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[epiindn

O tumxol adyopripol Bertiotonoinong otn unyoviny| uddnon — Adam, L-BFGS xou nopodhoyég
TOUG — AVTWETWTILOLY TOV YWEO TOPUUETEWY EVOC VELPWVLXOU BXTOOL w¢ eTinedn Euxieldelo
TohamAOTNTY, oxohovdwvtag Ty avtivetn xatebduvon g xhiong pog Baduwtric cuvdptnong
anwhietog. H mapoloa epyacioa utootneilet 6Tl auth 1 yewuetplo elvor avemopxic yiar plo xatnyoplo
TEOPBANUATOV PuUOC-TANPOGoENUéVNG unyovixhc udinone (PIML) — cuyxexpyéva yio idiégopga
otatoparyuéva ouothuata MAE ToMATAAC QUOLXNC UE XATOTERN-TELYWVIXT OOUT — XOL TEOTELVEL
0L0 aAANAEVOETES AVoElg Baduéveg oe xhaoixr| Ladnuotixy| avaiuon.

H mpddtn ouvelogopd etvor 1 datdnwon tng Bedtiotonoinong Nash IFT': uio Sounuévn amociv-
Yeon tou mpoPifuatog exnaidevong PIML ce dwdoyixd emAloiua utompoBiuota, xadéva and o
omola AelTovpYeEl GTOV QPuUOLXS YWEo cuvapThoewy Tng avtictowyne MAE. H deltepn ouvelogopd
elvon 1 yenon tng avioétnTas Hardy o TNy amoxatdo ooy TG CLUVEXTIXOTNTAS TNG CUVAETNOTNG
anwhietag PINN oo 1biépoppa diatapayuévo xoestoe.

O1 800 ouvelo@opéc emxuptvovtal ot éva dxpo-axpo [0°/90°] Soxé CFRP ue xwvruatixd Timo-
shenko FSDT xou moapduetpo didtunone Iy = 206.897, yenowonoudvtog coulita oxte aveEdotntwy
ehéyywv enodfdevone (V1-V8), 6ot ex twv 0molmv XavonolodvTol.



Abstract

Standard machine-learning optimizers — Adam, L-BFGS, and their variants — treat the pa-
rameter space of a neural network as a flat Kuclidean manifold, updating parameters along the
negative gradient of a scalar loss. This thesis argues that this geometry is inadequate for a class of
physics-informed machine learning (PIML) problems — specifically, singularly perturbed multi-
physics PDEs with block-triangular structure — and proposes two connected remedies grounded
in classical mathematical analysis. The claims are validated on a doubly-clamped [0°/90°] CFRP
composite beam with Timoshenko FSDT kinematics and a shear parameter II; = 206,897, which
serves as a worst-case benchmark for standard PIML formulations.

The first contribution is a formulation of Nash Implicit Function Theorem (IFT) Optimiza-
tion: a structured decomposition of the PIML training problem into sequentially solvable sub-
problems, each operating in the natural function space of its governing PDE. When a multi-
physics system has block-triangular PDE structure — as do the mixed (W, M ) equations gov-
erning a doubly-clamped composite beam — the Nash decomposition allows the independent
subsystem (bending moment M ) to be converged first, providing a high-quality frozen field for
the coupled subsystem (deflection W) in the next phase. Experiments confirm that this split-
network Nash PINN (M4) matches the accuracy of the baseline Mixed PINN (0.522% deflection
error) while providing a principled convergence certificate absent from standard joint training.

The second contribution is the use of Hardy inequality coercivity to repair the loss landscape
of PINNSs in the singularly perturbed regime Iy = As5L2/D11 > 1. Standard three-field PINNs
fail catastrophically (98.7% error) because the loss functional is non-coercive: the shear residual
Yoz ~ 31 ~ 5x107° is seven orders of magnitude smaller than the rotation ¢ ~ 0.13 rad,
making the trivial solution a near-zero of the loss. The Hardy—Poincaré inequality, applied
through curvature-adaptive collocation weights w; = \W”(fi)]Q + 7, restores weighted coercivity
and reduces the loss plateau from 5x10~* (uniform collocation) to 7x10~® (Hardy-adaptive) —
a 7-fold improvement confirmed experimentally.

Both contributions are developed within a unified Hardy-Nash Framework: the Hardy in-
equality provides the correct function-space geometry (weighted Sobolev space W1,1J’2(Qh)); the
Nash IFT provides the correct optimization architecture (block-decomposed, preconditioned gra-
dient flow). The primary purpose of this work is to validate the effectiveness of the Hardy—Nash
methodology on a well-characterised, low-dimensional benchmark — the stiffness problem of a
doubly-clamped Timoshenko beam — before extending to higher-dimensional and more complex
structural problems. All results are validated on this test case: a [0°/90°] CFRP composite
beam with Timoshenko FSDT kinematics, von Karméan nonlinearity, and II; = 206 897 — using
a verification suite of eight independent checks (V1-V8) all of which pass.

Keywords: Nash implicit function theorem; Hardy inequality; coercivity; weighted Sobolev
spaces; physics-informed neural networks; PINN; singular perturbation; FEM; composite lami-
nates; FSDT; Bq1 coupling; adaptive collocation; Muckenhoupt weights; Demokritos; scientific
computing.
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Notation

Symbol Meaning Value / units
L Beam length 1.0 m

H Laminate thickness 2.0 mm

P, Midspan load 100 N

Ep, B Young’s moduli (fibre/transverse) 135, 10 GPa
G In-plane shear modulus 5 GPa

V19 Poisson ratio 0.30

Aq1, B11, D11, Ass ABD stiffnesses see Table 6.1
D* = Dy; — B /A11  Reduced bending stiffness (CC) 21.394 N-m
CC Clamped-clamped boundary conditions —

SS Simply-supported boundary conditions —

Deg Effective bending stiffness (SS) 36.761 N-m
I, = As5L?/D1y Shear parameter 206 897

uQ, Wo, Mid-plane displ., deflection, rotation m, m, rad
N,M,Q Membrane force, moment, shear force  N/m, N, N/m
§=uxz/L Non-dim. coordinate [0, 1]

W = wo/wee Non-dim. deflection 0(1)

M = M/M, Non-dim. moment O(1)

wse = P,L3/(192D*)  Deflection scale (CC) 24.345 mm
M. = P,L/8 Moment scale 12.5 N-m
cr=24,¢c=38 PDE coefficients (CC, corrected) —

w; = a;/(A2B?) Discrete Hardy weight —
Cy=1/4 Hardy constant (sharp) —

W&,’Z(Qh) Hardy-weighted Sobolev space —

wi = W& 241 Adaptive collocation weight —

p = LoMCy Nash IFT convergence rate <1

0 Network parameters RP

L(6) PIML training loss —

N, Collocation points 300

10



Chapter 1

Motivation and Thesis Positioning

1.1. The Core Problem: Wrong Geometry in PIML Optimization

Physics-informed machine learning (PIML) trains neural networks by minimizing a loss that con-
tains PDE residuals alongside data terms. The dominant training algorithms — Adam (Kingma
&Ba, 2015), L-BFGS (Liu &Nocedal, 1989), and their variants — are geometry-blind: they treat
the parameter space © as a flat Euclidean manifold and follow the negative £2 gradient.

This is the wrong geometry for at least two reasons that this thesis makes precise:

(i) The loss functional lacks coercivity for singularly perturbed PDEs. When the shear
parameter 11y = As5L?/D1; ~ 105, the shear residual v,, ~ II;! is seven orders of magni-
tude smaller than the rotation residual. The Hessian of the loss has near-zero eigenvalues
in the shear direction: gradient descent finds a spurious near-zero attractor at the trivial
solution, producing 98.7% deflection error. The problem is not the optimizer; it is that the
loss functional is not coercive in the relevant function space.

(ii) Multi-physics systems have block structure that standard joint optimization ignores.
When the governing PDE system is lower-triangular (the moment equation is independent of
the deflection), joint Adam training couples the two networks’ gradients artificially, causing
interference between phases. The correct optimizer should respect the PDE’s causal structure.

Central Thesis Claim

A priori information — whether from the governing PDE’s block structure (Nash IFT) or
from the problem’s function-space geometry (Hardy weights) — can be encoded directly
into the optimization architecture, not merely into the loss function. This produces prov-
ably faster convergence, restored coercivity, and physically interpretable network decom-
positions. All claims are validated on a doubly-clamped [0°/90°] CFRP composite beam
(Timoshenko FSDT, II; = 206 897), which represents a worst-case singularly perturbed
benchmark for standard physics-informed machine learning.

1.2. The Two Proposals

1.2.1 Proposal 1: Nash IFT as Optimizer

Nash’s 1956 implicit function theorem (Nash, 1956) provides a constructive decomposition of
nonlinear operator equations F(u) = 0 into sequentially solvable subproblems Fj(u™! u™) +
Fy(u™,u™) = 0. In the PIML context, the proposal is:

11
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Nash IFT Optimization — Core Idea

Replace flat-geometry gradient descent with a structured decomposition of the PIML loss
wnto sublosses, each corresponding to one causal block of the PDE system. Train each
block’s network in the function space appropriate to its governing equation, with the out-
puts of converged upstream blocks frozen as inputs to downstream blocks.

This is not a new optimizer in the sense of a new update rule for "1, It is a new
training architecture that encodes the mathematical structure of the problem — specifically
the implicit function theorem structure of the multi-physics coupling — into the training
schedule.

\

The convergence of Nash IFT optimization is guaranteed (linear rate p = LaM1C% < 1) when the
coupling Lipschitz constant Lo and the inverse bound M; of the stiff part satisfy LoMCy < 1
(Theorem 5.1). The Hardy constant Cp = 1/4 (proved in Chapter 4) enters because convergence
is measured in the Hardy-weighted Sobolev norm |[-[|;,1.2, the natural norm for the elliptic PDE
being solved.

1.2.2 Proposal 2: Hardy Coercivity as a PIML Module

The Hardy Poincaré inequality provides a coercivity lower bound: |[ul|31 > 4|ul|3,. The

proposal is to use the Hardy weight w; = a;/(A?B?) — computed from the current PINN
solution’s curvature — as an adaptive integration measure for the collocation loss:

 Ywir?(&)
Lw = diwi

This is not ad hoc: it is the natural consequence of measuring the loss in L2, rather than L2
The weighted loss is coercive by the Hardy-Poincaré inequality even when the unweighted L?

wi = [W(&)2 + 7. (L1)

loss is not.

1.3. Structure of the Thesis

The remainder of this thesis is structured as follows. The text is organised into five parts. Part I
develops the mathematical foundations of the work. We begin with an overview of machine
learning concepts and definitions in Chapter 2, followed by a summary of the functional analysis
background in Chapter 3. Chapter 4 then presents the Hardy inequality, its discrete form, and
the weighted Sobolev coercivity that it provides. In Chapter 5 we develop the Nash Implicit
Function Theorem, its fixed-point and Newton convergence theory, and the block-decomposition
structure that motivates the proposed training architecture.

Part IT covers the physics model. Chapter 6 reviews classical laminate theory and the ABD
operators for the [0°/90°] CFRP laminate. Chapter 7 derives the Timoshenko FSDT equations,
establishes the correct clamped-clamped stiffness D*, analyses the singular perturbation structure
that causes standard PINN failure, and extends the linear model to full von Karman nonlinearity
with the Duffing backbone curve.

Part I1II presents the computational methods. Chapter 8 describes the finite element reference
method, including the shear-locking remedy. Chapter 9 derives the corrected Mixed (W,M )
PINN formulation, and Chapter 10 compares all five PINN variants experimentally.

Part IV positions Nash IFT as a machine learning optimizer. Chapter 11 gives the formal
proposal and compares it with standard optimizers. Chapter 12 presents the Hardy coercivity
module and adaptive collocation algorithm. Chapter 13 develops the unified Nash-tame frame-
work, including the theoretical extension to transformers via the Nash Attention Mechanism.

12
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Part V contains results and conclusions. Chapter 14 presents the full numerical results and
the V1-V8 verification suite, and Chapter 15 draws conclusions and outlines open problems and
future directions.
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Part I

Prerequisites
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Chapter 2

Machine Learning Essentials for Engineers

This chapter is self-contained: no prior ML knowledge is assumed. It introduces feedforward
networks, training, automatic differentiation, and the key hyperparameters used in this thesis.
Readers already familiar with PyTorch-level deep learning may skip to Chapter 3.

2.1. What Is a Neural Network?

A feedforward neural network (multilayer perceptron, MLP) is a parametrised function fy :
R™n — R™ut built by composing affine maps and nonlinear activations. For input x € R™»_ a
network with L hidden layers of width m computes:

h = o(WORED 4 bO), (=1, L (2.2)
fo(x) = WEHDR(E) | p(E+1), (2.3)

where W) ¢ Rm*m b)) ¢ R™ and o is a scalar activation function applied element-wise.
This thesis uses Tanh: o(z) = tanh(z), because it is infinitely differentiable (required for com-
puting W" via automatic differentiation), bounded (prevents output explosion), and symmetric
(appropriate for beam deflection profiles).

A 4-layer network of width 50 (“4x50 Tanh”) has p = 1-50+3-50% +50-2 = 7,652 trainable
parameters.

2.1.1 Universal Approximation

Theorem 2.1: Universal Approximation Theorem (

For any continuous g : [0, 1] — R and € > 0, there exists a single-hidden-layer Tanh network
fo with maxg [fo(£) — g(§)| <e.

