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Prìlogo

H paroÔsa metaptuqiakă diatribă ekponăjhke sta plaÐsia tou MetaptuqiakoÔ Pro-

grĹmmatoc Spoudÿn tou Tmămatoc Plhroforikăc fifiProhgmèna Sustămata Plhroforikăcflfl,

tou PanepisthmÐou Peiraiÿc. Stìqoc autăc thc diplwmatikăc eÐnai h melèth aparÐjmhshc

sunìlwn duadikÿn lèxewn me orismènouc periorismoÔc ă idiìthtec, pou edÿ kai arketĹ

qrìnia èqei kerdÐsei to endiafèron pollÿn ereunhtÿn. Th melèth aută èrqetai na sumplh-

rÿsei mÐa efarmogă se hlektronikì upologistă, h opoÐa ulopoieÐ touc algorÐjmouc pou

perigrĹfontai sthn ergasÐa.

Se autì to shmeÐo, epijumÿ na euqaristăsw jermĹ ton epiblèponta thc ergasÐac mou,

Kajhghtă Panagiÿth TsikoÔra, pou mou èdwse thn eukairÐa na ekponăsw thn paroÔsa

diatribă, kajÿc kai gia thn kajodăghsh kai thn boăjeia pou mou prìsfere kajfl ìlh

th diĹrkeia thc prospĹjeiac autăc. EpÐshc, euqaristÿ ta mèlh thc trimeloÔc epitropăc

Kajhghtèc AristeÐdh SapounĹkh kai EuĹggelo FoÔnta. Tèloc, jèlw na euqaristăsw

ton didĹktora GiĹnnh TasoÔla kai ton upoyăfio didĹktora Kÿsta Manè gia ìla ìsa me

didĹxane, gia to episthmonikì ulikì pou mou prosfèrane, th sumparĹstasă touc kai tic

ÿrec pou mou afierÿsane.

Tèloc, jèlw na euqaristăsw thn oikogèneiĹ mou gia thn oikonomikă kai ìqi mìno stărixh

ìla autĹ ta qrìnia pou zw kai spoudĹzw sthn Ajăna.
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Per�lhyh
H diplwmatikă aută asqoleÐtai me thn aparÐjmhsh kai kataskeuă sunìlwn duadikÿn

lèxewn me orismènouc periorismoÔc ă idiìthtec.

Sto prÿto kefĹlaio dÐdontai basikèc ènnoiec, oi opoÐec qrhsimopoioÔntai sta upìloipa

kefĹlaia.

Sto deÔtero kefĹlaio meletĹtai h aparÐjmhsh sunìlwn duadikÿn lèxewn me orismènouc

periorismoÔc, me th mèjodo twn gennhtriÿn sunartăsewn allĹ kai me sunduastikèc apeiko-

nÐseic. Pio sugkekrimèna, gÐnetai melèth gia lèxeic Fibonacci, lèxeic qwrÐc zig-zag, lèxeic

Dyck kai genikĹ gia lèxeic pou apofeÔgoun sugkekrimèna prìtupa.

Sto trÐto kefĹlaio parousiĹzetai h kataskeuă sunìlwn duadikÿn lèxewn me orismè-

nouc periorismoÔc, gia lèxeic Fibonacci, lèxeic qwrÐc zig-zag kai lèxeic Dyck kai dÐnontai

epanalhptikoÐ kai anadromikoÐ algìrijmoi epanalhptikăc kataskeuăc, ranking-unranking

kai kataskeuăc se kÿdika Gray gia kĹje èna apì ta parapĹnw sÔnola.

Tèloc, th metaptuqiakă aută diatribă sumplhrÿnei logismikì, to opoÐo ulopoieÐ touc

algìrijmouc pou prokÔptoun sto trÐto kefĹlaio.
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Kef�laio 1Basikè
 ènnoie

1.1 Lèxei
 kai diat�xei
Alf�bhto onomĹzetai kĹje mh kenì peperasmèno sÔnolo V. Ta stoiqeÐa tou V
onomĹzontai gr�mmata ă sÔmbola. KĹje peperasmènh akoloujÐa apì grĹmmata tou
V onomĹzetai lèxh sto alfĹbhto V. O arijmìc twn grammĹtwn miac lèxhc α lègetaim ko
 thc lèxhc α kai sumbolÐzetai me |α|. H lèxh me măkoc 0 onomĹzetai ken  lèxh
kai sumbolÐzetai me ε.

To sÔnolo ìlwn twn lèxewn me grĹmmata apì to V, sumperilambanomènhc kai thc kenăc
lèxhc, sumbolÐzetai me V∗ (�stro tou Kleene).

An α, β ∈ V∗ me α = α1α2 · · ·αl kai β = β1β2 · · ·βm tìte h lèxh

αβ = α1α2 · · ·αlβ1β2 · · ·βm

onomĹzetai sÔzeuxh ă ginìmeno twn α kai β. Epiplèon αε = εα = α gia kĹje α ∈ V∗,

opìte to sÔnolo V∗, efodiasmèno me thn prĹxh thc sÔzeuxhc, apoteleÐ monoeidèc.

Me [k, n], ìpou k ≤ n, sumbolÐzetai to sÔnolo twn akeraÐwn {k, k + 1, . . . , n}. EidikĹ
to [1, n] sumbolÐzetai me [n].

H lèxh α = α1α2 · · ·αn èqei wc upolèxh thn β = β1β2 · · ·βk, ìpou k ≤ n an kai mìno

an upĹrqei gnhsÐwc aÔxousa apeikìnish f : [k]→ [n] me αi = βf(i) ∀i ∈ [k].

Gia kĹje α, β ∈ V∗, h β eÐnai prìjema (antÐstoiqa ep�jema) thc α, an kai mìno an

upĹrqei γ ∈ V∗ tètoia ÿste α = βγ (antÐstoiqa α = γβ).

Oi dunĹmeic miac lèxhc α ∈ V∗ orÐzontai epagwgikĹ wc exăc:

α0 = ε kai αn = ααn−1 , n ∈ N∗.

An α = βτγ, me α, β, γ, τ ∈ V∗ tìte h lèxh τ onomĹzetai tm ma thc α.

1



KEF�ALAIO 1. BASIK�ES �ENNOIES 2
DÔo tmămata τ1, τ2 thc α onomĹzontai diadoqik� ìtan upĹrqoun β, γ ∈ V∗, tètoia

ÿste α = βτ1τ2γ.

An α, τ ∈ {0, 1}∗, tìte gia kĹje diakekrimèno zeÔgoc lèxewn β, γ me α = βτγ, lème ìti

h α perièqei mÐa emf�nish thc lèxhc τ . An den upĹrqei tètoio zeÔgoc β, γ, tìte lème ìti

h α apofeÔgei thn τ . To plăjoc twn emfanÐsewn thc τ sthn α sumbolÐzetai me |α|τ .
’Estw V èna alfĹbhto kai α mia lèxh sto V∗. SumbolÐzoume me V∗

α to sÔnolo ìlwn

twn lèxewn tou V∗ me prìjema th lèxh α, dhladă pou arqÐzoun me α.1.1.1 Lexikografik  di�taxh
Me th boăjeia thc sÔzeuxhc, mporeÐ na oristeÐ mia olikă diĹtaxh sto V∗. Gia na gÐnei

autì, apaiteÐtai mia olikă diĹtaxh fifi�flfl sto alfĹbhto V, ìpou x ≺ y ìtan to grĹmma x

prohgeÐtai tou grĹmmatoc y sto V.
Mia tètoia diĹtaxh onomĹzetai alfabhtik  di�taxh tou V kai epekteÐnetai sto

sÔnolo V∗, orÐzontac th lexikografik  di�taxh (�) wc exăc:
Gia dÔo lèxeic α, β tou V∗ orÐzetai

α � β ⇔





β = αγ, ă

α = γxδ kai β = γyδ′ kai x ≺ y, me x 6= y ∈ V kai γ, δ, δ
′ ∈ V∗.

An α � β ja lème ìti h lèxh α (ant. β) prohge�tai ă eÐnai mikrìterh (ant. èpetai
ă eÐnai megalÔterh) thc lèxhc β (ant. α). An α � β, allĹ α 6= β tìte grĹfoume α ≺ β.Parade�gmata.
1. An α = 0010101 kai β = 0010110, tìte α � β, diìti

α = γ0δ kai β = γ1δ′,

ìpou γ = 00101, δ = 01, δ′ = 10 kai 0 � 1.

2. An α = 011 kai β = 01101, tìte α � β, diìti

β = αγ,

ìpou γ = 01.

EÔkola prokÔptei ìti h sqèsh � eÐnai sqèsh olikăc diĹtaxhc.



3 1.1. L�EXEIS KAI DIAT�AXEIS1.1.2 Ranking kai unranking

’Eqontac orÐsei th lexikografikă diĹtaxh sto V∗, Ĺmesa prokÔptei h amfimonosămanth

apeikìnish

r : V∗ → N∗ me

r(ε) = 1 kai r(α) ≤ r(β)⇔ α � β, α, β ∈ V∗.

H apeikìnish aută kaleÐtai apeikìnish ranking. H timă r(α) onomĹzetai bajmì
 (rank)

thc lèxhc α kai antistoiqeÐ sto plăjoc twn lèxewn sto V∗ pou eÐnai mikrìterec (prohgoÔ-

ntai) ă Ðsec thc α. ’Etsi, h kenă lèxh jewreÐtai h prÿth ă elĹqisth lèxh tou sunìlou,

afoÔ r(ε) = 1 kai h β eÐnai h epìmenh (antÐstoiqa prohgoÔmenh) thc α an kai mìno an

r(β) = r(α) + 1 (antÐstoiqa r(β) = r(α)− 1). EidikĹ, ja sumbolÐzoume thn epìmenh lèxh

thc α me next(α).

H ènnoia tou bajmoÔ miac lèxhc eÐnai polÔ shmantikă gia tic efarmogèc pou apaitoÔn

thn kataskeuă tuqaÐwn lèxewn. O lìgoc eÐnai ìti enÿ upĹrqoun apotelesmatikoÐ algìrij-

moi gia thn kataskeuă tuqaÐwn arijmÿn, den upĹrqoun genikèc mèjodoi gia thn kataskeuă

tuqaÐwn lèxewn apì èna sÔnolo me sugkekrimènec idiìthtec ă periorismoÔc. ’Omwc, qrh-

simopoiÿntac thn ènnoia tou bajmoÔ miac lèxhc to prìblhma thc kataskeuăc miac tuqaÐac

lèxhc anĹgetai sto prìblhma thc epilogăc enìc tuqaÐou arijmoÔ apì to diĹsthma [n] ìpou

n o plhjĹrijmoc tou sunìlou twn lèxewn pou mac endiafèroun.

Gia na eÐnai apodotikă aută h mèjodoc, apaiteÐtai ènac algìrijmoc (unranking) o opoÐoc

upologÐzei poia lèxh èqei èna sugkekrimèno bajmì qwrÐc na apaiteÐtai h kataskeuă Ĺllwn

lèxewn.

StenĹ sundedemèno eÐnai kai to prìblhma tou upologismoÔ tou bajmoÔ miac lèxhc

(ranking) qwrÐc na apaiteÐtai h kataskeuă ìlwn twn lèxewn pou eÐnai lexikografikĹ mi-

krìterec apì aută.1.1.3 Apìstash HammingApìstash Hamming ă apìstash dÔo lèxewn α = α1α2 · · ·αn kai β = β1β2 · · ·βn

onomĹzetai o arijmìc twn jèsewn i stic opoÐec αi 6= βi. Ja sumbolÐzoume thn apìstash

twn lèxewn α, β me d(α, β).

Gia parĹdeigma, oi duadikèc lèxeic 010100 kai 011000 èqoun apìstash 2.

EÔkola prokÔptei ìti d(α, β) ≤ d(α, γ)+d(γ, β), gia opoiesdăpote lèxeic α, β, γ, opìte

h apìstash Hamming eÐnai mia metrikă kai o metrikìc qÿroc pou orÐzei onomĹzetai kÔboc

Hamming.
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 Gray

Mia akoloujÐa pou perièqei kĹje lèxh enìc sunìlou akribÿc mÐa forĹ, ètsi ÿste

dÔo diadoqikèc lèxeic na èqoun apìstash Hamming mikrìterh ă Ðsh me k, ìpou k ∈ N∗,

onomĹzetai k-k¸dika
 Gray tou sunìlou autoÔ. EidikĹ gia k = 1, o kÿdikac onomĹzetai

aplĹ kÿdikac Gray.Parade�gmata.
1. H epìmenh akoloujÐa eÐnai kÿdikac Gray gia tic duadikèc lèxeic măkouc 4:

0000, 0001, 0011, 0010, 0110, 0111, 0101, 0100, 1100, 1101, 1111, 1110, 1010, 1011,

1001, 1000.

2. H epìmenh akoloujÐa eÐnai 2-kÿdikac Gray gia tic metajèseic măkouc 4:

1234, 1243, 1423, 4123, 4132, 1432, 1342, 1324, 3124, 3142, 3412, 4312, 4321, 3421,

3241, 3214, 2314, 2341, 2431, 4231, 4213, 2413, 2143, 2134.

Oi kÿdikec twn prohgoÔmenwn paradeigmĹtwn èqoun thn epiplèon idiìthta ìti to prÿ-

to stoiqeÐo thc akoloujÐac me to teleutaÐo èqoun apìstash 1 kai 2 antÐstoiqa. Sthn

perÐptwsh aută o kÿdikac Gray onomĹzetai kuklikì
.
Oi kÿdikec Gray eÐnai polÔ shmantikoÐ gia tic efarmogèc ìpou apaiteÐtai kataskeuă

ìlwn twn stoiqeÐwn enìc sunìlou, diìti kataskeuĹzoun antikeÐmeno proc antikeÐmeno ìla

ta stoiqeÐa tou sunìlou me ìso to dunatìn ligìterouc metasqhmatismoÔc.

Epiplèon, epitrèpoun thn grăgorh eÔresh kai omadopoÐhsh stoiqeÐwn pou diafèroun

katĹ sugkekrimènh apìstash.1.2 Genn trie
 sunart sei

Oi gennătriec sunartăseic apoteloÔn èna apì ta shmantikìtera ergaleÐa gia thn epÐ-

lush problhmĹtwn aparÐjmhshc. Sthn parĹgrafo aută dÐdontai orismèna basikĹ stoiqeÐa

gia tic sunăjeic gennătriec sunartăseic ă aplĹ gennătriec sunartăseic.

UpĹrqoun dÔo isodÔnamoi trìpoi orismoÔ twn gennhtriÿn sunartăsewn: sthn prÿth

prosèggish xekinĹme me bĹsh mia akoloujÐa (an), enÿ sth deÔterh dÐdetai èna sÔnolo kai

mia parĹmetrìc tou.

’Estw S èna sÔnolo sunduastikÿn antikeimènwn. KĹje apeikìnish p : S → N onomĹ-

zetai par�metro
.
(1h prosèggish) Genn tria sun�rthsh th
 akolouj�a
 (an) onomĹzetai to Ĺjroi-

sma

F (x) =
∞∑

n=0

anxn.
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(2h prosèggish) Genn tria sun�rthsh tou sunìlou S wc proc thn parĹmetro p

onomĹzetai to Ĺjroisma

F (x) =
∑

α∈S

xp(α).Parat rhsh. H parĹmetroc p diamerÐzei to sÔnolo S se klĹseic isodunamÐac Sn,

n ∈ N ìpou

Sn = {α ∈ S : p(α) = n},

opìte ∑

α∈S

xp(α) =
∑

n∈N

∑

α∈Sn

xp(a) =
∑

n∈N

∑

α∈Sn

xn =
∑

n∈N

xn
∑

α∈Sn

1 =
∑

n∈N

|Sn|xn.

Oi parapĹnw dÔo proseggÐseic eÐnai isodÔnamec, arkeÐ na jewrăsoume an = |Sn|, n ∈ N.

Me Ĺlla lìgia, mia sunăjhc gennătria sunĹrthsh eÐnai mia dunamoseirĹ tou x, sthn

opoÐa o suntelestăc tou xn isoÔtai me to plăjoc twn stoiqeÐwn tou S pou èqoun timă thc

paramètrou p Ðsh me n.

Sth bibliografÐa qrhsimopoieÐtai o sumbolismìc [xn]F gia ton suntelestă tou xn sthn

F (x).Genn tria sun�rthsh dÔo metablht¸n th
 akolouj�a
 (an,k) onomĹzetai to

diplì Ĺjroisma

F (x, y) =
∞∑

n=0

∞∑

k=0

an,kx
nyk.Genn tria sun�rthsh dÔo metablht¸n tou sunìlou S w
 pro
 ti
 para-mètrou
 p, q : S → N, ìpou ta x, y metroÔn ta p, q antÐstoiqa, onomĹzetai to Ĺjroisma

F (x, y) =
∑

α∈S

xp(α)yq(α).

O suntelestăc tou xnyk sthn F (x, y) sumbolÐzetai me [xnyk]F .

AnĹloga orÐzontai gennătriec sunartăseic triÿn ă perissìterwn metablhtÿn.

Se pollĹ sunduastikĹ antikeÐmena suqnĹ orÐzetai mia parĹmetroc anaforĹc pou onomĹ-

zetai sunăjwc fifimègejocflfl ă fifimăkocflfl. H parĹmetroc aută eÐnai polÔ shmantikă, afoÔ dÐnei

mia fusikă diamèrish tou antÐstoiqou sunìlou se peperasmèna uposÔnola kai sundèetai

Ĺmesa me thn aparÐjmhsh kai kataskeuă twn antÐstoiqwn antikeÐmenwn.

ParadeÐgmata tètoiwn paramètrwn eÐnai gia tic duadikèc lèxeic to fifimăkoc thc lèxhcflfl, gia

ta dèndra to fifiplăjoc desmÿn enìc dèndrouflfl, gia tic metajèseic fifito măkoc thc metĹjeshcflfl.

Mia Ĺllh polÔ shmantikă ènnoia pou sqetÐzetai me tic paramètrouc eÐnai h ènnoia thc

statistikăc. An jewrăsoume dÔo paramètrouc ìpou h prÿth eÐnai parĹmetroc anaforĹc gia

to sunduastikì antikeÐmeno pou mac endiafèrei, tìtestatistik  thc deÔterhc paramètrou
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(wc proc thn prÿth parĹmetro) onomĹzetai h katanomă twn antikeimènwn me sugkekrimèno

mègejoc se mikrìterec klĹseic me bĹsh tic timèc thc deÔterhc paramètrou.

Gia parĹdeigma, stic duadikèc lèxeic gia tic paramètrouc fifimăkoc thc lèxhcflfl kai fifiarijmìc

monĹdwn thc lèxhcflfl, h statistikă fifiarijmìc monĹdwn thc lèxhcflfl isoÔtai me

1

1 1

1 2 1

1 3 3 1

k.o.k.

ă se sumbolismì miac grammăc me 1; 1, 1; 1, 2, 1; 1, 3, 3, 1, . . ., diìti h kenă lèxh den èqei kamÐa

monĹda, apì tic 2 lèxeic măkouc 1, h mÐa den èqei kamÐa monĹda kai h Ĺllh èqei mÐa, apì tic

4 lèxeic măkouc 2, 1 den èqei kamÐa monĹda, 2 èqoun mÐa monĹda kai 1 èqei dÔo monĹdec, apì

tic 8 lèxeic măkouc 3, 1 den èqei kamÐa monĹda, 3 èqoun mÐa monĹda, 3 èqoun dÔo monĹdec

kai 1 èqei treic monĹdec.

DÔo parĹmetroi q1, q2 onomĹzontai isokatanemhmène
 (wc proc tic paramètrouc
anaforĹc p1, p2) ìtan

|{α ∈ Sn : q1(α) = k}| =
∣∣∣
{
α ∈ S

′

n : q2(α) = k
}∣∣∣

ìpou Sn = {a ∈ S : p1(α) = n} kai S ′

n = {a ∈ S
′

: p2(α) = n} , gia kĹje k, n ∈ N.

IsodÔnama, oi q1, q2 eÐnai isokatanemhmènec ìtan oi gennătriec sunartăseic pou orÐzontai

apì autèc eÐnai Ðsec, dhladă

∑

α∈S

xp1(α)yq1(α) =
∑

α∈S′

xp2(α)yq2(α).

Sthn perÐptwsh aută, oi antÐstoiqec statistikèc onomĹzontai isokatanemhmène
.
EÔkola apodeiknÔetai ìti an upĹrqei mia amfimonosămanth apeikìnish φ : S → S

′

me

p1(α) = φ(p2(α)) kai q1(α) = φ(q2(α))

tìte oi parĹmetroi q1, q2 eÐnai isokatanemhmènec wc proc tic paramètrouc anaforĹc p1, p2.1.2.1 To genikeumèno diwnumikì je¸rhma
Oi (genikeumènoi) diwnumikoÐ suntelestèc

(
x
k

)
dÐdontai apì ton tÔpo

(
x

k

)
=

x(x− 1) · · · (x− k + 1)

k!
, x ∈ R kai k ∈ N.
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EidikĹ ìtan x = n, ìpou n fusikìc arijmìc, mporeÐ na orisjeÐ mÐa epèktasă touc

(
x
k

)
, ìpou

to x eÐnai pragmatikìc arijmìc kai to k fusikìc arijmìc. Tìte o prohgoÔmenoc tÔpoc

mporeÐ na grafteÐ sth morfă:

(
n

k

)
=





n!

k!(n− k)!
, an n ≥ k,

0, an n < k.Parade�gmata. IsqÔei ìti:
1.

(−n

k

)
= (−1)k

(
n + k − 1

k

)
, gia kĹje fusikì arijmì n.

2.

(−1
2

k

)
=

(−1)k

4k

(
2k

k

)
kai

(
1
2

k

)
=

(−1)k−1

22k−1k

(
2k − 2

k − 1

)
.

3.

(−3
2

k

)
=

(2k + 2)(−1)k

22k+1

(
2k + 1

k + 1

)
kai

(
3
2

k

)
=

3(−1)k

22k−2(k − 2)(k − 3)

(
2k − 4

k − 4

)
.

Qrhsimopoiÿntac th genÐkeush twn diwnumikÿn suntelestÿn, to klasikì diwnumikì

jeÿrhma tou Newton (a + b)n =
n∑

k=0

(
n
k

)
akbn−k, ìpou n ∈ N∗, epekteÐnetai gia kĹje rhtì

arijmì n, kai isqÔei ìti

(a + b)n =
∞∑

k=0

(
n

k

)
akbn−k, (1.1)

ìpou n ∈ Q, b 6= 0 kai a
b
∈ (−1, 1).1.2.2 Metasqhmatismo� me sunduastikè
 idiìthte


’Estw F (x, y) h gennătria sunĹrthsh enìc sunìlou wc proc dÔo paramètrouc p kai q,

ìpou to x metrĹei thn p kai to y thn q.

1. An tejeÐ y = 1, tìte h F (x, 1) = F (x) metrĹei to sÔnolo mìno wc proc thn parĹmetro

p.

2. An tejeÐ y = 0, tìte h F (x, 0) metrĹei to sÔnolo twn stoiqeÐwn me timă paramètrou

q Ðsh me 0 wc proc thn parĹmetro p.

3. An tejeÐ y = 1 sth merikă parĹgwgo thc F (x, y) wc proc y, tìte h
∂F (x, y)

∂y
|y=1

metrĹei to sÔnolo wc proc thn parĹmetro p kai thn parĹmetro sunolikì Ĺjroisma

twn timÿn thc q.
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4. H gennătria sunĹrthsh 1

2
(F (x, y) + F (−x, y)) metrĹei ta stoiqeÐa me timă thc pa-

ramètrou p Ĺrtio arijmì wc proc thn parĹmetro q, enÿ h gennătria sunĹrthsh
1
2
(F (x, y) − F (−x, y)) metrĹei ta stoiqeÐa me timă thc paramètrou p perittì arij-

mì wc proc thn parĹmetro q.Par�deigma. ’Estw F (x, y) h gennătria sunĹrthsh tou sunìlou twn duadikÿn lèxewn

{0, 1}∗ wc proc tic paramètrouc măkoc | | kai arijmìc emfanÐsewn tou 1 | |1, ìpou to x

metrĹei to măkoc kai to y tic emfanÐseic tou 1.

KĹje mh kenă duadikă lèxh α diaspĹtai katĹ monadikì trìpo upì th morfă

α = 0β, ă α = 1β,

ìpou β eÐnai mia duadikă lèxh.

IsqÔei ìti

F (x, y) =
∑

α∈{0,1}∗
x|α|y|α|1

= 1 +
∑

α=0β
β∈{0,1}∗

x|0β|y|0β|1 +
∑

α=1β
β∈{0,1}∗

x|1β|y|1β|1

= 1 + x
∑

β∈{0,1}∗
x|β|y|β|1 + xy

∑

β∈{0,1}∗
x|β|y|β|1

= 1 + x(1 + y)F (x, y).

Epomènwc,

F (x, y) =
1

1− x(1 + y)
.

1. An tejeÐ y = 1, tìte

F (x, 1) =
1

1− 2x
=

∞∑

n=0

2nxn.

H F (x, 1) metrĹei tic duadikèc lèxeic wc proc to măkoc touc kai epomènwc, to plăjoc

twn duadikÿn lèxewn măkouc n isoÔtai me 2n.

2. An tejeÐ y = 0, tìte

F (x, 0) =
1

1− x
=

∞∑

n=0

xn.

H F (x, 0) metrĹei tic duadikèc lèxeic pou den perièqoun 1 wc proc to măkoc touc, kai

epomènwc, gia kĹje măkoc upĹrqei akribÿc mia tètoia lèxh, (h 0n).
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3. H merikă parĹgwgoc thc F (x, y) wc proc y isoÔtai me

x

(1− x− xy)2
. An tejeÐ y = 1,

tìte prokÔptei h gennătria

x

(1− 2x)2
=

∞∑

n=0

n∑

k=0

2k2n−kxn+1 =
∞∑

n=0

(n + 1)2nxn+1 =
∞∑

n=1

n2n−1xn,

h opoÐa metrĹei tic duadikèc lèxeic wc proc to măkoc touc kai ton sunolikì arijmì

twn monĹdwn gia kĹje măkoc. Epomènwc, o arijmìc twn emfanÐsewn tou 1 se ìlec tic

duadikèc lèxeic măkouc n isoÔtai me n ·2n−1. Sunepÿc, o mèsoc ìroc twn emfanÐsewn

tou 1 stic duadikèc lèxeic măkouc n isoÔtai me

n2n−1

2n
=

n

2
,

dhladă se mia duadikă lèxh măkouc n, katĹ mèso ìro ta misĹ grĹmmatĹ thc eÐnai 1.1.2.3 To je¸rhma antistrof 
 tou Lagrange

’Ena shmantikì ergaleÐo gia thn epÐlush sunarthsiakÿn exisÿsewn pou aforoÔn gen-

nătriec sunartăseic eÐnai to jeÿrhma antistrofăc tou Lagrange. ParakĹtw dÐdetai mia

eidikă morfă tou, ìpwc parousiĹzetai sthn ergasÐa tou Deutsch [4].Je¸rhma 1.2.1 (Jeÿrhma antistrofăc tou Lagrange). An h genn tria sun�rthsh F (x)ikanopoie� thn ex�swsh
F (x) = 1 + xH (F (x)) ,ìpou H(λ) e�nai polu¸numo tou λ, tìte gia k�je polu¸numo G(λ) tou λ isqÔei ìti

[xn]G(F (x)) =
1

n
[λn−1]G′(1 + λ) (H(1 + λ))n .Eidik� gia G(x) = x isqÔei ìti

[xn]F (x) =
1

n
[λn−1] (H(1 + λ))n . (1.2)1.2.4 Asumptwtikè
 prosegg�sei


Se pollĹ problămata aparÐjmhshc, eÐte eÐnai adÔnath h eÔresh enìc tÔpou gia touc

suntelestèc miac gennătriac sunĹrthshc, eÐte oi tÔpoi pou prokÔptoun den epitrèpoun th

sÔgkrish twn suntelestÿn pou antistoiqoÔn se diaforetikèc aparijmăseic. Epiplèon, se

pollèc periptÿseic, autì pou mac endiafèrei den eÐnai h akribăc timă kĹje suntelestă

allĹ o rujmìc aÔxhshc twn suntelestÿn. Se autèc tic periptÿseic, protimĹtai h ìso
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to dunatì kalÔterh ektÐmhsh thc tĹxhc1 twn suntelestÿn autÿn. Sthn enìthta aută

ja dojoÔn orismènec protĹseic oi opoÐec anafèrontai se asumptwtikèc proseggÐseic twn

suntelestÿn miac gennătriac.

