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Kef�laio 1

Eisagwg 

H JewrÐa Sullogik¸n KindÔnwn xekÐnhse stic arqèc tou 20ou ai¸na kai kat� th di�rkeia ìlwn
aut¸n twn qrìnwn h an�ptux  thc  tan ragdaÐa. S mera, me th bo jeia kai thc teqnologÐac,
apoteleÐ ènan episthmonikì kl�do gem�to qr simec idèec kai prohgmènec majhmatikèc teqnikèc.
Basikì pedÐo melèthc eÐnai h exèlixh twn tim¸n twn sunolik¸n apozhmi¸sewn enìc asfalistikoÔ
qartofulakÐou kat� th di�rkeia tou qrìnou. Ta apotelèsmata tètoiwn melet¸n axiopoioÔn-
tai apì tic asfalistikèc etaireÐec pou diajètoun organwmèna tm mata anagn¸rishc, prìbleyh-
c kai posotikopoÐhshc twn asfalistik¸n kindÔnwn pou èqoun anal�bei exaitÐac twn diafìrwn
drasthriot twn touc. 'Etsi, k�je asfalistik  etaireÐa eÐnai se jèsh na upologÐsei ta kef�laia
pou anamènei na thc qreiastoÔn ¸ste na mporèsei na antapexèljei stic upoqre¸seic thc (pou
perilamb�noun kurÐwc thn kataboll  apozhmi¸sewn proc touc asfalismènouc). Aut� eÐnai ta
analogistik� anamenìmena kef�laia pou ja prèpei na diajètei h etaireÐa. Wstìso sÔmfwna me to
nèo Eurwpaðkì plaÐsio, Solvency II k�je etaireÐa prèpei na èqei kai k�poia prìsjeta kef�laia
¸ste me pijanìthta 0, 995 na eÐnai se jèsh na antimetwpÐsei dusmeneÐc apoklÐseic apì ta anal-
ogistik� anamenìmena. Ta epiprìsjeta aut� kef�laia apoteloÔn to pleìnasma (surplus) k�je
asfalistik c epiqeÐrhshc.
Sto klassikì montèlo thc jewrÐac kindÔnou gÐnetai suqn� h upìjesh ìti den up�rqoun èsoda
apì ependÔseic. Wstìso, ìpwc gnwrÐzoume, èna meg�lo mèroc twn esìdwn miac asfalistik c
epiqeÐrhshc proèrqetai apì thn epèndush tou plaon�smatìc thc. Ta teleutaÐa qrìnia loipìn
èqei parousiasteÐ èna meg�lo endiafèron apì pleurac ereunht¸n gia th stoqastik  diadikasÐa
pleon�smatoc, ìtan autì ependÔetai. O Cai (2002) melèthse to diakritì montèlo thc jew-
rÐac kindÔnou ìtan to pleìnasma ependÔetai me stoqastikì epitìkio. Metagenèstera o Ðdioc
melèthse to Ðdio montèlo alla me to epitìkio na eÐnai mÐa exarthmènh metablht . Stic melètec
tou autèc,br ke exis¸seic kai fr�gmata gia thn pijanìthta qreokopÐac.
Se aut  thn ergasÐa loipìn ja prospaj soume na sunjèsoume kai na parousi�soume ìso to
dunatìn perissìtera apotelèsmata p�nw sto diakritì montèlo me epitìkio. Sugkekrimèna, apì
th sqetik  bibliografÐa, ja antl soume plhroforÐec gia :

• Th diadikasÐa pleon�smatoc me stoqastikì epitìkio (Kef�laia 3 kai 4)
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• Th diadikasÐa pleon�smatoc me AutopalÐnromo epitìkio (Kef�laia 5 kai 6)

Wstìso sta plaÐsia tou montèlou pou melet�me, h eÔresh analutik¸n exis¸sewn gia ta mètra
kindÔnou pou mac endiafèroun eÐnai dÔskolh upìjesh. Epomènwc to megalÔtero mèroc aut c thc
ergasÐac sthn eÔresh fragm�twn gia tic posìthtec pou mac endiafèroun. Tèloc, ja parousi�-
soume arketèc eidikèc peript¸seic kaj¸c kai arijmhtikèc efarmogèc basismènec sth jewrÐa pou
ja analÔsoume.

H shmantikìterh posìthta pou ja mac apasqol sei se aut  thn ergasÐa eÐnai h stoqastik 
diadikasÐa pleon�smato pou perigr�fei thn exèlixh twn tim¸n tou pleon�smatoc sthn poreÐa
tou qrìnou. Se k�poia tuqaÐa qronik  stigm  to Ôyoc tou pleon�smatoc exart�tai apì treic
par�gontec:

1. to arqikì kef�laio,

2. ta asf�listra pou èqoun eispraqjeÐ mèqri ekeÐnh th qronik  perÐodo kai

3. tic apozhmi¸seic pou èqoun katablhjeÐ mèqri ekeÐnh th qronik  perÐodo.

Gia par�deigma se mÐa tuq�ia qronik  perÐodo n (ìpou n > 0) ja isqÔeiPleìnasma
th qronik 
stigm  n

 =

(
Arqikì
kef�laio

)
+

Asf�listra pou
eispr�ttontai

mèqri to qrìno n

 −

Apozhmi¸seic pou
katab�llontai

mèqri to qrìno n


Se autì to shmeÐo ja anaferjoÔme en suntomÐa se k�je ènan epì touc prosdioristikoÔc par�gontec
thc stoqastik c diadikasÐac tou pleon�smatoc.

To arqikì kef�laio
Kat� thn ènarxh twn ergasi¸n thc, k�je asfalistik  etaireÐa upoqreoÔtai apì to nìmo na dia-
jètei k�poio arqikì kef�laio. Autì to arqikì kef�laio apoteleÐ kai to pleìnasma thc etaireÐac
kat� th qronik  stigm  t = 0. An loipìn sumbolÐsoume me u to arqikì kef�laio, tìte ja isqÔei
U(0) = u.

H stoqastik  diadikasÐa eÐspraxhc twn asfalÐstrwn
Wc ant�llagma gia touc kindÔnouc pou analamb�noun, oi asfalistikèc etaireÐec eispr�toun as-
f�listra apì touc asfalismènouc. H stoqastik  diadikasÐa eÐspraxhc twn asfalÐstrwn mac
plhroforeÐ gia to Ôyoc twn asfalÐstrwn sth di�rkeÐa tou qrìnou. An thn sumbolÐsoume me
X(n) gia mÐa tuqaÐa qronik  perÐodo n > 0, tìte
P (n) eÐnai ta asf�listra pou eispr�ttei h etaireÐa sto di�sthma [n− 1, n].
H montelopoÐhsh thc P (n) den eÐnai eÔkolh kaj¸c h katabol  twn asfalÐstrwn exart�tai apì
polloÔc par�gontec (jnhsimìthta, noshrìthta, k.�.). Par�ola aut� ìmwc sunhjÐzetai h P (n)
na lamb�netai wc nteterministik  sun�rthsh tou qrìnou. O lìgoc gia ton opoÐo gÐnetai aut 
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h aploÔsteush eÐnai h apofug  twn perÐplokwn majhmatik¸n upologism¸n pou prokÔptoun an
jewr soume thn P (n) wc stoqastik  diadikasÐa.

H stoqastik  diadikasÐa twn sunolik¸n apozhmi¸sewn
Wc ant�llagma gia ta asf�listra pou eispr�ttei mÐa sfalistik  etaireÐa, èqei thn upoqrèwsh
na katab�llei apozhmi¸seic stouc asfalismènouc thc kat� thn epèleush twn zhmi¸n pou kalÔp-
tontai apì ta asfalist ria sumbìlai� touc. K�je asfalistik  etaireÐa loipìn ja prèpei na
èqei sthn katoq  thc ìso to dunatìn perissìtera stoiqeÐa anaforik� me to Ôyoc twn suno-
lik¸n apozhmi¸sewn pou endèqetai na katab�llei stouc asfalismènouc thc. Gia to lìgo autì
oi asfalistikèc etaireÐec montelopoioÔn to Ôyoc twn sunolik¸n apozhmi¸sewn, apokt¸ntac ètsi
mÐa plhrèsterh eikìna gia thn endeqìmenh exèlix  touc. Oi sunolikèc apozhmi¸seic exart¸ntai
�mesa apì:

• th qronik  perÐodo anafor�c,

• to pl joc twn zhmiogìnwn endeqomènwn pou epèrqontai sth suggekrimènh qronik  perÐodo,
kai

• to mègejoc twn epimèrouc zhmi¸n pou prokaloÔntai.

Ja sumbolÐsoume S(n) th stoqastik  diadikasÐa twn sunolik¸n apozhmi¸sewn pou katab�llon-
tai ewc to qrìno n.
H stoqastik  diadikasÐa pleon�smatoc
MÐa asfalistik  epiqeÐrhsh mporeÐ na upologÐsei to pleìnasm� thc se mÐa dedomènh qronik  stig-
m  afair¸ntac apì ta 'Esod� thc (arqikì kef�laio, asf�listra), ta antÐstoiqa 'Exoda (apozh-
mi¸seic). 'Etsi an sumbolÐsoume wc U(n) to pleìnasma kat� thn qronik  perÐodo n, autì ja
eÐnai

U(n) = u+X(n)− S(n) (1.1)

Shmei¸noume ìti ìloi oi sumbolismoÐ pou èqoume d¸sei ewc t¸ra isqÔoun kai gia to upìloipo
aut  thc ergasÐac, ektìc apì ton sumbolismì gia th stoqastik  diadikasÐa plen�smatoc, ton
opoÐo ja diaforopoi soume gia tic an�gkec tou montèlou me epitìkio.

1.1 To klassikì montèlo thc jewrÐac kindÔnou se

diakritì qrìno

To klassikì montèlo se diakritì qrìno eÐnai apì ta pio gnwst� montèla sth jewrÐa twn kindÔnwn.
Gia thn prosèggish thc suneqoÔc stoqastik c anèlixhc tou klassikoÔ montèlou se suneqèc
qrìno mporoÔme na qrhsimopoi soume th diakrit  stoqastik  anèlixh. To montèlo autì gn¸rise
meg�lh ap qhsh giatÐ mac odhgeÐ se aploÔsterouc majhmatikoÔc upologismoÔc se sqèsh me �lla
montèla, en¸ ta apotelèsmata pou mporeÐ kaneÐc na p�rei an to uiojet sei eÐnai polÔ perissìtera.
Ja parousi�soume loipìn orismèna apì ta kuriìtera qarakthristik� tou klassikoÔ montèlou
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thc JewrÐac KindÔnou se diakritì qrìno pou ja apotelèsei th b�sh gia na katano soume kai na
anaptÔxoume to montèlo me epitìkio.

H diaqronik  exèlixh thc stoqastik c diadikasÐac
pleon�smatoc

Sth melèth mÐac stoqastik c diadikasÐac pleon�smatoc paÐzei shmantikì rìlo o trìpoc �fixh-
c twn zhmiogìnwn endeqomènwn. Gia thn prosèggish thc suneqoÔc stoqastik c anèlixhc tou
klassikoÔ montèlou se suneqèc qrìno mporoÔme na qrhsimopoi soume th diakrit  stoqastik 
anèlixh. Sugkekrimèna sto klassikì montèlo thc JewrÐac KindÔnou se diakritì qrìno qwrÐ-
zoume to qrìno se diast mata kai se k�je monadiaÐo di�sthma   ja epèljei o kÐndunoc   ìqi
dhlad  mÐa Bernoulli. Oi qrìnoi loipìn �fixhc twn zhmi¸n eÐnai mÐa Gewmetrik  katanom . 'Estw
oi qronikèc stigmèc n = 0, 1, 2, · · · JewroÔme to pleìnasma th qronik  stigm  n Ðso me Un me
U0 = u EpÐshc jewroÔme c mÐa stajer� h opoÐa sumbolÐzei ta asf�lista pou eispr�ttontai an�
qronik  perÐodo. Akìma èqoume thn t,m Sn pou sumbolÐzei tic sunolikèc apozhmi¸seic gia tic
pr¸tec n− periìdouc.
Me b�sh ta parap�nw èqoume,

Un = u+ cn− Sn kai

Sn = Y1 + Y2 + · · ·+ Yn

ìpou Yi oi sunolikèc apozhmi¸seic thc i periìdou anex�rthta apì to pìsoi kindunoi emfanÐsthkan
sthn perÐodo aut .
H upìjesh h opoÐa gÐnetai sto montèlo autì eÐnai ìti, oi Yi eÐnai anexarthtec kai isìnomec tuqaÐec
metablhtèc me E(Y ) = µ ≤ c
Gia thn eukolìterh melèth tou montèlou eis�goume mÐa metablht , thn Gi, ìpou,

Gi = c− Yi

kai sumbolÐzei to kèrdoc   zhmÐa pou èqei h etaireÐa apo th qr sh thc i periìdou.
Me th qr sh thc Gi h Un gÐnetai,

Un = u+ cn−
n∑
i=1

Yi = u+
n∑
i=1

(c− Yi) = u+
n∑
i=1

Gi
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Sumfwna me thn parap�nw sqèsh mporoÔme na gr�youme epÐshc kai,

Un−1 = u+
n−1∑
i=1

Gi

'Ara efarmìzontac ta parap�nw ja èqoume

Un = u+
n∑
i=1

Gi = u+
n−1∑
i=1

Gi +Gn = Un−1 +Gn

ìpou katal xame se mÐa anadromik  sqèsh pou mac dÐnei to pleìnasma th qronik  stigm  n apì
thn anèlixh tou pleon�smatoc th qronik  stigm  n− 1 kai twn apotelesm�twn gia th qrhsh thc
periìdou n.
To amèswc epìmeno b ma  tan sto parap�nw montèlo na upojèsoume ìti ta asf�lÐstra de ja
eÐnai mÐa stajer�, all� ja eÐnai kai aut� mÐa tuqaÐa metablht . JewroÔme loipìn Xi ta sunolik�
asf�listra thc i periìdou. Tìte h metablht  Gi ja gÐnei,

Gi = Xi − Yi

h opoÐa mac odhgeÐ sto parak�tw apotèlesma gia th diadikasÐa pleon�smatoc.

Un = u+
n∑
i=1

Xi −
n∑
i=1

Yi = u+
n∑
i=1

(Xi − Yi) = u+
n∑
i=1

Gi

Gia th qronik  perÐodo n− 1 ja èqoume,

Un−1 = u+
n−1∑
i=1

Gi

Apì ìpou pairnoume p�li thn anadromik  sqèsh gia th diadikasÐa pleon�smatoc.

Un = Un−1 +Gn

7



Akìma ìmwc kai ètsi h plhroforÐa pou paÐrname apì th stoqastik  diadikasÐa pleon�smatoc
 tan elleip c diìti den l�mbane upìyin thn epèndush twn apojem�twn. Genn jhke loipìn h
an�gkh na eisaqjeÐ sto montèlo h epÐdrash tou epitokÐou. Oi Sund kai Teugels (1995, 1997)
melèthsan thn epÐdrash StajeroÔ epitokÐou sth stoqastik  diadikasÐa pleon�smatoc kai thn
pijanìthta qreokopÐac gia to klassikì montèlo. O Yang (1999) anafèrjhke sto diakritì mon-
tèlo me stajerì epitìkio, en¸ o Cai (2002)melèthse to diakritì montèlo me tuqaÐo epitìkio gia
prokatablhtèa plhrwm  asfalÐstrwn kai lixhprìjesmh katabol  asfalÐstrwn. Jewr¸ntac Xn

ta asf�listra kai Yn tic zhmièc kai eis�gontac mÐa nèa metablht  thn In wc to epitìkio thc k�je
periìdou katèlhxe stic parak�tw sqèshc gia thn stoqastik  diadikasÐa pleon�smatoc.

• Prokatablhtèa plhrwm  asfalÐstrwn

Un = u
n∏
k=1

Ik +
n∑
k=1

(
(XkIk − Yk)

n∏
i=k+1

In

)

• Lixhprìjesmh plhrwm  asfalÐstrwn

Un = u
n∏
k=1

Ik +
n∑
k=1

(
(Xk − Yk)

n∏
i=k+1

In

)

1.2 Martingales

MÐa eidik  kl�sh stoqastik¸n diadikasi¸n eÐnai oi diadikasÐec martingale, o rìloc twn opoÐwn
eÐnai idiaÐtera shmantikìc sth stoqastik  an�lush. H basik  idèa twn martingales  tan gnw-
st  apì tic arqèc tou 20ou ai¸na, wstìso to megalÔtero mèroc thc majhmatik c jewrÐac touc
emfanÐsthke argìtera kai ofeÐletai kurÐwc ston Amerikanì pijanojewrhtikì Doob. H jewrÐa
twn martingales eÐnai idiaÐtera ekten c kai sta plaÐsia aut c thc ergasÐac ja arkestoÔme sthn
par�jesh twn idiot twn touc pou sqetÐzontai me ta jèmata pou exet�zoume. Gia tic apodeÐxeic
twn idiot twn kai genikìtera gia mÐa pio oloklhrwmènh melèth twn diadikasi¸n martingales, o en-
diaferìmenoc anagn¸sthc parapèmpetai stic ex c phgèc: Giannakìpouloc (2003), Lawler (1995).
Gia na katano soume kalÔtera mÐa diadikasÐa martingale ja anafèroume arqik� orismènec qarak-
thristikèc idiìthtec thc upì sunj kh mèshc tim c. JewroÔme loipìn mÐa tuqaÐa metablht  Y pou
metr�ei to apotèlesma k�poiou tuqaÐou peir�matoc. H desmeumènh mèsh tim  thc t.m. Y wc proc
èna peperasmèno pl joc tuqaÐwn metablht¸n X1, . . . , Xn sumbolÐzetai

E[Y | X1, . . . , Xn], (1.2)

8



kai eÐnai mÐa tuqaÐa metablht . 'Ena qarakthristikì aut c thc tuqaÐac metablht c eÐnai ìti
exart�tai mìno apì tic timèc twn X1, . . . , Xn, dhlad  mporoÔme na gr�youme

E[Y | X1, . . . , Xn] = φ(X1, . . . , Xn)

gia k�poia sun�rthsh φ. H sun�rthsh φ lème ìti eÐnai mÐa metr simh sun�rthsh. Genikìtera
isqÔei o parak�tw orismìc.

Orismìc 1.1.
An mÐa tuqaÐa metablht  Z mporeÐ na grafeÐ wc sun�rthsh twn X1, . . . , Xn, tìte onom�zetai
metr simh wc proc tic X1, . . . , Xn.

Ac aplopoi soume ìmwc lÐgo touc sumbolismoÔc mac. An X1, X2, . . . mÐa akoloujÐa tuqaÐwn
metablht¸n, ja sumbolÐsoume me Fn thn “plhrofoÐa pou emperièqetai stic X1, . . . , Xn”. 'Etsi
ja mporoÔme na gr�foume E[Y | Fn] antÐ gia E[Y | X1, . . . , Xn]. H gnwst  mac loipìn sqèsh
E(Y ) = E[E(Y | X1, . . . , Xn)] gr�fetai plèon E(Y ) = E[E(Y | Fn)].
Prin proqwrÐsoume ston orismì twn martingales parajètoume tic parak�tw idìthtec thc upì
sunj kh mèshc tim c:

1. An α kai b stajerèc, tìte

E[αY1 + bY2 | Fn] = αE[Y1 | Fn] + bE[Y2 | Fn] (1.3)

2. An h tuqaÐa metablht  Y eÐnai  dh mÐa sun�rthsh twn X1, . . . , Xn, tìte

E[Y | Fn] = Y (1.4)

3. Gia m < n, isqÔei
E[E(Y | Fn) | Fm] = E[Y | Fm] (1.5)

4. An h tuqaÐa metablht  Y eÐnai anex�rthth twn X1, . . . , Xn, tìte h plhroforÐa pou emper-
ièqetai stic X1, . . . , Xn den mac qrhsimeÔei gia ton prosdiorismì thc Y , dhlad 

E(Y | Fn) = E(Y ) (1.6)

Par�deigma 1.1: JewroÔme tic anex�rthtec kai isìnomec tuqaÐec metablhtèc X1, X2, . . . me
mèsh tim  µ kai to peperasmèno �jroisma

Sn = X1 +X2 + · · · +Xn.

An Fn eÐnai h plhroforÐa pou perièqetai stic X1, . . . , Xn kai m < n, tìte apì thn idiìthta 1,
èqoume

E[Sm | Fm] = E[X1 + · · ·+Xm | Fm] + E[Xm+1 + · · ·+Xn | Fm]
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'Omwc apì thn idiìthta 2, paÐrnoume ìti

E[X1 + · · ·+Xm | Fm] = X1 + · · ·+Xm = Sm

afoÔ h Sm eÐnai metr simh wc proc tic X1, . . . , Xm. EpÐshc efìson to �jroisma Xm+1 + · · ·+Xn

eÐnai anex�rthto twn X1, . . . , Xm, tìte efarmìzontac thn idiìthta 4 diapist¸noume ìti

E[Xm+1 + · · ·+Xn | Fm] = E[Xm+1 + · · ·+Xn] = (n−m)µ

Epomènwc sunolik� èqoume
E[Sn | Fm] = Sm + (n−m)µ

Orismìc 1.2.
'Estw X0, X1, . . . mÐa akoloujÐa tuqaÐwn metablht¸n kai Fn h plhroforÐa pou emperièqetai stic
X0, . . . , Xn. JewroÔme epÐshc mÐa akoloujÐa tuqaÐwn metablht¸nM0,M1, . . . me E[ |Mi| ] <∞.
An k�je Mn eÐnai metr simh se sqèsh me tic X0, . . . , Xn, tìte

1. H akoloujÐa twn tuqaÐwn metablht¸n M0,M1, . . . , eÐnai mÐa diadikasÐa martingale wc
proc thn Fn an gia k�je m < n,

E[Mn | Fm] = Mm (1.7)

  enallaktik�
E[Mn −Mm | Fm] = 0,

2. H akoloujÐa twn tuqaÐwn metablht¸nM0,M1, . . . , eÐnai mÐa diadikasÐa supermartingale
wc proc thn Fn an gia k�je m < n,

E[Mn | Fm] ≤Mm (1.8)

  enallaktik�
E[Mn −Mm | Fm] ≤ 0,

3. H akoloujÐa twn tuqaÐwn metablht¸n M0,M1, . . . , eÐnai mÐa diadikasÐa submartingale
wc proc thn Fn an gia k�je m < n,

E[Mn | Fm] ≥Mm (1.9)

  enallaktik�
E[Mn −Mm | Fm] ≥ 0,
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H sunj kh E[ |Mi| ] < ∞, qrei�zetai gia na exasfalÐsoume otÐ orÐzontai oi upì sunj kh
mèsec timèc. Sthn pr�xh, gia na epalhjeÔsoume thn (1.7) arkeÐ na apodeÐxoume ìti ∀ n,

E[Mn+1 | Fn] = Mn, (1.10)

afoÔ an isqÔei k�ti tètoio, tìte apì thn idiìthta 3 thc upì sunj kh mèshc tim c èqoume

E[Mn+2 | Fn] = E[E(Mn+2 | Fn+1) | Fn] = E[Mn+1 | Fn] = Mn

kai suneqÐzontac me ton Ðdio trìpo diapist¸noume ìti ikanopoieÐtai h exÐswsh (1.7) tou OrismoÔ
1.2. AntÐstoiqa gia na epalhjeÔsoume thn (1.8) arkeÐ na deÐxoume ìti

E[Mn+1 | Fn] ≤Mn, (1.11)

en¸ gia na epalhjeÔsoume thn (1.9) arkeÐ na deÐxoume ìti

E[Mn+1 | Fn] ≥Mn, (1.12)

Epilektik  St�sh
H epilektik  st�sh (optional stopping) mac plhroforeÐ sqetik� me to ti mporeÐ na sumbeÐ an
stamat soume mia diadikasÐa martingale   mÐa diadikasÐa super(sub)martingale se k�poio qrìno
st�shc T . H epilektik  st�sh apoteleÐ mÐa idiaÐtera qr simh teqnik  sth stoqastik  an�lush
kai dieukolÔnei touc upologismoÔc mèswn tim¸n kaj¸c kai posot twn pou sqetÐzontai me touc
qrìnouc st�shc.

Orismìc 1.3.
An T eÐnai ènac qrìnoc st�shc tìte mporoÔme na orÐsoume thn stamathmènh diadikasÐa (stopped
process) Xt∧T .

H stamathmènh diadikasÐa Xt∧T èqei akrib¸c tic Ðdiec troqièc me thn Xt mèqri to qrìno st�shc
T , en¸ met� to qrìno st�shc T h Xt∧T eÐnai “pagwmènh”sthn tim  XT .

Je¸rhma 1.1. (MÐa stamathmènh martingale eÐnai mÐa martingale)

1. An Xt eÐnai mÐa diadikasÐa martingale wc proc thn Ft kai T eÐnai ènac qrìnoc st�shc
wc proc thn Ðdia plhroforÐa Ft, tìte h stamathmènh diadikasÐa Xt∧T eÐnai kai aut  mÐa
martingale wc proc thn Ft kai isqÔei

E[Xt∧T ] = E[X0] (1.13)

2. An h Xt eÐnai mÐa super(sub)martingale tìte h stamathmènh diadikasÐa eÐnai epÐshc mÐa
super(sub)martingale kai isqÔei

E[Xt∧T ] ≤ (≥) E[X0] (1.14)
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1.3 AutopalÐndromo Epitìkio

H diapragm�teush enìc perousiakoÔ stoiqeÐou apofèrei apìdosh ston katoqì tou. h apìdosh
aut  eÐnai mÐa tuqaÐa metablht  h opoÐa mporeÐ na melethjeÐ apo mia grammik  qronoseir�. H
AR(1) eÐnai èna montèlo to opoÐo an kei sthn oikogèneia twn grammik¸n qronoseir¸n kai dÐnetai
apo th sqèsh.

