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Evyaprotieg

Oa NBeha va gvyapiomom tov emiPArenovia Kadnynt AréEavdpo Kapaypnyopiov yua
NV EUmeTOGHVN Kot TV avdbeon tov Bépatog kabag kot v otpién Tov KoTd TV
dapkel ekmoOVNoNg g epyaciog. Axoun Oa Mfela va gvyoploTIG® TNV GLVIPOPO LOV

Eva kot toug @idovg pov K.K. & A.Z. mov givor omhd pov oe xébe Prpa pov.






Hepiinyn

H npoPreyn ovveydv petofAnt®v omotelel onUovTiKO OVTIKEINEVO NG  CVYYPOVNG
OTOTIOTIKNG OvOAVONG Kol NG pnyovikng puddnong. Ilépa  amd ta KAACIKA YPOUUIKA
povtéda, &yxovv avomtuybel péBodol mowvikomomuévng maAwdopounone, O6mmg ot Ridge,
Lasso ot Elastic Net, ot omoieg emitpémovv TNV OVTIUETOMION TPOPANUATOV OT®G 1M
TOAVCVYYPUUMIKOTNTOS Kot 1 peiwon Oidotaong . IlapdAinia, ot pébodor dévipwv
TOAMVOPOUNONG OMOTEAOVYV U0 EVEMKTY UM TOPOUETPIKY) TPOCEYYIOT] TOL UTOPEl va
LOVTEAOTOMGEL UM YPOUMKEG OYECES UETAED TV UETOPANTOV, VA GUYYPOVES TEYVIKEG
omwg 1o Random Forests ocvvovdlovv moAlamAd oévipa pe okomd 1 PeAtioon g

wpoPAenTIKNG aKkpifetog.

Xmv mapoboo epyacio peAetdtol kol cvykpivetar 1 TPOPAENTIKY  KOVOTNTO TV
napomdve pefddmv, kabdg kol LVRPWIKGOV Tpoceyyicewv mov cvvovdlovv Tov aplBuod
TV petofAntov péom elastic net pe Regression trees. EmumAéov, e€etdlovtor yevikég
GUVOPTNCEL TOWVIKOTOINONG TOL YPNCIUOTOotEital o1 Oladikacion KAadEUATOS (pruning)
dévipav, pe ot1dx0 va OtepevvnBel Kotd TWOGO Ol YEVIKEVGELS OLTEG UTOPOLV  Va
BeAtidoovv Vv mpoPAentiky] wKavomTa Tov povtéAov. H oa&oddynon tov  pebddwv
TPOYLOTOTOEITOL UECH  EQPOPUOYDV OE TPAYUOTIKO OCOVOAN OEOOUEVAOV KOl GUYKPIONG
KATOAMNAOV pETpOV a&loAdyNong, He OKOmO TNV avAdElEn TV TAEOVEKTNUATOV Kol T®V
TEPOPICUOV KAOBe peBOO0L.

Xmv eloayoyikn evotnto cvl{nTovviol To OVO TPAYUOTIKE GUVOAN OEOOUEVOV OO TNG
R.

Y10 Kepdhoao 1 vyivetow ovoeopd otV TOAVCLYYPOLKOTNTO KOU TN OYEoM
petofAntoétTog kot pepoAnyiog evd ov {NTOVIOL CLVORTIKA TEYVIKEG GLPPIKVOONG
omwg Ridge, LASSO & Elastic Net ot omoieg umopovv va a&tomombodv otov meplopiopd
™G ToAvovyypapkoTTos (epocov veioctatal) kabmdg Kor otn peimon g ddotaong
(dimension reduction).

To Kepdhaio 2 sivar apiepopévo otig pebdoovg mov Pacilovior ce 0&vopa amdPaomg



KaBmg Kot 61N dodtKacio KAASGENATOG.

¥t0 Kepdhlowo 3  mpoteivovtar kot ocvl{ntovtar  d00  YEVIKELUEVEG  TEXVIKEG
mowiwkonmoinong ot omoieg kot epoappdlovtal ota dedopEvVa .

H ovykprtikg  a&oddynon tov  KAOCIKOV  dEVOpmV  amopoaons kobmdg Kol Tov
TPOTEWVOUEVOV TEXVIKOV POCICUEVOV OQEVOS LEV OTO UEGO TETPUAYMOVIKO GOOAUO Kot
o010 péyebog TOL 0EVOPOVL. XN CLYKPITIKN GE0AOYNOTN Y10 GKOTOUS OVTITOPOOANG £xel
TEPUANEOEl KoL M TEYVIKOV TV TUYOi®V 00OV oV Kol apopolVv HeYGAo aplBuod (cuyvd

UN UETPNGIUOV) EVIPMV.






Abstract

The prediction of continuous response variables is an important topic in modern statistical analysis
and machine learning. In addition to classical linear models, penalized regression methods such as
Ridge, Lasso, and Elastic Net have been developed to address problems including multicollinearity
and dimensionality reduction. At the same time, regression tree methods provide a flexible non-
parametric approach capable of modeling nonlinear relationships among variables, while modern

techniques such as Random Forests combine multiple trees in order to improve predictive accuracy.

This thesis studies and compares the predictive performance of the aforementioned methods, as well
as hybrid approaches that combine variable selection through Elastic Net with regression trees.
Furthermore, generalized penalty functions for the tree pruning process are investigated in order to
examine whether these generalizations can improve the predictive performance of the resulting
models. The methods are evaluated using real-world datasets and appropriate performance measures,

with the aim of highlighting the advantages and limitations of each approach.

The introductory chapter presents the two real-world datasets available in the R statistical

environment.

Chapter 1 introduces the concepts of multicollinearity and the bias—variance trade-off, and briefly
discusses shrinkage techniques such as Ridge, Lasso, and Elastic Net, which can be used to reduce

multicollinearity (when present) as well as to perform dimensionality reduction.
Chapter 2 is devoted to regression tree methods and the corresponding tree pruning procedure.
In Chapter 3, two generalized penalty functions are proposed, discussed, and applied to the datasets.

Finally, the classical regression trees and the proposed pruning techniques are comparatively
evaluated using the Mean Squared Error (MSE) and tree size as the main evaluation criteria. For
comparison purposes, the Random Forest method is also included, although it is based on a large (and

often uncountable) number of decision trees.
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INTRODUCTION

In statistical science, we aim to provide answers to problems concerning the relationship between
variables, with the ultimate goal of predicting the value of one variable using the observed values
of others.

The rapid advancement of technology and computing power has led to the collection of much
larger volumes of data compared to the past. Consequently, researchers are now faced with
problems of higher complexity, involving a greater number of variables and more intricate

interdependencies.

One of the most classical and fundamental methods for studying relationships among variables
and predicting the value of a dependent variable is regression analysis. In regression analysis,

through a set of independent variables, we attempt to achieve the best possible prediction of the
dependent variable by fitting a linear model to the data. The coefficients of this linear model are

typically estimated using the least squares method.

When the number of independent variables is large, there is an increased likelihood of
encountering multicollinearity, that is, a high correlation among explanatory variables.
The presence of multicollinearity leads to higher standard errors for the estimated coefficients,
wider confidence intervals, and reduced reliability of statistical inference. It therefore becomes

evident that proper variable selection prior to model estimation is of great importance.

The application of penalized regression techniques constitutes an effective approach to
addressing multicollinearity. Methods such as Ridge Regression, LASSO (Least Absolute
Shrinkage and Selection Operator), and Elastic Net penalize variables that exhibit high
correlation or low predictive contribution, while simultaneously improving the model’s
generalization ability. Moreover, they can also serve as variable selection techniques, identifying

the most relevant predictors.

An alternative approach involves the use of regression trees, which are easy to interpret,
construct, and visualize, yet they often underperform in terms of accuracy due to their tendency

to overfit the training data.



In the present dissertation, we examine techniques aimed at reducing the overfitting of regression
trees by introducing penalty functions that impose a cost on excessively large or complex trees.
In addition, we explore the combined use of machine learning—based variable selection methods
to investigate whether feature selection contributes to improving the accuracy and stability of

regression tree models.
Dataset Description

To evaluate the application and effectiveness of the techniques on real-world data, two well-
known datasets from the R datasets library are used: the Airquality dataset and the Boston

Housing dataset.

The Airquality dataset contains daily measurements of air quality in New York City from May to
September 1973.
It includes 154 observations and six variables, some of which contain missing values.

The response variable is Ozone concentration (Ozone), while the predictors include

Solar.R Solar radiation, in langleys
Wind average wind speed, in miles per hour
Temp maximum daily temperature, in degrees F
Month month of measurement
Day day of measurement

Table 1: Airquality Dataset

The Boston Housing dataset, originally published by Harrison and Rubinfeld (1978), provides
information on housing values in suburbs of Boston, Massachusetts.

It consists of 506 observations and 13 explanatory variables, with the response variable MEDV
representing the median value of owner-occupied homes (in $1000s).

