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Sto Jeolìgo





EuqaristÐec

Arqik�, ja  jela na euqarist sw ton epiblèponta thc diplwmatik c mou ergasÐac, k.

Nikìlao Maqair�, gia thn polÔtimh bo jei� tou kaj�olh th di�rkeia twn spoud¸n mou

kaj¸c kai gia tic sumboulèc kai th kajod ghs  tou sth di�rkeia ekpìnhshc thc ergasÐac

mou. Sth sunèqeia, ja  jela na euqarist sw ta dÔo mèlh thc trimeloÔc exetastik c

epitrop c k. KwnstantÐno PolÐth kai k. Dhm trio Stèggo, gia thn tim  pou mou èkanan

na eÐnai mèlh thc epitrop c kai gia tic polÔtimec upodeÐxeic touc. Ja  jela, epÐshc, na

euqarist sw baji� ton Jeolìgo, gia thn sumpar�stash, bo jeia kai �metrh katanìhsh pou

èdeixe kaj�olh th di�rkeia twn metaptuqiak¸n mou spoud¸n. Tèloc, jèlw na euqarist sw

touc goneÐc kai thn adelf  mou, gia thn ag�ph kai upost rix  touc ìla aut� ta qrìnia.





PerÐlhyh

Sthn paroÔsa ergasÐa meletoÔntai basikèc idiìthtec kai qarakthrismoÐ twn stoqa-

stik¸n diadikasi¸n (σ.d.) me upì sunj kh st�simec kai anex�rthtec prosaux seic pou

apoteloÔn genÐkeush twn σ.d. me st�simec kai anex�rthtec prosaux seic, kai èqoun en-

diafèrousec efarmogèc sth JewrÐa KindÔnou, th Statistik  kai ta Qrhmatooikonomik�.

Arqik� melet�tai to gnwstì apotèlesma ìti, k�je memeigmènh σ.d. Poisson eÐnai Markov

kai èqei th poluwnumik  idiìthta, kai jètoume to er¸thma pìte mÐa diadikasÐa Markov eÐ-

nai memeigmènh diadikasÐa Poisson. Sth sunèqeia diereunoÔme to prìblhma: {Gia dosmènh

sÔnjeth memeigmènh σ.d. Poisson S k�tw apì èna mètro pijanìthtac P , na qarakthristoÔn

ìla ta proodeutik� isodÔnama me to P mètra pijanìthtac pou af noun analloÐwth thn

katanom  thc S.} To en lìgw èqei lujeÐ apì ton D. Lumperìpoulo [3] kai ed¸ diereu-

noÔme mÐa eidikìterh morf  tou. Tèloc, exet�zontai eidikèc peript¸seic tou parap�nw

apotelèsmatoc, h sqèsh tou me tic arqèc upologismoÔ asfalÐstrou kai o rìloc tou sth

qrhmatooikonomik  apotÐmhsh twn asfalÐsewn.





Abstract

Some basic properties and some characterizations of stochastic processes with condi-

tionally stationary and conditionally independent increments are studied. Such processes

are generalization of stochastic processes with stationary and independent increments,

and have interesting applications in Risk Theory, Statistics and Finance. First, the kno-

wn result that, each mixed Poisson process is a Markov process and has the polynomial

property, is presented. This raises the question whether a Markov process is mixed

Poisson one. Then the following problem is investigated: ”For given compound mixed

Poisson process S under a probability measure P, characterize all those probability mea-

sures which are progressively equivalent to the probability measure P, and under which

the distribution of S remains unchanged.” This is solved by D. Lymberopoulos [3] and

here we investigate a particular case of this problem. Finally some special cases of the

above result, his relationship with the premium calculation principles and its role in the

pricing of insurance derivatives are examined.
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Eisagwg 

Sthn paroÔsa ergasÐa melet¸ntai stoqastikèc diadikasÐec (σ.d.) me upì sunj kh st�simec

kai anex�rthtec prosaux seic, pou apoteloÔn mÐa endiafèrousa kl�sh σ.d. kai èqoun

efarmogèc sth JewrÐa KindÔnou kai sta Qrhmatooikonomik�. Esti�zoume to endiafèron

mac stic memeigmènec σ.d. Poisson pou eÐnai h b�sh gia th melèth genikìterwn (memeigmènwn)

σ.d. me upì sunj kh anex�rthtec kai st�simec prosaux seic.

Basikì ergaleÐo thc melèthc mac eÐnai oi disintegrations pou kajistoÔn xek�jaro to

rìlo thc domik c paramètrou se mÐa memeigmènh σ.d. tou arijmoÔ twn apait sewn.

Endiafèrousa eÐnai h sqèsh twn σ.d. Markov me tic memeigmènec σ.d. Poisson kaj¸c

kai ekeÐnh thc memeigmènhc diadikasÐac Poisson me tic disintegrations pou diereun�tai sto

Kef�laio 4. Wc eidik  perÐptwsh mÐac memeigmènhc σ.d. Poisson, melet�tai h σ.d. Pólya-

Lundberg (bl. Je¸rhma 4.2.9).

MeletoÔntai epÐshc oi sÔnjetec memeigmènec diadikasÐec Poisson kai eidikèc peript¸seic

touc, ìpwc kai èna prìblhma qarakthrismoÔ sugkekrimènwn katanom¸n pijanìthtac pou

sqetÐzontai me sÔnjetec memeigmènec σ.d. Poisson. H lÔsh tou en lìgw probl matoc eÐnai

to kÔrio apotèlesa thc melèthc mac kai apoteleÐ mÐa eidik  perÐptwsh enìc apotelèsmatoc

thc [3].

Tèloc dÐnontai k�poiec efarmogèc tou parap�nw apotelèsmatoc sta qrhmatooikonomi-

k�.

H dom  thc paroÔsac diplwmatik c ergasÐac èqei wc ex c.

Sto Kef�laio 1 paratÐjontai k�poiec basikèc ènnoiec kai orismoÐ. Sto Kef�laio 2

parajètoume mia episkìphsh stoiqeÐwn thc Klassik c JewrÐac KindÔnou ìpou arqik� pa-

rousi�zoume k�poiec idiìthtec twn σ.d. �fixhc apait sewn {Tn}n∈N kai tou arijmoÔ twn

apait sewn {Nt}t∈R+ , (bl. Enìthtec 2.1 kai 2.2 antÐstoiqa). Sthn Enìthta 2.3 anafè-

roume basik� apotelèsmata thc σ.d. Poisson, kai oloklhr¸noume to 2o Kef�laio me mia

anafor� stic sÔnjetec katanomèc (bl. Enìthta 2.4).

H ènnoia twn Disintegrations pou paratÐjetai sto Kef�laio 3 eÐnai kajoristik c shma-

sÐac. Mèsw twn idiot twn touc, prokÔptoun axiìloga apotelèsmata pou mac epitrèpoun

thn P -upì sunj kh anexarthsÐa na thn an�goume se anexarthsÐa wc proc ta mètra pija-
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nìthtac mÐac disintegration.

Sto Kef�laio 4, kajorÐzoume to genikì montèlo pou prosdiorÐzei tic kat�llhlec upo-

jèseic gia th σ.d. tou arijmoÔ twn apait sewn pou perigr�fei èna qartoful�kio kindÔnwn.

Se autìn ton prosdiorismì kaÐrio rìlo paÐzei h memeigmènh σ.d. Poisson (bl. Orismì 4.1.3)

h opoÐa antiproswpeÔei th dom  tou anomoiogenoÔc qartofulakÐou. Sth sunèqeia tou

KefalaÐou 4 (Enìthta 4.2) parajètoume arqik� to Poluwnumikì Krit rio, èna qr simo

ergaleÐo pou mac epitrèpei na elègqoume an h σ.d. tou arijmoÔ twn apait sewn eÐnai mÐa

memeigmènh diadikasÐa Poisson. Sth sunèqeia mèsw tou PoluwnumikoÔ KrithrÐou apodei-

knÔetai to gnwstì je¸rhma ìti k�je memeigmènh σ.d. Poisson eÐnai kai diadikasÐa Markov

(bl Je¸rhma 4.2.3) kai tÐjetai to er¸thma, an kai pìte isqÔei to antÐstrofo. H enìthta

oloklhr¸netai, parousi�zontac mÐa endiafèrousa eidik  perÐptwsh thc memeigmènhc σ.d.

Poisson, thn dadikasÐa Pólya-Lundberg. Sth sunèqeia qrhsimopoi¸ntac ta apotelèsma-

ta thc Enìthtac 3.1, parajètoume èna qarakthrismì thc memeigmènhc diadikasÐac Poisson

mèsw disintegrations (bl. Prìtash 4.3.9) pou an�gei mÐa memeigmènh diadikasÐa Poisson

k�tw apì èna mètro pijanìthtac P se diadikasÐa Poisson k�tw apì (sqedìn bèbaia) ìla

ta mètra pijanìthtac mÐac disintegration. O en lìgw qarakthrismìc èqei apodeiqjeÐ sto

[23], Proposition 4.4.

Sto Kef�laio 5, parajètoume tic SÔnjetec Memeigmènec σ.d. Poisson xekin¸ntac apì

èna qarakthrismì touc mèsw disintegrations, pou epÐshc tic an�gei se sÔnjetec diadikasÐec

Poisson me kat�llhlh allag  tou mètrou ìpwc sto Kef�laio 4 (bl. Je¸rhma 5.1.4). To

apotèlesma autì eÐnai to Je¸rhma 6.2.2 thc [3].

Pio sugkekrimèna, k�tw apì dÔo asjeneÐc sunj kec gia to mètro pijanìthtac P , apodei-

knÔetai ìti mÐa σ.d. sunolik¸n apait sewn eÐnai mÐa sÔnjeth memeigmènh σ.d. Poisson k�tw

apì to mètro P an kai mìno an eÐnai mÐa sÔnjeth diadikasÐa Poisson k�tw apì sqedìn ìla

ta mètra pijanìthtac miac disintegration tou P .

Sth sunèqeia kataskeu�zontai dÔo stoqastikèc diadikasÐec {M (β)
t (θ)}t∈R+ kai

{M (β)
t (Θ)}t∈R+ pou eÐnai martingales (bl. Prìtash 5.2.7) kai apoteloÔn basik� ergaleÐ-

a gia thn apìdeixh tou kÔriou apotelèsmatoc tou KefalaÐou 5. Oloklhr¸nontac to 5o

Kef�laio, parajètoume to Je¸rhma 5.3.7 pou apoteleÐ basikì apotèlesma tou parìntoc

kefalaÐou all� kai ìlhc thc diplwmatik c ergasÐac.

Pio sugkekrimèna, dojèntoc enìc mètrou pijanìthtac P kai upojètontac ìti h σ.d. {St}t∈R+

eÐnai mÐa P−sÔnjeth memeigmènh σ.d. Poisson, to parap�nw je¸rhma qarakthrÐzei ìla ta

mètra pijanìthtac Q, upì ta opoÐa h σ.d. twn sunolik¸n apait sewn paramènei mÐa sÔnje-

th memeigmènh σ.d. Poisson. To apotèlesma autì eÐnai eidik  perÐptwsh tou Jewr matoc

7.2.9 sto [3].
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Sto Kef�laio 6 parajètoume arqik� k�poiec eidikèc peript¸seic tou kentrikoÔ apote-

lèsmatoc thc diplwmatik c ergasÐac (bl. Enìthta 6.1). Sth sunèqeia orÐzoume tic arqèc

upologismoÔ asfalÐstrou kai exet�zoume pìte h puknìthta asfalÐstrou wc proc to arqikì

mètro pijanìthtac P eÐnai mikrìterh apì ekeÐnh wc proc mÐa arq  upologismoÔ asfalÐstrou

(bl. Enìthta 6.2). Sthn Enìthta 6.3. perigr�foume to rìlo tou Jewr matoc 5.3.7 sth

qrhmatooikonomik  apotÐmhsh asfalÐsewn.

Sto Par�rthma A' perilamb�nontai basik� stoiqeÐa thc Je¸riac Mètrou pou qrhsimo-

poioÔntai sthn paroÔsa ergasÐa, en¸ sto Par�rthma B', paratÐjontai basikèc ènnoiec thc

JewrÐac Pijanot twn kaj¸c kai Katanomèc Pijanìthtac pou anafèrontai sthn paroÔsa

ergasÐa.

3
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Kef�laio 1

Basikèc 'Ennoiec kai OrismoÐ

Sto sugkekrimèno kef�laio parousi�zontai eisagwgikèc ènnoiec kai orismoÐ pou ja qrh-

simopoihjoÔn sthn paroÔsa ergasÐa. SumbolÐzoume me: N := {0, 1, 2, ...} to sÔnolo twn

fusik¸n arijm¸n, me Z to sÔnolo twn akeraÐwn arijm¸n, me Q to sÔnolo twn rht¸n

arijm¸n kai me R to sÔnolo twn pragmatik¸n arijm¸n.

QrhsimopoioÔntai epÐshc ta ex c sÔmbola: N∗ := N\{0}, Z∗ := Z\{0}, Q∗ := Q\{0},
R∗ := R\{0}, R+ := {x ∈ R : x ≥ 0} to sÔnolo twn mh arnhtik¸n pragmatik¸n arijm¸n.

'Omoia orÐzontai kai ta sÔnola: Z+, Z∗+ kai Q+, Q∗+.
Akìmh, me Nn sumbolÐzoume to sÔnolo {0, . . . , n} ⊆ N kai tèloc me N∗n to sÔnolo

{1, . . . , n} ⊆ N.

'Estw Ω sÔnolo kai A,B ⊆ Ω. Tìte me Ac   Ω\A := {x ∈ Ω : x /∈ A} sumbolÐzetai
to sumpl rwma tou A (se sqèsh me to Ω) kai me A ] B sumbolÐzetai h ènwsh

dÔo xènwn metaxÔ touc sunìlwn kai me
⊎
i∈I Ai sumbolÐzetai h ènwsh miac

oikogèneiac {Ai}i∈I(I 6= ∅) xènwn an� dÔo uposunìlwn tou Ω.

Gia k�je A ⊆ Ω me χA sumbolÐzoume th deÐktria sun�rthsh tou A. H tautotik 

sun�rthsh apì to Ω ston eautì tou sumbolÐzetai me idΩ. An G eÐnai k�poio sÔsthma

uposunìlwn tou Ω, tìte h el�qisth σ-�lgebra uposunìlwn tou Ω pou perièqei to G, sum-
bolÐzetai me σ(G) kai onom�zetai h σ-�lgebra h paragìmenh apì to G, en¸ to de G
onom�zetai ènac genn torac thc σ(G). Mia σ-�lgebra A, eÐnai arijm sima para-

gìmenh e�n up�rqei mia arijm simh oikogèneia G uposunìlwn tou Ω gia thn opoÐa isqÔei

A = σ(G). Tèloc, h el�qisth σ-�lgebra uposunìlwn tou R (  tou Rn) pou par�getai

apì ìla ta anoikt� uposÔnola tou R (  tou Rn), onom�zetai h Borel σ-�lgebra sto

R (  sto Rn) kai sumbolÐzetai me B := B(R) (  Bn := B(Rn)). Ta stoiqeÐa miac Borel

σ-�lgebrac, onom�zontai SÔnola Borel.