In = αIn−1 +Wn (1.15)

'Opou, (n) eÐnai h perÐodoc apotÐmhshc (α) ènac suntelest c gia ton opoÐo isqÔei (0 ≤ a < 1)
In−1 eÐnai to epitìkio th qronik  stigm  (n − 1) kai (Wn) eÐnai h tupik  stoqastik  anèlixh
Wiener me mèsh tim  0 kai diakÔmansh σ2. SÔmfwna me to montèlo h apìdosh twn ependÔsewn
th qronikh stigm  (n) basÐzetai sthn apìdosh thn opoÐa eÐqan th qronik  stigm  (n− 1). 'Opwc
gÐnetai eÔkola antilhptì, gia (α = 0) to epitìkio akoloujeÐ pl rwc stoqastikì montèlo. An
α = 0 kai (Wn = i) ìpou (i) k�poia stajer� tìte odhgoÔmaste sto klasikì montèlo thc jewrÐac
qreokopÐac.
Idiìthtec thc AR(1)

• Mèsh tim 

E [In] = E[αIn−1 +Wn]

E[In] = αE[In−1] + E[Wn]

E[In] = αE[In−1]

• DiakÔmansh

V ar
[
In |In−1] = σ2

Apì th sqèsh 1.15 k�nontac epanalambanìmenec antikatast�seic mporoÔme na p�roume ènan
genÐko tÔpo.

In = αIn−1 +Wn

In = α(αIn−2 +Wn−1) +Wn

In = α2In−2 + α1Wn−1 +Wn
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In = α2(In−3 +Wn−2) + α1Wn−1 +Wn

...

In = αnI0 + αn−1W1 + · · ·+ α1Wn−1 +Wn

Kai jewr¸ntac wc arqikì epitìkio (I0 = i0) tìte èqoume

In = αni0 + αn−1W1 + · · ·+ α1Wn−1 +Wn (1.16)

GnwrÐzontac ìti (0 ≤ α < 1) diapist¸noune ìti to montèlo dÐnei megalÔterh barÔthta sta teleu-
taÐa qrìnia.
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Kef�laio 2

Basikèc ènnoiec jewrÐac axiopistÐac

Sth jewrÐa axiopistÐac èqoun eisaqjeÐ di�forec kl�seic katanom¸n oi opoÐec meletoÔn to up-
oloipìmeno qrìno zw c enìc sust matoc. Autèc oi katanomèc suqn� qarakthrÐzontai apì to
bajmì apotuqÐac (bajmÐda apotuqÐac)   ton upoloipìmeno qrìna z¸hc. Sth bibliografÐa mporeÐ
na brei kaneÐc di�forec kl�seic katanom¸n zw c . K�poia paradeÐgmata apì tic kl�seic autèc
eÐnai:

• O auxanìmenoc rujmìc apotuqÐac (Increasing Failure Rate, IFR)

• O meioÔmenoc rujmìc apotuqÐac (Decreasing Failure Rate, DFR)

• New Better than Used, NBU

• New Worse than Used, NWU

• Decreasing Mean Residual Lifetime, DMRL

• Increasing Mean Residual Lifetime, IMRL

• New Better than Used in Convex Ordering, NBUC

• New Worse than Used in Convex Ordering, NWUC

Akìma èqoun protajeÐ-eisaqjeÐ katanomèc sÔmfwna me tic idiìthtec thc katanom c isorropÐac
blèpe, (Barlow kai Proschan 1965, 1975 ),(Block kaiSavits 1976 ),(Cao kai Wang 1991 ) kai
(Fagiuoli kai Pellerey 1993,1994 ). 'Olec autèc oi katanomèc qrhsimopoioÔntai s mera eurèwc
sthn asfalistik  kai analogistik  epist mh gia thn taxinìmhsh twn katanom¸n zhmi¸n kaj¸c kai
twn katanom¸n suqnìthtac epèleushc twn zhmi¸n sth diaqeÐrhsh enìc asfalistikoÔ qartofu-
lakÐou, blèpe Grandell (1997), Gerber (1979), Kalashnikov (1999), Lin (1996), Willmot (1994)
kai Lin, Willmot (1999,2000) .
Sto kef�laio autì ja asqolhjoÔme me tic katanomèc autèc, xekin¸ntac me to rujmì apotuqÐac
(bajmÐda apotuqÐac) ston opoÐo an koun dÔo kl�seic katanom¸n DFR, IFR. 'Epeita ja asqol-
hjoÔme me thn katanom  isorropÐac kai ta sumper�smata pou mporoÔme na ex�goume mèsw tou
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mèsou upoloipìmenou qrìnou zw c. Tèloc, ja asqolhjoÔme me tic di�forec �llec kl�seic
katanom¸n pou phg�zoun apì thn katanom  isorropÐac.

2.1 H bajmÐda apotuqÐac

JewroÔme mÐa jetik  tuqaÐa metablht  Y me sun�rthsh katanom c (σ.k) F (y) = Pr(Y ≤ y),
y ≥ 0 kai F̄ (y) = 1 − F (y), ìpou F̄ (y) eÐnai h dexia� our� thc katanom c,(sun�rthsh epibÐ-
wshc). H t.m Y mporeÐ na parist� to qrìno zw c enìc atìmou, to qrìno zw c miac mhqan c
  sthn prokeimènh perÐptwsh to posì zhmÐac enìc asfalistÐkou qartofulakÐou. Gia th diex-
agwg  sumperasm�twn gia to posì thc zhmi�c eÐnai shmantikì na melet soume th dexi� our�
thc katanom c aut c. Gia na to k�noume autì, qrhsimopoioÔme k�poia stoiqeÐa apì th jewrÐa
thc axiopistÐac. Akìma, upojètoume ìti h (σ.k) F (y) eÐnai apolÔtwc suneq c sun�rthsh kai
èqei sun�rthsh piknìthtac pijanìthtac (σ.p.p) f(y) = F ′(y) Tìte o rujmìc apotuqÐac (bajmÐda
apotuqÐac)   èntash jnhsimìthtac   sfodrìthtac dÐnetai apì t n akìloujh sqèsh.

µ(y) =
f(y)

F̄ (y)
=
F ′(y)

F̄ (y)
= − F̄

′(y)

F̄ (y)
= − d

dy
ln F̄ (y)

dhlad ,

µ(y) = − d

dy
ln F̄ (y) (2.1)

'Omwc apì ton orismì tou µ(y) èqoume:

µ(y) = lim
h→0

F (y + h)− F (y)

hF̄ (y)

= lim
h→0

1

h

{
1− F̄ (y + h)− 1 + F̄ (y)

F̄ (y)

}
= lim

h→0

1

h

{
F̄ (y)

F̄ (y)
− F̄ (y + h)

F̄ (y)

}
= lim

h→0

1

h

{
1− F̄ (y + h)

F̄ (y)

}
= lim

h→0

1

h
{1− Pr(Y > y + h|Y > y)} , y ≥ 0

(2.2)

Apì th sqèsh (2.2) parathroÔme ìti ìso pio bari� h dexi� our� thc katanom c tìso mikrìterec
timèc paÐrnoume gia thn µ(y) kai to antÐjeto.
T¸ra, exereun¸ntac th sqèsh (2.1) èqoume,

µ(y) = − d

dy
ln F̄ (y)⇒ µ(y)dy = −d ln F̄ (y)
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kai oloklhr¸nontac kai ta dÔo mèlh paÐrnoume,

∫ y

0

µ(s)ds = −
∫ y

0

d ln F̄ (s) = − ln F̄ (y)

kai lÔnontac wc proc F̄ (y) katal goume,

F̄ (y) = e−
∫ y
0 µ(s)ds (2.3)

Apì thn opoÐa sumperaÐnoume ìti an èqoume th µ(y) eÔkola mporoÔme na broÔme thn F̄ (y).
'Estw t¸ra ìti h mèsh tim  thc Y up�rqei kai dÐnetai apo ton tÔpo,

E(Y ) =

∫ ∞
0

ydF (y) =

∫ ∞
0

yf(y)dy <∞

K�nontac paragwntik  olokl rwsh ja p�roume,

∫ ∞
0

ydF (y) =

∫ ∞
0

yd(1− F̄ (y)) =

∫ ∞
0

−ydF̄ (y) = −yF̄ (y)|∞0 +

∫ ∞
0

F̄ (y)dy

kai
lim
y→∞

yF̄ (y) = 0

'Ara,

E(Y ) =

∫ ∞
0

F̄ (y)dy (2.4)

Apì tic sqèseic (2.1) kai (2.4) lÔnontac wc proc E(Y ) ja p�roume,

E(Y ) =

∫ ∞
0

F̄ (y)dy =

∫ ∞
0

f(y)

µ(y)
dy = E

(
1

µ(y)

)
(2.5)

H sqèsh (2.5) epibebai¸nei to arqikì sumpèrasma to opoÐo eÐqame apì th sqèsh (2.2) , ìti
meg�lec timèc thc µ(y), dÐnoun mikrèc timèc gia th mèsh tim  thc Y , thn E(Y ).
Akìma, genikeÔontac thn (2.5) gia stajerì µ(y) = µ odhgoÔmaste sth mèsh tim  thc ekjetik c
katanom c me par�metro, µ(y). Ousiastik� h bajmÐda apotuqÐac µ(y) eÐnai monìtonh, m  aux-
anìmenh, (mh fjÐnousa) se sqèsh me th metablht  (y) kai autì èqei na k�nei me th dexi� our�
thc katanom c, (an eÐnai bari�   ìqi).

Orismìc 2.1.

1. H sun�rthsh katanom c F (y) an kei sthn oikogèneia katanom¸n DFR (Decreasing Failure

Rate) an h posìthta
F̄ (x+ y)

F̄ (y)
eÐnai aÔxousa sun�rthsh tou y gia stajerì x ≥ 0.
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2. H sun�rthsh katanom c F (y) an kei sthn oikogèneia katanom¸n IFR (Increasing Failure

Rate) an h posìthta
F̄ (x+ y)

F̄ (y)
eÐnai fjÐnousa sun�rthsh tou y gia stajerì x ≥ 0.

EÐnai fanerì ìti h oikogèneia katanom¸n DFR sumperilamb�nei katanomèc me fjÐnousa ba-
jmÐda apotuqÐac µ(y) wc proc y, en¸ h oikogèneia katanom¸n IFR sumperilamb�nei katanomèc me
aÔxousa bajmÐda apotuqÐac µ(y) wc proc y.

Parathr seic:

1. Gia thn oikogèneia katanom¸n DFR, h h(y) =
F̄ (x+ y)

F̄ (y)
eÐnai aÔxousa sun�rthsh tou y

gia stajerì x ≥ 0. Epomènwc gia y ≥ 0, x ≥ 0 ja isqÔei

h(y) ≥ h(0) ⇒ F̄ (x+ y)

F̄ (y)
≥ F̄ (x) ⇒ F̄ (x+ y) ≥ F̄ (y)F̄ (x)

2. OmoÐwc thn thn oikogèneia katanom¸n IFR, ja isqÔei

F̄ (x+ y) ≤ F̄ (y)F̄ (x), y ≥ 0, x ≥ 0

Prohgoumènwc gia stajerì µ(y) eÐpame ìti h F (y) akoloujeÐ mÐa ekjetik  katanom  kai m�l-
ista gnwrÐzoume kai thn parametrì thc, µ(y) = µ. H ekjetik  katanom  loipìn thc opoÐac h
sun�rthsh katanom c dÐnetai apì ton tÔpo F (y) = 1− e−µy, y ≥ 0eÐnai tautìqrona kai DFR kai
IFR kaj¸c µ(y) = µ,∀y. Genik� eÐnai dÔskolo na melet soume th sumperifor� thc µ(y) diìti
se pollèc peript¸seic kai h F (y) all� kai h f(y) dÐnontai apì sÔnjetec parast�seic. Wstìso
èqoun gÐnei di�forec proseggÐseic oi opoÐec suqn� odhgoÔn se qrÐshma sumper�smata ìpwc to
parak�tw par�deigma:

Par�deigma 2.1. 'Estw F (y), eÐnai mÐa σ.k. mÐxhc ekjetik¸n katanom¸n, dhlad 

F (y)−
∫ ∞

0

(1− e−θy)dH(θ) (2.6)

'Opou H(θ) eÐnai h sun�rthsh katanom c thc jetik c tuqaÐac metablht c θ. Tìte o rujmìc
(bajmÐda) apotuqÐac ja dÐnetai apì th sqèsh.

µ(y) = − d

dy
ln F̄ (y) =

∫∞
0
θe−θydH(θ)∫∞

0
e−θydH(θ)

(2.7)

LÔsh:
Gia na melet soume thn µ(y) wc proc th monotonÐa jewroÔme th sun�rthsh katanom c Hy(θ) =
Pr(Θy < θ) h opoÐa ikanopoieÐ thn
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dHy(θ) =
e−θydH(θ)∫∞

0
e−θydH(θ)

kai paÐrnontac thn k-rop  thc Θy ja èqoume,

E
(
Θκ
y

)
=

∫∞
0
θκe−θydH(θ)∫∞

0
e−θydH(θ)

ParagwgÐzontac t¸ra thn (2.7) wc proc (y) èqoume,

µ′(y) =

{∫∞
0
θe−θydH(θ)∫∞

0
e−θydH(θ)

}′
= −

{∫∞
0
θ2e−θydH(θ)

∫∞
0
e−θydH(θ)[∫∞

0
e−θydH(θ)

]2
}

+

{∫∞
0
θe−θydH(θ)

∫∞
0
θe−θydH(θ)[∫∞

0
e−θydH(θ)

]2
}

= −
{∫∞

0
θ2e−θydH(θ)∫∞

0
e−θydH(θ)

}
+

{∫∞
0
θe−θydH(θ)∫∞

0
e−θydH(θ)

}2

= −E
(
Θ2
y

)
+ {E (Θy)}2 = −V ar (Θy)

'Omwc V ar (Θy) eÐnai megalÔtero   Ðso tou mhdèn, �ra µ′(y) ≤ 0 opìte h mÐxh ekjetik¸n
katanom¸n eÐnai mÐa DFR katanom .

�

2.2 Sun�rthsh isorropÐac

Apì th sqèsh (2.4) diair¸ntac me E(Y ) paÐrnoume,

∫ ∞
0

¯F (y)

E(y)
dy = 1

Apì ìpou orÐzontac wc,

f1(y) =
¯F (y)

E(y)

parathroÔme ìti h f1(y) eÐnai mÐa sun�rthsh puknìthtac pijanìthtac kai �ra h sun�rthsh
katanom c ja dÐnetai apì ton tÔpo,

F1(y) =

∫ y

0

¯F (x)

E(x)
dx (2.8)
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kai ja kaleÐtai wc sun�rthsh isorropÐac thc c.k F (y). Gia th melèth thc F1(y) ja qreiastoÔme
tic ropèc thc kai gia to lìgo autì ja proqwr soume sthn eÔresh aut¸n. Ja èqoume loipìn,

E(yn) =

∫ ∞
0

yn
F̄ (y)

E(y)
dy

kai k�nontac paragwntik  olokl rwsh ja p�roume,

E(yn) =

∫ ∞
0

(
yn+1

n+ 1

)′
F̄ (y)

E(y)
dy =

[
yn+1F̄ (y)

(n+ 1)E(y)

]∞
0

−
∫ ∞

0

yn+1

(n+ 1)

dF̄ (y)

E(y)

= lim
y→∞

yn+1F̄ (y)

(n+ 1)E(y)
+

∫ ∞
0

yn+1

n+ 1

dF̄ (y)

E(y)

Melet¸ntac t¸ra to ìrio limy→∞
yn+1F̄ (y)
(n+1)E(y)

parathroÔme ìti,

0 ≤ yn+1F̄ (y) = yn+1

∫ ∞
y

dF̄ (x) ≤
∫ ∞

0

xn+1dF (x)

Opìte an up�rqei E(Y n+1) =
∫∞

0
xn+1dF (x) <∞ tìte to ìrio gÐnetai,

lim
y→∞

yn+1F̄ (y) ≤ lim
y→∞

∫ ∞
0

xn+1dF (x) = 0

kai �ra

lim
y→∞

yn+1F̄ (y) = 0

H opoÐa mac odhgeÐ sthn parak�tw sqèsh gia tic ropèc thc sun�rthshc isorropÐac.∫ ∞
0

yndF1(y) =
E(Y n+1)

(n+ 1)E(Y )
(2.9)

kai gia n = 1 pairnoume th mèsh tim  thc sun�rthshc isorropÐac.∫ ∞
0

ydF1(y) =
E(Y 2)

2E(Y )
(2.10)

Akìma an k�noume olokl rwsh kat� par�gontec sth sqèsh
∫∞
y
xdF (x) ja èqoume −

[
xF̄ (x)

]∞
y

+∫∞
y
F̄ (x) kai limx→∞ xF̄ (x) = 0 pou mac odhgeÐ sth sqèsh∫ ∞

y

xdF (x) = yF̄ (y) + E(Y )F̄1(y), y ≥ 0 (2.11)

kai lÔnontac wc proc F̄1(y) katal goume sth sqèsh

F̄1(y) =

∫∞
0

(x− y)dF (x)

E(Y )
, y ≥ 0 (2.12)
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2.3 Katanom  upoloipìmenou qrìnou kai mèsh tim 

'Estw ìti èqoume mÐa tuqaÐa metablht  Y . OrÐzoume mia nèa tuqaÐa metablht  Ty ìpou (Ty =
Y − y|Y > y), onom�zetai upoloipìmenoc qrìnoc zw sthc Y dedomènou ìti h Y èqei ft�sei sto
y.
H sun�rthsh katanom c thc Ty ja eÐnai,

Pr (Ty < t) = Pr (Y − y < t|Y > y)

= Pr (Y < y + t|Y > y)

= 1− Pr (Y > y + t|Y > y)

= 1− F̄ (y + t)

F̄ (y)

(2.13)

H anamenìmenh tim  thc Ty, h opoÐa lègetai kai mèsoc upoloipìmenoc qrìnoc (mean residual
lifetime, MRL ) dÐnetai apì,

r(y) = E (Ty) =

∫∞
y

(t− y)dF (t)

F̄ (y)
, y ≥ 0 (2.14)

k�nontac paragwntik    apo th sqèsh (2.4), èqoume

r(y) =

∫ ∞
0

Pr (Ty > t) dt =

∫ ∞
0

F̄ (t+ y)

F̄ (y)
dt (2.15)

kai k�nontac qr sh tou orismoÔ thc sun�trhshc katanom c thc isorropÐac katal goume,

r(y) =

∫∞
y
F̄ (x)dx

F̄ (y)
=
E(Y )F̄e(y)

F̄ (y)
(2.16)

Sthn parap�nw sqèsh paÐrnontac y = 0 ja èqoume.

r(0) =
E(Y )F̄e(0)

F̄ (0)
= E(Y )

To r(Y ) eÐnai polÔ qr simo sth melèth thc dexi�c our�c thc katanom c kaj¸c meg�lec timèc tou
r(Y ) sunodeÔontai apì barièc dexièc ourèc. Akìma to r(Y ) sundèetai �mesa me trh sun�rthsh
isorropÐac kajwc èqoume,

− d

dy
ln F̄e(y) =

F̄ (y)
E(Y )

F̄e(y)
=

1

r(y)
(2.17)

kai k�nontac pr�xeic ja èqoume,
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d ln F̄e(y) = − (r(y))−1 dy

oloklhr¸nontac kai ta dÔo mèlh,

ln F̄e(y) = −
∫ y

0

(r(x))−1 dx

kai di¸qnontac to log�rijmo ft�noume sto apotèlesma

F̄e(y) = e−
∫ y
0 (r(x))−1dx, y ≥ 0 (2.18)

Sumper�smata:
H σ. k F (y)lègetai aÔxousa wc proc to mèso upoloipìmeno qrìno zw cMRL, dhlad  (increased
mean residual lifetime IMRL ) an h r(y) eÐnai mh fjÐnousa sun�rthsh se sqèsh me to y.
Akìma odhgoÔmaste kai se èna �llo sumpèrasma, ìti h kl�sh katanom¸n DFR, IFR sumperil-
amb�nontai sthn kl�sh katanom¸n IMRL.
Melet¸ntac lÐgo parap�nw thn sun�rthsh katanom c thc Fe(Ty), apì tic sqèseic (2.13) kai
(2.16) ja èqoume,

Fe(Ty) = Pr (Ty < t)

= 1−
∫∞
t
Pr (Ty > x) dx

r(y)
= 1−

∫∞
t
F (x+ y)dx

r(y)F̄ (y)

= 1−
∫∞
y+t

F̄ (x)dx

E (Y ) F̄e(y)
= 1− F̄e(y + t)

F̄e(y)

(2.19)

Sth sunèqeia parajètoume k�poiec sqèseic oi opoÐec qr zoun idiaÐterhc prosoq c. LÔnontac wc
proc th dexi� our� thc sun�rthshc isorropÐac th sqèsh (2.16) ja p�roume,

F̄e(y) =
F̄ (y)r(y)

E (Y )

kai k�nontac antikat�stash sth sqèsh (2.11) odhgoÔmaste se,

∫ ∞
y

xdF (x) = yF̄ (y) + E (Y )
F̄ (y)r(y)

E (Y )
⇒∫ ∞

y

xdF (x) = yF̄ (y) + F̄ (y)r(y)⇒∫ ∞
y

xdF (x) = F̄ (y)(y + r(y))⇒

F̄ (y) =

∫∞
y
xdF (x)

y + r(y)
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K�nontac antikat�stash sto olokl rwma to k�tw ìrio me to mhdèn, tìte paÐrnoume èna �nw
fr�gma gia thn dexi� our� thc katanom c F (y), dhlad ,

F̄ (y) =

∫∞
y
xdF (x)

y + r(y)
≤
∫∞

0
xdF (x)

y + r(y)
=

E (Y )

y + r(y)
(2.20)

Epistrèfontac sth sqèsh (2.16) kai lÔnont�c th t¸ra wc proc F (Y ) ja mac d¸sei,

F (y) =
E(Y )F̄e(y)

r(y)

kai antikajist¸ntac p�li sthn (2.11) ja p�roume,

∫ ∞
y

xdF (x) = y
E(Y )F̄e(y)

r(y)
+ E(Y )F̄e(y)⇒

∫ ∞
y

xdF (x) = E(Y )F̄e(y)

[
1 +

1

r(y)

]
sthn parap�nw sqèsh an lÔsooume wc proc F̄e(y) ja èqoume san apotèlesma,

F̄e(y) =

∫∞
y
xdF (x)

E(y)
[
1 + 1

r(y)

] =
r(y)

∫∞
y
xdF (x)

E(Y )(r(y) + y)

Leitourg¸ntac me ton Ðdio trìpo pou leitourg same gia na broÔme fr�gma gia thn dexi� our�
thc katanom c, all�zontac dhlad  to k�tw ìrio sto olokl rwma me mhdèn ja p�roume èna �nw
fr�gma gia thn dexi� our� thc katanom c isorropÐac.
'Ara loipìn ja èqoume,

F̄e(y) =
r(y)

∫∞
y
xdF (x)

E(Y )(r(y) + y)
≤
r(y)

∫∞
0
xdF (x)

E(Y )(r(y) + y)
=

r(y)E(Y )

E(Y )(r(y) + y)
=

r(y)

r(y) + y
(2.21)

Se perÐptwsh pou kai h r(y) fr�setai tìte to parap�nw fr�gma belti¸netai akìma perissìtero.
An loipìn èqoume r(y) ≤ κ tìte to fr�gma gia thn (2.21) ja gÐnei,

F̄e(y) ≤ κ

κ+ y

K�ti �llo pou axÐzei na shmeiwjeÐ eÐnai ìtan h F (y) eÐnai apìluta suneqeÐc me bajmÐda apotuqÐac
µ(y). Tìte apì th sqèsh (2.3) kai th sqèsh (2.15) ja p�roume,
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r(y) =

∫ ∞
0

e−
∫ y+t
0 µ(x)dx

e−
∫ y
0 µ(x)dx

dt =

∫ ∞
0

e−
∫ y+t

y µ(x)dxdt

'Opou èqoume ekfr�sei to r(y) sunart sh tou µ(y). An loipìn fr�xoume to µ(y) eÐte apì k�tw,
eÐte apì p�nw autom�twc paÐrnoume antÐstrofa fr�gmata gia to r(y). Dhlad , an fr�xoume apì
k�tw to µ(y) tìte ja èqoume �nw fr�gma gia to r(y) kai antÐstoiqa an èqoume �nw fr�gma gia
to µ(y) tìte ja p�roume k�tw fr�gma gia to r(y). 'Estw µ(y) ≤ µ. Tìte gia to r(y) ja isqÔei,

r(y) ≥
∫ ∞

0

e−
∫ y+t

y µdxdt =

∫ ∞
0

e−µtdt =
1

µ

en¸ an h anisìthta gia to µ(y)  tan an�poda, dhlad  µ(y) ≥ µ tìte akolouj¸ntac thn Ðdia
diadikasÐa ja katal xoume se èna �nw fragma gia to r(y).

r(y) ≤ 1

µ

2.4 'Allec kl�seic katanom¸n

Stic prohgoÔmenec enìthtec k�name diaqwrismì twn katanom¸n me b�sh th bajmÐda apotuqÐac kai
ton upoloipìmeno mèso ìro zw c. Up�rqoun akìma pollèc kl�seic katanom¸n oi opoÐec qrÐzoun
melèthc gia thn apotelesmathkìterh epexergasÐa twn zhmiokatanom¸n se èna asfalistikì qarto-
ful�kio. Autèc eÐnai oi katanomèc oi opoÐec anoÐkoun se mÐa om�da ìpou melet�me th sun�rthsh
epibÐwshc   th sun�rthsh epibÐwshc thc katanom c isorropÐac. Se autèc tic katanomèc èqoun
anaferjeÐ oi, Fagiuoli kai Pollerey (1993, 1994). Sth sunèqeia loipìn ja parajèsoume touc
orismoÔc twn kl�sewn katanwm¸n DFR,IFR,NBU,NWU,NWUC kai NBUC .