The theorem does not say how many neurons are needed, whether gradient methods will
find the approximating parameters, or how well the approximation of derivatives f; behaves
— precisely what PIML needs. For 4x50 Tanh, the capacity-limited approximation error
for smooth H? functions scales as O(1/m?) ~ 4x10~*, matching the observed PINN loss
plateau exactly.

2.2. Training: Loss, Gradients, Optimizers

15



Chapter 2 Nash IFT Optimization for Physics-ML — University of Piraeus / NCSR Demokritos 2026

2.2.1 The PIML Loss

Training minimises £(6) = (1/N.) >_, 7(&;0)%, where r(&;0) is the PDE residual. Minimising £
pushes fy to satisfy the PDE at all N. = 300 collocation points.

2.2.2 Adam

Adam (Kingma &Ba, 2015) maintains running estimates of gradient mean m" and variance v™:

m"t = gm" + (1 — )VL", (2.4)
Vn+1 _ BQVn + (1 . ﬂz)(Vﬁn)Q,
ol = 0" — ™t/ (VI 4g). (2.6)

Default: 81 = 0.9, B2 = 0.999, n = 8x 1074, decayed x0.3 at epochs 4000, 8000, 11000.

Adam in plain terms

Adam divides each parameter’s gradient by the running standard deviation of that gradi-
ent’s history. Parameters with noisy, erratic gradients take small steps; parameters with
consistent gradients take large steps. It is a diagonal pre-conditioner estimated adaptively
from the gradient history — but it knows nothing about the physics.

2.2.3 L-BFGS

L-BFGS (Liu &Nocedal, 1989) approximates the inverse Hessian from the last mpy = 100 gradient
differences and takes a Newton-like step. Convergence near a minimum is superlinear. A strong
Wolfe line search is used to ensure sufficient decrease and curvature conditions.

In this thesis: Adam (12000 epochs) escapes bad local regions; L-BFGS (800 steps) refines
to the nearest local minimum. The L-BFGS loss plateau is reached within 200 steps in all
experiments.

2.2.4 Why float64 Is Essential

With II, = 206897, the shear strain 7,, ~ 5x 1075 rad. With float32 (emacn ~ 1077), this
quantity is below the precision floor. float64 (eymacn ~ 1071%) gives nine significant digits for 7,..
All PyTorch tensors and network weights are cast to float64 via model.double().

2.3. Automatic Differentiation

PIML requires d2W /d&? to evaluate the PDE residual — not a gradient of the loss with respect to
parameters, but a derivative of the network output with respect to its input. PyTorch’s autograd
provides this via torch.autograd.grad with create_graph=True:

Listing 2.1: Computing PDE residuals via autograd

1 xi_t = torch.tensor(xi_np).unsqueeze (1) .double ()
xi_t.requires_grad_(True) # track derivatives w.r.t. xt
ones = torch.ones_like(xi_t)

W_hat, M_hat = model(xi_t)
6
# First derivative dWh/dzi
dW = torch.autograd.grad(W_hat, xi_t, ones,
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create_graph=True) [0]

11 # Second derivative d2Wh/dzi2
d2W = torch.autograd.grad(dW, xi_t, ones,
create_graph=True) [0]

rl = d2W + 24.0 * M_hat # PDE residual: Wh’’ + 24*Mh = 0
6 r2 = ... # second PDE restidual
loss = (ri1**2 + r2*+*2) .mean ()

The flag create_graph=True keeps the computation graph alive for higher-order differentiation,
using more memory. The L-BFGS Bug (fixed in this thesis): the loss function must not be
called under torch.no_grad() when it uses autograd.grad, because the computation graph is
destroyed by no_grad. The fix: capture loss.detach().item() inside the L-BFGS closure.

2.4. Hard vs Soft Boundary Conditions

Table 2.1: Boundary condition enforcement strategies.

Type Implementation Properties
Soft Add Agc|W(0)|2 +... to loss  Approximate, needs Agc tun-
ing
Hard (this work) Multiply output by ¢2(1 —¢)?  Exact, no tuning, no extra loss
before applying to loss term

Hard BCs are used throughout this thesis for both W and M: W = £2(1 — 2 £V (&) (CC: zero
value and slope); M = —1 + £(1 — ) () (CC: moment = —M;, at ends).

2.5. Comparison with Standard PINN Literature

The field of physics-informed machine learning has grown rapidly since the foundational work
of Raissi et al. (Raissi et al., 2019), who demonstrated that neural networks can approximate
solutions to a wide range of PDEs — fluid dynamics, heat transfer, and inverse problems — by
minimising a residual-based loss without labelled data. That baseline approach, however, was
developed and tested on well-conditioned problems where the PDE coefficients are of comparable
magnitude. Wang et al. (Wang et al., 2021) identified a key failure mode — gradient pathologies
in stiff problems — and proposed adaptive loss weighting as a remedy; their work is the direct
motivation for the Hardy adaptive collocation introduced in this thesis.

In the structural mechanics context, Haghighat et al. (Haghighat et al., 2021) and Fuhg &
Bouklas (Fuhg &Bouklas, 2022) showed that mixed formulations (where stress and displace-
ment fields are network outputs simultaneously) significantly outperform displacement-only ap-
proaches. The mixed (W, M) formulation of this thesis (method M1) is the direct descendant of
their approach, adapted to the non-symmetric CFRP laminate with the Byi-coupling correction.
Neither of those prior works considered the singular-perturbation regime (IIg > 1) that is the
central difficulty here. Mishra & Molinaro (Mishra &Molinaro, 2022) provide the theoretical
error bounds that underpin the coercivity analysis of Chapter 4. Table 2.2 summarises these
relationships.

17



Chapter 2 Nash IFT Optimization for Physics-ML — University of Piraeus / NCSR Demokritos 2026

Table 2.2: This work in the context of PINN literature.

Reference Problem Accuracy Relation to this work

Raissi et  al. Fluid/heat PDEs < 1% Baseline  approach;

(Raissi et al., fails for Iy > 1

2019)

Wang et al. Stiff PDEs, Improved via Motivates adaptive

(Wang et al., pathologies weighting collocation

2021)

Fuhg & Bouklas Mixed hyperelas- < 0.5% Direct predecessor of

(Fuhg &Bouklas, ticity M1

2022)

Haghighat et al. Solid mechanics < 0.1% Confirms mixed for-

(Haghighat et al., mulations work

2021)

Mishra & Moli- Error bounds for Theory Foundation for M3

naro (Mishra PINNs coercivity

&Molinaro, 2022)

This work CFRP beam IIy = 0.52%  (M1- Nash IFT + Hardy
206,897 M4-M5) coercivity (novel)
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Chapter 3

Functional Analysis for Engineers and Computer
Scientists

Having introduced the main concepts of machine learning, we now turn to the functional-analytic
foundations that underpin the Hardy—Nash framework. This chapter introduces the function
spaces, coercivity, and natural gradient concepts used throughout Parts II-1V.

3.1. Function Spaces: Measuring Displacement Fields

A displacement field wyg : [0, L] — R is an element of a function space. Different function spaces
measure “size” differently.

3.1.1 L?: Root-Mean-Square Amplitude

L
ul|22 = /0 w(@)? da. (3.1)

L? in engineering terms

||| 2/V/L is the RMS value of u along the beam. The FEM L? error is the RMS difference
between the FEM solution and the exact solution.

3.1.2 H': Amplitude and Slope
HZ(0, L) contains functions with u(0) = u(L) = 0 and:

L
|2 = /0 w2 + (u)?] da. (3.2)

FEM convergence in H' means both displacements and strains converge. This is the natural
space for Timoshenko beam deflection.

3.1.3 L2: Amplitude Weighted by Physical Importance

For weight w(z) > 0: [ul]3, = fOL w(x)u? do. Hardy weights are large near boundaries, small in
the interior — boundary regions are measured more heavily.
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3.2. Coercivity: Why Minimizers Exist

Definition 3.1: Coercive functional |

L:V — Ris coercive on V if 3a > 0: L(u) > afu)? for allu € V.

Coercivity in structural terms

For a stiffness matrix K, coercivity = positive definiteness: u'Ku > au'u > 0. A singular
K has rigid-body modes — infinitely many “solutions.” A non-coercive PIML loss has the
same problem: many wrong parameter vectors 6 give near-zero loss, including the trivial

~

W =0 at II; > 1.

3.3. The Natural Gradient and the Correct Geometry

The gradient of £ depends on the choice of inner product. In L?(0) (standard Adam geometry):
VoL measures the steepest descent direction in flat parameter space. In WJ,’Q (Hardy-weighted
Sobolev geometry): the gradient g, = G 'gp (where G is the Gram matrix of the weighted
inner product) measures steepest descent in the function space the solution lives in. Nash-
preconditioned gradient descent is the discrete implementation of the natural gradient (Amari,
1998) in Wy,
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Mathematical Foundations
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Chapter 4

Hardy Inequality and Weighted Sobolev Coer-
civity

Having established the necessary function-space background, we now develop the Hardy inequal-
ity — the central analytic tool for restoring coercivity to the PIML loss when the governing PDE
is singularly perturbed.

4.1. The Coercivity Problem in PIML

A functional £ : V. — R is coercive on a Banach space V if L(u) — oo as |lull;, — oo, or
equivalently, if there exists o > 0 such that £(u) > «a|ul} for all u € V. Coercivity is the
standard sufficient condition for existence of minimizers (by the direct method of the calculus of
variations) and for convergence of gradient-based methods.

The PIML loss £(0) = (1/N.) >, 72(&) is a discrete L? norm of the PDE residual. For the
Timoshenko beam with II; > 1, this loss is not coercive in the standard sense: the shear residual
ro(W = 0) = O(II;!) is negligible compared to the true residual ro(u*) = O(1), so the gradient

A

descent finds W ~ 0 as an approximate minimizer. This is Theorem 77 below.

4.2. Classical Hardy Inequality

Theorem 4.1: Weighted Hardy—Poincaré Inequality .

Let a € L (0,L) with a > 0 a.c., and define A(z) = [1/a, B(z) = me 1/a. Set

loc

w(x) = a(z)/(A(z)?B(x)?). Then for all u € H}(0, L):

F o) Lt "2
/0 w(z)u*dr < 4/0 a(z) (u')*de. (4.1)

The constant 1/4 is sharp and not attained.

Rearranging: fOL a(u)?dz > 4 fOL wu?dx. This is the coercivity lower bound in the Hardy-
weighted space.
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4.3. Discrete Hardy Inequality

Definition 4.1: Discrete Hardy Weights
For grid {i}¥, with up = uy =0, a; > 0:

A 1 N-1 1 @
A=) —, ;= =, W= ———s. (4.2)
= A ]Z:; o) " A}B

For a; = 1: w; = 1/(i*(N —4)?) — large at both ends, small in the interior.

\.

Theorem 4.2: Discrete Hardy Inequality
N-1
2 1 2 . g .
Z w; u; Z Z a; (Au;)?. The constant Cy = 1/4 is sharp. Numerically verified for

i=1 =0
N € [10,1000] (Table 4.1).

4.4. Weighted Sobolev Space and Coercivity

Definition 4.2: W} 2(€,)

w

N-1 N-1
||U||$;V7})2 = Z w; uf + Z a; (Au;)?. (4.3)
i=1 i=0

By Theorem 4.2: Hy () and Wa?(Qp,) are the same space with equivalent norms.

\.

Proposition 4.1: Coercivity in W2
The bilinear form B(u,v) = ), a;Au; Av; is coercive on W2 Blu,u) > HuH%,Vm /3.

. J

This is the key: measuring the PIML loss in We? instead of L? makes it coercive even for
singularly perturbed problems, because the Hardy weight w; is large near boundaries (where
the shear boundary layer lives) and the weighted norm resolves both the O(1) rotation and the
O(I1;1) shear strain.

4.5. Muckenhoupt A; Condition

The Hardy weight w; = |W”(&)[2 + n satisfies the Muckenhoupt Ay condition (Muckenhoupt,

1972):
o (3 f4) (1 ) s

This ensures that the Hardy-weighted Hardy—Poincaré inequality holds uniformly as the collo-
cation is updated during training, providing a rigorous foundation for the adaptive collocation
algorithm of Chapter 12.
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4.6. Numerical Verification

Table 4.1: Verification of Theorem 4.2 (u; = sin(7i/N), a; = 1). LHS/RHS < 0.25 = Cy for all
N € [10,1000].

N LHS RHS LHS/RHS < COy?
10 2.609x1072 1.000  0.02608 v
50 1.102x103 1.000  0.00110 v
100 2.774x10~* 1.000  0.00028 v
500 1.116x107° 1.000  0.00001 v
1000 2.790x107% 1.000 2.8x10° v
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Chapter 5

Nash Implicit Function Theorem: Theory and
Convergence

Having established coercivity through the Hardy inequality, we now develop the second pil-
lar of the framework: the Nash Implicit Function Theorem, which provides both the block-
decomposition architecture for the PINN training and its convergence guarantee.

5.1. Background: Nash’s Embedding Theorem and the IFT

In his 1956 paper on isometric embeddings (Nash, 1956), Nash introduced an iterative scheme
that combines Newton-type linearisation with a smoothing step to overcome the loss of derivatives
at each Newton iteration. The key insight was the decomposition F' = F} + F5, where F7j is the
“stiff” (implicit) part and Fb the “smooth” (explicit) part:

Fy(u™™ u™) + Fy(u™, u™) = 0. (5.1)

This is not merely a fixed-point scheme: it encodes the implicit function theorem structure of
the problem — the fact that v"*! depends implicitly on u" through the operator Fj.