Enÿ mèqri tÿra antimetwpÐzame tic gennătriec sunartăseic apì algebrikă skopiĹ, sto

epìmeno apotèlesma qrhsimopoioÔntai orismènec analutikèc idiìthtec twn gennhtriÿn su-

nartăsewn.

Mia (migadikă) seirĹ F (x) èqei idiomorf�a (singularity) sto shme�o x = r an

den orÐzetai h parĹgwgoc thc F sto shmeÐo autì. Stic efarmogèc pou ja sunantăsoume,

ta pio sunhjismèna shmeÐa idiomorfÐac eÐnai ta shmeÐa mhdenismoÔ upìrrizwn ekfrĹsewn.Prìtash 1.2.2. 'Estw ìti h seir� F (x) =
∞∑

n=0

anxn sugkl�nei gia k�poio x > 0, ìpou ane�nai mia akolouj�a jetik¸n akera�wn. An
F (x) = f(x)g(x) + h(x),ìpou

i) f(x) = (− ln(1 − x/r))b(1 − x/r)c, ìpou c den e�nai jetikì
 akèraio
 kai den isqÔei
b = c = 0,

ii) H F (x) den èqei idiomorf�a gia −r ≤ x < r,
iii) To ìrio L = limx→r g(x) up�rqei kai e�nai mh mhdenikì,
iv) H h(x) den èqei idiomorf�a sto x = r,tìte 2

an ∼





L(ln n)b(1/r)n

nc+1Γ(−c)
, an c 6= 0,

bL(ln n)b−1(1/r)n

n
, an c = 0,ìpou Γ e�nai h sun�rthsh G�mma.

1Λέμε ότι η f(n) έχει τάξη g(n) όταν f(n) = Θ(g(n)), δηλαδή υπάρχουν σταθερές c1, c2 > 0 και
n0 ∈ N, ώστε n ≥ n0 ⇒ c1|g(n)| ≤ |f(n)| ≤ c2|g(n)|. Ως g(n) επιλέγεται συνήθως μια απλή συνάρτηση
(πολυωνυμική, εκθετική, λογαριθμική ή συνδυασμός των προηγούμενων).

2Υπενθυμίζουμε ότι για δύο ακολουθίες f , g, είναι f(n) ∼ g(n)⇔ lim
n→∞

f(n)

g(n)
= 1.
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Sta problămata aparÐjmhshc pou aforoÔn eterìklhta antikeÐmena, emfanÐzontai su-

qnĹ oi Ðdiec akoloujÐec arijmÿn. To gegonìc autì den eÐnai kajìlou sumptwmatikì, diìti

ìtan dÔo sunduastikĹ antikeÐmena aparijmoÔntai apì thn Ðdia akoloujÐa bajmÿn sunăjwc

upĹrqei mia fifidomikăflfl suggèneia metaxÔ touc. ParadeÐgmatoc qĹrin, ta antikeÐmena sta

opoÐa emfanÐzontai oi arijmoÐ Catalan mporoÔn na orisjoÔn me parìmoio trìpo anadromikĹ

apì fifimikrìteraflfl antikeÐmena tou Ðdiou tÔpou me autĹ. Ta teleutaÐa qrìnia, pollèc erga-

sÐec asqoloÔntai me thn kataskeuă amfimonosămantwn apeikonÐsewn anĹmesa se diĹfora

antikeÐmena, gia na ermhneÔsoun autèc tic koinèc aparijmăseic.

Apì to gegonìc autì proèkuye h anĹgkh susthmatikăc melèthc kai katagrafăc ori-

smènwn akoloujiÿn arijmÿn. To 1973, o Sloane exèdwse to biblÐo A Handbook of Integer

Sequences, to opoÐo perilĹmbane stoiqeÐa gia perÐpou 2300 akoloujÐec. To 1995, se suner-

gasÐa me ton Plouffe, akoloÔjhse nèa èkdosh upì ton tÐtlo The Encyclopedia of Integer

Sequences, h opoÐa perilĹmbane perÐpou 5000 akoloujÐec. H qrhsimìthta autÿn twn bi-

blÐwn ègine faneră apì thn arqă (bl. gia parĹdeigma tic bibliokritikèc twn Borwein kai

Corless [3], ă tou Guy [8]).

Apì to 1996, ta biblÐa autĹ pèrasan se hlektronikă morfă diajèsimh sto diadÐktuo,

gnwstă wc The Online Encyclopedia of Integer Sequences [13], h opoÐa sămera perilam-

bĹnei pĹnw apì 175.000 akoloujÐec akeraÐwn arijmÿn, kai ananeÿnetai kajhmerinĹ apì

ereunhtèc me nèec akoloujÐec kai me nèa stoiqeÐa gia tic upĹrqousec akoloujÐec.

Gia parĹdeigma, h kataqÿrish thc akoloujÐac twn arijmÿn Fibonacci sthn Online

Encyclopedia of Integer Sequences metaxÔ Ĺllwn sunÐstatai apì ta exăc stoiqeÐa:

StoiqeÐo ParĹdeigma Epexăghsh

ID Number A000045 Monadikìc kwdikìc gia kĹje akoloujÐa

Name Fibonacci numbers SÔntomh perigrafă thc akoloujÐac

Sequence 0, 1, 1, 2, 3, 5, 8, 13, 21, . . . ArqikoÐ ìroi thc akoloujÐac

Comments Also called Lamé’s sequence,

number of subsets of [n] that Epiplèon stoiqeÐa gia thn akoloujÐa

contain no consecutive integer

References Mohammad K. Azarian, The

Generating Function for the

Fibonacci Sequence, Missouri

Journal of Mathematical ErgasÐec sqetikèc me thn akoloujÐa

Sciences, Vol. 2, No. 2,

Spring 1990, pp. 78-79

Links R. Dickau, Fibonacci numbers SÔndesmoi me epiplèon stoiqeÐa

Formula G.f.: x/(1 − x − x2). TÔpoi kai sqèseic gia thn akoloujÐa

F(n) = round(phiˆn/sqrt(5))

Maple · · · Kÿdikac upologismoÔ gia Maple

Mathematica · · · Kÿdikac upologismoÔ gia Mathematica

Crossrefs A039834 Sqetikèc akoloujÐec

Author N. J. A. Sloane Dhmiourgìc thc kataqÿrishc

Extensions Edited by C R Greathouse IV Anajewrhtăc thc kataqÿrishc



Kef�laio 2Apar�jmhsh duadik¸n lèxewn meperiorismoÔ

2.1 Lèxei
 Fibonacci

Mia duadikă lèxh α ∈ {0, 1}∗ onomĹzetai lèxh Fibonacci, an den perièqei dÔo diado-

qikĹ 0.Par�deigma. Oi lèxeic Fibonacci măkouc to polÔ 4 eÐnai oi exăc: ε, 0, 1, 01, 10, 11,

010, 011, 101, 110, 111, 0101, 0110, 0111, 1010, 1011, 1101, 1110, 1111.2.1.1 Di�spash twn lèxewn FibonacciPrìtash 2.1.1. K�je mh ken  lèxh Fibonacci α diasp�tai kat� monadikì trìpo upì thmorf 
α = 0,   α = 01β,   α = 1β,ìpou β e�nai lèxh Fibonacci.Apìdeixh. KĹje mh kenă lèxh Fibonacci α eÐte arqÐzei me 0 eÐte arqÐzei me 1.

Sthn perÐptwsh ìpou α = 0γ, h γ den perièqei dÔo diadoqikĹ 0 kai epiplèon den arqÐzei

me 0. Opìte, γ = ε, ă γ = 1β, ìpou β den perièqei dÔo diadoqikĹ 0, dhladă eÐnai lèxh

Fibonacci.

Sthn perÐptwsh ìpou α = 1β, h β eÐnai lèxh Fibonacci.

’Ara, telikĹ eÐnai α = 0, ă α = 01β, ă α = 1β, ìpou β eÐnai lèxh Fibonacci.

12



13 2.1. L�EXEIS FIBONACCI2.1.2 Apar�jmhsh w
 pro
 to m ko
 kai ton arijmì twnmon�dwnPrìtash 2.1.2.
i) O arijmì
 twn lèxewn Fibonacci m kou
 n isoÔtai me ton (n + 1)-ostì arijmì Fibo-

nacci.
ii) O arijmì
 twn lèxewn Fibonacci m kou
 n me k mon�de
 isoÔtai me (k+1

n−k

).Apìdeixh. ’Estw F (x, y) h gennătria sunĹrthsh tou sunìlou Φ twn lèxewn Fibonacci wc

proc tic paramètrouc măkoc thc lèxhc | | kai arijmìc emfanÐsewn tou 1 | |1, dhladă

F (x, y) =
∑

α∈Φ

x|α|y|α|1.

Apì thn prohgoÔmenh prìtash, kĹje mh kenă lèxh Fibonacci diaspĹtai katĹ monadikì

trìpo upì thn morfă

α = 0 ă α = 01β ă α = 1β.

Gia tic parĹmetrouc | |, | |1 : Φ→ N isqÔei ìti

|ε| = 0, |01β| = 2 + |β|, |1β| = 1 + |β|

kai

|ε|1 = 0, |01β|1 = 1 + |β|1, |1β|1 = 1 + |β|1.

Epomènwc,

F (x, y) =
∑

α∈Φ

x|α|y|α|1

=
∑

α=ε

x|ε|y|ε|1 +
∑

α=0

x|0|y|0|1 +
∑

α=01β
β∈Φ

x|01β|y|01β|1 +
∑

α=1β
β∈Φ

x|1β|y|1β|1

= 1 + x +
∑

β∈Φ

x|β|+2y|β|1+1 +
∑

β∈Φ

x|β|+1y|β|1+1

= 1 + x + x2y
∑

β∈Φ

x|β|y|β|1 + xy
∑

β∈Φ

x|β|y|β|1

= 1 + x + x2yF (x, y) + xyF (x, y).

’Ara,

F (x, y) = 1 + x + xy(x + 1)F (x, y). (2.1)
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i) An sthn (2.1) tejeÐ y = 1, prokÔptei ìti

F (x, 1) = 1 + x + x(x + 1)F (x, 1) =
1 + x

1− x(x + 1)
. (2.2)

Epomènwc, apì thn (2.2) isqÔei ìti

F (x, 1) =

∞∑

m=0

xm(x + 1)m+1 =

∞∑

m=0

m+1∑

k=0

(
m + 1

k

)
xm+k =

∞∑

n=0

[ n+1

2
]∑

k=0

(
n + 1− k

k

)
xn.

’Ara, o arijmìc an = [xn]F (x, 1) twn lèxewn Fibonacci măkouc n dÐdetai apì ton

tÔpo

an =

[ n+1

2
]∑

k=0

(
n + 1− k

k

)
. (2.3)

Ja apodeiqjeÐ ìti an = Fn+1, ìpou Fn eÐnai o n-ostìc arijmìc Fibonacci. (UpenjumÐ-

zoume ìti oi arijmoÐ Fibonacci orÐzontai apì thn anadromikă sqèsh Fn+2 = Fn+1+Fn,

gia n ≥ 0, ìpou F0 = F1 = 1.)

Gia n = 0, eÐnai a0 =
(
1
0

)
= 1 = F1. Gia n = 1, eÐnai a1 =

(
2
0

)
+
(
1
1

)
= 2 = F2. EpÐshc,

an + an+1 =

[ n+1

2
]∑

k=0

(
n + 1− k

k

)
+

[ n+2

2
]∑

k=0

(
n + 2− k

k

)

=

[ n+1

2
]∑

k=0

(
n + 1− k

k

)
+

(
n + 2

0

)
+

[ n+2

2
]∑

k=1

(
n + 2− k

k

)

=

[ n+1

2
]∑

k=0

(
n + 1− k

k

)
+

[ n

2
]∑

k=0

(
n + 1− k

k + 1

)
+ 1

=

[ n

2
]∑

k=0

((
n + 1− k

k

)
+

(
n + 1− k

k + 1

))
+

([
n + 1

2

]
−
[n
2

])(n + 1−
[

n+1
2

]
[

n+1
2

]
)

+ 1

=

[ n

2
]∑

k=0

(
n + 2− k

k + 1

)
+

([
n + 1

2

]
−
[n
2

])
+ 1

=

[ n+2

2
]∑

k=1

(
n + 3− k

k

)
+

([
n + 3

2

]
−
[
n + 2

2

])(
n + 3−

[
n+3

2

]
[

n+3
2

]
)

+

(
n + 3

0

)

=

[ n+3

2
]∑

k=0

(
n + 3− k

k

)
= an+2,

opìte an = Fn+1.
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ii) An tejeÐ H(λ) = 1 + (x + 1)yλ, h sqèsh (2.1) grĹfetai F (x, y) = 1 + xH(F (x, y)),

opìte apì to jeÿrhma antistrofăc tou Lagrange prokÔptei ìti

[xn]F (x, y) =
1

n
[λn−1](H(λ + 1))n =

1

n
[λn−1](1 + y(x + 1)(λ + 1))n

=
1

n
[λn−1]

n∑

j=0

(
n

j

)
(x + 1)jyj(λ + 1)j

=
1

n
[λn−1]

n∑

j=0

j∑

i=0

(
n

j

)(
j

i

)
(x + 1)jyjλi

=
1

n
[λn−1]

n∑

i=0

n∑

j=i

(
n

j

)(
j

i

)
(x + 1)jyjλi

=
1

n

n∑

j=n−1

(
n

j

)(
j

n− 1

)
(x + 1)jyj

=
1

n

((
n

n− 1

)(
n− 1

n− 1

)
(x + 1)n−1yn−1 +

(
n

n

)(
n

n− 1

)
(x + 1)nyn

)

= (x + 1)n−1yn−1 + (x + 1)nyn.

Epomènwc,

F (x, y) = 1 +
∞∑

n=1

((x + 1)n−1yn−1 + (x + 1)nyn)xn

= 1 +

∞∑

n=1

(x + 1)n−1yn−1xn +

∞∑

n=1

(x + 1)nynxn

=

∞∑

n=0

(x + 1)nynxn+1 +

∞∑

n=0

(x + 1)nynxn

=

∞∑

n=0

(x + 1)n+1ynxn

=

∞∑

n=0

n+1∑

j=0

(
n + 1

j

)
ynxn+j

=

∞∑

n=0

[ n+1

2
]∑

j=0

(
n− j + 1

j

)
yn−jxn

=
∞∑

n=0

n∑

k=[ n−1

2
]

(
k + 1

n− k

)
ykxn.
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’Ara, o arijmìc twn lèxewn Fibonacci măkouc n me k monĹdec isoÔtai me

(
k + 1

n− k

)
.

Oi prÿtoi ìroi thc akoloujÐac [xnyk]F (x, y) dÐdontai ston epìmeno pÐnaka.

n \ k 0 1 2 3 4 5 6 7 8 9 10

0 1 1
1 1 1 2
2 2 1 3
3 1 3 1 5
4 3 4 1 8
5 1 6 5 1 13
6 4 10 6 1 21
7 1 10 15 7 1 34
8 5 20 21 8 1 55
9 1 15 35 28 9 1 89
10 6 35 56 36 10 1 144Par�deigma. To plăjoc twn lèxewn Fibonacci măkouc 7 me 4 monĹdec isoÔtai me(

4+1
7−4

)
=
(
5
3

)
= 10. PrĹgmati, oi lèxeic autèc eÐnai oi akìloujec:

0101011 0101101 0101110 0110101 0110110

0111010 1010101 1010110 1011010 1101010

H èkfrash twn arijmÿn an ìpwc dÐnetai apì thn sqèsh (2.3) den dÐnei Ĺmesa mia ektÐmhsh

thc tĹxhc autÿn twn arijmÿn. Gia to skopì autì, ja dojeÐ kai mÐa deÔterh èkfrash tou

arijmoÔ an.

Apì thn (2.2) isqÔei ìti

F (x, 1) =
1 + x

1− x(x + 1)

=
1 + x

(1− p1x)(1− p2x)
,

ìpou p1 = 1+
√

5
2
kai p2 = 1−

√
5

2
. EpÐshc, isqÔei ìti p1p2 = −1 kai p1 + p2 = 1.

Me anĹlush se aplĹ klĹsmata, prokÔptei ìti

1 + x

(1− p1x)(1− p2x)
=

A

(1− p1x)
+

B

(1− p2x)

1 + x = A(1− p2x) + B(1− p1x).
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Jètontac x = 1
p1
kai x = 1

p2
antÐstoiqa, prokÔptei ìti A = p1+1

p1−p2
kai B = p2+1

p2−p1
.

Epomènwc,

F (x, 1) =
p1 + 1

p1 − p2

∞∑

n=0

pn
1x

n +
p2 + 1

p2 − p1

∞∑

n=0

pn
2x

n

=
∞∑

n=0

(
p1 + 1

p1 − p2
pn

1 +
p2 + 1

p2 − p1
pn

2

)
xn.

’Ara, o arijmìc an = [xn]F (x, 1) twn lèxewn Fibonacci măkouc n, dÐdetai apì ton tÔpo

an =
p1 + 1

p1 − p2

pn
1 +

p2 + 1

p2 − p1

pn
2 , (2.4)

ìpou p1 = 1+
√

5
2
kai p2 = 1−

√
5

2
.Pìrisma 2.1.3.

i) O arijmì
 twn lèxewn Fibonacci m kou
 n e�nai asumptwtik� isodÔnamo
 me
(

3 +
√

5

2
√

5

)(
1 +
√

5

2

)n

≃ 1, 17 · (1, 61)n.

ii) O arijmì
 twn lèxewn Fibonacci m kou
 n me k mhdenik� isoÔtai me
(

n− k + 1

k

)
.

iii) O mèso
 ìro
 tou arijmoÔ twn mon�dwn sti
 lèxei
 Fibonacci m kou
 n e�nai asum-ptwtik� isodÔnamo
 me
1 +
√

5

2
√

5
n− 3−

√
5

5
.Apìdeixh.

i) Apì thn sqèsh (2.4) isqÔei ìti

an =
p1 + 1

p1 − p2

pn
1 +

p2 + 1

p2 − p1

pn
2 ,

ìpou p1 = 1+
√

5
2
kai p2 = 1−

√
5

2
.

Epeidă |p2| < 1, èpetai ìti

an ∼
p1 + 1

p1 − p2

pn
1 =

(
3 +
√

5

2
√

5

)(
1 +
√

5

2

)n

≃ 1, 17 · (1, 61)n. (2.5)
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Ston epìmeno pÐnaka dÐdontai gia sÔgkrish oi timèc tou arijmoÔ twn lèxewn Fibona-

cci, oi ektimăseic autÿn twn arijmÿn kai to antÐstoiqo sfĹlma.

măkoc arijmìc lèxewn ektÐmhsh sfĹlma

1 2 1.89443 -0.105573

2 3 3.06525 0.0652476

4 8 8.02492 0.0249224

8 55 55.0036 0.00363612

16 2584 2584.000077 < 10−4

32 5702887 5702887 < 10−7

64 27777890035288 27777890035288 < 10−14

128 659034621587630041982498215 659034621587630041982498215 < 10−27

ii) Epeidă mia lèxh Fibonacci măkouc n me n− k monĹdec èqei k mhdenikĹ, prokÔptei ìti

o arijmìc twn lèxewn Fibonacci măkouc n me k mhdenikĹ isoÔtai me

(
n− k + 1

k

)
.

iii) Apì th sqèsh (2.1), paragwgÐzontac wc proc y, prokÔptei ìti

∂F (x, y)

∂y
=

x(1 + x)2

(1− x(1 + x)y)2

kai, jètontac y = 1, prokÔptei h gennătria

x(1 + x)2

(1− x(1 + x))2
= x(F (x, 1))2,

gia thn opoÐa isqÔei ìti



19 2.1. L�EXEIS FIBONACCI

x(F (x, 1))2 = x

(
p1 + 1

p1 − p2

1

1− p1x
+

p2 + 1

p2 − p1

1

1− p2x

)2

= x

(
(p1 + 1)2

(p1 − p2)2(1− p1x)2
− 2

(p1 + 1)(p2 + 1)

(1− p1x)(p2 − p1)2(1− p2x)
+

(p2 + 1)2

(p2 − p1)2(1− p2x)2

)

= x

(
7 + 3

√
5

10(1− p1x)2
− 2

5
√

5

(
p1

1− p1x
− p2

1− p2x

)
+

7− 3
√

5

10(1− p2x)2

)

= x

(
7+3
√

5

10

∞∑

n=0

(−2

n

)
(−p1)

nxn− 2

5
√

5

∞∑

n=0

(pn+1
1 − pn+1

2 )xn+
7−3
√

5

10

∞∑

n=0

(−2

n

)
(−p2)

nxn

)

=

∞∑

n=0

(
7 + 3

√
5

10
(n + 1)pn

1 −
2

5
√

5
(pn+1

1 − pn+1
2 ) +

7− 3
√

5

10
(n + 1)pn

2

)
xn+1

=

∞∑

n=0

(
7 + 3

√
5

10
npn−1

1 − 2pn
1

5
√

5
+

2pn
2

5
√

5
+

7− 3
√

5

10
npn−1

2

)
xn.

Epomènwc,

[xn]x(F (x, 1))2 = pn−1
1

(
7 + 3

√
5

10
n− 1 +

√
5

5
√

5

)
+ pn−1

2

(
7− 3

√
5

10
n +

1−
√

5

5
√

5

)
.

Epeidă |p2| < 1, èpetai ìti

[xn]x(F (x, 1))2 ∼ pn−1
1

(
7 + 3

√
5

10
n− 1 +

√
5

5
√

5

)
.

Sunepÿc, apì thn sqèsh (2.5) prokÔptei ìti o mèsoc ìroc tou arijmoÔ twn monĹdwn

stic lèxeic Fibonacci măkouc n isoÔtai perÐpou me

7+3
√

5
10

n− 1+
√

5
5
√

5(
3+

√
5

2
√

5

)(
1+

√
5

2

) =
7
√

5 + 15

20 + 10
√

5
n− 1 +

√
5

10 + 5
√

5
=

1 +
√

5

2
√

5
n− 3−

√
5

5
.

Epomènwc, o mèsoc ìroc eÐnai

p1√
5
n− 3−

√
5

5
≃ 0, 723607n− 0, 152786.

Ston epìmeno pÐnaka dÐdontai gia sÔgkrish oi timèc tou pragmatikoÔ mèsou ìrou, h

ektÐmhsh tou mèsou ìrou kai to antÐstoiqo sfĹlma.
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măkoc mèsoc ìroc ektÐmhsh sfĹlma

1 0,5 0,5708204 -0,07082039

2 1,333333 1.2944272 0,03890614

4 2,75 2.7416408 0.008359214

8 5.636364 5.6360680 0.00029566

16 11.4249226 11.4249223 < 10−6

32 23.00263112 23.00263112 < 10−13

64 46.15804865 46.15804865 < 10−26

128 92.46888371 92.46888371 < 10−52

Gia perissìtera stoiqeÐa sqetikĹ me touc arijmoÔc Fibonacci kai me touc suntelestèc

thc gennătriac F (x, y) blèpe tic akoloujÐec A000045, A030528, A098925 kai A102426

sthn Online Encyclopedia of Integer Sequences [13].2.2 Lèxei
 qwr�
 zig-zag

Mia duadikă lèxh α ∈ {0, 1}∗ den perièqei zig-zag an den perièqei ta tmămata 010 kai

101.Parade�gmata. Oi duadikèc lèxeic qwrÐc zig-zag măkouc to polÔ 4 eÐnai oi exăc: ε, 0,

1, 00, 01, 10, 11, 000, 001, 011, 100, 110, 111, 0000, 0001, 0011, 0110, 0111, 1000, 1001,

1100, 1110, 1111.2.2.1 Di�spash twn lèxewn qwr�
 zig-zagPrìtash 2.2.1. K�je mh ken  duadik  lèxh α qwr�
 zig-zag diasp�tai kat� monadikìtrìpo upì th morf 
α = 0,   α = 1,   α = 01,   α = 10,   α = 0β,   α = 01γ,   α = 10β,   α = 1γ,ìpou β, γ e�nai duadikè
 lèxei
 qwr�
 zig-zag oi opo�e
 arq�zoun me 0 kai 1 ant�stoiqa.Apìdeixh. KĹje mh kenă duadikă lèxh α qwrÐc zig-zag eÐte arqÐzei me 0 eÐte arqÐzei me 1.

Sthn perÐptwsh ìpou α = 0δ, prèpei h δ na mhn arqÐzei apì 10 kai na mhn perièqei

zig-zag, dhladă δ = ε, ă δ arqÐzei apì 0, ă δ = 1, ă δ arqÐzei apì 11, Ĺra

α = 0, ă α = 0β, ă α = 01, ă α = 01γ.

ìpou β, γ eÐnai duadikèc lèxeic qwrÐc zig-zag oi opoÐec arqÐzoun apì 0 kai 1 antÐstoiqa.
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Sthn perÐptwsh ìpou α = 1δ, prèpei h δ na mhn arqÐzei apì 01 kai na mhn perièqei

zig-zag, dhladă δ = ε, ă δ arqÐzei apì 1, ă δ = 0, ă δ arqÐzei apì 00, Ĺra

α = 1, ă α = 1γ, ă α = 10, ă α = 10β.

