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H paroÔsa Diplwmatik  ErgasÐa egkrÐjhke omìfwna apì thn Trimel  Exetastik 

Epitrop  pou orÐsthke apì thn GSES tou tm matoc Statistik c kai Asfalistik c

Epist mhc tou PanepisthmÐou Peirai¸c, sÔmfwn a me ton eswterikì kanonismì lei-

tourgÐac tou Progr�mmatoc Metaptuqiak¸n Spoud¸n sthn Analogistik  Epist mh

kai Dioikhtik  KindÔnou.

Ta mèlh thc Epitrop c  tan:

-Anaplhrwt c Kajhght c QatzhkwnstantinÐdhc Eust�jioc

-Anaplhrwt c Kajhght c Nekt�rioc Milti�dhc

-Lèktorac Brìntoc SpurÐdwn (Epiblèpwn)

H ègkrish thc Diplwmatik c ErgasÐac apì to tm ma Statistik c kai Asfalistik c

Epist mhc tou Panepist miou Peirai¸c den upodhl¸nei apodoq  twn gnwm¸n tou

suggrafèa.
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EuqaristÐec

Pr¸ta ap ìla ja  jela na euqarist sw ton k. SpÔro Brìnto epiblèpwn kajhght 

thc diplwmatik c aut c ergasÐac gia thn polÔtimh bo jeia tou sthn katanìhsh tou

antikeimènou thc Stoqastik c jewrÐac QartofulakÐou. H ploÔsia bibliografÐa pou

mou prìteine, h epÐlush k�je aporÐac   duskolÐac pou sun�nthsa kajìlh th di�rkeia

ekpìnhshc thc ergasÐac aut c kai to pio shmantikì h metadotikìthta thc olìpleurhc

gn¸shc tou antikeimènou thc stoqastik c jewrÐac tou qartofulakÐou, apotèlesan

anagkaÐec kai ikanèc sunj kec ¸ste h ergasÐa aut  na eidwjeÐ me èna oxumèno ere-

unhtikì endiafèron apì meri�c mou.

Tèloc ja  jela na euqarist sw touc goneÐc mou gia thn ousiastik  kai kajoris-

tik  touc st rixh ìla aut� ta qrìnia spoud¸n, se proptuqiakì kai se metaptuqiakì

epÐpedo.

2



Perieqìmena

1 Eisagwg  kai Basikèc 'Ennoiec 5

1.1 Eisagwg  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2 Basikèc 'Ennoiec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2.1 Stoqastikèc diadikasÐec . . . . . . . . . . . . . . . . . . . . . 6

1.2.2 DiadikasÐec martingale . . . . . . . . . . . . . . . . . . . . . 8

1.2.3 H kÐnhsh Brown . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.2.4 To stoqastikì olokl rwma tou Ito . . . . . . . . . . . . . . . 14

1.2.5 DiadikasÐec Ito . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.2.6 To L mma tou Ito . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 DiadikasÐa Tim¸n Metoq¸n kai AxÐac QartofulakÐou 17

2.1 DiadikasÐa Tim¸n Metoq¸n . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2 DiadikasÐa AxÐac QartofulakÐou . . . . . . . . . . . . . . . . . . . . . 22

2.3 Sqetik  Apìdosh kai to Qartoful�kio Agor�c . . . . . . . . . . . . . 33

3 Stoqastik  JewrÐa QartofulakÐou kai PoikilomorfÐa 35

3.1 H poikilomorfÐa thc agor�c metoq¸n . . . . . . . . . . . . . . . . . . 41

3



3.2 Mètra PoikilomorfÐac . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.3 H EntropÐa wc mètro thc PoikilomorfÐac thc Agor�c . . . . . . . . . 45

3.4 Sunarthsiak� Paragìmena Qartoful�kia . . . . . . . . . . . . . . . . 48

3.5 Genn triec Sunart seic QartofulakÐwn . . . . . . . . . . . . . . . . . 48

3.6 H upìjesh gia kerdoskopÐa qwrÐc kÐnduno . . . . . . . . . . . . . . . . 53

3.7 'Alla Mètra PoikilomorfÐac . . . . . . . . . . . . . . . . . . . . . . . 55

4 Efarmog  sto Qrhmatist rio Axi¸n Ajhn¸n 61

4



Kef�laio 1

Eisagwg  kai Basikèc 'Ennoiec

1.1 Eisagwg 

H stoqastik  jewrÐa qartofulakÐou eÐnai èna euèlikto montèlo gia thn an�lush thc

sumperifor�c tou qartofulakÐou kai thc agor�c metoq¸n. EÐnai perigrafik  giatÐ

melet� kai epiqeireÐ na exhg sei parathr sima fainìmena pou lamb�noun q¸ra sthn

agor� metoq¸n, gi autì kai eÐnai sumbat  me parathr sima qarakthristik� prag-

matik¸n qartofulakÐwn kai twn agor¸n. Autì thn kajist� èna jewrhtikì ergaleÐo

pou eÐnai qr simo gia tic praktikèc efarmogèc.

Wc èna jewrhtikì ergaleÐo, to montèlo autì anoÐgei nèec tekmhriwmènec gn¸seic

sqetik� me zht mata thc di�rjrwshc thc agor�c metoq¸n kai thc kerdoskopÐac qwrÐc

kÐnduno (arbitrage), kai mporeÐ na qrhsimopoihjeÐ gia thn kataskeu  qartofulakÐwn

me elegqìmenh sumperifor�. Wc èna praktikì ergaleÐo, h stoqastik  jewrÐa qarto-

fulakÐou, èqei efarmosteÐ gia thn kataskeu  qartofulakÐwn kai èqei apotèlèsei th

b�sh twn epituqhmènwn strathgik¸n ependÔsewn gia p�nw apì mia dekaetÐa.
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H jewrÐa aut  xekÐnhse to 1995 me to qeirìgrafo On the diversity of equity

markets tou Fernholz sto periodikì Journal of Mathematical Economics.

BasÐzetai sthn klasik  jewrÐa qartofulakÐou tou Markowitz ìpwc kai oi peris-

sìterec jewrÐec sta Qrhmatooikonomik� alla tautìqrona diafèrei apì tic kanon-

istikèc jewrÐec pou basÐzontai se èna montèlo genik c isorropÐac kai apousÐac ker-

doskopÐac qwrÐc kÐnduno stic agorèc. Antijètwc h stoqastik  jewrÐa qartofulakÐou

einai efarmìsimh upì èna eurÔ f�sma upojèsewn kai ìrwn pou mporoÔn na up�rqoun

sthn pragmatik  agor� metoq¸n. 'Etsi eÐnai sunep c kai �ra efarmìsimh eÐte h agor�

eÐnai se isorropia eÐte ìqi, eÐte up�rqei kerdoskopÐa qwrÐc kÐnduno eÐte ìqi, kai den

sthrÐzetai sthn Ôparxh isodÔnamwn mètrwn martingale.

H Stoqastik  JewrÐa QartofulakÐou qrhsimopoieÐ to logarijmikì montèlo twn tim¸n

twn metoq¸n kai twn qartofulakÐwn antÐ gia to arijmhtikì montèlo pou qrhsi-

mopoieÐtai sta klasik� oikonomik� majhmatik�. Sto logarijmikì montèlo o ìroc

thc apìdoshc tou arijmhtikoÔ montèlou antikajÐstantai apì ton rujmì an�ptuxhc.

1.2 Basikèc 'Ennoiec

1.2.1 Stoqastikèc diadikasÐec

Me ton ìro stoqastik  diadikasÐa ennooÔme to majhmatikì ekeÐno montèlo to prooris-

mèno na perigr�yei pijanojewrhtik� thn exèlixh sto qrìno enìc fainomènou   peir�m-

atoc.

Genik� :

6



Orismìc 1.2.1 Mia stoqastik  diadikasÐa eÐnai mia sullog  tuqaÐwn metablht¸n

Xt oi opoÐec orÐzontai se èna q¸ro pijanot twn (Ω, F, P ) kai paÐrnoun timèc sto Rd.

Mia stoqastik  diadikasÐa èqei loipìn dÔo metablhtèc, thn t kai thn w. Gia k�je

t ∈T (to opoÐo jewroÔme dedomèno kai stajerì) èqoume mia tuqaÐa metablht 

ω → Xt(ω) : ω ∈ Ω

Jewr¸ntac stajerì ω jewroÔme thn sun�rthsh

t→ Xt(ω) : t ∈ T

h opoÐa onom�zetai troqi� (path ) thc Xt.

'Enac trìpoc na katano soume diaisjhtik� thn ènnoia thc stoqastik c diadikasÐac eÐ-

nai na jewr soume mÐa sullog  swmatidÐwn ta opoÐa ta parakoloujoÔme sto qrìno.

MporoÔme na jewr soume ìti to t eÐnai qrìnoc, o opoÐoc mporeÐ na eÐnai eÐte suneq c

eÐte diakritìc, kai to w antistoiqeÐ se èna sugkekrimmèno swmatÐdio   peÐrama. Mia

sugkekrimmènh epilog  tou w ja onom�zetai mia pragmatopoÐhsh thc stoqastik c di-

adikasÐac. TìteXt(ω) eÐnai h jèsh tou swmatidÐou w thn qronik  stigm  t   isodÔnama

to apotèlesma tou peir�matoc w thn qronik  stigm  aut .
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1.2.2 DiadikasÐec martingale

Oi diadikasÐec martingale paÐzoun polÔ shmantikì rìlo sthn sÔgqronh jewrÐa pijan-

ot twn, thn stoqastik  an�lush kai tic efarmogèc thc. EpÐshc eÐnai polu shmantikèc

sta majhmatik� upodeÐgmata thc qrhmatooikonomik c jewrÐac. Ac orÐsoume pr¸ta

thn ènnoia thc di jhshc (filtration ).

Orismìc 1.2.2 Mi� di jhsh eÐnai mia oikogèneia apì s-�lgebrec Ft tètoia ¸ste gia

s ≤ t

Fs ⊂ Ft.

H s-�lgebra mporeÐ na jewrhjeÐ san h plhroforÐa h opoÐa eÐnai diajèsimh mèqri

thn qronik  stigm  t. Mia di jhsh mporeÐ na jewrhjeÐ apl� san mia auxanìmenh dom 

plhroforÐac kaj¸c pern�ei o qrìnoc. Mia arket� sunhjismènh ènnoia eÐnai h ènnoia

thc fusik  di jhshc. Aut  eÐnai h di jhsh h opoÐa par�getai apì mia stoqastik 

diadikasÐa Xt. 'Oso pern�ei o qrìnoc kai parathroÔme thn en lìgw stoqastik  di-

adikasÐa tìso aux�nei kai h plhroforÐa pou èqoume sthn di�jes  mac gia thn di-

adikasÐa aut .

Sth sunèqeia ja orÐsoume thn ènnoia twn prosarmosmènwn (adapted ) stoqastik¸n

diadikasi¸n.

Orismìc 1.2.3 MÐa oikogèneia stoqastik¸n diadikasi¸n Xt onom�zetai prosar-

mosmènh sthn di jhsh Fi an h Xt eÐnai Ft- metr simh gia k�je t.

8



Me apl� lìgia autì shmaÐnei ìti ìlh h plhroforÐa h opoÐa afor� thn stoqastik 

metablht  Xt mèqri thn qronik  stigm  t perièqetai sthn s-�lgebra Ft. Apì ton Ðdio

ton orismì thc fusik c dihj sewc mporoÔme na doÔme ìti mÐa stoqastik  diadikasÐa

Xt eÐnai prosarthmènh sthn fusik  thc di jhsh.

'Eqontac orÐsei tic parap�nw ènnoiec mporoÔme t¸ra na orÐsoume mia endiafèrousa

eidik  kathgorÐa stoqastik¸n diadikasi¸n tic diadikasÐec martingale kaj¸c kai tic

diadikasÐec supermartingale kai submartingale.

Orismìc 1.2.4 'Estw (Ω, F, P ) ènac q¸roc pijanot twn, Ft mia di jhsh sthn

F (Ft ⊂ F ) kai Xt mia oikogèneia pragmatik¸n, oloklhr¸simwn (E[|Xt|] <∞) tuqaÐ-

wn metablht¸n pou eÐnai prosarmosmènh sthn di jhsh Ft.