Sth sunèqeia, kai efìson de dhl¸netai diaforetik�, h tri�da (Ω,Σ, P ) eÐnai ènac q¸-

5
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roc pijanìthtac (q.p. gia suntomÐa). Me Σ0 sumbolÐzoume to sÔnolo ìlwn twn

stoiqeÐwn N ∈ Σ ¸ste P (N) = 0. Gia t.m. X, Y : Ω→ R gr�foume X = Y P−sqedìn
bèbaia (P − σ.b. gia suntomÐa), an {X 6= Y } ∈ Σ0.

MÐa t.m. f : Ω→ R onom�zetai oloklhr¸simh wc proc to mètro P an kai mìno an∫
|f |dP < ∞. Me L1(P ) (L1

+(P ) antÐstoiqa) sumbolÐzetai to sÔnolo ìlwn twn oloklh-

r¸simwn (antÐstoiqa mh arnhtik¸n oloklhr¸simwn) sunart sewn f : Ω→ R. Akìmh me

L2(P ) sumbolÐzetai to sÔnolo ìlwn twn tetragwnik� oloklhr¸simwn sunart sewn

(dhlad  ìlwn twn f : Ω→ R ¸ste
∫
|f |2dP <∞ − sunart sewn).

'Estw Υ èna mh kenì sÔnolo. Me pΩ kai pΥ sumbolÐzontai oi kanonikèc probolèc

apì to Ω×Υ sto Ω kai Υ antÐstoiqa. An f : Ω×Υ 7−→ R eÐnai mÐa sun�rthsh, tìte gia

stajerì ω ∈ Ω h sun�rthsh fω : Υ 7→ R ¸ste fω(y) := f(ω, y) onom�zetai h ω−tom 
thc f . AntÐstoiqa, gia stajerì y ∈ Υ h f y : Ω 7→ R ¸ste f y(ω) := f(ω, y) onom�zetsi h

y−tom  thc f .

'Estw X ∈ L1(P ) kai F mÐa σ−upo�lgebra tou Σ. K�je sun�rthsh Y ∈ L1(P |F) pou

ikanopoieÐ gia k�je A ∈ F thn isìthta
∫
A
XdP =

∫
A
Y dP , onom�zetai mÐa ekdoq  thc

desmeumènhc mèshc tim c thc X dojeÐshc thc F kai sumbolÐzetai me EP [X|F ].

Gia X := χE ∈ L1(P ) me E ∈ Σ jètoume P (E|F) := EP [χE|F ].

'Estw (Ω,Σ) kai (Υ, T ) m.q. MÐa sun�rthsh k : T × Ω → R eÐnai ènac T − Σ-

Markobianìc pur nac (Markov kernel ) ìtan ikanopoioÔntai oi akìloujec sunj -

kec:

(k1) H sunolosun�rthsh k(•, ω) eÐnai èna mètro pijanìthtac sthn T gia k�je stajerì

ω ∈ Ω.

(k2) H sun�rthsh ω 7−→ k(B,ω) eÐnai Σ−metr simh gia opoiod pote stajerì B ∈ T .

'Enac T − Σ−Markobianìc pur nac onom�zetai epÐshc tuqaÐo mètro. (bl. p.q.

[20], Chapter 5, page 83).

'Estw Σ − T−metr simh apeikìnish X : Ω → Υ kai mÐa σ−upo�lgebra F thc Σ. H

desmeumènh katanom  thc X ep�nw sthn F eÐnai ènac T − F−Markobianìc

pur nac k, ikanopoi¸ntac gia k�je B ∈ T th sunj kh

k(B, •) = P (X−1(B)|F)(•) P |F − σ.β.

'Enac tètoioc Markobianìc pur nac k ja sumbolÐzetai me PX|F . Saf¸c, gia k�je T −
Z−Markobianì pur na k, h apeikìnish K(Θ) : T × Ω→ R pou orÐzetai wc

K(Θ)(B,ω) := (k(B, •) ◦Θ)(ω) gia k�je B ∈ T kai ω ∈ Ω

6
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eÐnai ènac T − σ(Θ)−Markobianìc pur nac. Idiaitèrwc, gia (Υ, T ) = (R,B) ta sqetik�

mètra pijanìthtac k(•, θ) gia θ = Θ(ω) me ω ∈ Ω eÐnai katanomèc sto B kai ètsi mporoÔme

na gr�youme K(θ)(•) antÐ gia k(•, θ). AntÐstoiqa, th perÐptwsh touK(Θ) th sumbolÐzoume

me K(Θ).

Gia opoiad pote σ−upo�lgebra F thc Σ, ja lème ìti dÔo T −F−MarkobianoÐ pur nec

ki, gia i ∈ {1, 2}, eÐnai P |F−isodÔnamoi kai gr�foume k1 = k2 P |F −σ.β., an up�rqei
P−mhdenikì sÔnolo N ∈ F tètoio ¸ste k1(B,ω) = k2(B,ω) gia k�je B ∈ T kai ω /∈ N .

Mia oikogèneia {Σi}i∈I σ−upoalgebr¸n thc Σ onom�zetai P -upì sunj kh ane-

x�rthth ep�nw sth σ-upo�lgebra F ⊆ Σ, an gia k�je n ∈ N me n ≥ 2 èqoume:

P (E1 ∩ · · · ∩ En|F) =
n∏
j=1

P (Ej|F) P |F − σ.β.

gia k�je j ≤ n kai gia k�je Ej ∈ Σij ìpou ta i1, . . . , in eÐnai diakrit� stoiqeÐa tou I.

Mia oikogèneia Σ− T -metr simwn apeikon sewn {Qi}i∈I apì to Ω sto U eÐnai:

• P -upo sunj kh anex�rthth ep�nw sth σ-upo�lgebra F thc Σ, an h oikogèneia

σ({Qi})i∈I eÐnai P -upo sunj kh anex�rthth ep�nw sthn F kai

• P -upo sunj kh isìnomh ep�nw sth σ-upo�lgebra F thc Σ, an

P (F ∩X−1
i (B)) = P ((F ∩X−1

j (B)), gia i, j ∈ I, F ∈ F kai B ∈ T.

Epiplèon, gia k�je t.m. X : Ω→ R jètoume

σ(X) := X−1(B) := {X−1(B) : B ∈ B}.

Tìte, h σ(X) eÐnai mia σ-�lgebra sto Ω pou onom�zetai h σ-�lgebra sto Ω h para-

gìmenh apì thn X kai isqÔei σ(X) ⊆ Σ. Genikìtera, gia mia oikogèneia {Xj}j∈I t.m.,
orÐzoume:

σ
(
{Xj}j∈I

)
= σ

(⋃
j∈I

σ(Xj)

)
.

H σ
(
{Xj}j∈I

)
onom�zetai h σ-�lgebra h paragìmenh apì thn oikogèneia {Xj}j∈I .

MÐa oikogèneia {Xt}t∈T t.m. onom�zetai anex�rthth miac oikogèneiac {Σi}i∈I σ-
upoalgebr¸n thc Σ, ìpou T, I 6= ∅ sÔnola deikt¸n, an kai mìno an gia k�je pepera-

smèno arijmì t.m. Xt1 , . . . , Xtm kai σ-upoalgebr¸n Σ1, . . . ,Σn thc Σ (m,n ∈ N∗), oi
σ-(upo)�lgebrec σ(Xt1), . . . , σ(Xtm),Σ1, . . . ,Σn eÐnai anex�rthtec.

'Estw {Qt}t∈I mia σ.d. me olik� diatetagmèno sÔnolo deikt¸n I ètsi ¸ste gia k�je t ∈
I to sÔnolo tim¸n RXi thc Qt na eÐnai arijm simo sÔnolo. H {Qt}t∈I onom�zetai Mar-

kobian  σ.d.   σ.d. Markov   ja lème ìti ikanopoieÐ thn Markobian  idiìthta,

7
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e�n isqÔei

P (Xtn+1 = xn+1|
n⋂
j=1

{Xtj = xj}) = P (Xtn+1 = xn+1|Xtn = xn)

gia ìla ta n ∈ N∗, t1, · · · , tn+1 ∈ I me t1 < · · · < tn+1 kai xj ∈ RXtj
gia k�je j ∈

{1, . . . , n+ 1} ¸ste P (
⋂n
j=1{Xtj = xj}) > 0.

Gia k�je endeqìmeno B ∈ Σ tètoio ¸ste P (B) 6= 0 kai t.m. X : Ω −→ R, to

olokl rwma thc tuqaÐac metablht c X wc proc th desmeumènh pijanìthta PB sumbolÐzetai

me

EB[X] := E[X|B] :=

∫
B

XdPB

kai onom�zetai h desmeumènh mèsh tim  thc t.m. Q dojèntoc tou endeqomè-

nou B.

'Estw I èna mh kenì, merik� diatetagmèno sÔnolo deikt¸n. Mia oikogèneia {Σj}j∈Iσ-
upoalgebr¸n thc Σ onom�zetai diÔlish (filtration) an kai mìno an gia k�je j, k ∈ I me

j < k isqÔei Σj ⊆ Σk.

MÐa σ.d. {Xj}j∈I lème ìti eÐnai prosarmosmènh se mÐa diÔlish {Σj}j∈I an kai

mìno an gia k�je j ∈ I h t.m. Xj eÐnai Σj -metr simh.

H {Tj}j∈I me Tj = σ({Xk : k ≤ j}) gia k�je j ∈ I, onom�zetai h kanonik  diÔlish

gia thn {Xj}j∈I . Profan¸c, k�je σ.d. {Xj}j∈I eÐnai prosarmosmènh sth kanonik  thc

diÔlish.

'Estw I èna mh kenì merik� diatetagmèno sÔnolo deikt¸n. MÐa σ.d. {Xj}j∈I onom�zetai
èna martingale wc proc th diÔlish {Σj}j∈I   èna {Σj}j∈I-martingale an kai mìno

an isqÔoun ta ex c:

(m1) H {Xj}j∈I eÐnai prosarmosmènh sth diÔlish {Σj}j∈I ,

(m2) gia k�je j ∈ I, h Xj ∈ L1(P ),

(m3) gia k�je j, k ∈ I me j ≤ k isqÔei E[Xk|Σj] = Xj P |Σj − σ.b.

Tèloc, gia thn upìloiph ergasÐa, kai efìson den dhl¸netai diaforetik�, jewroÔme èna

stajerì q.p. (Ω,Σ, P ).

8



9



Basikèc 'Ennoiec kai OrismoÐ

10



Kef�laio 2

Episkìphsh StoiqeÐwn thc

Klassik c JewrÐac KindÔnou

Sto sugkekrimèno kef�laio ja gÐnei mia sÔntomh anafor� se basikèc ènnoiec kai apote-

lèsmata thc JewrÐac KindÔnou. Arqik� parousi�zontai k�poiec idiìthtec twn σ.d. �fixhc

twn apait sewn kai tou arijmoÔ twn apait sewn. Tèloc anafèrontai basik� apotelèsmata

sqetik� me th diadikasÐa Poisson, pou apoteleÐ th b�sh gia th katanìhsh thc memeigmènhc

diadikasÐac Poisson.

2.1 H S.D. 'Afixhc twn Apait sewn

Sthn enìthta aut  ja paratejoÔn orismoÐ kai l mmata tìso gia th stoqastik  diadikasÐa

�fixhc apait sewn all� kai gia th stoqastik  diadikasÐa endi�meswn qrìnwn �fixhc twn

apait sewn.

Orismìc 2.1.1. H akoloujÐa tuqaÐwn metablht¸n {Tn}n∈N onom�zetai stoqastik 

diadikasÐa �fixhc apait sewn, e�n up�rqei sÔnolo mhdenik c pijanìthtac ΩT ∈ F
tètoio ¸ste, gia ìla ta ω ∈ Ω\ΩT na isqÔoun ta ex c:

• T0(ω) = 0, kai

• Tn−1(ω) < Tn(ω), gia ìla ta n ∈ N∗.

'Amesa prokÔptei pwc gia ìla ta ω ∈ Ω\ΩT kai n ∈ N∗, h Tn(ω) > 0. AxÐzei na shmeiwjeÐ

epÐshc pwc, to R-mhdenikì sÔnolo ΩT onom�zetai R-mhdenikì sÔnolo exaÐreshc thc

stoqastik c diadikasÐac �fixhc twn apait sewn {Tn}n∈N.

11
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Orismìc 2.1.2. 'Estw {Tn}n∈N σ.d. �fixhc apait sewn. Me {Wn}n∈N∗ sumbolÐzoume
th σ.d endi�meswn qrìnwn �fixhc apait sewn kai isqÔei Wn := Tn − Tn−1, gia

ìla ta n ∈ N∗.

Apì touc dÔo parap�nw orismoÔc, gia k�je n ∈ N∗, prokÔptoun ta ex c:

• Wn(ω) > 0 gia k�je ω ∈ Ω \ ΩT ,

• E[Wn] > 0

kaj¸c kai h sqèsh:

Tn =
n∑
k=1

Wk. (2.1)

Sto kef�laio autì, kai an de dhl¸netai diaforetik�, jewroÔme th {Tn}n∈N wc mia

stajer  σ.d. �fixhc apait sewn, kai th {Wn}n∈N∗ wc σ.d. endi�meswn qrìnwn �fixhc

apait sewn epagìmenh apì th σ.d. {Tn}n∈N. QwrÐc bl�bh thc genikìthtac, upojètoume

epÐshc pwc to R-mhdenikì sÔnolo exaÐreshc thc σ.d. �fixhc twn apait sewn eÐnai to kenì

sÔnolo ΩT := ∅ ∈ Σ.

Efìson Wn := Tn − Tn−1 kai Tn =
∑n

k=1Wk gia ìla ta n ∈ N∗ eÐnai emfanèc pwc h

σ.d. �fixhc, kai h σ.d. endi�meswn qrìnwn �fixhc apait sewn, allhlokajorÐzontai. Autì

gÐnetai emfanèstero kai apì ta akìlouja apotelèsmata.

L mma 2.1.3. Gia k�je n ∈ N∗ isqÔoun ta ex c:

σ({Tk}k∈Nn) = σ({Wk}k∈N∗n)

Autì shmaÐnei pwc h gn¸sh pou èqoume gia touc qrìnouc �fixhc twn apait sewn apì

th Tn, eÐnai Ðdia me th plhroforÐa pou eÐnai diajèsimh apì th gn¸sh twn endi�meswn qrìnwn

�fixhc twn apait sewn, dhlad  th Wn.

Orismìc 2.1.4. To endeqìmeno {supn∈N∗ Tn <∞} onom�zetai èkrhxh.

L mma 2.1.5. An supn∈N∗ E[Tn] <∞, tìte h pijanìthta thc èkrhxhc isoÔtai me èna.

Pìrisma 2.1.6. An
∑∞

n=1 E[Wn] <∞, tìte h pijanìthta thc èkrhxhc isoÔtai me èna.

12
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Gia thn apìdeixh twn dÔo parap�nw apotelesm�twn bl. p.q. [2], L mma 3.2.6 kai

Pìrisma 3.2.7.

AxÐzei na anafèroume sto shmeÐo autì pwc kat� thn an�ptuxh enìc upodeÐgmatoc gia

mia asfalistik  epiqeÐrhsh, mia apì tic pr¸tec apof�seic pou prèpei na lhfjeÐ èqei na

k�nei me to an ja prèpei thn pijanìthta èkrhxhc, na th l�boume Ðsh me to mhdèn   ìqi. H

apìfash aut  afor� th σ.d. �fixhc twn apait sewn.