ìpou β, γ eÐnai duadikèc lèxeic qwrÐc zig-zag oi opoÐec arqÐzoun apì 0 kai 1 antÐstoiqa.2.2.2 Apar�jmhsh w
 pro
 to m ko
 kai ton arijmì twnmon�dwnPrìtash 2.2.2.
i) O arijmì
 twn duadik¸n lèxewn m kou
 n qwr�
 zig-zag isoÔtai me 2Fn, ìpou Fne�nai o n-ostì
 arijmì
 Fibonacci.
ii) O arijmì
 an,k twn duadik¸n lèxewn m kou
 n qwr�
 zig-zag kai me k mon�de
 ika-nopoie� thn anagwgik  sqèsh

αn,k − αn−1,k − αn−1,k−1 + αn−2,k−1 − αn−4,k−2 = 0, n ≥ 4 kai k ≤ 2,ìpou αn,k = 0 gia k�je n < k < 0 kai αn,0 = 1, αn,1 = 2− δn,1 gia k�je n ≥ 1 kai
δi,j =





1, an i = j,

0, an i = j,h genn tria sun�rthsh tou Kronecker.Apìdeixh. ’Estw F (x, y) h gennătria sunĹrthsh tou sunìlou Z twn lèxewn qwrÐc zig-zag

wc proc tic paramètrouc măkoc thc lèxhc kai arijmìc emfanÐsewn tou 1, opìte

F (x, y) =
∑

α∈Z
x|α|y|α|1.

’Estw Z0 (antÐstoiqa Z1) to uposÔnolo tou Z ta stoiqeÐa tou opoÐou arqÐzoun me 0

(antÐstoiqa 1) kai F0(x, y) (antÐstoiqa F1(x, y)) h gennătria sunĹrthsă tou. Profanÿc,

Z = Z0 ∪ Z1 ∪ ε kai Z0 ∩ Z1 = ε.

Apì thn prohgoÔmenh prìtash, kĹje mh kenă lèxh qwrÐc zig-zag diaspĹtai katĹ mona-

dikì trìpo upì thn morfă

α = 0, ă α = 1, ă α = 01, ă α = 10, ă α = 0β, ă α = 01γ, ă α = 10β, ă α = 1γ,
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ìpou β, γ eÐnai duadikèc lèxeic qwrÐc zig-zag oi opoÐec arqÐzoun me 0 kai 1 antÐstoiqa.

Gia tic parĹmetrouc | |, | |1 : Z → N isqÔei ìti

|ε| = 0, |1| = 1, |01| = |10| = 2, |0β| = 1+|β|, |01γ| = 2+|γ|, |10β| = 2+|β|, |1γ| = 1+|γ|

kai

|ε|1 = 0, |1|1 = |01|1 = |10|1 = 1, |0β|1 = |β|1, |01γ|1 = 1+|γ|1, |10β|1 = 1+|β|1, |1γ|1 = 1+|γ|1.

IsqÔei ìti

F (x, y) =
∑

α∈Z

x|α|y|α|1

=
∑

α=ε

x|ε|y|ε|1 +
∑

α=0

x|0|y|0|1 +
∑

α=1

x|1|y|1|1 +
∑

α=01

x|01|y|01|1 +
∑

α=10

x|10|y|10|1 +
∑

α=0β
β∈Z0

x|0β|y|0β|1

+
∑

α=01γ
γ∈Z1

x|01γ|y|01γ|1 +
∑

α=10β
β∈Z0

x|10β|y|10β|1 +
∑

α=1γ
γ∈Z1

x|1γ|y|1γ|1

= 1 + x + xy + 2x2y + x
∑

β∈Z0

x|β|y|β|1 + x2y
∑

γ∈Z1

x|γ|y|γ|1 + x2y
∑

β∈Z0

x|β|y|β|1 + xy
∑

γ∈Z1

x|γ|y|γ|1

= 1 + x + xy + 2x2y + (x + x2y)F0(x, y) + (x2y + xy)F1(x, y).

’Ara

F (x, y) = 1 + x + xy + 2x2y + (x + x2y)F0(x, y) + (x2y + xy)F1(x, y). (2.6)

Epiplèon, kĹje lèxh pou anăkei sto sÔnolo Z0 grĹfetai upì th morfă

α = 0, ă α = 0β, ă α = 01γ,

opìte

F0(x, y) =
∑

α∈Z0

x|α|y|α|1

=
∑

α=0

x|0|y|0|1 +
∑

α=0β
β∈Z0

x|0β|y|0β|1 +
∑

α=01γ
γ∈Z1

x|01γ|y|01γ|1

= x + x
∑

β∈Z0

x|β|y|β|1 + x2y
∑

γ∈Z1

x|γ|y|γ|1

= x + xF0(x, y) + x2yF1(x, y).
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’Ara

F0(x, y) = x + xF0(x, y) + x2yF1(x, y). (2.7)

Epiprìsjeta, isqÔei ìti

F (x, y) = 1 + F0(x, y) + F1(x, y). (2.8)

Sunepÿc, apì tic sqèseic (2.6), (2.7) kai (2.8), prokÔptei metĹ apì prĹxeic ìti

F (x, y) =
1 + x2y + x4y2

1− x− xy + x2y − x4y2
. (2.9)

i) An sthn (2.9) tejeÐ y = 1, prokÔptei ìti

F (x, 1) =
1 + x2 + x4

1− 2x + x2 − x4

=
2(1− x + x2)

(1− x + x2)(1− x− x2)
− 1

=
2

1− x− x2
− 1.

Epomènwc,

F (x, 1) =
2

1− x− x2
− 1− x− x2

1− x− x2

=
2x(1 + x) + 1− x− x2

1− x− x2

= 2xG(x, 1) + 1

ìpou G(x, 1) eÐnai h gennătria sunĹrthsh twn lèxewn Fibonacci wc proc thn parĹ-

metro măkoc (bl. sqèsh (2.2)).

’Ara

[xn]F (x, 1) = [xn](2xG(x, 1) + 1)

= [xn]

( ∞∑

n=0

2Fn+1x
n+1 + 1

)

= [xn]

( ∞∑

n=1

2Fnxn + 1

)

=





2Fn, an n ≥ 1 ,

1, an n = 0 .
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Sunepÿc, o arijmìc twn duadikÿn lèxewn măkouc n qwrÐc zig-zag isoÔtai me ton 2Fn.

ii) Apì th sqèsh (2.9) prokÔptei ìti

(1− x− xy + x2y − x4y2)F (x, y) = 1 + x2y + x4y2

opìte, an F (x, y) =
∞∑

n=0

n∑
k=0

an,kx
nyk, tìte

∞∑

n=0

n∑

k=0

an,kx
nyk −

∞∑

n=0

n∑

k=0

an,kx
n+1yk −

∞∑

n=0

n∑

k=0

an,kx
n+1yk+1 +

∞∑

n=0

n∑

k=0

an,kx
n+2yk+1

−
∞∑

n=0

n∑

k=0

an,kx
n+4yk+2 = 1 + x2y + x4y2

ă, isodÔnama,

∞∑

n=0

n∑

k=0

an,kx
nyk −

∞∑

n=1

n−1∑

k=0

an−1,kx
nyk −

∞∑

n=1

n∑

k=1

an−1,k−1x
nyk +

∞∑

n=2

n−1∑

k=1

an−2,k−1x
nyk

−
∞∑

n=4

n−2∑

k=2

an−4,k−2x
nyk = 1 + x2y + x4y2.

MetĹ apì prĹxeic, prokÔptei ìti

∞∑

n=4

n∑

k=0

an,kx
nyk −

∞∑

n=4

n−1∑

k=0

an−1,kx
nyk −

∞∑

n=4

n∑

k=1

an−1,k−1x
nyk +

∞∑

n=4

n−1∑

k=1

an−2,k−1x
nyk

−
∞∑

n=4

n−2∑

k=2

an−4,k−2x
nyk = x4y2

ă, isodÔnama,

∞∑

n=4

n−2∑

k=2

an,kx
nyk −

∞∑

n=4

n−2∑

k=2

an−1,kx
nyk −

∞∑

n=4

n−2∑

k=2

an−1,k−1x
nyk +

∞∑

n=4

n−2∑

k=2

an−2,k−1x
nyk

−
∞∑

n=4

n−2∑

k=2

an−4,k−2x
nyk = x4y2.

Epomènwc,

∞∑

n=4

n−2∑

k=2

(an,k − an−1,k − an−1,k−1 + an−2,k−1 − an−4,k−2) xnyk = x4y2
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Sunepÿc,

an,k − an−1,k − an−1,k−1 + an−2,k−1 − an−4,k−2 = 0,

gia kĹje n ≥ 4 kai k ≥ 2.

Oi prÿtoi ìroi thc akoloujÐac an,k dÐdontai ston epìmeno pÐnaka.

n \ k 0 1 2 3 4 5 6 7 8 9 10

0 1 1

1 1 1 2

2 1 2 1 4

3 1 2 2 1 6

4 1 2 4 2 1 10

5 1 2 5 5 2 1 16

6 1 2 6 8 6 2 1 26

7 1 2 7 11 11 7 2 1 42

8 1 2 8 14 18 14 8 2 1 68

9 1 2 9 17 26 26 17 9 2 1 110

10 1 2 10 20 35 42 35 20 10 2 1 178Par�deigma. To plăjoc twn duadikÿn lèxewn măkoc 7 qwrÐc zig-zag, me 4 monĹdec

isoÔtai me 11. PrĹgmati, oi lèxeic autèc eÐnai oi akìloujec:

0001111 0011110 0011011 0110011 0111001 0111100

1000111 1100011 1100110 1110001 1111000

Apì thn prohgoÔmenh prìtash parathroÔme ìti o arijmìc twn duadikÿn lèxewn măkouc

n + 1 qwrÐc zig-zag isoÔtai me to diplĹsio tou arijmoÔ twn lèxewn Fibonacci măkouc n.

ParakĹtw ja dojeÐ mÐa sunduastikă ermhneÐa autoÔ tou apotelèsmatoc qrhsimopoiÿ-

ntac dÔo amfimonosămantec apeikonÐseic.

OrÐzoume tic apeikonÐseic φ0, φ1 : Φ→ Z anadromikĹ wc exăc

φ0(ε) = 0 kai φ1(ε) = 1

φ0(0) = 01 kai φ1(0) = 10

φ0(1β) = 0φ0(β) kai φ1(1β) = 1φ1(β)

φ0(01β) = 01φ1(β) kai φ1(01β) = 10φ0(β)Par�deigma. Gia tic lèxeic Fibonacci măkouc 4:
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0101, 0110, 0111, 1010, 1011, 1101, 1110, 1111,

isqÔei ìti

φ0(0101) = 01φ1(01) = 0110φ0(ε) = 01100,

φ0(0110) = 01φ1(10) = 011φ1(0) = 01110,

φ0(0111) = 01φ1(11) = 011φ1(1) = 0111φ1(ε) = 01111,

φ0(1010) = 0φ0(010) = 001φ1(0) = 00110,

φ0(1011) = 0φ0(011) = 001φ1(1) = 0011φ1(ε) = 00111,

φ0(1101) = 0φ0(101) = 00φ0(01) = 0001φ1(ε) = 00011,

φ0(1110) = 0φ0(110) = 00φ0(10) = 000φ0(0) = 00001,

φ0(1111) = 0φ0(111) = 00φ0(11) = 000φ0(1) = 0000φ0(ε) = 00000,

kai

φ1(0101) = 10φ0(01) = 1001φ1(ε) = 10011,

φ1(0110) = 10φ0(10) = 100φ0(0) = 10001,

φ1(0111) = 10φ0(11) = 100φ0(1) = 1000φ0(ε) = 10000,

φ1(1010) = 1φ1(010) = 110φ0(0) = 11001,

φ1(1011) = 1φ1(011) = 110φ0(1) = 1100φ0(ε) = 11000,

φ1(1101) = 1φ1(101) = 11φ1(01) = 1110φ0(ε) = 11100,

φ1(1110) = 1φ1(110) = 11φ1(10) = 111φ1(0) = 11110,

φ1(1111) = 1φ1(111) = 11φ1(11) = 111φ1(1) = 1111φ1(ε) = 11111,

dhladă oi eikìnec twn lèxewn Fibonacci măkouc 4 eÐnai ìlec oi duadikèc lèxeic măkouc 5

qwrÐc zig-zag.

EpÐshc, gia kĹje α ∈ Z, sumbolÐzoume me r(α) ton arijmì twn enallag¸n sthn α,

dhladă ton arijmì twn emfanÐsewn twn 01 kai 10 sthn α. Gia parĹdeigma, gia thn lèxh

111001010, eÐnai r(α) = 5.Prìtash 2.2.3.
i) H apeikìnish φ0 (ant�stoiqa φ1) stèlnei ti
 lèxei
 Fibonacci m kou
 n se lèxei
m kou
 n + 1 qwr�
 zig-zag, oi opo�e
 arq�zoun apì 0 (ant�stoiqa apì 1).
ii) Oi φ0, φ1 e�nai amfimonos mante
 apeikon�sei
.
iii) r(φ0(α)) = r(φ1(α)) = |α|0 gia k�je lèxh Fibonacci α.
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i) Ja qrhsimopoihjeÐ epagwgă wc proc to măkoc n thc lèxhc.

Gia n = 0 eÐnai φ0(ε) = 0 kai φ1(ε) = 1 kai gia n = 1 eÐnai φ0(0) = 01 kai φ1(0) = 10,

Ĺra isqÔei.

’Estw ìti isqÔei gia kĹje k ≤ n, ja apodeiqjeÐ ìti isqÔei kai gia n + 1.

’Estw α mia lèxh Fibonacci măkouc n + 1. DiakrÐnoume dÔo periptÿseic:

1. An α = 1β, ìpou β mÐa lèxh Fibonacci măkouc n, tìte

φ0(1β) = 0φ0(β) kai φ1(1β) = 1φ1(β).

Apì thn upìjesh thc epagwgăc, h lèxh φ0(β) (antÐstoiqa φ1(β)) eÐnai mia lèxh

măkouc n + 1 qwrÐc zig-zag h opoÐa arqÐzei apì 0 (antÐstoiqa apì 1).

Epomènwc, h lèxh 0φ0(β) (antÐstoiqa 1φ1(β)) èqei măkoc n + 2, arqÐzei epÐshc

apì 0 (antÐstoiqa apì 1) kai Ĺra den perièqei zig-zag, opìte h prìtash isqÔei.

2. An α = 01β, ìpou β mÐa lèxh Fibonacci măkouc n− 1, tìte

φ0(01β) = 01φ1(β) kai φ1(01β) = 10φ0(β).

Apì thn upìjesh thc epagwgăc, h lèxh φ0(β) (antÐstoiqa φ1(β)) eÐnai mia lèxh

măkouc n qwrÐc zig-zag h opoÐa arqÐzei apì 0 (antÐstoiqa apì 1).

Epomènwc, h lèxh 01φ1(β) (antÐstoiqa 10φ0(β)) èqei măkoc n+2, arqÐzei epÐshc

apì 0 (antÐstoiqa apì 1) kai Ĺra den perièqei zig-zag, afoÔ h φ1(β) (antÐstoiqa

φ0(β)) arqÐzei apì 1 (antÐstoiqa apì 0), opìte h prìtash isqÔei.

ii) Prèpei na deiqjeÐ ìti kĹje α ∈ Z eÐnai eikìna mÐac monadikăc lèxhc mèsw thc φ0, kai

mÐac monadikăc lèxhc mèsw thc φ1. Ja qrhsimopoihjeÐ kai pĹli epagwgă wc proc to

măkoc n thc lèxhc α.

Gia n = 1, upĹrqei mÐa lèxh măkouc 1 pou arqÐzei apì 0 (antÐstoiqa apì 1) qwrÐc

zig-zag, h 0 (antÐstoiqa h 1), gia thn opoÐa eÐnai 0 = φ0(ε) (antÐstoiqa 1 = φ1(ε)),

Ĺra isqÔei.

Gia n = 2, upĹrqei mÐa lèxh măkouc 2 pou arqÐzei apì 0 (antÐstoiqa apì 1) qwrÐc zig-

zag, h 01 (antÐstoiqa h 10), gia thn opoÐa eÐnai 01 = φ0(0) (antÐstoiqa 10 = φ1(0)),

Ĺra isqÔei.

’Estw ìti isqÔei gia kĹje k ≤ n, ja apodeiqjeÐ ìti isqÔei kai gia n + 1.
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’Estw α (antÐstoiqa α′) mÐa lèxh măkouc n + 1 pou arqÐzei apì 0 (antÐstoiqa apì 1)

qwrÐc zig-zag. DiakrÐnoume dÔo periptÿseic:

1. An α = 0β (antÐstoiqa α
′

= 0β
′

) ìpou β mÐa lèxh măkouc n h opoÐa arqÐzei apì 0

(antÐstoiqa apì 1), tìte, apì thn upìjesh thc epagwgăc, upĹrqei monadikă lèxh

Fibonacci γ (antÐstoiqa γ
′

) măkouc n−1 me φ0(γ) = β (antÐstoiqa φ1(γ) = β
′

).

’Ara,

α = 0φ0(γ) = φ0(1γ) (antÐstoiqa α
′

= 1φ1(γ
′

) = φ1(1γ
′

)).

’Estw ìti upĹrqei lèxh Fibonacci δ (antÐstoiqa δ
′

) măkouc n, tètoia ÿste

φ0(δ) = α (antÐstoiqa φ1(δ
′

) = α
′

), tìte φ0(δ) = 0φ0(γ) (antÐstoiqa φ1(δ
′

) =

1φ1(γ)). AfoÔ 0φ0(γ) (antÐstoiqa 1φ1(γ)) arqÐzei apì 00 (antÐstoiqa 11), prè-

pei δ (antÐstoiqa δ
′

) na arqÐzei apì 1, opìte δ = 1ζ (antÐstoiqa δ
′

= 1ζ
′

).

Epomènwc,

φ0(δ) = φ0(1ζ) = 0φ0(ζ) = 0φ0(γ)⇒
φ0(ζ) = φ0(γ)⇔

ζ = γ ⇔
δ = 1γ

(antÐstoiqa

φ1(δ
′) = φ1(1ζ

′) = 1φ1(ζ
′) = 1φ1(γ

′)⇒
φ1(ζ

′) = φ1(γ
′)⇔

ζ ′ = γ′ ⇔
δ
′

= 1γ
′

)

kai Ĺra, prĹgmati, h lèxh thc opoÐac h α eÐnai eikìna mèsw thc φ0 (antÐstoiqa

thc φ1) eÐnai monadikă.

2. An α = 01β (antÐstoiqa α
′

= 10β
′

) ìpou β mÐa lèxh măkouc n − 1 h opoÐa

arqÐzei apì 1 (antÐstoiqa apì 0), tìte, apì thn upìjesh thc epagwgăc, upĹrqei

monadikă lèxh Fibonacci γ (antÐstoiqa γ
′

) măkouc n−2 me φ1(γ) = β (antÐstoiqa

φ0(γ
′

) = β
′

).

’Ara,

α = 01φ1(γ) = φ0(01γ) (antÐstoiqa α
′

= 10φ0(γ
′

) = φ1(01γ
′

)).
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’Estw ìti upĹrqei lèxh Fibonacci δ (antÐstoiqa δ
′

) măkouc n, tètoia ÿste

φ0(δ) = α (antÐstoiqa φ1(δ
′

) = α
′

), tìte φ0(δ) = 01φ1(γ) (antÐstoiqa φ1(δ
′

) =

10φ0(γ
′

)). AfoÔ 01φ1(γ) (antÐstoiqa 10φ0(γ
′

)) arqÐzei apì 001 (antÐstoiqa

100), prèpei δ (antÐstoiqa δ
′

) na arqÐzei apì 01, opìte δ = 01ζ (antÐstoiqa

δ
′

= 01ζ
′

).

Epomènwc,

φ0(δ) = φ0(01ζ) = 01φ1(ζ) = 01φ1(γ)⇒
φ1(ζ) = φ1(γ)⇔

ζ = γ ⇔
δ = 01γ

(antÐstoiqa

φ1(δ
′) = φ1(01ζ ′) = 10φ0(ζ

′) = 10φ0(γ
′)⇒

φ1(ζ
′) = φ1(γ

′)⇔
ζ ′ = γ′ ⇔
δ
′

= 01γ
′

)

kai Ĺra, prĹgmati, kai sthn perÐptwsh aută, h lèxh thc opoÐac h α eÐnai eikìna

mèsw thc φ0 (antÐstoiqa thc φ1) eÐnai monadikă.

’Ara h φ0 (antÐstoiqa thc φ1) eÐnai 1-1 kai epÐ.

iii) Ja qrhsimopoihjeÐ epÐshc epagwgă wc proc to măkoc n thc lèxhc.

Gia n = 0, eÐnai

r(φ0(ε)) = r(0) = 0 = |ε|0 kai r(φ1(ε)) = r(1) = 0 = |ε|0.

Gia n = 1, eÐnai

r(φ0(0)) = r(01) = 1 = |0|0 kai r(φ1(0)) = r(10) = 1 = |0|0.

’Estw ìti isqÔei gia kĹje k ≤ n, ja apodeiqjeÐ ìti isqÔei kai gia n + 1. ’Estw α mia

lèxh Fibonacci măkouc n + 1. DiakrÐnoume dÔo periptÿseic:
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1. An α = 1β, ìpou β mia lèxh Fibonacci măkouc n, tìte

r(φ0(α)) = r(φ0(1β)) = r(0φ0(β)) = r(φ0(β)) = |β|0 = |1β|0 = |α|0 kai
r(φ1(α)) = r(φ1(1β)) = r(1φ1(β)) = r(φ1(β)) = |β|0 = |1β|0 = |α|0,

opìte isqÔei.

2. An α = 01β, ìpou β mia lèxh Fibonacci măkouc n− 1, tìte

r(φ0(α)) = r(φ0(01β)) = r(01φ1(β)) = 1 + r(φ1(β)) = 1 + |β|0 = |01β|0 = |α|0 kai
r(φ1(α)) = r(φ1(01β)) = r(10φ0(β)) = 1 + r(φ0(β)) = 1 + |β|0 = |01β|0 = |α|0,

opìte isqÔei.Pìrisma 2.2.4. O arijmì
 twn duadik¸n lèxewn m kou
 n qwr�
 zig-zag me k enallagè
isoÔtai me
2

(
n− k

k

)
.Apìdeixh. ’Estw an,k o arijmìc twn duadikÿn lèxewn măkouc n qwrÐc zig-zag, me k enalla-

gèc. Apì thn prohgoÔmenh prìtash, isqÔei ìti h φ0 (ant. φ1) stèlnei tic lèxeic Fibonacci

măkouc n stic duadikèc lèxeic măkouc n + 1 qwrÐc zig-zag pou arqÐzoun me 0 (ant. 1) kai

gia kĹje lèxh Fibonacci α, o arijmìc twn enallagÿn thc lèxhc φ0(α) (ant. φ1(α)) isoÔtai

me ton arijmì twn mhdenikÿn thc lèxhc α, dhladă

r(φ0(α)) = r(φ1(α)) = |a|0.

Epiplèon, apì to Pìrisma 2.1.3, isqÔei ìti o arijmìc twn lèxewn Fibonacci măkouc n me k

mhdenikĹ isoÔtai me (
n− k + 1

k

)
.
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Epomènwc,

an,k = |{β ∈ Z : |β| = n kai r(β) = k}|
= |{α ∈ Φ : |φ0(α)| = n, r(φ0(α)) = k}|+ |{α ∈ Φ : |φ1(α)| = n, r(φ1(α)) = k}|
= |{α ∈ Φ : |α| = n− 1, |a|0 = k}|+ |{α ∈ Φ : |α| = n− 1, |a|0 = k}

=

(
n− 1− k + 1

k

)
+

(
n− 1− k + 1

k

)

= 2

(
n− k

k

)
.

Parathr sei
.
i) Apì thn prohgoÔmenh prìtash prokÔptei ìti gia kĹje emfĹnish mhdenikoÔ se mia

lèxh Fibonacci α, oi apeikonÐseic φ0, φ1 enallĹssoun ta antÐstoiqa yhfÐa twn lè-

xewn φ0(α), φ1(α). Me bĹsh aută thn paratărhsh oi φ0, φ1 mporoÔn na orisjoÔn

epanalhptikĹ wc exăc: ’Estw α = α1α2 · · ·αn mia lèxh Fibonacci măkouc n. Tìte,

φ0(α) = 0β1β2 · · ·βn kai φ1(α) = 1γ1γ2 · · · γn, ìpou

β1 =





1, an α1 = 0,

0, an α1 = 1,
γ1 =





0, an α1 = 0,

1, an α1 = 1,

kai

βi =





1− βi−1, an αi = 0,

βi−1, an αi = 1,
γi =





1− γi−1, an αi = 0,

γi−1, an αi = 1,

gia kĹje i ∈ [2, n].

ii) H φ0 (antÐstoiqa φ1) stèlnei tic lèxeic Fibonacci oi opoÐec arqÐzoun apì 1 ă apì 01

stic lèxeic qwrÐc zig-zag oi opoÐec arqÐzoun apì 00 ă apì 011 (antÐstoiqa apì 11 ă

apì 100) antÐstoiqa.

iii) H lèxh φ1(α) eÐnai to sumplărwma thc lèxhc φ0(α).

Gia kĹje lèxh Fibonacci α, sumbolÐzoume me Υφ0(α) (antÐstoiqa Υφ1(α)) ton arijmì

twn bhmĹtwn gia ton anadromikì upologismì thc α mèsw thc φ0 (antistoiqa φ1). Tìte,

isqÔei h epìmenh prìtash.
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Υφ0(α) = Υφ1(α) = |α|1 + 1.Apìdeixh. Ja qrhsimopoihjeÐ epagwgă wc proc to măkoc n thc lèxhc.

Gia n = 0, eÐnai

Υφ0(ε) = 1 = |ε|1 + 1 kai Υφ1(ε) = 1 = |ε|1 + 1.

Gia n = 1, eÐnai

Υφ0(0) = 1 = |0|1 + 1 kai Υφ1(0) = 1 = |0|1 + 1.

’Estw ìti isqÔei gia kĹje k ≤ n. Ja apodeiqjeÐ ìti isqÔei kai gia n + 1. ’Estw α mia

lèxh Fibonacci măkouc n + 1. DiakrÐnoume dÔo periptÿseic:

1. An α = 1β ìpou β eÐnai mia lèxh Fibonacci măkouc n, tìte

Υφ0(α) = Υφ0(1β) = Υφ0(β) + 1 = |β|1 + 1 + 1 = |1β|1 + 1 = |α|1 + 1

kai

Υφ1(α) = Υφ1(1β) = Υφ1(β) + 1 = |β|1 + 1 + 1 = |1β|1 + 1 = |α|1 + 1,

opìte isqÔei.

2. An α = 01β ìpou β eÐnai mia lèxh Fibonacci măkouc n− 1, tìte

Υφ0(α) = Υφ0(01β) = Υφ1(β) + 1 = |β|1 + 1 + 1 = |01β|1 + 1 = |α|1 + 1

kai

Υφ1(α) = Υφ1(01β) = Υφ1(β) + 1 = |β|1 + 1 + 1 = |10β|1 + 1 = |α|1 + 1,

opìte isqÔei.

