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Abstract

This thesis examines whether trainable KANB activation functions improve short-term mobility
forecasting when they replace the fixed activation in a Transformer feed-forward block. Ten
Aegean and Brest grid-cell series are forecast at six horizons from 5 to 30 minutes, as well as
the PEMSO04 road-traffic benchmark. Hyperparameters were tuned sequentially on the
validation set with KANB21 and five development series; the test split was not used during
tuning.

The selected configuration for the maritime data uses Adam with a learning rate of 3 x 10~ * and
€ =10~ 3, batch size 256, 150 epochs, two Transformer blocks and four attention heads, without
early stopping. The final comparison covers KANB17, KANB18, KANB21, ReLU, GELU and
ParametricGELU over five random seeds, giving 300 successful runs. GELU has the lowest
mean validation relative MAE (0.8037). On the test set, KANB17 has the lowest macro-average
relative MAE (0.8498), while ReLU ranks first on five of the ten individual series. The KANB21—
GELU test difference is only —0.0012 and is not statistically supported (exact p = 0.912). All nine
KANB-versus-baseline confidence intervals include zero. The neural model beats persistence
on eight series, but Brest 74768 and 75108 remain persistence-dominated. KANB is therefore a
competitive low-parameter alternative in this setting, not a consistent improvement over
standard activations. A validation-only follow-up with KANB17 tested batch size 512,
ReduceLROnNPlateau and a one-time learning-rate restart. None improved on the selected
batch-256 constant-learning-rate protocol.

For the PEMS04 dataset, 71 features were used after being derived from observations,
neighboring sensors, daily and weekly lags and calendar variables. The selection of the five
sensors was done using training and validation data only. The test set wasn’t used until the final
comparison. In the final test, which contained 150 runs with early stopping and best-weight
restoration, KANB18 had the lowest relative MAE (0.747688) against ReLU (0.749232) and
GELU (0.750365). Against GELU, KANB18 performed better on all five sensors, 16 of 25 paired
sensor-seed runs and five of the six forecast horizons. The aggregate improvement was
0.357%. The exact two-sided sensor-level test gave p=0.0625, and the confidence interval
included zero.

Scientific Area: Artificial Intelligence, Machine Learning and Mobility Forecasting
Keywords: vessel traffic forecasting, AlS, Transformer, adaptive activation functions, KANB
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ExTeTapévn MepiAnyn

2T OUYKEKPIPEVN epyacia EETACETAI TO av EKTTAIDEUCIEG CUVOPTHOEIG EVEPYOTTOINONG TNG
olkoyévelag KANB ptropouUv va BeATiooouv Tnv TTpoRAsywn Baldooiag kivnmikéTnTag. To
TPSRANUa gival N TTPSRAEWnN TOU apIBPOU TTAOIWV O€ CUYKEKPINEVA YEWYPAPIKA KENIA yia €
XPOVIKOUG 0pifovTeg TV 5 AeTtTwv, PEXPI Ta 30 AeTTTd. O1 déKa XPOVOOEIpES TTOU
XPNoliyoTrolouvTal gival atrd TNy TTEPIoXr Tou Alyaiou kal Thg BpéoTng, evy KABE KeA
QVTIMETWTTICETAI KOI XPNOIKJOTIOIEITAI VIO EKTTAIDEUCN WG EEXWPIOTO TTPORANUA. ZTa dedopéva
TTEPINAPPBAVOVTAI O TPEXOVTAG APIBUOG TTACIWY, Ol XPOVIKEG UCTEPAOEIG, O UETARANTEG
YEITOVIKWYV KEAIWV KAl NUEPOAOYIOKE XAPAKTNPIOTIKA.
Eg@ooov Ta diabéaipa yvwpiopara KABe yeiTovidg Oev gival Koivd Kal dev €xouv To id1o oxfua o€
OAEG TIG TTEPIOXEG, N TTPOETTEEEPYATIA TWV BEDOUEVWV EYIVE avd KEA. 2TO Alyaio UTTipxav TTOAU
Aiya kevd, vy Xpovikoi k&dol TTou dev UTTPXAV, avTIOTOIXOUCQV TTPAKTIKA O€ UNOEVIKA Kivnon.
AT6 Tnv dAAn, ota dedopéva TnNG BpéoTtng, ol uNdeVIKEG TIMEG UTTAPXAV KAl QvTIOTOIXOUCQV O€
ayvwoTeg rapartnproelg. ‘Etol éyive pévo teplopiouévn CUPTTAAPWGON TOU JEANOVTIKOU XPOVIKOU
opifovTa yia Kevd €wg 15 AeTTTd, e Ta eyaAUTEPA dlIaCTHUATA Va agaipolvTal atrd Thv
ekTTaidEUON Kal TNV agloAdynon. O SlaxwpIouog Twv dedouévwy Eyive e avaloyia 70/15/15 ka
ATaV XPOVOAOYIKOG WOTE VA PNV EICAYETAI TTANPOQYOPIa atrd TO YEAAOV.

To povTéro givarl évag Transformer dU0 emITTEdWV. KABe apiBunTIKO yWwpIoHa HETATPETTETAI OF
O1dvuoa 64 d100TACEWY Kal QVTIMETWTTICETAI WG EeXwPIoTO token. ETTopévng, 0 unxaviouog
TTPOCOXNG Pabaivel oxE0EIC avAUETQ OTA YVwpIiouaTa Kal 0Xl avaueoa o€ dIadoxIKA XPovIKa
Bripata. H xpovikr TAnpogopia Bpioketal aTig METABANTEG uOoTEPNONG. H ouvapTnon
gvepyotroinong tTou egetaletal Torobeteital oTo feed-forward Tufua k& Transformer block, pe
avegdpTnTeg TTaPAPETPOUG avd eTTiTredo. Zuykpivovtal ol KANB17, KANB18 kai KANB21 pe Tig
RelLU, GELU kai ParametricGELU. OAgg o1 utrOAOITTEG ETTIAOYEG TOU OVTEAOU TTOPAPEVOUV
oTabepég.

H mARpng diadikacia xwpioTnke o€ dUo0 aTddia. ApXIKA £yive dIadoxIKr pUBuIoN
UTTEPTTAPANETPWY POVO OTO GUVOAO £TTIKUpwaong, Me TRV KANB21 kail TTEvTe XpOovoaoEeIpég
avaTTugng. Kabe popd aAAale pia TTapdueTpog, evw To test set Trapépueve KAeIoTd. ETIAEXBNKaV
learning rate 3 x 10™ 4, Adam epsilon 10~ 2, batch size 256, 150 epochs, depth 2 kai 4 attention
heads. To early stopping &&v xpnoiyoTToIndnKe Kai o1 apxIKES TIMES TwV TTapapéTpwy KANB
Euevav aueTapANTEG.

H teMikn afloAdynaon mrepiAappavel 300 ekTTaIdeUTEIS: DEKA XPOVOOTEIPES, £€1 CUVAPTATEIG
EVEPYOTTOINONG KaIl TTEVTE TUXaioug otrépous. H GELU €xel To xapnAdTepo uéoo validation
relative MAE (0,8037). Z10 test set, n KANB17 £xel To xaunAétepo péoo relative MAE (0,8498),
evw n RelLU katardooetal TTpwTn o€ TTEVTE Ao TIG O€Ka Xpovoaelpég. O1 dlapopég eival MIKPEG:
yia Trapadeyua, n diagopd KANB21-GELU eivar —0,0012 kai dev €ival oTATIOTIKA TEKUNPIWPEVN
(exact p = 0,912).

OAa 1a dlaoTAPOTa EUTTIOTOOUVNG Twv ouykpioewv KANB pe TIG BaoIKEG EvePYOTTOINTEIG
TepIAapBavouy To undév. To povTéAo Eetrepvd TNV atTAr] TTPORAEWN ETTIMOVIG O€ OKTW
XPOovoOoEeIpEG, alAG Ox1 oTa Brest 74768 kai 75108. O1 poBnuéveg KauTTUAeg emReRaiwvouy Ot
ol mapdpetpol KANB evnuepwBnkav o€ kaBe Transformer block. Map’ 6Aa autd, n TTpocapuoyn
ToUG Oev £dwoe oTaBePOd TTAcovEKTNUA 0To MAE. To ao@aAég cuuttépaopua gival 611 ot KANB
gival avTaywvIioTIKEG EVOANAKTIKEG YE MIKPN ETTIBAPUVON O€ TTAPAPETPOUG, OXI KABOANIKA
KOAUTEPEG OUVAPTHOEIG EVEPYOTTOINONG VIO TO OUYKEKPIUEVO TTPORANMA. Ze Evav TTpOaBETO
éAeyyo pe Tnv KANB17 dokiydoTnkav batch size 512, ReduceLROnPlateau kai pia eravagopd
Tou learning rate. Kapia a1moé autég Tig aAAayég dev BeATiwoe Tn péon emidoon oTo validation set
o€ ox€on Pe To apyIkod TTpwTOKoAAO, dnAadr batch size 256 kai aTtabepd learning rate.