The predictors describe socioeconomic, demographic, and environmental characteristics such as
the per capita crime rate (CRIM), the average number of rooms per dwelling (RM), the nitric

oxides concentration (NOX), and the percentage of lower-status population (LSTAT).



CRIM Per capita crime rate by town

ZN Proportion of residential land zoned for lots over 25,000 sq.ft.
INDUS Proportion of non-retail business acres per town

CHAS Charles River dummy variable (=1 if tract bounds river, 0 otherwise)
NOX Nitric oxides concentration

RM Average number of rooms per dwelling

AGE Proportion of owner-occupied units built prior to 1940

DIS Weighted distances to five Boston employment centers

RAD Index of accessibility to radial highways

TAX Full-value property-tax rate per $10,000

PTRATIO Pupil-teacher ratio by town

B 1000 x (Bk — 0.63) 2, where Bk is the proportion of Black residents by town
LSTAT Percentage of lower-status population

Table 2: Boston Housing Dataset

A descriptive statistical summary of the datasets is presented below.

A] Ozone dataset

Descriptive Statistics
Statistic N Mean St.Dev Min Max
Ozone 116 42.129 32.998 1 168
Solar.R 146 185.932 90.058 7 334
Wind 153 9.958 3.523 1.700 20.700
Temp 153 77.882 9.465 56 97
Month 153 6.993 1.417 5 9
Day 153 15.804 8.865 1 31

Table 3: Airquality Dataset Descriptives

As we can see the variables Solar.R and Ozone contain missing values. These missing observations

were handled using mean imputation, where the missing entries were replaced by the

corresponding variable means.

From the correlation plot below (Figure 1), we observe that Solar.R and Temp are positively

correlated with the dependent variable Ozone, while Wind is negatively correlated with it. The

variables Month and Day present correlations close to zero.
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Figure 1:Airquality Dataset Correlation Plot

In Figure 2 below, the histograms of the main variables in the dataset are presented. The response
variable Ozone exhibits a right-skewed distribution, while Temp and Wind appear more

symmetrically distributed
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Figure 2: Airquality Dataset Histograms

Figure 3 presents the scatterplots between the response variable Ozone and selected predictors. A

positive relationship can be observed between Temp and Ozone, while Solar.R also appears to be



positively associated with Ozone. In contrast, Wind seems to exhibit a negative relationship with

the response variable.
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Figure 3: Air quality Dataset Scatterplots

B] Boston Housing dataset

The descriptives statistics appears in Table 4

Descriptive Statistics
Statistic N Mean 5t Dev. Nin Max
crim 506 3614 8.602 00086 B8B976

zn 506 11.364 23322 0.000 100000
indus 506 11.137 6.860 0460 27740
chas 506 0.069 0.254 0 1
nox 5306 0.555 0.116 0385 0871
I 506 6.285 0.703 3.561 8.780
age 506 6B.575 28.149 2900 100000
dis 506 3.795 2106 1130 12126
rad 506 9.549 8.707 1 24
tasc 506 408237 168.537 187 711

ptratioc 506 18.456 2165 12600 22.000
black 506 356,674 91295 0320 396.900
lstat 506 12653 7.141 1.730 37970
med-r 506 22533 9197 5.000 50.000

Table 4: Boston Housing Dataset Descriptives
Figure 4 presents the correlation matrix of the variables in the dataset. The response variable medyv appears to
be positively correlated with 7m and negatively correlated with [stat. In addition, several predictors exhibit

notable correlations among themselves, indicating potential multicollinearity.
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Figure 4: Correlation Plot Boston Housing Dataset

The histograms of the predictors that show the highest correlation with the response variable are
presented below (Figure 5)
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Figure 5: Boston Housing dataset Histograms

As we can see in Figure 6, the variable 7m shows a relatively symmetric distribution, while /stat
appears right skewed. The variables medv and ptratio display moderate variability across the

dataset.

The figure below presents the scatterplots between the response variable medv and the predictors
Istat, rm, and ptratio. A strong negative relationship can be observed between /stat and medv, while
rm appears to be positively associated with housing prices. In contrast, ptratio shows a weaker

negative relationship with the response variable.

P - P s -
w| = e 2 & =
- - s 5
L 22 o e
5= . - - -
-~ -f-
-2 -
] 3 SIE i
& k3 - - - S
€ & 2| L
- s =
S T
= - 3= ey
= R S
1. - % a
= L]
.
H
10
Istat m ptratio

Figure 6: Boston Housing dataset Scatterplots

Lot RN

wed bl 0 e

LIRS n‘c'n‘:'

L 0;6

W

Mot IR

100 o' o nosmanhud wes s weod snaion s ¢

" m 'I-IJ,”‘I 'n'v 0



CHAPTER 1

PENALIZED REGRESSION

1.1 Feature Selection

In many cases, when a large set of independent variables is available for predicting a dependent
variable, it is desirable mostly for predictive purposes to select a smaller subset of them. Variable
selection is of particular practical importance, mostly for predictive purposes, as collecting data
for a large number of variables can be both time-consuming and costly. Moreover, model
interpretability improves when the number of variables is reduced. Including a large number of
variables may also increase the risk of overfitting, where the model captures noise rather than the
underlying data structure, leading to poor generalization performance on new data, as well as to

poor predictions.

During the variable selection process, it is essential to consider the predictive contribution of
each variable, as some variables may act as noise and provide little or no useful information to
the model. In addition, the correlation among independent variables should be carefully
examined, since high correlations may lead to the problem of multicollinearity, which is
discussed in the following paragraph. This issue becomes even more pronounced in high-
dimensional settings, where the number of variables may exceed the number of observations (d >

n), making classical estimation methods unstable or even infeasible.

From a statistical perspective, variable selection is closely related to the bias—variance trade-off,
as reducing the number of variables may increase bias but can significantly decrease variance,

leading to improved predictive performance, which is frequently the purpose of the analysis.

In this chapter, we examine how penalized regression methods can lead to more parsimonious
models by effectively performing automatic feature selection. Penalized regression methods
address this problem by introducing a penalty term that shrinks coefficient estimates, reducing

model complexity and, in some cases, setting certain coefficients exactly to zero. Among the



most widely used approaches are Ridge regression, Lasso, and Elastic Net, each of which

imposes a different type of penalty and leads to different variable selection properties.

The aim is to construct models with high predictive accuracy while maintaining satisfactory
interpretability. However, automatic variable selection methods such as stepwise selection,
subset regression, backward elimination etc. Through these methods may not always yield the

optimal model in terms of predictive performance and interpretability

1.2 The problem of multicollinearity

In high-dimensional data, it is common for the variables to exhibit high correlation among

themselves. In this case, the phenomenon of multicollinearity arises.

The presence of this phenomenon in linear regression should make us particularly cautious, as it

may easily lead to invalid conclusions as well as misleading interpretations.

Moreover, if one of the explanatory variables can be written as a linear combination of a subset of
the remaining explanatory variables, then this would lead to design matrices for which the
determinant of the matrix (X'X) is nearly zero. In such a case, the computation of the ordinary

least squares estimator

B=XX) XY @

is subject to rounding errors, resulting in a significant loss of accuracy, where:

e Xis the n x d design matrix associated with the d covariatesX1, X2, X3,.., X4,
e [isthe(d+1)x 1 vector of estimators for the d-dimensional vector of parameters and,

e Y is a n-dimensional vector of responses.

Due to the above problems that the existence of multicollinearity may create, it is necessary to
have simple ways in order to detect it. Some indications of multicollinearity related to the linear

model are the following: the predictions of the full model are close to the predictions obtained



when a variable is removed; the standard errors of the full model are considerably larger compared
to the model where a variable has been removed; and the confidence intervals are wider compared

to the model without that variable.

Another way to detect multicollinearity is through the variance inflation matrix (VIF) index

1
1 —R?%,

VIF), = k=1234,..,d—{k}

where Rj is the coefficient of determination of the model that uses X« as the dependent variable
and the remaining d — 2 variables as independent variables.

The larger the value of Rg, the larger the corresponding VIFk will be.

The index VIFk indicates how much the variance of an estimated coefficient Var(fSk) increases

when the corresponding variable exhibits multicollinearity.

Empirically, the following holds:!
e IfVIFr = 1, then Xk does not present a multicollinearity problem.
e IfVIFr > 10, then Xk presents a multicollinearity problem

Additionally, we can use the average VIF as a criterion for the absence of multicollinearity in the

model under consideration:

_ 14
VIF="SVIF
3 k

d
k=1

IfVI F =1, then it is easy to see that VIFx =1 for all k, and therefore no variable exhibits

multicollinearity with respect to the others.

1 M. Koutras and C. Evangelaras, AvdAuon mahwvdpounong: Oswplia kat epappoyég [Regression Analysis: Theory
and Applications] (Tsotras, 2018).
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However, if VI F is significantly greater than 1, this means that the VIFx for one or more values

of k is greater than 1, and thus there is an indication of multicollinearity.