5.2. Nash Fixed-Point Iteration

Theorem 5.1: Nash Fixed-Point Convergence

Let F = Fy + Fy on Wy(€) with: (i) Fi(-,u) invertible with HFfl(,u)H
(ii) F» Lipschitz: ||Fa(u) — Fa(v)
Then:

< My;

wW—w

< Ly |lu — ||, Iterate Fy(u"™, u™) 4+ Fa(u™, u™) = 0.

[l
Hun+1 . u*le,z <p Hun . U*HWJ,Q , p=DLasM Oy < 1. (5.2)

The Hardy constant Cy = 1/4 enters as the coercivity factor of the Hardy-weighted Sobolev
norm.

5.3. Nash—Newton Iteration
The Nash—Newton method operates in the Hardy-weighted Sobolev space:
Jo(™) Auy = —W12E@W"),  Jy=WY2J@) w12, (5.3)

Convergence is quadratic: ||u"*! — u*”w < C|Ju™ — u*||2. Numerically verified on u? — 2 = 0
(convergence order 2.00, Table 5.1).
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Table 5.1: Nash-Newton quadratic convergence on u? —2 =0 (u® = 1.5).

u” |F'(u™)] Order

1.50000000000 2.50x 10! —
1.41666666667 6.94x 1073 —
1.41421568627 6.01x107%  2.08
1.41421356237 4.51x10712 217
1.41421356237 <10~15 —

= ow N = o |3

5.4. Nash Block-Decomposition Theorem

Theorem 5.2: Nash Block-Decomposition for Mixed PINN .

The mixed (W,AM ) PDE system [W" + 24 M =0, M" +8j = 0] has lower-triangular block
structure: the M-equation is independent of W. The Nash decomposition F; = W +24M ,
Fy, = M" + 83 decouples exactly into two sequential linear solves:

1. Solve M” + 8j = 0 independently (no W needed).
2. Solve W” + 24M = 0 given converged M.

Machine-precision accuracy: |[error||os < 107'% (verified, N = 200 grid).

This theorem is the mathematical justification for the M4 split-network Nash-PINN training
strategy: Phase A trains Netys (the M-network) independently;

5.5. Quantitative Convergence of Nash IFT PINN

The convergence theorem stated in Chapter 5 gave an existential rate p = LoM1Cy < 1 —
meaning a rate whose existence is guaranteed by the theorem but whose numerical value depends
on the problem-specific constants L (coupling Lipschitz constant) and M (inverse bound of the
stiff operator) — without computing these constants for the specific problem. We now derive
them explicitly.

5.5.1 Setup

The mixed PDE system (Chapter 9) is:

R I Y
FOW, 1T = [W +24M] o,

N 5.4
Ml/ _|_ 8§ ( )

with the Nash decomposition: F1(W, M) = W” + 24 M (stiff, implicit in W) and Fy(M) =
M" + 8¢ (explicit, independent of W).
5.5.2 Stiff Part: Inverse Bound M;
The operator Fy with respect to W is A = —d?/d€? on H}(0,1). Tts spectrum is:

M(A) = (nm)?, n=1,2,3,... (5.5)
The hard-BC ansatz W = £2(1 — £)2f(€) enforces W = 0 at both endpoints and W’ = 0 at both

endpoints, meaning the first non-trivial Fourier component of Wisn=2 (the function ¢2(1—¢)?
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has a double zero at both ends, equivalent to the second-mode boundary conditions). Therefore
the relevant minimum eigenvalue is:

A0 — (97)2 = 4n? ~ 39.48. (5.6)

min

The inverse bound in the Hardy-weighted Sobolev norm W2 satisfies, by the Hardy—Poincaré
inequality:

M; = HA_1HW&},2_>W5J,2 = — = —. (5.7)

5.5.3 Coupling Part: Lipschitz Constant L,

The coupling operator in F is M — 24 M (multiplication by the scalar ¢, = 24). Its Lipschitz
constant in Wy? is exactly:
Ly = ¢, = 24. (5.8)

5.5.4 Quantitative Convergence Theorem

Theorem 5.3: Quantitative Nash IFT Convergence for the CC Beam

For the split-network Nash PINN (M4) applied to the CC beam mixed system (5.4), with
hard BCs W = €2(1 — )2 £V (¢):

1
p=1Lo-M;-Cy=24-—

1 3
- = & 0.152. .
m? 4 a2 O (5:9)

Nash IFT iteration converges with rate p = 3/(272) < 1 in the Hardy-weighted Sobolev
norm W?(0,1).

Experimental validation. The observed M4 convergence across phase cycles is consistent
with p ~ 0.152: the normalised error decreases by a factor of 0.15-0.20 per full cycle
(Phase A + Phase B), matching the theoretical prediction within a factor of 1.5 (see
Figure 14.1, right panel). The L-BFGS plateau after the four cycles is 5.09x1074, identical
to the baseline M1 Mixed PINN (5.02x10~*), confirming that the Nash architecture achieves
the same accuracy as joint training while providing a proved convergence certificate.

A naive bound using the lowest eigenvalue \; = 72 gives p = 24/(472) = 6/72 ~ 0.608,

still less than 1 but pessimistic. The tighter bound p = 3/(272) ~ 0.152 uses )\I(SS) = 472,
which is appropriate because the CC hard-BC ansatz £2(1 — £)2 f vanishes to second order
at both endpoints, effectively projecting out the n = 1 mode. The first mode of £2(1 — &)?
(a Fourier expansion on [0,1]) starts at n = 2.

5.5.5 Error Propagation Bound
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Corollary 5.1: Deflection Error from M Plateau

If the M-network is trained to plateau loss €7, so that ||M* — MexactHWlﬂ < /e, then
the W-network Phase B error satisfies:

. 2 c 24 6
”W* — WeXaCtHW&)’Q S )\(TTc)q/{EM = 4—7‘_21/5M = ﬁVEM. (510)
min

For the measured plateau 3y ~ 5 x 10~
6 6

O < —V 5x107% X wge = — % 0.0224 x 24.35mm = 0.331 mm. (5.11)
T T

The observed deflection error is 0.127 mm (0.522%), within this bound by a factor of 2.6.

The bound is not sharp because || - ||;;1.2 and the L?-measured loss plateau have different
normalizations; the factor 2.6 is consistent with this gap.

5.5.6 Why This Is Better Than the Naive Bound

Table 5.2: Nash IFT convergence rates under different assumptions. The CC hard-BC improve-
ment (factor 4 in Ayy) directly translates to a factor-4 tighter convergence bound.

Assumption Amin M, p Interpretation
General H} 2 1/7? 6/m2 = 0.608 Pessimistic (SS-like)
CC hard-BC (n >2) 4n? 1/(4n?) 3/(27?) =0.152 Correct for CC beam
Reduction from CC BCs: 4x faster

This demonstrates that the hard-BC ansatz is not merely a convenience for satisfying boundary
conditions — it provides a 4X tighter convergence guarantee by projecting the solution space
onto the correct spectral subspace.

Phase B trains Nety, with Net, frozen.
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Physics Model
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Chapter 6

Classical Laminate Theory and ABD Operators

6.1. Layer Geometry and Transformed Stiffness

A laminate of N orthotropic plies has total thickness H. For each ply at angle ), the 6 x 6
compliance matrix S*) is rotated by T(G(k)) and the beam direction stiffnesses extracted by 2 x 2

inversion (enforcing uniaxial stress oy, = 0): [Qn , ] (C®) (1 5xq1,50) "
6.2. ABD Stiffness Integrals

All = Z lei)AZ][cl], Bll = %ZQ?;)AZE], = %Z k)AZ][S], A55 = Rg ZQ%?AZU]
k k k
(6.1)
with ks = 5/6. Effective stiffnesses: D* = D11—B%1/A11 (CCbeam); Do = 4A11D11D* /(4A11 D11 —
3B%) (SS beam).

Physical meaning of A;;, Byi, D11, Ass

Aqp is the extensional stiffness (N/m): the membrane force per unit width needed to
produce unit mid-plane strain. Think of it as the beam’s axial spring constant per unit
width.

By is the bending—extension coupling (N): when the laminate is bent, it also stretches
axially, and vice versa. This is nonzero for non-symmetric laminates such as [0°/90°]. Here
By = —6.25x10* N: the 0° ply (below mid-plane, stiffer axially) causes the beam to curve
upward under a downward force.

Dy is the bending stiffness (N-m): the moment per unit width required to produce unit
curvature ¢’. Compare with isotropic beam theory: Dy; = EI/b where ET is the flexural
rigidity and b is beam width.

Ass is the shear stiffness (N/m, including the Reissner correction ks = 5/6 for the parabolic
shear-stress distribution). For the [0°/90°] laminate, G12 = 5 GPa governs, giving As; =
10" N/m — much smaller than A;; = 1.45x 108 N/m, as expected for a fibre-reinforced
composite.
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Table 6.1: ABD values for the [0°/90°] CFRP validation laminate. E; = 135 GPa, Es = 10 GPa,
G12 =5 GPa, 12 = 0.30, t = 1 mm per ply. Verification V1: err = 0.000%.

Quantity Value Unit Meaning

A 1.450x10® N/m Extensional stiffness

B —6.250x10* N Bending—extension coupling
D1y 48.333 N-m  Bending stiffness

Ass 1.000x107 N/m Shear stiffness

D 21.394 N-m Reduced bending (CC, N = 0)
D.g 36.761 N-m  Effective bending (SS)
|B%,/(A11D11)] 0.557 — Coupling dominance ratio

s = As5 L%/ D1y 206897 — Shear /bending ratio
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Chapter 7

First-Order Shear Deformation Theory and Von
Karman Nonlinearity

Chapter road-map

This chapter develops the complete beam mechanics model used throughout the thesis.
Section 7.1 motivates the need for shear deformation theory. Sections 7.2-7.4 derive the
FSDT equilibrium equations from first principles. Sections 7.6-7.7 give the exact analytical
solution for the CC beam and identify the critical Bug 1 correction (D* vs. Deg). Sec-
tion 7.8 analyses the singular perturbation structure responsible for standard PINN failure.
Sections 7.10-7.16 extend the linear model to full von Kérman nonlinearity and derive the
Duffing backbone curve with all numerical values.

7.1. Why Euler—Bernoulli Theory Is Insufficient

Classical Euler—Bernoulli (EB) beam theory makes one fundamental assumption: plane cross-
sections remain perpendicular to the deformed beam axis, so the transverse shear strain is iden-
tically zero:

~EB)

This is equivalent to assuming the shear modulus is infinite. For the [0°/90°] CFRP laminate,
the shear modulus G12 = 5 GPa is 27 times smaller than the fibre-direction Young’s modulus
FEq1 = 135 GPa. Shear deformation cannot be neglected.

The degree to which shear matters is measured by the shear parameter:

=0 <= ¢=—uwy. (7.1)

_ AssL* 1.000x107 x 1.02

II, = = = 206 897. 7.2
Dy 48.333 (7.2)

When II; > 1, shear deformation is kinematically small (the beam is stiff in shear relative to
bending) but it creates a severe singular perturbation: the shear-related PDE terms multiply the
large coefficient Ass, making the system ill-conditioned for direct neural-network training.

Why II; matters for ML, not just for deflection

The shear contribution to static deflection is only ws/wy, ~ 0.006% — negligible from an
engineering perspective. But for machine learning, Il is catastrophic: the shear residual
ry ~ II;1 ~ 5x107% is so small that the trivial solution W =0 appears correct to the
optimizer. The PINN attractor at W = 0 gives 98.7% deflection error. The Mixed (W, M)
formulation eliminates II; from the PDE coefficients entirely — which is why it reduces
the error to 0.5%, a 187x improvement.
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7.2. FSDT Kinematic Hypothesis

Timoshenko’s First-Order Shear Deformation Theory relaxes the EB perpendicularity constraint
by introducing an independent rotation field ¢(z,t), no longer constrained to equal —wy:

‘u(az, z,t) = ug(z,t) + z p(x, t), w(z, z,t) = wo(x,t). ‘ (7.3)

The three primary kinematic fields are:

uo(x,t) mid-plane axial displacement |m], (7.4)
wo(z,t) transverse deflection |m], (7.5
o(x,t) cross-section rotation [rad]. 7.6

From (7.3), the strain components are:

ou
Erx(T,2) = — =ui(x) + 29 (x) = wy +z ¥, (7.7a)
oz Ny ~—
membrane curvature
ou  Ow
Yoz (T) = % T or () + wp(z). (7.7b)
The transverse shear strain v,, = w( + ¢ is constant through the thickness (first-order ap-

proximation). The Reissner shear correction factor ks = 5/6 accounts for the actual parabolic
distribution of shear stress, and is absorbed into Ass (see Eq. (7.9)).

undeformed FSDT
—wy,
————————————— > X il > T
- EBip=—u Yox
(a) undeformed (b) EB: 7,, =0 (c) FSDT: 4. = wy + ¢ # 0

Figure 7.1: Kinematic comparison: Euler—Bernoulli (section stays perpendicular to the deformed
axis, vz, = 0) versus Timoshenko FSDT (section rotates independently, 7., # 0). For the CFRP
laminate with G2 = 5 GPa, the shear strain ~,, ~ H;l ~ 5x107 rad is four orders of magnitude
smaller than the rotation ¢, but it is essential to retain for mathematical correctness.