Tìte isqÔei ìti:

1. H oikogèneia Xt eÐnai mÐa martingale an

E[X t |Fs] = Xs,∀s ≤ t

2. H oikogèneia Xt eÐnai mÐa supermartingale an

E[X t |Fs] ≤ Xs,∀s ≤ t
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3. H oikogèneia Xt eÐnai mÐa submartingale an

E[X t |Fs] ≥ Xs,∀s ≤ t

Me apl� lìgia oi parap�nw orismoÐ mac lène ìti gia mia martingale èqontac up-

ìyin mac thn plhroforÐa pou perièqetai sthn Fs h kalÔterh prìbleyh pou mporoÔme

na k�noume gia thn tim  thc Xt eÐnai h tim  Xs. An h Xt eÐnai supermartingale h

kalÔterh prìbleyh pou mporoÔme na k�noume gia thn tim  thc Xt èqontac upìyin

thn plhroforÐa pou perièqetai sthn Fs ja eÐnai mikrìterh apì thn tim  Xs. Tè-

loc an h Xt eÐnai submartingale h kalÔterh prìbleyh pou mporoÔme na k�noume

gia thn tim  thc Xt èqontac upìyin thn plhroforÐa pou perièqetai sthn Fs ja eÐnai

megalÔterh apo thn tim  Xs. H parap�nw eikìna gÐnetai pio kajar  an jewr soume

thn Xt san mia stoqastik  diadikasÐa me to t na èqei thn ènnoia tou qrìnou. H Ft m-

poreÐ na eÐnai opoiad pote di jhsh all� mÐa epilog  mporeÐ na eÐnai h fusik  di jhsh

Ft = σ(Xu, u ≤ t), dhlad  h di jhsh pou par�getai apì tic troqièc thc tuqaÐac

diadikasÐac. H Ft sthn perÐptwsh aut  mporeÐ na jewrhjeÐ san h plhroforÐa pou

apokomÐzoume gia thn sumperifor� thc stoqastik c diadikasÐac Xt parathr¸ntac thn

apì thn arq  twn qrìnwn t = 0 wc thn qronik  stigm  t. An h Xt eÐnai martingale,

èqontac pl rh gn¸sh gia otid pote èqei sumbeÐ mèqri thn qronik  stigm  s h kalÔterh

prìbleyh gia to Xt, t > s eÐnai h tim  Xs dhlad  h teleutaÐa thc tim  ìtan telei¸sei

h perÐodoc thc parat rhshc. Sunep¸c gia mia martingale h plhroforÐa pou periè-

qetai sthn Fs den ja mac bohj sei na problèyoume tÐpote sqetik� me to mèllon thc

stoqastik c diadikasÐac Xt.
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Ac upojèsoume oti h martingale Xt mporoÔse na jewrhjeÐ san to kèrdoc apì k�poio

tuqerì paiqnÐdi, tìte h kalÔterh prìbleyh gia to kèrdoc mac thn qronik  stigm  t

èqontac parakolouj sei thn èkbash tou paiqnidioÔ mèqri thn qronik  stigm  s ja eÐ-

nai to kèrdoc pou eÐqame thn qronik  stigm  s dhlad  to Xs. 'Ara mporoÔme na poÔme

ìti mia martingale eÐnai to kèrdoc apo èna tÐmio paignÐdi. AntÐjeta, an h Xt eÐnai mia

supermartingale tìte h kalÔterh prìbleyh gia to kèrdoc mac èqontac parakolou-

j sei to paiqnÐdi mèqri thn qronik  stigm  s ja eÐnai ìti to kèrdoc mac ja meiwjeÐ.

Sunep¸c mia supermartingale mporeÐ na jewrhjeÐ san to kèrdoc apì èna mh tÐmio

paiqnÐdi ìtan pont�roume sto endeqìmeno pou den eunoeÐtai apì ton sqediasmì tou

paiqnidioÔ. Tèloc an h Xt eÐnai submartingale tìte h kalÔterh mac prìbleyh gia to

kèrdoc èqontac parakolouj sei to paignidi mèqri thn qronik  stigm  s ja eÐnai ìti

to kèrdoc mac ja auxhjeÐ. Sunep¸c mia submartingale mporeÐ na jewrhjeÐ san to

kèrdoc apì èna mh tÐmio paiqnÐdi an pont�roume sto endeqìmeno to opoÐo eunoeÐtai

apì ton sqediasmì tou paiqnidioÔ. Mia polÔ shmantik  idiìthta twn martingale eÐnai

h akìloujh:

Je¸rhma 1.2.1 An h Xt eÐnai mia martingale tìte

E[Xt] = E[X0],

E[Xt −Xs] = 0

11



H apìdeixh gÐnetai qrhsimopoi¸ntac to je¸rhma olik c pijanìthtac.

Sto shmeÐo autì ja parousi�soume tic akìloujec ènnoiec pou genikeÔoun tic ènnoiec

twn martingale kai mac eÐnai polÔ qr simec sthn melèth mac.

Orismìc 1.2.5 H stoqastik  diadikasÐa Mt eÐnai mÐa topik  martingale an up-

�rqei akoloujÐa qrìnwn st�shc Tn, Tn → ∞, tètoia ¸ste h stoqastik  diadikasÐa

XTn
t = Xtn na eÐnai mia martingale gia k�je n. An h stamathmènh diadikasÐa

XTn
t = Xtn eÐnai mÐa tetragwnik� oloklhr¸simh martingale gia k�je n, tìte h Xt

onom�zetai tetragwnik� oloklhr¸simh topik  martingale. H akoloujÐa Tn onom�ze-

tai topik  akoloujÐa.

Orismìc 1.2.6 H stoqastik  diadikasÐa At eÐnai mia diadikasÐa topik� peperas-

mènhc metabol c an up�rqoun qrìnoi st�shc Rn tètoioi ¸ste h stoqastik  diadikasÐa

ARn na eÐnai fragmènhc metabol c.

H stoqastik  diadikasÐa Xt eÐnai mia semimartingale an mporeÐ na grafteÐ san to

�jroisma mÐac topik c martingale kai miac diadikasÐac topik� fragmènhc metabol c,

dhlad  an

Xt = Mt + At.

Gia mÐa semimartingale Xt isqÔei gia th diadikasÐa tetragwnik c metabol c ìti

< X >t=< M >t .

Orismìc 1.2.8 'Estw mia sun�rthsh f : (a, b)→ <. H tetragwnik  metabol  thc

sun�rthshc f sto di�sthma (a, b) orÐzetai wc
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〈f〉2a,b = lim
δn→∞

n∑
i=1

|∆f(ti)|2

ìpou δn = sup |ti + 1− ti| kai ìpou {ti} eÐnai mia diamèrish tou [0, t].

1.2.3 H kÐnhsh Brown

Orismìc 1.2.9 H kÐnhsh Brown eÐnai mia stoqastik  diadikasÐa Bt h opoÐa paÐrnei

timèc sto < kai èqei tic akìloujec idiìthtec

(i) An t0 < t1 < ... < tn tìte oi tuqaÐec metablhtèc Bt0, Bt1 − Bt0, . . . , Btn − Btn−1

eÐnai anex�rthtec (dhlad  oi metabolèc eÐnai anex�rthtec)

(ii) An s, t ≥ 0, tìte

P (Bs+t −Bs ∈ A) =

∫
A

1

(2πt)
1
2

exp(−|x|
2

2t
)

Bs+t −Bs N(0, t)

ìpou A k�poio sÔnolo Borel, dhlad  oi metabolèc thc kÐnhshc Brown eÐnai katanemh-

mènec sÔmfwna me thn kanonik  katanom 

(iii) Oi troqièc thc kÐnhshc Brown eÐnai suneqeÐc me pijanìthta 1, dhlad  h Bt eÐnai

suneq c sun�rthsh.
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KÐnhsh Brown

1.2.4 To stoqastikì olokl rwma tou Ito

Ac jewr soume ìti èqoume mia tuqaÐa sun�rthsh f h opoÐa exart�tai me k�poio trìpo

apì thn èmbash k�poiac kÐnhshc Brown kai jèloume na orÐsoume to olokl rwma thc

ep�nw stic metabolèc thc kÐnhshc Brown. Jèloume na orÐsoume to olokl rwma

∫ b

a

f (t, ω) dBt (ω)

ìpou Bt(ω) eÐnai mia monodi�stath kÐnhsh Brown pou xekin�ei apì to 0 en¸ f eÐnai

mia sun�rthsh

f : (0,∞)× Ω→ <

Orismìc 1.2.10 Ac jewr soume thn diamèrish α = t0 < t1 < . . . < tn = b tou

diast matoc [α, b] kai ìti proseggÐzoume thn sun�rthsh
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f(t, ω) ∼=
n−1∑
i=0

f(ti, ω)1[ti,ti+1)(t)

To olokl rwma Ito mporeÐ na oristeÐ san ìrio

∫ b

a

f(t, ω)dBt(ω) = lim
n→∞

n∑
i=1

f(ti, ω) [Bti + 1−Bti] (ω)

1.2.5 DiadikasÐec Ito

Orismìc 1.2.11 Mia diadikasÐa Ito eÐnai mia stoqastik  diadikasÐa Xt thc morf c

Xt = X0 +

∫ t

0

u(s, ω)ds+

∫ t

0

υ(s, ω)dBs

ìpou oi u kai υ ikanopoioÔn tic sunj kec

∫ t

0

υ2(s, ω)ds <∞ σ.b,∫ t

0

u(s, ω)ds <∞ σ.b

H diadikasÐa aut  mporeÐ na grafteÐ se diaforik  morf 

dXt = udt+ υdBt.

1.2.6 To L mma tou Ito

Je¸rhma 1.2.2 JewroÔme ìti h Xt eÐnai mia diadikasÐa Ito h opoÐa mporeÐ na ek-

frasteÐ wc
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Xt = X0 +

∫ t

0

u(s, ω)ds+

∫ t

0

υ(s, ω)dBs

Tìte opoiad pote sun�rthsh thc Xt thc morf c g(t, x)1,2 mporeÐ na ekfrasteÐ epÐshc

san èna stoqastikì olokl rwma thc morf c

To parap�nw apotèlesma mporeÐ na grafteÐ sthn isodÔnamh diaforik  morf :

dg(t,Xt) =

∫ t

0

(
ϑg

ϑt
+ u

ϑx
+

1

2
υ2
ϑ2g

ϑx2
)dt+ υ

ϑg

ϑx
dBt

Me C1,2 sumbolÐzoume ton q¸ro twn sunart sewn g(t, x) pou èqoun suneq  pr¸th

par�gwgo wc proc thn pr¸th metablht  kai suneq  deÔterh par�gwgo wc proc th

deÔterh metablht .

H anisìthta Schwarz ja mac eÐnai arketa qr simh stic efarmogèc mac. Gia

par�deigma isqÔei :

[E(XY )]2 ≤ E(X2)E(Y 2)

[∫
f(x)g(x)dx

]2
≤
∫

[f(x)]2 dx

∫
[g(x)]2 dx.
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Kef�laio 2

DiadikasÐa Tim¸n Metoq¸n kai

AxÐac QartofulakÐou

2.1 DiadikasÐa Tim¸n Metoq¸n

Sthn enìthta aut  ja parousi�soume touc basikoÔc orismoÔc gia tic metoqèc kai ta

qartoful�kia kai ja apodeÐxoume k�poiec arqikèc sqèseic pou ja mac qreiastoÔn stic

epìmenec enìthtec. Gia th melèth mac ja prèpei na upojèsoume ìti:

• o arijmìc twn etairei¸n sthn agor� eÐnai peperasmènoc kai stajerìc

• o sunolikìc arijmìc twn metoq¸n thc k�je etaireÐac eÐnai stajerìc kai oi e-

taireÐec den diatrèqoun kÐnduno sugq¸neushc   di�lushc

• oi sunallagèc pragmatopoioÔntai se suneq  qrìno, qwrÐc kìsth sunallag¸n

kai qwrÐc fìrouc

• ta merÐsmata ja plhr¸nontai se suneq  qrìno
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• Oi timèc twn metoq¸n kai oi axÐec tou qartofulakÐou akoloujoÔn stoqastikèc

diadikasÐec orismènec sto q¸ro pijanot twn (Ω, F, P )

• sqedìn bèbaia k�je gegonìc èqei kai mètro pijanìthtac R

Ja qrhsimopoi soume to logarijmikì montèlo gia tic timèc twn metoq¸n se suneq 

qrìno.