Tables 5 and 6 present the Variance Inflation Factor (VIF) values for the Airquality and Boston
Housing datasets of the introductive section. It can be observed that in the Boston Housing dataset
some variables exhibit VIF values close to 10, suggesting the presence of moderate
multicollinearity. In contrast, the Airquality dataset shows low VIF values, indicating little to no

multicollinearity among the predictors.
Table 5 Boston Housing dataset VIF

Variable crim  zn indus chas nox rm  age dis rad  tax  ptratio black Istat
VIF 1792 2299 3992 1074 4394 1934 3101 396 7484 9009 1799 1349 2941

Table 6 Airquality dataset VIF

Variable Temp Wind Month Solar.R Day
VIF 1.685 1.275 1.274 1.144 1.033

1.3 Tradeoff between Prediction Accuracy and Model Interpretability

In many applications of statistical learning the models we develop are required to balance two

fundamental properties: interpretability and predictive accuracy.

For instance, the classical linear regression model is highly interpretable, as each coefficient
represents the marginal effect of an explanatory variable on the response variable, holding all other
variables constant. In contrast, more complex models such as neural networks or Support Vector

Machines are difficult to directly understand how predictions are generated.

However, complex models frequently achieve higher predictive accuracy, especially when the true

relationship between variables is nonlinear.?

When interpretability is the primary objective — as for instance, in economic, medical, or regulatory
applications — simpler models are typically preferred, even if they are slightly inferior in terms of
predictive performance. On the other hand, when the main goal is prediction, emphasis is placed

on maximizing predictive accuracy, regardless of model complexity.

2 A.Karagrigoriou , AloAé€eic paBrpatog Mnxoavikic Mdadnong [Machine Learning course lectures], MSc in Applied
Statistics, University of Piraeus
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Nevertheless, it is not uncommon for a simpler model to perform better than a more complex one.
This seemingly paradoxical result can be explained by the phenomenon of overfitting, where
highly flexible models capture not only the underlying structure of the data but also the random

noise, thereby reducing their ability to generalize to new observation.

Therefore, the key objective is not to make an absolute choice between accuracy and
interpretability, but rather to identify an appropriate balance between model complexity and

predictive performance - that is, to find the point that optimally trades off bias and variance.

1.4 Bias -Variance Trade-off

To understand the bias—variance trade-off, we must first clarify what is meant by variance and

bias in the context of a statistical learning method.

Variance refers to the amount by which the model’s prediction would change if we estimated it
using different training datasets. In other words, it measures the sensitivity of a method to
fluctuations in the training data. Ideally, we would like the estimated function to remain relatively
stable across different training sets. However, highly flexible or complex methods tend to exhibit

higher variance, since they adapt closely to the specific patterns of the observed data.

Bias, on the other hand, refers to the error introduced by approximating a complex real-world
problem with a simplified model and arises from the assumptions imposed by the model. For
example, assuming a linear relationship between predictors and the response variable when the
true relationship is nonlinear introduces systematic error. Simple models typically have higher bias

because they restrict the functional form of the relationship.

A general rule is that as model complexity increases; variance tends to increase while bias
decreases. The rate at which these two quantities change determines whether the Mean Squared

Error (MSE) increases or decreases:

A

n
MSE =1 2
Yi - Y[ .
P 20—
=

where, Y is the ith observation and Y. is the prediction of the it" observation.

Initially, as model complexity grows, the reduction in bias dominates the increase in variance,

leading to a decrease in the overall MSE. However, beyond a certain level of complexity, further

12



reductions in bias become negligible, while variance continues to increase. As a result, the MSE
begins to rise. This explains the bath-shaped curve of the test error as a function of model

complexity and highlights the existence of an optimal level of complexity that balances bias and

variance.
A :
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Model Complexity

Figure 7: Error vs Complexity

1.5 Ridge Regression

In large datasets, it is very common to encounter the phenomenon of multicollinearity. The
negative impact of collinearity on the Least Squares (LS) estimator in a regression context is
well known, as it leads to unstable estimates and inflated standard errors. To address this
problem, Hoerl and Kennard (1970) proposed Ridge Regression, a regularization technique that
adds a penalty term to the LS objective function. Unlike variable selection methods, Ridge

Regression does not remove predictors from the model but rather shrinks the coefficients of

some variables toward zero.

The estimators of Ridge regression are computed by minimizing

13



2
n(y —f —3d +AY4 2= RSS + A
Zi=1(yi 'BO Zkzl IBKxik) Zk:lﬁk Zk=1 1%

Where A is a positive tuning parameter; for A = 0, the solution coincides with the classical OLS
estimators.

An alternative way of expressing the same problem is to minimize

n d 2
2. i—pPo—X  PBrxik)
i=1 k=1
under the restriction:
d
2. PESst
k=1

where t depends on A.

As the parameter A increases, the regression coefficients are increasingly shrunk toward zero.
In this way, the variance of the coefficient estimates decreases, leading to a more stable and

accurate model

__ Ordinary Least Squares Method

Ridge Regression

Figure 8: Geometric interpretation of Ridge restriction.

In the figure above, the constraint }¢_ bk < tisrepresented geometrically in the context of

minimizing the least squares expression in two dimensions.
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Each ellipse corresponds to points where the Residual Sum of Squares (RSS) takes the same
value. Smaller the ellipse smaller the RSS. The minimum RSS is found at the center of the
smallest ellipse, which corresponds to the Ordinary Least Squares (OLS) estimators. It can

therefore be observed that solution exists to the minimization

Xy —-p -2 Bx )Zunderthe Y p <t
=1 i 0 k=1 k ik k=1 k

Letx = [x1,x2,... %], ||x|l2 = Va2=Fx2F—=x2
1 2

Ridge estimators are calculated as
Bridge = min{|lY — XB|| 7 + AlIBll 3 = min{Y'Y — 2°X'Y + B'B + AllBll 2
= min{=2B'XY + [IBIl2* + AlIBll 2} -
Differentiating the above expression with respect to f3
dBridge
dp

If the vectors of X are orthogonal, the least squares estimators are computed from the following

= —2X'Y + 28 + 278

relation: B = X'Y (see equation (1))

dBridge
dBridge ) 1
=0 -2 +20+2A8 =0 & pridge = g ,A=0.
LSE k 1_,__1 LSE

ag

The ridge estimators fridge exhibit lower variance and, consequently, smaller squared errors;
however, they are biased. The bias of the model is reflected in the intercept term [So, which

remains unaffected by the ridge penalty constraint.
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Figure 9: Variation of squared bias, variance, and mean squared error (MSE) with respect to the regularization parameter

In the figure above, the effect of the regularization parameter A on the bias, variance, and
mean squared error (MSE) is illustrated. As A increases, the bias also increases — and
consequently, the estimate of the intercept fotends to increase as well. Moreover, the mean

squared error rises according to the relationship
MSE(B) = VAR(B) + bias(B)?

At the same time, we observe a decrease in the variance of the coefficient estimates as A grows.
The objective is to determine the optimal value of A that minimizes the MSE — achieved
through a substantial reduction in variance accompanied by only a moderate increase in bias. The
selection of the optimal value of A constitutes a complex problem. According to Fan and Tang,
obtaining the exact optimal Ais not practically feasible. Fan and Li (2001) proposed evaluating a
sequence of candidate A values, fitting the corresponding models, and then selecting the most
appropriate one using well-known information criteria such as AIC or BIC. However, this

approach often fails to perform adequately when the number of predictors is large.
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Tibshirani (1996) considered cross-validation as a more practical technique for determining the
tuning parameter A. In this method, the dataset is initially divided into two parts: the first is used
to estimate the coefficients fridge, while the second is used to identify the value of A that
minimizes the cross-validation error. Since this approach does not utilize all available data for
coefficient estimation and thus results in a loss of information, a generalized version known as
K-fold cross-validation is typically preferred. In K fold cross-validation, the sample is
randomly partitioned into K approximately equal subsets (folds). Each subset is used once as a
validation set, while the remaining K — 1 subsets form the training set.

The procedure is repeated K times, yielding an estimated prediction error MSE; for each
iteration.

The overall cross-validation error is given by

K
MSE;
i=1

1
CVK = EZ

Typical choices for K are 5 or 10.
The optimal value of A is then selected as the one minimizing the average cross-validation error

across all folds.

1.6 LASSO Regression

A main limitation of Ridge regression is that, although the estimated coefficients are shrunk
towards zero, they never become exactly zero. This characteristic may lead to difficulties in
model interpretability, since models with a large number of predictors tend to be complex and
less transparent. In cases where many independent variables are available, it is often desirable to

identify only those predictors that have the strongest effect on the dependent variable.

