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Abstract 

 

In this paper we will present two stochastic approaches which are 

used for modeling interest randomness. In particular, we will be 

modeling the force of interest and the force of interest accumulation 

function. For the above purpose, we will use the stochastic Wiener 

process and the Ornstein-Uhlenbeck one. The implicit behavior of the 

force of interest will be investigated by studying the expected value of 

the force of interest accumulation function. Further, we will provide 

upper and lower bounds of the present value of a series of cash flows 

where the discount is within a specific stochastic discount process. 

Finally, we will present an application for a temporary life annuity 

which concerns an individual aged , showing the applicability of the 

above Wiener and Ornstein-Uhlenbeck stochastic process. 
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 , 
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2.5    Brown 
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      ( . . )  
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                                      = + �                               (2.2) 
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  �     .    –           
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   +    .   
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 2.6 
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    � <      
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Ά  � < = � < − .. = � < − . = .  
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2.5.1  

         (2.2) : 

      

        
         
 

      -    .  
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   Ornestein-Uhlenbeck 

   2.9 

          .   .           Brown   
   0  = .   � = . .  

Έ        (   
)    = .    �  = . × =. . Ά      : 

� . < < . = � ( . − .. ) − � ( . − .. ) = . – . = =  == = .  

 

2.6   Ornstein-Uhlenbeck 

            .   
         

          . Ό   
        

       .     
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                               = ( – ) + �                                 (2.3) 
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   (2.3)   : 

 = – . Έ  : = − + �   +   =  �  

     : [ � ]  =  � �  

         : 

� – = �∫ �  

= −� + �∫ −� −  

        :                              =  −� + ( – −� ) + � ∫ −� − .        (2.3 ) 

      Brown    
 Brown       . 
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      Brown. Ό    
 Brown       : 

           
   . 

           
       .  
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    . 

           
  Brown. Ό         
  Brown        
  = + �  

  � ̂ .    =   � = �      : = + �  

    =   +  �  

     H      ω   Brown 

           
          
  � . 

 2.10 

         
   Brown:   =  .  +  .  

       =  .   � =  . . 

        =  .     
  � = . = .  

 2.11 

    Brown   0.10.  ℎ =   

      22.926     

  �. 

Έ  �√ℎ�ℎ = . .  = .   ℎ =     � =0.12. 
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2.8          
Girsanov 

              .  
         

       : 

                                                     = − + �                                      .  

           
    martingale     

.  
         

    .    
 (  [24]). 

 

 

 

 2.6 

    Q (    )   
            

          
.  

 

 

           
    (  [24]). 

 

 

 

 2.7 

Έ    = − + �  

          
          
   Brown ̃   martingale. 

 

 

    ̃         
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̃ = + −�  

 

     Έ        Girsanov  
           

   ̃     Brown   ̃   martingale 

  .      ̃   
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 = ̃ − −�  

 

     (2.4)   
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 = − + � ̃  

 

             
 .      
         

     .   

         
   . 

 2.12 

          
     

= . + �  

        

= . + � ̃  

 

            
   = . .  

       – = .    – = . .  = .    = .       = . . 
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ΦΑ Α  3 

  
   

 

             
        

  .      
      

        . 
     ,      

  (   )     
        

        .  
      

         
 .      

         
       

 . 

 

3.1   -   

          
   �                                                            [ ] �                          (3.1)                                                        [ ̃ ] �                          (3.2) 

    t ≥ 0 

Έ  , , … ,        , , … , .      �  = ++⋯+      (3.1)    : 

= , ,… , � ∈ {∑ [ <= ] − − , } 
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� = , ,… , � ∈ {∑= , } 
 = { , , … , ∈ ℝ │ + +⋯+ = t}   ,   t ∈ ℝ   

         (3.1)  (3.2)       

     ̃       

   , , … , .     
[21]. 

             
  , , … ,          

      . Έ     
    G  : , , … , [ , , … , ]    , … , ∈ ℝ   (3.3) 

       ̅  : [ > , > ,… , > ] ̅ , , … ,    , … , ∈ ℝ (3.4) 

 (    [10])   

� ,� ,… ,�� ∈ , … , � − � ,� ,… ,�� ∈ ̅ ,… ,          (3.5) 

    ∈ ℝ . 
     (3.3)  (3.4)    

, , … , =∏=  

 ̅ , , … , = ∏ −= . 

              POD (Positive Orthant 

Dependent).         
    , = , , … ,       

          . 
     ̅      , = , , … ,          
       . 
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3.2   

     Έ            
  .  

                                            = ∫                                      (3.6) 

 

            =    
         − .             

    (Lognormal)  
   [− ]  [ ]      -   : 

                 [( − ) ] =  [ − ]  = { − �[− ]  + �[ ]           (3.7) 

O    (3.7)    [4]. 

               0  
       1.   

     =       

      = , , , … ,    :                                                           =  + +⋯+                                (3.8) 

              
       = , , , … , .    