Orismìc 2.1.1 'Estw n jetikìc akèraioc. H diadikasÐa thc tim c thc metoq c Q

eÐnai mia diadikasÐa pou ikanopoieÐ thn stoqastik  diaforik  exÐswsh

d logX(t) = γ(t)dt+
n∑
ν=1

ξν(t)dWν(t), t ∈ [0,∞) (2.1)

ìpou (W1, . . . ,Wν) eÐnai mia kÐnhsh Brown,h sun�rthsh γ eÐnai metr simh kai ikanopoieÐ

thn ∫ T

0

|γ| dt <∞ ∀T ∈ [0,∞)

kai ξν , ν = 1, . . . , n eÐnai metr sima kai ikanopoioÔn tic :

i)

∫ T

0

(ξ21(t) + . . .+ ξ2n(t))dt <∞, T∈ [0,∞)

ii) lim
t→∞

t−1(ξ21(t) + . . . ξ2n(t))loglogt = 0, t ∈ [0,∞)

iii) ξ21(t) + . . .+ ξ2n(t) > 0, t ∈ 0,∞)

Oloklhr¸nontac thn (1.1) èqw:
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logX(t) = logX0 +

∫ t

0

γ(s) ds+

∫ t

0

n∑
ν=1

ξν(s) dWν(s), t ∈ [0,∞)

ìpou X0 antiproswpeÔei thn arqik  axÐa thc metoq c. H diadikasÐa thc tim c thc

metoq c mporeÐ na ekfrasteÐ wc:

X(t) = X0 exp

(∫ t

0

γ(s) ds+

∫ t

0

n∑
ν=1

ξν(s) dWν(s)

)
, t ∈ [0,∞) (2.2)

Gia i metoqèc h parap�nw sqèsh gÐnetai:

Xi(t) = X i
0 exp

(∫ t

0

γi(s) ds+

∫ t

0

n∑
ν=1

ξνi(s) dWν(s) ), t ∈ [0,∞) (2.3)

Ston orismì (1.1) pou d¸same to X(t) parist�nei thn tim  thc metoq c thn qronik 

tim  t ≥ 0, kai apì thn sqèsh (1.2) èqoume ìti to X(t) > 0 ∀t∈ [0,∞), kai sum-

bolÐzei thn sunolik  kefalaiopoÐhsh thc etairÐac thn qronik  stigm  t. H diadikasÐa

γ(t) eÐnai o rujmìc an�ptuxhc tou X kai to ξν to onom�zoume pthtikìthta (volatility)

tou X kai ekfr�zei thn metablhtìthta wc proc thn n-iost  phg  abebaiìthtac. H

sunj kh ii) tou orismoÔ 1.1.1 eggu�tai ìti h pthtikìthta thc metoq c den aux�nei

tìso gr gora ìso o rujmìc an�ptuxhc thc metoq c. O rujmìc an�ptuxhc apoteleÐ

orologÐa tou logarijmikoÔ montèlou. Sthn klassik  jewrÐa qartofulakÐou to mon-

tèlo ekeÐ qrhsimopoieÐ ton rujmì apìdoshc. Sth Stoqastik  JewrÐa QartofulakÐou

o rujmìc an�ptuxhc eÐnai kalÔteroc deÐkthc thc markoprìjesmhc sumperifor�c thc
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metoq c apì ìso o rujmìc apìdoshc. Gi autì kai emèic ja asqolhjoÔme parak�tw

me ton rujmì an�ptuxhc diexodikìtera.

Apì ton arqikì orismì thc stoqastik c diadikasÐac thc tim c thc metoq c paÐrnoume

thn stoqastik  diaforik  exÐswsh:

d logX(t) = γ(t)dt+
n∑
ν=1

ξν(t)dWν(t), t ∈ [0,∞)

Efarmìzontac to l mma tou Ito gia X(t)=exp(logX(t)),

èqoume

dX(t)=X(t)dlogx(t) + 1
2
X(t)d 〈logX〉t, t ∈ [0,∞) ,

ìpou

d 〈logX〉t=
n∑
ν=1

ξ2ν(t)dt, t ∈ [0,∞)

sunep¸c h Q eÐnai èna suneq c semimartingale pou ikanopoieÐ thn sqèsh:

dX(t) = (γ(t) +
1

2

n∑
ν=1

ξ2ν(t))X(t)dt+X(t)
n∑
ν=1

ξν(t)dWν(t), t ∈ [0,∞)

H sqèsh aut  qrhsimopoi¸ntac ton orismì thc apìdoshc

α(t)=γ(t) + 1
2

n∑
ν=1

ξ2ν(t), t ∈ [0,∞)

gÐnetai:

dX(t) = α(t)X(t)dt+X(t)
∑n

ν=1 ξν(t)dWν(t), t ∈ [0,∞)
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diair¸ntac kata mèlh me X(t) èqoume

dX(t)
X(t)

=α(t)dt+
n∑
ν=1

ξν(t)dWν(t),

t ∈ [0,∞)

to

dX(t)

X(t)

ekfr�zei thn stigmiaÐa apìdosh tou Q.

'Estw t¸ra ìti èqoume mia oikogèneia metoq¸n Xi, i = 1, . . . , n kai gia thn opoÐa

isqÔei

d logXi(t) = γi(t)dt+
n∑
ν=1

ξνi(t)dWν(t), t ∈ [0,∞)

orÐzontac ed¸ thn sundiakÔmansh σ ìpou σ(t)=ξ(t)ξT (t) gia k�je x ∈< kai gia

t ∈ [0,∞)

èqw

xσ(t)xT=xξ(t)ξT (t)xT = xξ(t)(xξ(t))T ≥ 0,

H diadikasÐa twn diakum�nsewn, sundiakum�nsewn gia ta logXi kai logXj ètsi ¸ste

σ(t) na eÐnai jetik�

σij(t)dt = d 〈logXi, logXj〉t=
n∑
ν=1

ξiν(t)ξjν(t)dt gia t ∈ [0,∞)

efìson

∫ t

0

|σij(s)| ds <∞.
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2.2 DiadikasÐa AxÐac QartofulakÐou

Orismìc 2.2.1 Mia agor� eÐnai mia oikogèneia =X1, . . . , Xn metoq¸n ìpwc ek-

fr�zetai sthn sqèsh 1.3 ètsi ¸ste σ(t) eÐnai m  idi�zousa gia ìla ta t ∈ [0,∞).

Orismìc 2.2.2 H agor� eÐnai mh ekfulismènh �n up�rqei ènac arijmìc ε > 0 tè-

toioc ¸ste

xσ(t)xT ≥ ε ‖x‖2 , t ∈ [0,∞) , x ∈ Rn

Orismìc 2.2.3 H agor� lème oti èqei fragmènh diakÔmansh an up�rqei ènac ari-

jmìc M > 0 tètoioc ¸ste

x σ(t)xT ≤M|x‖2 , t ∈ [0,∞) , x ∈ Rn ìpou ‖x‖2 =
√
x21 + x22 + . . .+ x2n

Orismìc 2.2.4 'Ena qartoful�kio sthn agor� M eÐnai mia metr simh prosar-

mosmènh diadikasÐa π, π(t)=(π1(t), . . . , πn(t)), gia t ∈ [0,∞) ètsi ¸ste π na eÐnai

fragmèno sto [0,∞) kai

π1(t)+. . .+πn(t)=1, t ∈ [0,∞)

Ta πi ekfr�zoun ta b�rh pou antistoiqoÔn stic metoqèc tou qartofulakÐou. 'Etsi

dÔo qartoful�kia eÐnai Ðsa an ta antÐstoiqa b�rh eÐnai Ðsa gia ìla ta t ∈ [0,∞) .

An to b�roc miac metoq c eÐnai jetikì gia par�deigma 10% autì shmaÐnei oti to 10%

thc sunolik c axÐac tou qartofulakÐou èqei ependujeÐ sth sugkekrimènh metoq . An

to qartoful�kio den èqei agor�sei metoqèc apo th sugkekrimmènh metoq  tìte to
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b�roc thc sugkekrimènhc metoq c eÐnai mhdèn. An sto b�roc π(t) eÐnai arnhtikì autì

upodhl¸nei ìti pragmatopoi jhke anoiqt  p¸lhsh (short sale) sthn i-st  metoq .

Profan¸c ta b�rh tou qartofulakÐou qwrÐc anoiqt  p¸lhsh (short sales) èqoun

ìla mh arnhtikèc timèc. 'Estw èna qartoful�kio π kai èstw oti Zπ(t) > 0 eÐnai h

sunolik  axÐa tou qartofulakÐou π thn qronik  stigm  t. To posì epèndushc sthn

i-st  metoq  Xi eÐnai

πi(t)Zπ(t)

An h tim  thc i metoq c metablhjeÐ kata dXi(t) th qronik  stigm  t tìte h axÐa tou

qartofulakÐou ja metablhjeÐ kat� :

πi(t)Zπ(t)
dXi(t)

Xi(t)

�ra h sunolik  metabol  sto qartoful�kio thn qronik  stigm  t eÐnai:

dZπ(t) =
n∑
i=1

πi(t)Zπ(t)
dXi(t)

Xi(t)

  isodÔnama:

dZπ(t)

Zπ(t)
=

n∑
i=1

πi(t)
dXi(t)

Xi(t)

ìpou to

Prìtash 2.2.0.1 'Estw π èna qartoful�kio sthn agor� . Tìte h diadikasÐa Zπ

pou eÐnai h stoqastik  diadikasÐa thc axÐac tou qartofulakÐou π ikanopoieÐ thn:

dlogZπ(t) = γπ(t)dt+
∑n

i,ν=1 πi(t)ξiν(t)dWν(t)
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gia t ∈ [0,∞)

ìpou

γπ(t) =
n∑
i=1

πi(t)γi(t) +
1

2

(
n∑
i=1

πi(t)σij(t)

)
kai ekfr�zei ton rujmì an�ptuxhc (growth rate) tou qartofulakÐou.

Zπ(t) = Zπ(0)exp

(∫ t
0
γπ(s)ds+

∫ t
0

n∑
i,ν=1

πi(s)ξiν(s)dWν(s)

)

efarmìzontac to l mma tou Ito gia Zπ(t) = exp(logZπ(t)) èqoume:

dZπ(t) = Zπ(t)dlogZπ(t) + 1
2
Zπ(t)d 〈logZπ〉t, gia ìla ta t ∈ [0,∞)

dZπ(t)

Zπ(t)
=γπ(t)dt+ 1

2
d 〈logZπ〉t +

∑n
i,ν=1 πi(t)ξiν(t)dWν(t)

d 〈logZπ〉t =
∑n

i,j=1 πi(t)πj(t)d 〈logXi, logXj〉t=
n∑

i,j=1

πi(t)πj(t)σij(t)dt

apì ton orismì

γπ(t)=
n∑
i=1

πi(t)γi(t) +
1

2

(
n∑
i=1

πi(t)σij(t)−
n∑

i,j=1

πi(t)πj(t)σij(t)

)

èqw

dZπ(t)

Zπ(t)
=

n∑
i=1

πi(t)γi(t)dt+
1

2

n∑
i=1

πi(t)σii(t)dt+
n∑

i,ν=1

πi(t)ξiν(t)dWν(t)

all�
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σii(t)=
n∑
ν=1

ξiν
2(t) �ra

dXi(t) =
(
γi(t) + 1

2
σii(t)

)
Xi(t)dt+Xi(t)

n∑
ν=1

ξiν(t)dWν(t) gia ìla ta t ∈ [0,∞) me

i = 1, . . . , n

ètsi

dZπ(t)

Zπ(t)
=

n∑
i=1

πi(t)
dXi(t)

Xi(t)

DiakÔmansh tou qartofulakÐou σππ

H diadikasÐa σππ orÐzetai wc ex c:

σππ(t)=
∑n

i,j=1 πi(t)πj(t)σij(t),

kai

〈logZπ〉t=
∫ t

0

σππ(s)ds

ètsi h sqèsh

dZπ(t) = Zπ(t)dlogZpi(t) + 1
2
Zπ(t)d(logZπ)t

mporeÐ na grafteÐ:

dZπ(t)
Zπ(t)

=dlogZπ(t) + 1
2
σππ(t)dt, gia ìla ta t ∈ [0,∞)

25



'An h agor� èqei fragmènh diakÔmansh tìte h diakÔmansh tou qartofulakÐou σππ eÐnai

sqedìn p�nta fragmènh sto [0,∞) gia k�je qartoful�kio π .

