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Euqarist�e
Upì thn ep reia th
 suggraf 
 twn epìmenwn sel�dwn apof�sisa na kathgoriopoi swti
 euqarist�e
 mou w
 ex 
:Arqik�, ja  jela na euqarist sw ìsou
 katèbalan gia na kataste� dunat  h paroÔsadiatrib  kai ìsou
 ja katab�lloun kìpo gia thn an�gnws  th
. Stou
 teleuta�ou
 peri-lamb�nontai saf¸
 ta mèlh th
 EptameloÔ
 Exetastik 
 Epitrop 
, en¸ stou
 pr¸tou
xeqwr�zoun ta mèlh th
 TrimeloÔ
 Epitrop 
, o kajhght 
 Jeìdwro
 Art�kh
 kai o ep�kou-ro
 kajhght 
 Dhm trio
 Stèggo
 tou tm mato
 Statistik 
 kai Asfalistik 
 Epist mh
tou Panepisthm�ou Peirai¸
.Idia�terh
 mne�a
 qr zei h suneisfor� tou epiblèponta th didaktorik  mou diatrib ,anaplhrwt  kajhght  tou id�ou tm mato
, kur�ou Nikol�ou Maqair�, o opo�o
 apotèlesebasikì moqlì gia thn pragmatopo�hs  th
, me thn polÔtimh upost rixh pou mou prosèferekai thn upomon  pou epèdeixe kat� th di�rkeia th
 ekpìnhs 
 th
.Sth sunèqeia, ja  jela na ekfr�sw ti
 euqarist�e
 mou se eke�nou
 pou apotèlesanthn {anagka�a sunj kh} gia thn pragmatopo�hsh twn didaktorik¸n mou spoud¸n. Basi-kì
 sunodoipìro
 mou up rxe to Koinwfelè
 'Idruma ALEXANDROS S. WNASHS, poust rixe aut  thn prosp�jeia tìso oikonomik� mèsw tou Progr�mmato
 Upotrofi¸n pro
'Ellhne
 ìso kai yuqologik� me thn �mesh antapìkrish twn anjr¸pwn tou se opoiod potea�thm� mou kai opoiad pote apor�a mou. Sto qrhmatodotikì tomèa shmantik  up rxe kaih suneisfor� tou ep�kourou kajhght  tou tm mato
 Statistik 
 kai Asfalistik 
 Epi-st mh
, kur�ou Gewrg�ou Pitsèlh, o opo�o
 prosèfere tìso se 'mena ìso kai se �llou
upoy fiou
 did�ktore
 tou tm mato
 th dunatìthta na bg�loume, èstw kai merik¸
, ta{pro
 to z n} me th summetoq  ma
 sth diorg�nwsh twn Exet�sewn twn Asfalistik¸nDiamesolaboÔntwn.'Eqonta
 gn¸sh ìti h parap�nw par�grafo
 mpore� na apotelèsei forologhtèa Ôlh, ja jela tèlo
 na euqarist sw ìsou
 me sunèdraman me di�forou
 trìpou
 sthn pore�a twndidaktorik¸n mou spoud¸n, suggene�
, f�lou
, nun kai pr¸hn sumfoithtè
, oi opo�oi kaianèqthkan ti
 {koinwnik� �garmpe
} sumperiforè
 mou, kaj¸
 kai ìlou
 tou
 sunadèlfou
strati¸te
 kai ta stelèqh pou gn¸risa kat� th di�rkeia th
 stratiwtik 
 mou jhte�a
.Oi teleuta�oi kai idia�tera eke�noi pou sun�nthsa ston 96 Lìqo Diabib�sewn sth Q�o kaisto 487 T�gma Diabib�sewn sto Genikì Epitele�o StratoÔ dieukìlunan thn ekpìnhshth
 diatrib 
 kai mou prosèferan mia shmantik  an�paula apì ti
 duskol�e
, agwn�e
 kaianhsuq�e
 tou teleuta�ou en�mish ètou
. Euqarist�e






Per�lhyhMia jetik  ap�nthsh sto prìblhma tou qarakthrismoÔ twn martingale-isodÔnamwnsÔnjetwn memeigmènwn diadikasi¸n Poisson kaj�statai ed¸ dunat , genikeÔonta
 èna an�-logo apotèlesma twn Delbaen & Haezendonk (1989) gia sÔnjete
 diadikas�e
 Poisson.W
 epakìloujo, prokÔptoun efarmogè
 sth jewr�a arq¸n upologismoÔ asfal�strou.Gia thn ep�lush tou parap�nw probl mato
, jewr jhke arqik� anagka�a h melèthtou domikoÔ rìlou twn disintegrations sti
 memeigmène
 stoqastikè
 diadikas�e
, apì thnopo�a prokÔptei h anagwg  th
 desmeumènh
 anexarths�a
 se sun jh (mh desmeumènh) giam�a eure�a kl�sh stoqastik¸n diadikasi¸n, mèsw mia
 kat�llhlh
 allag 
 tou mètroupijanìthta
. 'Ena an�logo apotèlesma exasfal�zetai kai gia th desmeumènh isonom�a.W
 sunèpeia, ex�gontai k�poioi qarakthrismo� twn memeigmènwn diadikasi¸n Poisson kaitwn memeigmènwn ananewtik¸n diadikasi¸n. Idiaitèrw
 gia ti
 deÔtere
, kai afoÔ pr¸taapodeiqje� mia nèa epèktash tou Jewr mato
 de Finetti gia antall�xime
 stoqastikè
diadikas�e
, d�nontai peraitèrw qarakthrismo� tou
 mèsw th
 ènnoia
 th
 antallaximìthta
kai diafìrwn tÔpwn disintegrations.Ep�sh
 parousi�zetai mia nèa mèjodo
 kataskeu 
 memeigmènwn ananewtik¸n diadika-si¸n, pou perilamb�nei w
 eidik  per�ptwsh eke�nh twn memeigmènwn diadikasi¸n Poisson,b�sei th
 opo�a
 d�nontai sugkekrimèna kataskeuastik� parade�gmata tètoiwn diadikasi¸nkai kaj�statai dunatì
 o akrib 
 upologismì
 twn ant�stoiqwn disintegrations. Tèlo
,diereun¸ntai efarmogè
 tou kentrikoÔ ma
 qarakthrismoÔ sti
 arqè
 upologismoÔ asfa-l�strou kai se �lla sqetik� qrhmatasfalistik� probl mata.

Per�lhyh





Abstract

A positive answer to the problem of characterizing martingale-equivalent compound

mixed Poisson processes becomes here possible, generalizing in this way a corresponding

result of Delbaen & Haezendonk (1989) for compound Poisson processes. Some applica-

tions to the theory of premium calculation principles are then obtained.

For solving the above problem, the structural role of disintegrations in mixed stocha-

stic processes is studied first. As a result, the reduction of conditional independence to

the ordinary one follows for a wide class of stochastic processes, under a proper change

of measure. The reduction of conditional identically distributed processes to ordinary

ones is obtained in a similar way. As a consequence, some characterizations of mixed

Poisson processes as well as of mixed renewal processes are derived. In particular, further

characterizations in terms of exchangeability and of different types of disintegrations are

given for mixed renewal processes, providing among others an extension of de Finetti’s

Theorem.

In addition, a new method of constructing mixed renewal processes, including the

construction of mixed Poisson processes as a special case, is presented. Based on the

latter results, some concrete examples of constructing such processes are given and the

corresponding disintegrating measures are computed. Finally, possible applications of

our main characterization to premium calculation principles as well as to other problems

related to insurance and finance are investigated.

Abstract
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EISAGWGH
Sthn paroÔsa diatrib  ja ma
 apasqol sei to prìblhma eÔresh
 kat�llhlwn martin-

gale - isodÔnamwn mètrwn pijanìthta
, mèsw twn opo�wn kaj�statai dunatì
 o upologismì
arq¸n upologism¸n asfal�strou sta pla�sia mia
 mh kerdoskopik 
 agor�
 (arbitrage-free
market) kai th
 mh klassik 
 Jewr�a
 KindÔnou.Oi Delbaen & Haezendonk (1989) eis gagan thn Prosèggish th
 Qrhmatooikonomik 
Apot�mhsh
 th
 Asf�lish
 (PQAA) sthn prosp�jei� tou
 na dhmiourg soun èna kat�l-lhlo majhmatikì pla�sio gia thn antimet¸pish problhm�twn qrhmatooikonomik 
 fÔsh
pou sqet�zontai me thn ant�stoiqh sv.d. kindÔnou mia
 asfalistik 
 etaire�a
, dhlad  me thdiaqronik  exèlixh twn kindÔnwn pou aut  analamb�nei, kaj¸
 kai na sundèsoun to pla�sioautì me th jewr�a twn arq¸n upologismoÔ asfal�strou (premium claculation principles).Sto sqetikì �rjro, blèpe [8℄, oi suggrafe�
 jewroÔn ìti mia asfalistik  etaire�adiathre� èna qartoful�kio kindÔnwn, kaj¸
 kai ìti h diaqronik  exèlixh tou Ôyou
 twnsunolik¸n apait sewn pou ege�rontai ènanti th
 etaire�a
 apì autì to qartoful�kio pe-rigr�fetai apì mia sÔnjeth diadikas�a Poisson {St}t∈R+ ep�nw se ènan q¸ro pijanìthta

(Ω, Σ, P ), k�ti to opo�o isqÔei sta pla�sia th
 Klassik 
 Jewr�a
 KindÔnou. Ep�sh
 je-wroÔn ènan qronikì or�zonta τ > 0 kai upojètoun ìti se k�je qronik  stigm  t h etaire�ampore� na poul sei sta pla�sia mia
 mh kerdoskopik 
 agor�
 ton enapome�nanta k�ndunoth
 periìdou (t, τ ] gia dosmèno asf�listro pt (bl. kai Enìthta 8.1). K�tw apì autè
ti
 upojèsei
, oi suggrafe�
 tou [8℄ odhgoÔntai sthn akìloujh majhmatik  diatÔpwsh touprobl mato
 th
 qrhmatooikonomik 
 apot�mhsh
 th
 asf�lish
:[P0℄ An h {St}t∈R+ e�nai m�a P -sÔnjeth diadikas�a Poisson, tìte zhte�tai na qarakthri-stoÔn eke�na ta mètra pijanìthta
 Q ètsi ¸ste h sv.d. {St}t∈R+ na paramènei miasÔnjeth diadikas�a Poisson k�tw apì to Q, kai ta Q kai P na e�nai proodeutik�isodÔnama.M�lista, oi Delbaen & Haezendonk (1989) d�noun mia lÔsh sto parap�nw prìblhma mèswenì
 qarakthrismoÔ martingale-isodÔnamwn sÔnjetwn diadikasi¸n Poisson (bl. [8℄, Pro-

position 2.2). 1



EISAGWGHTo [P0℄ prokale� to ex 
 genikìtero er¸thma:[P1℄ An h {St}t∈R+ e�nai m�a P -sv.m.d. Poisson, tìte zhte�tai na qarakthristoÔn eke�na tamètra pijanìthta
 Q ètsi ¸ste h sv.d. {St}t∈R+ na paramènei mia sv.m.d. Poisson k�twapì to Q, kai ta Q kai P na e�nai proodeutik� isodÔnama.Se aut  th diatrib , d�netai k�tw apì orismène
 asjene�
 pro�pojèsei
, mia jetik  ap�-nthsh sto prìblhma [P1℄ (bl. Je¸rhma 7.2.9). W
 eidik  per�ptwsh tou proanaferjènto
jewr mato
 prokÔptei to apotèlesma twn Delbaen & Haezendonk (1989).H apous�a th
 anexarths�a
 gia ti
 prosaux sei
 th
 sv.d. tou arijmoÔ twn apait -sewn, kai �ra th
 epagìmenh
 sv.d. sunolik¸n apait sewn, kai h antikat�stas  th
 apìth desmeumènh   upì sunj kh anexarths�a sthn per�ptwsh twn sv.m.d. Poisson, k�nei toprìblhma tou qarakthrismoÔ twn Q ousiastik� duskolìtero apì eke�no th
 Klassik 
Jewr�a
 KindÔnou. H eisagwg  th
 ènnoia
 th
 desmeumènh
 anexarths�a
 me th seir� th
,kajist� apara�thth gia thn ep�lush tou en lìgw probl mato
, th melèth twn disintegra-

tions1 kai twn kanonik¸n desmeumènwn pijanot twn (regular conditional probabilities), pousqet�zontai to prìblhma autì.Pio sugkekrimèna, gia thn ep�lush tou [P1℄ arqik� d�nontai orismène
 proapaitoÔmene
ènnoie
 kai k�poioi basiko� orismo� (bl. Kef�laio 1). Sto Kef�laio 2, to endiafèronma
 esti�zetai sto pw
 sqet�zontai metaxÔ tou
 oi ènnoie
 twn sunep¸n w
 pro
 mia me-tr simh apeikìnish disintegrations, twn k.d.p.-ginìmeno kai twn desmeumènwn mèswn tim¸n.Ta apotelèsmata pou anafèrontai sthn isodunam�a (th
 Ôparxh
) disintegrations sunep¸nme mia metr simh apeikìnish kai k.d.p.-ginìmeno (bl. Prot�sei
 2.2.2 kai 2.3.4) parousi�-zoun (kai anex�rthto th
 prosp�jeia
 ep�lush
 tou [P1℄) endiafèron gia th jewr�a twn
disintegrations.Mèsw th
 qr sh
 twn apotelesm�twn tou deutèrou kefala�ou (kai ìqi mìno), stoKef�laio 3 kaj�statai dunat  h anagwg  th
 desmeumènh
 anexarths�a
 k�tw apì ènamètro pijanìthta
 P se sun jh (mh desmeumènh) k�tw apì ta epimèrou
 mètra pijanìthta

Pθ mia
 disintegration gia mia eure�a kl�sh sv.d. (bl. L mma 3.2.2 kai Prìtash 3.2.4). W
sunèpeia, prokÔptei h anagwg  mia
 P -m.d. Poisson se mia Pθ-diadikas�a Poisson gia sv.ì. tamètra pijanìthta
 Pθ mia
 disintegration {Pθ}θ>0 tou P ep�nw sthn katanom  pijanìthta

PΘ th
 domik 
 paramètrou Θ th
 m.d. Poisson, sunepoÔ
 me th Θ (bl. Prìtash 3.2.10).Me th bo jeia tou en lìgw apotelèsmato
, apodeiknÔontai peraitèrw qarakthrismo� twn1O ìro
 “disintegration” den fa�netai na br�skei mia ikanopoihtik , tìso apì glwssik 
 ìso kai apìmajhmatik 
 apìyew
, met�frash sta ellhnik�. Gia ton lìgo autì epilèqthke sth diatrib  aut  naparame�nei amet�frasto
.2



EISAGWGHdiadikasi¸n aut¸n mèsw sv.d. endi�meswn qrìnwn �fixh
 twn apait sewn, martingales kaimètrwn apa�thsh
 (bl. Je¸rhma 3.3.5).Sto Kef�laio 4 eis�getai èna
 nèo
 orismì
 m.a.d. me domik  par�metro mia metr simhapeikìnish (bl. Orismì 4.1.2), ant�stoiqo
 eke�no
 twn m.d. Poisson kai genikeÔetai tokÔrio apotèlesma tou tr�tou kefala�ou (bl. Prìtash 3.2.10) gia thn per�ptwsh twn m.a.d.(bl. Prìtash 4.1.11). Ep�sh
 epekte�netai to Je¸rhma de Finetti (bl. Je¸rhma 4.2.3 kaiPrìtash 4.2.5) kai apodeiknÔontai orismènoi qarakthrismo� twn m.a.d. mèsw th
 ènnoia
th
 antallaximìthta
 mia
 sv.d. kai mèsw diafìrwn tÔpwn disintegrations (bl. Je¸rhma4.2.7). MetaxÔ �llwn sto Je¸rhma 4.2.7 kaj�statai dunat  h sÔgkrish tou nèou orismoÔtwn m.a.d. me ton gnwstì orismì tou Huang (bl. Orismì 4.1.3) kai apodeiknÔetai ìti giamia eurÔtath kl�sh q.p. pou qrhsimopoie�tai sti
 efarmogè
 oi dÔo orismo� e�nai isodÔnamoi.W
 sunèpeia, sto Kef�laio 5 apodeiknÔetai mia nèa kataskeu  mèsw disintegrations giati
 m.a.d. (bl. Je¸rhma 5.1.1), w
 eidik  per�ptwsh th
 opo�a
 prokÔptei mia nèa kataskeu gia m.d. Poisson (bl. Pìrisma 5.1.2), h opo�a tautìqrona sunist� ki èna apotèlesmaÔparx 
 tou
. To gegonì
 autì epitrepe� thn kataskeu  apt¸n paradeigm�twn tètoiwndiadikasi¸n, kaj¸
 kai ton upologismì twn ant�stoiqwn epimèrou
 mètrwn pijanìthta
twn disintegrations. (bl. Enìthta 5.2).Sto èkto kef�laio, apodeiknÔetai me th bo jeia tou kÔriou apotelèsmato
 tou tr�toukefala�ou èna
 qarakthrismì
 twn sv.m.d. Poisson mèsw disintegrations. Sto Kef�laio 7d�netai èna
 qarakthrismì
, mèsw disintegrations kai martingale - (proodeutik�) isodÔna-mwn mètrwn pijanìthta
 (bl. OrismoÔ
 7.2.1), ìlwn twn mètrwn pijanìthta
 Q, pou e�naiproodeutik� isodÔnama me to arqikì mètro pijanìthta
 P kai k�tw apì opo�a mia P -sv.m.d.
Poisson paramènei mia sv.m.d. Poisson. O en lìgw qarakthrismì
 (bl. Je¸rhma 7.2.9kai Pìrisma 7.2.13) parèqei, k�tw apì asjene�
 pro�pojèsei
, mia katafatik  ap�nthshsto [P1℄. Gia thn apìdeixh tou Jewr mato
 7.2.9 qrhsimopoie�tai metaxÔ �llwn to kÔrioapotèlesma tou Kefala�ou 6, ìpw
 ep�sh
 kai h idèa th
 apìdeixh tou Jewr mato
 5.1.1.Akìmh parajètoume mia seir� apì axioshme�wte
 sunèpeie
 tou Jewr mato
 7.2.9, prin me-let soume sto Kef�laio 8 ti
 efarmogè
 tou sth jewr�a arq¸n upologismoÔ asfal�stroukai exet�soume endiafèrouse
 eidikè
 peript¸sei
. Ep�sh
 diereunoÔme to pw
 sundèetaito en lìgw je¸rhma tìso me thn PQAA ìso kai me �lla sqetik� ped�a efarmog 
 tou staasfalistik� kai ta qrhmatooikonomik�.Kle�nonta
 thn eisagwg , k�noume k�poia sqìlia gia th di�rjrwsh th
 paroÔsa
 dia-trib 
. Gia thn antimet¸pish tou probl mato
 [P1℄ den qrhsimopoie�tai �mesa kanèna apìta apotelèsmata twn Kefala�wn 4 kai 5. Parìla aut�, ìpw
  dh proanafèrame, h basik idèa th
 apìdeixh
 tou Jewr mato
 5.1.1 enup�rqei sthn apìdeixh tou Jewr mato
 7.2.9,3



EISAGWGH
(ii). Ep�sh
 kai ta dÔo aut� kef�laia br�skontai se �mesh sÔndesh me ta Kef�laia 2, 3,6 kai 7. Ep� plèon, e�nai m�llon autonìhth h sqèsh tou ogdìou kefala�ou me to Kef�laio7, upogramm�zonta
 me autì ton trìpo th shmas�a twn exagqjèntwn apotelesm�twn kaigia to ped�o twn efarmog¸n.Ta parap�nw mpore� na sunoyistoÔn sto akìloujo di�gramma:KEF.2 −→ KEF.3 −→ KEF.6 −→ KEF.7 99K KEF.8

ց ↑↓ րKEF.4 −→ KEF.5Sta Parart mata A, B kai G pou br�skontai sto tèlo
 th
 diatrib 
 parajètoume gnwst�apotelèsmata kai orismoÔ
 th
 Jewr�a
 Pijanot twn, th
 Jewr�a
 Mètrou, th
 Geni-k 
 Topolog�a
 kai twn topologik¸n mètrwn pou qrhsimopoioÔntai se aut  th diatrib .Idia�tera shmantik  e�nai ep�sh
 h suneisfor� tou Parart mato
 D, afoÔ eke� d�netai è-na
 kat�logo
 twn sunìlwn mhdenik 
 pijanìthta
 pou emfan�zontai sto kÔrio mèro
 th
diatrib 
, qwr�
 th sumbol  tou opo�ou h enasqìlhsh tou anagn¸sth me aut� ja apodei-knÔontan m�llon problhmatik !
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Kef�laio 1BASIKES ENNOIES KAI ORISMOI
Sto kef�laio autì parajètoume orismène
 eisagwgikè
 ènnoie
 kai k�poiou
 basikoÔ
sumbolismoÔ
 kai orismoÔ
 pou qrhsimopoioÔntai sthn paroÔsa diatrib .1.1 Basiko� sumbolismo�'Estw Ω sÔnolo kai A ⊆ Ω. Me Ac := Ω\A := {x ∈ Ω : x /∈ A} sumbol�zetai tosumpl rwma tou A (se sqèsh me to Ω), en¸ me χA sumbol�zetai h de�ktria (  qarakth-ristik ) sun�rthsh tou sunìlou A, kai me idA h tautotik  apeikìnish sto sÔnolo A. An

f : A −→ B e�nai mia opoiad pote apeikìnish kai D ⊆ A tìte me f | D sumbol�zoume tonperiorismì th
 f ston D.Me A ⊎ B sumbol�zetai h ènwsh dÔo xènwn metaxÔ tou
 sunìlwn kai me ⊎
i∈I Ai sum-bol�zetai h ènwsh mia
 oikogèneia
 {Ai}i∈I xènwn an� dÔo uposunìlwn tou Ω. Ep�sh
an K e�nai mia oikogèneia uposunìlwn tou Ω, tìte ⋃K := {ω : ∃ K ∈ K, ω ∈ K} kai

⋂K := {ω : ω ∈ K ∀ K ∈ K}.Me N sumbol�zetai to sÔnolo {1, 2, . . .} ìlwn twn fusik¸n arijm¸n kai N0 := N∪{0}.Ep�sh
 me Z, Q kai R dhl¸noume to sÔnolo ìlwn twn akera�wn, rht¸n kai pragmatik¸narijm¸n, ant�stoiqa. Ep� plèon, Q+ := {q ∈ Q : q ≥ 0}, R+ := {x ∈ R : x ≥ 0} kai to
R := R ∪ {−∞, +∞}.1.2 Metrojewrhtikè
 kai pijanojewrhtikè
 ènnoie
Se aut  thn enìthta kalÔptontai kat� seir� ta ex 
 jèmata: sust mata sunìlwn,qr sime
 σ-�lgebre
, q¸roi pijanìthta
, h ènnoia th
 katanom 
 pijanìthta
 kai q¸roiginìmeno. 5



1.2 Metrojewrhtikè
 kai pijanojewrhtikè
 ènnoie
Sust mata sunìlwnMia mh ken  oikogèneia {Bi}i∈I onom�zetai diamèrish tou Ω an Bi ∩Bj = ∅ gia k�je
i 6= j ∈ I kai ⋃

i∈I Bi = Ω. Oi teleuta�e
 dÔo idiìthte
 sunoptik� shmei¸nontai w
 ex 
:
⊎

i∈I Bi = Ω. Sto ex 
, ki efìson den dhl¸netai diaforetik�, jewroÔme opoiad poteoikogèneia sthn opo�a g�netai anafor� w
 mh ken .Mia oikogèneia M uposunìlwn tou Ω onom�zetai monìtonh kl�sh an (i) gia k�je
{An}n∈N aÔxousa akolouj�a sth M isqÔei ⋃

n∈N An ∈ M, kai (ii) gia k�je {Bn}n∈Nfj�nousa akolouj�a sth M isqÔei ⋂
n∈N Bn ∈ M. A
 jewr soume ep�sh
 G sÔsthmauposunìlwn tou Ω. H el�qisth monìtonh kl�sh uposunìlwn tou Ω pou perièqei to

G, sumbol�zetai me m(G) kai onom�zetai h monìtonh kl�sh h paragìmenh apì to G,en¸ to G onom�zetai genn tora
 th
 m(G).Mia oikogèneia D uposunìlwn tou Ω e�nai mia kl�sh Dynkin an (i) Ω ∈ D, (ii)

B \ A ∈ D gia k�je A, B ∈ D me A ⊆ B, kai (iii)
⋃

n∈N An ∈ D gia k�je {An}n∈NaÔxousa akolouj�a sto D (bl. p.q. [15℄, 136).Mia �lgebra uposunìlwn tou Ω e�nai èna sÔsthma A uposunìlwn tou Ω, tètoio ¸ste
(i) Ω ∈ A, (ii) gia k�je A ∈ A isqÔei Ac ∈ A, (iii) A ∪ B ∈ A gia k�je A, B ∈ A.Omo�w
 me thn per�ptwsh th
 el�qisth
 monìtonh
 kl�sh
 or�zetai h el�qisth �lgebrauposunìlwn tou Ω pou perièqei to G, sumbol�zetai me α(G), kai onom�zetai h �lgebra hparagìmenh apì to G, en¸ to G onom�zetai genn tora
 th
 α(G).Mia σ-�lgebra uposunìlwn tou Ω e�nai èna sÔsthma Σ uposunìlwn tou Ω, tètoio¸ste (i) Ω ∈ Σ, (ii) gia k�je E ∈ Σ isqÔei Ec ∈ Σ, (iii) gia k�je {En}n∈N akolouj�astoiqe�wn tou Σ isqÔei ⋃

n∈N
En ∈ Σ. Ta stoiqe�a th
 Σ kaloÔntai metr sima sÔnola  endeqìmena (sth gl¸ssa th
 Jewr�a
 Pijanot twn). A
 jewr soume ep�sh
 G ènasÔsthma uposunìlwn tou Ω. H el�qisth sv-�lgebra uposunìlwn tou Ω pou perièqeito G sumbol�zetai me σ(G), onom�zetai h σ-�lgebra h paragìmenh apì to G, en¸ to Gonom�zetai genn tora
 th
 σ(G). Mia σ-�lgebra Σ e�nai arijm sima paragìmenh anup�rqei mia arijm simh oikogèneia G uposunìlwn tou Ω tètoia ¸ste Σ = σ(G). An h Σe�nai mia σ-�lgebra uposunìlwn tou Ω kai to A èna uposÔnolo tou Ω, tìte h oikogèneia

ΣA := {A ∩ B : B ∈ Σ} e�nai mia σ-�lgebra uposunìlwn tou A kai onom�zetai h σ-�lgebra �qno
 th
 Σ ep�nw sto A.Qr sime
 σ-�lgebre
Gia mia opoiad pote Hausdorff topolog�a T ep�nw sto Ω (bl. Orismì B.1, (c)), me
B(Ω) sumbol�zetai h Borel σ-�lgebra ep�nw sto Ω, dhlad  h σ-�lgebra pou par�getaiapì thn T. Idiaitèrw
, me B := B(R), Bd := B(Rd), BN := B(RN) kai B := B(R)6



BASIKES ENNOIES KAI ORISMOIshmei¸netai h Borel σ-�lgebra uposunìlwn tou R, Rd, RN kai R, ant�stoiqa. O periorismì
tou mètrou tou Lebesgue λ sth B   genikìtera sth B(A), ìpou A e�nai èna opoiod pote
Borel uposÔnolo tou R, ja shmei¸netai kai p�li me λ.'Ena zeÔgo
 (Ω, Σ), ìpou Ω èna opoiod pote sÔnolo kai Σ mia σ-�lgebra uposunìlwntou Ω onom�zetai metr simo
 q¸ro
 (m.q.). 'Estw (Ω, Σ) kai (Υ, T ) m.q., ki èstw fmia Σ-T -metr simh apeikìnish apì to Ω sto Υ . Jètoume σ(f) := {f−1(B) : B ∈ T}.Tìte h σ(f) e�nai mia σ-�lgebra uposunìlwn tou Ω, onom�zetai h σ-�lgebra sto Ωh paragìmenh apì thn f , kai isqÔei σ(f) ⊆ Σ. H σ(f) e�nai h el�qisth σ-�lgebrapou kajist� thn apeikìnish f metr simh. Genikìtera, an {fi}i∈I e�nai mia oikogèneia Σ-T -metrhs�mwn apeikon�sewn apì to Ω sto Υ , tìte me σ({fi}i∈I) := σ

(⋃
i∈I σ(fi)

) sumbol�zetaih σ-�lgebra pou par�getai apì aut .Q¸roi pijanìthta
'Estw (Ω, Σ) èna
 m.q.. Mia sunolosun�rthsh µ : Σ −→ [0,∞] onom�zetai mètroep�nw sth Σ (  an den prokale�tai sÔgqush apl¸
 ep�nw sto Ω) an (i) µ(∅) = 0, (ii) giak�je akolouj�a {En}n∈N sth Σ xènwn �na dÔo uposunìlwn tou Ω isqÔei µ(
⋃

n∈N En) =
∑

n∈N µ(En). Mia tri�da (Ω, Σ, µ) tètoia ¸ste to zeÔgo
 (Ω, Σ) na e�nai èna
 m.q. kaito µ èna mètro onom�zetai q¸ro
 mètrou (q.m.). An to µ e�nai tètoio ¸ste µ(Ω) = 1tìte autì onom�zetai mètro pijanìthta
   pijanìthta kai sumbol�zetai sun jw
 me P .Sunakìlouja, o ant�stoiqo
 q.m. onom�zetai q¸ro
 pijanìthta
 (q.p.) kai sumbol�zetaime (Ω, Σ, P ). Mèqri to tèlo
 tou kefala�ou, jewroÔme ènan q.p. (Ω, Σ, P ).To mètro pijanìthta
 P onom�zetai tèleio an gia k�je tuqa�a metablht  (t.m.) Xep�nw sto Ω up�rqei èna sÔnolo Borel B ⊆ RX := {X(ω) : ω ∈ Ω} tètoio ¸ste
P (X−1(B)) = 1. To RX e�nai to sÔnolo tim¸n th
 X.'Ena sÔnolo N ∈ Σ me P (N) = 0 onom�zetai èna P -mhdenikì sÔnolo (  apl¸
 ènamhdenikì sÔnolo). H oikogèneia ìlwn twn P -mhdenik¸n sunìlwn sumbol�zetai me Σ0. GiadÔo t.m. X, Y ep�nw sto Ω gr�foume X = Y P -sv.b. an {X 6= Y } ∈ Σ0.H oikogèneia twn ìlwn twn pragmatik¸n kai mh arnhtik¸n P -oloklhr¸simwn sunar-t sewn tou Ω, dhlad  ìlwn kai ìlwn twn mh arnhtik¸n t.m. X ep�nw sto Ω ¸ste
∫
|X|dP < ∞, sumbol�zetai me L1(P ) kai L1

+(P ), ant�stoiqa. Sunart sei
 pou e�nai
P − sv.b. �se
 den taut�zontai. Gia mia t.m. X ep�nw sto Ω me EP [X] sumbol�zetai h mèsh  anamenìmenh tim  th
 X.
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1.2 Metrojewrhtikè
 kai pijanojewrhtikè
 ènnoie
H ènnoia th
 katanom 
 pijanìthta
Gia mia opoiad pote Σ-T -metr simh apeikìnish2 X apì to Ω sto Υ , jètoume TX :=

{B ⊆ Υ : X−1(B) ∈ Σ}. Tìte èqoume ìti h TX e�nai mia σ-�lgebra uposunìlwn tou Υ ,en¸ profan¸
 T ⊆ TX . Me PX sumbol�zoume to mètro eikìna P ◦X−1 tou P k�tw apì thn
X   thn katanom  pijanìthta
 th
 X k�tw apì to P , kai p�li me PX ton periorismì tousthn T . Mia katanom  pijanìthta
 PX onom�zetai ekfulismènh (degenerate) an up�rqei
x ∈ Υ ¸ste PX({x}) = 1. O sumbolismì
 PX = K(θ) ja dhl¸nei ìti h X katanèmetaisÔmfwna me thn katanom  pijanìthta
 K(θ), ìpou θ ∈ Ψ kai Ψ e�nai o parametrikì
 q¸ro
.Sto Par�rthma A d�nontai oi katanomè
 pijanìthte
 pou ja qreiastoÔme parak�tw.Q¸roi ginìmeno'Ena uposÔnolo R tou Ω × Υ onom�zetai metr simo orjog¸nio (tou Ω × Υ ) angr�fetai R = A × B, ìpou A ∈ Σ kai B ∈ T . Ep� plèon, h σ-�lgebra pou par�getai apìthn oikogèneia twn metrhs�mwn orjogwn�wn lègetai σ-�lgebra ginìmeno twn Σ kai Tkai sumbol�zetai me Σ ⊗ T . Ant�stoiqa, h �lgebra pou par�getai apì thn oikogèneia twnmetrhs�mwn orjogwn�wn sumbol�zetai me Σ × T .'Estw ep�sh
 o q.p. (Ω×Υ, Σ⊗T, ρ). To monadikì mètro pijanìthta
 ρ pou ikanopoie�thn idiìthta ρ(A × B) = P (A)Q(B) gia k�je A ∈ Σ kai B ∈ T onom�zetai to mètroginìmeno twn P kai Q kai sumbol�zetai me P ⊗ Q (bl. p.q. [1℄, Je¸rhma 9.7).Me (Ω × Υ, Σ ⊗T, P ⊗Q) sumbol�zoume ton q.p.-ginìmeno twn (Ω, Σ, P ) kai (Υ, T, Q),kai me πΩ kai πΥ ti
 kanonikè
 probolè
 tou Ω × Υ ep�nw sto Ω kai Υ , ant�stoiqa. Anh f e�nai mia pragmatik  sun�rthsh orismènh ep�nw sto Ω × Υ , tìte gia stajer� ω0 ∈ Ωkai y0 ∈ Υ oi sunart sei
 fω0 : Υ −→ R kai f y0 : Ω −→ R or�zontai apì tou
 tÔpou

fω0(y) := f(ω0, y) gia k�je y ∈ Υ kai f y0(ω) := f(ω, y0) gia k�je ω ∈ Ω, ant�stoiqa.Omo�w
, Cω0 := {y ∈ Υ : (ω0, y) ∈ C} kai Cy0 := {ω ∈ Ω : (ω, y0) ∈ C}.An {(Ωi, Σi, µi)}i∈I mia oikogèneia opoiwnd pote q.p., tìte gia k�je ∅ 6= J ⊆ I sumbo-l�zoume me (ΩJ , ΣJ , µJ) ton q¸ro ginìmeno ⊗i∈J (Ωi, Σi, µi), me ΣJ th σ-�lgebra ginì-meno⊗i∈JΣi, kai me µJ to mètro ginìmeno⊗i∈Jµi. Idiaitèrw
, an (Ωi, Σi, Pi) = (Ω, Σ, P )gia k�je i ∈ I, tìte me PI sumbol�zetai to mètro ginìmeno ep�nw sto ΩI kai me ΣI h σ-�lgebra ginìmeno ep�nw sthn opo�a or�zetai. Gia opoiod pote ∅ 6= J ⊆ I h kanonik probol  tou ΩI ep�nw sto ΩJ sumbol�zetai me πJ . Idiaitèrw
, an J = {j}, tìte gialìgou
 aplopo�hsh
 jètoume πJ = πj.2Sun jw
 oi apeikon�sei
 apì to Ω sto Υ shmei¸nontai me mikr� gr�mmata tou latinikoÔ alfab tou,kai sthn eidik  per�ptwsh ìpou (Υ, T ) = (R, B) qrhsimopoioÔntai kefala�a. Ed¸ uiojetoÔme kai sti
 dÔopeript¸sei
 ta kefala�a, afoÔ sto megalÔtero mèro
 th
 diatrib 
 ja asqolhjoÔme me t.m..8



Kef�laio 2
DISINTEGRATIONS

Sto kef�laio autì perilamb�nontai ènnoie
 kai apotelèsmata zwtik 
 shmas�a
 giathn ep�lush twn problhm�twn pou t�jentai sthn paroÔsa diatrib  kai gia thn parous�ashtwn antikeimènwn twn epìmenwn kefala�wn. Kentrikì rìlo metaxÔ aut¸n èqei h ènnoia th

disintegration.'Etsi, sthn Enìthta 2.1 �rqika anakaloÔme tou
 orismoÔ
 th
 desmeumènh
 mèsh
 ti-m 
, tou markobianoÔ pur na, th
 disintegration, th
 kanonik 
 desmeumènh
 pijanìthta
(k.d.p.)-ginìmeno kai th
 upoalgebrik 
 k.d.p., en¸ sthn Enìthta 2.2 diereunoÔme ton trìpome ton opo�o sundèontai oi disintegrations pou e�nai sunepe�
 me mia apeikìnish pou diathre�ta mètra pijanìthta
 (inverse-measure-preserving map) kai oi k.d.p.-ginìmeno. To kÔrioapotèlesma th
 enìthta
 aut 
 (bl. Prìtash 2.2.2) ja mporoÔse na parousi�zei xeqwri-stì endiafèron, afoÔ anafèretai sthn isodunam�a th
 Ôparxh
 mia
 tètoia
 disintegrationme aut  mia
 k.d.p.-ginìmeno. Sthn Enìthta 2.3, d�netai o trìpo
 me ton opo�o sundèetai hènnoia th
 k.d.p.-ginìmeno me aut  th
 desmeumènh
 mèsh
 tim 
 (bl. Prìtash 2.3.5).Mèqri to tèlo
 tou èktou kefala�ou, oi (Ω, Σ, P ), (Υ, T, Q) kai (Ψ, Z) e�naiauja�retoi all� stajero� q.p. kai q.m., ant�stoiqa.2.1 Basikè
 'Ennoie
'Estw X ∈ L1(P ) kai F mia σ-upo�lgebra tou Σ. K�je sun�rthsh Y ∈ L1(P | F)pou ikanopoie� gia k�je A ∈ F thn isìthta ∫

A
XdP =

∫
A

Y dP onom�zetai m�a ekdoq th
 desmeumènh
 mèsh
 tim 
 th
 X doje�sh
 th
 F kai sumbol�zetai me EP [X | F ].Gia X := χE ∈ L1(P ) me E ∈ Σ, jètoume P (E | F) := EP [χE | F ].'Ena
 T -Σ-markobianì
 pur na
 e�nai mia sun�rthsh k: T × Ω −→ R pou ikanopoie�ti
 akìlouje
 sunj ke
: 9



2.1 Basikè
 'Ennoie

(k1) H sunolosun�rthsh k(·, ω) e�nai èna mètro pijanìthta
 ep�nw sthn T gia opoiod -pote stajerì ω ∈ Ω.
(k2) H sun�rthsh ω 7−→ k(B, ω) e�nai Σ-metr simh gia opoiod pote stajerì B ∈ T .'Estw mia Σ-T -metr simh apeikìnish X apì to Ω sto Υ kai mia σ-upo�lgebra F th
 Σ.Mia desmeumènh katanom  pijanìthta
 th
 X doje�sh
 th
 F e�nai èna
 T -F -markobianì
 pur na
 k pou ikanopoie� gia k�je B ∈ T th sunj kh

k(B, ·) = P (X−1(B) | F)(·) P | F − sv.b..'Ena
 tètoio
 markobianì
 pur na
 k ja shmei¸netai sto ex 
 me PX|F . Idiaitèrw
, an
(Ψ, Z) e�nai èna
 m.q., Θ m�a Σ-Z-metr simh apeikìnish apì to Ω sto Ψ kai F := σ(Θ),tìte h sun�rthsh PX|Θ := PX|σ(Θ) onom�zetai mia desmeumènh katanom  pijanìthta
th
 X doje�sh
 th
 Θ. Shmei¸ntai ìti an o Υ e�nai èna
 polwnikì
 q¸ro
 (bl. OrismìB.12), tìte up�rqei p�nta mia desmeumènh katanom  pijanìthta
 th
 X doje�sh
 th
 F(bl. p.q. [11℄, Theorem 10.2.2).Profan¸
, gia k�je T -Z-markobianì pur na k, h apeikìnish K(Θ) apì to T × Ω sto
R pou or�zetai mèsw th


K(Θ)(B, ω) := (k(B, ·) ◦ Θ)(ω) gia k�je B ∈ T kai ω ∈ Ωe�nai èna
 T -σ(Θ)-markobianì
 pur na
. Idiaitèrw
, gia (Υ, T ) = (R, B) ta sqetizìmenamètra pijanìthta
 k(·, θ) gia θ ∈ Ψ e�nai katanomè
 pijanìthta
 ep�nw sth B, ki epomènw
mporoÔme na ta sumbol�zoume me K(θ)(·) ant� me k(·, θ). Gia ton lìgo autìn kai gia
(Υ, T ) = (R, B), èna
 tètoio
 markobianì
 pur na
 K(Θ) ja sumbol�zetai me K(Θ).Ja lème ìti dÔo opoioid pote T -Σ-markobiano� pur ne
 ki, ìpou i ∈ {1, 2}, e�nai P -isodÔnamoi kai ja gr�foume k1 = k2 P -sv.b., an up�rqei èna P -mhdenikì sÔnolo N ∈ Σtètoio ¸ste gia k�je ω /∈ N kai B ∈ T na isqÔei h isìthta k1(B, ω) = k2(B, ω), dhlad an

∃ N ∈ Σ0 k1 | T × N c = k2 | T × N c. (2.1)Sth sunèqeia parajètoume tou
 orismoÔ
 diafìrwn eid¸n markobian¸n pur nwn, pouapaitoÔntai gia tou
 skopoÔ
 th
 paroÔsa
 diatrib 
. O akìloujo
 orismì
 apotele� seautì to pla�sio mia qr simh eidik  per�ptwsh tou [17℄, 452E.Orismì
 2.1.1. M�a disintegration tou P ep�nw sto Q e�nai mia oikogèneia {Py}y∈Υmètrwn pijanìthta
 Py : Σ −→ R tètoia ¸ste
(d1) gia opoiod pote stajerì D ∈ Σ h sun�rthsh P•(D) : Υ −→ R na e�nai T -metr simh,10



DISINTEGRATIONS

(d2)
∫

Py(D)Q(dy) = P (D) gia k�je D ∈ Σ.An h f : Ω −→ Υ e�nai mia apeikìnish pou diathre� ta mètra pijanìthta
 (inverse-

measure-preserving map), dhlad  tètoia ¸ste P (f−1(B)) = Q(B) gia k�je B ∈ T , h
disintegration {Py}y∈Υ tou P ep�nw sto Q onom�zetai sunep 
 me thn f an gia k�je
B ∈ T isqÔei ìti Py(f

−1(B)) = 1 gia Q-sv.ì. ta y ∈ B.Gia leptomèreie
 anaforik� me ton genikìtero orismì mia
 disintegration, blèpe ton
Pachl [30]   ton Fremlin [17], 452 kai 453. Se autìn ton pio genikì orismì, e�nai dunatìnta ped�a orismoÔ Σy twn Py gia y ∈ Υ , na metab�llontai maz� me thn par�metro y ∈ Υ .MporoÔn ep�sh
 na diafèroun apì to Σ, an kai mpore� p�nta na upoteje� ìti Σy ⊆ Σ, afoÔh Σy mpore� na antikatastaje� apì thn tom  Σy ∩ Σ. To shmantikìtero, ìmw
, e�nai ìtigenik� den mporoÔme na upojèsoume ìti h Σ e�nai èna gn sio uposÔnolo mia
 Σy (bl. [30℄,sel. 158). H Ôparxh disintegrations (me ton genikìtero orismì) sthr�zetai sthn Ôparxhtwn liftings ep�nw se pl rei
 q.p. (bl. p.q. Pachl [30], Fremlin [17] kai Strauss et al.

[36]). W
 gnwstìn, k�je pl rh
 q.p. epidèqetai èna lifting.Orismo� 2.1.2. (a) 'Estw M mètro pijanìthta
 ep�nw sth σ-�lgebra Σ⊗T tètoio ¸ste
M ◦ π−1

Ω = P kai M ◦ π−1
Υ = Q. 'Estw ep�sh
 ìti gia k�je y ∈ Υ up�rqei mia pijanìthta

Py ep�nw sto Σ, pou ikanopoie� ti
 akìlouje
 idiìthte
:
(D1) Gia k�je A ∈ Σ h apeikìnish y 7−→ Py(A) e�nai T -metr simh,
(D2) M(A × B) =

∫
B

Py(A)Q(dy) gia k�je A × B ∈ Σ × T .Tìte, h {Py}y∈Υ onom�zetai m�a kanonik  desmeumènh pijanìthta (k.d.p.)-ginìmeno(product r.c.p.) ep�nw sth Σ gia thn M w
 pro
 to Q (bl. p.q. [37℄, Definition 1.1).

(b) 'Estw F mia σ-upo�lgebra th
 Σ kai R := P | F . M�a upoalgebrik  k.d.p. (subfield

r.c.p.) gia to P ep�nw sto R (bl. [14℄, Section 2) e�nai mia oikogèneia {Pω}ω∈Ω mètrwnpijanìthta
 th
 Σ pou ikanopoie� ti
 akìlouje
 sunj ke
:
(sf1) Gia k�je E ∈ Σ h sun�rthsh ω 7−→ Pω(E) e�nai F -metr simh,
(sf2)

∫
F

Pω(E)R(dω) = P (E ∩ F ) gia k�je F ∈ F kai E ∈ Σ.Parat rhsh 2.1.3. An h Σ e�nai arijm sima paragìmenh kai to P e�nai tèleio, tìteup�rqei p�nta mia disintegration {Py}y∈Υ tou P ep�nw sto Q sunep 
 me mia opoiad potesun�rthsh f apì to Ω sto Υ pou diathre� ta mètra pijanìthta
, efìson kai h T e�naiarijm sima paragìmenh (bl. [14℄, Theorems 6 and 3), mia k.d.p.-ginìmeno (bl. [14℄, The-

orem 6) kai m�a upoalgebrik  k.d.p. (bl. [14℄, Theorems 6 and 2). Shmei¸netai ìti oi11



2.2 Kanonikè
 desmeumène
 pijanìthte
-ginìmeno kai disintegrationspio shmantikè
 efarmogè
 sth Jewr�a Pijanot twn suneq�zoun na èqoun ti
 r�ze
 tou
 setupikoÔ
 q¸rou
 Borel (standard Borel spaces) (Ω, Σ), dhlad  se q¸rou
 isomorfikoÔ
tou (Ω̃, B(Ω̃)), ìpou o Ω̃ e�nai èna
 polwnikì
 q¸ro
, kai �ra se q¸rou
 pou p�nta ika-nopoioÔn ti
 proanaferje�se
 upojèsei
 gia ta P , Σ kai T . W
 gnwstìn, k�je polwnikì
q¸ro
 e�nai èna
 tupikì
 q¸ro
 Borel. Idiaitèrw
, oi Rd kai RN e�nai tètoioi q¸roi. Ep�plèon, an oi (Ω, Σ) kai (Υ, T ) e�nai mh keno� tupiko� q¸roi Borel, tìte up�rqei p�nta miaousiwd¸
 monadik  disintegration {Py}y∈Υ tou P ep�nw sto Q sunep 
 me mia opoiad poteapeikìnish f apì to Ω sto Υ , upì thn ènnoia ìti an h {Rθ}θ∈Υ e�nai mia opoiad pote �llh
disintegration tou P ep�nw sto Q sunep 
 me thn f , tìte ja up�rqei Q-mhdenikì sÔnolo
N ∈ T tètoio ¸ste gia k�je θ /∈ N na isqÔei ìti Pθ = Rθ (bl. p.q. [17℄, 452X(m)).Gia perissìtera apotelèsmata Ôparxh
 p�nw sti
 disintegrations kai ti
 k.d.p. para-pèmpoume kai p�li stou
 Pachl [30] kai Fremlin [17], 452 kai 453.2.2 Kanonikè
 desmeumène
 pijanìthte
-ginìmenokai disintegrationsTo parak�tw l mma e�nai qr simo tìso gia thn apìdeixh tou kentrikoÔ apotelèsmato
aut 
 th
 enìthta
 (bl. Prìtash 2.2.2) ìso kai gia tou
 skopoÔ
 tou pèmptou kefala�ou.L mma 2.2.1. 'Estw M mètro pijanìthta
 ep�nw sth Σ ⊗ T ¸ste h {P̃y}y∈Υ na e�naim�a k.d.p.-ginìmeno ep�nw sth Σ gia to M w
 pro
 to Q. Jètoume ep�sh
 Py := P̃y ⊗ δygia y ∈ Υ , ìpou δy e�nai to mètro tou Dirac ep�nw sthn T pou or�zetai mèsw tou tÔpou
δy(B) := χB(y) gia k�je B ∈ T . Tìte h {Py}y∈Υ e�nai mia disintegration tou M ep�nw sto
Q sunep 
 me thn kanonik  probol  πΥ apì to Ω × Υ sto Υ .Apìdeixh. Profan¸
, to Py e�nai èna mètro pijanìthta
 ep�nw sth Σ⊗T gia k�je y ∈ Υ .
(a) H oikogèneia

D1 := {E ∈ Σ ⊗ T : P•(E) T -metr simh}e�nai mia kl�sh Dynkin.Pr�gmati, Ω×Υ ∈ D1, afoÔ P•(Ω×Υ ) = 1. 'Estw, t¸ra, E, F ∈ D1 me F ⊆ E. Tìteto sÔnolo E \F an kei sthn D1, afoÔ h P•(E \F ) = P•(E)−P•(F ) e�nai T -metr simh w
diafor� tètoiwn apeikon�sewn. Ep� plèon, an h {En}n∈N e�nai mia mh fj�nousa akolouj�asth D1 tìte h apeikìnish P•

(⋃
n∈N En

)
= limn→∞ P•(En) : Υ −→ R e�nai T -metr simh w
ìrio tètoiwn apeikon�sewn, dhlad  ⋃

n∈N En ∈ D1, opìte èqoume to (a).

(b) H oikogèneia {Py}y∈Υ ikanopoie� thn idiìthta (d1).12



DISINTEGRATIONSPr�gmati, gia k�je A×B ∈ Σ ×T kai y ∈ Υ èqoume Py(A×B) = P̃y(A)χB(y), opìteh P•(A × B) e�nai T -metr simh, kai �ra A × B ∈ D1. 'Omw
, afoÔ to Σ × T e�nai kleistìw
 pro
 ti
 peperasmène
 tomè
, lamb�nonta
 upìyh to (a), mporoÔme na efarmìsoume toJe¸rhma Monìtonh
 Kl�sh
 (bl. Je¸rhma A.9) kai na prokÔyei ìti Σ⊗T ⊆ D1, kai �raìti Σ ⊗ T = D1.
(c) H oikogèneia

D2 :=
{
E ∈ Σ ⊗ T : M(E) =

∫
Py(E)Q(dy)

}e�nai mia kl�sh Dynkin.Pr�gmati,
M(Ω × Υ ) =

∫
P̃y(Ω)Q(dy) =

∫
P̃y(Ω)χΥ (y)Q(dy) =

∫
Py(Ω × Υ )Q(dy),kai �ra Ω × Υ ∈ D2. Gia E, F ∈ D2 me F ⊆ E, èqoume

M(E \ F ) =

∫
Py(E)Q(dy) −

∫
Py(F )Q(dy) =

∫
Py(E \ F )Q(dy),kai �ra E \ F ∈ D2. Ep� plèon, an h {En}n∈N e�nai mia mh fj�nousa akolouj�a sth D2,tìte apì to Je¸rhma Monìtonh
 SÔgklish
 (bl. p.q. [1℄, Je¸rhma 6.8) èqoume ìti

M
(⋃

n∈N

En

)
= lim

n→∞
M(En) = lim

n→∞

∫
Py(En)Q(dy) =

∫
Py

(⋃

n∈N

En

)
Q(dy).Apì thn teleuta�a sqèsh, ìmw
, èpetai ìti ⋃

n∈N En ∈ D2, k�ti pou apodeiknÔei ìti h D2e�nai mia kl�sh Dynkin.

(d)H oikogèneia {Py}y∈Υ ikanopoie� thn idiìthta (d2).Pr�gmati, gia k�je A × B ∈ Σ × T èqoume
M(A × B) =

∫

B

P̃y(A)Q(dy) =

∫
χB(y)P̃y(A)Q(dy)

=

∫
P̃y(A)δy(B)Q(dy) =

∫
Py(A × B)Q(dy),kai �ra A × B ∈ D2. Efarmìzonta
 kai p�li èna epiqe�rhma monìtonh
 kl�sh
 san kaiautì tou (b), èqoume ìti Σ ⊗ T = D2.

(e) H disintegration {Py}y∈Υ tou M ep�nw sto Q e�nai sunep 
 me thn kanonik  probol 
πΥ apì to Ω × Υ ep�nw sto Υ .Pr�gmati, gia k�je B ∈ T èqoume

M(Ω × B) = Q(B) =

∫

B

P̃y(Ω)Q(dy) =

∫

B

χB(y)P̃y(Ω)Q(dy)

=

∫

B

Py(Ω × B)Q(dy) =

∫

B

Py

(
π−1

Υ (B)
)
Q(dy), 13



2.2 Kanonikè
 desmeumène
 pijanìthte
-ginìmeno kai disintegrationsopìte ∫
B

1Q(dy) =
∫

B
Py

(
π−1

Υ (B)
)
Q(dy), k�ti pou isoduname� me to ìti Py

(
π−1

Υ (B)
)

= 1gia Q-sv.ì. ta y ∈ B, kai �ra de�xame to (e). �Prìtash 2.2.2. 'Estw M mètro pijanìthta
 ep�nw sth Σ ⊗T tètoio ¸ste M ◦ π−1
Ω = Pkai M ◦ π−1

Υ = Q. Tìte ta akìlouja e�nai isodÔnama:(i) Up�rqei mia k.d.p.-ginìmeno ep�nw sth Σ gia thn M w
 pro
 to Q.(ii) Up�rqei mia disintegration tou M ep�nw sto Q sunep 
 me thn πΥ .Apìdeixh. H sunepagwg  (i) =⇒ (ii) prokÔptei �mesa apì to L mma 2.2.1.Gia thn ant�strofh sunepagwg , a
 upojèsoume ìti up�rqei mia disintegration {P̃y}y∈Υtou M ep�nw sto Q sunep 
 me thn πΥ . Gia k�je y ∈ Υ or�zoume th sunolosun�rthsh
Py : Σ −→ R mèsw th


Py(A) := P̃y(A × Υ ) gia k�je A ∈ Σ.Profan¸
 h {Py}y∈Υ e�nai mia oikogèneia mètrwn pijanìthta
 ep�nw sth Σ pou ikanopoie�thn idiìthta (D1).Gia na de�xoume thn isqÔ th
 (D2), epilègoume èna auja�reto A × B ∈ Σ × T . Epeid h {P̃y}y∈Υ e�nai sunep 
 me thn πΥ , èqoume ìti P̃y(Ω × B) = 1 gia Q-sv.ì. ta y ∈ B, kaiafoÔ ep�sh
 isqÔei h P̃y(Ω × Bc) = 1 gia Q-sv.ì. ta y ∈ Bc, prokÔptei ìti P̃y(Ω × B) = 0gia Q-sv.ì. ta y ∈ Bc, pou sunep�getai thn
P̃y(A × B) = 0 gia Q − sv.ì. ta y ∈ Bc. (2.2)Kai p�li apì th sunèpeia th
 {P̃y}y∈Υ me thn πΥ èpetai ìti gia Q-sv.ì. ta y ∈ B èqoume

P̃y(A × B) = P̃y

(
(A × Υ ) ∩ (Ω × B)

)
= P̃y(A × Υ ) = Py(A),dhlad 

P̃y(A × B) = Py(A) gia Q − sv.ì. ta y ∈ B. (2.3)Efarmìzonta
, t¸ra, ti
 sunj ke
 (2.2) kai (2.3) èqoume ìti
M(A × B) =

∫
P̃y(A × B)Q(dy) =

∫

B

P̃y(A × B)Q(dy) +

∫

Bc

P̃y(A × B)Q(dy)

=

∫

B

Py(A)Q(dy),kai �ra prokÔptei h isqÔ
 th
 idiìthta
 (D2). Epomènw
, de�xame ton isqurismì (i). �Sth sunèqeia parajètoume sugkentrwmèna orismèna apotelèsmata pou parousi�zounendiafèron tìso gia thn paroÔsa enìthta ìso kai gia to upìloipo aut 
 th
 diatrib 
,kai idiaitèrw
 gia thn apìdeixh th
 Prìtash
 2.3.5.14



DISINTEGRATIONSParathr sei
 2.2.3. (a) 'Estw {Py}y∈Υ oikogèneia mètrwn pijanìthta
 ep�nw sth Σpou ikanopoie� th sunj kh (D1), kai M mètro pijanìthta
 ep�nw sth Σ ⊗ T tètoio ¸ste
M◦π−1

Ω = P kai M◦π−1
Υ = Q. A
 jewr soume akìmh mia M-oloklhr¸simh sun�rthsh g kaia
 jèsoume to Υ1 := Υ \ Mg ìpou Mg := {y ∈ Υ :

∫
(g+)ydPy = ∞   ∫

(g−)ydPy = ∞}.Tìte h sun�rthsh h : Υ1 −→ R, pou or�zetai mèsw th
 sqèsh

h(y) :=

∫
gydPy gia k�je y ∈ Υ1e�nai TΥ1-metr simh, ìpou TΥ1 e�nai h σ-�lgebra �qno
 th
 T ep�nw sto Υ1. Ep� plèon, tosumpèrasm� ma
 isqÔei kai gia k�je mh arnhtik  Σ ⊗ T -B-metr simh sun�rthsh g apì to

Ω × Υ sto R.Pr�gmati, a
 jewr soume thn per�ptwsh twn deiktri¸n sunart sewn twn sunìlwn th

Σ⊗T kai a
 sumbol�soume me D1 thn oikogèneia ìlwn twn stoiqe�wn th
 Σ⊗T twn opo�wnoi de�ktrie
 sunart sei
 ikanopoioÔn to (a). Exait�a
 th
 sunj kh
 (D1) �mesa èpetai ìti
Σ ×T ⊆ D1. Ep�sh
 eÔkola apodeiknÔetai ìti h D1 e�nai mia kl�sh Dynkin. 'Omw
, epeid to kartesianì ginìmeno Σ × T e�nai kleistì w
 pro
 ti
 peperasmène
 tomè
, mporoÔme naefarmìsoume to Je¸rhma Monìtonh
 Kl�sh
 gia na sumper�noume ìti Σ⊗T ⊆ D1. Ax�zeina shmeiwje� ìti ta stoiqe�a th
 D1 ikanopoioÔn to (a) gia Υ1 = Υ . Opìte èqoume ìti kaik�je apl  Σ ⊗ T -metr simh sun�rthsh ep�nw sto Ω × Υ ikanopoie� to (a) gia Υ1 = Υ .Gia mia mh arnhtik  Σ ⊗ T -metr simh sun�rthsh g up�rqei mia aÔxousa akolouj�a
{gn}n∈N apl¸n Σ ⊗ T -metr simwn sunart sewn gn ≥ 0 ep�nw sto Ω × Υ ¸ste

lim
n→∞

gn(ω, y) = g(ω, y) gia k�je (ω, y) ∈ Ω × Υ .Epomènw
, limn→∞ gy
n(ω) = gy(ω) kai apì to Je¸rhma Monìtonh
 SÔgklish
 èqoume ìtigia k�je y ∈ Υ isqÔei ∫

gy(ω)Py(dω) = limn→∞

∫
gy

n(ω)Py(dω). W
 sunèpeia prokÔpteih T -B-metrhsimìthta th
 sun�rthsh
 h0 := h0,g : Υ −→ R pou or�zetai apì th sqèsh
h0(y) :=

∫
gydPy gia k�je y ∈ Υ , k�ti pou sunep�getai ìti Υ1 = Υ \ h−1

0 ({∞}) ∈ Tkai ìti h pragmatik  sun�rthsh h = h0 | Υ1 e�nai TΥ1-metr simh. 'Ara de�xame ìti to (a)ikanopoie�tai apì ìle
 ti
 mh arnhtikè
 metr sime
 sunart sei
.Gia mia opoiad pote sun�rthsh g e�nai g = g+ − g−. Exait�a
 th
 T -B-metrhsimìthta
twn sunart sewn h0,g+ kai h0,g− èqoume ìti Mg = h−1
0,g+({∞})∪h−1

0,g−({∞}) ∈ T , ap′ ìpouèpetai ìti Υ1 ∈ T kai ìti h sun�rthsh h : Υ1 −→ R me tÔpo h(y) =
∫

(g+)ydPy−
∫

(g−)ydPygia k�je y ∈ Υ1 e�nai TΥ1-metr simh. Epomènw
, de�xame ìti to (a) isqÔei.
(b) An h {Py}y∈Υ e�nai mia k.d.p.-ginìmeno ep�nw sth Σ gia to M w
 pro
 to Q, tìte
M(E) =

∫
Py(E

y)Q(dy) gia k�je E ∈ Σ ⊗ T .Pr�gmati, jètonta
 D2 := {E ∈ Σ ⊗ T : M(E) =
∫

Py(E
y)Q(dy)} parathroÔme ìtih D2 e�nai mia kl�sh Dynkin kai perilamb�nei to kartesianì ginìmeno Σ × T , pou e�nai15



2.3 Desmeumène
 mèse
 timè
 kai disintegrationskleistì w
 pro
 ti
 peperasmène
 tomè
. 'Etsi apì to Je¸rhma Monìtonh
 Kl�sh
 èqoumeìti h D2 perilamb�nei thn Σ⊗T , kai �ra isoÔtai me olìklhrh thn Σ⊗T . Epomènw
, isqÔeito (b).