  (3.8)        
  .      (3.8)  

          

   . Ω  ,      
          

     ( , , … ,  )    
  .          

     ̃ .    , , … ,       , , … ,   ̃    :                                                 ̃ = − + − +⋯+ −                   (3.9) 

          −    
      .    

 = ̃    {  –  , }   { ̃  –  , }  ,         . 
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       3.3      
Gaussian       

     3.4   
  Gaussian      

    . 

 

3.3   Έ    

.    

              
    : 

   Wiener     

   Ornstein-Uhlenbeck     
  

3.3.1   Wiener 

Έ           :                                                                  =  + �                               (3.10) 

 �   , ∈ ℝ      

  Wiener.         :                                                                    [  ]  =                                   (3.11) 

   :                                                      �  [ , ]  =  �   ,                   (3.12) 

  (3.11)  (3.12)    [15]. 

 

3.3.2   Ornstein-Uhlenbeck 

Έ           :                                                            =  + �                                   (3.13)  ∈ ℝ   ,     
Ornstein-Uhlenbeck      �      =  .                                                           =  −   +  �  

                     (3.14) 
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Χ     [5]     
           (3.13) 

  :                                                                       [ ]  =                                    (3.15)                                 � [  , ]  =  ��  − − − − +  ,             (3.16) 

 

                                                                             � =   ��                                      (3.17) 

     :                               � [  , ]  =  �  − − − − +  ,               (3.18) 

 

3.4    Έ   

             
        
 .         

: 

   White Noise      
 �  

   Wiener     

   Ornstein-Uhlenbeck     
 . 

          
           . 

3.4.1   White Noise (  ) 

               
    ∈ ℝ+  :                                                                  ~  �   , �                                     (3.19) 

 .  , ∈ ℝ+    White Noise      
 � .         
     

  .       
 White Noise      Wiener 



 
44 

(   [5]  [10]).     (   (3.6))  
 Wiener    

                                                                     [ ] = ∙                                 (3.20) 

                                                       � [  ,  ] = �  ,                    (3.21) 

(   (3.20)  (3.21)    [5]). 

3.4.2   Wiener 

     Έ           
 Wiener.       :                                                                 =   +  �    , �                       (3.22) 

Χ      3.3.1   
    :                                                                      [ ] =                                        (3.23) 

   :                                                              � [  , ]  =  �  ,                            (3.24) 

 

       (   (3.6))   
        :                                                                    [ ] = ∙                                  (3.25) 

                                                  � [  , ] = ∫ ∫ [  , ]  
        (3.26) 

         
       :                                                   � [  , ] = �   −                   (3.27) 
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3.4.3   Ornstein-Uhlenbeck 

     Ό           
     Ornstein-Uhlenbeck   

      :                                      =  − −  + �     >     �               (3.28) 

   =  (   [5]).                                                                                       [ ] =                                (3.29) 

                                              � [  , ]  =  ��  − − − − +  ,      (3.30) 

     �� = �  (   (3.16)) 

        

(    )    Gaussian   : 

                                                    [ ]  =                              (3.31) 

    � [  , ] =  ��   ,  +   ��   [− + −� + −� − − −− − + ]      
 (3.32) 

    (3.31)  (3.32)    [19] 

          3.3       
3.4          

        ( [ ]  =    ).              
     . 

 

3.5    

     Έ     -   n┐      
          

  .   

                                                                     ┐ =∑ −=
                                           .  
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.          
            

        (   
  [7]). 

    n┐   :                                             [ ┐]  =  [∑ −= ]   =  ∑ [ − ]=  
         (3.34) 

      (3.2)                                               [ − ]  =   { − [ ]  +   [ ] }           (3.35) 

           
 :                                              [ ┐]  =  ∑  = ∑  = [ −  − ]                    (3.36)                                      [ ┐]  =  ∑  = ∑  = ∑  = [ −  − − ]           (3.37) 

 

          
      
  :                                                 −  − −  ~ � ,                  (3.38) 

Ό                                                       =  − [ ]  −  [ ]   −  [ ]           (3.39) 

  =  [ ] +  [ ]  +  [ ]  +  [ , ] +  [ , ]                                                         + [ , ]                                             .  
 

    (3.2) :                                                        [ −  − − ]   =   {  +  }          (3.41) 
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3.6  

             
        

     ,     
 (  [15]   )   

  . 

       1       
.         

   � (  =  .    =  .  ).    
 Wiener  White Noise   �    

 .   . .    Ornstein-Uhlenbeck  
 �     .  (  [6])    �  

   .   .        � 

    .  . .   .  . .   (  [6]). 

               
        

          
 � ,   �.         

         
.          

         .   
         

       .  
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               ┐  
       

         
 (     � ).   Wiener 

         
. 

       2       ┐ 
        

.         
      .  

          
      .  
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   3.      

         
           

     . 
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3.7   Έ   

           

        
         

   . Ό    
  ,         

.            

     .    
                          