Sto shmeÐo autì ja orÐsoume ton uperb�llon rujmì an�ptuxhc γ∗π wc ex c

γ∗π(t)=1
2

(
n∑
i=1

πi(t)σii(t)−
n∑

i,j=1

πi(t)πj(t)σij(t)

)
, t ∈ [0,∞)

ètsi h sqèsh metaxÔ tou rujmoÔ an�ptuxhc kai tou uperb�llontoc rujmoÔ an�ptuxhc

mporeÐ na grafteÐ wc:

γπ(t)=
∑n

i=1 πi(t)γi(t) + γ∗π(t), t ∈ [0,∞)

isodÔnama

γ∗π(t) = 1
2

(
n∑
i=1

πi(t)σii(t)− σππ(t)

)
, t[0,∞

'Estw p èna qartoful�kio kai Zπ h sunolik  axÐa tou qartofulakÐou th qronik 

stigm  t. Tìte

dlogZπ(t) =
n∑
i=1

π(t)dlogXi(t) + γ∗π(t)dt, t ∈ [0,∞)

Apì to pìrisma autì blèpoume ìti h stigmiaÐa logarijmik  axÐa tou qartofu-

lakÐou dlogZπ(t) eÐnai o stajmismènoc mèsoc twn stigmiaÐwn logarijmik¸n apodìsewn

twn metoq¸n pou apoteloÔn to qartoful�kio dlogXi(t) sun ton uperb�llon rujmì

an�ptuxhc. Epiplèon apì thn sqèsh γ∗π(t) = 1
2

(
n∑
i=1

πi(t)σii(t)− σππ(t)

)
, t[0,∞
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prokÔptei oti h γ∗π(t) eÐnai to  misu thc diafor�c metaxÔ thc mèshc stajmismènhc diakÔ-

manshc twn memonwmènwn metoq¸n kai thc diakÔmanshc tou qartofulakÐou. To γ∗π(t)

mporeÐ na jewrhjeÐ wc mètro thc apotelesmatikìthtac thc diaforopoÐhshc qartofu-

lakÐou sth meÐwsh thc metablhtìthtac se sÔgkrish me ekeÐnh twn apojem�twn pou

to apartÐzoun. H diaforopoÐhsh ìqi mìno mporeÐ na mei¸sei thn metablhtìthta tou

qartofulakÐou -pr�gma pou eÐnai gnwstì apì thn klasik  jewrÐa qartofulakÐou-

, all� ephre�zei kai ton rujmì an�ptuxhc qartofulakÐou. Epiplèon ta γ∗π(t) eÐnai

jetik� gia qartoful�kia pou èqoun p�nw apo mia metoq  kai den pragmatopoioÔn

anoiqt  p¸lhsh. Autì shmaÐnei pwc gia k�je tètoio qartoful�kio h stajmismènh

mèsh diakÔmansh twn memonwmènwn metoq¸n tou qartofulakÐou eÐnai megalÔterh apì

thn diakÔmansh tou qartofulakÐou. Autì den ja isqÔei e�n to qartoful�kio prag-

matopoieÐ anoiqtèc pwl seic (short sales ).

Ac orÐsoume t¸ra thn apìdosh tou qartofulakÐou:

Orismìc 2.2.5 H apìdosh απ(t) tou qartofulakÐou π ja eÐnai

απ(t)=
∑n

i=1 πi(t)αi(t), t ∈ [0,∞)

ìpou αi, i = 1, . . . , n eÐnai h apìdosh tou Xi me

α(t)=γπ(t) + 1
2

n∑
ν=1

ξ2ν(t), t ∈ [0,∞)

H parap�nw sqèsh ekfr�zei thn apìdosh tou qartofulakÐou wc ton stajmismèno

mèso twn apodìsewn twn metoq¸n tou qartofulakÐou. H stigmiaÐa apìdosh tou
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logarÐjmou twn tim¸n tou qartofulakÐou dlogZπ(t) eÐnai o stajmismènoc mèsoc ìroc

twn stigmiaÐwn apodìsewn twn logarÐjmwn twn tim¸n twn metoq¸n dlogXi(t) sun ton

uperb�llon rujmì metabol c.

H sqèsh

dX(t)

X(t)
=α(t)dt+

∑n
ν=1 ξν(t)dWν(t),

t ∈ [0,∞)

gia i=1,...,n gÐnetai

dXi(t)
Xi(t)

=αi(t)dt+
∑n

ν=1 ξiν(t)dWν(t),

t ∈ [0,∞)

opìte h

dZπ(t)
Zπ(t)

=
n∑
i=1

πi(t)
dXi(t)

Xi(t)
gÐnetai:

dZπ(t)
Zπ(t)

=απ(t)dt+
∑n

ν=1 πi(t)ξiν(t)dWν(t) gia t ∈ [0,∞)

Apì thn sqèsh

dlogZπ(t) = γπ(t)dt+
∑n

i,ν=1 πi(t)ξiν(t)dWν(t)

kai thn dZπ(t)
Zπ(t)

=dlogZπ(t) + 1
2
σππ(t)dt, gia ìla ta t ∈ [0,∞)

èqw

dZπ(t)

Zπ(t)
= γπ(t)dt+

1

2
σππ(t)dt+

n∑
i,ν=1

πi(t)ξiν(t)dWν(t),

sunep¸c
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απ(t) = γπ(t) + 1
2
σππ(t), t ∈ [0,∞)

Par�deigma 2.2.1 Sto klassikì montèlo tou Markowitz h beltistopoÐhsh tou

qartofulakÐou epitugq�netai mèsw thc elaqistopoÐhshc thc diakÔmanshc tou qarto-

fulakÐou

n∑
i,j=1

πi(t)πj(t)σij(t) ⇒

n∑
i=1

πi(t)αi(t) ≥ α0

ìpou π1(t) + . . .+n (t) = 1 me π1(t), . . . , πn(t) ≥ 0

Gia na elaqistopoi soume th diakÔmansh tou qartofulakÐou k�tw apì ton peri-

orismì tou rujmoÔ an�ptuxhc tou qartofulakÐou kai ìqi tou rujmoÔ apìdoshc tou

qartofulakÐou èqoume:

n∑
i=1

πi(t)γi(t) +
1

2
(
n∑
i=1

πi(t)σii(t)−
n∑

i,j=1

πi(t)πj(t)σij(t)) ≥ γ0

IsodÔnama èqw

n∑
i=1

πi(t)γi(t) +
1

2

n∑
i=1

πi(t)σii(t) ≥ γ0 +
n∑

i,j=1

πi(t)πj(t)σij(t)

Par�deigma 2.2.2 Upojètoume oti jèloume na broÔme èna qartoful�kio p pou na

megistopoieÐ thn anamenìmenh tim  tou logZπ(t) gia t ∈ [0,∞)
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'Etsi gia t ∈ [0,∞)

dlogZπ(t) = γπ(t)dt+
n∑

i,ν=1

πi(t)ξiν(t)dWν(t),

kai epeid  h anamenìmenh tim  tou teleutaÐou ìrou, tou martingale sustatikoÔ

tou dlogZπ(t) eÐnai mhdèn, h megistopoÐhsh thc anamenìmenhc tim c tou logarÐjmou

logZπ(t) anèrqetai sthn megistopoi sh tou rujmoÔ an�ptuxhc tou qartofulakÐou

γπ(t).

Gia t ∈ [0,∞)

γπ(t) =
n∑
i=1

πi(t)γi(t) +
1

2

n∑
i=1

πi(t)σii(t)−
1

2

n∑
i,j=1

πi(t)πj(t)σij(t)

H megistopoÐhsh thc parap�nw exÐswshc gÐnetai k�tw apì touc periorismoÔc

π1(t) + . . .+n (t) = 1 me π1(t), . . . , πn(t) ≥ 0

'Eqei apodeiqteÐ ìti megistopoi¸ntac thn anamenìmenh tim  tou logZπ(t) dhmiour-

goÔme èna qartoful�kio me thn megalÔterh asumptotik  tim , alla tètoia qarto-

ful�kia emperièqoun uyhl� epÐpeda kindÔnou gia touc perissìterouc ependutèc.

Orismìc 2.2.6 Mia diadikasÐa rujmoÔ merÐsmatoc divident rate eÐnai mia metr -

simh, prosarmosmènh diadikasÐa d pou ikanopoieÐ thn
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∫ t

0

|δ(s)| <∞, t ∈ [0,∞)

Sun jwc, oi rujmoÐ merÐsmatoc upotÐjetai ìti eÐnai mh arnhtikoÐ all� aut  h up-

ìjesh den eÐnai aparaÐthth.

Orismìc 2.2.7 Gia mia metoq  Q me merÐsmata kai me rujmì merÐsmatoc d, orÐ-

zoume wc olik  apìdosh X̂ wc

X̂(t) = X(t)exp(

∫ t

0

δ(s)ds), t ∈ [0,∞)

H olik  apìdosh X̂ parist�nei thn axÐa miac epèndushc sth metoq  Q me ìla ta

merÐsmata suneqìmena epanaependuìmena. E�n δ = 0 tìte

X̂ = X. 'Epetai ìti X̂(0) = X(0)

dlogX̂(t) = dlogX(t)δ(t)dt, t ∈ [0,∞)

Orismìc 2.2.8 Wc rujmì epauxhmènhc an�ptuxhc kaloÔme thn diadikasÐa:

ρ(t) = γ(t) + δ(t), t ∈ [0,∞)

'Estw δ1, . . . , δn eÐnai oi antÐstoiqoi rujmoÐ merÐsmatoc twn metoq¸n X1, . . . , , Xn

se mia agor� M. Gia k�je qartoful�kio p , orÐzoume rujmì merÐsmatoc th diadikasÐa

δπ gia to qartoful�kio apì thn sqèsh
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δπ(t) =
n∑
i=1

πi(t)δi(t), t ∈ [0,∞)

kai thn olik  apìdosh Ẑπ tou p apì

Ẑπ(t) = Zπ(t)exp(

∫ t

0

δπ(s)ds), t ∈ [0,∞)

Gia memonwmènec metoqèc èqw:

Ẑπ(t) = dlogZπ(t) + δpi(t)dt, t ∈ [0,∞)

H diadikasÐa Ẑπ parist�nei thn axÐa enìc qartofulakÐou me Ðdia b�rh p, alla ìla

ta merÐsmata epanaependÔontai analogik� se ìlo to qartoful�kio sÔmfwna me to

b�roc thc k�je metoq c. 'Etsi h epanepèndush twn merism�twn, tropopoieÐ thn tim 

tou Ẑπ en¸ diathreÐ ta b�rh tou qartofulakÐou p.

Sto shmeÐo autì orÐzoume kai ton rujmì epauxumènhc an�ptuxhc gia to p apì th

sqèsh

ρπ(t) = γπ(t) + δπ(t), t ∈ [0,∞)

Gia mia agor� qwrÐc merÐsmata isqÔei ìti Zπ = Ẑπ gia k�je p.
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2.3 Sqetik  Apìdosh kai to Qartoful�kio Agor�c

Parousi�zetai suqn� to endiafèron sthn mètrhsh thc kat�stashc twn metoq¸n  

twn qartofulakÐwn se sqèsh me èna dosmèno qartoful�kio. H ènnoia thc sqetik c

apìdoshc ja mac qrhsimeÔsei sto shmeÐo autì.

Orismìc 2.3.1 Gia mia metoq  Xi, 1 ≤ i ≤ n, kai qartoful�kio η h diadikasÐa

log(Xi(t)
Zη(t)

) , t ∈ [0,∞) onom�zetai sqetik  apìdosh twn Xi wc proc to qartoful�kio

η

Paradosiak� h jewrÐa qartofulakÐou èqei d¸sei èmfash ston prosdok¸meno ru-

jmì apìdoshc kai sth diakÔmansh enìc qartofulakÐou metoq¸n. Se aut n thn enìth-

ta ja doÔme ìti o rujmìc an�ptuxhc kajorÐzei thn makroprìjesmh sumperifor� tou

qartofulakÐou twn metoq¸n kai ètsi gia makroprìjesmec ependÔseic eÐnai logiko na

qrhsimopoi soume ton rujmì an�ptuxhc par� touc rujmoÐ apodìsewn.

O rujmìc an�ptuxhc enìc qartofulakÐou prosdiorÐzei thn makroprìjesmh sumper-

ifor� tou me thn ènnoia ìti

Gia k�je qartoful�kio p se mia agor� M

lim
T→∞

1

T
(logZπ(T )−

∫ T

0

γπ(t)dt) = 0

kai sunist� mia shmantik  par�metro gia thn beltistopoÐhsh tou qartofulakÐou

'Estw Q mÐa metoq  me rujmì an�ptuxhc γ. Tìte

lim
T→∞

1

T
(logX(T )−

∫ T

0

γπ(t)dt) = 0
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Apìdeixh

Efarmìzontac thn prìtash ìti lim
T→∞

1

T
(logZπ(T )−

∫ T

0

γπ(t)dt) = 0 se èna qarto-

ful�kio

sto opoÐo ta antÐstoiqa b�rh tou Q eÐnai 1 kai ta upìloipa b�rh 0 katal goume sto

pìrisma mac.