Z1nv agiohéynon xpnoigotroinénke etriong 1o PEMSO04, éva ouvoAo dedopévwv 00IKAG
KukAogopiag pe 307 aiobntrpeg kal TTapatnproelg ava 5 Aetrtd. Kabe xpovikd onueio £xer 3
METABANTEG: TNV KUKAOQOPIAKK por), TTANPOTNTA Kal PEon TaxuTnTan . £T0X0G auTou TOU
eipduaTtog ATav va agiohoynBouv or KANB o€ éva d1a@opeTikd TTPOBANUa KIVNTIKOTNTAG, KJE PN
YPOMMIKA CUUTTEPIPOPE KOBWG Kal XWPIKN dlacUvdeon HETALU Twv aiodnThpwy.

KaBwg n olykpion 6Awv Twv cuvOUaoUWVY PETALU Twv 307 aiodnthpwv, PE £E1 EVEPYOTTOINTEIG
kal 5 seeds Ba xpeia¢dtav 9210 runs, emMAEXONKe Eva PIKPO uTTooUVOAO. H apyiki opdda
uTToYn@iwv oXnNUaTioTNKE JGvo aTtd To training set, Baoel Tou aTTOAUTOU KOl GXETIKOU
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o@daApaTog TnG TTPORAEWNG persistence. Z1o validation set kpatrOnkav o1 aiIcbnTAPES OTOUG
oTToioug To PN ypappiké Histogram Gradient Boosting erepvouoe 1o Ridge kai To persistence
oTov opi¢ovta Twv 30 Aerrwyv. Me autr) Tn dladikagia emMAEXOBNKav Kal TTAywoav ol aiodnTrpeg
202, 289, 303, 2 kai 106. To test set dev xpnoipotroIBnke KATA TNV ETTIAOYT).

KdaBe deiyua Tou PEMS04 trepiAappéver 71 yvwpiopara: 36 Tpdo@artes TIHEG TOU aloBnTApa-
oTéY0U, 24 TTPOCPATEG TINEG porG aTTO BUO YEITOVIKOUG aIoBNTAPEG, €61 NUEPAOIES Kal
eBoopadiaicg UOTEPAOEIG KAl TTEVTE NUEPOAOYIOKEG PETABANTEG. O 0TOXOG gival N KUKAOQOPIAKT)
por oToug idBIoUG €1 XpOVIKOUG 0pifovTEG TTOU XpPnolyoTtroifdnkav ota vauTINlakd dedopéva, armd
5 €wg 30 AettTd.

To 1eNkO Treipapa epIAdupave 150 runs, dnAadn TTévTe alIoONTHPES, £€1 CUVOPTAOTEIS
gvepyoTToinong Kai TévTe Tuxaioug otrépous. H KANB18 tréTuxe To XapnAoTepo péoo test
relative MAE, pe mipn 0,747688, évavTi 0,749232 1ng ReLU kai 0,750365 tng GELU. H KANB18
ATav kaAuTepn atrd TN GELU kai oToug péooug 6poug Twv TrévTe aioBntipwy, oc 16 atmmod ta 25
paired runs kal o€ TTEVTE ATTO TOUG €1 XPOVIKOUG opifovTeg. H ouvoAikA BeATiwon évavT Tng
GELU Arav 0,357%.

H diagopd dev £pTaoe To cupBaTikd eTTTEdO OTATIOTIKAG ONUAvVTIKATATAG, agoU 0 aKPIPAG
au@ITTAEUPOG éAeyxog €dwae p=0,0625. Mg povo tévte aveEdpTnTouG aioBNTAPES, OUWG, TO
Teipapa gixe mepiopioyévn oTaTIoTIKA 10XU. H KoIvi) KaTeuBuvan Tou atroTEAECUATOG OGTOUG
aIoONTAPES Kal GTOUG TTEPICCOTEPOUG XPOVIKOUG OpifovTeG atroTeAel BeTIKN Eveign yia Tnv
KANB18. XpeiaZetal agloAdynon o€ peyaAuTepo deiyua aiodnthpwy yia va diamoTwOei av 10
TIAEOVEKTNMA SIOTNEEITAI KAI OTTOKTA IOXUPOTEPN OTATIOTIKI TEKUNPIWON.

EmoTnuovikh repioxn: Texvnth Nonuoouvn, Mnxavikry M&Bnon kai MpopAewn Kivnrikdtnrag

NeCeic-KAeidia: TpoBAewn Baldoaiag kukAogopiag, AlS, Transformer, TTPOCAPUOCTIKES
guvapTAoelg evepyotroinong, KANB
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Introduction

Motivation and significance of the problem

Short-term mobility forecasts support decisions that have to be made before the next
observation arrives: traffic monitoring, port coordination, route planning and early warning
around congested sea areas. AlS feeds make this possible at a fine temporal resolution, but the
resulting series are uneven. Busy cells show strong short-term fluctuations, while quiet cells
may remain unchanged for long periods. A useful model must therefore learn genuine
movement patterns without confusing missing observations with an absence of vessels. As far
as road networks go, a forecasting model must be able to capture nonlinearity and mobility
dynamics while remaining robust across locations, by supporting congestion monitoring and
traffic management.

Most forecasting studies concentrate on the architecture used to represent space and time.
The activation function inside that architecture is usually treated as a settled choice. ReLU and
GELU are common defaults, although a fixed nonlinearity cannot adapt its shape to a particular
dataset. KANB functions offer a controlled way to test whether that assumption matters: they
add only a few trainable scalars to each layer, so a performance difference cannot be explained
by a large increase in model capacity.

Problem definition

For every valid 5-minute observation at time t, the model receives the current count, lagged and
neighboring-grid variables, and calendar information. It predicts six vessel counts, y(t+1)
through y(t+6), corresponding to 5, 10, 15, 20, 25 and 30 minutes ahead. Counts are not
normalized at the output. This keeps the evaluation metric interpretable as the average absolute
error in vessels.

The central comparison holds the data, model width, attention mechanism, optimizer and
training budget fixed. Only the activation in the Transformer feed-forward block changes. The
main research question is: do KANB17, KANB18 or KANB21 reduce multi-horizon forecasting
error relative to ReLU, GELU and a trainable ParametricGELU baseline? Three supporting
guestions concern whether any effect depends on the forecast horizon or series, what shapes
the KANB functions learn, and whether the two Transformer blocks converge to different
activation parameters.

Objectives and expected contribution

The first objective is to construct a leakage-safe forecasting pipeline for heterogeneous Aegean
and Brest data. The second is to compare adaptive and fixed activation functions under a
common experimental protocol and repeated random seeds. The third is to inspect the learned
functions rather than treating KANB as a black box. The contribution is therefore empirical: it
establishes where KANB is competitive, where simple persistence remains difficult to beat, and
how large the activation effect is relative to variation across seeds and series.

Thesis structure

Chapter 1 introduces the neural-network, sequence-modeling and adaptive-activation concepts
used in the study. Chapter 2 reviews vessel forecasting with AIS data and the smaller literature
on trainable activations in time-series models. Chapter 3 describes the data pipeline, feature-
tokenized Transformer and controlled experiment. Chapter 4 reports predictive accuracy, paired
comparisons, training behavior and learned curves. The final chapter states the conclusions and
limitations. Implementation details and full grid-level results are collected in the appendices.

KANB-Enhanced Neural Networks for Mobility Forecasting 1
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1. Theoretical Background

1.1 Foundations of deep neural networks

To train a mobility forecasting model we rely on deep neural networks that can approximate non-
linear mappings from high-dimensional inputs. To train these models we rely on gradient-based
learning and backpropagation. LeCun et al. [1] showed how the chain rule can be used to compute
gradients with very high accuracy, layer by layer. They did so by analyzing gradient-based
learning for Convolutional Neural Networks (CNNSs). In these networks, a convolutional layer takes
an input tensor and produces a feature map as an output. It does that by applying the same set
of kernels on every spatial location. After each convolution operation, a CNN applies a Rectified
Linear Unit (ReLU) transformation to the feature map, introducing nonlinearity to the model. This
process gives a parameter count independent of the input resolution, and is one of the main
reasons why CNNs scale so well on vision tasks [1].