(c) 'Estw ìti up�rqei mia k.d.p.-ginìmeno {Py}y∈Υ ep�nw sth Σ gia to M w
 pro
 to Q.Tìte to olokl rwma ∫ ∫
gydPyQ(dy) or�zetai sto R (dhlad  ∫ ∫

gydPyQ(dy) ∈ R) kaiisoÔtai me ∫
gdM gia k�je sun�rthsh g : Ω × Υ −→ R gia thn opo�a to olokl rwma

∫
gdM or�zetai sto R. To gegonì
 autì e�nai mia sunèpeia tou (b) kai th
 parat rhsh
pou èpetai th
 Proposition 452F tou [17℄.

(d) A
 upojèsoume ìti up�rqei mia k.d.p.-ginìmeno {Py}y∈Υ ep�nw sth Σ gia to M w
pro
 to Q. 'Estw ep�sh
 g mia opoiad pote sun�rthsh sto L1(M) kai èstw ìti ta h, Υ1e�nai ìpw
 sto (a). Tìte h sun�rthsh h e�nai TΥ1-metr simh, Q(Υ1) = 1, to olokl rwma
∫ ∫

gydPyQ(dy) or�zetai sto R kai isqÔei h isìthta
∫

gdM =

∫ ∫
gydPyQ(dy).Idiaitèrw
, an h g e�nai mia opoiad pote fragmènh Σ ⊗ T -metr simh sun�rthsh ep�nw sto

Ω × Υ , tìte ep� plèon èqoume ìti Υ1 = Υ .Pr�gmati, h sunj kh Υ1 ∈ T kaj¸
 ep�sh
 kai h TΥ1-metrhsimìthta th
 h prokÔ-potun apì to (a), en¸ ta upìloipa zhtoÔmena apoteloÔn sunèpeia tou (c) kai th
 M-oloklhrwsimìthta
 tou g. Idiaitèrw
, an ep� plèon h g e�nai fragmènh eÔkola prokÔpteiìti to Mg tou (a) e�nai to kenì sÔnolo, dhlad  Υ = Υ1. Epomènw
, sthn eidik  aut per�ptwsh exasfal�zoume to Lemma 3.1 tou [37℄.2.3 Desmeumène
 mèse
 timè
 kai disintegrationsTa epìmena dÔo l mmata d�noun trìpou
 sÔndesh
 twn desmeumènwn mèswn tim¸n kaitwn disintegrations pou e�nai sunepe�
 w
 pro
 metr sime
 apeikon�sei
 pou diathroÔn tamètra.L mma 2.3.1. 'Estw {Py}y∈Υ mia disintegration tou P ep�nw sto Q, kai f mia apeikìnishapì to Ω sto Υ pou diathre� ta mètra pijanìthta
. Tìte, ta akìlouja e�nai isodÔnama:(i) H {Py}y∈Υ e�nai sunep 
 me thn f .(ii) Gia k�je A ∈ Σ kai B ∈ T isqÔei P (A ∩ f−1(B)) =
∫

B
Py(A)Q(dy).(iii) Gia k�je A ∈ Σ isqÔei EP [χA | σ(f)] = P•(A) ◦ f P | σ(f) − sv.b..Apìdeixh. H isodunam�a (ii) ⇐⇒ (iii) e�nai �mesh.16



DISINTEGRATIONS

(i) =⇒ (ii): 'Estw ìti isqÔei h (i). Tìte, gia k�je B ∈ T èqoume ìti
∫

χBc(y)Py(f
−1(B))Q(dy) = 0 (2.4)  isodÔnama

Py(f
−1(B)) = 0 gia Q-sv.ì. y ∈ Bc.Epomènw
, gia k�je A ∈ Σ kai B ∈ T , prokÔptei ìti

Py(A ∩ f−1(B)) = 0 gia Q-sv.ì. y ∈ Bc. (2.5)Ep� plèon, apì thn (2.4), gia k�je B ∈ T isodÔnama èqoume
Py(f

−1(B)) = 1 gia Q-sv.ì. y ∈ B.Sunep¸
, Py(A ∩ f−1(B)) =
∫

f−1(B)
χAdPy =

∫
Ω

χAdPy = Py(A) gia Q-sv.ì. ta y ∈ B,k�ti pou maz� me thn (2.5) kai thn idiìthta (d2) sunep�getai thn isqÔ th
 sunj kh
 (ii).
(ii) =⇒ (i): An isqÔei h (ii), tìte jètonta
 A = f−1(B) me B ∈ T èqoume

P (f−1(B)) =

∫

B

Py(f
−1(B))Q(dy),pou e�nai isodÔnamo me to ìti

∫
χB(y)[1 − Py

(
f−1(B)

)
]Q(dy) = 0  me to ìti

Py(f
−1(B)) = 1 gia Q − sv.ì. ta y ∈ B,afoÔ χB(y)[1 − Py(f

−1(B))] ≥ 0 gia k�je y ∈ Υ kai B ∈ T . Epomènw
, de�xame to (i). �L mma 2.3.2. 'Estw f mia apeikìnish apì to Ω sto Υ pou diathre� ta mètra pijanìthta
kai {Py}y∈Υ mia disintegration tou P ep�nw sto Q sunep 
 me thn f . Tìte gia k�je
g ∈ L1(P ) isqÔei ìti

EP [g | σ(f)] = EP•
[g] ◦ f P | σ(f) − sv.b..Ep� plèon, h teleuta�a sunj kh isqÔei kai gia k�je mh arnhtik  Σ-B-metr simh sun�r-thsh g apì to Ω sto R.Apìdeixh. Arqik� parathroÔme ìti apì to L mma 2.3.1 �mesa prokÔptei h isqÔ
 th
zhtoÔmenh
 sunj kh
 gia g = χA, ìpou A ∈ Σ, ki epomènw
 gia mia opoiad pote apl  Σ-metr simh sun�rthsh g ep�nw sto Ω. 'Omw
, w
 gnwstìn, gia k�je g ∈ L1

+(P ) up�rqei mia17



2.3 Desmeumène
 mèse
 timè
 kai disintegrationsaÔxousa akolouj�a {gn}n∈N apì Σ-metr sime
 mh arnhtikè
 aplè
 sunart sei
 gn ep�nwsto Ω ¸ste g(ω) = limn→∞ gn(ω) gia k�je ω ∈ Ω, k�ti pou se sunduasmì to Je¸rhmaMonìtonh
 SÔgklish
 gia sun jei
 (bl. p.q. [1℄, Je¸rhma 6.8) kai desmeumène
 (bl. p.q.[7℄, Chapter 7, Section 7.1, Theorem 2) mèse
 timè
 sunep�getai thn isqÔ th
 zhtoÔmenh
sunj kh
 gia thn g ∈ L1
+(P ). Ki epeid  k�je P -oloklhr¸simh sun�rthsh g mpore� nagrafe� w
 h diafor� g+− g− metaxÔ twn mh arnhtik¸n P -oloklhr¸simwn sunart sewn g+kai g−, dhlad  tou jetikoÔ kai tou arnhtikoÔ mèrou
 th
 g, ant�stoiqa, �mesa èpetai tozhtoÔmeno. �Sto ex 
 kai mèqri to tèlo
 tou kefala�ou, h f : Ω −→ Υ e�nai mia auja�reth sta-jer  sun�rthsh pou diathre� ta mètra pijanìthta
, kai h M : Σ ⊗ T −→ R e�nai miasunolosun�rthsh pou or�zetai mèsw th
 M := P ◦ (idΩ × f)−1, ìpou

(idΩ × f)(ω) := (ω, f(ω)) gia k�je ω ∈ Ω.L mma 2.3.3. H sunolosun�rthsh M e�nai èna mètro pijanìthta
 pou plhro� ti
 idiìthte
:(i) P = M ◦ π−1
Ω kai Q = M ◦ π−1

Υ .(ii) P (A ∩ f−1(B)) = M(A × B) gia k�je A × B ∈ Σ × T .Idiaitèrw
, an h {Py}y∈Υ e�nai mia disintegration tou P ep�nw sto Q sunep 
 me thn f tìte(iii) M(A × B) =
∫

B
Py(A)Q(dy) gia k�je A × B ∈ Σ × T .Apìdeixh. Arqik� parathroÔme ìti h apeikìnish idΩ × f e�nai Σ-Σ ⊗ T -metr simh, afoÔ

(idΩ × f)−1(A × B) = A ∩ f−1(B) ∈ Σ gia k�je A × B ∈ Σ × T , kai �ra h M ja e�naièna mètro pijanìthta
 ep�nw sth Σ ⊗ T .'Estw, t¸ra, auja�reta sÔnola A ∈ Σ kai B ∈ T . Tìte èqoume
M(π−1

Ω (A)) = M(A × Υ ) = P ((idΩ × f)−1(A × Υ )) = P (A ∩ f−1(Υ )) = P (A),opìte M ◦ π−1
Ω = P . Omo�w
, M ◦ π−1

Υ = Q. 'Ara de�xame to (i).Idiaitèrw
, an h {Py}y∈Υ e�nai mia disintegration tou P ep�nw sto Q sunep 
 me thn ftìte o isqurismì
 (iii) prokÔptei �mesa apì ton (ii) kai apì to L mma 2.3.1. �Prìtash 2.3.4. 'Estw {Py}y∈Υ mia oikogèneia mètrwn pijanìthta
 Py ep�nw sth Σ. Tìteoi akìloujoi isqurismo� e�nai isodÔnamoi:(i) H {Py}y∈Υ e�nai mia disintegration tou P ep�nw sto Q sunep 
 me thn f .(ii) H {Py}y∈Υ e�nai mia k.d.p.-ginìmeno ep�nw sth Σ gia thn M w
 pro
 to Q.18



DISINTEGRATIONSApìdeixh. H sunepagwg  (i) =⇒ (ii) prokÔptei apì ta (i), (iii) tou L mmato
 2.3.3.
(ii) =⇒ (i): Arqik� parathroÔme ìti apì ti
 idiìthte
 (D1) kai (D2) èqoume ìti h {Py}y∈Υe�nai mia disintegration tou P ep�nw sto Q. Gia na de�xoume ìti h {Py}y∈Υ e�nai sunep 
me thn f , a
 stajeropoi soume èna auja�reto B ∈ T kai a
 shmei¸soume ìti apì to L mma2.3.3, (ii), èpetai ìti P (A∩f−1(B)) = M(A×B), kai �ra P (A∩f−1(B)) =

∫
B

Py(A)Q(dy)gia k�je A ∈ Σ. Epomènw
, èqoume P (f−1(B)) =
∫

B
Py(f

−1(B))Q(dy)   ∫
χB(y)Q(dy) =

∫
χB(y)Py(f

−1(B))Q(dy)   Py(f
−1(B)) = 1 gia Q-sv.ì. ta y ∈ B. Ki epeid  to B ∈ Te�nai auja�reto, h {Py}y∈Υ e�nai sunep 
 me thn f . �H parak�tw prìtash apotele� gen�keush tou L mmato
 2.3.2.Prìtash 2.3.5. 'Estw ìti up�rqei mia disintegration {Py}y∈Υ tou P ep�nw sto Q sunep 
me thn f , ki èstw ìti g := u ◦ (idΩ × f) gia k�je u ∈ L1(M). Tìte isqÔoun ta ex 
:(i) EP [g | σ(f)] = EP•

[u•] ◦ f P | σ(f) − sv.b.;(ii) ∫ ∫
u•dP•dQ =

∫
gdP .Ep� plèon, ta (i) kai (ii) isqÔoun kai gia k�je mh arnhtik  Σ⊗T -B-metr simh sun�rthsh

u apì to Ω × Υ sto R.Apìdeixh. (i): Arqik� parathroÔme ìti g ∈ L1(P ), afoÔ isqÔei ìti ∫ |g|dP =
∫
|u|dM <

∞. Tìte, gia k�je D ∈ T èqoume
∫

f−1(D)

EP [g | σ(f)]dP =

∫

f−1(D)

gdP =

∫
(χD ◦ f)gdP

=

∫
[χΩ×D ◦ (idΩ × f)][u ◦ (idΩ × f)]dP =

∫
(χΩ×Du)dM

=

∫ ∫
[χΩ×Du]ydPyQ(dy) =

∫

D

∫
uydPyQ(dy)

=

∫

D

EPy [u
y]Q(dy) =

∫

f−1(D)

(EP•
[u•] ◦ f)dP,ìpou h pèmpth isìthta apotele� sunèpeia th
 Parat rhsh
 2.2.3, (d) se sunduasmì me thnPrìtash 2.3.4, en¸ gia thn tètarth isìthta bl. p.q. to Je¸rhma A.5.

(ii): Efarmìzonta
 to (i) èqoume ìti
∫ ∫

u•dP•dQ =

∫
EP•

[u•]dQ =

∫
(EP•

[u•] ◦ f)dP =

∫
EP [g | σ(f)]dP =

∫
gdP .Ep� plèon, h isqÔ
 tou (i), �ra kai tou (ii), gia k�je mh arnhtik  Σ ⊗ T -B-metr simhsun�rthsh u apì to Ω×Υ sto R, apodeiknÔetai me ton �dio trìpo, lamb�nonta
 upìyh kaiti
 Parathr sei
 2.2.3, (a) kai (c), k�ti pou oloklhr¸nei thn apìdeixh. �19
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Kef�laio 3QARAKTHRISMOI TWNMEMEIGMENWN DIADIKASIWN
POISSON

Oi m.d. Poisson pa�zoun shmantikì rìlo se polloÔ
 kl�dou
 th
 efarmosmènh
 jew-r�a
 pijanot twn, gia par�deigma sta asfalistik� majhmatik� kai sth jewr�a shmeiak¸ndiadikasi¸n (bl. Grandell [18] gia perissìtere
 plhrofor�e
).H sqèsh twn disintegrations   twn k.d.p.-ginìmeno me ti
 m.d. Poisson apotele� ènaer¸thma pou prokÔptei w
 fusik  sunèpeia th
 emplok 
 twn desmeumènwn katanom¸npijanìthta
 ston orismì twn en lìgw sv.d..AfoÔ pr¸ta anakalèsoume merikoÔ
 qr simou
 orismoÔ
, sqetikoÔ
 me ti
 ènnoie
 th
upì sunj kh anexarths�a
 kai upì sunj kh isonom�a
 (bl. Enìthta 3.1), ekmetalleuìme-noi ta apotelèsmata tou prohgoÔmenou kefala�ou, sthn Enìthta 3.2 d�noume ènan pr¸toqarakthrismì twn m.d. Poisson mèsw disintegrations (bl. Prìtash 3.2.10). To apotèlesmaautì an�gei mèsw th
 emplok 
 mia
 disintegration {Pθ}θ>0 ti
 m.d. Poisson se (sun jei
omogene�
) diadikas�e
 Poisson k�tw apì ta epimèrou
 mètra pijanìthta
 Pθ th
 disinte-

gration, kai edr�zetai se èna ant�stoiqo apotèlesma gia th desmeumènh anexarths�a t.m.(bl. Prìtash 3.2.4).W
 �mesh sunèpeia twn parap�nw apotelesm�twn prokÔptoun qarakthrismo� twn m.d.
Poisson mèsw sv.d. endi�meswn qrìnwn �fixh
 twn apait sewn, martingales kai mètrwnapa�thsh
 (bl. Je¸rhma 3.3.5, (ii) ⇐⇒ (i), (ii) ⇐⇒ (vi) kai (ii) ⇐⇒ (viii), ant�stoiqa).Ep� plèon, doje�sh
 mia
 disintegration {Pθ}θ>0 enì
 mètrou pijanìthta
 P ep�nw seèna mètro pijanìthta
 Q sunepoÔ
 me mia apeikìnish f , h isodunam�a (v) ⇐⇒ (vi) touJewr mato
 3.3.5 epitrèpei sth martingale-idiìthta k�je kentrarismènh
 Pθ-diadikas�a

Poisson na metaferje� sthn ant�stoiqh kentrarismènh P -m.d. Poisson, en¸ h isodunam�a21



3.1 Upì sunj kh anexarths�a kai isonom�a
(vii) ⇐⇒ (viii) tou id�ou jewr mato
 maz� me to L mma 3.3.4 an�gei ton upologismì tousqetizìmenou me mia P -m.d. Poisson P -mètrou apa�thsh
 se autìn k�je epimèrou
 Pθ-mètrouapa�thsh
 pou sqet�zetai me thn ant�stoiqh Pθ-diadikas�a Poisson.3.1 Upì sunj kh anexarths�a kai isonom�aM�a oikogèneia {Σi}i∈I σ-upoalgebr¸n th
 Σ e�nai (P -) upì sunj kh (stoqastik�)anex�rthth w
 pro
 th σ-upo�lgebra F th
 Σ, an gia k�je n ∈ N me n ≥ 2 èqoume

P (E1 ∩ · · · ∩ En | F) =
n∏

j=1

P (Ej | F) P | F − sv.b.gia opoiad pote diaforetik� an� dÔo i1, . . . , in sto I kai gia opoiad pote Ej ∈ Σij ìpou
j ≤ n.Mia oikogèneia {Xi}i∈I Σ-T -metrhs�mwn apeikon�sewn apì to Ω sto Υ e�nai (P -) upìsunj kh (stoqastik�) anex�rthth doje�sh
 m�a
 Σ-Z-metr simh
 apeikìnish
 Θ apìto Ω sto Ψ , an h oikogèneia twn σ-algebr¸n {σ(Xi)}i∈I e�nai P -upì sunj kh anex�r-thth w
 pro
 th σ-�lgebra σ(Θ). Ep� plèon, h {Xi}i∈I onom�zetai (P -) upì sunj kh(stoqastik�) anex�rthth mia
 oikogèneia
 {Σj}j∈J σ-upoalgebr¸n th
 Σ w
 pro
 th
σ-�lgebra F ⊆ Σ, an to zeÔgo
 ({σ(Xi)}i∈I , {Σj}j∈J) e�nai upì sunj kh anex�rthto w
pro
 thn F .H oikogèneia {Xi}i∈I e�nai P -upì sunj kh isìnomh w
 pro
 th σ-upo�lgebra F th

Σ an P

(
F ∩ X−1

i (B)
)

= P
(
F ∩ X−1

j (B)
) gia k�je i, j ∈ I, F ∈ F kai B ∈ T . Ep�sh
e�nai P -upì sunj kh isìnomh doje�sh
 m�a
 Σ-Z-metr simh apeikìnish Θ apì to Ω sto

Ψ , an e�nai P -upì sunj kh isìnomh w
 pro
 th σ-�lgebra σ(Θ).K�je oikogèneia {Xi}i∈I t.m. ep�nw sto Ω onom�zetai stoqastik  diadikas�a (sv.d.)  stoqastik  anèlixh. Mia sv.d. {Xt}t∈R+ ep�nw sto Ω èqei upì sunj kh anex�r-thte
 prosaux sei
 w
 pro
 w
 pro
 th metr simh apeikìnish Θ, an gia k�je m ∈ Nkai gia k�je t0, t1, . . . , tm ∈ R+ ¸ste 0 = t0 < t1 < · · · < tm oi prosaux sei
 Xtj − Xtj−1(j ∈ {1, . . . , m}) e�nai upì sunj kh anex�rthte
 (w
 pro
 th Θ). H sv.d. {Xt}t∈R+ èqeiupì sunj kh st�sime
 prosaux sei
 w
 pro
 th Θ an gia k�je m ∈ N, h ∈ R+ kaigia k�je t0, t1, . . . , tm ∈ R+ ¸ste 0 = t0 < t1 < · · · < tm isqÔei h sunj kh
PXtj+h−Xtj−1+h|Θ = PXtj

−Xtj−1
|Θ P | σ(Θ) − sv.b..Sto shme�o autì, ax�zei na shmeiwje� ìti eÔkola mpore� na apodeiqje� to ex 
: An miasv.d. {Xt}t∈R+ ikanopoie� thn idiìthta X0(ω) = 0 gia k�je ω ∈ Ω, ki èqei upì sunj khanex�rthte
 prosaux sei
 w
 pro
 th Θ, tìte ja èqei upì sunj kh st�sime
 prosaux sei
w
 pro
 th Θ an gia k�je t, h ∈ R+ isqÔei ìti PXt+h−Xt|Θ = PXh|Θ P | σ(Θ)-sv.b..22



QARAKTHRISMOI TWN MEMEIGMENWN DIADIKASIWN POISSONEpishma�netai ìti an h katanom  pijanìthta
 th
 upì dèsmeush metr simh
 apeikìnish

Θ e�nai ekfulismènh tìte ìloi oi parap�nw orismo� pou thn emplèkoun an�gontai stou
ant�stoiqou
 th
 (sun jou
) anexarths�a
, isonom�a
 kai stasimìthta
, oi opo�oi diathroÔnthn �dia orolog�a me autoÔ
 twn upì sunj kh idiot twn me mình diafor� ìti oi ekfr�sei
{upì sunj kh} kai {w
 pro
 th Θ} exafan�zontai.3.2 Anagwg  twn memeigmènwn diadikasi¸n

Poisson se sun jei
Gia to upìloipo tou kefala�ou, jewroÔme th Θ w
 mia t.m. ep�nw sto Ω tètoia ¸ste
PΘ

(
(0,∞)

)
= 1. An jèsoume NΘ := {ω ∈ Ω : Θ(ω) ≤ 0} tìte PΘ(NΘ) = 0, ki epomènw
qwr�
 bl�bh th
 genikìthta
 mporoÔme na upojèsoume ìti NΘ = ∅.Dojènto
 enì
 merik¸
 diatetagmènou sunìlou I, mia aÔxousa oikogèneia {Σi}i∈I σ-upoalgebr¸n th
 Σ onom�zetai mia diÔlish (filtration) gia ton m.q. (Ω, Σ). Idiaitèrw
, gia

I = R+ h diÔlish {Σt}t∈R+ onom�zetai dexi� suneq 
 an Σt =
⋂

s>t Σs gia k�je t ∈ R+(bl. p.q. [31℄, sel. 3). Gia opoiad pote oikogèneia {Zi}i∈I t.m. ep�nw ston (Ω, Σ), hdiÔlish {Zi}i∈I me Zi := σ(
⋃

j≤i σ(Zj)) gia k�je i ∈ I, onom�zetai h kanonik  diÔlish(canonical or natural filtration) gia th {Zi}i∈I .M�a akolouj�a {Tn}n∈N0 t.m. ep�nw ston (Ω, Σ) e�nai mia P -sv.d. �fixh
 twn apai-t sewn, an up�rqei P -mhdenikì sÔnolo ΩT ∈ Σ tètoio ¸ste gia ìla ta ω ∈ Ω\ΩT naisqÔoun oi akìlouje
 sunj ke
: (t1) T0(ω) = 0 kai (t2) Tn−1(ω) < Tn(ω) gia k�je n ∈ N.To mhdenikì sÔnolo ΩT onom�zetai to P -mhdenikì sÔnolo exa�resh
 th
 sv.d. �fixh
twn apait sewn {Tn}n∈N0. Tìte, h akolouj�a {Wn}n∈N twn t.m. pou or�zontai mèsw th

Wn := Tn − Tn−1 gia k�je n ∈ N, onom�zetai h sv.d. endi�meswn qrìnwn �fixh
 twnapait sewn pou ep�getai apì th sv.d. �fixh
 twn apait sewn {Tn}n∈N0 (bl. p.q. [34],

Chapter 1, Section 1.1, sel. 6).Mia oikogèneia {Nt}t∈R+ t.m. ep�nw ston (Ω, Σ) e�nai m�a P -sv.d. tou arijmoÔ twnapait sewn an up�rqei èna P -mhdenikì sÔnolo ΩN ∈ Σ ¸ste gia ìla ta ω ∈ Ω \ ΩN naisqÔoun oi akìlouje
 sunj ke
:
(n1) N0(ω) = 0,
(n2) Nt(ω) ∈ N0 ∪ {∞} gia k�je t ∈ (0,∞),
(n3) Nt(ω) = infu∈(t,∞) Nu(ω) gia k�je t ∈ R+,
(n4) supu∈[0,t) Nu(ω) ≤ Nt(ω) ≤ supu∈[0,t) Nu(ω) + 1 gia k�je t ∈ (0,∞), 23



3.2 Anagwg  twn memeigmènwn diadikasi¸n Poisson se sun jei

(n5) supt∈R+

Nt(ω) = ∞.To mhdenikì sÔnolo ΩN onom�zetai to P -mhdenikì sÔnolo exa�resh
 th
 sv.d. touarijmoÔ twn apait sewn {Nt}t∈R+ (bl. p.q. [34], Chapter 2, Section 2.1, sel. 17).Dhlad , oi troqiè
 mia
 sv.d. tou arijmoÔ twn apait sewn xekinoÔn apì to mhdèn kaiba�noun aÔxouse
 sto �peiro me monadia�a �lmata, e�nai dexi� suneqe�
, kai se �peiro qrìnoft�noun sto �peiro; to teleuta�o mpore� ep�sh
 na sumbe� kai se peperasmèno qrìno.Parat rhsh 3.2.1. An {Nt}t∈R+ e�nai mia sv.d. tou arijmoÔ twn apait sewn me P -mhdenikìsÔnolo exa�resh
 ΩN , tìte h akolouj�a {Tn}n∈N0 pou or�zetai mèsw th

Tn := inf{t ∈ R+ : Nt = n} gia k�je n ∈ N0e�nai mia sv.d. �fixh
 twn apait sewn me P -mhdenikì sÔnolo exa�resh
 ΩT = ΩN , en¸ hakolouj�a {Wn}n∈N, ìpou k�je Wn := Tn − Tn−1, e�nai profan¸
 mia sv.d. endi�meswnqrìnwn �fixh
 twn apait sewn me P -mhdenikì sÔnolo exa�resh
 ΩW = ΩT .Oi akolouj�e
 {Tn}n∈N0 kai {Wn}n∈N pou or�zontai sthn parap�nw parat rhsh ka-loÔntai h sv.d. twn qrìnwn kai twn endi�meswn qrìnwn �fixh
 twn apait sewn,ant�stoiqa, pou ep�gontai apì th sv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ .Antistrìfw
, doje�sh
 mia
 sv.d. endi�meswn qrìnwn �fixh
 twn apait sewn {Wn}n∈N or�-zoume thn epagìmenh sv.d. qrìnwn �fixh
 kai arijmoÔ twn apait sewn jètonta


Tn :=
∑n

k=1 Wk gia k�je n ∈ N0 kai Nt :=
∑∞

n=1 χ{Tn≤t} gia k�je t ∈ R+, ant�stoiqa (bl.p.q. [34], Theorem 2.1.1).Gia to upìloipo th
 diatrib 
, upojètoume qwr�
 bl�bh th
 genikìthta
, ìti
ΩN = ∅. Ep�sh
 epeid  oi desmeÔsei
 ma
 ja g�nontai p�nta w
 pro
 mia metr -simh apeikìnish Θ, ant� th
 orolog�a
 {upì sunj kh w
 pro
 th σ(Θ)}   {upìsunj kh doje�sh
 th
 Θ} ja qrhsimopoie�tai apl¸
 h fr�sh {upì sunj kh}.Ep� plèon, mèqri to tèlo
 tou kefala�ou, jètoume Υ := (0,∞) kai upojètoume ìti h
{Pθ}θ∈Υ e�nai mia disintegration tou P ep�nw sto PΘ sunep 
 me th Θ. Epishma�noumeìti sti
 perissìtere
 twn peript¸sewn pou sunant¸ntai sti
 efarmogè
 twn m.d. Poisson,o upoke�meno
 q.p. (Ω, Σ, P ) e�nai polwnikì
 kai �ra tèleio
, me arijm sima paragìmenh
σ-�lgebra, ki epomènw
 h Ôparxh mia
 tètoia
 disintegration e�nai exasfalismènh (bl. Pa-rat rhsh 2.1.3).Akìmh, me A := {At}t∈R+ sumbol�zoume th kanonik  diÔlish th
 {Nt}t∈R+ . An Ãt :=

σ(At ∪ σ(Θ)) gia k�je t ∈ R+, tìte h Ã := {Ãt}t∈R+ e�nai mia diÔlish gia ton (Ω, Σ).Ep� plèon, jètoume A∞ := σ(
⋃

t∈R+
At)= σ({Nt}t∈R+) kai Ã∞ := σ(A∞ ∪ σ(Θ)). Upen-jum�zoume ìti h A e�nai dexi� suneq 
 (bl. p.q. [31], Theorem 25).24



QARAKTHRISMOI TWN MEMEIGMENWN DIADIKASIWN POISSONH sv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ onom�zetai mia memeigmènh diadikas�a
Poisson ep�nw ston q.p. (Ω, Σ, P ) (  apl� mia P -m.d. Poisson) me par�metro thn t.m.
Θ, an èqei P -upì sunj kh anex�rthte
 kai st�sime
 prosaux sei
, kai gia k�je t ∈ (0,∞)isqÔei PNt|Θ = P(tΘ) P | σ(Θ) − sv.b. (bl. p.q. [34℄, Section 4.2, sel. 87). Idiaitèrw
, anh PΘ e�nai ekfulismènh se k�poio θ0 > 0, tìte h {Nt}t∈R+ e�nai mia P -diadikas�a Poissonme par�metro θ0.To akìloujo l mma e�nai jemeli¸de
, afoÔ an�gei, mèsw mia
 disintegration, thn P -upìsunj kh anexarths�a se sun jh w
 pro
 ta epimèrou
 mètra pijanìthta
 Pθ.L mma 3.2.2. 'Estw I arijm simo sÔnolo. Tìte h sv.d. {Xi}i∈I e�nai P -upì sunj khanex�rthth an kai mìno up�rqei èna PΘ-mhdenikì sÔnolo OI ∈ B(Υ ) ¸ste gia k�je θ /∈ OIh {Xi}i∈I na e�nai Pθ-anex�rthth.Apìdeixh. Ja qreiastoÔme ta parak�tw dÔo b mata.
(a) 'Estw ìti h sv.d. {Xi}i∈I e�nai P -upì sunj kh anex�rthth, tìte isodÔnama kai gia k�je
m ∈ N èqoume

P

( m⋂

j=1

{Xij ∈ Bj} | Θ

)
=

m∏

j=1

P ({Xij ∈ Bj} | Θ) P | σ(Θ) − sv.b., (3.1)gia opoiad pote diaforetik� an� dÔo i1, . . . , in sto I kai gia ìla ta B1, . . . , Bm ∈ B.H sunj kh (3.1) e�nai isodÔnamh me thn
∫

Θ−1(D)

P

( m⋂

j=1

{Xij ∈ Bj} | Θ

)
dP =

∫

Θ−1(D)

m∏

j=1

P ({Xij ∈ Bj} | Θ)dP ,  b�sei tou L mmato
 2.3.2, me thn
∫

Θ−1(D)

P•

( m⋂

j=1

{Xij ∈ Bj}
)
◦ ΘdP =

∫

Θ−1(D)

m∏

j=1

[P•({Xij ∈ Bj}) ◦ Θ]dP,  isodÔnama me thn
∫

D

Pθ

( m⋂

j=1

{Xij ∈ Bj}
)
PΘ(dθ) =

∫

D

m∏

j=1

Pθ({Xij ∈ Bj})PΘ(dθ) (3.2)gia k�je D ∈ B(Υ ).'Omw
, apì thn (3.2) isodÔnama èqoume ìti gia k�je m ∈ N, gia opoiad pote diaforetik�an� dÔo i1, . . . , im ∈ I kai gia ìla ta B1, . . . , Bm ∈ B up�rqei èna PΘ-mhdenikì sÔnolo
OI,m,i1,...,im,B1,...,Bm ∈ B(Υ ) ¸ste gia k�je θ /∈ OI,m,i1,...,im,B1,...,Bm na isqÔei h

Pθ

( m⋂

j=1

{Xij ∈ Bj}
)

=
m∏

j=1

Pθ({Xij ∈ Bj}). (3.3)25



3.2 Anagwg  twn memeigmènwn diadikasi¸n Poisson se sun jei
Epeid  to I e�nai arijm simo èpetai ìti to OI,m,B1,...,Bm :=
⋃

i1,...,im∈I OI,m,i1,...,im,B1,...,Bme�nai èna PΘ-mhdenikì sÔnolo, ìpou i1, . . . , im diaforetik� an� dÔo, kai ìti gia k�je m ∈ Nkai gia ìla ta B1, . . . , Bm ∈ B h sunj kh (3.3) ikanopoie�tai gia k�je θ /∈ OI,m,B1,...,Bm .
(b) Qwr�
 bl�bh th
 genikìthta
 mporoÔme na upojèsoume ìti m = 2. Tìte up�rqei ènakajolikì PΘ-mhdenikì sÔnolo OI ∈ B(Υ ) ¸ste gia k�je θ /∈ OI na isqÔei h sunj kh (3.3)gia m = 2, gia k�je i1, i2 ∈ I me i1 6= i2 kai gia k�je B1, B2 ∈ B.Pr�gmati, arqik� parathroÔme ìti qwr�
 bl�bh th
 genikìthta
 mporoÔme na upojè-soume ìti h B èqei ènan genn tora GB pou e�nai mia arijm simh �lgebra, afoÔ an o GB  tanèna
 opoiosd pote arijm simo
 genn tora
 th
 B tìte h α(GB) ja  tan mia arijm simh �l-gebra pou ja par gage thn B. Epomènw
, efarmìzonta
 thn (3.3) gia m = 2 kai gia k�je
B1, B2 ∈ GB prokÔptei ìti up�rqei èna PΘ-mhdenikì sÔnolo OI,B1,B2 := OI,2,B1,B2 ∈ B(Υ )¸ste gia k�je θ /∈ OI,B1,B2 na isqÔei h (3.3). Jètoume OI :=

⋃
B1,B2∈GB

OI,B1,B2. Tìteèqoume ìti PΘ(OI) = 0 kai ìti h (3.3) ikanopoie�tai gia k�je θ /∈ OI kai gia ìla ta
B1, B2 ∈ GB.Efarmìzonta
, t¸ra, diadoqik� dÔo epiqeir mata monìtonh
 kl�sh
, apodeiknÔetai to
(b): Pio sugkekrimèna, efarmìzonta
 thn (3.3) gia m = 2 prokÔptei ìti gia k�je i1, i2 ∈ Ime i1 6= i2 kai gia k�je B1, B2 ∈ B up�rqei èna PΘ-mhdenikì sÔnolo OI,B1,B2 ∈ B(Υ )tètoio ¸ste gia k�je θ /∈ OI,B1,B2 na isqÔei h

Pθ(X
−1
i1

(B1) ∩ X−1
i2

(B2)) = Pθ(X
−1
i1

(B1))Pθ(X
−1
i2

(B2)). (3.4)Tìte gia k�je i1, i2 ∈ I me i1 6= i2, gia k�je n1 ∈ N kai B1,n1 ∈ GB kai gia k�je B2 ∈ Bup�rqei OI,n1,B2 := OB1,n1 ,B2 ∈ B(Υ )0 tètoio ¸ste gia k�je θ /∈ On1,B2 na isqÔei h
Pθ(X

−1
i1

(B1,n1) ∩ X−1
i2

(B2)) = Pθ(X
−1
i1

(B1,n1))Pθ(X
−1
i2

(B2)).A
 stajeropoi soume, t¸ra, èna auja�reto B2 ∈ B, a
 or�soume to PΘ-mhdenikì sÔnolo
OI,B2 :=

⋃
n1∈N OI,n1,B2 ∈ B(Υ ) kai a
 sumbol�soume me D1 thn oikogèneia ìlwn twn

B1 ∈ B pou ikanopoioÔn thn (3.4) gia k�je i1, i2 ∈ I me i1 6= i2 kai gia k�je θ /∈ OI,B2 .Tìte GB ⊆ D1, en¸ eÔkola mpore� na diapistwje� ìti h D1 e�nai mia monìtonh kl�sh, opìteexasfal�zoume ìti D1 ⊇ σ(GB) = B (bl. Je¸rhma A.8), kai �ra ìti D1 = B. Epomènw
,gia k�je i1, i2 ∈ I me i1 6= i2 kai gia k�je B1, B2 ∈ B up�rqei èna PΘ-mhdenikì sÔnolo
OI,B2 ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ OI,B2 na isqÔei h (3.4). Me èna parìmoio epiqe�rhmamonìtonh
 kl�sh
 mporoÔme na apall�xoume to mhdenikì ma
 sÔnolo apì to B2, kai �rana broÔme èna kajolikì PΘ-mhdenikì sÔnolo OI ∈ B(Υ ) ektì
 tou opo�ou isqÔei h (3.4),k�ti pou apodeiknÔei to (b).Gia thn ant�strofh sunepagwg , parathroÔme ìti upojètonta
 thn Ôparxh enì
 kajo-likoÔ PΘ-mhdenikoÔ sunìlou OI ∈ B(Υ ) ektì
 tou opo�ou ikanopoie�tai h (3.3), prokÔptei26



QARAKTHRISMOI TWN MEMEIGMENWN DIADIKASIWN POISSON�mesa h isqÔ
 th
 (3.2)   isodÔnama th
 (3.1). �Parathr sei
 3.2.3. 'Estw Q mètro pijanìthta
 ep�nw sth Σ ki èstw I ⊆ R+, sv.d.
{Xt}t∈I kai {Ft}t∈I h kanonik  th
 diÔlish. Tìte isqÔoun ta ex 
:
(a) H {Xt}t∈I e�nai Q-anex�rthth an kai mìno an gia k�je fragmènh, Borel, pragmatik sun�rthsh f pragmatik 
 metablht 
, isqÔei h isìthta

EQ[χAf(Xt)] = Q(A)EQ[f(Xt)] (3.5)gia k�je s, t ∈ I me s < t kai gia k�je A ∈ Fs.Pr�gmati, a
 upojèsoume ìti h {Xt}t∈I e�nai Q-anex�rthth. Tìte gia k�je s, t ∈ Ime s < t h t.m. Xt e�nai Q-anex�rthth th
 σ-�lgebra
 Fs, kai �ra to �dio ja isqÔeigia thn f(Xt), ìpou f e�nai mia opoiad pote fragmènh, Borel, pragmatik  sun�rthsh fpragmatik 
 metablht 
, ap′ ìpou èpetai ìti h f(Xt) e�nai Q-anex�rthth th
 χA gia A ∈ Fskaj¸
 ep�sh
 kai ìti EQ[χAf(Xt)] = EQ[χA]EQ[f(Xt)] = Q(A)EP [f(Xt)] gia k�je s, t ∈ Ime s < t kai gia k�je A ∈ Fs. Antistrìfw
, a
 upojèsoume ìti h sunj kh (3.5) isqÔeigia k�je fragmènh, Borel, pragmatik  sun�rthsh f pragmatik 
 metablht 
, gia k�je
s, t ∈ I me s < t kai gia k�je A ∈ Fs. Tìte èpetai ìti h {Xt}t∈I e�nai Q-anex�rthth, afoÔeÔkola mpore� na apodeiqje� me epagwg  ìti Q(

⋂m
j=1 X−1

tj (Bj)) =
∏m

j=1 Q(X−1
tj (Bj)) giak�je m ∈ N me m ≥ 2, gia ìla ta t1, . . . , tm ∈ I kai gia ìla ta sÔnola Borel B1, . . . , Bm.

(b) Omo�w
 apodeiknÔetai ìti h {Xt}t∈I èqei Q-anex�rthte
 prosaux sei
 an kai mìnoan gia k�je fragmènh, Borel, pragmatik  sun�rthsh f pragmatik 
 metablht 
, isqÔei hisìthta
EQ[χAf(Xt − Xs)] = Q(A)EQ[f(Xt − Xs)] (3.6)gia k�je s, t ∈ I me s < t kai gia k�je A ∈ Fs.

(c) Ep�sh
, eÔkola apodeiknÔetai ìti dÔo t.m. X1 kai X2 e�nai Q-isìnome
 an kai mìno an
EQ[f(X1)] = EQ[f(X2)] gia k�je fragmènh, Borel, pragmatik  sun�rthsh f pragmatik 
metablht 
.Prìtash 3.2.4. 'Estw sv.d. {Xt}t∈R+ ki èstw {Ft}t∈R+ h kanonik  th
 diÔlish. An h
{Xt}t∈R+ èqei dexi� suneqe�
 troqiè
 kai h {Ft}t∈R+ e�nai dexi� suneq 
, tìte h {Xt}t∈R+e�nai P -upì sunj kh anex�rthth an kai mìno an up�rqei PΘ-mhdenikì sÔnolo OQ+ ∈ B(Υ )tètoio ¸ste gia k�je θ /∈ OQ+ h {Xt}t∈R+ na e�nai Pθ-anex�rthth.Apìdeixh. Ja qreiastoÔme ta parak�tw b mata.
(a) Jètoume Zs := σ({Xu}u∈Q+,u≤s) gia k�je s ∈ R+. Tìte Fs = Zs gia k�je s ∈ R+.Pr�gmati, a
 stajeropoi soume arqik� èna auja�reto s ∈ R+. Epeid  h {Xt}t∈R+èqei ex′ upojèsew
 dexi� suneqe�
 troqiè
 ki epeid  to Q+ e�nai puknì sto R+, prokÔptei27



3.2 Anagwg  twn memeigmènwn diadikasi¸n Poisson se sun jei
ìti gia k�je u ∈ R+ me u ≤ s up�rqei mia akolouj�a {un}n∈N sto Q+ ¸ste un ↓ u kai
Xu = limn→∞ Xun . Epomènw
, h t.m. Xu e�nai gia k�je u ≤ s mia Zs-metr simh sun�rthshw
 ìrio tètoiwn sunart sewn, kai �ra σ(Xu) ⊆ Zs gia k�je u ≤ s, ap′ ìpou èpetai ìti
Fs ⊆ Zs, k�ti pou apodeiknÔei to (b), afoÔ h ant�strofh sqèsh egkleismoÔ e�nai profan 
.
(b) Gia k�je s ∈ R+ isqÔei Fs =

⋂
s′∈Q+, s′>s Fs′.Pr�gmati, èstw A ∈ ⋂

s′∈Q+, s′>s Fs′. Tìte isodÔnama èqoume ìti A ∈ Fs′ gia k�je
s′ ∈ Q+ me s′ > s, to opo�o lìgw tou ìti to Q+ e�nai puknì sto R+ isoduname� me toìti A ∈ Fu gia k�je u ∈ R+ me u > s   me to ìti A ∈ ⋂

u∈R+, u>s Fu = Fs, k�ti pouapodeiknÔei to (b).A
 upojèsoume, t¸ra, ìti h {Xt}t∈R+ e�nai P -upì sunj kh anex�rthth.
(c) Tìte apì to L mma 3.2.2 prokÔptei ìti up�rqei èna kajolikì PΘ-mhdenikì sÔnolo
OQ+ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ OQ+ na isqÔei h sunj kh (3.3) gia I = Q+.Gia th sunèqeia th
 apìdeixh
 stajeropoioÔme auja�reto θ /∈ OQ+. Tìte apì thnParat rhsh 3.2.3, (a) èpetai ìti gia ìla ta s, t ∈ Q+ me s < t, gia k�je fragmènh, Borel,pragmatik  sun�rthsh f pragmatik 
 metablht 
, kai gia k�je A ∈ Zs èqoume ìti

EPθ
[χAf(Xt)] = Pθ(A)EPθ

[f(Xt)]. (3.7)
(d) An jewr soume s, t ∈ R+ me s < t kai an gr�youme thn (3.7) gia s′, t′ ∈ Q+ me s′ < t′kai sth sunèqeia af soume to s′ ↓ s kai to t′ ↓ t, efarmìzonta
 ti
 upojèsei
 ma
 gia thn
{Xt}t∈R+ kai to Je¸rhma Kuriarqhmènh
 SÔgklish
 tou Lebesgue (bl. p.q. [1℄, Je¸rhma6.21) prokÔptei ìti gia k�je A ∈ ⋂

s′∈Q+, s′>s Fs′ = Fs kai gia k�je f fragmènh, suneq ,pragmatik  sun�rthsh f pragmatik 
 metablht 
, isqÔei h sunj kh (3.7).Pr�gmati, èstw ìti h f e�nai ìpw
 parap�nw ki èstw dÔo akolouj�e
 {sn}n∈N kai
{tn}n∈N sto Q+ tètoie
 ¸ste sn ↓ s kai tn ↓ t kaj¸
 ep�sh
 ki èna sÔnolo A ∈ ⋂

n∈N Fsn.Tìte up�rqei M ∈ R tètoio ¸ste |f(x)| ≤ M gia k�je x ∈ R, opìte gia ìla ta n ∈ N kai
ω ∈ Ω exasfal�zoume ìti |χA(f ◦Xtn)|(ω) = |χA(ω)f(Xtn(ω))| ≤ M ∈ L1(P ). Epomènw
,mporoÔme na efarmìsoume to Je¸rhma Kuriarqhmènh
 SÔgklish
 tou Lebesgue gia thnakolouj�a {χA(f ◦ Xtn)}n∈N t.m. ep�nw sto Ω gia na exasfal�soume ìti

EPθ
[χAf(Xt)] = EPθ

[χA lim
n→∞

f(Xtn)] = lim
n→∞

EPθ
[χAf(Xtn)] = lim

n→∞
Pθ(A)EPθ

[f(Xtn)]

= Pθ(A)EPθ
[ lim
n→∞

f(Xtn)] = Pθ(A)EPθ
[f(Xt)].Sunep¸
 h sunj kh (3.7) isqÔei gia k�je A ∈ ⋂

n∈N Fsn = Fs, ìpou h isìthta prokÔpteiapì to (b), kai �ra de�xame to (d).

(e) Gia k�je fragmènh, Borel, pragmatik  sun�rthsh f pragmatik 
 metablht 
, up�r-qei mia akolouj�a {gm}m∈N fragmènwn, suneq¸n, pragmatik¸n sunart sewn pragmatik 
28



QARAKTHRISMOI TWN MEMEIGMENWN DIADIKASIWN POISSONmetablht 
, ¸ste h sunj kh
lim

m→∞

∫
χA(|gm − f | ◦ Xt)dPθ = 0na isqÔei gia ìla ta s, t ∈ R+ me s < t kai gia k�je A ∈ Fs.Pr�gmati, a
 stajeropoi soume auja�reta s, t ∈ R+ me s < t. 'Estw ep�sh
 f ìpw
parap�nw. Tìte gia k�je m ∈ N up�rqei mia fragmènh, suneq 
, pragmatik  sun�rthsh

gm pragmatik 
 metablht 
, tètoia ¸ste ∫
|gm−f |d(Pθ)Xt ≤ 1

m
(bl. p.q. [17], Proposition

415P). Epomènw
, limm→∞

∫
(|gm − f | ◦ Xt)dPθ = 0, pou sunep�getai to (e).

(f) H sunj kh (3.7) ikanopoie�tai gia ìla ta s, t ∈ R+ me s < t, gia k�je A ∈ Fs kai giak�je sun�rthsh f ìpw
 sto (c).Pr�gmati, èstw s, t, f kai A ìpw
 pio p�nw. Tìte apì to (e) prokÔptei ìti up�r-qei mia akolouj�a {gm}m∈N fragmènwn, suneq¸n, pragmatik¸n sunart sewn pragmatik 
metablht 
, ¸ste
EPθ

[χAf(Xt)] = lim
m→∞

EPθ
[χAgm(Xt)]

(d)
= lim

m→∞
Pθ(A)EPθ

[gm(Xt)] = Pθ(A)EPθ
[f(Xt)],kai �ra apì thn Parat rhsh 3.2.3, (a) isodÔnama èqoume ìti h {Xt}t∈R+ e�nai Pθ-anex�rththgia k�je θ /∈ OQ+, k�ti pou oloklhr¸nei thn apìdeixh, afoÔ to ìti h teleuta�a sunj khsunep�getai thn P -upì sunj kh anexarths�a th
 {Xt}t∈R+ e�nai profanè
. �Prìtash 3.2.5. 'Estw {Xt}t∈R+ kai {Ft}t∈R+ ìpw
 sthn Prìtash 3.2.4. Tìte h sv.d.

{Xt}t∈R+ èqei P -upì sunj kh anex�rthte
 prosaux sei
 an kai mìno an up�rqei èna PΘ-mhdenikì sÔnolo ÔQ+ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ ÔQ+ h {Xt}t∈R+ na èqei Pθ-anex�rthte
 prosaux sei
.Apìdeixh. Epeid  h P -upì sunj kh anexarths�a twn prosaux sewn th
 {Xt}t∈R+ isodu-name� me to ìti gia k�je m ∈ N me m ≥ 2 isqÔei h
P

( m⋂

j=1

{Xtj − Xtj−1
∈ Bj} | Θ

)
=

m∏

j=1

P ({Xtj − Xtj−1
∈ Bj} | Θ) P | σ(Θ) − sv.b..gia opoiad pote diaforetik� an� dÔo t1, . . . , tm ∈ Q+ kai gia ìla ta B1, . . . , Bm ∈ B,mporoÔme, lamb�nonta
 upìyh thn Parat rhsh 3.2.3, (b), na efarmìsoume th sullogistik th
 apìdeixh
 th
 Prìtash
 3.2.4 (antikajist¸nta
 ton ìro Xt me ton Xt − Xs) gia naexasfal�soume th zhtoÔmenh isodunam�a. �Parat rhsh 3.2.6. 'Estw I arijm simo sÔnolo. Tìte h oikogèneia {Xi}i∈I e�nai P -upìsunj kh isìnomh an kai mìno an up�rqei èna PΘ-mhdenikì sÔnolo LI ∈ B(Υ ) tètoio ¸stegia k�je θ /∈ LI h {Xi}i∈I na e�nai Pθ-isìnomh. 29



3.2 Anagwg  twn memeigmènwn diadikasi¸n Poisson se sun jei
Pr�gmati, an gia opoiad pote i, j ∈ I kai gia k�je B ∈ B h isìthta PXi|Θ(B) =

PXj |Θ(B) isqÔei P | σ(Θ)-sv.b., tìte apì to L mma 2.3.2 prokÔptei ìti up�rqei èna PΘ-mhdenikì sÔnolo LI ,i,j,B ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ LI ,i,j,B na isqÔei h isìthta
Pθ(X

−1
i (B)) = Pθ(X

−1
j (B)). Epeid  to I e�nai arijm simo kai h B arijm sima paragìmenh,jètonta
 LI :=

⋃
B∈GB

⋃
i,j∈I LI ,i,j,B, ìpou GB e�nai èna
 arijm simo
 genn tora
 th
 B,ki efarmìzonta
 èna epiqe�rhma monìtonh
 kl�sh
 mporoÔme na broÔme èna PΘ-mhdenikìsÔnolo LI ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ LI na isqÔei ìti Pθ(X

−1
i (B)) = Pθ(X

−1
j (B))gia ìla ta i, j ∈ I kai B ∈ B. Epomènw
, de�xame ìti h {Xi}i∈I e�nai Pθ-isìnomh gia k�je

θ /∈ LI . H ant�strofh sunepagwg  prokÔptei �mesa apì to L mma 2.3.2.L mma 3.2.7. 'Estw {Xt}t∈R+ kai {Ft}t∈R+ ìpw
 sthn Prìtash 3.2.4. Tìte h sv.d.
{Xt}t∈R+ èqei P -upì sunj kh isìnome
 prosaux sei
 an kai mìno an up�rqei èna PΘ-mhdenikì sÔnolo L̂Q+ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ L̂Q+ h {Xt}t∈R+ na èqei Pθ-isìnome
prosaux sei
.Apìdeixh. A
 upojèsoume ìti up�rqei èna PΘ-mhdenikì sÔnolo L̂Q+ ∈ B(Υ ) tètoio ¸stegia k�je θ /∈ L̂Q+ h {Xt}t∈R+ na èqei Pθ-isìnome
 prosaux sei
, opìte gia ìla ta B ∈ Bkai s, t, u, v ∈ R+ me s < t kai u < v èqoume ìti Pθ

(
(Xt−Xs)

−1(B)
)

= Pθ

(
(Xv−Xu)

−1(B)
),kai �ra efarmìzonta
 to L mma 2.3.2, prokÔptei ìti h isìthta PXt−Xs|Θ(B) = PXv−Xu|Θ(B)isqÔei P | σ(Θ)-sv.b., dhlad  ìti oi proasaux sei
 Xt−Xs kai Xv−Xu e�nai P -upì sunj khisìnoma katanemhmène
. Epomènw
, arke� na de�xoume thn ant�strofh sunepagwg .Antistrìfw
, a
 upojèsoume ìti gia k�je s, t, u, v ∈ R+ me s < t kai u < v oiprosaux sei
 Xt − Xs kai Xv − Xu e�nai P -upì sunj kh isìnoma katanemhmène
. Epeid to Q+ e�nai arijm simo kai h B arijm sima paragìmenh mpore� na apodeiqje� ìpw
 sthnParat rhsh 3.2.6 ìti up�rqei èna PΘ-mhdenikì sÔnolo L̂Q+ ∈ B(Υ ) tètoio ¸ste gia k�je

θ /∈ L̂Q+ na isqÔei h Pθ

(
(Xt − Xs)

−1(B)
)

= Pθ

(
(Xv − Xu)

−1(B)
) gia k�je s, t, u, v ∈ Q+me s < t kai u < v kai gia k�je B ∈ B. Tìte apì thn Parat rhsh 3.2.3, (c) èqoume ìtigia k�je θ /∈ L̂Q+ h sunj kh

EPθ
[f(Xt − Xs)] = EPθ

[f(Xv − Xu)] (3.8)isqÔei gia k�je s, t, u, v ∈ Q+ me s < t kai u < v kai gia k�je fragmènh, Borel, pragmatik sun�rthsh f pragmatik 
 metablht 
.Akolouj¸nta
 t¸ra th sullogistik  th
 apìdeixh
 th
 Prìtash
 3.2.5, exasfal�zoumeìti h sunj kh (3.8) isqÔei gia k�je θ /∈ L̂Q+ , gia ìla ta s, t, u, v ∈ R+ me s < t kai u < v,kai gia k�je sun�rthsh f ìpw
 pio p�nw, to opo�o sÔmfwna me thn Parat rhsh 3.2.3, (c)isoduname� me to ìti oi t.m. Xt − Xs kai Xv − Xu e�nai Pθ-isìnome
 gia k�je θ /∈ L̂Q+ . �30



QARAKTHRISMOI TWN MEMEIGMENWN DIADIKASIWN POISSONPìrisma 3.2.8. 'Estw {Xt}t∈R+ kai {Ft}t∈R+ ìpw
 sthn Prìtash 3.2.4. An X0(ω) = 0gia k�je ω ∈ Ω, kai an h {Xt}t∈R+ èqei P -upì sunj kh anex�rthte
 prosaux sei
, tìte hsv.d. {Xt}t∈R+ èqei P -upì sunj kh st�sime
 prosaux sei
 an kai mìno an up�rqei èna PΘ-mhdenikì sÔnolo KQ+ ∈ B(Υ ) tètoio ¸ste ÔQ+ ⊆ KQ+ kai gia k�je θ /∈ KQ+ h {Xt}t∈R+na èqei Pθ-st�sime
 prosaux sei
.Apìdeixh. 'Estw sv.d. {Xt}t∈R+ tètoia ¸ste X0(ω) = 0 gia k�je ω ∈ Ω kai me P -upìsunj kh anex�rthte
 prosaux sei
. A
 upojèsoume ìti h {Xt}t∈R+ èqei P -upì sunj khst�sime
 prosaux sei
, dhlad  ìti gia k�je t, h ∈ R+ isqÔei h PXt+h−Xt|Θ = PXh|Θ

P | σ(Θ) − sv.b.. Tìte, ìmw
, b�sei tou L mmato
 3.2.7 h teleuta�a sunj kh isoduname�me to ìti up�rqei èna PΘ-mhdenikì sÔnolo L̂Q+ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ L̂Q+ hisìthta Pθ ◦ (Xt+h − Xt)
−1 = Pθ ◦ X−1

h na isqÔei gia k�je t, h ∈ R+. Epeid , sÔmfwname thn Prìtash 3.2.5, up�rqei èna PΘ-mhdenikì sÔnolo ÔQ+ ∈ B(Υ ) tètoio ¸ste giak�je θ /∈ ÔQ+ h {Xt}t∈R+ na èqei Pθ-anex�rthte
 prosaux sei
, tìte h teleuta�a sunj khisonom�a
 e�nai isodÔnamh me to ìti h {Xt}t∈R+ èqei Pθ-st�sime
 proasaux sei
 gia k�je
θ /∈ KQ+ := L̂Q+ ∪ ÔQ+ . �L mma 3.2.9. 'Estw {Xt}t∈R+ sv.d. me dexi� suneqe�
 troqiè
 tètoia ¸ste ìle
 oi t.m. Xtna e�nai diakritè
   (apìluta) suneqe�
 me sunart sei
 (puknìthta
) pijanìthta
 fXt(·, Θ)gia k�je t ∈ R+. Upojètoume ìti gia stajerì t ∈ R+ h sun�rthsh (y, θ) 7−→ fXt(y, θ)pou pa�rnei pragmatikè
 timè
 e�nai B ⊗ B-metr simh. Ep�sh
 jètoume Kt(Θ)(B) :=
∫

B
fXt(y, Θ)ν(dy) kai Kt(θ)(B) :=

∫
B

fXt(y, θ)ν(dy) gia k�je B ∈ B kai θ ∈ Υ , kaiupojètoume ìti h sun�rthsh t 7−→ Kt(θ)(B) e�nai dexi� suneq 
 gia stajer� B ∈ B kai
θ ∈ Υ . Tìte ta akìlouja e�nai isodÔnama:(i) Gia k�je t ∈ R+ kai B ∈ B h sunj kh PXt|Θ(B) = Kt(Θ)(B) isqÔei P | σ(Θ)-sv.b..(ii) Gia k�je t ∈ R+ h sunj kh PXt|Θ = Kt(Θ) isqÔei P | σ(Θ)-sv.b..(iii) Up�rqei èna PΘ-mhdenikì sÔnolo L̃ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ L̃ na isqÔei hsunj kh (Pθ)Xt = Kt(θ) gia k�je t ∈ R+.Idiaitèrw
, an h {Xt}t∈R+ = {Nt}t∈R+ , tìte gia k�je t ∈ (0,∞) h sunj kh PNt|Θ = P(tΘ)isqÔei P | σ(Θ)-sv.b. an kai mìno an up�rqei èna PΘ-mhdenikì sÔnolo L̃ ∈ B(Υ ) tètoio¸ste gia k�je θ /∈ L̃ na isqÔei h sunj kh (Pθ)Nt = P(tθ) gia k�je t ∈ (0,∞).Apìdeixh. Arqik� parathroÔme ìti h sunj kh (i) e�nai isodÔnamh me to ìti gia k�je
t ∈ R+ kai B, D ∈ B isqÔei h isìthta

∫

Θ−1(D)

PXt|Θ(B)dP =

∫

Θ−1(D)

∫

B

fXt(y, Θ)ν(dy)dP, (3.9)31



3.2 Anagwg  twn memeigmènwn diadikasi¸n Poisson se sun jei
apì thn opo�a b�sei tou L mmato
 2.3.2 isodÔnama èqoume ìti
∫

D

Pθ

(
X−1

t (B)
)
PΘ(dθ) =

∫

D

∫

B

fXt(y, θ)ν(dy)PΘ(dθ), (3.10)ìpou ν e�nai to arijmhtikì mètro ep�nw sto N0 (bl. p.q. [2℄, Par�deigma 1.2.7, (a) gia tonorismì) an ìle
 oi t.m. Xt e�nai diakritè
, kai to mètro tou Lebesgue λ sto R an ìle
 oit.m. Xt e�nai apìluta suneqe�
.
(i) ⇐⇒ (ii): 'Estw ìti isqÔei to (i). Tìte èqoume thn (3.9), kai �ra gia k�je t ∈ R+ kai
B ∈ B up�rqei èna P -mhdenikì sÔnolo L̃′

B,t ∈ σ(Θ) tètoio ¸ste gia k�je ω /∈ L̃′
B,t naisqÔei h

PXt|Θ(B, ω) = Kt(Θ(ω))(B) (3.11)Epeid  mporoÔme na epilèxoume ènan genn tora GB th
 B, o opo�o
 na e�nai mia arijm simh�lgebra, tìte jètonta
 L̃′
t :=

⋃
B∈GB

L̃′
B,t gia k�je t ∈ R+, prokÔptei gia k�je t ∈ R+ìti P (L̃′

t) = 0 kai ìti h sunj kh (3.11) ikanopoie�tai gia k�je ω /∈ L̃′
t kai B ∈ GB.Tìte, mèsw enì
 epiqeir mato
 monìtonh
 kl�sh
, apodeiknÔetai ìti gia k�je t ∈ R+ kai

ω /∈ L̃′
t h sunj kh (3.11) isqÔei gia k�je B ∈ B. Epomènw
, èqoume to (ii). H ant�strofhsunepagwg  e�nai profan 
.