O rujmìc an�ptuxhc tou qartofulakÐou ìpwc eÐpame kajorÐzei thn epÐdosh tou

qartofulakÐou idiaÐtera markoprìjesma. 'Opwc gnwrÐzoume apì thn prìtash (1.3.1) o

rujmìc an�ptuxhc tou qartofulakÐou eÐnai o stajmikìc mèsoc twn rujm¸n an�ptuxhc

twn metoq¸n pou apoteloÔn to qartoful�kio sun ton uperb�llon rujmì an�ptuxhc

tou qartofulakÐou. Efìson o uperb�llon rujmìc an�ptuxhc apoteleÐ ena shman-

tikì komm�ti tou rujmoÔ an�ptuxhc tou qartofulakÐou qreiazìmaste na anaptÔxoume

k�poia ergaleÐa pou na bohjoÔn ston upologismì tou. To akìloujo l mma mporeÐ na

ermhneuteÐ gia na apod¸sei ìti o uperb�llon rujmìc an�ptuxhc γ∗π eÐnai amet�blhto

numeraire kai parousi�zei idiaÐtero endiafèron ìtan to numeraire eÐnai to qarto-

ful�kio thc agor�c.

L mma 2.3.1 'Estw p kai h qartoful�kia. Tìte gia t ∈ [0,∞),

γ∗π(t) = 1
2

(
n∑
i=1

πi(t)τ
η
i i(t)−

∑
i,j=1

π(t)πjτ
η
i j(t)

)
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Kef�laio 3

Stoqastik  JewrÐa

QartofulakÐou kai

PoikilomorfÐa

H poikilomorfÐa   diaforopoÐhsh thc agor�c (diversity) orÐsjhke gia pr¸th for�

apì ton Fernholz to 1990 kai ja mporoÔse na jewrhjeÐ wc sunèpeia thc antimonop-

wliak c nomojesÐac. H antimonopwliak  nomojesÐa eÐnai kajolik  stic sÔgqronec

oikonomÐec, diìti kai apì ton A.Smith,  tan genik� apodektì ìti h uperbolik  sug-

kèntrwsh thc paragwg c   tou kefalaÐou eÐnai ephre�zei ton antagwnismì, kai na

eÐnai epiz mia gia thn ejnik  oikonomÐa.

H diaforopoi sh thc agor�c metoq¸n, eÐnai èna mètro thc katanom c twn kefalaÐ-

wn se mia agor� metoq¸n. H diaforopoi sh/ poikilomorfÐa eÐnai uyhlìterh ìtan to

kef�laio eÐnai pio omoiìmorfa katanemhmèno metaxÔ twn metoq¸n thc agor�c, kai eÐ-
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nai mikrìterh ìtan to h sunolik  kefalaiopoÐhsh eÐnai perissìtero sugkentrwmènh se

merikèc apì tic megalÔterec etaireÐec. EkeÐ up�rqoun poll� mètra thc diaforetikìth-

tac,ek twn opoÐwn h entropÐa eÐnai Ðswc to pio gnwstì, all� den eÐnai aparaÐthta to

pio qr simo gia touc skopoÔc mac.

Orismèna mètra thc diaforopoi shc dhmiourgoÔn qartoful�kia, pou genik� onom�-

zontai poikilìmorfa-stajmismèna qartoful�kia, kai aut� ta qartoful�kia èqoun mia

pio omal  katanom  twn kefalaÐwn apì thn agor�. H sqetik  apìdosh tou poikilì-

morfa stajmismènou qartoful�kiou eÐnai apìluta susqetÐsmènh me thn allag  mèsa

apì thn poikilomorfÐa thc agor�c, ìpwc kajorÐzetai apì to mètro pou dhmiourgeÐ.

K�poia poikilìmorfa stajmismèna qartoful�kia mporeÐ na apodeiqjeÐ ìti èqoun uyh-

lìterh apìdosh apì to qartoful�kio thc agor�c, me perÐpou to Ðdio epÐpedo kindÔnou,

toul�qiston makroprìjesma. Up�rqoun di�foroi trìpoi gia th mètrhsh thc epÐdrash-

c twn metabol¸n sthn poikilomorfÐa thc agor�c sthn apìdosh tou qartofulakÐou,

all� faÐnetai ìti o pio sunhjismènoc eÐnai autìc twn elaqÐstwn tetrag¸nwn thc

palindrìmhshc.

Genik� mia agor� lème ìti eÐnai poikilìmorfh -diaforopoihmènh e�n h kefalaiopoÐhsh

diaqèetai se ènan meg�lo arijmì metoq¸n. H poikilomorfÐa thc agor�c eÐnai to antÐ-

jeto thc sugkèntrwshc thc sunolik c kefalaiopoÐhshc se mia qoÔfta epiqeir sewn.

Me �lla lìgia, mia agor� lème oti parousi�zei poikilomorfÐa an h sunolik  ke-

falaiopoÐhsh thc agor�c metoq¸n den sugkentr¸netai se èna mikrì arijmì metoq¸n.

ètsi loipìn mia poikilìmorfh, diaforopoihmènh agor� apotrèpei akraÐec sugkentr¸-

seic tou kefalaÐou se mia metoq .

Ja apodeÐxoume ìti o uperb�llwn rujmìc an�ptuxhc (excess growth rate ) sqetÐze-
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tai me thn poikilomorfÐa thc kefalaiopoÐhshc kai me autìn ton trìpo ja qrhsimopoi -

soume thn metaxÔ touc sqèsh gia na melet soume thn makroprìjesmh sumperifor�

thc agor�c k�tw apo thn upojesh ìmwc oti ìlec oi metoqèc èqoun ton Ðdio rujmì

an�ptuxhc. MporeÐ na faÐnetai ìti me aut� ta dedomèna h agor� ja parousi�zei diver-

sity ìmwc autì den isqÔei, gia tÐ tètoiec agorèc parousi�zoun thn t�sh h sunolik 

kefalaiopoÐhsh na sugkentr¸netai se lÐgec metoqèc. San mètro thc poikilomorfÐac

thc agor�c ja jewr soume thn entropÐa thc agor�c kai ja melet soume to par�gw-

go qartoful�kio pou to onom�zoume stajmismèno me b�sh thn entropÐa qartoful�kio.

Gia na analÔsoume thn makroprìjesmh sumperifor� twn metoq¸n, twn qarto-

fulakÐwn   akìma kai thc Ðdiac thc agor�c eÐnai katallhlìtero na jewr soume

tic qronik� mèsec timèc apì tic qronik� prosdok¸menec timèc twn stoqastik¸n di-

adikasi¸n pou ja qrhsimopoi soume.

'Etsi gia ton rujmì an�ptuxhc γi thc metoq c Xi jewroÔme to ìrio :

lim
T→∞

1

T

∫ T

0

γi(t)dt antÐ tou Eγi(t)

'Omoia gia mia agor� me b�rh µi :

lim
T→∞

1

T

∫ T

0

logµi(t)dt antÐ tou Elogµi(t)

Orismìc 3.0.2 Mia agor� M eÐnai sunep c an gia i = 1, . . . , n

lim
t→∞

t−1logµi(t) = 0,

37



ìpou µi(t) = Xi(t)
Zµ(t)

ètsi o parap�nw orismìc gÐnetai

lim
t→∞

t−1(logXi(t)− logZµ(t)) = 0

Prìtash 3.0.0.2 'Estw M mia agor� metoq¸n X1,. . .,Xν

Tìte ta akìlouja eÐnai isodÔnama:

1. H M eÐnai sunep c

2. gia i = 1,. . .,n, lim
T→∞

1

T

∫ T

0

(γi(t)− γµ(t))dt = 0

3. gia i,j = 1,. . .,n, lim
T→∞

1

T

∫ T

0

(γi(t)− γj(t))dt = 0

H prìtash aut  mac deÐqnei ìti se mia sunep  agor�, h qronik  mèsh diafor�

metaxÔ twn rujm¸n an�ptuxhc eÐnai mhdèn. Autì afor� mìno thn diafor� twn rujm¸n

an�ptuxhc, o qronikìc mèsoc tou rujmoÔ an�ptuxhc miac memonwmènhc metoq c mporeÐ

na mhn up�rqei. 'Ena par�deigma sunepoÔc agor�c eÐnai mia agor� sthn opoÐa ìlec oi

metoqèc èqoun ton Ðdio rujmì an�ptuxhc.

Upojètoume ìti ìlec oi metoqèc sthn agor� M èqoun ton Ðdio rujmì an�ptuxhc.

Tìte h M eÐnai sunep c.

Apìdeixh:

38



E�n ìlec oi metoqèc èqoun ton Ðdio rujmì an�ptuxhc tìte h (3) apo thn parap�nw

prìtash isqÔei gia

i,j = 1,. . .,n, lim
T→∞

1

T

∫ T

0

(γi(t)− γj(t))dt = 0.

'Etsi h M eÐnai sunep c.

Sthn perÐptwsh pou oi rujmoÐ an�ptuxhc eÐnai stajeroÐ tìte isqÔei kai to antÐstrofo

tou porÐsmatoc.

Upojètoume ìti ìlec oi metoqèc thc agor�c M èqoun stajeroÔc rujmoÔc an�p-

tuxhc. Tìte h M eÐnai sunep c an kai mìno an oi rujmoÐ an�ptuxhc eÐnai ìloi Ðsoi.

Apìdeixh

E�n oi rujmoÐ an�ptuxhc eÐnai ìloi Ðsoi, h M eÐnai sunep c b�sh tou porÐsmatoc

(1.3.1). An Xi kai Xj èqoun diaforetikoÔc stajeroÔc rujmoÔc an�ptuxhc tìte to (3)

apo thn prìtash (1.3.1) eÐnai l�joc, pr�gma �topo.

L mma 3.0.2 'Estw p èna qartoful�kio se mia mh ekfulismènh agor�. Tìte up�r-

qei èna ε > 0 ètsi ¸ste gia i = 1, . . . , n

τπii(t) ≥ ε(1− πi(t))2, t ∈ [0,∞)

Apìdeixh:

'Estw èna ε > 0 tètoio ¸ste
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xσ(t)xT ≥ ε ‖x‖2, x ∈ <n, t ∈ [0,∞)

gia 1 kai t ∈ [0,∞) , èstw x(t) = (π1(t), . . . , πi(t)− 1, . . . , πn(t)

Tìte gia t ∈ [0,∞)

τπi i(t) = σii(t)− 2σiπ(t) + σpp(t) = x(t)σ(t)xT (t) ≥ ε ‖x‖2

Efìson

‖x‖2 ≥ (1− πii(t)2, t ∈ [0,∞) tìte to l mma isqÔei

Gia èna qartoful�kio p, eÐnai bolikì na eis�goume thn isìthta

πmax(t) = max1≤πi(t), t ∈ [0,∞)

Me thn parap�nw isìthta mporoÔme na epanadiatup¸soume to parap�nw l mma se

pio qr simh morf .

L mma 3.0.3 'Estw p èna qartoful�kio se mia mh ekfulismènh agor�.

Tìte up�rqei èna ε > 0 tètoio ¸ste gia i = 1, . . . , n

τπi i(t) ≥ ε(1− πmax(t))2, t ∈ [0,∞)

L mma 3.0.4 'Estw p èna qartoful�kio me mh arnhtik� b�rh se mia mia ekfulis-

mènh agor�.
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Tìte up�rqei èna ε > 0 tètoio ¸ste gia t ∈ [,∞)

γ∗π(t) ≥ ε(1− πmax(t))2

Apìdeixh

γ∗π(t) =
1

2

n∑
i=1

πi(t)τ
π
ii(t) ≥

ε

2
(1− πmax(t))2

ìpou to e eÐnai epilegmèno ìpwc sto L mma 1.4.2 , afoÔ to πi(t) eÐnai mh arnhtikì

Upojètoume oti h agor� M eÐnai mh ekfulismènh kai sunep c kai oti to π

eÐnai ena stajer� stajmismèno qartoful�kio me toul�qiston dÔo jetik� b�rh kai den

èqei kajìlou arnhtik� b�rh.