The theoretical justification as to why using deep learning models as universal function
approximators in forecasting problems — such as traffic and vessel mobility — is shown by the
more recent mathematical work of Cheng et al. [2]. This paper showed that deep networks are so
effective because under mild assumptions they can interpolate data, approximate smooth
functions, and their dynamics under gradient descent can be analyzed in terms of controllability
of the underlying system.

Creating deeper networks came with the degradation problem. The practitioners saw that by
simply stacking more layers on a network, training and test accuracy were significantly reduced
because gradients either vanished or exploded. He et al. [3] addressed this by introducing deep
residual networks (ResNets), where a residual block computes:

Vi = Flxs W) + x (L.1)

i.e., the layer learns a residual correction on top of the identity. These connections work like
shortcuts that stabilize gradient flow and allow the training of very deep models, which is very
important when capturing patterns in complex mobility data (e.g., short-term local fluctuations vs.
long-term global trends).

These architectures establish how depth, nonlinearity and stable gradient flow combine
to make neural networks effective function approximators. They do not, however, address a
defining feature of mobility data: that the future depends not on a single snapshot but on a
sequence of past states.

1.2 Sequential and spatio-temporal models

Since the future trajectory in mobility is not dependent on a snapshot but a sequence of past
states, that makes mobility forecasting inherently a temporal problem. EIman’s Simple Recurrent
Network (SRN) [4] formalized this idea. At each time step, the network updates a hidden state:

he = c(Wypxy + Wyphe_y + by) (1.2)

and outputs a prediction based on it. This recurrent structure allows the model to “remember”
previous inputs and discover structure in time.

Due to the degradation problem, however, standard RNNs struggle with long-term
dependencies. Long Short-Term Memory (LSTM) networks, proposed by Hochreiter and
Schmidhuber [5], introduced gating mechanisms — input, forget, and output gates — that could
control what happened with the information. In a simplified form, the cell update is

=01+ O (1.3)

where the terms are gate activations. This architecture can preserve information over long
horizons and is therefore widely used for trajectory and traffic forecasting.

KANB-Enhanced Neural Networks for Mobility Forecasting 2
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Mobility data, however, are not only structured in time, but in space too, since road networks,
shipping lanes or sensor networks define graphs rather than Euclidean grids. So there is a need
for another way to address them, other than RNNs and LSTMs. Jiang and Luo [6] survey Graph
Neural Networks (GNNs) for traffic forecasting and show that, for many problems, standard
CNN/RNN architectures are inadequate because they assume regular grids and local
neighborhoods defined by convolutions.

GNNs model graphs where nodes represent road segments or sensors, and edges usually
represent connectivity or interaction. Gilmer et al. [7] introduced a message-passing framework
in which each layer updates node embeddings by aggregating messages from neighbors:

T = o (1, Bueni W 1)) (4

where @is an aggregation operator (e.g., sum or mean). In the context of mobility, the model
can now capture how congestion propagates outwards, towards the connected neighbors,
integrating spatial topology directly into the learning process [6].

With the creation of transformers [8], recurrence was replaced with self-attention. For queries
Q, keys K, and values V, a self-attention layer computes:

.
Att(Q,K,V) = softmax (%) v, (1.5)

so each time step attends to all others and attention weights are determined by how similar
the keys are in the key space. This process is done over several subspaces and the results are
later concatenated, capturing different interaction patterns.

Lee [9] uses transformer-based models at urban, low-speed intersections in an attempt to
predict vehicle trajectories, and shows that they outperform classic RNN/LSTM models, with the
difference being more noticeable as the driving scenarios and their complexity got higher. The
problem with that, however, is that transformer models have quadratic time complexity. Given a
token matrix X, self-attention computes:

Q = XWpy, K = XWy, V = XW,, Att(X) = softmax (%) |4 (1.6)
Self-attention thus offers a flexible way to model dependencies across a sequence without
the sequential bottleneck of recurrence, which is why the Transformer is adopted as the base
architecture in this thesis. All of these models, however — recurrent, graph-based and attention-
based alike — share one design element that is almost always fixed in advance: the nonlinear
activation function.

1.3 From fixed to adaptive activation functions

Most of the architectures mentioned often rely on nonlinear activation functions such as RelLU,
Tanh or Sigmoid. The choice of activation function for a model can affect accuracy, convergence
speed and misclassification confidence in CNN text classification. Emanuel et al. [10] show that
even when the architecture and data remain fixed, just the choice of activation function can
significantly impact the model’'s performance, meaning that defaulting to the “standard” can
sometimes be suboptimal for certain tasks.

This observation has created a huge body of work on the design of activation functions.
Apicella et al. [11] separate fixed activations from trainable ones, whose shape is adjusted during
training instead of remaining fixed or being chosen beforehand. Dubey et al. [12] survey this
comprehensively and benchmark different activation families, reporting that no single fixed
activation dominates across tasks. Evidently, the best choice depends on the nature of the
problem. A well-known step toward trainable nonlinearities is Swish [13], defined as

f(x) = x-0o(Bx), where B is a learnable parameter that lets the network interpolate between a
near-linear and a strongly gated response. Swish keeps the functional form fixed, while allowing
for a single scalar of its shape to become learnable, something which shows somewhat of an
improvement over ReLU on deep models.

The shape of the activations also affects and interacts with the rest of the network. Joudaki
et al. [14] study how activations and normalization affect the geometry of representations at
KANB-Enhanced Neural Networks for Mobility Forecasting 3
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initialization. They also show how certain combinations preserve distances better than others, a
property that matters for stable, trainable deep networks. Generative Adversarial Networks
(GANSs) [15], as well as diffusion models [16] further demonstrate how sensitive deep learning
architectures are to their nonlinear design choices.

What these approaches have in common is that the nonlinearity itself stays fixed or is made
adjustable through a single scalar. A more recent line of research, however, aims to answer the
guestion of whether the entire activation function itself can be made learnable and, so that the
network can discover the shape of its own nonlinearity that best fits the problem and the data.
This is the idea behind Kolmogorov-Arnold Networks (KAN) and the KANB family of activation
functions, described in the following sections.

1.4 Kolmogorov-Arnold Networks (KAN)

The works above still treat activation functions as fixed. A more recent line of research aims to
make the non-linearity itself learnable. Liu et al. [17] come up with the Kolmogorov-Arnold
Networks (KAN), based on the Kolmogorov-Arnold representation theorem. Unlike traditional
Multilayer Perceptrons (MLPs), that have fixed activation functions placed on each node
(“neurons”), KANs have learnable activation functions on their edges. These functions are
univariable and parametrized, often by B-splines. This way the network can adapt its non-linear
transformations to the data. One can also understand how a particular input dimension is warped
before aggregation by observing the learned spline on each edge.

As KAN shows, replacing fixed activations with trainable and flexible spline functions can
improve accuracy and interpretability. Its formulation places these functions on the network's
edges and parameterizes them with splines; the KANB family, described next, retains the principle
of alearnable nonlinearity but realizes it differently — with a Bézier-based parametric form applied
directly at each neuron.

1.5 KANB: Parametric Bézier activation functions

Kanakoudis et al. [18] build on KAN by introducing a new family of activation functions for deep
neural networks. Instead of splines on edges, however, KANB applies a Bézier-based parametric
polynomial non-linearity directly on each neuron. First, for every pre-activation y, a generic KANB
function maps y through a sigmoid:

1
1+e™Y

t=o(y) = € (0,1), j—; =t(1-1t) 1.7)

and then evaluates a cubic Bézier polynomial with trainable control points:

KANB() = 3(1 - 6())” 6() Ypy + 3(1 = 6()) 6()? Y, + ) 6»)* + F(3)  (1.8)

here YP1, YP2 are trainable control points, and f, g specify different KANB variants. It is
ensured that the curve is evaluated on the interval by using o(y) as the Bézier parameter, while
the control points determine the shape of the non-linearity. The control points are ordinary
trainable scalars updated via backpropagation along with the weights and the biases of the
network. In the implementation used here, they were confined to the range [-20,20] and initialized
to small values. This way, the network learns how to combine its own features through its weights
and how to bend the activation curve.

A point that matters while interpreting the results is that the trainable parameters are defined
per layer, not per neuron or edge. A KANB layer only adds a small, fixed number of scalars,
regardless of width. Meaning, that the parameter overhead compared to a fixed activation function
is negligible, so the performance difference cannot be attributed to a larger parameter count.