To l mma pou akoloujeÐ bohj�ei thn kalÔterh katanìhsh thc sqèshc pou up�rqei

metaxÔ tou {Tn}n∈N kai {Wn}n∈N∗ .

L mma 2.1.7. 'Estw θ ∈ (0,∞). An h σ.d. {Wn}n∈N∗ eÐnai anex�rthth, tìte ta parak�tw
eÐnai isodÔnama:

(i) PWn = Exp(θ) gia ìla ta n ∈ N∗ kai

(ii) PTn = Ga(n, θ) gia ìla ta n ∈ N∗.

Sthn perÐptwsh aut , E[Wn] = 1/θ kai E[Tn] = n/θ gia ìla ta n ∈ N∗, kai epiprìsjeta,
h pijanìthta thc èkrhxhc isoÔtai me mhdèn.

Gia thn apìdeixh bl. p.q. [28], Lemma 1.2.2.

2.2 H S.D. ArijmoÔ twn Apait sewn

Sthn prohgoÔmenh enìthta suzht same gia th σ.d. �fixhc apait sewn kaj¸c kai gia th

σ.d. endi�meswn qrìnwn �fixhc apait sewn. Sthn paroÔsa enìthta ja proqwr soume èna

b ma parap�nw, k�nontac lìgw gia th σ.d. tou arijmoÔ twn apait sewn.

Orismìc 2.2.1. Mia oikogèneia tuqaÐwn metablht¸n {Nt}t∈R+ onom�zetai σ.d. tou

arijmoÔ twn apait sewn, an up�rqei èna sÔnolo mhdenik c pijanìthtac ΩN ∈ Σ,

tètoio ¸ste gia ìla ta ω ∈ Ω\ΩN na isqÔoun ta ex c:

(n1) N0(ω) = 0,

(n2) Nt(ω) ∈ N ∪ {∞}, gia ìla ta t ∈ (0,∞),

(n3) Nt(ω) = infs∈(t,∞)Ns(ω), gia ìla ta t ∈ R+,

(n4) sups∈[0,t) Ns(ω) ≤ Nt(ω) ≤ sups∈[0,t) Ns(ω) + 1, gia ìla ta t ∈ R+ kai

(n5) supt∈R+
Nt(ω) =∞.

13



Episkìphsh StoiqeÐwn thc Klassik c JewrÐac KindÔnou

To R-mhdenikì sÔnolo ΩN , onom�zetai R-mhdenikì sÔnolo exaÐreshc thc σ.d.

tou arijmoÔ twn apait sewn {Nt}t∈R+ .

ErmhneÔontac ton parap�nw orismì, mporoÔme na jewr soume pwc

• H t.m. Nt dhl¸nei to pl joc twn apait sewn pou emfanÐzontai sto di�sthma (0, t],

• 'Olec oi troqièc thc {Nt}t∈R+ , xekinoÔn apì to mhdèn kai eÐnai dexi� suneqeÐc, sta

shmeÐa asunèqeiac, to �lma eÐnai Ôyouc èna, kai tèloc teÐnoun sto �peiro.

'Ena arqikì apotèlesma tou orismoÔ, apoteleÐ to akìloujo je¸rhma to opoÐo isqurÐze-

tai pwc k�je σ.d. �fixhc apait sewn, par�gei mÐa σ.d. arijmoÔ apait sewn kai antÐstrofa.

Je¸rhma 2.2.2. An {Tn}n∈N mia σ.d. �fixhc apait sewn kai gia k�je t ∈ R+ kai ω ∈ Ω,

jèsoume

Nt(ω) :=
∞∑
n=1

χ{Tn≤t}(ω) (2.2)

tìte gia thn {Nt}t∈R+ isqÔoun ta ex c:

(i) H {Nt}t∈R+ eÐnai mia σ.d. arijmoÔ apait sewn tètoia ¸ste ΩN = ΩT , kai

(ii) Gia k�je n ∈ N kai ω ∈ Ω\ΩT isqÔei

Tn(ω) = inf{t ∈ R+|Nt(ω) = n} (2.3)

Je¸rhma 2.2.3. An {Nt}t∈R+ mia σ.d. tou arijmoÔ twn apait sewn kai gia k�je n ∈ N
kai ω ∈ Ω, jèsoume

Tn(ω) := inf{t ∈ R+|Nt(ω) = n} (2.4)

tìte gia thn {Tn}n∈N isqÔoun ta ex c:

(i) H {Tn}n∈N eÐnai mia σ.d. �fixhc apait sewn tètoia ¸ste ΩT = ΩN , kai

(ii) Gia k�je t ∈ R+ kai ω ∈ Ω\ΩN isqÔei

Nt(ω) =
∞∑
n=1

χ{Tn≤t}(ω) (2.5)

Gia thn apìdeixh twn dÔo parap�nw jewrhm�twn bl. p.q. [2], Je¸rhma 3.3.2. kai

Je¸rhma 3.2.3 antÐstoiqa.

Gia to upìloipo tou parìntoc kefalaÐou jewroÔme:
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• {Nt}t∈R+ , mia σ.d. arijmoÔ apait sewn,

• {Tn}n∈N, mia σ.d. �fixhc apait sewn h opoÐa par�getai apì th σ.d. tou arijmoÔ twn

apait sewn

• {Wn}n∈N∗ , mia σ.d. endi�meswn qrìnwn �fixhc apait sewn h opoÐa par�getai apì th

σ.d. tou arijmoÔ twn apait sewn

• kai upojètoume pwc to R-mhdenikì sÔnolo exaÐreshc thc σ.d. tou arijmoÔ twn apai-

t sewn, eÐnai to kenì sÔnolo, dhlad  isqÔei ΩN = ∅.

K�tw apì thn teleutaÐa upìjesh prokÔptoun dÔo exairetik� qr simec isìthtec. SÔm-

fwna me autèc, orismèna apì ta gegonìta (endeqìmena) pou kajorÐzontai apì th σ.d. tou

arijmoÔ twn apait sewn, mporoÔn na ermhneutoÔn wc endeqìmena pou kajorÐzontai apì th

σ.d. �fixhc twn apait sewn, kai antÐstrofa.

L mma 2.2.4. Gia k�je n ∈ N kai t ∈ R+ isqÔoun:

(a) {Nt ≥ n} = {Tn ≤ t} kai

(b) {Nt = n} = {Tn ≤ t}\{Tn+1 ≤ t} = {Tn ≤ t < Tn+1}.

Gia thn apìdeixh bl. pq. [2], L mma 3.3.4.

To akìloujo l mma ekfr�zei me èna idiaÐtera periektikì trìpo, to gegonìc pwc h σ.d.

tou arijmoÔ twn apait sewn kai h σ.d. �fixhc apait sewn parèqoun thn Ðdia plhroforÐa.

L mma 2.2.5.

σ({Nt}t∈R+) = σ({Tn}n∈N)

Sto shmeÐo autì mporoÔme na sundèsoume thn pijanìthta èkrhxhc me th σ.d. tou

arijmoÔ apait sewn wc ex c:

L mma 2.2.6.

P [{ sup
n∈N∗

Tn <∞}] = P

[⋃
t∈N∗
{Nt =∞}

]
= P

 ⋃
t∈(0,∞)

{Nt =∞}

 .
Gia mÐa analutik  apìdeixh tou parap�nw l mmatoc bl.[2], L mma 3.3.6.

Pìrisma 2.2.7. An h σ.d. tou arijmoÔ twn apait sewn èqei peperasmènec anamenìmenec

timèc, tìte h pijanìthta thc èkrhxhc eÐnai Ðsh me mhdèn.
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Apìdeixh. (a) Arqik� ja deÐxoume ìti gia k�je t ∈ R+ isqÔei

{Nt =∞} =
⋂
n∈N∗
{Nt ≥ n}.

Pr�gmati, èstw ω ∈ Ω aujaÐreto. Tìte gia k�je t ∈ R+ èqoume ìti

ω ∈ {Nt =∞} ⇐⇒ Nt(ω) =∞

=⇒ ∀n ∈ N∗ Nt(ω) ≥ n

⇐⇒ ω ∈
⋂
n∈N∗
{Nt ≥ n}.

'Ara epeid  to ω ∈ Ω eÐnai aujaÐreto, èpetai ìti

{Nt =∞} ⊆
⋂
n∈N∗
{Nt ≥ n}. (2.6)

Antistrìfwc, gia k�je t ∈ R+ èqoume ìti

ω ∈
⋂
n∈N∗
{Nt ≥ n} ⇐⇒ ∀n ∈ N∗ Nt(ω) ≥ n

=⇒ lim
n→∞

Nt(ω) ≥ lim
n→∞

n

⇐⇒ Nt(ω) ≥ ∞

⇐⇒ Nt(ω) =∞

⇐⇒ ω ∈ {Nt =∞}

'Ara ⋂
n∈N∗
{Nt ≥ n} ⊆ {Nt =∞}. (2.7)

Opìte apì th sqèsh (2.6) kai apì th sqèsh (2.7), prokÔptei to (a).

(b) Gia k�je t ∈ (0,∞) ja deÐxoume ìti isqÔei h akìloujh sqèsh:

An E[Nt] <∞ tìte h P ({Nt =∞}) = 0.

Pr�gmati, èstw E[Nt] < ∞ gia k�je t ∈ (0,∞). Upojètoume, an eÐnai dunatìn, ìti h

P ({Nt =∞}) > 0. Tìte gia k�je t ∈ (0,∞) èqoume:

∞ > E[Nt] =

∫
Ω

NtdP =

∫
{Nt=∞}

NtdP +

∫
{Nt=∞}c

NtdP (2.8)

'Estw epÐshc A := {Nt =∞}. Tìte A =
⋂
n∈N∗{Nt ≥ n}, sÔmfwna me to b ma (a). 'Ara∫

A

NtdP =

∫
⋂
n∈N{Nt≥n}

NtdP = lim
n→∞

∫
{Nt≥n}

NtdP

≥ lim
n→∞

∫
{Nt≥n}

ndP = lim
n→∞

n

∫
{Nt≥n}

dP = lim
n→∞

[nP ({Nt ≥ n})]

= lim
n→∞

n lim
n→∞

P ({Nt ≥ n}) = lim
n→∞

nP (A) = lim
n→∞

nP ({Nt =∞}) =∞,
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ìpou h deÔterh isìthta eÐnai sunèpeia tou PorÐsmatoc 2.3.3 tou [5], se sunduasmì me thn

Prìtash 1.2.3 tou [5], afoÔ h akoloujÐa 〈{Nt ≥ n}〉n∈N∗ eÐnai fjÐnousa, h trÐth apì to

tèloc isìthta, eÐnai sunèpeia thc Prìtashc 1.2.3 tou [5], en¸ h teleutaÐa prokÔptei apì

to gegonìc ìti P [{Nt =∞}] > 0.

'Ara apodeÐxame ìti ∞ > E[Nt]
(2.8)
= ∞+

∫
{Nt=∞}c NtdP =∞, �topo.

Epomènwc h P [{Nt =∞}] = 0.

(c) Ja deÐxoume ìti h pijanìthta èkrhxhc eÐnai Ðsh me to mhdèn, dhlad 

P (supn∈N∗ Tn <∞) = 0.

Pr�gmati, efarmìzontac to L mma 2.2.6 èqoume:

P [ sup
n∈N∗

Tn <∞] = P [
⋃
t∈N∗
{Nt =∞}] = lim

t→∞
P [{Nt =∞}] (b)

= 0,

ìpou h deÔterh isìthta prokÔptei apì thn Prìtash 1.2.3 tou [5], afoÔ h akoloujÐa 〈{Nt =

∞}〉t∈N∗ eÐnai aÔxousa. �

Sto shmeÐo autì ja orÐsoume tic ènnoiec thc prosaÔxhshc tou arijmoÔ twn apait se-

wn se di�sthma (s, t] kaj¸c kai twn anex�rthtwn prosaux se¸n thc, diìti mèsw aut¸n

katanooÔme parissìtero th σ.d. tou arijmoÔ twn apait sewn.

• Gia s, t ∈ R+ tètoia ¸ste s ≤ t, h prosaÔxhsh thc σ.d. tou arijmoÔ twn apait -

sewn {Nt}t∈R+ sto di�sthma (s, t], orÐzetai apì th sqèsh:

Nt −Ns :=
∞∑
n=1

χ{s<Tn≤t}. (2.9)

Epeid  gia k�je n ∈ N∗, h N0 = 0 kai Tn > 0, h sqèsh (2.9), sumfwneÐ me ton trìpo

pou orÐsame th t.m. Nt sto Je¸rhma 2.2.2.

• Gia k�je ω ∈ Ω kai gia k�je s, t ∈ R+ me s ≤ t èqoume ìti:

Nt(ω) = (Nt −Ns)(ω) +Ns(ω), (2.10)

pou isqÔei akìmh kai ìtan Ns(ω) apeirÐzetai.

2.3 H DiadikasÐa Poisson

Orismìc 2.3.1. H σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ , onom�zetai (omogen c)

diadikasÐa Poisson me par�metro θ ∈ (0,∞), ìtan èqei anex�rthtec kai isìnomec

prosaux seic tètoiec ¸ste gia k�je t ∈ (0,∞) na isqÔei PNt = P(θt).
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Apì touc orismoÔc prokÔptei pwc mia σ.d. arijmoÔ apait sewn me anex�rthtec pro-

saux seic, èqei kai st�simec prosaux seic, an kai mìno an gia k�je t, h ∈ R+ isqÔei

PNt+h−Nt = PNh (bl. p.q. [2], L mma A'1.3).

Orismìc 2.3.2. Mia σ.d. arijmoÔ apait sewn {Ñt}t∈R+ eÐnai mia tupik  diadikasÐa

Poisson, an gia k�je t ∈ R+, h Ñt akoloujeÐ thn Poisson me par�metro èna.

L mma (Multinomial Criterion) 2.3.3. 'Estw α ∈ (0,∞). Tìte ta akìlouja eÐnai

isodÔnama:

(a) Gia k�je t ∈ (0,∞) h σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ ikanopoieÐ th sqèsh

PNt = P(αt),

kai gia k�je m ∈ N∗ kai t0, t1, ..., tm ∈ R+ tètoia ¸ste 0 = t0 < t1 < · · · < tm, kai

gia k�je n ∈ N kai k1, . . . , km ∈ N tètoia ¸ste to
∑m

j=1 kj = n isqÔei

P

[
m⋂
j=1

{Ntj −Ntj−1
= kj}|{Ntm = n}

]
=

n!∏m
j=1 kj!

·
m∏
j=1

(
tj − tj−1

tm

)kj
(b) H σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ eÐnai mia σ.d. Poisson me par�metro α.

Apìdeixh.(a)=⇒(b): 'Estw ìti isqÔei to (a). Tìte èqoume

P

[
m⋂
j=1

{Ntj −Ntj−1
= kj}

]

= P

[
m⋂
j=1

{Ntj −Ntj−1
= kj} | {Ntm = n}

]
· P [{Ntm = n}]

=
n!∏m
j=1 kj!

·
m∏
j=1

(
tj − tj−1

tm

)kj
· e−αtm (αtm)n

n!

=
n!∏m
j=1 kj!

·
m∏
j=1

(
tj − tj−1

tm

)kj
·
m∏
j=1

e−α(tj−tj−1)αkj · t
n
m

n!

= n! · t
n
m

n!

1

tnm

m∏
j=1

e−α(tj−tj−1) · (α(tj − tj−1))kj

kj!