To address this issue, the LASSO (Least Absolute Shrinkage and Selection Operator) method
was proposed by Robert Tibshirani (1996). In the LASSO approach, the coefficients are shrunk
similarly to Ridge regression, but unlike Ridge, some coefficients are forced exactly to zero,
effectively performing variable selection in addition to regularization. Therefore, the LASSO
method is particularly useful for high-dimensional datasets, where the number of predictors is
large and it is important to determine which variables have the most significant influence on the

response.
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The LASSO estimators are obtained by minimizing the following:

n d 2 d d

> i—pPfo—2 k=1,3kxik) + A Y|Bxl = RSS + AY|Bx«

i=1 k=1 k=1

where A > 0 is a tuning parameter that controls the amount of regularization applied to the

model.

An alternative way of expressing the same problem is to minimize

n d 2
2. i—po—XY  Bixi)
i=1 k=1
under the restriction:
d
> Il =t
k=1

where t is dependent by A.

Crdinary Least Squares Method

LASSO Regression -3 f‘_

Figure 10: Geometric interpretation of LASSO restriction
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In two dimensions, the LASSO constraint is given by

Zp—l |,3K| < t which forms a diamond-shaped (or rhombus) region in the coefficient space.

The ellipses represent the contours of the least squares loss function,

2

d
2. (yz'—ﬁo—Zkﬁxxz'k) :

i=1

The corners of the diamond correspond to points where some coefficients are exactly zero.
Thus, when the minimum of the objective function occurs at one of these corners, the
corresponding coefficient becomes zero, illustrating why LASSO tends to produce sparse models

and performs variable selection naturally.

LASSO estimators are calculated by
2
BLASSO = min{||Y — XB|l2 + AlIBIl 4 = min{Y'Y — 2B'X"'Y + BX'XB + A||B][1}
= min{—2B'X"Y + BX'XB + Al|Bl|1} .

If the vectors of X are orthogonal, the least squares estimators are computed from the following
relation: B = X'Y (see equation (1))

d

BLASSO = min ¥ —2B1seBx + Br® + A| Bxl
k=1

We aim to minimize the following expression

—2BLseBr + B’ + APkl

19



Since each term of the above sum corresponds to a distinct coefficient Sr, k = 1,2,..,d.
Consequently, each term can be minimized independently in order to obtain the optimal value for

the respective coefficient.

To minimize the above quantity, the least squares estimator and the LASSO estimator must
have the same sign. If they have opposite signs, their product becomes negative and the term

—2BLsePk increases, which in turn raises the value of the objective function.

In the case where BLse > 0 then By = 0

—2BrseBie + B + AP

Differentiating the above expression with respect to f3

A
BLASS0 = B ok ~3 ,A=0

Similarly, in the case where BLse < 0 the corresponding LASSO coefficient $; must also

satisfy B < 0

—2BseBr + Bi” — ABr

Differentiating the above expression with respect to B we get:

A
LASSO —
ﬁ - BLSE + E

So, the LASSO estimator can be expressed as:
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BLse — 5 »BLsg >0

'BLASSO

N N>

BLse + E’ BLse <0

The main difference between the LASSO and Ridge regression is that, for an appropriate choice
of the tuning parameter A, some coefficients become exactly equal to zero rather than merely

approaching zero. This occurs when the absolute value of the ordinary least squares (OLS)

estimator is smaller than 4. As a result, the LASSO method performs variable selection, which is
2

particularly desirable when dealing with a large number of predictors. As in Ridge regression,
selecting the optimal value of A in LASSO regression is a complex problem. The tuning
parameter A determines the amount of penalization and hence the degree of shrinkage applied to
the coefficients. Small values of A lead to less regularization and more complex models, whereas
larger values impose stronger penalties and yield simpler models. The optimal A is typically
chosen via k-fold cross-validation, where the data are split into k£ folds and the model is refitted k&
times, each time leaving out one fold for validation. The A that minimizes the mean squared

prediction error (MSE) across the validation folds is denoted as Amin.

Alternatively, one may select the A within one standard error of the minimum (A1se), which
applies a stronger penalty and results in a simpler, more parsimonious model, often with

comparable predictive accuracy.

1.7 Elastic Net

Tibshirani (1996) and Fu (1998) compared the predictive performance of the LASSO and Ridge

regression methods and concluded that neither method dominates the other.

In high-dimensional datasets, the LASSO method is particularly appealing, as it tends to produce
simpler and more interpretable models. On the other hand, despite its attractiveness and its good
performance in many situations, there are scenarios in which the LASSO method exhibits certain

limitations:

(A) When the number of predictors exceeds the sample size (p >> n), the LASSO can select

at most n variables with nonzero coefficients. This limitation arises from the geometric
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nature of the L1 optimization problem. Moreover, the LASSO is well-defined only when
there exists an upper bound on the Li norm of the coefficients, that is, || § 1< t for some
finite value of ¢.

(B) In situations where a group of predictors are highly correlated with each other, the
LASSO usually selects a single representative variable from the group, without
distinguishing which of them carries the actual predictive information.

(C) When the number of observations exceeds the number of predictors (n > p) and
substantial correlations exist among the predictors, Ridge regression has been empirically

shown to outperform LASSO in terms of prediction accuracy (Tibshirani, 1996).
Clearly, scenarios (A) & (B) make LASSO an inappropriate variable selection method.

Zou and Hastie (2005) proposed a penalization method that performs better than LASSO, known
as the Elastic Net. Their objective was to develop a technique that retains the advantages of
LASSO while overcoming its limitations under scenarios (A) and (B). The Elastic Net combines

the properties of Ridge and LASSO regression:

e as it achieves continuous shrinkage
e performs automatic variable selection and,

e s capable of selecting groups of correlated predictors.

Zou and Hastie metaphorically described the Elastic Net as a “stretchable fishing net that retains
all the big fish.” *Both simulation experiments and empirical data analyses have demonstrated

that the Elastic Net often outperforms LASSO in terms of predictive accuracy.
Suppose that we have a dataset with n observations and p independent variables with:

e Y=(y1,y2...,Yyn) is the response variable,
o X=(Xi,X> X3, Xp) the model matrix and,
T . .
e xj = (x1j,x2j,...,%nj ) the predictors after scaling ¥, yi = 0, Y- xij =

O,Z?zl xji2=1 j=1,..,p.

3Zou, H., & Hastie, T. (2005). Regularization and variable selection via the elastic net. Journal of the Royal
Statistical Society: Series B (Statistical Methodology), 67(2), 301-320. https://doi.org/10.1111/j.1467-
9868.2005.00503.x
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Zou and Hastie (2005) defined the naive elastic net criterion as follows:

LA a,pB) = |y = XBI* + (1 = ) |BI* + AalBlx (2)
where |B|*> =2%¢ Bj?and |Bli =2 |B)l.
j=1 j=1

The naive elastic net estimator f is the minimizer of equation (2).

The proposed procedure can be regarded as a regularized least squares framework.
B = argminl||ly — XB||?> subjectto A1|B|1 + A2|B|> <t fort > 0.

The term A1|B|1 + A2|B|?is known as elastic net penalty which represents a combination of the
LASSO and Ridge penalties. The parameter a € [0,1]controls the relative contribution of the
Ridge and LASSO penalties. Setting @ = 1 yields the LASSO solution, while @ = 0 leads to

Ridge regression.

B2
e Ridge
S Lasso
iejpussnse: S Elastic Net
.// - g s <
Py = S S \ ~
. _// S \\ =
// ST
T S e R
o= - B
\\-\ o ,’, //,“-
R 52 A
\ .- Z#
e = - //
s \\\, _ 5 = i .- -

Figure 11: Geometric comparison of Ridge, LASSO, and Elastic Net in a two-dimensional space

It should be noted that the selection of the most appropriate method cannot be known as a priori,
as it depends on the structure and nature of the data. LASSO and Elastic Net techniques tend to
produce simpler models with fewer parameters through the process of variable selection, which

results in models that are more interpretable. However, when all predictors are relevant, setting

23



some coefficients exactly to zero may lead to information loss, making the LASSO less effective
compared to Ridge regression. The Elastic Net is more computationally demanding, since for
each possible value of the parameter A1, it must search for the optimal value of A2.

The Ridge regression shrinks all coefficients by the same proportion, providing more stable
estimates and better predictive performance, whereas the LASSO shrinks the coefficients toward
zero by varying amounts, setting some exactly to zero, thus producing models with fewer

variables and greater interpretability.

1.8 Applications
We proceed with the application of the methods presented in this chapter on Airquality and
Boston Housing datasets. We begin with the Airquality dataset, which contains a relatively small

number of variables that exhibit moderate correlations among them.

