĹnw proèrqetai apì to Jeÿrhma 2.1 tou Brown (1990) kai epidèqetai beltiÿseic sthn perÐptwsh pou gnwrÐzoume epiplèon thn idiìthta găranshc pou ikanopoieÐ h katanomă twn X_i. Tètoia frĹgmata faÐnontai sthn epìmenh prìtash.

Prìtash 23. ’Estw oi mh arnhtikèc tuqaÐec metablhtèc X_i me ajroistikă sunĹrthsh katanomăc F (F (0) < 1) kai peperasmènh deÔterh ropă μ_2 < ∞, tìte gia thn ourĹ thc sÔnjethc gewmetrikăc Y_0 isqÔoun oi exăc anisìthtec :

1. An F ∈ NBUE, tìte apì th sqèsh (3.1.10) tou Brown (1990) kai thn 5.6 èqoume : F̄_{Y0} (x) ≤ e^{− x}E(Y ) := ΨU_{B,2}(x) (5.8)

2. An F ∈ NW UE, tìte apì th sqèsh (3.3.2) tou Brown (1990) kai thn 5.6 èqoume : F̄_{Y0} (x) ≤ q � pρ_X + e^{− xE(Y )} � := ΨU_{B,3}(x) (5.9)

3. An F ∈ NBU, tìte apì th sqèsh (3.2.3) tou Brown (1990) kai thn 5.6 èqoume : F̄_{Y0} (x) ≤ qe^pe^{−x}E(Y ) := ΨU_{B,4}(x) (5.10)

4. An F ∈ IF R, tìte apì th sqèsh (3.7.2) tou Brown (1990) kai thn 5.6 èqoume : F̄_{Y0} (x) ≤ qe^{− x}E(Y ) e^{2pρ}X := ΨU_{B,5}(x) (5.11)

ParathroÔme pwc ìla ta frĹgmata pou anafèrjhkan perièqoun th pijanìthta p. O Brown tonÐzei pwc ta frĹgmata pou èdwse leitourgoÔn apotelesmatikĹ gia mikrèc timèc tou p (0 ≤ p ≤ 0.5) kai dÐnoun idiaÐtera akribă apotelèsmata asumptwtikĹ gia p → 0 kai megĹla qronikĹ diastămata.

5.1.2 KĹtw frĹgmata gia thn ananewtikă sunĹrthsh proerqìmena apì Ĺnw frĹgmata thc ourĹc thc sÔnjethc gewmetrikăc katanomăc.

Sthn parĹgrafo aută ja parousiĹsoume kĹtw frĹgmata gia thn ananewtikă sunĹrthsh proerqìmena apì Ĺnw frĹgmata thc antÐstoiqhc ourĹc thc sÔnjethc gewmetrikăc katanomăc me ta X_i pou apoteloÔn to tuqaÐo gewmetrikì Ĺjroisma na èqoun thn Ðdia katanomă me aută tou qrìnou metaxÔ twn ananeÿsewn. Tètoiou eÐdouc metaforĹ fragmĹtwn brÐskei efarmogă sth melèth thc pijanìthtac qreokopÐac se qartofulĹkia asfalistikÿn etaireiÿn ìpou oi tuqaÐec metablhtèc pou ekfrĹzoun to mègejoc thc ptÿshc tou pleonĹsmatoc kĹtw apì to prohgoÔmeno apojematikì L_i kai o qrìnoc metaxÔ twn apozhmiÿsewn èqoun thn Ðdia katanomă. ’Etsi an jewrăsoume ìti th stigmă pou mia apaÐthsh anagkĹzei to pleìnasma na pèsei kĹtw apì to prohgoÔmeno apojematikì èqoume ananèwsh, tìte an gnwrÐzoume èna Ĺnw frĹgma gia thn pijanìthta qreokopÐac, mporoÔme na upologÐsoume èna kĹtw frĹgma gia to anamenìmeno plăjoc L_i sth diĹrkeia tou qrìnou se mia peperasmènh (terminating) ananewtikă diadikasÐa (blèpe Feller (1971), XI6). An antikatastăsoume tic (5.7), (5.8), (5.10), (5.11), (5.9) sthn (5.5), tìte èqoume antÐstoiqa:

GenikĹ kĹtw frĹgmata

U(x) ≥ ln � e^{− xE(Y}0^) +^{γp}_{1−p} � ln(1 − p) = ln � e^{− px(1−p)μ} +^{γp}_{1−p} � ln(1 − p)

:= L_{Geom,1}(x) (5.12)

FrĹgmata upì aÔxousa bajmÐda apotuqÐac

• An F ∈ NBUE

U(x) ≥ ln � e^{− xE(Y )} � ln(1 − p) = −xp μln(1 − p)

:= L_{Geom,2}(x) (5.13)

• An F ∈ NBU

U(x) ≥ ln � q � e^pe^{− xE(Y )} � ln(1 − p) = p −^x_{E(Y )} ln(1 − p)

+ 1 = p −^{xp}_μ ln(1 − p)

+ 1 := L_{Geom,3}(x) (5.14)

• An F ∈ IF R

U(x) ≥ ln � qe^{− xE(Y )} e^{2pρX} � ln(1 − p) = −^x_{E(Y )} + 2pρ_X

ln(1 − p)

+ 1 =

−^{xp}_μ + 2pρ_X ln(1 − p)

+ 1 := L_{Geom,4}(x) (5.15)

FrĹgma upì fjÐnousa bajmÐda apotuqÐac

• An F ∈ NW UE

U(x) ≥ ln � q � e^{−xE(Y )} + pρ_X � ln (1 − p) =

= ln � e^{−xE(Y )} + pρ_X � ln(1 − p)

+ 1 = ln � e^{−xpμ} + pρ_X � ln(1 − p)

+ 1 := L_{Geom,5}(x) (5.16)

Paratărhsh

H sunĹrthsh K(p) = ln(f(x, p)) ln(1 − p)

, ∀p ∈ (0, 1) kai 0 < f(x, p) < 1 eÐnai fjÐnousa sunĹrthsh tou p.

Apìdeixh

H sunĹrthsh f(x, p) sumbolÐzei kĹpoio Ĺnw frĹgma thc pijanìthtac qreokopÐac ă akìma kai thn akribă timă thc. Epomènwc h sunĹrthsh f(x, p) eÐnai aÔxousa sunĹrthsh tou p, dhladă gia p_1 < p_2 ⇒ f(x, p_1) < f(x, p_2). Ja apodeÐxoume ìti K(p_1) > K(p_2). AfoÔ p_1 < p_2 ⇒ 1 − p_1 > 1 − p_2 ⇒ ln(1 − p_1) > ln(1 − p_2) ⇒^1_{ln(1−p1)} <^1_{ln(1−p2)} . ’Ara,

ln(f(x,p_1)) ln(1−p_1) > ln(f(x,p_1)) ln(1−p_2) > ln(f(x,p_2)) ln(1−p_2) . Epomènwc K(p1) > K(p2).

Epomènwc ìso mikrìtero eÐnai to Ĺnw frĹgma gia thn ourĹ thc sÔnjethc gewmetrikăc tìso megalÔtero eÐnai to kĹtw frĹgma thc ananewtikăc sunĹrthshc. Prìtash 24. An h katanomă twn endiĹmeswn qrìnwn metaxÔ twn ananeÿsewn anăkei sthn oikogèneia katanomÿn IFR tìte isqÔei:

L_3(x) ≤ L_{Geom,4}(x) an kai mìno an x ≤

1 +^{2pρX}_{ln(1−p)} −^{V ar(X)}_{μ2} 1 μ � 1 +^p_{ln(1−p)}

� (5.17)

Apìdeixh

Apì tic sqèseic (4.8) kai (5.15) pou orÐzoun ta frĹgmata L_3 kai L_{Geom,4}, èqoume : x μ + V ar(X) μ^2

≤ 1 +

2pρ_X −^x_{E(Y )} ln(1 − p) ⇔ x μ + x E(Y )ln(1 − p)

≤ 1 +

2pρ_X ln(1 − p) − V ar(X) μ^2 ⇔ x � 1 μ + p μln(1 − p) � ≤ 1 +

2pρ_X ln(1 − p) − V ar(X) μ^2 ⇔

x ≤ 1 +^{2pρX}_{ln(1−p)} −^{V ar(X)}_{μ2} 1 μ � 1 +^p_{ln(1−p)} � ìpou 1 + p ln(1 − p) = ln(1 − p) + p ln(1 − p) ≥ 0 afoÔ isqÔoun :

• An 0 ≤ p ≤ 1 tìte ln(1 − p) < 0

• H sunĹrthsh f(p) = ln(1 − p) + p, eÐnai fjÐnousa wc proc p (0 < p < 1). Ara gia p ≥ 0 ⇒ f(p) < 0

Pìrisma 3. An o qrìnoc metaxÔ twn diadoqikÿn ananeÿsewn akoloujeÐ thn katanomă Gamma(a,b) (a > 1), tìte to shmeÐo tomăc x_0 twn L_3(x) kai L_{Geom,4}(x), dÐnetai apì ton tÔpo :

x_0 = μ − μ a Apìdeixh

Apì thn (5.17), èqoume :

x_0 =

1 +^{2pρX}_{ln(1−p)} −^{V ar(X)}_{μ2} 1 μ � 1 +^p_{ln(1−p)}

� (5.18)

’Omwc isqÔoun ta exăc :

•^{V ar(X)}_{μ2} =^{a/b2}_{a2/b2} =^1_a

• ρ_x = |γ − 1| = � �^{μ2}_{2μ}2 − 1 � � = � �^{V ar(X)+μ2}

2μ^2 − 1 � � = � �^{V ar(X)}_{2μ}2 + −^1_2 � � = � �^1_{2a} −^1_2 � �. ’Ara èqoume

tic exăc dÔo periptÿseic :

1. An a > 1 (IFR), tìte : ρ_x =^1_2 −^1_{2a} 2. An a < 1 (DFR), tìte : ρ_x =^1_{2a} −^1_2 Epomènwc, h (5.17) gÐnetai :

x_0 =

1 +^p_{ln(1−p)} −^p_{aln(1−p)} −^1_a 1 μ � 1 +^p_{ln(1−p)} �

= μ − μ a Apì to pìrisma prokÔptei ìti to shmeÐo tomăc twn L_2(x) kai L_{Geom,4}(x), eÐnai : 1. x_0 = 0.5 gia th Gamma(2,2) 2. x_0 = 1 gia th Gamma(3,2) 3. x_0 = 2.5 gia th Gamma(6,2) 4. x_0 = 4.5 gia th Gamma(10,2) Sta sqămata 5.1, 5.2, 5.3, 5.4, 5.5 blèpoume ta frĹgmata L_{Geom,1}, L_{Geom,2}, L_{Geom,3} L_{Geom,4}, L_{Geom,5} pou proărjan apì ta antÐstoiqa Ĺnw tou Brown. ParathroÔme pwc ìso pio mikră eÐnai h timă thc pijanìthtac p, tìso pio akribă eÐnai ta frĹgmata thc ananewtikăc sunĹrthshc.

Sqăma 5.1: Grafikă parĹstash tou Ĺnw frĹgmatoc L_{Geom,1} tou Brown me L_i ∼ Gamma(2, 2) gia p = 0.01(•), p = 0.1(•), p = 0.2(•), p = 0.5(•)

Sqăma 5.2: Grafikă parĹstash tou Ĺnw frĹgmatoc L_{Geom,2} tou Brown me L_i ∼ Gamma(2, 2) gia p = 0.01(•), p = 0.1(•), p = 0.2(•), p = 0.5(•)

Sqăma 5.3: Grafikă parĹstash tou Ĺnw frĹgmatoc L_{Geom,3} tou Brown me L_i ∼ Gamma(2, 2) gia p = 0.01(•), p = 0.1(•), p = 0.2(•), p = 0.5(•)

Sqăma 5.4: Grafikă parĹstash tou Ĺnw frĹgmatoc L_{Geom,4} tou Brown me L_i ∼ Gamma(2, 2) gia p = 0.01(•), p = 0.1(•), p = 0.2(•), p = 0.5(•)

Sqăma 5.5: Grafikă parĹstash tou Ĺnw frĹgmatoc L_{Geom,5} tou Brown me L_i ∼ Gamma(0.5, 2) gia p = 0.01(•), p = 0.2(•), p = 0.4(•), p = 0.5(•)

5.2 Efarmogèc

Sthn parĹgrafo aută basizìmenoi sthn anisìthta (5.4) ja upologÐsoume ta kĹtw frĹgmata gia thn ananewtikă sunĹrthsh stic periptÿseic pou h katanomă tou qrìnou metaxÔ twn ananeÿsewn akoloujeÐ mia apì tic parakĹtw morfèc:

• Gamma (IFR) • MeÐxh 2 Ekjetikÿn Katanomÿn (DFR) • Weibull(3,^1_2 ) • Pareto(3,2) Efarmogă 1 ’Estw, ìti oi endiĹmesoi qrìnoi X_i metaxÔ twn ananeÿsewn akoloujoÔn th katanomă Gamma(2,2), tìte isqÔoun ta exăc:

1. f(x) = 4e^{−2x}x 2. F (x) = 1 − e^{−2x}(1 + 2x) 3. E(X) = 1 4. V ar(X) =^1_2 5. F_e(x) =^1_{E(X)}

�_x 0 F̄ (u)du = 1 − e−2x(1 + x) 6. U(t) =^3_4 +^{e−4t}_4 + t (blèpe ParĹrthma D) Me bĹsh ta parapĹnw qarakthristikĹ upologÐzoume ta exăc kĹtw frĹgmata gia thn ananewtikă sunĹrthsh:

1. GenikĹ kĹtw frĹgmata

(aþ) L_1(x) =^x_{E(X)} = x (bþ) L_{Geom,1}(x) =^{ln} � e^− px (1−p)μ + γp 1−p � ln[1−p] = ln � e^{−px1−p} +^{3p}_{4(1−p)} � ln[1−p]

2. AfoÔ h katanomă Gamma(2,2) anăkei sthn IFR oikogèneia katanomÿn mporoÔme na qrhsimopoiăsoume ta parakĹtw frĹgmata:

(aþ) L_3(x) =^x_{E(X)} +^{V ar(X)}_{(E(X))2} = x +^1_2 (bþ) L_9(x) =^x_{E(X)} +^{V ar(X)F (x)}_{(E(X))2} + F̄_{eq}(x) = x +^1_2 +^{e−2x}_2 (gþ) L_{Geom,4}(x) =^{ln}

((1−p)(^{−x}_{E(Y )} +2ppX ))

ln(1−p) = 1 +

ln(^{−x}_{E(Y )} +2ppX )

ln(q) = 1 + p 2 −px ln[1−p]

To Sqăma 5.6 kai o PÐnakac 5.1 mac parousiĹzoun th sumperiforĹ twn fragmĹtwn L_1 kai L_{Geom,1} gia diĹforec timèc thc paramètrou (pijanìthtac) p ìtan h katanomă tou qrìnou metaxÔ twn ananeÿsewn akoloujeÐ th katanomă Gamma(2,2). ParathroÔme ìti ìso auxĹnetai h timă tou p tìso qeirotereÔei h sumperiforĹ tou L_{Geom,1}. Epiplèon gia èna mikrì qronikì diĹsthma gÔrw apì to mhdèn kai sugkekrimèna gia to (0,0.8) to L_{Geom,1} èqei arnhtikèc timèc. To diĹsthma autì mikraÐnei ìso h timă tou p plhsiĹzei to mhdèn. To qarakthristikì autì kĹnei to sugkekrimèno frĹgma genikĹ akatĹllhlo gia thn prosèggish thc (jetikăc) ananewtikăc sunĹrthshc. Tèloc eÐnai fanerì pwc to L_1 eÐnai megalÔtero apì to L_{Geom,1} gia ìlec tic qronikèc stigmèc. Epomènwc metaxÔ twn dÔo fragmĹtwn th kalÔterh sumperiforĹ èqei to L_1.

Ta sqămata 5.7, 5.8, 5.9, 5.10 kai o PÐnakac 5.2 parousiĹzoun ton trìpo leitourgÐac twn fragmĹtwn L_3, L_9 kai L_{Geom,4} gia diĹforec timèc thc paramètrou p. Sugkekrimèna parathroÔme pwc ìso pio mikrì eÐnai eÐnai to p tìso kalÔterh eÐnai h sumperiforĹ tou frĹgmatoc L_{Geom,4} (kai beltiÿnetai ìso pernĹei o qrìnoc). Ston PÐnaka 5.2 kai ta Sqămata 5.7, 5.8 parathroÔme pwc to L_{Geom,4} sumpÐptei (me prosèggish pènte dekadikÿn yhfÐwn) me to kĹtw frĹgma L_3, gia mikrèc timèc tou p, akìma kai an to x eÐnai sqetikĹ mikrì. Gia pio megĹlec timèc thc paramètrou p ta frĹgmata L_3 kai L_{Geom,4} tèmnontai sto shmeÐo x_0 = 0.5. To tmăma tou L_{Geom,4} pou brÐsketai dexiĹ apì to shmeÐo tomăc eÐnai pio akribă apì to antÐstoiqo tou L_3, enÿ gia to kommĹti pou brÐsketai aristerĹ isqÔei to antÐstrofo. EpÐshc eÐnai emfanèc pwc ìso auxĹnetai h timă tou p, tìso pio akribă gÐnetai to aristerì tmăma allĹ apì thn Ĺllh meriĹ to dexiì kommĹti apoktĹei dÔsqrhsth sumperiforĹ. Epomènwc to L_{Geom,4} gia megĹlec timèc thc pijanìthtac p mporeÐ na qrhsimopoihjeÐ mìno gia braquqrìniec problèyeic. To L_9 eÐnai to kĹtw frĹgma pou parousiĹzei sunolikĹ th kalÔterh sumperiforĹ se sqèsh me ta L_3 kai L_{Geom,4} toulĹqiston gia mikrèc timèc tou x. ’Etsi gia th sugkekrimènh katanomă pou exetĹzoume an x < 5.7 tìte to L_9, èqei th kalÔterh sumperiforĹ se sqèsh me ta Ĺlla dÔo frĹgmata, enÿ gia timèc tou x megalÔterec tou 5.7 kai gia p = 10^{−6} sumpÐptei me autĹ (me akrÐbeia pènte dekadikÿn yhfÐwn). Ta sqămata 5.14, 5.15, kai o PÐnakac 5.3 mac fanerÿnoun ìti oriakĹ gia timèc tou p pou teÐnoun sto mhdèn (10^{−12} kai 10^{−14}) to frĹgma L_{Geom,4} gÐnetai pio megĹlo apì ta L_3 kai L_9 (me akrÐbeia pènte dekadikÿn yhfÐwn) akìma kai gia sqetikĹ mikrèc timèc tou x (5.3 kai 2.9 antÐstoiqa). H epilogă tou qronikoÔ diastămatoc pou qrhsimopoieÐtai sta diagrĹmmata ègine me skopì thn kalÔterh parousÐash touc. Tèloc sta Sqămata 5.11, 5.12, 5.13, parathroÔme pwc ìso auxĹnetai h timă thc paramètrou a, ìtan h katanomă tou qrìnou metaxÔ twn ananeÿsewn akoloujeÐ thn katanomă Gamma(a,b), tìso pio dexiĹ metatopÐzetai ston Ĺxona tou qrìnou to shmeÐo tomăc twn L_3 kai L_{Geom,4}. Epomènwc to L_{Geom,4} paramènei megalÔtero apì to L_3 gia perissìtero qrìno.

Sqăma 5.6: Grafikă parĹstash twn U(x) (•), L_1(x)(•), L_{Geom,1}(x) (•)(p = 0.1), L_{Geom,1}(x) (•)(p = 0.2), L_{Geom,1}(x) (•)(p = 0.5) gia th Gamma(2,2)

Sqăma 5.7: Grafikă parĹstash twn U(x) (•), L_3(x)(•), L_{Geom,4}(x) (•) gia th Gamma(2,2) me p = 0.01. ParathroÔme pwc ta frĹgmata L_3(x) kai L_{Geom,4}(x) sumpÐptoun.

Sqăma 5.8: Grafikă parĹstash twn U(x) (•), L_3(x)(•), L_{Geom,4}(x) (•) gia th Gamma(2,2) me p = 0.1

Sqăma 5.9: Grafikă parĹstash twn U(x) (•), L_3(x)(•), L_{Geom,4}(x)(p = 0.01) (•), L_{Geom,4}(x)(p = 0.1) (•), L_{Geom,4}(x)(p = 0.3) (•) L_{Geom,4}(x)(p = 0.5), (•) L_{Geom,4}(x)(p = 0.8) (•), L_9(x)(−−) gia th Gamma(2,2)

Sqăma 5.10: Grafikă parĹstash twn U(x) (•), L_3(x)(•), L_{Geom,4}(x)(p = 0.01) (•), L_{Geom,4}(x)(p = 0.1) (•), L_{Geom,4}(x)(p = 0.3) (•) L_{Geom,4}(x)(p = 0.5), (•) L_{Geom,4}(x)(p = 0.8) (•), L_9(x)(−−) gia th Gamma(2,2)

Sqăma 5.11: Grafikă parĹstash twn U(x) (•), L_3(x)(•), L_{Geom,4}(x)(p = 0.01) (•), L_{Geom,4}(x)(p = 0.1) (•), L_{Geom,4}(x)(p = 0.3) (•) L_{Geom,4}(x)(p = 0.5), (•) L_{Geom,4}(x)(p = 0.8) (•), L_9(x)(−−) gia th Gamma(3,2)

Sqăma 5.12: Grafikă parĹstash twn U(x) (•), L_3(x)(•), L_{Geom,4}(x)(p = 0.01) (•), L_{Geom,4}(x)(p = 0.1) (•), L_{Geom,4}(x)(p = 0.3) (•) L_{Geom,4}(x)(p = 0.5), (•) L_{Geom,4}(x)(p = 0.8) (•), L_9(x)(−−) gia th Gamma(6,2)

Sqăma 5.13: Grafikă parĹstash twn U(x) (•), L_3(x)(•), L_{Geom,4}(x)(p = 0.01) (•), L_{Geom,4}(x)(p = 0.1) (•), L_{Geom,4}(x)(p = 0.3) (•) L_{Geom,4}(x)(p = 0.5), (•) L_{Geom,4}(x)(p = 0.8) (•), L_9(x)(−−) gia th Gamma(10,2)

Sqăma 5.14: Grafikă parĹstash twn U(x) (•), L_9(x)(•), L_{Geom,4}(x)(•) gia th Gamma(2,2) me p = 10^{−12}

Sqăma 5.15: Grafikă parĹstash twn U(x) (•), L_9(x)(•), L_{Geom,4}(x)(•) gia th Gamma(2,2) me p = 10^{−14} x U(x) L_1(x) L_{Geom,1}(x)(p = 10^{−6}) L_{Geom,1}(x)(p = 10^{−1}) 0 1 0 -0.75 -0.759703 0.1 1.01758 0.1 -0.65 -0.662399 0.2 1.06233 0.2 -0.55 -0.565179 0.3 1.1253 0.3 -0.45 -0.468043 0.4 1.20047 0.4 -0.35 -0.370994 0.5 1.28383 0.5 -0.25 -0.27403 0.6 1.37268 0.6 -0.15 -0.177154 0.7 1.4652 0.7 -0.0500003 -0.0803658 0.8 1.56019 0.8 0.0499997 0.0163336 0.9 1.65683 0.9 0.15 0.112943 1 1.75458 1 0.9 0.209463 2 2.75008 2 1.25 1.16949 3 3.75 3 2.25 2.11951 4 4.75 4 3.25 3.05859 5 5.75 5 4.25 3.98574 10 10.75 10 9.25 8.40405 20 20.75 20 19.25 15.6778 50 50.75 50 49.25 23.1544

PÐnakac 5.1:

x U(x) L_3(x)

L_{Geom,4} (x)

p = 10^{−6} L_9(x)

L_{Geom,4} (x)

p = 10^{−1}

L_{Geom,4}(x)

p = 10^{−5} 0 1 0.5 0.5 1 0.525439 0.500003 0.1 1.01758 0.6 0.6 1.00937 0.620351 0.600002 0.2 1.06233 0.7 0.7 1.03516 0.715263 0.700002 0.3 1.1253 0.8 0.8 1.07441 0.810176 0.800001 0.4 1.20047 0.9 0.9 1.12466 0.905088 0.900001 0.5 1.28383 1 1 1.18394 1 1 1 1.75458 1.5 1.5 1.56767 1.47456 1.5 2 2.75008 2.5 2.5 2.50916 2.42368 2.49999 3 3.75 3.5 3.5 3.50124 3.37281 3.49999 4 4.75 4.5 4.5 4.50017 4.32193 4.49998 5 5.75 5.5 5.5 5.50002 5.27105 5.49998 5.5 6.25 6 6 6.00001 5.74561 5.999997 5.7 6.45 6.2 6.2 6.20001 5.93544 6.19997 5.8 6.55 6.3 6.3 6.3 6.03035 6.29997 5.9 6.65 6.4 6.4 6.4 6.12526 6.39997 6 6.75 6.5 6.5 6.5 6.22017 6.49997 10 10.75 10.5 10.5 10.5 10.0167 10.5 100 100.75 100.5 100.5 100.5 95.4377 100.5 1000 1000.75 1000.5 1000.5 1000.5 949.648 1000.5 2000 2000.75 2000.5 2000.5 2000.5 1898.77 2000.49 5000 5000.75 5000.5 5000.5 5000.5 4746.14 5000.48 10000 10000.75 10000.5 10000.5 10000.5 9491.75 1000.5

PÐnakac 5.2:

x U(x) L_3(x)

L_{Geom,4} (x)

p = 10^{−14} L_9(x)

L_{Geom,4}(x)

p = 10^{−12} 0 1 0.5 0.4996 1 0.499989 0.5 1.28383 1 1 1.18394 0.1 1 1.75458 1.5 1.5004 1.56767 1.50001 2 2.75008 2.5 2.5012 2.50916 2.50003 2.7 3.45001 3.2 3.20176 3.20226 3.20005 2.8 3.55 3.3 3.30184 3.30185 3.30005 2.9 3.65 3.4 3.40192 3.40151 3.40005 3 3.75 3.5 3.502 3.50124 3.50006 4 4.75 4.5 4.5028 4.50017 4.50008 5 5.75 5.5 5.5036 5.50002 5.5001 5.2 5.95 5.7 5.70376 5.70002 5.7001 5.3 6.05 5.8 5.80384 5.80001 5.80011 6 6.75 6.5 6.5044 6.5 6.50012 7 7.75 7.5 7.5052 7.5 7.50014 8 8.75 8.5 8.506 8.5 8.50017 9 9.75 9.5 9.5068 9.5 9.50019 10 10.75 10.5 10.5076 10.5 10.5002 20 20.75 20.5 20.5156 20.5 20.5004 30 30.75 30.5 30.5236 30.5 30.5007 40 40.75 40.5 40.5316 40.5 40.5009 50 50.75 50.5 50.5396 50.5 50.5011 60 60.75 60.5 60.5476 60.5 60.5013 70 70.75 70.5 70.5556 70.5 70.5015 80 80.75 80.5 80.5636 80.5 80.5018 90 90.75 90.5 90.5716 90.5 90.502