7.3. Constitutive Relations and Stress Resultants

Integrating the stress through the laminate thickness using the ABD operators of Chapter 6:

H/2
Nyp = / ozzdz = An u{) + B 90/7 (78&)
—H/2
H/2
My = / 2 0ge dz = By U6 + Dn 90/7 (7.8b)
—H/2
H/2
Qz = ’V‘:S/ Tz dz = A55 (w6 + Sp)a (78C)
—H/2
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where:

2
Ass = ks Y QU Az, = 1.000x 10" N/m  (k, = 5/6). (7.9)
k=1

Physical interpretation of the three resultants

Nzz [N/m]: the membrane force, i.e., the net axial pull/push per unit width. For an
isotropic beam: N = EAuw(/b. For this non-symmetric laminate, bending (¢') also con-
tributes to N via Bj; — stretching and bending are coupled.

M, [N]: the bending moment per unit width. For an isotropic beam: M = EIw{ /b.
Here it depends on both curvature ¢’ and membrane strain w, via By;.

@z [N/m)]: the transverse shear force per unit width. The factor ks = 5/6 converts the
uniform FSDT shear strain to the energy-equivalent result for the actual parabolic shear
stress distribution (7).

7.4. Equilibrium Equations from Virtual Work

Applying Hamilton’s principle ¢ [(T'—1II) d¢ = 0 to the FSDT displacement field (7.3), integrat-
ing by parts, and collecting terms by virtual displacement (dug, dwp, dp) yields three coupled
equilibrium equations:

pAiig = N, + pa, (FSDT-u)
pAiy = Q) + g, (FSDT-w)

with pA = pbH = 3.1 kg/m (mass per unit length), pI = pbH3/12 = 1.033x107¢ kg-m (rotary
inertia per unit length), and external loads p, (axial), ¢ (transverse), m (distributed moment).

Substituting the constitutive relations (7.8) into (7.10) and setting p, = m = 0 (no distributed
axial load or moment):

pAiig = Arrug + B, (7.11a)
pAig = Ass(wg +¢') + g, (7.11D)
pI = Biyug + Di1¢” — Ass(wp + @) + m. (7.11c)

For the static problem (iig = Wy = ¢ = 0), these reduce to the three coupled second-order ODEs
solved in this thesis.
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7.5. Boundary Conditions

Table 7.1: Boundary conditions for the two configurations studied. CC is the validation test case
throughout this thesis.

Configuration DOF =0 x=1L
uQ 0 0
Simply-supported (SS) wo 0 0
% free free
U 0 0
Clamped-clamped (CC)  wy 0 0
%) 0 0
ug 0 free
Cantilever (CF) wo 0 free
@ 0 free

7.6. Effective Bending Stiffnesses: CC vs SS

The effective bending stiffness depends on the boundary conditions through the membrane force
Nyg.

7.6.1 Simply-Supported Beam: D.g

For SS: u(0) = ug(L) = 0 but ¢ is free at both ends. From the static axial equilibrium N, = 0:
Ny = const = Ny. Integrating the constitutive relation Ny = Ajjuf + By’ over [0, L:

_Bu

N,
o7 r

[QO(L) — cp(())] (since [uo]g =0). (7.12)
Since p(0) # (L) in general (rotation is unconstrained), Ny # 0. Eliminating u(, and Ny gives
the effective stiffness:

4Ay, Dy, D P.L?
— — 36.761 N-m, L/2) =
441Dy, — 3B m, wss(L/2) = 25—

D.g = 56.673 mm. (7.13)

7.6.2 Clamped-Clamped Beam: D* (corrected)

Theorem 7.1: Membrane Force in CC Beam

For the CC beam with uy(0) = ug(L) = wo(0) = wo(L) = ¢(0) = ¢(L) = 0:

Nyz(z) =0  Vze|0,L]. (7.14)

Proof. From static equilibrium N/, = 0, so N, = Ny = const. Integrating the constitutive
law over [0, L]: NoL = A11]uo(L) — up(0)] + Bii[e(L) — ¢(0)] = 04 0 = 0, since both uy and ¢
vanish at both ends under CC BCs. Hence Ny = 0. [J

With N, = 0, eliminating u{, from the moment equation: u{, = —(By1/A11)¢’, so:
— / A B%l Ik,
My = Briug+ D¢’ = | D1 — 1.)¢ D* ¢, (7.15)
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and the governing equation becomes D* w(()4) = —q, giving:
(L/2) P 24.345 (7.16)
w = = 24.345 mm. .
e 192 D*

Bug 1: Prior code used D.g for CC beam (71.8% error)

Prior code refers to an earlier Python implementation of the Mixed PINN developed dur-
ing the exploratory phase of this project, before the analytical derivation in this chapter
was completed. It served as the starting point for all five methods, and its bugs were
identified and corrected systematically through the V1-V8 verification suite. The prior
code computed wg. = P,L3/(192Deg) — the SS formula applied to a CC beam. This gives
14.168 mm, a 71.8% underestimate. The error propagated into the PINN training as a
wrong non-dimensionalisation scale, and into the PDE coefficient as ¢, = 48 instead of the
correct ¢, = 24 (see Chapter 9).

Table 7.2: Summary of analytical deflections for the validation beam. CC result: 0.003% error
vs FEM (V6). SS result: 0.004% error vs FEM.

BC Stiffness Formula w(L/2)  FEM err
SS Do = 36.761 N-m  P,L3/(48Deg)  56.673 mm  0.004%
CC (prior, wrong) D P,L3/(192Dg) 14.168 mm  71.8%
CC (corrected) D* =21.394 N-m  P.L3/(192D*) 24.345 mm  0.003%

7.7. Analytical Solution for the CC Beam

For the CC beam with concentrated midspan load P,, the complete analytical solution (valid for
IT; > 1 with shear correction) is, for 0 <z < L/2:

wo(x) = 8D (3Lz* — 4x”) + oAl (7.17a)
—_————
shear: 0.006%
()——PZ (Lx — 2x?) (7.17b)
p(x) = D x ), )
B B P, 2
[ = Lxr — 2 1
wo(e) =~ pla) = 5 (L - 202), (717¢)
*x ! PZ
My (z) = D*¢'(z) = —;(L — 4x), (7.17d)
/ PZ
Qz(z) =M, (z)=— (0<z<L/2). (7.17e)

2

The solution for L/2 < x < L follows by symmetry: wo(z) = wo(L — z), p(z) = —p(L — x),
Mz (x) = Myy(L — ), Qu(z) = —P,/2.
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Table 7.3: Analytical field values at key points along the CC beam. All values verified by FEM
(200 elements) to < 1%.

Location wo [mm| ¢ [mrad] My, [N-m| @ [N/m]
x =0 (clamped) 0.000 0.000 —12.500 +50.0
x=1L/8 3.804 —54.777 —6.250 +50.0
o = L/4 (inflection)  12.173  —73.036 0.000 +50.0
x=3L/8 20.541  —54.777 +6.250 +50.0
x = L/2 (midspan) 24.345 0.000 +12.500 0.0

The CC moment diagram has three characteristic points:

() Hogging at clamped ends: M(0) = M(L) = —P,L/8 = —12.5 N-m. The PINN
hard BC M (0) = M(1) = —1 encodes this exactly.

(ii) Zero at x = L/4: the inflection points where the beam transitions from hogging to
sagging.

(iii) Sagging at midspan: M (L/2) = +P,L/8 = +12.5 N-m (equal in magnitude to the
end moments by symmetry).

The wug profile is antisymmetric (ug(L/2) = 0) due to the By coupling: the 0° ply (below
the mid-plane) stretches more on the tension side, creating a net axial displacement that
peaks at x = L/4 and z = 3L /4.

7.8. Singular Perturbation Structure

The FSDT system has two spatial scales: the outer solution on scale O(L) and a boundary layer

on scale O(¢) where
L 1.0

T VIL /206807

Within the boundary layer, the shear strain transitions from ~v,, = 0 (clamped BC: ¢ = 0,
wj = 0) to the outer-solution value 7, ~ O(II;1).

0 =2.20mm ~ H. (7.18)

Table 7.4: Two-scale structure of the Timoshenko FSDT solution for the validation beam.

Field Outer scale Boundary layer Ratio
Deflection wq ~24 mm O(#?/L?) correction ~1
Rotation ¢ ~0.13 rad Correction O(1/4/11;) ~1
Shear strain 7,, ~II;!a5x107% rad O(1) inside BL g ~ 2x10°
Ratio |¢|/|vzz| 2.6x10%

This scale separation of 2.6x 10% is the root cause of the standard PINN failure (Theorem ?7):
no single 4x50 network in float64 can simultaneously represent a field of magnitude O(0.13) and
one of magnitude O(5x107%) while satisfying both PDE equations to equal residual precision.
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7.9. Von Karman Nonlinearity: When Bending Stretches the Beam

When does a beam stretch under transverse loading? .

Imagine pressing down on a thin ruler clamped at both ends. At small deflections, the
ruler bends elastically and springs back. At large deflections (wo/H 2 0.1), the ruler also
stretches: the arc length of the deformed centreline is longer than the original length L,
but the clamped ends prevent it from getting longer. The ruler is therefore in tension,
which makes it stiffer — like a guitar string pulled taut. This is the von Karman effect.
For the validation beam: wo/H = 24.35/2 = 12.2 — deep into the nonlinear regime. The
linear solution overestimates the deflection by 0.10% for a 100 N static load; but under
dynamic loading at the natural frequency, the geometric stiffening increases the vibration
frequency by 1029% at Ap = 15 mm.

7.10. Nonlinear Kinematics: Von Karman Strain

The von Karman (VK) approximation retains the dominant nonlinear term in the axial strain:
1
e (z,t) = uj(z,t) + 5 (wh (. t)°. (7.19)

The term %(w6)2 is the membrane stretching due to the geometric shortening of the beam when
it bends. It is the dominant nonlinear term in the regime where wo/H = O(1) but wy/L < 1
(moderate rotations, large deflections relative to thickness).

The nonlinear stress resultants become:

Ny, = An(ug + %(w6)2> + By, (7.20a)
My = Bua (ug + 3(wf)?) + D (7.20D)

Note that M, now depends on (w})? through the By coupling term — bending and membrane
stretching are inseparably linked for non-symmetric laminates.

7.11. Compatibility Condition and Membrane Force

For axially constrained ends (ug(0) = uo(L) = 0), integrating the axial equilibrium N, = pA i
over [0, L] and using the boundary conditions:

L
Nyo(z,t) = No(t) = const = Ny(t) = %/0 (w6)2 dz + % [o(L) — ¢(0)].  (7.21)

For a CC beam (¢(0) = ¢(L) = 0):

A

L 2
No(t) = E/0 (wo(z,t))” da. (7.22)

This is the compatibility condition: Ny is determined non-locally by the entire deflection profile,
not just by the local kinematics. The membrane force Ny(t) is:

e always positive (tensile): deflection in any direction stretches the beam;
e spatially uniform: it acts as a constant axial pre-tension, like a guitar string;

e time-varying: for dynamic problems, Ny(t) changes with the vibration amplitude.
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7.12. Von Karman—Timoshenko Equations of Motion

Substituting (7.20) and (7.22) into the FSDT equilibrium equations (7.10):

pA g — [A55(wg + ga’)] — [No(t) wg]/ = q(x,t), (VK-w)

pl & — D" + Buy (uf + 3 (wh)?) + Ass(wh + ) = m(z, t), (VK-¢)
An [

No(t) = — | (wp)*du. (VK-N)
oL J,

The key feature distinguishing (7.23) from the linear FSDT system (7.11) is the term [Ny () wp)]’
in equation (VK-w): this is the geometric stiffness term, acting like a spatially distributed spring
that stiffens the beam as Ny(t) grows.

For the CC beam with N = 0 in the linear case, the VK equations simplify further. With
IIs > 1 (Euler-Bernoulli outer limit, ¢ ~ —wy{), the transverse equation reduces to:

pAiy + D* w[()4) + No(t) wj = q(z, 1), (7.24)

with Ny given by (VK-N). This is the von Kdrmdn beam equation with coupling through D*.

Equation (VK-N) introduces a coupling from wg back to Ny that breaks the lower-triangular
structure of the linear (W, M) system. The Nash block-decomposition (Theorem 5.2)
no longer applies directly: Ny depends on W (through (w})?), and W depends on Ny
(through the geometric stiffness term). The natural extension is a three-field Nash PINN
for (No, W, M ) with Schur-complement phase scheduling, which is identified as future work
in Chapter 15.

7.13. Modal Reduction: Duffing Equation

7.13.1 Mode Shape and Projection

For a CC beam with II; > 1, the fundamental mode shape is:

wo(x,t) = a(t) g1 (x), ¢1(x) = sin(%) (SS approximation for the outer region). (7.25)

The Galerkin projection — multiplying (7.24) by ¢1 and integrating over [0, L] — gives the
modal equation. The geometric integrals evaluate as:

L L L 7T2 L 7.(_4
24._ = n2g,. T (4) _
| ar=g [era-Tz 0 [Tolaaw- I (7.26)
A L Aqym2
Molt) = 51t ae) [ (oh)as = S a0, (7.27)

7.13.2 Duffing Equation

After projection and cancellation of the factor L/2:

i+wia+apa® = Fi(t), (7.28)
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where:

D*n*  21.394 x 7
2T _ “ T 67296 rad?/s2, (7.29a)

ULT AR T 31x1.00
_ Anrt  LA50xA0T Xl gag e, 42/ (m?s?) (7.29D)
DT YpALr T Ax3Ix1.00 & 5 '
2 L
Fi(t) = AL, q(x,t) o1 () de. (7.29c¢)

Numerically: w1 = v672.96 = 25.94 rad/s = 4.13 Hz (using D* for CC).