The following table presents the selected values of the hyperparameters A and o for the Ridge,
Lasso, and Elastic Net models on the Airquality dataset. These values were obtained through a

cross-validation procedure with k =5

Model a A
Ridge 0 47387
Lasso 1 8.675

Elastic Net 0.700 9.375

Table 7: Models Hyperparameters

Figure 12 illustrates the coefficient paths of the ridge regression model applied to the Airquality
dataset as a function of the L2 norm of the coefficients. Each curve represents a regression
coefficient and shows how it evolves as the L2 norm increases. As the L2 norm becomes larger,
the coefficients are allowed greater flexibility and move further away from zero, approaching
their ordinary least squares estimates. Conversely, for smaller values of the L2 norm, the
coefficients are more constrained and shrink closer to zero. This behavior reflects the trade-off

between model flexibility and regularization imposed by ridge regression.
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Figure 12: Ridge Coefficient Paths
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Figure 13: MSE vs Log(A)

Figure 13 presents the cross-validation results for the ridge regression model. The horizontal axis
represents the values of the regularization parameter A on a logarithmic scale, while the vertical
axis shows the corresponding mean squared prediction error. Each red point corresponds to the
average cross-validation error, with the grey bars indicating one standard error. The right line
represents the value of A that minimizes the prediction error, while the left dashed line represents
a more regularized model within one standard error from the minimum. This plot allows us to
select an appropriate level of regularization that balances predictive performance and model

stability.

We now proceed with the Lasso regression model, which introduces an alternative form of

regularization that can lead to sparse solutions.
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Figure 14: LASSO coefficient paths

Figure 14 illustrates the coefficient paths of the lasso regression model applied to the Airquality
dataset as a function of the L1 norm of the coefficients. As the L1 norm becomes larger, the
coefficients are allowed greater flexibility and move further away from zero, approaching their
ordinary least squares estimates. Conversely, for smaller values of the L-norm, the coefficients
are more constrained and shrink closer to zero and some of them are becoming equal to zero.
This property enables lasso regression to perform variable selection by effectively removing less

important predictors from the model.

o012 2 3 3 3 33 3 33 3 455 5555 55555855 55 5 5 5

(=]
IS
o
A
T +
e -
2 i
= g1 |||,
w L)
R +
5 +
i} '..
= g | IR
[7=] P T 2 e s s s ss st s ss s sss s ssees T EERERRREE BROE S
(o]
S T T T T T T
3 2 -1 ] 1 2
—Log(x)

Figure 15: MSE vs Log(A)
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In this case, the value of Aiseresults in a sparser model by selecting 3 predictors, where some

coefficients are shrunk exactly to zero, effectively removing less important predictors.

Having examined Ridge and Lasso regression, we now proceed to Elastic Net, a regularization
method that combines the shrinkage property of ridge regression with the variable selection

ability of Lasso.
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Figure 16: Elastic Net coefficients paths

Figure 16 illustrates the coefficient paths of the elastic net regression model applied to the
Airquality dataset as a function of the combined L1 and L2 norm of the coefficients. As the norm
increases, the coefficients are allowed greater flexibility and move further away from zero,
corresponding to weaker regularization. Conversely, for smaller values of the norm, the
coefficients are more constrained and shrink towards zero, with some of them becoming exactly
zero. This demonstrates that elastic net combines the shrinkage effect of ridge regression with

the variable selection property of lasso, leading to a balanced and interpretable model.

The same modeling procedure was applied to the Boston Housing dataset. Since the
methodology is identical to that presented above, we focus here on the main results and the

comparative performance of ridge, lasso and elastic net.
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The table above presents the selected values of the hyperparameters A and a for the Ridge, Lasso,

and Elastic Net models on the Boston Housing dataset. These values were obtained through a

cross-validation procedure.

Model a A
Ridge 0 4.599
Lasso 1 0303

Elastic Net 0.700 0.571

Table 8: Model Hyperparameters
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Figure 17: Ridge coefficients path

Figure 17 illustrates the ridge regression coefficient paths for the Boston Housing dataset.
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Figure 19: Lasso coefficient path

It is observed that several variables tend to become exactly zero as the L1 norm decreases,
highlighting the sparsity induced by the lasso regression method (see fig.19)
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Figure 20: LASSO Cross-Validation Curve

The more conservative Aise rule results in a simpler model, selecting approximately 10
predictors, thus reducing complexity while maintaining good predictive performance.
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Figure 21

Figure 21 illustrates the coefficient paths of the elastic net regression model applied to the
Boston housing dataset.
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CHAPTER 2

Tree-Based Models

2.1 Introduction to tree-based methods

In this chapter, we describe tree-based models. These models allow us to make decisions and
generate predictions regarding our data in a simple and intuitive manner. In contrast to other
statistical methods, tree-based models could not have been developed without the use of

computers, as their implementation requires substantial computational power.

The need for such methods arose primarily from social scientists who are often required to address
various problems related to the data structure, similarly to the development of other techniques
such as factor analysis. Although early versions of these methods existed as early as the 1960s, the
formal development of the CART (Classification and Regression Trees) methodology was
introduced in 1984 by Breiman et al. The CART algorithm was a milestone in the development of

machine learning and tree-based modeling.

Tree-based models are divided into two main categories: classification trees and regression trees.
Both approaches describe a mechanism through which the observed data lead to a specific
predictive outcome, regardless of whether the task concerns regression or classification into
categories. These models are highly interpretable, as they are based on discrete steps, with each
step defined by a simple decision rule. Furthermore, they do not require strict distributional

assumptions about the data, which makes their implementation particularly attractive.

The structure of a tree-based model is well-defined and remains consistent regardless of its specific
type. The construction process begins with an initial node, the so-called root node, which contains
all available observations. The root node is subsequently partitioned into two child nodes
according to a decision rule based on one of the available explanatory variables. In each node the
algorithm selects the split that maximizes an information criterion. This recursive splitting

procedure continues until a predefined stopping criterion is satisfied. The resulting final nodes,
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commonly referred to as terminal nodes or leaves, correspond to the predictive outcome of the

model.

Pelal.Length< 2.45
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versicolor virginica

Figure 22: Classification Tree on IRIS dataset 4

The fundamental idea underlying tree-based methods is the partitioning of the feature space of the
original variables into disjoint regions R1, R2, R3, ..., Rk. For every observation that falls within

the same region, the model assigns the same estimate of the response variable.
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Figure 23: Partitioning of the two-dimensional feature space

4 A Karagrigoriou , Atahé€eLg padnuatog Mnxavikric Md&0nong [Machine Learning course lectures], MSc in Applied
Statistics, University of Piraeus
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Despite their simplicity and interpretability, single tree models often exhibit lower predictive
accuracy compared to other regression or classification methods. However, ensemble approaches
such as random forests combine a large number of trees and achieve significantly improved

predictive performance.

2.2 Regression Tree Models

In this thesis, we will primarily focus on regression trees. Regression trees are tree-based models
that are used for the prediction of a dependent variable that is numerical. As already mentioned,
they are highly interpretable and do not require strong assumptions about the data, such as the

existence of a linear relationship.

The structure of a regression tree is similar to the general tree structure described above. However,
there are certain differences. First, each terminal node is associated with a specific value, which
represents the prediction of the dependent variable. Specifically, the prediction assigned to each

terminal node is equal to the mean response observations that in that region.

The criterion used for partitioning the initial feature space into subregions is the minimization of

the residual sum of squares (RSS)

K
RSS=33  (i—r)

k=1 iERy
Where yr, notes the estimate of the response variable for the observations that belong to region

Rk, k =1,2,.. K. For this estimation, the mean of the response variable is calculated using the

training data.

It is infeasible to consider all possible subregions that could be formed within the feature space.
For this reason, a top-down approach is adopted, known as recursive binary splitting, in which the
process begins at the top of the tree, where the feature space contains all observations, and proceeds
through successive partitions of the explanatory variable space. Each split is represented by two

new branches that extend further down the structure of the tree.
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This approach is characterized as greedy because, at each stage, the best possible split is selected
for that particular step without taking into account the possibility that an alternative split might

lead to a better overall tree at a subsequent stage.

The partitioning is performed by selecting one variable X from the set of explanatory variables
and a cutpoint s. The feature space is then divided into the two regions { X; < s }and { X; > s }.
All explanatory variables X;s and all possible cutpoints s are examined, and the pair (X» s)that

yields the smallest possible RSS is selected.
Specifically let:
Ri(i,s) = {X|X: > s} & R2(i, s) = {X|X: < s}

and look for the values of i and s that minimize

> (yi—yr1)?>+ 3 (yi — Yra)?

xi eR1 xieR2

where yr,is the mean response of the training observations that belong to region R1(i, s), and
YR, is the mean response of the training observations that belong to region Rz(i, s). When the

number of explanatory variables is not very large, the determination of the optimal i and s can be

carried out relatively quickly.

The procedure is then repeated by searching for the predictor and the new cutpoint that further
minimizes the RSS within the newly formed regions. However, instead of partitioning the original
feature space again, one of the previously created regions is split into two subregions. As a result,
four regions are obtained, and the algorithm evaluates whether further partitioning is possible. The
process continues until a stopping criterion is satisfied; for example, it may terminate when no

region contains more than five observations.

Once the regions R1, ..., Rk have been constructed, the prediction for a new observation (test
observation) is given by the mean response of the training observations that belong to the region

in which the new observation falls.
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Figure 24: Regression tree model structure

Although this procedure may produce satisfactory results, a common limitation of tree-based

methods is their tendency to overfit the training data.