=
m∏
j=1

e−α(tj−tj−1) (α(tj − tj−1))kj

kj!
,

ìpou h pr¸th isìthta prokÔptei apì to Pollaplasiastikì Je¸rhma, en¸ h deÔterh isìthta

eÐnai sunèpeia tou (a). 'Ara:

P

[
m⋂
j=1

{Ntj −Ntj−1
= kj}

]
=

m∏
j=1

e−α(tj−tj−1) (α(tj − tj−1))kj

kj!
.

18



Episkìphsh StoiqeÐwn thc Klassik c JewrÐac KindÔnou

Wc ek toÔtou to (α) sunep�getai to (b).

(b)=⇒(a): 'Estw ìti isqÔei to (b). Tìte èqoume ìti PNt = P(αt), kai kaj¸c isqÔei ìti

P

[
m⋂
j=1

{Ntj −Ntj−1
= kj}|{Ntm = n}

]

:=
P
[⋂m

j=1{Ntj −Ntj−1
= kj}

]
P [{Ntm = n}]

=

∏m
j=1 P [{Ntj −Ntj−1

= kj}]
P [{Ntm = n}]

=

∏m
j=1 e

−α(tj−tj−1) (α(tj−tj−1))kj

kj !

e−αtm (αtm)n

n!

=
n!
∏m

j=1 e
−α(tj−tj−1)(α(tj−tj−1))kj

e−αtm(αtm)n
∏m

j=1 kj!

=
n!∏m
j=1 kj

m∏
j=1

e−α(tj−tj−1)eαtm · (α(tj − tj−1))kj

(αtm)n

=
n!∏m
j=1 kj

m∏
j=1

(
tj − tj−1

tm

)kj
· α

kj

αn
· e0

=
n!∏m
j=1 kj!

·
m∏
j=1

(
tj − tj−1

tm

)kj
,

ìpou h deÔterh isìthta eÐnai sunèpeia thc anexarthsÐac twn prosaux sewn thc σ.d. {Nt}.
'Ara

P

[
m⋂
j=1

{Ntj −Ntj−1
= kj}|{Ntm = n}

]
=

n!∏m
j=1 kj!

·
m∏
j=1

(
tj − tj−1

tm

)kj
.

Wc ek toÔtou kai to (b) sunep�getai to (a). �

L mma 2.3.4. 'Estw θ ∈ (0,∞). Ta akìlouja eÐnai isodÔnama

(i) PTn = Ga(n, θ), gia ìla ta n ∈ N∗

(ii) PNt = P(θt), gia ìla ta t ∈ (0,∞).

Sth perÐptwsh aut , gia ìla ta n ∈ N∗ h E[Tn] = n/θ kai gia ìla ta t ∈ (0,∞) h

E[Nt] = θt.

Gia thn apìdeixh bl. p.q. [28], Lemma 2.2.1.

Je¸rhma 2.3.5. 'Estw θ ∈ (0,∞). Tìte ta akìlouja eÐnai isodÔnama:

(i) H σ.d. endi�meswn qrìnwn �fixhc apait sewn {Wn}n∈N∗ eÐnai anex�rthth kai ikano-

poieÐ th sunj kh PWn = Exp(a), gia k�je n ∈ N∗.
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(ii) H σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ eÐnai mia diadikasÐa Poisson me par�-

metro θ.

(iii) H σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ èqei anex�rthtec prosaux seic, kai

ikanopoieÐ th sunj kh E[Nt] = θt gia k�je t ∈ R+.

(iv) H σ.d. {Nt − θt}t∈R+ eÐnai èna martingale.

Gia thn apìdeixh bl. p.q. [28], Theorem 2.3.4.

2.4 SÔnjetec Katanomèc

Sthn enìthta aut  ja melet soume thn ènnoia thc sÔnjethc katanom c (pijanìthtac)

gia ton upologismì thc katanom c tou Ôyouc twn sunolik¸n apait sewn, se dosmèno

qrìno t ∈ R+. Arqik� ja parousi�soume to upìdeigma kai sth sunèqeia k�poia genik�

apotelèsmata sqetik� me thn sÔnjeth katanom  Poisson.

2.4.1 To upìdeigma

Gia thn an�ptuxh tou upodeÐgmatoc anafèroume arqik� pwc se ìlo to kef�laio h {Nt}t∈R+

eÐnai h σ.d. tou arijmoÔ twn apait sewn kai {Tn}n∈N eÐnai h σ.d. �fixhc twn apait sewn.

Upojètoume pwc h pijanìthta èkrhxhc eÐnai mhdèn. Epi plèon, èstw ìti h {Xn}n∈N∗ eÐnai
mia akoloujÐa t.m. Gia t ∈ R+ orÐzoume

St :=
Nt∑
k=1

Xk =
∞∑
n=0

χ{Nt=n}

n∑
k=1

Xk kai S0 := 0.

Shmei¸noume ta ex c:

• Xn eÐnai to posì   to mègejoc thc n-ost c apaÐthshc kai

• St eÐnai to sunolikì posì twn apait sewn   to Ôyoc twn sunolik¸n apait sewn,

mèqri th qronik  stigm  t.

Kat� sunèpeia h {Xn}n∈N∗ eÐnai h σ.d. tou megèjouc twn apait sewn kai h oikogèneia

{St}t∈R+ eÐnai h sÔnjeth σ.d. h paragìmenh apì th σ.d. tou arijmoÔ twn apait sewn kai

th σ.d. tou megèjouc twn apait sewn.

Gia to upìloipo tou kefalaÐou, upojètoume ìti h {Xn}n∈N∗ isokatanèmetai kai eÐnai

anex�rthth (i.i.d. gia suntomÐa), kai ìti h σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ kai

h σ.d. tou megèjouc twn apait sewn {Xn}n∈N∗ eÐnai anex�rthtec.
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'Ena pr¸to apotèlesma gia ton upologismì thc katanom c tou Ôyouc twn apait sewn

dÐnetai apì to akìloujo l mma.

L mma 2.4.1. Gia k�je t ∈ R+ kai B ∈ B isqÔei

P [{St ∈ B}] =
∞∑
n=0

P [{Nt = n}]P

[
{

n∑
k=1

Xk ∈ B}

]
.

Apìdeixh. Pr�gmati,

P [{St ∈ B}] = P

[
{
Nt∑
k=1

Xk ∈ B}

]
= P

[ ⊎
n∈N0

{Nt = n} ∩ {
n∑
k=1

Xk ∈ B}

]

=
∞∑
n=0

P [{Nt = n}]P

[
{

n∑
k=1

Xk ∈ B}

]
,

ìpou h teleutaÐa isìthta eÐnai sunèpeia thc anexarthsÐac twn {Nt}t∈R+ kai {Xn}n∈N. �

Gia s, t ∈ R+ tètoia ¸ste s ≤ t, h prosaÔxhsh thc σ.d. tou Ôyouc twn apait sewn

dÐnetai apì th sqèsh:

St − Ss :=
Nt∑

k=Ns+1

Xk.

Gia S0 = 0, h parap�nw sqèsh sumfwneÐ me ton orismì Ôyouc twn sunolik¸n apait sewn.

Epiplèon èqoume:

St(ω) = (St − Ss)(ω) + Ss(ω),

akìmh kai ìtan h Ss(ω) eÐnai �peirh.

Gia th σ.d. twn sunolik¸n apait sewn oi idiìthtec gia thn anexarthsÐa kai stasimì-

thta twn prosaux sewn orÐzontai me ton Ðdio trìpo ìpwc kai sth σ.d. tou arijmoÔ twn

apait sewn.

Je¸rhma 2.4.2. IsqÔoun ta parak�tw:

(i) An h σ.d. tou arijmoÔ twn apait sewn èqei anex�rthtec prosaux seic, tìte to Ðdio

isqÔei kai gia th σ.d. twn sunolik¸n apait sewn,

(ii) an h σ.d. tou arijmoÔ twn apait sewn èqei st�simec kai anex�rthtec prosaux seic,

tìte to Ðdio isqÔei kai gia th σ.d. twn sunolik¸n apait sewn.

Gia thn apìdeixh bl. [28], Theorem 5.1.2.

'Ara sthn perÐptwh pou h σ.d. tou arijmoÔ twn apait sewn eÐnai Poisson (me st�-

simec kai anex�rthtec prosaux seic) tìte to Ðdio isqÔei kai gia th σ.d. twn sunolik¸n
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apait sewn. Sth perÐptwsh aut  h σ.d. twn sunolik¸n apait sewn eÐnai sÔnjeth σ.d.

Poisson.

AkoloujeÐ o orismìc thc sÔnjethc katanom c Poiosson.

Orismìc 2.4.3. An h σ.d. {Xn}n∈N∗ eÐnai i.i.d. kai anex�rthth apì th t.m. N , tìte

h katanom  thc t.m. S, èstw PS, onom�zetai sÔnjeth katanom  kai sumbolÐzetai me

C(PN , PX)   me C(FN , FX) se ìrouc σ.κ.. Gia par�deigma an h PN eÐnai mia katanom 

Poisson, tìte h C(PN , PX) lème ìti eÐnai mia sÔnjeth katanom  Poisson.

Shmei¸noume pwc h sÔnjetec katanomèc lamb�noun to ìnom� touc apì thn katanom 

tou arijmoÔ twn apait sewn   alli¸c thc aparijm triac t.m. N .

AkoloujeÐ èna pr¸to apotèlesma gia ton upologismì thc katanom c tou tuqaÐou ajroÐ-

smatoc S. Gia ton skopì autì, arqik� parajètoume ton orismì thc sunèlixhc katanom¸n

pijanìthtac.

Orismìc 2.4.4. An oi P,Q eÐnai katanomèc pijanìthtac ep�nw sto m.q. (R,B), tìte h

katanom  pijanìthtac me tÔpo

(P ∗Q)(B) :=

∫
R
P (B − y)dQ(y) gia k�je B ∈ B

ìpou B − y := {z − y : z ∈ B}, onom�zetai h sunèlixh twn P,Q. EpÐshc gia n ∈ N
orÐzoume wc thn n-osth sunèlixh thc P , thn katanom  pijanìthtac P ∗(n+1) := P n ∗P ,
ìpou P ∗0 (ekfulismènh) katanom  pou ikanopoieÐ thn P ∗0({0}) = 1. OmoÐwc, orÐzetai kai

h sunèlixh dÔo σ.k.p. F,G   dÔo σ.(p.)p. f, g. Tèloc, shmei¸noume ìti an n ∈ N kai

h {Xk}k∈Nn eÐnai mia akoloujÐa anex�rthtwn t.m. me antÐstoiqec katanomèc pijanìthtac

(ep�nw ston m.q. (R,B)) {PXk}k∈Nn , tìte apì ton orismì thc sunèlixhc, �mesa èqoume

ìti:

PX0+···+Xn = PX0 ∗ · · · ∗ PXn = (PX0 ∗ · · · ∗ PXn−1) ∗ PXn .

L mma 2.4.5. Gia k�je B ∈ B isqÔei

PS[B] =
∞∑
n=0

PN({n})P ∗nX (B).

H parap�nw sqèsh qrhsimeÔei se k�poiec eidikèc peript¸seic ìmwc o upologismìc thc

eÐnai dÔskoloc kai apaiteÐ qrìno. Gia to lìgo autì ja  tan kalÔtera e�n qrhsimopoioÔsame

th qarakthristik  sun�rthsh tou S kai ton TÔpo thc Antistrof c (bl. p.q. [32], Theorem

(16.6)).
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L mma 2.4.6. Gia k�je u ∈ R isqÔei ϕS(u) = mN(ϕX(u)).

Apìdeixh. Pr�gmati, gia k�je z ∈ R èqoume

ϕS(z) = E
[
eizS
]

= E
[
eiz

∑N
k=1 Xk

]
= E

[
∞∑
n=0

χ{N=n}e
iz

∑N
k=1Xk

]

= E

[
∞∑
n=0

χ{N=n}

n∏
k=1

eizXk

]

=
∞∑
n=0

P [{N = n}]
n∏
k=1

E[eizXk ]

=
∞∑
n=0

P [{N = n}]E[eizXk ]n

=
∞∑
n=0

P [{N = n}ϕX(z)n

= E[ϕX(z)N ]

= mN(ϕX(z)).

�

Pìrisma 2.4.7. An PN = P(α), tìte ϕS(u) = eα[ϕX(u)−1] gia k�je u ∈ R.

Oloklhr¸noume to kef�laio autì parajètontac tic {Tautìthtec tou Wald}, gia thn

pr¸th kai deÔterh rop  thc katanom c tou Ôyouc twn sunolik¸n apait sewn.

L mma (Tautìthtec tou Wald) 2.4.8. 'Estw ìti E[N ] <∞ kai E[X] <∞. Tìte

up�rqei h mèsh tim  kai h diakÔmansh thc t.m. S kai ikanopoioÔntai oi isìthtec:

(i) E[S] = E[N ]E[X].

(ii) V ar[S] = E[N ]V ar[X] + V ar[N ]E[X]2.
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Kef�laio 3

Disintegrations

Epeid  ston orismì twn memeigmènwn σ.d. Poisson, pou eÐnai ta kÔria antikeÐmena melè-

thc sta Kef�laia 4 kai 5, emplèketai h ènnoia thc desmeumènhc pijanìthtac wc proc mÐa

σ−�lgebra, jewr same skìpimo na parousi�soume sto parìn Kef�laio thn ènnoia thc

disintegration me tic baskèc idiìthtèc thc. H ènnoia miac disintegration genikeÔei ekeÐnh

mÐac desmeumènhc pijanìthtac wc proc mÐa σ−�lgebra kai mac bohj�ei na katano soume

kalÔtera ton domikì rìlo thc paramètrou Θ ston orismì twn memeigmènwn σ.d. Poisson

(bl. Orismì 4.1.3).

Se ìlo to parìn kef�laio (Ω,Σ, P ) kai (Υ, T,Q) opoioid pote stajeroÐ q.p..

3.1 Di�foroi orismoÐ twn disintegrations

O parak�tw orismìc eÐnai eidik  perÐptwsh tou [17], 452E.

Orismìc 3.1.1. Mia disintegration tou P p�nw sto Q eÐnai mia oikogèneia {Py}y∈Υ

twn mètrwn pijanìthtac Py : Σ −→ R tètoia ¸ste

(d1) gia k�je stajerì D ∈ Σ h sun�rthsh P•(D) : Υ −→ R eÐnai T-metr simh,

(d2)
∫
Py(D)Q(dy) = P (D) gia k�je D ∈ Σ.

An f : Ω −→ Υ eÐnai mia sun�rthsh ¸ste gia k�je B ∈ T na isqÔei P (f−1(B)) =

Q(B)), mia disintegration {Py}y∈Υ tou P p�nw sto Q onom�zetai sunep c me thn f,

an gia k�je B ∈ T , h isìthta Py(f−1(B)) = 1 isqÔei gia Q−sqedìn ìla ta y ∈ B.
Sqetik� me thn Ôparxh twn disintegrations, eÐnai gnwstì ìti an (Ω,Σ, P ) eÐnai ènac

arijm sima sumpag c q¸roc pijanìthtac (bl. [17], 451B gia ton orismì) me arijm sima

paragìmenh Σ kai an f : Ω −→ Υ eÐnai mia sun�rthsh me P ◦ f−1 = Q, tìte p�nta up�rqei
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mia disintegration {Py}y∈Υ tou P p�nw sto Q, sunep c me thn f (bl. p.q. [17], 452J(a)

kai 452X(l)).