Different choices of effective stiffness give different frequencies:
wi(D*) =25.94rad/s, wi(D11) = 30.68rad/s, wi(De) = 33.55rad/s.

The correct value for the CC beam is wq (D*), consistent with the static stiffness correction
of Section 7.6.

The Duffing equation (7.28) is a hardening oscillator (ap > 0): the cubic term apa® adds a
stiffness that grows with amplitude. Table 7.5 lists all numerical values.

VK backbone curve — frequency hardening Static VK correction vs linear theory
35 250 1
30 A —
€ 200
25 £
s
3 59 B 150 A
=~ 9]
= =
Z 15 - 3
3 S 100 1
©
10 &
el i
s 30 Linear (D*)
57 VK corrected
P=100 N (this study)
O h T T T T T T T 0 T T T T T T
0 5 10 15 20 25 30 0 200 400 600 800 1000
Vibration amplitude Ao [mm] Applied load P [N]

Figure 7.2: Left: von Karméan backbone curve for the CC CFRP beam. The nonlinear natural
frequency wyyp grows steeply with vibration amplitude Ag; at 15 mm the ratio reaches 9.2x
(823% hardening). Right: static midspan deflection versus applied load. The VK correction
(solid teal) diverges from the linear solution (dashed blue) above P, =~ 200 N; at the study load
P, =100 N the correction is only —0.10% (vertical orange line).
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Table 7.5: Duffing equation parameters for the [0°/90°] CC CFRP beam. Mass density assumed
p = 1550 kg/m3; pA = 1550 x 1.0 x 2x 1073 = 3.1 kg/m.

Parameter Symbol Value Formula

Linear freq. (angular) w1 25.94 rad/s D*m/(pAL*)
Linear freq. (cyclic) fi=wi/(2m) 4.13 Hz —

Duffing coefficient ap 1.139x10° s 2m~2  Aqynt/(4pALY)
Nonlinearity ratio ap/w? 7.50 x10° m~2 —

VK onset (wo/H = 0.1) AE)VK) 0.2 mm H/10

Deflection at load wo(L/2) 24.345 mm P,L3/(192D*)
Ratio wo/H — 12.2 (deep VK regime)

7.14. Backbone Curve and Frequency Hardening

The Lindstedt-Poincaré method applied to the free Duffing oscillator d + w?a + apa® = 0 gives
the backbone curve (nonlinear natural frequency as a function of amplitude) to first order in

ap/w:
wNL(A[)) 3aD
—_— = 1/1 — A2 7.30
w1 + 4&)% 0 ( )

Table 7.6: Backbone curve: wyy/wi vs vibration amplitude Ap. At the static deflection (Ay =
24.35 mm), the frequency hardening is 1725%.

Ap [mm)] 3apA3/(4w?) wnr/wi Hardening
0.2 (VK onset) 1.50x1072 1.004 0.4%
1.0 0.375 1.167 16.7%
5.0 9.375 3.225 222.5%
10.0 37.5 6.211 521.1%
15.0 84.4 9.236 823.6%
20.0 150.0 12.264 1126.4%
24.35 (static w) 222.2 15274 1427.4%

The hardening parameter ap/w? = Ay1/(4D*) = 1.450x108/(4x 21.394) = 1.694x10% m 2.
For an isotropic steel beam of the same geometry: E = 200 GPa, I = bH3/12 = 6.67 x
10719 m?, FA =200%10° x 2x1073 = 4x108 N/m, ap/wi = EA/(4EI/b) = Ab?/(4]) =
H?b2/(41/b) ~ 3 x 10° m~2 — similar order of magnitude. The large hardening is a
geometric effect (thin beam), not a material effect.

7.15. Static Von Karman Deflection

For static loading, @ = 0, and equation (7.28) with the modal projection of ¢ = P,d6(x — L/2)
gives:

2Pz¢1(L/2) 2Pz
2 3
w1a+apa 0 0 pAL pAL ( )
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Solving iteratively (Newton’s method starting from the linear solution ag = Fp/w?):

Table 7.7: Static VK deflection: iterative solution of w?a + apa® = Fy. Linear solution aj, =
24.345 mm.

Iteration @ [mm| Np [kN/m| Reduction from linear

0 (linear) 24.345 0 —
1 24321 211.6 0.10%
2 24.321 211.6 0.10%

The VK correction to the static deflection is only 0.10% at P, = 100 N, confirming that the linear
PINN solution is physically valid for this static test case. The VK effects become dominant only
for large-amplitude dynamics.

7.16. Mechanical Energy, Hamiltonian, and Lyapunov Stability

7.16.1 Total Mechanical Energy

The total energy of the VK—Timoshenko system:

E(t) = K(t) + I1(¢),

L

K(t) = ;/0 [pAwg + pI ¢?] dz, (7.32)
L L 2

I(t) = % /0 [D11(¢")? + Ass(wh + ©)?] dz + ‘;hLl ( /0 (wp)? dx) : (7.33)

The last term in II is the membrane stretching energy, quartic in the displacement (unlike the
linear bending term). £(t) is conserved exactly for free vibrations: d€/dt = 0.
7.16.2 Static Strain Energy and Clapeyron Theorem

For the static CC beam under midspan load P., all kinetic energy is zero. The Clapeyron (virtual
work) theorem for linear elastic systems gives:

Estatic = 11 =1.217J. (7.34)

_ Powo(L/2) 100 x 0.024345
- 2 - 2

This is verified independently from the analytical solution: Estatic = M2.L/(2D*)x fol M2 (&) d¢ =
12.52 x 1.0/(2 x 21.394) x 1.000 = 3.652 Jx0.333 = 1.217 J.

The strain energy F.of = 1.217 J serves as the reference for the Hamiltonian PINN reg-
ulariser of method M5 (Chapter 10): Ly = Ag|EpiNN — Fret|/Eret, where Epiny =
(M2.L/2D*)(M?)¢. The Clapeyron theorem guarantees this reference is exact for the linear
elastic problem, providing a physically grounded global constraint on the PINN solution
throughout training.
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7.16.3 Lyapunov Stability

The energy £(t) is a Lyapunov function for the free VK-Timoshenko system. At the equilibrium
{wy = 0, = 0}: £ = 0. For any perturbation: £ > 0 (positive definite because D11(¢')? > 0
and the quartic membrane term > 0). The conservation & = 0 implies Lyapunov stability: all
solutions starting near the equilibrium remain bounded.

For the forced system (with P, # 0), the equilibrium shifts to the static solution w(()eq) =
24.345 mm. The energy relative to this equilibrium: A& = £ — Egtatic is a Lyapunov function for
small-amplitude dynamics around the loaded equilibrium.

7.17. Summary: Linear FSDT vs VK-FSDT

Table 7.8: Comparison of linear FSDT and VK-FSDT for the validation beam. VK matters for
dynamics; linear model is adequate for static deflection at P, = 100 N.

Aspect Linear FSDT VK-FSDT

Membrane force N =0 (CC) No(t) = % (wh)?

Bending stiffness D* (constant) D* + No(t)L?/n? (amplitude-
dependent)

Modal EOM i+wia=F i+wia+apa®=F

Frequency w1 = 25.94 rad /s (const) wnr = wi/1+ 3apAZ/(4w?)

At Ag = 15 mm — wyr /w1 = 9.236 (823% hard-
ening)

Static deflection 24.345 mm (exact) 24.321 mm (—0.10%)

PDE structure (Nash)  Lower triangular Coupled (VK breaks triangu-
larity)

PINN formulation (W, M) Mixed (No, W, M) three-field

The key structural conclusion for the Nash IFT framework is captured in the bottom row of
Table 7.8 (PDE structure (Nash)): the linear FSDT system has the lower-triangular block struc-
ture that the Nash Block-Decomposition Theorem exploits; the VK system breaks this structure
through the nonlinear coupling Ny(t) = f(wo). Extending the Nash PINN to the VK case re-
quires a Schur-complement phase that solves for Ny from wy and then updates wgy accounting
for the current Ny, cycling until convergence. The convergence rate of this extended iteration is
governed by pyk = apA2/w?, which must be less than 1/C = 4 for guaranteed convergence.
At Ag = 24 mm: pyk = 7.50x10° x (24 x1073)? = 432 — outside the guaranteed convergence
range, requiring a damped update or a smaller time step.
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Computational Methods
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Chapter 8

Finite Element Reference Method

8.1. Two-Node Timoshenko Element

Each element has 6 DOFs: d® = [ud, wg, ¢%, ul, w8, ©°]". The stiffness matrix is the sum of four
contributions:

o Azial K4 = (A11/L%)[ !, 7'] (assembled into [ud, u}] DOFs)
Bending K$, = (D11/L¢)[ %, 7'] (assembled into [, ¢’] DOFs)

Coupling K% = (B11/L)[ !, 7'] (assembled symmetrically between ug and ¢ DOFs)
Shear K¢ = As5L¢bsb/, by = [0,—1/L¢,—1/2,0,1/L¢,—1/2], one-point Gauss

8.2. Shear Locking and Its Remedy

With two-point Gauss integration for K¢, the element locks for thin composites with II; > 1:
the effective shear stiffness grows as AssIls/ h? instead of Ass, and the deflection is severely
underestimated. Measured: 9x underestimate at n. = 20 (V3).

The fix: one-point (reduced) Gauss integration evaluates by at the element midpoint £ = 0.
This gives ||e| g1 = O(h), independent of II;. Shear locking and its remedy are standard material
in Bathe (1996) (Ch. 5) and Reddy (2004) (Ch. 10); what is non-standard here is the severity at
IT; = 206 897.

8.3. Verification and Convergence

Table 8.1: FEM mesh convergence CC beam. V4: rate = 2.000 confirmed.

ne w(L/2) [mm] Error vs. PL3/(192D*) Rate

16 24.289 0.230% —

32 24.331 0.059% 1.97

64 24.342 0.015% 1.98
200 24.345 0.003% ~ 2
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Chapter 9

Mixed PINN: Corrected (W, M) Formulation

9.1. Full Derivation of the Mixed System

9.1.1 Why Mixed?

The three-field PINN for (ug,wo, ) fails because the shear strain v,, = wj + ¢ ~ ;! ~
5x107° rad and the rotation ¢ ~ 0.13 rad differ by seven orders of magnitude. No 4x50 Tanh
network can represent both simultaneously without the smaller quantity being lost in the noise
floor. The Mixed formulation eliminates this dynamic range by eliminating ¢ and ug as explicit
network outputs and replacing them with W and M , both O(1) by construction.

9.1.2 Step-by-step derivation

For CC BCs: N =0 (proved in Chapter 6). From N = Ajjuy + B¢’ = 0: uy = —(Bi1/An11)¢’.
Substituting: M = Byjuf, + D11¢’ = (D11 — B3 /A11)¢’ = D*.
Equilibrium: M"” = —¢(z) (from Q' = —q, M’ = Q).
Compatibility: wfj = —M/D* (from M = D*¢' and ¢ ~ —wj, + O(II;1)).
Non-dimensionalise: £ = x/L, W = wo /Wse, M= M/ Ms:

9.1.3 Corrected Coefficients
From M = D*w{ (CC) and M" = —q¢:

M, L? P.L
=—= Cyg= —. (9.1)

W"+¢,M =0, M'+c,g=0, ,
o T Cod o weeD* g M.

For CC (ws. = P.L?/(192D*), My. = P.L/8): ¢, = 192/8 = 24, cg = 8. Prior code: ¢, = 48
(factor-2 error, V8 confirms correction).

9.2. Hard Boundary Conditions

W =2(1-6) 3 () (enforces W(0) = W (1) = W'(0) = W'(1) = 0); M = —1+&(1—€)- £ (€)
(enforces M (0) = M(1) = —1, i.e., M(0) = M(L) = —P.L/8).

9.3. Singular Perturbation Elimination

The (W, M) PDEs have O(1) coefficients ¢, = 24, ¢4, = 8, independent of II, = 206 897. The loss
landscape is now coercive in the natural space of the problem, and the spurious-zero attractor
is eliminated. Result: 0.522% error versus 98.7% for the three-field formulation — a 187x
improvement.
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Chapter 10

All Five PINN Formulations: Experiment and
Analysis

10.1. Method Overview

Table 10.1: All five PINN formulations, v2 results. Reference: wyef = 24.345 mm (PL3/192D*).

Label Method w(L/2) [mm| Error  Plateau
MO  FEM (200 elem.) 24.345  0.000% ~ —
M1  Mixed PINN (autograd, fixed colloc.) 24.218 0.522% 5.0x107*
M2 FD-PINN (finite-diff derivatives) 24.173 0.706% 4.3x107°
M3 Hardy-PINN (adaptive collocation) 24.204 0.578% 7.2x107°
M4 Nash-PINN (split networks, IFT) 24.218 0.522% 5.1x1074
M5 Hamiltonian-PINN (Ag = 0.005) 24.218 0.522% 1.3x1073
Standard three-field PINN (reference) 0.317 98.7% —

10.2. M2: FD-PINN Implicit Regularisation

M2’s loss plateau (4.3 x 107) is 100x lower than M1’s (5.0 x 107%), yet its deflection error
(0.706%) is higher. This apparent paradox is resolved by the following proposition, which makes
the regularisation mechanism explicit.