2.3 Tree versus Linear Models

Regression Trees are very different from the classical approaches of linear regression. Linear

regression assumes a model of the form

14
Y= +2XPB
0 i
i=1
where f§i are the classical OLS estimators. On the other hand, regression trees assume a model of

the form

M
Y = >} cmlxer,

m=1
where Rp, is the partion of the future space and cm is the mean of y; in R, region.

The selection of the model depends on the data. If the relationship between variables is linear
then a linear model will outperform a regression tree model that doesn’t take into concern the

linear structure.
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On the other hand, if data structure is nonlinear and high complexity tree model may perform

better than a linear model .
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Figure 25: Linear vs nonlinear structure

In Figure 25, we observe different configurations of a two-dimensional predictor space based in
two variables X1,X2 .In the first case and the second case (top left and top right), there is a clear
linear relationship between the two variables, as the decision boundary is represented by a
straight line . Therefore, we expect the classical linear regression model to outperform a

regression tree, since the tree model does not explicitly exploit the linear structure of the data.

In the remaining cases, however, the decision boundaries are not linear. Instead, we observe
rectangular regions, suggesting that the true relationship between the variables is nonlinear. In

such situations, a linear model will not perform well.

By contrast, a regression tree, through recursive partitioning of the predictor space, can adapt to

complex and nonlinear patterns. Consequently, when the underlying relationship is nonlinear or
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exhibits local structural variations, we expect the tree-based model to achieve superior predictive

performance compared to the classical linear model.
Regression trees have a number of advantages over the classic linear model
1) Trees are very easy to explain to people. In fact, they are even to explain than linear
regression.
2) Trees can be displayed graphically and are easily interpreted even by non-experts.
3) Trees exhibit robustness to Outliers.
4) Trees can easily handle qualitive predictors without the use of dummy variables.
5) Variable Selection only high correlated predictors appear to tree structure. Predictors with

stronger correlation with the response variable tend to appear in the first levels of the tree.
However, regression trees also suffer from important disadvantages:

1) Regression trees are unstable: Small changes in the data may lead to different tree
structures which reflects their high variance nature.
2) Lower predictive accuracy: A single regression tree often does not achieve the same

predictive accuracy as more structured models.

2.4 Overfitting

Overfitting refers to the situation in which a statistical model is overadapting in the training dataset,
capturing not only the relationship of the data but also random noise. Although such a model may
achieve very low training error, its predictive accuracy on new observations is often low so the
model is unable to reach a good predictive performance .This situation is closely connected to the
bias—variance trade-off, since models with increased flexibility typically exhibit reduced bias but
substantially higher variances .On other hand, underfitting occurs when the model is very simple

and 1s unable to capture the relationship on the dataset leading to poor performance.
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Figure 26: Overfitting vs Underfitting

Regression trees tend to overfit due to their binary splitting procedure, which greedily selects splits
that minimize training error at each step. When allowed to grow without restrictions, trees may
become excessively deep, generating many small terminal nodes that reflect irregularities of the
dataset rather than true relationships. Consequently, without controlling the size of the tree with
mechanisms such as pruning, fully grown trees tend to display high variance and limited

generalization ability.

2.5 Pruning

The size of the tree must be investigated, since large trees have greater complexity and tend to

overfit the data. RSS is not a good measure for selecting a subtree because it favors bigger trees.

However, it is impossible to know in advance the appropriate tree size. Therefore, our strategy is
to allow the tree to grow until a certain criterion is satisfied, usually when no significant

contribution is offered in the reduction of the RSS and then proceed to the pruning process.

Through pruning, our goal is to find the tree with the smallest possible size so that we gain

simplicity, while at the same time achieving the smallest possible error in order to gain accuracy.

This procedure is carried out using a method that employs a cost function so as to “penalize” large

trees. This procedure is known as Cost Complexity Pruning.
Let | T | denote the number of terminal nodes in each tree, and let

N = #{xi € Ri}.

Then, the cost C function is definedas: C (T) =XY" Y (y —y i
a a i=1 i€Rm i Ry TalT|
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The parameter & > 0 expresses how strict the penalty will be for the size of the tree represented
by |T|. In case of a = 0 this essentially means that no penalty is imposed, whereas as « increases,
the size of the tree tends to become smaller as a approaches infinity. For each value of «, it can

be shown that there exists a unique subtree that minimizes Ca(T).

To determine the ideal T«, we use the weakest link pruning algorithm. The main idea of this

procedure is described in the following algorithm.

Let To be the full tree and k=0.

R(t)—R(Tp)
[Tel—1

Step 1: In Tree T® for each internal node we calculate a(t) = so a(t) is the

increase in the error when we remove the subtree T with root at node t.

Step 2: Find the weakest link. We are looking for the node t that minimizes t*
t *= min(a(t)) and ar+1 = a(t *).

Step 3: Create a new tree removing the subtree which star from node t*.

Step 4: Repeat Steps 1-3 until a single root tree remains.

The above algorithm returns two sequences. The first is a decreasing sequence of subtrees 7/4!l 5
Tfull-1 o Tfull=2 5., 5 t while the second is an increasing sequence of penalty parameters «,

with a1 = 0.

It can be shown that there exists a one-to-one correspondence between the sequence of a values

and the corresponding sequence of subtrees.

In the initial stages, the algorithm tends to prune subtrees that contain a large number of internal
nodes. As the tree becomes progressively smaller, the number of nodes removed at each step

decreases.
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Tree £ Tz T3 Ty Ts Tg Tz Tg Tg Tyg Ti1 Ti2 Ti3
71 ©63 S8 40 34 19 10 9 7 6 s 2 1

|7, |

Table 9: Number of Terminal Nodes in Each Pruned Tree

The algorithm does not return a single tree, but rather a sequence of subtrees. Through the cross-

validation procedure, we can then select the optimal tree.

More specifically, for each fold of the training set, the tree is first allowed to grow to its full size
(a full tree), and the pruning algorithm described above is applied to generate a sequence of values

of the penalization parameter aalong with the corresponding subtrees.

For each value a in this sequence, we compute the prediction error on the validation fold. Then,
we calculate the mean cross-validation error (CV error) across all folds and select the value of

a that minimizes it. Formally,

d = arg min CV(a).
a

The final selected tree is the subtree corresponding to the value d.In practice, this entire procedure
is implemented through statistical packages, which automatically perform both the pruning

algorithm and the cross-validation process in order to return the final selected tree.
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2.6 Applications

In this section, we apply tree-based models to both datasets considered in this Thesis, in order to
investigate the behavior of the pruning algorithm, for understanding how pruning affects model
structure and prediction accuracy. We begin with the Airquality dataset, with the aim of predicting

ozone levels. The initial full tree has 10 nodes (see Figure 27).

Temp|< 8.5
I

\
Solar.R = 54—E 255 Wing < 6

1215 24.71 36.90

Solar.R =210 Temp = 845

Solar.R|[=252.5 Wind|= 8.3
71.22 118.90 Temp
34 46 49.80

62 60 91.40 56.51

Figure 27: Full tree on Airquality dataset

We first examine the order in which variables appear in the tree. For each independent variable,
we fitted a simple linear regression model with Ozone as the response variable and the
corresponding variable as the sole predictor. We then computed the coefficient of determination
(R?) for each model. We observed that the tree tends to split first on variables associated with
higher R? values. This is consistent with the tree-building procedure, as variables that explain a
larger proportion of the variability in the response lead to greater reductions in the residual sum of

squares (RSS) and are therefore selected at earlier splits.

We then proceed with the pruning procedure. In the following diagram, we observe how the

residual sum of squares (RSS) changes as a function of the tree size.
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Figure 28: Tree Size vs RSS

From the cross-validation plot (Figure 28), we observe that the RSS decreases rapidly up to around
5 terminal nodes and then stabilizes, with only marginal/minimal improvements thereafter.
Therefore, we conclude that selecting a tree with 5 leaves provides a good balance between model

complexity and predictive performance.

Figure 29 presents the pruned regression tree. Despite its reduced complexity, the increase in RSS
compared to the full tree is considered to be minimal (approximately 20 units), indicating that

pruning leads to a simpler model without a significant loss/cost in predictive performance.

Temp<78.5
T

23.91

SolarH{ =210 Temp [+ 84.5

71.232 118.90 2900 65 42

Figure 29: Pruned Tree on Airquality dataset
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We have also applied the regression tree model to the Boston Housing dataset with a view to

predict the median housing value. The full tree consists of 10 terminal nodes (see Figure 30).

m = 6.8375

Istat|< 15 rm = f.435

Istat < [11.315 ptratiof« 17.9

m = §.542 nox < [0.603 3334 23.03 46.54 3648

ﬁ19 645
Istat j 9.66

17.83
2802 1518 1073

23.48 20.41

Figure 30: Full tree on Boston Housing dataset

We proceed with the pruning procedure. In the following diagram, we observe how the residual

sum of squares (RSS) changes as a function of the tree size.