Orismìc 3.1.2. 'Estw F mia σ-upo�lgebra thc Σ. MÐa sun�rthsh PF : Σ × Ω −→ R
lème ìti eÐnai mia kanonik  desmeumènh pijanìthta thc Σ dojeÐshc thc F an

(cp1) gia k�je A ∈ Σ h isìthta PF(A, •) = EP [χA|F ](•) isqÔei P |F − σ.b.,
ìpou PF(A, •) eÐnai F -metr simh sun�rthsh,

(cp2) gia k�je ω ∈ Ω h sunolosun�rthsh PF(•, ω) : Σ −→ R eÐnai mia pijanìthta.

EÐnai gnwstì ìti gia ènan tèleio q.p. (Ω,Σ, P ) (bl. p.q. [26] gia tic idiìthtec twn

tèleiwn q.p., twn kanonik¸n desmeumènwn pijanot twn, twn disintegrations kaj¸c kai

tic sqèseic metaxÔ aut¸n), an h Σ eÐnai arijm sima paragìmenh kai an h F eÐnai mia σ-

upo�lgebra thc Σ, tìte up�rqei p�nta mia kanonik  desmeumènh pijanìthta PF thc Σ

dojeÐshc thc F , ètsi ¸ste gia k�je ω ∈ Ω to mètro PF(•, ω) na eÐnai tèleio (bl. [26],

Theorem 4.2.1).

Idiaitèrwc, an Υ = Ω, T ⊆ Σ, Q = P |T , kai an PT eÐnai mia kanonik  desmeumènh

pijanìthta thc Σ dojeÐshc thc T, tìte jètontac Py(A) := PT (A, y) gia k�je y ∈ Υ kai

A ∈ Σ, lamb�noume ìti Py(A) = EP [χA|T ](y) gia Q-sqedìn ìla ta y ∈ Υ kai gia ìla ta

A ∈ Σ, epomènwc ìti {Py}y∈Υ eÐnai mia disintegration tou P ep�nw sto Q.

Orismìc 3.1.3. 'EstwM mia pijanìthta ep�nw sth σ-�lgebra Σ⊗T tètoia ¸ste P kai

Q na eÐnai oi perij¸riec pijanìthtec thc M (dhlad  M(A × Υ) = P (A) gia k�je A ∈ Σ

kai M(Ω × B) = Q(B) gia k�je B ∈ T   isodÔnama M◦p−1
Ω = P kai M◦p−1

Υ = Q, ìpou

pΩ : Ω×Υ 7−→ Ω kai pΥ : Ω×Υ 7−→ Υ eÐnai oi kanonikèc probolèc). Upojètoume epÐshc

ìti gia k�je y ∈ Υ up�rqei mia pijanìthta Py ep�nw sthn Σ, pou ikanopoieÐ tic akìloujec

idiìthtec:

(D1) gia k�je stajerì A ∈ Σ h apeikìnish y −→ Py(A) eÐnai T -metr simh,

(D2) M(A×B) =
∫
B
Py(A)Q(dy) gia k�je A×B ∈ Σ× T .

Tìte, h {Py}y∈Υ onom�zetai mÐa kanonik  desmeumènh pijanìthta-ginìmeno e-

p�nw sth Σ gia thn M wc proc Q (bl. p.q. Definition 1.1 twn [31]).

EÐnai gnwstì, ìti an h Σ eÐnai arijm sima paragìmenh kai to P eÐnai tèleio mètro

pijanìthtac, tìte up�rqei p�nta mia kanonik  desmeumènh pijanìthta-ginìmeno (bl. [15],

Theorem 6). Gia tic parak�tw parathr seic (bl. [3], Parathr seic 2.2.3) parajètoume

analutikìterec apodeÐxeic apì ekeÐnec thc [3].
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Parathr seic 3.1.4. (a) Upojètoume ìti h {Py}y∈Υ eÐnai mia oikogèneia mètrwn pija-

nìthtac ep�nw sth Σ pou ikanopoieÐ th sunj kh (D1), kai ìtiM eÐnai èna mètro pijanìth-

tac ep�nw sth Σ⊗ T tètoio ¸ste P kai Q na eÐnai ta perij¸ria mètra pijanìthtac. 'Estw

g mia M -oloklhr¸simh sun�rthsh kai Υg := Υ \Mg me

Mg := {y ∈ Υ :

∫
(g+)ydPy =∞  

∫
(g−)ydPy =∞}.

Tìte h sun�rthsh h : Υg −→ R pou orÐzetai wc

h(y) := hg(y) =

∫
gydPy gia k�je y ∈ Υg,

eÐnai T ∩Υg-metr simh, ìpou T ∩Υg h σ-�lgebra-Ðqnoc thc T sto Υg.

• Pr�gmati, èstw M := {E ∈ Σ ⊗ T : hχE T ∩ ΥχE − metr simh}. 'Ara gia k�-

je A × B ∈ Σ × T isqÔei hχA×B(y) =
∫

(χA×B)ydPy =
∫
χ(A×B)ydPy =

∫
B
χAdPy =

Py(A)χB. Opìte h hχA×B eÐnai T ∩ ΥχA×B−metr simh afoÔ h P• : ΥχA×B 7−→ R eÐ-

nai T ∩ ΥχA×B−metr simh, kai h χB : ΥχA×B 7−→ R eÐnai T ∩ ΥχA×B−metr simh. 'Ara

A×B ∈M. Epomènwc Σ× T ⊆M.

EpÐshc eÐnai eÔkolo na diapist¸soume ìti toM eÐnai mia kl�sh Dynkin.

(Dyn1) ∅ ∈ M diìti hχ∅(y) =
∫

(χ∅)
ydPy =

∫
0dPy = 0 gia k�je y ∈ Υχ∅ .

'Ara h hχ∅ eÐnai T ∩Υχ∅−metr simh.

(Dyn2) Gia k�je E ∈M isqÔei Ec ∈M
Pr�gmati, E ∈M⇒ hχE T ∩ΥχE− metr simh

hχEc (y) =

∫
(χEc)

ydPy =

∫
(χEc)

y(ω)Py(dω)

=

∫
χEc(ω, y)Py(dω) =

∫
[1− χE(ω, y)]Py(dω)

=

∫
Py(dω)−

∫
χE(ω, y)Py(dω) = 1− hχE(y).

'Ara hχEc = 1− hχE ⇒ hχEc eÐnai T ∩ΥχE−metr simh.

(Dyn3) 'Estw 〈En〉n∈N akoloujÐa an� dÔo xènwn stoiqeÐwn thcM.

Tìte hχEn eÐnai T ∩ΥχEn
-metr simh gia k�je n ∈ N. 'Epetai ìti hχ⋃

n∈N En
(y)

eÐnai T ∩Υχ⋃
n∈N En

−metr simh gia k�je n ∈ N.
Pr�gmati,

hχ⋃
n∈N En

(y) =

∫
(χ⋃

n∈N En
)ydPy =

∫
χ⋃

n∈N En
(ω, y)Py(dω)

=

∫ ∑
n∈N

χEn(ω, y)Py(dω) =
∑
n∈N

∫
(χEn)ydPy =

∑
n∈N

hχEn (y),
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ìpou h trÐth isìthta prokÔptei apì thn ex c sqèsh

χ⋃
n∈N En

(ω, y) = δ(ω,y)(
⋃
n∈N

En) =
∞∑
n=0

δ(ω,y)(En) =
∞∑
n=0

χEn(ω, y),

gia k�je (ω, y) ∈ Ω×Υχ⋃
n∈N En

.

Sth sugkekrimènh sqèsh h pr¸th kai teleutaÐa isìthta, prokÔptoun apì to gegonìc

ìti

χA(ω) = δω(A)

{
1 an ω ∈ A
0 an ω /∈ A

'Ara hχ⋃
n∈N En

(y) =
∑

n∈N hχEn (y) gia k�je y ∈ Υχ⋃
n∈N En

. Opìte hχ⋃
n∈N En

eÐnai

T ∩Υχ⋃
n∈N En

−metr simh.

All� epeid  h Σ × T eÐnai kleist  wc proc tic peperasmènec tomèc, ja mporoÔsame na

efarmìsoume to Je¸rhma Monìtonhc Kl�shc (bl. Je¸rhma Monìtonhc Kl�shc Aþ.2.4)

¸ste na l�boume Σ⊗ T ⊆M.

Pr�gmati,

Σ⊗ T = σ(Σ× T ) kai Σ× T := {A×B : A ∈ Σ, B ∈ T}

To Σ× T eÐnai kleistì wc proc tic peperasmènec tomèc, diìti gia k�je A1 × B1 ∈ Σ× T
kai A2 ×B2 ∈ Σ× T , isqÔei

(A1 ×B1) ∩ (A2 ×B2) = (A1 ∩ A2)× (B1 ×B2).

'Omwc A1 ∩ A2 ∈ Σ kai B1 × B2 ∈ T . 'Ara (A1 × B1) ∩ (A2 × B2) ∈ Σ × T . Epomènwc,

Σ×T ⊆M kai �ra ja èqoume Σ⊗T ⊆M. 'Omwc apì ton orismì èqoume ìtiM⊆ Σ⊗T ,
epomènwc prokÔpteiM = Σ⊗ T . 'Ara gia k�je E ∈ Σ⊗ T , h sun�rthsh hχE ikanopoieÐ

thn (a) gia ΥχE = Υ. H teleutaÐa isìthta isqÔei diìti

MχE = {y ∈ Υ :

∫ (
(χE)+

)y
dPy =∞  

∫ (
(χE)−

)y
dPy =∞}

= {y ∈ Υ :

∫
(χE)ydPy =∞  

∫
0dPy =∞}

= {y ∈ Υ :

∫
χEydPy =∞   0 =∞} = {y ∈ Υ :

∫
Ey
dPy =∞   0 =∞}

= {y ∈ Υ : Py(E
y) =∞   0 =∞} = ∅ ⇒ ΥχE = Υ\∅ = Υ.

• 'Etsi, prokÔptei ìti k�je apl  Σ⊗T -metr simh m  arnhtik  sun�rthsh g sto Ω×Υ,

ikanopoieÐ thn (a) gia Υg = Υ.

Pr�gmati, an h g eÐnai ìpwc parap�nw, tìte g =
∑n

k=1 αkχEk ìpou αk ≥ 0 kai Ek ∈ Σ⊗T
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gia k�je k = 1, . . . , n. Ja deÐxw ìti h hg eÐnai T-metr simh.

Pr�gmati,

g(ω, y) =
n∑
k=1

αkχEk(ω, y) αk ≥ 0, Ek ∈ Σ⊗ T gia k�je k = 1, . . . , n.

'Ara

hg(y) = h∑n
k=1 αkχEk (y) =

∫
gydPy =

∫ ( n∑
k=1

αkχEk

)y

dPy

=

∫ n∑
k=1

αk(χEk)
ydPy =

n∑
k=1

αk

∫
(χEk)

ydPy

=

(
n∑
k=1

αkhχEk

)
(y) gia k�je y ∈ Υ.

'Ara hg =
∑n

k=1 αkhχEk kai epeid  gia k�je k = 1, . . . , n h hχEk eÐnai T-metr simh, èpetai

ìti kai h hg eÐnai T-metr simh.

Sto shmeÐo autì shmei¸noume pwc stic dÔo parap�nw peript¸seic anafèroume ìti oi

sunart seic eÐnai T-metr simec antÐ gia T ∩Υg−metr simec, diìti

T ∩Υg
(Υg=Υ)

= T ∩Υ = {B ∩Υ : B ∈ T} = {B : B ∈ T} = T.

• Gia mia m  arnhtik  Σ ⊗ T -metr simh sun�rthsh g, up�rqei mia aÔxousa akoloujÐa

{gn}n∈N apl¸n Σ⊗ T -metr simwn sunart sewn gn ≥ 0 sto Ω×Υ, tètoia ¸ste

lim
n→∞

gn(ω, y) = g(ω, y) gia k�je (ω, y) ∈ Ω×Υ.

'Etsi limn→∞ g
y
n(ω) = gy(ω) kai apì to Je¸rhma Monìtonhc SÔgklishc lamb�noume to

ex c: ∫
gy(ω)Py(dω) = lim

n→∞

∫
gyn(ω)Py(dω)⇐⇒ hg(y) = lim

n→∞
hgn(y).

Epeid  oi hgn : Υ −→ R eÐnai T −B−metr simec, ja èqoume ìti h h0 := h0,g : Υ −→ R
pou orÐzetai apì thn h0(y) :=

∫
gydPy gia k�je y ∈ Υ, eÐnai T −B−metr simh wc ìrio

metr simwn sunart sewn. Wc ek toÔtou, prokÔptei ìti Υg = Υ \ h−1
0 ({∞}) ∈ T kai

ìti h sun�rthsh h = h0|Υg eÐnai T ∩ Υg-metr simh. Opìte me autì ton trìpo èqoume

apodeÐxei pwc oi proϋpojèseic tou (a) ikanopoioÔntai gia ìlec tic m  arnhtik� metr simec

sunart seic.

• Gia mia opoiad pote Σ ⊗ T -metr simh sun�rthsh g isqÔei g = g+ − g−. Lìgw thc

T − B-metrhsimìthtac twn sunart sewn h0,g+ kai h0,g− , lamb�noume th sqèsh Mg =

h−1
0,g+({∞}) ∪ h−1

0,g−({∞}) ∈ T sunep¸c ìti Υg ∈ T kai ìti h sun�rthsh h : Υg −→ R me
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h(y) =
∫

(g+)ydPy −
∫

(g−1)ydPy gia k�je y ∈ Υg, eÐnai T ∩Υg-metr simh. Opìte isqÔoun

oi proϋpojèseic tou (a).

(b) An {Py}y∈Υ mia kanonik  desmeumènh pijanìthta-ginìmeno ep�nw sth Σ gia to M wc

proc to Q, tìte M(E) =
∫
Py(E

y)Q(dy) gia k�je E ∈ Σ⊗ T .
Pr�gmati, jètontac D := {D ∈ Σ ⊗ T : M(D) =

∫
Py(D

y)Q(dy)} ja apodeÐxoume

arqik� ìti h D eÐnai mia kl�sh Dynkin.

(Dyn1) ∅ ∈ D diìti 0 = M(∅) =
∫
Py(∅y)Q(dy) afoÔ Py(∅y) = Py(∅) = 0,

(Dyn2) 'Estw E ∈ D. Tìte M(E) =
∫
Py(E

y)Q(dy). 'Ara

M(Ec) = 1−M(E) = 1−
∫
Py(E

y)Q(dy)

=

∫
(1− Py(Ey))Q(dy) =

∫
Py([E

y]c)Q(dy)

=

∫
Py([E

c]y)Q(dy),

ìpou h teleutaÐa isìthta prokÔptei apì thn akìloujh sqèsh

[Ey]c = [Ec]y, gia k�je E ⊆ Ω×Υ.

Pr�gmati, èstw ω ∈ Ω aujaÐreto. Tìte

ω ∈ [Ey]c ⇐⇒ ω /∈ Ey ⇐⇒ (ω, y) /∈ E ⇐⇒ (ω, y) ∈ Ec ⇐⇒ ω ∈ [Ec]y.