Tìte

lim
T→∞

1

T
log

(
Zπ(T )

Zµ(T )

)
> 0

3.1 H poikilomorfÐa thc agor�c metoq¸n

Se aut n thn enìthta ja d¸soume ènan orismì gia thn poikilomorfÐa thc agor�c

metoq¸n ( stock market diversity) kai ja deÐxoume ìti h poikilomorfÐa mporeÐ na

ekfrasteÐ se ìrouc uperb�llontoc rujmoÔ an�ptuxhc thc agor�c. QrhsimopoioÔme

aut n thn sqèsh gia na kajorÐsoume tic katast�seic thc agor�c pou èÐnai sumbatèc me

thn poikilomorfÐa thc agor�c. 'Ola ta oikonomik� anaptugmèna kr�th èqoun k�poia

morf  antimonopwliak c nomojesÐac gia na apofeuqjeÐ h uperbolik  sugkèntrwsh

twn kefalaÐwn kai thn oikonomik  isqÔ na thn èqoun ètsi lÐgec etairÐec gÐgantec.
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Ed¸ den asqoloÔmaste me thn oikonomik  logik  gia thn antimonopwliak  nomo-

jesÐa, all� m�llon me to apotèlesma aut c thc nomojesÐac pou mporeÐ na èqei gia thn

katanom  twn kefalaÐwn sthn agor� metoq¸n. Opoiad pote axiìpisth antimonopwli-

ak  nomojesÐa ja prèpei na problèpei na apofeuqjeÐ h paratetamènh sugkèntrwsh

tou sunìlou twn kefalaÐwn thc agor�c se mÐa etaireÐa, kai apì mia realistik  �poyh,

se mia oikonomÐa ìpwc aut  twn HPA, eÐnai m�llon apÐjano ìti mia monadik  etaireÐa

ja mporoÔse na antiproswpeÔei akìma kai to  misu thc sunolik c kefalaiopoÐhshc

thc agor�c.

Me µmax sumbolÐzoume thn axÐa tou megalÔterou apì ta b�rh thc agor�c se mia

dedomènh qronik  stigm 

Orismìc 3.1.1 Mia agor� M eÐnai poikilìmorfh (diverse) an up�rqei arijmìc

δ > 0 tètoioc ¸ste

µmax(t) ≤ 1− δ, t ∈ [0,∞)

HM eÐnai adÔnama poikilìmorfh sto [0, T ], an up�rqei arijmìc δ > 0 tètoioc ¸ste

1
T

∫ T

0

µmax(t)dt ≤ 1− δ,

Prìtash 3.1.0.3 E�n h agor� M eÐnai mh ekfulismènh kai poikilìmorfh, tìte

up�rqei èna δ > 0 tètoio ¸ste

γ∗µ(t) ≥ δ, t ∈ [0,∞)
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AntÐstrofa e�n h M èqei fragmènh diakÔmansh kai up�rqei èna δ > 0 tètoio ¸ste

γ∗µ(t) ≥ δ, t ∈ [0,∞) na isqÔei, tìte h M eÐnai poikilìmorfh

Prìtash 3.1.0.4 Upojètoume ìti ìlec oi metoqèc sthn agor� M èqoun ton Ðdio ru-

jmì an�ptuxhc. Tìte

lim
T→∞

1

T

∫ T

0

(γ∗µ(t)dt = 0

Apìdeixh

Efìson ìloi oi rujmoÐ an�ptuxhc twn metoq¸n eÐnai Ðsoi apì to pìrisma (1.1.3)

èqw ìti h M eÐnai sunektik . Epiplèon o rujmìc an�ptuxhc tou qartofulakÐou thc

agor�c eÐnai

γµ(t) = γ(t) + γ∗µ(t), t ∈ eft[0,∞

Apì thn prìtash (1.1.2)

lim
T→∞

1

T

∫ T

0

(γi(t)− γµ(t))dt = 0

opìte apì tic dÔo parap�nw sqèseic prokÔptei ìti lim
T→∞

1

T

∫ T

0

(γ∗µ(t)dt = 0

Prìtash 3.1.0.5 Upojètoume ìti h agor� M den eÐnai ekfulismènh. An ìlec h

metoqèc thc agor�c M èqoun ton Ðdio rujmì an�ptuxhc, tìte h M den eÐnai poikilì-

morfh.

Apìdeixh
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An M eÐnai poikilìmorfh tìte up�rqei èna δ > 0 tètoio ¸ste γ∗µ(t) ≥ δ. Se aut n

thn perÐptwsh

1
T

∫ T

0

γ∗µ(t)dt ≤ δ, T ∈ [0,∞)

Prìtash 3.1.0.6 Upojètoume ìti h agor� M eÐnai mh ekfulismènh. An ìlec oi

metoqèc thc M èqoun stajeroÔc rujmoÔc an�ptuxhc, tìte h M den eÐnai poikilìmorfh.

Apìdeixh

Apì to pìrisma ìti lim
T→∞

1

T
(logX(T ) −

∫ T

0

γπ(t)dt) = 0 sunep�getai ìti ìlec oi

metoqèc ektìc aut¸n me ton uyhlìtero rujmì an�ptuxhc ja antistoiqoÔn se el�qisto

tm ma thc axÐac thc agor�c se makroprìjesmh b�sh. 'Oso afor� to tm ma thc agor�c

pou apoteleÐtai apo metoqèc pou moirazontai to uyhlìtero rujmì an�ptuxhc autì

ikanopoieÐ to prohgoÔmeno pìrisma kaÐ ètsi h agor� den eÐnai poikilìmorfh (diverse)

3.2 Mètra PoikilomorfÐac

H PoikilomorfÐa   DiaforopoÐhsh eÐnai èna mètro katanom c tou kefalaÐou se miac

agor� metoq¸n. H poikilomorfÐa eÐnai qamhl  ìtan to kef�laio eÐnai sugkentr-

wmèno perissìtero se lÐgec meg�lec metoqèc, kai eÐnai uyhlì ìtan to kef�laio eÐ-

nai omoiìmorfa katanemhmèno. Oi allagèc sthn poikilomorfÐa proxenoÔntai apì thn

metakÐnhsh tou kefalaÐou apì tic meg�lÔterec metoqèc stic mikrìterec.

H poikilomorfÐa metriètai apì mia sun�rthsh Dp twn bar¸n thc agor�c meto-

q¸n. Upojètoume ìti èqoume mia agor� apo n metoqèc me b�rh w1, . . . , wn, ètsi ¸ste
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w1 + . . . ,+wn = 1 tìte h poikilomorfÐa thc agor�c metoq¸n ja eÐnai

Dp(w1, . . . , wn) = (np−1
∑n

i=1w
p
i )

1
p

ìpou p eÐnai mÐa stajer� 0 < p < 1. To Dp ft�nei thn mègisth tim  1 e�n ìla ta

b�rh eÐnai Ðsa, kai ft�nei thn mikrìterh tim  ìtan ìla ta kef�laia eÐnai sugkentrwmèna

se mÐa mìno metoq .

3.3 H EntropÐa wc mètro thc PoikilomorfÐac

thc Agor�c

H entropÐa eÐnai ektatik  metablht  enìc jermodunamikoÔ sust matoc. H ènnoia thc

entropÐac eÐnai mÐa apì tic shmantikìterec ènnoiec stic fusikèc epist mec, lìgw thc

diatÔpwshc tou DeÔterou JermodunamikoÔ Axi¸matoc, sÔmfwna me to opoÐo se mÐa

metabol  enìc apomonwmènou sust matoc h entropÐa aux�netai p�ntote.

Pio apl� h entropÐa jewreÐtai ìti ekfr�zei mètro thc ataxÐac enìc sust matoc. Gia

par�deigma ta swmatÐdia pou sugkrotoÔn èna m lo   èna siderènio krÐko brÐskontai

se mia di�taxh sto q¸ro lÐgo polÔ kanonik . 'Otan ìmwc arqÐzei na sapÐzei to m lo

  na skouri�zei o krÐkoc h di�taxh aut  twn swmatidÐwn bajmiaÐa arqÐzei na apodi-

organ¸netai kai ètsi h entropÐa tou sust matoc èkastou twn antikeimènwn na aux�nei.

Gr�yame ìti h entropÐa eÐnai ektaktik  metablhth dhlad  eÐnai posìthta exart¸-

menh   an�logh proc to mègejoc tou sust matoc. An dhlad  diplasi�soume to mège-

joc (jewr soume 200gr sid rou antÐ gia 100gr), tìte ìlec oi ektatikèc posìthtec
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diplasi�zontai.

MÐa ektatik  metablht  apoteleÐ to �jroisma idiot twn pou qarakthrÐzoun tic epimèr-

ouc antÐstoiqec metablhtèc tou sust matoc twn tmhm�twn pou to apartÐzoun. H

entropÐa gia par�deigma pou eÐnai mia ektatik  metablht , mporeÐ na upologisteÐ jew-

rhtik�, ajroÐzontac ta epimèrouc megèjh thc entropÐac apì ta tm mata (uposust ma-

ta) pou apartÐzoun to upì melèth sÔsthma.

Ja qrhsimopoi soume thn entropÐa san mètro thc poikilomorfÐac thc agor�c.

H sun�rthsh entropÐac S eÐnai orismènh wc:

S(x) = −
n∑
i=1

xilogxi

gia ìla ta ξ sto sÔnolo ∆n=x∈ <n : x1 + . . .+ xn = 1; 0 < xi < 1, i = 1, ..., n

Orismìc 3.3.1 'Estw m to qartoful�kio thc agor�c. Tìte orÐzoume thn entropÐa

thc agor�c S(µ) :

S(µ(t)) = −
n∑
i=1

µi(t)logµi(t) , t ∈ [0, T )

ìpou sunap�getai ìti h S(µ) eÐnai suneq c semimartingale kai ìti

0 < S(µ(t)) ≤logn

, gia ìla ta t ∈ [0, T )

Prìtash 3.3.0.7 H agor� eÐnai poikilìmorfh an kai mìno an up�rqei èna ε > 0

tètoio ¸ste
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S(µ(t)) ≥ ε, t ∈ [0, T )

Orismìc 3.3.2 'Estw m to qartoful�kio thc agor�c. To qartoful�kio p me b�rh

orismèna apì

πi(t) = −µi(t)logµi(t)
S(µ(t))

, t ∈ [0, T )

onom�zetai stajmismèno me b�sh thn entropÐa qartoful�kio (entropy-weighted

portofolio)

o lìgoc πi(t)
µi(t)

=- logµi(t)
S(µ(t))

mei¸netai me thn aÔxhsh tou µi(t). 'Etsi to p èqei ligìterh

sugkèntrwsh apì to m se autèc tic metoqèc me ta uyhlìtera b�rh.

Je¸rhma 3.3.1 'Estw m ena qartoful�kio agor�c kai p eÐnai to stajmismèno me

b�sh thn entropÐa qartoful�kio, kai èstw Zµ kai Zπ oi antÐstoiqec axÐec twn qarto-

fulakÐwn. Tìte gia t ∈ [0, T )

dlogS(µ(t))=dlog
(
Zπ(t)
Zµ(t))

−
γ∗
µ(t)

S(µ(t)

)
dt

'Estw m to qartoful�kio thc agor�c kai p to stajmismèno me b�sh thn entropÐa

qartoful�kio. Upojètoume ìti h agora M eÐnai mh ekfulismènh kai poikilìmorfh.

Tìte gia èna arket� meg�lo arijmì T,

Zπ(T )
Zπ(0)

> Zµ(T )

Zµ(0)
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3.4 Sunarthsiak� Paragìmena Qartoful�kia

Ta sunarthsiak� paragìmena qartoful�kia (Functionally Generated Portofolios),

eÐnai genÐkeush twn stajmismènwn me b�sh thn entropÐa (entropy-weighted) qarto-

ful�kia pou orÐsame sto prohgoÔmeno kef�laio. Se autì to kef�laio ja deÐxoume ìti

èna eurÔ f�sma sunart sewn ja mporeÐ na qrhsimopoihjeÐ gia thn paragwg  qartofu-

lakÐwn. Ta sunarthsiak� paragìmena qartoful�kia apoteloÔn èna isqurì ergaleÐo

gia thn kataskeu  qartofulakÐwn me kal¸c orismèna qarakthristik� kai apoteloÔn

basikì stoiqeÐo sth jewrÐa stoqastik¸n qartofulakÐwn.

H poikilomorfÐa thc agor�c faÐnetai na apoteleÐ èna shmantikì par�gonta sth-

n apìdosh tou qartofulakÐou metoq¸n. 'Eqontac èna qartoful�kio pou eÐnai pio

kont� sta diaforopoihmèna b�rh (diversity weights) se sqèsh me ta b�rh thc ke-

falaiopoÐhshc ja èqei beltiwmènec tic sqetikèc epidìseic makroprìjesma.

3.5 Genn triec Sunart seic QartofulakÐwn

Se aut n thn enìthta ja parousi�soume ta basik� stoiqeÐa twn Genn triwn Sunart -

sewn QartofulakÐwn (Functionally generated portofolios). H basik  idèa eÐnai

oti orismènec sunart seic me pragmatikèc timèc pou orÐzontai sto ∆n mporoÔn na

qrhsimopoihjoÔn san genn triec qartofulakÐwn kai h sumperifor� aut¸n twn qarto-

fulakÐwn mporeÐ na d¸sei mia èndeixh thc sumperifor�c twn qartofulakÐwn pou

kataskeu�sthkan.