PÐnakac 5.3:

Efarmogă 2: MeÐxh Ekjetikÿn

’Estw, ìti oi endiĹmesoi qrìnoi X_i metaxÔ twn ananeÿsewn akoloujoÔn th meÐxh dÔo ekjetikÿn katanomÿn me mèsh timă^1_3 kai^1_7 , antÐstoiqa. Tìte isqÔoun ta exăc:

1. f(x) =^1_2 3e^{−3x} +^1_2 7e^{−7x}

2. F (x) = 1 −^1_2 e^{−7x} (1 + e^{4x})

3. E(X) = μ =^5_{21}

4. V ar(X) =^{11}_{147}

5. F_e(x) =^1_{E(X)}

�_x 0 F̄ (u)du = 1 −^1_{10} e−7x(3 + 7e4x)

6. U(t) = 2 +^1_{25} (105t − 4e^{−5t} − 21) (blèpe ParĹrthma D)

Me bĹsh ta parapĹnw qarakthristikĹ thc katanomăc kai to gegonìc ìti h meÐxh ekjetikÿn katanomÿn anăkei sthn oikogèneia DFR (blèpe Barlow kai Proschan(1981) selÐda 37) upologÐzoume me th boăjeia tou upologistikoÔ progrĹmmatoc Mathematica ta exăc kĹtw frĹgmata gia thn ananewtikă sunĹrthsh:

1. GenikĹ kĹtw frĹgmata (apaitoÔn thn Ôparxh twn ropÿn mèqri kai deÔterhc tĹxhc, μ_2 = E(X^2))

(aþ) L_1(x) =^x_{E(X)} =^{21x}_5

(bþ) L_{Geom,1}(x) =^{ln} � e^− x E(Y0) + γp q �

ln(1−p) = ln � e^{−21px}

−5+5p + 29p 25−25p �

ln(1−p) , ìpou Y0 akoloujeÐ th gewme-

trikă katanomă me sunĹrthsh puknìthtac f(x) = pq^n, n = 0, 1, 2, ...

2. AfoÔ h meÐxh ekjetikÿn katanomÿn anăkei sthn DFR oikogèneia katanomÿn mporoÔme na qrhsimopoiăsoume ta parakĹtw frĹgmata:

(aþ) L_2(x) =^x_{E(X)} + 1 = 1 +^{21x}_5 (bþ) L_8(x) =^x_{E(X)} + F (x) + F̄_{eq}(x) =^1_5 (5 − e^{−7x} + e^{−3x} + 21x)

(gþ) L_{Geom,5}(x) =^{ln} � q � e −x E(Y ) +pρX �

ln(1−p) = 1 + ln � e −x E(Y ) +pρX �

ln(1−p) = 1 + ln � e^{−21px}5^{+ 4p}25 �

ln(1−p)

3. Oi Shaked kai Zhu (1992) apèdeixan ìti kĹje katanomă pou anăkei sthn oikogèneia DFR èqei fjÐnousa ananewtikă puknìthta (gia th sugkekrimènh meÐxh ekjetikÿn pou meletĹme isqÔei u(t) =^{21}_5 +^{4e−5t}_5 ). Epomènwc mporoÔme na qrhsimopoiăsoume to frĹgma L_{12} pou o tÔpoc tou faÐnetai parakĹtw. EpÐshc dÐnoume kai to Ĺnw frĹgma U_{11}, pou isqÔei kĹtw apì tic Ðdiec sunjăkec me to frĹgma L_{12}.

(aþ) L_{12}(x) = 1 +^x_{E(X)} +^{x(F (x)−Fe(x))�} x_{0 F̄ (t)dt} = 1 +^x_5 � 21 +^{42}

3+7e^{4x}−10e^{7x} +

42e^{4x} 10e^{7x}−7e^{4x}−3 �

(bþ) U_{11}(x) = 1 +^x_{E(X)} +^x

�_{� x}

0 1−Fe(t)dt E(X) −Fe(x) � �_x 0 F_e(t)dt =

9+63x+49e^{4x}(1+3x)+2e^{7x}(441x^2 −29) e^{7x}(210x−58)+49e^{4x} +9

ArqikĹ parathroÔme (Sqăma 5.16) pwc to genikì kĹtw frĹgma L_1(x) eÐnai kalÔtero apì to antÐstoiqo L_{Geom,1}(x) pou proèrqetai apì th sÔnjeth gewmetrikă katanomă gia ìlec tic timèc tou qrìnou allĹ kai thc pijanìthtac p. To L_1(x) diathreÐ mh arnhtikă timă se ìlh th diĹrkeia tou qrìnou se antÐjesh me to L_{Geom,1}(x) pou emfanÐzei arnhtikèc timèc gia perioqă gÔrw apì to mhdèn. To gegonìc autì ofeÐletai sth morfă tou genikoÔ frĹgmatoc tou Brown ΨU_{B,1}(x), pou gia mikrèc timèc tou x, h timă tou eÐnai megalÔterh thc monĹdac.

Sqăma 5.16: Grafikă parĹstash twn U(x)(•), L_1(x)(•), L_{Geom,1}(x)(•)(p = 0, 001) ,L_{Geom,1}(x)(•)(p = 0, 1), L_{Geom,1}(x)(•)(p = 0, 5) gia th MeÐxh Ekjetikÿn

Sta epìmena dÔo diagrĹmmata (Sqăma 5.17 kai Sqăma 5.18) kai touc PÐnakec 5.4 kai 5.5 parathroÔme pwc gia timèc tou x mikrìterec tou 2.8 to frĹgma L_{12} parousiĹzei th kalÔterh sumperiforĹ se sqèsh me ta L_2, L_8 kai L_{Geom,5}. DeÔtero se tĹxh akrÐbeiac parousiĹzetai to L_8 kai akoloujeÐ to L_2. Gia timèc tou x megalÔterec tou 2.8 ta frĹgmata L_2 kai L_8 apoktoÔn tic Ðdiec timèc (me akrÐbeia pènte dekadikÿn yhfÐwn) kai epiplèon ìtan to x xeperĹsei thn timă 3.6 gÐnontai isìtima kai me to L_{12}. To frĹgma L_{Geom,5}, auxĹnei th timă tou kajÿc to p mikraÐnei kai to x megalÿnei mèqri kĹpoio qronikì shmeÐo sto opoÐo arqÐzei na apoktĹei mia stajeră sumperiforĹ. H timă tou shmeÐou autoÔ exartĹtai apì thn parĹmetro p, ìso pio megĹlh eÐnai tìso pio sÔntoma sumbaÐnei h stajeropoÐhsh. Gia timèc tou p thc tĹxhc tou 10^{−7} kai qronikèc stigmèc megalÔterec tou 30000, to L_{Geom,5} proseggÐzei th koină timă twn twn upoloÐpwn fragmĹtwn. Tèloc to Ĺnw frĹgma U_{11} apoteleÐ èna polÔ kalì Ĺnw frĹgma afoÔ parousiĹzei mikrèc apoklÐseic apì thn pragmatikă timă thc ananewtikăc sunĹrthshc kai mazÐ me to L_{12} apoteloÔn èna apotelesmatikì diĹsthma prosèggishc gia thn ananewtikă sunĹrthsh se kĹje qronikă stigmă.

Sqăma 5.17: Grafikă parĹstash twn U(x)(•), L_2(x)(•), L_8(x)(•) , L_{Geom,5}(x) (•) (p = 0.001), L_{12}(x)(•), U_{11}(x)(•) gia th MeÐxh Ekjetikÿn

Sqăma 5.18: Grafikă parĹstash twn U(x)(•), L_2(x)(•), L_8(x)(•) , L_{Geom,5}(x) (•) (p = 0.5), L_{12}(x)(•), U_{11}(x)(•) gia th MeÐxh Ekjetikÿn x U(x) L_2(x) L_8(x) L_{12}(x) U_{11}(x) 0 1 1 1 - - 0.1 1.48296 1.42 1.46885 1.48171 1.48775 0.2 1.94114 1.84 1.90044 1.9337 1.95508 0.3 2.3843 2.26 2.31682 2.3655 2.40732 0.4 2.81835 2.68 2.72808 2.78477 2.84871 0.5 3.24687 3.1 3.13859 3.19707 3.28247 1 5.35892 5.2 5.20978 5.24255 5.39874 2 9.55999 9.4 9.4005 9.40417 9.58477 2.6 12.08 11.92 11.9201 11.9209 12.0989 2.7 12.5 12.34 12.3401 123407 12.5181 2.8 12.92 12.76 12.76 12.7605 12.9374 2.9 13.34 13.18 13.18 13.1804 13.3568 3 13.76 13.6 13.6 13.6003 13.7762 3.1 14.18 14.02 14.02 14.0202 14.1956 3.2 14.6 14.44 14.44 14.4402 14.6151 3.3 15.02 14.86 14.86 14.8601 15.0346 3.4 15.44 15.28 15.28 15.2801 15.4541 3.5 15.86 15.7 15.7 15.7001 15.8737 3.6 16.28 16.12 16.12 16.1201 16.2933 3.7 16.7 16.54 16.54 16.54 16.7129 3.8 17.12 16.96 16.96 16.96 171325 4 17.96 17.8 17.8 17.8 17.9719 5 22.16 22 22 22 22.1694 6 26.2 26.2 26.2 26.2 26.3677 7 30.4 30.4 30.4 30.4 30.5666 10 43 43 43 43 43.1645 20 85 85 85 85 85.1622 50 211 211 211 211 211.161 1000 4201 4201 4201 4201 4201.16 20000 84001 84001 84001 84001 84001.2 30000 12601 12601 12601 12601 12601.1

PÐnakac 5.4:

x L_{Geom,5}(x)(p = 10^{−1}) L_{Geom,5}(x)(p = 10^{−2}) L_{Geom,5}(x)(p = 10^{−7}) 0 0.849343 0.840929 0.84 0.1 1.24156 1.25816 1.26 0.2 1.63352 1.67538 1.68 0.3 2.02519 2.0926 2.1 0.4 2.41656 2.50982 2.52 0.5 2.80764 2.92704 2.94 1 4.75796 5.01308 5.04 2 8.62723 9.18493 9.24 2.6 10.9223 11.6879 11.76 2.7 11.3024 12.105 12.18 2.8 11.6818 12.5222 12.6 2.9 12.0604 12.9393 13.02 3 12.4381 13.3565 13.44 3.1 12.815 13.7736 13.86 3.2 13.1911 14.1908 14.28 3.3 13.5662 14.6079 14.7 3.4 13.9404 15.025 15.12 3.5 14.3136 15.442 15.54 3.6 14.6858 15.8593 15.96 3.7 15.0569 16.2764 16.38 3.8 15.4269 16.6935 16.8 3.9 15.7958 17.1106 17.22 4 16.1635 17.5277 17.64 5 19.766 21.6986 21.84 6 23.1965 25.8692 26.04 7 26.3947 30.0394 30.24 10 33.9717 42.5476 42.84 20 40.1153 84.2112 84.84 50 40.2478 208.657 210.84 1000 40.2478 641.551 4200.84 20000 40.2478 641.551 8400.8 30000 40.2478 641.551 12601

PÐnakac 5.5:

Efarmogă 3 : Weibull(3,^1_2 ) ’Estw, ìti oi endiĹmesoi qrìnoi X_i metaxÔ twn ananeÿsewn akoloujoÔn thn DFR katanomă Weibull(3,^1_2 ). Tìte isqÔoun ta exăc:

1. f(x) =^{3e−3√x}_2^√_x 2. F (x) = 1 − e^{−3√x} 3. E(X) = μ =^2_9 4. V ar(X) =^{20}_{81} 5. F_e(x) =^1_{E(X)}

�_x 0 F̄ (x)dx = 1 − e−3^√x(1 + 3√x) 6. Den upĹrqei analutikìc tÔpoc gia thn ananewtikă sunĹrthsh.