'Ara M(Ec) =
∫
Py([E

y]c)Q(dy)⇐⇒ Ec ∈ D,

(Dyn3) 'Estw {En}n∈N akoloujÐa an� dÔo xènwn stoiqeÐwn thc D.
Tìte gia k�je n ∈ N isqÔei

M(En) =

∫
Py(E

y
n)Q(dy). (3.1)

Prèpei na deÐxw ìti

M

(⋃
n∈N

En

)
=

∫
Py

(
[
⋃
n∈N

En]y

)
Q(dy).

Pr�gmati,

M

(⋃
n∈N

En

)
=
∞∑
n=0

M(En) =
∞∑
n=0

∫
Py(E

y
n)Q(dy) =

∫ ∞∑
n=0

Py(E
y
n)Q(dy)

=

∫
Py

(⋃
n∈N

Ey
nQ(dy)

)
=

∫
Py

(
[
⋃
n∈N

En]y

)
Q(dy),
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ìpou h deÔterh isìthta prokÔptei apì th sqèsh (3.1), h trÐth apì to Pìrisma 2.3.2

Bepo Levi tou [5], h tètarth lìgw tou ìti to Py eÐnai mètro pijanìthtac kai tèloc h

teleutaÐa isìthta prokÔptei apì thn akìloujh sqèsh, thn opoÐa apodeiknÔoume⋃
n∈N

Ey
n = [

⋃
n∈N

En]y.

Pr�gmati, èstw ω ∈ Ω aujaÐreto. Tìte

ω ∈
⋃
n∈N

Ey
n ⇐⇒ ∃n0 ∈ N ω ∈ Ey

n0

⇐⇒ ∃n0 ∈ N (ω, y) ∈ En0

⇐⇒ (ω, y) ∈
⋃
n∈N

En

⇐⇒ ω ∈ [
⋃
n∈N

En]y.

'Ara M(
⋃
n∈NEn) =

∫
Py([

⋃
n∈NEn]y)Q(dy)⇐⇒

⋃
n∈NEn ∈ D.

Shmei¸noume epÐshc pwc h D perilamb�nei to Σ×T to opoÐo eÐnai kleistì upì peperasmènec

tomèc, �ra apì to Je¸rhma Monìtonhc Kl�shc sunep�getai ìti h D perièqei to Σ ⊗ T .
Pr�gmati, gia k�je A×B ∈ Σ× T isqÔei

M(A×B)
(D2)
=

∫
B

Py(A)Q(dy) =

∫
χB(y)Py(A)Q(dy) =

∫
Py([A×B]y)Q(dy),

ìpou h teleutaÐa isìthta prokÔptei apì th sqèsh Py([A × B]y) = χB(y)Py(A) thn opoÐa

ja apodeÐxoume sth sunèqeia.

Epomènwc D = Σ⊗ T . 'Ara isqÔei to (b).

• Sto shmeÐo autì ja deÐxoume ìti isqÔei

Py([A×B]y) = χB(y)Py(A)

Pr�gmati,

Py([A×B]y) =

{
0 an y /∈ B
Py(A) an y ∈ B

'Ara, an y /∈ B tìte Py([A× B]y) = 0 = χB(y)Py(A), en¸ an y ∈ B tìte Py([A× B]y) =

Py(A) = χB(y)Py(A). 'Ara isqÔei Py([A×B]y) = χB(y)Py(A).

(c) 'Estw ìti up�rqei mia kanonik  desmeumènh pijanìthta-ginìmeno {Py}y∈Υ ep�nw sth

Σ, gia to M wc proc to Q. Tìte to olokl rwma:∫ ∫
gydPyQ(dy),
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orÐzetai sto R (dhlad 
∫ ∫

gydPyQ(dy) ∈ R) kai eÐnai Ðso me
∫
gdM gia k�je sun�rthsh

g : Ω × Υ −→ R tètoia ¸ste to olokl rwma
∫
gdM na orÐzetai sto R. Autì eÐnai mia

sunèpeia tou (b) .

Pr�gmati,

(c1) 'Estw g = χE E ∈ Σ⊗ T . Tìte

R 3
∫
gdM =

∫
χEdM =

∫
E

dM = M(E)
(b)
=

∫
Py(E

y)Q(dy)

=

∫ ∫
Ey
dPyQ(dy) =

∫ ∫
χEydPyQ(dy)

=

∫ ∫
(χE)ydPyQ(dy) =

∫ ∫
gydPyQ(dy).

(c2) 'Estw g =
∑n

k=1 αkχEk , αk ≥ 0, Ek ∈ Σ⊗ T gia k�je k = 1, . . . , n. Tìte

R 3
∫
gdM =

∫ n∑
k=1

αkχEkdM =
n∑
k=1

αk

∫
χEkdM

(c1)
=

n∑
k=1

αk

∫ ∫
(χEk)

ydPyQ(dy) =

∫ ∫ n∑
k=1

αk(χEk)
ydPyQ(dy)

=

∫ ∫ ( n∑
k=1

αkχEk

)y

dPyQ(dy) =

∫ ∫
gydPyQ(dy).

(c3) 'Estw g : Ω×Υ→ R Σ⊗ T−metr simh m  arnhtik  sun�rthsh. Tìte up�rqei mÐa

aÔxousa akoloujÐa 〈g〉n∈N apl¸n m  arnhtik¸n sunart sewn gn : Ω×Υ→ R ¸ste

g = limn→∞ gn. Tìte
∫
gdM ∈ R kai∫

gdM =

∫
lim
n→∞

gndM = lim
n→∞

∫
gndM

(c2)
= lim

n→∞

∫ ∫
gyndPyQ(dy)

=

∫ ∫
lim
n→∞

gyndPyQ(dy) =

∫ ∫
( lim
n→∞

gn)ydPyQ(dy)

=

∫ ∫
gydPyQ(dy).

(c4) 'Estw g : Ω×Υ→ R eÐnai opoiad pote Σ⊗T− metr simh sun�rthsh ¸ste
∫
gdM ∈

R. Tìte ∫
gdM =

∫
(g+ − g−)dM =

∫
g+dM −

∫
g−dM

(c3)
=

∫ ∫
(g+)ydPyQ(dy)−

∫ ∫
(g−)ydPyQ(dy)

=

∫ ∫
(g+ − g−)ydPyQ(dy) =

∫ ∫
gydPyQ(dy).
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(d) Ac upojèsoume ìti up�rqei mia kanonik  desmeumènh pijanìthta-ginìmeno {Py}y∈Υ

ep�nw sth Σ gia to M wc proc to Q. 'Estw epÐshc g mia sun�rthsh sto L1(M) kai h,Υg

ìpwc sto (a) . Tìte h sun�rthsh h eÐnai T ∩ Υg-metr simh, Q(Υg) = 1, to olokl rwma∫ ∫
gydPyQ(dy) orÐzetai sto R kai isqÔei:∫

gdM =

∫ ∫
gydPyQ(dy).

Idaitèrwc, an g eÐnai opoiad pote fragmènh Σ ⊗ T -metr simh sun�rthsh sto Ω × Υ,

tìte èqoume epiplèon ìti Υg = Υ.

Pr�gmati, apì to (a) prokÔptei ìti Υg ∈ T kaj¸c kai ìti h h eÐnai T ∩Υg-metr simh,

en¸ to upìloipo twn apait swn eÐnai sunèpeia tou (c) kai tou gegonìtoc ìti h g eÐnai M -

oloklhr¸simh. Idiaitèrwc an h g eÐnai fragmènh, tìte eÔkola lamb�noume ìti to sÔnolo

Mg tou (a) eÐnai to kenì sÔnolo, dhlad  Υ = Υg. Sunep¸c, sthn eidik  aut  perÐptwsh

lamb�noume to Lemma 3.1 tou [31].

Idiaitèrwc, èstw g fragmènh sun�rthsh kai g ∈ L1(M). Tìte up�rqei L ≥ 0 ¸ste

|g(ω, y)| ≤ L gia k�je (ω, y) ∈ Ω×Υ kai

Mg = {y ∈ Υ :

∫
(g+)ydPy =∞  

∫
(g−)ydPy =∞}.

'Omwc apì th |g(ω, y)| ≤ Lgia k�je (ω, y) ∈ Ω×Υ prokÔptei ìti g+(ω, y) + g−(ω, y) ≤ L

gia k�je (ω, y). Opìte gia k�je (ω, y) ∈ Ω×Υ isqÔei

g+(ω, y), g−(ω, y) ≤ L⇐⇒ (g+)y(ω), (g−)y(ω) ≤ L,

epomènwc gia k�je y ∈ Υ isqÔei∫
(g+)ydPy ≤

∫
LdPy = L kai

∫
(g−)ydPy ≤

∫
LdPy = L.

'Ara Mg = ∅ =⇒ Υ = Υg.

3.2 Desmeumènec mèsec timèc kai disintegrations

Ta dÔo akìlouja L mmata kaj¸c kai h Prìtash 3.2.4 pou akoloujeÐ, mac dÐnoun th sqèsh

an�mesa stic desmeumènec mèsec timèc kai tic disintegrations.

Mèroc tou parak�tw L mmatoc up�rqei sthn [3], L mma 2.3.1 kai L mma 2.3.2. Ed¸

parajètoume analutikìterh apìdeixh.

L mma 3.2.1. 'Estw f : Ω −→ Υ mia sun�rthsh me P ◦ f−1 = Q. 'Estw σ(f) :=

{f−1(D) : D ∈ T} kai èstw ìti up�rqei mia disintegration {Py}y∈Υ tou P ep�nw sto Q

sunep c me thn f . Tìte gia k�je g ∈ L1(P ), isqÔei:
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(i) EP [g|σ(f)] = EP• [g] ◦ f P |σ(f)− σ.b.

(ii)
∫
B
Py(A)Q(dy) =

∫
f−1(B)

EP [χA|σ(f)]dP = P (A ∩ f−1(B)), gia k�je A ∈ Σ kai

B ∈ T .

Apìdeixh. (a) Jètoume Ng := {y ∈ Υ :
∫
g+dPy = ∞  

∫
g−dPy = ∞}. Tìte

Ng ∈ T0 kai h sun�rthsh h1 := h1,g : Υ −→ R, pou orÐzetai mèsw thc:

h1(y) =

{ ∫
gdPy gia y /∈ Ng

0 diaforetik�

eÐnai T -metr simh.

(a1) To (a) isqÔei gia g = χA ∈ L1(P ), ìpou A ∈ Σ. EpÐ plèon Ng = ∅.
Pr�gmati,

g = χA =⇒ g+ := max{g, 0} = g kai g− := max{−g, 0} = 0.

Opìte∫
g+dPy =

∫
gdPy =

∫
χAdPy = Py(A) ≤ 1 =⇒ @ y ∈ Υ :

∫
g+dPy =∞,

kai ∫
g−dPy =

∫
0dPy = 0 <∞ =⇒ @ y ∈ Υ :

∫
g−dPy =∞.

Epomènwc Ng = ∅ ∈ T0.

T¸ra ja deÐxw ìti h h1 eÐnai T-metr simh.

Pr�gmati, afoÔ Ng = ∅, gia k�je y ∈ Υ isqÔei h1(y) =
∫
gdPy =

∫
χAdPy = Py(A)

(d1)
=⇒

P•(A) : Υ→ R eÐnai T-metr simh. 'Ara h h1 eÐnai T-metr simh. Epomènwc isqÔei to (a1).

(a2) 'Estw g : Ω −→ R mia apl  mh arnhtik  sun�rthsh. Tìte isqÔei to (a) kai

Ng = ∅.
Pr�gmati, èstw g =

∑n
k=1 αkχAk ìpou αk ≥ 0 kai Ak ∈ Σ gia k�je k ∈ {1, . . . , n}. Tìte

g+ = g kai g− = 0. 'Ara∫
g+dPy =

∫
gdPy =

∫ n∑
k=1

αkχAkdPy =
n∑
k=1

αk

∫
χAkdPy

=
n∑
k=1

αkPy(Ak) ≤
n∑
k=1

αk <∞,

kai ∫
g−dPy = 0 <∞.
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Epomènwc, @ y ∈ Υ ¸ste
∫
g+dPy = ∞  

∫
g−dPy = ∞. 'Ara Ng = ∅ kai h h1 orÐzetai

ep�nw se olìklhro to Υ.

EpÐ plèon gia k�je y ∈ Υ isqÔei

h1(y) =

∫
gdPy =

∫ n∑
k=1

αkχAkdPy =
n∑
k=1

αk

∫
χAkdPy =

n∑
k=1

αkPy(Ak)

kai afoÔ h P•(Ak) eÐnai T-metr simh, lìgw thc (d1), ja èqoume ìti h h1 eÐnai T-metr simh.

Epomènwc isqÔei to (a) gia g =
∑n

k=1 αkχAk .

(a3) To (a) isqÔei gia k�je mh arnhtik  sun�rthsh g ∈ L1(P ).

Gia mia m  arnhtik  sun�rthsh g ∈ L1(P ), up�rqei mia aÔxousa akoloujÐa 〈gn〉n∈N Σ-

metr simwn m  arnhtik¸n apl¸n sunart sewn gn sto Ω tètoia ¸ste:

g(ω) = lim
n→∞

gn(ω) gia k�je ω ∈ Ω,

�ra gia k�je y ∈ Υ èqoume: ∫
gdPy = lim

n→∞

∫
gndPy.

Wc sunèpeia autoÔ, lamb�noume ìti h sun�rthsh y −→
∫
gdPy eÐnai T − B-metr simh,

wc ek toÔtou Ng ∈ T . All� h P -oloklhrwsimìthta thc g mazÐ me thn Proposition 452F

tou [17], sunep�getai ∞ >
∫
gdP =

∫ ∫
gdPyQ(dy). Opìte Ng ∈ T0, kai h h1 eÐnai mia

T -metr simh sun�rthsh sto Ω.

Sto prohgoÔmeno b ma apodeÐqjhke ìti h h1,n : Υ −→ R : y 7−→ h1,n(y) :=
∫
gndPy

eÐnai T-metr simh kai Ngn = ∅ gia k�je n ∈ N. 'Estw h̃1 : Υ −→ R : y −→ h̃1(y) :=

limn→∞ h1,n(y). Tìte h h̃1 eÐnai T −B− metr simh, wc ìrio metrhsÐmwn sunart sewn.

EpÐshc, afoÔ h g eÐnai mh arnhtik , prokÔptei ìti

g+ = g kai g− = 0 =⇒ @ y ∈ Υ ¸ste

∫
g−dPy =∞.

Sunep¸c

Ng = {y ∈ Υ :

∫
g+dPy =∞} (3.2)

AfoÔ h̃1 eÐnai T −B− metr simh kai {∞} ∈ B, ja èqoume

(h̃1)−1({∞}) = {y ∈ Υ : h̃1(y) =∞} = {y ∈ Υ :

∫
gdPy =∞}

= {y ∈ Υ :

∫
g+dPy =∞} (3.2)

= Ng ∈ T.

Epomènwc, Ng ∈ T .
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H h1 eÐnai T-metr simh.