Gia perissìtera stoiqeÐa sqetikĹ me tic duadikèc lèxeic qwrÐc zig-zag, blèpe thn er-

gasÐa twn Munarini kai Salvi [11] kajÿc epÐshc thn akoloujÐa A078678 sthn Online

Encyclopedia of Integer Sequences [13].
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 Dyck

Mia duadikă lèxh α ∈ {0, 1}∗ onomĹzetai lèxh Dyck an ikanopoieÐ tic exăc dÔo idiìthtec:

i) |α|1 = |α|0,

ii) Gia kĹje prìjema β thc α isqÔei ìti |β|1 ≥ |β|0.Par�deigma. Oi lèxeic Dyck măkouc to polÔ 8 eÐnai oi exăc: ε, 10, 1010, 1100, 101010,

101100, 110010, 110100, 111000, 10101010, 10101100, 10110010, 10110100, 10111000,

11001010, 11001100, 11010010, 11010100, 11011000, 11100010, 11100100, 11100100, 11101000,

11110000.2.3.1 Di�spash twn lèxewn DyckPrìtash 2.3.1. K�je mh ken  lèxh Dyck α diasp�tai kat� monadikì trìpo upì thmorf 
α = 1β0γìpou β, γ lèxei
 Dyck.Apìdeixh. ’Estw α mia mh kenă lèxh Dyck măkouc k. Profanÿc h α arqÐzei me 1. Epeidă

o arijmìc twn monĹdwn sthn α isoÔtai me ton arijmì twn mhdenikÿn èpetai ìti h α èqei

Ĺrtio măkoc, epomènwc k = 2n gia kĹpoio mh mhdenikì arijmì n, opìte

α = α1α2 · · ·α2n, ìpou α1 = 1.

’Estw j o elĹqistoc mh mhdenikìc fusikìc arijmìc sto [n] tètoioc ÿste

|α1α2 · · ·α2j |1 = |α1α2 · · ·α2j |0.

(Gia j = n isqÔei ìti |α|0 = |α|1, Ĺra pĹnta orÐzetai kĹpoio j.)

Tìte isqÔei ìti α2j = 0. PrĹgmati, an upotejeÐ ìti α2j = 1, tìte eÐnai

|α1α2 · · ·α2j−1|1 = |α1α2 · · ·α2j−1α2j |1 − 1

= |α1α2 · · ·α2j−1α2j |0 − 1

< |α1α2 · · ·α2j−1|0,

to opoÐo eÐnai Ĺtopo diìti h lèxh α1α2 · · ·α2j eÐnai prìjema thc lèxhc α.

Ja apodeiqjeÐ ìti oi lèxeic

α2α3 · · ·α2j−1 kai α2j+1α2j+2 · · ·α2n
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eÐnai lèxeic Dyck.

PrĹgmati,

|α2α3 · · ·α2j−1|1 = |α1α2 · · ·α2j−1α2j |1 − 1

= |α1α2 · · ·α2j−1α2j |0 − 1

= |α2α2 · · ·α2j−1|0.

EpÐshc, gia kĹje k ≤ 2j − 1 isqÔei ìti

|α2α3 · · ·αk|1 ≥ |α2α3 · · ·αk|0

PrĹgmati, an upotejeÐ ìti upĹrqoun k ≤ 2j − 1 me

|α2α3 · · ·αk|1 < |α2α3 · · ·αk|0,

èstw k0 to elĹqisto apì autĹ. Tìte, prèpei

|α2α3 · · ·αk0
|1 = |α2α3 · · ·αk0

|0 − 1.

S> aută thn perÐptwsh ìmwc isqÔei ìti

|α1α2 · · ·αk0
|1 = |α2α3 · · ·αk0

|1 + 1

= |α2α3 · · ·αk0
|0

= |α1α2 · · ·αk0
|0,

to opoÐo eÐnai Ĺtopo, diìti to j eÐnai to elĹqisto stoiqeÐo tou [n] me aută thn idiìthta.

Epomènwc, h lèxh α2α3 · · ·α2j−1 eÐnai lèxhDyck kai katĹ sunèpeia kai h lèxh α1α2 · · ·α2j

eÐnai epÐshc lèxh Dyck.

Epiprìsjeta, isqÔei ìti

|α2j+1α2j+2 · · ·a2n|1 = |α1α2 · · ·α2n|1 − |α1α2 · · ·α2j |1
= |α1α2 · · ·α2n|0 − |α1α2 · · ·α2j |0
= |α2j+1α2j+2 · · ·a2n|0.

EpÐshc, gia kĹje k ∈ [2j + 1, 2n] isqÔei ìti

|α2j+1α2j+2 · · ·αk|1 ≥ |α2j+1α2j+2 · · ·αk|0.
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PrĹgmati,

|α2j+1α2j+2 · · ·ak|1 = |α1α2 · · ·αk|1 − |α1α2 · · ·α2j|1
= |α1α2 · · ·αk|1 − |α1α2 · · ·α2j|0
≥ |α1α2 · · ·αk|0 − |α1α2 · · ·α2j |0
= |α2j+1α2j+2 · · ·ak|0.

Tèloc, apì ton orismì tou j, oi lèxeic β = α2α3 · · ·α2j−1 kai γ = α2j+1α2j+2 · · ·α2n

eÐnai monadikèc.2.3.2 Apar�jmhsh w
 pro
 to m ko
 kai ton arijmì twnemfan�sewn tou 10Prìtash 2.3.2.
i) O arijmì
 twn lèxewn Dyck m kou
 2n isoÔtai me ton n-ostì arijmì Catalan.
ii) O arijmì
 twn lèxewn Dyck m kou
 2n me akrib¸
 k emfan�sei
 tou 10 isoÔtai me

1
n

(
n
k

)(
n−1

k

).Apìdeixh. Epeidă to măkoc se kĹje lèxh Dyck isoÔtai me to diplĹsio tou arijmoÔ emfanÐ-

sewn twn monĹdwn, jewroÔme th gennătria sunĹrthsh F (x, y) twn lèxewn Dyck wc proc

ton arijmì twn emfanÐsewn tou 1 kai wc proc ton arijmì emfanÐsewn tou 10.

Apì thn prohgoÔmenh prìtash, kĹje mh kenă lèxh Dyck diaspĹtai katĹ monadikì trìpo

upì th morfă

α = 1β0γ,

ìpou β, γ lèxeic Dyck.

Gia tic paramètrouc | |1, | |10 : D → N isqÔei ìti

|ε|1 = 0, |1β0γ|1 = 1 + |β|1 + |γ|1

kai

|ε|10 = 0, |1β0γ|10 = |β|10 + |γ|10 + [β = ε].1

1Συμβολισμός Iverson: [P ] = 1, αν P αληθής, αλλιώς [P ] = 0.
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IsqÔei ìti

F (x, y) =
∑

α∈D
x|α|1y|α|10

=
∑

α=ε

x|ε|1y|α|10 +
∑

α=1β0γ
β,γ∈D

x|1β0γ|1y|1β0γ|10

= 1 +
∑

β,γ∈D
x1+|β|1+|γ|1y|β|10+|γ|10+[β=ε]

= 1 + x
∑

β∈D
x|β|1y|β|10+[β=ε]

∑

γ∈D
x|γ|1y|γ|10

= 1 + x
(∑

β=ε

x|ε|1y|ε|10+[β=ε] +
∑

β∈D
β 6=ε

x|β|1y|β|10)F (x, y)

= 1 + x (y + F (x, y)− 1)F (x, y).

Sunepÿc,

F (x, y) = 1 + x(y − 1)F (x, y) + xF 2(x, y). (2.10)

i) An sthn (2.10) tejeÐ y = 1, prokÔptei ìti

F (x, 1) = 1 + xF 2(x, 1).

Epiplèon, an tejeÐH(λ) = λ2 tìte F (x, 1) = 1+xH(F (x, 1)), opìte, apì to jeÿrhma

antistrofăc tou Lagrange, prokÔptei ìti

[xn]F (x, 1) =
1

n
[λn−1](H(λ + 1))n

=
1

n
[λn−1](λ + 1)2n

=
1

n
[λn−1]

2n∑

j=0

(
2n

j

)
λj

=
1

n

(
2n

n− 1

)
.
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Epomènwc,

F (x, 1) = 1 +

∞∑

n=1

1

n

(
2n

n− 1

)
xn

= 1 +

∞∑

n=1

1

n + 1

(
2n

n

)
xn

=
∞∑

n=0

1

n + 1

(
2n

n

)
xn.

’Ara, o arijmìc twn lèxewn Dyck me n monĹdec, dhladă măkouc 2n, isoÔtai me

1

n + 1

(
2n

n

)
.

Oi arijmoÐ autoÐ onomĹzontai arijmoÐ Catalan kai sunăjwc sumbolÐzontai me cn.

ii) An tejeÐH(λ) = (y−1+λ)λ tìte h sqèsh (2.10) grĹfetai F (x, y) = 1+xH(F (x, y)),

opìte, apì to jeÿrhma antistrofăc tou Lagrange, prokÔptei ìti

[xn]F (x, y) =
1

n
[λn−1](H(λ + 1))n

=
1

n
[λn−1](y + λ)n(λ + 1)n

=
1

n
[λn−1]

n∑

j=0

(
n

j

)
(y + λ)nλj

=
1

n
[λn−1]

n∑

j=0

n∑

k=0

(
n

j

)(
n

k

)
ykλj+n−k

=
1

n
[λn−1]

2n∑

i=0

[n

2 ]∑

k=0

(
n

i + k − n

)(
n

k

)
ykxi

=
1

n

(
n

k − 1

)(
n

k

)
yk.

Epomènwc,

F (x, y) = 1 +

∞∑

n=1

1

n

(
n

k − 1

)(
n

k

)
ykxn.

’Ara, gia n ≥ 1, o arijmìc twn lèxewn Dyck măkouc 2n kai me akribÿc k emfanÐseic
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tou 10 isoÔtai me

1

n

(
n

k − 1

)(
n

k

)
.

Oi arijmoÐ autoÐ onomĹzontai arijmoÐ Narayana.

Oi prÿtoi ìroi thc akoloujÐac [xnyk]F (x, y) dÐdontai ston epìmeno pÐnaka.

n \ k 0 1 2 3 4 5 6 7 8 9 10

0 1 0
1 1 1
2 1 1 2
3 1 3 1 5
4 1 6 6 1 14
5 1 10 20 10 1 42
6 1 15 50 50 15 1 132
7 1 21 105 175 105 21 1 429
8 1 28 196 490 490 196 28 1 1430
9 1 36 336 1176 1764 1176 336 36 1 4862
10 1 45 540 2520 5992 5292 2520 540 45 1 16796Par�deigma. To plăjoc twn lèxewn Dyck măkouc 10 me akribÿc 3 emfanÐseic tou 10

isoÔtai me 20. PrĹgmati, oi lèxeic autèc eÐnai oi akìloujec:

1010111000 1011011000 1011001100 1011100100 1011101000

1011100010 1100101100 1100110100 1100110010 1101001100

1101011000 1101100010 1101100100 1101101000 1110001010

1110010010 1110010100 1110100010 1110100100 1110101000Pìrisma 2.3.3.
i) O arijmì
 twn lèxewn Dyck m kou
 2n e�nai per�pou �so
 me

4n

n3/2
√

π
.

ii) O mèso
 ìro
 tou arijmoÔ twn emfan�sewn tou 10 sti
 lèxei
 Dyck m kou
 2n isoÔtaime
n + 1

2
.
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i) H C(x) èqei èna shmeÐo idiomorfÐac gia x = 1

4
. An tejeÐ

f(x) = (1− 4x)1/2 , g(x) = − 1

2x
kai h(x) =

1

2x
,

tìte isqÔei ìti

i) C(x) = f(x)g(x) + h(x).

ii) H C(x) den èqei Ĺllo shmeÐo idiomorfÐac sto diĹsthma [−1/4, 1/4).2

iii) L = lim
x→ 1

4

g(x) = −2 6= 0.

iv) H h(x) den èqei idiomorfÐa sto x = 1
4
.

’Ara, apì thn Prìtash 1.2.2 gia c = 1
2
, b = 0 kai L = −2 prokÔptei ìti

cn ∼
(−2) · 4n

n
1

2
+1Γ(−1

2
)

=
(−2) · 4n

n3/2(−2)
√

π
,

kai epomènwc,

cn ∼
4n

n3/2
√

π
.

Ston epìmeno pÐnaka dÐdontai gia sÔgkrish oi timèc tou arijmoÔ twn lèxewn Dyck,

oi ektimăseic autÿn twn arijmÿn kai o antÐstoiqoc lìgoc tou sfĹlmatoc.

hmimăkoc arijmìc lèxewn ektÐmhsh lìgoc sfĹlmatoc

2 2 3.191538243 1.595769122

4 14 18.05406667 1.289576191

6 132 157.2382262 1.191198684

8 1430 1634.067581 1.142704602

10 16796 18707.89729 1.113830513

12 208012 227705.2745 1.094673742

14 2674440 2.89116507× 106 1.081035683

16 35357670 3.78621220× 107 1.070831931

ii) Apì th sqèsh (2.10), paragwgÐzontac wc proc y, paÐrnoume

∂F (x, y)

∂y
=

1

2

(
1 + x(1− y)√

(1− x(1− y))2 − 4x
− 1

)

2Το x = 0 δεν είναι σημείο ιδιομορφίας.
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kai jètontac y = 1 prokÔptei h gennătria

1

2

(
1√

1− 4x
− 1

)
.

Apì thn epèktash tou diwnumikoÔ jewrămatoc (1.1) isqÔei ìti

1

2

(
1√

1− 4x
− 1

)
=

1

2

( ∞∑

n=0

(−1
2

n

)
(−4x)n − 1

)

=
1

2

( ∞∑

n=0

(−1)n

4n

(
2n

n

)
(−4)nxn − 1

)

=
1

2

( ∞∑

n=0

(
2n

n

)
xn − 1

)
,

opìte gia n ≥ 1 o suntelestăc tou xn sth gennătria aută isoÔtai me 1
2

(
2n
n

)
.

kai epomènwc, o mèsoc ìroc tou arijmoÔ twn emfanÐsewn tou 10 stic lèxeic Dyck

măkouc 2n isoÔtai me
1
2

(
2n
n

)

1
n+1

(
2n
n

) =
n + 1

2
,

dhladă eÐnai perÐpou Ðsoc me to èna tètarto tou măkouc touc.

Gia perissìtera stoiqeÐa sqetikĹ me touc arijmoÔc Catalan blèpe sto lămma A000108

sto [13] kai sto biblÐo tou Stanley [14] ìpou upĹrqoun 66 sunduastikèc ermhneÐec gia touc

arijmoÔc Catalan kai pollĹ Ĺlla stoiqeÐa, ta opoÐa ananeÿnontai taktikĹ me thn eidikă

èkdosh Catalan Addendum [15] ìpou sămera perièqontai pĹnw apì 180 sunduastikèc er-

mhneÐec. EpÐshc, gia perissìtera stoiqeÐa sqetikĹ me tic lèxeic Dyck, blèpe th didaktorikă

diatribă tou TasoÔla [16].2.4 Lèxei
 kai prìtupa
’Ena shmantikì jèma me to opoÐo èqoun asqolhjeÐ polloÐ ereunhtèc ta teleutaÐa 30

qrìnia eÐnai h aparÐjmhsh twn lèxewn sÔmfwna me to măkoc touc kai ton arijmì twn

emfanÐsewn miac dosmènhc lèxhc, h opoÐa kaleÐtai prìtupo, mèsa s> autĹ.
’Etsi, gia parĹdeigma, an jewrăsoume thn duadikă lèxh τ = 011001 diatupÿnetai to

erÿthma: Pìsec duadikèc lèxeic măkouc 100 perièqoun thn lèxh τ akribÿc 18 forèc?



41 2.4. L�EXEIS KAI PR�OTUPA2.4.1 Apar�jmhsh lèxewn pou apofeÔgoun sugkekrimènoprìtupo
Se prohgoÔmenec paragrĹfouc, meletăjhke to prìblhma thc aparÐjmhshc twn lèxewn

pou apofeÔgoun to prìtupo w, ìtan w = 00 kai ìtan w = 010 ă w = 101.

Sthn parĹgrafo aută ja melethjeÐ to prìblhma autì gia opoiodăpote prìtupo w.

’Ena tmăma σ miac lèxhc w onomĹzetai sÔnoro thc w, an eÐnai tautìqrona prìjema kai

epÐjema thc lèxhc w. Gia kĹje lèxh w, sumbolÐzoume me Bw to sÔnolo ìlwn twn sunìrwn

thc. Gia kĹje sÔnoro σ miac lèxhc w, sumbolÐzoume me σ̃ th lèxh gia thn opoÐa w = σσ̃.

H σ̃ onomĹzetai sumpl rwma tou σ wc proc to w.

Merikèc qrăsimec idiìthtec sqetikĹ me ta sÔnora miac lèxhc dÐdontai sto epìmeno lămma.L mma 2.4.1.
i) An σ1, σ2 e�nai sÔnora mia
 lèxh
 w me |σ1| > |σ2| tìte to σ2 e�nai sÔnoro tou σ1.
ii) An σ e�nai sÔnoro mia th
 lèxh
 w me 2|σ| > |w|, tìte up�rqei σ′ me 2|σ′| < |w| kai

σ′ sÔnoro th
 w.Apìdeixh.
i) Epeidă σ1, σ2 eÐnai sÔnora thc w, isqÔei ìti

w = σ1β = β ′σ1 kai w = σ2β = γ′σ2.

Epiplèon, epeidă |σ1| > |σ2|, prokÔptei ìti

σ1 = σ2δ kai σ1 = δ′σ2.

’Ara, σ2 eÐnai sÔnoro tou σ1.

ii) ’Estw |w| = n kai |σ| = k me 2k > n, tìte σ = w1w2 · · ·wk = wn−kwn−k+1 · · ·wn.

Epeidă n− k < k h lèxh wkwk+1 · · ·wn−k eÐnai mh kenă kai eÐnai prìjema kai epÐjema

tou σ, Ĺra eÐnai sÔnoro tou σ kai, katĹ sunèpeia, sÔnoro tou w.Prìtash 2.4.2. H genn tria sun�rthsh A(x, y) twn duadik¸n lèxewn pou apofeÔgounto prìtupo w, ìpou to x metr�ei to m ko
 kai to y metr�ei ton arijmì twn mon�dwn, d�detaiapì ton tÔpo
A(x, y) =

1 + B(x, y)

x|w|y|w|1 + (1− (1 + y)x)(1 + B(x, y))
(2.11)ìpou B(x, y) =

∑
σ∈Bw

x|w|−|σ|y|w|1−|σ|1 .



KEF�ALAIO 2. APAR�IJMHSH DUADIK�WN L�EXEWN ME PERIORISMO�US 42Apìdeixh. ’Estw A to sÔnolo ìlwn twn duadikÿn lèxewn pou apofeÔgoun thn lèxh w.

Tìte

A(x, y) =
∑

α∈A
x|α|y|α|1.

KĹje lèxh α ∈ A eÐte arqÐzei me kĹpoio sumplărwma enìc sunìrou σ ∈ Bw, eÐte ìqi.

Oi lèxeic pou arqÐzoun me kĹpoio sumplărwma enìc sunìrou σ ∈ Bw, diamerÐzontai wc

proc to megalÔtero se măkoc apì autĹ, kai èstw Aσ̃ h antÐstoiqh klĹsh thc diamèrishc.

’Estw A′ to sÔnolo twn lèxewn pou den arqÐzoun me kĹpoio sumplărwma enìc sunìrou

σ ∈ Bw.

’EstwW to sÔnolo twn lèxewn pou arqÐzoun me w kai den perièqoun Ĺllh emfĹnish tou

protÔpou w, kai W (x, y) h gennătria sunĹrthsh tou sunìlouW wc proc tic paramètrouc
măkoc kai arijmìc monĹdwn.

Gia kĹje lèxh α ∈ Aσ̃ isqÔei ìti h lèxh σα ∈ W. PrĹgmati, epeidă h lèxh α arqÐzei me

σ̃, h lèxh σα arqÐzei me w. ’Estw ìti h σα perièqei kai Ĺllh emfĹnish tou w. H emfĹnish

aută teleiÿnei metĹ to σ̃, diìti gia thn upolèxh σp, ìpou p gnăsio prìjema tou σ̃, isqÔei

ìti |σp| < |w|.
An σ′ eÐnai to koinì tmăma thc deÔterhc emfĹnishc tou w kai tou σ, tìte to σ′ eÐnai

sÔnoro tou w, afoÔ eÐnai epÐjema tou σ (pou eÐnai epÐjema tou w) kai prìjema tou w.

σ α
σ̃

σ′ σ̃′

w

w

Epomènwc |σ̃′| > |σ̃| kai to α xekinĹei me σ̃′ to opoÐo eÐnai Ĺtopo.

Epiprìsjeta gia kĹje α ∈ A′ h lèxh wα ∈ W. PrĹgmati, h wα arqÐzei me w. ’Estw

ìti perièqei kai Ĺllh emfĹnish tou w, tìte dedomènou ìti h deÔterh emfĹnish den anăkei

ex oloklărou sto α, ja upĹrqei èna koinì mh kenì tmăma σ twn dÔo emfanÐsewn to opoÐo

eÐnai sÔnoro tou w kai epomènwc to α xekinĹei me σ̃ to opoÐo eÐnai Ĺtopo.

w α
σ σ̃

w

AntÐstrofa, èstw wα ∈ W. Gia kĹje sÔnoro σ ∈ Bw isqÔei ìti wα = σσ̃α kai h lèxh

σ̃α anăkei sto Aσ̃.

PrĹgmati, profanÿc h σ̃α ∈ A diìti apofeÔgei to w. EpÐshc, èstw ìti upĹrqei σ′ ∈ Bw

tètoio ÿste h σ̃α arqÐzei me σ̃′, ìpou |σ̃| < |σ̃′|.
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w α

σ σ̃

σ′ σ̃

w

Epeidă |σ̃| < |σ̃′|, èpetai ìti |σ′| < |σ|, opìte apì to prohgoÔmeno lămma isqÔei ìti σ′

eÐnai sÔnoro tou σ, Ĺra akribÿc prin thn arqă tou σ̃′ (kai sto tèloc tou σ) upĹrqei to

sÔnoro σ′, opìte h lèxh wα perièqei kai deÔterh emfĹnish tou w, to opoÐo eÐnai Ĺtopo.

’Ara, σ̃α ∈ Aσ.

Epiplèon, an wα ∈ W, tìte α ∈ A′. PrĹgmati, profanÿc α ∈ A, diìti apofeÔgei to
w. EpÐshc, an upĹrqei σ ∈ Bw tètoio ÿste h lèxh α arqÐzei me σ̃, tìte h wα perièqei kai

deÔterh emfĹnish tou w, to opoÐo eÐnai Ĺtopo.

w α
σ σ̃

w

Katìpin toÔtwn, prokÔptei ìti

W = {wα : α ∈ A′} = {σα : α ∈ Aσ̃}, gia kĹje σ ∈ Bw.

Epomènwc,

A(x, y) =
∑

α∈A
x|α|y|α|1

=
∑

α∈A′

x|α|y|α|1 +
∑

σ∈Bw

∑

α∈Aσ̃

x|α|y|α|1

= x−|w|y−|w|1
∑

α∈A′

x|wα|y|wα|1 +
∑

σ∈Bw

x−|σ|y−|σ|1
∑

α∈Aσ̃

x|σα|y|σα|1

= x−|w|y−|w|1



∑

wα∈W
α∈A′

x|wα|y|wα|1 +
∑

σ∈Bw

x|w|−|σ|y|w|1−|σ|1
∑

σα∈W
α∈Aσ̃

x|σα|y|σα|1




= x−|w|y−|w|1

(
∑

β∈W
x|β|y|β|1 +

∑

σ∈Bw

x|w|−|σ|y|w|1−|σ|1
∑

β∈W
x|β|y|β|1

)
.

’Ara,

A(x, y) = x−|w|y−|w|1

(
1 +

∑

σ∈Bw

x|w|−|σ|y|w|1−|σ|1

)
W (x, y). (2.12)
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’Estw α ∈ A ∪W. KĹje mh kenă lèxh α ∈ A ∪W grĹfetai katĹ monadikì trìpo upì

th morfă

α = 0β ă α = 1β

ìpou β ∈ A.
PrĹgmati, an α ∈ A, tìte diakrÐnoume dÔo periptÿseic: An α = 0β, tìte prèpei kai

h β na apofeÔgei to w, opìte β ∈ A. An α = 1β, tìte prèpei kai h β na apofeÔgei to

w, opìte β ∈ A. An α ∈ W, tìte eÐte α = 0β eÐte α = 1β. Kai stic dÔo periptÿseic h

β apofeÔgei thn lèxh w, giatÐ alliÿc h lèxh α èqei toulĹqiston dÔo emfanÐseic, to opoÐo

eÐnai Ĺtopo, Ĺra β ∈ A.
AntÐstrofa, èstw β ∈ A. IsqÔei ìti 0β, 1β ∈ A ∪ W, diìti h prosjăkh enìc 0 ă 1

sthn arqă thc lèxhc β dhmiourgeÐ to polÔ mia nèa emfĹnish tou w.

Epomènwc,

∑

α∈A∪B
x|α|y|α|1 =

∑

a=ε

x|ε|y|ε|1 +
∑

α=0β
β∈A

x|0β|y|0β|1 +
∑

α=1β
β∈A

x|1β|y|1β|1

ă isodÔnama,

∑

α∈A
x|α|y|α|1 +

∑

α∈W
x|wβ|y|wβ|1 = 1 + x

∑

β∈A
x|β|y|β|1 + xy

∑

β∈A
x|β|y|β|1.

’Ara,

A(x, y) + W (x, y) = 1 + x(1 + y)A(x, y). (2.13)

Apì tic sqèseic (2.12) kai (2.13) prokÔptei h apodeiktèa sqèsh.Pìrisma 2.4.3. H genn tria W (x, y) sun�rthsh twn duadik¸n lèxewn pou arq�zoun me
w kai den perièqoun �llh emf�nish tou w, ìpou to x metr�ei to m ko
 kai to y ton arijmìtwn mon�dwn, d�detai apì ton tÔpo

W (x, y) =
x|w|y|w|1

x|w|y|w|1 + (1− (1 + y)x)(1 + B(x, y))
. (2.14)Efarmogè


1. An w = 0k, ìpou k ≥ 1, tìte Bw = {0i, 1 ≤ i ≤ k − 1}, opìte

B(x, y) =

k−1∑

i=1

xk−iy0 =
x(1− xk−1)

1− x
.
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’Ara,

A(x, y) =
1 + x(1−xk−1)

1−x

xky0 + (1− (1 + y)x)
(
1 + x(1−xk−1)

1−x

)

=
1− xk

xk(1− x) + (1− (1 + y)x)(1− xk)

=
1− xk

1− (1 + y)x + yxk+1
. (2.15)

An w = 00, tìte apì thn (2.15) prokÔptei ìti

A(x, y) =
1− x2

1− (1 + y)x + yx3
=

(1 + x)(1− x)

(1− x)(1− yx(1 + x))
=

1 + x

1 + yx + yx2
,

h opoÐa tautÐzetai me thn gennătria sunĹrthsh twn arijmÿn Fibonacci wc proc to

măkoc kai ton arijmì twn monĹdwn (bl. sqèsh (2.1)).

2. H gennătria sunĹrthsh L(x, z) twn duadikÿn lèxewn, ìpou to x metrĹei to măkoc

kai to z metrĹei thn jèsh thc prÿthc emfĹnishc tou w, dÐdetai apì ton tÔpo

L(x, z) =
z−|w|+1

1− 2x
W (xz, 1) + A(x, 1). (2.16)

PrĹgmati, kĹje duadikă lèxh α eÐte perièqei emfĹnish tou w, eÐte ìqi.