Epomènwc mporoÔme na upologÐzoume ta exăc kĹtw frĹgmata gia thn ananewtikă sunĹrthsh:

1. GenikĹ kĹtw frĹgmata

(aþ) L_1(x) =^x_{E(X)} =^{9x}_2

(bþ) L_{Geom,1}(x) =^{ln} � e^− t E(Y0) + γp q �

ln(1−p) = ln � e −9px 2(1−p) + 3p 1−p �

ln(1−p) , ìpou Y0 akoloujeÐ th gewme-

trikă katanomă me sunĹrthsh puknìthtac f(x) = pq^n, n = 0, 1, 2, ... 2. H DFR idiìthta thc katanomăc Weibull(3,^1_2 ) mac exasfalÐzei ta parakĹtw frĹgmata:

(aþ) L_2(x) =^x_{E(X)} + 1 = 1 +^{9x}_2 (bþ) L_8(x) =^x_{E(X)} + F (x) + F̄_e(x) = 1 + 3 √ xe^{−3√x} +^{9x}_2 (gþ) L_{Geom,5}(x) =^{ln}

(q(^{−x}_{E(Y )} +pρX ))

ln(1−p) = 1 +

ln(^{−x}_{E(Y )} +pρX )

ln(1−p) = 1 + ln � e^{−9px}2 +2p �

ln(1−p)

3. DÔo epiplèon frĹgmata (Ĺnw kai kĹtw antÐstoiqa) prokÔptoun apì to gegonìc ìti kĹje DFR katanomă èqei fjÐnousa ananewtikă puknìthta. (aþ) L_{12}(x) = 1 +^x_{E(X)} +^{x(F (x)−Fe(x))�} x_{0 F̄ (t)dt} =^{e3} √ x(2+9x)−9x−6 √ x−2 2(e^{3√x}−3 √ x−1)

(bþ) U_{11}(x) = 1 +^x_{E(X)} +^x

�_{� x}

0 1−Fe(t)dt E(X) −Fe(x) � �_x 0 F_e(t)dt = e^{3√x}(27x^2+18x^{3/2}+18x+12 √ x+4 2(2+6 √ x+6x+e^{3√x}(2x−2))

To frĹgma L_{Geom,1} dÐnei arnhtikèc timèc gia mikrèc timèc tou x (Sqăma 5.20). ’Etsi an to qwrÐsoume se dÔo tmămata èna jetikì kai èna arnhtikì, parathroÔme pwc h timă tou auxĹnetai ìso meiÿnetai to p, gia to jetikì tou kommĹti, enÿ gia to arnhtikì sumbaÐnei to antÐstrofo. To frĹgma L_1 paramènei akribèstero apì to L_{Geom,1} gia ìlec tic timèc tou x (Sqăma 5.19) kai apoteleÐ thn kalÔterh epilogă parìlo pou gia megĹlec timèc tou x kai mikrèc timèc tou p, to L_{Geom,1} meiÿnei thn arqikă diaforĹ pou eÐqe arqikĹ me to mh arnhtikì frĹgma L_1.

Ston PÐnaka 5.7 parathroÔme tic timèc tou NWUE frĹgmatoc, L_{Geom,5}. EÐnai fanerì (Sqăma 5.21) pwc gia timèc tou x mikrìterec tou 0.2 to L_{Geom,5} eÐnai arnhtikì. Autì èqei san apotèlesma na mhn eÐnai genikĹ apodektì frĹgma miac kai h ananewtikă sunĹrthsh eÐnai pĹnta jetikìc arijmìc (kai mĹlista me bĹsh ton trìpo orismoÔ pou qrhsimopoiăsame megalÔteroc thc monĹdac). To frĹgma L_{12} eÐnai to pio akribă gia mikrèc timèc tou x kai akoloujoÔn ta L_8 kai L_2 me fjÐnousa seirĹ wc proc thn akrÐbeia touc. Gia timèc tou x megalÔterec tou 18 ta frĹgmata L_2 kai L_8 praktikĹ tautÐzontai (me akrÐbeia 5 dekadikÿn yhfÐwn) (PÐnakac 5.6) kai gia megalÔterec tou 26 sumpÐptoun me to L_{12}. An kai gia megĹlec timèc tou x kai mikrèc timèc tou p (PÐnakac 5.7) to frĹgma L_{Geom,5} èqei timèc kontĹ se autèc twn Ĺllwn fragmĹtwn, den apoteleÐ sunolikĹ thn pio apotelesmatikă epilogă kai autì ofeÐletai sto qarakthristikì twn arnhtikÿn timÿn pou parousiĹzei arqikĹ. SunoyÐzontac ja lègame pwc th kalÔterh sunolikă sumperiforĹ parousiĹzei to L_{12} kai akoloujeÐ to L_8.

Sqăma 5.19: Grafikă parĹstash twn L_1(x)(•), L_{Geom,1}(x)(•)(p = 0.1), L_{Geom,1}(x)(p = 0.01)(•)(p = 0.01), L_{Geom,1}(x) (•)(p = 0.5), gia th Weibull(3,^1_2 )

Sqăma 5.20: Grafikă parĹstash twn L_1(x)(•), L_{Geom,1}(x)(•)(p = 0.1), L_{Geom,1}(x)(p = 0.01)(•)(p = 0.01), L_{Geom,1}(x) (•)(p = 0.5), gia th Weibull(3,^1_2 )

Sqăma 5.21: Grafikă parĹstash twn L_2(x)(•), L_8(x)(•), L_{Geom,5}(x)(•)(p = 0.01), L_{12}(x) (•), U_{11}(x)(•), gia th Weibull(3,^1_2 ) x L_2(x) L_8(x) L_{12}(x) U_{11}(x) 0 1 1 - - 0.1 1.45 1.81738 2.12376 2.47541 0.2 1.9 2.25073 2.71384 3.22693 0.3 2.35 2.6673 3.22736 3.86757 0.4 2.8 3.08453 3.70568 4.45389 0.5 3.25 3.50429 4.16422 5.00734 1 5.5 5.64936 6.33926 7.53938 1.5 7.75 7.84321 8.46382 9.90534 2 10 10.061 10.5934 12.2077 3 14.5 14.5288 14.9023 16.7372 3.5 16.75 16.7705 17.0808 18.9859 4 19 19.0149 19.2724 21.2303 5 23.5 23.5082 23.686 25.7131 7 32.5 32.5028 32.5896 34.6761 10 46 46.0007 46.0324 48.1334 11 50.5 50.5005 50.5235 52.6226 12 55 55.0003 55.0172 57.1132 14 64 64.0001 64.0094 66.0978 17 77.5 77.5001 77.504 79.5808 18 82 82 82.0031 84.07636 19 86.5 86.5 86.5023 88.5723 20 91 91 91.0018 93.0686 25 113.5 113.5 113.501 115.555 26 118 118 118 120.053 27 122.5 122.5 122.5 124.551 30 136 136 136 138.045 50 226 226 226 228.027

PÐnakac 5.6:

x L_{Geom,5}(x)(p = 10^{−1}) L_{Geom,5}(x)(p = 10^{−2}) L_{Geom,5}(x)(p = 10^{−7}) 0 -0.730454 -0.970345 -1 0.1 -0.375882 -0.531397 -0.55 0.2 -0.0240588 -0.0924887 -0.099999 0.3 0.324933 0.346381 0.35 0.4 0.671011 0.785211 0.8 0.5 1.01409 1.224 1.25 1 2.68166 3.41736 3.5 1.5 4.26194 5.60971 5.75 2 5.745 7.80102 8 3 8.3859 12.1805 12.5 3.5 9.53188 14.3685 14.75 4 10.558 16.5555 17 5 12.2579 20.9259 21.5 7 14.433 29.6251 30.5 10 15.7625 42.7017 44 11 15.9452 47.0399 48.5 12 16.0636 51.372 53 14 16.1888 60.0165 62 17 16.256 72.9297 75.5 18 16.2611 77.2187 80 19 16.2664 81.4993 84.5 20 16.2697 85.7713 89 25 16.2749 106.988 111.5 26 16.2751 111.2 116 27 16.2753 115.401 120.5 30 16.2755 127.929 134 50 16.2755 207.585 226

PÐnakac 5.7:

x p L_2(x) L_8(x) L_{Geom,5}(x)(p = 10^{−2}) L_{12}(x) U_{11}(x) 0 0.01 1 1 -0.970345 - - 0.1 0.1 1.45 1.81738 -0.375882 2.12376 2.47541 0.5 0.1 3.25 3.50429 1.01409 4.16422 5.00734 0.9 0.1 5.05 5.21528 2.35481 5.91189 7.05221 1 0.01 5.5 5.64936 3.41736 6.33926 7.53938 1 0.1 5.5 5.64936 2.68166 6.33926 7.53938 1 0.9 5.5 5.64936 0.740544 6.33926 7.53938 2 0.1 10 10.061 5.745 10.5934 12.2077 5 0.1 23.5 23.5082 12.2579 23.686 25.7131 5 0.01 28 28.0047 25.2915 28.1284 30.1942 10 0.01 46 46.0007 42.7017 46.0324 48.1334 20 0.01 91 91 85.7713 91.0018 93.0686 50 0.01 226 226 207.585 226 228.027

PÐnakac 5.8:

Efarmogă 4 : Pareto(3,2) ’Estw, ìti oi endiĹmesoi qrìnoi X_i metaxÔ twn ananeÿsewn akoloujoÔn th katanomă Pareto. Tìte isqÔoun ta exăc:

1. f(x) =^{3·23}_{(2+x)3+1} 2. F (x) = 1 −^8_{(2+x)3} 3. E(X) = 1 4. V ar(X) = 3 5. F_e(x) =^1_{E(X)}

�_x 0 F̄ (x)dx = 1 −^4_{(2+x)2} 6. H ananewtikă sunĹrthsh den mporeÐ na upologisteÐ se analutikă morfă.

Me bĹsh ta parapĹnw qarakthristikĹ thc katanomăc kai to gegonìc ìti h katanomă Pareto anăkei sthn oikogèneia DFR upologÐzoume ta exăc kĹtw frĹgmata gia thn ananewtikă sunĹrthsh:

1. GenikĹ kĹtw frĹgmata

(aþ) L_1(x) =^x_{E(X)} = x (bþ) L_{Geom,1} =^{ln} � e^− t E(Y0) + γp q � ln(1−p) = ln � e^{−px1−p} +^{2p}_{1−p} � ln(1−p) , ìpou Y0 akoloujeÐ th gewmetrikă

katanomă me sunĹrthsh puknìthtac f(x) = pq^n, n = 0, 1, 2, ...

2. H katanomă Pareto anăkei sthn DFR oikogèneia katanomÿn epomènwc mporoÔme na qrhsimopoiăsoume ta parakĹtw frĹgmata: (aþ) L_2(x) =^x_{E(X)} + 1 = 1 + x (bþ) L_8(x) =^x_{E(X)} + F (x) + F̄_{eq}(x) =^{8+24x+18x2+7x3+x4}_{(2+x)3} (gþ) L_{Geom,5}(x) =^{ln}

(q(^{−x}_{E(Y )} +pρX ))

ln(1−p) = 1 +

ln(^{−x}_{E(Y )} +pρX )

ln(1−p) =

ln(e^{−px}+p)

ln(1−p) + 1

3. DÔo epiplèon frĹgmata prokÔptoun apì to gegonìc ìti kĹje DFR katanomă èqei fjÐnousa ananewtikă puknìthta.

(aþ) L_{12}(x) = 1 +^x_{E(X)} +^{x(F (x)−Fe(x))�} x_{0 F̄ (t)dt} =^{8+18x+7x2+x3}_{8+6x+x2}

(bþ) U_{11}(x) = 1 +^x_{E(X)} +^x

�_{� x}

0 1−Fe(t)dt E(X) −Fe(x) � �_x 0 F_e(t)dt =

2+4x+x^2 2+x ’Opwc kai sthn perÐptwsh pou h katanomă twn endiĹmeswn qrìnwn ananèwshc akoloujoÔse th Weibull(3,^1_2 ) to genikì kĹtw frĹgma L_{Geom,1} parousiĹzei arnhtikèc timèc gia mia arketĹ megĹlh perioqă tou mhdenìc (Sqăma 5.23) kai epiplèon paramènei mikrìtero apì to antÐstoiqo mh arnhtikì L_1 (Sqăma 5.22). Epomènwc to L_1 upertereÐ se akrÐbeia se sqèsh me to L_{Geom,1}.

Ston PÐnaka 5.10 kai ta Sqămata 5.22, 5.23 parathroÔme pwc gia timèc tou x mikrìterec tou 0.7 to frĹgma L_{Geom,5} eÐnai fjÐnousa sunĹrthsh tou p, enÿ gia x megalÔtero ă Ðso tou 0.7 eÐnai aÔxousa sunĹrthsh tou p. EpÐshc to L_{Geom,5} èqei polÔ mikrèc timèc se sqèsh me ta upìloipa frĹgmata gia timèc tou x mikrìterec thc monĹdac, enÿ ìso o qrìnoc auxĹnetai proseggÐzei ikanopoihtikĹ tic timèc twn L_2 kai L_8. Ston PÐnaka 5.9 kai to sqăma 5.24, faÐnetai pwc to L_{12} èqei thn pio akribă sumperiforĹ se sqèsh me ta L_2 kai L_8. Shmantikì eÐnai na anafèroume ìti h diaforĹ twn fragmĹtwn U_{11} kai L_{12} paramènei mikrìterh thc monĹdac gia ìlh th qronikă diĹrkeia pou exetĹzoume. H paratărhsh aută mporeÐ na apodeiqjeÐ analutikĹ gia kĹje timă tou x ≥ 0, afoÔ :

U_{11}(x) − L_{12}(x) =

2 + 4x + x^2 2 + x − 8 + 18x + 7x^2 + x^3 8 + 6x + x^2 = x^2 8 + 6x + x^2 < 1 Gia timèc tou x megalÔterec tou 99 ta frĹgmata L_2 kai L_8 sumpÐptoun (me akrÐbeia 5 dekadikÿn yhfÐwn) kai apoktoÔn thn Ðdia timă me to L_{12} ìtan to x xeperĹsei th timă 999. H sumperiforĹ aută twn fragmĹtwn eÐqe parathrhjeÐ kai stic periptÿseic pou h katanomă twn endiĹmeswn qrìnwn akoloujoÔse thn meÐxh ekjetikÿn allĹ kai th Weibull katanomă, me th diaforĹ ìti h taÔtish twn L_2, L_8 kai L_{12} ginìtan se pio sÔntomo qronikì diĹsthma. H "kajustèrhshfl aută ofeÐletai sth bariĹ ourĹ pou apoteleÐ basikì qarakthristikì thc katanomăc Pareto. Tèloc kai se aută thn perÐptwsh to L_{12} apoteleÐ to sunolikĹ kalÔtero frĹgma se sqèsh me ta L_2, L_8, L_{Geom,5} kai to L_8 na apoteleÐ to deÔtero kalÔtero se seirĹ akrÐbeiac.