KANB1(y) = 3(1 — 0(»)) o) Yoy + 3(1 — 6())0(1)? Yy, + 0 (3)*. (1.9
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KANB2(y) = 3(1 = 6(3)) 6(») Ypy +3(1 = 6(3))0(3)? Yp, + y 5(3). (1.10)
KANB3(y) = KANB1(y) + . (1.12)
KANB4(y) = KANB1(y) + In(1 + e%). (1.12)

In training, both YP1 and YP2 are updated via backpropagation, making the network learn
the feature weights and the shape of the activation curve. For example, KANB1 corresponds to
the pure Bézier non-linearity (no extra term), while KANB3 adds a residual identity term f(y) =y,
making the activation non-saturating and improving gradient flow (its derivative is the derivative
of KANB1 plus 1). Most KANB derivatives remain bounded with appropriate parameter
constraints, reducing the risk of exploding gradients during training.

KANB is then tested on computer-vision benchmarks such as MNIST, CIFAR-10, CIFAR-100,
and Cats vs Dogs, as well as on the Aegean—Cyclades vessel-traffic forecasting dataset. On the
image classification task, on the CIFAR-100 dataset, KANB3 with trainable parameters achieves
an accuracy of 80%, while ReLU, Tanh and Sigmoid only get 50-51%. This shows that Bézier
functions can sometimes significantly outperform fixed ones on complex datasets. On the
Aegean—Cyclades dataset, the KANB3 model manages to achieve a reduction in Relative
Average Error by approximately 14% compared to a ReLU baseline across predict-ahead times
of thirty minutes [18]. That demonstrates that adaptive polynomial activations capture the
nonlinear dynamics underlying real-world maritime mobility data better. KANB therefore combines
several desirable properties for mobility forecasting such as adaptivity, stability in optimization as
well as compatibility with other preexisting architectures — meaning it can replace Tanh, Sigmoid
or ReLU in LSTMs and GNNSs.

This thesis doesn’t use the four base variants directly, but three members of the extended
KANB family — KANB17, KANB18 and KANB21 — selected on the basis of prior benchmark
results. As implemented, their definitions are

KANB,,(y) = a[Za(y)(l - 0()’)) Ypi + 0(3’)2] (1.13)
KANB,5 () = 3(1 = 0(1)) 0() Yoy + 3(1 = 0(0))0(y)? Ypp + 0(»)* + max(0,y)  (1.14)
KANB,, (y) = max (a[26(0)(1 = 0()) Y1 + 0(»)?], b -y) (1.15)

where a and b are additional trainable scalars. KANB18 follows the full cubic form of KANB1
with an added rectified-linear term, keeping it non-saturating. KANB17 and KANB21 instead build
on a scaled quadratic Bézier term; KANB21 takes the maximum of that term and a linear
response, giving it a piecewise, ReLU-like character.
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2. Related Work

2.1 Maritime mobility forecasting with AIS data

AIS data record the position of vessels, their speed, their direction and related navigation
information at irregular intervals. Studies on forecasting, have to first, convert those messages
into representations from which our model can learn. One option is trajectory prediction, where
the target variable is a sequence of coordinates where the vessel might find itself in the future.
Another option is traffic-flow forecasting, where positions are placed into special cells and the
model predicts flows or counts. The present work uses the second formulation, since the datasets
that were used, already describe vessel counts in 5-minute grid-cell bins.

The spatial and temporal structure of the task is reflected by the literature. Evmides et al. [19],
discuss the operational meaning of prediction horizons, while Liu et al. [20] use a spatio-temporal
multi-graph Transformer for trajectory prediction, using interactions among several vessels for
their model. Mandalis et al. [21] apply a Transformer-based method to vessel traffic-flow
forecasting, which is especially close to the count-prediction setting considered here. Sometimes,
as earlier work shows [22], maritime streams require careful handling of time, uncertainty and
observations that might be incomplete. Broader reviews by Bao and Wang [23] and the mobility-
analytics volume edited by Vouros et al. [24] place these models within the AIS processing
pipeline.

A problem that keeps arising is that a strong baseline can be extremely simple. At a short
horizon, we can get a good enough estimate of the next count by looking at the current count.
Performance should therefore be analyzed and looked at against persistence, not only by looking
at the absolute MAE. That baseline can also expose certain differences among cells. For
example, a busy and variable cell offers the model room for improvement, while a sparse or stable
series can be dominated by a simple no-change prediction.

2.2 Applications of adaptive activations in sequential models

Trainable activation functions have received far more attention in image classification than in
mobility forecasting. Existing surveys describe approaches ranging from conventional activation
functions with a single learned slope to spline- and polynomial-based functions with several
parameters [11, 12]. No single design performs best across every architecture and dataset. Its
effectiveness depends on factors such as the distribution of pre-activation values, network depth,
normalization, and the optimization procedure.

Research on Kolmogorov—Arnold Networks (KANs) takes this idea further by learning
univariate transformations instead of selecting them beforehand. Xu et al. [25] apply KANs to
time-series data and argue that these flexible functions can offer both predictive accuracy and
some interpretability. KANB is motivated by a similar idea, but it can be incorporated into an
existing architecture more easily. It replaces a node activation while adding only a few trainable
scalars at the layer level [18]. The Transformer’s feed-forward network can therefore be modified
without changing its attention mechanism.

Still, making an activation function trainable does not guarantee better results. The activation
introduces an additional optimization problem, and its flexibility may be redundant if the
surrounding layers can already rescale their internal representations. ParametricGELU is
included to examine this possibility. It helps distinguish the broader effect of learning activation
parameters from any benefit associated specifically with the Bézier functions used in KANB.

2.3 Research gap

Previous maritime forecasting studies have compared sequence-based and graph-based
architectures, but they have not treated the activation function as an isolated experimental factor.
KANB, meanwhile, has produced strong results on image benchmarks and on an earlier
forecasting task in the Aegean [18]. Evidence from multiple maritime series, forecast horizons,
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and random seeds remains limited. It is therefore uncertain whether these improvements carry
over to a feature-tokenised Transformer or depend on particular datasets and model designs.

This thesis investigates that question through repeated, paired comparisons across ten series
drawn from two regions. Each activation is evaluated with identical data splits and random seeds.
Cells with little room to outperform the persistence baseline are retained, since an inability to beat
persistence is itself relevant to the forecasting task. The learned activation curves are also
examined separately for the two Transformer blocks. This makes it possible to determine whether
KANB uses its layer-specific parameters in practice.

KANB-Enhanced Neural Networks for Mobility Forecasting 7
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3. Methodology

3.1 Problem definition and input-output

Let x, denote the feature vector at the end of the 5-minute bin t that is available. Our target will
then be the vector y, = [c( 41, -- -, Cers) - HeTe, c is the vessel count. A row can be included in the
dataset only if it has no missing input values at the time, if the current bin is an observed bin, all
the targets are observed, and both the targets and the input are in the same chronological split.
This requirement, that all horizons are valid, gives each run a common test set for each of its
outputs.

The output of the model is six real values, and since negative predictions have no meaning to
vessel count, they are clipped to zero before MAE is calculated. The main metric used is MAE,, =
mean(|cqn) — Eesny|) for each of the horizons h.

3.2 Baseline architectures

The baseline of the neural network is a Transformer encoder, comprised of two blocks. The
processed rows are not raw sequences but flat feature vectors. A high-dimensional vector is
mapped down to a scalar using a learned scalar projection. This turns each feature into a 64-
dimensional token. Then, the variable that is represented by each of the tokens is identified by a
learned feature-position embedding. Four-head, non-causal self-attention then captures
relationships among the feature tokens. Inside every transformer block exists a hidden dimension
of 128, residual connections and dropout set to 0.1. In-between the two blocks and the linear
output head where the six forecasts are produced, global average pooling combines the feature-
token representations.

This architecture can be described as feature-tokenized. Attention doesn’t move over time steps,
meaning that each token represents a separate feature in the input vector x,. For each grid-cell
of the series a model is trained separately. This way no parameters are shared between Aegean,
Brest or neighboring cells.

The fixed, conventional comparison activations used are ReLU, GELU - commonly used in
Transformer feed-forward layers, and ParametricGELU which adds trainable coefficients to GELU
and controls for the possibility that any learned activation function is beneficial. Outside the neural
comparison, ordinary persistence, lag-4 seasonal persistence, Ridge regression and histogram
gradient boosting provide forecasting sanity checks.

3.3 Integrating KANB into the architectures

The activation under test is inserted between the two dense transformations of each Transformer
block. Blocks 1 and 2 receive separate activation layers. Parameters are shared across the 128
hidden units within a block, but they are not shared between blocks. The parameter overhead is
therefore constant with respect to model width: KANB17 adds two scalars per block, KANB18
adds two, and KANB21 adds three.