(i) ⇐⇒ (iii): 'Estw ìti isqÔei to (i). Tìte èqoume thn (3.10), kai �ra gia k�je t ∈ R+kai B ∈ B up�rqei èna P -mhdenikì sÔnolo L̃B,t ∈ σ(Θ) tètoio ¸ste gia k�je ω /∈ L̃B,t naisqÔei h
Pθ(X

−1
t (B)) = Kt(θ)(B) (3.12)Tìte, efarmìzonta
 parìmoia epiqeir mata me aut� th
 isodunam�a
 (i) ⇐⇒ (ii), mpore� naapodeiqje� ìti gia k�je t ∈ R+ kai θ /∈ L̃t:=

⋃
B∈GB

L̃B,t h sunj kh (3.12) isqÔei gia k�je
B ∈ B. Epomènw
, mporoÔme na broÔme èna PΘ-mhdenikì sÔnolo L̃ =

⋃
t∈Q+

L̃t ∈ B(Υ )tètoio ¸ste gia k�je θ /∈ L̃, t ∈ Q+ kai gia opoiod pote stajerì B ∈ B na isqÔei h(3.12).A
 stajeropoi soume θ /∈ L̃ kai t ∈ R+. Tìte epeid  h {Xt}t∈R+ èqei dexi� suneqe�
troqiè
 up�rqei mia akolouj�a {qn}n∈N sto Q+ ¸ste qn ↓ t kai Xt = limn→∞ Xqn, k�ti pouse sunduasmì me thn (3.12) sunep�getai ìti (Pθ)Xt = limn→∞(Pθ)Xqn
= limn→∞ Kqn(θ) =

Kt(θ) (bl. p.q. [3], Theorem 2.5.1 kai Proposition 9.1.1 gia thn pr¸th isìthta), kai �rade�xame to (iii). H sunepagwg  (iii) =⇒ (i) e�nai profan 
, opìte èqoume thn isodunam�atwn isqurism¸n (i), (ii) kai (iii). �Epeid  to endiafèron ma
 perior�zetai sthn plhrofor�a pou perièqoun h sv.d. tou arijmoÔtwn apait sewn kai h t.m. Θ, ki epeid  ìle
 oi t.m. Tn (�ra kai ìle
 oi Wn) e�nai A∞-metr sime
 (bl. [34], Lemma 2.1.3), mporoÔme na upojèsoume kai to k�noume ìti gia ta32



QARAKTHRISMOI TWN MEMEIGMENWN DIADIKASIWN POISSONdÔo epìmena apotelèsmata ìso ep�sh
 kai gia ta apotelèsmata apì to L mma 3.3.4 mèqrito tèlo
 tou kefala�ou Σ = Ã∞.Me thn epìmenh prìtash oi P -m.d. Poisson an�gontai mèsw mia
 disintegration sesun jei
 diadikas�e
 Poisson.Prìtash 3.2.10. H sv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ e�nai mia P -m.d. Poissonme par�metro Θ an kai mìno an up�rqei èna PΘ-mhdenikì sÔnolo L∗ ∈ B(Υ ) tètoio ¸stegia k�je θ /∈ L∗ h {Nt}t∈R+ na e�nai mia Pθ-diadikas�a Poisson me par�metro θ.Apìdeixh. 'Estw ìti h {Nt}t∈R+ e�nai mia P -m.d. Poisson me par�metro Θ   isodÔnama ìtièqei P -upì sunj kh anex�rthte
 kai st�sime
 prosaux sei
, kai h sunj kh
PNt|Θ = P(tΘ) P | σ(Θ) − sv.b.isqÔei gia k�je t ∈ (0,∞). All� sÔmfwna me to L mma 3.2.9, h teleuta�a sunj khisoduname� me thn Ôparxh enì
 PΘ-mhdenikoÔ sunìlou L̃∗ := L∗,Q+ ∈ B(Υ ) tètoiou ¸stegia k�je θ /∈ L̃∗ na isqÔei

Pθ ◦ N−1
t = P(tθ) gia k�je t ∈ (0,∞). (3.13)Tìte, sÔmfwna me to Pìrisma 3.2.8, to ìti h {Nt}t∈R+ èqei P -upì sunj kh anex�rthte
kai st�sime
 prosaux sei
 isoduname� me to ìti up�rqei èna PΘ-mhdenikì sÔnolo K∗ :=

K∗,Q+ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ K∗ h {Nt}t∈R+ na èqei Pθ-anex�rthte
 kaist�sime
 prosaux sei
. Jètonta
 L∗ := K∗ ∪ L̃∗ kai lamb�nonta
 upìyh thn (3.13),isodÔnama èqoume ìti h {Nt}t∈R+ e�nai mia Pθ-diadikas�a Poisson me par�metro θ gia k�je
θ /∈ L∗. �Prìtash 3.2.11. H sv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ e�nai mia P -m.d. Poissonme par�metro Θ an kai mìno an h akolouj�a {Wn}n∈N twn endi�meswn qrìnwn �fixh
twn apait sewn e�nai P -upì sunj kh anex�rthth kai gia k�je n ∈ N h isìthta PWn|Θ =

Exp(Θ) isqÔei P | σ(Θ) − sv.b..Apìdeixh. 'Estw {Nt}t∈R+ mia P -m.d. Poisson me par�metro Θ. SÔmfwna me thn Prìtash3.2.10, isodÔnama èqoume ìti up�rqei èna PΘ-mhdenikì sÔnolo L∗ ∈ B(Υ ) tètoio ¸ste giak�je θ /∈ L∗ h {Nt}t∈R+ na e�nai mia Pθ-diadikas�a Poisson me par�metro θ, to opo�o me thseir� tou isoduname� me to ìti gia k�je θ /∈ L∗ h {Wn}n∈N e�nai Pθ-anex�rthth, kai isqÔeih Pθ ◦W−1
n = Exp(θ) gia k�je n ∈ N (bl. p.q. [34], Theorem 2.3.4), k�ti pou sÔmfwna meta L mmata 3.2.2 kai 3.2.9 isoduname� me to ìti h {Wn}n∈N e�nai P -upì sunj kh anex�rththkai gia k�je n ∈ N h isìthta PWn|Θ = Exp(Θ) isqÔei P | σ(Θ) − sv.b.. �33



3.3 Peraitèrw qarakthrismo� mèsw disintegrations3.3 Peraitèrw qarakthrismo� mèsw disintegrationsO pr¸to
 apì tou
 qarakthrismoÔ
 pou d�nontai sthn paroÔsa enìthta anafèretai sth
martingale-idiìthta kentrarismènwn sv.d. kai apotele� èna akìmh qr simo ergale�o gia thnapìdeixh tou kÔriou apotelèsmato
 autoÔ tou kefala�ou (bl. Je¸rhma 3.3.5).Ja lème ìti mia sv.d. {Xi}i∈I e�nai èna martingale ep�nw ston q.p. (Ω, Σ, P ) prosar-mosmèno se mia diÔlish {Σi}i∈I ,   alli¸
 èna (P, {Σi}i∈I)-martingale an
(m1) k�je t.m. Xi e�nai Σi-metr simh,
(m2) Xi ∈ L1(P ) gia k�je i ∈ I,
(m3) gia k�je i ≤ j sto I, isqÔei EP [Xj | Σi] = Xi P | Σi − sv.b..L mma 3.3.1. 'Estw {Xt}t∈R+ sv.d. me dexi� suneqe�
 troqiè
 ki èstw FX := {Ft}t∈R+ hkanonik  th
 diÔlhsh. Jètoume ìpou F̃t := σ(Ft ∪ σ(Θ)) gia k�je t ∈ R+, ìpou F̃X :=

{F̃t}t∈R+ kai jewroÔme ti
 akìlouje
 sunj ke
:
(a) H sv.d. {Xt − EP [Xt | Θ]}t∈R+ e�nai èna (P, F̃X)-martingale.

(b) Up�rqei èna PΘ-mhdenikì sÔnolo H ′ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ H ′ h kentra-rismènh sv.d. {Xt − EPθ
[Xt]}t∈R+ na e�nai èna (Pθ, F̃X)-martingale.

(c) H sv.d. {Nt − tΘ}t∈R+ e�nai èna (P, Ã)-martingale.

(d) Up�rqei èna PΘ-mhdenikì sÔnolo H ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ H h sv.d.
{Nt − tθ}t∈R+ na e�nai èna (Pθ, Ã)-martingale.Tìte isqÔoun ta akìlouja:(i) An ìle
 oi t.m. Xt e�nai mh arnhtikè
, h {Xt}t∈R+ e�nai mh fj�nousa kai h FX e�naidexi� suneq 
 tìte (a) =⇒ (b).(ii) An ìle
 oi t.m. Xt e�nai P -oloklhr¸sime
 tìte (b) =⇒ (a).(iii) An EP [Θ] < ∞ tìte oi sunj ke
 (c) kai (d) e�nai isodÔname
.Apìdeixh. Arqik� qreiazìmaste ta epìmena dÔo b mata.

(a) An Xt ∈ L1
+(P ) gia k�je t ∈ R+ kai h {Xt}t∈R+ e�nai mh fj�nousa, tìte up�rqeièna PΘ-mhdenikì sÔnolo H ′

1 ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ H ′
1 na isqÔei h sunj kh

Xt ∈ L1
+(Pθ) gia k�je t ∈ R+.34



QARAKTHRISMOI TWN MEMEIGMENWN DIADIKASIWN POISSONPr�gmati, a
 upojèsoume ìti Xt ∈ L1
+(P ) gia k�je t ∈ R+, kai a
 stajeropoi soumeèna auja�reto B∈ B(Υ ). Tìte

∞ >

∫

Θ−1(B)

XtdP =

∫

Θ−1(B)

EP [Xt | Θ]dP =

∫

B

EPθ
[Xt]PΘ(dθ),ìpou h deÔterh isìthta antle� thn isqÔ th
 apì to L mma 2.3.2. Sunep¸
, gia k�je t ∈ R+èqoume ìti EPθ

[Xt] < ∞ gia PΘ-sv.ì. ta θ ∈ Υ , dhlad  gia k�je t ∈ R+ up�rqei èna
PΘ-mhdenikì sÔnolo H ′

1,t ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ H ′
1,t na isqÔei EPθ

[Xt] < ∞.Jètonta
 H ′
1 :=

⋃
t∈Q+

H ′
1,t exasfal�zoume èna PΘ-mhdenikì sÔnolo H ′

1 ∈ B(Υ ) tètoio¸ste gia k�je θ /∈ H ′
1 na isqÔei h sunj kh EPθ

[Xt] < ∞ gia k�je t ∈ Q+. All� apì thnmonoton�a th
 {Xt}t∈R+ prokÔptei gia k�je θ /∈ H ′
1 kai t ∈ R+ ìti EPθ

[Xt] < ∞, afoÔ giak�je t ∈ R+ up�rqei èna s ∈ Q+ me t ≤ s, opìte èqoume ìti Xt ≤ Xs kai EPθ
[Xs] < ∞.

(b) Gia opoiod pote mètro pijanìthta
 Q ep�nw sto Σ kai gia k�je t ∈ R+ h sunj kh
Xt − EQ[Xt | Θ] ∈ L1(Q) sunep�getai to ìti EQ[|Xt|], EQ[|EQ[Xt | Θ]|] < ∞.Pr�gmati, èstw Q mètro pijanìthta
 ep�nw sto Σ. Ep�sh
 stajeropoioÔme auja�reto
t ∈ R+. An Xt − EQ[Xt | Θ] ∈ L1(Q) tìte

EQ

[∣∣|EQ[Xt | Θ]| − |Xt|
∣∣] = EQ

[∣∣|Xt| − |EQ[Xt | Θ]|
∣∣] ≤ EQ[|Xt − EQ[Xt | Θ]|] < ∞,sunep¸


EQ[|Xt|] − EQ[|EQ[Xt | Θ]|] ≤ EQ

[∣∣|Xt| − |EQ[Xt | Θ]|
∣∣] < ∞kai

EQ[|EQ[Xt | Θ]|] − EQ[|Xt|] ≤ EQ

[∣∣|EQ[Xt | Θ]| − |Xt|
∣∣] < ∞,k�ti pou apodeiknÔei to (b).

(i): Profan¸
 oi sv.d. twn sunjhk¸n (a) kai (b) ikanopoioÔn thn idiìthta (m1).'Estw ìti isqÔei h sunj kh (a). StajeropoioÔme auja�reta s, t ∈ R+ me s ≤ t kaiauja�reto A ∈ F̃s. Or�zoume th sun�rthsh gt : Ω −→ R me tÔpo gt(ω) := ft ◦ (idΩ ×Θ)(ω)gia k�je ω ∈ Ω, ìpou h ft : Ω × Υ −→ R e�nai mia sun�rthsh pou d�netai apì ton tÔpo
ft(ω, θ) := χA(ω)[Xt(ω)−EPθ

[Xt]] gia k�je (ω, θ) ∈ Ω×Υ . Ep�sh
 M := P ◦(idΩ ×Θ)−1.
(c) H sun�rthsh ft e�nai M-oloklhr¸simh.Pr�gmati, epeid  ex′ upojèsew
 h t.m. Xt − EP [Xt | Θ] ∈ L1(P ), èqoume

∫
|ft|dM =

∫
|gt|dP =

∫
χA

(
|Xt − EP•

[Xt] ◦ Θ|
)
dP =

∫
χA|Xt − EP [Xt | Θ]|dP

≤ EP [|Xt − EP [Xt | Θ]|] < ∞,ìpou h tr�th isìthta prokÔptei apì to L mma 2.3.2. 35



3.3 Peraitèrw qarakthrismo� mèsw disintegrations

(d) Up�rqei èna PΘ-mhdenikì sÔnolo H ′
1 ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ H ′

1 h kentra-rismènh sv.d. {Xt − EPθ
[Xt]}t∈R+ na ikanopoie� thn idiìthta (m2).Pr�gmati, epeid  ex′ upojèsew
 h t.m. Xt − EP [Xt | Θ] ∈ L1(P ), apì to (b) èqoumeìti Xt ∈ L1(P ), kai �ra apì to (a) exasfal�zoume ìti up�rqei èna PΘ-mhdenikì sÔnolo

H ′
1 ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ H ′

1 na isqÔei h sunj kh EPθ
[|Xt|] < ∞. 'Omw
,epeid  gia k�je θ ∈ Υ èqoume

∫
|Xt − EPθ

[Xt]|dPθ ≤
∫

|Xt|dPθ +

∫
|EPθ

[Xt]|dPθ ≤
∫

|Xt|dPθ +

∫
EPθ

[|Xt|]dPθ

= EPθ
[|Xt|] + EPθ

[EPθ
[|Xt|]] = 2EPθ

[|Xt|],�mesa èpetai to (d).

(e) Up�rqei èna PΘ-mhdenikì sÔnolo H ′
2 ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ H ′

2 h kentra-rismènh sv.d. {Xt − EPθ
[Xt]}t∈R+ na ikanopoie� thn (m3).Pr�gmati, a
 stajeropoi soume auja�reto B ∈ B kai a
 or�soume ti
 sunart sei
 f̃tkai g̃t w
 ex 
: f̃t(ω, θ) := χB(θ)ft(ω, θ) gia k�je (ω, θ) ∈ Ω × Υ kai g̃t := f̃t ◦ (idΩ × Θ).SÔmfwna me to (c) èqoume ìti f̃t ∈ L1(M). Epomènw
, efarmìzonta
 thn Prìtash 2.3.5,

(ii), prokÔptei h isìthta
∫ ∫

f̃ θ
t (ω)Pθ(dω)PΘ(dθ) =

∫
g̃t(ω)P (dω)  isodÔnama ∫

B

∫
f θ

t (ω)Pθ(dω)PΘ(dθ) =

∫

Θ−1(B)

gt(ω)P (dω). (3.14)Ep� plèon, èqoume ìti h sv.d.
{Xt − EP [Xt | Θ]}t∈I ikanopoie� thn idiìthta (m3)

⇐⇒
∫

A

(Xt − EP [Xt | Θ])dP =

∫

A

(Xs − EP [Xs | Θ])dP

⇐⇒
∫

A∩Θ−1(B)

(Xt − EP [Xt | Θ])dP =

∫

A∩Θ−1(B)

(Xs − EP [Xs | Θ])dP

⇐⇒
∫

Θ−1(B)

χA(Xt − EP•
[Xt] ◦ Θ)dP =

∫

Θ−1(B)

χA(Xs − EP•
[Xs] ◦ Θ)dP

⇐⇒
∫

Θ−1(B)

gt(ω)P (dω) =

∫

Θ−1(B)

gs(ω)P (dω)

(3.14)⇐⇒
∫

B

∫
f θ

t (ω)Pθ(dω)PΘ(dθ) =

∫

B

∫
f θ

s (ω)Pθ(dω)PΘ(dθ)

⇐⇒
∫

B

∫

A

(Xt − EPθ
[Xt])dPθPΘ(dθ) =

∫

B

∫

A

(Xs − EPθ
[Xs])dPθPΘ(dθ)

⇐⇒
∫

A

(Xt − EPθ
[Xt])dPθ =

∫

A

(Xs − EPθ
[Xs])dPθ gia PΘ − sv.ì. ta θ ∈ R,36
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 oi isodunam�e
 isqÔoun gia k�je A ∈ F̃s kai B ∈ B, kaj¸
 èqoume jewr seikai ta dÔo sÔnola w
 auja�reta, en¸ h isqÔ
 th
 tr�th
 isodunam�a
 èpetai apì to L mma2.3.2.'Omw
, h teleuta�a sunj kh isoduname� me to ìti gia ìla ta s, t ∈ R+ me s ≤ t, giak�je A ∈ F̃s kai gia PΘ-sv.ì. ta θ ∈ Υ isqÔei h isìthta
∫

A

(Xt − Xs)dPθ =

∫

A

(EPθ
[Xt] − EPθ

[Xs])dPθ, (3.15)kai �ra gia ìla ta s, t ∈ R+ me s ≤ t kai gia k�je A ∈ GF̃s
, ìpou GF̃s

h arijm simh �lgebrapou par�gei thn F̃s, up�rqei èna PΘ-mhdenikì sÔnolo H ′
2,A,s,t ∈ B(Υ ) tètoio ¸ste gia k�je

θ /∈ H ′
2,A,s,t na isqÔei h sunj kh (3.15).Jètonta
 H ′

2 :=
⋃

A∈G
F̃s

⋃
s,t∈Q+, s≤t H

′
2,A,s,t prokÔptei ìti PΘ(H ′

2) = 0, en¸ mèsw enì
epiqeir mato
 monìtonh
 kl�sh
, prokÔptei akìmh ìti gia k�je θ /∈ H ′
2 exasfal�zetai hisqÔ
 th
 sunj kh
 (3.15) gia k�je A ∈ F̃s kai gia ìla ta s, t ∈ Q+ me s < t.StajeropoioÔme, t¸ra, auja�reto θ /∈ H ′

1 ∪ H ′
2. Tìte gia ìla ta s ∈ Q+, t ∈ R+ me

s ≤ t up�rqei mia akolouj�a {tn}n∈N sto Q+ ¸ste tn ↓ t kai Xt = limn→∞ Xtn , kai �ragia k�je A ∈ F̃s isqÔei
∫

A

(Xt − Xs)dPθ = lim
n→∞

∫

A

(Xtn − Xs)dPθ = lim
n→∞

∫

A

(EPθ
[Xtn ] − EPθ

[Xs])dPθ

=

∫

A

(EPθ
[Xt] − EPθ

[Xs])dPθ,ìpou h pr¸th kai h teleuta�a isìthta prokÔptoun apì to Je¸rhma Monìtonh
 SÔgkli-sh
 (bl. p.q. [1℄, Je¸rhma 6.8), afoÔ to ìti Xt0 ∈ L1(P ) sunep�getai Xt0 ∈ L1(Pθ)lìgw tou (a). Efarmìzonta
 parìmoia epiqeir mata prokÔptei ìti gia k�je s, t ∈ R+me s ≤ t up�rqei mia akolouj�a {sn}n∈N stoiqe�wn tou Q+ tètoia ¸ste sn ↓ s kai
∫

A
(Xt − Xs)dPθ = limn→∞

∫
A
(Xt − Xsn)dPθ = limn→∞

∫
A
(EPθ

[Xt] − EPθ
[Xsn ])dPθ =

∫
A
(EPθ

[Xt] − EPθ
[Xs])dPθ.'Ara de�xame ìti gia k�je θ /∈ H ′

1 ∪ H ′
2 isqÔei h (3.15) gia ìla ta s, t ∈ R+ me s ≤ tkai gia k�je A ∈ F̃s, k�ti pou apodeiknÔei to (e). Epomènw
, jètonta
 H ′ := H ′

1 ∪ H ′
2prokÔptei ìti h sv.d. {Xt − EPθ

[Xt]}t∈R+ ikanopoie� ti
 idiìthte
 (m1) èw
 (m3) gia k�je
θ /∈ H ′, opìte èqoume th sunj kh (b), k�ti pou oloklhr¸nei thn apìdeixh tou (i).
(ii): Apì thn upìjesh th
 P -oloklhrwsimìthta
 ìlwn twn t.m. Xt sunep�getai ìti hsv.d. {Xt − EP [Xt | Θ]}t∈R+ ikanopoie� thn idiìthta (m2). Ep� plèon, an jewr soume ti
isodunam�e
 pou èpontai th
 (3.14) apì to tèlo
 pro
 thn arq , tìte prokÔptei ìti anup�rqei èna PΘ-mhdenikì sÔnolo H ′ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ H ′ h oikogèneia
{Xt−EPθ

[Xt]}t∈R+ na plhro� thn idiìthta (m3), tìte to �dio ja isqÔei kai gia thn oikogèneia
{Xt − EP [Xt | Θ]}t∈R+ . 'Ara de�xame th sunepagwg  (b) =⇒ (a). 37
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(iii): 'Estw EP [Θ] < ∞. A
 upojèsoume ìti up�rqei èna PΘ-mhdenikì sÔnolo H ∈ B(Υ )tètoio ¸ste gia k�je θ /∈ H h sv.d. {Nt − tθ}t∈R+ na e�nai èna (Pθ, Ã)-martingale, kai �ratètoio ¸ste gia k�je θ /∈ H na isqÔei h isìthta EPθ
[Nt] = tθ gia k�je t ∈ R+, k�ti pousunep�getai ìti h {Nt − EPθ

[Nt]}t∈R+ e�nai èna (Pθ, Ã)-martingale, kaj¸
 ep�sh
 kai ìti
EP [Nt | Θ] = tΘ P | σ(Θ)-sv.b. gia k�je t ∈ R+, ìpou h teleuta�a sunj kh antle� thn isqÔth
 apì to L mma 2.3.2. Epomènw
, EP [Nt] = tEP [Θ] < ∞ gia k�je t ∈ R+ (bl. p.q. [34],

Lemma 4.2.5), opìte b�sei tou isqurismoÔ (ii) prokÔptei ìti h sv.d. {Nt −EP [Nt | Θ]}t∈R+kai �ra h {Nt − tΘ}t∈R+ e�nai èna (P, Ã)-martingale.Antistrìfw
, upojètonta
 ìti h sv.d. {Nt−tΘ}t∈R+ e�nai èna (P, Ã)-martingale, sumpe-ra�noume ìti gia k�je t ∈ R+ isqÔei EP [Nt | Θ] = tΘ P | σ(Θ)-sv.b., k�ti pou sunep�getaiìti to �dio ja isqÔei kai gia thn {Nt − EP [Nt | Θ]}t∈R+, kaj¸
 ep�sh
 kai to ìti gia k�je
t ∈ R+ up�rqei èna P -mhdenikì sÔnolo K̂t = Θ−1(L̂t) me L̂t ∈ B(Υ ) kai PΘ(L̂t) = 0tètoio ¸ste gia k�je ω /∈ K̂t na isqÔei h EP [Nt | Θ](ω) = tΘ(ω), k�ti pou se sundua-smì me to L mma 2.3.2 sunep�getai ìti gia k�je t ∈ R+ up�rqei èna P -mhdenikì sÔnolo
K̂ ′

t = Θ−1(L̂′
t) me L̂′

t ∈ B(Υ ) kai PΘ(L̂′
t) = 0 tètoio ¸ste gia k�je ω /∈ K̂ ′′

t := K̂t ∪ K̂ ′
t naisqÔei h isìthta

(EP•
[Nt]) ◦ Θ(ω) = EP [Nt | Θ](ω) = tΘ(ω). (3.16)Epomènw
, br kame èna P -mhdenikì sÔnolo K̂ ′′ = Θ−1(H ′′) me H ′′ =

⋃
t∈Q+

(L̂t ∪ L̂′
t) ∈

B(Υ ) kai PΘ(H ′′) = 0 tètoio ¸ste h sunj kh (3.16) na ikanopoie�tai gia k�je ω /∈ K̂ ′′ kai
t ∈ Q+. 'Ara de�xame ìti EPθ

[Nt] = tθ gia k�je θ /∈ H ′′ kai t ∈ Q+.Sunep¸
, gia opoiad pote stajer� ω /∈ K̂ ′′ kai t ∈ R+, lìgw th
 dexi�
 sunèqeia
 twntroqi¸n th
 {Nt}t∈R+ èqoume ìti up�rqei mia akolouj�a {qn}n∈N sto Q+ tètoia ¸ste qn ↓ tkai Nt = limn→∞ Nqn , k�ti pou se sunduasmì me thn (3.16) kai to Je¸rhma Monìtonh
SÔgklish
 gia sun jei
 (bl. p.q. [1℄, Je¸rhma 6.8) kai desmeumène
 (bl. p.q. [7℄, Chapter

7, Section 7.1, Theorem 2) mèse
 timè
 sunep�getai ìti
EP [Nt | Θ](ω) = lim

n→∞
EP [Nqn | Θ](ω) = lim

n→∞

(
EP•

[Nqn] ◦ Θ(ω)
)

= (EP•
[Nt]) ◦ Θ(ω).Sunep¸
, EPθ

[Nt] = tθ gia k�je θ /∈ H ′′ kai t ∈ R+.Ep�sh
 apì ton isqurismì (i) èpetai h Ôparxh enì
 PΘ-mhdenikoÔ sunìlou H ′
∗ ∈ B(Υ )tètoiou ¸ste gia k�je θ /∈ H ′

∗ h sv.d. {Nt − EPθ
[Nt]}t∈R+ na e�nai èna (Pθ, Ã)-martingale,ki epomènw
 h {Nt − tθ}t∈R+ ja e�nai èna (Pθ, Ã)-martingale gia k�je θ /∈ H := H ′

∗ ∪ H ′′,k�ti pou oloklhr¸nei thn apìdeixh. �L mma 3.3.2. 'Estw I èna merik¸
 diatetagmèno sÔnolo deikt¸n ki èstw sv.d. {Xt}t∈I .Jètoume FX,I := {Ft}t∈I gia thn kanonik  diÔlish th
 {Xt}t∈I , en¸ gia stajerì s ∈ I38



QARAKTHRISMOI TWN MEMEIGMENWN DIADIKASIWN POISSONjètoume Fs := σ({Xt}t≤s) kai F̃s := σ(Fs∪σ(Θ)). An h t.m. Xt−Xs me t > s e�nai P -upìsunj kh anex�rthth th
 Fs, tìte e�nai kai P -upì sunj kh anex�rthth th
 F̃s.Apìdeixh. A
 stajeropoi soume èna s ∈ I kai a
 jewr soume ènan de�kth t ∈ I tètoion¸ste s < t. Arke� na de�xoume ìti oi σ-�lgebre
 σ(Xt − Xs) kai F̃s e�nai upì sunj khanex�rthte
, dhlad  arke� na de�xoume ìti gia k�je A ∈ F̃s kai B ∈ σ(Xt − Xs) isqÔei h
EP [χA∩B | Θ] = EP [χA | Θ]EP [χB | Θ] P | σ(Θ) − sv.b.. (3.17)StajeropoioÔme ep�sh
 èna auja�reto B ∈ σ(Xt − Xs), kai sumbol�zoume me Ds thn oiko-gèneia ìlwn twn A ∈ F̃s pou ikanopoioÔn thn (3.17). Epeid  Ds ⊆ F̃s, arke� na de�xoumeìti F̃s ⊆ Ds.'Omw
, ex′ upojèsew
, èqoume ìti h (3.17) isqÔei gia k�je A ∈ Fs, en¸ h isqÔ
 th
(3.17) gia k�je A ∈ σ(Θ) e�nai profan 
, kai �ra Fs ∪ σ(Θ) ⊆ Ds. Akìmh, mpore� eÔkolana apodeiqje� efarmìzonta
 to Je¸rhma Monìtonh
 SÔgklish
 gia desmeumène
 mèse
timè
 (bl. p.q. [7℄, Chapter 7, Section 7.1, Theorem 2) ìti h Ds e�nai mia kl�sh Dynkin.'Epeita, stajeropoioÔme èna auja�reto n ∈ N kai jètoume

Gn :=

{ n⋂

k=1

Ck : Ck ∈ Fs ∪ σ(Θ)

}
.Tìte gia k�je G ∈ Gn up�rqei mia peperasmènh akolouj�a {Ck}k∈{1,...,n} sthn Fs ∪ σ(Θ)tètoia ¸ste G =

⋂n
k=1 Ck. Ep�sh
 eÔkola mpore� na apodeiqje� ìti ta sÔnola deikt¸n

IΘ := {k ∈ {1, . . . , n} : Ck ∈ σ(Θ)} kai IF := {k ∈ {1, . . . , n} : Ck ∈ Fs \ σ(Θ)} e�nai miadiamèrish tou {1, . . . , n}, kai na èqoume P | σ(Θ) − sv.b. ìti
EP [χB∩G | Θ] = EP [χB∩(

⋂
k∈IΘ

Ck)∩(
⋂

k∈IF
Ck) | Θ]= χ⋂

k∈IΘ
Ck

EP

[
χBχ⋂

k∈IF
Ck

| Θ
]

= χ⋂
k∈IΘ

Ck
EP [χB | Θ]EP

[
χ⋂

k∈IF
Ck

| Θ
]

= EP

[
χ⋂

k∈IΘ
Ck

χ⋂
k∈IF

Ck
| Θ

]
EP [χB | Θ] = EP [χG | Θ]EP [χB | Θ].Epomènw
, de�xame ìti h (3.17) ikanopoie�tai gia k�je G ∈ Gn, kai �ra Gn ⊆ Ds. Epomènw
,apì to Je¸rhma Monìtonh
 Kl�sh
 (bl. Je¸rhma A.9) èpetai ìti σ(Fs∪σ(Θ)∪Gn) ⊆ Ds,kai �ra F̃s ⊆ Ds. �To epìmeno apotèlesma sundèei ti
 oloklhr¸sime
 sv.d. pou èqoun upì sunj kh ane-x�rthte
 prosaux sei
 me th martingale-idiìthta.Prìtash 3.3.3. 'Estw {Xt}t∈R+ , FX , F̃X , Fs kai F̃s ìpw
 sto L mma 3.3.1 gia stajerì

s ∈ R+. Upojètoume ìti h {Xt}t∈R+ e�nai mia mh fj�nousa sv.d. sto L1
+(P ) pou èqei P -upì sunj kh anex�rthte
 prosaux sei
 kai ìti h FX e�nai dexi� suneq 
. Tìte up�rqeièna PΘ-mhdenikì sÔnolo H̃∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ H̃∗ h kentrarismènh sv.d.

{Xt − EPθ
[Xt]}t∈R+ na e�nai èna (Pθ, F̃)-martingale. 39



3.3 Peraitèrw qarakthrismo� mèsw disintegrationsApìdeixh. Profan¸
 gia ìla ta θ ∈ Υ h sv.d. {Xt −EPθ
[Xt]}t∈R+ ikanopoie� thn idiìthta

(m1), en¸ apì to b ma (d) th
 apìdeixh
 tou L mmato
 3.3.1 exasfal�zoume thn Ôparxhenì
 PΘ-mhdenikoÔ sunìlou H ′
1 ∈ B(Υ ) tètoiou ¸ste gia k�je θ /∈ H ′

1 na isqÔei h idiìthta
(m2) gia thn {Xt − EPθ

[Xt]}t∈R+ .A
 stajeropoi soume ènan de�kth s ∈ R+ kai a
 jewr soume èna auja�reto t ∈ R+ me
s < t.
(a) Apì ton orismì th
 upì sunj kh
 anexarths�a
 kai to L mma 2.3.2, prokÔptei ìti hprosaÔxhsh Xt − Xs e�nai P -upì sunj kh anex�rthth th
 σ-�lgebra
 F̃s an kai mìno anup�rqei èna PΘ-mhdenikì sÔnolo H̃ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ H̃ h Xt − Xs nae�nai Pθ-anex�rthth th
 F̃s.Pr�gmati, a
 upojèsoume ìti h t.m. Xt −Xs e�nai P -upì sunj kh anex�rthth th
 F̃s  isodÔnama ìti gia k�je A ∈ F̃s, B ∈ σ(Xt − Xs) kai gia k�je D ∈ B(Υ ) isqÔei h isìthta

∫

Θ−1(D)

P (A ∩ (Xt − Xs)
−1(B) | Θ)dP =

∫

Θ−1(D)

P (A | Θ)P ((Xt − Xs)
−1(B) | Θ)dP,(3.18)k�ti pou b�sei tou L mmato
 2.3.2, sunep�getai thn Ôparxh enì
 PΘ-mhdenikoÔ sunìlou

H̃A,B,s,t ∈ B(Υ ) tètoiou ¸ste gia k�je θ /∈ H̃A,B,s,t na isqÔei h
Pθ(A ∩ (Xt − Xs)

−1(B)) = Pθ(A)Pθ((Xt − Xs)
−1(B)). (3.19)Epeid , ìmw
, h B e�nai arijm sima paragìmenh kai k�je F̃s èqei mia arijm simh �lgebra

GF̃s
pou thn par�gei, mporoÔme na efarmìsoume diadoqik� dÔo epiqeir mata monìtonh
kl�sh
 gia na exasfal�soume gia ìla ta s, t ∈ R+ me s < t èna PΘ-mhdenikì sÔnolo

H̃s,t ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ H̃s,t na ikanopoie�tai h sunj kh (3.19) gia k�je
A ∈ F̃s kai B∈ B(Υ ). To teleuta�o, ìmw
, isoduname� me to ìti h prosaÔxhsh Xt−Xs e�nai
Pθ-anex�rthth th
 σ-�lgebra
 F̃s gia k�je θ /∈ H̃s,t, k�ti pou omo�w
 me thn Parat rhsh3.2.3, (b) apodeiknÔetai ìti isoduname� me to ìti gia ìla ta s, t ∈ R+ me s < t, kai gia k�je
θ /∈ H̃s,t isqÔei h

EPθ
[χAf(Xt − Xs)] = Pθ(A)EPθ

[f(Xt − Xs)] (3.20)gia k�je A ∈ F̃s kai gia k�je fragmènh, Borel, pragmatik  sun�rthsh f pragmatik 
metablht 
.Jètonta
, t¸ra, H̃ :=
⋃

s′,t′∈Q+, s′<t′ H̃s′,t′ prokÔptei ìti up�rqei èna PΘ-mhdenikì sÔ-nolo H̃ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ H̃ na ikanopoie�tai h sunj kh (3.20) gia ìla ta
s′, t′ ∈ Q+ me s′ < t′ kai gia k�je A ∈ F̃s′.A
 stajeropoi soume èna auja�reto θ /∈ H̃ . Epeid , ìmw
, h dexi� sunèqeia th
 FXsunep�getai aut  th
 F̃X , èqoume ìti F̃s =

⋂
s′∈Q+, s′>s F̃s′ gia k�je s ∈ R+. Epomènw
,40



QARAKTHRISMOI TWN MEMEIGMENWN DIADIKASIWN POISSONlamb�nonta
 upìyh thn teleuta�a sunj kh se sunduasmì me th dexi� sunèqeia twn troqi¸nth
 {Xt}t∈R+ kai akolouj¸nta
 th sullogistik  twn bhm�twn (d) èw
 (f) sthn apìdeixhth
 Prìtash
 3.2.4, prokÔptei ìti h (3.20) isqÔei gia ìla ta s, t ∈ R+ me s < t, gia k�je
A ∈ F̃s kai gia k�je fragmènh, Borel, pragmatik  sun�rthsh f pragmatik 
 metablht 
,pou isoduname� me ìti h Xt − Xs e�nai Pθ-anex�rthth th
 F̃s. 'Ara de�xame to (a).

(b) Gia k�je θ /∈ H̃ kai gia k�je A ∈ F̃s oi t.m. χA kai Xt − Xs e�nai Pθ-anex�rthte
.Pr�gmati, epeid  ex′ upojèsew
 h sv.d. {Xt}t∈R+ èqei P -upì sunj kh anex�rthte
prosaux sei
, h t.m. Xt −Xs e�nai P -upì sunj kh anex�rthth th
 Fs, k�ti pou maz� me toL mma 3.3.2 sunep�getai ìti h Xt − Xs e�nai P -upì sunj kh anex�rthth th
 F̃s. 'Omw
,sÔmfwna me to (a), o teleuta�o
 isqurismì
 e�nai isodÔnamo
 me to ìti h t.m. Xt −Xs e�nai
Pθ-anex�rthth th
 F̃s gia k�je θ /∈ H̃. Epomènw
, de�xame to (b).

(c) H sv.d. {Xt − EPθ
[Xt]}t∈R+ ikanopoie� thn idiìthta (m3) gia k�je θ /∈ H̃∗ := H ′

1 ∪ H̃ .Pr�gmati, a
 stajeropoi soume èna sÔnolo A ∈ F̃s. Jètonta
 Jt := JA(t, θ) :=
∫

A
(Xt − EPθ

[Xt])dPθ gia k�je θ ∈ Υ , prokÔptei ìti gia k�je θ /∈ H̃∗ èqoume
Jt = EPθ

[χAXs] − Pθ(A)EPθ
[Xs] + EPθ

[χA(Xt − Xs)] − Pθ(A)EPθ
[Xt − Xs]

(b)
=

∫

A

(Xs − EPθ
[Xs])dPθ + EPθ

[χA]EPθ
[Xt − Xs] − Pθ(A)EPθ

[Xt − Xs] = Js,k�ti pou oloklhr¸nei thn apìdeixh tìso tou (c) ìso kai th
 prìtash
. �Gia na d¸soume to kÔrio apotèlesma aut 
 th
 enìthta
, qreiazìmaste akìma thnparak�tw ènnoia, thn opo�a kai daneizìmaste apì to [34], Section 1.1, page 8.Gia opoiod pote n ∈ N, to gr�fhma th
 Tn or�zetai w
 h apeikìnish Un : Ω −→ Ω ×Rpou d�netai mèsw tou tÔpou
Un(ω) := (ω, Tn(ω)) gia k�je ω ∈ Ω.Profan¸
, h Un e�nai Σ-Σ ⊗ B-metr simh. A
 or�soume akìmh th sunolosun�rthsh µ :

Σ ⊗ B −→ [0,∞] mèsw tou tÔpou
µ(E) :=

∞∑

n=1

PUn(E) gia k�je E ∈ Σ ⊗ B.Tìte h µ e�nai mètro kai kale�tai to P -mètro apa�thsh
 (  apl� to mètro apa�thsh
 anden prokale�tai sÔgqush) pou ep�getai apì thn (sv.d. �fixh
 twn apait sewn) {Tn}n∈N0 .L mma 3.3.4. An, gia k�je dosmèno θ ∈ Υ , ta mètra µ kai µθ e�nai to P -mètro apa�thsh
kai to Pθ-mètro apa�thsh
, ant�stoiqa, pou ep�getai apì thn {Tn}n∈N0 , tìte isqÔei
µ(F ) =

∫
µθ(F )PΘ(dθ) gia k�je F ∈ Σ⊗B 41



3.3 Peraitèrw qarakthrismo� mèsw disintegrationsApìdeixh. Epeid  to µθ e�nai to Pθ-mètro apa�thsh
 pou ep�getai apì thn {Tn}n∈N0, h
B(Υ )-metrhsimìthta th
 sun�rthsh
 P•(E) gia opoiod pote stajerì E ∈ Σ sunep�getaiaut n th
 µ•(F ) gia opoiod pote stajerì F ∈ Σ ⊗ B.Epomènw
, mporoÔme na or�soume èna mètro µ̃ : Σ ⊗ B −→ [0,∞] mèsw th
 sqèsh


µ̃(F ) :=

∫
µθ(F )PΘ(dθ) gia k�je F ∈ Σ ⊗ B.An stajeropoi soume, t¸ra, èna auja�reto sÔnolo F ∈ Σ ⊗ B, èqoume ìti

µ̃(F ) =

∫
µθ(F )PΘ(dθ) =

∞∑

n=1

∫
Pθ(U

−1
n (F ))PΘ(dθ) =

∞∑

n=1

∫
P•(U

−1
n (F )) ◦ ΘdP

=

∞∑

n=1

∫
EP [χU−1

n (F ) | Θ]dP =

∞∑

n=1

EP [χU−1
n (F )] =

∞∑

n=1

PUn(F ) = µ(F ),ìpou h tètarth isìthta prokÔptei lìgw tou L mmato
 2.3.2. �Se sqèsh me to mètro apa�thsh
, qreiazìmaste akìma na jewr soume thn parak�twkl�sh:
Ẽ := {A × (s, t] : s, t ∈ R+ me s ≤ t, A ∈ Ãs} ⊆ Σ ⊗ B.Ta apotelèsmata th
 paroÔsa
 enìthta
 sunoy�zontai sto parak�tw je¸rhma.Je¸rhma 3.3.5. 'Estw ìti EP [Θ] < ∞. Tìte ta akìlouja e�nai isodÔnama:(i) H akolouj�a {Wn}n∈N endi�meswn qrìnwn �fixh
 twn apait sewn e�nai P -upì sun-j kh anex�rthth kai gia k�je n ∈ N isqÔei PWn|Θ = Exp(Θ) P | σ(Θ) − sv.b..(ii) H sv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ e�nai mia P -m.d. Poisson me par�metro

Θ.(iii) Up�rqei èna PΘ-mhdenikì sÔnolo L∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ L∗ h sv.d. touarijmoÔ twn apait sewn {Nt}t∈R+ na e�nai mia Pθ-diadikas�a Poisson me par�metro
θ.(iv) H sv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ èqei P -upì sunj kh anex�rthte
 pro-saux sei
, kai gia k�je t ∈ R+ isqÔei EP [Nt | Θ] = tΘ P | σ(Θ) − sv.b..(v) Up�rqei èna PΘ-mhdenikì sÔnolo L∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ L∗ h sv.d.
{Nt − tθ}t∈R+ na e�nai èna (Pθ, Ã)-martingale.(vi) H sv.d. {Nt − tΘ}t∈R+ e�nai èna (P, Ã)-martingale.42



QARAKTHRISMOI TWN MEMEIGMENWN DIADIKASIWN POISSON(vii) Up�rqei èna PΘ-mhdenikì sÔnolo L∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ L∗ to Pθ-mètro apa�thsh
 µθ pou ep�getai apì thn sv.d. �fixh
 twn apait sewn {Tn}n∈N0 naikanopoie� th sunj kh µθ | σ(Ẽ) = (θPθ ⊗ λ) | σ(Ẽ).(viii) To P -mètro apa�thsh
 µ pou ep�getai apì thn sv.d. �fixh
 twn apait sewn {Tn}n∈N0ikanopoie� th sunj kh µ(E) =
∫

EP [χEyΘ]λ(dy) gia k�je E ∈ σ(Ẽ).Apìdeixh. Oi isodunam�e
 (i) ⇐⇒ (ii) kai (ii) ⇐⇒ (iii) e�nai �mese
 sunèpeie
 twnProt�sewn 3.2.11 kai 3.2.10, ant�stoiqa.
(iii) ⇐⇒ (iv): Apì to [34], Theorem 2.3.4 prokÔptei ìti to (iii) isoduname� me thn Ôparxhenì
 PΘ-mhdenikoÔ sunìlou L∗ ∈ B(Υ ) tètoiou ¸ste gia k�je θ /∈ L∗ h sv.d. {Nt}t∈R+na èqei Pθ-anex�rthte
 prosaux sei
 kai na ikanopoie� thn EPθ

[Nt] = tθ gia k�je t ∈ R+.Apì to (iii) ep�sh
 isodÔnama èqoume thn isqÔ tou (ii), k�ti pou maz� me thn upìjesh
Θ ∈ L1(P ) sunep�getai to ìti EP [Nt] = tEP [Θ] < ∞ gia k�je t ∈ R+. Epomènw
, giak�je t ∈ R+ mporoÔme na efarmìsoume to L mma 2.3.2 gia na exasfal�soume ìti h sunj kh

EPθ
[Nt] = tθ gia k�je θ /∈ L∗ kai t ∈ R+ ,isoduname� me to ìti EP [Nt | Θ] = tΘ P | σ(Θ)-sv.b. gia k�je t ∈ R+. Ep� plèon,sÔmfwna me thn Prìtash 3.2.5, h sv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ èqei Pθ-anex�rthte
 prosaux sei
 gia k�je θ /∈ L∗ an kai mìno an èqei P -upì sunj kh anex�rthte
prosaux sei
. Epomènw
, de�xame thn isodunam�a (iii) ⇐⇒ (iv).

(iv) ⇐⇒ (v): 'Estw ìti isqÔei to (iv), to opo�o e�nai isodÔnamo me to (iii). 'Omw
, ìpw
de�xame sthn apìdeixh th
 prohgoÔmenh
 isodunam�a
, apì ton isqurismì (iii) èpetai ìti h
{Nt}t∈R+ èqei peperasmène
 mèse
 timè
. Ep�sh
 epeid  h A e�nai dexi� suneq 
 (bl. p.q.
[31], Theorem 25), ja e�nai kai h Ã, kai �ra mporoÔme na efarmìsoume thn Prìtash 3.3.3gia na exasfal�soume thn isqÔ tou (v).Gia thn ant�strofh sunepagwg , parathroÔme ìti h sqèsh egkleismoÔ At ⊆ Ãt giak�je t ∈ R+ sunep�getai to ìti h sv.d. {Nt− tθ}t∈R+ e�nai èna (Pθ,A)-martingale gia k�je
θ /∈ L∗, k�ti pou maz� me to [34], Theorem 2.3.4, sunep�getai thn isqÔ th
 sunj kh
 (iii),h opo�a e�nai isodÔnamh me thn (iv).H isodunam�a (v) ⇐⇒ (vi) e�nai �mesh sunèpeia tou isqurismoÔ (iii) tou L mmato
3.3.1, en¸ h sunepagwg  (v) =⇒ (vii) mpore� na apodeiqje� omo�w
 me thn (d) =⇒ (e) tou
[34], Theorem 2.3.4.

(vii) =⇒ (viii): 'Estw ìti isqÔei to (vii). Gia opoiod pote stajerì sÔnolo E ∈ σ(Ẽ),efarmìzonta
 to L mma 3.3.4 kai to Je¸rhma Fubini (bl. p.q. [1℄, Je¸rhma 9.12) prokÔ-43



3.3 Peraitèrw qarakthrismo� mèsw disintegrationsptei ìti
µ(E) =

∫
µθ(E)PΘ(dθ) =

∫
(θPθ ⊗ λ)(E)PΘ(dθ)

=

∫ [∫
θPθ(E

y)λ(dy)
]
PΘ(dθ) =

∫ [∫
θPθ(E

y)PΘ(dθ)
]
λ(dy)

=

∫ [∫
Θ(P•(E

y)) ◦ ΘdP
]
λ(dy) =

∫ [∫
ΘEP [χEy | Θ]dP

]
λ(dy)

=

∫
EP [ΘχEy ]λ(dy),ìpou h isqÔ
 th
 èkth
 isìthta
 èpetai apì to L mma 2.3.2.

(viii) =⇒ (vi): A
 stajeropoi soume èna sÔnolo A × (s, t] ∈ Ẽ . Tìte apì to (viii)èqoume ìti
µ(A × (s, t]) =

∫

(s,t]

EP [χAΘ]λ(dy) = (t − s)EP [χAΘ],k�ti pou maz� me to Lemma 2.1.6 apì to [34℄ sunep�getai thn isqÔ th
 sunj kh

∫

A

(Nt − Ns)dP = (t − s)EP [χAΘ] =

∫

A

(t − s)ΘdP  isodÔnama th
 ∫

A

(Nt − tΘ)dP =

∫

A

(Ns − sΘ)dP. (3.21)Epomènw
, h {Nt − tΘ}t∈R+ ikanopoie� thn idiìthta (m3).Efarmìzonta
, t¸ra, th sunj kh (3.21) gia s = 0, prokÔptei ìti A ∈ σ(Θ) kai ìti
∫

A
NtdP =

∫
A

tΘdP   isodÔnama ∫
A

EP [Nt | Θ]dP =
∫

A
tΘdP . Ki epeid  to A epilèqthkeauja�reta, oi dÔo teleuta�oi isqurismo� sunep�gontai to ìti gia k�je t ∈ R+ h isìthta

EP [Nt | Θ] = tΘ isqÔei P | σ(Θ) − sv.b., kai �ra h EP [Nt | Θ] ∈ L1(P ) afoÔ h t.m.
Θ ∈ L1(P ). Epomènw
, h sv.d. {Nt − tΘ}t∈R+ ikanopoie� thn idiìthta (m2). Ki epeid  hisqÔ
 th
 (m1) gia thn {Nt − tΘ}t∈R+ e�nai profan 
, prokÔptei kai aut  tou isqurismoÔ
(vi), k�ti pou oloklhr¸nei thn apìdeixh. �Parat rhsh. H isodunam�a twn isqurism¸n (ii) kai (vi) e�nai gnwst  (bl. p.q. [18], sel.126-127). H apìdeix  th
, ìmw
, èqei g�nei me mejìdou
 polÔ diaforetikè
 apì autè
 touparìnto
 kefala�ou, afoÔ ed¸ oi disintegrations katèqoun rìlo kleid� se aut .
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Kef�laio 4QARAKTHRISMOI TWNMEMEIGMENWN ANANEWTIKWNDIADIKASIWN
Oi m.a.d. mpore� na apotelèsoun tìso mia phg  endiafèrontwn jewrhtik¸n problhm�-twn, afoÔ apì th m�a e�nai genikeÔsei
 twn m.d. Poisson, kai apì thn �llh sqet�zontai�mesa me ti
 antall�xime
 (exchangeable) sv.d. (bl. p.q. [24℄), kaj¸
 ep�sh
 ki èna qr simoergale�o gia thn protupopo�hsh problhm�twn pou emfan�zontai sthn kajhmerinìthta, ìpw
aut� sthn analogistik  praktik  (bl. Grandell [18] gia perissìtere
 plhrofor�e
).Sthn Enìthta 4.1 eis�goume ènan nèo (toul�qiston sÔmfwna me ta ìsa gnwr�zoume)orismì twn m.a.d. (bl. Orismì 4.1.2) pou e�nai sÔmfwno
 me autìn twn m.d. Poisson mepar�metro Θ. 'Ena
 tètoio
 orismì
 fa�netai na e�nai kat�llhlo
, afoÔ emplèketai seautìn me trìpo rhtì h domik  par�metro
 Θ, h opo�a sun jw
 katèqei ousi¸dh rìlo sthmelèth twn problhm�twn th
 Jewr�a
 KindÔnou. H sqèsh twn disintegrations me ti
 m.a.d.apotele� èna er¸thma pou prokÔptei w
 fusik  sunèpeia th
 emplok 
 twn desmeumènwnkatanom¸n pijanìthta
 ston orismì twn en lìgw sv.d.. Pro
 aut  thn kateÔjunsh, d�noumemerikoÔ
 qarakthrismoÔ
 twn m.a.d. mèsw disintegrations (bl. Prìtash 4.1.11 kai Pìrisma4.1.12). Mèsw aut¸n twn apotelesm�twn oi m.a.d. an�gontai se sun jei
 ananewtikè
diadikas�e
 k�tw apì ta epimèrou
 mètra pijanìthta
 twn disintegrations, katadeiknÔonta
me autìn ton trìpo ìti o Orismì
 4.1.2 e�nai èna
 fusikì
 orismì
 gia ti
 m.a.d.. B�seitwn parap�nw ex�goume orismène
 ikanè
 kai anagka�e
 sunj ke
 gia thn antallaximìthtath
 sqetizìmenh
 sv.d. endi�meswn qrìnwn �fixh
 twn apait sewn (bl. Je¸rhma 4.2.7,

(i)-(iii)). O deÔtero
 orismì
 twn m.a.d. pou diereun�tai se autì to kef�laio ofe�letaiston Huang [24] (bl. Definition 4.1.3). 45



4.1 Qarakthrismo� mèsw disintegrationsSthn Enìthta 4.2, arqik� parajètoume orismènou
 qarakthrismoÔ
 th
 ènnoia
 th
antallaximìthta
 mèsw diafìrwn tÔpwn disintegrations, parèqonta
 tautìqrona kai miaepèktash tou Jewr mato
 de Finetti (bl. Je¸rhma 4.2.3 kai Prìtash 4.2.5). W
 sunè-peia kaj�statai dunat  h exagwg  merik¸n akìmh qarakthrism¸n twn m.a.d. mèsw twn
disintegrations kai th
 ènnoia
 th
 antallaximìthta
 (bl. Je¸rhma 4.2.7, (iii)-(vi)). ToJe¸rhma 4.2.7 apotele� metaxÔ �llwn kai mia leptomer  anafor� gia to pw
 sqet�zontaioi dÔo orismo� twn m.a.d. pou diereunoÔme se autì to kef�laio, apodeiknÔonta
 m�listaìti auto� sump�ptoun sti
 perissìtere
 apì ti
 peript¸sei
 pou sunant¸ntai sti
 efarmo-gè
.4.1 Qarakthrismo� mèsw disintegrationsMèqri to tèlo
 tou kefala�ou, ki efìson den dhl¸netai diaforetik�, h Θ e�nai mia Σ-
Z-metr simh apeikìnish apì to Ω sto Ψ . Ep� plèon, h {Nt}t∈R+ e�nai mia sv.d. tou arijmoÔtwn apait sewn, en¸ qwr�
 bl�bh th
 genikìthta
 upojètoume ìti ΩN = ∅.Ep�sh
, gia na apofÔgoume ti
 tetrimmène
 katast�sei
 twn �peirwn apait sewn sepeperasmèno qrìno kai mia
 sv.d. tou arijmoÔ twn apait sewn pou paramènei sto mhdèn,upojètoume akìmh kai w
 sun jw
 ìti tìso to endeqìmeno th
 èkrhxh
 {supn∈N Tn < ∞}ìso kai to endeqìmeno {T1 = ∞}, ìpou oi {Tn}n∈N0 kai {Wn}n∈N e�nai oi epagìmene
sv.d. �fixh
 ki endi�meswn qrìnwn �fixh
 twn apait sewn, e�nai èna P -mhdenikì sÔnolo.Epomènw
, kai p�li qwr�
 bl�bh th
 genikìthta
 kai gia lìgou
 eukol�a
, mporoÔme najewr soume tìso thn èkrhxh ìso kai to endeqìmeno {T1 = ∞} �sa me to kenì sÔnolo.Parathr sei
 4.1.1. (a) 'Estw X mia Σ-T -metr simh apeikìnish apì to Ω sto Υ , èstw
{Pθ}θ∈Ψ mia disintegration tou P ep�nw sto PΘ sunep 
 me th Θ, ki èstw k èna
 T -Z-markobianì
 pur na
. An k(·, θ) e�nai h katanom  pijanìthta
 th
 X k�tw apì to Pθ, ìpou
θ ∈ Ψ , tìte h apeikìnish K(Θ) e�nai mia desmeumènh katanom  pijanìthta
 th
 X doje�sh
th
 Θ, afoÔ efarmìzonta
 th sunj kh (ii) tou L mmato
 2.3.1 gia A = X−1(B), ìpou
B ∈ T , prokÔptei ìti h isìthta PX|Θ(B, ·) = K(Θ)(B, ·) isqÔei P | σ(Θ)-sv.b..
(b) Antistrìfw
, an h {Pθ}θ∈Ψ e�nai ìpw
 sto (a), kai an upojèsoume ìti h Σ e�naiarijm sima paragìmenh, prokÔptei ìti gia k�je desmeumènh katanom  pijanìthta
 K(Θ)th
 X doje�sh
 th
 Θ up�rqei mia ousiwd¸
 monadik  (Pθ)X , ìpou θ ∈ Ψ , katanom pijanìthta
 th
 X, tètoia ¸ste gia k�je B ∈ B na isqÔei K(Θ)(B, ·) = (P•)X(B) ◦ Θ

P | σ(Θ)-sv.b..Pr�gmati, eÔkola diapist¸netai mèsw enì
 epiqeir mato
 monìtonh
 kl�sh
 ìti h disi-

ntegration e�nai ousiwd¸
 monadik . 'Omw
, to ìti h {Pθ}θ∈Ψ e�nai mia disintegration tou Pep�nw sto PΘ sunep 
 me th Θ, se sunduasmì me to L mma 2.3.1 sunep�getai thn isqÔ th
46



QARAKTHRISMOI TWN MEMEIGMENWN ANANEWTIKWN DIADIKASIWNsunj kh
 (iii) tou en lìgw l mmato
, kai �ra jètonta
 A = X−1(B) gia B ∈ B sumpe-ra�noume ìti K(Θ)(B, ·) = (P•)X(B) ◦Θ P | σ(Θ)-sv.b.. Tèlo
, ki efìson den prokale�taisÔgqush, ja mporoÔme na gr�foume K(θ) ant� gia (Pθ)X , ìpou θ ∈ Ψ .Sto ex 
, ìtan anaferìmaste sth desmeumènh katanom  pijanìthta
 K(Θ) th
 Para-t rhsh
 4.1.1, (b), ja jewroÔme, qwr�
 peraitèrw sqoliasmì, ìti aut  sunodeÔetai apì ti
sqetizìmene
 katanomè
 K(θ), ìpou θ ∈ Ψ .H sv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ onom�zetai mia P -ananewtik  diadika-s�a me katanom  pijanìthta
 twn endi�meswn qrìnwn �fixh
 twn apait sewn K(θ0), ìpou
θ0 ∈ Ψ e�nai mia par�metro
 (  apl¸
 mia (P,K(θ0))-RP), an oi sqetizìmenoi endi�mesoiqrìnoi �fixh
 twn apait sewn Wn, n ∈ N, e�nai anex�rthtoi kai katanèmontai sÔmfwna methn katanom  pijanìthta
 K(θ0), k�tw apì to mètro pijanìthta
 P .O akìloujo
 orismì
 mia
 m.a.d., pou br�sketai se antistoiq�a me ton orismì mia
 m.d.
Poisson me par�metro Θ (bl. kai Enìthta 2) fa�netai na e�nai o fusikì
 orismì
 gia miam.a.d., afoÔ metaxÔ �llwn emplèketai me trìpo saf  se autìn h domik  par�metro
 Θ.Orismì
 4.1.2. H sv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ onom�zetai mia memeigmènhananewtik  diadikas�a (mixed renewal process) ep�nw ston (Ω, Σ, P ) me par�metro thnapeikìnish Θ kai desmeumènh katanom  pijanìthta
 twn endi�meswn qrìnwn �fixh
 twnapait sewn K(Θ) (  apl¸
 mia (P,K(Θ))-MRP), an h {Wn}n∈N e�nai P -upì sunj khanex�rthth kai isqÔei ìti

PWn|Θ = K(Θ) P | σ(Θ) − sv.b.gia k�je n ∈ N.Gia (Ψ, Z) = (R, B), PΘ

(
(0,∞)

)
= 1 kai K(Θ) = Exp(Θ) h (P,K(Θ))-MRP {Nt}t∈R+g�netai mia P -m.d. Poisson me par�metro Θ (bl. Prìtash 3.2.11).O akìloujo
 orismì
 mia
 m.a.d. proèrqetai apì ton Huang [24], Section 1, Definition

3.Orismì
 4.1.3. H sv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ onom�zetai mia ν - memeig-mènh ananewtik  diadikas�a (  apl¸
 mia ν-MRP) sqetizìmenh me thn {Pỹ}ỹ∈Υ̃ , an giak�je r ∈ N kai gia opoiad pote w1, . . . , wr ∈ R isqÔei h sunj kh
P

( r⋂

k=1

{Wk ≤ wk}
)

=

∫ r∏

k=1

Pỹ(Wk ≤ wk)ν(dỹ),ìpou h {Pỹ}ỹ∈Υ̃ e�nai mia oikogèneia mètrwn pijanìthta
 ep�nw sto Σ kai ν e�nai èna mètropijanìthta
 ep�nw sth B(Υ̃ ) := σ({P•(E) : E ∈ Σ}) ¸ste gia ν-sv.ì. ỹ ∈ Ỹ h {Wn}n∈Nna e�nai Pỹ-isìnomh. 47



4.1 Qarakthrismo� mèsw disintegrationsSton orismì tou, o Huang epitrèpei sti
 t.m. Nt na pa�rnoun timè
 sto N0, k�ti pousthn per�ptws  ma
 isqÔei afoÔ èqoume upojèsei ìti to endeqìmeno th
 èkrhxh
 e�nai tokenì sÔnolo.Parat rhsh 4.1.4. Ax�zei na shmeiwje� ìti ston orismì tou Huang, h upìjesh th
 Pỹ-isonom�a
 twn Wn gia ν-sv.ì. ta ỹ ∈ Ỹ den dhl¸netai rht�. H en lìgw upìjesh prèpei,ìmw
, na sumperilhfje� eke�, afoÔ e�nai apara�thth gia thn isqÔ tou por�smato
 sth sel.20 tou [24℄, ìpw
 prokÔptei kai apì to Par�deigma 5.2.9.Pr�gmati, a
 jewr soume th sv.d. {Nt}t∈R+ tou Parade�gmato
 5.2.9, ìpou h parap�nwupìjesh den isqÔei, kaj¸
 kai ìti ston orismì twn m.a.d. kat� Huang den perilamb�netaih en lìgw upìjesh. Ep�sh
 parathroÔme ìti q := P (Z < ∞) = 0 < 1, ìpou Z e�nai to sv.b.-ìrio th
 {Nt}t∈R+ ìtan t → ∞. A
 upìjesoume, t¸ra ki efìson k�ti tètoio èqei nìhma,thn isqÔ por�smato
 sth sel. 20 tou [24℄. Tìte, dojènto
 tou endeqomènou {Z = ∞} hsv.d. {Nt}t∈R+ èqei thn idiìthta (E) (bl. [24], Definition 1 gia ton sqetikì orismì), ap′ìpouèpetai h antallaximìthta th
 {Wn}n∈N, k�ti pou, ìmw
, sÔmfwna me to Par�deigma 5.2.9e�nai �topo.Gia to upìloipo aut 
 th
 enìthta
, h {Pθ}θ∈Ψ e�nai mia disintegration tou P ep�nwsthn PΘ sunep 
 me th Θ kai h {Xi}i∈I e�nai mia (mh ken ) oikogèneia Σ-T -metrhs�mwnapeikon�sewn apì to Ω sto Υ .L mma 4.1.5. An h {ki}i∈I e�nai mia oikogèneia T − Z-markobian¸n pur nwn, tìte giak�je i ∈ I kai gia opoiod pote stajerì B ∈ T oi akìlouje
 sunj ke
 e�nai isodÔname
:(i) PXi|Θ(B, ·) = Ki(Θ)(B, ·) P | σ(Θ) − sv.b..(ii) Pθ(X
−1
i (B)) = ki(B, θ) gia PΘ-sv.ì. ta θ ∈ Ψ .Idiaitèrw
, oi �die
 sunj ke
 isqÔoun akìma kai an ta Ki(Θ)(B, ·) kai ki(B, θ) e�nai ane-x�rthta tou i gia k�je B ∈ T kai gia PΘ-sv.ì. ta θ ∈ Ψ .Apìdeixh. A
 stajeropoi soume èna auja�reto i ∈ I. Gia k�je B ∈ T kai D ∈ Z èqoume