Pr�gmati, katarq n èqoume ìti

h1(y) =

{
h̃1(y) an y /∈ Ng

0 diaforetik�

'Estw B ∈ B. Tìte

h−1
1 (B) = (h−1

1 (B) ∩Ng) ∪ (h−1
1 (B) ∩N c

g ) = (h−1
1 (B) ∩Ng) ∪ ((h̃1)−1(B) ∩N c

g ) (3.3)

kai

h−1
1 (B) ∩Ng = {y ∈ Υ : h1(y) ∈ B & y ∈ Ng} = {y ∈ Υ : 0 ∈ B ∩ y ∈ Ng}

Opìte sto shmeÐo autì diakrÐnoume dÔo peript¸seic:

(i) An 0 ∈ B tìte h−1
1 (B) ∩ Ng = {y ∈ Υ : y ∈ Ng} = Ng. 'Ara h−1

1 (B)
(3.3)
=

Ng ∪ ((h̃1)−1(B) ∩N c
g ) ∈ T .

(ii) An 0 /∈ B tìte h−1
1 (B) ∩Ng = ∅ =⇒ h−1

1 (B)
(3.3)
= ∅ ∪ ((h̃1)−1(B) ∩N c

g ) ∈ T .

'Ara h h1 eÐnai T-metr simh.

Ja deÐxw t¸ra ìti Ng ∈ T0, dhlad  Q(Ng) = 0.

Pr�gmati, afoÔ h g ∈ L1(P ) èpetai ìti∫
gdP <∞. (3.4)

'Omwc ∫
gdP =

∫ ∫
gdPyQ(dy) (3.5)

(bl. p.q. [17], Proposition 452F).

'Eqoume Ng = {y ∈ Υ :
∫
gdPy =∞}. 'Estw

Q(Ng) > 0 (3.6)

Tìte ∫
gdP

(3.5)
=

∫ [∫
gdPy

]
Q(dy) =

∫
Ng

[∫
gdPy

]
Q(dy) +

∫
Nc
g

[∫
gdPy

]
Q(dy)

=

∫
Ng

∞Q(dy) +

∫
Nc
g

[∫
gdPy

]
Q(dy) =∞,

�topo lìgw thc (3.4). 'Ara den isqÔei h sqèsh (3.6), dhlad  isqÔei ìtiQ(Ng) = 0 isodÔnama

Ng ∈ T0.
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(a4) To (a) isqÔei gia opoiad pote sun�rthsh g ∈ L1(P ).

Pr�gmati, gia opoiad pote g ∈ L1(P ) èqoume g = g+−g− kai
∫
gdP =

∫
g+dP−

∫
g−dP ∈

R. Sunep¸c
∫
g+dP <∞ kai

∫
g−dP <∞   isodÔnama∫ [∫

g+dPy

]
Q(dy) <∞ kai

∫ [∫
g−dPy

]
Q(dy) <∞ (3.7)

Shmei¸noume ìti sÔmfwna me to (a3) oi sunart seic h1,g+ kai h1,g− eÐnai T-metr simec kai

Ng+ , Ng− ∈ T0. Epomènwc, apì thn (3.7) èpetai ìti
∫
g+dPy < ∞ kai

∫
g−dPy < ∞

gia k�je y /∈ Ng+ ∪ Ng− . Sunep¸c h h1,g eÐnai T-metr simh wc diafor� T-metr simwn

sunart sewn (h1,g = h1,g+ − h1,g−) kai Ng ∈ T0 afoÔ Ng+ , Ng− ∈ T0 kai Ng = Ng+ ∪Ng− .

Me ton trìpo autì apodeÐqjhke to (a).

(b) H sun�rthsh h := h1 ◦ f eÐnai mia desmeumènh mèsh tim  thc g dojeÐshc thc σ(f).

Pr�gmati, h σ(f)-metrhsimìthta thc h prokÔptei �mesa apì to (a). MporoÔme t¸ra

na efarmìsoume to Ðdio skeptikì ìpwc kai sto [17], apìdeixh thc Proposition 452Q gia na

doÔme ìti isqÔei to (b)

(i) Gia k�je A ∈ σ(f) isqÔei
∫
A
E[g|σ(f)]dP =

∫
A
hdP .

Pr�gmati, gia k�je A ∈ σ(f) isqÔei∫
A

EP [g|σ(f)]dP
(b)
=

∫
A

hdP =

∫
A

h1(f(ω))P (dω) =

∫
A

[∫
g(f(ω))dPf(ω)

]
P (dω)

=

∫
A

([∫
gdP•

]
◦ f
)
P (dω) =

∫
A

(EP• [g] ◦ f)dP.

Epomènwc, EP [g|σ(f)]dP = EP• [g] ◦ f P |σ(f)− σ.b.
O isqurismìc (i) gÐnetai plèon saf c apì to (b), en¸ o (ii) èpetai apì to (i) gia

g = χA ∈ L1(P ).

(ii) 'Estw A ∈ Σ kai B ∈ T . Tìte∫
B
Py(A)Q(dy) =

∫
f−1(B)

EP [χA|σ(f)]dP = P (A ∩ f−1(B)).

Pr�gmati, èstw A ∈ Σ kai B ∈ T . Tìte

P (A ∩ f−1(B)) =

∫
P (A ∩ f−1(B)|σ(f))dP =

∫
EP [χA∩f−1(B)|σ(f)]dP

=

∫
χf−1(B)EP [χA|σ(f)]dP =

∫
f−1(B)

EP [χA|σ(f)]dP

(i),(g=χA)
=

∫
f−1(B)

(EP• [χA] ◦ f)dP =

∫
f−1(B)

EP• [χA](f(ω))P (dω)

=

∫
B

EPy [χA](P ◦ f−1)(dy) =

∫
B

Py(A)Q(dy)

�
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O isqurismìc (i) tou parap�nw apotelèsmatoc èqei apodeiqjeÐ ston [17], Proposition

452Q upì thn prìsjeth proϋpìjesh thc plhrìthtac tou mètrou pijanìthtac Q.

Apì t¸ra kai gia th sunèqeia thc paroÔsac enìthtac, h f : Ω −→ Υ eÐnai mia opoia-

d pote sun�rthsh me P ◦ f−1 = Q, σ(f) = {f−1(D) : D ∈ T} kai M : Σ⊗ T −→ R eÐnai

mia sunolosun�rthsh pou orÐzetai wc M := P ◦ (idΩ × f)−1, ìpou gia k�je ω ∈ Ω isqÔei

(idΩ × f)(ω) = (ω, f(ω)).

To parak�tw L mma eÐnai to L mma 2.3.3 thc [3] me analutikìterh apìdeixh.

L mma 3.2.2. H sunolosun�rthsh M eÐnai èna mètro pijanìthtac pou ikanopoieÐ tic

akìloujec idiìthtec:

(i) P = M◦p−1
Ω kai Q = M◦p−1

Υ

(ii) P (A ∩ f−1(B)) = M(A×B) gia k�je A×B ∈ Σ× T .
Idiaitèrwc, an {Py}y∈Υ eÐnai mia disintegration tou P ep�nw sto Q, sunep c me thn

f tìte

(iii) M(A×B) =
∫
B
Py(A)Q(dy) gia k�je A×B ∈ Σ× T .

Apìdeixh. Arqik� shmei¸noume pwc h apeikìnish idΩ × f eÐnai Σ− Σ⊗ T -metr simh.
Pr�gmati, èstw A×B ∈ Σ× T . Tìte

(idΩ × f)−1(A×B) := {ω ∈ Ω : (idΩ × f)(ω) ∈ A×B}

= {ω ∈ Ω : (ω, f(ω)) ∈ A×B} = {ω ∈ Ω : ω ∈ A kai f(ω) ∈ B}

= {ω ∈ Ω : ω ∈ A kai ω ∈ f−1(B)} = A ∩ f−1(B) ∈ Σ,

afoÔ h f eÐnai Σ− T−metr simh. 'Ara (idΩ × f)−1(A×B) ∈ Σ, epomènwc h idΩ × f eÐnai

Σ− Σ⊗ T−metr simh (bl. p.q. Prìtash 2.4.4 tou [5]).

Wc ek toÔtou h sun�rthsh M eÐnai èna mètro pijanìthtac sto Σ⊗ T (bl. p.q. to sqìlio

met� ton Orismì 2.4.3 tou [5]).

(i) H pr¸th idiìthta eÐnai profan c diìti

• IsqÔei P = M◦p−1
Ω .

Pr�gmati, èstw A ∈ Σ. Tìte

M ◦ p−1
Ω (A) = M(p−1

Ω (A)) = M(A×Υ) := P ◦ (idΩ × f)−1(A×Υ)

= P ((idΩ × f)−1(A×Υ)) = P (A),

kaj¸c,

p−1
Ω (A) = {(ω, y) ∈ Ω×Υ : pΩ(ω, y) ∈ A} = {(ω, y) ∈ Ω×Υ : ω ∈ A}

= {(ω, y) ω ∈ A kai y ∈ Υ} = A×Υ,
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kai

(idΩ × f)−1(A×Υ) := {ω ∈ Ω : (idΩ × f)(ω) ∈ A×Υ}

= {ω ∈ Ω : (ω, f(ω)) ∈ A×Υ}

= {ω ∈ Ω : ω ∈ A kai f(ω) ∈ Υ} = A.

'Ara M◦p−1
Ω = P .

• IsqÔei Q = M◦p−1
Υ .

Pr�gmati, èstw B ∈ T . Tìte

(M ◦ p−1
Υ )(B) = M(p−1

Υ (B)) = M(Ω×B) = P ◦ (idΩ × f)−1(Ω×B)

= P ((idΩ × f)−1(Ω×B)) = P (f−1(B)) = Q(B),

diìti,

(idΩ × f)−1(Ω×B) := {ω ∈ Ω : (idΩ × f)(ω) ∈ Ω×B}

= {ω : (ω, f(ω)) ∈ Ω×B} = {ω : ω ∈ Ω kai f(ω) ∈ B}

= {ω ∈ Ω : f(ω) ∈ B} = f−1(B).

'Ara Q = M◦p−1
Υ .

(ii) Gia k�je A×B ∈ Σ× T isqÔei P (A ∩ f−1(B)) = M(A×B).

Pr�gmati, èstw A×B ∈ Σ× T . Tìte

M(A×B) := P ((idΩ × f)−1(A×B)) = P (A ∩ f−1(B)),

diìti

(idΩ × f)−1(A×B) := {ω ∈ Ω : (idΩ × f)(ω) ∈ A×B} = {ω : (ω, f(ω)) ∈ A×B}

= {ω : ω ∈ A kai f(ω) ∈ B} = A ∩ {ω ∈ Ω : f(ω) ∈ B}

= A ∩ f−1(B).

(iii) Idiaitèrwc, an {Py}y∈Υ eÐnai mia disintegration tou P ep�nw sto Q, sunep c me thn

f , tìte gia k�je A×B ∈ Σ× T isqÔei M(A×B) =
∫
B
Py(A)Q(dy).

Pr�gmati, èstw A×B ∈ Σ× T . Tìte

M(A×B)
(ii)
= P (A ∩ f−1(B)) =

∫
B

Py(A)Q(dy),

ìpou h teleutaÐa isìthta prokÔptei apì to L mma 3.2.1 (ii). �

Sthn prìtash pou akoloujeÐ (bl. [3], Prìtash 2.3.4 kai [23], Proposition 3.7) apo-

deiknÔetai h isodunamÐa twn Orism¸n 3.1.1 kai 3.1.2 gia disintegrations ìtan to mètro M

sqetÐzetai me thn f ìpwc parap�nw. Ed¸ parousi�zetai analutikìterh apìdeixh.
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Prìtash 3.2.3. 'Estw {Py}y∈Υ mia oikogèneia mètrwn pijanìthtac Py ep�nw sthn Σ.

Tìte ta akìlouja eÐnai isodÔnama:

(i) {Py}y∈Υ eÐnai mia disintegration tou P ep�nw sto Q sunep c me thn f ,

(ii) {Py}y∈Υ eÐnai mia kanonik  desmeumènh pijanìthta-ginìmeno ep�nw sthn Σ gia to M

wc proc to Q.

Apìdeixh. (i)=⇒(ii): ProkÔptei �mesa apì to L mma 3.2.2 (i), (iii).

(ii)=⇒(i): 'Estw ìti isqÔei h (ii).

(a) H {Py}y∈Υ eÐnai mia disintegration tou P ep�nw sto Q.

Pr�gmati, apì thn idiìthta (D1) èpetai �mesa h (d1). EpÐshc gia k�je A ∈ Σ isqÔei∫
Py(A)Q(dy) =

∫
Υ

Py(A)Q(dy)
(D2)
= M(A×Υ) = M(p−1

Ω (A)) = P (A),

ìpou h teleutaÐa isìthta prokÔptei apì to L mma 3.2.2 (i). Epomènwc isqÔei to (d2).

'Ara isqÔei to (a).

(b) H {Py}y∈Υ eÐnai sunep c me thn f .

Pr�gmati, èstw B ∈ T aujaÐreto. Tìte apì to L mma 3.2.2 (ii) gia k�je A ∈ Σ

isqÔei P (A ∩ f−1(B)) = M(A× B). 'Ara gia k�je A ∈ Σ isqÔei P (A ∩ f−1(B)) =∫
B
Py(A)Q(dy). Sunep¸c gia A = f−1(B) èqoume:

P (f−1(B)) =

∫
B

Py(f
−1(B))Q(dy)

⇐⇒ Q(B) =

∫
B

Py(f
−1(B))Q(dy)

⇐⇒
∫
χB(y)Q(dy) =

∫
χB(y)Py(f

−1(B))Q(dy)

⇐⇒
∫

[χB(y)− χB(y)Py(f
−1(B))]Q(dy) = 0

⇐⇒
∫
χB(y)[1− Py(f−1(B))]Q(dy) = 0

⇐⇒ χB(y)[1− Py(f−1(B))] = 0, gia Q-sqedìn ìla ta y ∈ Υ,

ìpou h teleutaÐa isodunamÐa prokÔptei apì to gegonìc ìti χB(y)[1−Py(f−1(B))] ≥ 0,

gia k�je y ∈ Υ (bl. p.q. Je¸rhma 2.2.10 tou [5]). 'Ara gia Q-sqedìn ìla ta y ∈ B
isqÔei 1 = Py(f

−1(B)) afoÔ χB(y) = 1. Efìson to B ∈ T aujaÐreto, prokÔptei ìti

h {Py}y∈Υ eÐnai sunep c me thn f . �
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To parak�tw apotèlesma eÐnai h Prìtash 2.3.5 tou [3] (  [23], Proposition 3.8) me

analutikìterh apìdeixh.

Prìtash 3.2.4. Upojètoume ìti up�rqei mia disintegration {Py}y∈Υ tou P ep�nw sto

Q sunep c me thn f kai jètoume g := u ◦ (idΩ × f) gia k�je u ∈ L1(M). Tìte isqÔoun ta

akìlouja:

(i) EP [g|σ(f)] = EP• [u] ◦ f P |σ(f)− σ.b.

(ii)
∫ ∫

u•dP•dQ =
∫
gdP .

Apìdeixh.(i) Shmei¸noume arqik� ìti h g ∈ L1(P ), diìti
∫
| g | dP =

∫
| u | dM <∞.

Pr�gmati, ∫
|g|dP =

∫
|u ◦ (idΩ × f)|dP =

∫
Ω

|u ◦ (idΩ × f)|dP

=

∫
(idΩ×f)−1(Ω×Υ)

|u ◦ (idΩ × f)|dP

=

∫
Ω×Υ

|u|d(P ◦ (idΩ × f)−1)

=

∫
|u|dM <∞,

ìpou h teleutaÐa isìthta prokÔptei apì to Je¸rhma 2.4.6 tou [5].