The KANB parameters are trained jointly with the rest of the network through backpropagation
and are constrained to the interval [-20, 20]. The initialization is fixed for every run of a given
variant: KANB17 starts with YP1 = -0.5 and a = 3; KANB18 with YP1 = -0.1 and YP2 = -0.2; and
KANB21 with YP1 =-0.5,a= 3 and b = 1. As a result, the random seed changes the initial network
weights and dropout patterns, while leaving the starting activation shape unchanged.

3.3.1 KANB variants
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KANB17 first maps the pre-activation through a sigmoid and then applies a scaled quadratic
Bézier term. This way, its positive side rises but then approaches a finite ceiling. KANB18 retains
a non-saturating positive branch by adding a cubic Bézier correction to ReLU. KANB21 can
behave like a smooth gate around zero while also remaining almost linear for sufficiently large
positive inputs, by taking the maximum of a quadratic branch and a linear branch.

3.4 Datasets and preprocessing

The data used for the study include four Aegean grid cells (19285, 19653, 19837 and 20017) and
six Brest cells (74429, 74767, 74768, 74769, 75108 and 75447). Each source file is resampled
onto a 5-minute Datetimelndex. Between regions and datasets, target names and calendar fields
were different, so they were mapped explicitly instead of relying on the raw schema. Columns
that neighbor each other contain absolute grid identifiers. The processing of the data is performed
separately for each grid to prevent the structural missing values that would result from combining
schemas that are not related and incompatible. Missing bins required treatment specific to the
region and the nature of the dataset. In the Aegean files, there were no columns with the value of
zero, while only seven timestamps were absent, which were filled with zero. This indicated that
zero-traffic columns had already been removed from the dataset. On the other hand, the Brest
files contained explicit zero counts in around 30% of rows, meaning that missing timestamps
didn’t mean there was also zero traffic. Gaps of at most three bins were forward-filled while longer
sequences of gaps were simply excluded by the validity mask. Four Brest cells with more than
30% missing bins were removed before modeling.

Splits are chronological. The first 70% of the dataset is used for training, the next 15% for
validation and the remaining 15% for testing. If a split boundary is crossed the sample is removed,
since each sample must belong entirely to one dataset split. Standardization parameters are fitted
only on complete training inputs and then applied to scale the validation and test data, avoiding
data leakage. Targets were kept in raw counts.

Aegean - grid 19285 — one week of 5-minute vessel counts

125

10.0

7.5

5.0

vessels in cell

2.5

0.0

2018-11-02 2018-11-03 2018-11-04 2018-11-05 2018-11-06 2018-11-07 2018-11-08

Brest - grid 74769 — one week of 5-minute vessel counts

e
o N b
s L L

vessels in cell
o]

44

2015-10-01 2015-10-02 2015-10-03 2015-10-04 2015-10-05 2015-10-06 2015-10-07
time

Figure 3.1. Representative weeks from an Aegean and a Brest series.
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Figure 3.2. Regional vessel-count distributions after preprocessing.

Table 3.1. Valid samples used for each grid-cell model.

Region Grid Features Train Validation Test
Aegean 19285 28 5,995 1,282 1,290
Aegean 19653 28 6,037 1,289 1,290
Aegean 19837 28 6,037 1,289 1,289
Aegean 20017 28 6,037 1,289 1,289
Brest 74429 59 36,599 7,858 7,900
Brest 74767 59 36,471 7,858 7,900
Brest 74768 59 36,599 7,858 7,900
Brest 74769 59 36,599 7,858 7,900
Brest 75108 59 36,599 7,858 7,900
Brest 75447 59 36,599 7,858 7,530

3.4.1 PEMSO04 road-traffic benchmark

PEMSO04 is the processed PeMSD4 road-traffic benchmark derived from the California
Department of Transportation’s Performance Measurement System. PeMS collects loop-detector
measurements across California freeways [26]. The version used here covers 1 January to 28
February 2018 and contains 16,992 five-minute observations for 307 sensors. Each observation
records total flow, average occupancy and average speed, following the 307-sensor
preprocessing described by Guo et al. [27].

The prediction target is traffic flow at the same six horizons used for the maritime data, from 5 to
30 minutes ahead. Each sample contains 71 inputs. The target sensor contributes flow,
occupancy and speed at the forecast origin and the previous eleven timestamps, giving 36 values.
Two graph neighbours contribute twelve recent flow readings each, for another 24 values. Daily
and weekly lags add six measurements, while five calendar variables encode time of day, day of
week and weekends. Neighbour readings enter as ordinary features: the model is still trained
separately for each target sensor and does not use graph convolution.

A full six-activation, five-seed comparison over all 307 sensors would require 9,210 model fits for
a single protocol, so the sensor subset was fixed before test evaluation. A training-only
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persistence screen produced the candidate set. Validation data were then used to retain sensors
on which Histogram Gradient Boosting outperformed Ridge regression and persistence at the 30-
minute horizon. This procedure selected sensors 202, 289, 303, 2 and 106. Test performance
played no part in the choice.

Samples were split chronologically into 70% training, 15% validation and 15% test partitions.
Samples that crossed a split boundary were removed, and standardization was fitted on the
training partition only. This left 9,872 training, 2,543 validation and 2,543 test samples per sensor.

3.5 Experimental design

Before the final comparison of the activation function, hyperparameter tuning was performed on
KANB21 and five development series (4 cells Aegean and Brest 74769). As a metric for tuning
the parameters, only validation relative MAE was used. While performing the tests, the factors
were changed one at a time in the following order: learning rate, Adam epsilon, batch size, epoch
budget, early stopping and finally depth and attention heads. The KANB initialization constants
that can be found in Section 3.3 were left unchanged.

The configuration of choice was Adam with a learning rate of 3 x 10™* and ¢ = 105, a batch
size of 256, 150 epochs, depth 2 and 4 attention heads. No early stopping was used, since the
fixed 150-epoch protocol gave the better result in the experimental comparison. In the final
experiment, 300 successful runs were completed (10 series x 6 activations x 5 seeds). On every
run the architecture as well as the training budget remained unchanged, with the only variable
being the activation layer. After that, a validation only follow-up comparison, used KANB17 on the
same 5 development series and seeds, comparing this protocol to a different one which had a
batch size of 512 and used ReduceLROnPlateau instead of a constant learning rate. It was also
compared against a different protocol which used ReduceLROnNPIlateau and then followed by one
restart to the initial learning rate. These experiments, however, did not lead to any changes in the
final result and the comparisons of the activation functions.

MAE is reported in vessel counts within each series. For cross-cell comparisons, however, the

. . . MAE del . . .
main measure of performance is relative MAE = WZZ‘;;E and skill defined as one minus that

ratio. If the value is less than one, then there’s an improvement of the model on the no-change
forecast. Contrasts in activations are paired and compared by series and seed. Differences are
averaged within each series before a 20,000-sample bootstrap confidence interval and a two-
sided exact sign-flip test are calculated, so horizons and seeds from the same series are not
treated as independent datasets.

Table 3.2. Common experimental configuration.

Setting Value

Forecast horizons 6 (5, 10, 15, 20, 25, 30 minutes)

Split Chronological 70/15/15

Transformer blocks 2

Token dimension 64

Attention heads 4

Feed-forward dimension 128

Dropout 0.1

Optimizer Adam, learning rate 0.0003, epsilon 0.00001
Loss Mean absolute error
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Value
150/ 256
0,1,2,3, 4

KANB17, KANB18, KANB21, ReLU, GELU, ParametricGELU

The frozen PEMS04 comparison used the same two-block feature-tokenized Transformer, with a
separate training protocol for the denser road-traffic series. Adam used a learning rate of 3 x 10~ *
and epsilon 10~ ® with batch size 512. Training ran for at most 150 epochs, with validation-loss
early stopping (patience 20, minimum change 10~ #) and restoration of the best validation weights.
Six activations, five selected sensors and five seeds produced 150 runs. The sensor set and
training settings were fixed before the test metrics were evaluated once. Table 3.3 records the

full configuration.

Table 3.3. Frozen PEMS04 experimental configuration.

