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Summary

This thesis consists of three chapters on continuous-time finance, all centred on the problem
of optimal investment. A common theme throughout is that the classical benchmark
of a frictionless and complete market is often too restrictive for economically relevant
applications. The first chapter studies equilibrium returns when investors act strategically
and face trading frictions, whereas the latter two chapters analyse optimal investment and

utility-based valuation in incomplete semimartingale markets with non-replicable streams.

In particular, Chapter II studies an It6 financial market in which the returns of risky assets
are determined endogenously through a market-clearing condition amongst heterogeneous
risk-averse investors with quadratic preferences and random endowments. Investors act
strategically by taking into account the effect of their orders on the assets’ drift. A frictionless
market and one with (exogenous) quadratic transaction costs are analysed and compared. In
the former, we derive the unique Nash equilibrium at which investors’ demand processes
reveal hedging needs that differ from their true ones, resulting in a deviation of the Nash
equilibrium from its competitive counterpart. In the presence of price impact and transaction
costs, we characterise the Nash equilibrium via the unique solution of a system of FBSDEs
and obtain a closed-form expression for the corresponding equilibrium returns. We show
that, under common risk aversion and in the absence of noise traders, transaction costs and
price impact do not affect equilibrium returns. When noise traders are present, comparing

each market structure with its own frictionless benchmark shows that the transaction cost



component of the Nash equilibrium coincides with the competitive one for two investors, but
is dampened when more than two investors participate. Comparing instead the full frictional
competitive and Nash equilibria, the return gap is shaped jointly by the level of noise trader

demand and the trading rate pressure induced by transaction costs.

Chapter III considers an incomplete financial market with general continuous semimartin-
gale dynamics in which a log-utility investor receives, in addition to an initial capital, units
of a non-replicable endowment process. Using duality methods, we derive a fourth-order
expansion of the primal value function with respect to the number ¢ of endowment units held
by the investor. This expansion, in turn, provides the basis for a second-order approximation
of the corresponding optimal wealth process. The key quantities governing these asymptotics
are expressed through Kunita—Watanabe projections, in close analogy with the structure that
appears in lower-order results of the same kind. The treatment covers finite and infinite

horizons within a unified framework.

Chapter IV turns to the valuation problem associated with a small non-replicable liability
stream in the same general semimartingale setting—under log-utility preferences. Therein the
notion of utility-based certainty equivalent is explored, namely the cash amount that offsets
the investor’s utility loss from bearing such a position. Since explicit valuation formulas are
typically unavailable in incomplete markets, the analysis develops a fourth-order asymptotic
expansion of this quantity with respect to the size of said stream. The resulting formula
makes precise how market incompleteness affects prices beyond the leading terms and shows
that higher-order effects can become economically relevant even for moderate positions.
The chapter also treats the infinite-horizon case. Beyond its independent theoretical interest,
this offers a convenient approximation mechanism for investors with long maturities. In
that regime, the infinite-horizon formulation yields a simpler and more tractable benchmark
for utility-based pricing, while still capturing the main economic effects of long-dated

non-replicable cash flows.
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Continuous-time Equilibrium Returns in
Markets with Price Impact and

Transaction Costs

1 Introduction

Discussion

Itis an undeniable fact that many contemporaneous financial markets feature large institutional
investors whose trading strategies affect asset prices (see, among others, the empirical studies
in [KY19] and [HHLT21]). Motivated by the related statistical evidence, a large body of
theoretical research on price impact modelling has been developed both in static and dynamic
settings (for comprehensive literature reviews on price impact models we refer to [RY22]
and [Web23]).

The majority of the existing models in this area, however, do not take into account a
prevalent force in the markets: the exogenous transaction costs. Especially when a market is
thin, i.e., the average trading volume is low, transaction costs burden investors in several
forms, such as broker and trading platform fees ([FIM18]) and search costs for counterparties
([DGPO5]). These transaction costs can be viewed as an additional layer of market friction,

compounding the challenges already posed by the market’s inherent non-competitiveness.



In this chapter, we analyse a continuous-time market populated by strategically behaving
investors who account for their price impact while incurring transaction costs on their
trades. We consider risky assets following [t6 dynamics, with their drifts endogenously
determined at equilibrium. The model accommodates the presence of noise traders, while
the primary market participants are mean-variance investors with heterogeneous random
income processes. Driven by their hedging needs, these investors trade risky assets, with
the market-clearing condition determining the equilibrium drift of asset returns. Unlike
much of the existing literature (see, among others, [CC98] and [Bas00]), we assume—as
in [RW15]—that all investors are strategic, in the sense that each one takes into account
her impact on market equilibrium when submitting an order. However, unlike [RW15],
we impose (as in [BFHMK18]) quadratic transaction costs on investors’ trading, which we
argue provides a more realistic market setting for thin financial markets. To the best of our
knowledge, this is the first study to model equilibrium returns in a continuous-time market
with heterogeneous investors, while simultaneously accounting for both endogenous price

impact and transaction costs.

Contributions

This chapter analyses and compares two main market settings: one without exogenous
transaction costs (the frictionless case) and one with them (the frictional case). We use the
frictionless market as a benchmark to highlight the effect of transaction costs on market
equilibrium and, at the same time, to introduce more transparently the way we model
investors’ price impact. For this, we write the market’s equilibrium return as a function
of each investor’s demand given that the rest of the investors act optimally (similarly to
the static models of [Ant17] and [AK17]). This yields a best-response function which in
turn leads to a continuous-time Nash equilibrium for market returns. Although our analysis
formulates equilibrium in terms of asset returns rather than prices, the notion of price

impact is economically unchanged. Because asset prices are directly linked to cumulative



returns, any change in the latter translates into a corresponding shift in equilibrium pricing.
This interpretation is consistent with the relevant literature, following [Kyl85] and [Vay99].
Hence, even though prices are “normalised out” of the equilibrium representation, the
terminology price impact captures the economic mechanism by which investors internalise
how their trades affect future price dynamics.

We derive these equilibrium returns in closed-form and verify that investors’ price
impact always alters the market’s drift when noise traders are present (even under common
risk aversion). In fact, at the equilibrium trading, price impact makes the investors reveal
different hedging needs than their true ones. In particular, this leads to lower non-competitive
equilibrium returns (and hence higher equilibrium prices) when noise traders buy the risky
assets (from equally risk tolerant investors). Consistent with the related literature ((MR17]
and [AK24]), we also show that Nash equilibrium yields higher utility for investors with
sufficiently low risk aversion, compared with the associated competitive equilibrium.

We then apply this price impact concept in a market with quadratic transaction costs.
For such an extension, we have to deal with a number of challenges. It is well known
that equilibrium models with transaction costs are often intractable, because trading costs
complicate the investors’ individual optimisation objectives. In our case, the difficulty
is further compounded by the absence of a general explicit expression for competitive
equilibrium returns, making it challenging to directly identify investors’ price impacts. For
this, we restrict the class of admissible strategies and model parameters and assume common
risk tolerance, which in turn leads to the (frictional) best-response strategy satisfying an
explicitly solvable coupled but linear FBSDE. Having said that, it should be noted that the
assumption of homogeneous risk preferences can be relaxed in the case of two investors.
Building on the above, we characterise the investors’ Nash equilibrium demands through an
associated system of linear FBSDEs, which admits an explicit solution. We then derive a
closed-form expression for the (frictional) Nash equilibrium returns.

The closed-form formulas allow us to compare the market’s returns under different



types of equilibria in two directions: with and without transaction costs, and with and
without price impact. The impact on investors’ frictional objectives comes both in their
linear and quadratic parts. The linear part depends solely on the direction of noise traders’
demand, while the quadratic part reflects the negative effect of transaction costs on investors’
strategic behaviour. We also highlight the importance of homogeneous risk preferences
for equilibrium comparisons. In particular, when investors have common risk aversion
and there are no noise traders in the market, we show that the frictional Nash equilibrium
reduces to its frictionless competitive counterpart, a result that also holds under a competitive
market structure; moreover, as exogenous transaction costs tend to zero, it converges to the
corresponding frictionless Nash equilibrium.

We further interpret these comparisons by separating two effects. The first concerns the
incremental contribution of transaction costs relative to each market structure’s own friction-
less benchmark. The key mechanism is demand shading: a strategic investor moderates her
price-taking demand because she internalises the effect of her order on equilibrium returns.
When only one investor behaves strategically, this makes the residual market effectively
thinner from her perspective and hence amplifies the transaction cost component relative
to the competitive market structure. When all investors behave strategically, however, all
demands are moderated simultaneously, so these strategic distortions partly offset through
market clearing. In the two-investor case, the strategic interaction is purely bilateral: the
moderation of one investor’s demand is matched by the opposite position of the other. Hence,
the transaction cost component remains the same as in the competitive market structure.
With more than two investors, the interaction becomes multilateral, since the adjustment is
spread across several strategic counterparties. The offsetting effect is then only partial, and
the transaction cost component becomes smaller than in the competitive benchmark.

The second comparison concerns the frictional Nash and competitive equilibrium returns.
In the frictionless case, their difference is governed only by the level of noise trader demand:

when strategic investors moderate their position, the equilibrium returns adjust so that they



are willing to absorb the resulting imbalance. In the frictional case, however, an additional
effect appears through the trading rate pressure generated by transaction costs. Thus, the
comparison between the two frictional returns is no longer driven only by the accumulated
noise trader position, but also by the way this position changes over time. Since these two
effects need not move in the same direction, the difference between the frictional Nash and
competitive returns may change sign in the scalar case, and more generally depends on their

vector interaction.

Related literature

This work is linked with two strands of the literature: equilibrium models with price impact
and models of optimal investment and equilibrium pricing under transaction costs.

There are different ways to categorise price impact models (static versus dynamic settings,
exogenous versus endogenous price impact, and symmetric versus asymmetric investors).
On the one hand, there is a vast literature that assumes exogenous price impact, e.g. [CC98],
[ACO00], [ATHLOS], [HWO04] and [SZ19]. Therein, specific assumptions are used to justify
the nature of the price impact that could be permanent or temporary. In contrast to this
approach, we follow the literature that starts from the seminal work of [Kyl85] and considers
an endogenously derived price impact. In fact, similarly to the static models of [Ant17],
[Vivl1] and [MR17] and the time-dynamic ones in [Vay99] and [RW15], all investors,
except the noise ones, have symmetric bargaining power and internalise their ability to
affect the equilibrium returns. Related price impact mechanisms in optimal investment
and derivative demand are studied in [ARS21], while [AR] analyses strategic informed
trading and the value of private information. More recently, a continuous-time model for
non-competitive markets has been studied in [CLS21], where in contrast to our setting, each
investor’s optimisation problem considers the surplus of wealth above a stochastic target at
the terminal time. This model with the presence of linear transaction costs has been analysed

by [NW22]. This distinction is important for the economic interpretation of transaction



costs. In the proportional cost setting of Noh and Weston, transaction costs determine how
long agents are willing to trade and can make them cease trading before the end of the
trading period. In our quadratic cost setting, transaction costs have a different effect. Since
the marginal cost of increasing the trading rate is proportional to the trading rate itself, it
vanishes at zero trading speed. Hence, transaction costs do not induce early stopping in our
linear-quadratic formulation. Instead, they dampen trading continuously: investors adjust
their portfolios more gradually, and the optimal trading rate tapers off as the terminal date
approaches.

There are two main advantages of imposing endogenous price impact: the first being
that there is no need to impose an exogenous parametrisation of impact and the second that
we can analyse the equilibrium price impact in terms of investors’ characteristics such as
their risk exposures, risk preferences and/or even their population. The broader equilibrium
pricing perspective is also connected to the partial-equilibrium approach of [AZ10a, AZ10b]
and to equilibrium pricing under ambiguity in [AS24].

Our work also contributes to equilibrium market models with transaction costs incorporat-
ing a non-competitive market structure. In the same spirit of thin market strategic interaction,
[AKV20] shows how market thinness affects effective risk aversion in risk-sharing mar-
kets, while [AB20] studies Nash equilibria in optimal reinsurance bargaining. Under that
perspective, we partially extend the equilibrium models of [BFHMK18] and [HMKP21]
and show that price impact not only can be taken into account, but also the equilibrium
outcomes can be qualitatively compared. Equilibrium models with dynamic trading and
transaction costs, however without assuming price impact, have been developed both in
discrete-time settings (e.g. [BD19]) and under continuous-time (e.g. [Vay98]). Equilibrium
continuous-time models with transaction costs are also developed in [VV99] and [Wes18],
but under simplified settings with deterministic asset prices. In this context, [GP16] studies
the equilibrium returns in a model with a single agent and noise traders—however, the

demand is exogenously given. In the same work, the authors also consider optimal allocation



under mean-variance preferences as well as temporary and persistent price impact—which,
unlike our work, is also given exogenously. These results are extended for the case of
exponential preferences in [CDJ20].

On the other hand, Nash equilibria under price impact and transaction costs in a dynamic
setting have been studied in [SZ19] and [LS19] and more recently extended in [CL24], under
the notion of price-impact game. In contrast to our setting, these works consider exogenous

price impact, while the trading occurs in discrete times.

Structure of the chapter

This chapter is organised as follows: Section 2 presents the model’s ingredients and the simple
case of the competitive equilibrium with no transaction costs. In Section 3, we introduce
the price impact modelling in a frictionless market, derive the closed-form expression of
the Nash equilibrium returns and comment on its intuition. In Section 4, we generalise
the model by including quadratic transaction costs and solve the system of FBSDEs that
characterises the corresponding Nash equilibrium returns. The importance of such results is
summarised through a discussion on the effect of price impact, and transaction costs on the
returns of the market. Finally, in Appendix A.1 we provide the proofs of Section 3, while

the proofs of Section 4 are given in Appendix A.2.

2 Setup

We fix a probability space (2, F,P) equipped with an augmented filtration F := (F (t))eejo,m)
generated by a standard d-dimensional Brownian motion W, and a finite time horizon 7" > 0.

We also fix a constant » > 0, which will stand for the time discount rate.



2.1 The market

We consider a market with d + 1 € N.; assets and their cumulative return processes
R = (R":0 < i < d). The first one is exogenous and holds no risk, while the remaining
assets are risky with returns modelled by the following R¢-valued Itd process:
dR'(t) vi(t) o11 o org| [dW(R)
= ¢ |[dt+ ]| : : : , R(0)=0,ieD, (2.2.1)
dR%(t) ve(t) oq1 o oqq| AW
where D := {1,...,d}. Here, the R%valued (local) return process v = (V' : i € D) is
going to be endogenously determined at the market equilibrium, while the constant R%*9-
valued infinitesimal covariance matrix ¥ := oo’ is given exogenously and is assumed to be
(symmetric) positive definite. In the above representation W can be seen as the vector of
market risk factors that add noise to the assets’ returns. Through (2.2.1) we also characterise

the dynamics of the risky assets’ price processes S = (S*: i € D) as:
dS'(t) = S'(t)dR'(t), i€ D, (2.2.2)

together with the specified initial values (S%(0) : i € D) which are strictly positive. Regarding
the riskless asset we require it pays and charges no interest, i.e. we set R® = 0 and S° = 1.

This means that we can consider the wealth and endowment processes in discounted terms'.

2.2 Investment opportunities

We consider N € N+, investors with quadratic preferences over their wealth at terminal time

T and risk tolerance coefficients denoted by 6, > 0 for each m € 7 := {1,..., N}. They

'The main economic assumption that is imposed regarding the riskless asset in our framework is that
its price is not cleared within the equilibrium. In other words, we consider the investors who trade and
clear the market of a bundle of risky assets, while they do not impact or change the value of the riskless
asset. On the other hand, we assume that RO(O) = 0 for clarity, since we would arrive at the same results
by taking R° to be an arbitrary adapted, continuous finite-variation process with R°(0) = 0, S satisfying:
dSO(t) = S(t)dRO(t) for S°(0) = 1 and considering R* — R?, S?/S°, i € D, as our respective return and
price processes, which once more satisfy (2.2.2). We can summarise the aforementioned as normalising the
riskless asset price process to one, and “expressing everything else in its units”, through discounting.

10



continuously trade in the market in order to hedge their exogenously given risks. We assume
that each investor’s random endowment process stems from her exposure to the market’s

risk factors. In particular, we consider the following cumulative endowment process:
AYp(t) = (1) 0dW (t), m e, (2.2.3)

where (,,, = (¢%, : i € D) is an optional process that describes the exposure of investor m to
the risk factor. The stochasticity of ¢, for each m € Z implies that this exposure changes
over time and hence investors’ hedging needs change accordingly. Note that time-changing
exposure to risk factors implies that even if the equilibrium allocation among investors is

Pareto optimal, continuous changes in endowments allow for mutually beneficial trading.

Remark 2.2.1. Considering only the diffusion part of the investors’ random endowment
in (2.2.3) comes without loss of generality. Indeed, as stated in [HMKP21], the solution
to the investors’ objective functional (see (2.2.5) below) is invariant to any additional
finite-variation part or to shocks that are orthogonal to the market. In other words, under

suitable integrability assumptions, (2.2.3) can be generalised to:
AV (t) = dAp(t) + (Gn (1)) 0dW () + dMs(t),  m €L,

where the R-valued, finite-variation process A,, models the cuamulative cashflows not spanned
by the assets and the R-valued orthogonal martingale M- stands for any unhedgeable shocks

in the investors’ endowments.

The amount of money that each investor holds in the risky assets is given by the R%-valued
processes ¢, = (¢i, : i € D), for each m € Z, which shall be called portfolios or demands.
Combining trading in the market with the endowment process and assuming no additional
withdrawal or deposit of money until time 7', we get that the dynamics of each investor’s

total wealth is of the following form:

AV (£) = (¢m () dR(E) + dVp(t), 1 <m < N. (2.2.4)

11



Although it is not necessary for the model, we consider the potential participation of
noise liquidity providers, hereafter called noise traders, whose demand is exogenously given
and denoted by the R?-valued process ).

We will use the following class of processes for any 1 < p < oc:
T 1/p
HP = {X [0,7] x @ — R?: X optional s.t. || X ||x» := E[/ ||X(t)H§dt] < oo},
0
and impose the following standing assumption:
Assumption 2.2.2. 1, ¢,,,v and ¢, € H?, for all m € Z.

Remark 2.2.3. Note that we could also represent the investors’ holdings in units of assets
as: 0! = ¢! /S for each i € D, m € Z. That is, by the associativity of the semimartingale

integral we have that (2.2.4) can also be written as:

AV (t) = (0, (£)) AS(t) + AV (t), m e T.

2.3 Equilibrium returns in a competitive market with no transaction

costs

We start our equilibrium study with the simplest case of a competitive market without
transaction costs. Although this equilibrium is not our main focus, we use it as a benchmark
for equilibrium comparisons that helps the related intuition discussion. Herein, the objective
of investor m is to choose a portfolio ¢ through the maximisation of the following quadratic

functional F,, : H?> — R defined as:

Fale) =% | [ e (@) are) + a0 - -a| [@'are) +v.| 0], mez

where the wealth dynamics are given by (2.2.4). Hence, the optimisation problem is written

as:

g —rt ! 1 !
supE[ [ e (0000 = 55000 + Gnle) z<¢<t>+<m<t>>)dt] mel. (22.5)

PEH?
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Remark 2.2.4. The presence of the discount factor e =" is optional, since we could simply set
r = 0. A strictly positive r implies the presence of a penalising term on investors’ objective

functional when the wealth is utilised later in time.