Cross-Validation yia Pruning

Deviance
20000 30000
| |

10000
|

ApIBUSS UMWYV

Figure 31: Tree Size vs RSS
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More specifically, the cross-validation curve in Figure 31 shows that the deviance decreases
sharply as the number of terminal nodes increases from 1 to around 4-5, indicating a significant
improvement in model fit. Beyond this point, the reduction in deviance becomes
marginal/minimal, suggesting diminishing returns from adding more complexity. This implies that
a smaller tree with 5 or 6 terminal nodes achieves a good balance between model accuracy and

complexity, while larger trees do not provide substantial additional predictive benefit.

rm < §.8375
I

lstat|= 15 rm=.435

3184 4475
rm<§.542 nox <|0.603

2174 2802 17.83 1275

Figure 32: Pruned tree on Boston dataset

Figure 32 presents the pruned regression tree. Despite its reduced complexity, the increase in RSS
compared to the full tree is relatively small (approximately 9 units), indicating that pruning is more
interpretable model (as compared to the original tree) without a great loss/cost in predictive

performance.
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CHAPTER 3

Advanced Techniques

In this chapter, we propose two modified penalization functions for regression trees in order to
examine how the structure of the penalty and the number of variables involved influence the

final tree size and overall model complexity.

Furthermore, we introduce more advanced machine learning techniques, random forests, which
extend the idea of tree-based methods by combining multiple trees to improve predictive

performance and reduce variance.

Finally, we conduct a comprehensive comparative analysis of all methods presented in the
previous chapters, evaluating their predictive performance on the considered datasets. The results
aim to highlight the strengths and limitations of each approach, as well as to assess whether the

proposed penalization schemes can lead to improved model selection and generalization ability.

3.1 Advanced Penalized Techniques

The classical penalization scheme in regression trees is linear with respect to the size of the tree.
In this section, we extend this framework by introducing an exponent on the tree size, aiming to
examine how such a modification affects both the behavior of the algorithm and the resulting tree
complexity. In particular, we investigate the impact of transforming the penalty function from a

linear to a polynomial form.

To this end, we redefine the cost function by incorporating an exponent b on the tree size.
C(T)=RSS +a | T

Figure 33 illustrates the behavior of the proposed penalization scheme as a function of the

exponent b for different tree sizes. As b increases, the cost associated with larger trees increases
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at a significantly faster rate compared to smaller trees. This results in a stronger penalization of

complex models, effectively favoring simpler tree structures for higher values of b.

In contrast, for lower values of b, the differences in cost across tree sizes are less pronounced,
allowing larger trees to remain competitive. This emphasizes the role of the exponent as a tuning

mechanism that controls the trade-off between model complexity and goodness-of-fit.
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Figure 33: Cost vs Tree Size

The second modified cost function presented in this section aims to combine the classical
penalization framework used in regression trees with the regularization approach of the elastic
net in linear models. The main objective of this modification is to incorporate information
regarding the number of variables utilized by the tree into the penalization process. Specifically,
this approach seeks to account not only for the size of the tree, but also for its structural
complexity in terms of the predictors involved. We introduce a new linear penalty function,

defined as follows:

C(T) = RSS/n + c(agy | T | +AV(T))
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The constant c, as well as the normalization of the RSS by the number of observations, are
introduced for scaling purposes. V(T) is the number of variables participating in the tree. The
parameters aen and A are selected via cross-validation when applying the elastic net to the full
set of predictors, allowing the procedure to account for both the correlation structure and the

relative importance of the variables.

Tables 10 and 11 report the values of the cost function across the considered datasets.

c Size RSS Penalty Cost c Size RSS Penalty Cost
1 0.01 10 43004 0.09 11.81 7 0.01 10 228854 0.11 200.86
2 003 10 43004 029 1200 2 0.03 10 228854 0.34 201.09
3 010 10 43004 0.91 1262 3 0.10 10 228854 1.08 201.83
4 032 10 43004 287 1459 ¢ 032 10 228854 3.43 204.18
5 1.00 10 43004 907 2079 5> 1.00 10 228854 10.84 211.59
6 3.16 5 66454 1434 3245 5 3.16 10 228854 3428 23503
7 10.00 4 76847 3834 5928 7 10.00 9 239914 9330 303.75
8 31862 2 154734 6062 10278 3 31.62 5 321604 19385 47596
9 100.00 1 328888 70.00 15962 2 100.00 3 474457 382.00 798.19
10 316.23 1 32888.8 22136 31097 2 316.23 1 1072908 25298 1194.13
11 1000.00 1 32888.8 700.00 789.62 7 1000.00 1 107290.8 800.00 1741.15

Table 10: Cost Function (Boston Housing dataset) Table 11 Cost Function (Airquality dataset)

Table 10 corresponds to the Boston Housing dataset, while table 11 refers to the Airquality
(Ozone) dataset. The parameter c is introduced as a scaling parameter in order to account for the
substantial difference in magnitude between the RSS and the penalty term, ensuring that both

components contribute meaningfully to the overall cost function.

More specifically, in the Boston Housing dataset, when ¢ approaches values around 3, the
influence of the penalty term becomes noticeable, leading to a deviation from the purely RSS-
driven selection of large trees. In contrast, for the Airquality dataset, the value of ¢ must be
significantly larger with values around 30 for the penalty to present an effect. This difference can

be attributed to the much larger scale of the RSS values in this dataset.

This observation highlights that the RSS term drives the behavior of the cost function. As a
result, higher RSS values require stronger penalization aiming to balance the trade-off between

good fit and model complexity.
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Importantly, once the penalty term becomes sufficiently influential, the selected tree sizes begin
to align with those obtained via the classical cost-complexity pruning algorithm, indicating

consistency with established pruning methodologies.

Based on this analysis, we select a tree of size 5 for both the Boston Housing and the Airquality
datasets, as these correspond to the point where the penalty effectively balances model fit and

complexity without leading to over-penalization.

For the Boston Housing dataset, we examine the behavior of the proposed penalty under two
limiting cases: when agy — 0, where Elastic Net approximates Ridge regression, and when

aen — 1, where it approaches LASSO.

We begin with the case aenv — 0. Keeping the parameter ¢ = 3.16 fixed, we observe from the
corresponding plot that as aen decreases (from values around 0.7 towards 0), the imposed penalty
gradually diminishes and eventually becomes zero. As a result, the model converges to the full

tree, with no regularization applied.

Effect of alpha_EN on Tree Size (c = 3.16)
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Figure 34: Tree size vs alpha hyperparameter

Next, we consider the case aev — 1. In this region, as aenincreases, the size of the tree decreases,
indicating a stronger penalization effect. In particular, a noticeable transition point appears around

aen =~ 0.9, beyond which the tree becomes simpler.
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These findings suggest that the parameter aen plays a crucial role in controlling tree complexity,

acting as a bridge between Ridge-type and LASSO-type regularization.

Effect of alpha_EN on Tree Size (c = 3.16)
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Figure 35: Tree size vs alpha hyperparameter

3.2 Random Forests

Random Forests constitute one of the most widely used machine learning algorithms. They were
introduced in 2001 by Leo Breiman and Adele Cutler. They belong to the class of ensemble
methods, as they are composed of multiple decision trees and combine the predictions of
individual trees in order to improve overall performance. They can be applied to both regression

and classification problems.

The Random Forest algorithm can be seen as an extension of the bagging method, which was
also introduced by Breiman. The main idea is to construct a significant number of trees, typically
ranging from 200 to 1000. For each tree, a bootstrap sample is drawn from the training dataset. It

is worth noting that approximately one-third of the observations are not included in this process.

In addition, for each split in a tree, a random subset of predictor variables is considered. These

two sources of randomness—bootstrap sampling and random feature selection—ensure that the
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trees in the forest are less correlated with each other, which is crucial for improving predictive

performance.

Depending on whether the problem is classification or regression, the final prediction of the
forest is produced differently. In classification problems, the output is determined by majority
voting among the trees, while in regression problems, it is given by the average of the individual

tree predictions.

The observations that are not included in the bootstrap sample (out-of-bag observations) are used
to estimate the generalization error of the model, providing an internal validation mechanism

without the need for a separate test set.

A key advantage of Random Forests is that they significantly reduce overfitting and are robust
due to the randomness introduced in their construction. As the number of trees increases, the
generalization error tends to stabilize, which aligns with the intuition behind the law of large

numbers.

Furthermore, the algorithm provides a measure of variable importance. Variables that lead to a
significant increase in the out-of-bag error when permuted are considered important, offering an

additional tool for feature selection.