Orismìc 2.2.

1. H sun�rthsh katanom c F (y) an kei sthn oikogèneia katanom¸n NWU (new worse than
used) ìtan gia k�je x ≥ 0 kai y ≥ 0 isqÔei

F̄ (x+ y) ≥ F̄ (y)F̄ (x)
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2. H sun�rthsh katanom c F (y) an kei sthn oikogèneia katanom¸n NBU (new better than
used) ìtan gia k�je x ≥ 0 kai y ≥ 0 isqÔei

F̄ (x+ y) ≤ F̄ (y)F̄ (x)

H onomasÐa new worse than used proèrqetai apì to gegonìc ìti h anisìthta F̄ (x + y) ≥
F̄ (x)F̄ (y) eÐnai ènac diaforetikìc trìpoc èkfrashc thc sqèshc Pr[T (y) > x] ≥ Pr(Y > x), ìpou

T (y) = Y − y / Y > y.

Epomènwc èna qarakthrisikì thc kl�shc NWU eÐnai to gegonìc ìti o upoloipìmenoc qrìnoc
zw c enìc atìmou hlikÐac y eÐnai stoqastik� megalÔteroc apì ton upoloipìmeno qrìno zw c
enìc neogènnhtou atìmou (pou ekfr�zetai apì thn tuqaÐa metablht  Y ). AntÐstoiqa, h kl�sh
ktanom¸n NBU qarakthrÐzetai apì to gegonìc ìti Pr[T (y) > x] ≤ Pr(Y > x).
Fusik� h kl�sh DFR eÐnai uposÔnolo thc kl�shc NWU , en¸ h kl�sh IFR eÐnai uposÔnolo thc
kl�shc NBU.

Orismìc 2.3.

1. H sun�rthsh katanom c F (y) an kei sthn oikogèneia katanom¸n NWUC (new worse than
used in convex ordering) ìtan gia k�je x ≥ 0 kai y ≥ 0 isqÔei

F̄e(x+ y) ≥ F̄e(y)F̄ (x)

2. H sun�rthsh katanom c F (y) an kei sthn oikogèneia katanom¸n NBUC (new better than
used in convex ordering) ìtan gia k�je x ≥ 0 kai y ≥ 0 isqÔei

F̄e(x+ y) ≤ F̄e(y)F̄ (x)

Diapist¸noume loipìn ìti h kl�sh katanom¸n NWUC qarakthrÐzetai apì to gegonìc o up-
oloipìmenoc qrìnoc zw c thc katanom c isorropÐac eÐnai stoqastik� megalÔteroc apì autìn thc
t.m. Y . AntÐstoiqa h kl�sh NBUC qarakthrÐzetai apì to gegonìc o upoloipìmenoc qrìnoc zw c
thc katanom c isorropÐac eÐnai stoqastik� mikrìteroc apì autìn thc t.m. Y . Gia perissìterec
leptomèreiec sqetik� me tic kl�seic katanom¸n, o endiaferìmenoc anagn¸sthc parapèmpetai stic
ex c phgèc: Willmot-Lin (2001), kai Cao-Wang (1991).
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Kef�laio 3

Prokatablhtèa Plhrwm 
AsfalÐstrwn Gia Genik  Katanom 
EpitokÐou

Se autì to kef�laio ja melet soume th diadikasÐa pleon�smatoc se diakritì qrìno, ìtan to
pleìnasma ependÔetai kai to epitìkio akoloujeÐ mia tuqaÐa katanom . Basikìc skopìc thc
melèthc aut c eÐnai h eÔresh fragm�twn mèsw martingales kai mèsw anadromik¸n sqèsewn gia
thn pijanìthta qreokopÐac. Sto kef�laio autì anaforik� me ta fr�gmata, ja parousÐasoume ta
apotelèsmata tou Cai (2002).

3.1 Perigraf  tou montèlou

'Estw (Xn, n = 1, 2, 3 · · · ) kai (Yn, n = 1, 2, 3 · · · ) eÐnai dÔo mh arnhtikèc anex�rthtec akoloujÐec
tuqaÐwn isìnomwn kai anex�rthtwn metablht¸n ìpou Xn eÐnai ta asf�listra pou eispr�tei h
asfalistik  etaireÐa kai Yn eÐnai oi zhmièc tic opoÐec apozhmi¸nei. Tìte to �jroisma:

Sn =
n∑
k=1

(Xk− Yk), n ≥ 1

EÐnai ènac tuqaÐaoc perÐpatoc o opoÐoc exart�tai apì tic metablhtèc Xn kai Yn. Mia posìthta
thc opoÐac o upologismìc èqei idiaÐterh shmasÐa, eÐnai h pijanìthta qreokopÐac ψ0(u), mporeÐ na
upologisteÐ mèsw tou tuqaÐaou ajroÐsmatoc.

ψ0(u) = Pr

{
∞⋃
n=1

(Sn > u)

}
= Pr

{
∞⋃
n=1

(Un < u)

}
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'Opou,

Un = u+
n∑
k=1

(Xk − Yk) (3.1)

'Opwc anafèrjhke kai prohgoumènwc, sto montèlo to opoÐo melet�me, to pleìnasma ependÔetai.
'Estw loipìn to epitìkio th (n)-osth perÐodo (apì to n − 1 èwc to n) na eÐnai Ðso me (in ≥ 0)
kai (Z = 1 + in) na eÐnai suntelest c sus¸reushc gia thn perÐodo aut .
Tìte, èqontac upojèsei ìti ta asf�listra katab�llontai sthn arq  thc periìdou, �ra h asfal-
istik  etaireÐa ja èqei èsoda apì thn epèndus  touc. To pleìnasma loipìn, ja exelÐsetai sth
di�rkeia tou qrìnou kai h sun�rthsh (4.1) ja gÐnei:
Th qronik  stigm  (n = 1) to pleìnasma ja gÐnei:

U1 = (U0 +X1)(1 + i1)− Y1

U1 = (u+X1)Z1 − Y1

Th qronik  stigm  n = 2 gia to pleìnasma ja èqoume.

U2 = (U1 +X2)Z2 − Y2

Antikajist¸ntac to U1 me to (u+X1)Z1 − Y1 paÐrnoume,

U2 = [(u+X1)Z1 − Y1 +X2]Z2 − Y2

U2 = uZ1Z2 + (X1Z1 − Y1)Z2 + (X2Z2 − Y2)

OmoÐwc gia th qronik  stigm  n = 3 ja èqoume,

U3 = (U2 +X3)Z3 − Y3

Kai ed¸ ìpwc kai prohgoumènwc ja antikatast soume to U2 me to Ðso tou,

U3 = [uZ1Z2 + (X1Z1 − Y1)Z2 + (X2Z2 − Y2) +X3]Z3 − Y3

U3 = uZ1Z2Z3 + (X1Z1 − Y1)Z2Z3 + (X2Z2 − Y2)Z3 + (X3Z3 − Y3)

Akolouj¸ntac thn Ðdia mejodologÐa gia th qronik  stigm  (n) ja katal xoume sth sqèsh:

Un = u

n∏
i=1

Zi +
n∑
i=1

(XiZi − Yi)
n∏

t=i+1

Zi (3.2)

'Opou
∏β

α Zi = 1 gia α > β
Dhlad , to pleìnasma k�je qronik  stigm  ja isoÔtai me to pleìnasma thc prohgoÔmenhc per-
iìdou sun ta asf�listra thc periìdou pou upologÐzoume to pleìnasma, tokismèna kai ta dÔo me
to antÐstoiqo epitìkio, meÐon tic zhmièc thc periìdou k�luyhc.
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3.2 Fr�gmata martigale gia thn pijanìthta qreokopÐac

H eÔresh tim¸n gia thn pijanìthta qreokopÐac eÐnai polÔ dÔskolh apì majhmatik c �poyhc. Gia
to lìgo autì ja kataskeu�soume fr�gmata ta opoÐa fr�soun thn pijanìthta qreokopÐac apì
p�nw. Gia ton upologismì twn fragm�twn ja qrishmopoi soume tic idiìthtec twn katanom¸n
NBU kai NWU tic opoÐec pr¸toc eis gage ston tomèa autì o Willmot (Refinements and distri-
butional generalizations of Lundberg’s inequality) . Oi idiìthtec twn sugkekrimènwn katanom¸n
eÐnai tìso qr simec sthn aploÔsteush twn majhmatik¸n pr�xewn ¸ste na tic qrishmopoi soun
sth bibliografÐa touc oi, Cai kai Garrido (A unified approach to the study of tail probabilities
of compound distributions), Grandel (Mixed Poisson processes), Willmot (On a class of approx-
imations for ruin and waiting time probabilities) kai Willmot kai Lin (Lunberg approximations
for compound distributions with insurance applications).

Je¸rhma 3.1. 'Estw B1 mÐa NWU katanom  kai B2 mÐa NBU antÐstoiqa. Upojètoume ìti oi
B1 kai B2 gia k�je α, ìpou 0 < α ≤ 1 ikanopoioÔn th sqèsh:

E

(
B̄2(αX1)

B̄1(αY1Z
−1
1 )

)
≤ 1 (3.3)

Tìte ∀U ≥ 0 ja isqÔei,
ψ(u) ≤ Λ(u) (3.4)

'Opou,

[Λ(x)]−1 = inf
y≥0

B̄2(y)

B̄1(x+ y)
(3.5)

Apìdeixh:
'Estw,

Sn =
B̄2(Pn)

B̄1(Cn)

'Opou, Pn =
∑n

k=1 Xk

∏k−1
i=1 Z

−1
i , dhlad  to �jroisma ìlwn twn asfalÐstrwn pou ja katablhjoÔn

mèqri thn perÐodo (n) proexoflhmèna sthn ènarxh tou montèlou kai, Cn =
∑n

k=1 Yk
∏k

i=1 Z
−1
i to

�jroisma ìlwn twn mellontik¸n apozhmi¸sewn epÐshc proexoflhmèno sthn ènarxh tou montèlou,
me P0 = C0 = 0 .
Tìte apì ton orismì twn NBU kai NWU èqoume,

Sn+1 =
B̄2 (Pn+1)

B̄1 (Cn+1)
=
B̄2

(∑n+1
k=1 Xk

∏k−1
i=1 Z

−1
i

)
B̄1

(∑n+1
k=1 Yk

∏k
i=1 Z

−1
i

)
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Sp�me ton arijmht  kai ton paronomast  ¸ste na emfanÐsoume to Pn kai to Cn

Sn+1 =
B̄2

(∑n
k=1 Xk

∏k−1
i=1 Z

−1
i +Xn+1

∏n
i=1 Z

−1
i

)
B̄1

(∑n
k=1 Yk

∏k
i=1 Z

−1
i + Yn+1

∏n+1
i=1 Z

−1
i

)
Apì ton orismì twn Pn kai Cn h sqèsh gÐnetai,

Sn+1 =
B̄2

(
Pn +Xn+1

∏n
i=1 Z

−1
i

)
B̄1

(
Cn + Yn+1

∏n+1
i=1 Z

−1
i

) ≤ Sn
B̄2

(
Xn+1

∏n
i=1 Z

−1
i

)
B̄1

(
Yn+1

∏n+1
i=1 Z

−1
i

)
H teleutaÐa anisìthta prokÔptei apo ton orismì twn NBU kai NWU . Sth sunèqeia orÐzoume
mia s-'Algebra, Fn = {X1, · · · , Xn, Y1, · · · , Yn, Z1, · · · , Zn}
Gia ∀n ≥ 0 ja isqÔei:

E (Sn+1|Fn) ≤ SnE

(
B̄2

(
Xn+1

∏n
i=1 Z

−1
i

)
B̄1

(
Yn+1

∏n+1
i=1 Z

−1
i

) |Fn)

= SnE

(
B̄2

(∏n
i=1 Z

−1
i Xn+1

)
B̄1

(∏n+1
i=1 Z

−1
i Yn+1Z

−1
n+1

) |Fn)
Lìgw anexarthsÐac twn Xn+1, Yn+1, Zn+1 apì thn Fn ja èqoume:

E (Sn+1|Fn) ≤ SnE

(
B̄2

(∏n
i=1 Z

−1
i Xn+1

)
B̄1

(∏n+1
i=1 Z

−1
i Z−1

i+1Y
−1
i+1

) |Fn)
kai jewr¸ntac α =

∏n
i=1 Z

−1
i , X1 = Xn+1, Y1 = Yn+1 kai Z1 = Zn+1 apì th sqèsh (3.3) ja

èqoume:
E (Sn+1|Fn) ≤ Sn (3.6)

H sqèsh (3.6) dhl¸nei ìti h Sn, n ≥ 0 eÐnai mia supermartigale . EmeÐc jewr same sto montèlo
wc qrìno qreokopÐac to T = inf(n : Un < 0) me (T = ∞) an (Un ≥ 0) gia ∀n. 'Etsi to T eÐnai
ènac qrìnoc st�shc. JewroÔme (n∧ T ) = min(n, T ) èna peperasmèno qpìno st�shc. K�nontac
qr sh tou jewr matoc gia to qrìno st�shc miac supermartingale, Teylor(An introduction to
measure and probability) paÐrnoume:

E[Sn∧T ] ≤ E[S0] = 1 (3.7)

kai èstw h pijanìthta qreokopÐac h opoÐa dÐnetai apì th sqèsh Cai (2002) ,

ψn(u) = Pr

{
n⋃
k=1

(Uk < 0)

}
= E {I(T ≤ n)} (3.8)

Tìte sÔmfwna me th sqèsh 5.8 ja èqoume:
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1 ≥ ESn∧T ≥ E[Sn∧T I(T ≤ n)] = E[ST I(T ≤ n)]

Antikajist¸ntac thn ST me,

ST =
B̄2(PT )

B̄1(CT )

paÐrnoume,

1 ≥ E

(
B̄2(PT )

B̄1(CT )
I(T ≤ n)

)
kai gia na epèljei qreokopÐa ja prèpei CT ≥ u + PT , 'Ara h parap�nw sqèsh k�nontac qr sh
kai thc (6.6) diamorf¸netai wc,

1 ≥ E

(
B̄2(PT )

B̄1(u+ PT )
I(T ≤ n)

)
≥ Λ−1(u)E(I(T ≤ n))

kai apo ton orismì thc pijanìthtac qreokopÐac katal goume sth sqèsh

1 ≥ Λ−1(u)E(I(T ≤ n)) = Λ−1(u)ψn(u)

'Opou sthn opoÐa paÐrnontac to ìrio

lim
n→∞

ψn(u) = ψ(u)

katal goume sth sqèsh (6.5) pou oloklhr¸nei thn apìdeixh.

�

Pìrisma 3.1. 'Estw R1 mia stajer� h opoÐa ikanopoieÐ th sqèsh

Ee−R1(X1−Y1Z
−1
1 ) = 1 (3.9)

Tìte gia k�je u ≥ 0 ja isqÔei
ψ(u) ≤ e−R1u (3.10)

Apìdeixh:
Sto je¸rhma (3.1) jewroÔme B̄1(x)=B̄2(x)=e−R1x. Autì èqei san apotèlesma to Λ(x) na isoÔtai
me e−R1x. Akìma, mèsw thc anisìthtac Jensen kai apo th sqèsh (5.10) gia k�je 0 < α ≤ 1 ja
isqÔei:
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Ee−R1(X1−Y1Z
−1
1 ) = E

(
e−R1(X1−Y1Z

−1
1 )
)α
≤
(
Ee−R1(X1−Y1Z

−1
1 )
)α

= 1

K�nontac antikat�stash sthn parap�nw anisìthta ìpou B̄1(x)=B̄2(x)=e−R1x h anisìthta gÐne-
tai,

E
(
e−R1(X1−Y1Z

−1
1 )
)α
≤ 1⇒

E
(
e−R1X1α−(−R1Y1Z

−1
1 α)

)
≤ 1⇒

E

(
e−R1X1α

e−R1Y1Z
−1
1 α

)
≤ 1

ìpou antikajist¸ntac ton arijmht  me e−R1X1α = B̄2(αX1) kai ton paranomast  me

e−R1Y1Z
−1
1 α = B̄1(αY1Z

−1
1 ) katal goume na deÐxoume ìti h,

E

(
B̄2(αX1)

B̄1(αY1Z
−1
1 )

)
≤ 1

isqÔei, (sqèsh (3.3)).

Akìma, apo th sqèsh ψ(u) ≤ Λ(u) gia B̄1(x)=B̄2(x)=e−R1u brÐskoume to Λ(u) . SÔmfwna me
to je¸rhma (3.1) èqoume:

Λ−1(x) =
B̄2(y)

B̄1(x+ y)
=

B̄2(x)

B̄1(u+ x)
=

e−R1X1

e−R1(u+X1)
=

1

e−R1u
⇒

Λ(u) = e−R1u

'Ara,
ψ(u) ≤ e−R1u

�

3.3 Fr�gmata gia thn pijanìthta qreokopÐac mèsw

anadromik¸n sqèsewn

Sthn enìthta aut  ja asqolhjoÔme me thn eÔresh fragm�twn gia thn pijanìthta qreokopÐac
mèsw Anadromik¸n sqèsewn. Oi Cai and Wu (Some improvements on the Lundberg bound
for the ruin probability) ìpwc kai oi Willmot and Lin (Lunberg approximations for compound
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distributions with insurance applications) qrhsimopoÐhsan th mèjodo aut  gia thn eÔresh frag-
m�twn thc pijanìthtac qreokopÐac sto klasikì montèlo thc jewrÐac kindÔnou. Ta fr�gmata ta
opÐa ex�gontai me th mèjodo aut  eÐnai pio �usthr�> se sqèsh me ta fr�gmata pou ex�gontai mèsw
thc mejìdou martigale . Gia na mporèsoume na broÔme tètoiou eÐdouc fr�gmata ja qreiasteÐ na
orÐsoume k�poiec metablhtèc. 'Etsi, gia mÐa katanom  B1 me B1(0) = 0 orÐzoume,

(β1)−1 = inf
t≥0

∫∞
1

[B̄1(y)]−1dF (y)

[B̄1(t)]−1F (t)
(3.11)

Opìte gia k�je x ≥ 0 ja èqoume,

F̄ (x) =

(∫∞
1

[B̄1(y)]−1dF (y)

[B̄1(t)]−1F (t)

)−1

B̄1(x)

∫ ∞
x

[B̄1(y)]−1dF (y) (3.12)

kai k�nontac antikat�stash th sqèsh (3.11) h F̄ (x) ja fr�setai apì p�nw wc,

F̄ (x) ≤ β1B̄1(x)

∫ ∞
x

[B̄1(y)]−1dF (y) (3.13)

To olokl rwma eÐnai apì to x sto �peiro thc dexi�c our�c miac katanom c eÐnai h mèsh tim  thc
katanom c thn opoÐa oloklhr¸nei, opìte h (6.14) ja gÐnei,

F̄ (x) ≤ β1B̄1(x)E[B̄1(Y1)]−1 (3.14)

'Omwc, F̄ (x) ≤ 1 kai apì thn teleutaÐa anisìthta katal goume sth sqèsh(
E[B̄1(Y1)]−1

)−1 ≤ β1 ≤ 1 (3.15)

�

'Eqontac orÐsei tic metablhtèc sth sunèqeia ja proqwr soume se èna je¸rhma mèsw tou opoÐou
mporoÔme na brÐskoume fr�gmata.

Je¸rhma 3.2. 'Estw B1 mia NWU katanom  kai Λ1 mÐa mh arnhtik  sun�rthsh. Upojètoume
ìti h B1 kai h Λ1 ikanopoioÔn th sqèsh.

E
[ ¯B1(Y1)

]−1
EΛ1(X1Z1) ≤ 1 (3.16)

kai gia k�je y ≥ 0 kai x ≥ 0
B̄1(x+ y) ≤ B̄1(x)Λ1(y) (3.17)

Tìte gia k�je u ≥ 0,

ψ(u) ≤ β1E
[
B̄1(Y1)

]−1
E
[
B̄1((u+X1)Z1)

]
(3.18)
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Apìdeixh:
Gia thn apìdeixh ja qrishmopoi soume th mèjodo thc epagwg c gia thn èÔresh anadromikoÔ
tÔpou gia thn pijanìthta qreokopÐac. Autì pou ja k�noume, eÐnai na desmeÔsoume wc proc thn
zhmi� thc pr¸thc periìdou, na doÔme tÐ epÐptwsh ja èqei sto pleìnasma, kai met� efarmìzontac
to je¸rhma olik c pijanìthtac brÐskoume ananewtikoÔc tÔpouc gia thn eÔresh thc pijanìthtac
qreokopÐac. Apì ton orismì thc pijanìthtac qreokopÐac (sqèsh (5.9)) èqoume:

ψn(u) = Pr

{
n⋃
k=1

(Uk < 0)

}
= E {I(T ≤ n)}

Gia na epèljei qreokopÐa met� thn èleush thc pr¸thc zhmÐac (pr¸thc periìdou) ja prèpei,

ψ1(u) = Pr {Y1 > (u+X1)Z1} =

∫ ∞
1

∫ ∞
0

F̄ ((u+ x)z) dH(x)dG(z) (3.19)

To pleìnasma ja èqei gÐnei (u+X1)Z1, tìte apo tic sqèseic (6.15) kai (6.18) paÐrnoume,

ψ1(u) ≤ β1E
[
B̄1(Y1)

]−1
∫ ∞

1

∫ ∞
0

B̄1 ((u+ x)z) dH(x)dG(z)

= β1E
[
B̄1(Y1)

]−1
EB̄1 [(u+X1)Z1]

An h zhmi� eÐnai megalÔterh apì to pleìnasma thc pr¸thc periìdou èqoume qreokopÐa, diafore-
tik� h diadikasÐa anane¸netai all� plèon me diaforetikì epitìkio. JewroÔme oti h parap�nw
anisìthta isqÔei gia thn n−ost  perÐodo. ja apodeÐxoume ìti isqÔei kai sthn perÐodo n+ 1. Ja
èqoume loipìn gia thn n−ost  perÐodo.

ψn(u) ≤ β1E
[
B̄1(Y1)

]−1
EB̄1 [(u+X1)Z1] (3.20)

Epeid  h anisìthta (u+X1)Z1 ≥ u+X1Z1 isqÔei, (èqoume upojèsei mh arnhtik� epitìkia) apì
thn (6.19) ∀u ≥ 0 paÐrnoume,

ψn(u) ≤ β1E
[
B̄1(Y1)

]−1
EB̄1(u+X1Z1) (3.21)
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DesmeÔontac loipìn wc proc X1, Y1, Z1 kai dedomènou ìti gia na èqoume qreokopÐa thn pr¸th
perÐodo ja prèpei na isqÔei Y1 > (u+X1)Z1 èqoume,

ψn+1(u) =

∫ ∞
1

∫ ∞
0

∫ ∞
0

Pr

{
n+1⋃
k=1

(Uk < 0) |Y1 = y,X1 = x, Z1 = z,

}
dF (y)dH(x)dG(z)

=

∫ ∞
1

∫ ∞
0

∫ ∞
0

ψn((u+ x)z − y)dF (y)dH(x)dG(z)

=

∫ ∞
1

∫ ∞
0

∫ (u+x)z

0

ψn((u+ x)z − y)dF (y)dH(x)dG(z)

+

∫ ∞
1

∫ ∞
0

∫ ∞
(u+x)z

ψn((u+ x)z − y)dF (y)dH(x)dG(z)

=

∫ ∞
1

∫ ∞
0

(
F̄ ((u+ x)z) +

∫ (u+x)z

0

ψn((u+ x)z − y)dF (y)dH(x)dG(z)

)
(3.22)

H parap�nw sqèsh prokÔptei diìti an y > (x+ u)z tìte h pijanìthta ψn((u+ x)z − y) isoÔtai
me mon�da. 'Etsi apì tic sqèseic (3.22),(6.14) kai (6.20) k�nontac antikat�stash thn ψn(u) kai
thn F̄ ((u+ x)z) ja èqoume,

ψn+1(u) ≤ β1

∫ ∞
1

∫ ∞
0

[
B̄1((u+ x)z)

∫ ∞
(u+x)z

[B̄1(y)]−1dF (y)

]
dH(x)dG(z)

+ β1E[B̄1(Y1)]−1

∫ ∞
1

∫ ∞
0

[∫ (u+x)z

0

EB̄1((u+ x)z − y +X1Z1)dF (y)

]
dH(x)dG(z)

Wstìsw gia 0 ≤ y ≤ (u+ x)z kai apo tic idiìthtec twn NWU katanom¸n èqoume:

B̄1((u+ x)z − y +X1Z1) ≤ B̄1((u+ x)z +X1Z1)[B̄1(y)]−1 (3.23)

K�nontac antikat�stash thn B̄1((u + x)z + X1Z1) sÔmfwna me thn upìjesh, (sqèsh (3.17))
paÐrnoume thn anisìthta,

B̄1((u+ x)z − y +X1Z1) ≤ Λ1(X1Z1)B̄1((u+ x)z)[B̄1(y)]−1 (3.24)

'Ara loipìn gia thn ψn+1(u) k�nontac qr sh thc sqèsewc (3.24) ja p�roume:

ψn+1(u) ≤ β1

∫ ∞
1

∫ ∞
0

[
B̄1((u+ x)z)

∫ ∞
(u+x)z

[B̄1(y)]−1dF (y)

]
dH(x)dG(z)

+ β1E[B̄1(Y1)]−1Λ1(X1Z1)

×
∫ ∞

1

∫ ∞
0

[∫ (u+x)z

0

EB̄1((u+ x)z − y +X1Z1)dF (y)

]
dH(x)dG(z)

33



'Eqoume ìmwc upojèsei ìtiE[B̄1(Y1)]−1Λ1(X1Z1) ≤ 1 opìte mporoÔme na aplopoi soume thn
par�stash qwrÐc na all�xei h anisìthta kai ja èqoume,

ψn+1(u) ≤ β1

∫ ∞
1

∫ ∞
0

[
B̄1((u+ x)z)

∫ ∞
(u+x)z

[B̄1(y)]−1dF (y)

]
dH(x)dG(z)

+ β1

∫ ∞
1

∫ ∞
0

[
B̄1((u+ x)z)

∫ (u+x)z

0

[B̄1(y)]−1dF (y)

]
dH(x)dG(z)

= β1

∫ ∞
1

∫ ∞
0

[
B̄1((u+ x)z)

∫ ∞
0

[B̄1(y)]−1dF (y)

]
dH(x)dG(z)

= β1E[B̄1(Y1)]−1EB̄1((u+X1)Z1)

Apì th sqèsh (6.19) paÐrnontac to ìrio limn→∞ ψn(u) = ψ(u) oloklhr¸netai h apìdeixh.