’Estw ìti h α perièqei mia toulĹqiston emfĹnish tou w, tìte h α grĹfetai katĹ

monadikì trìpo upì th morfă

α = βγ,

ìpou β teleiÿnei me w kai den perièqei Ĺllh emfĹnish tou w kai γ eÐnai mia duadikă

lèxh.

An h lèxh α den perièqei emfĹnish tou w, tìte α ∈ A.

’Estw Wr to sÔnolo twn duadikÿn lèxewn pou teleiÿnoun me w kai den perièqoun

Ĺllh emfĹnish tou w. Profanÿc, kĹje lèxh α ∈ Wr antistoiqeÐ monosămanta se mia

lèxh α′ ∈W , ìpou α′ eÐnai h katoptrikă lèxh thc α.
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’Ara,

L(x, z) =
∑

α∈{0,1}∗
x|a|zjèsh prÿthc emfĹnishc thc w

=
∑

α=βγ
β∈Wr

γ∈{0,1}∗

x|β|+|γ|z|β|−|w|+1 +
∑

α∈A
x|α|z0

= z−|w|+1
∑

β∈Wr

x|β|z|β|
∑

γ∈{0,1}∗
x|γ| + A(x, 1)

=
z−|w|+1

1− 2x

∑

β∈W
(xz)|β| + A(x, 1)

=
z−|w|+1

1− 2x
W (xz, 1) + A(x, 1).

3. O arijmìc twn mh arnhtikÿn akèraiwn lÔsewn thc exÐswshc

x1 + x2 + · · ·+ xk = n

gia tic opoÐec den upĹrqoun xi, xj 6= 0 me |i − j| = 1, dhladă den upĹrqoun dÔo

diadoqikoÐ mh mhdenikoÐ ìroi, isoÔtai me

n∑

j=0

(−1)j

(
n− 1

j

)(
n + k − 1− 2j

k − 1− j

)
.

PrĹgmati, kĹje lÔsh thc exÐswshc autăc kwdikopoieÐtai apì thn duadikă lèxh

0x110x21 · · · 10xk,

h opoÐa èqei măkoc n + k − 1, perièqei k − 1 monĹdec kai apofeÔgei to prìtupo 010.

An w = 010, tìte Bw = {0}, opìte B(x, y) = x3−1y1−0 = x2y. ’Ara,

A(x, y) =
1 + x2y

x3y1 + (1− (1 + y)x)(1 + x2y)
=

1 + x2y

1− x− xy + x2y − x3y2
,

opìte

A(x, y) = 1 + x2y + (x + xy − x2y + x3y2)A(x, y).

An tejeÐ H(λ) = xy + (1 + y − xy + x2y2)λ, tìte h parapĹnw sqèsh grĹfetai

wc A(x, y) = 1 + xH(A(x, y)), opìte apì to jeÿrhma antistrofăc tou Lagrange
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prokÔptei ìti

[xn]A(x, y) =
1

n
[λn−1]((xy + (1 + y − xy + x2y2)(1 + λ))n

=
1

n
[λn−1]

n∑

j=0

(
n

j

)
(xy)n−j(1 + y − xy + x2y2)j(1 + λ)j

=
1

n
[λn−1]

n∑

j=0

j∑

i=0

(
n

j

)(
j

i

)
(xy)n−j(1 + y − xy + x2y2)jλi

=
1

n
[λn−1]

n∑

i=0

n∑

j=i

(
n

j

)(
j

i

)
(xy)n−j(1 + y − xy + x2y2)jλi

=
1

n

((
n

n− 1

)(
n− 1

n− 1

)
xy(1 + y − xy + x2y2)n−1 +

(
n

n

)(
n

n− 1

)
(1 + y − xy + x2y2)n

)

= (1 + y − xy + x2y2)n−1(1 + y + x2y2).

Epomènwc,

A(x, y) = 1 +

∞∑

n=1

(1 + y − xy + x2y2)n−1(1 + y + x2y2)xn

= 1 +

∞∑

n=1

n−1∑

j=0

(
n− 1

j

)
(−xy)j(1 + y + x2y2)n−1−j+1xn

= 1 +

∞∑

n=1

n−1∑

j=0

n−j∑

i=0

(
n− 1

j

)(
n− j

i

)
(−xy)jyi(1 + x2y)ixn

= 1 +

∞∑

n=1

n−1∑

j=0

n−j∑

i=0

i∑

k=0

(
n− 1

j

)(
n− j

i

)(
i

k

)
(−1)j(xy)jyix2kykxn

= 1 +
∞∑

n=1

n−1∑

j=0

n−j∑

i=0

i∑

k=0

(
n− 1

j

)(
n− j

i

)(
i

k

)
(−1)jxn+2k+jyk+j+i

= 1 +

∞∑

α=1

α∑

β=0

β∑

i=2β+1−α

i∑

k=0

(
α− β − k + i− 1

β − k − i

)(
α− 2β + 2i

i

)(
i

k

)
(−1)β−k−ixαyβ

= 1 +

∞∑

α=1

α∑

β=0

β∑

i=2β+1−α

(
α− 2β + 2i

i

)
(−1)β−i

i∑

k=0

(−1)kxαyβ

(
α− β + i− 1− k

α− 2β + 2i− 1

)(
i

k

)
.
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Qrhsimopoiÿntac thn epìmenh tautìthta (bl. sqèsh (3.49) sto [5])

n∑

k=0

(−1)k

(
n

k

)(
x− k

r

)
=

(
x− n

r − n

)

prokÔptei ìti

A(x, y) = 1 +

∞∑

α=1

α∑

β=0

β∑

i=2β+1−α

(−1)β−i

(
α− 2β + 2i

i

)(
α− β − 1

α− 2β + i− 1

)
xαyβ

= 1 +

∞∑

α=1

α∑

β=0

β∑

i=2β+1−α

(−1)β−i

(
α− β − 1

β − i

)(
α− 2(β − i)

i

)
xαyβ

= 1 +
∞∑

α=1

α∑

β=0

α−β∑

ξ=0

(−1)ξ

(
α− β − 1

ξ

)(
α− 2ξ

β − ξ

)
xαyβ.

’Ara, o zhtoÔmenoc arijmìc isoÔtai me

n∑

j=0

(−1)j

(
n− 1

j

)(
n + k − 1− 2j

k − 1− j

)
.

Gia perissìterec plhroforÐec sqetikĹ me tic lèxeic pou apofeÔgoun to prìtupo 010,

bl. lămma A180562 sth [13].Parathr sei
.
1. Apì thn Prìtash 2.4.2 prokÔptei ìti o arijmìc twn duadikÿn lèxewn pou apofeÔgoun

èna prìtupo w den exartĹtai apì thn Ðdia thn lèxh w allĹ apì ta măkh twn sunìrwn

thc, epomènwc gia dÔo diaforetikĹ prìtupa w1, w2 ta opoÐa èqoun Ðdia măkh sunìrwn

oi arijmoÐ twn duadikÿn lèxewn pou apofeÔgoun to w1 kai to w2 antÐstoiqa eÐnai

Ðsoi.

2. H gennătria sunĹrthsh A(x, 1) èqei melethjeÐ gia prÿth forĹ apì touc L. Guibas

kai A. Odlyzko katĹ th melèth twn mh metabatikÿn paignÐwn [6], [7].
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 lèxei

Mia eidikă kathgorÐa protÔpwn eÐnai ta prìtupa pou den èqoun sÔnora, ta opoÐa ono-

mĹzontai aperiodik�.
O arijmìc twn duadikÿn lèxewn pou apofeÔgoun èna aperiodikì prìtupo măkouc r

dÐdetai apì ton tÔpo
[n

r
]∑

j=0

(
n− (r − 1)j

j

)
(−1)j2n−rj.

PrĹgmati, èstw ìti w den èqei sÔnora me |w| = r. Tìte isqÔei ìti Bw = ∅, opìte

B(x, 1) = 0.

’Ara, apì thn Prìtash 2.4.2

F (x, 1) =
1

1− 2x + xr

=

∞∑

n=0

xn(2− xr−1)n

=
∞∑

n=0

n∑

j=0

(
n

j

)
(−1)j2n−jxn+(r−1)j

=
∞∑

n=0

[n

r
]∑

j=0

(
n− (r − 1)j

j

)
(−1)j2n−rjxn.

’Ena endiafèron erÿthma eÐnai pìsa aperiodikĹ prìtupa upĹrqoun me dedomèno măkoc.Par�deigma. Oi aperiodikèc duadikèc lèxeic măkouc to polÔ 4 eÐnai oi exăc: ε, 0, 1,

01, 10, 001, 011, 100, 110, 0001, 0011, 0111, 1000, 1100, 1110.

’Estw U (ant. Un) to sÔnolo twn aperiodikÿn lèxewn (ant. măkouc n).Prìtash 2.4.4. O arijmì
 un twn aperiodik¸n duadik¸n lèxewn m kou
 n ikanopoie�ti
 sqèsei

u2n+1 = 2u2n, n ≥ 1,

u2n = 2u2n−1 − un, n ≥ 2ìpou u0 = 1 kai u1 = 2.Apìdeixh. ’Estw U (0)
2n+1, U

(1)
2n+1 ta sÔnola twn aperiodikÿn duadikÿn lèxewn măkouc 2n+1,

α = α1 · · ·αnαn+1αn+2 · · ·α2n+1 gia tic opoÐec αn+1 = 0 kai αn+1 = 1 antÐstoiqa.
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KĹje lèxh α ∈ U (0)

2n+1 apeikonÐzetai monosămanta se mia lèxh α′ ∈ U (1)
2n+1 enallĹssontac

to yhfÐo αn+1.

ArkeÐ na apodeiqjeÐ ìti h enallagă tou yhfÐou αn+1 den dhmiourgeÐ sÔnora. PrĹg-

mati, èstw ìti h lèxh α1α2 · · ·αnα′
n+1αn+2 · · ·α2n+1 perièqei sÔnoro, ìpou α′

n+1 eÐnai

to sumplărwma tou αn+1. To sÔnoro autì den eÐnai măkouc k ≤ n, giatÐ kai h lèxh

α1α2 · · ·αnαn+1αn+2 · · ·α2n+1 eÐnai aperiodikă. An k ≥ n + 1, tìte apì to Lămma 2.4.1

prokÔptei ìti upĹrqei kai èna sÔnoro me măkoc mikrìtero tou n, to opoÐo eÐnai Ĺtopo.

Epomènwc,

|U (0)
2n+1| = |U

(1)
2n+1| =

|U2n+1|
2

.

Epiplèon, an α = α1 · · ·αnαn+1 · · ·α2n ∈ U2n isqÔei ìti α1 · · ·αn0αn+1 · · ·α2n ∈ U (0)
2n+1

kai antistrìfwc.

ArkeÐ na apodeiqjeÐ ìti h lèxh α′ = α1 · · ·αn0αn+1 · · ·α2n den perièqei sÔnora. PrĹg-

mati, èstw ìti h α′ perièqei kĹpoio sÔnoro măkouc k, tìte k ≥ n + 1 (afoÔ h lèxh

α1 · · ·αn0αn+1 · · ·α2n den perièqei sÔnora) kai epomènwc, apì to Lămma 2.4.1, prokÔptei

ìti upĹrqei kai èna sÔnoro thc α′ me măkoc mikrìtero tou n, to opoÐo eÐnai Ĺtopo. AntÐstro-

fa, an α1 · · ·αn0αn+1 · · ·α2n den perièqei sÔnora, tìte kai α1 · · ·αnαn+1 · · ·α2n den perièqei

sÔnora. PrĹgmati, me to Ðdio epiqeÐrhma, an h lèxh α1 · · ·αnαn+1 · · ·α2n perièqei sÔnora,

ja perièqei kai èna sÔnoro măkouc k ≤ n to opoÐo eÐnai sÔnoro thc α1 · · ·αn0αn+1 · · ·α2n,

Ĺtopo.

Epomènwc,

|U2n| = |U (0)
2n+1|.

’Ara, |U2n| = |U2n+1|
2
, dhladă

u2n+1 = 2u2n.

’Estw P2n to sÔnolo twn lèxewn α = ββ ìpou β ∈ Un. Profanÿc, kĹje lèxh α ∈ Un

perièqei akribÿc èna sÔnoro măkouc n (thn lèxh β) kai antistoiqeÐ monosămanta sth lèxh

β ∈ Un. Epomènwc,

|P2n| = |Un|.

’Estw P(0)
2n , P

(1)
2n (ant. U

(0)
2n , U

(1)
2n ) ta sÔnola twn lèxewn tou P2n (ant. twn aperiodikÿn

lèxewn) α = α1α2 · · ·αnαn+1 · · ·α2n gia tic opoÐec isqÔei ìti αn+1 = 0 kai αn+1 = 1

antÐstoiqa.

KĹje lèxh α ∈ U (0)
2n ∪ P

(0)
2n apeikonÐzetai monosămanta se mia lèxh α′ ∈ U (1)

2n ∪ P
(1)
2n

enallĹssontac ìla ta yhfÐa thc.

Epomènwc,

|U (0)
2n ∪ P

(0)
2n | = |U

(1)
2n ∪ P

(1)
2n | =

|U2n ∪ P2n|
2

=
|U2n|+ |P2n|

2
.
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EpÐshc, an α = α1 · · ·αnαn+1 · · ·α2n−1 ∈ U2n−1, isqÔei ìti α′ = α1 · · ·αn0αn+1 · · ·α2n−1 ∈

U (0)
2n ∪ Pn kai antistrìfwc.

ArkeÐ na apodeiqjeÐ ìti h lèxh α′ eÐte den èqei sÔnora eÐte èqei akribÿc èna sÔnoro, th

lèxh α1α2 · · ·αn măkouc n.

PrĹgmati, èstw ìti h α′ perièqei kĹpoio sÔnoro măkouc k. ’Opwc kai prohgoumènwc,

an k < n ă k > n, tìte prokÔptei ìti h lèxh α perièqei kai èna sÔnoro me măkoc mikrìtero

tou n, to opoÐo eÐnai Ĺtopo. An k = n, tìte h α′ grĹfetai sth morfă α = ββ, ìpou β den

perièqei sÔnora. TelikĹ, eÐte α′U (0)
2n , eÐte α′ ∈ P2n.

AntÐstrofa, an α′ ∈ U (0)
2n ∪P

(0)
2n , tìte h α = α1 · · ·anαn+1 · · ·α2n−1 den perièqei sÔnora.

PrĹgmati, èstw ìti h α perièqei sÔnora. ’Opwc kai prohgoumènwc, ja perièqei kai èna

sÔnoro măkouc k ≤ n− 1 to opoÐo eÐnai sÔnoro thc α′, to opoÐo eÐnai Ĺtopo, afoÔ h α′ ă

den èqei sÔnora, ă èqei akribÿc èna sÔnoro măkouc n.

Epomènwc,

|U2n−1| = |U (0)
2n ∪ P

(0)
2n |.

’Ara, |U2n−1| = |U|2n+|P|2n

2
= |U|2n+|U|n

2
, dhladă

u2n = 2u2n−1 − un.

Merikèc apì tic arqikèc timèc thc akoloujÐac twn arijmÿn un dÐdontai ston parakĹtw

pÐnaka:

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

un 1 2 2 4 6 12 20 40 74 148 284 568 1116 2232 4424 8848

Gia perissìterec plhroforÐec sqetikĹ me thn akoloujÐa un kai tic aperiodikèc lèxeic,

blèpe thn ergasÐa twn Harju kai Nowotka [9], kajÿc kai to lămma A003000 sth [12].

Sthn epìmenh prìtash, upologÐzetai o arijmìc twn duadikÿn lèxewn pou perièqoun

sugkekrimènec emfanÐseic enìc aperiodikoÔ protÔpou.Prìtash 2.4.5. O arijmì
 twn duadik¸n lèxewn m kou
 n me k emfan�sei
 enì
 ape-riodikoÔ protÔpou w isoÔtai me
[n/r]∑

j=k

(
l − (r − 1)j

j

)(
j

k

)
2n−rj(−1)j−k,ìpou r = |w|.



KEF�ALAIO 2. APAR�IJMHSH DUADIK�WN L�EXEWN ME PERIORISMO�US 52Apìdeixh. ’Estw w = bw′, b ∈ {0, 1} èna aperiodikì prìtupo măkouc r kai F (x, y) h

gennătria sunĹrthsh tou sunìlou twn duadikÿn lèxewn, ìpou to x metrĹei to măkoc kai

to y ton arijmì twn emfanÐsewn tou w, dhladă

F (x, y) =
∑

α∈{0,1}∗
x|α|y|α|w ,

ìpou |α| to măkoc thc lèxhc α kai |α|w o arijmìc twn emfanÐsewn tou w sto α.

’Estw S to sÔnolo twn lèxewn pou arqÐzoun me w′ kai S(x, y) h gennătria sunĹrthsh

tou sunìlou autoÔ, ìpou to x metrĹei to măkoc kai to y ton arijmì twn emfanÐsewn tou

w.

Gia tic paramètrouc | | kai | |w isqÔei ìti

|ε| = 0, kai |0β| = |1β| = 1 + |β|

kai

|ε|w = 0, |0β|w = |β|w + [b = 0][β ∈ S] kai |1β|w = |β|w + [b = 1][β ∈ S].

Epomènwc,

F (x, y) =
∑

α∈{0,1}∗
x|α|y|α|w

=
∑

α=ε

x|α|y|α|w +
∑

α=0β

x|0β|y|0β|w +
∑

α=1β

x|1β|y|1β|w

= 1 +
∑

β∈{0,1}∗
x|β|+1y|β|w+[b=0][β∈S] +

∑

β∈{0,1}∗
x|β|+1y|β|w+[b=1][β∈S]

= 1 + x
∑

β∈{0,1}∗
x|β|y|β|w (y[b=0][β∈S] + y[b=1][β∈S]

)

= 1 + x
∑

β∈{0,1}∗
x|β|y|β|w (1 + y[β∈S]

)

= 1 + 2x
∑

β∈{0,1}∗\S
x|β|y|β|w + x

∑

β∈S
x|β|y|β|w(1 + y)

= 1 + 2x(F (x, y)− S(x, y)) + x(1 + y)S(x, y).

Sunepÿc,

F (x, y) = 1 + 2xF (x, y) + x(y − 1)S(x, y). (2.17)

KĹje lèxh α ∈ S grĹfetai upì thn morfă

α = w′β ìpou β ∈ {0, 1}∗.
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Profanÿc,

|w′β| = |w′|+ |β| = |w|+ |β| − 1

kai

|w′β|w = |β|w,

diìti an upĹrqei emfĹnish tou w ektìc thc β tìte to koinì tmăma autăc thc emfĹnishc kai

thc lèxhc w′ eÐnai sÔnoro tou w, to opoÐo eÐnai Ĺtopo, afoÔ to w eÐnai aperiodikì.

Epomènwc,

S(x, y) =
∑

α∈S
x|α|y|α|w

=
∑

α=w′β
β∈{0,1}∗

x|w′β|y|w′β|
w

=
∑

β∈{0,1}∗
x|w|+|β|−|1|y|β|w

= x|w|−1
∑

β∈{0,1}∗
x|β|y|β|w .

Sunepÿc,

S(x, y) = x|w|−1F (x, y). (2.18)

Apì tic sqèseic (2.17) kai (2.18) prokÔptei ìti

F (x, y) = 1 + 2xF (x, y) + (y − 1)x|w|F (x, y) (2.19)

=
1

1− 2x− x|w|(y − 1)
.

An tejeÐ H(λ) = (2 + x|w|−1(y − 1))λ, tìte F (x, y) = 1 + xH(F (x, y)), opìte, apì to

jeÿrhma antistrofăc tou Lagrange, prokÔptei ìti

[xn]F (x, y) =
1

n
[λn−1] (H(λ + 1))n

=
1

n
[λn−1](2 + (y − 1)x|w|−1)n(λ + 1)n

=
1

n
(2 + (y − 1)x|w|−1)n[λn−1]

n∑

j=0

(
n

j

)
λj

=
1

n
(2 + (y − 1)x|w|−1)n

(
n

n− 1

)

= (2 + (y − 1)x|w|−1)n,
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opìte, an tejeÐ |w| = r, prokÔptei ìti

F (x, y) = 1 +

∞∑

n=1

(2 + (y − 1)xr−1)nxn

=

∞∑

n=0

n∑

j=0

(
n

j

)
2n−j(y − 1)jxn+(r−1)j

=
∞∑

l=0

[l/r]∑

j=0

(
l − (r − 1)j

j

)
2l−rj(y − 1)jxl

=

∞∑

l=0

[l/r]∑

j=0

j∑

k=0

(
l − (r − 1)j

j

)(
j

k

)
2l−rj(−1)j−kykxl

=

∞∑

l=0

[l/r]∑

k=0

[l/r]∑

j=k

(
l − (r − 1)j

j

)(
j

k

)
2l−rj(−1)j−kykxl.

Sunepÿc, o arijmìc twn duadikÿn lèxewn me măkoc n, kai k emfanÐseic enìc protÔpou

w qwrÐc sÔnora isoÔtai me

[n/r]∑

j=k

(
l − (r − 1)j

j

)(
j

k

)
2n−rj(−1)j−k,

ìpou r = |w|.Parat rhsh. To prìblhma thc aparÐjmhshc twn lèxewn me sugkekrimènec emfanÐseic
enìc ă perissotèrwn protÔpwn èqei melethjeÐ gia prÿth forĹ apì touc Goulden kai Jack-

son [10]. Gia mia pio prìsfath prosèggish, blèpe thn ergasÐa twn Noonan kai Zeilberger

[12], ă thn ergasÐa twn Bassino, Clément, Fayolle kai Nicodème [1].



Kef�laio 3Kataskeu  duadik¸n lèxewn meperiorismoÔ

Sto kefĹlaio autì dÐdontai orismènoi algìrijmoi kataskeuăc antikeimènwn pou sun-

dèontai me tic ènnoiec twn prohgoÔmenwn kefalaÐwn. Sugkekrimèna, dÐnontai algìrijmoi

epanalhptikăc kai anadromikăc kataskeuăc se lexikografikă diĹtaxh, kajÿc kai oi algì-

rijmoi ranking - unranking gia tic lèxeic Fibonacci, tic lèxeic qwrÐc zig-zag kai tic lèxeic

Dyck. EpÐshc, se orismènec periptÿseic, dÐnontai kai algìrijmoi kataskeuăc se diĹtaxh

kÿdika Gray.

Ja sumbolÐzoume me ᾱ, th sumplhrwmatik  lèxh thc α ∈ {0, 1}∗, dhladă th lèxh
pou prokÔptei an metatrèyoume ta 0 thc α se 1 kai ta 1 se 0. Gia parĹdeigma, 11001 =

00110.

EpÐshc, orÐzoume gia kĹje mh kenă lèxh α = α1α2 · · ·αn, th dÔnamh α
m

n , m ∈ N, wc

α
m

n = αqα1α2 · · ·αr,

ìpou q kai r > 0 eÐnai antÐstoiqa to phlÐko kai to upìloipo thc diaÐreshc m dia n.

55
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An α eÐnai mia lèxh Fibonacci, tìte h ᾱ profanÿc apofeÔgei to 11. Sto exăc ja

sumbolÐzoume me Φn to sÔnolo twn duadikÿn lèxewn măkouc n pou apofeÔgoun to 11, kai

ja onomĹzoume tic lèxeic autèc epÐshc lèxeic Fibonacci (profanÿc to plăjoc touc eÐnai

Fn+1). Shmeiÿnetai ìti pollèc forèc sth bibliografÐa oi lèxeic Fibonacci orÐzontai se

aută th morfă.

Oi algìrijmoi pou akoloujoÔn anafèrontai sthn kataskeuă twn lèxewn pou apofeÔ-

goun to 11. O lìgoc autăc thc epilogăc eÐnai ìti ètsi gÐnetai pio eÔkolh h diatÔpwsh kai

parousÐash twn algorÐjmwn autÿn.3.1.1 Epanalhptik  kataskeu 
Prokeimènou na kataskeuĹsoume to sÔnolo twn lèxewn Fibonacci epanalhptikĹ kai se

lexikografikă diĹtaxh, ja prèpei na mporoÔme na upologÐsoume thn epìmenh lèxh next(α),

gia kĹje α ∈ Φn (plhn thc teleutaÐac). Profanÿc, h mikrìterh lèxh kai h megalÔterh lèxh

tou Φn ja eÐnai oi 0n kai (10)
n

2 antÐstoiqa. H lèxh next(α) ja eÐnai thc morfăc next(α) =

p1q′, me α = p0q, ìpou p eÐnai to megistikì koinì prìjema twn next(α) kai α. Epiplèon,

ja eÐnai q′ = 00 · · ·0, afoÔ gia opoiodăpote Ĺllo epÐjema q′ ja ătan α ≺ p100 · · ·0 ≺ p1q′.

’Etsi, o algìrijmoc upologismoÔ thc next(α) mporeÐ na sunoyisteÐ sta akìlouja bămata:

• Brec th dexiìterh emfĹnish tou 00 sthn α.

• ’Allaxè thn se 01 kai jèse ìla ta grĹmmata dexiĹ thc Ðsa me 0.

• An den upĹrqei tètoia emfĹnish, tìte

– an to aristerìtero grĹmma eÐnai 0, tìte Ĺllaxè to se 1 kai jèse ìla ta upìloipa

Ðsa me 0,

– alliÿc, den upĹrqei epìmenh.

To prìjema p, an den eÐnai kenì, ja prèpei na teleiÿnei me 0, alliÿc h next(α) ja

perieÐqe emfĹnish tou 11, opìte h anazăthsh thc dexiìterhc emfĹnishc tou 00 antistoiqeÐ

sthn eÔresh tou megistikoÔ katĹllhlou projèmatoc p. An den upĹrqei emfĹnish tou 00

sthn α, tìte to p eÐnai kenì kai h α eÐnai thc morfăc (01)
n

2 (opìte h epìmenă thc eÐnai h

10n−1) ă (10)
n

2 (opìte eÐnai h teleutaÐa).
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: To plăjoc n ∈ N∗ twn grammĹtwn thc lèxhc α = α1α2 · · ·αn.

for i← 1 to n do αi ← 0;

output (α);

while 1 = 1 do
i← n− 1;

while i > 0 and (αi = 1 or αi+1 = 1) do i← i− 1;

if i > 0 then
αi+1 ← 1;

if i < n− 1 then for j ← i + 2 to n do αj ← 0;
else if α1 = 1 then exit;

else
α1 ← 1;

for j ← 2 to n do αj ← 0;

endif

output (α);

endwAlgìrijmo
 3.1.1: Epanalhptikă kataskeuă tou Φn se lexikografikă seirĹ.3.1.2 Anadromik  kataskeu 
To sÔnolo Φn mporeÐ na anaparastajeÐ wc èna duadikì dèndro me tic exăc idiìthtec:

1. KĹje kìmboc plhn thc rÐzac eÐnai arijmhmènoc me 0 ă 1.

2. H rÐza èqei dÔo paidiĹ, to aristerì arijmeÐtai me 0 kai to dexÐ me 1.

3. KĹje kìmboc pou eÐnai arijmhmènoc me 0 èqei dÔo paidiĹ, to aristerì arijmeÐtai me 0

kai to dexÐ me 1.