By the strict concavity of F,,,(¢) the unique solution of (2.2.5), denoted by dm, is derived

via a simple pointwise optimisation, and has the following representation:
H2 S b = 0 S — Gy, Ym e T (2.2.6)

The above investment strategy shall be called the competitive frictionless optimal portfolio
of investor m. Note that the first term of (2.2.6) is the classic quadratic optimal portfolio
(also called Merton’s portfolio), while the second reflects the investor’s hedging needs.
Under competitive market structure with no transaction costs, the local return process v
of (2.2.1) is determined simply by the market-clearing condition, where a zero-net supply is
imposed:
G+ + N+ =0. 2.2.7)
Without transaction costs and when all investors are price takers, we readily get from (2.2.6)

and (2.2.7), the explicit form for the equilibrium return process, henceforth called frictionless

competitive equilibrium returns:

. Z(Cé_w) (2.2.8)
where the aggregate investors’ risk exposure and risk tolerance are defined as:
N N
= (m and 5:=) 6. (2.2.9)
m=1 m=1

Due to Assumption 2.2.2, we directly verify that 4 € H2. Equilibrium (2.2.8) is indicative for
the discussion that follows. Say d = 1, for simplicity. Assuming that the aggregate investors’
exposure to market shocks is higher than the corresponding noise demand, the equilibrium
returns increase when aggregate risk tolerance decreases and the asset’s volatility increases.
This is intuitive: lower risk tolerance and higher risk means that investors decrease their

demand for the asset and hence equilibrium returns increase. Note that higher equilibrium

13



returns essentially imply that investors require higher expected returns in order to invest
on the asset, a situation that is consistent with lower demand. On the other hand, higher
exposure to market shocks increases investors’ demand and hence decreases the required

expected returns at the equilibrium.

3 Price Impact in a Market with no Transaction Costs

We are now ready to introduce the way we model investors’ price impact. For this, we first
take the position of the n-th investor and assume (for now) that she acts strategically, while
the rest of the investors behave as price takers. This set-up gives rise to a best-response
function, which ultimately leads to the Nash equilibrium when all investors adopt the same
strategy. Although treating all but one investor as price takers is a preliminary step towards
deriving the Nash equilibrium, this analysis is insightful in its own right. It elucidates the
intuition behind the price impact that is proposed in our model and also its distinction from
the competitive equilibrium. Moreover, the assumption of a single strategic investor can be
realistic in certain cases, such as when a large investor influences the market solely due to
her size.?

Consider again the market-clearing condition (2.2.7) and assume that all the investors,
besides the n-th one, act optimally through (2.2.6). In the spirit of [Ant17], we readily
observe that the market’s returns can be viewed as a function of investor n’s demand. Indeed,

in this context the clearing condition is written as:

N
bt D (IS =) + 6 =0, Vo, € H. 2.3.1)

m=1
m#n

2A prominent example of such a framework is provided in [CC98], where a large investor accounts for her
impact on assets’ returns when optimising her policy, while other investors remain price takers. Similar to our
model, the equilibrium assets’ returns in [CC98] are affected by the large investor’s individual optimisation.
However, the price impact on returns in their model is imposed exogenously. In a way, our model builds on
[CC98] by proposing a specific endogenous price impact process, which could lead to a Nash equilibrium
when all investors act strategically.

14



Now, solving for » we get how any demand ¢,, submitted by the investor n affects the
equilibrium returns (letting the rest of the investors act optimally as price-takers). In other

words, we introduce the price impact process of investor n, v,(¢) € H? defined as:

(C—n — w — (b)

by
va(d) = 5 , Vo eH?, (2.32)
where (_,, := Z%:Lm 2n Gm and 6_p, = Z%:Lm n Om denote respectively the aggregate

exposure to market shocks and the aggregate risk tolerance of the rest of the investors. With
a slight abuse of notation, we distinguish between the price impact process of investor n,
and the local market’s return process v—which is to be determined at the equilibrium.

Note that the functional v, (¢) indicates that when investor n submits positive demand for
the asset, the equilibrium return decreases at a rate of ¥ /4_,,. In turn, if investors collectively
require less compensation for a given level of risk—that is, if the equilibrium expected return
falls—then the asset must be more expensive relative to its future payoffs.

Assuming that investor n acts strategically, we essentially consider her optimal demand
problem (2.2.5) to take into account her impact on equilibrium returns through (2.3.2). In

other words, her adjusted objective functional for investor n, Fp: H2 >R, is given as:

T , 1 ,
Fn(®) :ZE[/O 6‘”((@5(75)) Un(t; @) — E((b(t) + Ca(t)) X(o(2) +Cn(t)))dt]' (2.3.3)

Recalling (2.3.2) and rearranging the terms, we get the following optimisation problem:

T —rt 4 C—n(t)_w(t) Cn(t) kn ’ 1 ’
5552“3[ e (o s(SG S oy o0~ 55t zcnu))dt],
(2.34)

where:
1 1

To simplify the formulas, we introduce the notation for each investor’s relative risk tolerance:

A ::%n and \_,,:=1-)\,, mel
The following proposition deals with the solution of problem (2.3.4).
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Proposition 2.3.1. Under Assumption 2.2.2, the optimisation problem (2.3.4) has the

following unique solution:

)\n(c—n - w) - )‘—nCn
Ap +1 '

H2 S by, = (2.3.5)

Henceforth, we also refer to (2.3.5) as the best-response strategy of investor n in the

frictionless market.

Remark 2.3.2. Comparing the best-response strategy of investor n with the respective

competitive optimal strategy (2.2.6) at the competitive equilibrium we directly get:

Hence, investor n has an incentive to decrease the volume of her demand (positive or
negative) when compared to her price-taking demand. Intuitively, this adjustment reflects
the investor’s awareness that increasing her demand lowers the expected return, which in
turn raises the asset prices. In other words, by demanding more of a risky asset, the investor
bids up its future price, making subsequent gains less attractive. Anticipating this adverse
effect on her own payoff, she optimally moderates her position. This behaviour is actually
what generates a downward-sloping aggregate demand schedule in equilibrium.

On the other hand, we have that the equilibrium returns when only investor n acts

strategically, u,,, take the following form:

A 1
2 n
He > pW— H=n + o1 TH (2.3.6)

where p_,, := X((_,, — ¥)/d_, is the competitive equilibrium without the presence of the
strategic investor n and p is the competitive equilibrium when all investors are present (given
in (2.2.8)). This implies that the equilibrium returns are the average return of the competitive
equilibrium g for all the market and the competitive equilibrium without investor n, meaning

that the impact of investor n’s strategy drives the equilibrium return between p_,, and p.
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3.1 Investors’ revealed risk exposure

By applying strategy (2.3.5), investor n drives the equilibrium returns to (2.3.6), i.e. to a
different equilibrium than the competitive one. As mentioned in the introductory section,
the main reason for investors’ trading in this market is to hedge their risk exposure (the other
reason is to offset noise traders’ demand). When investor n applies strategy (2.3.5), she
essentially reveals different hedging needs than her true ones. In order to see that, recall
the price-taking demand (2.2.6), where the risk exposure is the intercept point of the affine
demand function. Under price impact, investor n submits a different demand function and
hence the implied risk exposure is shifted. This creates the very useful and intuitive notion

of the revealed risk exposure that is formally defined below.

Definition 2.3.3 (Revealed risk exposure process). For any given demand process ¢ € H? of
investor m and local returns v € H? pinned down at the equilibrium, the revealed exposure

of investor m is defined as:
Cm(@) ==X v — ¢, Vm el (2.3.7)

With a slight abuse of notation, we distinguish between the revealed risk exposure
process (,,(+) and the true exposure process, (,, of each investor m. Departing from the

above definition, we derive the following result:

Proposition 2.3.4. Impose Assumption 2.2.2. The revealed exposure from the equilibrium

returns f,, in (2.3.6), and the demand <;~$n of investor n, in (2.3.5), is given as:

~ 22 1
Cn(0) = m(c_n — )+ Y Cn- (2.3.8)

Remark 2.3.5. From the representation of the revealed exposure (2.3.8), we get two key
observations. First, the revealed exposure of the strategic investor is written as a function of
the other investors’ exposure. Aiming at the Nash equilibrium, we could, therefore, apply the
best-response function in terms of investors’ risk exposure, rather than investors’ demands.

As we will see below, this formulation is quite convenient.
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Second, we directly get an interesting intuition: The coefficient of the second term in
(2.3.8) is positive and less than one. Whence, investor n’s revealed risk exposure is a fraction
of her true one and a part of the net aggregate exposure (_,, — ¢». The latter can be called
residual exposure, since it stands for the aggregate exposure to market of the rest of the
investors (after the offsetting of the noise traders’ demand). In other words, strategic investor
n on the one hand lessens the true exposure of her endowment and on the other supplements
it by a fraction « ({_,, — ¢»). We could think of the above strategy as investor n declaring
only a part of her true exposure to the rest of the investors, while exploiting her impact on

the equilibrium by submitting exposure similar to her counterparties.

A reasonable question that arises is when does the strategic demand of an investor
coincide with the competitive one. As stated in the following corollary, this coincidence

never happens, as long as the investor’s demand at competitive equilibrium is non-zero.

Corollary 2.3.6. Under Assumption 2.2.2, it holds that:
b = On, if and only if én = 0.

Note that it is rather standard to have ggn # 0. Indeed, from (2.2.6) and (2.2.8), we get
that condition ¢, = 0 holds if and only if A\, ((_p, — ¥) = (1 — A\y)(n- Even if the investors’
endowments have a specific linear dependence, the presence of noise traders makes the

condition extremely rare.

3.2 The Nash equilibrium returns in a market with no transaction

costs
We now consider a market where all the investors act strategically by applying the strategy
that is determined by problem (2.3.3). Recalling (2.3.7), we define the Nash equilibrium

returns using the best-response of the revealed risk exposure. The formal definition is given

below:
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Definition 2.3.7. The processes (¢,, € H2 : m € I) are called investors’ Nash optimal
demands if for each m € Z, é,, solves (2.3.4), where the exposure of the other investors is
shifted to ¢;(¢), i € Z\ {m}. In turn, the return process induced by the market-clearing
condition when all the investors act according to their Nash optimal demands, is called Nash

equilibrium returns.

In view of (2.3.5) and (2.3.7), investors’ optimal demands (q?m € H? : m € ) solve the

following linear system:

Am(c—m((z) B w) - )‘—mCm
A + 1 ’

by = m e T, (2.3.9)

where ¢, () = Zf\i Lism ¢i(¢). The fact that solutions to the above belong in H2 is
guaranteed by Assumption 2.2.2 and system’s linearity. In other words, Nash equilibrium

demands have the form of the best-response strategy (2.3.5), but with the rest of the investors

being strategic too. Armed with the above, we give the following characterisation:

Theorem 2.3.8. Under Assumption 2.2.2, the unique Nash equilibrium returns in a market

without transaction costs take the following form:

o N
H* 3= ?“ lwz Z% 0 1 Amm. (2.3.10)
m=1"m

As Corollary 2.3.6 implies, Nash equilibrium is generally different from the competitive

one. Indeed, using (2.2.8) and (2.3.10) we readily get that:

. X
o= S A (23.11)

1S _\2
51 Z)\ meL

where we recall that ¢, is the investor n’s optimal demand at the competitive equilibrium,
given in (2.2.6). The difference of equilibrium returns with and without price impact given
in (2.3.11) is also called liquidity premium created by the presence of price impact. Similarly
to the condition ¢, = 0, the weighted sum ) Am®m rarely equals zero. For example,
when investors have the same risk tolerance, i.e. 6,, = 0, Vm € Z, the liquidity premium

equals to —(X /SN (N — 1))w, which vanishes if and only if there is no noise demand in

19



the market. In other words, there is no liquidity premium due to price impact only when
investors’ risk tolerances are equal and there are no noise traders.

On the other hand, even if v = 0, then g = p holds if and only if
¢ =3 ez Amlm/ > ez A%, Which is quite a rare condition.

The effect of price impact on the equilibrium returns has also a monotonicity property.
In particular, we get from (2.3.11) that when 6,, = &, Vm € Z: (ji — p)"yb < 0, which means
that price impact creates liquidity premium on the assets’ required return in the opposite
direction to noise traders’ demand. This is apparent when d = 1: A positive (resp. negative)
noise demand decreases (resp. increases) the equilibrium required asset return, or equivalent
increases (resp. decreases) its price. This implies that the noise traders will buy (resp. sell)
the asset at a higher (resp. lower) price (an effect that benefits the investors at the aggregate
level).

Another issue that stems from equilibria comparison is whether the utility gain (or
utility surplus) that is created by the trading is higher or lower for each investor due to price
impact. In general, competitive equilibrium is consistent with Pareto optimal allocation and
hence another equilibrium allocation decreases the aggregate gain of utility. However, at
the individual level, Nash equilibrium may be beneficial for some investor(s). This feature
appears in several recent non-competitive settings such as [AK24] and [MR17].

To this end, we define the utility surplus for each asset return v € H? and each admissible
strategy ¢ € H? of the investor m as USY, (¢) := F(¢) — Fm(0), for each m € 7.

In view of the related literature we get the following limiting result for investor n = 1

(which can be directly generalised to any investor by symmetry):

Proposition 2.3.9. Impose Assumption 2.2.2 and fix (82, ...,dx) € (0,00)V 1. Then, we get:

-~

lim USY(¢) =0

514)00

and on the other hand:

CoL T 1
i US£(6) = | [ e (610 — 00 S — v0)] 2o

51—)00



Note that 6; = oo refers to risk-neutral investor (vanishing risk aversion). Due to positive
definiteness of ¥, lims, US{L(gE) is normally strictly positive and becomes zero if and only
if the noise traders’ demand exactly matches (in a dt ® dP sense) the hedging demands of
the rest of the investors. Therefore, the risk-neutral investor benefits from the price impact
as long as noise traders’ demand is different from the rest of the investors’ risk exposure. In

fact, her utility gain essentially stems from the aggregate difference (_; — 1.

4 Price Impact in a Market with Transaction Costs

In this section we aim to generalise the concept of the Nash equilibrium under the presence
of exogenous market transaction costs. As in the frictionless case, we build our price impact
equilibrium upon the corresponding competitive one. For this, we begin our analysis with a
brief introduction on the competitive equilibrium when each investor faces transaction costs

upon trading.

4.1 Competitive market with transaction costs

As mentioned in the introductory section, we build on the setting of [BFHMK18] and
consider the market’s transaction costs—which are of quadratic form on the rate of trading.
Hence, the frictional (i.e. with transaction costs) analogue of the competitive functional,
denoted by Fj ,,, is defined as:

T , 1 , L,
Fam(o) == E[ /0 e’rt((qﬁ(t)) v(t)— %(¢(t)+<m(t)) (1) +Cm(t)) — (9(1)) A<Z>(t))dt},

(2.4.1)
for each m € T, where ¢,,(t) := d¢,,(t)/dt stands for the investor’s trading rate and A is an
R¥*?_vyalued constant diagonal and positive definite matrix. In words, investors face the
same costs that are proportional to the square of their trading rate. Furthermore, since the
frictional competitive functional involves the investor’s trading rate, a natural assumption to

avoid infinite transaction costs is to impose qﬁm € H2, foreach m € 7.
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Focusing on demand functions of the form ¢,, = [; dm(t)dt, m € I, we can state our
maximisation objective in optimal-control terms. More precisely, for each m € Z, ¢,, can be
viewed as a state variable which is gradually evolved by adjusting to the control ¢,,,. Hence,
the objective of investor m for a competitive market with transaction costs could be written

as

sup Fam(9). (2.4.2)
dmEH?

From [BFHMKI18, Lemma 4.1], we get that (2.4.2) has a unique solution which is char-
acterised by the following coupled and linear Forward-Backward SDE (FBSDE) for each
meL:

d(bm(t) = d’m(t)dty ¢m(0) =0,

ATY
20m

(2.4.3)

dm(t) = dMp (1) + (Gm(t) = G (1)t + Tdm(t)dt,  Gm(T) =0,

where M,, = (M;, : i € D) is a R%-valued, square-integrable (continuous) martingale
determined as part of the solution, and ¢, is the frictionless competitive optimal given by

(2.2.6).

4.2 The price impact of a single investor in a market with transaction

costs

We return to the concept of price impact, now imposing transaction costs on the market. As
in the frictionless equilibrium, we first consider the simplified case, where only one investor
(say investor n) acts strategically, while the rest remain price takers. Although there is a
characterisation of the unique equilibrium in the competitive setting, there is no general
explicit formula for the equilibrium returns. This comes in sharp contrast to the frictionless
case and makes the determination of the impact of investor n on the equilibrium return (and
hence her best-response) quite challenging. However, as we shall show below, the following
assumption allows us to go beyond a characterisation of the market’s equilibrium returns

and deal both with the best-response and the Nash equilibrium under transaction costs.
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Assumption 2.4.1. Investors have the same risk tolerances: 6,, = ¢, for each m € Z.

Assumption 2.4.1 allows us to derive an explicit formula for the price impact process
under transaction costs (recall (2.3.2) for the frictionless case). It can be relaxed, however,
when we consider the case of two investors (i.e. N = 2), where we still get similar Nash
equilibrium results (see Theorem 2.4.12 below). The assumption N = 2 is commonly used
in equilibrium models for the sake of tractability (see for example [HMKP21]). While such
thin markets may appear stylised, they play a crucial theoretical role by highlighting the
relationship between price impact and differences in risk tolerance across investors.

Now, as can be seen by [BFHMK18, Theorem A.4], (2.4.3) admits a (pathwise) unique
solution. More precisely, the BSDE part of the solution, assuming (,,,v € H? for all

1 <m < N, belongs to the following class of continuous semimartingales:
A= {X SdX () = a® (t)dt4+dMX (1), s.t. X(T) =0, a® € H?, square-integrable MG MX}.
In turn, we define the set:

Wy = {X L dX(t) = X(t)dt, t € [0,T], X(0) =0and X € A},
which forms the new admissible class of investor n’s demand in a market with both transaction
costs and price impact. We hence update Assumption 2.2.2 to:

Assumption 2.4.2. ¢,,,v € H? forall m € T and ¢,,,7) € W.

When considering the frictional analogue of the price impact process for investor n
introduced in (2.3.2), A becomes a natural choice for her control. In other words, by
observing how the rest of the investors act optimally as price takers at the equilibrium,
the strategic investor elicits information from them and informs her choices; leading to an

updated optimisation objective. In particular, we have:

Lemma 2.4.3. Impose Assumptions 2.4.1 and 2.4.2. In a market with transaction costs, when

only investor n acts strategically the objective functional (2.4.1) becomes F. An A= R:

~ . T , _ — — p .
Fantd) =8| [t (o (B A=ty i) i)
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2A

— S5 0(0) + Gul0) S(6(0) + Galt) — (B(0)) (A + N_1)<z'><t>)dt]. (2.44)

Remark 2.4.4. Comparison of (2.4.4) and (2.3.3) directly indicates the impact of the
transaction costs on the investor’s objective functional. While the term X(¢_,, — ¢, —) /6 (N —
1) is common in both cases (assuming equal risk tolerances), transaction costs add two
additional terms: one in the linear part which depends on noise demand 2A(a¢ —r)) /(N —1)
and another in the quadratic part (on top of ¢'A¢). In particular, for the first term we get that
if noise traders sell at a constant rate, positive investor’s demand increases her utility due
to price impact. This effect comes solely due to the presence of transaction costs. On the
contrary, the second term implies that price impact does increase the effect of the transaction

costs, even when there are no noise traders.