∫

Θ−1(D)

PXi|Θ(B, ·)dP =

∫

Θ−1(D)

Ki(Θ)(B, ·)dP

⇐⇒
∫

Θ−1(D)

EP [χX−1
i (B) | Θ]dP =

∫

Θ−1(D)

ki(B, ·) ◦ ΘdP

⇐⇒
∫

D

Pθ

(
X−1

i (B)
)
PΘ(dθ) =

∫

D

ki(B, θ)PΘ(dθ),ìpou h teleuta�a isodunam�a antle� thn isqÔ th
 apì to L mma 2.3.2. Epomènw
, de�xamethn isodunam�a twn isqurism¸n (i) kai (ii). �48



QARAKTHRISMOI TWN MEMEIGMENWN ANANEWTIKWN DIADIKASIWNPrìtash 4.1.6. 'Estw ìti h {ki}i∈I e�nai ìpw
 sto L mma 4.1.5. An to I e�nai arijm simokai h T e�nai arijm sima paragìmenh, tìte ta akìlouja e�nai isodÔnama:(i) Gia k�je i ∈ I kai B ∈ T h isìthta PXi|Θ(B, ·) = Ki(Θ)(B, ·) isqÔei P | σ(Θ)−sv.b..(ii) Up�rqei èna PΘ-mhdenikì sÔnolo ÃI ∈ Z tètoio ¸ste gia k�je θ /∈ ÃI , B ∈ T kai
i ∈ I na isqÔei h isìthta Pθ(X

−1
i (B)) = ki(B, θ).Idiaitèrw
, oi �die
 sunj ke
 isqÔoun akìma kai an oi markobiano� pur ne
 ki kai Ki(Θ)e�nai anex�rthtoi tou i.Apìdeixh. An isqÔei to (i) tìte apì to L mma 4.1.5 prokÔptei ìti gia k�je i ∈ I kai

B ∈ T isqÔei h sunj kh
Pθ(X

−1
i (B)) = ki(B, θ) gia PΘ-sv.ì. θ ∈ Ψ ,pou isoduname� me to ìti

∀ i ∈ I ∀ B ∈ T ∃ ÃI,i,B ∈ Z0 ∀ θ /∈ ÃI,i,B Pθ(X
−1
i (B)) = ki(B, θ).Ki epeid  to I e�nai arijm simo, mporoÔme na broÔme gia k�je B ∈ T èna PΘ-mhdenikìsÔnolo ÃI,B :=

⋃
i∈I ÃI,i,B tètoio ¸ste

∀ θ /∈ ÃI,B ∀ i ∈ I Pθ(X
−1
i (B)) = ki(B, θ). (4.1)'Estw GT èna
 arijm simo
 genn tora
 th
 T . Qwr�
 bl�bh th
 genikìthta
 mporoÔme naupojèsoume ìti o GT e�nai kleistì
 w
 pro
 ti
 peperasmène
 tomè
. Tìte apì thn (4.1)èqoume ìti

∀ n ∈ N ∀ Bn ∈ GT ∃ ÃI,n := ÃI,Bn ∈ Z0 ∀ θ /∈ ÃI,n Pθ(X
−1
i (Bn)) = ki(Bn, θ).Jètoume ÃI :=

⋃
k∈N ÃI,k ∈ Z0 kai
D := {B ∈ T : Pθ(X

−1
i (B)) = ki(B, θ) ∀ θ /∈ ÃI}.Tìte GT ⊆ D, en¸ mpore� eÔkola na apodeiqje� ìti h D e�nai mia kl�sh Dynkin.Epeid , ìmw
, o GT e�nai èna
 genn tora
 th
 T kleistì
 w
 pro
 ti
 peperasmène
tomè
, efarmìzonta
 to Je¸rhma Monìtonh
 Kl�sh
 prokÔptei ìti D ⊇ σ(GT ) = T ,opìte D = T . Epomènw
, de�xame thn isqÔ tou (ii).H ant�strofh sunepagwg  prokÔptei �mesa apì to L mma 2.3.2. �To akìloujo apotèlesma apotele� mia epèktash tou L mmato
 3.2.2 kai apodeiknÔetaiomo�w
 me autì. 49



4.1 Qarakthrismo� mèsw disintegrationsL mma 4.1.7. 'Estw I arijm simo sÔnolo kai ìti h T e�nai arijm sima paragìmenh. Tìte,h oikogèneia {Xi}i∈I e�nai P -upì sunj kh anex�rthth an kai mìno an up�rqei èna PΘ-mhdenikì sÔnolo AI ∈ Z tètoio ¸ste gia k�je θ /∈ AI h {Xi}i∈I na e�nai Pθ-anex�rthth.Pìrisma 4.1.8. 'Estw F mia σ-upo�lgebra th
 Σ kai {Pω}ω∈Ω mia upoalgebrik  k.d.p.gia to P ep�nw sto R := P | F . An to I e�nai arijm simo kai h T arijm sima paragìmenh,tìte h oikogèneia {Xi}i∈I e�nai P -upì sunj kh anex�rthth w
 pro
 thn F an kai mìno anup�rqei èna R-mhdenikì sÔnolo AI ∈ F tètoio ¸ste gia k�je ω /∈ AI h {Xi}i∈I na e�nai
Pω-anex�rthth.Apìdeixh. Jètonta
 (Ψ, Z) := (Ω,F) kai Θ := idΩ prokÔptei ìti h {Pω}ω∈Ω e�nai mia
disintegration tou P ep�nw sto PΘ = R sunep 
 me th Θ. Tìte, h zhtoÔmenh isodunam�ae�nai �mesh sunèpeia tou L mmato
 4.1.7.Prìtash 4.1.9. 'Estw I arijm simo sÔnolo kai ìti h T e�nai arijm sima paragìmenh.Tìte isqÔoun ta ex 
:(i) H oikogèneia {Xi}i∈I e�nai P -upì sunj kh isìnomh an kai mìno an up�rqei èna PΘ-mhdenikì sÔnolo Ã′

I ∈ Z tètoio ¸ste gia k�je θ /∈ Ã′
I h {Xi}i∈I na e�nai Pθ-isìnomh.(ii) H oikogèneia {Xi}i∈I e�nai P -upì sunj kh anex�rthth kai isìnomh an kai mìno anup�rqei èna PΘ-mhdenikì sÔnolo ÂI ∈ Z tètoio ¸ste gia k�je θ /∈ ÂI h {Xi}i∈I nae�nai Pθ-anex�rthth kai isìnomh.Apìdeixh. O isqurismì
 (i) apodeiknÔetai omo�w
 me thn Parat rhsh 3.2.6, en¸ o (ii)apotele� �mesh sunèpeia tou L mmato
 4.1.7 kai tou isqurismoÔ (i). �Pìrisma 4.1.10. 'Estw F , {Pω}ω∈Ω kai R ìpw
 sto Pìrisma 4.1.8. An to I e�nai arij-m simo kai h T arijm sima paragìmenh, tìte h oikogèneia {Xi}i∈I e�nai P -upì sunj khanex�rthth kai isìnomh w
 pro
 thn F an kai mìno an up�rqei èna R-mhdenikì sÔnolo

ÂI ∈ F tètoio ¸ste gia k�je ω /∈ ÂI h {Xi}i∈I na e�nai Pω-anex�rthth kai isìnomh.O akìloujo
 qarakthrismì
 gia ti
 m.a.d. genikeÔei ton ant�stoiqo qarakthrismì twnm.d. Poisson (bl. Prìtash 3.2.10).Prìtash 4.1.11. H sv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ e�nai mia (P,K(Θ))-MRPan kai mìno an up�rqei èna PΘ-mhdenikì sÔnolo B∗ ∈ Z tètoio ¸ste gia k�je θ /∈ B∗ h
{Nt}t∈R+ e�nai mia (Pθ,K(θ))-RP.Apìdeixh. 'Estw ìti h {Nt}t∈R+ e�nai mia (P,K(Θ))-MRP, dhlad  èstw ìti h {Wn}n∈Ne�nai P -upì sunj kh anèxarthth kai ìti gia k�je n ∈ N isqÔei ìti PWn|Θ = K(Θ) P | σ(Θ)-sv.b.. Efarmìzonta
, t¸ra, to L mma 4.1.7 kai thn Prìtash 4.1.6, isodÔnama èqoume ìti50



QARAKTHRISMOI TWN MEMEIGMENWN ANANEWTIKWN DIADIKASIWNup�rqoun dÔo PΘ-mhdenik� sÔnola BN kai B̃N sth σ-�lgebra Z tètoia ¸ste gia k�je
θ /∈ B∗ := B̃N∪BN h akolouj�a {Wn}n∈N na e�nai Pθ-anex�rthth kai na isqÔei ìti (Pθ)Wn =

K(θ) gia k�je n ∈ N, ant�stoiqa, k�ti pou isoduname� me to ìti h {Nt}t∈R+ e�nai mia
(Pθ,K(θ))-RP. �Pìrisma 4.1.12. 'Estw F , {Pω}ω∈Ω kai R ìpw
 sto Pìrisma 4.1.8. Tìte h {Wn}n∈Ne�nai P -upì sunj kh anèxarthth kai isìnoma katanemhmènh w
 pro
 thn F me desmeumènhkatanom  pijanìthta
 K(idΩ) = PWn|F P | F -sv.b. gia k�je n ∈ N, an kai mìno anh {Nt}t∈R+ e�nai mia (P,K(idΩ))-MRP an kai mìno an up�rqei èna R-mhdenikì sÔnolo
B∗ ∈ F tètoio ¸ste gia k�je ω /∈ B∗ h {Nt}t∈R+ na e�nai mia (Pω,K(ω))-RP.4.2 Memeigmène
 ananewtikè
 diadikas�e
kai antallaximìthtaMia �peirh oikogèneia {Xi}i∈I apì Σ-T -metr sime
 apeikon�sei
 apì to Ω sto Υ ono-m�zetai antall�ximh k�tw apì to P   apl¸
 P -antall�ximh, an gia k�je r ∈ N isqÔeih isìthta

P
( r⋂

k=1

X−1
ik

(Bk)
)

= P
( r⋂

k=1

X−1
jk

(Bk)
) (4.2)gia opoiad pote diaforetik� an� dÔo i1, . . . , ir ∈ I kai diaforetik� an� dÔo j1, . . . , jr ∈ I,kai gia opoiad pote Bk ∈ T gia k�je k ≤ r (bl. p.q. [17℄, 459C).Parat rhsh 4.2.1. Mèsw enì
 epiqeir mato
 monìtonh
 kl�sh
, eÔkola mpore� na apo-deiqje� ìti h antallaximìthta th
 {Xi}i∈I isoduname� me to ìti

P(Xi1
,...,Xir ) = P(Xj1

,...,Xjr ) (4.3)gia opoiad pote r ∈ N, diaforetik� an� dÔo i1, . . . , ir ∈ I kai diaforetik� an� dÔo
j1, . . . , jr ∈ I.L mma 4.2.2. 'Estw F mia σ-upo�lgebra th
 Σ ki èstw {Xi}i∈I mia mh ken  oikogèneia
Σ-T -metr simwn apeikon�sewn apì to Ω sto Υ , tètoia ¸ste h {Xi}i∈I na e�nai P -upìsunj kh anex�rthth kai isìnomh w
 pro
 thn F . An h σ-�lgebra T e�nai arijm simaparagìmenh kai to PXi

e�nai tèleio gia k�je i ∈ I, tìte up�rqei èna mètro pijanìthta
 Mep�nw sthn T ⊗F me perij¸rio mètro pijanìthta
 R := P | F ep�nw sthn F , tètoio ¸ste
M := P ◦ (Xi × idΩ)−1 gia k�je i ∈ I, kaj¸
 kai mia k.d.p.-ginìmeno {Qω}ω∈Ω ep�nw sthn
T gia thn M w
 pro
 R, tètoia ¸ste 51



4.2 Memeigmène
 ananewtikè
 diadikas�e
 kai antallaximìthta(i) gia k�je B ∈ T kai i ∈ I h apeikìnish Q•(B) : Ω −→ [0, 1] na isoÔtai R-sv.b. me thn
P (X−1

i (B) | F)(·),(ii) ∫
F

QI
ω(H)R(dω) = P (F ∩ X−1(H)) gia k�je F ∈ F kai H ∈ TI , ìpou me QI

ωsumbol�zoume to I-plo mètro ginìmeno ⊗i∈IPi ìlwn twn Pi := Qω ìpou i ∈ I, en¸ h
X : Ω −→ Υ I or�zetai mèsw th
 sqèsh
 X(ω) =

(
Xi(ω)

)
i∈I

gia k�je ω ∈ Ω.Apìdeixh. Arqik� stajeropoioÔme èna auja�reto i ∈ I.
(a) H sun�rthsh Xi × idΩ apì to Ω sto Υ × Ω pou or�zetai mèsw th
 sqèsh


(Xi × idΩ)(ω) := (Xi(ω), ω) gia k�je ω ∈ Ωe�nai Σ-T ⊗ F -metr simh, afoÔ F ∩ X−1
i (B) ∈ Σ gia k�je F ∈ F kai B ∈ T . Epomènw
,to Mi := P ◦ (Xi × idΩ)−1 e�nai èna mètro pijanìthta
 ep�nw sthn T ⊗ F .Ki epeid  ìle
 oi Xi e�nai P -upì sunj kh isìnoma katanemhmène
 w
 pro
 thn F , k�je

Mi ja e�nai anex�rthto tou i, kai �ra mporoÔme na jèsoume ìpou M := Mi∗ (pr�gmati, h
P -upì sunj kh isonom�a th
 {Xi}i∈I w
 pro
 thn F isoduname� me to ìti P (F ∩X−1

i (B)) =

P (F ∩X−1
i∗ (B)) gia k�je F ∈ F kai B ∈ T , opìte efarmìzonta
 èna epiqe�rhma monìtonh
kl�sh
 exasfal�zoume ìti M=Mi∗).

(b) Up�rqei mia k.d.p.-ginìmeno {Qω}ω∈Ω ep�nw sthn T gia thn M w
 pro
 R = P | F ,tètoia ¸ste gia opoiod pote stajerì B ∈ T

Q•(B) = P (X−1
i (B) | F)(·) R − sv.b..Pr�gmati, epeid  ex′ upojèsew
 k�je perij¸rio mètro pijanìthta
 PXi

tou M ep�nwsthn T e�nai tèleio kai h T e�nai arijm sima paragìmenh, apì thn Parat rhsh 2.1.3 pro-kÔptei ìti up�rqei mia k.d.p.-ginìmeno {Qω}ω∈Ω ep�nw sthn T gia thn M w
 pro
 R.Ki epeid  h {Qω}ω∈Ω ikanopoie� thn (D2), èqoume ìti
∫

F

Qω(B)R(dω) = M(B × F ) = P (F ∩ X−1
i (B)) =

∫

F

P (X−1
i (B) | F)(ω)R(dω)gia k�je B ∈ T kai F ∈ F , k�ti pou apodeiknÔei to (b), kai �ra to (i).

(c) A
 stajeropoi soume èna auja�reto F ∈ F kai a
 sumbol�soume me C thn oikogèneiaìlwn twn metr simwn kul�ndrwn tou Υ I , dhlad  ìlwn twn uposunìlwn tou Υ I th
 morf 

C = {y : y ∈ Υ I , yj ∈ Cj gia k�je j ∈ J}, ìpou to J ⊆ N e�nai peperasmèno kai Cj ∈ Tgia k�je j ∈ J . Efarmìzonta
 gia èna tètoio sÔnolo th sunj kh (i) pa�rnoume ta ex 
:

P (F ∩ X−1(C)) = P
(
F ∩

(⋂

j∈J

X−1
j (Cj)

))
=

∫
P

(
F ∩

(⋂

j∈J

X−1
j (Cj)

)
| F

)
dR

=

∫

F

∏

j∈J

P (X−1
j (Cj) | F)dR =

∫

F

QI
ω(C)R(dω).52



QARAKTHRISMOI TWN MEMEIGMENWN ANANEWTIKWN DIADIKASIWNKi epeid  to F e�nai auja�reto, h isìthta
P (F ∩ X−1(C)) =

∫

F

QI
ω(C)R(dω) (4.4)ja isqÔei gia k�je F ∈ F .Sunep¸
 an sumbol�soume me D̃1 thn oikogèneia ìlwn twn H ∈ TI pou ikanopoioÔn thn(4.4) prokÔptei ìti C ⊆ D̃1. All� mpore� eÔkola na apodeiqje� ìti h D̃1 e�nai mia kl�sh

Dynkin. 'Omw
, parathroÔme ep�sh
 ìti h σ(C) = TI kai ìti h C e�nai kleist  w
 pro
 ti
peperasmène
 tomè
. Sunep¸
, mporoÔme na efarmìsoume to Je¸rhma Monìtonh
 Kl�sh
gia na sumper�noume ìti D̃1 ⊇ σ(C) = TI , ap′ìpou èpetai h isqÔ
 th
 sunj kh
 (ii). �Je¸rhma 4.2.3. 'Estw {Xi}i∈I mia �peirh oikogèneia Σ-T -metrhs�mwn apeikon�sewn apìto Ω sto Υ . A
 jewr soume akìmh tou
 akìloujou
 isqurismoÔ
:(i) H {Xi}i∈I e�nai P -antall�ximh.(ii) Up�rqei mia σ-upo�lgebra F th
 Σ tètoia ¸ste h {Xi}i∈I na e�nai P -upì sunj khanex�rthth kai isìnomh w
 pro
 thn F .(iii) Up�rqei mia σ-upo�lgebra F th
 Σ kai mia oikogèneia {Qω}ω∈Ω mètrwn pijanìthta
ep�nw sthn T tètoie
 ¸ste h apeikìnish ω 7−→ Qω(B) na e�nai F -metr simh giaopoiod pote stajerì B ∈ T kai
∫

F

QI
ω(H)R(dω) = P (F ∩ X−1(H))gia k�je H ∈ TI kai F ∈ F , ìpou R := P | F kai ta QI

ω, X e�nai ìpw
 sto L mma4.2.2.Tìte (i) ⇐⇒ (ii) kai (iii) =⇒ (i). An ikanopoe�tai opoiad pote apì ti
 sunj ke
 (i) èw

(iii), tìte ìla ta mètra pijanìthta
 PXi

e�nai �sa.Ep� plèon, an to PXi
e�nai tèleio gia k�je i ∈ I kai h T e�nai arijm sima paragìmenh, tìteoi isqurismo� (i) èw
 (iii) e�nai isodÔnamoi.Apìdeixh. Arqik� parathroÔme ìti an to P e�nai tèleio tìte to �dio isqÔei kai gia k�je

PXi
(bl. p.q. [17], Proposition 451E(a)). Epomènw
, h isodunam�a (i) ⇐⇒ (ii) èpetai apìto [17], Theorem 459B.H sunepagwg  (iii) =⇒ (i) e�nai �mesh. Profan¸
, an ikanopoie�tai o isqurismì
 (i)  isodÔnama o (ii), tìte ìla ta mètra pijanìthta
 PXi

e�nai �sa. To �dio sumba�nei kai sthnper�ptwsh pou ikanopoie�tai to (iii). 53



4.2 Memeigmène
 ananewtikè
 diadikas�e
 kai antallaximìthtaAn to k�je PXi
e�nai tèleio kai h T e�nai arijm sima paragìmenh, tìte h sunepagwg 

(ii) =⇒ (iii) antle� thn isqÔ th
 apì to L mma 4.2.2. Epomènw
, de�xame ìti oi isqurismo�
(i) èw
 (iii) e�nai isodÔnamoi. �Parathr sei
 4.2.4. (a) SÔmfwna me ta ìsa gnwr�zoume, to genikìtero apotèlesma pousqet�zetai me to Je¸rhma de Finetti e�nai to Theorem 1.1 tou [25℄, sÔmfwna me to opo�ogia k�je �peirh akolouj�a {Xn}n∈N t.m. pou pa�rnoun timè
 se ènan tupikì q¸ro Borel Υ oisunj ke
 (i) kai (iii) tou Jewr mato
 4.2.3 me {Xn}n∈N ant� gia {Xi}i∈I e�nai isodÔname
.W
 gnwstìn, k�je polwnikì
 q¸ro
 e�nai èna
 tupikì
 q¸ro
 Borel. Idiaitèrw
, oi Rd kai
RN e�nai tètoioi q¸roi.
(b) Up�rqoun m.q. (Υ, T ) pou ikanopoioÔn ti
 upojèsei
 tou Jewr mato
 4.2.3, dhlad ìti h T e�nai arijm sima paragìmenh kai k�je PXi

e�nai tèleio, pou, ìmw
, den e�nai tupiko�q¸roi Borel. Pr�gmati, w
 gnwstìn k�je mh arijm simo
 analutikì
 q¸ro
 Hausdorff(dhlad  k�je mh kenì
 topologikì
 q¸ro
 Hausdorff, pou e�nai mia suneq 
 eikìna touq¸rou NN, bl. p.q. [17℄, Definition 423A) èqei èna analutikì uposÔnolo pou den e�naisÔnolo Borel (bl. p.q. [17], Proposition 423L). E�nai ep�sh
 gnwstì ìti gia k�je analutikìq¸ro Hausdorff Υ h Borel σ-�lgebra B(Υ ) e�nai arijm sima paragìmenh (bl. p.q. [17℄,
423X(d)), kai ìti k�je Borel mètro pijanìthta
 ep�nw sthn B(Υ ) e�nai p�nta eswterik�kanonikì w
 pro
 ta sumpag  sÔnola (bl. [23℄, Chapter IV, Theorem 1, sel. 195),kai �ra e�nai tèleio (bl. p.q. [17℄, Proposition 451C). Epomènw
, gia k�je mh arijm simoanalutikì q¸ro Hausdorff mporoÔme na broÔme èna uposÔnolo pou ikanopoie� ti
 upojèsei
tou Jewr mato
 4.2.3, all� pou den e�nai èna
 tupikì
 q¸ro
 Borel.

(c) Apì ti
 Parathr sei
 (a) kai (b) èpetai ìti to Je¸rhma 4.2.3 apotele� mia peraitèrwgen�keush th
 mèqri t¸ra genikìterh
 gnwst 
 epèktash
 tou Jewr mato
 de Finneti.

(d) Perior�zonta
 thn prosoq  ma
 se m.q. (Υ, T ) pou ikanopoioÔn thn upìjesh th
 arijm -sima paragìmenh
 T , ìpw
 sto Je¸rhma 4.2.3, q�noume k�ti se genikìthta. Gia par�deigmaèna
 sumpag 
 q¸ro
 Hausdorff den ikanopoie� thn en lìgw upìjesh gia thn T , en¸ e�-nai gnwstì ìti mia epèktash tou Jewr mato
 de Finetti isqÔei gia arijm sima ginìmenasumpag¸n q¸rwn Hausdorff (bl. [22℄   [10℄). Mia �llh gen�keush tou Jewr mato
 de Fi-

netti apodeiknÔetai sto [17℄, Theorem 459G gia mh arijm sima ginìmena q¸rwn Hausdorff.All� ìla ta parap�nw mporoÔn na jewrhjoÔn w
 eidikè
 peript¸sei
 q¸rwn Ω pou e�naiginìmena topologik¸n q¸rwn, en¸ to Je¸rhma 4.2.3 èqei to pleonèkthma o q¸ro
 Ω nae�nai apallagmèno
 apì k�je e�dou
 topologikè
 upojèsei
, kaj¸
 kai apì thn upìjeshna e�nai ginìmeno topologik¸n q¸rwn.To akìloujo apotèlesma epekte�nei èna ant�stoiqo apotèlesma pou ofe�letai ston
Olshen (bl. [29℄, Theorem (3)) kai afor� mia gen�keush tou Jewr mato
 de Finetti.54



QARAKTHRISMOI TWN MEMEIGMENWN ANANEWTIKWN DIADIKASIWNPrìtash 4.2.5. 'Estw {Xi}i∈I mia P -antall�ximh �peirh akolouj�a Σ-T -metrhs�mwnapeikon�sewn apì to Ω sto Υ . An upojèsoume ìti h σ-�lgebra T e�nai arijm sima pa-ragìmenh kai to mètro pijanìthta
 PXi
e�nai tèleio gia k�je i ∈ I, tìte up�rqei mia

Σ-Bd-metr simh apeikìnish Θ apì to Ω sto Rd tètoia ¸ste h {Xi}i∈I na e�nai P -upìsunj kh anex�rthth kai isìnomh doje�sh
 th
 Θ.Apìdeixh. (a) Epeid  h {Xi}i∈I e�nai P -antall�ximh, h T arijm sima paragìmenh kaiìla ta PXi
tèleia, apì to Je¸rhma 4.2.3 prokÔptei ìti up�rqei mia σ-upo�lgebra F th


Σ kai mia oikogèneia {Qω}ω∈Ω mètrwn pijanìthta
 ep�nw sthn T ètsi ¸ste h apeikìnish
ω 7−→ Qω(B) na e�nai F -metr simh gia opoiod pote stajerì B ∈ T , kai

∫

F

QI
ω(H)R(dω) = P (F ∩ X−1(H))gia k�je H ∈ TI kai F ∈ F , ìpou R := P | F . Tìte up�rqei mia arijm sima paragìmenh

σ-upo�lgebra A th
 F tètoia ¸ste h Q•(B) na e�nai A-metr simh gia opoiod pote stajerì
B ∈ T (l.q. mporoÔme na jewr soume ìti h A := σ({[Q•(B)]−1(E) : E ∈ GB}) ìpou GBe�nai èna
 arijm simo
 genn tora
 th
 B). Epeid , ìmw
, h A e�nai arijm sima paragìmenh,up�rqei mia apeikìnish Θ̃ : Ω −→ R tètoia ¸ste A = σ(Θ̃) (l.q. mporoÔme na jewr soumeìti h Θ̃ e�nai to sunarthsioeidè
 tou Marczewski ep�nw sto Ω, bl. p.q. kai [17℄, 343E).Epomènw
, h {Qω}ω∈Ω e�nai mia oikogèneia mètrwn pijanìthta
 ep�nw sthn T pou ikanopoie�ton isqurismì (iii) tou Jewr mato
 4.2.3 gia thn A ant� th
 F , kai �ra lamb�nonta
 upìyhto Je¸rhma 4.2.3 èqoume ìti h {Xi}i∈I e�nai P -upì sunj kh anex�rthth kai isìnomh w
pro
 th σ-�lgebra A = σ(Θ̃).
(b) Up�rqei mia Σ-Bd-metr simh apeikìnish Θ apì to Ω sto Rd tètoia ¸ste h {Xi}i∈I nae�nai Q-upì sunj kh anex�rthth kai isìnomh doje�sh
 th
 Θ̃.Pr�gmati, epeid  oi R kai Rd e�nai tupiko� q¸roi Borel th
 �dia
 plhjikìthta
, up�rqeièna
 Borel isomorfismì
 g apì to R sto Rd (bl. p.q. [17], Corollary 424D(a)). Tìte,jètonta
 Θ := g ◦ Θ̃, prokÔptei ìti h Θ e�nai mia Σ-Bd-metr simh apeikìnish apì to Ω sto
Rd tètoia ¸ste σ(Θ) = σ(Θ̃). Epomènw
, to (b) èpetai apì to (a), k�ti pou oloklhr¸neithn apìdeixh. �Pìrisma 4.2.6 (Olshen, R. [29], Theorem (3)). An h {Xn}n∈N e�nai mia P - antal-l�ximh akolouj�a metr simwn apeikon�sewn apì to Ω se ènan pl rh, diaqwr�simo, metrikìq¸ro, tìte up�rqei mia t.m. Θ ep�nw sto Ω tètoia ¸ste h {Xn}n∈N na e�nai P -upì sunj khanex�rthth kai isìnomh doje�sh
 th
 Θ.Je¸rhma 4.2.7. 'Estw oi akìloujoi isqurismo�: 55



4.2 Memeigmène
 ananewtikè
 diadikas�e
 kai antallaximìthta(i) Up�rqei mia Σ-Z-metr simh apeikìnish Θ apì to Ω sto Ψ tètoia ¸ste h {Nt}t∈R+na e�nai mia (P,K(Θ))-MRP.(ii) Up�rqoun mia Σ-Z-metr simh apeikìnish Θ apì to Ω sto Ψ , mia disintegration

{Pθ}θ∈Ψ tou P ep�nw sto PΘ sunep 
 me th Θ, mia oikogèneia {K(θ)}θ∈Ψ mètrwnpijanìthta
 ep�nw sth B me th sun�rthsh θ 7−→ K(θ)(B) na e�nai Z-metr simhgia opoiod pote stajerì B ∈ B(Υ ), ki èna PΘ-mhdenikì sÔnolo B∗ ∈ Z tètoio ¸stegia k�je θ /∈ B∗ h {Nt}t∈R+ na e�nai mia (Pθ,K(θ))-RP.(iii) H sv.d. {Wn}n∈N e�nai P -antall�ximh.(iv) Up�rqoun mia σ-upo�lgebra F th
 Σ kai mia oikogèneia {Qω}ω∈Ω mètrwn pijanìth-ta
 ep�nw sth B tètoie
 ¸ste h apeikìnish ω 7−→ Qω(B) na e�nai F -metr simh giaopoiod pote stajerì B ∈ B(Υ ) kai
∫

F

QN
ω(H)R(dω) = P (F ∩ W−1(H))gia k�je H ∈ BN kai F ∈ F , ìpou R := P | F kai W := (W1, . . . , Wn, . . .), kai ìpoume QN

ω sumbol�zetai h N-plh pijanìthta ginìmeno ⊗n∈NPn ìlwn twn Pn := Qω ìpou
n ∈ N.(v) Up�rqoun mia σ-upo�lgebra F th
 Σ, mia upoalgebrik  k.d.p. {Sω}ω∈Ω gia to Pep�nw sto R := P | F , mia oikogèneia {K(ω)}ω∈Ω mètrwn pijanìthta
 ep�nw sth
B me th sun�rthsh ω 7−→ K(ω)(B) na e�nai F -metr simh gia opoiod pote stajerì
B ∈ B(Υ ), kai èna R-mhdenikì sÔnolo B∗∗ ∈ F tètoio ¸ste gia k�je ω /∈ B∗∗ h
{Nt}t∈R+ na e�nai mia (Sω,K(ω))-RP.(vi) Up�rqoun èna sÔnolo Ỹ , mia oikogèneia {Sỹ}ỹ∈Υ̃ mètrwn pijanìthta
 ep�nw sth Σki èna mètro pijanìthta
 ν ep�nw sth B(Ỹ ) := σ({S•(E) : E ∈ Σ}) tètoia ¸ste h
{Nt}t∈R+ na e�nai mia ν-MRP sqetizìmenh me thn {Sỹ}ỹ∈Υ .(vii) Up�rqoun èna sÔnolo Ỹ , mia oikogèneia {Sỹ}ỹ∈Υ̃ mètrwn pijanìthta
 ep�nw sth Σki èna mètro pijanìthta
 ν ep�nw sth B(Ỹ ) := σ({S•(E) : E ∈ Σ}) pou ikanopoioÔngia k�je r ∈ N kai w1, . . . , wr ∈ R th sunj kh

P
( r⋂

k=1

{Wk ≤ wk}
)

=

∫ r∏

k=1

Sỹ

(
Wk ≤ wk

)
ν(dỹ).Tìte isqÔoun ta ex 
:56



QARAKTHRISMOI TWN MEMEIGMENWN ANANEWTIKWN DIADIKASIWN
(i) ⇐= (ii) =⇒ (v)

⇓ ⇓ ⇓
(iii) ⇐⇒ (iv) ⇐= (vi) =⇒ (vii)Ep� plèon, an to P e�nai tèleio kai h Σ e�nai arijm sima paragìmenh tìte (iv) ⇐⇒ (v).An akìmh h Z e�nai arijm sima paragìmenh tìte (i) ⇐⇒ (ii). An (Ψ, Z) = (Rd, Bd) gia

d ∈ N tìte (i) ⇐⇒ (iii). An to P e�nai tèleio, h Σ e�nai arijm sima paragìmenh kai
(Ψ, Z) = (Rd, Bd), tìte ta (i) èw
 (vi) e�nai ìla isodÔnama.Apìdeixh. Arqik� parathroÔme ìti oi sunepagwgè
 (i) =⇒ (iii), (vi) =⇒ (iii) kai
(vi) =⇒ (vii) e�nai profane�
. H sunepagwg  (ii) =⇒ (i) e�nai �mesh sunèpeia th
 Prì-tash
 4.1.11, en¸ h isodunam�a twn (iii) kai (iv) prokÔptei �mesa apì to Je¸rhma 4.2.3,afoÔ gia (Υ, T ) = (R, B) k�je mètro pijanìthta
 PWn ep�nw sth B e�nai tèleio kai h
B e�nai arijm sima paragìmenh. Apì to gegonì
 autì kai th sunepagwg  (vi) =⇒ (iii)prokÔptei h sunepagwg  (vi) =⇒ (iv).
(ii) =⇒ (iv): An isqÔei to (ii), tìte profan¸
 h {Wn}n∈N e�nai Pθ-antall�ximh gia k�je
θ /∈ B∗, k�ti pou maz� me thn idiìthta (d2) sunep�getai kai thn P -antallaximìtht� th
,opìte prokÔptei h isqÔ
 tou (iii)   isodÔnama tou (iv).
(ii) =⇒ (v): 'Estw ìti isqÔei to (ii). Jètonta
 Sω(E) := Pθ(E) gia k�je ω ∈ Ω, E ∈ Σkai θ = Θ(ω), eÔkola pa�rnoume ìti h {Sω}ω∈Ω e�nai mia upoalgebrik  k.d.p. gia to Pep�nw sto R := P | σ(Θ) tètoia ¸ste h {Nt}t∈R+ na e�nai mia (Sω,K(ω))-RP gia k�je
ω /∈ B∗∗ := Θ−1(B∗), ìpou K(ω) := K(θ) gia k�je ω ∈ Ω kai Θ(ω) = θ /∈ B∗∈ Z. Epeid profan¸
 to B∗∗ e�nai èna R-mhdenikì sÔnolo, prokÔptei ìti oi {Sω}ω∈Ω, F := σ(Θ) kai
{K(ω)}ω∈Ω ikanopoioÔn to isqurismì (v).
(v) =⇒ (vi): 'Estw ìti isqÔei to (v) ki èstw F , {Sω}ω∈Ω kai R san kai aut� tou (v).Jètoume Ỹ := Ω, {Sỹ}ỹ∈Ỹ := {Sω}ω∈Ω kai B(Ỹ ) := σ({S•(E) : E ∈ Σ}). Tìte B(Ỹ ) ⊆ Fki epomènw
 mpore� na oriste� to mètro pijanìthta
 ν := R | B(Ỹ ). Ki epeid  apì to (v) hsv.d. {Wn}n∈N e�nai Sω-anex�rthth kai isìnoma katanemhmènh gia R-sv.ì. ta ω ∈ Ω, ja e�naikai Sỹ-anex�rthth kai isìnoma katanemhmènh gia ν-sv.ì. ta ỹ ∈ Ỹ , k�ti pou se sunduasmìme thn idiìthta (sf2) sunep�getai to ìti h {Nt}t∈R+ e�nai mia ν-MRP sqetizomènh me thn
{Sỹ}ỹ∈Υ ki epomènw
 ton isqurismì (vi).Ep� plèon, an to P e�nai tèleio kai h Σ arijm sima paragìmenh, exasfal�zoume thn isqÔth
 sunepagwg 
 (iv) =⇒ (v): Pr�gmati, apì to Je¸rhma 4.2.3 èqoume ìti o isqurismì

(iv) isoduname� me to ìti h {Wn}n∈N e�nai P -upì sunj kh anex�rthth kai isìnomh w
 pro
thn F . 'Omw
, sÔmfwna me thn Parat rhsh 2.1.3 up�rqei mia upoalgebrik  k.d.p. {Sω}ω∈Ωgia to P ep�nw sto R := P | F . Epomènw
, mporoÔme na efarmìsoume to Pìrisma 4.1.10gia na exasfal�soume to (v). 57



4.2 Memeigmène
 ananewtikè
 diadikas�e
 kai antallaximìthtaAn akìmh h Z e�nai arijm sima paragìmenh kai isqÔei to (i), tìte b�sei th
 Parat rhsh
2.1.3 ja up�rqei mia disintegration {Pθ}θ∈Ψ tou P ep�nw sto PΘ sunep 
 me th Θ, opìte,sÔmfwna me thn Prìtash 4.1.11, ja up�rqei èna PΘ-mhdenikì sÔnolo B∗ ∈ Z tètoio ¸stegia k�je θ /∈ B∗ h {Nt}t∈R+ na e�nai mia (Pθ,K(θ))-RP. 'Ara de�xame ìti to (i) sunep�getaito (ii).An h (Ψ, Z) = (Rd, Bd) kai isqÔei to (iii), tìte apì thn Prìtash 4.2.5 ja up�rqeimia Σ-Bd-metr simh apeikìnish Θ apì to Ω sto Rd tètoia ¸ste h {Wn}n∈N na e�nai P -upì sunj kh anex�rthth kai isìnoma katanemhmènh doje�sh
 th
 Θ. Epomènw
, de�xameto (i). Sunep¸
, upojètonta
 ìti to P e�nai tèleio, h Σ arijm sima paragìmenh kai
(Ψ, Z) = (Rd, Bd) exasfal�zoume thn isodunam�a ìlwn twn isqurism¸n (i) èw
 (vi), k�tipou oloklhr¸nei thn apìdeixh tou jewr mato
. �Ax�zei na shmeiwje� ìti oi pio shmantikè
 efarmogè
 sth Jewr�a Pijanot twn sune-q�zoun na èqoun ti
 r�ze
 tou
 se tupikoÔ
 q¸rou
 Borel, kai �ra se q¸rou
 pou p�ntaikanopoioÔn ti
 sqetikè
 me ta P , Σ kai (Ψ, Z) upojèsei
 tou parap�nw jewr mato
.Er¸thma 4.2.8. 'Omw
, paramènei èna anoiqtì er¸thma an ta Jewr mata 4.2.3 kai 4.2.7mporoÔn na epektajoÔn apalo�fonta
 ti
 upojèsei
 gia arijm sima paragìmene
 σ - �lge-bre
 T kai Σ, ant�stoiqa?

58



Kef�laio 5UPARXH KAI KATASKEUH TWNMEMEIGMENWN ANANEWTIKWNDIADIKASIWN
Se autì to kef�laio d�netai mia nèa kataskeu  mèsw disintegrations gia ti
 m.a.d.(bl. Je¸rhma 5.1.1), h opo�a sunist� tautìqrona ki èna apotèlesma Ôparx 
 tou
. Toapotèlesma autì prokÔptei w
 m�a akìmh sunèpeia twn qarakthrism¸n tou prohgoÔme-nou kefala�ou, ki epitrepe� thn kataskeu  sugekrimènwn paradeigm�twn m.a.d., kaj¸
 kaiton upologismì twn ant�stoiqwn epimèrou
 mètrwn pijanìthta
 twn disintegrations (bl.Enìthta 5.2).5.1 H Kataskeu Se aut  thn enìthta kai mèsw mia
 efarmog 
 tìso th
 Prìtash
 4.1.11 ìso kai touJewr mato
 4.2.7, apodeiknÔetai h Ôparxh (P,K(Θ))-MRP me prokajorismène
 katanomè
pijanìthta
 gia tou
 sqetizìmenou
 endi�mesou
 qrìnou
 �fixh
 twn apait sewn, kaj¸
kai gia thn par�metro Θ.Mèqri to tèlo
 tou kefala�ou, kai gia lìgou
 aplopo�hsh
, jètoume Υ := (0,∞),

Ω̃ := RN, Ω := Ω̃ × Ψ , Σ̃ := B(Ω̃) kai Σ := Σ̃ ⊗ Z.Je¸rhma 5.1.1. 'Estw µ mètro pijanìthta
 ep�nw sth Z, kai gia opoiod pote stajerì
θ ∈ Ψ èstw Qn(θ) mètra pijanìthta
 ep�nw sth B me Qn(θ) = K(θ) gia k�je n ∈ N, ìpougia opoiod pote stajerì B ∈ B h sun�rthsh K(·)(B) : Ψ −→ R e�nai Z-metr simh kai
K(θ)

(
Υ

)
= 1. Tìte isqÔoun ta ex 
:(i) Up�rqei mia apeikìnish Θ apì to Ω sto Ψ , mia oikogèneia mètrwn pijanìthta
 {Pθ}θ∈Ψep�nw sth Σ, kai monadikì mètro pijanìthta
 P ep�nw sth Σ ¸ste PΘ = µ kai h59



5.1 H Kataskeu 
{Pθ}θ∈Ψ na e�nai mia disintegration tou P ep�nw sto µ sunep 
 me th Θ, kaj¸
 kaimia (P,K(Θ))-MRP {Nt}t∈R+ , h sv.d. endi�meswn qrìnwn �fixh
 twn apait sewn
{Wn}n∈N th
 opo�a
 ikanopoie� th sunj kh

(Pθ)Wn = Qn(θ) gia k�je n ∈ Nkai gia θ ∈ Ψ stajerì.(ii) Up�rqei p�nta mia oikogèneia {Sω}ω∈Ω mètrwn pijanìthta
 ep�nw sth Σ kai m�a ν-
MRP {Nt}t∈R+ sqetizìmenh me thn {Sω}ω∈Ω, ìpou ν = P | B(Ω), h sv.d. endi�meswnqrìnwn �fixh
 twn apait sewn {Wn}n∈N th
 opo�a
 ikanopoie� th sunj kh

(Sω)Wn = Qn(Θ(ω)) gia k�je n ∈ Nkai gia ω ∈ Ω stajerì.Apìdeixh. (i): A
 stajeropoi soume èna auja�reto θ ∈ Ψ . An Qn(θ) = K(θ) gia k�je
n ∈ N, tìte up�rqei monadikì mètro pijanìthta
 P̃θ := ⊗n∈NQn(θ) ep�nw sth Σ̃, kaj¸
kai mia akolouj�a {W̃n}n∈N apì P̃θ-anex�rthte
 t.m. ep�nw ston (Ω̃, Σ̃) tètoia ¸ste

W̃n(ω) = ωn = πn(ω) gia k�je ω ∈ Ω̃ kai n ∈ N,ìpou πn e�nai h kanonik  probol  apì to RN ep�nw sto R, pou ikanopoie� thn
(P̃θ)W̃n

= Qn(θ) gia k�je n ∈ N.Ki epeid  ex′ upojèsew
, kai gia opoiod pote stajerì B ∈ B k�je sun�rthsh Qn(·)(B)e�nai Z-metr simh, b�sei èno
 epiqe�rhmato
 monìtonh
 kl�sh
 prokÔptei ìti to �dio jaisqÔei kai gia th sun�rthsh P̃•(E) gia stajerì E ∈ Σ̃: Pr�gmati, a
 sumbol�soume ep�sh
me C̃ kai D̃ thn oikogèneia ìlwn twn metr simwn kul�ndrwn sto BN kai thn oikogèneiaìlwn E ∈ Σ̃ ¸ste h P̃•(E) na e�nai mia Z-metr simh sun�rthsh, ant�stoiqa. Tìte eÔkoladiapist¸netai ìti h D̃ e�nai mia kl�sh Dynkin. Ki epeid  h C̃ e�nai kleist  w
 pro
 ti
 pe-perasmène
 tomè
 kai profan¸
 C̃ ⊆ D̃, mporoÔme na efarmìsoume to Je¸rhma Monìtonh
Kl�sh
 gia na sumper�noume ìti Σ̃ = σ(C̃) ⊆ D̃, kai �ra ìti Σ̃ = D̃.MporoÔme, t¸ra, na or�soume th sunolosun�rthsh P̃ : Σ̃ −→ R mèsw th
 sqèsh

P̃ (E) :=

∫
P̃θ(E)µ(dθ) gia k�je E ∈ Σ̃.Tìte to P̃ e�nai èna mètro pijanìthta
 ep�nw sth Σ̃ kai h {P̃θ}θ∈Ψ e�nai mia disintegrationtou P̃ ep�nw sto µ. Jètoume P (E) :=

∫
P̃θ(E

θ)µ(dθ) gia k�je E ∈ Σ. EÔkola mpore� na60



UPARXH KAI KATASKEUH TWN MEMEIGMENWN ANANEWTIKWN DIADIKASIWNapodeiqje� ìti to P e�nai èna mètro pijanìthta
 ep�nw sth Σ tètoio ¸ste h {P̃θ}θ∈Υ nae�nai mia k.d.p.-ginìmeno ep�nw sth Σ̃ gia to P w
 pro
 to µ.Gia k�je θ ∈ Ψ a
 jèsoume Pθ := P̃θ ⊗δθ, ìpou δθ e�nai to mètro pijanìthta
 tou Diracep�nw sth Z, kai a
 or�soume gia k�je n ∈ N thn t.m. Wn := W̃n ◦ πΩ̃, ìpou πΩ̃ e�nai hkanonik  probol  apì to Ω ep�nw sto Ω̃. Profan¸
, k�je Pθ e�nai èna mètro pijanìthta
ep�nw sth Σ. Sunep¸
, mporoÔme na efarmìsoume to L mma 2.2.1 gia na sumper�noumeìti h {Pθ}θ∈Ψ e�nai mia disintegration tou P ep�nw sto µ sunep 
 me thn πΨ , ìpou πΨ e�naih kanonik  probol  apì to Ω ep�nw sto Ψ . Ep� plèon, mpore� na apodeiqje� ìti gia k�je
θ ∈ Ψ h {Wn}n∈N e�nai Pθ-anex�rthth kai (Pθ)Wn = K(θ) gia k�je n ∈ N. Profan¸
, anjèsoume Θ := πΨ tìte PΘ = µ.Jètonta
 ep�sh
 Tn :=

∑n
k=1 Wk gia k�je n ∈ N0, kaj¸
 kai Nt :=

∑∞
n=1 χ{Tn≤t} giak�je t ∈ R+, prokÔptei ìti h {Tn}n∈N0 e�nai mia sv.d. �fixh
 twn apait sewn kai ìti h

{Nt}t∈R+ e�nai mia sv.d. tou arijmoÔ twn apait sewn me kenì mhdenikì sÔnolo exa�resh
(bl. Parat rhsh 3.2.1 kai thn par�grafo pou èpetai aut 
). Epomènw
, h {Nt}t∈R+ jae�nai m�a (Pθ,K(θ))-RP gia k�je θ ∈ Ψ , kai �ra sÔmfwna me thn Prìtash 4.1.11 ja e�naimia (P,K(Θ))-MRP.

(ii): Epeid  h {Nt}t∈R+ e�nai mia (P,K(Θ))-MRP kai h {Pθ}θ∈Ψ ikanopoie� ton isqurismì
(ii) tou Jewr mato
 4.2.7, mporoÔme na epilèxoume thn {Sω}ω∈Ω ètsi ¸ste Sω(B) :=

Pθ(B) gia k�je ω ∈ Ω, B ∈ B kai θ = Θ(ω). Tìte apì thn apìdeixh th
 sunepagwg 

(ii) =⇒ (v) tou Jewr mato
 4.2.7 èqoume ìti oi {Sω}ω∈Ω, F := σ(Θ) kai {K(ω)}ω∈Ω,ìpou K(ω) := K(θ) gia k�je ω ∈ Ω kai Θ(ω) = θ ∈ Ψ ikanopoioÔn ton isqurismì (v)tou en lìgw jewr mato
, kai �ra h oikogèneia {Sω}ω∈Ω mètrwn pijanìthta
 ep�nw sth Σkai o q.p. (Υ̃ , B(Υ̃ ), ν) := (Ω, B(Ω), P | B(Ω)) ikanopoioÔn ton isqurismì (vi) tou id�oujewr mato
, ap′ìpou èpetai h isqÔ
 tou (ii). �Pìrisma 5.1.2. 'Estw ν mètro pijanìthta
 ep�nw sth B(Υ ), ki èstw Qn(θ) mètra pija-nìthta
 ep�nw sth B(Υ ) tètoia ¸ste Qn(θ) = Exp(θ) gia k�je n ∈ N kai gia opoiod potestajerì θ ∈ Υ . Tìte up�rqei mia t.m. Θ apì to Ω ep�nw sto Υ , mia oikogèneia mètrwnpijanìthta
 {Pθ}θ∈Υ ep�nw sth Σ, monadikì mètro pijanìthta
 P ep�nw sth Σ tètoio¸ste PΘ = ν kai h {Pθ}θ∈Υ na e�nai mia disintegration tou P ep�nw sto ν sunep 
 me th
Θ, kaj¸
 kai mia P -m.d. Poisson {Nt}t∈R+ me par�metro Θ kai me sv.d. endi�meswn qrìnwn�fixh
 twn apait sewn {Wn}n∈N pou ikanopoie� th sunj kh

(Pθ)Wn = Qn(θ) gia k�je n ∈ Nkai gia θ ∈ Υ stajerì. 61



5.2 Parade�gmata sqetik� me thn kataskeu Parathr sei
 5.1.3. To kÔrio pleonèkthma tou Jewr mato
 5.1.1 e�nai ìti epitrèpei thnkataskeu  m.a.d. qwr�
 idia�tere
 apait sei
, ìpw
 oi parak�tw:
(a) Sto Je¸rhma 'Uparxh
 tou Kolmogorov d�netai mia kataskeuastik  mèjodo
 gia ti
diadikas�e
 Markov (bl. p.q. [17℄, Theorem 455A). All� epeid  mia ν-MRP den e�naigenik� kai mia diadikas�a Markov (bl. [24℄, Theorem 3) h parap�nw mèjodo
 den mpore� naefarmoste� gia opoiad pote ν-MRP, kai �ra sÔmfwna me to Je¸rhma 4.2.7 gia opoiad pote
(P,K(Θ))-MRP.

(b) H klassik  kataskeu  mia
 m.d. Poisson, pou ofe�letai ston Lundberg, apaite� thnparous�a diadikasi¸n gènnhsh
 (bl. p.q. [18℄, sel. 61-63). All� epeid , sÔmfwna me to
(a), mia m.a.d. den e�nai genik� mia diadikas�a Markov, kai �ra mia diadikas�a gènnhsh
, dene�nai dunatìn na efarmìsoume ta epiqeir mata th
 en lìgw kataskeu 
 gia opoiad potem.a.d..5.2 Parade�gmata sqetik� me thn kataskeu Se aut  thn enìthta, efarmìzonta
 to Je¸rhma 5.1.1, kaj�statai dunatì
 o upologi-smì
 twn ant�stoiqwn epimèrou
 mètrwn pijanìthta
 Pθ (θ ∈ Rd), kaj¸
 ep�sh
 kai toumètrou pijanìthta
 P gia merikè
 m.a.d. eidikoÔ endiafèronto
.Gia tou
 skopoÔ
 th
 paroÔsa
 enìthta
, jewroÔme thn oikogèneia C̃ ìlwn twn metr -simwn kul�ndrwn B̃ ∈ B(Ω̃), dhlad  ìlwn twn sunìlwn B̃ ⊆ Ω̃ th
 morf 
 ∏

n∈N B̃n,ìpou B̃n ∈ B(Υ ) gia k�je n ∈ N, kai to sÔnolo L̃ := {n ∈ N : B̃n 6= Υ} e�nai pepera-smèno. Jètonta
 C̃n := B̃n gia k�je n ∈ L̃ èqoume ìti B̃ =
∏

k∈L̃ C̃k × Υ N\L̃. Omo�w
, me
C dhl¸netai h oikogèneia ìlwn twn metr simwn kul�ndrwn B ∈ B(Ω).Ep�sh
 gia lìgou
 eukol�a
, sumbol�zoume me E thn eukle�dia topolog�a ep�nw ston Υkai me EN thn topolog�a ginìmeno ∏

n∈N En ìpou En = E gia k�je n ∈ N (bl. OrismoÔ
B.11 kai B.5, ant�stoiqa). W
 gnwstìn, to zeÔgo
 (Ω̃, EN) e�nai èna
 polwnikì
 q¸ro
.Sth sunèqeia kai se pr¸th f�sh, d�nontai orimèna parade�gmata pou aforoÔn ti
 m.d.
Poisson (kai �ra se aut  thn per�ptwsh ousiastik� efarmìzoume to Pìrisma 5.1.2), staopo�a upolog�zontai ep� plèon ta Pθ-mètra apa�thsh
 µθ (θ ∈ Υ ) maz� me to P -mètroapa�thsh
 µ, katadeiknÔonta
 me ènan akìmh trìpo th qrhsimìthta tou Jewr mato
 3.3.5.Epomènw
, gia ta epìmena pènte parade�gmata jewroÔme ìti (Ψ, Z) = (Υ, B(Υ )), kaj¸
kai ìti K(θ) = Exp(θ) gia opoiod pote stajerì θ ∈ Υ .Prin d¸soume to pr¸to par�deigma upenjum�zoume ìti mia sv.d. tou arijmoÔ twn apait -sewn {Nt}t∈R+ e�nai mia P -diadikas�a Pólya-Lundberg me paramètrou
 c kai d, ìpou
c, d > 0, an e�nai mia P -m.d. Poisson me par�metro Θ tètoia ¸ste PΘ = Ga(c, d).62



UPARXH KAI KATASKEUH TWN MEMEIGMENWN ANANEWTIKWN DIADIKASIWNPar�deigma 5.2.1. 'Estw µ̃θ kai µ̃ ta P̃θ- kai P̃ -mètra apa�thsh
 (θ ∈ Υ ), pou ep�gontaiapì th sv.d. �fixh
 twn apait sewn {Tn}n∈N0 tou Jewr mato
 5.1.1. A
 upojèsoumeakìmh ìti PΘ = Ga(γ, α), dhlad  ìti h {Nt}t∈R+ e�nai mia P -diadikas�a Pólya-Lundbergme paramètrou
 c = γ kai d = α.
(a) A
 stajeropoi soume èna auja�reto B̃ =

∏
k∈L̃ C̃k × Υ N\L̃∈ C̃. Tìte èqoume

P̃θ(B̃) = (⊗n∈NQn(θ))(B̃) =
∏

k∈L̃

Qk(θ)(C̃k) =
∏

k∈L̃

∫

C̃k

θe−θωkλ(dωk) (5.1)kai �ra
P̃ (B̃) =

∫ [∏

k∈L̃

∫

C̃k

θe−θωkλ(dωk)
]
PΘ(dθ).Ep�sh
 apì thn (5.1) kai gia k�je E ∈ B(Υ ) prokÔptei ìti

Pθ(B̃ × E) = (P̃θ ⊗ δθ)(B̃ × E) = P̃θ(B̃)δθ(E) = χE(θ)
∏

k∈L̃

∫

C̃k

θe−θωkλ(dωk)kai �ra
P (B̃ × E) =

γα

Γ(α)

∫

E

[∏

k∈L̃

∫

C̃k

e−θωkλ(dωk)
]
θαe−γθλ(dθ).Epomènw
, èqoume

Pθ(B) =
∏

k∈L

∫

Ck

θe−θωkλ(dωk), (5.2)kai �ra
P (B) =

γα

Γ(α)

∫ ∞

0

[∏

k∈L

∫

Ck

e−θωkλ(dωk)
]
θαe−γθdθgia k�je B =

∏
k∈L Ck × Υ N\L∈ C.

(b) 'Estw Ũ ⊆ C̃ h kanonik  b�sh gia thn topolog�a ginìmeno EN, pou apotele�tai apì ìlata sÔnola th
 morf 
 ∏
n∈N Gn, ìpou Gn ∈ E gia k�je n ∈ N, kai ìpou to sÔnolo L̃ :=

{n ∈ N : Gn 6= Υ} e�nai peperasmèno. 'Estw ep�sh
 Ũf to sÔnolo ìlwn twn peperasmènwnen¸sewn stoiqe�wn tou Ũ , kai H̃ to sÔnolo ìlwn twn mh ken¸n �nw kateujunìmenwnoikogenei¸n tou Ũf (bl. Orismì G.1).An to G ∈ EN, tìte to
ṼG := {V ∈ Ũf : V ⊆ G}an kei sto H̃ kai ⋃VG = G. Epeid  o (Ω̃, ẼN) e�nai èna
 polwnikì
 q¸ro
, ta mètrapijanìthta
 P̃ kai P̃θ (θ ∈ Υ ) e�nai eswterik� kanonik� w
 pro
 ta kleist� sÔnola (bl.p.q. OrismoÔ
 G.2 kai [17℄, Theorem 412E), kai �ra e�nai τ -prosjetik� (bl. p.q. OrismìG.2, (c) kai [17℄, Proposition 414O). Epomènw
, èqoume

P̃ (G) = sup
V ∈ṼG

P̃ (V ) kai P̃θ(G) = sup
V ∈ṼG

P̃θ(V ) gia k�je θ ∈ Υ. (5.3)63



5.2 Parade�gmata sqetik� me thn kataskeu All� epeid  tìso to P̃ ìso kai ìla ta P̃θ e�nai eswterik� kanonik� w
 pro
 ta kleist�sÔnola, tìte ja e�nai exwterik� kanonik� w
 pro
 ta anoikt� sÔnola, k�ti pou maz� me thn(5.3) sunep�getai to ìti
P̃ (E) = inf

G∈EN,G⊇E
sup

V ∈ṼG

P̃ (V ) gia k�je E ∈ B(Ω̃)kai
P̃θ(E) = inf

G∈EN,G⊇E
sup

V ∈ṼG

P̃θ(V ) gia k�je E ∈ B(Ω̃) kai θ ∈ Υ.'Estw U ⊆ C h kanonik  b�sh gia thn topolog�a ginìmeno EN×E , pou apotele�tai apì ìlata sÔnola th
 morf 
 ∏
n∈N Gn, ìpou Gn ∈ E gia k�je n ∈ N, kai ìpou to sÔnolo L :=

{n ∈ N : Gn 6= Υ} e�nai peperasmèno. 'Estw ep�sh
 Uf to sÔnolo ìlwn twn peperasmènwnen¸sewn stoiqe�wn tou U , kai H to sÔnolo ìlwn twn mh ken¸n �nw kateujunìmenwnoikogenei¸n tou Uf .An to G ∈ EN × E , tìte to
VG := {V ∈ Uf : V ⊆ G}an kei sto H kai ⋃VG = G.Epeid  o (Ω, EN×E) e�nai èna
 polwnikì
 q¸ro
, ta mètra pijanìthta
 P̃ kai P̃θ (θ ∈ Υ )e�nai eswterik� kanonik� w
 pro
 ta kleist� sÔnola (bl. p.q. [17℄, Theorem 412E), kai�ra e�nai τ -prosjetik� (bl. p.q. [17℄, Proposition 414O). Epomènw
, èqoume

P (G) = sup
V ∈VG

P (V ) kai Pθ(G) = sup
V ∈VG

Pθ(V ) gia k�je θ ∈ Υ. (5.4)All� epeid  tìso to P̃ ìso kai ìla ta P̃θ e�nai eswterik� kanonik� w
 pro
 ta kleist�sÔnola, tìte ja e�nai exwterik� kanonik� w
 pro
 ta anoikt� sÔnola, k�ti pou maz� me thn(5.4) sunep�getai to ìti
P (E) = inf

G∈EN×E,G⊇E
sup

V ∈VG

P (V ) gia k�je E ∈ B(Ω)kai
Pθ(E) = inf

G∈EN×E,G⊇E
sup

V ∈VG

Pθ(V ) gia k�je E ∈ B(Ω) kai θ ∈ Υ.