Proposition 10.1: FD-PINN as Implicit > Regularisation

Let £oat(9) = (1/N.)>_;7(&;0)? be the true PDE residual loss and £FP(9) the FD-
approximated loss using second-order centred differences with step h = 1/(N, — 1). Then:

LD () = L(9) + T—; /Q (w"(&:6))* dg + O(hY), (10.1)

where u is the network output and v its third derivative. The second term is an implicit

H? seminorm penalty on the network output.

Derivation. The second-order centred FD approximation of u” at &; is:

Ujg] — 2U; + Uj— h2
62y = —1 > L (&) + ﬁu(4)(§i) + O(h%). (10.2)
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Substituting into the residual r1 = §2W + 24M:

W"(&)+24M(€z)+ PO + o
exact(&) W(4)<§z) +O(h4). (10.3)

Squaring and averaging: (riP)? = (r{¥act)2 4 ’% exact 77(4) 4 + L S (WH)2 4 O(h4). At the training
minimum r§{*°* &~ 0, the cross term vanishes and the dominant FD correction is %(W(‘l))

Integrating by parts: [(W®)2 = [(W")? (with zero BCs), giving (10.1) with h*/144 ~ h?/12
up to the factor 12. O

The implicit H2 penalty makes the FD loss functional strongly convex in the smooth Sobolev
sense: it has a well-defined quadratic bowl in the H? metric, which L-BFGS (a quasi-
Newton second-order method) navigates efficiently. The autograd M1 loss, by contrast,
has no such regularisation: its quadratic bowl is much flatter (the network capacity floor
is the only stopping criterion), and L-BFGS achieves only a 3x improvement. This also
explains the decoupling of plateau and deflection error for M2:

e The plateau (4.3x107%) reflects the depth of the regularised H® quadratic bowl, which
is set by R2(|[W"||2,;

e The deflection error (0.706%) reflects the systematic bias h2W ¥ /12 ~ (1/301)2 x 24 x
16 ~ 4x 1073, which is a deterministic property of the FD grid independent of how
well the loss is minimised.

The M2 loss minimises the wrong functional (the FD-approximated one), and this is why
its plateau can be lower than M1’s while its deflection error is higher.

10.3. M3: Hardy Adaptive Collocation

M3’s plateau (7.2x107°) is 7x lower than M1’s. The Hardy weights w; = |W”(£;)|2+n concentrate
collocation points near the Gaussian load peak ({ = 0.5) and clamped boundaries (£ = 0,1),
where the PDE residual energy is largest. This is not a heuristic: it is the consequence of
measuring the loss in L2 rather than L2, restoring weighted coercivity (Proposition 4.1).
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10.4. Comparison with Standard PINN Literature

Table 10.2: This work compared with PINN studies for structural mechanics. The key dis-
tinguishing features are: non-symmetric laminate (By; # 0), extreme shear parameter (II; =
206,897), and the Nash IFT + Hardy coercivity framework.

Reference Problem Accuracy Note

Haghighat et Isotropic elastic- < 0.1% No Bji: coupling, no

al. (Haghighat ity [T, issue

et al., 2021)

Fuhg & Bouk- Hyperelastic < 0.5% Direct predecessor of

las (Fuhg mixed PINN M1

&Bouklas,

2022)

Henkes et al. Timoshenko 5-15% Three-field; fails at

(Henkes et al., beam (isotropic) large Il

2022)

M1 this work CFRP, 0.522% Mixed (W, M),
[Ty = 206,897 187 over 3-field

M3 this work Same + Hardy 0.578%, Coercivity restored
colloc. plateaul7x

M4 this work Same + Nash 0.522%, IFT convergence
split nets proved rate cert.

10.5. M4: Nash Alternating-Direction

M4 vl (shared trunk): M-loss diverged to 652 across cycles because Phase A and Phase B
updated the same hidden-layer weights. M4 v2 (split networks): M-loss decreases each Phase A
(0.183 — 0.066 — ---); W-loss collapses in cycle 3; final error 0.522%, matching M1 exactly.
The Cycle 3 Phase A anomaly (M-loss 0.874) is a minor gradient-graph interaction corrected
automatically by the joint L-BFGS polish.

The key lesson: the Nash block-decomposition theorem is structurally sound, but its imple-
mentation requires architecturally separated networks — one per PDE block — so that Phase A
gradients cannot contaminate the Phase B landscape.

10.6. M5: Hamiltonian Regularisation

With Ay = 0.005 (v2 fix from 0.1), the PDE residual (pde = 1.4 x 1073) now dominates the
energy term (H = 8.2x107%), and the deflection error reaches 0.522%, matching M1. The
plateau (1.3x1073) is slightly above M1’s (5.0x10~%) because the energy constraint contributes
a small constant background to the total loss that L-BFGS cannot reduce below zero. Conclusion:
the Hamiltonian term acts as a useful global anchor (it keeps the energy physical throughout
training) but is not a primary driver of accuracy at this scale.
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Part V

Nash IFT as a Machine Learning
Optimizer
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Chapter 11

Formal Proposal: Nash IFT Optimization

11.1. Geometry of Standard ML Optimizers

Standard ML optimizers operate in flat ¢?> parameter space. The update rule 7+ = 7 —
nH~1VyL (for preconditioned methods: H = diagonal, limited-memory, or full Hessian) implic-
itly assumes that £ is convex and isotropic in ©. For PIML this assumption fails in two ways:
(i) the loss is non-coercive (Theorem ?7?); (ii) the loss couples physically distinct fields (deflec-
tion, moment, membrane force) that live in different function spaces and should be optimized
sequentially, not jointly.

11.2. Nash IFT Optimizer: Formal Definition

Definition 11.1: Nash IFT Optimizer
Given a PIML loss £(01,...,0k) decomposed along the causal PDE structure Fi, ..., Fg:

1. Architecture: assign one independent network Nety with parameters 0y to each PDE
block F.

2. Phase schedule: train Net; with all Net; (j < k) frozen, in ascending causal order.

3. Polish: after all phases complete, run a joint L-BFGS step over all parameters simul-
taneously.

4. Repeat: cycle through phases until convergence.

The function space for training 6y, is the weighted Sobolev space Wul,’,f induced by the Hardy
weights of F.
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11.3. Comparison with Standard Optimizers

Table 11.1: Nash IFT Optimizer vs standard PIML training strategies.

Property Adam (joint) L-BFGS (joint) Nash IFT (pro-
posed)

Geometry Flat ¢2(©) Flat (2(©) W2 (Hardy-
weighted)

PDE coupling Joint, coupled Joint, coupled Sequential, decou-
pled

Convergence Empirical Superlinear (local) Proven (Theo-
rem 5.1)

Coercivity required No No Yes (Hardy provides
it)

Multi-physics No structure No structure Block-triangular en-
coding

Architecture Single network Single network Split networks per
block

A priori info None None Hardy weights from
physics

11.4. A Priori Information as Optimization Guidance

The central claim of this thesis is:

Central Thesis Claim

A priori information — whether from the governing PDE’s block structure (Nash IFT)
or from the problem’s function-space geometry (Hardy weights) — can be encoded di-
rectly into the optimization architecture, not merely into the loss function. This produces
provably faster convergence, restored coercivity, and physically interpretable network de-
compositions.

\. J

Concrete instances:

e Laminate stiffness D* enters via the correct scaling ws. = P,L3/(192D*): without this,
the PINN trains with a 71.8% wrong reference.

e PDE block structure enters via the split-network architecture: Net;; converges first
(independent equation), Netyy follows (uses frozen M).

e Solution curvature enters via the Hardy weights w; = ]W” 2 4 n: the collocation concen-
trates where the loss energy is largest.

e Mechanical energy enters via the Hamiltonian regulariser Ag|EpiNnn — FEref|/Eret: the
training stays physical even at early iterations.

11.5. Extension: Nash Optimizer Beyond PIML

The Nash IFT optimizer is not limited to physics problems. Any ML task with a naturally
block-structured loss — multi-task learning, encoder-decoder architectures, hierarchical genera-
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tive models — can be reformulated as a Nash decomposition. The key requirement is that the
“upstream” blocks’ outputs can be meaningfully frozen as inputs to “downstream” blocks. This
is satisfied whenever the computational graph has a topological ordering.

The convergence guarantee (Theorem 5.1) holds in any Banach space satisfying the Hardy-
Poincaré inequality, not only We? from Timoshenko beam theory. In natural language process-
ing, for example, the Hardy weight w; = a;/ (AZQBZQ) applied to sequence positions gives the Nash
Attention Mechanism (Chapter 77).
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Chapter 12

Hardy Coercivity as a PIML Module

12.1. Adaptive Collocation Algorithm

Algorithm 1 Hardy Adaptive Collocation PINN (M3)
Nc
i=1

1: Initialise network, fixed collocation {&;}
2: for k=1,..., Kcycles do

3: for epoch = 1,...,epochs per cycle do

4 Adam step on £ = (1/N.) > 72(&;)

5: end for

6: Evaluate W” (&) on dense grid {¢; }}2010 via autograd

7. Compute w; = |W”(&)[? + 1, normalise p; = w;/ > wj

8: Sample N, new collocation points from p; (with jitter ~ N (0,5x107%))
9: end for

10: L-BFGS polish on final collocation

12.2. Theoretical Justification via Muckenhoupt

The Hardy weight w; = [W”(&;)|? + 7 satisfies the Muckenhoupt As condition (Muckenhoupt,
1972) with constant C4, < (maxw/n)?, bounded by the curvature ratio. Under the Ay condition,
the Hardy—Poincaré inequality holds uniformly as w is updated during training: the weighted
loss L, is coercive at every reweighting step, and the Hardy constant C3; = 1/4 remains valid.

12.3. Experimental Result

Loss plateau comparison (v2 run): M1 (fixed) 5.0x10~* vs. M3 (Hardy adaptive) 7.2x107° — a
7-fold improvement. The plateau drops monotonically with each reweighting cycle, confirming
that the As condition is maintained throughout training.

54



Chapter 13

Nash-Tame Framework: Smoothing Operators
and the Solidification of Nash Attention

13.1. The Missing Link: Tame Fréchet Spaces

In Nash’s 1956 embedding proof (Nash, 1956), the key difficulty was that solving the linearised
equation L(u)e = h required one additional derivative of h: if h € H®, the solution e was only
in H°~" for some r > 0 (“loss of derivatives”). Nash’s resolution was to use smoothing operators
Sy (t > 0 is a frequency cutoff) that map H®* — H* and satisfy:

|Seul| s < Ct°7" ||ul|gr  for s > r. (13.1)

In the Nash-Moser iteration, St is applied at each step to prevent the accumulated loss of deriva-
tives from destroying convergence.

Definition 13.1: Tame Map

A map F : E; — E5 between graded Fréchet spaces Ey = ﬂs>0 H} is tame if there exist
constants C, r such that:

[1E (W)l < Cllullgstr Vue Er, s>0. (13.2)

The integer r > 0 is the tame degree of F.

The Hardy weight w; = a;/(A?B?), when used as the integration measure in the PINN loss,
is precisely a smoothing operator in the tame sense:

Proposition 13.1: Hardy Weight as Smoothing Operator .

The diagonal operator S,, = W~1/2 = diag(1/./w;) acting on sequences in £2 satisfies:

1
[Swllez < e [ullez,, (13.3)

where 1 = min; w; > 0 (the Muckenhoupt floor, see Section ?7). Moreover, S,, maps
2 — > (bounded sequences) whenever 3", w; ! < 0o, i.e., whenever the Ay condition
holds. The Nash-preconditioned gradient § = S, g = W~2g is therefore a tame map of
tame degree 1: it maps H}-gradients to H%-gradients by smoothing out the high-frequency
(boundary-concentrated) components.
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Smoothing operators in plain terms .

A smoothing operator takes a rough function and makes it smoother, like applying a
low-pass filter to a signal. In Nash’s proof, the smoothing prevents the iteration from
accumulating high-frequency noise at each step. For our PINN, the Hardy weight W —1/2
acts as a frequency filter: it amplifies the smooth, low-frequency components of the gradient
(which carry the useful descent information) and suppresses the high-frequency, boundary-
layer components (which are numerical noise for a 4x50 network that cannot resolve 2 mm
boundary layers anyway). This is why the Hardy-adaptive collocation (M3) reduces the
loss plateau 7x: it is applying a tame smoothing operator to the integration measure.

13.2. Unified Nash-Tame Framework

We now state the unified framework that connects coercivity, convergence, and attention under
a single mathematical umbrella.

Definition 13.2: Nash-Tame PINN \
A PINN is Nash-tame if it satisfies three conditions:

(i) Tame loss: the training loss is measured in a Hardy-weighted Sobolev space wh? Q)
where w satisfies the Muckenhoupt As condition. This makes the loss a tame map of
degree 0.

(ii) Tame gradient: the gradient update uses the Nash preconditioner S,, = W12 a
smoothing operator of tame degree 1. The update rule is: 71 =" —p W-2v,L.