Based on a calculus of variations argument, we get the following result for the frictional

best-response strategy of investor n:

Proposition 2.4.5. Impose Assumptions 2.4.1 and 2.4.2. The unique solution @A’n, g&n) of
(2.4.4) is characterised by the following FBSDE:

dpan(t) = drn(t)dt, Gan(0) =0,

- N _ . . (2.4.5)
dp n(t) = dMp(t) + B(dan(t) — TPu(t))dt + rép »(t)dt,  ¢op,(T) =0,
where:
~ 2% ATE
TPy = ¢n+m(aw—7’¢)7 B = 25

(2.4.6)

¢n is the best-response strategy in the frictionless case, given in (2.3.5) and M, is a continuous

square-integrable martingale derived as part of the solution.

The form of (2.4.5) gives some interesting insights when compared to its frictional
competitive analogue (2.4.3). In particular, both optimal trading rates adjust at the same
rate, but towards a different target portfolio. In other words, both frictional competitive
optimal strategy of investor n and its strategic counterpart are “myopic”, in the sense that

they trade towards their respective frictionless maximisers.
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Equation (2.4.5) belongs to the class of linear FBSDEs, which are well-studied in the
context of dynamic portfolio choice or even under more general settings (see, among others,
the explicit solutions in [BFHMK 18] and [BSM17] or a more general discussion in [MYO07]).

Following along those lines, we get:
Proposition 2.4.6. Impose Assumptions 2.4.1 and 2.4.2. The unique optimal demand
$A7n € W4 that satisfies (2.4.5) admits the following explicit form:

5A,n:/ e~ S FWduTp, (5)ds, (2.4.7)
0

2

F(1) = —(AG() - gG(t))_lBG(t), A=B+ T Ol = cosh(VA(T — 1)

TP, (t) := (AG(t) - gG(t))lE[ /t ! (AG(s) - gé(s))Be—%<s—t>wn(s)ds

]-"(t)]

and B is given in (2.4.6).

Remark 2.4.7. The explicit representation in Proposition 2.4.6 also shows how transaction
costs affect the optimal trading rate near the terminal date. Differentiating (2.4.7), we obtain

the feedback form

Ganlt) = TR, (1) — F(t)dpn(t).

Thus, the investor trades gradually towards the forward-looking smoothed target TP,,, rather

than jumping to the frictionless target portfolio. In particular,

-1

TPa(t) = (AG(H) - 5G(1)) e (E [ /0 ' (AG(s) = 5G(5)) Be 8 TPu(5)ds

7o)
_ /0 t (ac(s) - gG(s)> Be_gs’]I‘]P’n(s)ds)

Since G and G are continuous up to 7', with G(T) = I; and G(T') = 0, we have F(t) — 0 as

t 1 T. The preceding expression also gives ﬁn(t) — 0 ast 1 7T. Hence, from the feedback
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form, 5 An(t) = 0ast 1 T. Thus, quadratic transaction costs make the optimal trading rate
taper off smoothly as the terminal date approaches.

This provides a useful comparison with Noh and Weston [NW22], who study price
impact and proportional transaction costs. In their model, proportional transaction costs can
generate a stopping effect: agents may cease trading before the end of the trading period. In
the present quadratic cost setting, the analogous economic force appears differently. Since
the marginal cost of increasing the trading rate is proportional to the trading rate itself,
it vanishes at zero trading speed. Thus, unlike proportional costs, quadratic costs do not
generate a fixed marginal cost wedge around zero trading. In the present linear-quadratic
setting, the effect takes the form of a continuous dampening of the trading rate, which

converges to zero at the terminal date.

Based on the above characterisation, we are able to provide a closed-form expression for
the equilibrium returns under transaction costs when only investor n acts strategically and

the rest of the investors are price takers.

Corollary 2.4.8. Impose Assumptions 2.4.1 and 2.4.2. In a market with transaction costs,
when only investor n acts strategically, the unique equilibrium returns in this context are

given by:
2NA

7G¢—T. s
(e’ =), (24.8)

HQ D UAn = Mn t
where 1, is the corresponding frictionless equilibrium given in (2.3.6).

Remark 2.4.9. A direct consequence of (2.4.8) is that equal risk tolerances result in jp
being equal to the corresponding frictionless equilibrium if there are no noise traders (i.e. no
liquidity premium is created). This is in line with the price-taking equilibrium. Indeed, as
shown in [BFHMK18], quadratic transaction costs do not change the equilibrium returns as
long as there is homogeneous risk aversion and absence of noise traders. This also holds
when, as we shall verify below, all investors act strategically. From (2.4.8), we also verify

that s, converges to y, (i.e. the liquidity premium vanishes) when A goes to zero.
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4.3 The Nash equilibrium returns in a market with transaction costs

We are now ready to generalise the concepts presented in §3.2 in a market with transaction
costs. To this end, we extend Assumption 2.4.2 to each ¢,,, m € Z and begin with
a characterisation of the investors’ demands when all of them act strategically. More
precisely, recalling that the frictional best-response strategy of each investor trades towards
its frictionless counterpart, we shift the investors’ exposure in accordance with Definition
2.3.7. Thus, the linear system (2.3.9) becomes the following system of linear FBSDE:s,

under the same boundary value conditions as (2.4.5), for m € Z:
ddam(t) = dam(t)dt,

. } } . (2.4.9)
d¢A,m(t) = de(t) + B(gbA,m(t) - TPm(t))dt + T¢A,m(t)dt>

where:

Cfm((t’A)

N
05— das ) — (N = 1)m
z:lz,z;ém< 0 § ) 205N

TP,, := Yn ).
N+1 ty e oY)

With the above in hand, we are ready to derive the point at which the frictional market

equilibrates when all the agents act strategically.

Theorem 2.4.10. Impose Assumptions 2.4.1 and 2.4.2 (for all investors). In a market with

transaction costs, the unique Nash equilibrium returns are given by:

2A

O R
N @ ) (2.4.10)

H? S jip = i+
where ji is the corresponding frictionless Nash equilibrium, for equal risk tolerances, and B

is defined in (2.4.6).

Remark 2.4.11. Commenting on the above, there are a couple of immediate things to note.
Firstly, when the investors have equal risk tolerances and there are no noise traders in the
market, (2.4.10) reduces to its frictionless competitive counterpart in (2.2.8). Secondly,
when A tends to zero the frictional Nash equilibrium simplifies to its frictionless analogue.

This is in line with Remark 2.4.9.
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4.4 The case of two investors

Interestingly, as previously discussed, Assumption 2.4.1 in Theorem 2.4.10 can be dropped

when considering a market of only two investors, i.e. N = 2.

Theorem 2.4.12. Impose Assumption 2.4.2 (for all investors) and let N = 2. In a market

with transaction costs, the unique Nash equilibrium returns are given by:
H2 S fin = ji+ Ala? — 1)), (2.4.11)

where /i is the corresponding frictionless Nash equilibrium.

Remark 2.4.13. Note that (2.4.11) coincides with (2.4.10) when §; = J2. Now, rewriting
(2.4.11) as:

s XGt+MG -
B T o

+ A(ad’ — i),

we get that as 0; — oo, the first term converges to ({2 — 10)/2d2. In words, for a two-agent
model with price impact and transaction costs, as the first investor approaches risk neutrality
her (direct) effect on equilibrium returns vanishes. On the other hand, the second term—
which is related to transaction costs—remains unaffected. By symmetry, the analogous

conclusion holds for §; — oo.

4.5 Discussion

Our results enable a deeper understanding of the interplay between price impact and
transaction costs. The starting point is the effect of price impact: As expected, a strategic
investor does not submit the same demand she would submit as a price taker, but rather,
internalisation of the effect of her order on the equilibrium returns alters her submitted
demand schedule. In the frictionless single strategic investor case, this follows directly from
Remark 2.3.2, since the best response satisfies:

~ 1

W
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where we recall that ¢,, denotes the corresponding price-taking demand, and \,, the investor’s
relative risk tolerance. Since:

1
<1
14\, ’

the strategic investor “shades" her price-taking demand. In other words, she reveals only

a fraction of her true hedging needs (e.g. if she buys at the equilibrium, she buys less,
anticipating that a lower demand reduces prices). Thus, price impact distorts the relation
between the investor’s true hedging needs and the demand she submits to the market.

At the same time, by the market clearing condition, the strategic investors must collectively
absorb the noise trader position, while each one acts optimally. The effect of this mechanism,
in the context of exogenous transaction costs, can be summarised through two separate
comparisons: The first comparison isolates the incremental effect of the transaction costs,
while the second one contrasts the frictional Nash equilibrium with the associated frictional
competitive equilibrium. Keeping these two comparisons separate aims to capture different
economic effects.

For the sake of clarity we focus on the case where d = 1 for the rest of the discussion,
although similar results hold for more risky assets.

First comparison: Recalling [BFHMK18, Corollary 5.4], under common risk tolerance,

the competitive liquidity premium gives:
2N, 4 .
pa = =5 (0¥ = i),

where 14 denotes the frictional competitive equilibrium returns. Likewise, when only
investor n behaves strategically, equation (2.4.8) gives:

2NA j .
HAn — Bn = N2 1 (adj - T¢)

Therefore,
HAn — Hn _ N2
pa—p  N2—1

> 1,

whenever the common factor a¥ — ¢ is non-zero. Thus, the presence of a single strategic

investor amplifies the transaction cost component relative to the competitive benchmark.
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The reason is that the strategic investor faces a residual market consisting of the remaining
N — 1 price-taking investors. From her perspective, the relevant “market depth" is therefore
(N — 1)d, rather than N§, making the market effectively thinner. A reduction in her demand
is then absorbed by counterparties with a smaller aggregate risk-bearing capacity, so a larger
movement in the equilibrium returns is needed to clear the market.

By contrast, when all investors behave strategically and have common risk tolerance,

(2.4.10) yields:

2A ; .
oo A
in == oy gy (@ ),
Hence,
pn — 1

pa—p  N—-1

again whenever av — r) is non-zero. Consequently, for N = 2 the transaction cost premium
of the (fully) strategic market structure coincides with the competitive one, whereas for N > 2
it becomes lower. As previously stated, the single strategic investor case is asymmetric:
one investor internalises price impact, while the remaining investors are price takers. In
the full Nash equilibrium, however, all investors internalise their impact. These strategic
distortions partially offset in the market clearing. As a result, the transaction cost component
that “remains" in equilibrium is dampened by the factor 1/(N — 1) relative to the competitive
equilibrium.

The case N = 2 is special. Nash equilibrium (2.4.11) gives, without imposing common
risk tolerance:

pA — fi = A(ad} — ).

This coincides with the competitive liquidity premium. Any strategic moderation of one
investor’s demand is matched by the other investor’s opposite position through the clearing
condition. Hence, the contribution to the incremental transaction cost coeflicient stemming
from price impact cancels out, due to the purely bilateral strategic interaction.

Second comparison: The previous comparison isolates the transaction cost component

relative to each model’s own frictionless benchmark. A different question is whether the
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frictional Nash return is higher or lower than its associated frictional competitive equilibrium
return.

Recall that under common risk tolerance, we have:

b)) . x _ N
H:m(c—wa M_N§<C N_11/1>-

Thus,
by

_N&N—Dw

f—p=
This term reflects the frictionless price-impact effect. For example, if noise traders sell the
risky asset, then ¢) < 0, and therefore 2 — p > 0. Strategic investors reduce their demand, so

the equilibrium return has to increase in order for them to absorb the noise trader supply. On

the other hand, it holds that:

2A 2A> : ) 2AUV__%(a¢—r¢)

i — A = (ﬁ_”)+<N(N—1) N (a¢—7’¢) = TNO(N — 1)1/’_ N(N —-1)

In particular, the first term depends on the level of noise trader demand ¢, while the second
term depends on the trading rate pressure a¥ — 1. Thus, the full comparison between the
frictional Nash and frictional competitive returns depends on their interplay. To illustrate

this point, suppose that noise traders sell at a constant rate:
b= —q and ¢ >0.
Then
W(t) = —qt and a¥ — r = rq.

This means that

inlt) = i) = =y (- 20 =)

In the frictionless case, the Nash return is higher than the competitive return for all ¢ > 0,

since
Yqt

— > 0.
No(N—1)

filt) — p(t) =
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However, with transaction costs, the ordering depends on time. At early times, the
accumulated imbalance —(t) = ¢t is low, and the transaction cost effect may dominate.
The accumulated inventory imbalance grows over time, and strategic investors require a
higher return to absorb the increasing noise traders’ supply. In turn, this may change the
comparison between the frictional Nash and competitive returns. In particular, the threshold

in the scalar case is:

o 2Ar(N —2)6
s
and for ¢ < t*, the competitive frictional return can exceed the Nash frictional return, whereas
for ¢ > t*, the price impact effect on ) dominates.
We conclude with an indicative figure that depicts the connections among our different

equilibrium return specifications.

u } (577.1 =9, { I
.. . no noise traders o
Frictionless competitive [€ ¥ Frictionless Nash
(2.2.8) J { (2.3.10)
7
N
g
5 A
KA _ . .
) : . 01 =6 Nash with transaction costs,
Nash with transaction costs, two investors [€ > 1 risk tol.
equal risk tolerances
2.4.11
( ) J (2.4.10)

Connections among different equilibrium specifications.
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III Log-optimality with small liability stream

1 Introduction

Discussion

A central problem in financial economics involves an investor allocating initial wealth
across an array of assets, with the goal of maximising the expected utility of terminal
wealth. This optimal investment problem in continuous-time settings was initially studied
in [Mer69, Mer71], using dynamic programming techniques to derive a non-linear partial
differential equation characterising the value function.

A major conceptual advancement came with the development of the theory of equivalent
martingale measures in [Ros76], [HK79] and [HP81], which enabled the application of
martingale and duality methods to such optimisation problems. Under the assumption of
market completeness, this duality approach was further developed in [Pli86], [KLS87],
and [CH89, CHI91]. The more intricate case of incomplete markets was addressed in
the foundational works [HP91a, HP91b] and [KLSX91]. Building on these contributions,
[KS99, KS03] established minimal conditions on both the utility function and the financial
market under which the core results of the theory remain valid.

In the context of incomplete markets, a natural extension of the problem involves
maximising expected utility when the investor receives an additional exogenous random

endowment. Typical examples of this include pension funds. A related discrete time
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treatment of valuation and investment for pension plans in incomplete markets is given
in [AB23]. In complete markets, endowments can be perfectly replicated using traded
assets, effectively reducing the problem to one with augmented initial wealth and no random
endowment. However, as noted among others in [HHO7], real-world markets are typically
incomplete, with perfect replication impeded by frictions such as transaction costs, non-
replicable assets, and portfolio constraints. In such settings, assets are associated with a
range of arbitrage-free prices, and the risk of holding them cannot be fully hedged through
market trading alone.

Consequently, analysing the value function and its solution in an incomplete market setting
is undeniably more challenging. Notable contributions addressing this challenge include
[CSWO1], who characterised the optimal terminal wealth in a general semimartingale model
via a dual formulation, and [KZ03] extending this framework to account for intertemporal
consumption. In [HK04], both the initial capital and the units held in the endowment are
treated as optimisation variables, hence not requiring the use of finitely additive measures.
[0Z09] studies the case of unbounded random endowments and utility functions defined
over the entire real line, providing necessary and sufficient conditions for the existence of
a solution to the primal problem. [Mos15] obtains necessary and sufficient conditions in
the general framework of an incomplete financial model with a stochastic field utility and
intermediate consumption, occurring according to some stochastic clock, while [Mos17]
generalises the former by also incorporating a random endowment process into the model.
Staying within the context of intermediate consumption, [CCFM17] show that the key
conclusions of the utility maximisation theory hold under the assumptions of No Unbounded

Profit with Bounded Risk (NUPBR) and of the finiteness of both primal and dual functions.

Contributions

In an incomplete financial market with general continuous semimartingale dynamics, we

model an investor with log-utility preferences who, in addition to an initial capital, receives
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units of a non-replicable endowment process. As explicit solutions to the associated utility
maximisation problem are generally unavailable, even for simple model specifications, we
assume that the payoft from the non-replicable endowment is small relative to the investor’s

total wealth. Within this framework, our contributions to the literature are as follows:

1. Fourth-order expansion and nearly optimal strategies: Using duality techniques,
we derive the fourth-order expansion of the primal value function with respect to
the number of units ¢ held in the non-replicable endowment. In turn, this lays the
foundation for expanding the optimal wealth process, in this context, up to second
order w.r.t. €. To the best of our knowledge, this is the first result in this direction,
extending the work of [KS06], [KS07] for the case of log-utility. Interestingly enough,
the key processes underpinning the aforementioned results are given in terms of
Kunita-Watanabe projections, mirroring the case of lower-order expansions of similar

nature.

2. Long-horizon asymptotics: Our model also accommodates the case of “infinite time
horizons”. This is a non-trivial addition which allows for the original problem to be
understood in “myopic terms” for investors with distant maturities. The upshot is that
one can obtain explicit results in a larger array of models, as the dependence on the

horizon is eliminated.

These results have two key implications. First, they allow for a better understanding
of log-optimal behaviour in the incomplete setting, in the presence of a non-replicable
endowment. This stems from the fact that the first-order approximation of the optimal wealth
process with non-replicable endowment, with respect to e, is actually optimal, assuming
market completeness. This provides unique insight on how market incompleteness affects
asset allocation. Second, considering the case of arbitrarily large time horizons, i.e. the

infinite-horizon setting, comes with its own merits. Namely it enables analysing assets
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which do not have a certain pre-specified maturity. A prominent example of such a situation

arises in the context of a pension fund’s liabilities.

Related literature

The existing literature on optimal investment is too vast in order to give a complete overview.
Instead, we focus on the specific area of utility-based hedging and pricing, with an emphasis
on the former, which is closely aligned to our work.

Exponential utility provides a particularly tractable framework for the study of utility-
based hedging. In this direction, [Dav06] used duality techniques to derive an explicit form
for the optimal hedging strategy, with related developments also appearing in [Mon13].

Given the scarcity of explicit results, various asymptotic approaches have been proposed
for hedging in incomplete markets. For example, [Mon04, Mon07] work within a Black-
Scholes framework with basis risk and approximate the hedging strategy in powers of 1 — p?,
where p denotes the correlation between traded and non-replicable assets. In [Hen02] and
[HHO2] the authors consider the case of power utility and derive the second-order expansions
of the investor’s value function with respect to a small position in the contingent claim,
thereby approximating the optimal hedging strategy.

A major advance came with [KSO7]. Using techniques developed in their earlier work,
the authors derive a first-order approximation of the utility-based hedging strategy with
respect to the number of units held in the non-replicable endowment. They also show
how this approximation is related to quadratic hedging. Similar asymptotic results are
found in [Mon10], which considers hedging in the presence of parameter uncertainty under
exponential utility and partial information.