Sqăma 5.22: Grafikă parĹstash twn L_1(x)(•), L_{Geom,1}(x)(•)(p = 0.1), L_{Geom,1}(x)(•)(p = 0.001) , L_{Geom,1}(x) (•)(p = 0.5) gia th Pareto(3, 2)

Sqăma 5.23: Grafikă parĹstash twn L_1(x)(•), L_{Geom,1}(x)(•)(p = 0.1), L_{Geom,1}(x)(•)(p = 0.001) , L_{Geom,1}(x) (•)(p = 0.5) gia th Pareto(3, 2)

Sqăma 5.24: Grafikă parĹstash twn L_2(x)(•), L_8(x)(•), L_{Geom,5}(x)(•)(p = 0.01), L_{Geom,5}(x)(•)(p = 0.1) L_{12}(x) (•) , U_{11}(x)(•), gia th Pareto(3, 2)

x L_2(x) L_8(x) L_{12}(x) U_{11}(x) 0 1 1 - - 0.1 1.1 1.14319 1.14646 1.14762 0.2 1.2 1.27513 1.28658 1.29091 0.3 1.3 1.39863 1.42133 1.43043 0.4 1.4 1.51574 1.55152 1.56667 0.5 1.5 1.628 1.67778 1.7 1 2 2.14815 2.26667 2.33333 1.5 2.5 2.63994 2.81169 2.92857 2 3 3.125 3.33333 3.5 2.5 3.5 3.60974 3.84188 4.05556 3 4 3.9986 4.34286 4.6 4 5 5.07407 5.33333 5.66667 5 6 6.05831 6.31746 6.71429 6 7 7.04688 7.3 7.75 7 8 8.03841 8.28283 8.77778 10 11 11.0231 11.2381 11.8333 20 21 21.0075 21.1515 21.9091 50 51 51.0014 51.0712 51.9615 98 99 99.0004 99.0384 99.98 99 100 100 100.038 100.98 100 101 101 101.038 101.98 900 901 901 901.004 901.998 998 999 999 999.004 999.998 999 1000 1000 1000 1001 1000 1001 1001 1001 1002

PÐnakac 5.9:

x L_{Geom,5}(x)(p = 10^{−1}) L_{Geom,5}(x)(p = 10^{−2}) L_{Geom,5}(x)(p = 10^{−6}) 0 0.09539 0.00995041 1.00011 · 10^{−6} 0.1 0.181634 0.108464 0.100001 0.2 0.2678 0.206977 0.200001 0.3 0.353886 0.305488 0.300001 0.4 0.439891 0.403999 0.4 0.5 0.525815 0.502508 0.5 0.6 0.611658 0.601017 0.6 0.7 0.697418 0.699525 0.7 1 0.954198 0.995042 0.999999 1.5 1.38045 1.48755 1.5 2 1.8045 1.98003 2 2.5 2.22624 2.47249 2.5 3 2.64559 2.96493 3 4 3.47673 3.94972 3.99999 5 4.29714 4.93441 4.99999 6 5.10602 5.919 5.99999 7 5.90253 6.90349 6.99999 10 8.20901 9.85631 9.9999 20 15.7762 19.6919 20 50 22.2355 49.1225 49.9999 98 22.8491 95.8928 97.9999 99 22.8496 96.8618 98.9999 100 29.85 97.8306 99.9999

PÐnakac 5.10:

126

KefĹlaio 6 FrĹgmata kai efarmogèc

Sto kefĹlaio autì ja upologÐsoume ta kĹtw frĹgmata gia thn ananewtikă sunĹrthsh pou prokÔptoun apì th sqèsh 5.4 sthn perÐptwsh pou gnwrÐzoume thn akribă timă thc pijanìthtac qreokopÐac. Sth sunèqeia efarmìzontac th mèjodo twn Politis kai Koutras (2005) sta Ĺnw frĹgmata tou Brown (1990) gia th genikă perÐptwsh pou gnwrÐzoume mìno tic dÔo prÿtec ropèc kajÿc epÐshc kai ìtan h katanomă twn endiĹmeswn qrìnwn metaxÔ twn ananeÿsewn anăkei stic oikogèneiec NBUE kai NWUE, ja prokÔyoun beltiwmèna frĹgmata gia thn pijanìthta qreokopÐac kai epomènwc kai gia thn ananewtikă sunĹrthsh.

6.1 Pijanìthta qreokopÐac kai frĹgmata gia thn ananewtikă sunĹrthsh

’Opwc anafèrjhke sto KefĹlaio 3, h pijanìthta qreokopÐac mporeÐ na upologisteÐ me th boăjeia miac sÔnjethc gewmetrikăc katanomăc, sugkekrimèna :

ψ(u) = 1 − δ(u) = P r(L > u) = ... = θ 1 + θ ∞� k=1 � 1 1 + θ

�_k H^{∗k}(u) (6.1) me L = K� i=1 L_i, K ∼ Geo(δ(0))

Sunepÿc h (5.4) apoteleÐ mia basikă sqèsh pou mporeÐ na qrhsimopoihjeÐ prokeimènou na gefurwjoÔn ta frĹgmata thc pijanìthtac qreokopÐac me autĹ thc ananewtikăc sunĹrthshc. Sth sunèqeia ja dÿsoume mia efarmogă sthn opoÐa gnwrÐzoume thn akribă timă thc pijanìthtac qreokopÐac.

Efarmogă (Gerber H, Goovaerts M, Kaas R (1987)) An upojèsoume ìti ta Ôyh X_i apozhmÐwshc akoloujoÔn to sunduasmì dÔo ekjetikÿn katanomÿn (blèpe KefĹlaio 3) me paramètrouc 3, 4 antÐstoiqa kai sunĹrthsh pijanìthtac: f(x) = 4 · 3e^{−3x} − 3 · 4e^{−4x} Ja meletăsoume thn pijanìthta qreokopÐac kai ta frĹgmata pou mporeÐ na prokÔyoun gia thn ananewtikă sunĹrthsh stic periptÿseic pou to perijÿrio asfaleÐac eÐnai :

1. θ_1 =^5_7 2. θ_2 =^p_{1−p} =^{0.0001}_{1−0.0001} ∼= 0.0001001 (p = 0.0001) Me th boăjeia tou progrĹmmatoc Mathematica upologÐzoume:

1. F_{Xi} (x) = 1 − e^{−4x} (4e^x − 3) 2. E(X_i) =^7_{12} 3. An sumbolÐsoume me L_i thn tuqaÐa metablhtă pou ekfrĹzei to mègejoc thc ptÿshc tou pleonĹsmatoc kĹtw apì to prohgoÔmeno apojematikì, tìte ìpwc anafèrjhke sto kefĹlaio 3, h ajroistikă sunĹrthsh katanomăc twn L_i (upenjumÐzoume ìti eÐnai isìnomec), dÐnetai apì :

4. F_{Li} (x) =^1_{E(Xi)}

�_x 0 F_{Xi} (t)dt = 1 −^1_7 e^{−4x} (16e^x − 9) = H(x) 5. f_{Li} (x) =^{dFLi(x)}_{dx} =^{12}_7 e^{−4x} (4e^x − 3) =^{16}_7 3e^{−3x} −^9_7 4e^{−4x}

Epomènwc parathroÔme pwc kai h katanomă twn L_i eÐnai sunduasmìc dÔo ekjetikÿn katanomÿn.

6. An h katanomă twn endiĹmeswn qrìnwn metaxÔ twn ananeÿsewn jewrhjeÐ Ðdia me aută twn L_i tìte : U(x) =

144e^{−37x}7 + 3108x + 1225 1369 Epomènwc h pijanìthta qreokopÐac gia th meÐxh twn dÔo ekjetikÿn katanomÿn me bĹsh th mejodologÐa pou perigrĹfthke sthn teleutaÐa parĹgrafo tou KefalaÐou 3, dÐnetai apì ton parakĹtw tÔpo :

1. ’Otan to perijÿrio asfaleÐac isoÔtai me θ_1 :

ψ(x) = 5 8 e^{−x} − 1 24 e^{−5x}

2. ’Otan to perijÿrio asfaleÐac isoÔtai me θ_2 :

ψ(x) = 0.999911e^{−0.000227029x} − 0.0000105186e^{−5.28566x}

Epomènwc gnwrÐzontac th pijanìthta qreokopÐac mporoÔme na upologÐsoume ta exăc kĹtw frĹgmata gia thn ananewtikă sunĹrthsh me th boăjeia thc sqèshc (5.4) : 1. L_{R,1}(x) := ln �_5 8 e^{−x} −^1_{24} e^{−5x} � ln(7/12)

(6.2) 2. L_{R,2}(x) := ln (0.999911e^{−0.000227029x} − 0.0000105186e^{−5.28566x}) ln(1 − 0.0001)

(6.3)

UpologÐzontac th bajmÐda apotuqÐac twn L_i

λ(t) = f_{Li} (t) 1 − F_{Li} (t)

= 3 + 9 9 − 16e^t parathroÔme (Sqăma 6.1) pwc eÐnai aÔxousa sunĹrthsh tou qrìnou kai epomènwc o sundiasmìc twn ekjetikÿn katanomÿn pou meletĹme anăkei sthn IFR oikogèneia katanomÿn. Sth sunèqeia ja sugkrÐnoume to nèo autì frĹgma me ta ădh gnwstĹ kĹtw frĹgmata L_1(x) (genikì), L_3(x) (IFR) kai L_9(x) (IFR). pou dÐnontai apì touc parakĹtw tÔpouc : • L_1(x) = 84x 37 • L_3(x) = 84x 37 + 1081 1369 • L_9(x) = e^{−4x} (2736 − 720e^x + 7e^{4x}(1081 + 3108x)) 9583

Sqăma 6.1: Grafikă parĹstash thc bajmÐdac apotuqÐac (λ(t)) gia to Sunduasmì twn ekjetikÿn katanomÿn.

Ta Sqămata 6.2, 6.3 kai o PÐnakac 6.1 mac fanerÿnoun pwc to frĹgma L_{R,2} pou prokÔptei apì th gnÿsh thc pijanìthtac qreokopÐac gia p = 0.0001 eÐnai kalÔtero metaxÔ twn kĹtw fragmĹtwn L_9 kai L_3 gia timèc tou x mikrìterec tou 1173. To L_{R,2} eÐnai pijanìtata kalÔtero apì ta Ĺlla duo frĹgmata kai metĹ to 1173 aplĹ ta frĹgmata sumpÐptoun me akrÐbeia pènte dekadikÿn yhfÐwn. Sto Sqăma 6.3 faÐnetai h sumperiforĹ tou L_{R,2} ìpou h apìstash tou apì thn akribă timă thc ananewtikăc sunĹrthshc eÐnai tìso mikră se sqèsh me aută twn Ĺllwn fragmĹtwn pou faÐnetai san na tautÐzontai. Apì ta upìloipa frĹgmata pou parousiĹzontai ston PÐnaka 6.1 ta L_9 kai L_3 eÐnai kalÔtera se sqèsh me ta L_1 kai L_{R,1}. To L_9 eÐnai pio akribèc apì to L_3 gia timèc tou x mikrìterec tou 1.335, enÿ gia timèc megalÔterec tou 1.335 h katĹstash antistrèfetai mèqri th timă x ∼= 2.2, h opoÐa apoteleÐ to qronikì shmeÐo pou arqÐzei praktikĹ h taÔtish twn dÔo fragmĹtwn. Apì thn Ĺllh meriĹ to frĹgma L_{R,1} tèmnei to L_1 sto qronikì shmeÐo x_0 = 2.10141. ’Etsi, gia timèc tou x mikrìterec tou x_0 to frĹgma L_{R,1} upertereÐ ènanti tou L_1, enÿ gia timèc megalÔterec tou x_0 sumbaÐnei to antÐjeto. ’Opwc anafèrame kai sthn arqă thc paragrĹfou to L_{R,2} asumptwtikĹ gia timèc tou p → 0, parousiĹzei thn pio akribă sumperiforĹ se sqèsh me ta upìloipa frĹgmata me ta opoÐa ègine h sÔgkrish. Bèbaia to frĹgma autì gia na mporèsei na qrhsimopoihjeÐ apaiteÐ : (a) th gnÿsh thc pijanìthtac qreokopÐac pou stic perissìterec twn periptÿsewn h akribăc timă thc den eÐnai gnwstă kai (b) h pijanìthta p na eÐnai kontĹ sto mhdèn . Sthn perÐptwsh pou den eÐnai efiktă h ikanopoÐhsh twn upojèsewn autÿn mporoÔme na qrhsimopoiăsoume ta frĹgmata L_3 kai L_9 pou emfanÐzoun thn amèswc pio apodektă sumperiforĹ gia th sugkekrimènh katanomă twn qrìnwn metaxÔ twn ananeÿsewn. An ja èprepe na dialèxoume èna apì autĹ ta dÔo tìte autì ja ătan to L_9, afoÔ sto diĹsthma pou eÐnai kalÔtero apì to L_3, oi diaforèc touc eÐnai megalÔterec apì autèc pou èqoun sto diĹsthma pou to L_9 eÐnai pio akribèc.