�

Pìrisma 3.2. JewroÔme R1 > 0 mia stajer� h opoÐa ikanopoieÐ th sqèsh,

EeR1(X1Z1−Y1) = 1 (3.25)

Tìte gia k�je u ≥ 0 èqoume èna fr�gma gia thn pijanìthta qreokopÐac to opoÐo isoÔte me:

ψ(u) ≤ β2Ee
R1Y1Ee−R1(u+X1)Z1 (3.26)

'Opou,

(β2)−1 = inf
t≥0

∫∞
t
eR1ydF (y)

eR1tF̄ (t)
(3.27)

Kai an h F eÐnai mÐa NWUC katanom  tìte to fr�gma gÐnetai, gia k�je u ≥ 0

ψ(u) ≤ Ee−R1(u+X1)Z1 (3.28)

Apìdeixh:
An jewr soume B̄1(x) = Λ1(x) = e−R1x tìte apì to je¸rhma (3.2) paÐrnoume th sqèsh (3.26).
Akìma an h F eÐnai mia NWUC katanom  tìte apì tic idi¸thtec twn katanom¸n aut¸n ja isqÔei:

β2 =
(
EeR1Y1

)−1
(3.29)

dhlad  to (β2)−1 isoÔtai me th ropogenn tria thc Y1 sto shmeÐo R1 to opoÐo èqei apodeÐxei o
Willmot kai o Lin (Lunberg approximations for compound distributions with insurance appli-
cations. New York: Springer-Verlag) . Antikajist¸ntac loipìn th sqèsh (3.29) sth sqèsh
(3.26) ja èqoume:

ψ(u) ≤ β2Ee
R1Y1Ee−R1(u+X1)Z1

=
(
EeR1Y1

)−1
EeR1Y1Ee−R1(u+X1)Z1

= Ee−R1(u+X1)Z1

H opoÐa eÐnai h sqèsh (3.28) kai oloklhr¸nei thn apìdeixh tou porÐsmatoc.
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Pìrisma 3.3. JewroÔme ìti to epitìkio eÐnai stajerì gia ìla ta èth: dhlad  in = i, ∀n ≥ 1.
Tìte gia k�je u ≥ 0 ja èqoume,

ψ(u) ≤ β2Ee
−R1X1(1+i) (3.30)

kai an h F eÐnai kai ed¸ mia NWUC katanom  tìte to fr�gma aplousteÔetai kai mporeÐ na
grafteÐ sth morf ,

ψ(u) ≤ (EeR1Y1)−1e−uR1(1+i) (3.31)

to opoÐo fr�gma eÐnai pio eÔkolo na upologisteÐ, dioti to mono pou qreiazìmaste einai h ropogen-
n tria thc Y1 sto shmeÐo R1 to R1 kai to epitìkio me to opoÐo prèpei na proexofl soume.

Apìdeixh:
'Eqontac st�jerì epitìkio gia ìla ta èth in = i tìte to Z1 ja gÐnei, Z1 = 1 + i kai h sqèsh
(3.26) gÐnetai,

ψ(u) ≤ β2Ee
R1Y1Ee−R1(u+X1)Z1

= β2Ee
R1Y1Ee−R1(u+X1)(1+i)

= β2Ee
R1Y1e−R1u(1+i)Ee−R1X1(1+i)

kai apì th sqèsh (3.25) k�nontac pr�xeic ja p�roume

EeR1(X1Z1−Y1) = 1 ⇒
EeR1X1Z1 = [EeR1Y1 ]−1 ⇒

EeR1X1(1+i) = [EeR1Y1 ]−1

Opìte antikajist¸ntac sthn anisìthta thn parap�nw sqèsh h anisìthta ja gÐnei,

ψ(u) ≤ β2Ee
R1Y1 [EeR1Y1 ]−1Ee−R1X1(1+i)

= β2e
−R1u(1+i)

h opoÐa eÐnai h sqèsh (3.30). Sth sqèsh aut  antikajist¸ntasto β2 sÔmfwna me th sqèsh (3.29)
ja p�roume,

ψ(u) ≤ β2e
−R1u(1+i)

= [EeR1Y1 ]−1e−R1u(1+i)

pou eÐnai to apotèlesma to opoÐo zht�me.

�
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3.4 Arijmhtik� paradeÐgmata

Sthn enìthta aut , ja parousi�soume mèsw dÔo arijm tik¸n paradeigm�twn tic mejìdouc eÔreshc
fragm�twn pou anaptÔxame stic enìthtec 3 kai 4 tou kefalaÐou. Ja jewr soume X1 = 1 dhlad 
ta asf�listra thc k�je periìdou ja isoÔntai me mon�da. EÐnai mia upìjesh pou èqei gÐnei kai sto
diakrÐto klassikì montèlo thc jewrÐac kindÔnou blèpe Bowers, Gerber, Hickman, Jones and
Nesbit. (Actuarial Mathematics.)

Par�deigma 3.1. JewroÔme stajerì epitìkio Ðso me 0.03. Upojètoume ìti h katanom  twn
Zhmi¸n Y1 akoloujeÐ mÐa G�mma katanom  me sun�rthsh puknìthtac pijanìthtac:

g(y) =
λαyα−1

Γ(α)
e−λy, y > 0 (3.32)

ìpou, α > 0 kai λ > 0
Gia to sugkekrimèno par�deigma jewroÔme tic paramètrouc α = 0.5 kai λ = 1. Tìte h mèsh
tim  thc Y1 ja isoÔtai me EY1 = α

λ
= 0.5 kai epeid  0 < α < 1 h Y1 an kei sthn oikogèneia

katanom¸n DFR.
Akìma jewroÔme R0 to suntelest  prosarmog c apì to klassikì montèlo, suntelest c Lundberg
,R1 to suntelest  pou prokÔptei apì to pìrisma 3.1 kai R2 to suntelest  pou prokÔptei apì to
pìrisma 3.2. Mèsw tou upologistikoÔ progr�mmatoc Mathematica brÐskoume ta R0, R1, R2. Sth
sunèqeia gia di�forec timèc tou arqikoÔ kefalaÐou mèsw kai p�li tou Mathematica brÐskoume
ta antÐstoiqa fr�gmata gia thn pijanìthta qreokopÐac. ta apotelèsmata aut� dÐnontai ston
parak�tw pÐnaka.

Sq ma 1.1: Fr�gma thc pijanìthtac qreokopÐac ìtan Y1 ≈ G(0.5, 1).
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Apì ton PÐnaka 1 parathroÔme th diafor� metaxÔ twn mejìdwn upologismoÔ twn fragm�twn.
Autì pou perimèname eÐnai emfanèc. Ta fr�gmata mèsw anadromik¸n sqèsewn eÐnai kalÔtera apo
thc mejìdou Martingale.
Sto epìmeno par�deigma ja kataskeu�soume fr�gmata ìtan h katanom  zhmi¸n akoloujeÐ mÐa
ekjetik .

Par�deigma 3.2. 'Estw loipìn h Y1 akoloujeÐ Exp(λ). H sun�rthsh piknìthtac pijanìthtac
thc Y1 ja dÐnetai apì ton tÔpo,

g(y) = λe−λy (3.33)

H upìjesh pou ja k�noume gia thn g(y) eÐnai λ = 1, 8 kai gia to epitìkio ja p�roume to Ðdio me to
prohgoÔmeno par�deigma. Apì to Mathematica ja broÔme kai p�li ta R0, R1, R2 kai sth sunèqeia
ja broÔme ta fr�gmata gia ta antÐstoiqa R. Ta apìtelèsmata tou Mathematica parousi�zontai
ston parak�tw pÐnaka.

Sq ma 1.2: Fr�gma thc pijanìthtac qreokopÐac ìtan Y1 ≈ Exp(1.8).
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Kef�laio 4

Lhxiprìjesmh Plhrwm  AsfalÐstrwn
Gia Genik  Katanom  EpitokÐou

Sto prohgoÔmeno kef�laio anaferj kame sth diadikasÐa pleon�smatoc kai pwc aut  exelÐsetai
ìtan to epitìkio akoloujeÐ mÐa opoiad pote katanom  kai h plhrwm  twn asfalÐstrwn gÐnetai
sthn arq  thc k�je asfalistik c periìdou. Se autì to kef�laio ja anaferjoÔme xan� sthn
exèlixh thc diadikasÐac pleon�smatoc me epitìkio to opoÐo ja akoloujeÐ mia tuqaÐa katanom 
kai me th diafor� na esti�zetai ston trìpo katabol c twn asfalÐstrwn. Sto kef�laio autì ja
jewr soume ìti ta asf�listra katab�llontai sto tèloc thc periìdou k�luyhc. Oi zhmièc t¸ra,
ja katab�llontai kai autèc sth l xh thc asfalistik c periìdou. O skopìc tou kefalaÐou de
diaforopoieÐtai apì to prohgoÔmeno. Ja esti�soume sth melèth thc pijanìthtac qreokopÐac kai
thn eÔresh fragm�twn sÔmfwna me ton Cai (2002).

4.1 Perigraf  tou montèlou

Sto prohgoÔmeno kef�laio eÐqame orÐsei tic akoloujÐec (Xn, n = 1, 2, 3 · · · ) kai (Yn, n =
1, 2, 3 · · · ) wc dÔo mh arnhtikèc anex�rthtec akoloujÐec tuqaÐwn isìnomwn kai anex�rthtwn
metablht¸n ìpou Xn eÐnai ta asf�listra pou eispr�tei h asfalistik  etaireÐa kai Yn eÐnai oi
zhmièc tic opoÐec kaleÐtai na apozhmi¸sei. Qrishmopoi¸ntac tic metablhtèc Xn kai Yn orÐsame
akìma to �jroisma

Sn =
n∑
k=1

(Xk− Yk), n ≥ 1

to opoÐo eÐnai èna tuqaÐo �jroisma kai exart�tai mìno apì tic metablhtèc Xn kai Yn. Me th
bo jeia tou ajroÐsmatoc mporèsame na upologÐsoume thn pijanìthta qreokopÐac. Ton Ðdio trìpo
ja qrishmopoi soume kai t¸ra kai ja orÐsoume thn pijanìthta qreokopÐac ψ∗0(u) wc:
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ψ∗0(u) = Pr

{
∞⋃
n=1

(Sn > u)

}
= Pr

{
∞⋃
n=1

(Un < u)

}
'Opou,

Un = u+
n∑
k=1

(Xk − Yk) (4.1)

Autì pou qreiazìmaste akìma eÐnai to epitìkio to opoÐo ja pist¸netai sto pleìnasma se k�je
qronik  perÐodo. jewroÔme loipìn ìti, {in, n ≥ 1} eÐnai mÐa akoloujÐa m  arnhtik¸n isìnomwn
kai anex�rthtwn metablht¸n pou isodunameÐ me to basikì stoqastikì epitìkio, Kellison(Theory
of Interest) . To epitìkio jewroÔme ìti eÐnai anex�rthto apì tic metablhtèc Xn kai Yn. Gia k�je
metablht  orÐzoume tic sunart seic katanom¸n. 'Etsi èqoume, F (x) = Pr {Y1 ≤ x}, H(x) =
Pr {X1 ≤ x} kai G(x) = Pr {Z1 ≤ x} ìpou Z = 1 + in eÐnai o suntelest c sus¸reushc.
'Eqontac orÐsei tic met�blhtèc tic opoÐec ja qreiastoÔme, mporoÔme na doÔme pwc anaptÔsetai
to pleìnasma sth di�rkeia tou qrìnou. Apì th sun�rthsh (4.1) gia arqikì kef�laio U0 = u to
opoÐo upoqreoÔtai h asfalistik  etaireÐa na èqei b�sh nìmou ja èqoume:

• Th stigm  thc ènarxhc n = 0 to pleìnasma ja eÐnai Ðso me U0 = u.

• Th qronik  stigm  n = 1 to pleìnasma (arqikì kef�laio) to opoÐo eÐqame sthn ènarxh ja
apofèrei èsodo to opoÐo ja isoÔtai me u(1+i1). EpÐshc h asfalistik  etaireÐa ja plhr¸sei
tic zhmièc thc pr¸thc periìdou pou ja eÐnai Ðsec me Y1 kai ja eispr�xei ta asf�listra pou
antistoiqoÔn sthn pr¸th perÐodo kai eÐnai Ðsa me X1. 'Ara to pleìnasma th qronik  stigm 
n = 1 ja eÐnai Ðso me:

U1 = U0(1 + i1) +X1 − Y1

U1 = uZ1 + (X1 − Y1)

• Th qronik  stigm  n = 2 h diadikasÐa sÔmfwna me ta parap�nw ja gÐnei.

U2 = U1Z2 +X2 − Y2

Antikajist¸ntac to U1 me to Ðso tou U1 = uZ1 + (X1 − Y1) paÐrnoume,

U2 = [uZ1 + (X1 − Y1)]Z2 + (X2 − Y2)

U2 = uZ1Z2 + (X1 − Y1)Z2 + (X2 − Y2)
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• OmoÐwc gia th qronik  stigm  n = 3 ja èqoume,

U3 = U2Z3 + (X3 − Y3)

Me ton Ðdio trìpo, antikajist¸ntac to U2 me to Ðso tou sthn parap�nw aqèsh ja
odhghjoÔme se,

U3 = [uZ1Z2 + (X1 − Y1)Z2 + (X2 − Y2)]Z3 + (X3 − Y3)

U3 = uZ1Z2Z3 + (X1 − Y1)Z2Z3 + (X2 − Y2)Z3 + (X3 − Y3)

U3 = u
3∏
i=1

Zi +
3∑
i=1

{
(Xi − Yi)

3∏
t=i+1

Zi

}

• Akolouj¸ntac akrib¸c thn Ðdia mejodologÐa gia th qronik  stigm  (n) ja katal xoume
sth sqèsh:

Un = u
n∏
i=1

Zi +
n∑
i=1

{
(Xi − Yi)

n∏
t=i+1

Zi

}
(4.2)

'Opou
∏β

α Zi = 1 gia α > β
ErmhneÔontac th sqèsh (4.2) ja mporoÔse k�poioc na pei ìti to pleìnasma se k�je qronik 
perÐodo isoÔtai me to pleìnasma thc prohgoÔmenhc qronik c periìdou prosauxhmèno me ta
kèrdh ependÔsewn sun th diafor� (Asf�listra - Zhmièc) thc periìdou upologismoÔ. H
diafor� (Asf�listra - Zhmièc) endeqomènwc na eÐnai kai arnhtik  giatÐ diaforetik� de ja
up rqe pìte qreokopÐa.
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4.2 Fr�gmata martigale gia thn pijanìthta qreokopÐac

'Eqontac anaferjeÐ sto montèlo to opoÐo ja akoloujeÐ h sun�rthsh tou epitokÐou kai afoÔ
èqoume orÐsei th stoqastik  sun�rthsh gia to pleìnasma se k�je qronik  perÐodo, sth sunèqeia
thc enìthtac aut c ja kataskeu�soume fr�gmata mèsw thc mejìdou martigale gia thn pijanìthta
qreokopÐac.'Opwc kai se prohgoÔmeno kef�laio ètsi kai t¸ra ja k�noume qr sh twn idiot twn
twn katanom¸n NBU kai NWU gia tic opoÐec èqoume anaferjeÐ se prohgoÔmeno kef�laio.
Gia na broÔme ta fr�gmata aut� ja proqwr soume sÔmfwna me to parak�tw je¸rhma.

Je¸rhma 4.1. 'Estw B1 mÐa NWU katanom  kai B2 mÐa NBU antÐstoiqa. Upojètoume ìti oi
B1 kai B2 gia k�je α, ìpou 0 < α ≤ 1 ikanopoioÔn th sqèsh:

E

(
B̄2(αX1Z

−1
1 )

B̄1(αY1Z
−1
1 )

)
≤ 1 (4.3)

Tìte ∀u ≥ 0 ja isqÔei,
ψ∗(u) ≤ Λ(u) (4.4)

'Opou, to Λ(u) orÐzetai wc,

[Λ(x)]−1 = inf
y≥0

B̄2(y)

B̄1(x+ y)
(4.5)

Apìdeixh:
Gia thn apìdeixh tou jewr matoc orÐzoume tic metablhtèc Pn, Cn kai Sn ìpou,

Sn =
B̄2(Pn)

B̄1(Cn)

me

Pn =
n∑
k=1

Xk

k∏
i=1

Z−1
i , P0 = 0

kai

Cn =
n∑
k=1

Yk

k∏
i=1

Z−1
i

H metablht  Pn dhl¸nei ìla ta asf�listra ta opoÐa anamènetai na eispr�xei h asfalistik  e-
taireÐa proexoflhmèna sth stigm  ènarxhc. Apì thn �llh, h metablht  Cn antÐstoiqa, dhl¸nei
ìlec tic anamenìmenec zhmièc pou ja qreiasteÐ na apozhmei¸sei h asfalistik  etaireÐa proex-
oflhmènec kai autèc sth stigm  ènarxhc.
Apì ton orismì loipìn twn mÐa NWU kai NBU antÐstoiqa ja deÐxoume ìti h Sn eÐnai mÐa super-
martingale . 'Eqontac mÐa sqèsh gia thn Sn ja broÔme pwc aut  sundèetai me thn Sn+1.
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Sn+1 =
B̄2 (Pn+1)

B̄1 (Cn+1)
=
B̄2

(∑n+1
k=1 Xk

∏k
i=1 Z

−1
i

)
B̄1

(∑n+1
k=1 Yk

∏k
i=1 Z

−1
i

)
EmfanÐzoume to Pn ston arijmht  kai to Cn ston paronomast .

Sn+1 =
B̄2

(∑n
k=1Xk

∏k
i=1 Z

−1
i +Xn+1

∏n+1
i=1 Z

−1
i

)
B̄1

(∑n
k=1 Yk

∏k
i=1 Z

−1
i + Yn+1

∏n+1
i=1 Z

−1
i

)
Apì ton orismì twn Pn kai Cn h sqèsh gÐnetai,

Sn+1 =
B̄2

(
Pn +Xn+1

∏n+1
i=1 Z

−1
i

)
B̄1

(
Cn + Yn+1

∏n+1
i=1 Z

−1
i

) ≤ Sn
B̄2

(
Xn+1

∏n+1
i=1 Z

−1
i

)
B̄1

(
Yn+1

∏n+1
i=1 Z

−1
i

)
'Opou h teleutaÐa anisìthta prokÔptei apo ton orismì twn NBU kai NWU . Sth sunèqeia ja
orÐsoume mia s-'Algebra,Fn pou ja èqei thn plhroforÐa gia tic metablhtèc Xi, Yi, Zi. 'Etsi loipìn
ja èqoume, Fn = {X1, · · · , Xn, Y1, · · · , Yn, Z1, · · · , Zn}
Gia ∀n ≥ 0 ja isqÔei:

E (Sn+1|Fn) ≤ SnE

(
B̄2

(
Xn+1

∏n+1
i=1 Z

−1
i

)
B̄1

(
Yn+1

∏n+1
i=1 Z

−1
i

) |Fn)

= SnE

(
B̄2

(
Xn+1

∏n+1
i=1 Z

−1
i

)
B̄1

(
Yn+1

∏n+1
i=1 Z

−1
i

) |Fn)

Sto shmeÐo autì lìgw anexarthsÐac twn Xn+1, Yn+1, Zn+1 apì thn Fn ja èqoume:

E (Sn+1|Fn) ≤ SnE

(
B̄2

(∏n+1
i=1 Z

−1
i Z−1

n+1Xn+1

)
B̄1

(∏n+1
i=1 Z

−1
i Z−1

i+1Y
−1
i+1

) |Fn)

Sthn teleutaÐa anisìthta jewroÔme α =
∏n

i=1 Z
−1
i kai akìma X1 = Xn+1, Y1 = Yn+1 kai Z1 =

Zn+1 . Me autìn ton trìpo apì th sqèsh (4.3) ja èqoume:

E (Sn+1|Fn) ≤ Sn (4.6)

H sqèsh (4.6) dhl¸nei autì pou jèlame na apodeÐxoume gia thn Sn ìti dhlad  h Sn, n ≥ 0
eÐnai mia supermartigale . H qronik  perÐodoc sthn opoÐa ja èqoume qreokopÐa èqei orisjeÐ wc
T = inf(n : Un < 0) dhlad  h pr¸th qronik  stigm  ìpou to pleìnasma ja gÐnei arnhtikì. To T
loipìn eÐnai èna st�simo shmeÐo kai jewr¸ntac (n∧ T ) = min(n, T ) ja èqoume èna peperasmèno
st�simo shmeÐo. Me th qr sh tou jewr matoc stasimìthtac gia supermartigale ja p�roume th
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sqèsh ESn∧T ≤ ES0 = 1. H pijanìthta qreokopÐac èqei dwjeÐ apì ton Cai (2002) kai èqei th
morf .

ψ∗n(u) = Pr

{
n⋃
k=1

(Uk < 0)

}
= E {I(T ≤ n)} (4.7)

AnaptÔsontac th sqèsh ESn∧T ≤ ES0 = 1 ja èqoume:

1 ≥ ESn∧T ≥ E[Sn∧T I(T ≤ n)] = E[ST I(T ≤ n)]

K�nontac antikat�stash thc ST me,

ST =
B̄2(PT )

B̄1(CT )

ja p�roume,

1 ≥ E

(
B̄2(PT )

B̄1(CT )
I(T ≤ n)

)
Gia na epèljei qreokopÐa, ìpwc proanafèrame ja prèpei to pleìnasma na gÐnei arnhtikì. Gia na
sumbeÐ autì ja prèpei oi zhmièc na eÐnai megalÔterec apì ta asf�listra sun to arqikì kef�laio,
dhlad  ja prèpei CT ≥ u + PT . Opìte h parap�nw anisìthta k�nontac qr sh kai thc (6.6) ja
diamorfwjeÐ wc,

1 ≥ E

(
B̄2(PT )

B̄1(u+ PT )
I(T ≤ n)

)
≥ Λ−1(u)E(I(T ≤ n))

kai apo ton orismì thc pijanìthtac qreokopÐac katal goume sth sqèsh

1 ≥ Λ−1(u)E(I(T ≤ n)) = Λ−1(u)ψ∗n(u)

'Opou sthn opoÐa paÐrnontac to ìrio

lim
n→∞

ψ∗n(u) = ψ∗(u)

katal goume sth sqèsh (6.5) pou oloklhr¸nei thn apìdeixh.