In the same spirit, [KR11] analyses utility-based hedging under exponential preferences
for a vanishing risk aversion. [KMKV 14], focusing on exponential Lévy models, presents
alternative representations of the results in [KS07] for power utility functions that avoid the

need for a change of numeraire.
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There is also an associated strand of literature which conducts sensitivity analysis of
the utility maximisation problem with respect to other model perturbations. For example
[MS19] studies the sensitivity of the expected utility maximisation problem in a continuous
semimartingale market w.r.t. small changes in the market price of risk. [Mos20] investigates
the behaviour of the expected utility maximisation problem under small perturbations of the
numeraire, while [MS24] study the response of the optimal investment problem to small

changes of the stock price dynamics.

Structure of the chapter

This chapter is organised as follows: in §2 the setup of the model is given. Therein, dynamics
for the financial market, investment opportunities and the illiquid stream are explained.
In §3 we perform the fourth-order expansion for the value function u(e) of the optimal
investment problem with a random endowment. In fact, this lays the foundation to derive the
second-order expansion for the optimal wealth X<, i.e. the unique solution of u(e¢). In §4 we
continue with a discussion of derived results as well as a concrete example. In §3, the finite-
and infinite-horizon cases are treated simultaneously. Note that for the sake of readability,

all proofs are deferred to Appendix B.

2 Setup

2.1 The market
Fix a probability space (£2, F,P) equipped with a filtration F () satisfying the usual conditions,
s.t. 7(0) is trivial a.s. We set:

Floo) = 0( U ]-"(t)> cF

tERZO
and work within the infinite-horizon setting, i.e. R>( = [0, 00), since any finite time horizon

can be naturally embedded in it. Unless otherwise explicitly stated, identities or inequalities
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involving random variables are interpreted as being valid almost everywhere under P.
Similarly, comparisons between processes will be understood up to indistinguishability.
Moreover for f: Q — R, let f* := max(f,0), f~ := max(—f,0) and for 1 < p < oo, denote
the class of Lebesgue p-integrable functions in (€2, 7, P) by L,.. In cases where it is important
to underline that the sigma-algebra is different than F, it will be stated explicitly.

Consider an agent that trades in 1 + d € Ny assets; a baseline asset with stochastic
exponential price, driven by a continuous finite-variation process, and d risky assets.
Discounting by the baseline, the market is driven by a continuous, positive, R%-valued

semimartingale S = (S;;1 < < d). In particular, we have:

S = dA () + dMy(t), 1<i<d.

Here, each real-valued component A; of the vector-valued A = (A;;1 < i < d) is a
continuous finite-variation process with A;(0) = 0, whereas each M;in M = (]\Z; 1<i<d)
is a continuous local martingale with J\E(O) = 0. In turn, we introduce the continuous,

nondecreasing scalar process:

0= Zd; </0 A ()] + [MJ\Z]) ,

with fOK |dA;(t)| denoting the total variation of A; on the interval [0, K], for K > 0. This
scalar process O plays the role of an “operational clock” for the market of risky assets:
all processes ﬁi and []\72-, ]\Afj] for1 <i<dand1 < j <d are absolutely continuous w.r.t.
this clock (i.e. the respective induced measures). Hence, there exist predictable processes
a=(a;1<i<d)andc= (¢j;1 <14,5 <d),s.t:

A /O a0do(),  [M,M] = / (H)d0(b).

0

By altering it on a (P ® O)-null set if necessary, we shall assume throughout that the process

¢ takes values in the space of symmetric, nonnegative-definite, d x d matrices.
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2.2 Investment opportunities

In the market (1,5), an initial capital = € R and a choice of a self-financing strategy
0 = (0;;1 < i <d) (assumed to be predictable and S-vector integrable) result in a wealth
process:

X ;:x+/'9(t)d§(t) = X(x,0), (3.2.1)
0

where the above is understood as a vector stochastic integral. To avoid the so-called doubling
strategies, we restrict the above class as follows: a wealth process X with initial capital

X(0) = z is called admissible if:

X > 0.

We denote this subset of wealth processes by X (z). The union U,~X (z) is denoted by X.
The market’s viability is intimately connected to the following condition, as shown in

[KK21, Theorem 2.31]:
~ K 12 ~
¢ is non-singular, (P ® O)-a.e. and/ a(t) e(t) ta(t)do(t) < oo, VK > 0.1 (3.2.2)
0

In particular, the above condition implies the existence of the local martingale numeraire;
denote it by X, := £(R,), where R, := [ v(t)'dS(t)/S(t) and v := & 'G (refer to §2 in
[KK21] for further details on this concept). Note that X, can be used as a new numeraire,
under which each X € X becomes a local martingale. In fact by considering the auxiliary

market, under the local martingale numeraire:

S = 5’()::~i,5’::~i ,
Xy Xy

we have for each wealth process X in (1, S):

. d . d
/%, —at /0 ;ei(t)dsi(t) + /0 ()?(t)/)?y(t) - ;ai(t)sia)) d;)o((t’“;), (3.2.3)

! A bit more generally it is necessary that a is in the range of ¢, (P ® 6)-a.e. Defining the “pseudo-inverse”
matrix-valued process ¢' := lim,, oo ((¢ + (1/m)I4)~2¢), where I, is the identity operator on R?; we also

require [ a(t) &(t)1a(t)dO(t) < oo, VK > 0.
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where S is a R1*4-valued local martingale. In fact, we have:

dS;(t)
Si(t)

Ro = —/O' V() AN (D),

= dR;(t), 0<i<d,

Ry :=M;— | v(t)dM(t), 1<i<d.
0

2.3 Illiquid stream

Besides trading in the financial market, the agent holds ¢ € R units of an exogenous,
non-replicable (at stopping time 7") cumulative stream A that is a right-continuous, adapted
finite-variation process, s.t. dA(¢) is already discounted by the baseline asset at each ¢. The
only regularity assumption on A is that it can be super and subreplicated using the traded

asset S. In other words, we use the following standing assumption:
{X e X |NT)| < X(T)} #0, (3.2.4)

where T is any stopping time (where X (T') exists).

Remark T11.1. Note that the non-replicable stream A, expressed under the numeraire X, is

given by A := A / X,,.. Now, integration by parts yields:
A= /0 R(t—)dSo(t) + F, (3.2.5)
F= [ So(t)dA(t). In turn, we have for a wealth process X, with initial capital z, that:
X%, = [ Ru-jaso),

is simply (3.2.3) with a shifted position in Sy. In other words, when considering the illiquid
stream discounted by the local martingale numeraire, the non-replicable part of A comes

solely from F'.
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2.4 Utility maximisation and hedging

Fix a possibly infinite-valued stopping time 7', that will serve as the maturity of the agent.
We focus on the model (S, F') in the sequel. Recalling (3.2.3) (under the self-financing
condition), a wealth process in S: X = X (-;z,0) is given via:

- A ' . dSo(t)
X=z+ /0 gei(t)dsi(tw /0 (X(t) —Zei(t)si(t)> Solt) (3.2.6)

i=1

Hence, all processes of the form shown in (3.2.3) are in fact wealth processes in S. The

subset of admissible processes will be defined by:
X >0on [[O,T]] = {(w,t) €0 x RZO 1t < T(w)},

which shall be denoted by X'(z) and its union U,~oX (z) by X. In this context, following
[DS97], a process X € X is called maximal if for each X' € X s.t. X'(T) > X(T) and
X'(0) = X(0), we necessarily have X' = X. Lastly, a wealth process in S, X is called
acceptable if there exists a maximal process X' € X s.t. X + X' € X. Note that when the
horizon is infinite, for each X € X we have X (co) := lim;_,», X (¢) exists a.s., by the fact
that X is a (continuous) positive local martingale. Hence for any acceptable process X,
lim;_, o, X (¢) exists a.s. in that case since X = X' — X", where X' € X and X" is maximal.

Assuming:

F(T) := lim F'(t) exists a.s., and
=T (3.2.7)
{X € X:|F(T)| < X(T)} #0,

we define the following class:
X (z,€) := {X a wealth process in S : X is acceptable, X (0) = x and X(T') — eF(T) > 0}.
From the definition of acceptable processes, we also deduce that:

X(x,0) = X(x), x> 0.
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The set of points (z,€) € (0,00) x R where X(z, €) is not empty is a closed convex cone in
R2. Denote its interior by K := {(z,¢€) : X(z,€) # 0}° and note, as shown in [HK04], that
(3.2.7) implies (z,0) € K, z > 0. In turn consider:
u(z,) = sup Eflog(X(T) — eF(T))],
XeX(x,e)

i.e. the log-utility optimisation problem in (S, F'). To ensure well-posedness, assume:
We have u(zx,€) < oo, for some (z,¢) € K.

In fact the above should always hold for the case of log-utility in this context. To see that
note (z,0) € K for any = > 0 under (3.2.7), as shown in [HKO04]. In particular for any such
point we have X' (z,0) = X (x). Using the inequality log(x) < x — 1, = > 0 and the fact that
E[X(T)] < z for X € X(z) shows the claim. The concavity of u(x,¢) on the open set K
finally gives that u(x, ) < oo for all (z,¢€) € K.

In turn, following [HKO4], since the log-utility satisfies the reasonable asymptotic
elasticity condition, i.e. for U(z) := log(x) we have lim sup,_, ., zU (z)/U(x) < 1, S trivially
satisfies the condition of NFLVR and we also have (3.2.7); the solution to u(x, €) exists and

is unique. We focus on:
u(e) :=u(l,¢e) = Ellog(1 + X(T') — eF(T))], (3.2.8)

where X¢(T") denotes the shifted counterpart of the solution of u(1,€) s.t. it starts from zero.

Remark 111.2. Note that working with the optimisation problem in (S, F') doesn’t come with
any loss of generality in this context, since by using the numeraire invariance of log-utility,
along with (log(X,(T)))~ € L; as well as (3.2.4) and (3.2.7) yields that the unique solution

to the respective optimisation problem of u(¢) in (1,5, A), denoted by X¢, is given as:
~ ~ T ~
XT) = X,(T) <1 + X(T) + e/ A(t—)dSo(t)> :
0

Even if the “original” utility maximisation problem in (1,5, A) is not well-defined for

potentially infinite 7', due to it taking infinite value, it is still well-defined for the numeraire-

42



discounted market. Hence it is preferable to work with the latter for long time (and even

infinite) horizon settings.

3 Fourth-order expansion of value function &

Second-order expansion of the optimal wealth

For p > 1 denote the class of (local) martingales s.t. for each M we have E[M (T)?] < oo by
HP; where M := sup;c|o | |M(t)|. Likewise, we denote #{ := {M € H? : M(0) = 0}. Using

the above, define:

M, = {M €MD M = / H(t)dS(t)} .
0
A crucial assumption for our exposition is the following:

F(T) := lim F(t) exists a.s., and
i (3.3.1)
dr>0and M € My s.t. |F(T)| <z+ M(T).

Likewise, as discussed in [KS06], asymptotic results regarding the value function up to
second order require the bounding martingale to be in M, instead of M.

Moving forward, the key tools for the fourth-order expansion of u(e) are two Kunita-

Watanabe (K-W) decompositions. Denote by F(T") the “stopped” sigma-algebra at 7". In turn,

as F(T) € Lyo(F(T)) it admits an orthogonal projection on the space of stochastic integrals

w.r.t. S that start at zero. In turn, this gives rise to the following K-W decomposition:
E[F(T)F()l=A+N,

where A is a stochastic integral w.r.t. S, while N is strongly orthogonal to it and N (0) =

E[F(T)]. Applying similar reasoning to the above, we have:

EIN(T)*|F(-)] =T + P,
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where I is a stochastic integral w.r.t. .S, while P is strongly orthogonal to it and P(0) =
E[N(T)2]. In fact, by (3.3.1) we have A, N € H* and T, P € H>.

We also denote by N, the orthogonal complement to Mo in HZ. That is:
Ny :={N € H§ : NM is a martingale for all M € Ms} .

Furthermore, setting:

Ny :={N € N3 : N is bounded},

and following very similar steps as in [KS06, Lemma 4] we have that, under 3.2.2, and 3.3.1
(a sufficient condition for N> to be non-trivial), the closure of A, in H3 coincides with N5.

This will be a useful result for the following theorem.

Theorem 3.3.1. Assume (3.2.2) and (3.3.1); then we have:
2 3 4 4

u(e) + €E[F(T)] + SEIN(T)] + SEIN(T)*] + L EIN(T)] - SEL(T)’] = ofc*), (3.3.2)

Furthermore, we have that:

X(T) = eA(T) + 0(T) + op(?). (3.3.3)

4 Discussion

Before considering a concrete example, let us comment on the usefulness of the results
derived in the previous sections. In particular, besides the obvious increase of accuracy
in X¢(7T)’s approximation by also considering I'(7") (compared to first-order results); there
is another arguably more important upside. One that provides some added intuition on
the way the investor behaves optimally in an incomplete vs. complete market setting.
In order to underline this, we claim that X¢(7) = eA(T) in a complete market setting,
1.e. the first-order approximation discussed in §3 is actually optimal. Indeed, in this

case we have that A(T) = F(T) — E[F(T)], since N = E[F(T)]. This implies that
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1+eA(T)—eF(T) = 1—€E[F(T)]. Butthen, we get for sufficiently small e s.t. 1—eE[F(T)] > 0
and VX € X(1,¢):

<0

X(T)-1-X4T)] _ & X(T)-1-eA(T)]  E[X(T)] -1
} N [ 1 — eE[F(T)] 11— €E[F(T)] ~

14+ X¢(T)—eF(T)

which shows that X¢(7T") = eA(T) in view of the first-order conditions. Hence, the term
€2T(T) in the approximation of X¢(7T') allows us to get a sense of how market incompleteness
directly affects optimal behaviour in a context where a non-replicable endowment is present.
Secondly, the fact that the model accommodates infinite-horizon markets is a non-trivial
addition. In order to better grasp the added benefit of such a result, note that while we
have a characterisation of A, T'; their dependence on the maturity makes explicit results not
possible in many cases. On the other hand the “myopic case” of 7' = oo provides a more
tractable tool to approximate optimal behaviour. Informally, the message being that in the
case of distant horizons asset allocation can be further approximated by the projections of

E[F(c0)|F(-)] and E[N (c0)?|F(-)] on the space of S-integrals.

4.1 Examples

Concretely, let us consider a space that supports a two dimensional standard Brownian
motion (W', W?), where the (single) risky asset S is driven by [ 5(t)dW (). Furthermore,
consider the following factor process Z:
Z =7(0) +/ u(Z(t))de +/ K(Z(t))dB(t),
0 0

and non-replicable stream:

A= /0 exp (- /0 t 'F(s)ds) Nb)dt,

where [, 7(t)dt is the finite-variation process driving the baseline asset, B := pW! +
1—p?W?2, p € (—1,1) and we define 3 := 2. With a slight abuse of notation, we assume

that all 7, @, &, A are functions of the factor (¢ = 72%). Explicit calculations regarding A
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require us to have a sense of the following form:
t s - t
E[F(c0)|F(t)] = / So(s) exp <—/ ?(u)du) A(s)ds + So(t) exp <—/ ?(S)ds> Ww(Z(t)),
0 0 0
where 1) satisfies the following second-order ODE:

X — 7+ (u— vGrp)D + %5&%7# =0, (3.4.1)

where v = a/c. On the contrary, similar calculations for finite horizons would require us to

solve a PDE, since a time variable would also be present.

Example II1.3. [Linear payoff on a factor model and an infinite horizon] In a market with
one riskless and one risky asset as well as T' = oo, we consider a standard two dimensional
Brownian motion (W', W?) generating the augmented filtration F(-), and formulate the

following problem for B := pW?! + /1 — p2W?2 p € (-1,1):

!

= / e " Z(t)dt, 7> 0,
0

AdZ(t) = k(6 — Z(t))dt + bdB(t),  k,b>0; Z(0),0 € R,
ds(t)

—2 =adt + ddW(t), aeR; 7>0.
S(t)

In turn, in the above model, the portfolio that gives rise to the local martingale numeraire is

constant and in particular we have:

dRo(t)
—N—
Bolt) _ 5w @,  s0) =1,
So(t)

P /0 TS0 (1) Z(1)dt.

Note that even if a non-replicable (local) stream given as a linear contract on the factor Z
isn’t sub/super replicable, the continuity (and adaptedness) of the factor process give that Z
is locally bounded. Hence the above are still relevant. In fact, define 7,, := inf{¢ : |Z(¢)| > n}

(for big enough n s.t. it dominates Z(0)). Then F, := [; e TtSy(t) Z7 (t)dt satisfies the
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sub/super replicability conditions for all n, since Z™ is (uniformly) bounded. In fact there is
a concrete connection between (A, A) and (T',,,T"), explored in §B.2.

We move forward with explicit calculations of A, I'. Beginning with the former denote
the measure induced by Sy as Q” (which is locally equivalent to IP) and note that, by denoting

the martingale closed by F(cc) as M, we have:

v

t _ _ o) _
M(t) = / ¢ S0(5) Z(s)ds + ¢~ S (t) / e TEY, [2(5)]ds.
0 0
Now, under Q¥ we have:
dZ(t) = (n — kZ(t))dt + bd BY (1), n = kO — bsvp.

Hence, we get:

29 +17),

M(t) = /0 e*FSSo(s)Z(s)ds + eiFtSo(t) < =

Applying the Kunita-Watanabe decomposition on M w.r.t. W' (which drives both S and

S1), we get:

A= / A, A = PPZYINT) wg gy - Tt (1 2(0).
0 r+k
Continuing with I, denote the martingale closed by [N, N](c0) as K, then:

K@) =E [/000 Me_Q?SSO(S)st f(t)} = /Ot Me_%sso(sfds

(7 + k)2 (7 + k)2
P V(L= 0%) (o )2)s
+ E[/t FiRe© 2 E(2Rp)(s)ds ]—"(t)]

_ ! b2(1 — p2) —27s b2(1 — p2) —(2F—(v3)?)t
_[;<%+m2€2‘%ﬁfﬁ*kF+ky@ﬁ—@a%€@ e,

for sufficiently big 7. Hence:

[ r roy L 20°(1=p*)ve o (2 ()2t
rAa@mW%m O =~ T = e E(2Ro)(t),

Now, it is direct to note that if p tends to either 1 or —1, I" vanishes.
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Example III.4. [Polynomial payoff on a factor model and an infinite horizon, for unit-linked
liabilities] Borrowing the setup from Example III.3 we can generalise our results for any
polynomial payoff, i.e. for m € N. In particular, for added notational clarity we focus on

the case where the liability stream is unit-linked to the local martingale numeraire X, i.e.:

F(3m) = / () Z (1),

0
while the more cumbersome case of non-unit-linked liabilities is left for the appendix, in

B.3. In turn, following similar steps as for (3.4.1), we have:
t ~ ~
E[F(o0: m)| F(t)] = / e Z(s)™ds + e T (Z(2),
0
where ,,, solves:
- b?
(’l“ - E)@Z}m(z) = zm’ Ef(z) = /6‘(0 - Z)azf(z) + Eazzf(z)
In fact, by Feynman-Kac (under the implied transversality condition) we have:
Ym(2) =E, {/ e_?tZ(t)mdt] )
0
Furthermore, note that:
2

(7 — L£)z™ = (F+mk)z™ — mkfz""" — %m(m —1)2m2

Using (7 — L)tm—1(2) = 2™, (7 — L)m—_2(2) = 2™ 2 and rearranging the above, we get:

_ 2™ mk6 b’m(m — 1) m
F=0) (g * P 1)+ gy ) = =
which implies that v, satisfies the following recursive relationship:
_L _ 2t RO/T
b=z w) =
2™ mk b’m(m — 1)
= - 7 > 9.
¥m(2) r+mk + T+ mkwm_l(z) + 2(r 4+ mk) Pm-2(2), m 22

In particular, denoting the martingale closed by F(co;m) as M,,, we have:

AM(t) = € bpd. by (Z () AW (£) + et b/1 — p20,4h (Z(£))AW2(2).
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So, by the Kunita-Watanabe decomposition, we get:
Ap = / & bp0. b (Z(£)) AW (D),
0
AN, () = e To\/1 — p20.4by (Z(t))AW (1),

where A,,, N,,, are the respective forms of A, N from Example III.3. Note that—for the
case of unit-linked liabilities—when p = 0, the hedging part A,,, vanishes since the factor is
solely driven by the orthogonal part to the market.