Sqăma 6.2: Grafikă parĹstash twn U(x) (•), L_1(x)(•), L_9(x) (•), L_3(x)(•) kai L_{R,1}(x)(•) gia to Sunduasmì twn ekjetikÿn katanomÿn me p = 5/12 x U(x) L_1(x) L_{R,1}(x) L_3(x) L_9(x) L_{R,2}(x) 0 1 0 0.615666 0.789627 1 1 0.1 1.18384 0.227027 1.14235 1.01665 1.15237 1.18383 0.2 1.38541 0.454054 1.29948 1.24368 1.33073 1.3854 0.3 1.59744 0.681081 1.46622 1.47071 1.52615 1.59741 0.4 1.81562 0.908108 1.63926 1.69774 1.73275 1.81558 0.5 2.037743 1.13514 1.81646 1.92476 1.94664 2.03739 1.3 3.84627 2.95135 3.28457 3.74098 3.74103 3.84615 1.4 4.07326 3.17838 3.46987 3.96801 3.96793 4.07313 1.5 4.30026 3.40541 3.65525 4.19503 4.19491 4.30012 1.6 4.52727 3.63243 3.84068 4.42206 4.42192 4.52712 2 5.43536 4.54054 4.58264 5.33017 5.33008 5.43517 2.1 5.66238 4.76757 4.76815 5.5572 5.55712 5.66219 2.2 5.88941 4.99459 4.95368 5.78422 5.78416 5.88921 3.1 7.93265 7.03784 6.62343 7.82747 7.82746 7.93237 3.2 8.15968 7.26486 6.80896 8.05449 8.05449 8.15939 3.3 8.38671 7.49189 6.99449 8.28152 8.28152 8.38641 5 12.2462 11.3514 10.1485 12.141 12.141 12.2457 20 46.3002 45.4054 23.3818 46.195 46.195 46.2984 50 114.408 113.514 57.6491 114.303 114.303 114.404 1172 2661.65 2660.76 1339.25 2661.55 2661.55 2661.55 1173 2663.92 2663.03 1340.39 2663.82 2663.82 2663.82 1174 2666.19 2665.3 1341.53 2666.09 2666.09 2666.09 1200 2725.22 2724.32 1371.23 2725.11 2725.11 2725.11

PÐnakac 6.1:

Sqăma 6.3: Grafikă parĹstash twn L_9(x) (•), L_3(x)(•) kai L_{R,2}(x)(•) gia to Sunduasmì twn ekjetikÿn katanomÿn me p = 0.0001

6.2 Nèa frĹgmata gia thn ourĹ thc sÔnjethc gewmetrikăc katanomăc

H mejodologÐa pou efarmìsthke apì Politis kai Koutras (2005) prokeimènou na upologÐsoun nèa frĹgmata gia thn ananewtikă sunĹrthsh, mporeÐ na efarmosteÐ kai gia thn beltÐwsh twn fragmĹtwn gia thn ourĹ thc sÔnjethc gewmetrikăc katanomăc. An jewrăsoume thn elattwmatikă ananewtikă exÐswsh pou ikanopoieÐ h ourĹ thc sÔnjethc gewmetrikăc katanomăc:

ψ(x) = ϕF (x) + ϕ

�_x 0 ψ(x − t)dF (t) (6.4)

kai antikatastăsoume sto deÔtero mèloc thc ta eÐdh gnwstĹ frĹgmata thc ψ(x), tìte prokÔptoun nèa frĹgmata me kalÔterh sumperiforĹ gia toulĹqiston mikrèc timèc tou x. Sthn parĹgrafo aută ja asqolhjoÔme me th beltÐwsh twn Ĺnw fragmĹtwn pou dhmosÐeuse o Brown(1990). An jewrăsoume pwc to genikì Ĺnw frĹgma ΨU_{B,1} pou ìrise o Brown (1990) apoteleÐtai apì dÔo mèrh, èna stajerì ìro kai èna ekjetikì, tìte autì ja èqei th morfă :

ΨU_{B,1}(x) = e^{−Bx} + C (6.5)

Jeÿrhma 10. ’Ena Ĺnw frĹgma gia thn ourĹ thc sÔnjethc gewmetrikăc katanomăc (pijanìthta qreokopÐac) eÐnai to exăc:

ψ(x) = F_{Y0} (x) ≤ ϕe^{−Bx} � 1 + B

�_x 0 e^{Bt}F (t)dt � := ΨU_{NB,1}(x), (6.6)

∀x ≥ 0.

Epiplèon to frĹgma autì eÐnai kalÔtero apì to antÐstoiqo ΨU_{B,1}(x) tou Brown (1990) gia kĹje x pou ikanopoieÐ thn parakĹtw anÐswsh :

B �_x 0 e^{Bt}F (t)dt ≤ 1 ϕ + CF (x) ϕe^{−Bx} − 1

Apìdeixh

Topojetÿntac thn (6.5) sthn (6.4) èqoume :

ψ(x) = ϕF (x) + ϕ

�_x 0 � e^{−B(x−t)} + C � dF (t)

= ϕF (x) + ϕ

�_x 0 (e^{−B(x−t)}dF (t) + CF (x)

= ϕF (x) + ϕe^{−Bx}

�_x 0 e^{Bt}dF (t) + CF (x)

= ϕF (x) − ϕe^{−Bx}

�_x 0 e^{Bt}d (1 − F (t)) + CF (x)

= ϕF (x) − ϕe^{−Bx} � e^{Bt}F (t)

�_x 0 + ϕe^{−Bx}B

�_x 0 e^{Bt}F (t)dt + CF (x)

= ϕF (x) − ϕe^{−Bx}e^{Bx}F (x) + ϕe^{−Bx} + ϕe^{−Bx}B

�_x 0 e^{Bt}F (t)dt + CF (x)

= ϕe^{−Bx} + ϕe^{−Bx}B

�_x 0 e^{Bt}F (t)dt + CF (x)

= ϕe^{−Bx} � 1 + B

�_x 0 e^{Bt}F (t)dt � + CF (x)

Epomènwc,

ΨU_{NB,1}(x) ≤ ΨU_{B,1}(x) ϕe^{−Bx} � 1 + B

�_x 0 e^{Bt}F (t)dt � + CF (x) ≤ e^{−Bx} + C � 1 + B

�_x 0 e^{Bt}F (t)dt � ≤ e^{−Bx} + CF (x) ϕe^{−Bx} B �_x 0 e^{Bt}F (t)dt ≤ e^{−Bx} + CF (x) ϕe^{−Bx} − 1

B �_x 0 e^{Bt}F (t)dt ≤ 1 ϕ + CF (x) ϕe^{−Bx} − 1 Paratărhsh

1. Sthn perÐptwsh tou genikoÔ Ĺnw frĹgmatoc, èqoume : B =^p_{(1−p)μ} kai C =^{γp}_{(1−p)}

2. To jeÿrhma pou anafèrame isqÔei kai gia ta Ĺnw frĹgmata pou ìrise o Brown (1990) stic periptÿseic pou h ufistĹmenh katanomă anăkei stic oikogèneiec katanomÿn NBUE (B =^p_μ , C = 0) kai NWUE (B =^p_μ , C = pρ_X ).

Sth sunèqeia mèsw thc parakĹtw efarmogăc ja meletăsoume th sumperiforĹ twn Ĺnw fragmĹtwn gia thn ourĹ thc sÔnjethc gewmetrikăc pou prokÔptoun apì ta antÐstoiqa Ĺnw frĹgmata tou Brown me th mejodologÐa pou perigrĹyame kajÿc kai th metaforĹ touc se kĹtw frĹgmata gia thn ananewtikă sunĹrthsh. Efarmogă An upojèsoume ìti oi tuqaÐec metablhtèc L_i pou ekfrĹzoun to mègejoc thc ptÿshc tou pleonĹsmatoc se sqèsh me to prohgoÔmeno apojematikì akoloujoÔn th katanomă Gamma(2,2) tìte, gia th pijanìthta qreokopÐac upĹrqoun ta exăc frĹgmata:

• GenikĹ frĹgmata

1. To frĹgma pou èqei proteÐnei o Brown(1990), eÐnai to: U_{B,1}(x) = 0.0000750075 + e^{−0.00010001x} (p = 0.0001) 2. To nèo frĹgma pou prokÔptei apì thn (6.4) eÐnai to :

U_{NB,1}(x) = 0.000075e^{−0.00010001x}+e^{−2x}(−0.000175008−0.000250005x) (p = 0.0001) • ’Anw frĹgmata gia IFR katanomă

1. To frĹgma pou dhmioÔrghse o Brown(1990) eÐnai to : U_{B,5}(x) = 0.9999e^{0.00005−0.0001x} (p = 0.0001) 2. To beltiwmèno frĹgma gia thn IFR katanomă dÐnetai apì ton tÔpo :

U_{NB,2}(x) = 0.99995e^{−0.0001x}+e^{−2x}(−0.0000499937+7.49983·10^{−9}x (p = 0.0001) Apì ta parapĹnw Ĺnw frĹgmata gia thn pijanìthta qreokopÐac (ourĹ sÔnjethc gewmetrikăc katanomăc) prokÔptoun ta exăc kĹtw frĹgmata gia thn ananewtikă sunĹrthsh:

• GenikĹ kĹtw frĹgmata

1. L_1(x) = x 2. L_{Geom,1}(x) = −9999.5ln (0.0000750075 + e^{−0.00010001x})

3. L_{NGeom,1}(x) = 0.000075 + e^{−0.00010001x} + e^{−2x}(−0.000175008 − 0.000250005x)

• KĹtw frĹgmata gia IFR katanomă

1. L_3(x) = x +^1_2 2. L_9(x) =^1_2 + x +^{e−2x}_2 3. L_{Geom,4}(x) = 0.500025 − 9999.5ln (e^{−0.0001x}) 4. L_{NGeom,4}(x) = −9999.5ln (0.99995e^{−0.0001x} + e^{−2x}(−0.0000499937 + 7.49983 · 10^{−9}x))

Sqăma 6.4: Grafikă parĹstash twn U(x) (•), L_{Geom,1}(x) (•),L_1(x)(•) kai L_{NGeom,1}(x)(•) gia th Gamma(2,2) me p = 0.0001

Ston pÐnaka 6.2 faÐnontai to genikì Ĺnw frĹgma (U_{B,1}) kai to frĹgma gia IFR (U_{B,5}) katanomèc kajÿc epÐshc kai oi antÐstoiqec beltiÿseic touc (U_{NB,1},U_{NB,5}, antÐstoiqa). ParathroÔme ìti gia timèc tou x mikrìterec tou 3.8 to beltiwmèno frĹgma U_{NB,1}, eÐnai pio akribèc apì to U_{B,1}, enÿ gia timèc megalÔterec tou 3.8 ta dÔo autĹ frĹgmata praktikĹ tautÐzontai. ’Omoia eÐnai h katĹstash kai gia ta IFR frĹgmata, ìpou to U_{NB,5} parousiĹzei mikrìterec timèc apì to U_{B,5} ìtan to x eÐnai mikrìtero tou 2.2, enÿ gia x megalÔtero tou 2.2 kai autĹ ta frĹgmata tautÐzontai. ’Oso pio mikră eÐnai h timă tou p, tìso ta frĹgmata kajusteroÔn na pèsoun aisjhtĹ kĹtw apì thn monĹda. To fainìmeno autì exhgeÐtai apì to gegonìc pwc h pijanìthta p antistoiqeÐ sthn pijanìthta mh qreokopÐac (δ(0)), epomènwc isqÔei:

p → 0 ⇒ ψ(0) → 1

Sqăma 6.5: Grafikă parĹstash twn U(x) (•), L_{Geom,1}(x) (•),L_1(x)(•) kai L_{NGeom,1}(x)(•) gia th Gamma(6,2) me p = 0.0001

Sqăma 6.6: Grafikă parĹstash twn U(x) (•), L_{NGeo,4}(x) (•),L_9(x)(•) kai L_3(x)(•) gia gia th Gamma(2,2) me p = 0.0001 tèloc kĹti pou ătan anamenìmeno kai faÐnetai ston PÐnaka 6.2 eÐnai ìti ta frĹgmata pou kataskeuĹzoume gnwrÐzontac ìti h katanomă eÐnai IFR, eÐnai pio akribă apì ta antÐstoiqa genikĹ, dhladă :

U_{B,1} > U_{NB,1} > U_{B,5} > U_{NB,5} O PÐnakac 6.3 kai to Sqăma 6.4 parousiĹzoun ta genikĹ kĹtw frĹgmata gia thn ananewtikă sunĹrthsh, L_1, L_{Geom,1} kai L_{NGeom,1}, ìtan o qrìnoc metaxÔ diadoqikÿn ananeÿsewn akoloujeÐ th Gamma(2,2). ParathroÔme pwc to frĹgma L_{Geom,1} dÐnei arnhtikèc timèc ìtan to x eÐnai mikrìtero tou 0.8. Me apotèlesma to qarakthristikì tou autì na to kajistĹ dÔsqrhsto. To L_{NGeom,1}, pou apoteleÐ beltÐwsh tou L_{Geom,1}, èqei kalÔterh sumperiforĹ, afoÔ èqei exaleÐyei to elĹttwma tou L_{Geom,1}, dÐnontac mac jetikèc timèc gia x mikrìtero tou 0.8. Prèpei na epishmĹnoume ìti ìtan to x xeperĹsei to 8 ta dÔo autĹ frĹgmata tautÐzontai. To L_1(x) tèmnei to L_{NGeom,1} sto shmeÐo x_0 = 0.807058. ’Etsi, gia timèc tou x mikrìterec tou 0.8 to L_{NGeom,1} eÐnai megalÔtero apì to L_1, enÿ gia timèc megalÔterec tou 0.8 h katĹstash antistrèfetai. H epilogă enìc apì ta L_1 kai L_{NGeom,1} exartĹtai apì ton qronikì orÐzonta pou jèloume na kĹnoume prìbleyh. Gia makroqrìniec problèyeic sunolikĹ kalÔterh sumperiforĹ èqei to L_1, enÿ gia braquqrìniec èqei to L_{NGeom,1}. To shmeÐo tomăc twn L_{NGeom,1} kai L_1mporeÐ na metatopisteÐ proc ta dexiĹ me katĹllhlh epilogă twn paramètrwn thc katanomăc. Sto Sqăma 6.5 faÐnetai h perÐptwsh thc katanomăc Gamma(6,2), ìpou to shmeÐo tomăc brÐsketai sto x_1 = 2.56116.