(  )  ┐. Έ      
          

          s < t . 
 

3.7.1   Έ    

    Ornstein-Uhlenbeck. 

   (3.12)    [ │  =   , =   ]  =  [   +   │   +  =  , =  ]                                             =    +  [ │  =   −    ,  =  ]               (3.41) 
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Ό   <   │         (3.41) 
 :              [ │  =   , =   ]  =    +  [ │  =   −   ]   (3.42) 

    (3.42)    [6]. 

                  [ | =   , =   ] =    +  −    − −   ,   <       (3.43) 

 

3.7.2   Έ      

 Ornstein-Uhlenbeck  

   (3.1)   

 [ │  =   , =   ]  =  [∫ │∫  =   ,  =  ]  
                                      =  [∫  + ∫  │ ∫  =   ,  =  ]           (3.44) 

   =   ,  (3.44)  :  

 [ │  =   , =   ]   =   +  [∫  │∫  =   ,  =  ]  
                                                        =   +  ∫ [  │ ∫  =   ,  =  ]     (3.45) 

     u < s      :                          [ │  =   , =   ]  =   +  ∫ [ │  =  ]      (3.46) 

       Ornstein-Uhlenbeck 

(     [5])    (3.46)  
: 

 [ │  =   , =   ]  =   +  ∫ + − −� −   
                                                  =   +   −  +  −   − −� −  

             (3.47) 

          Wiener  Ornstein-

Uhlenbeck.        
     . 
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 .      4   
        

     [ │  =   , =   ]   
       .     

                               [ │  =   , =   ]          . 

             
         

     − .   
       .    
  . .       

   .       
  . . Χ     

    , >     =  .  

  =  . .      3.1 

    =      .     
         

       . 
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       3.2       
  , >      =  .    = . .   

           
       

      .   
         

        . 
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3.8 Ά    Ό      
   �̃� 

       3.1          
    

= ∫ . 
     Χ          

    Wiener   
 . Ό      (   (3.9))  

:   =  + �  
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  –   � .      

Goovaerts et al (1999)       
       

                                                          =  ∑ − −                                       .=  

          0  
 �        .   

  ̃   : 

                                                     ̃ =∑exp{− − �√ − }                            .=  

          
          

   [0,1].      ̃    :                                                      �[ ̃ > ]  =   −  �̌� =                 (3.50) 

       : 

                                                        ∑ exp(− − √ � �) ==                                 .  

            (3.1)  (3.5)  
       (3.9).   

     �    
(3.5)      �   �̃�  =  , = .   � = .  .          =  .        

    (3.49)      
       �.   2  

4       POD      
.        

       .    
       
         [  , ]   −∞ < < < + ∞ (  [10]   ).  =+∞            POD.  
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     :                                                      =  −  –   −  �  

                     (3.52) 

    , �  -                                                                    =  δ  , {  , t }                                      (3.53) 

        Ornstein-Uhlenbeck  
    {  , t }    Gaussian 

  :                                                      ⟼  =   +   –  − �� −��                       (3.54) 

                                                            ,  ⟼ � [ , ]  ≡ � ,                     (3.55) 

       � , = �� , + �� {− + − + − −                                                 (− − ) − (− + )}                  (3.56) 

  : 

                                                                   = ∑  −=                                         .  

            � ,  .         (    
Goovaerts et al (1999)) : 

                                               ̃ = ∑exp{− − √� , − }                          .=  

          
 [ , ] .   5      

     = .  , = .  , = .   � = .      ̃ .   7 
     =      

       1  3.   6 
 8       POD    
     . 
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3.9    Χ     

               
          � .  

  [ < + ] = �|   [ > ] = �      �  
      , , , … , 

 �              
 +   �|         +  

 + + .          
  : 

�; | = [ �; |° ] 
 

                                 �; |° = {        ,     � =                     � , � = , … , − ,                    

       (3.8).     
           

,         
.           

    .     
           

  : 

�; | =∑ [ ]−
= �| + [ ] �   

         
   �; |°     : 

[ �; |° ] = � +∑ [ ]−
= �| + [ ] �   

            [ �; |° ]  

        
   �; |° .       

  [ �; |° ]     45   

   (3.10)  = .   � = . .    
        (3.52)  = . , =, , = .   � = . .  
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 : Ά      [ �; |° ]    (3.10)  = , =.   � = .  

 

 : Ά      [ �; |° ]    (3.52)  = , =. , = , , = .   � = .  

 

 

 



 
63 

            
  Makeham (  [7]).      

           
    . 

 

3.10   

       
        

     .   
       
  Wiener  Ornstein-Uhlenbeck   

       
. 

 

 Χ        
      

 ,   ,  
  .       

         
     .  

     White Noise,   
   ,     

  Wiener     
  .  

 

 ,       
    ,   

  [ │  =   , =   ]        
  .         

   [ │  =   , =   ]    
    .  

 

 Έ           
         

    .      
      ,   

        
   . ,    
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 . 
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