Now, denote the martingale closed by [N, N;,](c0) as K,,. Then:

Fo(t) = / D1~ p?)e 0.4 (Z(5))2ds + e Txm(Z(8)),

where y,, solves:
(27 = L)xm(2) = b*(1 = p*)8:4m (2)*.

In fact, by Feynman-Kac (under the implied transversality condition) we have:

xm(2) =E. [ / T TR~ )0, (2(1)) |

We need to pin down 9.2, Differentiating the recursion for 1, we get:

m m—1

B mko b m(m )
¥+ mk T+ mk

6z¢m(z) = zwm 1( ) 2( T k)

Zwm 2() mZQa

where 0,1(z) = 0 and 0,41 (z) = 1/(¥ + k). In particular, 9,4),, is of the form: 9,1, (z) =
Z?@;ol dm.j%'. Hence:

—_

m— m—2

. m mk0 i
d oy p— — - d d J
= m.j% r—i—mkz r—I—mk Z =157 + r—i—mk Jz: “29%

By the above, and after setting d,,, ; := 0, whenever j > m — 1 implies the following recursion

for m > 2:
p
F+T?nk7 -] =m— 1a
o kO .
dm’] Tn-l?mkdm 1,35 Jj=m—2,
mk6 2m(m—1) ) -
L T+mk,’dm 1. + mdm72hj’ J = O, ey T — 3’
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and dig = 1/(7 + k). In turn, 9,72, is of the form: 0.v¢,,(2)? = Z?Z‘O’Q gm.j7’, where

min(j,m—1)

Im.j = D k—max(0,j—(m—1)) kA, j—k- Lastly, in order to obtain x,, consider:

(2r — L)pm(z) = ™.
Following a similar process as ,,, we get that:

ont =2 [ [ zomal

1 _z+ko/2r
¢0(Z) - 2*7;4 ¢1(Z) - 2?"‘ ]{7 9
2 mko b*m(m — 1)
2 = gk T Tk )t S g o)

Lastly, by linearity we get:

2m—2

Xi(2) = (L= 0%) D dimds(2)-
§=0

One way to read the formula for x,,(z), in comparison to the first-order object ,,,(z), is that
the latter solely captures lower moment-type effects generated by the initial monomial input,
while the former also propagates forward—incorporating higher-order effects. The functions
¢0(z), ¢1(2), ... are precisely the natural building blocks for this representation. In fact, they
are essentially the same family as {¢(z),11(z), ...} only with a faster discounting: 7+ 27
This is one of the advantages of going to second order w.r.t. e: the correction term not only
improves accuracy, but is also more informative about the structure of incompleteness.
The above paragraph also underlines that the tractability of the Ornstein—Uhlenbeck
framework is not restricted to linear claims. Indeed, as long as the factor remains affine
under the relevant measure changes, the associated hedging strategies can be computed
recursively for monomial liability streams, and hence for arbitrary polynomials by linearity.
This, in turn, provides a natural gateway to more general payoff functions, for example

through analytic expansion.
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IV Log-pricing with small liability stream

1 Introduction

Discussion

A natural question once an investor faces a non-replicable liability stream is not only how this
stream affects optimal investment, but also how it should be valued in monetary terms. In a
complete market, this issue is straightforward: every claim can be replicated and therefore
has a unique arbitrage-free price. In an incomplete market, however, perfect hedging is
typically impossible, so the same liability may admit many arbitrage-free valuations. This
makes utility-based pricing a natural framework, since it ties valuation to the investor’s
preferences and to the actual trading opportunities available in the market.

In the present setting, the object of interest is the so-called utility-based certainty
equivalent of a small liability stream, for the case of log-utility. This quantity has a
direct economic interpretation: it is the cash amount that offsets the investor’s utility loss
from bearing the liability stream. Such a formulation is particularly useful when one
wants to assign a price to non-traded streams, as in pension-style applications, where the
relevant risks cannot be fully offset through dynamic trading. At the same time, explicit
formulas are generally unavailable in incomplete markets, even under relatively simple
model specifications. This makes asymptotic analysis a natural tool, especially when the

liability is small relative to the investor’s wealth.

51



In this context, the chapter focuses on a higher-order approximation of this certainty
equivalent. This is not only a matter of improving numerical accuracy. Lower-order
approximations capture the leading effect of the unhedgeable liability, but they do not fully
reflect how residual risk propagates into valuation once market incompleteness becomes
important. By pushing the expansion further, one obtains a more informative description
of how the investor prices non-replicable cash flows and how this price departs from the
complete-market benchmark. This is particularly relevant over long horizons, where even

small nonlinear effects may accumulate and become economically significant.

Contributions

This chapter follows the same general semimartingale framework outlined in Chapter III,
but now from a valuation perspective. In this direction, the contributions of the chapter are

the following:

1. The main result of the chapter is a fourth-order asymptotic expansion of the log-based
certainty equivalent with respect to the size of the liability stream. To the best of our
knowledge, this constitutes a novel result in such a general setting. In turn, this result
makes explicit how market incompleteness enters the investor’s valuation beyond
the leading-order term. In particular, lower-order approximations capture only the
first nonlinear correction, whereas the third- and fourth-order terms reveal additional
effects generated by the residual unhedgeable part of the liability stream. In fact,
it is shown that such effects can be pronounced even for moderate positions in the
non-traded stream. In this way, the chapter shows that going beyond second order is
not merely a matter of numerical refinement, but also of obtaining a more informative

picture of how incomplete hedging opportunities affect utility-based prices.

2. A further contribution of the chapter is that the analysis also covers the infinite horizon

case. This is useful not only as a theoretical extension, but also as an additional
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approximation tool for investors with very distant maturities. In such cases, the
infinite-horizon formulation can provide a simpler and more tractable benchmark for
utility-based valuation, while still capturing the main economic effects of a long-dated
non-replicable liability stream. In fact, as the maturity becomes larger, the discrepancy
between the finite- and infinite-horizon approximations becomes smaller, so the latter
provides an increasingly accurate proxy for long-horizon liability valuation. This
improvement is particularly pronounced when the non-replicable stream is more

closely aligned with the traded source of risk.

Related literature

As previously discussed, the literature on utility-based valuation in incomplete markets is
too vast to survey exhaustively. We therefore focus only on the strand most closely related to
the present work, namely utility-based pricing of non-replicable streams. Since hedging and
pricing are tightly connected in this area, many of the relevant papers study both problems
simultaneously. Here, however, we emphasise their pricing content.

A major source of tractability in utility-based valuation comes from the use of exponential
utility. Prominent works in this context include [Hen02], [MZ04], [GHO7], and [LL12].
These studies leverage a linearisation technique—commonly referred to as the Cole-Hopf
transformation or distortion power—first introduced in claim valuation by [Zar0O1], which
reduces the resulting non-linear HIB PDE to a linear form, solvable via standard methods.
Further generalisations by [FSO8] and [FS10] showed that, even in models with general asset
dynamics, the exponential utility-based price admits an explicit expression, although these
formulas are often less interpretable.

Even within the relatively tractable exponential utility framework, explicit expressions
are not always obtainable. For example, in models where the claim depends on the traded
asset, [SZ05] derive asymptotic expansions for the utility-indifference price in the context of

fast mean-reverting volatility. A multidimensional non-replicable asset model subject to
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intertemporal default risk is considered in [HL16], where a semigroup approximation using
splitting techniques is developed.

Since explicit formulas are rarely available in incomplete markets, a number of asymptotic
methods have been developed to approximate utility-based prices. For instance, [Hen02] and
[HHO2] study the case of power utility and derive second-order expansions of the investor’s
value function with respect to a small position in the contingent claim, which in turn yield
approximations for the reservation price.

These early results were significantly extended in [KS06], where the authors study a
general semimartingale framework—under a broad class of utility functions defined on
the positive real line. Particularly, they derive the first-order approximation for marginal
(utility-based) indifference prices and study their qualitative features. A related analysis in
[Kal02] studies first-order marginal price approximations under local utility maximisation.

Along similar lines, [KR11] studies utility-based pricing under exponential utility in the
regime of vanishing risk aversion. In a different direction, [KMKYV 14] considers exponential
Lévy models and, for power utility, provides alternative formulations of the results in
[KS06] that do not require a change of numeraire. Within the setting of exponential Lévy
processes, [MT16] derives a non-asymptotic approximation for the exponential utility-based
indifference price. The approach therein extends the earlier small risk-aversion asymptotics
and yields a closed-form approximation by treating the Lévy model as a perturbation of the

classical Black-Scholes framework.

Structure of the chapter

This chapter is set in the same market and utility-maximisation framework as Chapter III.
We therefore retain the notation, assumptions, and objects introduced there, and only recall
the ingredients specific to this part of the text. In particular, §3 is dedicated to exploring
the notion of utility-based pricing, in the context of deriving the fourth-order expansion

of the log-based certainty equivalent. Therein, the finite- and infinite-horizon cases are
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treated simultaneously. Note that for the sake of readability, the proof of the main result
is deferred to Appendix C.2. Lastly, Appendix C.1 is reserved for introducing several key
notions related to arbitrage and market completeness. These concepts, in turn, provide the

foundation for the utility-based pricing framework developed in this chapter.

2 Setup

2.1 The market

Consider an agent that trades in 1+d € N assets; a baseline asset with stochastic exponential
price, driven by a continuous finite-variation process, and d risky assets. Discounting by
the baseline, the market is driven by a continuous, positive, R?-valued semimartingale

S = (51-; 1 <i < d). In particular, we have:

20— dA () + dM;(t), 1<i<d.

Here, each real-valued component EZ- of the vector-valued A = (ﬁi;l <i<d)isa
continuous finite-variation process with A;(0) = 0, whereas each M;in M = (]\71-; 1<i<d)

is a continuous local martingale with 1;(0) = 0.

2.2 Investment opportunities

In the market (1,5), an initial capital z € R and a choice of a self-financing strategy
0 = (;;1 < i < d) (assumed to be predictable and S-vector integrable) result in a wealth
process:

Xi=az+ / 0(t)dS(t) = X (-, 0), (4.2.1)
0

where the above is understood as a vector stochastic integral. To avoid the so-called doubling
strategies, we restrict the above class as follows: a wealth process X with initial capital

X(0) = z is called admissible if:
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X >0.

We denote this subset of wealth processes by X (z). The union U,~(X (z) is denoted by X.

The market’s viability is intimately connected to the following condition, as shown in

[KK21, Theorem 2.31]:
~ K / ~
¢ 1s non-singular, (P ® O)-a.e. and / a(t) ¢(t)~ta(t)do(t) < oo, VK > 0, (4.2.2)
0

where @, ¢ are the local drift and covariation rates w.r.t. the clock O characterised in Chapter
1.

In particular, the above condition implies the existence of the local martingale numeraire;
denote it by X, := £(R,), where R, := [ v(t)'dS(t)/S(t) and v := & 'G (refer to §2 in
[KK21] for further details on this concept). Note that X, can be used as a new numeraire,
under which each X € X becomes a local martingale. In fact by considering the auxiliary

market, under the local martingale numeraire:

S = S'()::NL,S:ZNi ,
X, X,

we have for each wealth process X in (1, S):

. d . d
X/X,=z+ /0 > " 0;(t)dSi(t) + /0 (X(t)/f(y(t) —Zﬁi(t)Si(t)> d;)o(g)’ (4.2.3)
i=1 j

where S is a R'*?-valued local martingale.

2.3 Illiquid stream

Besides trading in the financial market, the agent holds ¢ € R units of an exogenous,
non-replicable (at stopping time 7") cumulative stream A that is a right-continuous, adapted
finite-variation process, s.t. dA(t) is already discounted by the baseline asset at each ¢. The
only regularity assumption on A is that it can be super and subreplicated using the traded

asset g
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Remark IV.1. Note that the non-replicable stream K, expressed under the numeraire X L, 18

given by A := A/X,.. Now, integration by parts yields:
A= /0 R(t—)dSo(t) + F. (4.2.4)
F:= | So(t)dA(t). In turn, we have for a wealth process X, with initial capital z, that:
X%~ [ Ru-)aso),

is simply (4.2.3) with a shifted position in Sy. In other words, when considering the illiquid
stream discounted by the local martingale numeraire, the non-replicable part of A comes

solely from F.

2.4 Utility maximisation and pricing

Fix a possibly infinite-valued stopping time 7', that will serve as the maturity of the agent.
We focus on the model (S, F') in the sequel. Recalling (4.2.3) (under the self-financing

condition), a wealth process in S: X = X (-;z,0) 1s given via:

. d . d
X=x+ /0 > 0;(t)dS;(t) + /0 (X(t) — Zei(t)Si(t)> dSo(t) (4.2.5)
=1

i=1 So(t)
Hence, all processes of the form shown in (4.2.3) are in fact wealth processes in S.

Now, assuming:

F(T) := lim F(t) exists a.s., and
=T (4.2.6)
{X € X:|F(T)| < X(T)} #0,

we define the following class:
X (z,¢e) := {X a wealth process in S : X is acceptable, X (0) = x and X(T') — eF'(T) > 0}.
In turn, focusing on the case where x = 1 for notational simplicity, consider:

u(e) = sup E[log(X(T) — eF(T))] = E[log(1 + X(T) — eF(T))], 4.2.7)
XeX(1,¢)

u(1,€)
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where X¢(T") denotes the shifted counterpart of the solution of u(1, €) s.t. it starts from zero.
In particular, this is a well-posed problem that admits a unique solution, as discussed in

Chapter III.

3 Fourth-order expansion of log-based certainty

equivalent

For p > 1 denote the class of (local) martingales s.t. for each M we have E[M (T)P] < oo by
HP; where M := sup;c|o ) |M(t)|. Likewise, we denote H{ := {M € H? : M(0) = 0}. Using

the above, define:

M, = {M eHy: M= / H(t)dS(t)} )
0
As it was the case for Chapter 111, a crucial assumption for our exposition is the following:

F(T) := lim F(t) exists a.s., and
=T (4.3.1)
dz>0and M € Mys.t. |[F(T)| <z -+ M(T).

Likewise, as discussed in [KS06], asymptotic results regarding the value function up to
second order require the bounding martingale to be in M instead of M.

Moving forward, the key tools for our expansion are two Kunita-Watanabe (K-W)
decompositions (particularly the orthogonal parts). Denote by F(T') the “stopped” sigma-
algebra at 7. In turn, as F(T) € Lo(F(T)) it admits an orthogonal projection on the space
of stochastic integrals w.r.t. S that start at zero. In turn, this gives rise to the following K-W
decomposition:

E[F(T)|F()] = A+N,

where A is a stochastic integral w.r.t. .S, while N is strongly orthogonal to it and N (0) =

E[F(T)]. Applying similar reasoning to the above, we have:
EIN(T)*|F()] =T + P,
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where I is a stochastic integral w.r.t. .S, while P is strongly orthogonal to it and P(0) =
E[N(T)2]. In fact, by (4.3.1) we have A, N € H* and T, P € H>.

The utility-based approach can also be used for the sake of pricing non-replicable streams.
To fix ideas we focus, for now, on the case of a finite horizon (i.e. a finite stopping time).
We define:

v(@) = sup Ellog(X(T))],
XeX(x)

and assume:

v(z) < oo, for some x > 0, (4.3.2)

which in turn implies that v(z) < oo, for all z > 0 by the concavity of the logarithm. In
particular, the finiteness of v(x) yields log(X (T))* € £y, for all X € X(z). To see this, note
that for § € (0,1), X(z) 3 Xs := 6+(1—8)X is bounded away from zero. Hence E[log(X (T))]
is well-defined with values in R U {—oc}, since Eflog(X5(T))] > (1 — 8)E[log(X (T))*].
In fact, log(X,(T))~ € £, along with log(X(T))* € £, and [KK21, Proposition 2.46]
imply that the wealth process in (1, S) with initial value z > 0, generated by 0y = X,vi/S;i

for 1 < i < d, is the solution to v(x). Particularly, we get:

v(z) =E [log (:c + /OT 9”(t)’d§(t)>} —E [bg (ac)zl,(T))} .

By the above, and after recalling the discussion in Remark II1.2, we derive the log-based

certainty equivalent c(e) of the position (1, €) as the solution to the following equation:
T o ~
E [log (1 +e(e) + / 0" (¢) dS(t))} —E [1og (XE(T) - eA(T))] . (4.3.3)
0
Rearranging and using the fact that the logarithm turns multiplication into addition, we have:
cle) = ") — 1, (4.3.4)

where u(e€) is given in (4.2.7). In fact, we may take (4.3.4) as an alternative characterisation

of the log-based certainty equivalent, and we shall do so henceforth. The advantage is that
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(4.3.4) remains valid on an infinite-horizon setting, does not require (4.3.2), and reduces to
(4.3.3) whenever the more restrictive assumptions underlying it are in force.

Putting all these together, we get the following result.

Theorem 4.3.1. Assume (4.2.2) and (4.3.1); then we have:

A2 3
c(e) + Are+ 42 5 A, (é?’ - A12A2 + ’z}) €3
4.3.5)
Ay AiAs A% A%AQ A‘ll 4 4
+<4+G— 3 —8+ 1 —246—0(6),

where:
Ay =E[F(T)], Ay :=E[N(T)%, A3:=E[N(T)3], A4 :=E[N(T)Y,
G :=E[[(T)*/2 — N(T)*T(T)].

Remark IV.2. Note that in a complete market setting we have:
E[F(T)|F()] = E[F(T)] + A,

1.e. the quadratic variation of N as well as I" vanish. In turn, in this context we get: Ay = A%,
Az = A3, Ay = A}, G = 0. Applying the above to (4.3.5) we have that its second-, third-,
and fourth-order terms vanish, and the log-based certainty equivalent reduces to —eE[F'(T)].
Recalling the discussion in Appendix C.1, this constitutes the unique arbitrage-free price of

the stream in the context of a complete market.

4 Discussion & Applications

Theorem 4.3.1 opens up the possibility for several interesting comparisons with already
known results, especially for long time horizons, which are particularly relevant for pension
funds. One such comparison is with the already established second-order asymptotic of ¢(e)
w.r.t. e (cf. [KS06]). The main goal being to isolate the effect of third- and fourth-order

terms and compare it to the one of lower-order asymptotics. To this end, consider the
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following setting of a linear payoft on a factor model and an infinite horizon (which was also
explored for the case of log-optimality in Chapter III):

In a market with one riskless and one risky asset as well as 7" = oo, we consider a
standard two dimensional Brownian motion (W1, 1W?2) generating the augmented filtration
F(-), and formulate the following problem for B := pW! + /1 — p2W?, pe (—1,1):

A= / e " Z(t)dt, 7> 0,
0

dZ(t) = k(6 — Z(t))dt + bdB(t),  k,b>0; Z(0),0 € R,
ds(t)

— 2 =adt +adW(t), aceR; 7 >0.
S(t)

In turn, in the above model, the portfolio that gives rise to the local martingale numeraire is

constant and in particular we have:

dSo(t)
So(t)

F= /0 e TSo(H) Z (t)dt.