Setting

Dataset

Raw tensor
Measurements / sampling
Selected sensors
Forecast target

Inputs per sample

Split

Samples per sensor

Scaling

Transformer

Optimizer / loss

Training control

Activations

Seeds / runs

Value

PEMSO04 (PeMSD4), 1 January—28 February 2018

16,992 time steps x 307 sensors x 3 measurements

Total flow, average occupancy and average speed; 5-minute intervals
2, 106, 202, 289 and 303

Traffic flow at 5, 10, 15, 20, 25 and 30 minutes

71 (36 target history, 24 neighbour flow, 6 seasonal lags, 5 calendar)
Chronological 70/15/15

9,872 training; 2,543 validation; 2,543 test

Inputs and per-horizon targets standardized from training data only

Token dimension 64; 2 blocks; 4 heads; feed-forward dimension 128;
dropout 0.1

Adam; learning rate 3 x 10~ 4; epsilon 10™ 5; mean absolute error loss

Batch 512; maximum 150 epochs; early stopping patience 20; minimum
change 10~ 4 restore best weights

KANB17, KANB18, KANB21, ReLU, GELU and ParametricGELU

5 seeds; 150 runs
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4. Results and analysis

4.1 Main results on multi-horizon vessel-count forecasting

In the final results, we do not find one, singular, clear winner. The lowest mean validation relative
MAE belongs to GELU with a score of 0.8037, followed by KANB21 (0.8045) and
ParametricGELU (0.8050). On the testing part of the dataset, KANB17 has the lowest macro-
average relative MAE (0.8498), but this is simply a descriptive result and not something that
changes our selection decision. ReLU wins five of the ten series, having also the best average
series rank (2.30). The rest of the five wins are shared between GELU, KANB17, KANB21 and
ParametricGELU.

Performance per region differs much more than per activation. Across the four Aegean series,
there is a roughly 37% improvement over persistence, having a mean test relative MAE of about
0.63 for every activation. In the six Brest series, activation means are closer to 1.00. It can be
noticed that Brest 74768 and 75108 are persistence-dominated, while the rest of the series retain
a positive skill.

A high-headroom case can be found in Aegean 19285, where KANB21 is the best activation
with mean test MAE 1.2917 and a persistence of 2.2681, which results to a skill of 0.430. The
horizon curves for all six activations remain very close to one another, indicating that most of the
improvement can be attributed to the forecasting model itself instead of the choice of activation.

When the six forecast horizons are examined separately the KANB results become more
specific. KANB21 comes on top among all six activations in 9 out of the 60 series-horizon cells,
KANB17 in 7 and KANB18 in 6. Compared against the best conventional activations of each
series and horizons, their corresponding counts are 15, 12 and 9. If we take the whole series into
account, however, KANB21 wins Aegean 19285 and KANB17 wins Brest 74768, which still has
a relative MAE of 1.5085. Even the best activation in this case, is worse than persistence.

Table 4.1. Activation ranks across the ten series (lower is better).

Activation Average rank Series wins
ReLU 2.30 5
GELU 3.40 2
ParametricGELU 3.60 1
KANB17 3.80 1
KANB21 3.90 1
KANB18 4.00 0
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Activation ranking and per-series winners on the final test set
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Figure 4.1. Average activation rank and number of series wins.

Table 4.2. Best neural activation and persistence-relative skill by series.

Series wins (out of 10)

Series Best activation Best MAE Persistence Skill
Aegean 19285 KANB21 1.2917 2.2681 +0.430
Aegean 19653 RelLU 1.8892 2.8063 +0.327
Aegean 19837 RelLU 1.9098 3.3959 +0.438
Aegean 20017 GELU 1.7865 2.5079 +0.288
Brest 74429 GELU 0.1659 0.2032 +0.183
Brest 74767 RelLU 0.2206 0.2890 +0.237
Brest 74768 KANB17 0.6769 0.4487 -0.508
Brest 74769 RelLU 1.0978 1.3296 +0.174
Brest 75108 ParametricGELU 0.2454 0.2354 -0.043
Brest 75447 RelLU 0.1257 0.1455 +0.136
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Figure 4.2. Test MAE by forecast horizon for Aegean grid 19285.
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Figure 4.3. Skill relative to persistence for every activation and series.

4.2 Controlled activation comparisons and baseline checks

The paired analysis avoids giving more weight to cells with more vessels by using series-level
differences in test relative MAE. The mean KANB21-GELU difference is -0.0012 with a 95%
bootstrap interval around -0.0200 to 0.0137 and a sign-flip p-value of 0.912, meaning that
KANB21 and GELU are practically tied. KANB21 Is also lower in four out of the ten series and
none of the nine KANB versus baseline confidence intervals excludes zero. KANB17 has the
lowest macro-average test relative MAE. However, pairing it against ReLU does not show
significant differences or losses, while also winning in two of the ten paired comparisons.

ParametricGELU stays close to GELU. Ridge regression or histogram gradient boosting
results in the lowest MAE in five of the series, while the tuned Transformer, has the lowest MAE
on the rest of the five series. The results are therefore mixed. In some cases, the more complex
neural model is better, while simple, classical methods can perform better in others. This
comparison does not aim to establish a new method for vessel-count forecasting, but to simply
describe the activation behavior within the chosen Transformer, as well as serving as a sanity
check to see whether or not the Transformer model adds to the predictive value.

Table 4.3. Series-level paired relative-MAE differences; negative values favour KANB.

Mean relative

KANB Baseline i ——— 95% bootstrap ClI Exact p
KANB17 RelLU -0.0089 [-0.0422, +0.0174] 0.609
KANB17 GELU -0.0040 [-0.0290, +0.0139] 0.943
KANB17 ParametricGELU -0.0014 [-0.0239, +0.0146] 0.957
KANB18 RelLU +0.0058 [-0.0055, +0.0177] 0.422
KANB18 GELU +0.0107 [-0.0100, +0.0360] 0.436
KANB18 ParametricGELU +0.0132 [-0.0094, +0.0441] 0.518
KANB21 RelLU -0.0061 [-0.0356, +0.0166] 0.750
KANB21 GELU -0.0012 [-0.0200, +0.0137] 0.912
KANB21 ParametricGELU +0.0013 [-0.0157, +0.0163] 0.889
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KANB contrasts with 95% series-level bootstrap intervals
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Figure 4.4. Paired KANB effects with series-level bootstrap confidence intervals.

Table 4.4. Best neural and classical sanity-check model by series.

Series Best neural MAE Best classical MAE

Aegean 19285 KANB21 1.2917 Hist Gradient Boosting 1.3057
Aegean 19653 RelLU 1.8892 Ridge 1.6698
Aegean 19837 RelLU 1.9098 Ridge 1.8561
Aegean 20017 GELU 1.7865 Ridge 1.7334
Brest 74429 GELU 0.1659 Ridge 0.2197
Brest 74767 RelLU 0.2206 Hist Gradient Boosting 0.3391
Brest 74768 KANB17 0.6769 Hist Gradient Boosting 0.6076
Brest 74769 RelLU 1.0978 Hist Gradient Boosting 1.0715
Brest 75108 ParametricGELU 0.2454 Ridge 0.3690
Brest 75447 RelLU 0.1257 Ridge 0.1768

4.3 Training dynamics and computational cost

With all 300 runs completed successfully, the mean best validation epoch ranged from 106.2 to
116.0 for KANB18 and KANB17. Since early stopping was not used for the experiments, the
protocol trains for 150 epochs and evaluates the last model state instead of restoring the best
checkpoint. The mean final-minus-best validation-loss gap was similar across variations, ranging
from 0.0195 to 0.0212.

Mean training time was relatively close for the 6 activations. It ranges from 162.1 seconds for
RelLU, to 182.4 seconds for KANB18. GELU averages 165.2 seconds, ParametricGELU 172.2,
KANB17 176.8 and KANB21 181.1. The trainable activations do add measurable runtime, even
though their parameter count remained negligible relative to the Transformer.

Within each series, the five-seed results overlap. In some cases, the change between seeds
is as substantial as the mean difference between activation families. Hence, the analysis retains
all of the five seeds and reports paired averages instead of selecting a single run that was more
favorable.
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Table 4.5. Training-time and validation-loss diagnostics across 50 runs per activation.

Activation Mean time (s) Mean best epoch Final-best val gap
KANB17 176.8 116.0 0.0202
KANB18 182.3 106.2 0.0212
KANB21 181.1 113.9 0.0195
RelLU 162.1 113.8 0.0198
GELU 165.2 110.8 0.0200
ParametricGELU 172.2 111.7 0.0199

Five-seed variation; diamonds show activation means
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Figure 4.5. Seed variation and mean MAE on two high-headroom Aegean series.

4.4 Learned activation curves

Before aggregation, the final KANB parameters were evaluated as functions. Figure 4.6 shows
the mean curve of each activation based on the final 50 runs for that activation in each block. The
band shows one standard deviation and faint lines are for individual fits. Since the relationship
between parameters and functions is nonlinear, the curves were evaluated before averaging.
KANB17 remains saturating while its a scale falls from 3.0 to 2.878 in block 1 and 2.807 in block
2. KANB18 keeps a linearly positive branch, while YP2 moves from -0.2 to —0.361 and —-0.266

in the two blocks. KANB21 stays close to its initial form with the mean slope b being 0.950 in block
1 and 0.956 in block 2.