(c) SÔmfwna me to Je¸rhma 3.3.5, èqoume ìti up�rqei èna PΘ-mhdenikì sÔnolo L∗ ∈ B(Υ )tètoio ¸ste gia k�je θ /∈ L∗ na isqÔei µ̃θ | σ(Q̃) = (θP̃θ ⊗ λ) | σ(Q̃), ìpou
Q := {A′ × (s, t] : s, t ∈ R+ me s ≤ t, A′ ∈ A′

s} ⊆ Σ̃ ⊗ B,me thn A′ := {A′
t}t∈R+ na or�zetai ìpw
 h A all� gia th sv.d. tou arijmoÔ twn apait sewn

{Ñt}t∈R+ , pou ep�getai apì th sv.d. endi�meswn qrìnwn �fixh
 twn apait sewn {W̃n}n∈Nth
 apìdeixh
 tou Jewr mato
 5.1.1.64



UPARXH KAI KATASKEUH TWN MEMEIGMENWN ANANEWTIKWN DIADIKASIWNA
 stajeropoi soume, t¸ra, θ /∈ L∗. Tìte, gia k�je A′ × (s, t] ∈ Q èqoume
µ̃θ(A

′ × (s, t]) = θ(t − s)P̃θ(A
′), (5.5)opìte apì to L mma 3.3.4 sumpera�noume ìti

µ̃(A′ × (s, t]) = (t − s)

∫
θP̃θ(A

′)PΘ(dθ). (5.6)Idiaitèrw
, an B̃×(s, t] e�nai auja�reto sÔnolo apì to Q me B̃ =
∏

k∈L̃ C̃k×Υ N\L̃ ∈ A′
s∩C̃,efarmìzonta
 ti
 (5.1) kai (5.5), ìpw
 ep�sh
 kai ti
 (5.1) kai (5.6), èqoume ìti

µ̃θ(B̃ × (s, t]) = θ2(t − s)
∏

k∈L̃

∫

C̃k

e−θωkλ(dωk)kai
µ̃(B̃ × (s, t]) = (t − s)

∫
θ2

[∏

k∈L̃

∫

C̃k

e−θωkλ(dωk)
]
P̃Θ(dθ),ant�stoiqa.Jètoume Q̃ := {A × (s, t] : s, t ∈ R+ me s ≤ t, A ∈ Ãs} ⊆ Σ ⊗ B.Omo�w
, prokÔptei ìti

µθ(A × (s, t]) = θ(t − s)Pθ(A) (5.7)kai
µ(A × (s, t]) = (t − s)

∫
θPθ(A)PΘ(dθ) (5.8)gia k�je A × (s, t] ∈ Q̃. Idiaitèrw
, efarmìzonta
 ti
 (5.2) kai (5.7) ìpw
 ep�sh
 kai ti
(5.2) kai (5.8), èqoume ìti

µθ(B × (s, t]) = θ2(t − s)
∏

k∈L

∫

Ck

e−θωkλ(dωk)kai
µ(B × (s, t]) =

γα(t − s)

Γ(α)

∫ ∞

0

[∏

k∈L

∫

Ck

e−θωkλ(dωk)
]
θα+1e−γθdθ,ant�stoiqa, gia k�je B × (s, t] ∈ Q̃ me B =

∏
k∈L Ck × Υ N\L ∈ Ãs ∩ C.Par�deigma 5.2.2. Gia PΘ = pδθ1 + (1 − p)δθ2 me θ1, θ2 ∈ Υ kai p ∈ (0, 1), dhlad  giathn per�ptwsh ìpou h {Nt}t∈R+ e�nai mia dipl  diadikas�a Poisson (bl. p.q. [18℄, sel.77) èqoume ìti

P (B̃ × E) = pχE(θ1)
∏

k∈L̃

∫

C̃k

θ1e
−θ1ωkλ(dωk) + (1 − p)χE(θ2)

∏

k∈L̃

∫

C̃k

θ2e
−θ2ωkλ(dωk)65



5.2 Parade�gmata sqetik� me thn kataskeu gia k�je B̃ × E ∈ C̃ × B(Υ ) ìpw
 sto Par�deigma 5.2.1, k�ti pou sunep�getai ìti
P (B) = p

∏

k∈L

∫

Ck

θ1e
−θ1ωkλ(dωk) + (1 − p)

∏

k∈L

∫

Ck

θ2e
−θ2ωkλ(dωk)gia k�je B =

∏
k∈L Ck × Υ N\L∈ C. Ep� plèon, apì ti
 (5.2) kai (5.8) èpetai ìti

µ(B × (s, t]) = (t − s)
[
pθ2

1

∏

k∈L

∫

Ck

e−θ1ωkλ(dωk) + (1 − p)θ2
2

∏

k∈L

∫

Ck

e−θ2ωkλ(dωk)
]gia k�je B × (s, t] ∈ Q̃ ìpw
 sto Par�deigma 5.2.1.Par�deigma 5.2.3. Gia PΘ = U(0, α) me α > 0, dhlad  gia thn per�ptwsh ìpou h

{Nt}t∈R+ e�nai mia omoiìmorfh-Poisson diadikas�a (bl. p.q. [18℄, sel. 76), èqoume ìti
P (B̃ × E) =

1

α

∫

E∩[0,α)

[∏

k∈L̃

∫

C̃k

θe−θωkλ(dωk)
]
λ(dθ)gia k�je B̃ × E ∈ C̃ × B(Υ ) ìpw
 sto Par�deigma 5.2.1, k�ti pou sunep�getai ìti

P (B) =
1

α

∫ α

0

[∏

k∈L

∫

Ck

θe−θωkλ(dωk)
]
dθgia k�je B =

∏
k∈L Ck × Υ N\L∈ C. Ep� plèon, apì ti
 (5.2) kai (5.8) èpetai ìti

µ(B × (s, t]) =
t − s

α

∫ α

0

θ2
[∏

k∈L

∫

Ck

e−θωkλ(dωk)
]
dθgia k�je B × (s, t] ∈ Q̃ ìpw
 sto Par�deigma 5.2.1.Par�deigma 5.2.4. Gia PΘ = IG(α), dhlad  gia thn per�ptwsh ìpou oi arijmo� twn apai-t sewn th
 m.d. Poisson {Nt}t∈R+ katanèmontai sÔmfwna me mia ant�strofh kanonik -

Poisson katanom  (bl. p.q. [18℄, sel. 41, kaj¸
 kai to Par�rthma A.III gia ton orismìth
 ant�strofh
 kanonik 
 katanom 
) èqoume
P (B̃ × E) =

√
2

απ

∫

E

[∏

k∈L̃

∫

C̃k

e−θωkλ(dωk)
]e−α/2θ

√
θ

λ(dθ)gia k�je B̃ × E ∈ C̃ × B(Υ ) ìpw
 sto Par�deigma 5.2.1, k�ti pou sunep�getai ìti
P (B) =

√
2

απ

∫ ∞

0

[∏

k∈L

∫

Ck

e−θωkλ(dωk)
]e−α/2θ

√
θ

dθgia k�je B =
∏

k∈L Ck × Υ N\L∈ C. Ep� plèon, apì ti
 (5.2) kai (5.8) èpetai ìti
µ(B × (s, t]) = (t − s)

√
2

απ

∫ ∞

0

[∏

k∈L

∫

Ck

e−θωkλ(dωk)
]
e−α/2θ

√
θdθgia k�je B × (s, t] ∈ Q̃ ìpw
 sto Par�deigma 5.2.1.66



UPARXH KAI KATASKEUH TWN MEMEIGMENWN ANANEWTIKWN DIADIKASIWNPar�deigma 5.2.5. Gia PΘ = Be(r, α, γ), dhlad  gia thn per�ptwsh ìpou oi arijmo� twnapait sewn e�nai b ta-Poisson katanemhmènoi (bl. p.q. [18℄, sel. 42 kai Par�rthmaA.III) èqoume
P (B̃ × E) =

r1−(a+γ)

B(α, γ)

∫

E∩(0,r)

[∏

k∈L̃

∫

C̃k

e−θωkλ(dωk)
]
θα(r − θ)γ−1λ(dθ)gia k�je B̃ × E ∈ C̃ × B(Υ ) ìpw
 sto Par�deigma 5.2.1, k�ti pou sunep�getai ìti

P (B) =
r1−(a+γ)

B(α, γ)

∫ r

0

[∏

k∈L

∫

Ck

e−θωkλ(dωk)
]
θα(r − θ)γ−1dθgia k�je B =

∏
k∈L Ck × Υ N\L∈ C. Ep� plèon, apì ti
 (5.2) kai (5.8) èpetai ìti

µ(B × (s, t]) =
r1−(a+γ)(t − s)

B(α, γ)

∫ r

0

[∏

k∈L

∫

Ck

e−θωkλ(dωk)
]
θα+1(r − θ)γ−1dθgia k�je B × (s, t] ∈ Q̃ ìpw
 sto Par�deigma 5.2.1.Sto shme�o autì ax�zei na epishm�noume ìti oi domikè
 katanomè
 pijanìthta
 PΘ twnparap�nw paradeigm�twn, kai �ra oi ant�stoiqe
 m.d. Poisson parousi�zoun èna meg�loeÔro
 efarmog¸n sta asfalistik� majhmatik� kai sth Jewr�a KindÔnou. H katanom  b tatou teleuta�ou parade�gmato
 br�skei ep�sh
 efarmogè
 sth biolog�a. Gia perissìtere
plhrofor�e
 sqetik� me ti
 efarmogè
 twn Paradeigm�twn 5.2.3 kai 5.2.5, bl. p.q. [18℄,sel. 46 kai 43   [4℄, sel. 46 kai [19℄, sel. 43, 45, ant�stoiqa.Sta dÔo parade�gmata pou akoloujoÔn, kataskeu�zontai gia m�a apì ti
 pio koinè
 epi-logè
 pou mporoÔn na g�noun gia mia katanom  endi�meswn qrìnwn �fixh
 twn apait sewn,dhlad  gia thn Ga(θ1, θ2) me θ1 > 0 kai 0 < θ2 < 1 (bl. p.q. [18℄, sel. 95), sugkekrimène


(P,K(Θ))-MRP maz� me ti
 sqetizìmene
 oikogèneie
 twn epimèrou
 mètrwn pijanìthta
tou
 Pθ. Idiaitèrw
, sto epìmeno par�deigma ìpou θ2 = 1/2, h en lìgw kl�sh katanom¸nparousi�zei idia�tero endiafèron, afoÔ kanèna apì ta mèlh th
 den ikanopoie� thn Assum-

ption 5.1 tou [18℄, pou prot�jhke apì ton Huang sto [24℄, Theorem 3, kai h opo�a katèqeiousi¸dh rìlo sth melèth tou Grandell gia ti
 m.a.d. (bl. [18℄, Section 5.3). Ep� plèon,sto �dio par�deigma apodeiknÔetai ìti up�rqoun sv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+pou e�nai tautìqrona kai (P,K(Θ))-MRP kai PΘ | B(Ψ )-MRP, oi opo�e
, ìmw
, den e�naim.a.d. sÔmfwna me ton Grandell [18], Definition 5.3.Par�deigma 5.2.6. 'Estw Qn(θ) = Ga(θ, 1/2) gia k�je n ∈ N kai gia opoiod potestajerì θ > 0 ki èstw µ = Ga(γ, α). Tìte ikanopoioÔntai oi upojèsei
 tou Jewr mato
5.1.1 gia (Ψ, Z) =
(
Υ, B(Υ )

). 67



5.2 Parade�gmata sqetik� me thn kataskeu Epomènw
, kaj�statai dunatì
 o upologismì
 twn mètrwn pijanìthta
 P̃ kai P ep�nwsti
 σ-�lgebre
 Σ̃ = B(Ω̃) kai Σ = B(Ω), ìpou Ω̃ = RN kai Ω = RN × Υ , ant�stoiqa,kaj¸
 kai twn disintegrations {P̃θ}θ∈Ψ kai {Pθ}θ∈Ψ . Ep� plèon, up�rqei mia t.m. Θ ep�nwsto Ω tètoia ¸ste PΘ = Ga(γ, α).Arqik� upolog�zoume ta mètra pijanìthta
 ep�nw se metr simou
 kul�ndrou
. A
 sum-bol�soume me C̃ thn oikogèneia ìlwn twn metr simwn kul�ndrwn B̃ ∈ B(Ω̃), opìte èqoume
P̃θ(B̃) = (⊗n∈NQn(θ))(B̃) =

∏

k∈L̃

Qk(θ)(C̃k) =

√
θ

π

∏

k∈L̃

∫

C̃k

ω
− 1

2
k e−θωkλ(dωk) (5.9)gia k�je θ > 0, ki epomènw


P̃ (B̃) =

∫ √
θ

π

∏

k∈L̃

∫

C̃k

ω
− 1

2
k e−θωkλ(dωk)PΘ(dθ).A
 jewr soume t¸ra ènan metr simo kÔlindro B̃×E ∈ C̃×B(Υ ). Efarmìzonta
 thn (5.9)prokÔptei ìti

Pθ(B̃ × E) = P̃θ(B̃)δθ(E) = χE(θ)

√
θ

π

∏

k∈L̃

∫

C̃k

ω
− 1

2

k e−θωkλ(dωk);gia k�je θ > 0, opìte
P (B̃ × E) =

γα

Γ(α)
√

π

∫

E

[∏

k∈L̃

∫

C̃k

ω
− 1

2
k e−θ(γ+ωk)λ(dωk)

]
θα− 1

2 λ(dθ).Sunep¸
, efarmìzonta
 klassikè
 mejìdou
 Topologik 
 Jewr�a
 Mètrou, ìpw
 autè
tou Parade�gmato
 5.2.1, mporoÔme na upolog�soume ta mètra pijanìthta
 P (E) kai Pθ(E)gia k�je E ∈ Σ.Sth sunèqeia, kataskeu�zoume mia m.a.d., pou èqei w
 par�metro mia didi�stath t.m. Θ.Par�deigma 5.2.7. 'Estw Qn(θ) = Qn(θ1, θ2) = Ga(θ1, θ2) gia k�je n ∈ N kai gia opoio-d pote stajerì θ = (θ1, θ2) ∈ Υ × (0, 1), ki èstw µ mia didi�stath katanom  pijanìthta
ep�nw sth Borel σ-�lgebra B2 tètoia ¸ste µ(Υ × (0, 1)) = 1.Tìte ikanopoioÔntai oi upojèsei
 tou Jewr mato
 5.1.1 gia (Ψ, Z) = (R2, B2), opìte
Ω̃ = RN, Ω = RN × R2 kai Θ = πR2 .Efarmìzonta
, t¸ra, ta epiqeir mata tou Parade�gmato
 5.2.6, prokÔptei ìti PΘ = µ.Kai p�li sÔmfwna me to Par�deigma 5.2.6, arke� na upolog�soume ta mètra pijanìthta
pou ma
 endiafèroun ep�nw se metr simou
 kul�ndrou
. Tìte èqoume ìti

P̃θ(B̃) = (⊗n∈NQn(θ))(B̃) =
∏

k∈L̃

Qk(θ)(C̃k) =
θθ2
1

Γ(θ2)

∏

k∈L̃

∫

C̃k

ωθ2−1
k e−θ1ωkλ(dωk); (5.10)68



UPARXH KAI KATASKEUH TWN MEMEIGMENWN ANANEWTIKWN DIADIKASIWNgia k�je θ = (θ1, θ2) ∈ Υ × (0, 1), ki epomènw

P̃ (B̃) =

∫
θθ2
1

Γ(θ2)

[∏

k∈L̃

∫

C̃k

ωθ2−1
k e−θ1ωkλ(dωk)

]
PΘ(dθ1, dθ2).A
 jewr soume t¸ra ènan metr simo kÔlindro B̃ × E ∈ C̃ × B(R2). Efarmìzonta
 thn(5.10) prokÔptei ìti

Pθ(B̃ × E) = χE(θ1, θ2)
θθ2
1

Γ(θ2)

∏

k∈L̃

∫

C̃k

ωθ2−1
k e−θ1ωkλ(dωk);gia k�je θ = (θ1, θ2) ∈ Υ × (0, 1), opìte

P (B̃ × E) =

∫

E

θθ2
1

Γ(θ2)

[∏

k∈L̃

∫

C̃k

ωθ2−1
k e−θ1ωkλ(dωk)

]
PΘ(dθ1, dθ2).Shmei¸noume ìti kai sta dÔo parade�gmata pou prohg jhkan an jèsoume Sω(B) :=

Pθ(B) gia k�je ω ∈ Ω, B ∈ B kai θ = Θ(ω), tìte sÔmfwna me to Je¸rhma 5.1.1 kaithn apìdeix  tou, prokÔptei ìti h {Nt}t∈R+ e�nai m�a P | B(Ω)-MRP sqetizìmenh me thn
{Sω}ω∈Ω.Akolouje� èna par�deigma mèsw tou opo�ou ja de�xoume ìti h sunepagwg  (vii) =⇒ (vi)tou Jewr mato
 4.2.7 den isqÔei, akìma kai an (Ω, Σ) = (RN, BN) kai (Ψ, Z) = (Rd, Bd).Par�deigma 5.2.8. 'Estw Qn(θ) = Exp(θ) gia k�je n ∈ N kai gia opoiod pote stajerì
θ > 0 ki èstw µ = Ga(2, 1). Tìte ikanopoioÔntai oi upojèsei
 tou Jewr mato
 5.1.1 gia
(Ψ, Z) =

(
Υ, B(Υ )

).Epomènw
, mporoÔme na upolog�soume ta mètra pijanìthta
 P̃ kai P ep�nw sti
 σ-�lgebre
 Σ̃ = B(Ω̃) kai Σ = B(Ω), ìpou Ω̃ = RN kai Ω = RN × Υ , ant�stoiqa, kaj¸
ep�sh
 kai ti
 disintegrations {P̃θ}θ∈Ψ kai {Pθ}θ∈Ψ . Ep� plèon, up�rqei mia t.m. Θ ep�nw sto
Ω tètoia ¸ste PΘ = Ga(2, 1), kai �ra h {Nt}t∈R+ e�nai mia P -diadikas�a Pólya-Lundbergme paramètrou
 c = 2 kai d = 1.
(a) Epeid  h {Wn}n∈N e�nai Pθ-anex�rthth gia k�je θ > 0, tìte gia k�je r ∈ N kai
w1, . . . , wr ∈ R+ èqoume ìti

P
( r⋂

k=1

{Wk ≤ wk}
)

=

∫ r∏

k=1

Pθ(Wk ≤ wk)ν(dθ), (5.11)ìpou ν = PΘ | B(Υ ) kai B(Υ ) = σ({P•(E) : E ∈ Σ}). Sunep¸
, h {Nt}t∈R+ e�nai mia
ν-MRP sqetizìmenh me thn {Pθ}θ∈Ψ .A
 jewr soume t¸ra thn akolouj�a {Yn}n∈N pou d�netai apì th sqèsh

Yn :=

{
Wn an n perittì

1
2
Wn an n �rtio
. 69



5.2 Parade�gmata sqetik� me thn kataskeu EÔkola mpore� na diapistwje� ìti h {Yn}n∈N e�nai mia sv.d. endi�meswn qrìnwn �fixh
 twnapait sewn, afoÔ kai h {Wn}n∈N e�nai tètoia, kaj¸
 ep�sh
 kai ìti h Pθ-anexarths�a th

{Wn}n∈N sunep�getai aut  th
 {Yn}n∈N gia k�je θ > 0.ParathroÔme ep�sh
 ìti

(Pθ)Yn =

{
Exp(θ) an n perittì

Exp(2θ) an n �rtio
gia opoiod pote stajerì θ > 0.Epomènw
, h {Yn}n∈N e�nai mia sv.d. endi�meswn qrìnwn �fixh
 twn apait sewn, pouikanopoie� thn (5.11) afoÔ e�nai Pθ-anex�rthth gia k�je θ > 0. Den e�nai, ìmw
, Pθ-isìnomh.

(b) Ep� plèon, gia k�je y1, y2 ∈ R+ èqoume
P (Y1 ≤ y1, Y2 ≤ y2) = 2

∫ ∞

0

(1 − e−θy1)(1 − e−2θy2)e−2θdθ

= y2(y2 + 1)−1 − 2[(y1 + 2)−1 − (y1 + 2y2 + 2)−1], (5.12)k�ti pou sunep�getai ìti P (Y1 ≤ 2, Y2 ≤ 1) = 1
3
6= 2

7
= P (Y1 ≤ 1, Y2 ≤ 2), kai �ra h

{Yn}n∈N den e�nai P -antall�ximh.Jètonta
, t¸ra, T̃n :=
∑n

k=1 Yk gia k�je n ∈ N0 kai Ñt :=
∑∞

n=1 χ{Yn≤t} gia k�je
t ∈ R+, prokÔptei mia sv.d. tou arijmoÔ twn apait sewn {Ñt}t∈R+ me kenì mhdenikì sÔnoloexa�resh
, pou ep�getai apì th sv.d. endi�meswn qrìnwn �fixh
 twn apait sewn {Yn}n∈N,h opo�a den e�nai antall�ximh. Profan¸
, h {Ñt}t∈R+ den e�nai mia ν-MRP sqetizìmenh methn {Pθ}θ∈Ψ .Kle�nonta
 to kef�laio, d�noume èna par�deigma gia na de�xoume ìti h sunepagwg 
(vii) =⇒ (vi) tou Jewr mato
 4.2.7 den isqÔei, akìma kai an upojèsoume ìqi mìno ìti
(Ω, Σ) = (RN, BN) kai (Ψ, Z) = (Rd, Bd), all� ep�sh
 kai ìti oi endi�mesoi qrìnoi �fixh
twn apait sewn Wn e�nai oi kanonikè
 probolè
 πn apì to RN ep�nw sto R.Par�deigma 5.2.9. 'Estw Qn(θ) = Exp(nθ) gia k�je n ∈ N kai gia opoiod pote stajerì
θ > 0 ki èstw µ = Ga(2, 1). Tìte ikanopoioÔntai ìle
 oi upojèsei
 tou Jewr mato
 5.1.1gia (Ψ, Z) =

(
Υ, B(Υ )

), ektì
 apì to ìti
Qn(θ) = K(θ) gia k�je n ∈ N kai gia opoiod pote stajerì θ ∈ Ψ .Pr�gmati, se aut  thn per�ptwsh h katanom  pijanìthta
 K(θ) antikaj�statai apì thn

K(nθ) := Exp(nθ).Akolouj¸nta
, t¸ra, thn �dia sullogistik  me aut  th
 apìdeixh
 tou Jewr mato
5.1.1, exasfal�zoume thn Ôparxh mia
 sv.d. endi�meswn qrìnwn �fixh
 twn apait sewn70



UPARXH KAI KATASKEUH TWN MEMEIGMENWN ANANEWTIKWN DIADIKASIWN
{Wn}n∈N pou e�nai Pθ-anex�rthth gia k�je θ > 0 kai h opo�a ikanopoie� thn Wn = πnkaj¸
 ep�sh
 kai thn (Pθ)Wn = K(nθ) gia k�je n ∈ N kai gia opoiod pote stajerì θ > 0.Epomènw
, h {Wn}n∈N e�nai mia sv.d. endi�meswn qrìnwn �fixh
 twn apait sewn, h opo�aden e�nai Pθ-isìnomh gia opoiod pote stajerì θ > 0, all� h opo�a ikanopoie� thn (5.11).Sunep¸
, h sv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ pou ep�getai apì thn akolouj�atwn kanonik¸n probol¸n {πn}n∈N = {Wn}n∈N den e�nai mia ν-MRP sqetizìmenh me thn
{Pθ}θ∈Ψ , ìpou ν = PΘ | B(Υ ) = µ | B(Υ ). Ep� plèon, ìpw
 sto Par�deigma 3.3.3, (b),prokÔptei ìti h {Wn}n∈N den e�nai P -antall�ximh.
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Kef�laio 6ENAS QARAKTHRISMOS TWNSUNJETWN MEMEIGMENWNDIADIKASIWN POISSON

Se autì to kef�laio, d�nontai èna
 qarakthrismì
 twn sv.m.d. Poisson (bl. Je¸rhma6.2.2), me ton opo�o oi sv.m.d. Poisson an�gontai mèsw th
 emplok 
 mia
 disintegration

{Pθ}θ>0 se sun jei
 sÔnjete
 diadikas�e
 Poisson, k�tw apì ta epimèrou
 mètra pijanìth-ta
 Pθ th
 disintegration, kaj¸
 kai orismèna proapaitoÔmena gia ton qarakthrismì autìapotelèsmata (bl. L mma 6.2.1).Ax�zei na shmeiwje� ìti an kai o en lìgw qarakthrismì
 e�nai mia gen�keush tou ant�stoi-qou apotelèsmato
 gia m.d. Poisson (bl. Prìtash 3.2.10), epilèxame na ton parousi�soumesto shme�o autì kai se xeqwristì kef�laio, mia
 kai jèloume na ton�soume ìqi mìno toendiafèron pou èqei apì mìno
 tou, all� kai th qrhsimìtht� tou gia thn antimet¸pish toukentrikoÔ probl mato
 th
 paroÔsa
 diatrib 
, me to opo�o ja asqolhjoÔme sto epìmenokef�laio.6.1 Basikè
 upojèsei
'Estw {Xn}n∈N mia akolouj�a jetik¸n t.m. ep�nw sto Ω. Gia k�je t ∈ R+, or�zoumethn t.m. St mèsw tou tÔpou
St :=

Nt∑

k=1

Xk =

∞∑

n=0

χ{Nt=n}

n∑

k=1

Xk,ìpou XNt(ω) := XNt(ω)(ω) gia k�je ω ∈ Ω. Profan¸
, isqÔei ìti S0 = 0.Sth Jewr�a KindÔnou h t.m. Xn, ìpou n ∈ N, ermhneÔetai w
 to mègejo
   posì th

n-apa�thsh
, en¸ h St ermhneÔetai w
 to sunolikì mègejo
 twn apait sewn pou sunèbhsan73



6.1 Basikè
 upojèsei
mèqri to qrìno t. Sunakìlouja, h akolouj�a {Xn}n∈N onom�zetai h sv.d. megèjou
apa�thsh
, en¸ h oikogèneia {St}t∈R+ onom�zetai h sv.d. sunolik¸n apait sewn, pouep�getai apì th sv.d. tou arijmoÔ twn apait sewn kai th sv.d. megèjou
 apa�thsh
 (bl.p.q. [34℄, Chapter 5, Section 5.1, sel. 103).Gia ton epìmeno orismì, blèpe ep�sh
 to [34℄, Chapter 6, sel. 127: 'Ena zeÔgo

({Nt}t∈R+ , {Xn}n∈N) onom�zetai mia sv.d. kindÔnou ep�nw ston q.p. (Ω, Σ, P )   apl¸
mia P -sv.d. kindÔnou an(R1) h {Nt}t∈R+ e�nai mia P -sv.d. tou arijmoÔ twn apait sewn,(R2) h {Xn}n∈N e�nai mia sv.d. megèjou
 apa�thsh
, anex�rthtwn kai isìnomwn t.m. k�twapì to mètro pijanìthta
 P me koin  katanom  PX1, kai(R3) oi sv.d. {Nt}t∈R+ kai {Xn}n∈N e�nai metaxÔ tou
 anex�rthte
 k�tw apì to mètropijanìthta
 P .Sto ex 
, kai mèqri to tèlo
 autoÔ tou kefala�ou, h Θ e�nai mia t.m. ep�nw sto Ω tètoia¸ste PΘ

(
(0,∞)

)
= 1. An jèsoume NΘ := {ω ∈ Ω : Θ(ω) ≤ 0} tìte PΘ(NΘ) = 0, kiepomènw
 qwr�
 bl�bh th
 genikìthta
 mporoÔme na upojèsoume ìti NΘ = ∅.Mia sv.d. sunolik¸n apait sewn {St}t∈R+ e�nai mia sÔnjeth memeigmènh diadikas�a

Poisson (sv.m.d. Poisson) ep�nw ston q.p. (Ω, Σ, P ) me paramètrou
 Θ kai PX1 (sumbolik�mia P -CMPP(Θ,PX1)), an ep�getai apì mia P -sv.d. kindÔnou ({Nt}t∈R+ , {Xn}n∈N) tètoia¸ste h {Nt}t∈R+ na e�nai mia P -m.d. Poisson me par�metro Θ (bl. p.q. [18℄, sel. 207-208).Idiaitèrw
, an h PΘ e�nai ekfulismènh sto θ0 ∈ (0,∞), tìte h {St}t∈R+ onom�zetaimia sÔnjeth diadikas�a Poisson ep�nw ston q.p. (Ω, Σ, P ) me paramètrou
 θ0 kai PX1(sumbolik� mia P -CPP(θ0,PX1)).Oi akìlouje
 sunj ke
 ja apotelèsoun qr sime
 upojèsei
 gia th melèth twn sv.m.d.
Poisson:
(a1) Oi sv.d. {Wn}n∈N kai {Xn}n∈N e�nai metaxÔ tou
 P -upì sunj kh anex�rthte
 .
(a2) H t.m. Θ kai h akolouj�a {Xn}n∈N e�nai P -anex�rthte
.
(a3) H akolouj�a {Xn}n∈N e�nai P -upì sunj kh anex�rthth kai upì sunj kh isìnomh.Gia to upìloipo th
 diatrib 
, opoted pote ikanopoie�tai h sunj kh (a1), (a2)kai (a3) ja gr�foume ìti h tetr�da (P, {Wn}n∈N, {Xn}n∈N, Θ)   (an den prokale�taisÔgqush) to mètro pijanìthta
 P ikanopoie� thn (a1), (a2), kai (a3), ant�stoiqa.74



ENAS QARAKTHRISMOS TWN SUNJETWN MEMEIGMENWN DIADIKASIWN POISSON6.2 O Qarakthrismì
Se aut  thn enìthta, jètoume Υ := (0,∞) kai upojètoume thn Ôparxh mia
 disintegra-

tion {Pθ}θ∈Υ tou P ep�nw sto PΘ sunepoÔ
 me th Θ (bl. kai Parat rhsh 2.1.3). Ep�sh
,upojètoume gia �llh mia for� ìti tìso h èkrhxh ìso kai to endeqìmeno {T1 = ∞} e�nai�sa me to kenì sÔnolo.To parak�tw apotèlesma parèqei sqetikoÔ
 me th sv.d. kindÔnou qarakthrismoÔ
.L mma 6.2.1. (i) Oi akìlouje
 sunj ke
 e�nai isodÔname
:
(a) H sunj kh (a1).

(b) Oi {Nt}t∈R+ kai {Xn}n∈N e�nai metaxÔ tou
 P -upì sunj kh anex�rthte
.
(c) Up�rqei èna PΘ-mhdenikì sÔnolo G′ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ G′ oi

{Nt}t∈R+ kai {Xn}n∈N na e�nai metaxÔ tou
 Pθ-anex�rthte
.(ii) H sunj kh (a2) sunep�getai to ìti h sv.d. {Xn}n∈N e�nai P -anex�rthth kai isìnomhan kai mìno an e�nai P -upì sunj kh anex�rthth kai isìnomh an kai mìno an up�rqeièna PΘ-mhdenikì sÔnolo G′′ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ G′′ h {Xn}n∈N na e�nai
Pθ-anex�rthth kai isìnomh.(iii) Oi sunj ke
 (a1) kai (a2) sunep�gontai ìti to zeÔgo
 ({Nt}t∈R+ , {Xn}n∈N) e�nai mia
P -sv.d. kindÔnou an kai mìno an up�rqei èna PΘ-mhdenikì sÔnolo G∗ ∈ B(Υ ) tètoio¸ste gia k�je θ /∈ G∗ to zeÔgo
 ({Nt}t∈R+ , {Xn}n∈N) na e�nai mia Pθ-sv.d. kindÔnou.(iv) An to P ikanopoie� ti
 sunj ke
 (a1), (a2) kai (a3), tìte up�rqei èna PΘ-mhdenikìsÔnolo G∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ G∗ to zeÔgo
 ({Nt}t∈R+ , {Xn}n∈N) nae�nai mia Pθ-sv.d. kindÔnou.Apìdeixh. (i): Epeid  σ({Tk}k∈{0,...,n}) = σ({Wk}k∈{1,...,n}) gia k�je n ∈ N (bl. [34℄,

Lemma 1.1.1), èqoume ìti σ({Wn}n∈N) = σ({Tn}n∈N0) = σ({Nt}t∈R+), ìpou h teleuta�aisìthta e�nai �mesh sunèpeia tou [34℄, Lemma 2.1.3, opìte prokÔptei ìti (b) =⇒ (a). Hant�strofh sunepagwg  e�nai profan 
, afoÔ
Nt =

∞∑

n=1

χ{Tn≤t} =
∞∑

n=0

nχ{Tn≤t<Tn+1} =
∞∑

n=0

nχ{
∑n

k=1 Wk≤t<
∑n+1

k=1 Wk}
. (6.1)gia k�je t ∈ R+ (bl. p.q. [34℄, Theorem 2.1.1 kai Lemma 2.1.2). H isodunam�a (a) ⇐⇒ (c)prokÔptei apì to L mma 3.2.2.

(ii): 'Estw ìti isqÔei h (a2) kai ìti h {Xn}n∈N e�nai P -anex�rthth. Tìte gia k�je k ∈ N,gia auja�reta diaforetik� an� dÔo n1, . . . , nk ∈ N kai gia k�je akolouj�a {Cl}l∈{1,...,k}75



6.2 O Qarakthrismì
sth σ-�lgebra B(Υ ), èqoume isodÔnama ìti P (
⋂k

l=1{Xnl
∈ Cl}) =

∏k
l=1 P (Xnl

∈ Cl), poulìgw th
 (a2) isoduname� me to ìti
P

( k⋂

l=1

{Xnl
∈ Cl} | Θ

)
=

k∏

l=1

P ({Xnl
∈ Cl} | Θ) P | σ(Θ) − sv.b.,dhlad  me to ìti h akolouj�a {Xn}n∈N e�nai P -upì sunj kh anex�rthth. All�, sÔmfwname to L mma 3.2.2, to gegonì
 autì isoduname� me thn Ôparxh enì
 PΘ-mhdenikoÔ sunìlou

O:= ON ∈ B(Υ ) tètoiou ¸ste gia k�je θ /∈ O h sv.d. {Xn}n∈N na e�nai Pθ-anex�rthth.Kai p�li exait�a
 th
 (a2) to ìti ìle
 oi t.m. Xn e�nai P -isìnome
 isoduname� me to ìtie�nai P -upì sunj kh isìnome
, k�ti pou se sunduasmì me thn Parat rhsh 3.2.6 isoduname�me thn Ôparxh enì
 PΘ-mhdenikoÔ sunìlou L:= LN ∈ B(Υ ) tètoiou ¸ste gia k�je θ /∈ L hsv.d. {Xn}n∈N na e�nai Pθ-isìnomh. Epomènw
, jètonta
 G′′ := O ∪ L prokÔptei to (ii).
(iii): 'Estw ìti isqÔoun oi sunj ke
 (a1) kai (a2), kaj¸
 ep�sh
 kai ìti up�rqei èna PΘ-mhdenikì sÔnolo G∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ G∗ to zeÔgo
 ({Nt}t∈R+ , {Xn}n∈N)na e�nai mia Pθ-sv.d. kindÔnou. Tìte apì to (ii) prokÔptei ìti h idiìthta (R2) ikanopoie�taiep�nw ston q.p. (Ω, Σ, Pθ) gia k�je θ /∈ G∗ an kai mìno an ikanopoie�tai ep�nw ston
(Ω, Σ, P ). Ep�sh
 parathroÔme ìti sÔmfwna me to (i) h isqÔ
 th
 idiìthta
 (R3) ep�nwston (Ω, Σ, Pθ) gia k�je θ /∈ G∗ isoduname� me th sunj kh (a1), pou se sunduasmì me thsunj kh (a2) sunep�getai thn isqÔ th
 idiìthta
 (R3) ep�nw ston (Ω, Σ, P ). Epomènw
,to zeÔgo
 ({Nt}t∈R+ , {Xn}n∈N) e�nai mia P -sv.d. kindÔnou.H ant�strofh sunepagwg  prokÔptei �mesa kai gia G∗ := G′ ∪ G′′ apì ta (i) kai
(ii), afoÔ h isqÔ
 th
 idiìthta
 (R1) ep�nw ston q.p. (Ω, Σ, Pθ) gia k�je θ /∈ G∗ e�naiprofan 
.
(iv): A
 upojèsoume ìti to P ikanopoie� ti
 sunj ke
 (a1), (a2) kai (a3). 'Omw
, oiteleuta�e
 dÔo sunj ke
 sunep�gontai, sÔmfwna me to (ii), thn Ôparxh enì
 PΘ-mhdenikoÔsunìlou G′′ ∈ B(Υ ) tètoiou ¸ste gia k�je θ /∈ G′′ na ikanopoie�tai h idiìthta (R2) ep�nwston q.p. (Ω, Σ, Pθ). Ep� plèon, apì to (i) prokÔptei ìti up�rqei èna PΘ-mhdenikì sÔnolo
G′ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ G′ na ikanopoie�tai h idiìthta (R3) ep�nw ston q.p.
(Ω, Σ, Pθ). Epomènw
, jètonta
 G∗ := G′∪G′′, èqoume ìti to zeÔgo
 ({Nt}t∈R+ , {Xn}n∈N)e�nai mia Pθ-sv.d. kindÔnou gia k�je θ /∈ G∗. �Je¸rhma 6.2.2. 'Estw ìti to P ikanopoie� ti
 sunj ke
 (a1) kai (a2). Tìte h sv.d.sunolik¸n apait sewn {St}t∈R+ e�nai mia P -CMPP(Θ, PX1) an kai mìno an up�rqei èna
PΘ-mhdenikì sÔnolo C∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ C∗ h {St}t∈R+ na e�nai mia
Pθ-CPP(θ, (Pθ)X1).Apìdeixh. 'Estw ìti h {St}t∈R+ e�nai mia P -CMPP(Θ, PX1), k�ti pou isoduname� me to ìtito zeÔgo
 ({Nt}t∈R+ , {Xn}n∈N) e�nai mia P -sv.d. kindÔnou kai h {Nt}t∈R+ e�nai mia P -m.d.76



ENAS QARAKTHRISMOS TWN SUNJETWN MEMEIGMENWN DIADIKASIWN POISSON

Poisson me par�metro Θ. SÔmfwna me to L mma 6.2.1, (iii) kai thn Prìtash 3.2.10 hteleuta�a sunj kh e�nai isodÔnamh me to ìti up�rqoun PΘ-mhdenik� sÔnola G∗ kai L∗ th

σ-�lgebra
 B(Υ ) tètoia ¸ste gia k�je θ /∈ G∗ to zeÔgo
 ({Nt}t∈R+ , {Xn}n∈N) na e�naimia Pθ-sv.d. kindÔnou, kai gia k�je θ /∈ L∗ h {Nt}t∈R+ na e�nai mia Pθ-diadikas�a Poissonme par�metro θ, ant�stoiqa. Epomènw
, jètonta
 C∗ := G∗ ∪ L∗, isodÔnama èqoume ìti h
{St}t∈R+ e�nai mia Pθ-CPP(θ, (Pθ)X1) gia k�je θ /∈ C∗. �
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Kef�laio 7
MARTINGALE-ISODUNAMESSUNJETES MEMEIGMENESDIADIKASIES POISSON

Se autì to kef�laio, Υ := (0,∞), o (Ω, Σ, P ) e�nai èna
 auja�reto
 all� stajerì
q.p. kai h Θ e�nai mia t.m. ep�nw sto Ω tètoia ¸ste PΘ(Υ ) = 1. An jèsoume, t¸ra,
NΘ := {ω ∈ Ω : Θ(ω) ≤ 0} tìte PΘ(NΘ) = 0, ki epomènw
 qwr�
 bl�bh th
 genikìthta
mporoÔme na upojèsoume ìti NΘ = ∅.Sthn Enìthta 7.1 eis�goume dÔo tropopoihmène
 sv.d. sunolik¸n apait sewn, pouemplèkontai ston orismì dÔo ekjetik¸n martingales (bl. Prìtash 7.1.7), qr simwn giatou
 skopoÔ
 th
 epìmenh
 enìthta
. Eke� kaj�stai dunat  mia lÔsh sto prìblhma poukat� kÔrio lìgo filodoxe� na antimetwp�sei h paroÔsa diatrib , dhlad  sto [P1℄ th
 Ei-sagwg 
 (bl. ep�sh
 to Er¸thma 7.2.3).Pio sugkekrimèna, sthn Enìthta 7.2 d�netai èna
 qarakthrismì
 mèsw disintegrationskai martingale - (proodeutik�) isodÔnamwn mètrwn pijanìthta
 ìlwn twn mètrwn pijanì-thta
 Q, pou e�nai proodeutik� isodÔnama me to arqikì mètro pijanìthta
 P , k�tw apì taopo�a mia P -sv.m.d. Poisson paramènei mia sv.m.d. Poisson. Mèsw autoÔ tou apotelèsmato
parèqetai, k�tw apì asjene�
 pro�pojèsei
, mia katafatik  ap�nthsh sto Er¸thma 7.2.3.Pro
 to tèlo
 tou kefala�ou, g�netai anafor� se k�poie
 axioshme�wte
 sunèpeie
 tou Je-wr mato
 7.2.9 (bl. p.q. Pìrisma 7.2.13), ano�gonta
 ousiastik� to drìmo gia efarmogè
kai eidikè
 peript¸sei
 tou proanaferjènto
 qarakthrismoÔ, pou parousi�zoun idia�teroendiafèron kai oi opo�e
 ja apotelèsoun to antike�meno melèth
 tou Kefala�ou 8.7.1 DÔo ekjetik� martingalesGia tou
 skopoÔ
 th
 paroÔsa
 enìthta
 anakaloÔme merikè
 akìma gnwstè
 ènnoie
.79



7.1 DÔo ekjetik� martingalesMia t.m. T : Ω −→ [0,∞] onom�zetai èna
 qrìno
 diakop 
 (stopping time) th
diÔlish
 {Σt}t∈R+ (  alli¸
 èna
 {Σt}t∈R+-qrìno
 diakop 
) an isqÔei ìti {T ≤ t} ∈ Σtgia k�je t ∈ R+. H t.m. ZT pou or�zetai mèsw th
 sqèsh
 ZT (ω) := ZT (ω)(ω) gia k�je
ω ∈ Ω e�nai h tim  th
 diadikas�a
 {Zt}t∈R+ sto qrìno diakop 
 T (bl. p.q. [26],

Chapter 1, Definitions 2.1 and 1.15, ant�stoiqa).H oikogèneia ΣT := {A ∈ Σ : A∩{T ≤ t} ∈ Σt gia k�je t ∈ R+} e�nai h σ-�lgebratwn prosdior�simwn prin apì to qrìno diakop 
 T endeqomènwn   alli¸
 topareljìn tou qrìnou diakop 
 T (bl. p.q. [26], Chapter 1, Definition 2.12).Mèqri to tèlo
 tou kefala�ou, jewroÔme mia sv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+kai mia sv.d. megèjou
 apa�thsh
 {Xn}n∈N, kaj¸
 kai ìti tìso h èkrhxh ìso kai to ende-qìmeno {T1 = ∞} e�nai �so me to kenì sÔnolo.'Estw, t¸ra, m�a B(Υ ) ⊗ B(Υ )-metr simh sun�rthsh (x, θ) 7−→ β(x, θ) apì to Υ × Υsto R. Gia k�je t ∈ R+ or�zoume ti
 sunart sei
 S
(β)
t : Ω×Υ −→ R kai S(β)

t (Θ) : Ω −→ Rmèsw twn sqèsewn
S

(β)
t (ω, θ) :=

Nt(ω)∑

k=1

β(Xk(ω), θ) gia k�je (ω, θ) ∈ Ω × Υkai
S

(β)
t (Θ)(ω) :=

Nt(ω)∑

k=1

β(Xk(ω), Θ(ω)) gia k�je ω ∈ Ω,ant�stoiqa. ParathroÔme ìti S
(β)
t (Θ) = S

(β)
t ◦ (idΩ × Θ) gia k�je t ∈ R+.Ep� plèon, gia k�je t ∈ R+ kai gia opoiod pote stajerì θ ∈ Υ or�zoume th sun�rthsh

S
(β)
t (θ) : Ω −→ R me tÔpo

S
(β)
t (θ)(ω) :=

Nt(ω)∑

k=1

βθ(Xk(ω)) gia k�je ω ∈ Ω.Ep�sh
 a
 jèsoume H̃0 := {∅, Ω}, a
 sumbol�soume me H̃ := {H̃t}t∈R+ thn kanonik  diÔlishth
 sv.d. sunolik¸n apait sewn {St}t∈R+ , kai a
 jèsoume akìmh H̃∞ := σ({St}t∈R+). Tìte
H̃0 ⊆ H̃t gia k�je t ∈ R+. Jètonta
, t¸ra, Ht := σ(H̃t ∪ σ(Θ)) gia k�je t ∈ R+,prokÔptei ìti h H := {Ht}t∈R+ e�nai mia diÔlish, afoÔ to �dio isqÔei kai gia thn H̃. Ep�plèon, jètoume H∞ := σ(H̃∞ ∪ σ(Θ)).Parathr sei
 7.1.1. Sqetik� me th metrhsimìthta twn basik¸n t.m. pou emplèkontai seautì to kef�laio shmei¸noume ta ex 
:
(a) Gia k�je t ∈ R+ h t.m. Nt e�nai H̃t-metr simh, kai �ra gia k�je n ∈ N to �dio ja isqÔeikai gia ti
 t.m. Tn kai Wn, afoÔ {Nt ≥ n} = {Tn ≤ t} gia k�je t ∈ R+ kai n ∈ N (bl.p.q. [34], Lemma 2.1.2, (a)).80



MARTINGALE-ISODUNAMES SUNJETES MEMEIGMENES DIADIKASIES POISSONPr�gmati, arqik� stajeropoioÔme auja�reta s, t ∈ R+ me s < t kai ω ∈ Ω. An jèsoume
∆Su := Su − Su− := Su − limt→u− St gia k�je u ∈ R+, tìte apì thn idiìthta (n2)sunep�getai ìti {u ∈ (s, t] : ∃ n ∈ N Tn(ω) = u} ⊆ {u ∈ (s, t] : ∆Nu(ω) 6= 0}, en¸ hisqÔ
 th
 ant�strofh
 sqèsh
 egkleismoÔ apotele� sunèpeia twn idiot twn (n4) kai (n2).Akìmh h dexi� sunèqeia twn troqi¸n th
 {St}t∈R+ , kai �ra ìti {u ∈ (s, t] : ∆Su(ω) 6= 0} =

{u ∈ (s, t] : ∆Nu(ω) 6= 0} apoteloÔn �mesh sunèpeia th
 idiìthta
 (n3). Sunep¸
,
{u ∈ (s, t] : ∆Su(ω) 6= 0} = {u ∈ (s, t] : ∃ n ∈ N Tn(ω) = u},opìte to sÔnolo sto aristerì mèlo
 th
 teleuta�a
 isìthta
 e�nai (to polÔ) arijm simo(afoÔ èqoume upojèsei ìti {supn∈N Tn < ∞} = ∅), kai �ra h ∑

s<u≤t χ{∆Su 6=0}(ω) e�nai miaseir�. Epomènw
, ∑
s<u≤t χ{∆Su 6=0}(ω) =

∑
s<u≤t χ

⋃
n∈N{Tn=u}(ω) =

∑
n∈N χ{s<Tn≤t}(ω) =

(Nt − Ns)(ω), opìte prokÔptei ìti h H̃t-metrhsimìthta th
 t.m. Nt.
(b) Gia k�je t ∈ R+ h t.m. XNt e�nai H̃t-metr simh, kai gia k�je n ∈ N h t.m. Xn e�nai
H̃Tn-metr simh.Pr�gmati, apì to (a) prokÔptei ìti ìle
 oi t.m. Tn e�nai H̃-qrìnoi diakop 
, kaj¸
 kaiìti h {St}t∈R+ e�nai dexi� suneq 
. Epomènw
, gia k�je n ∈ N oi t.m. STn kai STn−1 e�nai
H̃Tn-metr sime
, afoÔ Tn−1 < Tn gia k�je n ∈ N (bl. p.q. [26], Chapter 1, Propositions

2.18, 1.13 kai Lemma 2.15). Sunep¸
, lamb�nonta
 upìyh to ìti Xn(ω) = (STn−STn−1)(ω),afoÔ NTn(ω)(ω) = n gia k�je n ∈ N kai ω ∈ Ω, sumpera�noume ìti h t.m. Xn e�nai H̃Tn-metr simh gia k�je n ∈ N. 'Omw
, gia ìla ta n ∈ N0 kai t ∈ R+ èqoume {Nt = n} =

{Tn ≤ t < Tn+1} ∈ H̃t apì to (a), bl. kai p�li [34], Lemma 2.1.2 gia thn isìthta,opìte X−1
Nt

(B) ∩ {Nt = n} ∈ H̃t (bl. kai p�li [26], Chapter 1, Lemma 2.15). Epomènw
,prokÔptei h H̃t-metrhsimìthta k�je t.m. XNt .
(c) H B(Υ )-metrhsimìthta th
 sun�rthsh
 βθ, gia opoiod pote stajerì θ ∈ Υ , se sun-duasmì me to (b) sunep�getai th H̃t-, ki epomènw
 th Ht- kai th H∞-metrhsimìthta giak�je t.m. S

(β)
t (θ).

(d) Gia k�je t ∈ R+ h sun�rthsh S
(β)
t (Θ) e�nai Ht-metr simh.Pr�gmati, a
 stajeropoi soume èna auja�reto t ∈ R+. Arqik� parathroÔme ìti apì to

(b) kai to gegonì
 ìti tìso h σ(Θ) ìso kai h H̃t emperièqontai sthHt, èqoume ìti gia k�jezeÔgo
 pou emfan�zetai sto tuqa�o �jroisma ∑Nt

k=1 β(Xk, Θ) isqÔei (Xk, Θ)−1(B × D) =

X−1
k (B) ∩ Θ−1(D) ∈ Ht gia k�je B × D ∈ B(Υ ) × B(Υ ). Efarmìzonta
 èna epiqe�rhmamonìtonh
 kl�sh
 mpore� na apodeiqje� ìti k�je zeÔgo
 (Xk, Θ) e�nai Ht-B(Υ ) ⊗ B(Υ )-metr simo, k�ti pou se sunduasmì me to ìti h β e�nai mia B(Υ )⊗B(Υ )-metr simh sun�rthshsunep�getai thn isqÔ tou (d).

(e) Gia k�je t ∈ R+ h S
(β)
t e�nai mia Ht ⊗ B(Υ )-metr simh sun�rthsh. 81



7.1 DÔo ekjetik� martingalesPr�gmati, epeid  gia k�je n ∈ N èqoume ìti (Xn × idΥ )(ω, θ) = (Xn(ω), θ) gia k�je
(ω, θ) ∈ Ω × Υ , apì to (b) prokÔptei ìti k�je sun�rthsh Xk × idΥ pou emfan�zetai stotuqa�o �jroisma ∑Nt

k=1 β◦(Xk×idΥ ) e�nai Ht⊗B(Υ )-B(Υ )⊗B(Υ )-metr simh, ki epomènw
k�je sun�rthsh β ◦ (Xk × idΥ ) e�nai Ht ⊗ B(Υ )-metr simh, k�ti pou sunep�getai ìti to�dio ja isqÔei kai gia thn S
(β)
t .Gia to upìloipo tou kefala�ou jewroÔme mia disintegration {Pθ}θ∈Υ tou P ep�nw sto

PΘ sunep  me th Θ (bl. kai Parat rhsh 2.1.3 gia thn Ôparx  th
).Sumbolismì
 & Parat rhsh 7.1.2. H kl�sh ìlwn twn B(Υ × Υ )-metrhs�mwn sunar-t sewn β apì to Υ × Υ sto R tètoiwn ¸ste β(x, θ) = α(θ) + γ(x) gia k�je x, θ ∈ Υ ,ìpou oi α, γ e�nai B(Υ )-metr sime
 sunart sei
 apì to Υ sto R me eβ(X1,Θ) ∈ L1(P ) kai
EP [eγ(X1)] = 1, ja sumbol�zetai me FP := FP,X1,Θ.An h β ∈ FP , tìte h P -oloklhrwsimìthta th
 t.m. eβ(X1,Θ) sunep�getai thn Ôparxh enì

PΘ-mhdenikoÔ sunìlou D̂ ∈ B(Υ ) tètoiou ¸ste gia k�je θ /∈ D̂ h t.m. eβθ(X1) na e�nai Pθ-oloklhr¸simh: Pr�gmati, èqoume ∞ >

∫
Θ−1(B)

eβ(X1,Θ)dP =
∫

Θ−1(B)
EP [eβ(X1,Θ) | Θ]dP =

∫
Θ−1(B)

eα(Θ)EP [eγ(X1) | Θ]dP =
∫

Θ−1(B)
eα(Θ)EP•

[eγ(X1)]◦ΘdP =
∫

B
EPθ

[eβθ(X1)]PΘ(dθ) giak�je B ∈ B(Υ ), ìpou h tr�th isìthta e�nai �mesh sunèpeia tou L mmato
 2.3.2. Epomènw
,up�rqei èna PΘ-mhdenikì sÔnolo D̂ := D̂β,X1 ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ D̂ naèqoume ìti ∫
eβθ(x)(Pθ)X1(dx) < ∞   isodÔnama ∫

eβθ(X1)dPθ < ∞.L mma 7.1.3. 'Estw ìti to P ikanopoie� ti
 (a1), (a2) kai (a3). An h β ∈ FP kai hsv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ e�nai mia P -m.d. Poisson me par�metro Θ, tìteup�rqoun PΘ-mhdenik� sÔnola C∗, D̂ ∈ B(Υ ) tètoia ¸ste gia k�je t ∈ R+ kai r > 0 naisqÔoun ta ex 
:(i) Gia k�je θ /∈ C∗ isqÔei h isìthta EPθ
[erS

(β)
t (θ)] = etθEPθ

[erβθ(X1)−1], kai h isìthta
EP [erS

(β)
t (Θ) | Θ] = etΘEP [erβ(X1,Θ)−1|Θ] isqÔei P | σ(Θ)-sv.b..(ii) Gia k�je θ /∈ D̂ isqÔei h sunj kh EPθ

[βθ(X1)] < ∞, pou sunep�getai thn
lim
t→∞

S
(β)
t (θ)

Nt

= EPθ
[βθ(X1)] Pθ − sv.b..Apìdeixh. (i): Arqik� parathroÔme ìti epeid  ex′upojèsew
 h {Nt}t∈R+ e�nai mia P -m.d. Poisson me par�metro Θ, tìte isodÔnama èqoume ìti up�rqei èna PΘ-mhdenikì sÔnolo

L∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ L∗ h {Nt}t∈R+ na e�nai mia Pθ-diadikas�a Poisson mepar�metro θ (bl. Prìtash 3.2.10). Oi upojèsei
 ma
 se sunduasmì me to L mma 6.2.1,
(iv) ma
 exasfal�zoun ep�sh
 thn Ôparxh enì
 PΘ-mhdenikoÔ sunìlou G∗ ∈ B(Υ ) tètoiou82



MARTINGALE-ISODUNAMES SUNJETES MEMEIGMENES DIADIKASIES POISSON¸ste gia k�je θ /∈ G∗ to zeÔgo
 ({Nt}t∈R+ , {Xn}n∈N) na e�nai mia Pθ-sv.d. kindÔnou, pousunep�getai ìti to �dio isqÔei kai gia to zeÔgo
 ({Nt}t∈R+ , {Yn}n∈N), ìpou Yn := Y
(β)
n,θ :=

βθ(Xn) gia k�je n ∈ N kai gia opoiod pote stajerì θ ∈ Υ , afoÔ apì to ìti h β ∈ FPèqoume ìti βθ(Xn) = α(θ) + γ(Xn) gia opoiad pote stajer� θ ∈ Υ kai n ∈ N.Epomènw
, gia opoiod pote stajerì θ /∈ C∗ = G∗∪L∗, h ropogenn tria sun�rthsh toutuqa�ou ajro�smato
 S
(β)
t (θ) =

∑Nt

k=1 Yn k�tw apì to mètro pijanìthta
 Pθ d�netai apì thsqèsh EPθ
[erS

(β)
t (θ)] = etθEPθ

[erY1−1] = etθEPθ
[erβθ(X1)−1] (bl. p.q. [34], Corollary 5.2.3). Hteleuta�a sunj kh se sunduasmì me thn Prìtash 2.3.5 sunep�getai ìti gia k�je B ∈ B(Υ )isqÔoun oi isodunam�e


∫ ∫
χB(θ)erS

(β)
t (θ)dPθPΘ(dθ) =

∫

B

etθEPθ
[erβθ(X1)−1]PΘ(dθ)

⇐⇒
∫

χΘ−1(B)e
rS

(β)
t (Θ)dP =

∫

Θ−1(B)

etΘ(EP• [erβ•(X1)−1])◦ΘdP

⇐⇒
∫

Θ−1(B)

EP [erS
(β)
t (Θ) | Θ]dP =

∫

Θ−1(B)

etΘEP [erβ(X1,Θ)−1|Θ]dP,k�ti pou oloklhr¸nei thn apìdeixh tou (i).
(ii): Arqik� parathroÔme ìti h upìjesh β ∈ FP se sunduasmì me thn Parat rhsh 7.1.2sunep�getai thn Ôparxh enì
 PΘ-mhdenikoÔ sunìlou D̂ ∈ B(Υ ) tètoiou ¸ste gia k�je
θ /∈ D̂ na èqoume ìti eβθ(X1) ∈ L1(Pθ) kai �ra ìti βθ(X1) ∈ L1(Pθ).A
 stajeropoi soume, t¸ra, èna auja�reto θ /∈ D̂. Apì ton Isqurì Nìmo twn Meg�lwnArijm¸n (bl. p.q. [5℄, Theorem 22.1), exasfal�zoume ìti

lim
n→∞

n−1

n∑

k=1

βθ(Xk) = EPθ
[βθ(X1)] Pθ − sv.b.. (7.1)Ep� plèon, epeid  h {Nt}t∈R+ e�nai ex′ upojèsew
 mia P -sv.d. tou arijmoÔ twn apait sewnme èna kenì mhdenikì sÔnolo exa�resh
, prokÔptei ìti

lim
t→∞

Nt(ω) = sup
t∈R+

Nt(ω) = ∞ gia k�je ω ∈ Ω,kai �ra
lim
t→∞

1

Nt

Nt∑

k=1

βθ(Xk) = lim
n→∞

1

n

n∑

k=1

βθ(Xk)
(7.1)
= EPθ

[βθ(X1)] Pθ − sv.b.,k�ti pou oloklhr¸nei thn apìdeixh. �Parathr sei
 7.1.4. Sqetik� me to (i) tou L mmato
 7.1.3 shmei¸noume ta ex 
:
(a) IsqÔei akìma kai an ant� th
 β ∈ FP k�noume thn asjenèsterh upìjesh ìti to β e�naimia B(Υ ×Υ )-metr simh sun�rthsh apì to Υ ×Υ sto R tètoia ¸ste β(x, θ) = α(θ)+γ(x)83



7.1 DÔo ekjetik� martingalesgia k�je x, θ ∈ Υ , ìpou oi α, γ e�nai B(Υ )-metr sime
 sunart sei
 apì to Υ sto R, afoÔsthn apìdeixh tou en lìgw isqurismoÔ qreiazìmaste mìno thn teleuta�a upìjesh.
(b) Gia r = 1 kai β ∈ FP , sÔmfwna me to deÔtero mèro
 tou (i), prokÔptei ìti gia k�je
t ∈ R+ isqÔei EP [eS

(β)
t (Θ) | Θ] < ∞ P | σ(Θ)-sv.b., en¸ apì pr¸to mèro
 tou (i) kai thnParat rhsh 7.1.2 èpetai h Ôparxh enì
 PΘ-mhdenikoÔ sunìlou D̂∗ := C∗ ∪ D̂ ∈ B(Υ )tètoiou ¸ste gia k�je θ /∈ D̂∗ kai gia k�je t ∈ R+ na isqÔei ìti EPθ

[eS
(β)
t (θ)] < ∞.A
 stajeropoi soume, t¸ra, èna auja�reto t ∈ R+ kai a
 or�soume gia β ∈ FP thsun�rthsh M

(β)
t (θ) : Ω −→ R me tÔpo

M
(β)
t (θ) := eS

(β)
t (θ)−tθEPθ

[eβθ(X1)−1] an θ /∈ D̂ (7.2)kai M
(β)
t (θ) = 0 an θ ∈ D̂, kaj¸
 kai th sun�rthsh M

(β)
t : Ω × Υ −→ R pou d�netai mèswth
 sqèsh


M
(β)
t (ω, θ) := eS

(β)
t (ω,θ)−tθEPθ

[eβθ(X1)−1] gia k�je (ω, θ) ∈ Ω × D̂c (7.3)kai M
(β)
t (ω, θ) = 0 gia k�je (ω, θ) ∈ Ω × D̂. Apì thn Parat rhsh 7.1.4, (b) èpetai ìti oisunart sei
 M

(β)
t (θ) kai M

(β)
t e�nai kal� orismène
.Akolouj¸nta
 thn �dia sullogistik  me eke�nh pou e�dame sthn per�ptwsh th
 S

(β)
t (Θ)sumbol�zoume me M

(β)
t (Θ) th sÔnjesh th
 M

(β)
t me thn idΩ ×Θ. Tìte b�sei th
 Prìtash
2.3.5, (i) exasfal�zoume ìti

M
(β)
t (Θ) = eS

(β)
t (Θ)−tΘEP [eβ(X1,Θ)−1|Θ] P | σ(Θ) − sv.b.. (7.4)Ep� plèon, apì ti
 Parathr sei
 7.1.1, (c) kai (d) prokÔptei ìti gia k�je t ∈ R+ kai giaopoiod pote stajerì θ ∈ Υ oi t.m. M

(β)
t (θ) kai M

(β)
t (Θ), ant�stoiqa, e�nai Ht-metr sime
,en¸ apì thn Parat rhsh 7.1.1, (e) èpetai h Ht ⊗ B(Υ )-metrhsimìthta k�je t.m. M

(β)
t .L mma 7.1.5. 'Estw ìti to P ikanopoie� ti
 (a1), (a2) kai (a3). An h β ∈ FP kai hsv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ e�nai mia P -m.d. Poisson me par�metro Θ, tìteup�rqei èna PΘ-mhdenikì sÔnolo D̂∗ ∈ B(Υ ) tètoio ¸ste gia k�je t ∈ R+ kai A ∈ Ht naisqÔoun ta ex 
:(i) EPθ

[M
(β)
t (θ)] = 1 gia k�je θ /∈ D̂∗.(ii) EP [M
(β)
t (Θ) | Θ] = 1 P | σ(Θ) − sv.b..(iii) EP [M
(β)
t (Θ)] = 1.(iv) ∫

A
ξ(Θ)M

(β)
t (Θ)dP =

∫
ξ(θ)EPθ

[χAM
(β)
t (θ)]PΘ(dθ) gia k�je ξ ∈ L1(PΘ).84



MARTINGALE-ISODUNAMES SUNJETES MEMEIGMENES DIADIKASIES POISSONApìdeixh. Oi isqurismo� (i) kai (ii) prokÔptoun apì ti
 (7.2), (7.4), to L mma 7.1.3, (i)kai thn Parat rhsh 7.1.4, (b), en¸ o isqurismì
 (iii) e�nai �mesh sunèpeia tou (ii).'Estw, t¸ra, ξ ∈ L1(PΘ) kai a
 jèsoume µ := P ◦ (idΩ × Θ)−1. ParathroÔme ìtik�je t.m. (χA × ξ)M
(β)
t , ìpou (χA × ξ)(ω, θ) = χA(ω)ξ(θ) gia k�je (ω, θ) ∈ Ω × Υ , e�nai

Ht ⊗B(Υ )-metr simh, afoÔ to �dio isqÔei gia k�je t.m. M
(β)
t . Epomènw
, gia k�je t ∈ R+kai A ∈ Ht èqoume

∫
(χA × ξ)M

(β)
t dµ =

∫ ((
(χA × ξ)M

(β)
t

)
◦ (idΩ × Θ)

)
dP =

∫
χAξ(Θ)M

(β)
t (Θ)dP

≤
∫

EP [ξ(Θ)M
(β)
t (Θ) | Θ]dP =

∫
ξ(Θ)EP [M

(β)
t (Θ) | Θ]dP

(i)
=

∫
ξ(Θ)dP =

∫
ξdPΘ < ∞.Sunep¸
, mporoÔme na efarmìsoume thn Prìtash 2.3.5, (ii) gia u = (χA × ξ)M

(β)
t kai

f = Θ gia na exasfal�soume ton isqurismì (iv). �L mma 7.1.6. 'Estw ìti to P ikanopoie� ti
 (a1), (a2) kai (a3). Tìte up�rqoun dÔo PΘ-mhdenik� sÔnola G∗, V̂ th
 σ-�lgebra
 B(Υ ) tètoia ¸ste gia opoiad pote β ∈ FP naisqÔoun ta ex 
:(i) An gia k�je θ /∈ G∗ h sv.d. {Nt}t∈R+ èqei Pθ-anex�rthte
 kai st�sime
 prosaux sei
,tìte h {S(β)
t (θ)}t∈R+ ja èqei Pθ-anex�rthte
 kai st�sime
 prosaux sei
.(ii) An gia k�je θ /∈ V̂ h sv.d. {Nt}t∈R+ èqei Pθ-anex�rthte
 prosaux sei
, tìte gia k�je

s, t ∈ R+ me s ≤ t oi σ-�lgebre
 σ
(
(S

(β)
t − S

(β)
s )(θ)

) kai Hs ja e�nai Pθ-anex�rthte
.Apìdeixh. 'Opw
 de�xame sthn apìdeixh tou L mmato
 7.1.3, (i), k�tw apì thn upìjeshìti to P ikanopoie� ti
 (a1), (a2) kai (a3), exasfal�zoume thn Ôparxh enì
 PΘ-mhdenikoÔsÔnolou G∗ ∈ B(Υ ) tètoiou ¸ste gia k�je θ /∈ G∗ to zeÔgo
 ({Nt}t∈R+ , {βθ(Xn)}n∈N)na e�nai mia Pθ-sv.d. kindÔnou gia β ∈ FP . Epomènw
, oi sv.d. {Nt}t∈R+ kai {S(β)
t (θ)}t∈R+ikanopoioÔn gia opoiod pote stajerì θ /∈ G∗ ti
 apait sei
 twn Theorems 5.1.2 kai 5.1.3tou [34℄ ep�nw ston q.p. (Ω, Σ, Pθ). Tìte, efarmìzonta
 ta en lìgw apotelèsmata giaautè
 ti
 sv.d., prokÔptei o isqurismì
 (i).