A key disadvantage of Random Forests is that they are less interpretable than simpler models.
Although they provide strong predictive performance, it is harder to understand how each

variable affects the final prediction
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Figure 36: Schematic representation of a Random Forest model

We present a set of plots obtained from applying the Random Forest algorithm to the two datasets,
starting in Figure 37 with the Boston dataset in the left plot and the Airquality dataset following in
the right plot. Figure 37 illustrates the importance of each variable by showing the percentage
increase in MSE when the values of a variable are randomly shuffled and the plot presents how
each variable contributes to tree purity. This provides a measure of the importance of each

predictor. It can also be used as a tool for variable selection in other models.

Variable Importance - Random Forest
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Figure 37: Variance Importance Plot on Boston Dataset
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As can be observed from the above plots for the Boston Housing dataset, the variables rm, Istat
and nox are the most influential predictors, while the remaining variables have a smaller
contribution. Overall, the results suggest that a few key variables play a dominant role in

determining the predictive performance of the model.

OOB vs Number of trees
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Figure 38: Out of Bag error vs Number of trees

Figure 38 shows how the out-of-bag (OOB) error changes as the number of trees increases. The
error drops quickly at the beginning, indicating that adding more trees improves the model. After
a certain point around 100 trees, the error stabilizes, suggesting that additional trees do not

significantly improve performance.
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Next, we apply the Random Forest algorithm to the Airquality dataset.

Error
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Figure 39: Out of bag error vs Number of trees
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Figure 40: Variance Importance Plot on Airquality Dataset
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Figure 40 presents the OOB error versus the number of trees to the second dataset. The OOB
error decreases rapidly as the number of trees increases and then stabilizes. The variable
importance plots show that Temp and Wind are the most influential predictors, while the
remaining variables contribute less to the model. Overall, the results suggest that a small number

of key variables drive the predictive performance in this dataset.
3.3 Results

In this section, we proceed with the comparative evaluation of the models described above. We
recall that both datasets have been split into training and test sets using a 70—30 ratio.

To assess the predictive performance of the models, we employ the Mean Squared Error (MSE)
and the Root Mean Squared Error (RMSE), as these metrics penalize large deviations more heavily

and, in the case of RMSE, are expressed in the same units as the response variable.

In what follows, we present how the test error varies as a function of tree size and the number of
variables used, for both datasets. We begin with the Boston Housing dataset. From the previous
analysis, it was shown that the classical pruning algorithm selects a tree of size 6, using the

variables rm, Istat, nox, and ptratio.

In contrast, the proposed cost function leads to a simpler tree of size 5, involving only 2 variables
(rm and Istat). It 1s worth to mention that the predictive performance of the model does not degrade
significantly despite the reduction in complexity, suggesting that comparable accuracy can be

achieved with a more interpretable model.

Model Complexity vs Performmance

Size Variables Mumber Warnables RSS Test MWISE
1 10 =4 rm_ Istat, nox_ ptratio <4 300 _ 44 29 03
2 Q e rm_ Istat, nox_ ptratio 4_642 99 0. 96
3 = 4 rm_ Istat. nox_ ptratio 5> 021 28 F2.30
=3 T 3 rm_ Istat. oz 5. 437 .23 3253
5 (53 3 rm_ Ilstat. nox 5. 98819 33 .59
&} 5 2 rm_ Ilstat 6 645 38 35 34
i 4 2 rm_ lstat T.6B4 T4 37T 44
B 3 2 rm_ Ilstat 10,491 64 s N T i |
L= 2 1 rm 15 473 .40 S5T.92
10 1 L8] ™None 32 BEEB. TS Tl 42

Table 12 Model Complexity vs Performance
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Table 12 illustrates the relationship between tree size number of variables, and the corresponding
test error. Each point represents a different regression tree, while the labels next to the points
indicate the tree size. As the number of variables increases, the test MSE decreases substantially
in the initial stages, suggesting that the inclusion of relevant predictors improves predictive
performance. Overall, the figure highlights that smaller trees with fewer variables can achieve
performance comparable to larger and more complex models, emphasizing the importance of

model simplicity.

Model Complexity vs Test Error
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Figure 41: Model Complexity vs Test Error

Table 13 summarizes the predictive performance of the different models on the test set for the
Boston Housing dataset. It can be observed that the penalized regression models (Ridge, Lasso,
and Elastic Net) exhibit very similar performance, with only minor differences in both MSE and
RMSE with Ridge performing slightly better, likely due to the presence of moderate

multicollinearity.

Among all models, the Random Forest clearly outperforms the rest, achieving the lowest test
error (MSE = 19.316, RMSE = 4.395), which is consistent with its ability to capture complex

nonlinear relationships and interactions between variables.

Regarding tree-based methods, the Full Tree achieves the lowest test error among single-tree
models. However, both the Pruned Tree and the Custom Pruned Tree result in only a moderate

increase in error, while offering reduced complexity and improved interpretability. This further
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supports the idea that simpler models can achieve competitive performance without a substantial

loss in predictive accuracy.

Model MSE RMSE Number of Variables
Full Tree 29.026 5.388 4
Pruned Tree 33.589 5.796 3
Custom Pruned Tree 35.337 5.944 2
Ridge 33.272 5.768 13
Lasso 33.863 5.819 10
Elastic Net 34.407 5.866 9
Random Forest 19.316 4.396 -

Table 13: Model Comparison Based on Test Set

The results for the second dataset are summarized in Figure 42, which is characterized by a

smaller number of variables and a smaller sample size.

Model Complexity vs Test Error
1

400 2

Test M SE
/

Number of Variables

Figure 42 Model Complexity vs Test Error
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Model Complexity vs Performance
Size Variables INumber Wariables RSS Test MSE

10 4 Temp. Solar B, Dawy., Wind 22 885 360 220962
o 3 Temp. Solar B, Wind 23,991 390 222 662
g8 3 Temp. Solar B, Wind 25316720 210878
7 3 Temp. Solar R, Wind 27.390.320 2352909
& 3 Temp. Solar B, Wind 29.763.030 264 207
5 3 Temyp. Wind, Solar B 32.160.440 240174
4 2 Temp. Wind 3B.7T7T 590 28T 532
3 2 Temp., Wind 47,445 730 3T2.08B
2 1 Temp 69 610 396162
1 0 MNone 107 290 800 468264

Table 14: Model Complexity vs Performance
Table 14 shows that, due to the limited number of available predictors in the dataset, the set of
variables remains largely unchanged across different tree sizes. As a result, the complexity of the

model is mainly driven by the size of the tree rather than the number of variables.

Model MSE RMSE Number of Variables
Full Tree 220.962 14.865 5
Pruned Tree 264.206 16.254 3
Custom Pruned Tree 264.206 16.254 3
Ridge 305.573 17.481 5
Lasso 271.865 16.488 3
Elastic Net 265.920 16.307 3
Random Forest 157.920 12.567 -

Table 15: Model Comparison Based on Test Set

In the table above, it can be observed that Elastic Net and Lasso slightly outperform Ridge
regression. This can be attributed to the presence of predictors that are weakly or not significantly
related to the response variable (Ozone). In such cases Lasso and Elastic Net are able to perform
variable selection. On the other hand, Ridge regression retains all variables in the model, which
may introduce unnecessary noise. Additionally, the relatively low level of multicollinearity in the
dataset reduces the advantage of Ridge, allowing Lasso and Elastic Net to perform better.
Additionally, the modified penalty function seems to agree with the classical penalty function regarding

both the final tree size and the variables used in the tree.Finally, Random Forest clearly outperforms
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all other methods, achieving the lowest test MSE and RMSE, highlighting the advantage of

ensemble methods in capturing complex relationships.
3.4 Conclusion

In this project, an attempt was made to combine penalized regression methods with the
penalization function used in regression trees. More specifically, the Elastic Net methodology
and its parameters were used in a modified cost function, with the aim of accounting not only for

the size of the tree, but also for the variables involved in its construction.

This approach enables a more comprehensive control of model complexity, as it combines
information related both to the structural characteristics of the tree and to the composition of the
predictor set. In this sense, it establishes a bridge between linear penalization techniques and

tree-based modeling.

For the Boston Housing dataset, the proposed penalty function produced a regression tree with
five terminal nodes and two explanatory variables, compared to the classical pruning algorithm,
which resulted in a tree with six terminal nodes and three explanatory variables. Thus, the
proposed approach achieved a simpler and more interpretable tree structure, at the cost of only a

modest increase in prediction error of approximately 6%.

For the Airquality dataset, the proposed penalty function produced the same tree structure as the

classical pruning algorithm.

As a direction for future research, particular interest lies in the development of automated
procedures for selecting the penalty parameters, for example through cross-validation techniques.
Additionally, the adoption of prior information regarding the importance of variables could
further enhance the model, allowing certain predictors to be favored during the tree construction

process.

Moreover, it is important to evaluate the proposed methodology using simulated datasets with
varying levels of noise, in order to systematically assess its robustness and to examine whether
the embedded variable selection mechanism effectively contributes to improved predictive

performance. Overall, this work highlights the potential of hybrid penalization frameworks as a

58



promising direction for enhancing both the interpretability and the predictive capability of tree-

based models.
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