�

Sth sunèqeia, k�nontac qr sh tou parap�nw jewr matoc ja d¸soume k�poiec eidikèc peript¸seic
ìpou to fr�gma gia thn pijanìthta qreokopÐac gÐnetai akìma pio aplì.
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Pìrisma 4.1. 'Estw R1 mia stajer� h opoÐa ikanopoieÐ th sqèsh

Ee−R1(X1−Y1)Z−1
1 = 1 (4.8)

Tìte gia k�je u ≥ 0 ja isqÔei
ψ∗(u) ≤ e−R1u (4.9)

Apìdeixh:
Sto parap�nw je¸rhma (4.1) an p�roume gia tic katanomèc B1, B2 na eÐnai apì thn Ðdia ekjetik 
katanom  me par�metro R1 ja èqoume B̄1(x)=B̄2(x)=e−R1x. Autì autìmata mac odhgeÐ sto
apotèlesma to Λ(x) na isoÔtai me e−R1x. Apì th sqèsh (6.9) mèsw thc anisìthtac Jensen gia
k�je 0 < α ≤ 1 ja isqÔei:

Ee−R1(X1−Y1)Z−1
1 = E

(
e−R1(X1−Y1)Z−1

1

)α
≤
(
Ee−R1(X1−Y1)Z−1

1

)α
= 1

Sthn parap�nw anisìthta k�nontac pr�xeic ja p�roume,

E
(
e−R1(X1−Y1)Z−1

1

)α
≤ 1⇒

E
(
e−R1X1Z1α−(−R1Y1Z

−1
1 α)

)
≤ 1⇒

E

(
e−R1X1Z1α

e−R1Y1Z
−1
1 α

)
≤ 1

K�nontac antikat�stash ston arijmht  kai ton paronomast  sÔmfwna me ton orismì tou porÐs-

matoc, dhlad , ¯B1

(
αY1Z

−1
1

)
= e−R1Y1Z

−1
1 α kai ¯B2

(
αX1Z

−1
1

)
= e−R1X1Z

−1
1 α ft�noume na deÐxoume

ìti,

E

(
B̄2(αX1Z1)

B̄1(αY1Z
−1
1 )

)
≤ 1

isqÔei lìgw thc upìjeshc pou k�name sto jèwrhma (4.1), (sqèsh (4.3)). Akìma, sto je¸rhma
(4.1) eÐqame orÐsei kai to Λ(x) wc,

Λ−1(x) =
B̄2(y)

B̄1(x+ y)

K�nontac kai p�li antikat�stash twn B̄1, B̄2 me e−R1x ja èqoume,

Λ−1(x) =
e−R1X1

e−R1(u+X1)
=

1

e−R1u
⇒

Λ(u) = e−R1u

Opìte apì th sqèsh ψ∗(u) ≤ Λ(u) ja p�roume

ψ∗(u) ≤ e−R1u

�
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4.3 Fr�gmata gia thn pijanìthta qreokopÐac mèsw

anadromik¸n sqèsewn

Sth sunèqeia, sthn enìthta aut  ja asqolhjoÔme me thn eÔresh fragm�twn gia thn pijanìthta
qreokopÐac mèsw Anadromik¸n, ananeotik¸n sqèsewn. O trìpoc prosèggishc thc mejìdou aut c
eÐnai o Ðdioc pou qrishmopoi jhke se prohgoÔmeno kef�laio. Na anfèroume xan� ìti ta fr�gmata
ta opoÐa ex�gontai me th mèjodo twn ananeotik¸n sqèsewn eÐnai kalÔtera apì ta fr�gmata thc
mejìdou martigale . Gia na mporèsoume na suneqÐsoume orÐzoume tic metabl tec tic opoÐec ja
qrishmopoi soume sthn an�ptuxh thc mejìdou aut c. Oi metablhtèc pou ja qrishmopoihjoÔn
eÐnai Ðdiec me tic metablhtec thc antÐstoiqhc enìthtac enìthtac prohgoÔmenou kefalaÐou kai eÐnai
oi k�twji.

(β1)−1 = inf
t≥0

∫∞
1

[B̄1(y)]−1dF (y)

[B̄1(t)]−1F (t)
(4.10)

Opìte gia k�je x ≥ 0 ja èqoume,

F̄ (x) =

(∫∞
1

[B̄1(y)]−1dF (y)

[B̄1(t)]−1F (t)

)−1

B̄1(x)

∫ ∞
x

[B̄1(y)]−1dF (y) (4.11)

kai k�nontac antikat�stash th sqèsh (4.10) h F̄ (x) ja fr�setai apì p�nw wc,

F̄ (x) ≤ β1B̄1(x)

∫ ∞
x

[B̄1(y)]−1dF (y) (4.12)

To olokl rwma eÐnai h mèsh tim  thc sun�rthshc thn opoÐa oloklhr¸nei, opìte h (4.12) ja gÐnei,

F̄ (x) ≤ β1B̄1(x)E[B̄1(Y1)]−1 (4.13)

'Omwc, F̄ (x) ≤ 1 kai apì thn teleutaÐa anisìthta katal goume sth sqèsh(
E[B̄1(Y1)]−1

)−1 ≤ β1 ≤ 1 (4.14)

�

Tic metablhtèc autèc ja tic qrishmpoi soume sto parak�tw je¸rhma pou mac bohj�ei stin eÔresh
fragm�twn mèsw anadromik¸n sqèsewn.

Je¸rhma 4.2. 'Estw B1 na eÐnai mia katanom  h opoÐa anoÐkei sthn oikogèneia katanom¸n
NWU kai Λ1 mÐa mh arnhtik  sun�rthsh. Upojètoume ìti h B1 kai h Λ1 ikanopoioÔn thn
parak�tw sqèsh.

E
[ ¯B1(Y1)

]−1
EΛ1(X1) ≤ 1 (4.15)

Akìma gia k�je y ≥ 0 kai x ≥ 0

B̄1(x+ y) ≤ B̄1(x)Λ1(y) (4.16)
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Tìte h pijanìthta qreokopÐac gia k�je u ≥ 0 ja fr�setai kai to fr�gma ja dÐnetai apì th sqèsh.

ψ∗(u) ≤ β1E
[
B̄1(Y1)

]−1
E
[
B̄1(uZ1 +X1)

]
(4.17)

Apìdeixh:
Gia thn apìdeixh tou parap�nw jewr matoc ja qrishmopoi soume th mèjodo thc epagwg c.
Autì pou ja k�noume, eÐnai na desmeÔsoume wc proc thn zhmi� thc pr¸thc periìdou, na doÔme tÐ
epÐptwsh ja èqei sto pleìnasma, kai met� efarmìzontac to je¸rhma olik c pijanìthtac brÐsk-
oume ananewtikoÔc tÔpouc gia thn eÔresh thc pijanìthtac qreokopÐac. Apì ton orismì thc
pijanìthtac qreokopÐac èqoume:

ψ∗n(u) = Pr

{
n⋃
k=1

(Uk < 0)

}
= E {I(T ≤ n)}

• 'Eleush pr¸thc zhmi�c. Gia na epèljei qreokopÐa met� thn èleush thc pr¸thc zhmÐac
(pr¸thc periìdou) ja prèpei, to posì thc zhmi�c na eÐnai megalÔtero apì to arqikì kef�laio
prosauxhmèno me to èsodo apì tìko kai to asf�listro thc pr¸thc periìdou.

ψ∗1(u) = Pr {Y1 > (uZ1 +X1)} =

∫ ∞
1

∫ ∞
0

F̄ (uz + x) dH(x)dG(z) (4.18)

To pleìnasma prin thn èleush thc pr¸thc zhmi�c ja èqei gÐnei (uZ1 + X1), tìte apo tic
sqèseic (4.13) kai (4.18) paÐrnoume,

ψ∗1(u) ≤ β1E
[
B̄1(Y1)

]−1
∫ ∞

1

∫ ∞
0

B̄1 (uz + x) dH(x)dG(z)

= β1E
[
B̄1(Y1)

]−1
EB̄1 (uZ1 +X1)

An to posì thc zhmi�c eÐnai megalÔtero apì autì tou pleon�smatoc thc pr¸thc periìdou
tìte ja èqoume qreokopÐa, diaforetik� h diadikasÐa ja anane¸jei all� plèon me diaforetikì
epitìkio, autì pou ja isqÔei th deÔterh perÐodo kai oÔtw kajèx c.

• JewroÔme oti h parap�nw anisìthta isqÔei gia thn n−ost  perÐodo, dhlad .

ψ∗n(u) ≤ β1E
[
B̄1(Y1)

]−1
EB̄1 (uZ1 +X1) (4.19)
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• Efarmìzontac ta parap�nw ja apodeÐxoume ìti h anisìthta isqÔei kai sthn perÐodo n+ 1.
DesmeÔontac loipìn wc proc X1, Y1, Z1 kai dedomènou ìti gia na èqoume qreokopÐa thn
pr¸th perÐodo ja prèpei na isqÔei Y1 > (uZ1 +X1) èqoume,

ψ∗n+1(u) =

∫ ∞
1

∫ ∞
0

∫ ∞
0

Pr

{
n+1⋃
k=1

(Uk < 0) |Y1 = y,X1 = x, Z1 = z,

}
dF (y)dH(x)dG(z)

=

∫ ∞
1

∫ ∞
0

∫ ∞
0

ψ∗n(uz + x− y)dF (y)dH(x)dG(z)

=

∫ ∞
1

∫ ∞
0

∫ uz+x

0

ψ∗n(uz + x− y)dF (y)dH(x)dG(z)

+

∫ ∞
1

∫ ∞
0

∫ ∞
uz+x

ψ∗n(uz + x− y)dF (y)dH(x)dG(z)

=

∫ ∞
1

∫ ∞
0

(
F̄ (uz + x) +

∫ uz+x

0

ψ∗n(uz + x− y)dF (y)dH(x)dG(z)

)
(4.20)

H parap�nw sqèsh prokÔptei diìti an y > uz+x tìte h pijanìthta ψ∗n(uz+x−y) isoÔtai
me mon�da. 'Etsi apì tic sqèseic (4.20),(4.12) kai (6.20) antikajhst¸ntac thn ψ∗n(u) kai
thn F̄ (uz + x) ja èqoume,

ψ∗n+1(u) ≤ β1

∫ ∞
1

∫ ∞
0

[
B̄1(uz + x)

∫ ∞
uz+x

[B̄1(y)]−1dF (y)

]
dH(x)dG(z)

+ β1E[B̄1(Y1)]−1

∫ ∞
1

∫ ∞
0

[∫ uz+x

0

EB̄1(uz + x− y +X1)dF (y)

]
dH(x)dG(z)

Wstìsw gia 0 ≤ y ≤ uz + x kai apo tic idiìthtec twn NWU katanom¸n èqoume:

B̄1(uz + x− y +X1) ≤ B̄1(uz + x+X1)[B̄1(y)]−1 (4.21)

K�nontac antikat�stash thn B̄1(uz + x + X1) sÔmfwna me thn upìjesh, (sqèsh (4.16))
paÐrnoume thn anisìthta,

B̄1(uz + x− y +X1) ≤ Λ1(X1)B̄1(uz + x)[B̄1(y)]−1 (4.22)

'Ara loipìn gia thn ψ∗n+1(u) k�nontac qr sh thc sqèsewc (4.22) ja p�roume:

ψ∗n+1(u) ≤ β1

∫ ∞
1

∫ ∞
0

[
B̄1(uz + x)

∫ ∞
uz+x

[B̄1(y)]−1dF (y)

]
dH(x)dG(z)

+ β1E[B̄1(Y1)]−1Λ1(X1)

×
∫ ∞

1

∫ ∞
0

[∫ uz+x

0

EB̄1(uz + x− y +X1)dF (y)

]
dH(x)dG(z)
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'Eqoume ìmwc k�nei thn upojèsh ìti E[B̄1(Y1)]−1Λ1(X1) ≤ 1 opìte mporoÔme na aplopoi -
soume thn par�stash qwrÐc na all�xei h for� thc anisìthtac kai ja èqoume,

ψ∗n+1(u) ≤ β1

∫ ∞
1

∫ ∞
0

[
B̄1(uz + x)

∫ ∞
uz+x

[B̄1(y)]−1dF (y)

]
dH(x)dG(z)

+ β1

∫ ∞
1

∫ ∞
0

[
B̄1(uz + x)

∫ uz+x

0

[B̄1(y)]−1dF (y)

]
dH(x)dG(z)

= β1

∫ ∞
1

∫ ∞
0

[
B̄1(uz + x)

∫ ∞
0

[B̄1(y)]−1dF (y)

]
dH(x)dG(z)

= β1E[B̄1(Y1)]−1EB̄1(uZ1 +X1)

Apì th sqèsh (4.19) paÐrnontac to ìrio limn→∞ ψ
∗
n(u) = ψ∗(u) oloklhr¸netai h apìdeixh.

�

Pìrisma 4.2. JewroÔme R1 > 0 mia stajer�. Tìte gia k�je u ≥ 0 èqoume èna fr�gma gia
thn pijanìthta qreokopÐac to opoÐo isoÔtai me:

ψ∗(u) ≤ β0Ee
−R1uZ1 (4.23)

'Opou,

(β0)−1 = inf
t≥0

∫∞
t
eR1ydF (y)

eR1tF̄ (t)
(4.24)

Kai an h F eÐnai mÐa NWUC katanom  tìte to fr�gma gÐnetai, gia k�je u ≥ 0

ψ∗(u) ≤
(
EeR1Y1

)−1
Ee−R1uZ1 (4.25)

Apìdeixh:
An jewr soume B̄1(x) = Λ1(x) = e−R1x tìte apì to je¸rhma (4.2) paÐrnoume th sqèsh (4.23).
Akìma an h F eÐnai mia NWUC katanom  tìte apì tic idi¸thtec twn katanom¸n aut¸n ja isqÔei:

β0 =
(
EeR1Y1

)−1
(4.26)

dhlad  to (β0)−1 isoÔtai me th ropogenn tria thc Y1 sto shmeÐo R1 to opoÐo èqei apodeÐxei o
Willmot kai o Lin (Lunberg approximations for compound distributions with insurance appli-
cations. New York: Springer-Verlag) . Antikajist¸ntac loipìn th sqèsh (4.26) sth sqèsh
(4.23) ja èqoume:

ψ∗(u) ≤ β0Ee
−R1uZ1

=
(
EeR1Y1

)−1
Ee−R1uZ1

⇒ ψ∗(u) ≤
(
EeR1Y1

)−1
Ee−R1uZ1

H opoÐa eÐnai h sqèsh (4.25) kai oloklhr¸nei thn apìdeixh tou porÐsmatoc.
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�

Mia �llh perÐptwsh eÐnai ìtan to epitìkio eÐnai stajerì gia ìla ta èth. Tìte to fr�gma gia thn
pijanìthta qreokopÐac ja dÐnetai sÔmfwna me to parak�tw pìrisma.

Pìrisma 4.3. JewroÔme ìti to epitìkio eÐnai stajerì gia ìla ta èth: dhlad  in = i, ∀n ≥ 1.
Tìte gia k�je u ≥ 0 ja èqoume,

ψ∗(u) ≤ β0Ee
−R1(1+i) (4.27)

kai an h F eÐnai kai ed¸ mia NWUC katanom  tìte to fr�gma aplousteÔetai kai mporeÐ na
grafteÐ sth morf ,

ψ∗(u) ≤
(
EeR1Y1

)−1
e−uR1(1+i) (4.28)

to opoÐo fr�gma eÐnai pio eÔkolo na upologisteÐ, dioti to mono pou qreiazìmaste einai h ropogen-
n tria thc Y1 sto shmeÐo R1 to R1 kai to epitìkio me to opoÐo prèpei na proexofl soume.

Apìdeixh:
'Eqontac st�jerì epitìkio gia ìla ta èth in = i tìte to Z1 ja gÐnei, Z1 = 1 + i kai h sqèsh
(4.23) gÐnetai,

ψ∗(u) ≤ β0Ee
−R1uZ1

= β0Ee
−R1u(1+i)

Sth sqèsh aut  antikajist¸ntasto β0 sÔmfwna me th sqèsh (4.26) ja p�roume,

ψ∗(u) ≤ β0e
−R1u(1+i)

= [EeR1Y1 ]−1e−R1u(1+i)

pou eÐnai to apotèlesma to opoÐo zht�me.

�

4.4 Arijmhtik� paradeÐgmata

Sthn enìthta aut , ja parousi�soume dÔo arijmhtik� paradeÐgmata ta opoÐa ja mac bohj soun
na katano soume kalÔtera tic mejìdouc eÔreshc fragm�twn pou anaptÔxame stic enìthtec 3 kai
4 tou kefalaÐou. Ja jewr soume X1 = 1 dhlad  ta asf�listra thc k�je periìdou ja isoÔntai
me mon�da kai sta dÔo paradeÐgmata. Sto pr¸to ja upojèsoume G�mma katanom  gia tic zhmièc
en¸ sto deÔtero Ekjetik .Oi upologismoÐ èqoun gÐnei sto Mathematica kai parousi�zontai ana-
lutik� sto par�rthma.
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Par�deigma 4.1. JewroÔme stajerì epitìkio Ðso me 0.03. Upojètoume ìti h katanom  twn
Zhmi¸n Y1 akoloujeÐ mÐa G�mma katanom  me sun�rthsh puknìthtac pijanìthtac:

g(y) =
λαyα−1

Γ(α)
e−λy, y > 0 (4.29)

ìpou, α > 0 kai λ > 0
Ja orÐsoume tic paramètrouc Ðdiec me tou prohgoÔmenou kefalaÐou gia na mporèsoume na k�noume
sÔgkrish twn dÔo montèlwn. Ja èqoume loipìn, α = 0.5 kai λ = 1 kai �ra, EY1 = α

λ
= 0.5 kai

epeid  orÐsame 0 < α < 1 h Y1 h Y1 ja an kei sthn oikogèneia katanom¸n DFR.
EpÐshc jewroÔme R0 to suntelest  prosarmog c apì to klassikì montèlo, suntelest c Lund-
berg ,R1 to suntelest  pou prokÔptei apì to pìrisma 4.1 kai R2 to suntelest  pou prokÔptei apì
to pìrisma 4.3. Mèsw tou upologistikoÔ progr�mmatoc Mathematica brÐskoume ta R0, R1, R2.
Sth sunèqeia, gia di�forec timèc tou arqikoÔ kefalaÐou mèsw kai p�li tou Mathematica brÐsk-
oume ta antÐstoiqa fr�gmata gia thn pijanìthta qreokopÐac. Ta apotelèsmata aut� dÐnontai ston
parak�tw pÐnaka.

Sq ma 1.3: Fr�gma thc pijanìthtac qreokopÐac ìtan Y1 ≈ G(0.5, 1).

Ston PÐnaka 3 parathroÔme th diafor� metaxÔ twn mejìdwn upologismoÔ twn fragm�twn. Ta
fr�gmata mèsw anadromik¸n sqèsewn eÐnai kalÔtera apo thc mejìdou Martingale. SukrÐnontac
t¸ra ta apotelèsmata tou pÐnaka 1 me ton pÐnaka 3 parathroÔme ìti sthn prokatablhtèa plhrwm 
asfalÐstrwn èqoume kalÔtera apotelèsmata sta fr�gmata kai me tic dÔo mejìdouc.
Sto epìmeno par�deigma ja kataskeu�soume fr�gmata ìtan h katanom  zhmi¸n akoloujeÐ mÐa
ekjetik .

Par�deigma 4.2. 'Estw loipìn h Y1 akoloujeÐ Exp(λ). H sun�rthsh piknìthtac pijanìthtac
thc Y1 ja dÐnetai apì ton tÔpo,

g(y) = λe−λy (4.30)
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H upìjesh pou ja k�noume gia thn g(y) ja eÐnai antÐstoiqa Ðdia me tou prohgoÔmenou kefalaÐou
¸ste na mporèsoume na sugkrÐnoume ta montèla. Opìte jètoume λ = 1, 8 kai gia to epitìkio
ja p�roume to Ðdio me to prohgoÔmeno par�deigma. Apì to Mathematica ja broÔme kai p�li ta
R0, R1, R2 kai sth sunèqeia ja broÔme ta fr�gmata gia ta antÐstoiqa R. Ta apìtelèsmata tou
Mathematica parousi�zontai ston parak�tw pÐnaka.

Sq ma 1.4: Fr�gma thc pijanìthtac qreokopÐac ìtan Y1 ≈ Exp(1.8).

Kai ed¸ eÐnai emfan c h diafor� metaxÔ lixhprìjesmhc kai prokatablhtèac plhrwm c asfalÐstr-
wn. Ta apotelèsmata tou trÐtou kefalaÐou (Prokatablhtèa plhrwm ) eÐnai kalÔtera.

51



Kef�laio 5

Prokatablhtèa Plhrwm 
AsfalÐstrwn Gia AR(1) Epitìkio

Sto kef�laio autì ja epikentrwjoÔme sth melèth thc stoqastik c diadikasÐac pleon�smatoc
se diakritì qrìno ìtan to epitìkio to opoÐo efarmìzetai sto pleìnasma akoloujeÐ mia Au-
topalindromoÔmenh DiadikasÐa Pr¸thc T�xhc AR(1). H upìjesh pou ja k�noume ìson afor�
sto qrìno katabol c twn asfalÐstrwn eÐnai ìti jewroÔme pwc katab�llontai sthn arq  thc
periìdou k�luyhc (prokatablhtèa). Akìma, apì thn ergasÐa tou Cai (Ruin Probabilities with
Dependent Rates of Interest) ja qrishmopoi soume touc tÔpouc pou èqei d¸sei gia thn pijanìth-
ta qreokopÐac gia thn kataskeu  fragm�twn martingale kai mèsw anadromik¸n sqèsewn gia thn
pijanìthta qreokopÐac. Sth sunèqeia ja d¸soume k�poia arijmhtik� paradeÐgmata p�nw sta
fr�gmata aut�.

5.1 Perigraf  tou montèlou

OrÐzoume (Xn, n = 1, 2, 3 · · · ) kai (Yn, n = 1, 2, 3 · · · ) wc dÔo mh arnhtikèc anex�rthtec akolou-
jÐec tuqaÐwn isìnomwn kai anex�rthtwn metablht¸n ìpou Xn eÐnai ta asf�listra pou eispr�tei
h asfalistik  etaireÐa gia thn perÐodo k�luyhc (n) kai Yn eÐnai oi zhmièc tic opoÐec apozhmi¸nei
gia thn antÐstoiqh perÐodo k�luyhc. Tìte sÔmfwna me thn ergasÐa tou Cai (2002) ja p�roume
thn akìloujh sqèsh gia th stoqastik  diadikasÐa pleon�smatoc.

Un = U0 + Sn (5.1)

ìpou, U0 = u eÐnai to arqikì kef�laio pou upoqreoÔtai b�sh nìmou na èqei h asfalistik 
etaireÐa sthn ènarxh thc leitourgeÐac thc kai to opoÐo anaprosarmìzetai an�loga me thn èkjesh
se kÐnduno thn opoÐa èqei, to Sn dÐnetai apì ton tÔpo

Sn =
n∑
k=1

(Xk − Yk) , n ≥ 1 (5.2)

52



kai eÐnai to �jroisma twn kerd¸n   zhmÐwn pou eÐqe h asfalistik  etaireÐa kat� tic qronikèc
stigmèc k = 1, 2, 3, · · · , n. 'Etsi loipìn to Un ja eÐnai to pleìnasma to opoÐo ja èqei h asfal-
istik  etaireÐa se k�je qronik  perÐodo . 'Opwc gÐnetai eÔkola antilhptì to pleìnasma autì
eÐnai mÐa tuqaÐa metablht  kai exart�tai apì tic timèc pou paÐrnoun se k�je qronik  perÐodo
oi tuqaÐec metablhtèc Xn kai Yn. Sthn arq  tou kefalaÐou anafèrame ìti se k�je qronik 
perÐodo ja efarmìzetai èna epitìkio to opoÐo kai autì ja eÐnai mÐa tuqaÐa metablht . 'Ara, to
pleìnasma ja exatr�tai kai apì to epitìkio. To epitìkio sthn perÐptwsh aut  (prokatablhtèa
plhrwm  asfalÐstrwn) ja efarmìzetai sto pleìnasma thc prohgoÔmenhc periìdou kaj¸c kai
sta asf�listra ta opoÐa ja eispr�tontai sthn arq  thc k�je asfalistik c periìdou. SÔmfwna
me ta parap�nw h stoqastik  diadikasÐa pleon�smatoc sqèsh 6.1 ja grafjeÐ mèsw thc 6.2 wc,

Un = U0 +
n∑
k=1

(Xk − Yk) = Un−1 +Xn − Yn

'Omwc sÔmfwna me to montèlo tou epitokÐou pou jewr same gia to kef�laio autì h parap�nw
sqèsh ja gÐnei,

Un = (Un+1 +Xn) (1 + In)− Yn

Sthn opoÐa faÐnetai xek�jara ìti ektìc tou pleon�smatoc thc prohgoÔmenhc periìdou h asfalis-
tik  etaireÐa èqei èsodo kai apì thn epèndush twn asfalÐstrwn thc periìdou thc opoÐac jèloume
na upologÐsoume to pleìnasma. 'Eqontac orÐsei tic met�blhtèc tic opoÐec ja qreiastoÔme, m-
poroÔme na doÔme pwc anaptÔsetai to pleìnasma sth di�rkeia tou qrìnou. Apì th sun�rthsh
(6.1) gia arqikì kef�laio U0 = u ja èqoume:

• Th stigm  thc ènarxhc n = 0 to pleìnasma ja eÐnai Ðso me U0 = u.