(ii): Arqik� stajeropoioÔme auja�reta s, t ∈ R+ me s < t. Gia k�je m ∈ N jètoume
Im := Im,s,t := {v(m) = (v0, . . . , vm) ∈ [s, t]m+1 : s = v0 < v1 < · · · < vm−1 < vm = t},kaj¸
 kai Em := Es,t,m := {Nt − Ns = m} gia k�je m ∈ N0. Epeid  h {Nt}t∈R+ikanopoie� thn (n2) kai èqoume upojèsei ìti h to endeqìmeno th
 èkrhxh
 e�nai to kenìsÔnolo, prokÔptei ìti Ω =

⊎
m∈N0

Em. 85



7.1 DÔo ekjetik� martingales

(a) Em =
⋃

v(m)∈Im

⋂m
j=1{Nvj

= Nvj−1
+ 1} gia k�je m ∈ N.Pr�gmati, arqik� stajeropoioÔme èna auja�reto m ∈ N. Tìte gia k�je ω ∈ EmisodÔnama èqoume ìti ∑

n∈N χ{s<Tn≤t}(ω) = m (bl. thn apìdeixh th
 Parat rhsh
 7.1.1,
(a)). Lamb�nonta
 upìyh to gegonì
 ìti h {Nt}t∈R+ e�nai mia P -sv.d. tou arijmoÔ twnapait sewn me mhdenikì sÔnolo exa�resh
 to kenì kai to ìti h {Tn}n∈N0 e�nai h epagìmenhsv.d. �fixh
 twn apait sewn, mpore� eÔkola na apodeiqje� ìti up�rqoun n1, . . . , nm ∈ N me
n1 < · · · < nm tètoia ¸ste s < Tn1(ω) < · · · < Tnm(ω) ≤ t kai NTnj

(ω) = nj = nj−1 + 1gia k�je j ∈ {1, . . . , m}. Ki epeid  den mporoÔn na up�rxoun perissìteroi apì m-qrìnoi�fixh
 twn apait sewn sto qronikì di�sthma (s, t] èqoume Nt(ω) = NTnm
(ω). Jètonta
,t¸ra, v0 := s, vj := Tnj

(ω) gia k�je j ∈ {1, . . . , m−1} kai vm := t exasfal�zoumeèna stoiqe�o v(m) := (v0, v1, . . . , vm−1, vm) = (s, Tn1(ω), . . . , Tnm−1(ω), t) tou Im tètoio¸ste (Nvj
− Nvj−1

)(ω) = 1 gia k�je j ∈ {1, . . . , m}. 'Ara de�xame th sqèsh egkleismoÔ
Em ⊆ ⋃

v(m)∈Im

⋂m
j=1{Nvj

= Nvj−1
+ 1}, k�ti pou sunep�getai to (a), afoÔ Nt − Ns =

∑m
j=1(Nvj

− Nvj−1
).

(b) Apì to (a) èpetai ìti gia k�je ω /∈ E0 up�rqoun m ∈ N kai v(m) ∈ Im tètoia¸ste Nvj
(ω) = Nvj−1

(ω) + 1 = Ns(ω) + j, kai �ra tètoia ¸ste (Nt − Ns)(ω) = m kai
(Svj

− Svj−1
)(ω) = XNs(ω)+j(ω), opìte (Svj

− Svj−1
) | Ec

0 = XNs+j | Ec
0 gia opoiod pote

j ∈ {1, . . . , m}.Gia to upìloipo th
 apìdeixh
, stajeropoioÔme ta m ∈ N kai v(m) ∈ Im.
(c) Up�rqei èna PΘ-mhdenikì sÔnolo G∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ G∗ kai j ∈ Nmo periorismì
 (Svj

− Svj−1
) | Ec

0 na e�nai Pθ-anex�rthto
 th
 t.m. Su gia ìla ta 0 ≤ u ≤ s.Pr�gmati, apì to L mma 6.2.1, (iv) èqoume ìti up�rqei PΘ-mhdenikì sÔnolo G∗ ∈ B(Υ )tètoio ¸ste gia k�je θ /∈ G∗ oi sv.d. {Nt}t∈R+ kai {St}t∈R+ na ikanopoioÔn k�tw apì tomètro pijanìthta
 Pθ ti
 apait sei
 tou [34], Theorem 5.1.2. Mèqri to tèlo
 tou b mato

(e), stajeropoioÔme auja�reto θ /∈ G∗.Tìte èqoume ìti h sv.d. sunolik¸n apait sewn {St}t∈R+ èqei Pθ-anex�rthte
 prosaux -sei
, k�ti pou sunep�getai to ìti h t.m. Su2 − Su1 e�nai Pθ-anex�rthth th
 t.m. Su gia ìlata 0 ≤ u ≤ s ≤ u1 < u2 ≤ t.A
 stajeropoi soume u, u1, u2 ìpw
 pio p�nw. Epeid  (Su2 − Su1) = χEc

0
(Su2 − Su1)prokÔptei ìti (Su2 −Su1)

−1(B) =
(
(Su2 −Su1) | Ec

0

)−1
(B) gia k�je B ∈ B(Υ ). Epomènw
,jètonta
 πθ,u,u1,u2 := πθ,u,u1,u2,B1,B2 := Pθ

((
(Su2 − Su1) | Ec

0

)−1
(B1)∩ S−1

u (B2)
) gia ìla ta

θ ∈ Υ , B1 ∈ B(Υ ) kai B2 ∈ B(R+), èqoume ìti
πθ,u,u1,u2 = Pθ

(
(Su2 − Su1)

−1(B1) ∩ S−1
u (B2)

)
= Pθ((Su2 − Su1)

−1(B1))Pθ(S
−1
u (B2))

= Pθ

((
(Su2 − Su1) | Ec

0

)−1
(B1)

)
Pθ(S

−1
u (B2)).Efarmìzonta
 ti
 teleuta�e
 isìthte
 gia (u1, u2) = (vj−1, vj) me j ∈ {1, . . . , m}, pa�rnoume86



MARTINGALE-ISODUNAMES SUNJETES MEMEIGMENES DIADIKASIES POISSONìti
πθ,u,vj−1,vj

= Pθ

((
(Svj

− Svj−1
) | Ec

0

)−1
(B1)

)
Pθ(S

−1
u (B2))gia k�je B1 ∈ B(Υ ) kai B2 ∈ B(R+), k�ti pou isoduname� me to (c), afoÔ apì to (b) k�jet.m. (Svj

− Svj−1
) | Ec

0 pa�rnei mìno jetikè
 timè
.
(d) H oikogèneia {(Svj

− Svj−1
) | Ec

0}j∈{1,...,m} e�nai Pθ-anex�rthth.Pr�gmati, apì thn Pθ-anexarths�a twn prosaux sewn th
 {St}t∈R+ èpetai ìti h ako-louj�a {(Svj
−Svj−1

)}j∈{1,...,m} e�nai Pθ-anex�rthth. Akolouj¸nta
, t¸ra, th sullogistik tou b mato
 (c), mpore� eÔkola na apodeiqje� ìti ìloi to �dio isqÔei gia ìlou
 tou
 perio-rismoÔ
 {(Svj
− Svj−1

) | Ec
0}j∈{1,...,m}.

(e) H σ-�lgebra σ
(
(S

(β)
t − S

(β)
s )(θ)

) e�nai Pθ-anex�rthth th
 H̃s.Pr�gmati, apì ta b mata (b), (c), kai (d) èqoume ìti h oikogèneia {XNs+j | Ec
0}j∈{1,...,m}e�nai Pθ-anex�rthth kai Pθ-anex�rthth th
 t.m. Su gia ìla ta 0 ≤ u ≤ s. Epomènw
, to�dio ja isqÔei kai gia thn oikogèneia {βθ(XNs+j) | Ec

0}j∈{1,...,m}, k�ti pou se sunduasmìme th sunj kh (S
(β)
t − S

(β)
s )(θ) | Ec

0 =
∑m

j=1 βθ(XNs+j) | Ec
0, h opo�a kai apotele� �meshsunèpeia tou (b), sunep�getai ìti o periorismì
 (S

(β)
t − S

(β)
s )(θ) | Ec

0 e�nai Pθ-anex�rthto
th
 t.m. Su gia ìla ta 0 ≤ u ≤ s.Ep�sh
 parathroÔme ìti h sunj kh E0 = {St − Ss = 0} = {(S(β)
t − S

(β)
s )(θ) = 0}sunep�getai ìti (S

(β)
t − S

(β)
s )(θ) | E0 = 0 | E0 gia k�je θ ∈ Υ , kai ìti o periorismì


(S
(β)
t − S

(β)
s )(θ) | E0 e�nai Pθ-anex�rthto
 th
 t.m. Su gia ìla ta 0 ≤ u ≤ s. Epomènw
, to�dio ja isqÔei kai gia thn t.m. (S

(β)
t − S

(β)
s )(θ), k�ti pou apodeiknÔei to (e).

(f) Up�rqei èna PΘ-mhdenikì sÔnolo V̂ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ V̂ h σ-�lgebra
σ
(
(S

(β)
t − S

(β)
s )(θ)

) na e�nai Pθ-anex�rthth th
 Hs.Pr�gmati, apì to b ma (e) isodÔnama èqoume ìti gia k�je θ /∈ G∗ isqÔei h isìthta
Pθ(E ∩ F ) = Pθ(E)Pθ(F ) (7.5)gia k�je E ∈ σ

(
(S

(β)
t − S

(β)
s )(θ)

) kai F ∈ H̃s. 'Omw
, epeid  h {Pθ}θ∈Υ e�nai mia disinte-

gration sunep 
 me th Θ, tìte gia k�je B ∈ B(Υ ) ja up�rqei èna PΘ-mhdenikì sÔnolo
VB ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ VB na isqÔei ìti Pθ(Θ

−1(B)) = χB(θ). Mèsw enì
epiqeir mato
 monìtonh
 kl�sh
 eÔkola prokÔptei ìti up�rqei èna PΘ-mhdenikì sÔnolo
V ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ V kai B ∈ B(Υ ) na isqÔei ìti Pθ(Θ

−1(B)) = χB(θ),ki epomènw
 gia k�je θ ∈ B ∩ V c kai gia k�je E ∈ σ
(
(S

(β)
t − S

(β)
s )(θ)

) kai B ∈ B(Υ )èqoume ìti
Pθ(E ∩ Θ−1(B)) = Pθ(E) = Pθ(E)Pθ(Θ

−1(B)),en¸ gia k�je θ ∈ Bc ∩ V c isqÔei ìti Pθ(E ∩ Θ−1(B)) = 0 = Pθ(E)Pθ(Θ
−1(B)). Sunep¸
,gia k�je θ /∈ V h sunj kh (7.5) ikanopoie�tai gia ìla ta F ∈ σ(Θ). Epomènw
, gia k�je87



7.1 DÔo ekjetik� martingales

θ /∈ V̂ := V ∪ G∗ h sunj kh (7.5) ikanopoie�tai gia k�je E ∈ σ
(
(S

(β)
t − S

(β)
s )(θ)

) kai
F ∈ H̃s ∪ σ(Θ).StajeropoioÔme, t¸ra, èna auja�reto θ /∈ V̂ . An me D∗

s sumbol�soume thn oiko-gèneia ìlwn twn F ∈ Hs pou ikanopoioÔn th sunj kh (7.5) gia opoiod pote stajerì
E ∈ σ

(
(S

(β)
t − S

(β)
s )(θ)

), tìte èqoume ìti H̃s ∪ σ(Θ) ⊆ D∗
s . Ep� plèon, eÔkola mpore� naapodeiqje� ìti h D∗

s e�nai mia kl�sh Dynkin.'Epeita, stajeropoioÔme èna auja�reto n ∈ N kai jètoume
G∗

s :=
{ n⋂

k=1

Ck : Ck ∈ Hs ∪ σ(Θ), n ∈ N

}
.Tìte, gia k�je G ∈ G∗

s up�rqoun èna n ∈ N kai mia peperasmènh akolouj�a {Ck}k∈{1,...,n}stoiqe�wn th
 ènwsh
 H̃s ∪σ(Θ) tètoia ¸ste G =
⋂n

k=1 Ck. EÔkola mpore� na diapistwje�ìti e�nai dunatì na diamer�soume to {1, . . . , n} sta sÔnola deikt¸n
IΘ := {k ∈ {1, . . . , n} : Ck ∈ σ(Θ)} kai IF := {k ∈ {1, . . . , n} : Ck ∈ H̃s \ σ(Θ)}.Ep�sh
 parathroÔme ìti w
 σ-�lgebre
 oi H̃s kai σ(Θ) e�nai kleistè
 w
 pro
 ti
 pepera-smène
 tomè
. Epomènw
, ⋂

k∈IΘ
Ck ∈ σ(Θ) gia Ck ∈ σ(Θ), kai �ra ja up�rqei B ∈ B(Υ )tètoio ¸ste Θ−1(B) =

⋂
k∈IΘ

Ck, opìte lìgw tou ìti h {Pθ}θ∈Υ e�nai mia disintegrationsunep 
 me th Θ ja èqoume gia opoiod pote stajerì E ∈ σ
(
(S

(β)
t − S

(β)
s )(θ)

) ìti
Pθ(E ∩ G) = Pθ

(
E ∩ Θ−1(B) ∩

( ⋂

k∈IF

Ck

))
= χB(θ)Pθ

(
E ∩

( ⋂

k∈IF

Ck

))

= χB(θ)Pθ

( ⋂

k∈IF

Ck

)
Pθ(E) = Pθ

(
Θ−1(B) ∩

( ⋂

k∈IF

Ck

))
Pθ(E)

= Pθ(G)Pθ(E).Sunep¸
, de�xame ìti h (7.5) ikanopoie�tai gia k�je G ∈ G∗
s , ki epomènw
 G∗

s ⊆ D∗
s . H te-leuta�a sqèsh egkleismoÔ, se sunduasmì me to Je¸rhma Monìtonh
 Kl�sh
, sunep�getaiìti Hs ⊆ D∗

s , kai �ra thn isqÔ tou b mato
 (f), k�ti pou oloklhr¸nei thn ìlh apìdeixh.�Prìtash 7.1.7. 'Estw ìti to P ikanopoie� ti
 (a1), (a2) kai (a3). An h β ∈ FP kai hsv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ e�nai mia P -m.d. Poisson me par�metro Θ, tìteisqÔoun ta ex 
:(i) Up�rqei èna PΘ-mhdenikì sÔnolo D̃∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ D̃∗ h sv.d.
{M (β)

t (θ)}t∈R+ na e�nai èna (Pθ,H)-martingale pou ikanopoie� thn EPθ
[M

(β)
t (θ)] = 1gia k�je t ∈ R+.88



MARTINGALE-ISODUNAMES SUNJETES MEMEIGMENES DIADIKASIES POISSON(ii) H sv.d. {M (β)
t (Θ)}t∈R+ e�nai èna (P,H)-martingale tètoio ¸ste EP [M

(β)
t (Θ) | Θ] =

1 = EP [M
(β)
t (Θ)] gia k�je t ∈ R+, ìpou h pr¸th isìthta isqÔei P | σ(Θ)-sv.b..Apìdeixh. Arqik� upenjum�zoume ìti apì ti
 Parathr sei
 7.1.1, (c) kai (d) prokÔptei giak�je t ∈ R+ h Ht-metrhsimìthta th
 t.m. M

(β)
t (θ), gia opoiod pote stajerì θ ∈ Υ , kaj¸
kai th
 t.m. M

(β)
t (Θ), ant�stoiqa. Ep� plèon, apì to L mma 7.1.5, èqoume ìti up�rqei èna

PΘ-mhdenikì sÔnolo D̂∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ D̂∗ na isqÔei ìti EPθ
[M

(β)
t (θ)] =

1 gia k�je t ∈ R+, kaj¸
 ep�sh
 kai ìti EP [M
(β)
t (Θ) | Θ] = 1 = EP [M

(β)
t (Θ)] gia k�je

t ∈ R+, ìpou h pr¸th isìthta isqÔei P | σ(Θ)-sv.b..
(i): Epeid  h {Nt}t∈R+ e�nai mia P -m.d. Poisson me par�metro Θ, isodÔnama èqoume ìtiup�rqei èna PΘ-mhdenikì sÔnolo L∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ L∗ h {Nt}t∈R+ nae�nai mia Pθ-diadikas�a Poisson me par�metro θ, kai �ra na èqei Pθ-anex�rthte
 kai st�-sime
 prosaux sei
. 'Omw
, apì to L mma 7.1.6, (i), èqoume ìti up�rqei èna PΘ-mhdenikìsÔnolo G∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ G∗ h Pθ-anexarths�a kai stasimìthta twnprosaux sewn th
 {Nt}t∈R+ na sunep�getai aut  twn prosaux sewn th
 tropopoihmènh
sv.d. sunolik¸n apait sewn {S(β)

t (θ)}t∈R+ . Ep� plèon, apì thn Pθ-anexarths�a twn pro-saux sewn th
 {Nt}t∈R+ kai to L mma 7.1.6, (ii), sunep�getai ìti up�rqei èna PΘ-mhdenikìsÔnolo V̂ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ L∗ ∪ V̂ , gia ìla ta s, t ∈ R+ me s ≤ t kai giak�je A ∈ Hs oi t.m. e(S
(β)
t −S

(β)
s )(θ) kai χA e�nai Pθ-anex�rthte
. Epeid  G∗ ∪ L∗ ⊆ D̂∗ (bl.Parat rhsh 7.1.4, (b)), jètonta
 D̃∗ := V̂ ∪ D̂∗= V ∪ D̂∗ èqoume gia k�je θ /∈ D̃∗ ìti

EPθ
[χAM

(β)
t (θ)]

(7.2)
= EPθ

[
χAM (β)

s (θ)e(S
(β)
t −S

(β)
s )(θ)−(t−s)θEPθ

[eβθ(X1)−1]
]

= EPθ
[χAM (β)

s (θ)]EPθ
[M

(β)
t−s(θ)] = EPθ

[χAM (β)
s (θ)],k�ti pou apodeiknÔei to (i).

(ii): Epeid  apì to (i) up�rqei èna PΘ-mhdenikì sÔnolo D̃∗ ∈ B(Υ ) tètoio ¸ste gia k�je
θ /∈ D̃∗ h sv.d. {M (β)

t (θ)}t∈R+ na ikanopoie� thn idiìthta (m3), tìte gia ìla ta s, t ∈ R+ me
s ≤ t kai gia k�je A ∈ Hs èqoume ìti∫

A

M
(β)
t (Θ)dP =

∫
EPθ

[χAM
(β)
t (θ)]PΘ(dθ) =

∫
EPθ

[χAM (β)
s (θ)]PΘ(dθ)

=

∫

A

M (β)
s (Θ)dP,ìpou h pr¸th kai h teleuta�a isìthta antloÔn thn isqÔ tou
 apì to L mma 7.1.5, (iv), k�tipou apodeiknÔei to (ii) kai oloklhr¸nei thn ìlh apìdeixh. �7.2 Mia ap�nthsh sto kentrikì prìblhmaSe aut  thn enìthta d�netai to kÔrio apotèlesma autoÔ tou kefala�ou (bl. Je¸rhma7.2.9). 89



7.2 Mia ap�nthsh sto kentrikì prìblhmaOrismo� 7.2.1. 'Estw T ⊆ R+ me 0 ∈ T, èstw Z := {Zt}t∈T mia diÔlish gia ton m.q.
(Ω, Σ), ki èstw P , Q dÔo mètra pijanìthta
 ep�nw sth Σ, kaj¸
 kai {Yt}t∈T kai mia sv.d.ep�nw ston (Ω, Σ). Tìte:
(a) ta P kai Q onom�zontai isodÔnama kai gr�foume sumbolik� Q ∼ P an gia k�je
A ∈ Σ isqÔei ìti

Q(A) = 0 ⇐⇒ P (A) = 0.

(b) ta P kai Q onom�zontai proodeutik� isodÔnama (gia thn Z) an isqÔei ìti
{N ∈ Zt : Q(N) = 0} = {N ∈ Zt : P (N) = 0} gia k�je t ∈ Tdhlad  an gia k�je t ∈ T èqoun ta �dia mhdenik� sÔnola ep�nw sth Zt. Idiaitèrw
, an ta

P kai Q e�nai proodeutik� isodÔnama gia thn H, gr�foume sumbolik� Q
pr∼ P .

(c) ta P kai Q onom�zontai k�jeta metaxÔ tou
 (singular) kai gr�foume sumbolik�
Q⊥P an kai mìno an up�rqei èna sÔnolo A ∈ Σ tètoio ¸ste P (A) = 0 ⇐⇒ Q(A) = 1.
(d) to Q e�nai èna (Z, {Yt}t∈T)-martingale-isodÔnamo mètro me to P an
(em1) Q ∼ P ,
(em2) h sv.d. {Yt}t∈T e�nai èna (Q,Z)-martingale.

(e) to Q e�nai èna (Z, {Yt}t∈T)-martingale-proodeutik� isodÔnamo mètro me to P an
(pem1) ta P kai Q e�nai proodeutik� isodÔnama gia thn Z,
(pem2) h sv.d. {Yt}t∈T e�nai èna (Q,Z)-martingale.H kl�sh ìlwn twn mètrwn pijanìthta
 Q pou e�nai (Z, {Yt}t∈T)-martingale-proodeutik�isodÔnama me to P ja sumbol�zetai me MP (Z, {Yt}t∈T).Gia ton Orismì 7.2.1, (a), blèpe p.q. [32℄, Definition 1.1, en¸ gia T = R+ kai
Σ= σ(

⋃
t∈R+

Zt), o Orismì
 7.2.1, (b), sump�ptei me eke�non twn Delbaen & Haezen-

donck [8℄, Definition 2.1. Ep�sh
, parathroÔme ìti an to sÔnolo deikt¸n T = [0, τ ],ìpou τ ∈ (0,∞), kai Σ = ZT , tìte h kl�sh MP (Z, {Yt}t∈T) sump�ptei me aut  twn
(Z, {Yt}t∈[0,τ ])-martingale-isodÔnamwn mètrwn pijanìthta
.L mma 7.2.2. An Q

pr∼ P tìte isqÔoun ta ex 
:(i) QX1 ∼ PX1,(ii) QΘ ∼ PΘ.90



MARTINGALE-ISODUNAMES SUNJETES MEMEIGMENES DIADIKASIES POISSONApìdeixh. Epeid  gia k�je t ∈ R+ èqoume ìti Q | Ht ∼ P | Ht kai H̃t ⊆ Ht, prokÔpteiìti Q | H̃t ∼ P | H̃t. Ep� plèon apì thn Parat rhsh 7.1.1, (b) èqoume ìti gia k�je n ∈ Nkai B ∈ B(Υ ) isqÔei S−1
T1

(B) ∩ {T1 ≤ n} ∈ H̃n, kai �ra mporoÔme na epanal�boume taepiqeir mata th
 apìdeixh
 tou [8], Lemma 2.1 gia na exasfal�soume to (i). O isqurismì

(ii) apotele� �mesh sunèpeia tou ìti Q

pr∼ P se sunduasmì me to ìti σ(Θ) ⊆ Ht gia k�je
t ∈ R+. �'Estw S := {St}t∈R+ mia P -sÔnjeth diadikas�a Poisson me paramètrou
 θ > 0 kai PX1.Sto [8℄, Proposition 2.2, oi Delbaen & Haezendonck èdwsan èna qarakthrismì ìlwn twnmètrwn pijanìthta
 Q ep�nw sth σ-�lgebra Σ ¸ste Q | H̃t ∼ P | H̃t gia k�je t ∈ R+,kai h S na paramènei mia sÔnjeth diadikas�a Poisson k�tw apì to Q, me paramètrou
 θeαkai QX1 , ìpou α ∈ R. To gegonì
 autì ege�rei to akìloujo er¸thma.Er¸thma 7.2.3. 'Estw ìti h S e�nai mia P -CMPP(Θ, PX1). Na qarakthristoÔn ìla ta mè-tra pijanìthta
 Q ep�nw sthΣ ètsi ¸ste Q

pr∼ P kai h S na e�nai mia Q-CMPP(g(Θ), QX1),ìpou h g e�nai mia jetik  B(Υ )-metr simh sun�rthsh ep�nw sto Υ .Sumbolismì
 7.2.4. 'Estw g mia jetik  B(Υ )-metr simh sun�rthsh ep�nw sto Υ tè-toia ¸ste g(Θ)
Θ

∈ L1(P ). H kl�sh ìlwn twn mètrwn pijanìthta
 Q ep�nw sth Σ pouikanopoioÔn ti
 (a1) kai (a2) ¸ste Q
pr∼ P kai h S na e�nai mia Q-CMPP(g(Θ), QX1) jasumbol�zetai me MS,g := MS,g,PX1

,Θ. Gia g := idΥ jètoume MS := MS,idΥ
.To akìloujo apotèlesma parèqei thn mia kateÔjunsh tou zhtoÔmenou qarakthrismoÔ.Prìtash 7.2.5. 'Estw P ∈ MS kai Q ∈ MS,g. Upojètoume akìmh ìti up�rqei mia

disintegration {Qθ}θ∈Υ tou Q ep�nw sto QΘ sunep 
 me th Θ. Tìte up�rqei mia ousiwd¸
monadik  sun�rthsh β ∈ FP tètoia ¸ste
g(Θ) = Θeα(Θ) kai γ = ln f, (∗)ìpou h f e�nai mia PX1-sv.b. jetik  par�gwgo
 Radon-Nikodym tou QX1 w
 pro
 PX1, kaiup�rqei èna PΘ-mhdenikì sÔnolo V∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ V∗, gia ìla ta

s, t ∈ R+ me s ≤ t kai gia k�je A ∈ Hs na isqÔoun oi sunj ke

Qθ(A) =

∫

A

M
(β)
t (θ)dPθ (Mθ)kai

Q(A) =

∫

A

ξ(Θ)M
(β)
t (Θ)dP, (Mξ)ìpou h ξ e�nai m�a PΘ-sv.b. jetik  par�gwgo
 Radon-Nikodym tou QΘ w
 pro
 PΘ. 91



7.2 Mia ap�nthsh sto kentrikì prìblhmaApìdeixh. Arqik� parathroÔme ìti apì thn upìjesh Q
pr∼ P kai to L mma 7.2.2, (ii)sunep�getai ìti QΘ ∼ PΘ. Sunep¸
, k�je PΘ-mhdenikì sÔnolo e�nai ki èna QΘ-mhdenikìsÔnolo kai antistrìfw
.

(a) An jèsoume α(θ) := ln(θ−1g(θ)) gia k�je θ ∈ Υ , tìte up�rqei èna PΘ-mhdenikì sÔnolo
Ga ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ Ga na isqÔei h isìthta

Qθ(Nt = n) = enα(θ)−tθ[eα(θ)−1]Pθ(Nt = n)gia k�je n ∈ N kai t ∈ R+.Pr�gmati, epeid  h sv.d. {St}t∈R+ e�nai tìso mia P -CMPP(Θ, PX1) ìso kai mia Q-
CMPP(g(Θ), QX1), apì to Je¸rhma 6.2.2 prokÔptei ìti up�rqoun èna PΘ- ki èna QΘ-mhdenikì sÔnolo C∗ kai C̃∗ th
 σ-�lgebra
 B(Υ ) tètoia ¸ste gia k�je θ /∈ C∗ kai θ /∈ C̃∗h S na e�nai mia Pθ-CPP(θ, (Pθ)X1) kai mia Qθ-CPP(g(θ), Qθ)X1), ant�stoiqa. Epomènw
,jètonta
 Ga := C∗ ∪ C̃∗ kai mèsw enì
 eÔkolou upologismoÔ exasfal�zoume to b ma (a).

(b) 'Estw s ∈ R+ kai A ∈ H̃s. Tìte gia k�je n ∈ N up�rqei Bn ∈ Xn := σ({Xk}k∈{1,...,n})tètoio ¸ste A∩ {Ns = n} = Bn ∩ {Ns = n}. Ep� plèon, up�rqei èna QΘ-mhdenikì sÔnolo
Gb ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ Gb na isqÔei h sqèsh

Qθ(A) =
∞∑

n=0

Qθ(Bn)Qθ(Ns = n).Pr�gmati, to pr¸to mèro
 tou (b) apotele� �mesh sunèpeia th
 (2.19) tou [8℄. Epeid to Q ikanopoie� thn (a1) apì to L mma 6.2.1, (i) èqoume ìti up�rqei èna QΘ-mhdenikìsÔnolo Gb ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ Gb oi sv.d. {Nt}t∈R+ kai {Xn}n∈N nae�nai Qθ-anex�rthte
, ap′ ìpou èpetai ìti gia k�je n ∈ N to �dio ja isqÔei kai gia taendeqìmena Bn ∈ Xn kai {Ns = n}. Efarmìzonta
 t¸ra th sullogistik  th
 apìdeixh
th
 Proposition 2.2 tou [8℄, ex�goume to (b).

(c) Up�rqei mia PX1-sv.b. jetik  sun�rthsh f tètoia ¸ste QX1(D) =
∫

D
fdPX1 gia k�je

D ∈ B(Υ ), kaj¸
 ki èna PΘ-mhdenikì sÔnolo Gc ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ Gc,gia k�je n ∈ N kai Bn ∈ Xn na isqÔoun oi isìthte

Q(Bn) = Qθ(Bn) = EPθ

[
χBne

∑n
j=1 γ(Xj)

]
= EP

[
χBne

∑n
j=1 γ(Xj)

]
, (7.6)ìpou γ := ln f .Pr�gmati, arqik� parathroÔme ìti apì thn upìjesh Q

pr∼ P kai to L mma 7.2.2, (i)èqoume ìti QX1 ∼ PX1 , k�ti se sunduasmì me to Je¸rhma Radon-Nikodym (bl. Je¸rhmaA.4) sunep�getai thn Ôparxh mia
 PX1-sv.b. jetik 
 sun�rthsh
 f tètoia
 ¸ste QX1(D) =
∫

D
fdPX1 gia k�je D ∈ B(Υ ). Qwr�
 bl�bh th
 genikìthta
 mporoÔme na upojèsoume ìtito PX1-mhdenikì sÔnolo sth B(Υ ) ìlwn twn y ∈ Υ ¸ste f(y) = 0 e�nai to kenì sÔnolo.92



MARTINGALE-ISODUNAMES SUNJETES MEMEIGMENES DIADIKASIES POISSONEp�sh
 parathroÔme ìti ex′upojèsew
 h {Xn}n∈N e�nai Q-anex�rthth kai isìnomh, k�tipou se sunduasmì me to L mma 6.2.1, (ii) sunep�getai thn Ôparxh enì
 QΘ-mhdenikoÔsunìlou G̃′′ ∈ B(Υ ) tètoiou ¸ste gia k�je θ /∈ G̃′′ h {Xn}n∈N na e�nai Qθ-anex�rthth kaiisìnomh. Epomènw
, h deÔterh isìthta prokÔptei ìpw
 sto [8℄, (2.21).Gia na de�xoume, t¸ra, thn pr¸th kai thn teleuta�a isìthta tou (7.6) a
 stajeropoi -soume n ∈ N kai Bn ∈ Xn. Epeid  to Q ikanopoie� thn (a2), efarmìzonta
 to L mma 2.3.2prokÔptei ìti gia k�je D ∈ B(Υ ) èqoume
∫

D

Qθ(Bn)QΘ(dθ) =

∫

Θ−1(D)

Q(Bn | Θ)dQ
(a2)
=

∫

Θ−1(D)

Q(Bn)dQ =

∫

D

Q(Bn)QΘ(dθ).Epomènw
, up�rqei èna QΘ-mhdenikì sÔnolo Õ
(∗)
n,Bn

∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ Õ
(∗)
n,Bnna isqÔei h pr¸th isìthta tou (7.6). Epeid , ìmw
, k�je Xn e�nai arijm sima paragìmenh,mpore� eÔkola na apodeiqje� mèsw enì
 epiqeir mato
 monìtonh
 kl�sh
 ìti up�rqei èna

QΘ-mhdenikì sÔnolo Õ(∗) ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ Õ(∗) na isqÔei h pr¸th isìthtath
 (7.6).Epeid  to P ikanopoie� thn (a2), efarmìzonta
 to L mma 2.3.2, prokÔptei ìti gia k�je
D ∈ B(Υ ) èqoume

∫

Θ−1(D)

EP

[
χBne

∑n
j=1 γ(Xj)

]
dP =

∫

Θ−1(D)

EP

[
χBne

∑n
j=1 γ(Xj) | Θ

]
dP

=

∫

Θ−1(D)

EP•

[
χBne

∑n
j=1 γ(Xj)

]
◦ ΘdP  isodÔnama

∫

D

EP

[
χBne

∑n
j=1 γ(Xj)

]
PΘ(dθ) =

∫

D

EPθ

[
χBne

∑n
j=1 γ(Xj)

]
PΘ(dθ) (7.7)kai �ra up�rqei èna PΘ-mhdenikì sÔnolo O

(∗)
n,Bn

:= O
(∗)
n,Bn,γ,X1,...,Xn

∈ B(Υ ) tètoio ¸ste giak�je θ /∈ O
(∗)
n,Bn

na isqÔei h teleuta�a isìthta th
 (7.6). Kai p�li mèsw enì
 epiqeir mato
monìtonh
 kl�sh
 prokÔptei ìti up�rqei èna PΘ-mhdenikì sÔnolo O(∗) ∈ B(Υ ) tètoio¸ste gia k�je θ /∈ O(∗) na isqÔei h teleuta�a isìthta th
 (7.6). Epomènw
, jètonta

Gc := G̃′′ ∪ Õ(∗) ∪ O(∗), prokÔptei to b ma (c).

(d)'Estw β(x, θ) := α(θ) + γ(x) gia k�je (x, θ) ∈ Υ × Υ . To deÔtero mèro
 tou (c) sesunduasmì me to ìti to P ikanopoie� th sunj kh (a2), sunep�getai ìti up�rqei èna PΘ-mhdenikì sÔnolo Gd := O
(∗)
γ,X1

∈ B(Υ ) tètoio ¸ste D̂ ⊆ Gd kai gia k�je θ /∈ Gd na èqoume
EPθ

[eγ(X1)] = EP [eγ(X1)] = 1, k�ti pou mèsw enì
 eÔkolou upologismoÔ ma
 d�nei ìti
EPθ

[eβθ(X1)] = eα(θ) gia k�je θ /∈ Gd , 93



7.2 Mia ap�nthsh sto kentrikì prìblhmaen¸ lamb�nonta
 upìyh thn upìjesh g(Θ)
Θ

∈ L1(P ) exasfal�zoume to ìti
EP [eβ(X1,Θ)] = EP [eα(Θ)] = EP

[g(Θ)

Θ

]
< ∞.Profan¸
, tìte β ∈ FP . H apìdeixh th
 sqèsh
 egkleismoÔ D̂ ⊆ Gd e�nai �mesh sunèpeiatwn orism¸n twn D̂ kai Gd.

(e) Up�rqei èna PΘ-mhdenikì sÔnolo V∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ V∗ na ikano-poie�tai h sunj kh (Mθ) gia ti
 {Pθ}θ∈Υ kai {Qθ}θ∈Υ .Ja apode�xoume to (e) mèsw èno
 epiqeir mato
 monìtonh
 kl�sh
.Arqik� parathroÔme ìti apì thn Prìtash 7.1.7, (i) up�rqei èna PΘ-mhdenikì sÔnolo
D̃∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ D̃∗ h sv.d. {M (β)

t (θ)}t∈R+ na e�nai èna (Pθ,H)-
martingale pou ikanopoie� th sqèsh EPθ

[M
(β)
t (θ)] = 1 gia k�je t ∈ R+. Ep� plèon, toìti h disintegration {Qθ}θ∈Υ e�nai sunep 
 me th Θ sunep�getai, ìpw
 sto b ma (e) th
apìdeixh
 tou L mmato
 7.1.6, thn Ôparxh enì
 QΘ-mhdenikoÔ sunìlou Ṽ ∈ B(Υ ) tètoiou¸ste gia k�je θ /∈ Ṽ kai B ∈ B(Υ ) na èqoume ìti Qθ(Θ

−1(B)) = χB(θ). Ep�sh
, gia k�je
θ /∈ V kai B ∈ B(Υ ) isqÔei ìti Pθ(Θ

−1(B)) = χB(θ), ìpou V e�nai to PΘ-mhdenikì sÔnoloth
 proanaferje�sa
 apìdeixh
.Tìte, jètonta
 V∗ := Ga ∪ Gb ∪ Gc∪Gd ∪ D̃∗ ∪ Ṽ ∈ B(Υ ), prokÔptei ìti PΘ(V∗) = 0,kaj¸
 ep�sh
 kai ìti V ⊆ V∗, afoÔ V ⊆ D̃∗ (bl. thn apìdeixh th
 Prìtash
 7.1.7, (i)).Sth sunèqeia, stajeropoioÔme auja�reta s, t ∈ R+ me s ≤ t kai sumbol�zoume me Ks thnoikogèneia ìlwn twn A ∈ Hs pou ikanopoioÔn thn (Mθ) gia k�je θ /∈ V∗. Ja de�xoumepr¸ta ìti
H̃s ∪ σ(Θ) ⊆ Ks. (7.8)Gia to skopì autì, jewroÔme A = Θ−1(B) gia B ∈ B(Υ ). Lamb�nonta
 xan� upìyhto ìti oi disintegrations {Pθ}θ∈Υ kai {Qθ}θ∈Υ e�nai sunepe�
 me th Θ, kaj¸
 kai to ìti

V ∪ Ṽ ⊆ V∗, prokÔptei ìti gia opoiod pote stajerì θ ∈ (V∗)
c ∩ B èqoume ìti

EPθ
[χAM

(β)
t (θ)] = EPθ

[χΘ−1(B)M
(β)
t (θ)] = 1 = Qθ(Θ

−1(B)),ìpou h deÔterh isìthta antle� thn isqÔ th
 apì to L mma 7.1.5, (i). Efarmìzonta
 thn �diasullogistik  pa�rnoume ìti EPθ
[χAM

(β)
t (θ)] = 0 = Qθ(Θ

−1(B)) gia opoiod pote stajerì
θ ∈ (V∗)

c ∩ Bc. Sunep¸
, A ∈ Ks kai �ra σ(Θ) ⊆ Ks 6= ∅.A
 upojèsoume, t¸ra, ìti A ∈ H̃s. Tìte gia k�je n ∈ N up�rqei èna sÔnolo Bn ∈ Xn94



MARTINGALE-ISODUNAMES SUNJETES MEMEIGMENES DIADIKASIES POISSONtètoio ¸ste gia opoiod pote stajerì θ /∈ V∗ na isqÔei ìti
Qθ(A)

(b)
=

∞∑

n=0

Qθ(Bn)Qθ(Ns = n)
(7.6)
=

∞∑

n=0

EPθ

[
χBne

∑n
j=1 γ(Xj)

]
Qθ(Ns = n)

(a)
=

∞∑

n=0

EPθ

[
χBne

∑n
j=1 γ(Xj)

]
enα(θ)−sθ[eα(θ)−1]Pθ(Ns = n)

(b)
=

∞∑

n=0

EPθ

[
χA∩{Ns=n}e

nα(θ)−sθ[eα(θ)−1]+
∑Ns

j=1 γ(Xj )
]

(d),(7.2)
=

∞∑

n=0

EPθ

[
χ{Ns=n}χAM (β)

s (θ)
]

= EPθ

[
χAM (β)

s (θ)
]

= EPθ

[
χAM

(β)
t (θ)

]
,ìpou h proteleuta�a kai h teleuta�a isìthta apoteloÔn sunèpeia tou Jewr mato
 B. Levi(bl. p.q. [1℄, Pìrisma 6.10) kai th
 Prìtash
 7.1.7, (i), ant�stoiqa. Dhlad , de�xame ìti

A ∈ Ks, opìte H̃s ⊆ Ks, k�ti pou apodeiknÔei thn (7.8).A
 or�soume, t¸ra, ti
 kl�sei

G :=

{ m⋂

k=1

Ak : Ak ∈ H̃s ∪ σ(Θ), m ∈ N

} kai U :=
{ r⊎

j=1

Bj : r ∈ N, Bj ∈ G
}

.Tìte isqÔei h akìloujh sunj kh:
G,U ⊆ Ks. (7.9)Gia na de�xoume thn (7.9), a
 stajeropoi soume G ∈ G. Tìte up�rqoun èna m ∈ N kaimia peperasmènh akolouj�a {Ak}k∈{1,...,m} sthn ènwsh H̃s∪σ(Θ) tètoia ¸ste G =

⋂m
k=1 Ak.Jètonta


IΘ := {k ∈ {1, . . . , m} : Ak ∈ σ(Θ)} kai IH := {k ∈ {1, . . . , m} : Ak ∈ H̃s \ σ(Θ)},pa�rnoume ìti IΘ ∪ IH = {1, . . . , m} kaj¸
 kai ìti
⋂

k∈IΘ

Ak ∈ σ(Θ) kai ⋂

k∈IH

Ak ∈ H̃s. (7.10)Apì to pr¸to mèro
 th
 (7.10) èpetai ìti up�rqei D ∈ B(Υ ) ¸ste Θ−1(D) =
⋂

k∈IΘ
Ak,k�ti pou se sunduasmì me to deÔtero mèro
 th
 (7.10), th sunj kh (7.8), to ìti oi {Qθ}θ∈Υkai {Pθ}θ∈Υ e�nai disintegrations sunepe�
 me th Θ, kai thn Prìtash 7.1.7, (i) sunep�getaiìti gia k�je θ ∈ (V∗)

c ∩ D èqoume
Qθ(G) = Qθ

(
Θ−1(D) ∩

( ⋂

k∈IH

Ak

))
= Qθ

( ⋂

k∈IH

Ak

)
= EPθ

[χ⋂
k∈IH

Ak
M (β)

s (θ)]

=

∫

Θ−1(D)

χ⋂
k∈IH

Ak
M (β)

s (θ)dPθ = EPθ
[χGM (β)

s (θ)] = EPθ
[χGM

(β)
t (θ)],95



7.2 Mia ap�nthsh sto kentrikì prìblhmaen¸ gia k�je θ ∈ (V∗)
c ∩ Dc omo�w
 prokÔptei ìti

EPθ
[χGM

(β)
t (θ)] = 0 = Qθ

(
Θ−1(D) ∩

( ⋂

k∈IH

Ak

))
= Qθ(G).Sunep¸
, G ∈ Ks ki epomènw
 G,U ⊆ Ks, k�ti pou apodeiknÔei thn (7.9).Apì tou
 orismoÔ
 twn G kai U prokÔptei ìti U = α(H̃s ∪ σ(Θ)) (bl. p.q. [12℄, I,

Aufgabe 5.3), opìte Hs = σ(H̃s ∪ σ(Θ)) = σ(U) = m(U) ⊆ Ks, ìpou gia thn teleuta�aisìthta bl. p.q. [1℄, Je¸rhma 1.16, en¸ h sqèsh egkleismoÔ antle� thn isqÔ th
 apì thn(7.9) se sunduasmì me to ìti mpore� eÔkola na apodeiqje� ìti h Ks e�nai mia monìtonh kl�sh(bl. Je¸rhma A.8). Epomènw
, Hs = Ks, kai �ra de�xame to (e).

(f) H sunj kh (Mξ) ikanopoie�tai apì ta Q kai P .Pr�gmati, epeid  Q
pr∼ P apì to L mma 7.2.2, (ii) èqoume ìti QΘ ∼ PΘ, k�ti pou sesunduasmì me to Je¸rhma Radon-Nikodym sunep�getai thn Ôparxh mia
 PΘ-sv.b. jetik 
sun�rthsh
 ξ tètoia
 ¸ste QΘ(B) =

∫
B

ξdPΘ gia k�je B ∈ B(Υ ). Tìte, lamb�nonta
upìyh th sunj kh (Mθ), prokÔptei gia ìla ta s, t ∈ R+ me s ≤ t kai gia k�je A ∈ Hs ìti
Q(A) =

∫ ∫
χAM

(β)
t (θ)dPθQΘ(dθ) =

∫
EPθ

[χAM
(β)
t (θ)]ξ(θ)PΘ(dθ)

=

∫

A

ξ(Θ)M
(β)
t (Θ)dP,ìpou h tr�th isìthta antle� thn isqÔ th
 apì to L mma 7.1.5, (iii). �A
 jewr soume, t¸ra, ènan auja�reto all� stajerì q.p. (Ω∗, Σ∗, P ∗), kaj¸
 ep�sh
kai th sv.d. endi�meswn qrìnwn �fixh
 twn apait sewn {W ∗

n}n∈N, th sv.d. megèjou
 apa�th-sh
 {X∗
n}n∈N kai thn t.m. Θ∗ ep�nw se autìn, kai a
 upojèsoume ìti oi {W ∗

n}n∈N, {X∗
n}n∈Nkai Θ∗ ikanopoioÔn ti
 sunj ke
 (a1*), (a2*) kai (a3*), pou e�nai oi sunj ke
 (a1), (a2)kai (a3) all� me W ∗

n , X∗
n kai Θ∗ sth jèsh twn Wn, Xn kai Θ, ant�stoiqa. Mèqri to tèlo
tou kefala�ou, jètoume Ω̃ := Υ N × Υ N, Ω = Ω̃ × Υ , Σ̃ := B(Ω̃) kai Σ := B(Ω). Ep�sh
gia n ∈ N jètoume W ∗ := (W ∗

1 , . . . , W ∗
n , . . .), X∗ := (X∗

1 , . . . , X∗
n, . . .) kai jewroÔme miaapeikìnish Ψ∗ apì to Ω∗ sto Ω pou or�zetai mèsw th
 sqèsh


Ψ∗(ω∗) := (W ∗, X∗, Θ∗)(ω∗) := (w, x, θ) := ω, gia k�je ω∗ ∈ Ω∗,ìpou w = (w1, . . . , wn, . . .) ∈ Υ N, x = (x1, . . . , xn, . . .) ∈ Υ N kai θ ∈ Υ .Parathr sei
 7.2.6. Qwr�
 bl�bh th
 genikìthta
 mporoÔme na jewr soume ton q.p.
(Ω, Σ, P ) := (Ω, Σ, P ∗

Ψ∗) ant� tou (Ω∗, Σ∗, P ∗) diìti isqÔoun ta ex 
:
(a) Gia k�je n ∈ N or�zoume ti
 apeikon�sei
 Wn, Xn, Θ : Ω −→ Υ mèsw th


W ∗
n = Wn ◦ Ψ∗, X∗

n = Xn ◦ Ψ∗ kai Θ∗ = Θ ◦ Ψ∗. (7.11)96



MARTINGALE-ISODUNAMES SUNJETES MEMEIGMENES DIADIKASIES POISSONProfan¸
, k�je Wn, Xn kai h Θ e�nai t.m. ep�nw sto Ω. Ep�sh
, gia k�je n ∈ N èqoume ìti
P ∗

W ∗
n

= P ∗ ◦ (Wn ◦ Ψ∗)−1 = P ∗
Ψ∗ ◦W−1

n = PWn kai omo�w
 ex�goume ìti PXn = P ∗
X∗

n
, kaj¸
ep�sh
 kai ìti PΘ = P ∗

Θ∗ . Epomènw
, k�tw apì to mètro pijanìthta
 P , h {Wn}n∈N kai h
{Xn}n∈N e�nai mia sv.d. endi�meswn qrìnwn �fixh
 twn apait sewn kai mia sv.d. megèjou
apa�thsh
, tètoie
 ¸ste oi t.m. Wn kai Xn na katanèmontai k�tw apì to mètro pijanìthta

P ìpw
 oi W ∗

n kai X∗
n k�tw apì to P ∗, ant�stoiqa.

(b) 'Estw Ψ := (W1, . . . , Wn, . . . ; X1, . . . , Xn, . . . ; Θ). Exait�a
 tou (a) prokÔptei ìti
W ∗ = W ◦Ψ∗, X∗ = X ◦Ψ∗ kai Θ∗ = Θ ◦Ψ∗. Tìte (W ∗, X∗) = (W, X) ◦Ψ∗ kai gia k�je
D∗ ∈ σ(Θ∗) up�rqei èna D ∈ σ(Θ) ¸ste

∫

D∗

P ∗
(W ∗,X∗)|Θ∗(E)dP ∗ =

∫

D

P(W,X)|Θ(E)dP gia k�je E ∈ Σ̃ . (7.12)Epomènw
, èqoume akìmh ìti
∫

D∗

P ∗
W ∗

n |Θ
∗(A)dP ∗ =

∫

D

PWn|Θ(A)dP kai ∫

D∗

P ∗
X∗

n|Θ
∗(B)dP ∗ =

∫

D

PXn|Θ(B)dPgia k�je A, B ∈ B(Υ ).
(c) Oi sunj ke
 (a1), (a2) kai (a3) ikanopoioÔntai apì ta P ,{Wn}n∈N,{Xn}n∈N kai Θ.Pr�gmati, arke� na de�xoume ìti

P(W,X)|Θ = (⊗n∈NPWn|Θ) ⊗ (⊗n∈NPXn) P | σ(Θ) − sv.b.. (7.13)A
 sumbol�soume me C̃ thn oikogèneia ìlwn twn metrhs�mwn kul�ndrwn tou Ω̃, dhlad  ìlwntwn uposunìlwn tou Ω̃ th
 morf 

C̃ =

{
ω̃ : ω̃ = (w, x) ∈ Υ N × Υ N me wi ∈ Ai kai xj ∈ Bj gia k�je (i, j) ∈ I × J

}
,ìpou I, J ⊆ N peperasmèna kai Ai, Bj ∈ B(Υ ) gia k�je (i, j) ∈ I × J . Tìte apì thn(7.12) kai to ìti to P ∗ ikanopoie� ti
 (a1*) èw
 (a3*) prokÔptei ìti gia k�je D∗ ∈ σ(Θ∗)up�rqei D ∈ σ(Θ) ¸ste

∫

D

P(W,X)|Θ(C̃)dP =
∏

j∈J

P ∗
X∗

j
(Bj)

∫

D∗

∏

i∈I

P ∗
W ∗

i |Θ
∗(Ai)dP ∗

(a)
=

∏

j∈J

PXj
(Bj)

∫

D∗

∏

i∈I

P ∗
(
(Wi ◦ Ψ∗)−1(Ai) | Θ∗

)
dP ∗

P=P ∗

Ψ∗

=
∏

j∈J

PXj
(Bj)

∫

(Ψ∗)−1(D)

∏

i∈I

P (W−1
i (Ai) | Θ ◦ Ψ∗)dP ∗

P=P ∗

Ψ∗

=
∏

j∈J

PXj
(Bj)

∫

D

∏

i∈I

P (W−1
i (Ai) | Θ)dP

=

∫

D

∏

i∈I

PWi|Θ(Ai)
∏

j∈J

PXj
(Bj)dP . 97



7.2 Mia ap�nthsh sto kentrikì prìblhmaEpomènw
, de�xame ìti h (7.13) isqÔei ep�nw sto C̃.'Etsi an sumbol�soume me D̃ thn oikogèneia ìlwn twn Ẽ ∈ Σ̃ pou ikanopoioÔn thn(7.13) tìte prokÔptei ìti C̃ ⊆ D̃. 'Omw
, mpore� eÔkola na apodeiqje� ìti h D̃ e�nai miakl�sh Dynkin. ParathroÔme ep�sh
 ìti σ(C̃) = Σ̃ kai ìti h C̃ e�nai kleist  w
 pro
 ti
peperasmène
 tomè
, opìte mporoÔme na efarmìsoume to Je¸rhma Monìtonh
 Kl�sh
 giana exasfal�soume ìti D̃ ⊇ σ(C̃) = Σ̃, k�ti pou sunep�getai thn isqÔ th
 (7.13). Epomènw
,de�xame thn (c), kaj¸
 kai thn P -upì sunj kh anexarths�a th
 {Wn}n∈N.Sunep¸
, apì t¸ra kai mèqri to tèlo
 tou kefala�ou, jewroÔme ton q.p. (Ω, Σ, P )maz� me ìla ta stoiqe�a pou ton sunodeÔoun sthn Parat rhsh 7.2.6, (a), kaj¸
 ep�sh
 kaiti
 epagìmene
 sv.d. tou arijmoÔ twn apait sewn kai twn sunolik¸n apait sewn {Nt}t∈R+kai {St}t∈R+ , ant�stoiqa.Parat rhsh 7.2.7. H parap�nw upìjesh pou afor� ton q.p. (Ω, Σ, P ) den e�nai pe-rioristik , afoÔ to endiafèron ma
 den uperba�nei thn plhrofor�a pou emperièqetai sthsv.d. sunolik¸n apait sewn kai sth domik  par�metro. Pr�gmati, epeid  isqÔei ìti Σ =

σ({{Wn}n∈N, {Xn}n∈N, Θ}), �mesa èqoume ìti H∞ ⊆ Σ. Exait�a
, ìmw
, twn Parathr -sewn 7.1.1, (a) kai (b) èqoume k�ti parap�nw, dhlad  ìti Σ = H∞.Sth sunèqeia parajètoume èna metrojewrhtikì apotèlesma pou ja ma
 fane� qr simogia thn apìdeixh tou epìmenou kai kentrikoÔ jewr mato
 th
 paroÔsa
 diatrib 
.L mma 7.2.8. 'Estw φ : R × Υ −→ R mia B ⊗ B(Υ )-metr simh sun�rthsh, ki èstwapeikìnish hφ : Υ −→ R tètoia ¸ste hφ(y) :=
∫

φydλ gia k�je y ∈ Υ . Tìte h hφ e�nai
B(Υ )-B-metr simh.Apìdeixh. Arqik� a
 sumbol�soume me Dχ thn oikogèneia ìlwn twn E ∈ B⊗B(Υ ) ¸steh apeikìnish hφ gia φ = χE na e�nai B(Υ )-B-metr simh. Sth sunèqeia parathroÔme ìtigia k�je A × B ∈ B × B(Υ ) kai y ∈ Υ isqÔei hχA×B

(y) =
∫

χ[A×B]ydλ = λ(A)χB(y), kai�ra ìti h apeikìnish hχA×B
e�nai B(Υ )-B-metr simh. Sunep¸
, B × B(Υ ) ⊆ Dχ.Ep�sh
 mpore� eÔkola na apodeiqje� ìti h Dχ e�nai mia kl�sh Dynkin. Ki epeid  h oiko-gèneia B×B(Υ ) e�nai kleist  w
 pro
 ti
 peperasmène
 tomè
, mporoÔme na efarmìsoumeto Je¸rhma Monìtonh
 Kl�sh
 gia na sumper�noume ìti Dχ ⊇ σ(B×B(Υ )), kai �ra ìti

Dχ = B ⊗ B(Υ ). Epomènw
, de�xame ìti gia φ = χE , ìpou E ∈ B ⊗ B(Υ ), h hφ e�naimia B(Υ )-B-metr simh apeikìnish. Tìte, epanalamb�nonta
 ta epiqeir mata th
 apìdeixh
th
 Parat rhsh
 2.2.3, (a), apodeiknÔetai diadoqik� gia φ apl  B ⊗ B(Υ )-metr simh, φmh arnhtik  B ⊗ B(Υ )-metr simh kai φ opoiad pote B ⊗ B(Υ )-metr simh apeikìnish h
B(Υ )-B-metrhsimìthta th
 hφ. �98



MARTINGALE-ISODUNAMES SUNJETES MEMEIGMENES DIADIKASIES POISSONParathroÔme, t¸ra, ìti epeid  o Ω e�nai èna
 polwnikì
 q¸ro
, tìte gia k�je mè-tro pijanìthta
 ep�nw sth H∞, kai �ra gia opoiod pote dosmèno P , up�rqei p�nta mia
disintegration {Pθ}θ∈Υ tou P ep�nw sto PΘ sunep 
 me th Θ (bl. Parat rhsh 2.1.3).Je¸rhma 7.2.9. 'Estw P ∈ MS. Tìte isqÔoun ta ex 
:(i) Gia k�je Q ∈ MS,g up�rqoun mia ousiwd¸
 monadik  sun�rthsh β ∈ FP , mia ou-siwd¸
 monadik  disintegration {Qθ}θ∈Υ tou Q ep�nw sto QΘ sunep 
 me th Θ, mia

PΘ-sv.b. jetik  par�gwgo
 Radon-Nikodym ξ tou QΘ w
 pro
 PΘ, kaj¸
 ki èna PΘ-mhdenikì sÔnolo V∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ V∗, gia ìla ta s, t ∈ R+ me
s ≤ t kai gia k�je A ∈ Hs na isqÔoun oi sunj ke
 (∗), (Mξ) kai (Mθ).(ii) Antistrìfw
, gia k�je β ∈ FP kai gia opoiad pote PΘ-sv.b. jetik  sun�rthsh ξtètoia ¸ste EP [ξ(Θ)] = 1 up�rqoun monadik  sun�rthsh g ìpw
 tou SumbolismoÔ7.2.4, monadikì mètro pijanìthta
 Q ∈ MS,g, mia ousiwd¸
 monadik  disintegration

{Qθ}θ∈Υ tou Q ep�nw sto QΘ sunep 
 me th Θ, kaj¸
 ki èna PΘ-mhdenikì sÔnolo
V ′
∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ V ′

∗ , gia ìla ta s, t ∈ R+ me s ≤ t kai gia k�je
A ∈ Hs na isqÔoun oi sunj ke
 (∗), (Mξ) kai (Mθ).Apìdeixh. 'Estw ìti Q ∈ MS,g. Up�rqei p�nta mia ousiwd¸
 monadik  disintegration

{Qθ}θ∈Υ tou Q ep�nw sto QΘ sunep 
 me th Θ (bl. Parat rhsh 2.1.3). Epomènw
,mporoÔme na efarmìsoume thn Prìtash 7.2.5 gia na exasfal�soume ton isqurismì (i).
(ii): 'Estw β ∈ FP . Apì thn Prìtash 7.1.7, (i) èqoume ìti up�rqei èna PΘ-mhdenikìsÔnolo D̃∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ D̃∗ h sv.d. {M (β)

t (θ)}t∈R+ na e�nai èna
(Pθ,H)-martingale pou ikanopoie� th sqèsh EPθ

[M
(β)
t (θ)] = 1 gia k�je t ∈ R+.Or�zoume, t¸ra, gia k�je θ ∈ Υ th sunolosun�rthsh Rθ :

⋃
t∈R+

Ht −→ R mèsw th
sqèsh

Rθ(A) :=

{ ∫
A

M
(β)
t (θ)dPθ an θ /∈ D̃∗

Pθ(A) an θ ∈ D̃∗

(7.14)gia k�je t ∈ R+ kai A ∈ Ht. Profan¸
, gia k�je t ∈ R+ kai θ ∈ Υ o periorismì
 Rθ | Htth
 Rθ sth Ht e�nai èna mètro pijanìthta
 ep�nw sth Ht. An den prokale�tai sÔgqushsumbol�zoume ton periorismì Rθ | Ht kai p�li me Rθ. Ep� plèon, an gia k�je t ∈ R+ kaigia opoiod pote stajerì A ∈ Ht or�soume th sun�rthsh h : Υυ −→ R mèsw tou tÔpou
h(θ) :=

∫
υθdPθ gia k�je θ ∈ Υυ := Υ \ Iυ, ìpou υ(ω, θ) := χA(ω)M

(β)
t (ω, θ) gia k�je

(ω, θ) ∈ Ω × Υ , kai Iυ := {θ ∈ Υ :
∫

(υ+)θdPθ = ∞   ∫
(υ−)θdPθ = ∞}, tìte epeid h {Pθ}θ∈Υ e�nai mia disintegration tou P ep�nw sto PΘ sunep 
 me th Θ, ki epeid  apìthn apìdeixh tou L mmato
 7.1.5 h υ e�nai PidΩ×Θ-oloklhr¸simh sun�rthsh, prokÔptei ìti99



7.2 Mia ap�nthsh sto kentrikì prìblhma
Iυ ∈ B(Υ ) kai ìti h h e�nai B(Υ )Υ\Iυ-metr simh (bl. Parat rhsh 2.2.3, (a)). 'Omw
, apìthn Prìtash 7.1.7, (i) èqoume ìti Iυ ⊆ D̃∗, kai �ra gia k�je t ∈ R+ kai gia opoiod potestajerì A ∈ Ht thn B(Υ )Υ\D̃∗

-metrhsimìthta tou periorismoÔ h | (D̃∗)
c, sunep¸
 thn

B(Υ )-metrhsimìthta th
 sun�rthsh
 θ 7−→ Rθ(A).Epomènw
, gia mia opoiad pote PΘ-sv.b. jetik  sun�rthsh ξ tètoia ¸ste EP [ξ(Θ)] = 1mporoÔme na or�soume th sunolosun�rthsh R :
⋃

t∈R+
Ht −→ R mèsw th
 sqèsh


R(A) :=

∫
ξ(θ)Rθ(A)PΘ(dθ) gia k�je A ∈ ⋃

t∈R+
Ht .Tìte èqoume ìti

R(A)
(7.14)
=

∫ ∫
ξ(θ)χAM

(β)
t (θ)dPθPΘ(dθ) =

∫

A

ξ(Θ)M
(β)
t (Θ)dP, (7.15)gia k�je t ∈ R+ kai A ∈ Ht, ìpou h deÔterh isìthta prokÔptei apì to L mma 7.1.5, (iv).ParathroÔme ep�sh
 ìti h sunj kh (7.15) se sunduasmì me to L mma 7.1.5, (ii) sune-p�getai ìti

RΘ(F ) =

∫

Θ−1(F )

EP [ξ(Θ)M
(β)
t (Θ) | Θ]dP =

∫

Θ−1(F )

ξ(Θ)EP [M
(β)
t (Θ) | Θ]dP

=

∫

F

ξ(θ)PΘ(dθ)gia k�je F ∈ B(Υ ), kai �ra RΘ ∼ PΘ. Epomènw
, èqoume ìti
R(A) =

∫
Rθ(A)RΘ(dθ) gia k�je A ∈ ⋃

t∈R+
Htkaj¸
 ep�sh
 kai ìti k�je PΘ-mhdenikì sÔnolo e�nai ki èna RΘ-mhdenikì sÔnolo kai anti-strìfw
.Profan¸
, gia k�je t ∈ R+ h oikogèneia {Rθ | Ht}θ∈Υ e�nai mia disintegration tou

R | Ht ep�nw sto RΘ, ki epeid  ex′ upojèsew
 h {Pθ}θ∈Υ e�nai sunep 
 me th Θ, apì thn(7.14) kai to L mma 7.1.5, ìti to �dio ja isqÔei kai gia thn {Rθ | Ht}θ∈Υ .A
 or�soume, t¸ra, th sun�rthsh η : R+ × Υ −→ R+ mèsw twn sqèsewn
η(t, θ) := e−tθEPθ

[eβθ(X1)−1] gia k�je t ∈ R+ kai θ /∈ D̂.kai η(t, θ) := 0 gia k�je t ∈ R+ kai θ ∈ D̂. Apì to b ma (d) th
 Prìtash
 7.2.5 kai to ìtito P ikanopoie� thn (a2) èpetai h Ôparxh enì
 PΘ-mhdenikoÔ sunìlou Gd := O
(∗)
γ,X1

∈ B(Υ )tètoiou ¸ste D̂ ⊆ Gd kai gia k�je θ /∈ Gd na isqÔei ìti EPθ
[eγ(X1)] = EP [eγ(X1)] = 1.Epomènw
,

EPθ
[eβθ(X1)] = eα(θ)EPθ

[eγ(X1)] = eα(θ)EP [eγ(X1)] = eα(θ) (7.16)100



MARTINGALE-ISODUNAMES SUNJETES MEMEIGMENES DIADIKASIES POISSONgia k�je θ /∈ Gd, opìte èqoume ìti
η(t, θ) = e−tθ[eα(θ)−1] gia k�je t ∈ R+ kai θ /∈ Gd. (7.17)

(a) Up�rqei èna PΘ-mhdenikì sÔnolo V ′ ∈ B(Υ ) tètoio ¸ste gia opoiad pote stajer�
θ /∈ V ′ kai t ∈ R+, gia k�je r > 0 kai gia ìla ta 0 ≤ u ≤ s ≤ t kai A ∈ Hu na isqÔei hisìthta

ERθ
[χAe−r(Ss−Su)] = η(s − u, θ)EPθ

[χAM (β)
u (θ)]EPθ

[eS
(β)
s−u(θ)−rSs−u ].Pr�gmati, epeid  h {St}t∈R+ e�nai mia P -CMPP(Θ, PX1) kai to P ikanopoie� ti
 (a1)kai (a2), apì to Je¸rhma 6.2.2 kai thn apìdeix  tou prokÔptei ìti up�rqei PΘ-mhdenikìsÔnolo C∗ ∈ B(Υ ) tètoio ¸ste G∗ ⊆ C∗ kai gia k�je θ /∈ C∗ na isqÔei ìti h {St}t∈R+e�nai mia Pθ-CPP(θ, (Pθ)X1). Tìte, apì to L mma 7.1.6, (i) èqoume ìti h {S(β)

t (θ)}t∈R+èqei Pθ-anex�rthte
 kai st�sime
 prosaux sei
 gia k�je θ /∈ C∗. Epomènw
, jètonta

V ′ := D̃∗ ∪ Gd prokÔptei ìti PΘ(V ′) = 0 kaj¸
 kai ìti C∗ ⊆ V ′, kai �ra apì thn (7.14)kai gia opoiod pote θ /∈ V ′, gia k�je r > 0, gia ìla ta 0 ≤ u ≤ s ≤ t kai gia k�je A ∈ Huèqoume ìti

ERθ
[χAe−r(Ss−Su)] = EPθ

[χAe−r(Ss−Su)M (β)
s (θ)]

= EPθ
[χAη(s − u, θ)M (β)

u (θ)e(S
(β)
s −S

(β)
u )(θ)−r(Ss−Su)]

= η(s − u, θ)EPθ
[χAM (β)

u (θ)]EPθ

[
eS

(β)
s−u(θ)−rSs−u ],ìpou h deÔterh isìthta antle� thn isqÔ th
 apì ti
 sunj ke
 (7.2), (7.16) kai (7.17).