O PÐnakac 6.4 kai to Sqăma 6.6 perigrĹfoun ta kĹtw frĹgmata gia thn ananewtikă sunĹrthsh sthn perÐptwsh pou qrhsimopoiăsoume thn IFR idiìthta thc katanomăc Gamma(2,2). ParathroÔme pwc ta frĹgmata L_9 kai L_{NGeom,4} tautÐzontai (me akrÐbeia 5 dekadikÿn yhfÐwn gia timèc tou x mikrìterec tou 0.5. Enÿ gia timèc tou x megalÔterec tou 0.5, to L_9 upertereÐ se akrÐbeia ènanti tou L_{NGeom,4} me th diaforĹ touc na eÐnai thc tĹxhc tou 10^{−4} (sto sqăma 6.6 ta dÔo frĹgmata tautÐzontai). To Ðdio sumbaÐnei kai gia ta L_3 kai L_{Geom,4}, me to L_3 na èqei timèc megalÔterec ìtan to x eÐnai megalÔtero thc monĹdac, enÿ gia qronikèc stigmèc mikrìterec thc monĹdac h katĹstash antistrèfetai. ’Otan to x gÐnei megalÔtero thc monĹdac tìte ta L_3 kai L_9 tautÐzontai (me akrÐbeia pènte dekadikÿn yhfÐwn). ’Omoia kai ta L_{Geom,4} kai L_{NGeom,4} tautÐzontai gia timèc tou x megalÔterec tou 10. Tèloc ja lègame pwc sunolikĹ thn kalÔterh sumperiforĹ parousiĹzei to L_9(x) me mikră diaforĹ apì to L_{NGeom,4}.

x U_{B,1}(x) U_{NB,1}(x) U_{B,5}(x) U_{NB,5}(x) 0 1.00008 0.9999 0.99995 0.9999 1 1.00007 0.999901 0.99994 0.999899 0.2 1.00006 0.999904 0.99993 0.999896 0.3 1.00005 0.999908 0.99992 0.999893 0.4 1.00004 0.999911 0.99991 0.999888 0.5 1.00003 0.999915 0.9999 0.999882 0.9 0.999985 0.999919 0.99986 0.999852 1 0.999975 0.999917 0.99985 0.999843 1.1 0.999965 0.999915 0.99984 0.999834 2.2 0.999855 0.999846 0.99973 0.999729 2.3 0.999845 0.999837 0.99972 0.99972 2.4 0.999835 0.999829 0.99971 0.99971 3.7 0.999705 0.999704 0.99958 0.99958 3.8 0.999695 0.999694 0.99957 0.99957 3.9 0.999685 0.999685 0.99956 0.99956 4 0.999675 0.999675 0.99955 0.99955 5 0.999575 0.999575 0.99945 0.99945 20 0.998077 0.998077 0.997952 0.997952 50 0.995087 0.995087 0.994863 0.994963 100 0.990124 0.990124 0.99 0.99 1000 0.904903 0.904903 0.904792 0.904792 10000 0.367918 0.367918 0.367861 0.367861 20000 0.135383 0.135383 0.135329 0.135329 50000 0.00680959 0.00680958 0.00673761 0.00673761

PÐnakac 6.2:

x U(x) L_1(x) L_{Geom,1}(x) L_{NGeom,1}(x) 0 1 0 -0.750009 1 0.1 1.01758 0.1 -0.650012 0.987461 0.2 1.06233 0.2 -0.550014 0.958218 0.3 1.1253 0.3 -0.450017 0.922025 0.4 1.20047 0.4 -0.350019 0.885649 0.5 1.28383 0.5 -0.250022 0.853631 0.6 1.37268 0.6 -0.150024 0.828873 0.7 1.4652 0.7 -0.0500269 0.813079 0.8 1.56019 0.8 0.0499706 0.8071 0.9 1.65683 0.9 0.149968 0.811182 1 1.75458 1 0.249966 0.82516 1.1 1.85307 1.1 0.349963 0.848597 1.2 1.95206 1.2 0.449961 0.88089 1.3 2.05138 1.3 0.549958 0.921345 1.4 2.15092 1.4 0.649956 0.969227 1.5 2.25062 1.5 0.749953 1.0238 2 2.75008 2 1.24994 1.37358 3 3.75 3 2.24992 2.27285 4 4.75 4 3.24989 3.25383 5 5.75 5 4.24987 4.25051 6 6.75 6 5.24984 5.24994 7 7.75 7 6.24982 6.24983 8 8.75 8 7.24979 7.24979 9 9.75 9 8.24977 8.24977 20 20.75 20 19.2495 19.2495 50 50.75 50 49.2487 49.2487

PÐnakac 6.3:

x U(x) L_3(x) L_9(x) L_{Geom,4}(x) L_{NGeom,4}(x) 0 1 0.5 1 0.500025 1 0.1 1.01758 0.6 1.00937 0.60002 1.00937 0.3 1.1253 0.8 1.07441 0.80001 1.07441 0.4 1.20047 0.9 1.12466 0.900005 1.12466 0.5 1.28383 1 1.18394 1 1.18394 0.6 1.37268 1.1 1.2506 1.09999 1.25059 0.7 1.4652 1.2 1.3233 1.19999 1.32329 0.8 1.56019 1.3 1.40095 1.29998 1.40094 0.9 1.65683 1.4 1.48265 1.39998 1.48264 1 1.75458 1.5 1.56767 1.49997 1.56766 1.1 1.85307 1.6 1.6554 1.59997 1.65539 1.2 1.95206 1.7 1.74536 1.69996 1.74534 1.3 2.05138 1.8 1.83714 1.79996 1.83711 1.4 2.15092 1.9 1.93041 1.89995 1.93038 1.5 2.25062 2 2.02489 1.99995 2.02486 2 2.75008 2.5 2.50916 2.49992 2.50911 2.5 3.25001 3 3.00337 2.9999 3.00329 3 3.75 3.5 3.50124 3.49987 3.50114 4.5 5.25 5 5.00006 4.99989 4.9998 5 5.75 5.5 5.50002 5.49982 5.49977 6 6.75 6.5 6.5 6.49975 6.49972 7 7.75 7.5 7.5 7.4997 7.49967 8 8.75 8.5 8.5 8.49965 8.49962 9 9.75 9.5 9.5 9.4996 9.49957 10 10.75 10.5 10.5 10.4995 10.4995 11 11.75 11.5 11.5 11.4995 11.4995 20 20.75 20.5 20.5 20.499 20.499 50 50.75 50.5 50.5 50.4975 50.4975 100 100.75 100.5 100.5 100.495 100.495 1000 1000.75 1000.5 1000.5 1000.45 1000.45

PÐnakac 6.4:

KefĹlaio 7 SumperĹsmata

Sthn paroÔsa diplwmatikă ergasÐa parousiĹsame ta kuriìtera frĹgmata gia thn ananewtikă sunĹrthsh. SunoyÐzontac èqoume ta exăc sumperĹsmata :

1. Ta frĹgmata pou parousÐasan oi Politis kai Koutras (2005) (KefĹlaio 4) apoteloÔn beltÐwsh twn fragmĹtwn apì ta opoÐa proăljan kĹtw apì sugkekrimènec sunjăkec pou prèpei na ikanopoioÔntai apì ta qarakthristikĹ thc katanomăc twn endiĹmeswn qrìnwn metaxÔ twn ananeÿsewn. H beltÐwsh aută isqÔei toulĹqiston gia mia perioqă gÔrw apì to mhdèn, enÿ h sumperiforĹ twn fragmĹtwn eÐnai Ðdia asumptwtikĹ. H efarmogă thc mejìdou autăc epanalhptikĹ mporeÐ na mac dÿsei gia èna peperasmèno plăjoc bhmĹtwn kalÔtera frĹgmata se sqèsh me autĹ apì ta opoÐa proăljan.

2. H mèjodoc kataskeuăc kĹtw fragmĹtwn gia thn ananewtikă sunĹrthsh qrhsimopoiÿntac Ĺnw frĹgmata thc pijanìthtac qreokopÐac (ourĹ sÔnjethc gewmetrikăc katanomăc) (KefĹlaio 5) èqei ta exăc qarakthristikĹ :

• H akrÐbeia twn fragmĹtwn gia thn ananewtikă sunĹrthsh exartĹtai apì thn antÐstoiqh akrÐbeia twn fragmĹtwn gia thn pijanìthta qreokopÐac.

• Ta kĹtw frĹgmata gia thn ananewtikă sunĹrthsh pou prokÔptoun apoktoÔn th mègisth akrÐbeia touc wc proc thn parĹmetro p asumptwtikĹ gia p → 0.

• Ta frĹgmata pou proèrqontai apì autĹ thc pijanìthtac qreokopÐac stic perissìterec periptÿseic èqoun thn Ðdia asumptwtikă sumperiforĹ me ta ădh gnwstĹ frĹgmata.

• H mejodologÐa aută sundèei Ĺmesa thn ananewtikă jewrÐa me thn jewrÐa qreokopÐac

3. H mèjodoc pou qrhsimopoÐhsan oi Politis kai Koutras (2005) gia ton upologismì nèwn fragmĹtwn eisĹgontac ta ădh gnwstĹ frĹgmata sthn antÐstoiqh ananewtikă exÐswsh, mporeÐ na qrhsimopoihjeÐ kai gia thn beltÐwsh twn Ĺnw fragmĹtwn thc pijanìthtac qreokopÐac tou Brown (1990) (KefĹlaio 6), antikajistÿntac ta frĹgmata autĹ sthn antÐstoiqh ananewtikă sunĹrthsh gia thn pijanìthta qreokopÐac. H beltÐwsh aută ja odhgăsei kai se nèa frĹgmata gia thn ananewtikă sunĹrthsh me th mèjodo pou perigrĹfthke sto KefĹlaio 5.

PARARTHMATA

• PARARTHMA A : Oloklărwma Riemann-Stieltjes • PARARTHMA B : SunelÐxeic • PARARTHMA G : MetasqhmatismoÐ Laplace kai Laplace-Stieltjes • PARARTHMA D : Upologismìc thc ananewtikăc sunĹrthshc se peribĹllon Mathematica • PARARTHMA E : Oi kuriìteroi tÔpoi găranshc

146

PARARTHMA A

Oloklărwma Riemann-Stieltjes

Orismìc 1. ’Estw f, g : [a, b] → R me g aÔxousa sunĹrthsh. Tìte h f lègetai RSoloklhrÿsimh,wc proc thn aÔxousa sunĹrthsh g an isqÔei :

sup {L(f, g, P ) : P diamèrish tou [a, b]} = inf {U(f, g, Q) : Q diamèrish tou [a, b]} := I ìpou :

L(f, g, P ) = n� i=0 inf_{x∈[ti−ti−1]}f(x)(g(t_i) − g(t_{i−1})), P = {a = t_0 < t_1 < ... < t_n = b} kai U(f, g, P ) = n� i=0 sup_{x∈[ti−ti−1]}f(x)(g(t_i) − g(t_{i−1})), P = {a = t_0 < t_1 < ... < t_n = b} Ja sumbolÐzoume ton arijmì I pou antistoiqeÐ sto RS- olokărwma thc g wc proc thn f me :

I = �_b a f(x)dg(x) Orismìc 2. ’Estw g : [a, b] → R, tìte orÐzoume wc kÔmansh thc g ton arijmì : V^b_a (g) = sup n� i=1 |g(t_i) − g(t_{i−1}| : P = {a = t_0 < t_1 < ... < t_n = b, diamèrish tou [a, b]} O orismìc tou oloklhrÿmatoc R-S epekteÐnetai kai gia sunartăseic pou èqoun fragmènh kÔmansh.

Prìtash 1. ’Estw f, g : [a, b] → R ìpou f monìtonh sunĹrthsh kai g sunĹrthsh fragmènhc kÔmanshc, ÿste h f na eÐnai R-S wc proc thn g, tìte kai h g eÐnai R-S oloklhrÿsimh wc proc thn f kai isqÔei : �_b a f(x)dg(x) = −

�_b a g(x)df(x) + f(b)g(b) ∗ f(a)g(a) (7.1) H sqèsh (7.1) isqÔei kai sthn perÐptwsh pou oi f,g eÐnai sunartăseic fragmènhc kÔmanshc kai epiplèon h f eÐnai suneqăc.