• Th qronik  stigm  n = 1 sto pleìnasma (arqikì kef�laio) to opoÐo eÐqame sthn ènarxh
ja prostejoÔn ta asf�listra thc 1-hc periìdou. To posì to opoÐo ja sugkentrwjeÐ
ja apofèrei èsodo to opoÐo ja isoÔtai me (u + X1)i1. EpÐshc h asfalistik  etaireÐa ja
plhr¸sei tic zhmièc thc pr¸thc periìdou pou ja eÐnai Ðsec me Y1. 'Ara to pleìnasma th
qronik  stigm  n = 1 ja eÐnai Ðso me:

U1 = (U0 +X1)(1 + I1)− Y1

U1 = u(1 + I1) +X1(1 + I1)− Y1

• Th qronik  stigm  n = 2 h diadikasÐa sÔmfwna me ta parap�nw ja gÐnei.
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U2 = (U1 +X2) (1 + I2)− Y2

Antikajist¸ntac to U1 me to Ðso tou U1 = u(1 + I1) +X1(1 + I1)− Y1 paÐrnoume,

U2 = (u(1 + I1) +X1(1 + I1)− Y1 +X2) (1 + I2)− Y2

U2 = u(1 + I1)(1 + I2) +X1(1 + I1)(1 + I2)− Y1(1 + I2) +X2(1 + I2)− Y2

• OmoÐwc gia th qronik  stigm  n = 3 ja èqoume,

U3 = (U2 +X3) (1 + I3)− Y3

Me ton Ðdio trìpo, antikajist¸ntac to U2 me to Ðso tou sthn parap�nw aqèsh ja
odhghjoÔme se,

U3 = (u(1 + I1)(1 + I2) +X1(1 + I1)(1 + I2)− Y1(1 + I2) +X2(1 + I2)− Y2 +X3) (1+I3)−Y3

U3 = u(1 + I1)(1 + I2)(1 + I3) +X1(1 + I1)(1 + I2)(1 + I3)− Y1(1 + I2)(1 + I3)

+X2(1 + I2)(1 + I3)− Y2(1 + I3) +X3(1 + I3)− Y3

U3 = u
3∏
i=1

(1 + Ii) +
3∑
i=1

{
(Xi(1 + Ii)− Yi)

3∏
t=i+1

(1 + Ii)

}

• Akolouj¸ntac akrib¸c thn Ðdia mejodologÐa gia th qronik  stigm  (n) ja katal xoume
sth sqèsh:

Un = u
n∏
i=1

(1 + Ii) +
n∑
i=1

{
(Xi(1 + Ii)− Yi)

n∏
t=i+1

(1 + Ii)

}
(5.3)

'Opou
∏β

α(1 + Ii) = 1 gia α > β
ErmhneÔontac th sqèsh (6.3) ja mporoÔse k�poioc na pei ìti to pleìnasma se k�je qronik 
perÐodo isoÔtai me to pleìnasma thc prohgoÔmenhc qronik c periìdou prosauxhmèno me ta
kèrdh ependÔsewn sun ta asf�listra thc periìdou upologismoÔ prosauxhmèna kai aut� me
to kèrdoc apì thn epèndus  touc meÐwn tic zhmièc thc periìdou upologismoÔ tou pleon�s-
matoc.
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5.2 Fr�gmata martingale gia thn pijanìthta qreokopÐac

Sthn prohgoÔmenh enìthta anaferj kame sto montèlo to opoÐo ja akoloujeÐ h sun�rthsh tou
epitokÐou kai epÐshc orÐsame th sun�rthsh gia to pleìnasma se k�je qronik  perÐodo. Se aut n
thn enìthta ja asqolhjoÔme me thn kataskeu  fragm�twn mèsw martingale gia thn pijanìthta
qreokopÐac. Oi idiìthtec twn katanom¸n NBU kai NWU ja mac fanoÔn polÔ qr shmec kai sto
kef�laio autì kai ja k�noume qr sh aut¸n. Sthn thn eÔresh twn fragm�twn ja odhghjoÔme
sÔmfwna me to parak�tw je¸rhma.

Je¸rhma 5.1. 'Estw B1 mÐa NWU katanom  kai B2 mÐa NBU antÐstoiqa. Upojètoume ìti oi
B1 kai B2 gia k�je α, ìpou 0 < α ≤ 1 ikanopoioÔn th sqèsh:

E

(
B̄2(αX1)

B̄1(αY1(1 + I1)−1)

)
≤ 1 (5.4)

Tìte ∀U ≥ 0 ja isqÔei,
ψ(u) ≤ Λ(u) (5.5)

'Opou,

[Λ(x)]−1 = inf
y≥0

B̄2(y)

B̄1(x+ y)
(5.6)

Apìdeixh:
Gia thn apìdeixh tou jewr matoc ja qreiasteÐ na orÐsoume k�poiec metablhtèc. 'Estw,

Sn =
B̄2(Pn)

B̄1(Cn)

'Opou, Pn =
∑n

k=1Xk

∏k−1
i=1 (1+Ii)

−1, dhlad  to �jroisma ìlwn twn asfalÐstrwn pou anamènetai
ja katablhjoÔn mèqri thn perÐodo (n) proexoflhmèna sthn ènarxh tou montèlou kai, Cn =∑n

k=1 Yk
∏k

i=1(1 + Ii)
−1 to �jroisma ìlwn twn anamenìmenwn mellontik¸n apozhmi¸sewn epÐshc

proexoflhmèno sthn ènarxh tou montèlou, me P0 = C0 = 0 .
Tìte, sÔmfwna me ton orismì twn NBU kai NWU èqoume,

Sn+1 =
B̄2 (Pn+1)

B̄1 (Cn+1)
=
B̄2

(∑n+1
k=1 Xk

∏k−1
i=1 (1 + Ii)

−1
)

B̄1

(∑n+1
k=1 Yk

∏k
i=1(1 + Ii)−1

)
Sp�me ton arijmht  kai ton paronomast  ¸ste na emfanÐsoume to Pn kai to Cn

Sn+1 =
B̄2

(∑n
k=1Xk

∏k−1
i=1 (1 + Ii)

−1 +Xn+1

∏n
i=1(1 + Ii)

−1
)

B̄1

(∑n
k=1 Yk

∏k
i=1(1 + Ii)−1 + Yn+1

∏n+1
i=1 (1 + Ii)−1

)
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Apì ton orismì twn Pn kai Cn h sqèsh gÐnetai,

Sn+1 =
B̄2 (Pn +Xn+1

∏n
i=1(1 + Ii)

−1)

B̄1

(
Cn + Yn+1

∏n+1
i=1 (1 + Ii)−1

) ≤ Sn
B̄2 (Xn+1

∏n
i=1(1 + Ii)

−1)

B̄1

(
Yn+1

∏n+1
i=1 (1 + Ii)−1

)
H teleutaÐa anisìthta prokÔptei apo ton orismì twn NBU kai NWU . Sth sunèqeia orÐzoume
mia s-'Algebra, pou ja perilamb�nei thn plhroforÐa gia tic metablhtèc Xi, Yikai(1 + Ii) Fn =
{X1, · · · , Xn, Y1, · · · , Yn, (1 + I1), · · · , (1 + In)}
Gia ∀n ≥ 0 ja isqÔei:

E (Sn+1|Fn) ≤ SnE

(
B̄2 (Xn+1

∏n
i=1(1 + Ii)

−1)

B̄1

(
Yn+1

∏n+1
i=1 (1 + Ii)−1

) |Fn)

= SnE

(
B̄2 (

∏n
i=1(1 + Ii)

−1Xn+1)

B̄1

(∏n+1
i=1 (1 + Ii)−1(1 + In+1)−1Yn+1

) |Fn)

Lìgw anexarthsÐac twn Xn+1, Yn+1, (1 + In+1) apì thn Fn ja èqoume:

E (Sn+1|Fn) ≤ SnE

(
B̄2 (

∏n
i=1(1 + Ii)

−1Xn+1)

B̄1 (
∏n

i=1(1 + Ii)−1(1 + Ii+1)−1Yi+1)
|Fn
)

kai jewr¸ntac α =
∏n

i=1(1+Ii)
−1, X1 = Xn+1, Y1 = Yn+1 kai (1+I1) = (1+In+1) apì th sqèsh

(5.4) ja èqoume:
E (Sn+1|Fn) ≤ Sn (5.7)

H sqèsh (5.7) dhl¸nei ìti h Sn, n ≥ 0 eÐnai mia supermartigale . EmeÐc jewr same sto montèlo
wc qrìno qreokopÐac to T = inf(n : Un < 0) me (T = ∞) an (Un ≥ 0) gia ∀n. 'Etsi to T eÐnai
ènac qrìnoc st�shc. JewroÔme (n∧ T ) = min(n, T ) èna peperasmèno qpìno st�shc. K�nontac
qr sh tou jewr matoc gia to qrìno st�shc miac supermartingale, Teylor(An introduction to
measure and probability) paÐrnoume:

E[Sn∧T ] ≤ E[S0] = 1 (5.8)

kai èstw h pijanìthta qreokopÐac h opoÐa dÐnetai apì th sqèsh Cai (2002) ,

ψn(u) = Pr

{
n⋃
k=1

(Uk < 0)

}
= E {I(T ≤ n)} (5.9)

Tìte sÔmfwna me th sqèsh 5.8 ja èqoume:

1 ≥ ESn∧T ≥ E[Sn∧T I(T ≤ n)] = E[ST I(T ≤ n)]
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Antikajist¸ntac thn ST me,

ST =
B̄2(PT )

B̄1(CT )

paÐrnoume,

1 ≥ E

(
B̄2(PT )

B̄1(CT )
I(T ≤ n)

)
kai gia na epèljei qreokopÐa ja prèpei CT ≥ u + PT , 'Ara h parap�nw sqèsh k�nontac qr sh
kai thc (6.6) diamorf¸netai wc,

1 ≥ E

(
B̄2(PT )

B̄1(u+ PT )
I(T ≤ n)

)
≥ Λ−1(u)E(I(T ≤ n))

kai apo ton orismì thc pijanìthtac qreokopÐac katal goume sth sqèsh

1 ≥ Λ−1(u)E(I(T ≤ n)) = Λ−1(u)ψn(u)

'Opou sthn opoÐa paÐrnontac to ìrio

lim
n→∞

ψn(u) = ψ(u)

katal goume sth sqèsh (6.5) pou oloklhr¸nei thn apìdeixh.

�

Pìrisma 5.1. 'Estw R1 mia stajer� h opoÐa ikanopoieÐ th sqèsh

Ee−R1(X1−Y1(1+I1)−1) = 1 (5.10)

Tìte gia k�je u ≥ 0 ja isqÔei
ψ(u) ≤ e−R1u (5.11)

Apìdeixh:
Sto je¸rhma (5.1) jewroÔme B̄1(x)=B̄2(x)=e−R1u. Autì èqei san apotèlesma to Λ(x) na isoÔtai
me e−R1u. EpÐshc apì ton orismì thc AR(1) èqoume: I1 = αi0 +W1. Akìma, mèsw thc anisìthtac
Jensen kai apo th sqèsh (5.10) gia k�je 0 < α ≤ 1 ja isqÔei:

Ee−R1(X1−Y1(1+αi0+W1)−1) = E
(
e−R1(X1−Y1(1+αi0+W1)−1)

)α
≤
(
Ee−R1(X1−Y1(1+αi0+W1)−1)

)α
= 1
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K�nontac antikat�stash sthn parap�nw anisìthta ìpou B̄1(x)=B̄2(x)=e−R1u h anisìthta gÐne-
tai,

E
(
e−R1(X1−Y1(1+αi0+W1)−1)

)α
≤ 1⇒

E
(
e−R1X1α−(−R1Y1(1+αi0+W1)−1α)

)
≤ 1⇒

E

(
e−R1X1α

e−R1Y1(1+αi0+W1)−1α

)
≤ 1

ìpou antikajist¸ntac ton arijmht  me e−R1X1α = B̄2(αX1) kai ton paranomast  me
e−R1Y1(1+αi0+W1)−1α = B̄1(αY1(1 + αi0 +W1)−1) katal goume na deÐxoume ìti h,

E

(
B̄2(αX1)

B̄1(αY1(1 + αi0 +W1)−1)

)
≤ 1

isqÔei, (sqèsh (5.4)).

Akìma, apo th sqèsh ψ(u) ≤ Λ(u) gia B̄1(x)=B̄2(x)=e−R1u brÐskoume to Λ(u) . SÔmfwna me
to je¸rhma (5.1) èqoume:

Λ−1(x) =
B̄2(y)

B̄1(x+ y)
=

B̄2(x)

B̄1(u+ x)
=

e−R1X1

e−R1(u+X1)
=

1

e−R1u
⇒

Λ(u) = e−R1u

'Ara,
ψ(u) ≤ e−R1u

Pou oloklhr¸nei thn apìdeixh tou porÐsmatoc.

�

5.3 Fr�gmata gia thn pijanìthta qreokopÐac mèsw

anadromik¸n sqèsewn

Sthn enìthta aut  ja asqolhjoÔme me thn eÔresh fragm�twn gia thn pijanìthta qreokopÐac
mèsw Anadromik¸n sqèsewn. O Cai sthn ergasÐa tou me tÐtlo (Ruin Probabilities with Depen-
dent Rates of Interest) èdwse oloklhrwtikèc exis¸seic gia thn pijanìthta qreokopÐac. K�non-
tac qr sh twn exis¸sewn aut¸n ja kataskeu�soume fr�gmata gia thn pijanìthta qreokopÐac.H
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oloklhrwtik  sqèsh sÔmfwna me ton Cai gia to montèlo pou melet�me eÐnai h akìloujh.

ψn+1(u, i0) =

∫ ∞
0

∫ ∞
0

F̄ ((u+ x)(1 + αi0 + w))dH(x)dG(w)

+

∫ ∞
0

∫ ∞
0

∫ (u+x)(1+αi0+w)

0

ψn((u+ x)(1 + αi0 + w)− y, αi0 + w)dFydH(x)dG(w)

(5.12)

Gia na mporèsoume na broÔme tètoiou eÐdouc fr�gmata ja qreiasteÐ na orÐsoume k�poiec
metablhtèc. 'Etsi, gia mÐa katanom  B1 me B1(0) = 0 orÐzoume,

(β1)−1 = inf
t≥0

∫∞
1
eR1ydF (y)

eR1tF (t)
(5.13)

Opìte gia k�je x ≥ 0 ja èqoume,

F̄ (x) =

(∫∞
1
eR1ydF (y)

eR1tF (t)

)−1

eR1x

∫ ∞
x

eR1ydF (y) (5.14)

kai k�nontac antikat�stash th sqèsh (6.12) h F̄ (x) ja fr�setai apì p�nw wc,

F̄ (x) ≤ β1e
R1x

∫ ∞
x

eR1ydF (y) (5.15)

H sun�rthsh h opoÐa oloklhr¸netai eÐnai h ropogenn tria sun�rthsh thc Y1 sto shmeÐo R1. 'Ara
loipìn h (6.14) ja gÐnei,

F̄ (x) ≤ β1e
R1xEeR1Y1 (5.16)

�

'Eqontac orÐsei tic metablhtèc sth sunèqeia ja proqwr soume se èna je¸rhma mèsw tou opoÐou
mporoÔme na brÐskoume fr�gmata.

Je¸rhma 5.2. 'Estw ìti up�rqei mÐa stajer� R1 > 0 kai ikanopoieÐ thn akìloujh sqèsh.

Ee−R1(X1(1+W1)−Y1) = 1 (5.17)

Tìte h pijanìthta qreokopÐac fr�setai kai to f�rgma dÐnetai apì ton tÔpo.

ψ(u) ≤ β1Ee
R1Y1Ee−R1(u+X1)(1+αi0+W1), u ≥ 0 (5.18)

'Opou, (1 + αi0 +W1) = 1 + I1
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Apìdeixh:
Gia thn apìdeixh tou parap�nw jewr matoc kai thn eÔresh anadromikoÔ tÔpou gia thn pijanìthta
qreokopÐac ja qrishmopoi soume th mèjodo thc epagwg c . Autì pou ja k�noume, eÐnai na
desmeÔsoume wc proc thn zhmi� thc pr¸thc periìdou, na doÔme ti epÐptwsh ja èqei sto pleìnasma,
kai met� efarmìzontac to je¸rhma olik c pijanìthtac brÐskoume ananewtikoÔc tÔpouc gia thn
eÔresh thc pijanìthtac qreokopÐac.

• Apì ton orismì thc pijanìthtac qreokopÐac (sqèsh (5.9)) gia thn pr¸th perÐodo èqoume:

ψn(u) = Pr

{
n⋃
k=1

(Uk < 0)

}
= E {I(T ≤ n)}

Gia na epèljei qreokopÐa met� thn èleush thc pr¸thc zhmÐac (pr¸thc periìdou) ja prèpei,

ψ1(u) = Pr {Y1 > (u+X1)(1 + αi0 +W1)} =

∫ ∞
1

∫ ∞
0

F̄ ((u+ x)(1 + αi0 + w)) dH(x)dG(w)

(5.19)
To pleìnasma lÐgo prin thn èleush thc pr¸thc zhmi�c ja èqei gÐnei (u+X1)(1+αi0 +W1),
kai tìte apo tic sqèseic (6.15) kai (6.18) paÐrnoume,

ψ1(u) ≤ β1Ee
R1Y1

∫ ∞
1

∫ ∞
0

eR1((u+x)(1+αi0+w))dH(x)dG(w)

= β1Ee
R1Y1EeR1((u+X1)(1+αi0+W1))

An h zhmi� eÐnai megalÔterh apì to pleìnasma thc pr¸thc periìdou èqoume qreokopÐa,
diaforetik� h diadikasÐa anane¸netai all� plèon me diaforetikì epitìkio.

• JewroÔme oti h parap�nw anisìthta isqÔei gia thn n−ost  perÐodo. Ja èqoume loipìn gia
thn n−ost  perÐodo.

ψn(u) ≤ β1Ee
R1Y1EeR1((u+X1)(1+αi0+W1)) (5.20)

Gia na mhn qreokop sei thn pr¸th perÐodo kai na qreokop sei stic epìmenec ja prèpei gia
to mègejoc thc pr¸thc zhmi�c na isqÔei, 0 ≤ y ≤ (u + x)(1 + αi0 + w). H diadikasÐa ja
ananewjeÐ kai to pleìnasma ja gÐnei (u + x)(1 + αi0 + w) − y. Opìte, gia αi0 ≥ 0 kai
W1 ≥ 0 apì thn (6.19) ∀u ≥ 0 paÐrnoume,
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ψn((u+ x)(1 + αi0 + w)− y) ≤ β1Ee
R1Y1EeR1((u+x)(1+αi0+w)−y+X1)(1+α(αi0+w)+W1)

≤ β1Ee
R1Y1EeR1((u+x)(1+αi0+w)−y+X1)(1+W1)

= β1Ee
R1Y1EeR1((u+x)(1+αi0+w)−y)(1+W1)−R1X1(1+W1)

≤ β1Ee
R1Y1EeR1((u+x)(1+αi0+w)−y)−R1X1(1+W1)

= β1Ee
R1Y1Ee−R1X1(1+W1)EeR1((u+x)(1+αi0+w)−y)

= β1Ee
R1((u+x)(1+αi0+w)−y)

(5.21)

• Sth sunèqeia qrishmopoi¸ntac thn oloklhrwtik  sqèsh gia thn pijanìthta qreokopÐac
(6.11) thn anisìthta gia thn ψn(u) sqèsh (6.19) kai thn (6.20) ja apodeÐxoume ìti h
anisìthta (6.19) isqÔei kai thn ψn+1(u). 'Eqoume loipìn,

ψn+1(u, i0) =

∫ ∞
0

∫ ∞
0

F̄ ((u+ x)(1 + αi0 + w))dH(x)dG(w)

+

∫ ∞
0

∫ ∞
0

∫ (u+x)(1+αi0+w)

0

ψn((u+ x)(1 + αi0 + w)− y, αi0 + w)dFydH(x)dG(w)

K�nontac antikat�stash thc F̄ ((u+x)(1 +αi0 +w)) sÔmfwna me thn anisìthta (6.14) kai
thn ψn((u+ x)(1 + αi0 + w)− y, αi0 + w) antÐstoiqa me thn (6.20) ja p�roume,

ψn+1(u, i0) ≤β1

∫ ∞
0

∫ ∞
0

∫ ∞
(u+x)(1+αi0+w)

EeR1ye−R1((u+x)(1+αi0+w))dH(x)dG(w)

+ β1

∫ ∞
0

∫ ∞
0

∫ (u+x)(1+αi0+w)

0

e−R1((u+x)(1+αi0+w)−y)dFydH(x)dG(w)

= β1

∫ ∞
0

∫ ∞
0

∫ ∞
(u+x)(1+αi0+w)

EeR1ye−R1((u+x)(1+αi0+w))dH(x)dG(w)

+ β1

∫ ∞
0

∫ ∞
0

∫ (u+x)(1+αi0+w)

0

eR1ye−R1(u+x)(1+αi0+w)dFydH(x)dG(w)

= β1

∫ ∞
0

∫ ∞
0

e−R1(u+x)(1+αi0+w)

×

[∫ (u+x)(1+αi0+w)

0

eR1ydFy +

∫ ∞
(u+x)(1+αi0+w)

eR1ydFy

]
dH(x)dG(w)

= β1

∫ ∞
0

∫ ∞
0

e−R1(u+x)(1+αi0+w)

∫ ∞
0

eR1ydFydH(x)dG(w)

= β1e
R1Y1e−R1(u+X1)(1+αi0+W1)
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H teleutaÐa sqèsh isoÔtai me th sqèsh (6.19)

kai paÐrnontac to ìrio limn→∞ ψn(u) = ψ(u) oloklhr¸netai h apìdeixh.

�

'Ena beltiwmèno fr�gma tou parap�nw jewr matoc mporeÐ na exaqjeÐ an upojèsoume ìti h
F an kei sthn oikogènei katanom¸n New Worse Than Used In Convex Ordering (NWUC) . To
fr�gma autì ja dÐnetai sÔmfwna me to parak�tw pìrisma.

Pìrisma 5.2. K�tw apì tic upojèseic tou jewr matoc (6.2), an h F eÐnai mÐa (NWUC)
katanom , tìte h pijanìthta qreokopÐac fr�setai kai to fr�gma dÐnetai apì th sqèsh,

ψ(u) ≤ Ee−R1(u+X1)(1+αi0+W1), u ≥ 0 (5.22)

Apìdeixh:
Apì ton orismì gia thn kl�sh katanom¸n (NWUC) gnwrÐzoume ìti β1 = (EeR1Y1)−1. Antika-
jist¸ntac loipìn thn tim  aut  sth sqèsh 6.17 tou jewr matoc (6.2) ja p�roume.

ψ(u) ≤ β1Ee
R1Y1Ee−R1(u+X1)(1+αi0+W1), u ≥ 0⇒

ψ(u) ≤ (EeR1Y1)−1EeR1Y1Ee−R1(u+X1)(1+αi0+W1), u ≥ 0⇒
ψ(u) ≤ Ee−R1(u+X1)(1+αi0+W1), u ≥ 0

Pou opoklhr¸nei thn apìdeixh tou porÐsmatoc.

�

MporoÔme akìma na deÐxoume ìti ta fr�gmata ta opoÐa mac dÐnei to je¸rhma (6.2) eÐnai mikrìtera
kai �ra kalÔtera apì to fr�gma tou Lundberg.

Prìtash 5.1. 'Estw ìti up�rqei R > 0 to opoÐo ikanopoieÐ th sqèsh Ee−R(X1−Y1) = 1, fragma
Lundberg. kai R1 > 0 apì th sqèsh 6.16. Akìma an isqÔei EX1 > EY1 tìte R1 > R.

Apìdeixh:
JewroÔme tic parak�tw exis¸seic,

f(r) = Ee−r(X1(1+W1)−Y1) − 1

kai

g(r) = Ee−r(X1−Y1) − 1
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Ja melet soume th sumperifor� thc f kai thc g. PaÐrnontac thn pr¸th par�gwgo thc f wc
proc r ja èqoume.

f ′(r) = E
[
−(X1(1 +W1)− Y1)e−r(X1(1+W1)−Y1)

]
en¸ h deÔterh par�gwgoc ja isoÔtai me

f ′′(r) = E
[
(X1(1 +W1)− Y1)2e−r(X1(1+W1)−Y1)

]
'Opwc eÔkola gÐnetai antilhptì h deÔterh par�gwgoc eÐnai jetik  pou shmaÐnei ìti h sun�rthsh
strèfei ta koÐla �nw. Akìma gia thn f èqoume f(0) = 0 kai f ′(0) = EY1 − EX1(1 + W1) ≤
EY1−EX1 < 0 H teleutaÐa anisìthta prokÔptei apì thn upìjesh thc prìtashc. Akolouj¸ntac
ton Ðdio trìpo gia thn g ja èqoume.

g′(r) = E
[
−(X1 − Y1)e−r(X1)−Y1)

]
en¸ h deÔterh par�gwgoc ja isoÔtai me

g′′(r) = E
[
(X1 − Y1)2e−r(X1−Y1)

]
EpÐshc h deÔterh par�gwgoc thc g eÐnai jetik  h pr¸th arnhtik  kai g(0) = 0. Ostìso an ta R>0

kai R > 0 up�rqoun tìte eÐnai monadikèc rÐzec twn f(r) kaig(r) antÐstoiqa. Oi dÔo sunart seic
èqoun thn Ðdia sumperifor� me th diafor� na esti�zetai kurÐwc sthn pr¸th par�gwgo. H pr¸th
par�gwgoc thc g(r) eÐnai megalÔterh apì thn pr¸th par�gwgo thc f(r) pou shmaÐnei,

e−R1(X1(1+W1)−Y1) ≤ e−R1(X1−Y1)

'Ara,

1 = Ee−R1(X1(1+W1)−Y1) ≤ Ee−R1(X1−Y1)

'H akìma

g(R1) = Ee−R1(X1−Y1) − 1 ≥ 0

Apì ìpou paÐrnoume R1 > R kai oloklhr¸netai h apìdeixh thc prìtashc.

�
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5.4 Arijmhtik� paradeÐgmata

'Eqontac oloklhr¸sei thn parousÐash twn mejìdwn eÔreshc fragm�twn gia thn pijanìthta
qreokopÐac sth sunèqeia thc enìthtac aut c ja parousi�soume mèsw dÔo arijmhtik¸n paradeigm�twn
ta apotelèsmata ta opoÐa paÐrnoume apì tic mejìdouc autèc. Gia thn aplopoÐhsh twn upolo-
gism¸n ja jewr soume X1 = 1 dhlad  ta asf�listra thc k�je periìdou ja isoÔntai me mon�da
kai epÐshc ja jewr soume stajerì epitìkio Ðso me 0.05. Sto pr¸to par�deigma ja p�roume
thn katanom  zhmi¸n na akoloujeÐ mÐa G�mma katanom  kai sto deÔtero mÐa mÐxh dÔo Ekjetik¸n
katanom¸n.

Par�deigma 5.1. Upojètoume ìti h katanom  twn Zhmi¸n Y1 akoloujeÐ mÐa G�mma katanom 
me sun�rthsh puknìthtac pijanìthtac:

g(y) =
λαyα−1

Γ(α)
e−λy, y > 0 (5.23)

ìpou, α > 0 kai λ > 0
JewroÔme tic paramètrouc α = 0.6 kai λ = 0.9. Tìte h mèsh tim  thc Y1 ja isoÔtai me
EY1 = α

λ
= 0.67 kai epeid  0 < α < 1 h Y1 an kei sthn oikogèneia katanom¸n DFR.