= —vadWi(t), So(0) =1,

We can directly see what form (4.3.5) takes in the above context. To this end, note that:

_Z(0) +n/r o ~
A = T h n:= k6 — bovp,
b*(1 - p?)
Ay = A2 .= E[[N, N =
2 1 + ‘/1’ VI [[ ) ](OO)] ('7;+ k)2(2F— (VE)2)’
_ 43 ) _ (v3)?
A3—A1+3A1V17 G = VYQQ,}:_(V&)27

54(1 _ p2)2

A=A} + 643V, +3Va; Vo :=E[[N, N](c0)?] = T 030 (& 3057

where 7 > 3(v5)?/2. Substituting the above to (4.3.5), we have:

[/1 2 AlLl 3 A%[/l 3L12 LQ 4 4
= _A - T I - - - - .
e(e) e 2 ¢ 2 s T3 tole)

ca(e)
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More concretely, continuing with Example I11.3, say we have a pension fund that trades in
the equity market, S, while also holding a non-replicable cumulative liability (Z). Assuming
the following parametrisation: a = 0.028, 0 = 0.18, k = 0.7, b = 0.15, Z(0) = 1 = 0

(normalised) and 7 = 0.04 we have:

0.0 e ————E T T e e e

-1.0

nonlinear contribution

1T— p= —0.5 nonlinear 4th
p =0 nonlinear 4th
1 —— p=1 nonlinear 4th
— = p= —0.5 quadratic only
-3.51 p =0 quadratic only
== = p=1 quadratic only

0.0 0.1 0.2 0.3 0.4 0.5
€

0.0 0.1 0.2 0.3 0.4 0.5
€

(b) Nonlinear part: c4(€) + Aje (solid) vs — e
(a) Fourth-order truncation of ¢(e). (dashed).

Note that even though ¢, ¢* are dominated by €2 for ¢ € (0,1), in the above example
they come with much larger coefficients. In particular, the cubic term scales like A;e times
the quadratic term and the dominant quartic term scales like A%¢? times it. In other words,
as the magnitude of the (discounted) mean liability stream of the pension fund increases,
the difference between the quadratic and the fourth-order expansion of ¢(e) becomes more
pronounced—for moderate values of .

Another interesting comparison is between the finite- and infinite-horizon cases. To this

end note that for some 7' € R+, the respective forms of A;, As, A3, Ay, V1, Vo, and G are:

AT 1— 67(?+k)TZ(O) . n <1 e T e(FJrk)T)
1= 7 =1 7 - )

r+k k T r+k
t
H(t) = / o (2F—(v3)?) <1 _ 67(7+k)(t7u))2du’
0
b*(1 - p?)
Ii= H(T

A = (AT + v/,
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AT = (AT 4 34T,
o (P =\ [T e
T ._ T\2 2 —(4r—6(vo)°)t 2
vy — (V)
) )
AL = (AD +6(AD)* V] +3V5,

GT .= —

where the above tend to their infinite time horizon analogues when 7" — oo, assuming

7 > 3(vo)?/2. In turn, the respective form of c,(e) is:

T Ty, T N2y, T T\2 T
W AV 63_<<A1>V1 ) +Vi)64,

cle) = —ATe - 5 3 1

With c!'(¢) and c4(e) in hand, we can determine how the latter approximates the former for

different values of (7', ¢). To this end, note:

p=-025 : p=0

DSY™(T, €)

25

_ 2|cf(e) = cale)] )
=T 1 Tt O D) € 030 x (0, 1)

Symmetric absolute error D™ (T ¢) :

The above heatmaps indicate that the discrepancy between the finite- and infinite-horizon
fourth-order truncations is driven primarily by the maturity 7', and decreases steadily as the

horizon grows. The dependence on the liability size e is also visible, but is comparatively
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milder, especially away from very small maturities. Another clear feature is the role
of correlation: as p approaches 1, the discrepancy becomes uniformly smaller, which is
consistent with the fact that the non-replicable component weakens in that regime. Overall,
the plots suggest that the infinite horizon truncation provides a much better approximation
for long maturities, with the improvement being most pronounced when the factor is more
strongly aligned with the traded source of risk.

Another notable feature of the symmetric absolute error heatmaps is the bright region
near the lower-left corner. When the liability position is very small, both the finite and infinite
horizon truncations are also very small in absolute magnitude. However, for short maturities,
the finite-horizon quantity is much closer to zero than its infinite-horizon counterpart, since
there is very little time for the liability stream to accumulate. As a result, even though the
absolute gap between the two approximations is small there, the gap is still large relative to

the size of the quantities being compared.
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Appendices

A Supplementary material for Chapter 11

A.1 Proof(s) of Section 3

Proof of Proposition 2.3.1. The (strict) concavity of the functional F,,(¢) follows by its
quadratic form and the positive definiteness of 3. Hence, the unique solution to (2.3.4) can

be directly seen to satisfy:

P(t) %

G (Gu®)'S | (Ca®)'S

on 0_n

- kn(qbn(t)),z - =0,

in a d¢ ® dP sense, which in turn leads to the following representation of the frictionless
optimiser under the price impact of investor n:

g—n - 1/] - %Cﬂ
O_nkn

5 (A.1)

where 6_,k, = (0, +0)/dp. In turn, (A.1) rearranges to the desired result, which belongs in

#H? by linearity. O

Proof of Proposition 2.3.4. Recalling (2.3.5), (2.3.6), (2.3.7) and evaluating the revealed

exposure process of investor n for (¢y,, i), We get:

Hn
——— )
o Onfh—n + 0p Cn—Y— 5;nngn
Sutin BG5S

Y S T S SR
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Therefore, we have:

C* n —U) 67”

~ + G+ 5"Cn
(1/6,)0—n o

— A2

Equivalently, (A.2) can be written as:
— . 6n
() = T e 7 e R
BRSO §/0p +1
22 1
= W(C—n —¢)+ mé}n

which concludes the proof. 0

Proof of Corollary 2.3.6. Recalling (2.3.5) and (2.3.7), we get that relation (2.3.8) can be
equivalently written as:

b = 6,51 —( A (¢ —w>+1<>

Furthermore, evaluating (2.2.6) at p, yields:
On = 0,27 1 = G

Thus, for the “if”” implication using (2.3.6) and (A.2) we have:

5, (Zn=t) _ B(c-v) N
0:6n2‘1< ( o ° )>—Cn(¢)+cn

Op + 0
O0—n +90p

= =g - g, 4 e
= 0,57 — .
For the other direction, we have that:
0—6 5! E(Cé— ¥) .
G == 2260,
which together with (A.1) finishes the proof. ]
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Proof of Theorem 2.3.8. LetH? > giv)m, m € Z be the unique solution set of (2.3.9). Focusing

on investor n and evaluating (2.3.7) at (2.3.9), we see that her revealed exposure becomes:
)‘n(C—n(@ B w) — )‘—nCn
An +1 ’
(%)

Cn((g) = 5n271V -

We now use the investors’ symmetry to derive the aggregate revealed exposure process ¢(¢) :=
Z%Zl (m(®). Therefore, adding and subtracting ¢,,(¢)/0_,k, and using the equivalent

formulation of (A.1) for the term (%), we have:

5/6n
Oonbn—1) o0 o Cto) . ¥ (0—n/0n)a
o @) =Xy = e e
e e e
>0
= 7 -1 al 1 -1 v N 1
mzlcm(@zz val(l/dm)%w V5_<(¢)n;<1/5m>5
1 N
DNy +5mZ:15m<m

Therefore, we have for the aggregate exposure process:

52_1V(1 + Ziv,b 1 )\%1) + Zanzl AmGm + ¢

((9) = 5

(A.3)

Hence, when all the investors act strategically the market-clearing condition becomes:

v

St oy +u=0. (A.4)

Now by using the fact that by, for each m (which solves (2.3.9)) can be equivalently written

as: 9, Xty — Cm(QZ) for each m, and using (A.3), we get that (A.4) becomes:

N

0= (60570 = Gul@) +

m=1

Mz

N
Xty —sx 7ty Z A2 =

(1_)\m)<m_w
m=1 m=1
2 _ X al
V—VZA _g< mZ::lAmgm).



N 2
m=1 )‘m

Noting that the symmetric matrix (1 -3 )Idxd is positive definite, we arrive at the
desired result.

The uniqueness of the Nash equilibrium returns is a direct consequence of the uniqueness
of the solution set (¢, ..., o) of the linear system (2.3.9). This stems from the fact that the
system’s coeflicient matrix is invertible, which can be easily determined by checking that its

transpose is strictly diagonally dominant. Lastly, by linearity we get that the frictionless

Nash equilibrium indeed belongs in H?2. [

Proof of Proposition 2.3.9. We begin with the calculation of the asymptotic surplus at the
frictionless Nash equilibrium, i.e.: IUS’IE(J)) as 91 — oo. To this end, we first need to derive
investor’s Nash optimal demand, ¢;. This can be readily obtained by noting that (2.3.9) can

be decoupled through the use of the equilibrium condition: Z%Zl ém + 1 = 0. Hence, we

have:
3 = M(C1(D) —¥) = A1 MOaZ T w+d1) — AaG
= A +1 N A +1
=M1y — A 1G. (A.5)

Furthermore, note that for the frictionless Nash equilibrium returns, /i, we have:

MN(C_1 —

Using (A.5) and (A.6), we readily get the following limit for investor’s Nash optimal demand

at fi:
lim 1 = 2(C1— ¥)
611—I>noo 1= 2 -t '
We now apply the Dominated Convergence Theorem (DCT) on dt ® dP to justify bringing
the limits (w.r.t. ¢;) inside the product integral in US{L(gE) (passing between the sequential

characterisation of limits and back when necessary). To this end, note that v, ¢, € H? for

each m and:
N
E(C_d})_ zlAmCm 1 1 N
il = H5 E= <1 Sl =l S )
1— 3 A2 S R Y Y S m=1
m=1 m=2

=:C
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1 1 1
< C< C
5 % Am (1= Am) 52(1 - %2) 52( - 65_721)

m=2

With regard to ¢, we use (A.5) and the above to conclude that || ¢y ||la < 6_1]|S 7 |o|lfill2+1C1]l2-
Hence, applying DCT gives the desired result for the asymptotic surplus at the frictionless
Nash equilibrium.

Following similar arguments, we deal with the competitive case. More precisely:

1 N
lialla < 5—11l1211€ = ¥ll2 and [61ll2 < (1€ = ¥ll2 + G ll2-

~

Taking into account that 5hm ¢, = 0 and applying the DCT once more concludes the
1—00

proof. 0

A.2 Proof(s) of Section 4

Proof of Lemma 2.4.3. We begin by formally generalising (2.3.2). For this, we work

similarly as in the frictionless market and introduce the following conditions for all (¢, bn):

N
bn+ Y dam+ =0, Vg, € Wa, (A7)

m=1
m#n

N
G+ D> dam+1 =0, (A.8)
m=1

m#n

where the pair (¢ m, dam), for m € T\ {n} solves (2.4.3). Thus, (A.8) reads as:

. -1 N N
0 = a®(t)dt + A > (M — (I/(t) — EQ;(t)Ddt +7 ) dam(t)dt
m=1

2 5
. . . M
+a¥(t)dt +dMO (t) + dMY (1) + > dMp ().
m=1
m#n
\ﬂ\_/
=:dM (¢)
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By using (A.8) again, we have that r S0 _; dAm = —7(dn + 1) which in turn yields:
m#n

N

0= a¥ (t)dt + 12 Z ¢Am< Jar - A_l(;v Yot + A;E S C””‘;t)dt
— (G (t) + (1))t + a¥ (£)dt + AMO (t) + AM(t) + dMP ().
—.dMS (1)

Thanks to equal risk tolerances and (A.7) we get that "0 _1 ¢p /8 = —(¢n + ) /5, which
m#n

gives:
2A 'n 2rA . E(Cfn(t) B ¢n(t) B ¢(t))
R e L
a0 = i (0) — vl0))de -+ 2 M),

Since the rest of the terms are absolutely continuous, dM°(t) vanishes since M* is a
continuous martingale of finite variation (from the stronger absolute continuity). Therefore,
we have that the price impact process of investor n, v, (¢) € H? in a market with transaction

costs is (i.e. the frictional counterpart of (2.3.2)):

20 4 2rA S(Con— bn—) 27

”"((i)):(z\f—ﬂ Nt 3(N —1) +N—1(“w_7“¢)>' (A-9)

The next step is to incorporate (A.9) into (2.4.1) in order to introduce price impact into the

frictional problem (similarly to what we did for the frictionless case). Hence, we get:

B[ [ o) vt bt = B[ [ e (0,0 (e2at(6) - 22t
0 0 (3 -1

Z(C_n(t%(;\;ﬁj(g —v() | sz_‘ : (a¥(t) — m/}(t)))dt] :

(A.10)

Now note that we have the following equality between (componentwise) integrals:

E| /OT 0n0) o dbult)] = /OTe-%sn(t))’ Riaoa), @

N-1
since ¢, a" € M2, M% s square-integrable and the local martingales

L eI G (5)AM (s) satisfy E[[f; e 320 (s)AM (5))(T)"/?] < oo, Vi € D and
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hence are true martingales by the Burkholder-Davis-Gundy inequality. In turn, applying

integration by parts on the left-hand side of (A.11) we get:

T ot r2rA . s . 2A .
B [ e on0) 0~ e Gu0) b0 (A12)
o T —rt ’ 2A d)n
_EM e O (1) e (). (A.13)

Thus, taking into account (A.10), (A.12) and adjusting (2.4.1), we get the desired result. []

Proof of Proposition 2.4.5. The concavity of (2.4.4) is readily ensured by its quadratic form.
More formally, using a sufficient condition for strict concavity, in this context, through the
negativeness of the functional’s second Gateaux differential (see further in [KZ05]), we

conclude that for all admissible directions 6,, s.t. 6,, € W4 we have:

~ . . . T ’ . ’ b
(D2 Fsa@ne,) =E| [t = 0,000 550 = Gu0) 2100
- 00 300(0) ~ 0u(0)'200,0) )| <0,

for 6,1/6(N — 1) > 0 and positive definite matrices ¥ and A. By the above, we have that
F A.n () is strictly concave and therefore the solution of (2.4.4) is characterised by the first
order condition through the Gateaux differential (see further in [ET99]), i.e. for all 0,, as

prescribed above we have that:
(DGfA,n(é)a 071) =0.

Applying this to (2.4.4), we get:

/

(DFratyin) =] [T oo (G20 b2 | iy iy 20

= 60(0)+ G0 3 )0nlt) — (900 (7 +20)ul0) )

N-1
- E[/OT e—rt<($n(t) + 2;5\72;1/\ (a¥n () — ri(t)) - ¢n(t))’m /Ot e
- (én(t))’wxén(tOdt}
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e[ (e[

=0,

0] - [ s - e a0y DR Vi e

where ¢~5n is given in (2.3.5) and

265 TA (N+1)X
N+1( ()_m/}())_gbn(t))m

The third equality above holds by Fubini-Tonelli and the tower properties of conditional

(1) = e (Gnlt) +

expectation. Now, since the above has to hold for every admissible direction O, D F, A,n(gﬁ) €
A, we have that (2.4.4) has a unique solution if and only if the following stochastic integral

equation is uniquely satisfied:

butt) = BeE] [ e (B0 + BER @ 6) = i) = onlo)) s

}'(t)] , (A.14)

where B := A~'%/24. In turn, assuming (A.14) admits a (unique) solution and taking the

continuous version of the martingale (ensured by martingale representation):

E[/OT e TS (gn(s) 2;5\[2—1—11‘/\( ¢n( ) — T¢(s)) _ qbn(S))ds

f(t)} ,

denoted as M,,, through integration by parts we can rewrite (A.14) as:

205 1A
N+1

Adn(t) = €A (1) + B(6n(t) — (1) - (a% (1) = (1)) )dt + rén(t)at

where by the preservation of the martingale property dﬂn(t) .= e"dM,(t) is a square-
integrable martingale with continuous paths. Hence, combining the above with d¢,(t) =
én(t)dt leads to the desired FBSDE representation.

Conversely assume that (2.4.5) admits a unique solution, then integration by parts yields:

. . ¢ —~ t ~ 1 .
u(0) = baO)+ [T+ [ B (5006) - 56) 2o 5) o) s

(A.15)

Now, by the terminal condition ci)n(T) = 0, we get:

. T — T ~ 1
bu0) = = [ AT [ 7B (60061~ 505) - o @ ) (5. (A16)
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Substituting (A.16) into (A.15), rearranging and taking conditional expectations we get

(A.14). O

Proof of Proposition 2.4.6. The FBSDE of (2.4.5) is part of larger class of linear FBSDEs

that have the following form:

(A.17)
dX(t) = dN(t) + B(X(t) — £(t))dt + rX(t)dt, X(T)=0

where B is a real matrix with only positive eigenvalues, » > 0, ¢ € H? and N is a
square-integrable martingale. The existence and uniqueness of this class of FBSDEs’
solutions is studied in [BFHMK18] (or, for example, [MY07, Chapter 2, §3-5] in general),
where it is shown that the (pathwise) unique processes (X, X) that solve (A.17) satisfy a
linear differential equation with the following (unique) solution given through variation of

parameters and (primary) matrix functions:

X = / e P ) g (A.18)
0
X=¢(-FX

) (A.19)

where:

,,,2
A:=B+ —1
+ 4 d>

G(t) := cosh(VA(T — 1)),

r. -1 .
F(t) = —(AG(t) - 5G(t)) BG@®),

£(t) = (AG(t) - ;G(t)>_1E[ /t ' (AG(s) - gé(s))Be*%@*%(s)ds ]—"(t)],
More precisely, for £ we have:
(AG(t) - ;G(t))_lE[ /t ! <AG($) - fG(s)>Be (g (s)ds ]-"(t)] -

(AG(t) - ga(t))*le%t <M(t) - /0 t (AG(S) - ;G(s)>Be_55£(s)ds>,



where M is a continuous version of E[fOT(AG(s) - %G(s))Be*%%(s)ds]}"(t)], ensured by
martingale representation.

In particular, going back to (2.4.5) and applying the above we get that 51\7,1 € H? as
TP,, € H?; which holds since TP, is a linear combination of processes in #2. To see that,
initially note that TP,, € H?2 and:

Sp I(AG(t) = r/2G(t)) 2 < oo,
by the properties of matrix functions (for a detailed exposition, refer to [Hig08]) and the fact

that:

nt <x cosh(z(T — t)) + (r/2)x sinh(z(T — t))) >2>0, Ve (0,00).