(b) Gia opoiod pote stajerì θ ∈ Υ or�zoume ti
 sunolosunart sei
 νθ : B(Υ ) −→ [0,∞],
µ : B(Υ ) −→ [0,∞] kai Q̃θ : Σ̃ −→ [0,∞] mèsw twn sqèsewn

νθ := Exp(g(θ)), ìpou g(θ) := θeα(θ),

µ(B) :=

∫

B

eγ(x)PX1(dx) gia k�je B ∈ B(Υ ), (7.18)kai
Q̃θ := (νθ)N ⊗ µN,ant�stoiqa. Tìte oi µ kai Q̃θ e�nai mètra pijanìthta
, kai gia opoiod pote stajerì Ẽ ∈ Σ̃h sun�rthsh θ 7−→ Q̃θ(Ẽ) e�nai B(Υ )-metr simh. Ep� plèon, isqÔei ìti g(Θ)

Θ
∈ L1(P ).Pr�gmati, to µ e�nai profan¸
 èna mètro pijanìthta
 ep�nw sto B(Υ ) kai to Q̃θ e�nai,gia opoiod pote stajerì θ ∈ Υ , èna mètro pijanìthta
 ep�nw sto Σ̃. Ep�sh
, epeid 

νθ(D) =
∫

χD(x)g(θ)e−xg(θ)λ(dx) gia k�je D ∈ B(Υ ), apì to L mma 7.2.8 kai to ìti
νθ(D) ≤ 1 gia k�je D ∈ B(Υ ), prokÔptei ìti h sun�rthsh θ 7−→ νθ(D) e�nai B(Υ )-metr simh gia opoiod pote stajerì D ∈ B(Υ ). Sunep¸
, h Q̃•(A × B) e�nai mia B(Υ )-metr simh sun�rthsh gia opoiod pote stajerì A × B ∈ B(Υ N) ×B(Υ N). Efarmìzonta
,101



7.2 Mia ap�nthsh sto kentrikì prìblhmat¸ra, èna epiqe�rhma monìtonh
 kl�sh
, ìpw
 autì th
 apìdeixh
 tou Jewr mato
 5.1.1,mpore� na apodeiqje� ìti h sun�rthsh θ 7−→ Q̃θ(Ẽ) e�nai B(Υ )-metr simh gia opoiod potestajerì Ẽ ∈ Σ̃. Ep� plèon, epeid  β ∈ FP �mesa èqoume ìti EP [g(Θ)
Θ

] = EP [eα(Θ)] < ∞.
(c) Or�zoume, t¸ra, ti
 sunolosunart sei
 Q̃ : Σ̃ −→ [0,∞] kai Q, Qθ : Σ −→ [0,∞] giak�je θ ∈ Υ mèsw twn sqèsewn

Q̃(Ẽ) :=

∫
Q̃θ(Ẽ)RΘ(dθ) gia k�je Ẽ ∈ Σ̃,

Q(E) :=

∫
Q̃θ(E

θ)RΘ(dθ) gia k�je E ∈ Σ,kai
Qθ := Q̃θ ⊗ δθ,ìpou δθ to mètro tou Dirac ep�nw sthn B(Υ ) sto shme�o θ ∈ Υ , ant�stoiqa. Tìte oi Q̃, Qkai k�je Qθ e�nai mètra pijanìthta
, QΘ = RΘ kai h {Qθ}θ∈Υ e�nai mia disintegration tou

Q ep�nw sto RΘ sunep 
 me thn kanonik  probol  πΥ = Θ apì to Ω̃ × Υ ep�nw sto Υ .Pr�gmati, profan¸
 oi Q̃, Q kai k�je Qθ e�nai mètra pijanìthta
. Ep�sh
 gia k�je B ∈
B(Υ ) èqoume QΘ(B) =

∫
Q̃θ([Ω̃ × B]θ)RΘ(dθ) =

∫
B

Q̃θ(Ω̃)RΘ(dθ) = RΘ(B). Epeid  apìto b ma (b) h sun�rthsh θ 7−→ Q̃θ(Ẽ) e�nai B(Υ )-metr simh gia stajerì Ẽ ∈ Σ̃, h {Q̃θ}θ∈Υe�nai mia k.d.p.-ginìmeno ep�nw sth Σ̃ gia to Q w
 pro
 to RΘ, afoÔ h isqÔ
 th
 (D2) e�nai�mesh. Epomènw
, mporoÔme na efarmìsoume to L mma 2.2.1 gia na exasfal�soume ìti h
{Qθ}θ∈Υ e�nai mia disintegration tou Q ep�nw sto RΘ sunep 
 me th Θ.
(d) To Q ikanopoie� ti
 (a1) kai (a2), h {Xn}n∈N e�nai Q-anex�rthth kai isìnomh, kai h
{Nt}t∈R+ e�nai Q-anex�rthth th
 {Xn}n∈N.Pr�gmati, arqik� stajeropoioÔme auja�reta n ∈ N kai θ ∈ Υ . Me πΩ̃ sumbol�zoumethn kanonik  probol  apì to Ω ep�nw sto Ω̃ kai jewroÔme ti
 t.m. W̃n kai X̃n ep�nw sto
Ω̃ pou or�zontai mèsw twn sqèsewn

Wn = W̃n ◦ πΩ̃ kai Xn = X̃n ◦ πΩ̃, (7.19)ant�stoiqa. Epeid  ex′ orismoÔ oi Wn kai Xn e�nai oi kanonikè
 probolè
 apì to Ω =

Υ N×Υ N×Υ = Ω̃×Υ ep�nw sthn n-suntetagmènh tou pr¸tou kai tou deÔterou kartesianoÔginomènou Υ N, ant�stoiqa, prokÔptei ìti
νθ = Qθ ◦ Wn

−1 = Qθ ◦ (W̃n ◦ πΩ̃)−1 = (Qθ ◦ π−1

Ω̃
) ◦ W̃−1

n = (Q̃θ ⊗ δθ)π
Ω̃
◦ W̃−1

n = (Q̃θ)W̃n
,kaj¸
 kai ìti (Q̃θ)X̃n

= µ.Upenjum�zoume ìti me C̃ sumbol�zoume thn oikogèneia ìlwn twn metrhs�mwn kul�ndrwntou Ω̃, dhlad  ìlwn eke�nwn twn sunìlwn C̃ ∈ B(Ω̃) th
 morf 
 ∏
i,j∈N(Ai × Bj), ìpou102



MARTINGALE-ISODUNAMES SUNJETES MEMEIGMENES DIADIKASIES POISSON

Ai, Bj ∈ B(Υ ) gia k�je i, j ∈ N kai I := {i ∈ N : Ai 6= Υ}, J := {j ∈ N : Bj 6= Υ}peperasmèna. Jètoume Ci := Ai gia i ∈ I kai Dj := Bj gia j ∈ J . Tìte èqoumeìti C̃ =
∏

(i,j)∈I×J(Ci × Dj) × Υ N\I × Υ N\J , opìte jètonta
 W̃ := (W̃1 . . . , W̃n, . . .) kai
X̃ := (X̃1 . . . , X̃n, . . .), prokÔptei ìti

(Q̃θ)(W̃ ,X̃)(C̃) =
(
(νθ)N ⊗ µN

)( ∏

(i,j)∈I×J

(Ci × Dj) × Υ N\I × Υ N\J
)

=
∏

i∈I

νθ(Ci)
∏

j∈J

µ(Dj) =
∏

i∈I

(Q̃θ)W̃i
(Ci)

∏

j∈J

Q̃X̃j
(Dj),kai �ra h isìthta

(Q̃θ)(W̃ ,X̃) =
(
⊗n∈N(Q̃θ)W̃n

)
⊗

(
⊗n∈N(Q̃θ)X̃n

)
= (νθ)N ⊗ µN (7.20)ja isqÔei ep�nw sto C̃. Tìte, ìmw
, efarmìzonta
 èna epiqe�rhma monìtonh
 kl�sh
 pa-rìmoio me autì tou (b), mpore� eÔkola na apodeiqje� h isqÔ
 th
 (7.20) ep�nw sth Σ̃.Epomènw
, gia k�je θ ∈ Υ oi akolouj�e
 {W̃n}n∈N kai {X̃n}n∈N e�nai Q̃θ-anex�rthte
kai anex�rthte
 metaxÔ tou
, k�ti pou sunep�getai ìti oi {Wn}n∈N kai {Xn}n∈N e�nai

Qθ-anex�rthte
 kai anex�rthte
 metaxÔ tou
, afoÔ an W := (W1 . . . , Wn, . . .) kai X :=

(X1 . . . , Xn, . . .) tìte èqoume ìti
(Qθ)(W,X)

(7.19)
= Qθ ◦ π−1

Ω̃
◦ (W̃ , X̃)−1 = (Q̃θ)(W̃ ,X̃)

(7.20)
=

(
⊗n∈N(Q̃θ)W̃n

)
⊗

(
⊗n∈N(Q̃θ)X̃n

)
,kai �ra ìti

(Qθ)(W,X) =
(
⊗n∈N(Qθ)Wn

)
⊗

(
⊗n∈N(Qθ)Xn

)
. (7.21)'Omw
, epeid  apì to b ma (c) h {Qθ}θ∈Υ e�nai mia disintegration tou Q ep�nw sto RΘsunep 
 me th Θ, tìte sÔmfwna me to L mma 3.2.2, isodÔnama èqoume ìti oi {Wn}n∈N kai

{Xn}n∈N e�nai Q-upì sunj kh anex�rthte
, dhlad  ìti to Q ikanopoie� th sunj kh (a1).Ep� plèon, epeid  (Qθ)Xn = µ gia k�je n ∈ N kai θ ∈ Υ , apì to Lhmma 2.3.2 exasfa-l�zoume gia k�je n ∈ N thn isqÔ th
 QXn|Θ = µ Q | σ(Θ)-sv.b., ki epomènw
 thn isqÔ th
sunj kh
 (a2) gia to Q. Akìmh, h isqÔ
 twn sunjhk¸n (a1) kai (a2) gia to Q, sunep�getaithn Q-anexarths�a metaxÔ twn {Wn}n∈N kai {Xn}n∈N, kai �ra lìgw th
 (6.1) aut  metaxÔtwn {Nt}t∈R+ kai {Xn}n∈N. ParathroÔme ep�sh
 ìti apì ti
 (7.20) kai (7.21) èqoume ìti
(Qθ)X = ⊗n∈N(Qθ)Xn = µN, ki epomènw
 ìti h {Xn}n∈N e�nai Qθ-anex�rthth kai isìnomhgia k�je θ ∈ Υ . To gegonì
 autì, ìmw
, sÔmfwna me to L mma 6.2.1, (ii) ki epeid  h Qikanopoie� thn (a2), sunep�getai ìti h {Xn}n∈N e�nai Q-anex�rthth kai isìnomh.
(e) H sv.d. sunolik¸n apait sewn {St}t∈R+ e�nai mia Q-CMPP(g(Θ), QX1).Pr�gmati, apì to (d), thn apìdeix  tou kai th sqèsh (6.1) prokÔptei ìti to zeÔgo

({Nt}t∈R+ , {Xn}n∈N) e�nai mia Qθ-sv.d. kindÔnou gia ìla ta θ ∈ Υ . ParathroÔme ep�sh
 ìti103



7.2 Mia ap�nthsh sto kentrikì prìblhmaapì ti
 sunj ke
 νθ = Exp(g(θ)) kai (Qθ)Wn = νθ twn bhm�twn (b) kai (d), ant�stoiqa,pou isqÔoun gia k�je n ∈ N kai θ ∈ Υ , sunep�getai ìti gia k�je θ ∈ Υ h epagìmenhsv.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ e�nai mia Qθ-diadikas�a Poisson me par�metro
g(θ) (bl. p.q. [34℄, Theorem 2.3.6). Epomènw
, h epagìmenh sv.d. sunolik¸n apait sewn
{St}t∈R+ e�nai mia Qθ-CPP(g(θ), (Qθ)X1) gia ìla ta θ ∈ Υ , k�ti pou se sunduasmì me to
(d) kai to Je¸rhma 6.2.2 sunep�getai thn isqÔ tou (e).

(f) Up�rqei èna PΘ-mhdenikì sÔnolo V ′
∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ V ′

∗ na isqÔei hsunj kh (Rθ)St = (Qθ)St gia k�je t ∈ R+, ìpou Rθ = Rθ | Ht kai Qθ = Qθ | Ht.Pr�gmati, arqik� parathroÔme ìti epeid  to P ikanopoie� thn (a2), mpore� na apodeiqje�ìpw
 sto b ma (c) th
 Prìtash
 7.2.5, ìti up�rqei èna PΘ-mhdenikì sÔnolo O′ ∈ B(Υ )tètoio ¸ste gia k�je θ /∈ O′ na èqoume (Pθ)X1 = PX1 . Sth sunèqeia stajeropoioÔmeauja�reta r > 0, n ∈ N, t ∈ R+, kai parathroÔme ìti apì th sunj kh (7.18) sunep�getaigia k�je θ /∈ O′ h isqÔ
 th

EQθ

[e−rX1 ] =

∫
e−rx(Qθ)X1(dx) =

∫
e−rxµ(dx) = EPθ

[eγ(X1)−rX1 ]. (7.22)Epeid  apì thn apìdeixh tou b mato
 (e) èqoume ìti h {Nt}t∈R+ e�nai mia Qθ-diadikas�a
Poisson me par�metro g(θ), lamb�nonta
 upìyh th sunj kh (7.17) exasfal�zoume ìti giaopoiod pote stajerì θ /∈ Gd isqÔei

Qθ(Nt = n) = η(t, θ)enα(θ)Pθ(Nt = n). (7.23)'Omw
, jètonta
 V ′
∗ := V ′ ∪ O′ ∈ B(Υ ) prokÔptei ìti PΘ(V ′

∗) = 0 kai �ra RΘ(V ′
∗) = 0 =

QΘ(V ′
∗), afoÔ QΘ = RΘ ∼ PΘ apì to b ma (c), th sunj kh (7.15) kai to L mma 7.1.5, (ii).Tìte apì ti
 (7.22) kai (7.23) kai apì th sunj kh Gd ⊆ V ′ ⊆ V ′

∗ prokÔptei ìti gia k�je
θ /∈ V ′

∗ èqoume
EQθ

[e−rSt ] = η(t, θ)
∞∑

n=0

(
EPθ

[eγ(X1)−rX1 ]
)n

enα(θ)Pθ(Nt = n),opìte efarmìzonta
 to (a) èqoume akìmh ìti
ERθ

[e−rSt ] = η(t, θ)EPθ
[eS

(β)
t (θ)−rSt ] = η(t, θ)EPθ

[e
∑Nt

k=1[β
θ(X1)−rX1]]

= η(t, θ)
∞∑

n=0

(
EPθ

[eβθ(X1)−rX1 ]
)n

Pθ(Nt = n)

= η(t, θ)
∞∑

n=0

(
EPθ

[eγ(X1)−rX1 ]
)n

enα(θ)Pθ(Nt = n) = EQθ
[e−rSt ]kai �ra ìti (Rθ)St = (Qθ)St (bl. p.q. [5℄, Theorem 22.2).104
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(g) Gia opoiod pote stajerì θ /∈ V ′
∗ up�rqei monadik  epèktash tou Rθ sth Σ, pousumbol�zetai kai p�li me Rθ, tètoia ¸ste Qθ = Rθ ep�nw sth Σ. Ep� plèon, up�rqeimonadik  epèktash tou R sth Σ, pou sumbol�zetai kai p�li me R, tètoia ¸ste Q = Rep�nw sth Σ kai h oikogèneia {Rθ}θ∈Υ mètrwn pijanìthta
 ep�nw sth Σ na e�nai mia

disintegration tou R ep�nw sto RΘ sunep 
 me th Θ.Pr�gmati, sÔmfwna me to (f) kai gia opoiod pote stajer� θ /∈ V ′
∗ kai t ∈ R+ èqoumeìti Qθ | σ(Su) = Rθ | σ(Su) gia k�je 0 ≤ u ≤ t, ki epomènw
 ìti Qθ | ⋃

0≤u≤t σ(Su) =

Rθ | ⋃
0≤u≤t σ(Su). 'Omw
, epeid  ta Qθ kai Rθ e�nai mètra pijanìthta
 ep�nw sth H̃tpou sump�ptoun sthn ⋃

0≤u≤t σ(Su), tìte apì to Je¸rhma Monadikìthta
 gia mètra (bl.Je¸rhma A.7) ja sump�ptoun ep�sh
 ki ep�nw sth σ-�lgebra H̃t. Ep� plèon, epeid  oi
disintegrations {Qθ | Ht}t∈R+ kai {Rθ | Ht}t∈R+ e�nai sunepe�
 me th Θ, ja sump�ptounep�nw sth σ-�lgebra σ(Θ), ki epomènw
 sthn ènwsh H̃t ∪ σ(Θ). 'Omw
, epeid  oi sunolo-sunart sei
 Qθ kai Rθ e�nai mètra pijanìthta
 ep�nw sth Ht, pou sump�ptoun ep�nw sth
H̃t ∪ σ(Θ), efarmìzonta
 èna epiqe�rhma monìtonh
 kl�sh
 an�logo me autì tou b mato

(e) th
 apìdeixh
 th
 Prìtash
 7.2.5, prokÔptei ìti ja sump�ptoun ep�nw kai sth Ht, kai�ra sthn ⋃

t∈R+
Ht.Epeid  h sunolosun�rthsh Qθ e�nai èna mètro pijanìthta
 ep�nw sth Σ tètoio ¸ste

Qθ |
⋃

t∈R+
Ht = Rθ, efarmìzonta
 to Je¸rhma Epèktash
 Mètrou tou Karajeodwr  (bl.Je¸rhma A.6) prokÔptei ìti up�rqei monadik  epèktash Rθ sth Σ, pou sumbol�zetai kaip�li me Rθ, tètoia ¸ste Qθ = Rθ.Ekmetalleuìmenoi, t¸ra, to ìti h sun�rthsh θ 7−→ Rθ(F ) e�nai B(Υ )-metr simh giaopoiod pote stajerì F ∈ ⋃

t∈R+
Ht ki efarmìzonta
 èna epiqe�rhma monìtonh
 kl�sh
,exasfal�zoume th B(Υ )-metrhsimìthta th
 sun�rthsh
 θ 7−→ Rθ(E) gia opoiod pote sta-jerì E ∈ Σ: Pr�gmati, an sumbol�soume me V thn oikogèneia ìlwn twn E ∈ Σ ¸steh sun�rthsh θ 7−→ Rθ(E) na e�nai B(Υ )-metr simh gia stajerì E, tìte ⋃

t∈R+
Ht ⊆ V.Epeid  h {Ht}t∈R+ e�nai mia diÔlish, tìte h ⋃

t∈R+
Ht ja e�nai mia �lgebra. Ep�sh
 eÔ-kola mpore� na diapistwje� ìti h V e�nai mia monìtonh kl�sh. Epomènw
, prokÔptei ìti

H∞ = σ
(⋃

t∈R+
Ht

)
= m

(⋃
t∈R+

Ht

)
⊆ V (bl. p.q. Je¸rhma A.8), kai �ra Σ = V. Sune-p¸
, de�xame th B(Υ )-metrhsimìthta th
 sun�rthsh
 θ 7−→ Rθ(E) gia opoiod pote staje-rì E ∈ Σ.Ep� plèon, to b ma (c) se sunduasmì me to ìti Qθ = Rθ gia opoiod pote dosmèno

θ /∈ V ′
∗ , sunep�getai ìti ta R kai Q sump�ptoun ep�nw sthn ⋃

t∈R+
Ht kai ìti to Q e�naimètro pijanìthta
 ep�nw sth Σ. Epomènw
, efarmìzonta
 xan� to Je¸rhma Epèktash
Mètrou tou Karajeodwr  exasfal�zoume thn Ôparxh monadik 
 epèktash
 tou R sth Σ,pou sumbol�zetai kai p�li me R, tètoia
 ¸ste R = Q ep�nw sth Σ. Tìte, profan¸
, h105



7.2 Mia ap�nthsh sto kentrikì prìblhmaoikogèneia {Rθ}θ∈Υ mètrwn pijanìthta
 ep�nw sth Σ kaj�statai mia disintegration tou Rep�nw sto RΘ sunep 
 me th Θ.
(h) Up�rqei monadik  sun�rthsh g ìpw
 tou SumbolismoÔ 7.2.4, monadikì mètro pijanì-thta
 Q ∈ MS,g kai mia ousiwd¸
 monadik  disintegration {Qθ}θ∈Υ tou Q ep�nw sto QΘsunep 
 me th Θ pou ikanopoie� ti
 sunj ke
 (∗), (Mξ) kai (Mθ) gia opoiod pote stajerì
θ /∈ V ′

∗ .Pr�gmati, epeid  Q
pr∼ P exait�a
 th
 (7.15) kai tou (g), apì ta b mata (b), (d) kai (e)prokÔptei ìti Q ∈ MS,g, ìpou h g e�nai h monadik� orismènh sun�rthsh tou b mato
 (b).Ep� plèon, h Ôparxh mia ousiwd¸
 monadik 
 disintegration {Qθ}θ∈Υ tou Q ep�nw sto QΘsunepoÔ
 me th Θ, kaj¸
 kai h isqÔ
 th
 (Mθ) gia opoiod pote stajerì θ /∈ V ′

∗ kai giati
 disintegrations {Pθ}θ∈Υ kai {Qθ}θ∈Υ , apoteloÔn �mese
 sunèpeie
 tou (g), th
 (7.14)kai th
 Parat rhsh
 2.1.3, en¸ h isqÔ
 th
 (Mξ) prokÔptei apì to (g) kai thn (7.15). Kiepeid  h monadikìthta tou Q e�nai �mesh, de�xame to (h), k�ti pou oloklhr¸nei kai thn ìlhapìdeixh. �Pìrisma 7.2.10. 'Estw ìti P ∈ MS. An isqÔei opoiosd pote apì tou
 isqurismoÔ
 (i)  (ii) tou Jewr mato
 7.2.9 kai an up�rqei PΘ-mhdenikì sÔnolo Ĥ ∈ B(Υ ) tètoio ¸ste
Qθ 6= Pθ gia opoiod pote stajerì θ /∈ Ĥ, tìte Qθ⊥Pθ gia opoiod pote stajerì θ /∈ Ĥ.Ep�sh
 isqÔei ìti Q⊥P .Apìdeixh. A
 upojèsoume ìti P ∈ MS, kaj¸
 kai ìti up�rqei èna PΘ-mhdenikì sÔnolo
Ĥκ ∈ B(Υ ) tètoio ¸ste Qθ 6= Pθ gia opoiod pote stajerì θ /∈ Ĥκ. All� h upìjes ma
 ìti P ∈ MS se sunduasmì me to Je¸rhma 6.2.2 sunep�getai thn Ôparxh enì
 PΘ-mhdenikoÔ sunìlou C∗ ∈ B(Υ ) tètoiou ¸ste gia k�je θ /∈ C∗ h {St}t∈R+ na e�nai mia
Pθ-CPP(θ, (Pθ)X1). Ep� plèon, apì to Je¸rhma 7.2.9 kai thn apìdeix  tou exasfal�zoumethn Ôparxh enì
 PΘ-mhdenikoÔ sunìlou O′ ∈ B(Υ ) tètoiou ¸ste gia k�je θ /∈ O′ na isqÔeih sunj kh (Pθ)X1 = PX1 = PXn = (Pθ)Xn gia k�je n ∈ N.'Estw, t¸ra, ta PΘ-mhdenik� sÔnola V∗ kai V ′

∗ , pou emplèkontai stou
 isqurismoÔ

(i) kai (ii) tou Jewr mato
 7.2.9. Jètoume Ĥ := Ĥκ ∪ V∗ ∪ V ′

∗ ∪ C∗ ∪ O′, ki èpeitastajeropoioÔme auja�reto θ /∈ Ĥ . An isqÔei opoiosd pote apì tou
 isqurismoÔ
 (i)   (ii)tou Jewr mato
 7.2.9, tìte Q ∈ MS,g, β ∈ FP kai ikanopoie�tai h sunj kh (Mθ). Epeid 
Qθ 6= Pθ prokÔptei ìti Pθ(β

θ(X1) 6= 0) > 0, afoÔ an �sque Pθ(β
θ(X1) 6= 0) = 0 tìte jae�qame Pθ-sv.b. ìti βθ(Xn) = βθ(X1) = 0 gia k�je n ∈ N, k�ti pou ja sunep�gontan ìtigia k�je t ∈ R+ ja e�qame M

(β)
t (θ) = 1 Pθ | Ht-sv.b., kai �ra ta Qθ kai Pθ ja sunèpiptanp�nw sthn ⋃

t∈R+
Ht. To gegonì
 autì, se sunduasmì me Je¸rhma Monadikìthta
 giamètra ja sunep�gontan ìti Qθ = Pθ, �topo.106
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 parathroÔme ìti apì thn apìdeixh tìso tou isqurismoÔ (i) ìso kai tou isquri-smoÔ (ii) tou Jewr mato
 7.2.9 èqoume ìti EPθ
[eβθ(X1)] = eα(θ) < ∞, kai �ra apì to L mma7.1.3, (ii) prokÔptei ìti limt→∞

1
Nt

∑Nt

k=1 βθ(Xk) = EPθ
[βθ(X1)], afoÔ D̂ ⊆ Ĥ, ìpou D̂ e�-nai to PΘ-mhdenikì sÔnolo pou emplèketai sto proanaferjèn l mma. Epomènw
, mporoÔmena efarmìsoume parìmoia epiqeir mata me aut� twn sel. 274-275 th
 apìdeixh
 tou [8℄,

Proposition 2.2 gia na exasfal�soume ìti Qθ⊥Pθ.H teleuta�a sunj kh e�nai isodÔnamh me to up�rqei E ∈ Σ tètoio ¸ste
Pθ(E) = 0 ⇐⇒ Qθ(E) = 1.ParathroÔme ep�sh
 ìti an isqÔei opoiosd pote apì tou
 isqurismoÔ
 (i)   (ii) tou Jew-r mato
 7.2.9, tìte QΘ ∼ PΘ lìgw tou L mmato
 7.2.2, (ii), kai �ra apì thn teleuta�aisodunam�a èqoume ìti

P (E) =

∫
Pθ(E)PΘ(dθ) = 0 ⇐⇒ Q(E) =

∫
Qθ(E)QΘ(dθ) = 1,afoÔ oi {Pθ}θ∈Υ kai {Qθ}θ∈Υ e�nai disintegrations tou P ep�nw sto PΘ kai tou Q ep�nwsto QΘ, ant�stoiqa. Epomènw
, Q⊥P . �Parat rhsh 7.2.11. H Proposition 2.2 twn Delbaen & Haezendonck [8] prokÔptei w
eidik  per�ptwsh tou Jewr mato
 7.2.9 an h katanom  pijanìthta
 th
 t.m. Θ e�nai k�twapì to mètro pijanìthta
 P ekfulismènh se k�poio θ0 > 0.Pr�gmati, an PΘ({θ0}) = 1 gia k�poio θ0 > 0, tìte oi sunj ke
 (a1) kai (a2) an�gontaisthn P(W,X) = (⊗n∈NPWn)⊗ (⊗n∈NPXn). Ep�sh
 h upìjesh Q ∈ MS,g se sunduasmì me toL mma 7.2.2, (ii) sunep�getai ìti QΘ({θ0}) = 1, opìte PΘ(Υ \ {θ0}) = QΘ(Υ \ {θ0}) = 0,

P = Pθ0 kai Q = Qθ0 . Epomènw
, mporoÔme na jewr soume qwr�
 bl�bh th
 genikìthta
ìti Θ(ω) = θ0 gia k�je ω ∈ Ω. Sunep¸
, σ(Θ) = {∅, Ω}, kai �ra H̃t = Ht gia k�je
t ∈ R+, kaj¸
 kai H̃∞ = H∞. Tìte, amfìtere
 oi (Mθ) kai (Mξ) an�gontai sth sqèsh(2.15) tou [8℄. Efarmìzonta
 gia thn per�ptwsh mia
 ekfulismènh
 PΘ tìso to Je¸rhma7.2.9 ìso kai to Pìrisma 7.2.10, kai lamb�nonta
 upìyh ta parap�nw, �mesa èqoume to[8℄, Proposition 2.2.Merikè
 akìmh sunèpeie
 tou Jewr mato
 7.2.9 d�nontai parak�tw.Prìtash 7.2.12. An Q ∈ MS,g kai X1 ∈ L1(Q) tìte isqÔoun ta ex 
:(i) Up�rqei èna QΘ-mhdenikì sÔnolo C̃(∗) ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ C̃(∗) h sv.d.

{St − EQθ
[St]}t∈R+ na e�nai èna (Qθ,H)-martingale.(ii) An g(Θ) ∈ L1(Q) tìte {St − EQ[St | Θ]}t∈R+ e�nai èna (Q,H)-martingale. 107



7.2 Mia ap�nthsh sto kentrikì prìblhma(iii) An g(Θ) ∈ L1(Q) tìte {St −EQ[St]}t∈R+ e�nai èna (Q,H)-martingale an kai mìno anh katanom  pijanìthta
 th
 t.m. g(Θ) e�nai ekfulismènh sto g(θ0) gia k�poio θ0 > 0.Apìdeixh. 'Estw Q ∈ MS,g kai X1 ∈ L1(Q). Tìte èqoume ìti h {St}t∈R+ e�nai mia Q-
CMPP(g(Θ), QX1), kaj¸
 kai ìti to Q ikanopoie� ti
 (a1) kai (a2). Tìte apì to Je¸rhma6.2.2 èqoume ìti up�rqei èna QΘ-mhdenikì sÔnolo C̃∗ ∈ B(Υ ) ¸ste gia k�je θ /∈ C̃∗h {St}t∈R+ na e�nai mia Qθ-CPP(g(θ), (Qθ)X1), pou sunep�getai ìti h {Nt}t∈R+ e�nai mia
Qθ-diadikas�a Poisson me par�metro g(θ), k�ti pou se sunduasmì me to L mma 7.1.6, (i)sunep�getai to ìti h {St}t∈R+ èqei Qθ-anex�rthte
 kai st�sime
 prosaux sei
.
(i): Apì thn teleuta�a sunj kh kai thn apìdeixh th
 pr¸th
 isìthta
 th
 sunj kh
 (7.6)èpetai ìti gia k�je θ /∈ C̃(∗) := C̃∗ ∪ Õ(∗), ìpou Õ(∗) e�nai to mhdenikì sÔnolo ektì
 touopo�ou isqÔei h pr¸th isìthta th
 (7.6), h sv.d. {St − EQθ

[St]}t∈R+ ikanopoie� thn idiìthta
(m3) gia ta Qθ kai H, afoÔ EQθ

[St] = tg(θ)EQθ
[X1] = tg(θ)EQ[X1] < ∞ gia k�je t ∈ R+,ìpou h deÔterh isìthta apotele� sunèpeia th
 pr¸th
 isìthta
 th
 (7.6). Epomènw
, èqoumeto (i).

(ii): Profan¸
, h sv.d. {St−EQ[St | Θ]}t∈R+ ikanopoie� thn idiìthta (m1) gia th H, en¸ hidiìthta (m2) èpetai apì thn Q-oloklhrwsimìthta twn t.m. X1 kai g(Θ). Epeid  h {St}t∈R+èqei Qθ-anex�rthte
 kai st�sime
 prosaux sei
 gia k�je θ /∈ C̃∗, apì to Pìrisma 3.2.8sunep�getai ìti ja èqei Q-upì sunj kh anex�rthte
 kai st�sime
 prosaux sei
. Sunep¸
,gia ìla ta s, t ∈ R+ me s ≤ t h t.m. St − Ss ja e�nai Q-upì sunj kh anex�rthth th
 H̃s,kai �ra th
 Hs (bl. L mma 3.3.2). To gegonì
 autì, se sunduasmì me to [7], Section 7.3,

Theorem 1, sunep�getai ìti h sunj kh ∫
A

EQ[St − Ss | Hs]dQ =
∫

A
EQ[St − Ss | Θ]dQisqÔei gia ìla ta s, t ∈ R+ me s ≤ t kai gia k�je A ∈ Hs, opìte h sv.d. {St−EQ[St | Θ]}t∈R+ikanopoie� thn idiìthta (m3) gia to Q kai th H. 'Ara de�xame to (ii).

(iii): An h sv.d. {St − EQ[St]}t∈R+ e�nai èna (Q,H)-martingale, tìte prokÔptei ìti ika-nopoie� thn idiìthta (m3), k�ti pou me th seir� tou sunep�getai to ìti ∫
D
(St − Ss)dQ =

∫
D

EQ[(St−Ss)]dQ gia ìla ta s, t ∈ R+ me s ≤ t kai gia k�je D ∈ σ(Θ). Apì thn teleuta�asunj kh, se sunduasmì me to ìti h {St}t∈R+ e�nai ex′ upojèsew
 mia Q-CMPP(g(Θ), QX1)tètoia ¸ste oi t.m. g(Θ) kai X1 na e�nai Q-oloklhr¸sime
, prokÔptei gia k�je t ∈ R+ ìti
EQ[St | Θ] = EQ[St] ⇐⇒ tg(Θ)EQ[X1] = tEQ[g(Θ)]EQ[X1] ⇐⇒ g(Θ) = EQ[g(Θ)],ìpou ìle
 oi isìthte
 isqÔoun Q | σ(Θ)-sv.b.. Epomènw
, up�rqei èna θ0 ∈ Υ tètoio ¸ste

1 = Qg(Θ)({g(θ0)}) = Q
(
Θ−1(g−1({g(θ0)})

)
= QΘ({θ : g(θ) = g(θ0)}), kai �ra tètoio¸ste PΘ({θ : g(θ) = g(θ0)}) = 1, afoÔ QΘ ∼ PΘ apì thn upìjesh Q ∈ MS,g. Sunep¸
,h {St}t∈R+ e�nai mia Q-CPP(g(θ0), QX1).H ant�strofh sunepagwg  e�nai �mesh, afoÔ eÔkola mpore� na apodeiqje� ìti an h108
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{St}t∈R+ e�nai mia Q-CPP(g(θ0), QX1), tìte h sv.d. {St − EQ[St]}t∈R+ e�nai èna (Q,H)-
martingale. �Profan¸
, to mètro pijanìthta
 Q tou Jewr mato
 7.2.9 ikanopoie� ti
 sunj ke
 (i)èw
 (iii) th
 Prìtash
 7.2.12, efìson k�tw apì autì exasfal�zetai h oloklhrwsimìthtath
 t.m. X1.A
 sumbol�soume me M∗

S,g := M∗
S,g,PX1

,Θ thn oikogèneia ìlwn twn mètrwn pijanìthta

Q ∈ MS,g ¸ste na ikanopoie�tai h sunj kh Q ∈ MP (H, {St−EQ[St | Θ]}t∈R+). Ep� plèon,an h ξ e�nai mia PΘ-sv.b. jetik  sun�rthsh me EP [ξ(Θ)] = 1, tìte me F∗

P,ξ := F∗
P,X1,Θ,ξshmei¸noume thn kl�sh ìlwn twn β ∈ FP tètoiwn ¸ste Θeα(Θ)ξ(Θ)M

(β)
t (Θ) ∈ L1(P ) kai

X1ξ(Θ)M
(β)
t (Θ) ∈ L1(P ).Pìrisma 7.2.13. 'Estw ìti P ∈ MS. Tìte isqÔoun ta ex 
:(i) Gia k�je Q ∈ M∗

S,g up�rqoun mia PΘ-sv.b. jetik  par�gwgo
 Radon-Nikodym ξ tou
QΘ w
 pro
 PΘ, mia ousiwd¸
 monadik  β ∈ F∗

P,ξ, mia ousiwd¸
 monadik  disinte-

gration {Qθ}θ∈Υ tou Q ep�nw sto QΘ sunep 
 me th Θ, kaj¸
 ki èna PΘ-mhdenikìsÔnolo V∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ V∗, gia ìla ta s, t ∈ R+ me s ≤ t kai giak�je A ∈ Hs na isqÔoun oi sunj ke
 (∗), (Mξ) kai (Mθ).(ii) Antistrìfw
, gia opoiad pote PΘ-sv.b. jetik  sun�rthsh ξ me EP [ξ(Θ)] = 1 kai giak�je β ∈ F∗
P,ξ up�rqoun monadik  sun�rthsh g ìpw
 tou SumbolismoÔ 7.2.4, monadikìmètro pijanìthta
 Q ∈ M∗

S,g, mia ousiwd¸
 monadik  disintegration {Qθ}θ∈Υ tou Qep�nw sto QΘ sunep 
 me th Θ, kaj¸
 ki èna PΘ-mhdenikì sÔnolo V ′
∗ ∈ B(Υ ) tètoio¸ste gia k�je θ /∈ V ′

∗ , gia ìla ta s, t ∈ R+ me s ≤ t kai gia k�je A ∈ Hs na isqÔounoi sunj ke
 (∗), (Mξ) kai (Mθ).Apìdeixh. (i): 'Estw ìti Q ∈ M∗
S,g. Epeid  profan¸
 M∗

S,g ⊆ MS,g, apì to Je¸rhma7.2.9, (i) èqoume ìti up�rqoun mia PΘ-sv.b. jetik  par�gwgo
 Radon-Nikodym ξ tou QΘ w
pro
 PΘ, mia ousiwd¸
 monadik  β ∈ FP , mia ousiwd¸
 monadik  disintegration {Qθ}θ∈Υtou Q ep�nw sto QΘ sunep 
 me th Θ, kaj¸
 ki èna PΘ-mhdenikì sÔnolo V∗ ∈ B(Υ ) tètoio¸ste gia k�je θ /∈ V∗, gia ìla ta s, t ∈ R+ me s ≤ t kai gia k�je A ∈ Hs na isqÔoun oisunj ke
 (∗), (Mξ) kai (Mθ). 'Omw
, epeid  to Q ∈ M∗
S,g, ìle
 oi t.m. St−EQ[St | Θ] e�nai

Q-oloklhr¸sime
, k�ti pou mèsw apl¸n upologism¸n ma
 d�nei ìti to �dio ja isqÔei kai giati
 t.m. g(Θ) kai X1. To gegìno
 autì se sunduasmì me thn (Mξ) sunep�getai ìti oi t.m.
Θeα(Θ)ξ(Θ)M

(β)
t (Θ) kai X1ξ(Θ)M

(β)
t (Θ) e�nai P -oloklhr¸sime
. Sunep¸
, β ∈ F∗

P,ξ, k�tipou apodeiknÔei to (i). 109



7.2 Mia ap�nthsh sto kentrikì prìblhma
(ii): 'Estw ξ mia PΘ-sv.b. jetik  sun�rthsh tètoia ¸ste EP [ξ(Θ)] = 1, ki èstw ìti
β ∈ F∗

P,ξ. Epeid  F∗
P,ξ ⊆ FP apì to Je¸rhma 7.2.9, (i) èqoume ìti up�rqoun monadik sun�rthsh g ìpw
 tou SumbolismoÔ 7.2.4, monadikì mètro pijanìthta
 Q ∈ MS,g, miaousiwd¸
 monadik  disintegration {Qθ}θ∈Υ tou Q ep�nw sto QΘ sunep 
 me th Θ, kaj¸
ki èna PΘ-mhdenikì sÔnolo V ′

∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ V ′
∗ , gia ìla ta s, t ∈ R+me s ≤ t kai gia k�je A ∈ Hs na isqÔoun oi sunj ke
 (∗), (Mξ) kai (Mθ). Ep� plèon, hupìjesh β ∈ F∗

P,ξ se sunduasmì me thn (Mξ) sunep�getai ìti oi t.m. g(Θ) kai X1 e�nai
Q-oloklhr¸sime
. Tìte, h sunj kh Q ∈ MS,g se sunduasmì me thn Prìtash 7.2.12, (ii)sunep�getai to ìti h sv.d. {St − EQ[St | Θ]}t∈R+ e�nai èna (Q,H)-martingale, sunep¸

Q ∈ MP (H, {St − EQ[St | Θ]}t∈R+), k�ti pou apodeiknÔei to (ii). �
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Kef�laio 8EFARMOGES KAI EIDIKESPERIPTWSEIS
Sto parìn kef�laio melet�me di�fore
 sunèpeie
 tou kentrikoÔ apotelèsmato
 th
diatrib 
 (bl. Je¸rhma 7.2.9), esti�zonta
 kur�w
 se autè
 pou sqet�zontai me thn Pro-sèggish th
 Qrhmatooikonomik 
 Apot�mhsh
 th
 Asf�lish
 (PQAA) sta pla�sia mia
 mhkerdoskopik 
 agor�
 (arbitrage-free market). Sunakìlouja, kr�netai skìpimo na doje�arqik� mia sÔntomh perigraf  th
 PQAA (bl. Enìthta 8.1). Sth sunèqeia, efarmìzonta
to Je¸rhma 7.2.9, ex�goume di�fore
 arqè
 upologismoÔ asfal�strou kai diereunoÔme ka-t� pìso èqei nìhma h ènnoia mia
 memeigmènh
 tètoia
 arq 
 (bl. Enìthta 8.2). Sthnteleuta�a enìthta d�nontai eidikè
 peript¸sei
 gia thn par�gwgo Radon-Nikodym ξ touJewr mato
 7.2.9, pou parousi�zoun idia�tero endiafèron.8.1 H qrhmatooikonomik  apot�mhsh th
 asf�lish
H qrhmatooikonomik  kat�stash mia
 asfalistik 
 etaire�a
 diamorf¸netai apì di�fo-rou
 par�gonte
 se èna perib�llon abebaiìthta
. E�nai fusikì, loipìn, oi sv.d. na apote-loÔn kat�llhla ergale�a gia thn majhmatik  protupopo�hsh th
 diaqronik 
 exèlix 
 th
.M�lista mporoÔme na diakr�noume dÔo basikè
 prosegg�sei
 pro
 aut  thn kateÔjunsh:- Thn klassik , ìpou ousiastik� jewroÔme pw
 se k�je qronik  stgm  h etaire�a dene�nai t�pote �llo apì èna
 diaqeirist 
 qrhmatik¸n eisro¸n kai ekro¸n   ìpw
 gr�feikai o Lundberg [27] {mia dexamen  pro
 thn opo�a eisrèoun suneq¸
 asf�listrakai diarrèei mia akolouj�a apozhmi¸sewn} (bl. ep�sh
 Borch [6] kai Sondermann

[35]). Ed¸, to endiafèron ma
 esti�zetai sth sv.d. {Ru
t }t∈R+ tou apojematikoÔ, ìpou

Ru
t := u + It − St gia k�je t ∈ R+ kai u > 0. To u e�nai to arqikì kef�laio pou111



8.1 H qrhmatooikonomik  apot�mhsh th
 asf�lish
diathre� h etaire�a, to It ta èsoda th
 etaire�a
 (premium income) mèqri to qrìno t,kai to St oi sunolikè
 apait sei
 ènanti th
 etaire�a
 sto qrìno t.- Thn PQAA, sÔmfwna me thn opo�a h etaire�a prèpei se k�je qronik  stigm  t nadiathre� periousiak� stoiqe�a ikan 
 ax�a
 gia thn k�luyh tìso twn sunolik¸n upo-qre¸sewn pou èqoun dhmiourghje� mèqri eke�nh th stigm  ìso kai twn mellontik¸nupoqre¸sewn pou anamènetai na dhmiourghjoÔn apì to qartoful�kio pou diathre�.Parak�tw epikentr¸noume to endiafèron ma
 sth deÔterh prosèggish, parajètonta
 pr¸tak�poie
 ènnoie
 pou ja qreiastoÔme.K�je ex�da M = (Ω, Σ, P, T, {Zt}t∈T, {Ut}t∈T) tètoia ¸ste h tri�da (Ω, Σ, P ) nae�nai èna
 q.p., to T èna sÔnolo deikt¸n tètoio ¸ste {0, τ} ⊆ T ⊆ R+ gia τ ∈ (0,∞), h
Z := {Zt}t∈T mia diÔlish, kai h {Ut}t∈T mia sv.d. prosarmosmènh sth Z, onom�zetai ènaupìdeigma agor�
 �ulwn t�tlwn (securities market model).Ta stoiqei¸dh endeqìmena ω ∈ Ω ekfr�zoun ti
 katast�sei
 tou pragmatikoÔ kìsmoupou ephre�zoun thn agor�, kai pio sugekrimèna th diamìrfwsh twn tim¸n twn upì diaprag-m�teush se aut  �ulwn t�tlwn. H diajèsimh plhrofor�a ston kìsmo   thn oikonom�a meth seir� th
, d�netai mèsw th
 σ-�lgebra
 Σ, en¸ oi ektim sei
 gia ti
 pijanìthte
 prag-matopo�hsh
 twn katast�sewn tou kìsmou apotup¸nontai mèsw tou mètrou pijanìthta

P . To sÔnolo deikt¸n T ekfr�zei ti
 hmeromhn�e
   genikìtera ti
 qronikè
 stigmè
 giati
 opo�e
 jewroÔme thn oikonom�a, en¸ me τ dhl¸netai o qronikì
 or�zonta
 th
 agor�
.H diÔlish {Zt}t∈T dhl¸nei th diajèsimh plhrofor�a sthn agor� se k�je qronik  stigm  t.H {Ut}t∈T onom�zetai sv.d. tim¸n kai se k�je qronik  stigm  dhl¸nei ti
 timè
 tou upìdiapragm�teush �ulou t�tlou (periousiakoÔ stoiqe�ou) sthn agor�.Upenjum�zoume ep�sh
 ìti sÔmfwna me to Jemeli¸de
 Je¸rhma Apot�mhsh
 'AulwnT�tlwn (Fundamental Theorem of Asset Pricing), genik� h apous�a {kerdoskop�a
} semia agor� M me qronikì or�zonta τ (dhlad  me T = [0, τ ] kai ZT = Σ, bl. kai Harrison &

Kreps [20], sel. 388) isoduname� me thn Ôparxh enì
 (P, {Ut}t∈[0,τ ])-martingale-isodÔnamoumètrou Q. Pio sugkekrimèna, sthn pio apl  per�ptwsh, ìpou to Ω èqei peperasmènasto pl jo
 stoiqe�a, h apous�a eukairi¸n {kerdoskop�a
} (arbitrage opportunities)3 e�naiisodÔnamh me thn Ôparxh enì
 Q ∈ MP (Z, {Ut}t∈[0,τ ]). H teleuta�a sunj kh isoduname� methn apous�a dwre�n geum�twn (free lunches) an to Ω e�nai opoiod pote kai h sv.d. tim¸n
{Ut}t∈T e�nai fragmènh (bl. p.q. [33], Theorem 7.2).Gia mia episkìphsh ep�nw sti
 di�fore
 ènnoie
 th
 {kerdoskop�a
} (l.q. arbitrage op-

portunity, free lunch with vanishing risk) ki ekdoqè
 tou Jemeli¸dou
 Jewr mato
 Apo-t�mhsh
 'Aulwn T�tlwn parapèmpoume ston Schachermayer [33], sto [20℄, sta [9℄, sel.3Dunatot twn apokìmish
 sv.b.-kèrdou
 me mhdenikì kìsto
 apì th diapragm�teush enì
 �ulou t�tlou.112



EFARMOGES KAI EIDIKES PERIPTWSEIS464-501 kai Main Theorem 1.1, sta [21], Theorem 2.7 kai Sections 1.5 kai 3.1, kaj¸
 kaiston Sondermann [35] gia thn eidik  per�ptwsh twn antasfalistik¸n agor¸n.Oi Delbaen & Haezendonk (1989) jewroÔn w
 kat�llhlo upìdeigma gia th sv.d. su-nolik¸n apait sewn {St}t∈T mia
 asfalistik 
 etaire�a
 mia sÔnjeth diadikas�a Poissonw
 pro
 to basikì mètro pijanìthta
 P , br�skontai dhlad  sto pla�sio th
 Klassik 
Jewr�a
 KindÔnou. Ep�sh
 upojètoun T = [0, τ ] kai H̃T = Σ, kaj¸
 kai ìti se k�jeqronik  stigm  t h etaire�a mpore� na poul sei ton enapome�nanta k�nduno th
 periìdou
(t, τ ] gia dosmèno asf�listro pt. To asf�listro autì dhl¸nei ousiastik� to kìsto
 twnmellontik¸n kindÔnwn. Epomènw
, gia na e�nai h asfalistik  etaire�a kalummènh ènanti twnpragmatopoihjèntwn kai twn anamenìmenwn kindÔnwn ja prèpei na diajètei (�ula) periou-siak� stoiqe�a ax�a
 Ut = pt +St gia k�je t ∈ T. Tìte, sta pla�sia mia
 mh kerdoskopik 
agor�
 (me mhdenik� epitìkia) kai sÔmfwna me th jewr�a twn Harrison & Kreps [20], miad�kaih apot�mhsh se qrìno t = 0 th
 ax�a
 aut¸n twn periousiak¸n stoiqe�wn se qrìno
t ∈ T ja d�nontan genik� apì th mèsh tim  EQ[Ut], ìpou Q ∈ MP (Z, {Ut}t∈T).Sta qrhmatooikonomik� kai asfalistik� oikonomik�, ìmw
, h ènnoia th
 apostrof 
pro
 ton k�nduno epib�llei mia prìsjeth apa�thsh, h opo�a prèpei na lamb�netai upìyhkat� thn timolìghsh twn analhfjèntwn kindÔnwn: sta pio dusmen  endeqìmena prèpei nad�netai megalÔterh barÔthta. To gegonì
 autì odhge� ston upologismì asfal�strwn pouja perilamb�noun èna perij¸rio asfale�a
, kai �ra asfal�strwn pou ja e�nai megalÔteraapì ti
 anamenìmene
 timè
 w
 pro
 to arqikì mètro pijanìthta
 P (bl. ep�sh
 [8℄, sel.269-271).E�nai, loipìn, fusikì na esti�soume to endiafèron ma
 sthn anaz thsh martingale-isodÔnamwn mètrwn pijanìthta
 Q, tètoiwn ¸ste EP [St] < EQ[St] < ∞ gia k�je t ∈ T.Tètoia mètra pijanìthta
 kaloÔntai oudètera kindÔnou (risk-neutral) mètra. All� ì-pw
 anafèretai kai stou
 Delbaen & Haezendonck [8], sel. 270, {praktik� k�ti tètoioe�nai p�ra polÔ genikì}. Antijètw
, e�nai arket� kont� sthn pragmatikìthta to na apai-t soume ta asf�listra na e�nai grammikè
 sunart sei
 tou upoleipìmenou qrìnou τ − t,k�ti pou ousiastik� shma�nei pw
 apaitoÔme thn isqÔ th
 sunj kh
 pt = (τ − t)p(Q) < ∞gia k�je t ∈ T, ìpou p(Q) e�nai h puknìthta asfal�strou enì
 mètrou pijanìthta
 Q.Me �lla lìgia, mia puknìthta asfal�strou dhl¸nei ton arijmì twn nomismatik¸n mon�dwnpou prèpei na katab�lontai se mia asfalistik  etaire�a sth mon�da tou qrìnou prokeimè-nou aut  na anal�bei ènan k�nduno, efìson h stoqastik  sumperifor� autoÔ tou kindÔnoukajor�zetai apì to mètro pijanìthta
 Q.'Etsi ja mporoÔse na deiqje� ìti to prìblhma th
 qrhmatooikonomik 
 apot�mhsh
 th
asf�lish
 an�getai se autì tou qarakthrismoÔ twn martingale-(proodeutik�) isodÔnamwn113



8.2 Arqè
 upologismoÔ asfal�strousÔnjetwn diadikasi¸n Poisson: Pr�gmati, sthn PQAA xekin¸nta
 apì thn paradoq  ìtimia P -sÔnjeth diadikas�a Poisson apotele� èna kat�llhlo upìdeigma gia th sv.d. sunolik¸napait sewn {St}t∈T, stìqo
 ma
 e�nai h eÔresh enì
 kat�llhlou mètrou pijanìthta
 Q pouna kajist� th sv.d. tim¸n {Ut}t∈T èna (Q, H̃)-martingale   isodÔnama pou na epitugq�neito �dio gia th sv.d. {St − tp(Q)}t∈T (afoÔ Ut − p0 = St − tp(Q) gia k�je t ∈ T), k�ti poume th seir� tou isoduname� me to ìti h sv.d. {St}t∈T e�nai mia Q-sÔnjeth diadikas�a Poisson(bl. kai [8℄, sel. 271-272). Gia èna tètoio mètro Q prokÔptei ìti p(Q) = EQ[S1], kai �raìti EQ[St] = tp(Q) gia k�je t ∈ T.Sto shme�o autì ax�zei na parathr soume pw
 o en lìgw qarakthrismì
 br�skei efar-mog  kai sto prìblhma th
 apot�mhsh
 twn asfalistik¸n parag¸gwn CAT (CAT insura-

nce future and options), ìpou o upoke�meno
 �ulo
 t�tlo
 e�nai ousiastik� h dunatìthtapragmatopo�hsh
 problèyewn gia thn pore�a tou De�kth Zhmi¸n (Loss Index) tou ISO

(Insurance Service Office). O teleuta�o
 apotele� èna kat�llhla stajmismèno �jroismatwn zhmi¸n pou uf�stantai (se trimhnia�a b�sh) per�pou 100 antiproswpeutik� epilegmène
asfalistikè
 etaire�e
, kai m�lista ta tr�a basik� upode�gmata pou prote�nontai w
 ka-t�llhla gia thn perigraf  th
 diaqronik 
 exèlix 
 tou e�nai oi sÔnjete
 kai oi sÔnjete
m.d. Poisson, kaj¸
 kai oi sÔnjete
 diadikas�e
 Cox. Gia perissìtere
 plhrofor�e
 ep�nwse aut� ta jèmata, parapèmpoume stou
 Embrects & Meister [13]   gia mia pio analutik prosèggish sto [28℄.EÔloga, loipìn, mpore� kane�
 na odhghje� sto sumpèrasma pw
 tìso to Er¸thma 7.2.3ìso kai oi apant sei
 pou br�skei mèsw tou Jewr mato
 7.2.9 kai twn sunepei¸n autoÔparousi�zoun akìmh megalÔtero apì to  dh shmantikì majhmatikì tou
 endiafèron.8.2 Arqè
 upologismoÔ asfal�strouSto ex 
, upojètoume ìti o q.p. (Ω, Σ, P ) e�nai autì
 th
 Parat rhsh
 7.2.6, (a),kaj¸
 kai ìti oi t.m. X1 kai Θ e�nai P -oloklhr¸sime
. Ep� plèon, me Q kai {Qθ}θ∈Υsumbol�zoume to monadikì mètro pijanìthta
 Q ∈ MS,g kai thn ousiwd¸
 monadik  disi-

ntegration {Qθ}θ∈Υ tou Q ep�nw sto QΘ pou e�nai sunep 
 me th Θ, pou antistoiqoÔn sthsun�rthsh β ∈ FP (bl. Je¸rhma 7.2.9).Lamb�nonta
 upìyh ta ìsa anafèrjhkan sthn prohgoÔmenh enìthta, parajètoume tonparak�tw orismì, o opo�o
 apotele� mia elafr� tropopo�hsh tou [8℄, Definition 3.1, ka-t�llhlh gia tou
 skopoÔ
 th
 paroÔsa
 diatrib 
.Orismì
 8.2.1. Mia arq  upologismoÔ asfal�strou e�nai èna mètro pijanìthta
 Qep�nw ston m.q. (Ω, Σ) tètoio ¸ste na isqÔoun ta ex 
:
(pc1) Q

pr∼ P .114



EFARMOGES KAI EIDIKES PERIPTWSEIS
(pc2) H {St}t∈R+ e�nai mia Q-CPP(θ0, QX1) gia θ0 > 0.
(pc3) X1 ∈ L1(Q).ParathroÔme ìti se sÔgkrish me to [8℄, Definition 3.1, h kl�sh ìlwn twn arq¸n upo-logismoÔ asfal�strwn e�nai ed¸ dieurumènh, afoÔ Σ = H∞ ⊇ H̃∞.Parathr sei
 8.2.2. Profan¸
, ta Q kai {Qθ}θ∈Υ ikanopoioÔn ton isqurismì (ii) touJewr mato
 7.2.9. Tìte apì to Je¸rhma 7.2.9, (ii) kai thn apìdeix  tou prokÔptei ìti
Q ∈ MS,g, (Qθ)X1 = QX1 gia k�je θ ∈ Υ kai ìti up�rqei èna PΘ-mhdenikì sÔnolo
V ′
∗ ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ V ′

∗ na isqÔei Qθ
pr∼ Pθ. H sunj kh Q ∈ MS,g sesunduasmì me to Je¸rhma 6.2.2 sunep�getai ìti h {St}t∈R+ e�nai mia Qθ-CPP(g(θ), QX1)gia k�je θ /∈ V ′

∗ . Epomènw
, an X1 ∈ L1(Q) tìte PΘ-sv.ì. ta epimèrou
 mètra pijanìthta

Qθ e�nai arqè
 upologismoÔ asfal�strou. H upoke�menh agor� sthn opo�a efarmìzetaih PQAA twn Delbaen & Haezendonck (1989) gia thn exasf�lish twn en lìgw arq¸nupologismoÔ asfal�strou d�netai gia k�je θ /∈ V ′

∗ mèsw tou
Mθ = (Ω, Σ, Pθ, T,H, {St − EQθ

[St]}t∈T),ìpou T = [0, τ ] kai τ ∈ (0,∞) (bl. kai Enìthta 8.1). Ep� plèon, parathroÔme ta ex 
:
(a) Apì thn (7.22) kai to ìti O′ ⊆ V ′

∗ , prokÔptei ìti gia opoiod pote stajerì θ /∈ V ′
∗èqoume

EQθ
[X1] = EPθ

[X1e
γ(X1)] = e−α(θ)EPθ

[X1e
βθ(X1)] (8.1)k�ti pou sunep�getai ìti p(Pθ) < p(Qθ) an kai mìno an EPθ

[X1(e
βθ(X1)−1)] > 0. Epomènw
,an X1e

γ(X1) ∈ L1(P ) kai βθ(X1) > 0 Pθ-sv.b., tìte p(Pθ) < p(Qθ) < ∞, afoÔ kai p�li apìth sqèsh egkleismoÔ O′ ⊆ V ′
∗ , h P -oloklhrwsimìthta th
 t.m. X1e

γ(X1) sunep�getai thn
Pθ-oloklhrwsimìtht� th
 gia k�je θ /∈ V ′

∗ .
(b) H sqèsh (8.1) se sunduasmì me to ìti ta P kai Q ikanopoioÔn thn (a2) sunep�getaithn isìthta EQ[X1] = EP [X1e

γ(X1)], h opo�a se sunduasmì me th sunj kh (Mξ) d�nei thn
EQ[S1]

EP [S1]
=

EQ[X1]EQ[N1]

EP [X1]EP [N1]
=

EP [X1e
γ(X1)]

EP [X1]
· EP [ξ(Θ)M

(β)
t (Θ)Θeα(Θ)]

EP [Θ]
.Epomènw
, an X1e

γ(X1) ∈ L1(P ) kai γ > 0 PX1-sv.b. kai an ξ(Θ)eα(Θ) > 1 P | σ(Θ)-sv.b.,tìte EP [S1] < EQ[S1] < ∞ kai �ra EP [St] < EQ[St] < ∞ gia k�je t ∈ R+.
(c) Epeid  EP [X1e

γ(X1)] = EP [X1ξ(Θ)M
(β)
t (Θ)] = EQ[X1], h sunj kh X1 ∈ L1(Q)  isodÔnama h X1ξ(Θ)M

(β)
t (Θ) ∈ L1(P ), pou emplèketai ston orismì th
 F∗

P kai sto Pì-risma 7.2.13, isoduname� me th sunj kh X1e
γ(X1) ∈ L1(P ). Ep� plèon, �mesa èqoume ìti

∫
X1[ξ(Θ)M

(β)
t (Θ) − eγ(X1)]dP = 0. 115



8.2 Arqè
 upologismoÔ asfal�strouEkmetalleuìmenoi ti
 Parathr sei
 8.1 (dhlad  to Je¸rhma 7.2.9), d�noume sth sunè-qeia parade�gmata sugkekrimènwn arq¸n upologismoÔ asfal�strou.Par�deigma 8.2.3 (Arq  Anamenìmenh
 Ax�a
). An β(x, θ) = c0 gia k�je x, θ ∈ Υ ,ìpou c0 ∈ R stajer�, tìte:
• γ(x) = 0 kai α(θ) = c0 gia k�je x, θ ∈ Υ .
• EP [eγ(X1)] = 1 kai EP [eβ(X1,Θ)] = ec0 , opìte β ∈ FP .
• EQθ

[N1] = θec0 = ec0EPθ
[N1] kai EQθ

[X1] = EPθ
[X1] gia k�je θ /∈ V ′

∗ , ìpou V ′
∗ e�naito PΘ-mhdenikì sÔnolo tou Jewr mato
 7.2.9.