Orismìc 3.5.1 'Estw S mia sunarthsh jetik  kai suneq c orismènh sto ∆n kai
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èstw π èna qartoful�kio. Tìte h S eÐnai genn tria tou π èan up�rqei mÐa metrÐsimh

stoqastik  diadikasÐa J me fragmènh diakÔmansh tètoia ¸ste

log(Zπ(t)
Zµ(t)

) = logS(µ(t)) + Θ(t), t ∈ (0, T ]

H diadikasÐa J onom�zetai kai taqÔthta (drift) thc S

Ean h S eÐnai genn tria thc π tìte h S onom�zetai genn tria sun�rthsh thc π .

Efìson o log�rijmoc log(Zπ(t)
Zµ(t)

) kai logS(µ(t)) eÐnai kai oi suneq c tìte sunep�getai

ìti kai h Θ eÐnai suneq c. Epiplèon epeid  h Θ èqei fragmènh diakÔmansh, h logS(µ)

eÐnai èna suneqèc semimartingale kai ètsi mporoÔme na ekfr�soume thn parap�nw

isìthta se diaforik  morf :

dlog(Zπ(t)
Zµ(t)

) = dlogS(µ(t)) + dΘ(t), t ∈ (0, T ]

H sun�rthsh entropÐac

S(x) = −
n∑
i=1

xilogxi

jewreÐtai mia apo tic shmantikìterec genn triec sunart seic qartofulakÐwn. Ta b�rh

tou qartofulakÐou ja eÐnai πi(t) = −µi(t)logµi(t)
S(µ(t))

kai h taqÔthta (drift) ja ikanopoieÐ thn
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dΘ(t) =
γ∗µ(t)

S(µ(t))
dt

Prìtash 3.5.0.1 'Estw na par�gei to qartoful�kio π me taqÔthta (drift) to Θ

kai upojètoume ìti

lim
t→∞

1

t
logS(µ(t)) = 0

Tìte

lim
t→∞

1

T

(∫ T

0

γπ(t)dt−
∫ T

0

γµ(t)dt−Θ(T )

)
= 0

Apìdeixh:

Apì thn

log(
Zπ(t)

Zµ(t)
) = logS(µ(t)) + Θ(t) gia t ∈ (0, T ]

èqw

dlogS(µ(t))+dΘ(t)=logZπ(T )-

logZµ(T )=

∫ T

0

(γπ(t)− γµ(t))dt+

∫ T

0

n∑
i,ν=1

(π(t)− µi(t))ξiν(t)dWν(t)

Efarmìzontac to ìrio lim
T→∞

T−1 kai sta dÔo mèrh thc parap�nw isìthtac prokÔptei

to lim
t→∞

1

T

(∫ T

0

γπ(t)dt−
∫ T

0

γµ(t)dt−Θ(T )

)
= 0

OStajmikìc Mèsoc thc kefalaiopoÐhshc qrhsimopoieÐtai merikèc forèc

san mètro thc sugkèntrwshc tou kefal�iou sthn agor�. H tim  tou stajmikoÔ autoÔ
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mèsou ja eÐnai:

n∑
i=1

µi(t)Xi(t), t ∈ (0, T ]

O Stajmikìc mèsoc twn bar¸n kefalaiopoÐhshc :
n∑
i=1

µ2
i (t), t ∈ (0, T ]

h tetragwnik  rÐza autoÔ tou stajmismènou mèsou

S(x) = (
n∑
i=1

x2i )

1
2

eÐnai genn tria tou qartofulakÐou π me b�rh

πi(t) =
µ2i (t)

µ21(t)+...+m
2
n(t)

, t ∈ (0, T ]

gia i = 1, . . . , n Autì shmaÐnei ìti to π eÐnai meg�lo se meg�lo arijmì metoq¸n

kai mikrìtero se mikrì arijmì metoq¸n.

To drift tou qartofulakÐou ikanopoieÐ

dΘ(t) = −γ∗π(t)dt t ∈ (0, T ]

AfoÔ

logS(µ(t)) = 1
2

log(
n∑
i+1

µ2
i (t)), t ∈ (0, T ]
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Merik� paradeÐgmata genn triwn sunart sewn kai twn qartofulakÐwn pou par�goun:

1. S(x) = 1 dhmiourgeÐ qartoful�kio thc agor�c m me Θ(t) = 0

2. S(x) = c1x1 + . . . ,+cnxn, ìpou c1 . . . , cn eÐnai stajer� kai dhmiourgeÐ qarto-

ful�kio pou krat� ci apì thn kefalaiopoÐhshthc isthc metoq c. Ed¸ to Θ(t) = 0

3. S(x) = (x1 . . . , xn)
1
n dhmiourgeÐ èna isostajmismèno qartoful�kio me Θ(t) =

γ∗π(t)

4. S(x) = xp11 . . . , x
p
nn ìpou p1, . . . , pn eÐnai stajer� kai p1+. . . ,+pn = 1 dhmiour-

goÔn èna stajer� stajmismèno qartoful�kio me b�rh

πi(t) = pi kai Θ(t) = γ∗π(t)

Apo ta parap�nw prokÔptei kai to akìloujo pìrisma

'Estw S1 kai S2 na dhmiourgoÔn ta qartoful�kia π1 kai π2 antÐstoiqa. Tìte gia

stajer� p1 kai p2 ètsi ¸ste p1 + p2 = 1, h sun�rthsh

S = Sp11 S
p2
2

dhmiourgeÐ qartoful�kio U me b�rh

πi = p1π1i + p2π2i
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ìpou ta π1i kai π2i eÐnai ta b�rh twn π1 kai π2 antÐstoiqa.

3.6 H upìjesh gia kerdoskopÐa qwrÐc kÐnduno

Mia eukairÐa gia kerdoskopÐa qwrÐc kÐnduno (arbitrage) eÐnai ènac sunduasmìc ependÔsewn

se qartoful�kia ètsi ¸ste to �jroisma twn arqik¸n tim¸n twn ependÔsewn na eÐnai

mhdèn kai ètsi se k�poio m  tuqaÐo mellontikì qrìno T, to �jroisma twn tim¸n na

eÐnai m  arnhtikì me pijanìthta 1 kai jetikì me jetik  pijanìthta. KerdoskopÐa

qwrÐc kÐnduno parousi�zetai ìtan sunant�me mia apo tic treic parak�tw sunj kec:

1. To Ðdio periousiakì stoiqeÐo den èqei thn Ðdia tim  se ìlec tic agorèc. (ParabÐ-

ash tou nìmou thc miac tim c) ( the law of one price)

DÔo perousiak� stoiqeÐa me tautìshmec tameiakèc roèc den èqoun thn Ðdia tim 

stic agorèc

'Ena perousiakì stoiqeÐo me gnwst  mellontik  tim  den antall�setai shmèra

sthn mellontik  thc tim  proexoflhmèno me epitìkio qwrÐc kÐnduno.

H kerdoskopÐa qwrÐc kÐnduno den eÐnai apl¸c h pr�xh thc agor�c enìc proðìntoc se

mia agor� kai thn p¸lhsh tou proðìntoc se mia �llh gia thn uyhlìterh tim  se k�poia

stigm  argìtera. Oi sunallagèc prèpei na sumboÔn tautìqrona, na apofeÔgetai h

èkjesh se kÐnduno agor�c,   o kÐndunoc ìti oi timèc mporeÐ na all�xoun se mia agor�

prin oloklhrwjeÐ h sunallag  metaxÔ dÔo pr�xewn agor�c kai p¸lhshc. Apì prak-

tik  �poyh, autì eÐnai kat� kanìna dunat  mìno me tÐtlouc kai qrhmatooikonomik�

proðìnta ta opoÐa mporoÔn na apotelèsoun antikeÐmeno sunallag c me hlektronik�
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mèsa.

Sto pio aplì par�deigma, k�je agajì pou pwleÐtai se mia agor� ja prèpei na

pwleÐtai sthn Ðdia tim  kai se mia �llh. Oi qrhmatistèc mporoÔn, gia par�deigma, an

diapist¸soun ìti h tim  tou sitarioÔ eÐnai qamhlìterh se agrotikèc perioqèc apì ìti

stic pìleic, na agor�soun to agajì, kai na to metafèroun se �llh perioq  gia na

poul soun se uyhlìterh tim . Autì to eÐdoc thc kerdoskopÐac qwrÐc kÐnduno tim¸n,

eÐnai h pio suqn , all� autì to aplì par�deigma agnoeÐ to kìstoc thc metafor�c,

apoj keushc, tou kindÔnou, kai �llouc par�gontec.

Majhmatik� h kerdoskopÐa qwrÐc kÐnduno orÐzetai wc ex c:

P (VT ≥ 0) = 1 kai P (VT 6= 0) > 0

ìpou Vt èna qartoful�kio th qronik  stigm  t.

H upìjesh apousÐac kerdoskopÐac qwrÐc kÐnduno (no-arbitrage) basÐzetai sthn

Ôparxh eukairÐac mh kerdoskopÐac qwrÐc kÐnduno toul�qiston efìson ta qartoful�kia

perilamb�noun eukairÐec kerdoskopÐac qwrÐc kÐnduno pou na ikanopoioÔn kanonikèc

sunj kec.

Orismìc 3.6.1 'Ena qartoful�kio p lème ìti eÐnai apodektì an:

1. gia i = 1, . . . , n, πi(t) ≥ 0, t ∈ [0, T ]
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2. up�rqei èna stajerì c > 0 tètoio ¸ste

Ẑπ(t)

Ẑπ(0)
≥cẐµ(t)

Ẑµ(0)
, t ∈ [0, T ]

3. up�rqei èna stajerì M tètoio ¸ste gia i = 1, . . . , n na èqw:

πi(t)

µi(t)
≤M, t ∈ [0, T ]

H sunj kh (i) epib�lletai ed¸ giatÐ mac endiafèroun qartoful�kia sta opoÐa na

mhn epitrèpetai h anoiqt  p¸lhsh short sale

3.7 'Alla Mètra PoikilomorfÐac

Orismìc 3.7.1 Mia jetik  C2 sun�rthsh orismènh se mia anoiqt  oikogèneia tou

∆n eÐnai mètro poikilomorfÐasan eÐnai summetrik  kai koÐlh. 'Ena paragìmeno qarto-

ful�kio apì èna mètro poikilomorfÐac kaleÐtai stajmismèno me b�sh thn poikilomor-

fÐa qartoful�kio, kai oi analogÐec tou onom�zontai b�rh thc poikilomorfÐac.

Prìtash 3.7.0.2 Upojètoume ìti S eÐnai èna mètro poikilomorfÐac pou genn� èna

qartoful�kio p me drift J. Tìte to J eÐnai sqedìn bèbaia auxanìmeno kai µi(t) ≥

µj(t) pou sunap�getai ìti
πj(t)

µj(t)
≥

π(t)

µi(t)
gia ìla ta t ∈ [0, T ]

Ja d¸soume t¸ra merik� paradeÐgma mètrwn poikilomorfÐac.
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Par�deigma 3.7.1 H sun�rthsh entropÐac

S(x) = −
n∑
i=1

xilogxi

eÐnai èna mètro poikilomorfÐac me tic idiìthtec pou anafèrame se prougoÔmenh par�-

grafo.

Par�deigma 3.7.2 Gia 0 < p < 1 èstw

Dp(x) = (
n∑
i=1

xpi )
1
p

apìtelei mètro poikilomorfÐac

To qartoful�kio pou eÐnai paragìmeno apì to Dp èqei b�rh

πi(t) =
µpi (t)

(Dp(µ(t)))p
, t ∈ [0, T ]

gia i = 1, . . . , n. 'Oso to p→ 1, to p proseggÐzei to qartoful�kio thc agor�c.

H diadikasÐa drift pou eÐnai auxanìmenh ikanopoieÐ thn

dΘ(t) = (1− p)γ∗π(t)dt, t ∈ [0, T ]

Par�deigma 3.7.3 H genn tria sun�rthsh

S(x) = 1− 1

2

n∑
i=1

x2i

apoteleÐ èna mètro poikilomorfÐac
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Par�deigma 3.7.4 O suntelest cGini qrhsimopoieÐtai suqn� apo touc oikonomolì-

gouc wc metro poikilomorfÐac thc katanom c tou ploÔtou. Suqn� orÐzetai wc

G(x) =
1

2

n∑
i=1

∣∣xi − n−1∣∣
Par�deigma 3.7.5 H entropÐa Renyi apoteleÐ mia genÐkeush thc sun�rthshc en-

tropÐac kai orÐzetai wc

Sp(x) =
1

1− p
log

n∑
i=1

xpi

gia p 6= 1. Kaj¸c to p → 1,to Sp teÐnei sthn gnwst  sun�rthsh entropÐac.