In turn, these yield $A7n € H? as desired. Furthermore, we also get (ZAm € H? by (A.19) and
the triangle inequality. Lastly, following similar steps as in [BFHMKI18, Theorem A.4], we
see that the unique solution of the RDE (A.19) indeed satisfies the FBSDE of (2.4.5). [J

Proof of Corollary 2.4.8. Under transaction costs, the market-clearing condition holds for
both the investors’ demands and trading rates. Now, following similar steps as the ones we
did to derive the price impact process (A.9), we may use (2.4.5) for the strategic investor n

and get:
N2 by 2NA

S CIS L (§NE T LU O

(adj - T¢),

where p is the frictionless competitive equilibrium returns. Uniqueness follows from
the uniqueness of the frictional best-response strategy for investor n, as well as from the
uniqueness of the competitive frictional strategies for the rest of the investors. Now, recalling
(2.3.6) and noting that the above is a linear combination of processes in H?2, we get the

desired result. O]

Proof of Theorem 2.4.10. Initially note that for:

! ! !

o=lo, - o] o=[6 - &) ad w=[ir . a1
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the system (2.4.9) can be rewritten as:

' _ (A.20)
dé(t) = dM(t) + B(p(t) — B71Z(t))dt + r(t)dt,
where:

[ B B |

N—+1 Tt N+1

Niﬂ B : AN xdN
B .= eR and

: : B B

N+1
1 - wa B

’

o (N=1)3S vy~ (N—1)¢;+265  A(a¥ —ri)) )
Z.—[B N+1 — )LGZ.

Now note that for:

1 1 1

N+1 e N+1
1 1 . .
N+1 ' :

C = + c ]RJ\/'XJV7

1

1 NI
1 1 1

| N+1 N+1 i

B=C®B,

where ® here denotes the Kronecker product. The above shows that (A.20) is once more
within the class of linear FBSDEs, hence the machinery of Proposition 2.4.6 should apply.

In particular we have that B=! is well defined as det(B) = det(C ® B) =
det(C)?det(B)N # 0, since C is real, symmetric, strictly diagonally dominant with positive
diagonal entries (and hence symmetric positive definite) and B is the product of two
symmetric positive definite matrices. Furthermore, the eigenvalues, (b;);cz, of B are all
positive (as the product of two symmetric positive definite matrices) and the eigenvalues,
(¢j)iecz of C are again positive (as a symmetric positive definite matrix). Therefore,
the eigenvalues of B given as: b;cj, i,j € T are also positive. We also have that M is

square-integrable and B~'Z € H? as v, (,,, € H?, for each m € T and ¢ € W 4. So, (A.20) is
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of the form of (A.17) (assuming no dependence of v on ¢,,, bm, m € T) and thus it admits a
unique solution satisfying the conditions of YW, (which can be directly shown, following
[BFHMK18, Theorem A.4]).

Now, let (¢ A q; A,m), m € I be the optimal demand and trading rate of (2.4.9) whose
existence and uniqueness is shown by the above. In order for the market clearing to hold, the

following equilibrium conditions must be satisfied:

N

S am+ =0, (A21)
m;l v .

> dam+U=0. (A.22)
m=1

In particular, (A.22) develops as:
N N
0="> dMu(t)+ B> dam(t)dt
m=1 m=1
N Z]}’;l (OS1w(t) = ai(t)) — %(t) — (N = 1)¢m(t) + B~Ha¥ () — ri) (1))
- B mZ::I N1 dt

N . . .
+7 Y pam(t)dt +a? (t)dt + AMY(t).

m=1
Using (A.21) we get:

=:dM5 ()

N
0= 3" dMy(t) + AMY(t) ~Bo(t)dt — ri(t)dt + a’ (t)dt

m=1
N (N = 188 (t) + dam(t) — (N = 1)ém(t) + B~L(a¥ () — rij(t
BX_:I( ) () + Pam(t) ](VH) (t) (a”(t) = r(®))

Using (A.21) once more, we get:

N -1)BCE) ,,  NBY(t)
N+1 N+1

a¥(t) — r(t) 4 BNV - 1)5%"u(t)
N+1 B N+1

dt

O:dMS(t)+(

+ dt.
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Arguing as in the proof of Lemma 2.4.3 for (A.9), dM°(t) vanishes. The above is rewritten

as:

BN(N-1)02v (N-1)B(-%) By o’ —ri

N+1 a N +1 N +1 N+1

and by rearranging the terms we get the desired result.
The uniqueness of the frictional Nash equilibrium returns is a direct consequence of the
uniqueness of the solution set (J)Am, J)Am), m € Z. Lastly, the frictional Nash equilibrium

is in #? by linearity and the fact that ¢,,, € H?, for each m € Z and ¢ € W 4. ]

Proof of Theorem 2.4.12. The steps for this proof are similar to the ones of Lemma 2.4.3,
Proposition 2.4.5, Proposition 2.4.6, and Theorem 2.4.10. Thus, we omit part of the analysis
and refer to the original proofs for more details.

We first consider the price impact process of investor 1. As in Lemma 2.4.3, the respective

form of (A.9) in this case is given as:
. . - ¢1 . E 1/) .
v1(t; ) = 2Aa® — 2rA¢y + g(@ —¢1 — )+ 2A(a¥ — ry).

Using similar arguments as with (A.11) and (A.12) in Lemma 2.4.3, the adjusted frictional

objective functional under investor 1’s price impact becomes:

~ . T , — — . .
Faa@) =] [ e () (FEO=LOZ20on@i) - rin)

N 2351(¢1(t) +G())B(B1(t) + (b)) — (da(t)) <A + 2A) ¢'>1(t)> dt} _

Optimising J?A,1(q13), as in Proposition 2.4.5, we get that the unique solution of the above

functional is characterised by the following FBSDE:

doaa(t) = gx\@(ﬂdt’ o1,1(0) = 0,
gy 1 (£) = AN (1) + By(dan(t) — xa(D)dt + 1oy (D)L, by (T) =0,
where:

~ 2015271 . §+6;A71Y
H25 = g+ 2 B et ), By= T
0+ 01

36109 2
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o1 is the best-response strategy of investor 1 in the frictionless case and M, is a continuous
square-integrable MG. In fact, noting that B; has only positive eigenvalues and following
similar arguments as in Proposition 2.4.6, the above FBSDE admits a unique (pathwise)
solution. Using the investors’ symmetry and recalling the characterisation of the Nash
equilibrium returns in §4.3, we get the following system for the frictional Nash optimal

demands of the investors m = 1, 2:

Adam(t) = pam(®)dL, G m(0) =0,

. . . (A.23)
dQZ)A,m(t) = de(t) + Bm(d’A,m(t) - )u(m(t))dt + T¢A,m(t)dta ¢A,m(T) = 07
where B, := (6 + 6,,)A"1%/68,,0_,, and:
C—m(‘gl\)
2 v
M2 BT = i) ~¥) = Amim
g i=1,im 26m0_mE A .
Xm = + (a "= de)
Am +1 0+ O,

The key ingredient in deriving the frictional Nash equilibrium returns in this setting is to

/

solve (A.23). Note that for ¢ = [¢’1 qﬂ , b= [q;’l ¢’2], and M = [ ]\?[1 Mé], the system

of (A.23) can be rewritten as:

where:
0+01 A1S 01 A1Y
= 010 2 10 2
B = |30102 36102 ERMXM,
o AT'® 492 A8
30102 2 30102 2

/

7. |:(B151(62211/—1/;)—62(%1:(-561622IA(a’/’—mZJ))I <3252(5121V—w)—51§2+4%351522IA(afb—rd}))'] )

Now note that for:

) [5+51 T

09 0+ 0o
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-1
Bocol®
But this is the setting studied in Proposition 2.4.5 (assuming that there is not a dependence
of v on ¢, dm, m € I). Hence, following similar steps we get that (A.23) has a (pathwise)
unique solution.

Let ($A7m, (ZAym), m € Z be the unique optimal demand and trading rate of (A.23). In
order for the market clearing to hold (A.21) and (A.22), as shown in Theorem 2.4.10 must

be satisfied at all times. More precisely, using the above, (A.22) reads:

=:dM

2

0= Z dM;(t) + dMqL(t) +B1(da1(t) — X1(1)dt + Ba(daa(t) — X2(t))dt + T(CZA,l(t)
=1

+ (ZAQ(t))dt +a?(t)dt.

Using (A.21), we have:

LAY . ALY SATIY
0=dM(t) + 36105 (a1 (t) + Pa2(t))dt + 69102 (62€1(t) + 01G2(t))dt + 63105 Y(t)dt
L) _ ri(t) A—13u<t> "

Working as in the proof of Lemma 2.4.3 for (A.9), dM (t) vanishes. Hence, we get:

ox ; .
= - = Ala?¥ —

v 55105 (52C1 + 51(2) 2(51(52¢ + (a 7“1/))
EhG+Me X ¢ & :
_x _= Aa? — 1)),

5 2Aihg Iy, e )

Noting that ¢ — A\1¢1 — Ao = A2C1 + M1¢e and 1 — A — A3 = 21\, yields the desired result.
The uniqueness of the frictional Nash equilibrium returns is a direct consequence of the
uniqueness of the solution set ($A7m, gZ Am), m € Z. Lastly, the frictional Nash equilibrium

is in H? by linearity, the fact that ¢;, (& € H? and ¢ € Wy. ]
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B Supplementary material for Chapter III

B.1 Proof(s)

Proof of Theorem 3.3.1. We do some general setup that will be useful in deriving both
bounds for the value function u(e). For the remainder of the proof, we may assume without
loss of generality that e > 0. The case where e takes negative values is analogous.

Let x + M be the martingale implied by (3.3.1) and consider B,, := P(0) + B, where
By, € Nig s.t. B,(T) tends to P(T) — P(0) in Ly. Define:

1 1
HEi=a+ Al + M; li=1A——A ,
4] 62(0) " 2([Bu(T) 1) 2

and note that = is a continuous (adapted) process with E[Z(T)*] < oo, that works as an upper

bound for |A|, z + M, as well as | N|. Now, for e € (0, "), consider the stopping times:
I =inf{t : |T(¢)] > 1/6€%}; M = inf{t: 2(t) > 1/6¢},

and 7. := 71 A 75 A T. Now, let ¢ be a non-negative random variable with E[¢?] < oo for

some p > 0. Then, it holds that:
lim zPP(¢ > z) =0,
Z2—00

in turn we have:

1o N oy~
el_l)%l+ 6—419’(7‘6 <T)=0; El_1>16ﬂ+ 6—4]?(7'E <T)=0,

since E[Z(T)%] < oo and I' € H?2. In particular the above also give:

1 _
61_1)1(1)r1+ 6—41P’(7'6 <T)=0. (B.1)

The lower bound

Now note that:

L4+ e(AT™ + M — M™) + I € X(1,¢).
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In turn, Taylor expansion and the above give:

u(e) > E [log (1+ € (A™(T) + M(T) — M™(T) — F(T)) 4+ €I™(T))]

= ~B[F(T)] ~ 1B [(e (A (T) + M(T) = M™(T) — (1)) + 17(7))’]
+éERquTHwﬂﬂ_Aﬂuw_F@»+3rqﬂf}

E [ (e (A™(T) + M(T) = M™(T) = F(T)) + &I™(T))* €]

=

where ¢F is arv., s.t. lime o1 €& =1 a.s. and 0 < €& < 24, Ve € (0, €0).
Now define Q€ := A™ + M — M™ € My, where Q<(T') — A(T) almost surely as ¢ — 0+

(similarly I'"*(T") — I'(T’) a.s.). Collecting terms, we get:

u(e) > —eE[F(T)] - €E[(Q(T) — F(T))*/2] + €E[(Q*(T) — F(T))°/3
= T(T)(Q(T) = F(T))] = €'E[(Q(T) — F(T))"¢r /4
—(Q(T) = F(T))*I™(T) + T™(T)?/2] + €E[(Q(T) — F(T))I™(T)
—(Q(T) = F(T))’T™(T)&F] + E[L™(T)* /3 — (3/2)(Q°(T) — F(T))*T™(T)*€!]

— €' E[(Q(T) — F(T))I™(T)°¢7] — EE[L™(T) € /4].

We examine the above terms (w.r.t. to €) one by one, beginning with the highest order.

Eighth order term

T (T)* = T (T) 1y + € T™(T)* 1, 57

1T€<T + 64F(T)41f(T)S1/662 .

Hence:

CEI™ (1)) < G

P(r. < T) + €'E [T(T) 1rryc | -
In turn, lime_,o1 ¢*E[I'7(T)*] = 0 follows by (B.1), T' € M5 and (B.6) after a simple change of
variables. In fact note that the same holds when we multiply with ¢/ due to its boundedness.

Seventh order term
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Holder’s inequality gives:

SE|QH(T) — F(T)||T™(T)F) < (E[('Mm ~ F(T)

+ sup
t€[0,T]

where the first expectation is finite by (3.3.1) and:

lim 'E[I™(T)] =0,
e—0+

by the previous result on the eighth-order term.

Sixth order terms

The first part follows similarly to the eighth-order term, since:

1 _
62‘FTE (T)‘S < @176<T + €2F(T)31T(T)§1/662'

Hence, as before, lim o+ ¢2E[|T7(T)|3] = 0 follows by (B.1), ' € M5 and (B.6).

For the second part note that by Holder’s inequality we have:

eBl(@-(r) - PPy < (e (|pren) - ren

+ sup
t€[0,T]

where the first expectation is finite by (3.3.1) and:

lim *E[I™(T)%] =0,
e—0+

by the previous result on the eighth-order term.

Fifth order terms

For the first part we have that:

CE[(Q“(T) — F(T)I™(T)?] = €E [E |(Q“(T) — F(T)I™(T)*|F(r)]|

= —E[eN™(T)I"(T)?].
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Now note that:
E[|eNT(T)|T7(T)?* < E[|eN™(T)[T(T)?],

where |N7<(T")| < E™(T) and 6¢=™(T") < 1. In turn, since lim, o4 [eN7<(T)| = 0 a.s., we
have:

lim eB[(Q(T) — F(T)™(T)?] = 0.

For the second part,

[lim B[|Q(T) = F(T)[T™(T)|] =0,

follows from Holder’s inequality and lim._,o; €*E[['(T")*] = 0, similarly to the sixth and
seventh order terms.
Fourth-order terms

We have:

lim E[I'™(T)?] = E[[(T)?],

e—0+
[lim E[(Q(T) = F(T))*T™(T)] = E[N(T)*T(T)],
Jim E(Q(T) — F(T)*ek = EIN(T)Y,

which all hold by dominated convergence, (3.3.1), 0 < ¢& < 2% and lim_,o, £ = 1 a.s.

Third-order terms

Initially note that:
E[L™(T)(Q(T) — F(T))] = E [E [I™(T)(Q(T) - F(T))|F(z)]| = 0.
For the second part we have by Holder’s inequality:

TE[(Q(T) - F(T)) + N(T)] = “EI|(QX(T) ~ F(T)) + N(T)*|1, ]



+t€SEé%} A(t) — M(t) )4 +N(T)4]>2
-(614[@(7‘6 <T))i,

where the expectation on the last inequality is finite by (3.3.1), and lim,_ o4 (¢*)"'P(7. <
T) = 0 by (B.1). Hence the second part also tends to zero.

Second-order term

We have:

following the same process as for the third-order term.
Lastly, combining all the above we have

2 3 4

lim sup l4 <u(6) + eE[F(T)] + %E[N(T)Q] + %E[N(T)?’] + %E[N(T)“] (B.2)

e—0+ €

+EE[D(T)2)2 - N(T)QF(T)D >0,

where E[[(T)2/2 — N(T)?I(T)] = —E[[(T)2]/2.

The upper bound

Note that by Legendre-Fenchel duality we have:
log(1 4+ X(T) — eF(T)) < —1 —log(1 + eN™(T) + 2B, (T))

+ (14 eN™(T) + €B,(T))(1 + X(T) — eF(T)).

Now, denoting the probability measure induced by (1+eN7<(T) + €2B,,(T))/E[1 +eN™(T) +

€2B,(T)] as Q¢ we claim that 1 + X ¢ is a supermartingale under Q¢ and therefore:
EY[1 + X¢(T)] < 1.

Indeed, we have 1 + X(T') — eF(T) > 0 and in particular from (3.3.1) we get ¢|F(T)| <
e(x+ M(T)). It follows that 1 + X€ + ¢(x + M) is a positive stochastic integral w.r.t. S. This,

along with the fact that V, P are strongly orthogonal to S yields that 1 + X€ + e(z + M) is a
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supermartingale under Q°. The claim now follows from the fact that ¢(xz 4+ M) is a martingale

under Q¢. Hence we get:

E[(1 4 eNT(T) + 2B, (T))(1 + X¢(T))] = E[1 + eN™(T) + € B, (T)|E¥[1 + X(T)]

< E[l +eN™(T) + B, (T)].
Furthermore we have:

E[N™(T)F(T)] = EIN™(T)N(T)] = E[N™(T)?],

E[Bn(T)F(T)] = E[Bn(T)N(T)],
given the definitions and properties of N, P. It follows that:

u(e) < —eE[F(T)] = eE[N™(T)’] = €E[Bn(T)N(T)]

+E[—log(1 + eN™(T) + €B,(T)) + eN™(T) + 2By, (T)].
In turn, Taylor expansion yields:

E[—1log(1 + eNT(T) + B, (T)) + eN™(T) + 2B, (T)] = 1621[-3[(1\7% (T) + €B,(T))?]

2
— SCBIN(T) + (1))
+ TEE[N(T) + eBa(T)) e,
where the random variables ¢V satisfy:
0< eV <2t Vee (0,e); lim ¢V =1 a.s.

e—0+

Collecting terms of same order, we obtain:

E[~log(1 + eN™(T) + €B,(T) + eNT(T) + €B,(T)] = €’E [NT}(T)T

+ SE [NTe (T)Bo(T) — TE?ET)T

+ 'K [B”(QT)Q — N™(T)%B,(T)
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Nl

+ EE[-N"(T)B,(T)?

+NT™(T)*Ba(T)&! |

BTN (e |

+ B[N (T) B, (T)3¢Y)

+ &K [ EIT)LL&U}

Combining the above, we examine the terms (w.r.t. to €) one by one, beginning with the
highest order.

High order terms

All terms of order 5 and above, when divided by €%, converge to zero as € — 0+. This
is a direct consequence of the boundedness of ¢V, ||B,(T)||L., < oo, and the fact that
E[N(T)* < oo.

Fourth-order terms

We have that:
lim B€YNT(T)] = E[N(T)"],
lim EIN™(T)2Ba(T)] = BN (T)2 B, (1),

which all hold by dominated convergence, (3.3.1), 0 < ¢V < 2* and lim._,04 €V = 1 a.s.

Third-order terms

Holder’s inequality gives:
1
1 Te (3 3 ~myard (L *
CEINT(T)” = N(D)[] < 2E[N(D)): | 5P(re <T) )
which goes to zero by (B.1). Similarly, we have:

SEBT)N(T) — N (D)) < 2Bl BN (
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which once more goes to zero as € — 0+.
Second-order term

We have:

[NIE

LE[NT(T)? — N(T)]| < 2E[(N(T))

<6141P>(T€ < T))é ,

which goes to zero, similarly to the third-order case for the upper bound.
Combining the previous, we get:

. 1 €2 €
hggilp a <u(6) + eE[F(T)] + §E[N(T)2] + gE[N(T)S]

— 64(B”2<T) — N(T)?B,(T) + N(T>4>> <0,

in turn, adding and subtracting E[N (T")*/4], we obtain:

2 63 4

h:r_l}glip el‘l (u(e) + eE[F(T)] + 6EIE[N(T)Q] + gE[N(T)S] + %E[N(T)ﬂ) <

SEI(BA(T) ~ N(T)*)],

Letting n — oo, and after some algebra we have:

62 3 64
lim sup l4 <u(6) + €E[F(T)] + EE[N(T)Q] + —E[N(T)%] + ZE[N(T)‘l]
e—0+ €

+ER[N(T)?/2 - N(T)QF(T)]) <0.