(iii) Tame architecture: the network decomposes along the block-triangular structure of
the PDE (Nash IFT block decomposition), with one sub-network per tame block. Each
Phase A/B update is tame of degree r = 0 (the coupling operator ¢, M is zeroth-order).

| r
J

Theorem 13.1: Nash-Tame Convergence

A Nash-tame PINN satisfying Definition 13.2 converges in W2 with rate:

+1 Cr
”en ”WulJQ S W ”en”WUlJ’Q’ (13.4)
min H
———
p<1
where Amiy is the smallest eigenvalue of the stiff operator A = —d?/d¢? on the network’s

hard-BC function space, and Cy = 1/4 is the Hardy constant.

I r

Scope of the rate p = 3/(272)

The numerical value p = 3/(272) & 0.152 computed in Section 5.5 is specific to this problem
and should not be read as a universal Nash-IFT rate. It depends on three problem-specific
quantities:

(i) The coupling coefficient ¢, = 24 (derived from the CC beam scaling ws. =
P.L3/(192D*) and M. = P,L/8; a different BC or loading gives a different c).

(ii) The minimum eigenvalue Apin, = 472 (specific to the £2(1 — ¢)? hard-BC ansatz which
projects out the n = 1 mode; a different ansatz or different BCs changes Amin ).
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(iii) The shear parameter II; = 206897, which determines the validity of the N = 0
reduction; for a problem where II; ~ 1, the block-triangular structure is approximate
and ¢, acquires corrections of order IT; L.

The general form p = ¢,Cy/Amin holds for any mixed-formulation Nash-IFT PINN on a
1D domain with homogeneous Dirichlet BCs, but the specific value of each factor must be
recomputed for each new problem.

13.3. Solidification of Nash Attention as a Tame Map

Status of this section .

The Nash Attention mechanism is a theoretical proposal grounded in the tame Fréchet
framework. The tame smoothing bound (Theorem 13.2) is mathematically proved. How-
ever, the mechanism has not been validated empirically on any NLP or sequence modelling
benchmark. It should be read as a well-motivated hypothesis of the same theoretical species
as the Hardy-collocation and Nash-IFT contributions, but of lower evidential status: those
contributions are experimentally confirmed (Figures 14.1 and tables in Chapter 14); this
one is not. The correct claim is: if the Hardy weight bias H;; = log(w;/w;) improves
transformer training on sequences with boundary-layer structure, then the tame frame-
work provides a principled explanation for why. Whether it actually improves training is
an open question.

The original motivation for Nash Attention was to use Hardy weights w; as an attention bias
H;j = log(w;/wj), with weights computed from the input’s local energy a; = |X; — X;_1]? + n.
The connection to the tame framework — and hence to the rest of the thesis — is the following:
the same Hardy weight w; that restores coercivity of the PIML loss (Chapter 4) and acts as
a smoothing operator in the Nash iteration (Proposition 13.1) is also the canonical smoothing
operator for sequences on a bounded interval in the tame Fréchet sense. This makes the Nash
Attention proposal the natural extension of the Hardy-Nash framework from PDE-constrained
optimisation to sequence modelling — but the extension requires empirical validation before it
constitutes a contribution of equal standing.

13.3.1 Standard Attention Is Not Tame

Standard scaled dot-product attention:

Attn(Q, K, V) ft QK1 Vv (13.5)
n(Q, = softmax .
) /fdk
is a zero-order operator: if V € H?® (Sobolev-s sequence of tokens), then Attn(Q, K,V) € H®.
It does mot improve smoothness. More critically, it has no mechanism to prefer smoother token
interactions over rougher ones — the attention weight «;; = softmax(e;;) can concentrate on
any pair (7, j) regardless of the local regularity of the sequence.
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13.3.2 Nash Attention Is a Tame Smoothing Map

Theorem 13.2: Nash Attention as Tame Smoothing

Let {w;}L, be Hardy weights satisfying the Muckenhoupt As condition with constant
C4,. The Nash attention bias H;; = log(w;/w;) = logw; —log w; defines an attention map
Ty : W (I) — L2(I1) that is:

(i) Tame of degree 1: the bias effectively down-weights token pairs (7, j) where w; /w; <
1, i.e., where the “rougher” token i (smaller w;, more curvature-concentrated) attends
to the “smoother” token j. Precisely: |H;j| < log(Wmax/Wmin), and for the Hardy
weight w; = a;/(A?B?) this bound is log(Ca, ).

(ii) Regularising: the perturbed attention 7' = softmax(F + 7H ) satisfies:

IT(X) — Attn(X)|| 2 < T —22 (13.6)

\/— 2 (1 X [lypa.e,
where L is the sequence length and 7 > 0 is the temperature.

(iii) Adaptive: the bound (13.6) is tight — H;; is computed from the current input at each
forward pass, so the smoothing adapts to the local regularity of the input sequence.

\. J

Proof sketch. The key step is bounding |eTHij
log(w; /w;), we have eTHij = (wi/w;)7. The Ay condition bounds wmax/Wmin < Ca,, so e
1] < Ch,—1 < 7C4, for small 7. Summing over all token pairs and applying the Hardy inequality

gives the Wg? norm on the right-hand side of (13.6). O

— 1] in the softmax denominator. Since H;; =
THij _

The bound (13.6) says something precise: Nash attention is standard attention plus a tame
regularisation whose strength is controlled by the W norm of the input. Inputs
with large || X ||W$’2 (rapidly varying sequences, like PDE solutions near boundary layers) receive
stronger smoothing; inputs with small || X|;;1.2 (smooth sequences) receive minimal modification.
This is exactly the right behaviour for a physics-informed architecture.
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13.4. The Unified Picture

Table 13.1: Nash-tame framework: how each component of this thesis maps onto the tame
Fréchet space structure of Nash’s 1956 proof.

Nash 1956 concept  This thesis (PDE) This thesis (PINN This thesis
training) (Transformer)
Tame Fréchet W&,’2(Qh), Hardy- Loss landscape in Token sequence in
space weighted W2 W (1)
Smoothing opera- Hardy weight Nash preconditioned Nash atten-
tor St w-1/2 = gradient W~12%g tion bias

Block decomposi-
tion

Tame degree

diag(1/\/w;)
Lower-triangular
PDE (F, indepen-
dent of W)

r =0 (coupling ¢, M
is Oth order)

Phase A (Net M)

then Phase B
(Net_ W)

r =1 (W~Y2 maps
H! — HY)

H;j = log(w;/w;)

Encoder block
then decoder
block

r = 1 (attention

maps Wa? — L?)

Convergence rate ~ p = CTCH/)‘I(SS) p=3/(27%) ~0.152 7Cu,/VL (regu-
larisation)

Key constant Hardy Cy = 1/4 Muckenhoupt Cjy, Temperature 7,
Ca,

The unified claim (solidified)

The Hardy weight w; = a;/(A?B?) is simultaneously:

e the coercivity weight that makes the PIML loss Cy-coercive (Hardy—Poincaré inequal-
ity);

e the smoothing operator S,, = W~/2 that makes the Nash iteration tame (Nash-Moser
framework);

e the attention bias generator H;; = log(w;/w;) that makes the transformer attention
a tame regularising map (Nash Attention).

All three roles are expressions of the same object — the Hardy weight — in three different
computational contexts. The Hardy constant C = 1/4 and the Muckenhoupt As constant
C4, are the two universal parameters that control convergence in all three settings. This
is not a coincidence: it is the consequence of the fact that Hardy weights are the canonical
smoothing operators for functions with zero boundary conditions on a bounded interval.
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13.5. Comparison: What Is New vs What Is Known

Table 13.2: Assessment of novelty: what this framework contributes beyond existing literature.

Component Existing work This thesis contribution

Hardy inequality for Well-known (Kufner Applied to PIML loss coer-

PDEs &Persson, 2003; Hardy, civity (new application)
1920)

Nash-Moser theorem Classical ~ (Nash, 1956; Hardy weights as smooth-

Adaptive collocation

Block-decomposed
training

Attention as smoothing

Hamilton, 1982)

Heuristic reweighting in
Wang et al. (2021)

Alternating minimisation

(?)

ALiBi (Press et al., 2022),
RoPE (Su et al., 2024)
(empirical)

ing operators for NN train-
ing (new connection)
Grounded in tame Fréchet
theory + Muckenhoupt As
(new theory)

Justified by Nash IFT
block decomposition, with
quantitative rate p =
3/(27%) (new proof)

Tame smoothing map in
WJ}Q, with As-controlled
bound (new theorem)

The central novelty is not any individual component but the unification: Hardy weights, Nash
iteration, and Nash Attention are all instances of the same tame Fréchet space structure, with
the Hardy constant Cyy = 1/4 providing the universal convergence parameter across all three.
This gives the Nash Attention proposal a rigorous mathematical identity — it is not an ad
hoc attention bias, but the canonical tame smoothing operator for sequence models on bounded
domains.
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Part VI

Results and Conclusions
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Chapter 14

Numerical Results, Verification, and Analysis

This chapter presents the full numerical results of the thesis. We begin with the eight-point
verification suite that validates the physics model and the corrected PDE coefficients indepen-
dently of any PINN training. We then compare all five PINN formulations (M1-M5) against the
FEM reference, analyse the training dynamics, and quantify the improvement over the standard
three-field PINN that motivates the entire Hardy—Nash framework.

14.1. Verification Suite V1-V8&8: All Pass

The verification suite consists of eight independent checks, each targeting a specific component of
the computational model. Tests V1-V5 validate the physics model (ABD stiffnesses, analytical
solutions, shear locking behaviour, mesh convergence, and stiffness hierarchy); tests V6-V8 vali-
date the corrected PDE formulation (the D* vs Deg correction, the moment boundary condition,
and the PDE coefficients ¢, = 24, ¢, = 8). All eight tests pass; the results are summarised in
Table 14.1.

Table 14.1: Verification suite. All 8 tests pass.

Test Description Expected Result

V1  ABD operators (symmetric laminate) Bi1 =0, Dy; exact err=0.000%
V2  Timoshenko SS beam (Cowper 1966) Exact deflection err=0.010%

V3  Shear locking (full vs. reduced int.) 9x deflation confirmed
V4 Mesh convergence (SS, 16-256 elem) O(h?) rate rate=2.000
V5  D* < Deg < Dq1 hierarchy Algebraic confirmed
V6  CC deflection formula (D* vs Deg) 0.000% vs 71.8% error  confirmed
V7  CC moment M(0) = —P,L/8 err < 5% err=1.00%
V8  PDE coefficients ¢, = 24, ¢y = 8 Exact derivation confirmed
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14.2. Full Numerical Comparison

Table 14.2: Complete results v2. Reference: wper = 24.345 mm. All methods eliminate the

II;-attractor (130-187x improvement over standard PINN).

Method w(L/2) [mm| Error  Plateau Time
MO FEM 200 elem. 24.345 0.000% — 0.4s
M1 Mixed PINN (fixed) 24.218  0.522% 5.0x107%  1384s
M2 FD-PINN 24.173 0.706% 4.3x1076  214s
M3 Hardy-PINN (M3) 24.204 0.578% 7.2x107%  1507s
M4  Nash-PINN (split) 24.218  0.522% 5.1x10~% 1800
M5 Hamiltonian-PINN 24.218 0.522% 1.3x1073  1430s
Standard three-field PINN (reference) 0.317 98.7% — ~120s
Prior code (D _eff, ¢, = 48, bugs) 28.19 15.8% — —

14.3. Training Convergence: Adam Phase Analysis

Table 14.3 records the exact loss and deflection values at each Adam milestone from the code

output.
Table 14.3: Adam training log: loss and midspan deflection at 3000-epoch milestones. All
methods use the corrected physics (¢, = 24, ws. = PL3/(192D*)).
Method Epoch Loss w(L/2) [mm| Time [s] I
3000 6.602x 10! 24.197 61
. 6000 6.555 % 102 24.216 122 LR x(
M1 Mixed PINN - g5, 4.041x1073 24.217 181  LRx(
12000 1.438x1073 24.218 242  LRx0
2000 6.790x 107! 24.145 11
4000 4.652x 1072 24.168 22 LR x(
M2 FD-PINN 6000 5.035x 1072 24.171 33 LR x(
8000 8.623x 1073 24.172 44
3000 6.602x 107! 24.197 61 Rex
6000 1.309x 1071 24.190 123 Rev
M3 Hardy-PINN g5 2.442 % 102 24.220 184 Rev
12000 4.116x1073 24.203 245
3000 8.865x 1072 (pde: 8.78x1072, H: 8.24x 107%) 24.207 66 AH
o 6000  1.390x 1072 (pde: 1.31x1072, H: 8.25x10~%) 24.216 130 i
M5 Hamiltonian 000 4 1814 1073 (pde: 3.36x 103, H: 8.25x 10~4) 24.217 192 An
12000  2.206x 1073 (pde: 1.38x 1073, H: 8.25x10~%) 24.217 254 Ap

Three features stand out from Table 14.3:

(i) M2 is fastest per-epoch: 44 s for 8000 epochs versus 242 s for M1 at 12000 epochs

— a 3.7x speedup. FD derivatives have no autograd graph overhead.
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(i) M3 Hardy collocation oscillates during Adam: the loss fluctuates between 0.66
and 0.13 across the reweighting events. This is expected: each reweighting changes
the integration measure, momentarily increasing the loss before the network adapts to
the new collocation distribution.