MporeÐ na apodeiqteÐ ìti gia p < 1, to Sp eÐnai mètro poikilomorfÐac, all� gia p > 1,

to Sp den eÐnai koÐlo. Epiplèon gia p > 1 ta b�rh pou par�gontai apì to qartoful�kio

Sp mporeÐ na eÐnai arnhtik� kai antÐstoiqa h taqÔthta mporeÐ topik� na mei¸netai.

Par�deigma 3.7.6 'Estw M mia agor� qwrÐc merÐsmata, kai upojètoume oti h M

eÐnai mh ekfulismènh kai adÔnama poikilìmorfh sto [0, T ]. JewroÔme ìti h sun�rthsh

S orÐzetai apì

S(x) = 1− 1
2

n∑
i=1

x2i

Tìte h S genn� èna qartoful�kio p me b�rh

πi(t) = (
2−mi(t)

S(m(t))
− 1)µi(t)
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gia i = 1 . . . , n, kai mia diadikasÐa thc taqÔthtac pou ikanopoieÐ

dΘ(t) =
1

2S(µ(t))

n∑
i=1

µ2
i (t)τii(t)dt

Ja apodeÐxoume ìti to p eÐnai apodektì kai oti austhr� kuriarqeÐ sto qartoful�kio

thc agor�c ean to T eÐnai epark¸c meg�lo. Ac upojèsoume gia t¸ra ìti to T>0 kai

ja orÐsoume argìtera to pìso meg�lo ja prèpei na eÐnai. Pr¸ta ja deÐxoume ìti to p

eÐnai apodektì.

Apì thn sqèsh

S(x) = 1− 1
2

n∑
i=1

x2i

eÐnai fanerì ìti

1

2
< S(µ(t)) < 1, t ∈ [0, T ]

Apo aut n thn sqèsh kai thn πi(t) = (
2−mi(t)

S(m(t))
− 1)µi(t) sunep�getai ìti gia

i = 1, , n,

0 < πi(t) < 3µi(t), t ∈ [0, T ]

ètsi oi sunj kec (i) kai (iii) tou orismoÔ 1.5.2 ikanopoioÔntai. AfoÔ gia ìla ta i

τii(t) ≥ 0 h taqÔthta (drift) to J eÐnai mh meiwmènh, opìte
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log(
Zπ(T )

Zπ(0)
)− log(

Zµ(T )

Zµ(0)
)(

(µ(t))

(µ(0))
)

Apì thn
1

2
< S(µ(t)) < 1, t ∈ [0, T ] èqoume ìti

S(µ(t))

S(µ(0))
≥ 1

2
, ètsi

Zπ(T )

Zπ(0)
≥ 1

2

Zµ(T )

Zµ(0)

kai ètsi h sunj kh (ii) tou orismoÔ 1.5.2 ikanopoieÐtai, opìte to p eÐnai efiktì.

T¸ra ja apodeÐxoume ìti to qartoful�kio p kuriarqeÐ austhr� p�nw sthn agor�

m. Efìson h M eÐnai mh ekfulismènh apì to L mma 1.4.2 sunep�getai ìti up�rqei

èna ε > 0 tètoio ¸ste gia i = 1, . . . , n

τii(t) ≥ ε(1− µmax(t))2, t ∈ [0.T ]

Apì aut n thn anisìthta kai apì thn 1
2
< S(µ(t)) < 1, t ∈ [0, T ] sunep�getai ìti

Θ(T ) =
1

2

∫ T

0

1

S(µ(t))

n∑
i=1

µ2
i (t)τii(t)dt

≥ ε

2

∫ T

0

n∑
i=1

µ2
i (t)(1− µmax(t))2dt

≥ ε

2n

∫ T

0

(1− µmax(t))2dt

afoÔ
n∑
i=1

µ2
i (t) ≥

1

n
. Efìson h M eÐnai adÔnama poikilìmorfh sto [0, T ]

up�rqei èna δ > 0 tètoio ¸ste :

1

T

∫ T

0

(1− µmax(t))dt > δ
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Apì thn anisìthta tou Schwarz èqw

1

T

∫ T

0

(1− µmax(t))2dt > δ2

Epomènwc

Θ(T ) ≥ εδ2T

2n

h opoÐa sqèsh sunduasmènh me thn

1

2
< S(µ(t)) < 1, t ∈ [0, T ]

mac odhgeÐ sthn

log(
Zπ(T )

Zπ(0)
)− log(

Zµ(T )

Zmu(0)
) ≥ εδ2T

2n
− log2

Wc ek toÔtou, e�n

T >
2nlog2

εδ2

Tìte to qartoful�kio p kuriarqeÐ austhr� tou qartofulakÐou thc agor�c sto [0, T ]
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Kef�laio 4

Efarmog  sto Qrhmatist rio

Axi¸n Ajhn¸n

Se aut n thn enìthta ja analÔsoume thn sumperifor� dÔo sunarthsiak� parag¸men-

wn qartofulakÐwn qrhsimopoi¸ntac dedomèna apì to Qrhmatist rio Axi¸n Ajhn¸n.

JewroÔme tic metoqèc tou FTSE 20 (qrhmatisthriakìc deÐkthc twn 20 megalÔter-

wn etairi¸n sto Qrhmatist rio Axi¸n Ajhn¸n) gia thn perÐodo apì 11/6/2004 mèqri

29/5/2009. QrhsimopoioÔme tic parak�tw metoqèc pou up rqan sto deÐkth autì to

di�sthma, dhlad  tic Alpha Bank , Coca - Cola TrÐa 'Eyilon , Eurobank ErgasÐac

EFG , Intralot , Marfin Investment Group , Agrotik  Tr�peza , Bioq�lko, DEH,

Ejnik  Tr�peza, Ell�ktwr , Ellhnik� Petrèlaia , KÔprou Tr�peza , Mìtor Oðl

, MutilinaÐoc , OPAP , OTE , Peirai¸c Tr�peza, TITAN lamb�nontac upìyh tic

ebdomadiaÐec timèc gia k�je metoq . Ja qrhsimopoi soume tic sunart seic thc en-

tropÐac.

H sun�rthsh entropÐac S ìpwc eÐdame eÐnai orismènh wc:
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S(x) = −
n∑
i=1

xilogxi

gia ìla ta ξ sto sÔnolo ∆n=x∈ <n : x1 + . . .+ xn = 1; 0 < xi < 1, i = 1, ..., n

H entropÐa thc agor�cS(µ) :

S(µ(t)) = −
n∑
i=1

µi(t)logµi(t) , t ∈ [0, T )

H PoikilomorfÐa ìpwc eÐdame eÐnai èna mètro katanom c tou kefalaÐou se miac

agor� metoq¸n. H poikilomorfÐa eÐnai qamhl  ìtan to kef�laio eÐnai sugkentrwmèno

perissìtero se lÐgec meg�lec metoqèc, kai eÐnai uyhl  ìtan to kef�laio eÐnai

omoiìmorfa katanemhmèno. Oi allagèc sthn poikilomorfÐa proxenoÔntai apì thn

metakÐnhsh tou kefalaÐou apì tic meg�lÔterec metoqèc stic mikrìterec.

H poikilomorfÐa metriètai apì mia sun�rthsh Dp twn bar¸n thc agor�c metoq¸n.

Upojètoume ìti èqoume mia agor� apo n metoqèc me b�rh w1, . . . , wn, ètsi ¸ste

w1 + . . . ,+wn = 1 tìte h poikilomorfÐa thc agor�c metoq¸n ja eÐnai

Dp(w1, . . . , wn) = (np−1
∑
i = 1nwpi )

1
p

ìpou p eÐnai mÐa stajer� 0 < p < 1. To Dp ft�nei thn mègisth tim  1 e�n ìla ta

b�rh eÐnai Ðsa, kai ft�nei thn mikrìterh tim  ìtan ìla ta kef�laia eÐnai

sugkentrwmèna se mÐa mìno metoq . Sta graf mata pou akoloujoÔn gia thn

qronik  perÐodo apì 11/6/2004 mèqri 29/5/2009, sugkrÐnoume ta qartoful�kia thc

entropÐac kai thc poikilomorfÐac me ton FTSE-20
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Sq ma 4.1: SÔgkrish QartofulakÐou EntropÐac (kìkkinh gramm ) me FTSE-20 (pr�s-
inh gramm )

ParathroÔme ìti to qartoful�kio entropÐac kineÐtai se polÔ kala epÐpeda kai

idiaÐtera thn perÐodo tim¸n 55 me 150 parousi�zei shmantik� kèrdh. Thn qronik 

perÐodo 230 kai met�, ta pr¸ta shm�dia thc oikonomik c krÐshc eÐnai emfan .
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Sq ma 4.2: SÔgkrish Kerd¸n - Zhmi¸n QartofulakÐou EntropÐac me FTSE-20
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Sq ma 4.3: SÔgkrish QartofulakÐou PoikilomorfÐac p=0.10 (kìkkinh gramm ) me
FTSE-20 (pr�sinh gramm )

To qartoful�kio poikilomorfÐac gia p = 0.1 shmei¸nei shmantik� kèrdh kata thn

di�rkeia ìlhc thc qronik c periìdou pou melet�me. 'Oso mikrìterh tim  paÐrnei to p

tìso megalÔtera kèrdh èqoume.
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Sq ma 4.4: SÔgkrish Kerd¸n - Zhmi¸n QartofulakÐou PoikilomorfÐac p=0.10 me
FTSE-20
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Sq ma 4.5: SÔgkrish QartofulakÐou PoikilomorfÐac p=0.20 (kìkkinh gramm ) me
FTSE-20 (pr�sinh gramm )
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Sq ma 4.6: SÔgkrish Kerd¸n - Zhmi¸n QartofulakÐou PoikilomorfÐac p=0.20 me
FTSE-20

68



0 50 100 150 200 250

50
10

0
15

0
20

0
25

0

Index

To
ta

lW
ea

lth

Portfolio with Diversity Function

Sq ma 4.7: SÔgkrish QartofulakÐou PoikilomorfÐac p=0.30 (kìkkinh gramm ) me
FTSE-20 (pr�sinh gramm )
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Sq ma 4.8: SÔgkrish Kerd¸n - Zhmi¸n QartofulakÐou PoikilomorfÐac p=0.30 me
FTSE-20
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Sq ma 4.9: SÔgkrish QartofulakÐou PoikilomorfÐac p=0.40 me FTSE-20

'Oso aux�netai to p tìso to gr�fhma tou qartofulakÐou poikilomorfÐac

proseggÐzei sta Ðdia epÐpeda to gr�fhma tou deÐkth FTSE-20
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Sq ma 4.10: SÔgkrish Kerd¸n - Zhmi¸n QartofulakÐou PoikilomorfÐac p=0.40 me
FTSE-20
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Sq ma 4.11: SÔgkrish QartofulakÐou PoikilomorfÐac p=0.50 me FTSE-20
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Sq ma 4.12: SÔgkrish Kerd¸n - Zhmi¸n QartofulakÐou PoikilomorfÐac p=0.50 me
FTSE-20
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Sq ma 4.13: SÔgkrish QartofulakÐou PoikilomorfÐac p=0.75 me FTSE-20

Ed¸ me èna arket� meg�lo p to gr�fhma tou qartofulakÐou poikilomorfÐac kineÐtai

sta Ðdia epÐpeda me aut� tou deÐkth FTSE-20 kai m�lista se orismèna qronik�

diast mata parousi�zei qamhlìtera kèrdh apo auta tou FTSE − 20
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Sq ma 4.14: SÔgkrish Kerd¸n - Zhmi¸n QartofulakÐou PoikilomorfÐac p=0.75 me
FTSE-20
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Ed¸ parajètoume merikoÔc upologismoÔc pou pragmatopoi jhkan sto prìgramma R

kai ap' ìpou proèkuyan kai ta parap�nw graf mata

Read the Data

Data = read.the.data(”C:.xls” )

Calculate the Returns

for i=1:N

for j=1:M

Returns(i,j) = log(Data(i+1,j)) - log(Data(i,j))

end

end

Calculate the Capitalization for each Stock

for j=1:M

Cap(,j) = Data(,j) * NumOfShares(j)

end

Calculate the Market Capitalization

for i=1:N

MarketCap(i) = sum(Cap(i,))

end

Calculate m

for j=1:M

m(,j) ¡- Cap(,j) / MarketCap

end

Market Entropy

for i=1:N
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MarketEntropy(i) ¡- (sum(m(i,)p))(1/p)

end

Portfolio

for j=1:M

Port1(,j) ¡- m(,j)p/MarketEntropyp

end
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