The fact that the parameters changed in both blocks, works as confirmation that the activation
layers received gradients and were trained. The activations converge to clearly visible different
shapes without producing big differences in relative MAE.
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Learned KANB activation curves after final training
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Figure 4.6. Learned KANB curves in Transformer blocks 1 and 2.
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4.5 Follow-up training experiments

A few follow-up experiments were performed, to address two practical questions. Can a larger
batch change the performance of KANB17? If the learning rate is moved away from a plateau
change the learned activation parameters enough to improve validation error? The protocol
contained 5 series with 5 seeds for 25 runs. All other settings were left the same as the initial
experiment (150 epochs, depth 2, four heads, Adam epsilon 107, initial learning rate 3 x 1074).

Table 4.6. Validation-only KANB17 training follow-up (lower is better).

Protocol Runs Mean validation relative Paired A
MAE

Batch 256, constant LR 25 0.6620 —

Batch 512, constant LR 25 0.6678 +0.0058

Batch 256, ReduceLROnPlateau 25 0.6891 +0.0270

Batch 256, plateau + warm restart 25 0.6757 +0.0137

The results showed that our original protocol was the best, with a mean validation relative
MAE of 0.6620. Batch size 512 increases it to 0.6678, the warm-restart protocol to 0.6757, and
ReduceLROnNPlateau alone to 0.6891. The one-time restart was triggered in 22 of the 25 runs
after the learning rate fell below 107° and reset it to 3 x 107*. Parameter changes immediately
after a restart were 4.65 to 11.66 times larger than those following a learning-rate reduction. The
intervention therefore moved the learned KANB17 curve away from the plateau, but that
movement did not produce a lower validation error so the final configuration was left unchanged.

4.6 PEMS04 road-traffic experiment

4.6.1 Frozen protocol and aggregate results

As a final experiment, the PEMS04 dataset was chosen since, as a series, it is denser than the
maritime cell counts, and the target sensors have specific graph neighbors. The question posed
is whether the behavior of the activation functions changes on road traffic with a stronger and
short-term structure.

Table 4.7 shows the exact performances of each activation function. The first comparison only
used validation data while the training protocol and the sensor set were already frozen. As shown,
KANB21 records the lowest mean relative MAE with a value of 0.743930. ReLU comes second
with a MAE of 0.744528. Afterwards, the test partition was evaluated and KANB18 came first,
showing an improvement over GELU of 0.357%.

Table 4.7. Aggregate PEMSO04 relative MAE across the frozen validation comparison, frozen final
test, and post-test optimized validation-only sensitivity analysis (25 sensor-seed runs per
activation; lower is better).

Activation Frozen validation Frozen final test Optimized validation only
KANB18 0.745400 0.747688 0.736586
RelLU 0.744528 0.749232 0.737207
KANB21 0.743930 0.749639 0.738261
ParametricGELU 0.745595 0.749852 0.736688
GELU 0.747169 0.750365 0.736629
KANB17 0.745240 0.751259 0.737249
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PEMSO04 activation rankings across the three reported comparisons
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Figure 4.7. Aggregate PEMSO04 relative MAE across the frozen validation comparison, the one-time
frozen final test, and the post-test optimized validation-only sensitivity analysis. Lower values are
better; each panel uses a separate zoomed axis.

4.6.2 Sensor- and horizon-level results

Table 4.8 and Figure 4.8 show the sensor-level comparison. KANB18 had a lower error rate on
all five sensor means with Sensor 289 showing the clearest difference of 1.007%. For the paired
sensor-seed comparison, KANB18 performed better in 16 out of 25 runs. With only five
independent sensor means, an exact two-sided sign test gives p = 0.0625. The results seem to

point to a certain direction, but the sample is not big enough for a strong claim.
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Table 4.8. Sensor-level PEMS04 final-test relative MAE for KANB18 and GELU (five-seed means;
negative delta favours KANB18).

Sensor KANB18 GELU Delta Improvement (%)
2 0.709658 0.711867 -0.002208 0.310%
106 0.765275 0.766029 -0.000754 0.098%
202 0.749883 0.752332 -0.002449 0.326%
289 0.756095 0.763786 -0.007691 1.007%
303 0.757527 0.757810 -0.000283 0.037%

KANB18 versus GELU on each selected PEMS04 sensor

Mean final-test relative MAE; lower is better

2 -0

106 (]

Sensor

289 o 9

303 @

. KANB18 . GELU KANB18 is lower on all five sensor means

Figure 4.8. Paired sensor-level mean final-test relative MAE for KANB18 and GELU. KANB18 is
lower on all five selected sensors, although the absolute differences remain small.

When the horizons are broken down, something similar happens. Even though GELU performs

slightly better at 5 minutes, KANB18 surpasses it in the timeframe of 10 to 30 minutes. The gap
is still modest, with the highest value at 25 minutes (0.005161 relative MAE).

Table 4.9. PEMS04 final-test relative MAE by forecast horizon for KANB18 and GELU (25-run
means; negative delta favours KANB18).

Horizon (min) KANB18 GELU Delta Lower activation
5 0.781126 0.779672 +0.001454 GELU
10 0.772984 0.773877 -0.000893 KANB18
15 0.749928 0.753242 -0.003314 KANB18
20 0.742534 0.745718 -0.003184 KANB18
25 0.726790 0.731951 -0.005161 KANB18
30 0.721542 0.725724 -0.004182 KANB18
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KANB18 versus GELU across the six forecast horizons
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Figure 4.9. Mean final-test relative MAE by forecast horizon for KANB18 and GELU. KANB18 is
lower at five of the six horizons, while GELU is lower at the 5-minute horizon.

4.6.3 Post-test validation sensitivity

After the frozen test had been evaluated, a validation-only sweep compared five training protocols
over three seeds. The shared protocol selected across KANB17, KANB18 and KANB21 used
batch size 256, an initial learning rate of 10 3 and ReduceLROnPlateau. A full six-activation
validation comparison with five seeds then placed KANB18 first at 0.736586 and GELU second
at 0.736629, a difference of only 0.000043. The ranking therefore remained favorable to KANB18,
but the near-tie also shows how little the training change separated the activations. No test metrics
were used in this sensitivity analysis; its values appear in the last column of Table 4.7 and the
final panel of Figure 4.7.

Conclusions

Summary of findings

This thesis tested KANB17, KANB18 and KANB21 in a feature-tokenized Transformer for multi-
horizon mobility forecasting. For the main maritime experiment, the hyperparameters were
selected after experimentation and based on validation data. The six activations were then
evaluated on ten Aegean and Brest series using five seeds on each run. The final result contains
300 successful runs while keeping the test split separate from tuning. A separate PEMS04
experiment added five road traffic sensors and 150 runs, again, using hyperparameter tuning
based on training and validation data only.

On the maritime data, GELU gives the strongest validation score, KANB17 the lowest macro-
average test relative MAE, and ReLU the best average series rank. These different summaries
do not point to a single dominant activation. In the most relevant tuned comparison, KANB21 and
GELU are essentially tied on the test set, and none of the paired KANB contrasts is statistically
supported. Under this protocol, KANB is competitive but not consistently superior. At a finer level,
all three KANB variants win some series-horizon cells, but only KANB17 and KANB21 win a
complete series. The KANBL17 training follow-up also leaves the original batch-256 constant-
learning-rate protocol as the strongest validation setting. On the PEMS04 data, KANB18 had a
slightly more favorable pattern, achieving the lowest mean relative MAE and improving on GELU
by 0.357%.
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In conclusion, the experiments cannot establish the KANB as a superior activation function
in mobility forecasting. They did show, however, that KANB managed to remain competitive in
two different mobility forecasting settings, while even having a slight edge for the PEMS04
dataset. This shows that when the data are more dense and have a stronger short-term seasonal
structure, the trainable activations with the flexibility to adapt, will have room for improvement over
the classical ones. Experiments that use more sensors, nonlinear datasets or shared regions,
could assist in determining whether these small improvements detected here, can become larger
when the variety and the amount of data increases.

Limitations

The results are based on ten maritime grid-cell series and five of the PEMS04 sensors, all of
which were assessed using the same feature-tokenized Transformer architecture. Since attention
mechanisms act across the input variables rather than across timestamps, the findings cannot be
directly extended to temporal-token Transformers, recurrent models or graph neural networks.

In the case of the PEMS04 experiment, the flow data from neighboring sensors were included
as standard input features; the model did not learn a graph representation. The individual grid
cells or traffic sensors were trained separately, which meant that the models were unable to learn
any common regional patterns. Moreover, the PEMS04 subset was rather small. The five sensors
were chosen from the 307-sensor dataset by means of screening that involved only the training
and validation data. As a result, the test data was excluded from the selection process, but it is
possible that the performance on these particular sensors does not reflect the entire road network.
Since the PEMSO04 observations only include the months of January and February 2018, seasonal
generalization is also further limited.