• p(Qθ) = EQθ
[S1] = ec0EPθ

[S1] = ec0p(Pθ) gia k�je θ /∈ V ′
∗ .Epomènw
, EQ[N1] = EQ[ec0Θ] = ec0EP [Θξ(Θ)] kai EQ[X1] = EP [X1], opìte EQ[St] =

tEQ[S1] = tec0EP [X1]EP [Θξ(Θ)] gia k�je t ∈ R+.Idiaitèrw
, gia c0 > 0 èqoume ìti gia k�je θ /∈ V ′
∗ h arq  upologismoÔ asfal�strou Qθe�nai kai oudètero kindÔnou mètro. Ep�sh
 an c0 > 0 kai ξ > 1 PΘ-sv.b., tìte EP [St] < EQ[St]gia k�je t ∈ R+.Par�deigma 8.2.4 (Arq  tou Esscher). An β(x, θ) = cx−ln EP [ecX ] gia k�je x, θ ∈ Υ ,ìpou c > 0 stajer�, tìte:

• γ(x) = cx − ln EP [ecX ] kai α(θ) = 0 gia k�je x, θ ∈ Υ .
• EP [eγ(X1)] = 1 = EP [eβ(X1,Θ)], opìte β ∈ FP .
• EQθ

[N1] = EPθ
[N1] = θ kai

EQθ
[X1] =

EPθ
[X1e

cX1 ]

EPθ
[ecX1 ]gia k�je θ /∈ V ′

∗ .
• p(Qθ) = EQθ

[S1] = r∗(c)EPθ
[S1] = r∗(c)p(Pθ) gia k�je θ /∈ V ′

∗ , ìpou
r∗(c) :=

EPθ
[X1e

cX1 ]

EPθ
[X1]EPθ

[ecX1 ]
=

EP [X1e
cX1 ]

EP [X1]EP [ecX1 ]
gia k�je c > 0 kai θ /∈ V ′

∗ .Epomènw
, EQ[N1] = EQ[Θ] = EP [Θξ(Θ)] kai EQ[X1] = (EP [X1e
cX1])(EP [ecX1 ])−1, opìteèqoume EQ[St] = r∗(c)EP [X1]EP [Θξ(Θ)] gia k�je t ∈ R+.Epeid , ìmw
, eÔkola diapist¸netai ìti r∗(c) > r0 ∈ (0, 1) gia k�je c > 0, den mporoÔmegenik� na apofanjoÔme gia to an oi �rqe
 upologismoÔ asfal�strou tou Esscher Qθ e�naioudètera kindÔnou mètra.116



EFARMOGES KAI EIDIKES PERIPTWSEISPar�deigma 8.2.5. An β(x, θ) = ln θ
xEP [ 1

X1
]
gia k�je x, θ ∈ Υ , tìte:

• γ(x) = − ln(xEP [ 1
X1

]) kai α(θ) = ln θ gia k�je x, θ ∈ Υ .
• EP [eγ(X1)] = 1 kai EP [eβ(X1,Θ)] = EP [eα(Θ)] = EP [Θ] < ∞, opìte β ∈ FP .
• EQθ

[N1] = θ2 = θEPθ
[N1] kai EQθ

[X1] = (EP [ 1
X1

])−1 = (EPθ
[ 1
X1

])−1 gia k�je θ /∈ V ′
∗ .

• p(Qθ) = EQθ
[S1] = θEPθ

[N1](EPθ
[ 1
X1

])−1 gia k�je θ /∈ V ′
∗ .Epomènw
, EQ[N1] = EQ[Θ2] = EP [Θ2ξ(Θ)] kai EQ[X1] = (EP [ 1

X1
])−1, opìte èqoume ìti

EQ[St] = tEP [Θ2ξ(Θ)](EP [ 1
X1

])−1 gia k�je t ∈ R+.ParathroÔme ìti gia k�je θ /∈ V ′
∗ isqÔei h sunj kh p(Pθ) < p(Qθ) an kai mìno an

EPθ
[X1]EPθ

[ 1
X1

] < θ = EPθ
[N1], kaj¸
 kai ìti h anisìthta EP [St] < EQ[St] isqÔei gia k�je

t ∈ R+ an kai mìno an EP [X1]EP [ 1
X1

] < (EP [Θ2ξ(Θ)])(EP [Θ])−1.Par�deigma 8.2.6. A
 jewr soume th sun�rthsh
β(x, θ) = ln

c1c2(c1x − c2)(c
−1
1 θ − c−1

2 )

xθ(c1 − c2EP [ 1
X1

])(c2 − c1EP [ 1
Θ

])
gia k�je x, θ ∈ Υ ,ìpou c1, c2 ∈ R \ {0} stajerè
 tètoie
 ¸ste EP [ 1

X1
] 6= c1c

−1
2 kai EP [ 1

Θ
] 6= c2c

−1
1 .

(a) Tìte èqoume:
• γ(x) = ln[(c1 − c2EP [ 1

X1
])−1(c1 − c2x

−1)] gia k�je x ∈ Υ .
• α(θ) = ln[(c2 − c1EP [ 1

Θ
])−1(c2 − c1θ

−1)] gia k�je θ ∈ Υ .
• EP [eγ(X1)] = 1 kai EP [eα(Θ)] = 1, opìte β ∈ FP .
• EQθ

[N1] = c3θ − c4 = c3EPθ
[N1] − c4 gia k�je θ /∈ V ′

∗ , ìpou
c3 := c2

(
c2 − c1EP

[ 1

Θ

])−1 kai c4 := c1

(
c2 − c1EP

[ 1

Θ

])−1
.

• EQθ
[X1] = c3EPθ

[X1] − c4 = c3EP [X1] − c4 gia k�je θ /∈ V ′
∗ , ìpou

c5 := c1

(
c1 − c2EP

[ 1

X1

])−1 kai c6 := c2

(
c1 − c2EP

[ 1

X1

])−1
.

• Gia thn puknìthta asfal�strou ja isqÔoun gia k�je θ /∈ V ′
∗ oi isìthte


p(Qθ) = EQθ
[S1] = (c3EPθ

[N1] − c4)(c5EPθ
[X1] − c6)

= c3c4p(Pθ) − c4c5EPθ
[X1] − c3c6θ + c5c6. 117



8.2 Arqè
 upologismoÔ asfal�strouEpomènw
, EQ[N1] = c3EQ[Θ]− c4 = c3EP [Θξ(Θ)]− c4 kai EQ[X1] = c5EP [X1]− c6, opìte
EQ[St] = t(c3EP [Θξ(Θ)]− c4)(c5EP [X1] − c6) gia k�je t ∈ R+.
(b) An jewr soume t¸ra thn eidik  per�ptwsh ìpou PΘ = Ga(4, 3), dhlad  ìpou h
{Nt}t∈R+ e�nai mia P -diadikas�a Pólya-Lundberg me paramètrou
 c = 4 kai d = 3, tìteeÔkola apodeiknÔetai ìti EP [ 1

Θ
] = 2. Upojètoume, akìmh ìti c1 = c2 = 1, opìte èqoumeìti c3 = c4 = −1 kai c5 = c6 = (1 − EP [ 1

X1
])−1. Sunep¸
, gia k�je θ /∈ V ′

∗ prokÔptei ìti
p(Qθ) = p(Pθ) +

EPθ
[X1] + θ

1 − EP [ 1
X1

]
+

1

(1 − EP [ 1
X1

])2kai �ra h arq  upologismoÔ asfal�strou Qθ ja e�nai èna oudètero kindÔnou mètro an kaimìno an (1 − EP [ 1
X1

])EPθ
[X1] > θ(EP [ 1

X1
] − 1) − 1.Parathr sei
 8.2.7. Sqetik� me ta parap�nw parade�gmata shmei¸noume ta ex 
:

(a) Sta Parade�gmata 8.2.3 kai 8.2.4 h β ∈ FP e�nai mia monometablht  sun�rthsh tou
θ kai tou x, dhlad  èqoun exafaniste� oi sunist¸se
 γ(x) kai α(θ), ant�stoiqa. 'Etsiepanalamb�noume ousiastik� tou
 upologismoÔ
 twn Examples 3.1 kai 3.3 tou [8℄, all�aut  th for� ex�goume ìqi mìno m�a arq  upologismoÔ asfal�strou, all� mia olìklhrhoikogèneia apì autè
. Ep� plèon, upolog�zontai kai oi mèse
 timè
 EQ[St].
(b) Ant�jeta, sta epìmena dÔo parade�gmata epilègoume sunart sei
 β ∈ FP pou apo-teloÔntai apì dÔo sunist¸se
. M�lista, diapist¸noume ìti k�tw apì PΘ-sv.ì. ti
 arqè
upologismoÔ asfal�strou tou Parade�gmato
 8.2.5, dhlad  ta mètra Qθ, o anamenìme-no
 arijmì
 emf�nish
 apait sewn sth mon�da tou qrìnou dèqetai mia pollaplasiastik ep�drash �sh me EPθ

[N1] se sqèsh me autìn k�tw apì ta arqik� mètra Pθ. Gia th fÔshth
 ep�drash pou aske�tai sto anamenìmeno mègejo
 apa�thsh
 den mporoÔme genik� naapofanjoÔme mia
 ki exart�tai apì thn katanom  twn megej¸n apa�thsh
 PX1 . Sto Pa-r�deigma 8.2.6 apì thn �llh, oi arqè
 upologismoÔ asfal�strou epifèroun ènan grammikìmetasqhmatismì tìso ston anamenìmeno arijmì twn apait sewn ìso kai sto anamenìmenomègejo
 apa�thsh
. An�loga sqìlia gia ti
 pio aplè
 peript¸sei
 twn Paradeigm�twn8.2.3 kai 8.2.4 d�nontai sta Examples 3.1 kai 3.3 tou [8℄, ant�stoiqa.
(c) Se ìla ta parade�gmata, met� ton upologismì twn mèswn tim¸n k�tw apì ti
 arqè
upologismoÔ asfal�strou Qθ d�nontai kai oi ant�stoiqe
 mèse
 timè
 k�tw apì to mètropijanìthta
 Q. M�lista, h ep�drash pou aske�tai se autè
 lìgw th
 allag 
 mètrouapì to P sto Q fa�netai na emfan�zei parìmoia sumperifor� me aut n pou parousi�zetaisti
 ant�stoiqe
 epimèrou
 mèse
 timè
 EQθ

[N1], EQθ
[X1] kai EQθ

[St] = tp(Qθ) lìgw th
met�bash
 apì ta arqik� mètra Pθ sta Qθ. Epomènw
, e�nai m�llon fusikì na anarwthje�kane�
 gia to an ta ek�stote mètra pijanìthta
 Q apoteloÔn kai aut� arqè
 upologismoÔ118



EFARMOGES KAI EIDIKES PERIPTWSEISasfal�strou kai an nai t� e�dou
? Gia mia pr¸th ap�nthsh sto er¸thma autì, epishma�-noume to ìti majhmatik� e�nai dìkimo ta mètra aut� na onomastoÔn memeigmène
 arqè
upologismoÔ asfal�strou, diìti Q(A) =
∫

Qθ(A)QΘ(dθ) gia k�je A ∈ Σ, afoÔ h
{Qθ}θ∈Υ e�nai mia disintegration tou Q ep�nw sto QΘ (bl. Je¸rhma 7.2.9).
(d) Apì pleur�
 qrhmatooikonomik 
 ermhne�a
, ìmw
, o orismì
 pou prote�netai sto tèlo
tou (c) e�nai m�llon kataqrhstikì
, afoÔ to na onomastoÔn ta mètra Q {arqè
 upologi-smoÔ asfal�strou} pro�pojètei ìti oi mèse
 timè
 EQ[Sτ−t], ìpou t ∈ [0, τ ] kai τ ∈ (0,∞),upolog�zoun se qrìno t ta asf�listra pou antistoiqoÔn se anamenìmenou
 mellontikoÔ
kindÔnou
, dhlad  ìti oi mèse
 timè
 EQ[S1] e�nai ìntw
 puknìthte
 asfal�strou (bl. Enì-thta 8.1). Epomènw
, genn�tai m�llon fusik� h k�pw
 genik  apor�a gia to an e�nai dunat h met�bash apì ti
 upoke�mene
 gia ta mètra Qθ agorè
, pou d�nontai mèsw twn Mθ (bl. kaiParathr sei
 8.2.2), se mia kat�llhlh agor�, pou d�netai mèsw enì
 upode�gmato
 agor�
�ulwn t�tlwn M∗, gia thn opo�a ja mporoÔsame na efarmìsoume thn PQAA? H apor�aaut  ma
 odhge� sth diatÔpwsh tou akìloujou erwt mato
.Er¸thma 8.2.8. 'Estw τ ∈ (0,∞) kai {0, τ} ⊆ T ⊆ R+. JewroÔme, gia k�je θ ∈ Υ ti
agorè
 Mθ = (Ω, Σ, Pθ, T, {Ht}t∈T, {Yt,θ}t∈T) kai M ∗ = (Ω, Σ, P, T, {Ht}t∈T, {Y ∗

t }t∈T).An gia Pθ-sv.ì. θ ∈ Υ up�rqoun Qθ ∈ MPθ
({Ht}t∈T, {Yt,θ}t∈T) kai Q ∈ MS,g, tìte zhte�taina qarakthristoÔn oi sv.d. {Y ∗

t }t∈T ¸ste Q ∈ MP ({Ht}t∈T, {Y ∗
t }t∈T).Mia kat�llhlh gen�keush tou plais�ou pou diatÔpwsan oi Delbaen & Haezendonck sto[8℄ gia thn PQAA (bl. Enìthta 8.1), sthn per�ptwsh ìpou h sv.d. sunolik¸n apait sewnperigr�fetai apì mia sv.m.d. Poisson k�tw apì to arqikì mètro pijanìthta
 P , ja mporoÔsena prosfèrei apant sei
 se erwt mata ìpw
 to 8.2.8 kai autì th
 Parat rhsh
 8.2.7, (c).EntoÔtoi
, to jèma autì xefeÔgei apì tou
 skopoÔ
 th
 paroÔsa
 diatrib 
 kai den jama
 apasqol sei �llo.8.3 Eidikè
 peript¸sei
Se sqèsh me ta ant�stoiqa apotelèsmata twn Delbean & Haezendonck (bl. [8], Pro-

position 2.2)   kai twn Embrechts & Meister (bl. [13℄, Theorem 1   [28℄, Proposition 2.9kai Corollary 2.10), to Je¸rhma 7.2.9 parèqei ènan qarakthrismì twn martingale - (pro-odeutik�) isodÔnamwn sv.m.d. Poisson, prosfèront�
 ma
 mia polÔ shmantik  plhrofor�a:th sunj kh (Mξ).Gia to lìgo autì, parak�tw upolog�zoume thn par�gwgo Radon-Nikodym ξ tou QΘ w
pro
 PΘ gia eidikè
 peript¸sei
 katanom¸n pijanìthta
 th
 domik 
 paramètou Θ, oi opo�e
parousi�zoun idia�tero endiafèron sta asfalistik� kai qrhmatooikonomik� majhmatik�.119



8.3 Eidikè
 peript¸sei
Parat rhsh 8.3.1. Mèsw eÔkolwn upologism¸n prokÔptei ìti kajem�a apì ti
 parak�twpar�gwgou
 Radon-Nikodym isoÔtai me ton lìgo th
 sun�rthsh
 puknìthta
 pijanìthta
(sv.p.p.) th
 ek�stote katanom 
 pijanìthta
 QΘ pro
 thn ant�stoiqh sv.p.p. th
 PΘ.
(a) An PΘ = Ga(c1, d1) kai QΘ = Ga(c2, d2), ìpou c1, c2, d1, d2 > 0, tìte

ξ(θ) =
cd2
2 Γ(d1)

cd1
1 Γ(d2)

θd2−d1e(c1−c2)θ gia PΘ-sv.ì. ta θ ∈ Υ .

(b) An PΘ = Pa(c1, d1) kai QΘ = Pa(c2, d2), ìpou c1, c2, d1, d2 > 0, tìte
ξ(θ) =

c2d
c2
2 (d1 + θ)c1

c1d
c1
1 (d2 + θ)c2

gia PΘ-sv.ì. ta θ ∈ Υ .

(c) An PΘ = IG(c1) kai QΘ = IG(c2), ìpou c1, c2 > 0, tìte
ξ(θ) =

(c1

c2

) 1
2
e

c1−c2
2θ gia PΘ-sv.ì. ta θ ∈ Υ .

(d) An PΘ = Pa(c1, d1) kai QΘ = Ga(c2, d2), ìpou c1, c2, d1, d2 > 0, tìte
ξ(θ) =

cd2
2

c1d
c1
1 Γ(d2)

θd2−1(d + θ)c1+1e−c2θ gia PΘ-sv.ì. ta θ ∈ Υ .Sto (a) th
 parap�nw parat rhsh
 melet�me thn per�ptwsh ìpou h {Nt}t∈R+ apì mia
P - g�netai mia Q-diadikas�a Pólya-Lundberg exait�a
 th
 allag 
 tou mètrou pijanìthta
.Parìmoia e�nai h logik  sto (b) gia mia �llh, ìmw
, dhmofil  katanom  twn asfalistik¸nmajhmatik¸n, en¸ sto (c) exet�zoume thn ant�stoiqh per�ptwsh gia mia {Nt}t∈R+ pou para-mènei sth kl�sh twn diadikas�wn Sichel. Gia efarmogè
 twn teleuta�wn ston analogismì,blèpe p.q. ton Grandell [18], sel. 41. Tèlo
, sto (d) d�netai èna par�deigma gia to tisumba�nei an h allag  tou mètrou ephre�zei thn �dia thn katanom  pijanìthta
 th
 domik 
paramètrou Θ (apì Pareto k�tw apì to P thn k�nei G�mma k�tw apì to Q) kai ìqi apl¸
ti
 paramètrou
 th
 arqik 
 katanom 
.An�loga apotelèsmata me aut� th
 prohgoÔmenh
 parat rhsh
 mporoÔn na exaqjoÔnkai gia th sun�rthsh f , pou e�nai mia par�gwgo
 Radon-Nikodym tou QX1 w
 pro
 PX1,ìtan h t.m. X1 akolouje� sugkekrimène
 katanomè
 k�tw apì ta mètra P kai Q.Par�deigma 8.3.2. An jewr soume t¸ra sto Par�deigma 8.2.6, (b) thn eidik  per�ptwshth
 Parat rhsh
 8.3.1, (a) me PΘ = Ga(4, 3) kai QΘ = Ga(2, 5), tìte eÔkola mpore�na apodeiqje� ìti h anisìthta EP [St] < EQ[St] isqÔei gia k�je t ∈ R+ an kai mìno an
EP [X1] < 2(1 − EP [X1])(1 − EP [ 1

X1
])−1, afoÔ EP [Θξ(Θ)] = 5/2 kai EP [Θ] = 3/4.An�loga sqìlia me eke�na tou Parade�gmato
 8.3.2, pou aforoÔn to 8.2.6, mporoÔn nag�noun kai gia ta upìloipa parade�gmata th
 Enìthta
 8.2, tìso gia thn per�ptwsh (a) th
Parat rhsh
 8.3.1 ìso kai gia ti
 �lle
 trei
 peript¸sei
.120
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Par�rthma AStoiqe�a Jewr�a
 Pijanot twn kai Mètrou
Se aut  thn enìthta parajètoume gia lìgou
 plhrìthta
, ki exait�a
 tou shmantikoÔrìlou pou katèqoun sta pla�sia aut 
 th
 diatrib 
, gnwstè
 ènnoie
 kai apotelèsmata th
Jewr�a
 Pijanot twn kai th
 Jewr�a
 Mètrou. Ep�sh
 d�nontai oi katanomè
 pijanìthta
sti
 opo�e
 ègine anafor� sto kÔrio mèro
 th
 paroÔsa
 diatrib 
.A.I Metrhsimìthta kai tuqa�e
 metablhtè
'Estw auja�retoi all� stajero� q.p. (Ω, Σ, P ) kai (Υ, T, Q).Orismo� A.1. Mia apeikìnish f : Ω −→ Υ onom�zetai Σ-T -metr simh   apl¸
 metr -simh an gia k�je B ∈ T isqÔei f−1(B) ∈ Σ.Idiaitèrw
, an (Υ, T ) = (R, B), tìte h f onom�zetai Σ-metr simh sun�rthsh   apl¸
metr simh sun�rthsh   sun jw
 tuqa�a metablht  (t.m.), en¸ an (Υ, T ) = (Rd, Bd),ìpou d ∈ N, tìte h f onom�zetai (d-di�stato) tuqa�o di�nusma.Sth sunèqeia proqwroÔme èna b ma parak�tw diakr�nonta
 ta di�fora e�dh t.m..Orismo� A.2. Mia t.m. X : Ω −→ R onom�zetai:

(a) Diakrit , an to RX e�nai arijm simo, dhlad  th
 morf 

RX := {xk ∈ R : k ∈ K ⊆ N}.Oi idiìthte
 th
 t.m. X kajor�zontai pl rw
 apì th sun�rthsh pijanìthta
 (sv.p.)

fX : R −→ R+ pou or�zetai apì ton tÔpo
fX(x) := P (X = x) gia k�je x ∈ R.Apì thn parap�nw sqèsh èpetai ìti
PX(B) =

∑

x∈B

fX(x) gia k�je B ∈ B. 123



Par�rthma ATo �jroisma e�nai arijm simo afoÔ h f(x) mhden�zetai ektì
 twn x = xk ∈ RX .
(b) Suneq 
, an to sÔnolo tim¸n RX th
 X èqei thn plhjikìthta c tou suneqoÔ
 kai h
PX({x}) = 0 gia k�je x ∈ RX .
(c) Apìluta Suneq 
, an up�rqei mia Borel metr simh sun�rthsh fX : R −→ R+ ¸ste

FX(x) := PX((−∞, x]) =

∫ x

−∞

fX(t)dt gia k�je x ∈ R.H fX onom�zetai me th seir� th
 sun�rthsh puknìthta
 pijanìthta
 (sv.p.p.) th
 X.ApodeiknÔetai ìti an h X e�nai apìluta suneq 
 me sv.p.p. fX tìte isqÔei
PX(B) =

∫

B

fX(x)dx gia k�je B ∈ B.Profan¸
, an h t.m. X e�nai apìluta suneq 
, tìte ja e�nai kai suneq 
.A.II Qr sima apotelèsmataPrìtash & Orismì
 A.3. 'Estw (Ω, Σ, µ) q.p. kai f : Ω −→ [0,∞] metr simh sun�r-thsh. Jètoume ν := ν(f, µ) : Σ −→ [0,∞] ¸ste ν(A) :=
∫

A
fdµ gia k�je A ∈ Σ. To νonom�zetai to aìristo olokl rwma th
 f (w
 pro
 µ) kai isqÔoun ta ex 
:(i) ν mètro,(ii) gia k�je A ∈ Σ me µ(A) = 0 èpetai ìti ν(A) = 0 (sumbolik� ν ≪ µ),(iii) An g : Ω −→ [0,∞] metr simh sun�rthsh, tìte ∫

gdν =
∫

gfdµ.Gia thn apìdeixh th
 parap�nw prìtash
, bl. p.q. [1℄, Pìrisma 6.12.Je¸rhma A.4 (Radon-Nikodym). 'Estw µ, ν mètra pijanìthta
 ep�nw ston m.q.
(Ω, Σ). An ν ≪ µ, tìte up�rqei f ∈ L1

+(µ) ¸ste
ν(A) =

∫

A

fdµ gia k�je A ∈ Σ.H f onom�zetai par�gwgo
Radon-Nikodym tou ν w
 pro
 µ kai e�nai µ-sv.b.monadik .Gia perissìtere
 leptomèreie
 bl. p.q. [1℄, Je¸rhma 10.12(b).Je¸rhma A.5. 'Estw (Ω, Σ) kai (Υ, T ) m.q., f mia Σ-T -metr simh apeikìnish apì to Ωsto Υ kai P èna mètro pijanìthta
 ep�nw ston m.q. (Ω, Σ). Tìte gia k�je B ∈ T kaik�je T -metr simh sun�rthsh h : Υ −→ [−∞,∞] isqÔei
∫

f1(B)

(h ◦ f)dP =

∫

B

h dPf(upì thn ènnoia ìti an up�rqei to èna olokl rwma up�rqei kai to �llo kai e�nai �sa).124



Stoiqe�a Jewr�a
 Pijanot twn kai MètrouGia thn apìdeixh tou parap�nw jewr mato
, bl. p.q. [1℄, Je¸rhma 7.6.Je¸rhma A.6 (Epèktash
 Mètrou Karajeodwr ). 'Estw A mia �lgebra ep�nwsto sÔnolo Ω, kai ν : A −→ [0,∞] mia sunolosun�rthsh tètoia ¸ste ν(∅) = 0 kai
ν(

⋃
n∈N En) =

∑∞
n=0 ν(En) gia k�je akolouj�a {En}n∈N xènwn an� dÔo stoiqe�wn th
 Ame thn idiìthta ⋃
n∈N

En ∈ A. Tìte to ν epekte�netai se èna mètro µ ep�nw sth σ(A).Idiaitèrw
, an to ν èqei thn idiìthta ν(Ω) = 1 tìte to µ e�nai to monadikì mètro pijanìthta
pou epekte�nei to ν.Gia thn apìdeixh tou Jewr mato
 Epèktash
 Mètrou tou Karajeodwr , bl. p.q. [2℄,Je¸rhma 1.3.5.Je¸rhma A.7 (Monadikìthta
 gia mètra). 'Estw (Ω, Σ) èna
 metr simo
 q¸ro
 kai
µ,ν dÔo mètra ep�nw sth σ-�lgebra Σ. An µ(Ω) = ν(Ω) < ∞, h I e�nai mia oikogèneiasunìlwn kleist  w
 pro
 ti
 peperasmène
 tomè
, tètoia ¸ste µ | I = ν | I kai σ(I) = Σ,tìte µ(E) = ν(E) gia k�je E ∈ Σ.Gia perissìtera sqetik� me to parap�nw je¸rhma, bl. p.q. [2℄, Prìtash 1.2.8.Je¸rhma A.8. 'Estw sÔnolo Ω kai A �lgebra uposunìlwn tou Ω. An h M e�nai miamonìtonh kl�sh uposunìlwn tou Ω tètoia ¸ste A ⊆ M, tìte σ(A) ⊆ M.Je¸rhma A.9 (Monìtonh
 Kl�sh
). 'Estw sÔnolo Ω kai D mia kl�sh Dynkin upo-sunìlwn tou Ω. An h C e�nai mia kleist  w
 pro
 ti
 peperasmène
 tomè
 upokl�sh th

D, tìte σ(C) ⊆ D.Gia perissìtera sqetik� me ta Jewr mata A.8 kai A.9, bl. p.q. [15], 136G kai 136B,ant�stoiqa.A.III Katanomè
 pijanìthta
Ja lème ìti h t.m. X me sÔnolo tim¸n RX akolouje� thn katanom  K(θ) me para-metrikì di�nusma θ := (θ1, . . . , θd) ∈ Ψ , ìpou d ∈ N kai Ψ ⊆ Rd (sumbolik� PX = K(θ))an

PX(B) =

∫

B

fX(x)χRX
(x)ν(dx) =

∫

B∩RX

fX(x)ν(dx) gia k�je B ∈ B,ìpou fX h ant�stoiqh sv.p.p. kai ν e�nai to arijmhtikì mètro ep�nw sto N0   to mètro tou
Lebesgue λ ep�nw sto R, an�loga me to an h t.m. X e�nai (apìluta) suneq 
   diakrit .An h t.m. X e�nai diakrit , tìte to olokl rwma g�netai �jroisma   seir�, an�loga me toan to RX e�nai peperasmèno   arijm simo, ant�stoiqa. 125



Par�rthma AParak�tw, parajètoume ti
 katanomè
 pijanìthta
 sti
 opo�e
 ègine anafor� sthn pa-roÔsa diatrib . SÔmfwna me ta ìsa anafèrjhkan sthn prohgoÔmenh par�grafo, or�zoumemia katanom  pijanìthta
 K(θ) d�nonta
 apl¸
 thn ant�stoiqh sv.(p.)p. Akìmh, d�noumekai thn ant�stoiqh qarakthristik  sun�rthsh, kaj¸
 kai th mèsh tim  th
 k�je katanom 
ìpou autì kr�netai anagka�o:(i) Katanom  Poisson (PX = P(θ))
• fX(x) = e−θ(θx/x!) gia k�je x ∈ N0, ìpou θ > 0.
• ϕX(u) := EP [eiuX ] = eθ(eiu−1) gia k�je u ∈ R, ìpou i h fantastik  mon�da.
• EP [X] = θ.(ii) Ekjetik  Katanom  (PX = Exp(θ))
• fX(x) = θe−θx gia k�je x, θ > 0.(iii) Katanom  G�mma (PX = Ga(c, d))
• fX(x) = cd

Γ(d)
xd−1e−cx gia k�je x > 0, ìpou c, d > 0.Shmei¸noume ìti Γ(d) :=

∫ ∞

0
xd−1e−xdx gia k�je d > 0.

• EP [X] = d/c.(iv) (r-Metatopismènh) Katanom  B ta (PX = Be(r, α, γ))
• fX(x) = r1−(α+γ)

B(α,γ)
xα−1(r − x)γ−1 gia k�je x ∈ (0, r), ìpou r, α, γ > 0.Shmei¸noume ìti B(α, γ) := Γ(α)Γ(γ)

Γ(α+γ)
gia k�je α, γ > 0. Gia r = 0 h Be(0, α, γ)taut�zetai me thn Katanom  B ta me paramètrou
 α, γ > 0 (sumbolik� Be(α, γ)).(v) Omoiìmorfh Katanom  (PX = U(c1, c2))

• fX(x) = 1 gia k�je x ∈ [c1, c2], ìpou c1, c2 ∈ R.(vi) Ant�strofh Kanonik  Katanom  (PX = IG(α))
• fX(x) = (2/α)1/2

π1/2 x−3/2e−α/2x gia k�je x > 0, ìpou α > 0.(vii) Katanom  Pareto (PX = Pa(c, d))
• fX(x) = cdc(d + x)−(c+1) gia k�je x > 0, ìpou c, d > 0.
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Par�rthma BStoiqe�a Genik 
 Topolog�a

Se autì to par�rthma d�nontai orismènoi basiko� orismo� th
 Genik 
 Topolog�a
, pouqrhsimopoioÔntai sto kÔrio mèro
 th
 paroÔsa
 diatrib 
.Orismo� B.1. 'Estw sÔnolo Ω.

(a) Mia topolog�a ep�nw sto Ω e�nai m�a oikogèneia T uposunìlwn tou Ω tètoia ¸ste(T1) ∅, Ω ∈ T,(T2) G, H ∈ T =⇒ G ∩ H ∈ T,(T3) G ⊆ T =⇒ ⋃G ∈ T.To zeÔgo
, t¸ra, (Ω, T) onom�zetai èna
 topologikì
 q¸ro
 (bl. p.q. [16℄, 2A3A).
(b) Ta stoiqe�a th
 T kaloÔntai anoikt� sÔnola kai ta sumplhr¸mat� tou
 (sto Ω)kaloÔntai kleist�. An A ⊆ Ω tìte to sÔnolo clA :=

⋂{
F : F c ∈ T, A ⊆ F

} kale�taikleistìthta tou A kai e�nai to el�qisto kleistì sÔnolo pou perilamb�nei to A (bl.p.q. [16℄, 2A3D(b)). Ep�sh
 to sÔnolo intA :=
⋃{G : G ∈ T, G ⊆ A} onom�zetai toeswterikì tou A kai e�nai to megalÔtero anoiktì sÔnolo pou perilamb�netai sto A.

(c) 'Ena
 topologikì
 q¸ro
 (Ω, T) onom�zetai Hausdorff an gia opoiad pote dÔo dia-krit� x, y ∈ Ω up�rqoun anoikt� sÔnola G, H ∈ T me G ∩ H = ∅ ¸ste x ∈ G kai y ∈ H .(bl. p.q. [16℄, 2A3E).Orismo� B.2. 'Estw (Ω, T) topologikì
 q¸ro
 Hausdorff.

(a) To uposÔnolo D tou Ω e�nai puknì sto Ω an clD = Ω, dhlad  an taut�zetai me k�jemh kenì anoiktì sÔnolo (bl. p.q. [16℄, 2A3U(a)).

(b) O (Ω, T) onom�zetai diaqwr�simo
 an to Ω perilamb�nei toul�qiston èna arijm simopuknì uposÔnolo (bl. p.q. [16℄, 2A3U(d)). 127



Par�rthma BOrismì
 B.3. Ja lème ìti èna sÔsthma K uposunìlwn tou Ω sqhmat�zei mia k�luyhtou K ⊆ Ω   ìti kalÔptei to K an K ⊆ ⋃K.Orismì
 B.4. 'Estw (Ω, T) topologikì
 q¸ro
 Hausdorff.

(a) 'Ena uposÔnolo K tou Ω kale�tai sumpagè
 an gia opoiad pote oikogèneia G ⊆ Tpou kalÔptei to K up�rqei mia peperasmènh upooikogèneia th
 G pou suneq�zei na kalÔpteito K (bl. p.q. [16℄, 2A3N(a)).

(b) O (Ω, T) e�nai sumpag 
 an k�je anoikt  k�luyh tou Ω èqei mia peperasmènh upo-k�luyh (bl. p.q. [16℄, 3A3A(f)).Orismì
 B.5. 'Estw (Ω, T) kai (Υ, G) topologiko� q¸roi Hausdorff. H oikogèneia U ìlwntwn uposunìlwn U tou Ω × Υ pou ikanopoioÔn th sunj kh
∀ (x, y) ∈ U ∃ G ∈ T, H ∈ G (x, y) ∈ G × H ⊆ Ue�nai mia topolog�a ep�nw sto Ω × Υ kai onom�zetai h topolog�a ginìmeno ep�nw sto

Ω × Υ (bl. p.q. [16℄, 2A3T).Orismo� B.6. 'Estw (Ω, T) kai (Υ, G) topologiko� q¸roi Hausdorff.

(a) 'Estw mia apeikìnish f : Ω −→ Υ . Ja lème ìti h f e�nai suneq 
 an f−1(G) ∈ T giak�je G ∈ G (bl. [16℄, 2A3T).

(b) K�je topologikì
 q¸ro
 pou e�nai kenì
   suneq 
 eikìna tou NN onom�zetai ana-lutikì
   Souslin (bl. p.q. [17℄, 423A).Orismì
 B.7. 'Estw sÔnolo Ω. Mia yeudometrik  ep�nw sto Ω e�nai mia sun�rthsh ρapì to Ω × Ω sto R+ pou ikanopoie� ti
 idiìthte
:(Ψ1) ρ(x, z) ≤ ρ(x, y) + ρ(y, z) gia k�je x, y, z ∈ Ω (trigwnik  anisìthta),(Ψ2) ρ(x, y) = ρ(y, x) gia k�je x, y ∈ Ω,(Ψ3) ρ(x, x) = 0 gia k�je x ∈ Ω.Mia metrik  e�nai mia yeudometrik  ρ pou ikanopoie� akìma thn idiìthta(Ψ4) ρ(x, y) = 0 =⇒ x = y(bl. p.q. [16℄, 2A3F). To zeÔgo
 (Ω, ρ) e�nai èna
 metrikì
 q¸ro
.Orismì
 B.8. 'Estw U grammikì
 q¸ro
. To sunarthsioeidè
 || · || : U −→ R+ e�nai mianìrma an ikanopoie� ti
 akìlouje
 idiìthte
:
(u1) ||u + v|| ≤ ||u||+ ||v|| gia k�je u, v ∈ U ,128



Stoiqe�a Genik 
 Topolog�a

(u2) ||αu|| ≤ |α|·||u|| gia k�je u ∈ U kai α ∈ R,
(u3) ||u|| = 0 an kai mìno an u = 0U , ìpou 0U to mhdenikì di�nusma tou U .Orismo� B.9. 'Estw (Ω, ρ) èna
 metrikì
 q¸ro
 kai {xn}n∈N mia akolouj�a stoiqe�wn tou
Ω. Ja lème ìti h {xn}n∈N sugkl�nei sto x ∈ Ω an

∀ ε > 0 ∃ n0 := n0(ε) ∈ N ∀ n ≥ n0 ρ(xn, x) ≤ ε.Mia akolouj�a {xn}n∈N sto Ω onom�zetai basik    Cauchy an
∀ ε > 0 ∃ n0 := n0(ε) ∈ N ∀ n, m ≥ n0 ρ(xn, xm) ≤ ε.O metrikì
 q¸ro
 (Ω, ρ) onom�zetai pl rh
 an k�je akolouj�a Cauchy e�nai kai sugkl�-nousa.Parat rhsh B.10. 'Estw (Ω, ρ) metrikì
 q¸ro
, ε > 0 kai x ∈ Ω. To sÔnolo Uε(x) :=

{y ∈ Ω : ρ(x, y) < ε} onom�zetai mia ε-perioq  tou x. Or�zoume thn oikogèneia T :=

{G ⊆ Ω : ∀ x ∈ G ∃ ε > 0 Uε(x) ⊆ G}. Tìte eÔkola apodeiknÔetai ìti h T e�nai miatopolog�a sto Ω pou onom�zetai h topolog�a h epagìmenh apì th metrik  ρ (bl. p.q.[16℄, 2A3F(c)).Exait�a
 th
 Parat rhsh
 B.10 èqei nìhma o akìloujo
 orismì
.Orismì
 B.11. K�je topologikì
 q¸ro
 pou mpore� na prokÔyei apì k�poion metrikìq¸ro mèsw th
 kataskeu 
 pou perigr�fetai sthn Parat rhsh B.10, kale�tai metriko-poi simo
 kai h ant�stoiqh topolog�a metrikopoi simh.Idiaitèrw
, gia x, y ∈ Rd, a
 jèsoume ρ(x, y) = ||x−y||, ìpou gia k�je z ∈ Rd or�zoumew
 sun jw
 ||z|| :=
√∑d

k=1 z2
k . Tìte to ρ e�nai mia metrik , kai kale�tai h eukle�diametrik  ep�nw ston Rd. H eukle�dia topolog�a ep�nw ston Rd e�nai h metrikopoi simhtopolog�a pou or�zetai apì thn eukle�dia metrik  ρ (bl. p.q. [16℄, 2A3F(f)).Orismì
 B.12. 'Ena
 topologikì
 q¸ro
 (Ω, T) (  apl¸
 Ω) onom�zetai polwnikì
 ane�nai diaqwr�simo
 kai h topolog�a tou mpore� na oriste� apì mia metrik  k�tw apì thnopo�a o Ω e�nai pl rh
 (bl. p.q. [17℄, 4A2A).
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Par�rthma GTopologik� Mètra
Orismì
 G.1. 'Estw K oikogèneia uposunìlwn tou Ω. Ja lème ìti h K e�nai �nw (ant.k�tw) kateujunìmenh an gia k�je K, K ′ ∈ K up�rqei èna sÔnolo L ∈ K ¸ste K ⊆ Lkai K ′ ⊆ L (ant. K ⊇ L kai K ′ ⊇ L, bl. p.q. [16℄, 2A1A(b)).Orismì
 G.2. 'Estw (Ω, T, B(Ω), P ) èna
 topologikì
 q¸ro
 pijanìthta
, dhlad mia tetr�da tètoia ¸ste h tri�da (Ω, Σ, P ) na e�nai èna
 q.p. kai to zeÔgo
 (Ω, T) èna
topologikì
 q¸ro
 Hausdorff. Tìte:
(a) To mètro pijanìthta
 P e�nai eswterik� kanonikì w
 pro
 thn oikogèneia F twnkleist¸n uposunìlwn tou Ω an

P (E) = sup{P (F ) : F ∈ F, F ⊆ E}gia k�je E ∈ B(Ω) (bl. p.q. [17℄, 411B).

(b) To mètro pijanìthta
 P e�nai exwterik� kanonikì w
 pro
 thn oikogèneia T an
P (E) = inf{P (G) : G ∈ T, G⊇E}gia k�je E ∈ B(Ω) (bl. p.q. [17℄, 411D).K�je Borel mètro pijanìthta
 ep�nw se ènan topologikì q.p. (Ω, T, B(Ω), P ), ìpou

(Ω, T) e�nai èna
 polwnikì
 q¸ro
, e�nai p�nta eswterik� kanonikì w
 pro
 thn oikogèneia
F twn kleist¸n sunìlwn (bl. p.q. [17℄, Theorem 412E), ki epomènw
 exwterik� kanonikìw
 pro
 thn T.
(c) To mètro pijanìthta
 P ep�nw sth B(Ω) onom�zetai τ-prosjetikì an gia opoiad -pote mh ken  �nw kateujunìmenh oikogèneia G ⊆ T isqÔei

P
(⋃

G
)

= sup{P (G) : G ∈ G}(bl. p.q. [17℄, 411C). 131
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Par�rthma DKat�logo
 Mhdenik¸n Sunìlwn
Se autì to par�rthma d�netai èna
 kat�logo
 twn sunìlwn mhdenik 
 pijanìthta
 pouemplèkontai tìso sti
 diatup¸sei
 ìso kai sti
 apode�xei
 twn apotelesm�twn th
 pa-roÔsa
 diatrib 
. O kat�logo
 upodiaire�tai se okt¸ epimèrou
 p�nake
, pou anafèrontaista ant�stoiqa kef�laia, enìthte
   kai sugkekrimèna apotelèsmata ìpou sunant¸ntaita mhdenik� sÔnola mèsa sth diatrib . H upodia�resh aposkope� sto na dieukolÔnei tonanagn¸sth sta shme�a eke�na ìpou h parous�a twn mhdenik¸n sunìlwn kaj�statai apìarket� èw
 p�ra polÔ kourastik !!! 'Etsi gia par�deigma epilèxame na parajèsoume ènanmìno p�naka tìso gia kajèna apì ta Kef�laia 2, 3, 4 kai 6 ìso kai gia èna mìno apì tamèrh mia
 apìdeixh
 (bl. l.q. ton p�naka gia to Je¸rhma 7.2.9, (ii)).Oi p�nake
 apoteloÔntai apì trei
 st le
 pou ousiastik� apantoÔn sto parak�tw tr�-ptuqo erwt sewn pou afor� to ek�stote mhdenikì sÔnolo (gramm  tou p�naka):poiì - poÔ sunant�tai gia pr¸th for� - t� idiìthta èqei?Epishma�noume ìti an den dhl¸netai diaforetik� oi idiìthte
 pou anafèrontai sthn tr�thst lh tou k�je p�naka isqÔoun k�tw apì to mètro pijanìthta
 Pθ kai gia k�je θ ektì
tou mhdenikoÔ sunìlou. Oi grammè
 me pl�gia gr�mmata aforoÔn mhdenik� sÔnola pouemfan�zontai mìno mia for� se k�poia apìdeixh kai apì eke� kai pèra den ephre�zoun toupìloipo ke�meno. K�poia apì aut� sqet�zontai me �lla mhdenik� sÔnola, h emplok  twnopo�wn sti
 apode�xei
 shmei¸netai stou
 p�nake
 mèsa se agkÔle
.Tèlo
, anafèroume pw
 prospaj same kat� to mètro tou dunatoÔ oi sumbolismo� pouqrhsimopoioÔme gia mhdenik� sÔnola me sunafe�
 idiìthte
 na parousi�zoun mia logik sunèqeia kai sunèpeia. Gia par�deigma to O sti
 di�fore
 ekf�nsei
 tou sundèetai meidiìthte
 anexarths�a
   l.q. oi sumbolismo� th
 apìdeixh
 th
 Prìtash
 7.2.5 sqet�zontaime autoÔ
 th
 Enìthta
 7.1. Bèbaia, up�rqoun kai peript¸sei
 pou den  tan efiktì na133



Par�rthma Dsumbe� k�ti tètoio, qwr�
 ìmw
 to gegonì
 autì na prokale� opoiad pote e�dou
 sÔgqush(bl. p.q. tou
 sumbolismoÔ
 tou L mmato
 3.3.1 kai tou Por�smato
 7.2.10 pou aforoÔnentel¸
 �sqete
 idiìthte
). Kef�laio 2
N 2.1.3 sv.b. monadikìthta disintegrationKef�laio 3
OI 3.2.2 anexarths�a sv.d. {Xi}i∈I (I arijm simo)[sthn apìdeixh emplèkontai kai ta OI,m,i1,...,im,B1,...,Bm ℄
OQ+ 3.2.4 anexarths�a sv.d. {Xt}t∈R+

ÔQ+ 3.2.5 anexarths�a prosaux sewn sv.d. {Xt}t∈R+

LI 3.2.6 isonom�a sv.d. {Xi}i∈I (I arijm simo)
L̂Q+ 3.2.7 isonom�a prosaux sewn sv.d. {Xt}t∈R+

KQ+ 3.2.8 stasv. anex. prosaux sewn {Xt}t∈R+ (KQ+ := L̂Q+ ∪ ÔQ+)
L̃′

t, L̃t apìdeixh 3.2.9 isqÔ
 sunjhk¸n (3.11), (3.12), ant�stoiqa[emplèkontai kai ta L̃′
t,B, L̃t,B℄

L̃ 3.2.9 diat rhsh katanom 
 Kt gia thn t.m. Xt gia k�je t ∈ R+(L̃ :=
⋃

t∈Q+
L̃t)

K∗ 3.2.10 stasv. anex. prosaux sewn prosaux sewn {Nt}t∈R+

L̃∗ 3.2.10 diat rhsh katanom 
 Poisson gia thn t.m. Nt gia k�je t ∈ R+

L∗ 3.2.10 {Nt}t∈R+ diadikas�a Poisson (L∗ := K∗ ∪ L̃∗)
H ′

1 apìdeixh 3.3.1 oloklhrwsimìthta t.m. Xt

H ′
2 apìdeixh 3.3.1 (m3) gia {Xt − EPθ

[Xt]}t∈R+ [emplèkontai kai ta H ′
2,A,s,t℄

H ′ 3.3.1 {Xt − EPθ
[Xt]}t∈R+ (Pθ, F̃X)-martingale (H ′ := H ′

1 ∪ H ′
2)

K̂t apìdeixh 3.3.1 EP [Nt | Θ](ω) = tΘ(ω) ∀ ω /∈ K̂t (K̂t = Θ−1(L̂t))
K̂ ′

t apìdeixh 3.3.1 EP [Nt | Θ](ω) = EP•
[Nt] ◦ Θ(ω) ∀ ω /∈ K̂ ′

t (K̂ ′
t = Θ−1(L̂′

t))
K̂ ′′

t apìdeixh 3.3.1 EP [Nt | Θ](ω) = EP•
[Nt] ◦ Θ(ω) = tΘ(ω) ∀ ω /∈ K̂ ′′

t(K̂ ′′
t := K̂t ∪ K̂ ′

t)
H ′′ apìdeixh 3.3.1 EPθ

[Nt] = tθ (H ′′ =
⋃

t∈Q+
(L̂t ∪ L̂′

t))
K̂ ′′ apìdeixh 3.3.1 EP [Nt | Θ](ω) = EP•

[Nt] ◦ Θ(ω) ∀ ω /∈ K̂ ′′ (K̂ ′′ = Θ−1(H ′′))
H ′

∗ apìdeixh 3.3.1 {Nt − EPθ
[Nt]}t∈R+ (Pθ, Ã)-martingale

H 3.3.1 {Nt − tθ}t∈R+ (Pθ, Ã)-martingale (H := H ′
∗ ∪ H ′′)

H̃ apìdeixh 3.3.3 Xt − Xs anex�rthth F̃s ∀ s ≤ t [emplèkontai kai ta H̃A,B,s,t℄
H̃∗ 3.3.3 {Xt − EPθ

[Xt]}t∈R+ (Pθ, F̃X)-martingale (H̃∗ := H ′
1 ∪ H̃)134



Kat�logo
 Mhdenik¸n SunìlwnKef�laio 4
ÃI 4.1.6 (ant�stoiqh me th desmeumènh Ki) katanom  pijanìthta
 kigia th metr simh apeikìnish Xi gia k�je i ∈ I

AI 4.1.7 anexarths�a {Xi}i∈I (I arijm simo)
Ã′

I 4.1.9, (i) isonom�a {Xi}i∈I (I arijm simo)
ÂI 4.1.9, (ii) anexarths�a kai isonom�a {Xi}i∈I (I arijm simo)
B̃N 4.1.11 K(θ)-katanemhmènoi endi�mesoi qrìnoi Wn

BN 4.1.11 anexarths�a th
 {Wn}n∈N

B∗ 4.1.11 {Nt}t∈R+ (Pθ,K(θ))-ananewtik  diadikas�a (B∗ := B̃N ∪ BN)
B∗∗ 4.2.7 {Nt}t∈R+ (Sω,K(ω))-ananewtik  diadikas�a ∀ ω /∈ B∗∗ := Θ−1(B∗)Kef�laio 6
G′ 6.2.1, (i) {Nt}t∈R+ kai {Xn}n∈N metaxÔ tou
 anex�rthte
 sv.d.
O apìdeixh 6.2.1, (ii) {Xn}n∈N anex�rthth sv.d.
L apìdeixh 6.2.1, (ii) {Xn}n∈N isìnomh sv.d.
G′′ 6.2.1, (ii) {Xn}n∈N anex�rthth kai isìnomh sv.d. (G′′ := O ∪ L)
G∗ 6.2.1, (iii) ({Nt}t∈R+ , {Xn}n∈N) sv.d. kindÔnou (G∗ = G′ ∪ G′′)
C∗ 6.2.2 {St}t∈R+ sÔnjeth diadikas�a Poisson (C∗ = G∗ ∪ L∗)Enìthta 7.1
D̂ 7.1.2 oloklhrwsimìthta t.m. eβθ(X1)

D̂∗ 7.1.4, (b) EPθ
[eS

(β)
t (θ)] = etθEPθ

[eβθ(X1)−1] < ∞ gia k�je t ∈ R+(D̂∗ := C∗ ∪ D̂ = G∗ ∪ L∗ ∪ D̂)
V apìdeixh 7.1.6, (ii) Pθ(Θ

−1(B)) = χB(θ) gia k�je B ∈ B(Υ )({Pθ}θ∈Υ sunep 
 me th Θ)
V̂ 7.1.6, (ii) σ

(
(S

(β)
t − S

(β)
s )(θ)

) kai Hs anex�rthte
 gia k�je s ≤ t(V̂ := G∗ ∪ V )
D̃∗ 7.1.7 {M (β)

t (θ)}t∈R+ (Pθ,H)-martingale me EPθ
[M

(β)
t (θ)] = 1(D̃∗ := V̂ ∪ D̂∗ = V ∪ D̂∗)
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Par�rthma D Apìdeixh Prìtash
 7.2.5
C̃∗ b ma (a) {St}t∈R+ Qθ-CPP(g(θ), (Qθ)X1)

Ga b ma (a) Ga := C∗ ∪ C̃∗

Gb b ma (b) Qθ-metaxÔ tou
 anex�rthte
 {Nt}t∈R+ , {Xn}n∈N

G̃′′ b ma (c) Qθ-anex�rthth kai isìnomh {Xn}n∈N

Õ(∗) b ma (c) isqÔ
 pr¸th
 isìthta
 th
 (7.6)[sthn apìdeixh emplèkontai kai ta Õ
(∗)
n,Bn

℄
O(∗) b ma (c) isqÔ
 teleuta�a
 isìthta
 th
 (7.6)[sthn apìdeixh emplèkontai kai ta O

(∗)
n,Bn

℄
Gc b ma (c) isqÔ
 th
 (7.6) (Gc := G̃′′ ∪ Õ(∗) ∪ O(∗))
Gd := O

(∗)
γ,X1

b ma (d) EPθ
[eγ(X1)] = EP [eγ(X1)] = 1

Ṽ b ma (e) Qθ(Θ
−1(B)) = χB(θ) gia k�je B ∈ B(Υ )({Qθ}θ∈Υ sunep 
 me th Θ)

V∗ Ekf¸nhsh, b ma (e) V∗ := Ga ∪ Gb ∪ Gc∪Gd ∪ D̃∗ ∪ ṼApìdeixh Jewr mato
 7.2.9, (ii)

V ′ b ma (a) V ′ := D̃∗ ∪ Gd

O′ b ma (f) (Pθ)X1 = PX1

V ′
∗ Ekf¸nhsh, b ma (f) V ′

∗ := V ′ ∪ O′Upìloipo Enìthta
 7.2
C̃(∗) 7.2.12, (i) EQθ

[X1] = EQ[X1] (C̃(∗) := C̃∗ ∪ Õ(∗))
Ĥκ apìdeixh 7.2.10 Qθ 6= Pθ

Ĥ 7.2.10 Qθ 6= Pθ =⇒ Qθ⊥Pθ (Ĥ := Ĥκ ∪ V∗ ∪ V ′
∗ ∪ C∗ ∪ O′)
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P̃θ
:= ⊗n∈N

Qn(θ
)

St
:=

∑Nt

k=1
Xk

(Ω,Σ, P )

Tn
:=

∑n
k=1

Wk

PΘ
= Ga(c, d) (Υ,T,Q)

µ(F ) =
∫

µθ(F
)PΘ(dθ)

X t− EP[X t | Θ] ∈ L1 (P )EpimÔjio meχE èna pe�rama tuqh
:
λ {Ston Hs�odo oi Mo�re
, kìre
 th
 NÔqta
, ki alloÔ kìre
 tou D�a kai th
Jèmida
, e�nai trei
. . .. H L�qesh BB e�nai aut  pou trab� to laqnì kaiqwr�zei to kalì kai to BB kakì, pou ja l�qei ston �njrwpo. . .}apì thnA egkuklopa�deia {Nèo
 Jhsaurì
 Gn¸sewn}, G.D. Papaðw�nnou,Ekdìsei
 Dwrikì
, Aj na 1979σ(H)

Qθ(A) =
∫

A
M

(β)
t (θ)dPθ

EPθ
[M

(β)
t (θ)] = 1up�rqei èna PΘ -mhdenikì sÔnolo V ∈ B(Υ ) tètoio ¸ste gia k�je θ /∈ V na isqÔei ìti. . .

P(Y1≤2,Y2≤1)=
1

3
6=2

7Hsv.d.{Nt−tΘ}t∈R+e�naièna(P,Ã)-martingale Q | Ht ∼ P | Ht

Rθ(A) :=

{ ∫
A M (β)

t (θ)dPθ an θ /∈ D̃∗Pθ(A) an θ ∈ D̃∗

g(Θ)=Θeα(Θ)

. . .xan� to Je¸rhma Epèktash
 Mètrou tou Karajeodwr 