Basikèc Idiìthtec tou oloklhrÿmatoc R-S 1. �_b a df(x) = V^b_a (f)

2. An h g eÐnai paragwgÐsimh sunĹrthsh tìte isqÔei :

�_b a fdg(x) =

�_b a fg^′ (x)dx 3. �_b a (f + g)dk(x) =

�_b a fdk(x) +

�_b a gdk(x) 4. �_b a fd(g + k)(x) =

�_b a fdg(x) +

�_b a fdk(x) 5. �_b a fdg =

�_c a fdg +

�_b c fdg

PARARTHMA B

SunelÐxeic

Orismìc 1. ’Estw, oi sunartăseic f, g : [0, t] → R. An h g eÐnai aÔxousa kai h h(x)=f(t-x) eÐnai Riemman-Stieltjes oloklhrÿsimh wc proc thn g, tìte orÐzetai h sunèlixh twn f kai g, wc exăc : (f ∗ g)(t) =

�_t 0 f(t − x)dg(x) + f(x)g(0) ≡

�_t

0^−

f(t − x)dg(x) Orismìc 2. OrÐzoume san k-tĹxhc sunèlixh thc f me ton euatì thc, th sunĹrthsh : f^{∗k}(t) = f ∗ f ∗ .... ∗ f � � � k = �_t 0 f^{∗(k−1)}(x)df(x) me f^{(∗1)} = f kai f^{(∗0)} = 1 Idiìthtec SunelÐxewn

1. An h g eÐnai paragwgÐsimh sunĹrthsh, tìte: (f ∗ g)(t) =

�_t 0 f(x)g^′ (x)dx 2. An f, g eÐnai aÔxousec sunartăseic tìte isqÔei : f ∗ g = g ∗ f 3. (f + g) ∗ h = f ∗ h + g ∗ h 4. f ∗ (g + h) = f ∗ g + f ∗ h 5. f ∗ (ag)(t) = (af) ∗ g = a(f ∗ g)(t), a ∈ R 6. An f, g eÐnai aÔxousec sunartăseic tìte isqÔei : f ∗ g ≤ f · g 7. An f eÐnai aÔxousa sunĹrthsh tìte isqÔei :f^{∗n} ≤ f^n

8. An F,G sunartăseic katanomăc mh arnhtikÿn suneqÿn tuqaÐwn metablhtÿn kai F^′ = f, tìte :

d(F ∗ G)(t) dt = (f ∗ G)(t)

9. An F sunĹrthsh katanomăc miac mh arnhtikăc tuqaÐac metablhtăc kai F^′ = f, tìte: d(F^{∗n})(t) dt = (f ∗ F^{∗(n−1)})(t)

PARARTHMA G

MetasqhmatismoÐ Laplace kai Laplace-Stieltjes

Orismìc 1. (Feller 1971, Vol II) An F eÐnai sunăjhc (proper, ‖F ‖ = 1) ă elattwmatikă (defective, ‖F ‖ < 1) katanomă pijanìthtac orismènh sto [0, ∞) tìte o metasqhmatismìc Laplace-Stieltjes orÐzetai wc exăc: ^F (λ) =

�_∞ 0 e^{−λx}dF (x)

Orismìc 2. An Q eÐnai mia mh arnhtikă suneqăc tuqaÐa metablhtă me sunĹrthsh katanomăc F, tìte orÐzoume san metasqhmatismì Laplace thc tuqaÐac metablhtăc Q (ă F) th sunĹrthsh pou orÐzetai sto R_+ apì ton tÔpo :

L(F )(λ) =

�_∞ 0 e^{−λx}f(x)dx

EÐnai fanerì apì touc orismoÔc pou dìjhkan pwc o metasqhmatismìc Laplace eÐnai eidikă perÐptwsh tou metasqhmatismoÔ Laplace-Stieltjes. Sth sunèqeia ja dÿsoume kĹpoiec basikèc idiìthtec tou metasqhmatismoÔ Laplace-Stieltjes (ìmoiec isqÔoun kai gia ton metasqhmatismì Laplace).

Idiìthtec tou metasqhmatismoÔ Laplace-Stieltjes

1. An X_1, X_2 eÐnai anexĹrthtec tuqaÐec metablhtèc me sunĹrthsh katanomăc F_1, F_2 antÐstoiqa, tìte : ^(F_1 ∗ F_2)(λ) = ^F_1(λ)^F_2(λ)

2. �F^{∗n}(λ) = � ^F (λ)

�_n

, ∀n ≥ 0

3. L(F )(λ) = λ^{−1} ^F (λ)

4. L(1 − F )(λ) =

�_∞ 0 e^{−λx}(1 − F (x))dx =^{(1− ^F (λ))}_λ

5.^{dn ^F (λ)}_{dλn} = (−1)^n

�_∞ 0 e^{−λx}x^ndF (x)

6. An Q eÐnai mia suneqăc tuqaÐa metablhtă me ropogennătria M_X (t) tìte isqÔei :

L(F )(t) = M_X (−t)

PARARTHMA D

Upologismìc thc ananewtikăc sunĹrthshc se peribĹllon Mathematica

An gnwrÐzoume thn ajroistikă sunĹrthsh katanomă tou qrìnou metaxÔ twn ananeÿsewn tìte h ananewtikă sunĹrthsh (U[t]) dÐnetai apì ton parakĹtw algìrijmo :

F [u ] := 1 − Integrate[f[x], {x, 0, u}]; T [a ] := LaplaceT ransF orm[F [u], u, a];

U[t ] := InverseLaplaceT ransform[(2 ∗ a ∗ T [a] − 1)/(a^2 ∗ T [a]), a, t];

An gnwrÐzoume thn puknìthta thc katanomăc pou akoloujeÐ o qrìnoc metaxÔ twn ananeÿsewn tìte h ananewtikă sunĹrthsh (Usecond[t]) dÐnetai apì ton parakĹtw algìrijmo:

c[s ] := LaplaceT ransform[f[x], x, s]; M[s ] := c[s]/(1 − c[s]);

h[t ] := InverseLaplaceT ransform[M[s], s, t]; Usecond[s ] := 1 + Integrate[h[t], t, 0, s];

154

PARARTHMA E

Oi kuriìteroi tÔpoi găranshc

Orismìc 1. ’Estw, Q mia mh arnhtikă suneqăc tuqaÐa metablhtă me ajroistikă sunĹrthsh katanomăc F kai sunĹrthsh puknìthtac f, tìte orÐzoume san bajmÐda apotuqÐac (failure rate) th jetikă sunĹrthsh λ(t), me tÔpo :

λ(t) =

F^′ (t) 1 − F (t) = f(t) 1 − F (t) , ∀t ≥ 0.

Orismìc 2. ’Estw, Q mia mh arnhtikă suneqăc tuqaÐa metablhtă me bajmÐda apotuqÐac λ(t), tìte h sunĹrthsh kindÔnou orÐzetai apì ton tÔpo :

Λ(t) =

�_t 0 λ(s)ds,

∀t ≥ 0.

Ston PÐnaka7.1 faÐnontai ìlec oi sqèseic pou sundèoun tic posìthtec:

f(t), F (t), Λ(t) kai λ(t).

λ(t) F (t) f(t) Λ(t) λ(t) -^{F ′ (t)}_{1−F (t)}^{f(t)�} ∞_{t=0 f(s)ds} Λ^′ (t) F (t) 1 − e^{− � t}0^{λ(s)ds} −

�_t 0 f(s)ds 1 − e^{−Λ(t)} f(t) λ(t)e^{− � t0 λ(s)} F^′ (t) − Λ^′ (t)e^{−Λ(t)} Λ(t)

�_t 0 λ(s)ds ln(1 − F (t) −ln

�_∞ t=0 f(s)ds − PÐnakac 7.1:

Orismìc 3. H tuqaÐa metablhtă T ja lème ìti èqei thn idiìthta :

1. IFR (Increasig Failure Rate), an h bajmÐda apotuqÐac thc, λ(t) eÐnai aÔxousa sunĹrthsh wc proc t.

2. DFR (Decreasig Failure Rate), an h bajmÐda apotuqÐac thc, λ(t) eÐnai fjÐnousa sunĹrthsh wc proc t.

Orismìc 4. Mia katanomă F ja ìti èqei thn idiìthta :

1. IFRA (Increasing Failure Rate in Average), an h sunĹrthsh: Λ(t) t = 1 t �_t 0 λ(s)ds eÐnai aÔxousa sunĹrthsh tou t.

2. DFRA (Decreasing Failure Rate in Average), an h sunĹrthsh: Λ(t) t = 1 t �_t 0 λ(s)ds eÐnai fjÐnousa sunĹrthsh tou t.

Orismìc 5. Mia katanomă F ja lème ìti anăkei sthn oikogèneia katanomÿn:

1. NBU (New Better than Used), an R(t |x) ≤ R(t), ∀t ≥ 0, x ≥ 0

2. NWU (New Worse than Used), an R(t |x) ≥ R(t), ∀t ≥ 0, x ≥ 0

ìpou ∀t ≥ x : R(t |x) =

F (t + x) F (x) Orismìc 6. Mia katanomă F ja lème ìti anăkei sthn oikogèneia katanomÿn:

1. NBUE (New Better than Used in Expectation) an isqÔei :

(aþ) H F, èqei peperasmènh mèsh timă m (bþ) IsqÔei h anisìthta ∀x ≥ 0: MT T F_x ≤ μ

2. NWUE (New Worse than Used in Expectation) an isqÔei :

(aþ) H F, èqei peperasmènh mèsh timă m (bþ) IsqÔei h anisìthta ∀x ≥ 0: MT T F_x ≥ μ

ìpou : • MT T F_x =

�_∞ 0 R(t |x)dt, eÐnai o mèsoc upoleipìmenoc qrìnoc zwăc monĹdac pou h hlikÐa thc eÐnai x. kai • R(t |x) =

P r(T > t + x) P r(T > x) , eÐnai h desmeumènh pijanìthta epiplèon epibÐwshc miac monĹdac gia qronikì diĹsthma măkouc t dedomènou ìti h hlikÐa thc eÐnai x.

Orismìc 7. Mia katanomă F ja lème ìti anăkei sthn oikogèneia katanomÿn:

1. IMRL (Increasing Mean Residual Life), an h sunĹrthsh: �_∞ t F (x)dx

F (t) eÐnai aÔxousa wc proc t.

2. DMRL (Decreasing Mean Residual Life), an h sunĹrthsh: �_∞ t F (x)dx

F (t) eÐnai fjÐnousa wc proc t.

Gia tic oikogèneiec katanomÿn pou anafèrame parapĹnw isqÔoun oi exăc sqèseic: • IF R � IF RA � � � � � NBU � NBUE

DMRL � � � �

• DF R � DF RA � � � � � NW U � NW UE

IMRL � � � � Tèloc ja prèpei na anafèroume pwc h ekjetikă katanomă eÐnai h mình katanomă pou èqei thn idiìthta na anăkei tetrimmèna se ìlec tic mh parametrikèc oikogèneiec katanomÿn pou orÐsame.

BIBLIOGRAFIA

A. ELLHNIKH 1. DamianoÔ Q.(1996) Statistikìc èlegqoc poiìthtac kai axiopistÐa. Ekdìseic Ajanasìpouloc S kai PapadĹmhc S.

2. Koutsìpouloc, K.I. (1999) AnalogistikĹ MajhmatikĹ - JewrÐa KindÔnwn. Ekdìseic SummetrÐa.

3. PolÐthc, K. (2004) Panepisthmiakèc shmeiÿseic sth JewrÐa QreokopÐac. Pan. PeiraiĹ.

4. FakÐnoc, D. (1994) Stoqastikèc mèjodoi sthn epiqeirhsiakă èreuna. TeÔqoc 1, Ekdìseic SummetrÐa.

5. QrusafÐnou O. (2004) Eisagwgă stic stoqastikèc anelÐxeic. Ekdìseic SofÐa. B. XENOGLWSH 1. Asmussen, S. (2000) Ruin Probabilities. Vol 2, World Scientific, Signapore. 2. Barlow, R. E. and Proschan, F. (1981) Statistical Theory of Reliability and life Testing. To begin with. Silver Spring MD.

3. Bowers, N.L, Gerber, H.U, Hickman, J.C., Jones, D.A., Nesbitt, C.J. (1986) Actuarial Mathematics. The Society of Actuaries, Ithaca Illinois.

4. Brown, M. (1990) Error bounds for exponential approximations of geometric convolutions. J. Appl. Prob, 18, 1388-1402.

5. Cox, D. R. (1962) Renewal Theory. Methuen, London.

6. Feller, W. (1971) An Introduction to Probability Theory and Its Applications. Vol 2, 2nd edition, J. Willey, N.Y.

7. Gerber, H.U, Goovaerts, M.J., Kaas, R. (1987) On the probability and severity of ruin. Astin Bulletin, 17, 151-163.

8. Grimmet, G. and Stirzaker, D. (2001) Probability and random processes. 3rd edition, Oxford University Press.

9. Hoyland, A., Rausand, M. (1994) System Reliability theory. J. Willey, N.Y. 10. Kaas, R., Goovaerts, M., Dhaene, J., Denuit, M. (2001) Modern Actuarial Risk Theory. Kluwer Academic Publishers.

11. Karlin, S., Taylor, H.D. (1975) A first course in Stochastic Processes. Acadenic Press, 2nd edition 12. Politis, K., Koutras, M (2005) Some new bounds for the renewal function. Prob.

Eng. Inf. Sciences, to appear.

13. Resnick, S. (1992) Adventures in Stochastic Process. Birkhauser, Boston, MA 14. Rolski, T., Schmidli, H, Schmidt, V. and Teugels, J. (1999) Stochastic processes for insurance and finance. J. Willey, N.Y.

15. Ross, S. (1996) Stochastic Processes. 2nd edition. J. Willey, N.Y. 16. Shaked, M. and Zhu, H. (1992) Some results on block replacement policies and renewal theory. J. Appl. Prob., 29, 932-946 17. Tijms H. (2003) A first course in stochastic models. J. Willey, N.Y.