Akìma jewroÔme R0 to suntelest  prosarmog c apì to klassikì montèlo, suntelest c Lundberg
,R1 to suntelest  pou prokÔptei apì to pìrisma 5.1 kai R2 to suntelest  pou prokÔptei apì to
pìrisma 6.2. Mèsw tou upologistikoÔ progr�mmatoc Mathematica brÐskoume ta R0, R1, R2. Sth
sunèqeia gia di�forec timèc tou arqikoÔ kefalaÐou mèsw kai p�li tou Mathematica brÐskoume
ta antÐstoiqa fr�gmata gia thn pijanìthta qreokopÐac. ta apotelèsmata aut� dÐnontai ston
parak�tw pÐnaka.

Sq ma 1.5: Fr�gma thc pijanìthtac qreokopÐac ìtan Y1 ≈ G(0.6, 0.9).
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Apì ton PÐnaka 5 parathroÔme ìti ta fr�gmata ta opoÐa ex�gontai me th mèjodo twn
anadromik¸n sqèsewn eÐnai kalÔtera apo ta fr�gmata thc mejìdou Martingale.
Sto epìmeno par�deigma ja kataskeu�soume fr�gmata ìtan h katanom  zhmi¸n akoloujeÐ mÐa
mÐxh ekjetik¸n katanom¸n me paramètrouc λ1 kai λ2. Ta b�rh ja eÐnai 1/2 apì thn pr¸th kai
1/2 apì th deÔterh. ja èqoume loipìn.

Par�deigma 5.2. 'Estw loipìn h Y1 h katanom  zhmi�c. H sun�rthsh piknìthtac pijanìthtac
thc Y1 ja dÐnetai apì ton tÔpo,

g(y) = 1/2λ1e
−λ1y + 1/2λ2e

−λ2y (5.24)

H upìjesh pou ja k�noume gia thn g(y) eÐnai λ1 = 2 kai λ2 = 1, 2. To epitìkio to jewroÔme to
Ðdio me to prohgoÔmeno par�deigma. Apì to Mathematica ja broÔme kai p�li ta R0, R1, R2 kai
sth sunèqeia ja broÔme ta fr�gmata gia ta antÐstoiqa R. Ta apìtelèsmata tou Mathematica
parousi�zontai ston parak�tw pÐnaka.

Sq ma 1.6: Fr�gma thc pijanìthtac qreokopÐac ìtan Y1 akoloujeÐ mÐxh apì Exp(λ).
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Kef�laio 6

Lhxiprìjesmh Plhrwm  AsfalÐstrwn
Gia AR(1) Epitìkio

6.1 Perigraf  tou montèlou

OrÐzoume (Xn, n = 1, 2, 3 · · · ) kai (Yn, n = 1, 2, 3 · · · ) wc dÔo mh arnhtikèc anex�rthtec akolou-
jÐec tuqaÐwn isìnomwn kai anex�rthtwn metablht¸n ìpou Xn eÐnai ta asf�listra pou eispr�tei
h asfalistik  etaireÐa gia thn perÐodo k�luyhc (n) kai Yn eÐnai oi zhmièc tic opoÐec apozhmi¸nei
gia thn antÐstoiqh perÐodo k�luyhc. Tìte sÔmfwna me thn ergasÐa tou Cai (2002) ja p�roume
thn akìloujh sqèsh gia th stoqastik  diadikasÐa pleon�smatoc.

Un = U0 + Sn (6.1)

ìpou, U0 = u eÐnai to arqikì kef�laio pou upoqreoÔtai b�sh nìmou na èqei h asfalistik 
etaireÐa sthn ènarxh thc leitourgeÐac thc kai to opoÐo anaprosarmìzetai an�loga me thn èkjesh
se kÐnduno thn opoÐa èqei, to Sn dÐnetai apì ton tÔpo

Sn =
n∑
k=1

(Xk − Yk) , n ≥ 1 (6.2)

kai eÐnai to �jroisma twn kerd¸n   zhmÐwn pou eÐqe h asfalistik  etaireÐa kat� tic qronikèc
stigmèc k = 1, 2, 3, · · · , n. 'Etsi loipìn to Un ja eÐnai to pleìnasma to opoÐo ja èqei h asfal-
istik  etaireÐa se k�je qronik  perÐodo . 'Opwc gÐnetai eÔkola antilhptì to pleìnasma autì
eÐnai mÐa tuqaÐa metablht  kai exart�tai apì tic timèc pou paÐrnoun se k�je qronik  perÐodo
oi tuqaÐec metablhtèc Xn kai Yn. Sthn arq  tou kefalaÐou anafèrame ìti se k�je qronik 
perÐodo ja efarmìzetai èna epitìkio to opoÐo kai autì ja eÐnai mÐa tuqaÐa metablht . 'Ara, to
pleìnasma ja exatr�tai kai apì to epitìkio. To epitìkio sthn perÐptwsh aut  (lixhprìjesmh
plhrwm  asfalÐstrwn) ja efarmìzetai sto pleìnasma thc prohgoÔmenhc periìdou. SÔmfwna me
ta parap�nw h stoqastik  diadikasÐa pleon�smatoc sqèsh 6.1 ja grafjeÐ mèsw thc 6.2 wc,
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Un = U0 +
n∑
k=1

(Xk − Yk) = Un−1 +Xn − Yn

'Omwc sÔmfwna me to montèlo tou epitokÐou pou jewr same gia to kef�laio autì h parap�nw
sqèsh ja gÐnei,

Un = Un−1 (1 + In) +Xn − Yn

'Opou parathroÔme ìti h asfalistik  etaireÐa èqei èsodo apì thn epèndush tou pleon�smatoc
thc prohgoÔmenhc periìdou. 'Eqontac orÐsei tic met�blhtèc tic opoÐec ja qreiastoÔme, mporoÔme
na doÔme pwc anaptÔsetai to pleìnasma sth di�rkeia tou qrìnou. Apì th sun�rthsh (6.1) gia
arqikì kef�laio U0 = u ja èqoume:

• Th stigm  thc ènarxhc n = 0 to pleìnasma ja eÐnai Ðso me U0 = u.

• Th qronik  stigm  n = 1 sto pleìnasma (arqikì kef�laio) ja prostejoÔn ta èsoda apì
tìkouc ependÔsewn. EpÐshc h asfalistik  etaireÐa ja plhr¸sei tic zhmièc thc pr¸thc
periìdou pou ja eÐnai Ðsec me Y1 kai ja eispr�xei ta asf�listra thc pr¸thc periìdou ta
opoÐa ja eÐnai Ðsa me X1. 'Ara to pleìnasma th qronik  stigm  n = 1 ja eÐnai Ðso me:

U1 = U0(1 + I1) +X1 − Y1

U1 = u(1 + I1) +X1 − Y1

• Th qronik  stigm  n = 2 h diadikasÐa sÔmfwna me ta parap�nw ja gÐnei.

U2 = U1(1 + I2) +X2 − Y2

Antikajist¸ntac to U1 me to Ðso tou U1 = u(1 + I1) +X1 − Y1 paÐrnoume,

U2 = (u(1 + I1)(1 + I1) +X1 − Y1) (1 + I2) +X2 − Y2

U2 = u(1 + I1)(1 + I2) + (X1 − Y1)(1 + I2) +X2 − Y2

• OmoÐwc gia th qronik  stigm  n = 3 ja èqoume,
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U3 = U2(1 + I3) +X3 − Y3

Me ton Ðdio trìpo, antikajist¸ntac to U2 me to Ðso tou sthn parap�nw aqèsh ja
odhghjoÔme se,

U3 = (u(1 + I1)(1 + I2) + (X1 − Y1)(1 + I2) +X2 − Y2) (1 + I3) +X3 − Y3

U3 = u(1 + I1)(1 + I2)(1 + I3) + (X1 − Y1)(1 + I2)(1 + I3)

+(X2 − Y2)(1 + I3) +X3 − Y3

U3 = u
3∏
i=1

(1 + Ii) +
3∑
i=1

{
(Xi − Yi)

3∏
t=i+1

(1 + Ii)

}

• Akolouj¸ntac akrib¸c thn Ðdia mejodologÐa gia th qronik  stigm  (n) ja katal xoume
sth sqèsh:

Un = u
n∏
i=1

(1 + Ii) +
n∑
i=1

{
(Xi − Yi)

n∏
t=i+1

(1 + Ii)

}
(6.3)

'Opou
∏β

α(1 + Ii) = 1 gia α > β
ErmhneÔontac th sqèsh (6.3) ja mporoÔse k�poioc na pei ìti to pleìnasma se k�je qronik 
perÐodo isoÔtai me to pleìnasma thc prohgoÔmenhc qronik c periìdou prosauxhmèno me
ta kèrdh ependÔsewn sun ta asf�listra thc periìdou upologismoÔ meÐwn tic zhmièc thc
periìdou upologismoÔ tou pleon�smatoc.

6.2 Fr�gmata martingale gia thn pijanìthta qreokopÐac

'Eqontac orÐsei montèlo to opoÐo ja akoloujeÐ h sun�rthsh tou epitokÐou kai afoÔ èqoume
orÐsei th stoqastik  sun�rthsh gia to pleìnasma se k�je qronik  perÐodo, sth sunèqeia thc
enìthtac aut c ja kataskeu�soume fr�gmata mèsw thc mejìdou martigale gia thn pijanìthta
qreokopÐac.'Opwc kai se prohgoÔmeno kef�laio ètsi kai t¸ra ja k�noume qr sh twn idiot twn
twn katanom¸n NBU kai NWU .
Gia na broÔme ta fr�gmata aut� ja proqwr soume sÔmfwna me to parak�tw je¸rhma.

Je¸rhma 6.1. 'Estw B1 mÐa NWU katanom  kai B2 mÐa NBU antÐstoiqa. Upojètoume ìti oi
B1 kai B2 gia k�je α, ìpou 0 < α ≤ 1 ikanopoioÔn th sqèsh:

E

(
B̄2(αX1(1 + I1)−1)

B̄1(αY1(1 + I1)−1)

)
≤ 1 (6.4)
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Tìte ∀u ≥ 0 ja isqÔei,
ψ∗(u) ≤ Λ(u) (6.5)

'Opou, to Λ(u) orÐzetai wc,

[Λ(x)]−1 = inf
y≥0

B̄2(y)

B̄1(x+ y)
(6.6)

Apìdeixh:
Gia thn apìdeixh tou jewr matoc orÐzoume tic metablhtèc Pn, Cn kai Sn ìpou,

Sn =
B̄2(Pn)

B̄1(Cn)
me

Pn =
n∑
k=1

Xk

k∏
i=1

(1 + Ii)
−1, P0 = 0

kai

Cn =
n∑
k=1

Yk

k∏
i=1

(1 + Ii)
−1

H metablht  Pn dhl¸nei ìla ta asf�listra ta opoÐa anamènetai na eispr�xei h asfalistik  e-
taireÐa proexoflhmèna sth stigm  ènarxhc. Apì thn �llh, h metablht  Cn antÐstoiqa, dhl¸nei
ìlec tic anamenìmenec zhmièc pou ja qreiasteÐ na apozhmei¸sei h asfalistik  etaireÐa proex-
oflhmènec kai autèc sth stigm  ènarxhc.
Apì ton orismì loipìn twn mÐa NWU kai NBU antÐstoiqa ja deÐxoume ìti h Sn eÐnai mÐa super-
martingale . 'Eqontac mÐa sqèsh gia thn Sn ja broÔme pwc aut  sundèetai me thn Sn+1.

Sn+1 =
B̄2 (Pn+1)

B̄1 (Cn+1)
=
B̄2

(∑n+1
k=1 Xk

∏k
i=1(1 + Ii)

−1
)

B̄1

(∑n+1
k=1 Yk

∏k
i=1(1 + Ii)−1

)
EmfanÐzoume to Pn ston arijmht  kai to Cn ston paronomast .

Sn+1 =
B̄2

(∑n
k=1Xk

∏k
i=1(1 + Ii)

−1 +Xn+1

∏n+1
i=1 (1 + Ii)

−1
)

B̄1

(∑n
k=1 Yk

∏k
i=1(1 + Ii)−1 + Yn+1

∏n+1
i=1 (1 + Ii)−1

)
Apì ton orismì twn Pn kai Cn h sqèsh gÐnetai,

Sn+1 =
B̄2

(
Pn +Xn+1

∏n+1
i=1 (1 + Ii)

−1
)

B̄1

(
Cn + Yn+1

∏n+1
i=1 (1 + Ii)−1

) ≤ Sn
B̄2

(
Xn+1

∏n+1
i=1 (1 + Ii)

−1
)

B̄1

(
Yn+1

∏n+1
i=1 (1 + Ii)−1

)
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'Opou h teleutaÐa anisìthta prokÔptei apo ton orismì twn NBU kai NWU . Sth sunèqeia ja
orÐsoume mia s-'Algebra,Fn pou ja èqei thn plhroforÐa gia tic metablhtèc Xi, Yi, (1 + Ii). 'Etsi
loipìn ja èqoume, Fn = {X1, · · · , Xn, Y1, · · · , Yn, (1 + I1), · · · , (1 + In)}
Gia ∀n ≥ 0 ja isqÔei:

E (Sn+1|Fn) ≤ SnE

(
B̄2

(
Xn+1

∏n+1
i=1 (1 + Ii)

−1
)

B̄1

(
Yn+1

∏n+1
i=1 (1 + Ii)−1

) |Fn)

= SnE

(
B̄2

(
Xn+1

∏n+1
i=1 (1 + Ii)

−1
)

B̄1

(
Yn+1

∏n+1
i=1 (1 + Ii)−1

) |Fn)

Sto shmeÐo autì lìgw anexarthsÐac twn Xn+1, Yn+1, (1 + In+1) apì thn Fn ja èqoume:

E (Sn+1|Fn) ≤ SnE

(
B̄2

(∏n+1
i=1 (1 + Ii)

−1(1 + In+1)−1Xn+1

)
B̄1

(∏n+1
i=1 (1 + Ii)−1(1 + In+1)−1Y −1

i+1

) |Fn)

Sthn teleutaÐa anisìthta jewroÔme α =
∏n

i=1(1 + Ii)
−1 kai akìma X1 = Xn+1, Y1 = Yn+1 kai

1 = (1 + In+1) . Me autìn ton trìpo apì th sqèsh (6.4) ja èqoume:

E (Sn+1|Fn) ≤ Sn (6.7)

H sqèsh (6.7) dhl¸nei autì pou jèlame na apodeÐxoume gia thn Sn ìti dhlad  h Sn, n ≥ 0
eÐnai mia supermartigale . H qronik  perÐodoc sthn opoÐa ja èqoume qreokopÐa èqei orisjeÐ wc
T = inf(n : Un < 0) dhlad  h pr¸th qronik  stigm  ìpou to pleìnasma ja gÐnei arnhtikì. To T
loipìn eÐnai èna st�simo shmeÐo kai jewr¸ntac (n∧ T ) = min(n, T ) ja èqoume èna peperasmèno
st�simo shmeÐo. Me th qr sh tou jewr matoc stasimìthtac gia supermartigale ja p�roume th
sqèsh ESn∧T ≤ ES0 = 1. H pijanìthta qreokopÐac èqei dwjeÐ apì ton Cai (2002) kai èqei th
morf .

ψ∗n(u) = Pr

{
n⋃
k=1

(Uk < 0)

}
= E {I(T ≤ n)} (6.8)

AnaptÔsontac th sqèsh ESn∧T ≤ ES0 = 1 ja èqoume:

1 ≥ ESn∧T ≥ E[Sn∧T I(T ≤ n)] = E[ST I(T ≤ n)]

K�nontac antikat�stash thc ST me,

ST =
B̄2(PT )

B̄1(CT )

ja p�roume,
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1 ≥ E

(
B̄2(PT )

B̄1(CT )
I(T ≤ n)

)
Gia na epèljei qreokopÐa, ìpwc proanafèrame ja prèpei to pleìnasma na gÐnei arnhtikì. Gia na
sumbeÐ autì ja prèpei oi zhmièc na eÐnai megalÔterec apì ta asf�listra sun to arqikì kef�laio,
dhlad  ja prèpei CT ≥ u + PT . Opìte h parap�nw anisìthta k�nontac qr sh kai thc (6.6) ja
diamorfwjeÐ wc,

1 ≥ E

(
B̄2(PT )

B̄1(u+ PT )
I(T ≤ n)

)
≥ Λ−1(u)E(I(T ≤ n))

kai apo ton orismì thc pijanìthtac qreokopÐac katal goume sth sqèsh

1 ≥ Λ−1(u)E(I(T ≤ n)) = Λ−1(u)ψ∗n(u)

'Opou sthn opoÐa paÐrnontac to ìrio

lim
n→∞

ψ∗n(u) = ψ∗(u)

katal goume sth sqèsh (6.5) pou oloklhr¸nei thn apìdeixh.

�

Sth sunèqeia, k�nontac qr sh tou parap�nw jewr matoc ja d¸soume k�poiec eidikèc peript¸seic
ìpou to fr�gma gia thn pijanìthta qreokopÐac gÐnetai akìma pio aplì.

Pìrisma 6.1. 'Estw R1 mia stajer� h opoÐa ikanopoieÐ th sqèsh

Ee−R1(X1−Y1)(1+I1)−1

= 1 (6.9)

Tìte gia k�je u ≥ 0 ja isqÔei
ψ∗(u) ≤ e−R1u (6.10)

Apìdeixh:
Sto parap�nw je¸rhma (6.1) an p�roume gia tic katanomèc B1, B2 na eÐnai apì thn Ðdia ekjetik 
katanom  me par�metro R1 ja èqoume B̄1(x)=B̄2(x)=e−R1x. Autì autìmata mac odhgeÐ sto
apotèlesma to Λ(x) na isoÔtai me e−R1x. Apì th sqèsh (6.9) mèsw thc anisìthtac Jensen gia
k�je 0 < α ≤ 1 ja isqÔei:

Ee−R1(X1−Y1)(1+I1)−1

= E
(
e−R1(X1−Y1)(1+I1)−1

)α
≤
(
Ee−R1(X1−Y1)(1+I1)−1

)α
= 1
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Sthn parap�nw anisìthta k�nontac pr�xeic ja p�roume,

E
(
e−R1(X1−Y1)(1+I1)−1

)α
≤ 1⇒

E
(
e−R1X1Z1α−(−R1Y1(1+I1)−1α)

)
≤ 1⇒

E

(
e−R1X1Z1α

e−R1Y1(1+I1)−1α

)
≤ 1

K�nontac antikat�stash ston arijmht  kai ton paronomast  sÔmfwna me ton orismì tou porÐs-
matoc, dhlad , B̄1 (αY1(1 + I1)−1) = e−R1Y1(1+I1)−1α kai B̄2 (αX1(1 + I1)−1) = e−R1X1(1+I1)−1α

ft�noume na deÐxoume ìti,

E

(
B̄2(αX1Z1)

B̄1(αY1(1 + I1)−1)

)
≤ 1

isqÔei lìgw thc upìjeshc pou k�name sto jèwrhma (6.1), (sqèsh (6.4)). Akìma, sto je¸rhma
(6.1) eÐqame orÐsei kai to Λ(x) wc,

Λ−1(x) =
B̄2(y)

B̄1(x+ y)

K�nontac kai p�li antikat�stash twn B̄1, B̄2 me e−R1x ja èqoume,

Λ−1(x) =
e−R1X1

e−R1(u+X1)
=

1

e−R1u
⇒

Λ(u) = e−R1u

Opìte apì th sqèsh ψ∗(u) ≤ Λ(u) ja p�roume

ψ∗(u) ≤ e−R1u

�

6.3 Fr�gmata gia thn pijanìthta qreokopÐac mèsw

anadromik¸n sqèsewn

Sthn enìthta aut  ja asqolhjoÔme me thn eÔresh fragm�twn gia thn pijanìthta qreokopÐac
mèsw Anadromik¸n sqèsewn. SÔmfwna me thn ergasÐa touCai me tÐtlo (Ruin Probabilities with
Dependent Rates of Interest) sthn opoÐa èdwse oloklhrwtikèc exis¸seic gia thn pijanìthta
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qreokopÐac ja kataskeu�soume fr�gmata gia thn pijanìthta qreokopÐac.H oloklhrwtik  sqèsh
sÔmfwna me ton Cai gia to montèlo pou melet�me eÐnai h akìloujh.

ψ∗n+1(u, i0) =

∫ ∞
0

∫ ∞
0

F̄ (u(1 + αi0 + w) + x)dH(x)dG(w)

+

∫ ∞
0

∫ ∞
0

∫ u(1+αi0+w)+x

0

ψ∗n(u(1 + αi0 + w) + x− y, αi0 + w)dFydH(x)dG(w)

(6.11)

Gia na mporèsoume na broÔme tètoiou eÐdouc fr�gmata ja qreiasteÐ na orÐsoume k�poiec
metablhtèc. 'Etsi, gia mÐa katanom  B1 me B1(0) = 0 orÐzoume,

(β1)−1 = inf
t≥0

∫∞
1
eR1ydF (y)

eR1tF (t)
(6.12)

Opìte gia k�je x ≥ 0 ja èqoume,

F̄ (x) =

(∫∞
1
eR1ydF (y)

eR1tF (t)

)−1

eR1x

∫ ∞
x

eR1ydF (y) (6.13)

kai k�nontac antikat�stash th sqèsh (6.12) h F̄ (x) ja fr�setai apì p�nw wc,

F̄ (x) ≤ β1e
R1x

∫ ∞
x

eR1ydF (y) (6.14)

H sun�rthsh h opoÐa oloklhr¸netai eÐnai h ropogenn tria sun�rthsh thc Y1 sto shmeÐo R1. 'Ara
loipìn h (6.14) ja gÐnei,

F̄ (x) ≤ β1e
R1xEeR1Y1 (6.15)

�

'Eqontac orÐsei tic metablhtèc sth sunèqeia ja proqwr soume se èna je¸rhma mèsw tou opoÐou
mporoÔme na brÐskoume fr�gmata.

Je¸rhma 6.2. 'Estw ìti up�rqei mÐa stajer� R1 > 0 kai ikanopoieÐ thn akìloujh sqèsh.

Ee−R1(X1(1+W1)−Y1) = 1 (6.16)

Tìte h pijanìthta qreokopÐac fr�setai kai to f�rgma dÐnetai apì ton tÔpo.

ψ∗(u) ≤ β1Ee
R1Y1Ee−R1(u+X1)(1+αi0+W1), u ≥ 0 (6.17)

'Opou, (1 + αi0 +W1) = 1 + I1
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Apìdeixh:
Gia thn apìdeixh tou parap�nw jewr matoc kai thn eÔresh anadromikoÔ tÔpou gia thn pijanìthta
qreokopÐac ja qrishmopoi soume th mèjodo thc epagwg c . Autì pou ja k�noume, eÐnai na
desmeÔsoume wc proc thn zhmi� thc pr¸thc periìdou, na doÔme ti epÐptwsh ja èqei sto pleìnasma,
kai met� efarmìzontac to je¸rhma olik c pijanìthtac brÐskoume ananewtikoÔc tÔpouc gia thn
eÔresh thc pijanìthtac qreokopÐac.

• Apì ton orismì thc pijanìthtac qreokopÐac (sqèsh (5.9)) gia thn pr¸th perÐodo èqoume:

ψ∗n(u) = Pr

{
n⋃
k=1

(Uk < 0)

}
= E {I(T ≤ n)}

Gia na epèljei qreokopÐa met� thn èleush thc pr¸thc zhmÐac (pr¸thc periìdou) ja prèpei,

ψ∗1(u) = Pr {Y1 > u(1 + αi0 +W1) +X1} =

∫ ∞
1

∫ ∞
0

F̄ (u(1 + αi0 + w) + x) dH(x)dG(w)

(6.18)
To pleìnasma lÐgo prin thn èleush thc pr¸thc zhmi�c ja èqei gÐnei u(1 +αi0 +W1) +X1,
kai tìte apo tic sqèseic (6.15) kai (6.18) paÐrnoume,

ψ∗1(u) ≤ β1Ee
R1Y1

∫ ∞
1

∫ ∞
0

eR1(u(1+αi0+w)+x)dH(x)dG(w)

= β1Ee
R1Y1EeR1(u(1+αi0+W1)+X1)

An h zhmi� eÐnai megalÔterh apì to pleìnasma thc pr¸thc periìdou èqoume qreokopÐa,
diaforetik� h diadikasÐa anane¸netai all� plèon me diaforetikì epitìkio.

• JewroÔme oti h parap�nw anisìthta isqÔei gia thn n−ost  perÐodo. Ja èqoume loipìn gia
thn n−ost  perÐodo.