The training protocol was not the same in the two data settings. In the case of the maritime
comparison a fixed schedule of 150 epochs was used without early stopping, which meant that
the final weights did not have to be those from the epoch that had the lowest validation loss. For
PEMSO04, early stopping based on validation loss was employed and the best weights were
restored. This difference makes it more difficult to attribute the change in activation rankings solely
to the datasets.

The maritime scheduler and the warm-restart checks, as well as the later batch size and
learning rate sweep in PEMS04, all made use of the same development data and must therefore
be regarded as sensitivity checks not as independent confirmations.

While using five seeds reduces reliance on a single initialization, the number of independent
series is still restricted. Specifically, the PEMS04 comparison includes only five sensor means.
Even though KANB18 was lower than GELU for all five of them, the exact two-sided sign test
yielded a p-value of 0.0625 and the sensor-level confidence interval did include zero. The
observed improvement must therefore be regarded as suggestive not conclusive.

Since a frozen-KANB control was not included, the study is also unable to distinguish
between the effect of trainability and the effect of the variants' initial functional forms. In the end,
Brest 74768 and Brest 75108 were both dominated by persistence regardless of the activation
functions. Changes in distribution were also observed between the chronologically ordered splits.
Their failure cannot be blamed on the activation alone since a model trained on one vessel-count
scenario might have difficulty when the level and frequency of activity alter during the testing
period.

Directions for future work

The most useful next comparison would be a recurrent or temporal-token model, such as an
LSTM, trained on the same splits and evaluated with the same persistence-relative metrics. That
would test whether explicit sequential structure matters more than the activation choice.
Checkpoint restoration, regional models with shared parameters, graph connections between
neighboring cells and count-aware probabilistic losses are also reasonable extensions. Within the
completed experiment, however, the defensible conclusion remains narrow: KANB is a plausible
low-parameter replacement for fixed activations, with benefits that depend on the individual
series.
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Foreign term

Greek term

Activation function

Adaptive / trainable activation

Automatic Identification System
Attention

Feature token
Forecast horizon
Grid cell

Mean Absolute Error
Mobility forecasting
Persistence forecast
Random seed
Self-attention

Time lag

Vessel-count forecasting
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List of Abbreviations and Acronyms

AIS — Automatic Identification System
FFN — Feed-Forward Network

GELU — Gaussian Error Linear Unit
GNN — Graph Neural Network

KAN — Kolmogorov—Arnold Network
KANB — Kolmogorov—Arnold Network Bézier activation family
LSTM — Long Short-Term Memory
MAE — Mean Absolute Error

MLP — Multilayer Perceptron

ReLU — Rectified Linear Unit

RNN — Recurrent Neural Network

SD — Standard Deviation
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Appendices

Appendix A — KANB implementation excerpt

The listing below reproduces the activation equations used in the experiment. Parameters are
scalar TensorFlow weights with the constraint [-20, 20]. Each Transformer block receives a
separate activation-layer instance.

def _kanb_cubic(t, ypl, yp2):
return 3*(1-t)**2*%t*ypl + 3*(1-t)*t**2*yp2 + t**3

class KANB17Activation(tf.keras.layers.Layer):
def call(self, x):
t = tf.math.sigmoid(x)
quad = 2*t*(1-t)*self.ypl + t**2
return self.a * quad

class KANB18Activation(tf.keras.layers.Layer):
def call(self, x):
t = tf.math.sigmoid(x)
return _kanb_cubic(t, self.ypl, self.yp2) + tf.nn.relu(x)

class KANB21Activation(tf.keras.layers.Layer):
def call(self, x):
t = tf.math.sigmoid(x)
quad = 2*t*(1-t)*self.ypl + t**2
return tf.maximum(self.a * quad, self.b * x)

Appendix B — Detailed maritime activation-comparison results

Table B.1 contains the mean test MAE over the six horizons and five seeds for the ten Aegean
and Brest series.
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Table B.1. Mean six-horizon test MAE by activation.

Series KANB17 KANB18 KANB21 ReLU GELU ParamGELU
Aegean 19285 1.3076 1.3173 1.2917 1.3060 1.3105 1.3129
Aegean 19653 1.9264 1.8918 1.8924 1.8892 1.9238 1.9191
Aegean 19837 1.9462 1.9538 1.9371 1.9098 1.9177 1.9191
Aegean 20017 1.7940 1.7870 1.7924 1.7898 1.7865 1.7882
Brest 74429 0.1745 0.1768 0.1737 0.1672 0.1659 0.1683
Brest 74767 0.2212 0.2213 0.2219 0.2206 0.2230 0.2216
Brest 74768 0.6769 0.7032 0.6904 0.7119 0.7233 0.7175
Brest 74769 1.1468 1.1223 1.1494 1.0978 1.1320 1.1531
Brest 75108 0.2528 0.2768 0.2551 0.2821 0.2533 0.2454
Brest 75447 0.1276 0.1277 0.1289 0.1257 0.1264 0.1262

Appendix C — Hyperparameter grids

In the maritime experiments, the hyperparameters were tuned one by one using KANB21 on
five development series and with the seeds 0, 1 and 2. Throughout the stages, only one factor
would change each time, and would then be carried onto the next stage. Table C.1 shows the
values considered and the configuration.

Table C.1. Sequential tuning grid and selected final configuration.

Factor Evaluated and selected value(s)

Tuning activation KANB21

Development series Aegean 19285, 19653, 19837, 20017; Brest 74769
Tuning seeds 0;1;2

Learning rate 0.0001; 0.0003; 0.001; 0.003 — selected 0.0003
Adam epsilon 1078107 7; 107 5 10" %; 10" * — selected 10~ °
Batch size 128; 256; 512; 1024 — selected 256

Epochs 75; 100; 150; 200; 300 — selected 150

Early stopping disabled; patience 10; 20; 30 — selected disabled
Transformer depth 1; 2; 3; 4 — selected 2

Attention heads 2; 4; 8 — selected 4

Final seeds 0;1,2;3,4

Final activations KANB17; KANB18; KANB21; ReLU; GELU; ParametricGELU
Trainable activation-parameter [-20, 20]

constraint

KANB17 initialization YP1 =-0.5; a = 3.0 (unchanged)

KANB18 initialization YP1 =-0.1; YP2 =-0.2 (unchanged)

KANB21 initialization YP1 =-0.5; a=3.0; b = 1.0 (unchanged)
ParametricGELU initialization a=1.0;b=10

PEMSO04 used a separate frozen training protocol. Table C.2 distinguishes the configuration
evaluated once on the test set from the later sensitivity sweep, which remained validation-only.
The sensor set was fixed at 2, 106, 202, 289 and 303.

Table C.2. PEMS04 frozen protocol and post-test validation-only training sweep.

Protocol Training settings Evaluation scope
Frozen validation/final-test Batch 512; initial LR 3 x 10~ #; constant LR; Five sensors x six activations x five
maximum 150 epochs; early-stopping seeds. The test set was evaluated
patience 20. once in the final 150-run
experiment.
control_b512_Ir3e4 Batch 512; initial LR 3 x 10~ “; constant LR. Three KANBs x five sensors x
three seeds (45 runs); validation
only.
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Protocol Training settings

b256_Ir3e4_plateau Batch 256; initial LR 3 x 10~ #;
ReduceLRONPlateau.

b256_Ir6e4_plateau Batch 256; initial LR 6 x 10~ 4
ReduceLROnNPIlateau.

b256_Irle3_plateau Batch 256; initial LR 1 x 10~ 3;
(selected shared) ReduceLROnNPIlateau.
b128_Ir3e4_plateau Batch 128; initial LR 3 x 10™ 4;

ReduceLROnNPlateau.

Markos Kontoulis

Evaluation scope

Three KANBs x five sensors x
three seeds (45 runs); validation
only.

Three KANBs x five sensors x
three seeds (45 runs); validation
only.

Three KANBs x five sensors x
three seeds (45 runs); validation
only.

Three KANBs x five sensors x
three seeds (45 runs); validation
only.

For PEMSO04, the selected protocols used Adam with epsilon 10~ ® and restored the best
validation weights. There was a maximum of 180 epochs along with validation-loss early stopping
with patience 30 and minimum change 10~ 4. The plateau schedules used a reduction factor of
0.5, patience 8 and a minimum learning rate of 10~ ®. The 225-run sweep was conducted after

the frozen test and did not evaluate the test set.
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