(B.3)

Lastly, noting that (B.2) and (B.3) also hold for limit inferior as ¢ — 0+ concludes the first

part of the proof.

To complete the proof, we now deal with (3.3.3). Similarly to how [KS06, Theorem 1]

treated the first-order asymptotics of the optimal wealth, we take any sequence ¢, € (0, €")

s.t. lim,, o0 €, = 0 1. In turn, recalling the process we were considering for the fourth-order

lower bound of the value function, i.e. Q" := A" + M — M7~ and Taylor expanding

IThis should come without loss of generality for our purposes since any positive sequence ¢,,, that tends to

zero, eventually lies in (0, eL).
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U(l +€,Q(T) + €¢I (T) — ¢, F(T)) around X (T) — ¢, F(T) we get:

log(1 + €,Q"(T) + €27 (T) — €, F(T)) — log(1 + X (T) — e, F(T)) =

1+ Xen (Ti — e F(T) (1 + enQ(T) + 17 (T) — eu F(T)) — (1 + X (T) — e, F(T)))
- s ey (KO- Q@) - @)’

(B.4)
where &, is a r.v. between X (T) — ¢,F(T) and €,Q(T) + 2I7n (T) — ¢, F(T) s.t.
lim,,_,c &, = 0 in probability. This holds by the fact that lim,,_,, X“*(7") = 0 in probability
(see [KS99, Lemma 3.6], [KS06, Theorem 1] for similar results that cover the case of
log-utility). Passing to any subsequence of ¢, we can always find a further subsequence,
denoted by €, s.t. lim,,, oo X (T") = 0 a.s., which in turn implies that the r.v. sup,,, X“(T")
is well-defined a.s.

Now note that:
0<1+&, < <2 + sup X (T) + |F(T)y> V(24 Q(T) +T(T) + |F(T)|) =: B,

which implies that —1/2(1 + &,,)? < —1/2B? and in particular we have 1/B < 1. Hence
(B.4) becomes:

log(1 + €,Q™ (T) + €2, I 7m (T) — €, F(T)) — log(1 4+ X (T) — €, F(T)) <
1
14+ Xn(T) — e, F(T)
1
- 2B2

(1 + €nQ™(T) + €2, (T) — e, F(T)) — (1 + X(T) — €, F(T)))
(X (T) = enQ“(T) = 2,17 (1))

Now we claim that:

<1.

& 1+ enQm(T) + 2 T7em (T) — e, F(T)
[ 1+ X (T) — en F'(T) ]

This holds since 1 + €, Q™ + ¢2,['™m € X(1,¢€). Hence:

8 {log <1 e &%F—n:nf?(T_;mF(T)ﬂ =0
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Using Jensen’s inequality, the claim follows. In turn we have:

u(ﬁm) - E[log(l +enQm (T) + G%zr<76m) - emF(T))] >
et -

m 5
E[(X“ (T) — en@e(T) — . T(r...))?/2B7) (5-2)

_Em

4 )
Em

where by the fourth-order expansion of the value function we have that the left-hand side of

(B.5) tends to zero as m — oo. Furthermore, we have:

E[(X“ (T) — emA(T) — &0(T))2/2B? _ 2E[(X™(T) — 6, Q" (T) — &L (T))?/2B7)

- 4
€m

4
€m

m

4 2El(em@(T) + eml ™ (1) — emA(T) — €,1(T))?]
€m

- 2E[( X (T) — €Qm(T) — €2,T7em (T))%/2B?]

4
€m

+AE[(TT (T) = D(T))"]
P(r., <T)\?
+C( (Tm4< ))2’
em
for C' > 0. Now the above tends to zero as m — oo by (B.5), dominated convergence, (3.3.1)
and (B.1). Lastly, Markov’s inequality applied on the increasing, non-negative function
x> 22 /2B? yields:
X(T) = emA(T) — ,1(T) = op(ep,),

as m — oo. In fact note that if the above holds for the subsequence ¢,,, then it also holds for
the original (arbitrary) sequence e, by the double subsequence trick 2, giving the desired

result. [
Lemma 4.2.1. Let ¢ be a non-negative random variable, and assume that:

E[¢7] < oo,
for some p; > 0. Then, for every ps > 0:

lim L1E[gp1+f?21(;gz] =0. (B.6)

z—yo0 zP2

ZNote that this refers to the following (general) result: let y,, be a sequence of elements of a topological
space. If every subsequence y,,(,,) has a further subsequence yy,(,,, ) that converges to y, then y,, — .
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Proof. Fix py > 0 and observe that:

LE[Cp1+p21ggz} = |:Cp1 <<>p2 1<§Z] .

zP2 z
Moreover:
C p2
Ogcpl (2’) 1C§z§Cp17 z > 0.

Hence, using the fact that E[(?'] < oo (also implying finiteness a.s.) and applying dominated

convergence we get the desired result since:

< b2
lim () 1<, =0, as.
Z—r 00 z -

B.2 Additional calculations for Example I11.3

Denote the martingales closed by F(c0), F,(cc) as M and M,, respectively and recall that
we have the following Kunita-Watanabe decompositions, as in §3:
M =A+N,
Q= E[N(00)’|F()] =T + P,
Mn = An + Nn7
Qn = E[NTI(OO)Q‘F()] =I'n+ Py,
where A(0) =T'(0) = A,(0) =T',(0) = 0. For sufficiently big r, we get:
H[Mn - MaMn - M](OO)”HA — 0,
asn — oo.
Markov’s inequality gives that the above convergence also holds in probability. Now, using

[M,,—M, M, —M)] = [A,—A, A, —A]+[N,,—N, N,,—N] implies that [A, — A, A, —A](c0) —

0 in probability as n — co. In turn, we get:

sup |A,(t) — A(t)| — 0,
>0
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in probability as n — oco. For the case of I',,, I' note that we have for any a > 0:

P <sup 1Gult) — Q)] > ) < LINn(00) = N0,
>0 a

which holds by Doob’s maximal inequality, the fact that [E[N,,(c0)? — N(00)?|F(-)]| <
E[[Na(00)? — N(o0)?||F()] and Ugsofw : supgeyc [@n(t) — Q)] > a} = {w

SUpP;>( |Qn(t) — Q(t)| > a}. In turn, we get:

P (igg |@n(t) — Q1)] > a> < 2 (I (00) — N(00)|I2, + 2[|N(00)(Nn(o0) = N(00))|IL, )
< % (I1Fn(00) = F(00)|f,, + 2] F(00)l|L, | Fa(00) — F(00)|1,)
< % (IFn(00) = F(00)|If,, + 2/ F(00) |1, | Fn(00) = F(00)]ILy)

where we’ve also used that || F(00)||r, is bounded by E[( [, e~ So(t)|Z(t)|dt)?]/? < oo (for
sufficiently big 7). The above converges to zero as n — oo, as for sufficiently big 7 we have
| Fy(00) — F(00)|lL, — 0. In fact for @ := Q — Q(0), Qn := Qn — Qn(0) we have by the
above that sup,~ |Qn(t) — Q(t)] — 0 in probability. This yields [@, — Q, @n — Q](c0) — 0
in probability, implying [, — I',T,, — I'](o0) — 0 in probability; which lastly gives:

sup [y () = T'(#)] = 0,
t>0

in probability as n — co.

B.3 Example II1.4 for non-unit-linked liabilities

Borrowing the setup from Example II1.4 we can also generalise our results for any polynomial
payoft, i.e. for m € N+, that is non-unit-linked:

A(sm) = / et Z(t)mdt,

0

F(im) = /0 TSy () Z(E)™dt.

Now, recall that under Q" we have:

dZ(t) = (n — kZ(t))dt + bdW @ (t), n = ko — bovp.
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In turn, following similar steps as for (3.4.1), we have:

E[F(c0;m)|F(t)] = /0 e So(5)Z(5)™ds + e S (8 (Z(8)),

where ,,, solves:

2

= £ Yon(z) =2, LY J(2) = (= )OS () + S0 (2).
In fact, by Feynman-Kac (under the implied transversality condition) we have:
Vm(z) = EY [ /0 h e“Z(t)mdt] .
Furthermore, note that:

(7 — LY)2™ = (F+ mk)z™ — mpzm 1 — Em(m —1)zm2

Using (7 — LY )by 1(2) = 271, (F — LY )y _2(2) = 2™ 2 and rearranging the above, we

get:
m 2
- z b*m(m — 1) _m
(F—L )(?+mk 1"—|—m]<:¢m 1(z) + 2(7 + mk) Vm-2(2) =
which implies that v, satisfies the following recursive relationship:
() =5 (o) = T
0 =% A
z™ b’m(m — 1)
- R S > 2.
¥m(2) ¥+ mk r+mk¢m 1(2) + 2(r+ k) ¥m-2(2), m22

In particular, denoting the martingale closed by F(co;m) as M,,, we have:

AMp(t) = e " So(t) (bpazd}m(Z (t) —voym(Z (t)))dwl(t)Jr
e TS ()01 — p20, 0 (Z (1)) AW (2).

So, by the Kunita-Watanabe decomposition, we get:

Bn= [ S0l (bpazwmw(t)) — V5 (Z(0)) AW 1),

0

AN (1) = e TSy (8)by/1 — P24 (Z (1)) AW (8),
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where A,,, Ny, are the respective forms of A, N from Example III.3. In fact, for m = 1 this
reproduces 02, as 1 (z) = (2 +n/7)/(F + k) and 0.1 (2) = 1/(7 + k).
Now, denote the measure induced by £(2Ry) and the martingale closed by [N,,, Ny,](o0)

as Q%, K,, respectively. Then:
dZ(t) = (i — kZ(£))dt + bdW @ (t), ¥ := k6 — 2b5vp,
and:
Kon(t) = [ (1= ) S0 (Z(5) s + ¢ E R 0 (£(0),
where for 7 := 27 — (v5)? > 0, X, solves:
(5= €2 Yo (2) = B0 = D02, L) = (7 k)OS + 01 2).
In fact, by Feynman-Kac (under the implied transversality condition) we have:

Yom(z) = E& [ [ e = ozl

We need to pin down 9,42,. Differentiating the recursion for 1,,,, we get:

2
M met g (e m =),

Om(2) = =k ¥+ mk 207 + k)

Zwm 2() mZQa

where 0.10(z) = 0 and 0,¢1(z) = 1/(r¥ + k). In particular, 0.1, is of the form: 0,¢,,(z) =

m—1
Zj s dmjz Hence:

3

m—3
: m
= E: E:
.52 _F—l—mkz r—I—mk dm-147" + —i—mk j= et

Il
o

J

By the above, and after setting d,,, ; := 0, whenever j > m — 1 implies the following recursion

for m > 2:
.
ey ol j=m-1,
dm’j - %dm_lﬂﬁ J=m-—2,
rfmkdm 1+ %dmﬁm j=0,..,m-—3,
(
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and dig = 1/(7 + k). In turn, 9,72, is of the form: 0.v¢,,(2)? = Z?Z‘O’Q qm,;2’, where

min(j,m—1)

Im.j = D k—max(0,j—(m—1)) kA, j—k- Lastly, in order to obtain x,, consider:

(F = LY )pm(z) = ™.
Following a similar process as ,,, we get that:

bm(z) = EL” [ /0 b e_ﬁZ(t)mdt] ,

1 oz
¢0(Z) - ;a @1(2) - P+ k )
2" mi b m(m — 1)
e = ke ko O S gy o)

Lastly, by linearity we get:

2m—2

Xm(2) = 02 (1= p%) Y gm,jds(2).
j=0

C Supplementary material for Chapter IV

C.1 A primer on arbitrage and market completeness

In an effort to make Chapter IV as self-contained as possible, we introduce several key
notions related to arbitrage and market completeness. These concepts, in turn, provide the
foundation for the utility-based pricing framework developed in that chapter. This section
follows the notes of Schachermayer in [? ].

We consider a security market consisting of 1 + d assets. We write S = (S;;0 < i < d)
for their price process, and assume that the price of the asset Sy, referred to as the “bond”,
“cash account” or “riskless asset”, is constant, i.e., §0 = 1. This assumption is without loss
of generality, and is mainly done for notational convenience, since we may always choose
the bond as numeraire and thus express the values of the remaining assets w.r.t. it.

The process S is assumed to be a semimartingale, based on and adapted to a probability

space (2, F,P) equipped with a filtration F(-) satisfying the usual conditions, s.t. F(0) is
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trivial a.s. As usual in mathematical finance, we consider a finite horizon T, but we remark
that our results can also be generalised for the case of an infinite horizon.

For the remainder of this section—in order to fix ideas—we shall be mainly working with
the case of finite 2 and discrete time, i.e. 2 = {w,ws,...,wn}; F(T') = F 1s the power set
of Q; P(w1),P(ws), ..., P(wy) > 0; and (S(£);0 < ¢ < T) = (5(0),5(1), ..., S(T)), for some
N, T € Nyg. This assumption implies that all the differences among the spaces L, L1, and
Lo disappear, as they are simply isomorphic to RY. Hence all the functional analysis reduces
to simple linear algebra in the setting of the present section.

Passing momentarily to a general semimartingale market, a “portfolio” or “strategy” is a
(1 4 d)-dimensional, predictable process (6;;0 < i < d) that is S-integrable . We think of
0; as the number of assets of type 7 in the portfolio at each time. The requirement that 6 is
predictable essentially means that the portfolio is constructed using only the information
available up to that time. The “value process”, V, associated with a portfolio 6 is given by:

d
V()= 0:()Si().
=0
In order to reconcile the above with the discrete time, finite sample space setting, we focus
on portfolios that satisfy two key requirements: (i) the self-financing condition, and (i7)
the condition of admissibility. The former essentially entails portfolios that do not involve

injections or withdrawals of money after the initial time. In particular, for such strategies,

+Aemw@

where the above equals V(0) + >, 0(t)AS(t) in the discrete time, finite 2 setting 3. To

we have:

see this, consider such a portfolio with value V(¢ — 1). Just after that time the portfolio is

rebalanced, and the new value equals:

d
292 (=)= V() = 3 0:(0) (Si) — St~ 1)

3Here #(s)AS(s) denotes the inner product of the vectors 6(s) and AS(s) := S(s) — S(s — 1).
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If no money is injected or withdrawn this should equal V(¢ — 1), hence:
d
V() - V(E—1) =Y 0,(1) (@(t) ~Si(t— 1)) L t>1,
i=1

using that Sy = 1. Note that the self-financing condition does not come with any severe loss
of generality, since one could create a self-financing portfolio by investing appropriately on
the riskless asset.

Regarding the admissibility condition for a general semimartingale model, in order to
rule out doubling strategies and similar schemes generating arbitrage profits (by going deeply
into the red), we assume that 3C € R> s.t.:

/ 0(1)dS(t) > —C.

0
Of course, the above holds for all self-financing strategies 6 if the underlying probability
space (2 is finite.

Returning to our simplified model, denoting the set of self-financing strategies by ©, we

introduce the following definition:

Definition 4.3.1. We call the subspace K of L, defined by:

R = {/OTe(t)dé'(t):e e @},

the set of contingent claims attainable at price 0.

In words, the random variables f = fOT 0(t)dS(t), for some 6§ € ©, represent exactly the
contingent claims that can be generated from zero initial capital by following a self-financing
strategy 6. Equivalently, they are the Fr-measurable payoffs at time 7" that an agent can
replicate without any initial investment. For x € R, one can also define the collection of
contingent claims attainable at price x as the affine space R,, obtained by translating R by

the constant function z1.
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Definition 4.3.2. A financial market S satisfies the no-arbitrage condition (NA) if:
RNLZY = {0},

where ]LOZO denotes the space of non-negative measurable functions and 0 denotes the function

identically equal to zero.

In this way, the notion of an arbitrage opportunity is made precise: it means that there
exists a trading strategy 6 such that, starting from zero initial capital, the terminal payoff

fOT 6(t)dS(t) is almost surely non-negative and not identically zero.

Definition 4.3.3. A probability measure Q on (€2, F) is called an equivalent martingale

measure for S, if Q ~ P and S is a martingale under Q.

The set of equivalent martingale measures is denoted by M¢(S). In fact, for financial

market S modelled on a finite stochastic base, the following are equivalent:

1. S satisfies (NA),

2. M(S) # 2.

The above result is usually called the Fundamental Theorem of Asset Pricing (cf. [? ,
Theorem 2.8]). Now, for a market that satisfies (NA) a contingent claim f € L., is called

“attainable” or “replicable” if:

T ~
f:a:+/0 o(t)dS(t),

for some z € R, 6 € ©. In fact, for such a market, the constant z and the process |, (t)dS(t)
are uniquely determined by the above, and satisfy for every Q € M¢(S) (cf. [? , Corollary
2.9]):
o=Ef o+ [0S = EUUAFC.
0
In particular, one can formalise pricing via no-arbitrage by using the following result (cf. [?

, Theorem 2.11]):
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Assume that S satisfies (NA) and let f € L. Define:

x(f) = inf {E2[f]: Q € M(S) .
7(f) = sup {E2[f] : @ € M“(5)}.

Either =(f) = 7(f), in which case f is replicable at price = (f) := n(f) = 7(f)—called its
unique arbitrage-free price,

orm(f) < 7(f), in which case {E@[f] Qe Me(g)} isopen. In turn, (z(f),7(f)) equals
the set of arbitrage-free prices for the contingent claim f.

A financial market where each f € L. is replicable is called “complete”. This is
formalised by the following result (cf. [? , Corollary 2.12]):

For a financial market S satisfying (NA), the following are equivalent:

1. M*(S) consists of a single element Q.

2. Each f € L, may be represented as:

T ~
f=a+ /0 0(t)dS (1),

for some = € R, 6 € ©. In this case, z = E?|[f], the stochastic integral | 0(t)dS(t) is

unique, and we have:

EQ[f|F()] = o + / 0(t)dS ().

0

C.2 Proof(s)

Proof of Theorem 4.3.1. Using (3.3.2) write *:

u(e) = ure + uge® + uze® + uget + ofe?),

“In §2 we’ve shown that u(€) < oo. In fact, recalling (3.2.7) it also holds that u(e) > —oo, by potentially
restricting € to a sub-interval of (0, €) s.t. ez < 1. One way to see this is to take the positive wealth process
inS: X® :=(1—ex)+ eX with X*(0) = 1, where X is the process implied by (3.2.7), starting at z. In
particular, at maturity X*(7T") — eF'(T') is bounded below by 1 — ex > 0.
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where:

A A A
uy = —Ay, ug = —72, uz = —?3, ug = — <44 G)
Using (4.3.4) and expanding:
2 3 4
() = ufe) + LD~ WU T

Collecting terms, for order ¢ we only have a contribution from u1; for order €2 we have
contributions from us, and u?/2; for order ¢ we have contributions from g, ujus, and u3/6;
finally for order ¢* we have contributions from wuy, uius, u3/2, u?us/2, and ui/24. Bringing

all these together, we get the desired result. [
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