(iii) M5 energy term is nearly constant: the H-term stays at 8.25x10™* from epoch
3000 onward, meaning the energy constraint is satisfied very early. Only the PDE
residual decreases across epochs — confirming that Ag = 0.005 allows the PDE term
to dominate.

14.4. L-BFGS Phase Analysis

Table 14.4: L-BFGS convergence log. All methods plateau by step 200; subsequent steps produce
no improvement.

Method Steps  Plateau loss Adam—L-BFGS drop Time [s]
M1 Mixed PINN 800  5.023x107%  1.44x1073 — 5.02x107% (3x) 1142
M2 FD-PINN 600 4.271x107% 8.62x1073 — 5.74x 1075 (1500 ) 170
M3 Hardy-PINN 800 7.195x107°  4.12x1073 — 7.20x107° (57x) 1262
M4 Nash-PINN 800 5.087x1074 joint polish from cycle end 1800

M5 Hamilton-PINN 800 1.331x1073 2.21x107% — 1.33x 1073 (1.7x) 1176

The most striking observation is the M2 FD-PINN L-BFGS improvement: 1500x drop from
Adam final (8.62x 1073) to plateau (4.27x107%). Proposition 10.1 explains this precisely: the
implicit A3 seminorm penalty from the FD truncation (Eq. (10.1)) creates a strongly convex
quadratic bowl in the Sobolev metric, which L-BFGS (a quasi-Newton method) navigates to the
bottom in ~ 200 steps. The autograd M1 loss has no such regularisation and L-BFGS achieves
only a 3x improvement because it hits the flat network-capacity floor immediately.

14.5. Loss Plateau Analysis

The loss plateau is the most diagnostic quantity, revealing the limiting factor of each method
independently of deflection accuracy:

Table 14.5: Loss plateau comparison: observed values, root cause, and predicted deflection error
ceiling. The decoupling of plateau and deflection error for M2 is a key finding.

Method Plateau vs M1 Defl. err Root cause

M1 Mixed PINN 5.02x10~* ref 0.522%  Network capacity (1/m?)

M2 FD-PINN 4.27x107%  118x lower  0.706%  Implicit H? regularisation (Prop. 10.1)
M3 Hardy-PINN  7.20x107° 7x lower 0.578%  Hardy coercivity restored

M4 Nash-PINN  5.09x107*4 ~M1 0.522%  Same capacity as M1

M5 Hamilton 1.33x1073  2.7x higher 0.522%  H-term background

The critical observation is that M2 has the lowest loss plateau but not the lowest deflec-
2 A
tion error. By Proposition 10.1, the FD-PINN minimises £FP = £exact 4 Lo [(J/")2 d¢4-O(h%),
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not the true PDE loss. The plateau (4.3x107%) reflects the depth of the H3-regularised quadratic
bowl; the deflection error (0.706%) reflects the systematic bias B2W®) /12 ~ (1/301)2x 24 x 16 ~
4x1073 —a deterministic, grid-dependent quantity that is irreducible regardless of how many
training steps are taken. The two metrics are therefore measuring fundamentally different things
for M2, and their rankings need not agree.

14.6. Improvement over Standard PINN
The fundamental result of the computational study:

Table 14.6: Improvement factor over the standard three-field PINN (98.7% error, II; = 206,897).
All mixed-formulation methods achieve 130-189x improvement by eliminating Il from the PDE
coefficients.

Method Error  Improvement  Plateau Key mechanism
Standard 3-field PINN  98.7% reference — Spurious W = 0 attractor
M1 Mixed PINN 0.522% 189 5.0x1074 IIs-free PDEs

M2 FD-PINN 0.706% 140x 4.3x107% FD implicit regularisation
M3 Hardy-PINN 0.578% 171x 7.2x107° Hardy coercivity

M4 Nash-PINN 0.522% 189 5.1x10~*  Nash block architecture
M5 Hamilton-PINN 0.522% 189 1.3x1073 Energy anchoring

Main result in one sentence

The Mixed (W, M ) formulation, with all four bug corrections applied, eliminates the
singular-perturbation attractor of the standard three-field PINN for any Il;, achieving 130—
189 improvement in accuracy; the Hardy adaptive collocation (M3) reduces the training
loss plateau a further 7x by restoring weighted coercivity; and the Nash split-network
architecture (M4) provides a proved convergence guarantee unavailable from joint Adam
or L-BFGS training.
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Figure 14.1: Nash IFT convergence analysis. Left: M4 Phase A (M-equation, teal) and Phase B
(W-equation, orange) loss at each of the four training cycles. The Cycle 3 Phase A anomaly
(spike to 0.874) is identified and labelled; the subsequent L-BFGS plateau (5.1 x 10=%, purple
dashed) corrects for it. Right: theoretical Nash IFT convergence envelope (orange dashed,
p = 3/(2m%) =~ 0.152) versus the observed M4 normalised error across phase cycles (teal circles).
The observed convergence is faster than the theoretical upper bound, consistent with the bound
being conservative by a factor of 2.6.

14.7. M4 Nash Training: Cycle-by-Cycle Analysis

Table 14.7: M4 Nash-PINN: Phase A (M-equation) and Phase B (W-equation) loss at end of
each 3000-epoch sub-phase. The Cycle 3 Phase A anomaly (M-loss spike to 0.874) is visible but
self-corrected by L-BFGS.

Cycle Phase A M-loss Phase B W-loss  w(L/2) [mm] Note

1 1.827x 1071 4.839x 1010 22.869 W far from converged

2 6.622x 1072 4.888 x 1010 22.926 M improving, W slow

3 8.740x 107! 1.375x1073 24.189 M spike (xi_t4 interaction)
4 6.933x 1072 3.044x1073 24.194 Both near converged
L-BFGS 5.087x10~% (joint) 24.218 Final polish

The Cycle 3 Phase A M-loss spike (from 6.6 x 1072 to 8.7 x 107!) is explained by the shared
xi_t4 tensor: Phase B updates propagate gradient information that temporarily degrades the
M-network’s curvature landscape. Despite this, Cycle 3 Phase B achieves a dramatic W-loss
collapse from 4.9 to 1.4x1073 — indicating that the M-network, even slightly perturbed, provides
a good enough frozen field for the W-equation to converge. The joint L-BFGS polish at the end
corrects all residual inconsistencies, delivering the final 0.522% deflection error.

14.8. Numerical Results: Figures

The figures in this section provide a visual summary of the results described in the preceding
sections. Figure 14.2 presents a six-panel overview of all PINN formulations. The top panels
compare the deflection profiles and the error magnitudes across methods. The middle panels
show pairwise training-loss comparisons that make the plateau differences between M1, M3, M4,
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and M) visible. The bottom panel collects all training curves on a single axis, allowing the
distinct convergence behaviours — M2’s rapid L-BFGS dive, M3’s oscillating reweighting, M4’s
alternating phase pattern — to be compared directly. Figure 14.1 focuses specifically on the Nash
IFT convergence: the left panel shows the per-phase loss across the four training cycles, and the
right panel compares the observed convergence rate with the theoretical bound p = 3/(27?).

All PINN methods — deflection error Training loss plateau — all methods3e"33
2 1709 :
102 { 28I0% 3 5 M1 baseline o
107> A o0 B
&9 o
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5 3 >
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Standard M1 Mixed M2 FD M3 Hardy M4 Nash M5 Hamilton M1 Mixed M2 FD M3 Hardy M4 Nash M5 Hamilton
PINN PINN PINN PINN PINN PINN

Figure 14.2: All PINN formulations compared. Top row: deflection profile showing all methods
overlapping (peak 24.22-24.35 mm at midspan), and error bar chart with all methods below
the 1% reference line. Middle row: pairwise loss comparisons — M3 Hardy achieves 7x lower
plateau than M1; M4 Nash shows the alternating phase pattern; M5 Hamiltonian PDE residual
converges below the energy-term floor. Bottom row: all training curves and results summary
table. Training was performed on a CPU (Intel, single core). Timings: M0 FEM 0.4s; M1 1384s;
M2 214s; M3 1507s; M4 1800s; M5 1430s.

14.9. Figure Description
Figure 14.2 shows six panels:

(i) Top left — Deflection profile: All methods produce the correct symmetric CC bell
profile. The analytical dashed reference is invisible behind the FEM curve. PINN/FD-PINN
curves are indistinguishable from FEM at plotting resolution, consistent with < 0.75% error.

(ii) Top right — Error bar chart: FEM (0.000%) stands alone at zero. M1/M4/M5 cluster
at 0.522%; M3 at 0.578%; M2 at 0.706%. The 1% reference line is shown; all methods are
below it.

(iii) Middle left — M1 vs M3 loss: M3 (orange) converges faster than M1 (gold) and reaches
a lower plateau (7.2x107% vs 5.0 x 10™%). The three reweighting events (at epochs 3000,
6000, 9000) are visible as small loss increases followed by steeper descent.

(iv) Middle centre — M1 vs M4 loss: M4 (purple) shows the characteristic alternating
pattern of Phase A (M-equation, fast convergence) and Phase B (W-equation, slower con-
vergence). The Cycle 3 Phase A spike is visible at step ~ 12000. The final L-BFGS (from
step ~ 24000) brings M4 to the same plateau as M1.

(v) Middle right — M1 vs M5 loss: M5 (green) converges slightly slower than M1 (gold)
during Adam, but reaches comparable values after L-BFGS. The dashed line (M5 PDE-only
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component) shows the PDE residual steadily decreasing below the energy term’s floor of
8.25x 1074

(vi) Bottom left — All methods loss: The hierarchy is clear: M2 (blue) dives deepest,
M3 (orange) intermediate, M1/M4 (gold/purple) at the capacity floor, M5 (green) slightly
above. The M4 alternating pattern and M2 rapid L-BFGS descent are both visible.
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Chapter 15

Conclusions

15.1. Summary of Contributions

In the following, we summarise the main contributions of this thesis, the key limitations identified,
and directions for future work.

(i)

(i)

(iii)

(iv)

Nash IFT as ML Optimizer (novel contribution): formalized as a training architec-
ture that encodes PDE block-structure into network decomposition and phase schedule.
Split-network M4 achieves 0.522% error with a proven convergence certificate. The key ar-
chitectural requirement — separate networks per PDE block — is identified and verified
experimentally.

Hardy Coercivity as PIML Module (novel contribution): curvature-adaptive colloca-
tion weights w; = \W” 2 + 1 restore weighted coercivity and reduce the loss plateau 7-fold
(M3: 7.2x107° vs M1: 5.0x107%). The Muckenhoupt Ay condition guarantees that the
weighted Hardy—Poincaré inequality holds uniformly throughout training.

FD-PINN implicit H? regularisation (new finding): Proposition 10.1 shows that finite-
difference derivatives add an implicit H2 seminorm penalty }f—; i (W2 d¢ to the PDE loss,
creating a strongly convex quadratic bowl that L-BFGS navigates 1500x more efficiently
than for the unregularised autograd loss. The plateau (4.3 x 107, 100x below M1) and
the deflection error (0.706%) are decoupled because they measure the depth of different
functionals.

Nash Attention Mechanism (theoretical extension): Hardy weights applied to trans-
former sequence positions give a per-forward-pass, data-driven, theory-grounded attention
bias H;; = log(w;/w;) — distinct from all existing positional encodings.

Physics model corrections: CC beam effective stiffness corrected from Deg to D* (71.8%
— 0.003% error); PDE coefficient corrected from ¢, = 48 to ¢, = 24. All eight verification
tests pass.

15.2. Limitations and Open Problems

(a)

(b)

Nash cycle anomaly: the Phase A M-loss spike in cycle 3 of M4 (despite split networks)
suggests that the ‘xi  t4‘ tensor with ‘requires grad=True‘ is shared between phases. A
complete fix requires separate input tensors per network.

Hamiltonian adaptive schedule: the Ay decay threshold was never triggered because
the energy error stayed just above 1%. A simpler fixed Ay = 10~3 would be cleaner.
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(¢) Von Karman Nash decomposition: the VK nonlinearity introduces a quadratic cou-
pling Ny « [ (w6)2 that breaks the lower-triangular structure. A three-field Nash PINN
(No, W, M) with a Schur-complement phase is the natural extension.

(d) Nash Attention empirical validation: the mechanism is proposed theoretically; NLP
benchmark evaluation is required.

(e) Larger networks: combining M3 (Hardy collocation) with a 5x100 network is predicted
to push deflection error below 0.1%.

15.3. Future Directions

Several natural extensions of this work suggest themselves. The most immediate step is to pack-
age the Hardy—Nash framework as a reusable PyTorch module with a documented API (Hardy
weight computation, Nash phase scheduler, and split-network builder), so that the methodology
can be applied to new problems without re-deriving the components from scratch. The most
important theoretical extension is the derivation of a three-field Nash PINN for the von Kar-
man nonlinear case: the compatibility condition No = (A11/2L) [(w})? dx introduces a coupling
from W back to Ny that breaks the lower-triangular structure exploited in this thesis, requiring
a Schur-complement phase to close the iteration. The next natural benchmark for the approach
is a two-dimensional Mindlin plate problem, which extends the beam kinematics while remain-
ing within the FSDT framework and retaining the block-triangular structure necessary for Nash
decomposition. Finally, a rigorous empirical evaluation of the Nash Attention Mechanism on
sequence modelling tasks would determine whether the theoretical tame-smoothing bound trans-
lates into practical performance gains on problems with boundary-layer structure. Each of these
directions is well-defined and builds directly on the theoretical and computational infrastructure
developed in the present work.
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