4. KĹje kìmboc pou eÐnai arijmhmènoc me 1 èqei èna paidÐ, pou arijmeÐtai me 0.

0

0

0

0 1

1

0

1

0

0 1

1

0

0

0 1

1

0Sq ma 3.1: To sÔnolo Φ4.
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KĹje lèxh tou Φn kataskeuĹzetai monosămanta, epilègontac èna monopĹti apì th rÐza

proc kĹpoio fÔllo tou dèndrou autoÔ kai diabĹzontac tic epigrafèc twn kìmbwn me forĹ

proc to fÔllo.

O anadromikìc algìrijmoc pou ja dojeÐ sth sunèqeia, prosomoiÿnei th diĹtrexh se

prodiĹtaxh tou dèndrou autoÔ. Pio sugkekrimèna, dèqetai wc eÐsodo èna prìjema p lèxhc

Fibonacci (to opoÐo antistoiqeÐ sto monopĹti apì th rÐza mèqri ton teleutaÐo kìmbo pou èqei

episkefjeÐ o algìrijmoc) kajÿc kai to plăjoc k = n− |p| twn grammĹtwn pou apomènoun
gia na sumplhrwjeÐ mia lèxh tou Φn, kai kataskeuĹzei anadromikĹ ìlec tic lèxeic tou Φn

me prìjema p. Shmeiÿnetai ìti katĹ th diĹtrexh se prodiĹtaxh tou sugkekrimènou dèndrou,

oi lèxeic ja prokÔyoun se lexikografikă diĹtaxh.E�sodo
: èna prìjema p kai to plăjoc k twn grammĹtwn pou apomènoun.

FR(p, k) begin

if k = 1 then

output (p0);

output (p1);

else if k = 2 then

output (p00);

output (p01);

output (p10);

else if k > 2 then

FR (p0, k − 1);

FR (p10, k − 2);

endif

endAlgìrijmo
 3.1.2: H anadromikă kataskeuă tou Φn epitugqĹnetai me thn klăsh

FR(ε, n).

H orjìthta tou algorÐjmou apodeiknÔetai epagwgikĹ. Sugkekrimèna, arkeÐ na deiqjeÐ

ìti h klăsh thc anadromikăc sunĹrthshc FR(p, n) kataskeuĹzei lexikografikĹ to sÔnolo

twn lèxewn Fibonacci me prìjema p (to opoÐo den teleiÿnei me 1) kai măkoc p+ |n|, dhladă
to sÔnolo {pγ : γ ∈ Φn}, gia kĹje n ∈ N∗. Gia n = 1 kai n = 2, o isqurismìc profanÿc

isqÔei, afoÔ oi akoloujÐec twn lèxewn pou kataskeuĹzontai eÐnai antÐstoiqa oi (p0, p1)

kai (p00, p01, p10). ’Estw ìti o isqurismìc isqÔei gia kĹje k ≤ n, me n ≥ 2. Tìte, gia thn

klăsh thc FR(p, n+1) ja eÐnai n+1 > 2, opìte ja pragmatopoihjoÔn diadoqikĹ oi klăseic

FR(p0, n) kai FR(p10, n−1), oi opoÐec, apì thn upìjesh thc epagwgăc, ja kataskeuĹsoun

antÐstoiqa se lexikografikă seirĹ ta sÔnola {p0α : α ∈ Φn} kai {p10β : β ∈ Φn−1}. H
ènwsh twn dÔo sunìlwn eÐnai to sÔnolo twn lèxewn Fibonacci măkouc |p|+n+1 me prìjema

p, dhladă to {pγ : γ ∈ Φn+1}, kai h lexikografikă seirĹ diathreÐtai, afoÔ ta stoiqeÐa tou
prÿtou sunìlou eÐnai mikrìtera apì ta stoiqeÐa tou deutèrou, sunepÿc o isqurismìc isqÔei
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gia n + 1. ’Etsi, h klăsh FR(ε, n) ja kataskeuĹsei lexikografikĹ ìlo to Φn.3.1.3 Algìrijmoi ranking - unranking

OrÐzoume thn apeikìnish rn : Φn 7→ N∗, me rn(ε) = 1 kai rn(α) = 1 +
∑n

i=1 αiFi, ìpou

α = αnαn−1 · · ·α2α1 ∈ Φn, n ∈ N∗. Ja deiqjeÐ, me epagwgă wc proc to măkoc n thc lèxhc,

ìti h rn eÐnai apeikìnish ranking me bĹsh th lexikografikă diĹtaxh.

Gia n = 1, èqoume ìti r1(0) = 1 kai r1(1) = 1 + F1 = 2 = F2. Gia n = 2, èqoume ìti

r2(00) = 1, kai r2(01) = 1 + F1 = 2 kai r2(10) = 1 + F2 = 3 = F3. ’Estw ìti o isqurismìc

isqÔei gia kĹje k ∈ [n], ìpou n ≥ 2.

An α ∈ Φn+1, me α = αn+1αn · · ·α2α1, tìte ja eÐnai α = 0β ă α = 10γ, me β ∈ Φn,

γ ∈ Φn−1. Gia thn prÿth perÐptwsh isqÔei ìti

rn+1(α) = rn+1(0β) = 0 + rn(β),

opìte, apì thn upìjesh thc epagwgăc, h α apeikonÐzetai amfimonosămanta se ènan fusikì

arijmì sto [Fn+1]. Gia th deÔterh perÐptwsh isqÔei ìti

rn+1(α) = rn+1(10γ) = Fn+1 + rn−1(γ),

opìte, apì thn upìjesh thc epagwgăc, h α apeikonÐzetai amfimonosămanta se èna fusikì

arijmì sto diĹsthma [Fn+1 + 1, Fn+1 + Fn] = [Fn+1 + 1, Fn+2]. Epiplèon, epeidă 0β ≺ 10γ

kai rn+1(0β) < rn+1(10γ), èpetai ìti gia kĹje α, α′ ∈ Φn+1 ja eÐnai rn+1(α) < rn+1(α
′)⇔

α ≺ α′, ÿste h rn+1 eÐnai apeikìnish ranking.

’Etsi, (antistrèfontac th seirĹ twn deiktÿn twn grammĹtwn thc α) orÐzoume to rank

miac lèxhc Fibonacci wc

rank(α) = 1 +

n∑

i=1

αiFn−i+1, α = α1α2 · · ·αn ∈ Φn, n ∈ N∗. (3.1)

Apì th sqèsh (3.1) eÐnai profanèc ìti kĹje lèxh α ∈ Φn apeikonÐzetai amfimonosămanta

sto fusikì arijmì rank(α) − 1. EÐnai rank(α) = 1 an kai mìno an h α den perièqei 1.

Epiplèon, an β ∈ Φn+k, eÐnai rank(α) = rank(β) an kai mìno an β = 0kα. ’Etsi, dedomènou

ìti mia lèxh Fibonacci den perièqei diadoqikĹ 1, prokÔptei Ĺmesa to akìloujo Pìrisma.Pìrisma 3.1.1. K�je jetikì
 akèraio
 arijmì
 gr�fetai me monadikì trìpo w
 �jroismamh diadoqik¸n ìrwn th
 akolouj�a
 Fibonacci.
O algìrijmoc ranking prokÔptei Ĺmesa apì th sqèsh (3.1).
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: H lèxh Fibonacci α = α1α2 · · ·αn.'Exodo
 : O fusikìc arijmìc rank(α).

r ← 1;

for i← 1 to n do r ← r + aiFn−i+1;

return r;Algìrijmo
 3.1.3: O algìrijmoc ranking gia lèxeic Fibonacci.

Gia thn antÐstrofh diadikasÐa, tou unranking, jewroÔme dedomèna to r = rank(α)

kai to măkoc n thc lèxhc, kai zhtĹme th lèxh α. Profanÿc ja eÐnai 1 ≤ rank(α) ≤
Fn+1. An rank(α) > Fn, tìte to aristerìtero grĹmma eÐnai to 1 (ìpwc prokÔptei apì ta

prohgoÔmena), dhladă α = 1β. Gia thn β ∈ Φn−1 profanÿc isqÔei ìti rank(β) = rank(α)−
Fn. ’Etsi, afairoÔme to Fn apì to r, ÿste na eÐnai r = rank(β), kai epanalambĹnoume th

diadikasÐa gia th lèxh β. An rank(α) ≤ Fn, tìte α = 0β, kai rank(β) = rank(α), opìte

suneqÐzoume qwrÐc na kĹnoume thn afaÐresh.E�sodo
: Oi fusikoÐ arijmoÐ r kai n.'Exodo
 : H lèxh Fibonacci α = α1α2 · · ·αn me r = rank(α).

α← ε;

for i← 1 to n do if r > Fn−i+1 then
α← 1α;

r ← r − Fn−i+1;

else
α← 0α;

endif

return α;Algìrijmo
 3.1.4: O algìrijmoc unranking gia lèxeic Fibonacci.Par�deigma. gia th lèxh α = 0100101001 măkouc 10 eÐnai

rank(α) = 1 +

n∑

i=1

αiFn−i+1 = 1 + F9 + F6 + F4 + F1 = 1 + 55 + 13 + 5 + 1 = 75.

H anĹkthsh thc α apì to 75 perigrĹfetai ston epìmeno pÐnaka.

F10 F9 F8 F7 F6 F5 F4 F3 F2 F1

Fn 89 55 34 21 13 8 5 3 2 1

r 75 75 20 20 20 7 7 2 2 2

α 0 1 0 0 1 0 1 0 0 1

ArqikĹ h deÔterh kai trÐth grammă tou pÐnaka den perièqoun stoiqeÐa. GrĹfoume sto

prÿto kelÐ thc deÔterhc grammăc to r = 75. An o arijmìc Fibonacci sto antÐstoiqo kelÐ
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thc prÿthc grammăc eÐnai mikrìteroc, tìte ton afairoÔme apì to r kai sumplhrÿnoume to

antÐstoiqo kelÐ thc trÐthc grammăc me 1. Alliÿc, den kĹnoume thn afaÐresh kai sumplh-

rÿnoume to antÐstoiqo kelÐ thc trÐthc grammăc me 0. GrĹfoume to nèo r sto epìmeno kelÐ

thc deÔterhc grammăc kai epanalambĹnoume.3.1.4 K¸dika
 Gray

OrÐzoume anadromikĹ thn akoloujÐa (apì duadikèc lèxeic) Gn wc exăc:

G1 = (0, 1), G2 = (01, 00, 10), kai Gn = 0Ḡn−110Ḡn−2, n ≥ 3,

dhladă h akoloujÐa Gn prokÔptei apì thn parĹjesh twn akoloujiÿn 0Ḡn−1 kai 10Ḡn−2,

ìpou Ḡn−1 eÐnai h akoloujÐa Gn−1 se antÐstrofh diĹtaxh (antÐstoiqa prokÔptei h Ḡn−2)

kai 0Ḡn−1 eÐnai h akoloujÐa pou prokÔptei an se kĹje lèxh thc Ḡn−1 prosjèsoume to

prìjema 0 (antÐstoiqa prokÔptei h 10Ḡn−2).

Gia parĹdeigma, eÐnai Ḡ1 = (1, 0), Ḡ2 = (10, 00, 01) kai

G3 = 0Ḡ210Ḡ1 = (010, 000, 001, 101, 100).

Oi G1, G2 kai G3 eÐnai kÿdikec Gray twn sunìlwn Φ1, Φ2 kai Φ3.Prìtash 3.1.2. H akolouj�a Gn e�nai k¸dika
 Gray tou sunìlou Φn, gia k�je n ∈ N∗.Epiplèon, h pr¸th kai h teleuta�a lèxh tou Gn e�nai ant�stoiqa oi first(Gn) = 0(100)
n−1

3kai last(Gn) = (100)
n

3 .Apìdeixh. Ja qrhsimopoihjeÐ epagwgă wc proc to n. Gia n = 1 kai n = 2, h prìtash

profanÿc isqÔei. ’Estw ìti isqÔei gia kĹje k ∈ [n], me n ≥ 2. Tìte, ja eÐnai

first(Gn+1) = 0 first(Ḡn) = 0 last(Gn) = 0(100)
n

3

kai

last(Gn+1) = 10 last(Ḡn−1) = 10 first(Gn−1) = 100(100)
n−2

3 = (100)1+ n−2

3 = (100)
n+1

3 .

Apì thn upìjesh thc epagwgăc prokÔptei Ĺmesa ìti oi akoloujÐec 0Ḡn kai 10Ḡn−1

eÐnai kÿdikec Gray twn sunìlwn {0α : α ∈ Φn} kai {10α : α ∈ Φn−1}, ta opoÐa apoteloÔn
(lìgw thc diĹspashc) diamèrish tou Φn+1. Epomènwc, prokeimènou na deiqjeÐ ìti h Gn

eÐnai kÿdikac Gray tou Φn, arkeÐ na deiqjeÐ ìti oi 0 last(Ḡn−1) kai 10 first(Ḡn−2) èqoun

apìstash Hamming Ðsh me 1. Autì alhjeÔei, afoÔ eÐnai

0 last(Ḡn−1) = 0 first(Gn−1) = 00(100)
n−2

3
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kai

10 first(Ḡn−2) = 10 last(Gn−2) = 10(100)
n−2

3 .

Apì ton orismì thc akoloujÐac Gn, prokÔptei Ĺmesa ìti

Ḡ1 = (1, 0), Ḡ2 = (10, 00, 01) kai Ḡn = 10Gn−20Gn−1, n ≥ 3.

Sth sunèqeia, dÐnetai anadromikìc algìrijmoc kataskeuăc tou Φn se kÿdika Gray, me

bĹsh touc dÔo anadromikoÔc tÔpouc twn Gn kai Ḡn. O algìrijmoc apoteleÐtai apì dÔo

anadromikèc sunartăseic GrayF(p, k) kai rGrayF(p, k) oi opoÐec kataskeuĹzoun, kat’ a-

nalogÐa me ton algìrijmo 3.1.2, tic lèxeic Fibonacci me prìjema p (pou den teleiÿnei me

1) kai măkoc |p| + k, se kÿdika Gray kai antÐstrofo kÿdika Gray antÐstoiqa. ’Etsi, to

sÔnolo Φn kataskeuĹzetai me thn ektèlesh thc GrayF(ε, n). H apìdeixh thc orjìthtac

tou algorÐjmou eÐnai ìmoia me ekeÐnh tou algorÐjmou 3.1.2.Par�deigma. Oi kÿdikec Gray twn lèxewn Fibonacci măkouc n ∈ [5].

G1

0

1

G2

01

00

10

G3

010

000

001

101

100

G4

0100

0101

0001

0000

0010

1010

1000

1001

G5

01001

01000

01010

00010

00000

00001

00101

00100

10100

10101

10001

10000

10010
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: èna prìjema p kai to plăjoc k twn grammĹtwn pou apomènoun.

GrayF(p, k) begin

if k = 1 then

output (p0);

output (p1);

else if k = 2 then

output (p01);

output (p00);

output (p10);

else if k > 2 then

rGrayF (p0, k − 1);

rGrayF (p10, k − 2);

endif

end Algìrijmo
 3.1.5: H anadromikă kataskeuă tou pGk.E�sodo
: èna prìjema p kai to plăjoc k twn grammĹtwn pou apomènoun.
rGrayF(p, k) begin

if k = 1 then
output (p1);
output (p0);

else if k = 2 then
output (p10);
output (p00);
output (p01);

else if k > 2 then
GrayF (p10, k − 2);
GrayF (p0, k − 1);

endif

end Algìrijmo
 3.1.6: H anadromikă kataskeuă tou pḠk.
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 zig-

zag3.2.1 Epanalhptik  kataskeu 
Dedomènhc miac lèxhc α = α1α2 · · ·αn ∈ Zn, gia thn eÔresh thc next(α) arkeÐ na

entopÐsoume to dexiìtero 0 thc α, tou opoÐou den prohgeÐtai 10, na to jèsoume Ðso me 1

kai na elaqistopoiăsoume to epÐjema pou akoloujeÐ to grĹmma autì (lambĹnontac fusikĹ

upìyh ìti h lèxh next(α) anăkei sto Zn). ’Etsi, an upojèsoume ìti to grĹmma autì eÐnai

to αi, i ∈ [n], tìte ja eÐnai α = p0q, me |p| = i− 1, kai next(α) = p1q′, me q′ to elĹqisto

dunatì epÐjema. DiakrÐnoume periptÿseic:

1. An i = 1, tìte next(α) = 10n−1.

2. An i = n, tìte next(α) = p1.

3. An 1 < i < n kai to p den teleiÿnei me 0, tìte next(α) = p10n−i.

4. An 1 < i < n kai to p teleiÿnei me 0, tìte next(α) = p110n−i−1.

5. An den upĹrqei tètoio i, tìte α = 1n kai den upĹrqei h next(α).

Apì ta parapĹnw, prokÔptei o akìloujoc epanalhptikìc algìrijmoc gia th lexikografikă

kataskeuă tou Zn.E�sodo
: To plăjoc n ∈ N∗ twn grammĹtwn thc lèxhc α = α1α2 · · ·αn.

for i← 1 to n do αi ← 0;

while i > 0 do

output (α);

i← n;

while i > 0 and (αi = 1 or isPrecededBy10(α, i)) do i→ i− 1;

if i = 1 then α← 10n−1;

if i = n then αn ← 1;

if 1 < i < n then
αi ← 1;

for j ← i + 1 to n do αj ← 0;

if αi−1 = 1 then αi+1 ← 1;

endif

endwAlgìrijmo
 3.2.1: Epanalhptikă kataskeuă tou Zn se lexikografikă seirĹ.
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H bohjhtikă sunĹrthsh isPrecededBy10 orÐzetai wc exăc:

isPrecededBy10(α, i) =





alhjăc, an 3 ≤ i ≤ n kai αi−2 = 1, αi−1 = 0,

yeudăc, an alliÿc,
gia kĹje α ∈ Zn.3.2.2 Anadromik  kataskeu 

Gia thn eÔresh anadromikoÔ algorÐjmou gia th lexikografikă kataskeuă tou Zn, jew-

roÔme thn akìloujh diamèrish, gia kĹje n ≥ 2:

Zn = Z00
n ∪ Z01

n ∪ Z10
n ∪ Z11

n ,

ìpou Zw
n eÐnai to sÔnolo twn lèxewn tou Zn pou xekinoÔn me w ∈ {0, 1}∗. Profanÿc,

ta tèssera autĹ sÔnola eÐnai mh kenĹ kai anĹ dÔo xèna, gia kĹje n ≥ 2. Sto exăc, ja

sumbolÐzoume epÐshc me Zw
n kai thn akoloujÐa twn stoiqeÐwn tou Zw

n se aÔxousa seirĹ wc

proc th lexikografikă diĹtaxh. ’Etsi, h parĹjesh (twn akoloujiÿn) Z00
n Z01

n Z10
n Z11

n ja

isoÔtai me thn akoloujÐa Zn.

Oi akoloujÐec autèc parĹgontai anadromikĹ sÔmfwna me touc akìloujouc kanìnec

1. Z00
n = 0Z00

n−10Z01
n−1,

2. Z01
n = 0Z11

n−1,

3. Z10
n = 1Z00

n−1,

4. Z11
n = 1Z10

n−11Z11
n−1,

gia kĹje n > 2 kai Z00
2 = (00), Z01

2 = (01), Z10
2 = (10), Z11

2 = (11). Me bĹsh touc

parapĹnw kanìnec, prokÔptei o anadromikìc algìrijmoc 3.2.2.

H metablhtă f upodeiknÔei poioc apì touc tèssereic kanìnec ja efarmosteÐ, paÐrnontac

timèc 00, 01, 10, 11. An èqei kĹpoia Ĺllh timă, tìte efarmìzontai ìloi oi kanìnec (h perÐ-

ptwsh aută prokÔptei mìno katĹ thn prÿth klăsh ZR(ε, ε, n)). H sunĹrthsh ZR(p, f, k),

gia k > 2 upologÐzei anadromikĹ to sÔnolo twn lèxewn măkouc |p| + k qwrÐc zig-zag, me

prìjema p0f , (antÐstoiqa p1f), an 0f 6= 010, (antÐstoiqa 1f 6= 101). H seirĹ me thn opoÐa

gÐnontai oi anadromikèc klăseic exasfalÐzei th lexikografikă kataskeuă twn lèxewn.

Shmeiÿnetai ìti an kĹje ènac apì touc tèssereic kanìnec ulopoihjeÐ wc xeqwristă

anadromikă sunĹrthsh, tìte prokÔptei pio apodotikă ulopoÐhsh, afoÔ h Ôparxh thc meta-

blhtăc f ja eÐnai perittă, opìte ja apofeuqjoÔn ìlec oi entolèc elègqou thc timăc thc.

O algìrijmoc parousiĹzetai edÿ me th morfă mÐac eniaÐac anadromikăc sunĹrthshc, ÿste

na eÐnai pio eÔkola katanohtìc.
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: èna prìjema p, mia lèxh f ∈ {0, 1}∗ kai to plăjoc k twn grammĹtwn pou

apomènoun.

ZR(p, f , k) begin

if k = 2 then

if f = 00 then output (p00);

else if f = 01 then output (p01);

else if f = 10 then output (p10);

else if f = 11 then output (p11);

else

output (p00);

output (p01);

output (p10);

output (p11);

endif

else if k > 2 then

if f = 00 then

ZR (p0, 00, k − 1);

ZR (p0, 01, k − 1);
else if f = 01 then ZR (p0, 11, k − 1);

else if f = 10 then ZR (p1, 10, k − 1);

else if f = 11 then

ZR (p1, 10, k − 1);

ZR (p1, 11, k − 1);

else

ZR (p0, 00, k − 1);

ZR (p0, 01, k − 1);

ZR (p0, 11, k − 1);

ZR (p1, 00, k − 1);

ZR (p1, 10, k − 1);

ZR (p1, 11, k − 1);

endif

endif

endAlgìrijmo
 3.2.2: Anadromikìc algìrijmoc lexikografikăc kataskeuăc tou Zk,

k ≥ 2. To Zn kataskeuĹzetai me thn klăsh ZR(ε, ε, n).
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’Estw An to sÔnolo twn lèxewn măkouc n qwrÐc zig-zag, oi opoÐec den xekinoÔn me

10, A =
⋃

n≥0An, kai Ān = {ᾱ : α ∈ An}, ìpou ᾱ eÐnai h sumplhrwmatikă lèxh thc α.

Profanÿc, to Ān eÐnai to sÔnolo twn lèxewn qwrÐc zig-zag măkouc n pou den xekinoÔn me

01, kai |Ān| = |An|, gia kĹje n ∈ N.

KĹje lèxh α ∈ An grĹfetai me monadikì trìpo sth morfă

α = 0β, ă α = 11γ, β ∈ An−1, γ ∈ Ān−2,

gia kĹje n ≥ 2. ’Etsi, prokÔptei o anadromikìc tÔpoc |An| = |An−1|+|An−2| kai dedomènou
ìti |A0| = 1 kai |A1| = 2, èpetai ìti |An| = Fn+1.

Epiplèon, kĹje mh kenă lèxh α ∈ Zn grĹfetai me monadikì trìpo sth morfă

α = 0β, ă α = 1γ, β ∈ An−1, γ ∈ Ān−1,

opìte to sÔnolo Z0
n twn lèxewn tou Zn pou xekinoÔn me 0 ja èqei plhjĹrijmo |Z0

n| =

|An−1| = Fn.

Epomènwc, an α = α1α2 · · ·αn ∈ Zn, me ai = 1 gia kĹpoio i ∈ [n], opìte α = p1q,

ìpou |p| = i− 1, tìte h α ja eÐnai megalÔterh lexikografikĹ apì kĹje lèxh β tou Zn me

prìjema p0, dhladă β ∈ Zp0
n . An p teleiÿnei me 01, tìte profanÿc |Zp0

n | = 0. Gia thn

antÐjeth perÐptwsh, diakrÐnoume tic akìloujec periptÿseic:

1. An p = ε, tìte |Zp0
n | = |Z0

n| = Fn.

2. An p = p′1, tìte |Zp0
n | = |Zp′10

n | = |Z0
n−i| = Fn−i, afoÔ gia kĹje β ∈ Zp′10

n eÐnai

β = p′10s, me s ∈ Z0
n−i.

3. An p = p′0, tìte |Zp0
n | = |Zp′00

n | = |An−i| = Fn−i+1, afoÔ gia kĹje β ∈ Zp′00
n eÐnai

β = p′00s, me s ∈ An−i.

’Etsi, prokeimènou na upologÐsoume to r = rank(α), ja jèsoume arqikĹ r = 1, kai sth

sunèqeia, diabĹzontac èna proc èna ta grĹmmata thc α apì aristerĹ proc ta dexiĹ, kĹje

forĹ pou ja sunantĹme kĹpoio 1 ja exetĹzoume poia apì tic parapĹnw periptÿseic isqÔei,

prosjètontac sto r ton antÐstoiqo arijmì Fibonacci.
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: H lèxh α = α1α2 · · ·αn ∈ Zn.'Exodo
 : O fusikìc arijmìc rank(α).

r ← 1;

if α1 = 1 then r ← r + Fn;

if n = 1 then return r ;

for i← 2 to n do

if αi = 1 and not isPrecededBy01 (α, i) then

if αi−1 = 1 then r ← r + Fn−i;

else r ← r + Fn−i+1;

endif

endfor

return r;Algìrijmo
 3.2.3: O algìrijmoc ranking gia lèxeic qwrÐc zig-zag.
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 : H lèxh α = α1α2 · · ·αn ∈ Zn.E�sodo
: O fusikìc arijmìc r = rank(α) kai to măkoc n thc lèxhc α.

α← ε;

if r > Fn then
α← α1;

r ← r − Fn;

else
α← α0;

endif

for i← 1 to n do

if isPrecededBy01 (α, i) then α← α1;

else if isPrecededBy10 (α, i) then α← α0;

else

if αi−1 = 1 then

if r > Fn−i then

r ← r − Fn−i;

α← α1;

else
α← α0;

endif

else

if r > Fn−i+1 then

r ← r − Fn−i+1;

α← α1;

else
α← α0;

endif

endif

endif

endfor

return α;Algìrijmo
 3.2.4: O algìrijmoc unranking gia lèxeic qwrÐc zig-zag.

H bohjhtikă sunĹrthsh isPrecededBy01 orÐzetai wc exăc:

isPrecededBy01(α, i) =




alhjăc, an 3 ≤ i ≤ n + 1 kai αi−2 = 0, αi−1 = 1,

yeudăc, an alliÿc,

gia kĹje α ∈ Zn.
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 GrayPrìtash 3.2.1. Gia k�je �rtio n > 2 den up�rqei k¸dika
 Gray gia ti
 duadikè
 lèxei
m kou
 n qwr�
 zig-zag.Apìdeixh. ’Estw ìti gia kĹpoio Ĺrtio n > 2 upĹrqei kÿdikac Gray gia to sÔnolo twn

lèxewn măkouc n qwrÐc zig-zag. EÐnai profanèc ìti to plăjoc twn 1 apì th mia lèxh sthn

epìmenh ja allĹzei artiìthta. An dn eÐnai h diaforĹ tou plăjouc twn lèxewn me Ĺrtio

plăjoc 1 plhn to plăjoc twn lèxewn me perittì plăjoc 1, ja apodeÐxoume ìti, d2k ≥ 2,

gia kĹje fusikì k > 1, opìte den ja upĹrqei kÿdikac Gray.