ψ∗n(u) ≤ β1Ee
R1Y1EeR1(u(1+αi0+W1)+X1) (6.19)

Gia na mhn qreokop sei thn pr¸th perÐodo kai na qreokop sei stic epìmenec ja prèpei gia
to mègejoc thc pr¸thc zhmi�c na isqÔei, 0 ≤ y ≤ u(1 + αi0 + w) + x. H diadikasÐa ja
ananewjeÐ kai to pleìnasma ja gÐnei u(1+αi0 +w)+x−y. Opìte, gia αi0 ≥ 0 kaiW1 ≥ 0
apì thn (6.19) ∀u ≥ 0 paÐrnoume,

ψ∗n(u(1 + αi0 + w) + x− y) ≤ β1Ee
R1Y1EeR1(u(1+αi0+w)+x−y+X1)(1+α(αi0+w)+W1)

≤ β1Ee
R1Y1EeR1(u(1+αi0+w)+x−y+X1)(1+W1)

= β1Ee
R1Y1EeR1(u(1+αi0+w)+x−y)(1+W1)−R1X1(1+W1)

≤ β1Ee
R1Y1EeR1(u(1+αi0+w)+x−y)−R1X1(1+W1)

= β1Ee
R1Y1Ee−R1X1(1+W1)EeR1(u(1+αi0+w)+x−y)

= β1Ee
R1(u(1+αi0+w)+x−y)

(6.20)
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• Sth sunèqeia qrishmopoi¸ntac thn oloklhrwtik  sqèsh gia thn pijanìthta qreokopÐac
(6.11) thn anisìthta gia thn ψ∗n(u) sqèsh (6.19) kai thn (6.20) ja apodeÐxoume ìti h
anisìthta (6.19) isqÔei kai thn ψ∗n+1(u). 'Eqoume loipìn,

ψ∗n+1(u, i0) =

∫ ∞
0

∫ ∞
0

F̄ (u(1 + αi0 + w) + x)dH(x)dG(w)

+

∫ ∞
0

∫ ∞
0

∫ u(1+αi0+w)+x

0

ψ∗n(u(1 + αi0 + w) + x− y, αi0 + w)dFydH(x)dG(w)

K�nontac antikat�stash thc F̄ (u(1 + αi0 + w) + x) sÔmfwna me thn anisìthta (6.14) kai
thn ψ∗n(u(1 + αi0 + w) + x− y, αi0 + w) antÐstoiqa me thn (6.20) ja p�roume,

ψ∗n+1(u, i0) ≤β1

∫ ∞
0

∫ ∞
0

∫ ∞
u(1+αi0+w)+x

EeR1ye−R1(u(1+αi0+w)+x)dH(x)dG(w)

+ β1

∫ ∞
0

∫ ∞
0

∫ u(1+αi0+w)+x

0

e−R1(u(1+αi0+w)+x−y)dFydH(x)dG(w)

= β1

∫ ∞
0

∫ ∞
0

∫ ∞
u(1+αi0+w)+x

EeR1ye−R1(u(1+αi0+w)+x)dH(x)dG(w)

+ β1

∫ ∞
0

∫ ∞
0

∫ u(1+αi0+w)+x

0

eR1ye−R1u(1+αi0+w)+xdFydH(x)dG(w)

= β1

∫ ∞
0

∫ ∞
0

e−R1u(1+αi0+w)+x

×

[∫ u(1+αi0+w)+x

0

eR1ydFy +

∫ ∞
u(1+αi0+w)+x

eR1ydFy

]
dH(x)dG(w)

= β1

∫ ∞
0

∫ ∞
0

e−R1u(1+αi0+w)+x

∫ ∞
0

eR1ydFydH(x)dG(w)

= β1e
R1Y1e−R1u(1+αi0+W1)+X1

H teleutaÐa sqèsh isoÔtai me th sqèsh (6.19)

kai paÐrnontac to ìrio limn→∞ ψ
∗
n(u) = ψ∗(u) oloklhr¸netai h apìdeixh.

�

'Ena beltiwmèno fr�gma tou parap�nw jewr matoc mporeÐ na exaqjeÐ an upojèsoume ìti h
F an kei sthn oikogènei katanom¸n New Worse Than Used In Convex Ordering (NWUC) . To
fr�gma autì ja dÐnetai sÔmfwna me to parak�tw pìrisma.
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Pìrisma 6.2. K�tw apì tic upojèseic tou jewr matoc (6.2), an h F eÐnai mÐa (NWUC)
katanom , tìte h pijanìthta qreokopÐac fr�setai kai to fr�gma dÐnetai apì th sqèsh,

ψ∗(u) ≤ Ee−R1u(1+αi0+W1)+X1 , u ≥ 0 (6.21)

Apìdeixh:
Apì ton orismì gia thn kl�sh katanom¸n (NWUC) gnwrÐzoume ìti β1 = (EeR1Y1)−1. Antika-
jist¸ntac loipìn thn tim  aut  sth sqèsh 6.17 tou jewr matoc (6.2) ja p�roume.

ψ∗(u) ≤ β1Ee
R1Y1Ee−R1u(1+αi0+W1)+X1 , u ≥ 0⇒

ψ∗(u) ≤ (EeR1Y1)−1EeR1Y1Ee−R1u(1+αi0+W1)+X1 , u ≥ 0⇒

ψ∗(u) ≤ Ee−R1u(1+αi0+W1)+X1 , u ≥ 0

Pou opoklhr¸nei thn apìdeixh tou porÐsmatoc.

�

MporoÔme akìma na deÐxoume ìti ta fr�gmata ta opoÐa mac dÐnei to je¸rhma (6.2) eÐnai mikrìtera
kai �ra kalÔtera apì to fr�gma tou Lundberg.

6.4 Arijmhtik� paradeÐgmata

Tèloc, sthn enìthta aut , ìpwc kai sta prohgoÔmena kef�laia ja d¸soume dÔo arijmhtik� pa-
radeÐgmata gia tic mejìdouc upologismoÔ twn fragm�twn pou parousi�stikan stic enìthtec 3
kai 4 tou kefalaÐou autoÔ. Ja jewr soume X1 = 1 dhlad  ta asf�listra thc k�je periìdou
ja isoÔntai me mon�da kai sta dÔo paradeÐgmata. Sto pr¸to ja upojèsoume G�mma katanom 
gia tic zhmièc en¸ sto deÔtero ja upojèsoume mÐxh Ekjetikwn. To epitìkio ja jewr soume ìti
eÐnai stajerì kai Ðso me 0.05. Oi upologismoÐ èqoun gÐnei sto Mathematica kai parousi�zontai
analutik� sto par�rthma.

Par�deigma 6.1. Upojètoume ìti h katanom  twn Zhmi¸n Y1 akoloujeÐ mÐa G�mma katanom 
me sun�rthsh puknìthtac pijanìthtac:

g(y) =
λαyα−1

Γ(α)
e−λy, y > 0 (6.22)

ìpou, α > 0 kai λ > 0
Ja orÐsoume tic paramètrouc Ðdiec me tou prohgoÔmenou kefalaÐou gia na mporèsoume na k�noume
sÔgkrish twn dÔo montèlwn. Ja èqoume loipìn, α = 0.6 kai λ = 0.9 kai �ra, EY1 = α

λ
= 0.67
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kai epeid  orÐsame 0 < α < 1 h Y1 h Y1 ja an kei sthn oikogèneia katanom¸n DFR.
EpÐshc jewroÔme R0 to suntelest  prosarmog c apì to klassikì montèlo, suntelest c Lund-
berg ,R1 to suntelest  pou prokÔptei apì to pìrisma 6.1 kai R2 to suntelest  pou prokÔptei apì
to pìrisma 6.2. Mèsw tou upologistikoÔ progr�mmatoc Mathematica brÐskoume ta R0, R1, R2.
Sth sunèqeia, gia di�forec timèc tou arqikoÔ kefalaÐou mèsw kai p�li tou Mathematica brÐsk-
oume ta fr�gmata gia thn pijanìthta qreokopÐac. Ta apotelèsmata aut� dÐnontai ston parak�tw
pÐnaka.

Sq ma 1.7: Fr�gma thc pijanìthtac qreokopÐac ìtan Y1 ≈ G(0.6, 0.9).

Ston PÐnaka 7 parathroÔme ìti ta fr�gmata pou upologÐstikan me thn anadromik  sqèsh
sugklÐnoun pio gr gora pou shmaÐnei ìti eÐnai kalÔtera apo ta fr�gmata thc mejìdou Martingale.
SukrÐnontac t¸ra ta apotelèsmata tou pÐnaka 5 me ton pÐnaka 7 parathroÔme ìti kai p�li sthn
prokatablhtèa plhrwm  asfalÐstrwn èqoume kalÔtera apotelèsmata sta fr�gmata kai me tic
dÔo mejìdouc.
Sto epìmeno par�deigma ja kataskeu�soume fr�gmata ìtan h katanom  zhmi¸n akoloujeÐ mÐa
mÐxh ekjetikwn katanom¸n.

Par�deigma 6.2. 'Estw loipìn h Y1 akoloujeÐ mÐa mÐxh apì Exp(λ). H sun�rthsh piknìthtac
pijanìthtac thc Y1 ja dÐnetai apì ton tÔpo,

g(y) = 1/2λ1e
−λ1y + 1/2λ2e

−λ2y (6.23)

Gia na eÐnai sugkrÐsimec h prokatablitèa kai h lixhprìjesmh mèjodoc ja jewr soume tic Ðdiec
timèc gia tic metablhtèc λ1 kai λ2. Apì to Mathematica ja broÔme kai p�li ta R0, R1, R2 kai
sth sunèqeia ja broÔme ta fr�gmata gia ta antÐstoiqa R. Ta apìtelèsmata tou Mathematica
parousi�zontai ston parak�tw pÐnaka.
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Sq ma 1.8: Fr�gma thc pijanìthtac qreokopÐac ìtan Y1 akoloujeÐ mÐxh apìExp(λ).

Kai ed¸ eÐnai emfan c h diafor� metaxÔ lixhprìjesmhc kai prokatablhtèac plhrwm c asfalÐstr-
wn. Ta apotelèsmata tou pèmptou kefalaÐou (Prokatablhtèa plhrwm ) eÐnai kalÔtera.
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Par�rthma Aþ

Entolèc sto Mathematica

Par�deigma 3.1
Gia thn epÐlush autoÔ tou ParadeÐgmatoc qreiastÐkame touc tÔpouc tou PorÐsmatoc 3.1 thc
Paragr�fou 3.2. kai tou PorÐsmatoc 3.2 thc Paragr�fou 3.3. Arqik� orÐsame th sun�rthsh
piknìthtac pijanìthtac thc katanom c zhmi¸n Y1 qrhsimopoi¸ntac tic parak�tw entolèc

lambda:=1; alpha:=0.5; Z:=1.03;

f[y−]:=PDF[GammaDistribution[alpha,lamda],y]

Sth sunèqeia brÐkame th Ropogenn tria sun�rthsh thc f[y−] mèsw twn entol¸n

M[t−]:=LaplaceTransform[f[y],y,-t]

Gia thn eÔresh twn tim¸n R0, R1, R2 den eÐqame par� na lÔsoume th Ropogenn tria wc proc,

• Gia R0, Lunberg

Solve[M[t]==Exp[t],t]

• Gia R1, Martingale

Solve[M[t*Z−1]==Exp[t],t]

• Gia R2, Anadromik�
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Solve[M[t]==Exp[t*Z],t]

Tèloc, èqontac brei tic di�forec timèc gia to R apì tic anisìthtec thc pijanìthtac qreokopÐac
pou eqoume breÐ stic antÐstoiqec paragr�fouc brÐsoume fr�gmata gia di�forec timèc tou u, ìpou
kai p�li ja èqoume.

• Gia R0, Lunberg

Psi[u−]:=Exp[-R*u];

• Gia R1, Martingale

Psi[u−]:=Exp[-R*u];

• Gia R2, Anadromik�

Psi[u−]:=M[R]
−1Exp[-R*u*Z]

'Etsi loipìn brÐskoume ta antÐstoiqa fr�gmata gia tic parak�tw timèc.
psi[0]

psi[0.5]

psi[1]

psi[1.5]

psi[2]

psi[2.5]

psi[3]

psi[3.5]

psi[4]

psi[4.5]

psi[5]

Par�deigma 3.2
Gia thn epÐlush autoÔ tou ParadeÐgmatoc qreiastÐkame touc tÔpouc tou PorÐsmatoc 3.1 thc
Paragr�fou 3.2. kai tou PorÐsmatoc 3.2 thc Paragr�fou 3.3. Arqik� orÐsame th sun�rthsh
piknìthtac pijanìthtac thc katanom c zhmi¸n Y1 qrhsimopoi¸ntac tic parak�tw entolèc
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lambda:=1; alpha:=1.8; Z:=1.03;

f[y−]:=PDF[ExponentialDistribution[alpha],y];

Sth sunèqeia brÐkame th Ropogenn tria sun�rthsh thc f[y−] mèsw twn entol¸n

M[t−]:=LaplaceTransform[f[y],y,-t]

Gia thn eÔresh twn tim¸n R0, R1, R2 den eÐqame par� na lÔsoume th Ropogenn tria wc proc,

• Gia R0, Lunberg

FindRoot[M[t]==Exp[t],t,5]

• Gia R1, Martingale

FindRoot[M[t*Z−1]==Exp[t],t,5]

• Gia R2, Anadromik�

FindRoot[M[t]==Exp[t*Z],t,5]

Tèloc, èqontac brei tic di�forec timèc gia to R apì tic anisìthtec thc pijanìthtac qreokopÐac
pou eqoume breÐ stic antÐstoiqec paragr�fouc brÐsoume fr�gmata gia di�forec timèc tou u, ìpou
kai p�li ja èqoume.

• Gia R0, Lunberg

Psi[u−]:=Exp[-R*u];

• Gia R1, Martingale

Psi[u−]:=Exp[-R*u];
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• Gia R2, Anadromik�

Psi[u−]:=M[R]
−1Exp[-R*u*Z]

'Etsi loipìn brÐskoume ta antÐstoiqa fr�gmata gia tic parak�tw timèc.
psi[0]

psi[0.5]

psi[1]

psi[1.5]

psi[2]

psi[2.5]

psi[3]

psi[3.5]

psi[4]

psi[4.5]

psi[5]

Par�deigma 4.1
Gia thn epÐlush autoÔ tou ParadeÐgmatoc qreiastÐkame touc tÔpouc tou PorÐsmatoc 4.1 thc
Paragr�fou 4.2. kai tou PorÐsmatoc 4.2 thc Paragr�fou 4.3. Arqik� orÐsame th sun�rthsh
piknìthtac pijanìthtac thc katanom c zhmi¸n Y1 qrhsimopoi¸ntac tic parak�tw entolèc

lambda:=1; alpha:=0.5; Z:=1.03;

f[y−]:=PDF[GammaDistribution[alpha,lamda],y]

Sth sunèqeia brÐkame th Ropogenn tria sun�rthsh thc f[y−] mèsw twn entol¸n

M[t−]:=LaplaceTransform[f[y],y,-t]

Gia thn eÔresh twn tim¸n R0, R1, R2 den eÐqame par� na lÔsoume th Ropogenn tria wc proc,

• Gia R0, Lunberg

Solve[M[t]==Exp[t],t]

• Gia R1, Martingale
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Solve[M[t*Z−1]==Exp[t*Z−1],t]

• Gia R2, Anadromik�

Solve[M[t]==Exp[t],t]

Sthn perÐptwsh aut  parathroÔme ìti to R0 isoÔtai me to R2.

Tèloc, èqontac brei tic di�forec timèc gia to R apì tic anisìthtec thc pijanìthtac qreokopÐac
pou eqoume breÐ stic antÐstoiqec paragr�fouc brÐsoume fr�gmata gia di�forec timèc tou u, ìpou
kai p�li ja èqoume.

• Gia R0, Lunberg

Psi[u−]:=Exp[-R*u];

• Gia R1, Martingale

Psi[u−]:=Exp[-R*u];

• Gia R2, Anadromik�

Psi[u−]:=M[R]
−1Exp[-R*u*Z]

'Etsi loipìn brÐskoume ta antÐstoiqa fr�gmata gia tic parak�tw timèc.
psi[0]

psi[0.5]

psi[1]

psi[1.5]

psi[2]

psi[2.5]

psi[3]

psi[3.5]

psi[4]

psi[4.5]

83



psi[5]

Par�deigma 4.2
Gia thn epÐlush autoÔ tou ParadeÐgmatoc qreiastÐkame touc tÔpouc tou PorÐsmatoc 4.1 thc
Paragr�fou 4.2. kai tou PorÐsmatoc 4.2 thc Paragr�fou 4.3. Arqik� orÐsame th sun�rthsh
piknìthtac pijanìthtac thc katanom c zhmi¸n Y1 qrhsimopoi¸ntac tic parak�tw entolèc

lambda:=1; alpha:=1.8; Z:=1.03;

f[y−]:=PDF[ExponentialDistribution[alpha],y];

Sth sunèqeia brÐkame th Ropogenn tria sun�rthsh thc f[y−] mèsw twn entol¸n

M[t−]:=LaplaceTransform[f[y],y,-t]

Gia thn eÔresh twn tim¸n R0, R1, R2 den eÐqame par� na lÔsoume th Ropogenn tria wc proc,

• Gia R0, Lunberg

FindRoot[M[t]==Exp[t],t,5]

• Gia R1, Martingale

FindRoot[M[t*Z−1]==Exp[t],t,5]

• Gia R2, Anadromik�

FindRoot[M[t]==Exp[t*Z],t,5]

Tèloc, èqontac brei tic di�forec timèc gia to R apì tic anisìthtec thc pijanìthtac qreokopÐac
pou eqoume breÐ stic antÐstoiqec paragr�fouc brÐsoume fr�gmata gia di�forec timèc tou u, ìpou
kai p�li ja èqoume.

• Gia R0, Lunberg

Psi[u−]:=Exp[-R*u];
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• Gia R1, Martingale

Psi[u−]:=Exp[-R*u];

• Gia R2, Anadromik�

Psi[u−]:=M[R]
−1Exp[-R*u*Z]

'Etsi loipìn brÐskoume ta antÐstoiqa fr�gmata gia tic parak�tw timèc.
psi[0]

psi[0.5]

psi[1]

psi[1.5]

psi[2]

psi[2.5]

psi[3]

psi[3.5]

psi[4]

psi[4.5]

psi[5]

Par�deigma 5.1
Gia thn epÐlush autoÔ tou ParadeÐgmatoc qreiastÐkame touc tÔpouc tou PorÐsmatoc 5.1 thc
Paragr�fou 5.2. kai tou PorÐsmatoc 5.2 thc Paragr�fou 5.3. Arqik� orÐsame th sun�rthsh
piknìthtac pijanìthtac thc katanom c zhmi¸n Y1 qrhsimopoi¸ntac tic parak�tw entolèc

lambda:=0.9; alpha:=0.6; Z:=1.05;

f[y−]:=PDF[GammaDistribution[alpha,lamda],y]

Sth sunèqeia brÐkame th Ropogenn tria sun�rthsh thc f[y−] mèsw twn entol¸n

M[t−]:=LaplaceTransform[f[y],y,-t]

Gia thn eÔresh twn tim¸n R0, R1, R2 den eÐqame par� na lÔsoume th Ropogenn tria wc proc,

• Gia R0, Lunberg
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Solve[M[t]==Exp[t],t]

• Gia R1, Martingale

Solve[M[t*Z−1]==Exp[t],t]

• Gia R2, Anadromik�

Solve[M[t]==Exp[t*Z],t]

Tèloc, èqontac brei tic di�forec timèc gia to R apì tic anisìthtec thc pijanìthtac qreokopÐac
pou eqoume breÐ stic antÐstoiqec paragr�fouc brÐsoume fr�gmata gia di�forec timèc tou u, ìpou
kai p�li ja èqoume.

• Gia R0, Lunberg

Psi[u−]:=Exp[-R*u];

• Gia R1, Martingale

Psi[u−]:=Exp[-R*u];

• Gia R2, Anadromik�

Psi[u−]:=M[R]
−1Exp[-R*u*Z]

'Etsi loipìn brÐskoume ta antÐstoiqa fr�gmata gia tic parak�tw timèc.
psi[0]

psi[0.5]

psi[1]

psi[1.5]

psi[2]
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psi[2.5]

psi[3]

psi[3.5]

psi[4]

psi[4.5]

psi[5]

Par�deigma 5.2
Gia thn epÐlush autoÔ tou ParadeÐgmatoc qreiastÐkame touc tÔpouc tou PorÐsmatoc 5.1 thc
Paragr�fou 5.2. kai tou PorÐsmatoc 5.2 thc Paragr�fou 5.3. Arqik� orÐsame th sun�rthsh
piknìthtac pijanìthtac thc katanom c zhmi¸n Y1 qrhsimopoi¸ntac tic parak�tw entolèc

lambda:=1.5; alpha:=2; Z:=1.05;

f[y−]:=(1/2)*lamda*Exp[-lamda*y]+(1/2)*alpha*Exp[-alpha*y];

Sth sunèqeia brÐkame th Ropogenn tria sun�rthsh thc f[y−] mèsw twn entol¸n

M[t−]:=LaplaceTransform[f[y],y,-t]

Gia thn eÔresh twn tim¸n R0, R1, R2 den eÐqame par� na lÔsoume th Ropogenn tria wc proc,

• Gia R0, Lunberg

FindRoot[M[t]==Exp[t],t,5]

• Gia R1, Martingale

FindRoot[M[t*Z−1]==Exp[t],t,5]

• Gia R2, Anadromik�

FindRoot[M[t]==Exp[t*Z],t,5]

Tèloc, èqontac brei tic di�forec timèc gia to R apì tic anisìthtec thc pijanìthtac qreokopÐac
pou eqoume breÐ stic antÐstoiqec paragr�fouc brÐsoume fr�gmata gia di�forec timèc tou u, ìpou
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kai p�li ja èqoume.

• Gia R0, Lunberg

Psi[u−]:=Exp[-R*u];

• Gia R1, Martingale

Psi[u−]:=Exp[-R*u];

• Gia R2, Anadromik�

Psi[u−]:=M[R]
−1Exp[-R*u*Z]

'Etsi loipìn brÐskoume ta antÐstoiqa fr�gmata gia tic parak�tw timèc.
psi[0]

psi[0.5]

psi[1]

psi[1.5]

psi[2]

psi[2.5]

psi[3]

psi[3.5]

psi[4]

psi[4.5]

psi[5]

Par�deigma 6.1
Gia thn epÐlush autoÔ tou ParadeÐgmatoc qreiastÐkame touc tÔpouc tou PorÐsmatoc 6.1 thc
Paragr�fou 6.2. kai tou PorÐsmatoc 6.2 thc Paragr�fou 6.3. Arqik� orÐsame th sun�rthsh
piknìthtac pijanìthtac thc katanom c zhmi¸n Y1 qrhsimopoi¸ntac tic parak�tw entolèc

lambda:=0.9; alpha:=0.5; Z:=1.05;

f[y−]:=PDF[GammaDistribution[alpha,lamda],y]
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Sth sunèqeia brÐkame th Ropogenn tria sun�rthsh thc f[y−] mèsw twn entol¸n

M[t−]:=LaplaceTransform[f[y],y,-t]

Gia thn eÔresh twn tim¸n R0, R1, R2 den eÐqame par� na lÔsoume th Ropogenn tria wc proc,

• Gia R0, Lunberg

Solve[M[t]==Exp[t],t]

• Gia R1, Martingale

Solve[M[t*Z−1]==Exp[t],t]

• Gia R2, Anadromik�

Solve[M[t]==Exp[t*Z],t]

Tèloc, èqontac brei tic di�forec timèc gia to R apì tic anisìthtec thc pijanìthtac qreokopÐac
pou eqoume breÐ stic antÐstoiqec paragr�fouc brÐsoume fr�gmata gia di�forec timèc tou u, ìpou
kai p�li ja èqoume.

• Gia R0, Lunberg

Psi[u−]:=Exp[-R*u];

• Gia R1, Martingale

Psi[u−]:=Exp[-R*u];

• Gia R2, Anadromik�

Psi[u−]:=M[R]
−1Exp[-R*u*Z]
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'Etsi loipìn brÐskoume ta antÐstoiqa fr�gmata gia tic parak�tw timèc.
psi[0]

psi[0.5]

psi[1]

psi[1.5]

psi[2]

psi[2.5]

psi[3]

psi[3.5]

psi[4]

psi[4.5]

psi[5]

Par�deigma 6.2
Gia thn epÐlush autoÔ tou ParadeÐgmatoc qreiastÐkame touc tÔpouc tou PorÐsmatoc 6.1 thc
Paragr�fou 6.2. kai tou PorÐsmatoc 6.2 thc Paragr�fou 6.3. Arqik� orÐsame th sun�rthsh
piknìthtac pijanìthtac thc katanom c zhmi¸n Y1 qrhsimopoi¸ntac tic parak�tw entolèc

lambda:=1.5; alpha:=2; Z:=1.05;

f[y−]:=(1/2)*lamda*Exp[-lamda*y]+(1/2)*alpha*Exp[-alpha*y];

Sth sunèqeia brÐkame th Ropogenn tria sun�rthsh thc f[y−] mèsw twn entol¸n

M[t−]:=LaplaceTransform[f[y],y,-t]

Gia thn eÔresh twn tim¸n R0, R1, R2 lÔsame thn exÐswsh thc Ropogenn triac wc proc,

• Gia R0, Lunberg

FindRoot[M[t]==Exp[t],t,5]

• Gia R1, Martingale

FindRoot[M[t*Z−1]==Exp[t],t,5]

• Gia R2, Anadromik�
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FindRoot[M[t]==Exp[t*Z],t,5]

Tèloc, èqontac brei tic di�forec timèc gia to R apì tic anisìthtec thc pijanìthtac qreokopÐac
pou eqoume breÐ stic antÐstoiqec paragr�fouc brÐsoume fr�gmata gia di�forec timèc tou u, ìpou
kai p�li ja èqoume.

• Gia R0, Lunberg

Psi[u−]:=Exp[-R*u];

• Gia R1, Martingale

Psi[u−]:=Exp[-R*u];

• Gia R2, Anadromik�

Psi[u−]:=M[R]
−1Exp[-R*u*Z]

'Etsi loipìn brÐskoume ta antÐstoiqa fr�gmata gia tic parak�tw timèc.
psi[0]

psi[0.5]

psi[1]

psi[1.5]

psi[2]

psi[2.5]

psi[3]

psi[3.5]

psi[4]

psi[4.5]

psi[5]
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