’Estw E(x, y) kai O(x, y) oi gennătriec sunartăseic twn sunìlwn twn lèxewn me Ĺrtio

kai perittì plăjoc 1 antÐstoiqa, qwrÐc zig-zag (oi metablhtèc x kai y metroÔn to măkoc

kai to plăjoc twn 1). Ja eÐnai

E(x, y) =
F (x, y) + F (x,−y)

2
kai O(x, y) =

F (x, y)− F (x,−y)

2
,

ìpou F (x, y) =
1 + x2 + x4y2

1− x− xy + x2y − x4y2
eÐnai h gennătria sunĹrthsh tou sunìlou Z,

ìpwc upologÐsthke sta prohgoÔmena. Jètontac D(x, y) = E(x, y)− O(x, y), èqoume ìti

D(x, y) = F (x,−y) =
1− x2 + x4y2

1− x + xy − x2y − x4y2
kai D(x) = D(x, 1) =

1− x2 + x4

1− x2 − x4
.

O suntelestăc [xn]D(x) ja isoÔtai me th zhtoÔmenh diaforĹ dn. Sugkekrimèna, eÐnai

D(x) =
1− x2 + x4

1− x2(1 + x2)
= (1− x2 + x4)

∑

n≥0

x2n(1 + x2)n

= (1− x2 + x4)
∑

n≥0

n∑

j=0

(
n

j

)
x2n+2j 2n+2j=k

= (1− x2 + x4)
∑

k≥0

[ k

4
]∑

j=0

(
k
2
− j

j

)
xk,

opìte

d2k = [x2k]D(x) =

[ k

2
]∑

j=0

(
k − j

j

)
−

[ k−1

2
]∑

j=0

(
k − 1− j

j

)
+

[ k−2

2
]∑

j=0

(
k − 2− j

j

)

=

[ k

2
]∑

j=0

(
(k − 1)− j + 1

j

)
−

[ k−1

2
]∑

j=0

(
(k − 2)− j + 1

j

)
+

[ k−2

2
]∑

j=0

(
(k − 3)− j + 1

j

)

= Fk − Fk−1 + Fk−2 = 2Fk−2,

gia kĹje k > 1.
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KĹje lèxh Dyck α = α1α2 · · ·α2n, n ∈ N∗, mporeÐ na kwdikopoihjeÐ apì thn akoloujÐa

e(α) = e1e2 · · · en, ìpou

ei = k an kai mìno an |α1α2 · · ·αk−1|1 = i− 1 kai αk = 1, i ∈ [n], k ∈ [2n− 1].

Pio aplĹ, h timă tou ìrou ei isoÔtai me th jèsh tou i-ostoÔ 1 sth lèxh α.

Profanÿc, h e(α) eÐnai gnhsÐwc aÔxousa, me e1 = 1 (afoÔ to prÿto grĹmma miac mh

kenăc lèxhc Dyck eÐnai pĹnta 1). Epiplèon, isqÔei ìti

i ≤ ei ≤ 2i− 1, gia kĹje i ∈ [n].

PrĹgmati, an jewrăsoume to prìjema p1 thc α, me |p| = k−1, k ∈ [2n−2], kai |p|1 = i−1,

i ∈ [n− 1], tìte ja eÐnai ei = k (afoÔ to 1 pou akoloujeÐ to p eÐnai to i-ostì 1 thc α kai

brÐsketai sth jèsh k). Epiplèon, epeidă h α eÐnai lèxh Dyck, isqÔei ìti

|p|1 ≤ |p| ≤ 2|p|1 ⇒ i− 1 ≤ k − 1 ≤ 2i− 2⇒ i ≤ ei ≤ 2i− 1.

Shmeiÿnetai ìti to ei mporeÐ na pĹrei opoiadăpote timă apì i èwc kai 2i − 1, afoÔ kai to

|p| mporeÐ na pĹrei opoiadăpote timă apì |p|1 èwc kai 2|p|1.
UpĹrqei loipìn amfimonosămanth apeikìnish metaxÔ tou Dn, n ∈ N∗, kai tou sunìlou

En twn akoloujiÿn e = e1e2 · · · en, me e1 < e2 < · · · < en kai i ≤ ei ≤ 2i − 1, i ∈
[n]. H kwdikopoÐhsh aută twn lèxewn Dyck ja qrhsimopoihjeÐ stouc algorÐjmouc pou

parousiĹzontai sth sunèqeia, afoÔ odhgeÐ pollèc forèc se pio apodotikă ulopoÐhsh.3.3.1 Epanalhptik  kataskeu 
An α, β ∈ Dn, n ∈ N∗, tìte

α ≺ β an kai mìno an e(β) ≺ e(α).

PrĹgmati, an upotejeÐ ìti α ≺ β, opìte ja upĹrqei to mègisto koinì prìjema p twn

α, β, me |p| = k kai |p|1 = i − 1, tìte ja eÐnai α = p0α′ kai β = p1β ′. Oi akoloujÐec

e(α) = e1e2 · · · en kai e(β) = e′1e
′
2 · · · e′n ja sumpÐptoun stouc i − 1 prÿtouc ìrouc, enÿ

ei > e′i. ’Etsi, an oi e(α) kai e(β) jewrhjoÔn wc lèxeic, ja isqÔei ìti e(β) ≺ e(α). AnĹloga

prokÔptei kai to antÐstrofo. Sunepÿc, prokeimènou na kataskeuĹsoume lexikografikĹ to

Dn, arkeÐ na kataskeuĹsoume to En se antÐstrofh lexikografikă diĹtaxh.

An e ∈ En, me e = e1e2 · · · en, h prohgoÔmenh lèxh thc e prokÔptei an meiwjeÐ katĹ 1 to
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dexiìtero grĹmma thc e, to opoÐo eÐnai toulĹqiston katĹ 2 megalÔtero apì to prohgoÔmenì

tou, kai ta upìloipa dexiĹ apì autì pĹroun th mègisth dunată timă. Dhladă, eÐnai

previous(e) = e′1e
′
2 · · · e′i−1e

′
ie

′
i+1 · · · e′n,

ìpou i = max{i ∈ [n] : ei > ei−1 + 1} kai e′j =






ej , an 1 ≤ j < i

ei − 1, an j = i

2j − 1, an i + 1 ≤ j ≤ n.

EidikĹ, h akoloujÐa 123 · · ·n den èqei prohgoÔmenh, afoÔ eÐnai h mikrìterh lexikogra-
fikĹ akoloujÐa tou En. Ta parapĹnw prokÔptoun Ĺmesa apì touc orismoÔc tou En kai thc

lexikografikăc diĹtaxhc.

Input: To plăjoc n ∈ N∗ twn stoiqeÐwn thc akoloujÐac e = e1e2 · · · en.

for i← 1 to n do ei ← 2i− 1;

output (e);

while 1 = 1 do
i← n;

while i > 1 and ei < ei−1 + 2 do i← i− 1;

if i > 1 then
ei ← ei − 1;

for j ← i + 1 to n do ej ← 2j − 1;

output (e);

else

exit;

endif

endwAlgìrijmo
 3.3.1: Epanalhptikă kataskeuă tou Dn se lexikografikă seirĹ.

H lexikografikă kataskeuă tou Dn mporeÐ na gÐnei, qwrÐc th qrăsh twn stoiqeÐwn

tou En wc exăc: An α ∈ Dn, me α = α1α2 · · ·α2n, tìte arqikĹ entopÐzoume th dexiìterh

megistikă akoloujÐa apì 1 sthn α, thc opoÐac prohgeÐtai 0 (an den upĹrqei, tìte α = 1n0n).

’Estw ìti to aristerìtero kai to dexiìtero 1 se aută thn akoloujÐa eÐnai ta αi kai αj

antÐstoiqa. Ja eÐnai loipìn α = p01j−i+102n−j, ìpou |p| = i − 2 kai i > 2. H epìmenh

thc α ja èqei prìjema p1q, ìpou h q ja èqei măkoc 2n − i + 1 kai j − i monĹdec stic

dexiìterec dunatèc jèseic, dhladă ja teleiÿnei me (10)j−i. Sunepÿc, h q ja xekinĹ me

x = 2n− i+1−2(j− i) = 2n−2j + i+1 mhdenikĹ. ’Etsi, ja eÐnai next(α) = p10x(10)j−i.

Tèloc, efarmìzoume ta parapĹnw, xekinÿntac me thn elĹqisth lèxh tou Dn, dhladă thn

(10)n kai upologÐzontac epanalhptikĹ thn epìmenh kĹje forĹ lèxh mèqric ìtou ftĹsoume

sth mègisth lèxh 1n0n.
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Gia kĹje α ∈ Dn, n ≥ 2, an apì thn akoloujÐa e(α) = e1e2 · · · en diagrĹyoume ton

teleutaÐo ìro, tìte prokÔptei h e1e2 · · · en−1 h opoÐa kwdikopoieÐ mia lèxh tou Dn−1, afoÔ

eÐnai gnhsÐwc aÔxousa kai ikanopoieÐ thn idiìthta i ≤ ei ≤ 2i − 1, gia kĹje i ∈ [n − 1].

Profanÿc, h diagrafă aută antistoiqeÐ se diagrafă tou dexiìterou 10 sthn α.

AntÐstrofa, an prosjèsoume sthn e(α) ènan epiplèon ìro en+1 tètoion ÿste en <

en+1 ≤ 2(n + 1) − 1, tìte prokÔptei mÐa akoloujÐa pou kwdikopoieÐ mia lèxh tou Dn+1.

’Etsi, apì thn α mporoÔn na prokÔyoun sunolikĹ 2n+1−en se plăjoc lèxeic tou Dn+1. To

plăjoc autì exartĹtai apì thn timă tou en, dhladă apì to măkoc thc dexiìterhc akoloujÐac

apì 0 sthn α. Me ton trìpo autì, mporoÔme na kataskeuĹsoume ìla ta stoiqeÐa tou Dn+1,

arkeÐ na gnwrÐzoume ìla ta stoiqeÐa tou Dn. Epiplèon, eÐnai profanèc ìti kĹje stoiqeÐo

tou Dn+1 prokÔptei apì monadikì stoiqeÐo tou tou Dn.

Apì ta parapĹnw, mporeÐ na prokÔyei ènac algìrijmoc anadromikăc kataskeuăc tou

Dn, xekinÿntac apì to D1, dhladă thn akoloujÐa e(10) = 1, kai prosjètontac anadromikĹ

kĹje forĹ èna epiplèon stoiqeÐo sthn ekĹstote akoloujÐa, mèqric ìtou to măkoc thc na

gÐnei Ðso me n. Epiplèon, an prosjètoume tic dunatèc timèc tou nèou ìrou se fjÐnousa

seirĹ, tìte ta stoiqeÐa tou Dn ja kataskeuastoÔn se lexikografikă seirĹ.

DR(n, e = e1e2 · · · ek, k) begin

for i← 2k + 1 downto ek + 1 do

if k < n− 1 then
DR (n, e1e2 · · · eki, k + 1);

else
output (e1e2 · · · eki);
exit;

endif

endfor

endAlgìrijmo
 3.3.2: H anadromikă kataskeuă tou En epitugqĹnetai me thn klăsh
DR(n, 1, 1).

Par�deigma. O algìrijmoc 3.3.2 kataskeuĹzei ta stoiqeÐa twn En, gia n ∈ [4], me th

seirĹ pou ta sunantĹme diasqÐzontac to parakĹtw dèndro se prodiĹtaxh (ìpou to prÿto

paidÐ kĹje kìmbou topojeteÐtai qamhlìtera).
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1

12

123

1234

1235

1236

1237

124

1245

1246

1247

125
1256

1257

13

134

1345

1346

1347

135
1356

13573.3.3 Algìrijmoi ranking - unranking

An α ∈ Dn, n ∈ N∗, me α = p1q, gia kĹpoiec lèxeic p, q ∈ {0, 1}∗, tìte h α eÐnai

megalÔterh (lexikografikĹ) apì kĹje β ∈ Dn, me β = p0s, s ∈ {0, 1}∗. ’Etsi, to plăjoc
twn dunatÿn epijemĹtwn s, me p0s ∈ Dn isoÔtai me to plăjoc twn lèxewn tou Dn pou

èqoun prìjema p kai eÐnai mikrìterec thc α. Dedomènou ìti to rank thc α eÐnai Ðso me to

plăjoc twn lèxewn pou eÐnai mikrìterec ă Ðsec thc α, ja isqÔei

rank(α) = 1 +
∑

p∈{0,1}∗
α=p1q

|{β ∈ Dn : β èqei prìjema p0}|.

PrĹgmati, to sÔnolo twn lèxewn pou eÐnai mikrìterec thc α diamerÐzetai me bĹsh to mègisto

koinì prìjemĹ touc p me thn α. ’Etsi, kĹje tètoia lèxh upologÐzetai akribÿc mÐa forĹ

sto parapĹnw Ĺjroisma. Epomènwc, to prìblhma upologismoÔ tou rank(α) anĹgetai sthn

aparÐjmhsh twn dunatÿn epijemĹtwn s, me p0s ∈ Dn, gia kĹje prìjema p1 tou α.

IsqÔei ìti |s| = 2n− |p| − 1 kai |p|1 + |s|1 − |p|0 − |s|0 = 1, dhladă

|s|1 = n− |p|1, |s|0 = n− |p|0 − 1.

SumbolÐzoume me s(x, y) to plăjoc twn dunatÿn epijemĹtwn s pou mporoÔn na emfanistoÔn

se opoiadăpote lèxh Dyck me |s|1 = x kai |s|0 = y. KĹje tètoio epÐjema xekinĹ me 0 ă me



75 3.3. KATASKEU�H TWN L�EXEWN DYCK

1, kai akoloujeÐtai apì èna mikrìtero se măkoc epÐjema pou eÐnai epÐshc epÐjema lèxewn

Dyck, opìte prokÔptei h anadromikă sqèsh

s(x, y) = s(x− 1, y) + s(x, y − 1),

me s(x, y) = 0, ìtan y < x ă y ≤ 0 ă x < 0, kai s(0, y) = 1.

Oi timèc s(x, y), ìpwc prokÔptoun apì thn efarmogă thc parapĹnw anadromikăc sqèshc

dÐnontai ston epìmeno pÐnaka.

y \ x 0 1 2 3 4 5 6 · · ·
0 1

1 1 1

2 1 2 2

3 1 3 5 5

4 1 4 9 14 14

5 1 5 14 28 42 42

6 1 6 20 48 90 132 132
...

. . .

O prohgoÔmenoc pÐnakac sunantĹtai sth bibliografÐa me thn onomasÐa tr�gwno Catalan.

Oi timèc thc diagwnÐou eÐnai oi ìroi thc akoloujÐac Catalan, dhladă s(x, x) = Cx (afoÔ

èna epÐjema lèxhc Dyck me Ðso plăjoc 1 kai 0 eÐnai lèxh Dyck).

’Etsi, an α = p1q, tìte to zhtoÔmeno plăjoc twn lèxewn s, me p0s ∈ Dn eÐnai Ðso me

s(n− |p|1, n− |p|0 − 1), opìte

rank(α) = 1 +
∑

p∈{0,1}∗
α=p1q∈Dn

s(n− |p|1, n− |p|0 − 1). (3.2)

Apì ta parapĹnw, prokÔptei o epìmenoc algìrijmoc ranking.

Upojètoume ìti oi timèc s(x, y) èqoun proôpologisteÐ me th boăjeia thc anadromikăc

sqèshc pou ikanopoioÔn, kai èqoun apojhkeuteÐ se pÐnaka diastĹsewn n×n, ÿste na eÐnai

prosbĹsimec apì ton algìrijmo.

’Estw tÿra ìti èqoume thn timă rank(α) kai zhtĹme th lèxh α ∈ Dn. Upojètoume ìti o

n eÐnai gnwstìc, alliÿc mporoÔme na ton orÐsoume wc ton elĹqisto fusikì gia ton opoÐo

isqÔei rank(α) ≤ Cn.

Upojètoume ìti o algìrijmoc unranking, sto i-ostì băma, èqei exetĹsei ta prÿta i−1

grĹmmata thc lèxhc α ∈ Dn, i ∈ [2n− 1], kai èqei upologÐsei ìti se autì to arqikì tmăma

pi upĹrqoun akribÿc k monĹdec.
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: H lèxh Dyck α = α1α2 · · ·αn kai o fusikìc n.'Exodo
 : H timă r = rank(α).

r ← 1;
ones← 0;
for i← 1 to 2n− 1 do

if αi = 1 then
ones← ones + 1;
r ← r + s(n− ones, n + ones− i + 1);

endif

endfor

return r;Algìrijmo
 3.3.3: Algìrijmoc ranking gia lèxeic Dyck.

’Estw, α = piαiq, ìpou to αi eÐnai to i-ostì grĹmma thc α, kai èstw ìti eÐnai gnwstì

to plăjoc ri twn lèxewn tou Dn pou èqoun prìjema p kai eÐnai mikrìterec ă Ðsec thc

α. An αi = 0, tìte gia to epÐjema q èqoume ìti |q| = 2n − i, |q|1 = n − k, opìte kai

|q|0 = 2n− i− (n− k) = n + k − i. ’Etsi, to plăjoc twn lèxewn tou Dn pou arqÐzoun me

pi0 eÐnai Ðso me s(n− k, n + k − i). Opìte αi = 1 an kai mìno an r > s(n− k, n + k − i).

Epiplèon, sthn perÐptwsh aută, gia thn exètash tou (i + 1)-ostoÔ grĹmmatoc, to nèo

prìjema pou ja èqei exetasjeÐ ja eÐnai to pi+1 = pi1 kai to plăjoc ri+1 ja eÐnai Ðso me

ri − s(n− k, n + k − i).

EpanalambĹnontac thn parapĹnw diadikasÐa gia kĹje i ∈ [2n−1], kai dedomènou ìti to

plăjoc r1 tou arqikoÔ bămatoc eÐnai gnwstì kai Ðso me rank(α) (afoÔ p0 = ε), telikĹ o

algìrijmoc ja upologÐsei swstĹ ta prÿta 2n− 1 grĹmmata thc α. To teleutaÐo grĹmma

eÐnai pĹnta 0.E�sodo
: H timă r = rank(α) kai o fusikìc n.'Exodo
 : H lèxh Dyck α = α1α2 · · ·αn.

ones← 0;
for i← 1 to 2n− 1 do

if r > s(n− ones, n + ones− i) then
αi = 1;
r ← r − s(n− ones, n + ones− i);
ones← ones + 1;

else
αi = 0;

endif

endfor

α2n = 0;
return α;Algìrijmo
 3.3.4: Algìrijmoc unranking gia lèxeic Dyck.
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 Gray

Gia tic lèxeic Dyck den upĹrqei kÿdikac Gray, afoÔ to plăjoc twn 1 se mia lèxh

Dyck eÐnai Ðso me to plăjoc twn 0, opìte an upărqan dÔo lèxeic Ðdiou măkouc me apìstash

Hamming Ðsh me 1, tìte den ja eÐqan Ðdio plăjoc 0 kai 1. Sth sunèqeia, ja diatupwjeÐ

ènac anadromikìc algìrijmoc kataskeuăc tou Dn se 2-kÿdika Gray. Gia to skopì autì,

ja qrhsimopoiăsoume kai pĹli thn kwdikopoÐhsh twn lèxewn Dyck apì thn akoloujÐa twn

jèsewn twn monĹdwn touc, dhladă to sÔnolo En. Sugkekrimèna, ja orÐsoume ènan kÿdika

Gray Gn gia ta stoiqeÐa tou En, o opoÐoc antistoiqeÐ se 2-kÿdika Gray gia ta stoiqeÐa

tou Dn.

Profanÿc, eÐnai G1 = (1). ’Estw ìti upĹrqei o Gn−1, gia n ≥ 2. Gia na kataskeuĹsou-

me to Gn, xekinĹme me to prÿto stoiqeÐo tou Gn−1, èstw thn akoloujÐa e = e1e2 · · · en−1.

Prosjètontac ènan epiplèon ìro en, me en−1 < en < 2n, prokÔptei mia akoloujÐa tou En.

An aută h prìsjesh epanalhfjeÐ gia kĹje dunată timă tou en, èstw se aÔxousa seirĹ

(dhladă gia kĹje timă apì en−1 + 1 èwc kai 2n − 1), tìte oi akoloujÐec pou prokÔptoun

eÐnai se diĹtaxh kÿdika Gray. H teleutaÐa akoloujÐa pou proèkuye eÐnai h e(2n − 1).

Epilègoume to epìmeno stoiqeÐo e′ tou Gn−1 kai dhmiourgoÔme thn e′(2n− 1), h opoÐa èqei

apìstash Hamming 1 apì thn e(2n− 1). Sth sunèqeia, epanalambĹnoume ta Ðdia gia thn

e′, katalăgontac sthn e′(2n− 2) (epeidă h e′(2n− 1) èqei ădh kataskeuasteÐ). Autì eÐnai

pĹnta dunatì, afoÔ o teleutaÐoc ìroc miac akoloujÐac tou En−1 eÐnai pĹnta mikrìteroc ă

Ðsoc tou 2(n − 1) − 1 = 2n − 3 < 2n − 2. Sth sunèqeia, epilègoume to trÐto stoiqeÐo

e′′ tou Gn−1, kataskeuĹzoume thn e′′(2n− 2) kai epanalambĹnoume ta Ðdia, paraleÐpontac

aută th forĹ thn prìsjesh tou ìrou 2n − 2. H diadikasÐa aută suneqÐzetai gia ìla ta

stoiqeÐa tou Gn−1, opìte telikĹ prokÔptei o Gn.

DGray(n) begin
if n < 2 then return (1);
Gn−1 ← DGray(n− 1);
skip← n;
foreach e ∈ Gn−1 do

output (eskip);
for i← en−1 + 1 to skip− 1 do output (ei);
for i← skip + 1 to 2n− 1 do output (ei);
if skip = 2n− 1 then skip← skip− 1;
else skip← 2n− 1;

endfch

endAlgìrijmo
 3.3.5: H anadromikă kataskeuă tou En se kÿdika Gray epitugqĹnetai
me thn klăsh DGray(n).
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An e = e1e2 · · · en kai allĹxei h timă tou stoiqeÐou ei, 2 ≤ i ≤ n − 1, h allagă aută

isodunameÐ se metatropă thc monĹdac autăc se mhdèn kai kĹpoiou apì ta mhdenikĹ se 1,

afoÔ metaxÔ thc (i − 1)-ostăc kai (i + 1)-ostăc monĹdac parembĹllontai ei+1 − ei−1 − 2

mhdenikĹ kai mÐa monĹda. ’Etsi, h apìstash Hamming twn antÐstoiqwn lèxewn Dyck ja

eÐnai Ðsh me 2.Par�deigma. Ston epìmeno pÐnaka dÐnetai o kÿdikac Gray twn lèxewn Dyck gia n = 5.

En Dn rank

12345 1111100000 42

12346 1111010000 41

12347 1111001000 40

12348 1111000100 39

12349 1111000010 38

12359 1110100010 34

12356 1110110000 37

12357 1110101000 36

12358 1110100100 35

12368 1110010100 32

12367 1110011000 33

12369 1110010010 31

12379 1110001010 29

12378 1110001100 30

12478 1101001100 21

12479 1101001010 20

12459 1101100010 25

12456 1101110000 28

12457 1101101000 27

12458 1101100100 26

12468 1101010100 23

En Dn rank

12467 1101011000 24

12469 1101010010 22

12569 1100110010 17

12567 1100111000 19

12568 1100110100 18

12578 1100101100 16

12579 1100101010 15

13579 1010101010 1

13578 1010101100 2

13568 1010110100 4

13567 1010111000 5

13569 1010110010 3

13469 1011010010 8

13467 1011011000 10

13468 1011010100 9

13458 1011100100 12

13456 1011110000 14

13457 1011101000 13

13459 1011100010 11

13479 1011001010 6

13478 1011001100 7
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Par�rthma - Logismikì th
ergas�a

To prìgramma pou ulopoiăjhke èqei wc stìqo thn kataskeuă sunìlwn duadikÿn lèxe-

wn, gia lèxeic Fibonacci, lèxeic qwrÐc zig-zag kai lèxeic Dyck. O sqediasmìc tou èqei gÐnei

me tètoio trìpo ÿste akìmh kai o plèon Ĺpeiroc qrăsthc na mhn antimetwpÐsei problămata

me thn leitourgÐa kai thn qrăsh tou progrĹmmatoc.

Gia th dhmiourgÐa thc efarmogăc qrhsimopoiăjhke to prìgramma NetBeans IDE 6.9.1.

Prin proqwrăsoume sthn parousÐash thc efarmogăc, skìpimo eÐnai na exhgăsoume thn

qrăsh orismènwn plăktrwn pou upĹrqoun se ìlec tic fìrmec thc efarmogăc.

XekinĹme loipìn me to plăktro termatismoÔ thc efarmogăc pou faÐnetai sto parakĹtw

sqăma.

Se opoiadăpote fìrma kai an brÐsketai o qrăsthc, mìlic kĹnei klik se autì to plăktro,

termatÐzetai h efarmogă.

Se kĹje fìrma kĹtw dexiĹ upĹrqei to plăktro {PÐsw} to opoÐo dÐnei thn dunatìthta

ston qrăsth na epistrèyei sthn prohgoÔmenh fìrma apì autăn pou brÐsketai.

81
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XekinĹme loipìn me thn arqikă fìrma pou emfanÐzetai sthn ojình tou upologistă me

thn ekkÐnhsh thc efarmogăc. Se autăn thn fìrma upĹrqei to plăktro eisìdou. EĹn o

qrăsthc kĹnei klik sto plăktro autì tìte emfanÐzetai h deÔterh fìrma, pou perièqei

ta perieqìmena thc efarmogăc. Se autăn thn fìrma ektìc apì ta basikĹ plăktra pou

analÔsame prin, upĹrqoun ìpwc blèpoume trÐa plăktra. KĹnontac klik se opoiodăpote

apì autĹ, o qrăsthc odhgeÐtai sthn fìrma pou antistoiqeÐ sto kĹje plăktro, thc opoÐac

to perieqìmeno perigrĹfetai apì ton tÐtlo tou plăktrou autoÔ. Pio sugkekrimèna, eĹn

o qrăsthc endiafèretai gia tic lèxeic Fibonacci, kĹnontac klik sto koumpÐ Fibonacci, ja

odhghjeÐ sthn kentrikă fìrma {Kataskeuă twn lèxewn Fibonacci} (to Ðdio isqÔei kai gia

tic lèxeic qwrÐc zig-zag kai Dyck, ìpwc faÐnetai kai sthn parapĹnw eikìna) ìpwc faÐnetai

sthn parakĹtw eikìna.
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H kentrikă fìrma twn lèxewn Fibonacci perièqei ektìc apì ta basikĹ plăktra kai trÐa

akìmh ta opoÐa anafèrontai sthn lexikografikă kai anadromikă kataskeuă, kajÿc epÐshc

kai ston kÿdika Gray. AnĹloga me to koumpÐ pou ja epilèxei o qrăsthc, ja odhghjeÐ kai

sthn antÐstoiqh fìrma ìpwc faÐnetai kai sthn parapĹnw eikìna. Se kĹje mÐa apì autèc

tic fìrmec, o qrăsthc mporeÐ na eisĹgei ènan arijmì (dhladă to măkoc thc duadikăc lèxhc

pou epijumeÐ) kai kĹnontac klÐk sto koumpÐ {OK} ja tou emfanisteÐ to sugkekrimèno

apotèlesma.

’Ena parĹdeigma lexikografikăc kataskeuăc twn lèxewn Fibonacci me măkoc lèxhc= 5

faÐnetai sthn parakĹtw eikìna.

Epeidă ìlec oi fìrmec thc efarmogăc èqoun sqediasteÐ me ton Ðdio trìpo, ètsi ÿste

na mhn dÐnetai ston qrăsth h aÐsjhsh thc asunèqeiac, kai epiplèon epeidă oi leitourgÐec
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pou parèqontai apì ìlec tic fìrmec eÐnai oi Ðdiec me tic leitourgÐec pou perigrĹyame gia

thn perÐptwsh thc fìrmac twn lèxewn Fibonacci, den ja epektajoÔme sthn epexăghsh tou

trìpou leitourgÐac twn upoloÐpwn formÿn thc efarmogăc.Akolouje� k¸dika
 se Java

Kataskeuă twn lèxewn Fibonacci se Java.

1 package binary words ;
2

3 import java . u t i l . ∗ ;
4 import javax . swing . JTextArea ;
5

6 // A Fibonacc i word i s a binary word avoid ing the pattern ”11”
7 public class FibonacciCode {
8

9 private ArrayList<Str ing> wordsList ; // con ta in s a l l F ibonacc i
wordsList o f l ength n

10 private JTextArea Text ;
11

12 public FibonacciCode ( JTextArea Text ) {// cons t ruc tor
13 wordsList = new ArrayList<Str ing >() ;
14 this . Text = Text ;
15 }
16

17 public void populateLex ( int n) {//
18 wordsList . c l e a r ( ) ;
19 lexGen (n) ;
20 }
21

22 public void populateRec ( int n) {//
23 wordsList . c l e a r ( ) ;
24 recGen ("" , n ) ;
25 }
26

27 public void populateGray ( int n) {//
28 wordsList . c l e a r ( ) ;
29 wordsList = gray (n) ;
30 }
31

32 public void populateGray2 ( int n) {//
33 wordsList . c l e a r ( ) ;
34 gray2 ("" , n ) ;
35 }
36

37

38
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39 // p r i n t contents o f wordsList
40 public void p r i n t ( )
41 {
42 Str ing s = "" ;
43 for ( int i =0; i< wordsList . s i z e ( ) ; i++)
44 {
45 Text . append( wordsList . get ( i ) ) ;
46 Text . append("\n" ) ;
47 }
48 Text . append("Set contains "+wordsList . s i z e ( )+" elements" ) ;
49 }
50

51

52

53 // p r i n t contents o f wordsList
54 public void pr in t2 ( )
55 {
56 Str ing s = "" ;
57 for ( int i =0; i< wordsList . s i z e ( ) ; i++)
58 {
59 Text . append( wordsList . get ( i ) ) ;
60 Text . append(" "+ rank ( wordsList . get ( i ) ) ) ;
61 //Text . append(” ” + unrank ( rank ( wordsList . get ( i ) ) ) ) ;
62 Text . append("\n" ) ;
63 }
64 Text . append("Set contains "+wordsList . s i z e ( )+" elements" ) ;
65 }
66

67

68

69 // Recurs ive generat i on o f a l l F ibonacc i wordsList o f l ength n
70 // wordsList are generated l e x i c o g r a p h i c a l l y
71 private void recGen ( S t r ing p , int n) {//p : p r e f i x
72 i f (n==1){
73 wordsList . add (p+"0" ) ;
74 wordsList . add (p+"1" ) ;
75 }
76 else i f (n==2){
77 wordsList . add (p+"00" ) ;
78 wordsList . add (p+"01" ) ;
79 wordsList . add (p+"10" ) ;
80 }
81 else i f (n>2){
82 recGen (p+"0" ,n−1) ;
83 recGen (p+"10" , n−2) ;
84 }
85 }
86

87
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88

89 private Str ing next ( S t r ing s ) {// r e tu rn s ”” i f s i s maximum
90 int i ;
91 Str ing f i r s t = wordsList . get (0 ) ; // f i r s t =0ˆn , a l r eady in l i s t
92 // be fo r e the f i r s t c a l l o f next ( )
93 // f i nd the r ightmost occurrence o f 00
94 for ( i = s . l ength ( ) −2; i >=0; i−−)
95 i f ( s . charAt ( i )==’0’ && s . charAt ( i +1)==’0’ ) break ;
96 i f ( i <0){
97 i f ( s . charAt (0)==’1’ ) return "" ; // not found , s has no

next
98 else return "1" + f i r s t . s ub s t r i n g (1) ;
99 }

100 else

101 return s . s ub s t r i n g (0 , i +1) + "1" + f i r s t . s ub s t r i n g ( i +2) ;
102 }
103

104 public void lexGen ( int n) {
105 Str ing s = new Str ing ( ) ;
106 for ( int i = 0 ; i < n ; i++) s +="0" ; // f i r s t element i s 0ˆn
107 for ( ; ! ( s . isEmpty ( ) ) ; s= next ( s ) ) wordsList . add ( s ) ;
108 }
109

110 // s must be a va l i d Fibonacc i word
111 // r e tu rn s the rank o f s , i . e . , i t s p o s i t i o n in ascend ing

l e x i c o g r aph i c order ing
112 public double rank ( S t r ing s ) {
113 double rank = 1 ;
114 int n = s . l ength ( ) ;
115 double [ ] F = new double [ n+1] ;
116 F[0 ]=1 ; F[ 1 ]=1 ; // c a l c u l a t e Fibonacc i numbers from F 1 to F n
117 for ( int i =2; i<n+1; i++) F[ i ]=F [ i−1]+F [ i −2] ;
118

119 for ( int i=n−1; i >=0; i−−){
120 i f ( s . charAt ( i )==’1’ ) rank += F[ n−i ] ;
121 }
122 return rank ;
123 }
124

125 // con s t r u c t s the Fibonacc i word s having rank r
126 // a l l l ead ing z e r o s are de l e t ed
127 public Str ing unrank (double r ) {
128 Str ing s="" ;
129 int n , i =1;
130 double f =1;
131 double f f =1;
132 i f ( r<=1)return "" ;
133 while ( r> f f ) {// f i nd the sma l l e s t Fibonacc i number >= r
134 f f+=f ;
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135 f=f f−f ;
136 i++;
137 }
138 n=i −1;
139 double [ ] F = new double [ n+1] ;
140 F[0 ]=1 ; F[ 1 ]=1 ; // c a l c u l a t e Fibonacc i numbers from F 1 to F n
141 for ( i =2; i<n+1; i++) F[ i ]=F[ i−1]+F [ i −2] ;
142

143 for ( i =0; i<n ; i++){//unrank
144 i f ( r>F[ n−i ] ) {
145 s=s+’1’ ;
146 r−=F[ n−i ] ; }
147 else {
148 s=s+’0’ ;
149

150 }
151 }
152 return s ;
153 }
154

155 public ArrayList<Str ing> gray ( int n) {
156 ArrayList<Str ing> G = new ArrayList<Str ing >() ;
157 ArrayList<Str ing> rG = new ArrayList<Str ing >() ;
158 i f (n==1) {G. add ("0" ) ; G. add ("1" ) ; return G;}
159 i f (n==2) {G. add ("01" ) ; G. add ("00" ) ; G. add ("10" ) ; return G;}
160

161 rG = rgray (n−1) ;
162 for ( int i =0; i<rG . s i z e ( ) ; i++){
163 G. add ("0"+rG . get ( i ) ) ;
164 }
165 rG = rgray (n−2) ;
166 for ( int i =0; i<rG . s i z e ( ) ; i++){G. add ("10"+rG . get ( i ) ) ;}
167 return G;
168 }
169

170 public ArrayList<Str ing> rgray ( int n) {
171 ArrayList<Str ing> G = new ArrayList<Str ing >() ;
172 ArrayList<Str ing> G2 = new ArrayList<Str ing >() ;
173 i f (n==1) {G. add ("1" ) ; G. add ("0" ) ; return G;}
174 i f (n==2) {G. add ("10" ) ; G. add ("00" ) ; G. add ("01" ) ; return G;}
175

176 G2 = gray (n−2) ;
177 for ( int i =0; i<G2. s i z e ( ) ; i++){G. add ("10"+G2 . get ( i ) ) ;}
178 G2 = gray (n−1) ;
179 for ( int i =0; i<G2. s i z e ( ) ; i++){G. add ("0"+G2 . get ( i ) ) ;}
180 return G;
181 }
182

183
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184 //G 1 = (0 ,1 ) G 2 = (10 , 00 , 01)
185 private void gray2 ( S t r ing p , int n) {
186 i f (n==1){
187 wordsList . add (p+"0" ) ;
188 wordsList . add (p+"1" ) ;
189 }
190 else i f (n==2){
191 wordsList . add (p+"01" ) ;
192 wordsList . add (p+"00" ) ;
193 wordsList . add (p+"10" ) ;
194 }
195 else i f (n>2){
196 rgray2 (p+"0" ,n−1) ;
197 rgray2 (p+"10" , n−2) ;
198 }
199 }
200

201

202

203 private void rgray2 ( S t r ing p , int n) {
204 i f (n==1){
205 wordsList . add (p+"1" ) ;
206 wordsList . add (p+"0" ) ;
207 }
208 else i f (n==2){
209 wordsList . add (p+"10" ) ;
210 wordsList . add (p+"00" ) ;
211 wordsList . add (p+"01" ) ;
212 }
213 else i f (n>2){
214 gray2 (p+"10" ,n−2) ;
215 gray2 (p+"0" ,n−1) ;
216 }
217 }
218 }



89 PARARTHMA
Kataskeuă twn lèxewn qwrÐc zig-zag se Java.

1 package binary words ;
2 import java . u t i l . ∗ ;
3 import javax . swing . JTextArea ;
4 //Zig−zag f r e e words : b inary words avoid ing 101 and 010
5 public class ZigZagFree {
6 private ArrayList<Str ing> wordsList ;
7 private double [ ] F ; // s t o r e Fibonacc i numbers F 0 F 1 . . . F n
8 private JTextArea Text ;
9

10 public ZigZagFree ( JTextArea Text ) {
11 wordsList = new ArrayList<Str ing >() ;
12 this . Text = Text ;
13 }
14

15 public ZigZagFree ( int n) {
16 wordsList = new ArrayList<Str ing >() ;
17 i f (n>0){ // c a l c u l a t e Fibonacc i numbers from F 1 to F n
18 F = new double [ n+1] ;
19 F[0 ]=1 ; F[ 1 ]=1 ;
20 for ( int i =2; i<n+1; i++) F[ i ]=F [ i−1]+F [ i −2] ;
21 }
22 }
23 // f l a g encodes the p r e f i x o f the word : −1: anything , 0 : ”00” , 1 :

”01” , 2 : ”10” , 3 : ”11”
24 private void recGen ( S t r ing p , int f l ag , int n) {//p : p r e f i x
25 i f (n==2){
26 switch ( f l a g ) {
27 case 0 : wordsList . add (p+"00" ) ; break ;
28 case 1 : wordsList . add (p+"01" ) ; break ;
29 case 2 : wordsList . add (p+"10" ) ; break ;
30 case 3 : wordsList . add (p+"11" ) ; break ;
31 default : wordsList . add (p+"00" ) ; wordsList . add (p+"01" ) ;
32 wordsList . add (p+"10" ) ; wordsList . add (p+"11" ) ;
33 }
34 }
35 else i f (n>2){
36 switch ( f l a g ) {
37 case 0 : recGen (p+"0" , 0 , n−1) ; recGen (p+"0" , 1 ,n−1) ; break ;
38 case 1 : recGen (p+"0" , 3 , n−1) ; break ;
39 case 2 : recGen (p+"1" , 0 , n−1) ; break ;
40 case 3 : recGen (p+"1" , 2 , n−1) ; recGen (p+"1" , 3 ,n−1) ; break ;
41 default : recGen (p+"0" , 0 , n−1) ; recGen (p+"0" , 1 ,n−1) ;
42 recGen (p+"0" , 3 , n−1) ; recGen (p+"1" , 0 ,n−1) ;
43 recGen (p+"1" , 2 , n−1) ; recGen (p+"1" , 3 ,n−1) ;
44 }
45 }
46 }
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47 public void populateRec ( int n) {//
48 wordsList . c l e a r ( ) ;
49 recGen ("" , −1, n) ;
50 }
51

52 public void populateLex ( int n) {//
53 wordsList . c l e a r ( ) ;
54 lexGen (n) ;
55 }
56

57 public void p r i n t ( ) {// p r i n t contents o f wordsList
58 for ( int i =0; i< wordsList . s i z e ( ) ; i++){
59 Text . append( wordsList . get ( i ) ) ;
60 Text . append("\n" ) ;
61 }
62 Text . append("Set contains "+wordsList . s i z e ( )+" elements" ) ;
63 }
64

65 public void pr in t2 ( ) {// p r i n t contents o f wordsList
66 for ( int i =0; i< wordsList . s i z e ( ) ; i++){
67 Text . append( wordsList . get ( i ) ) ;
68 Text . append(" "+ rank ( wordsList . get ( i ) ) ) ;
69 Text . append("\n" ) ;
70 }
71 Text . append("Set contains "+wordsList . s i z e ( )+" elements" ) ;
72 }
73 // s must be a va l i d ZigZagFree word
74 // r e tu rn s the rank o f s , i . e . , i t s p o s i t i o n in ascend ing

l e x i c o g r aph i c order ing
75 public stat ic double rank ( S t r ing s ) {
76 double rank = 1 ;
77 int n = s . l ength ( ) ;
78 i f (n<=0) return 1 ;
79 double [ ] F = new double [ n+1] ;
80 F[0 ]=1 ; F[ 1 ]=1 ; // c a l c u l a t e Fibonacc i numbers from F 1 to F n
81 for ( int i =2; i<n+1; i++) F[ i ]=F [ i−1]+F [ i −2] ;
82

83 i f ( s . charAt (0)==’1’ ) rank += F[ n ] ;
84 i f (n==1) return rank ;
85 // e l s e i f n>1
86 for ( int i =1; i<n−1; i++){
87 i f ( s . charAt ( i )==’1’ && ! isPrecededBy01 ( s , i ) ) {
88 i f ( s . charAt ( i −1)==’1’ ) rank += F[ n−i −1] ;
89 else rank += F[ n−i ] ;
90 }
91 }
92 i f ( s . charAt (n−1)==’1’ && ! isPrecededBy01 ( s , n−1) ) rank += 1 ;
93 return rank ;
94 }
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95

96

97 // con s t r u c t s the ZigZagFree word s having rank r and length n
98 public stat ic Str ing unrank (double r , int n) {
99 Str ing s="" ;

100 int i =1;
101

102 double [ ] F = new double [ n+1] ;
103 F[0 ]=1 ; F[ 1 ]=1 ; // c a l c u l a t e Fibonacc i numbers from F 1 to F n
104 for ( i =2; i<n+1; i++) F[ i ]=F[ i−1]+F [ i −2] ;
105

106 i f ( r> F[ n ] ) { s+="1" ; r−=F[ n ] ; }
107 else { s+="0" ;}
108 for ( i =1; i<n ; i++){//unrank
109 i f ( isPrecededBy01 ( s , i ) ) { s=s+"1" ;}
110 else i f ( isPrecededBy10 ( s , i ) ) { s=s+"0" ;}
111 else {
112 i f ( s . charAt ( i −1)==’1’ ) {
113 i f ( r>F[ n−i −1]) { r −=F[ n−i −1] ; s=s+’1’ ;}
114 else { s=s+’0’ ;}
115 }
116 else i f ( s . charAt ( i −1)==’0’ ) {
117 i f ( r>F[ n−i ] ) { r −=F[ n−i ] ; s=s+"1" ;}
118 else s = s+"0" ;
119 }
120 }
121 }
122 return s ;
123 }
124

125

126

127 private stat ic boolean isPrecededBy01 ( S t r ing s , int i ) {
128 i f ( i <2 | | i > s . l ength ( ) ) return fa l se ;
129 i f ( s . charAt ( i −2)==’0’ && s . charAt ( i −1)==’1’ ) return true ;
130 return fa l se ;
131 }
132

133

134

135 private stat ic boolean isPrecededBy10 ( S t r ing s , int i ) {
136 i f ( i <2 | | i > s . l ength ( ) ) return fa l se ;
137 i f ( s . charAt ( i −2)==’1’ && s . charAt ( i −1)==’0’ ) return true ;
138 return fa l se ;
139 }
140

141

142

143
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144 private Str ing next ( S t r ing s ) {
145 Str ing t a i l= new Str ing ( ) ;
146 int i = s . l ength ( ) −1;
147 t a i l = wordsList . get (0 ) ;
148

149 i f ( s . charAt ( i )==’0’ && ! isPrecededBy10 ( s , i ) )
150 return s . s ub s t r i n g (0 , i )+"1" ;
151

152 for ( i = s . l ength ( ) −2; i >0; i−−){
153 i f ( s . charAt ( i )==’0’ && ! isPrecededBy10 ( s , i ) ) {
154 i f ( s . charAt ( i −1)==’1’ )
155 return s . s ub s t r i n g (0 , i )+"1"+ t a i l . s ub s t r i n g ( i +1,

t a i l . l ength ( ) ) ;
156 else

157 return s . s ub s t r i n g (0 , i )+"11"+ t a i l . s ub s t r i n g ( i
+2, t a i l . l ength ( ) ) ;

158 }
159 }
160 i f ( s . charAt (0)==’0’ ) return "1" + t a i l . s ub s t r i n g (1 , t a i l .

l ength ( ) ) ;
161 else return "" ;
162 }
163

164 public void lexGen ( int n) {
165 Str ing s = new Str ing ( ) ;
166

167 for ( int i = 0 ; i < n ; i++) s +="0" ; // f i r s t element i s 0ˆn
168 for ( ; ! ( s . isEmpty ( ) ) ; s= next ( s ) ) wordsList . add ( s ) ;
169 }
170

171 }
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Kataskeuă twn lèxewn Dyck se Java.

1 package binary words ;
2 import java . u t i l . ∗ ;
3 import javax . swing . JTextArea ;
4

5 public class Dyck {
6 private ArrayList<Str ing> wordsList ; // con ta in s a l l Dyck words

o f l ength 2n
7 private JTextArea Text ;
8

9 public Dyck ( JTextArea Text ) {// cons t ruc tor
10 wordsList = new ArrayList<Str ing >() ;
11 this . Text = Text ;
12 }
13

14 public void populateLex ( int n) {//
15 wordsList . c l e a r ( ) ;
16 lexGen (n) ;
17 }
18

19 public void populateRec ( int n) {//
20 int [ ] e = {1} ;
21 wordsList . c l e a r ( ) ;
22 recGen (1 , n , e ) ;
23 }
24

25 public void populateGray ( int n) {//
26 ArrayList<int [ ] > G ;
27 Str ing s t r e="" ;
28 int [ ] e ;
29 wordsList . c l e a r ( ) ;
30 G = Gray(n) ;
31 for ( int i =0 ; i<G. s i z e ( ) ; i++){
32 s t r e="" ;
33 e = G. get ( i ) ;
34 for ( int j =0; j<e . l ength ; j++)s t r e = s t r e + " " + e [ j ] ;
35 s t r e = e2Dyck ( e ) ;
36 wordsList . add ( s t r e ) ;
37 }
38 }
39

40 public void pr intArray ( int [ ] a ) {
41 for ( int i = 0 ; i<a . l ength ; i++)
42 Text . append ( a [ i ]+ " " ) ;
43 Text . append ("\n" ) ;
44 //System . out . p r i n t l n (””) ;
45 }
46
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47 public void lexGen ( int n) {
48 int [ ] e = new int [ n ] ;
49 Str ing s t r e="" ;
50 int i ;
51

52 for ( i =0; i<n ; i++) {e [ i ]= 2∗ i +1; s t r e = s t r e + e [ i ]+" " ;}
53 wordsList . add ( s t r e ) ;
54

55 while ( true ) {
56 i = n−1;
57 while ( i >0 && e [ i ]<e [ i −1]+2) i−−;
58 i f ( i >0){
59 e [ i ]−−;
60 for ( int j=i +1; j<n ; j++) e [ j ] = 2∗ j +1;
61

62 s t r e="" ;
63 for ( i =0; i<n ; i++) s t r e = s t r e + e [ i ]+" " ;
64 wordsList . add ( s t r e ) ;
65 }
66 else break ;
67 }
68 }
69

70 public void recGen ( int n , int N, int [ ] e ) {
71 int [ ] e new = new int [ n+1] ;
72

73 for ( int i =0; i< e . l ength ; i++){
74 e new [ i ] = e [ i ] ;
75 }
76 e new [ n ] = 2∗n+1;
77 while ( e new [ n ] > e new [ n−1]) {
78 i f (n < N−1){
79 recGen (n+1,N, e new ) ;
80 }
81 else {
82 // p r i n t
83 for ( int j =0; j<e new . length ; j++){
84 Text . append ( e new [ j ]+ " " ) ;
85 }
86 Text . append("" ) ; // count++;
87 Text . append("\n" ) ;
88 }
89 e new [ n]−−;
90 }
91 }
92

93

94

95



95 PARARTHMA
96 // generate s Gray code f o r n
97 public ArrayList<int [ ] > Gray( int n) {
98 ArrayList<int [ ] > G = new ArrayList<int [ ] > ( ) ;
99 ArrayList<int [ ] > prevG ;

100 int [ ] o = {1} ; int [ ] e ; int [ ] e new = new int [ n ] ;
101 int sk ip = 2∗n ;
102 int new skip=sk ip ;
103 i f (n<2) {G. add ( o ) ; return G;}
104

105 prevG = Gray (n−1) ;
106

107 e = prevG . get (0 ) ;
108 for ( int j=0 ; j<n−1; j++){e new [ j ]=e [ j ] ; } // copy array
109 for ( int j=e [ n−2]+1 ; j <2∗n ; j++){
110 e new [ n−1]= j ;
111 int [ ] temp = new int [ n ] ;
112 for ( int k=0;k<n ; k++){temp [ k]=e new [ k ] ; }
113 G. add ( temp ) ;
114 }
115 sk ip = 2∗n−1;
116

117 i f (n==2) return G;
118

119 for ( int i =1; i<prevG . s i z e ( ) ; i++){
120 e = prevG . get ( i ) ;
121 for ( int j=0 ; j<n−1; j++){e new [ j ]=e [ j ] ; } // copy array
122 e new [ n−1]=sk ip ;
123 int [ ] temp = new int [ n ] ;
124 for ( int k=0;k<n ; k++){temp [ k]=e new [ k ] ; }
125 G. add ( temp ) ;
126

127 for ( int j=e [ n−2]+1 ; j<sk ip ; j++){// f i r s t i n t e r v a l
128 e new [ n−1]= j ;
129 int [ ] temp2 = new int [ n ] ;
130 for ( int k=0;k<n ; k++){temp2 [ k]=e new [ k ] ; }
131 G. add ( temp2 ) ;
132 new skip = skip −1;
133 }
134 for ( int j=sk ip+1 ; j <2∗n ; j++){// second i n t e r v a l
135 e new [ n−1]= j ;
136 int [ ] temp2 = new int [ n ] ;
137 for ( int k=0;k<n ; k++){temp2 [ k]=e new [ k ] ; }
138 G. add ( temp2 ) ;
139 new skip = 2∗n−1;
140 }
141 sk ip=new skip ;
142 }
143 return G;
144 }



PARARTHMA 96

145 public stat ic double rank ( S t r ing s ) {
146 double r =1;
147 int ones ;
148 int x , y , n = s . l ength ( ) /2 ;
149 double [ ] [ ] S = new double [ n+1] [ n+1] ;
150

151 for ( x=0; x<=n ; x++){S [ x ] [ 0 ]=0 ; }
152 for ( y=0; y<=n ; y++){S [ 0 ] [ y ]=1;}
153

154 for ( y=1; y<=n ; y++){
155 for ( x=1; x<=y ; x++){S [ x ] [ y ] = S [ x−1] [ y]+ S [ x ] [ y−1] ;}
156 }
157

158 //p : p r e f i x parsed , l ength o f p = i
159 ones =1;
160 for ( int i = 1 ; i <2∗n−1; i++){
161 i f ( s . charAt ( i )==’1’ ) {
162 r = r+ S [ n−ones ] [ n+ones−i −1] ;
163 ones++;
164 }
165 }
166 return r ;
167 }
168

169 public stat ic Str ing unrank (double r , int n) {
170 Str ing s="" ;
171 int ones , x , y ;
172

173 i f (n<1 | | r <1) return "" ;
174 double [ ] [ ] S = new double [ n+1] [ n+1] ;
175 for ( x=0; x<=n ; x++){S [ x ] [ 0 ]=0 ; }
176 for ( y=0; y<=n ; y++){S [ 0 ] [ y ]=1;}
177 for ( y=1; y<=n ; y++){
178 for ( x=1; x<=y ; x++){S [ x ] [ y ] = S [ x−1] [ y]+ S [ x ] [ y−1] ;}
179 }
180 //p : p r e f i x parsed , l ength o f p = i
181 ones =1; s="1" ;
182 for ( int i = 1 ; i <2∗n−1; i++){
183 i f ( r>S [ n−ones ] [ n+ones−i −1]) {
184 s=s+"1" ;
185 r=r−S [ n−ones ] [ n+ones−i −1] ;
186 ones++;
187 }
188 else s=s+"0" ;
189 }
190 return s+"0" ;
191 }
192

193



97 PARARTHMA
194

195 public void p r i n t ( ) {// p r i n t contents o f wordsList
196

197 for ( int i =0; i< wordsList . s i z e ( ) ; i++){
198 Text . append( wordsList . get ( i ) ) ;
199 Text . append("\n" ) ;
200 }
201 Text . append("Set contains "+wordsList . s i z e ( )+" elements" ) ;
202 }
203 public void pr in t2 ( ) {// p r i n t contents o f wordsList
204

205 for ( int i =0; i< wordsList . s i z e ( ) ; i++){
206 Text . append( wordsList . get ( i ) ) ;
207 Text . append(" "+rank ( wordsList . get ( i ) ) ) ;
208 Text . append("\n" ) ;
209 }
210 Text . append("Set contains "+wordsList . s i z e ( )+" elements" ) ;
211 }
212

213 // conver t the sequence e o f the p o s i t i o n s o f 1 ’ s to a Dyck word
214 private Str ing e2Dyck ( int [ ] e ) {
215 Str ing v , s t r e ="" ;
216 int i ;
217 i f ( e==null ) return "" ;
218

219 s t r e="1" ; //Dyck word always s t a r t s with 1
220 for ( i =1; i<e . l ength ; i++){ // conver t to Dyck word
221 for ( int j=e [ i −1]+1; j<e [ i ] ; j++)
222 s t r e = s t r e + "0" ; //put z e r o s between ones
223 s t r e = s t r e + "1" ;
224 }
225 for ( int j=e [ i −1]+1; j <2∗e . l ength +1; j++) s t r e = s t r e + "0" ;

// append t r a i l i n g 0 ’ s
226 return s t r e ;
227

228 }
229

230 }