Sth sunèqeia gia k�je D ∈ T èqoume:∫
f−1(D)

EP [g|σ(f)]dP =

∫
f−1(D)

gdP =

∫
χf−1(D)gdP

=

∫
(χD ◦ f)gdP =

∫
[χΩ×D ◦ (idΩ × f)][u ◦ (idΩ × f)]dP

=

∫
(χΩ×Du)dM =

∫ ∫
[χΩ×Du]ydPyQ(dy) =

∫
f−1(D)

EP• [u
•]dP,

ìpou h trÐth isìthta isqÔei diìti: χf−1(D) = χD ◦ f .
Pr�gmati, gia k�je ω ∈ Ω isqÔei

(χD ◦ f)(ω) = χD(f(ω)) =

{
1 an f(ω) ∈ D
0 an f(ω) /∈ D

=

{
1 an ω ∈ f−1(D)

0 an ω /∈ f−1(D)
= χf−1(D)(ω)

H tètarth isìthta prokÔptei apì to gegonìc ìti: [χD ◦ f ](ω) = [χΩ×D ◦ (idΩ × f)](ω).

Pr�gmati, gia k�je ω ∈ Ω isqÔei

[χΩ×D ◦ (idΩ × f)](ω) = χΩ×D((idΩ × f)(ω)) = (χΩ×D(idΩ × f))(ω)

= χΩ×D(ω, f(ω)) = (χΩ × χD)(ω, f(ω)) = χΩ(ω)χD(f(ω))

= 1 · (χD ◦ f)(ω) = (χD ◦ f)(ω).
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H pèmpth isìthta isqÔei diìti gia k�je ω ∈ Ω èqoume∫
[χΩ×D ◦ (idΩ × f)][u ◦ (idΩ × f)]dP =

∫
(χΩ×Du) ◦ (idΩ × f)dP

=

∫
χΩ×Dud(P ◦ (idΩ × f−1)) =

∫
χΩ×DudM,

ìpou h deÔterh isìthta prokÔptei apì to Je¸rhma 2.4.6 tou [5].

H èkth isìthta prokÔptei apì thn Prìtash 3.2.3 kai thn Parat rhsh 3.1.4,(d).

Tèloc gia thn èbdomh isìthta ja apodeÐxoume arqik� ìti gia k�je ω ∈ Ω kai y ∈ Υ isqÔei

[χΩ×Du]y(ω) = χD(y)uy(ω).

Pr�gmati, gia k�je ω ∈ Ω kai y ∈ Υ isqÔei

[χΩ×Du]y(ω) = (χΩ×D ·u)(ω, y) = χΩ×D(ω, y)u(ω, y) = χΩ(ω)χD(y)u(ω, y) = χD(y)uy(ω).

Opìte èqoume ∫ ∫
[χΩ×Du]ydPyQ(dy) =

∫ ∫
χD(y)uydPyQ(dy)

=

∫
D

∫
uydPyQ(dy) =

∫
D

EPy(u
y)Q(dy)

=

∫
D

[EP•(u
• ◦ f)]Q(dy) =

∫
f−1(D)

EP• [u
•]dP,

ìpou h teleutaÐa isìthta prokÔptei apì to Je¸rhma 2.4.6 tou [5].

(ii) Apì thn (i) lamb�noume∫ ∫
u•dP•dQ =

∫
EP• [u•]dQ =

∫
(EP• [u•] ◦ f)dP =

∫
EP [g|σ(f)]dP =

∫
gdP,

ìpou h deÔterh isìthta prokÔptei apì to Je¸rhma 2.4.6 tou [5] kai h trÐth isìthta apì to

(i). 'Etsi oloklhr¸netai h apìdeixh. �

L mma 3.2.5. ([3], L mma 2.2.1). 'Estw M èna mètro pijanìthtac ep�nw sthn Σ ⊗ T
¸ste h {P̃y}y∈Υ na eÐnai mÐa k.d.p.-ginìmeno ep�nw sthn Σ gia to M wc proc Q. Jètoume

Py := P̃y ⊗ δy gia y ∈ Υ, ìpou δy eÐnai to mètro pijanìthtac Dirac ep�nw sto T pou

orÐzetai wc δy(B) := χB(y) gia k�je B ∈ T . Tìte h {Py}y∈Υ eÐnai mÐa disintegration tou

M ep�nw sto Q sunep c me thn kanonik  probol  πΥ apì to Ω×Υ sto Υ.

Apìdeixh. Profan¸c to Py eÐnai mètro pijanìthtac ep�nw sthn Σ⊗ T gia y ∈ Υ.

(a) H oikogèneia {Py}y∈Υ ikanopoieÐ thn idiìthta (d1).

Pr�gmati, eÔkola mporeÐ na apodeiqjeÐ ìti h oikogèneia

D1 := {E ∈ Σ⊗ T : P•(E) eÐnai T − metr simh}
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eÐnai mÐa kl�sh Dynkin. EpÐ plèon, gia k�je A × B ∈ Σ × T kai y ∈ Υ èqoume

Py(A×B) = P̃y(A)χB(y), pou sunep�getai ìti h P•(A×B) eÐnai T−metr simh. Wc
ek toÔtou A × B ∈ D1. 'Omwc epeid  to Σ × T eÐnai kleistì upì tic peperasmènec

tomèc, lamb�nontac up' ìyh to gegonìc ìti h D1 eÐnai mÐa kl�sh Dynkin, mporoÔme

na efarmìsoume to Je¸rhma Monìtonhc Kl�shc (bl. p.q. Je¸rhma Aþ.2.4) ¸ste na

l�boume Σ⊗ T ⊆ D1. 'Ara Σ⊗ T = D1.

(b) H oikogèneia {Py}y∈Υ ikanopoieÐ thn idiìthta (d2).

Pr�gmati, eÔkola mporeÐ na apodeiqjeÐ ìti h oikogèneia

D2 := {E ∈ Σ⊗ T : M(E) =

∫
Py(E)Q(dy)}

eÐnai mÐa kl�sh Dynkin. Gia k�je A×B ∈ Σ× T èqoume

M(A×B) =

∫
B

P̃y(A)Q(dy) =

∫
P̃y(A)χB(y)Q(dy) =

∫
P̃y(A) · δy(B)Q(dy)

=

∫
Py(A×B)Q(dy).

'Ara A×B ∈ D2. Epomènwc Σ× T ⊆ D2. P�li me èna epiqeÐrhma monìtonhc kl�shc

ìpwc kai sto (a) èpetai ìti Σ⊗ T = D2.

(c) H disintegration {Py}y∈Υ tou mètrou M ep�nw sto Q eÐnai sunep c me thn πΥ.

Pr�gmati, gia k�je B ∈ T èqoume

M(Ω×B) = Q(B) =

∫
B

P̃y(Ω)Q(dy) =

∫
B

χB(y)P̃y(Ω)Q(dy)

=

∫
B

Py(Ω×B)Q(dy) =

∫
B

Py(π
−1
Υ (B))Q(dy),

gegonìc pou sunep�getai ìti∫
B

Q(dy) =

∫
B

Py(π
−1
Υ (B))Q(dy)   isodÔnama Py(π

−1
Υ (B)) = 1,

gia Q−sqedìn ìla ta y ∈ B. 'Etsi apodeiknÔetai to (c) kai oloklhr¸netai h ìlh

apìdeixh.

�

Parathr seic 3.2.6. (a) Sto b ma (c) tou L mmatoc 3.2.5 mporeÐ na apodeiqjeÐ k�ti

isqurìtero. Sugkekrimèna mporeÐ na apodeiqjeÐ ìti gia k�je B ∈ T kai y ∈ B isqÔei

Py(π
−1
Υ (B)) = 1.

Pr�gmati, gia k�je B ∈ T kai y ∈ B isqÔei

Py(π
−1
Υ (B)) = Py(Ω×B) = (P̃y ⊗ δy)(Ω×B) = P̃y(Ω)δy(B) = δy(B) = 1.
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H apìdeixh ofeÐletai ston kajhght  k. D. Stèggo.

(b) K�tw apì thn asjen  upìjesh, ìti gia k�je y ∈ Υ isqÔei {y} ∈ T , h disintegration

{Py}y∈Υ tou parap�nw l mmatoc eÐnai isqur� sunep c me thn πΥ (isqur� sunep c sh-

maÐnei ìti gia Q− σ.o. ta y ∈ Υ isqÔei Py(π
−1
Υ ({y}) = 1, bl. p.q [17], Definition 452E).

Pr�gmati, gia k�je y ∈ Υ �mesh sunèpeia tou (a) gia B = {y} eÐnai ìti Py(π−1
Υ ({y})) = 1.

(c) Shmei¸noume ìti oi isqur� sunepeÐc disintegrations qrhsimopoioÔntai eurèwc sth Je-

wrÐa Pijanot twn, ìpou sun jwc oi q.p. twn efarmog¸n èqoun dom  parìmoia me ekeÐnh

twn q.p. (RN,BN, P ), gia touc opoÐouc p�nta up�rqoun isqur� sunepeÐc disintegrations.

Parìla aut�, gia genikoÔc q.p. endiafèron paramènei to parak�tw

Er¸thma 3.2.7. 'Estw (Ω,Σ, P ) (Υ, T,Q) q.p. kai Θ : Ω 7−→ Υ mÐa apeikìnish ¸ste

PΘ = Q (dhl P (Θ−1(B)) = Q(B)). K�tw apì poiec (ikanèc kai anagkaÐec) sunj kec

up�rqoun disintegrations {Py}y∈Υ tou P ep�nw sto Q pou eÐnai isqur� sunepeÐc me thn Θ;

Sthn parak�tw prìtash apodeiknÔetai h isodunamÐa thc Ôparxhc miac k.d.p.-ginìmeno

kai miac sunepoÔc disintegration se polÔ genik� plaÐsia. To pr¸to mèroc thc prìtashc

(isodunamÐa twn (i) kai (ii)) up�rqei sthn [3], Prìtash 2.2.2 kai [24], Proposition 2.5.

Prìtash 3.2.8. 'Estw M èna mètro pijanìthtac ep�nw sthn Σ ⊗ T ¸ste P kai Q na

eÐnai ta perij¸ria mètra tou M . Tìte oi akìloujec idiìthtec eÐnai isodÔnamec:

(i) Up�rqei mÐa k.d.p.-ginìmeno ep�nw sth Σ gia to mètro M wc proc to mètro Q,

(ii) up�rqei mÐa disintegration tou M ep�nw sto Q sunep c me thn πΥ.

An epÐ plèon gia k�je y ∈ Υ isqÔei {y} ∈ T , tìte k�je mÐa apì tic sunj kec (i) kai

(ii) eÐnai isodÔnamh me thn

(iii) up�rqei mÐa disintegration tou M ep�nw sto Q isqur� sunep c me thn πΥ.

Apìdeixh. (i)=⇒ (ii): EÐnai �mesh sunèpeia tou L mmatoc 3.2.5.

(ii)=⇒ (i): Gia thn antÐstrofh sunepagwg , jewroÔme ìti up�rqei mÐa disintegration

{Py}y∈Υ tou M ep�nw sto Q sunep c me thn πΥ. Gia k�je y ∈ Υ orÐzoume thn suno-

losun�rthsh P̃y : Σ −→ R me ton ex c trìpo:

P̃y(A) := Py(A×Υ) gia ìla ta A ∈ Σ.

Profan¸c, h {P̃y}y∈Υ eÐnai mÐa oikogèneia mètrwn pijanìthtac ep�nw sth Σ pou ikanopoieÐ

thn idiìthta (D1).

Gia na deÐxoume thn (D2), stajeropoioÔme A×B ∈ Σ×T . AfoÔ {Py}y∈Υ eÐnai sunep c me
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thn πΥ, èqoume Py(Ω×B) = 1 gia Q−sqedìn ìla ta y ∈ B, kai afoÔ epÐshc Py(Ω×Bc) = 1

gia Q−sqedìn ìla ta y ∈ Bc, èqoume Py(Ω×B) = 0 gia Q−sqedìn ìla ta y ∈ Bc, gegonìc

pou èpetai ìti

Py(A×B) = 0 gia Q− sqedìn ìla ta y ∈ Bc. (3.8)

Xan�, apì th sunèpeia thc {Py}y∈Υ me thn πΥ èpetai gia Q−sqedìn ìla ta y ∈ B ìti

Py(A×B) = Py((A×Υ) ∩ (Ω×B)) = Py(A×Υ) = P̃y(A),

dhlad 

Py(A×B) = P̃y(A) gia Q− sqedìn ìla ta y ∈ B. (3.9)

Efarmìzontac t¸ra tic sqèseic (3.8) kai (3.9) lamb�noume

M(A×B) =

∫
Py(A×B)Q(dy)

=

∫
B

Py(A×B)Q(dy) +

∫
Bc
Py(A×B)Q(dy)

=

∫
B

P̃y(A)Q(dy).

'Etsi prokÔptei h idiìthta (D2). Kat� sunèpeia, èqoume kai thn isqÔ thc (i) idiìthtac.

An epÐ plèon gia k�je y ∈ Υ isqÔei {y} ∈ T , ja deÐxoume thn isodunamÐa (iii)⇐⇒ (ii).

Pr�gmati, h sunepagwg  (iii) =⇒ (ii) eÐnai gnwst  (bl. p.q. [17], Proposition 452, (b)),

en¸ h sunepagwg  (i) =⇒ (iii) eÐnai sunèpeia thc Parat rhshc 3.2.6, (b). �
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Kef�laio 4

Memeigmènec Σ.D. Poisson

H epilog  kat�llhlwn upojèsewn gia th σ.d. tou arijmoÔ twn apait sewn pou perigr�fei

èna qartoful�kio, eÐnai èna sobarì prìblhma. Sto parìn kef�laio ja suzhthjeÐ mia

genik  mèjodoc antimet¸pishc tou probl matoc. H basik  idèa eÐnai na ermhneÔsoume èna

anomoiogenèc qartoful�kio wc meÐgma apì omoiogen  qartoful�kia. Sth perÐptwsh aut 

h diadikasÐa tou arijmoÔ twn apait sewn enìc anomoiogenoÔc qartofulakÐou, orÐzetai ìti

eÐnai èna meÐgma stoqastik¸n diadikasi¸n arijmoÔ apait sewn omoiogen¸n qartofulakÐwn,

tètoia ¸ste h memeigmènh katanom  touc, na antiproswpeÔei th dom  tou anomoiogenoÔc

qartofulakÐou. Arqik� ja kajoristeÐ to genikì montèlo, kai sth sunèqeia ja melethjeÐ

h memeigmènh σ.d. Poisson kai mia endiafèrousa eidik  perÐptwsh, h diadikasÐa Pólya-

Lundberg.

Ta apotelèsmata twn Enot twn 4.1 kai 4.2 up�rqoun sto [28]. Ed¸ parousi�zontai me

analutikèc apodeÐxeic.

4.1 To upìdeigma

JewroÔme sto ex c {Nt}t∈R+ mÐa σ.d. tou arijmoÔ apait sewn, kai Θ mia tuqaÐa meta-

blht . Upojètoume ìpwc proanafèrjhke, pwc to anomoiogenèc qartoful�kio kindÔnwn,

eÐnai èna meÐgma apì omoiogen  qartoful�kia idÐou megèjouc, ta opoÐa eÐnai parìmoia, all�

diaforetik� metaxÔ touc. Upojètoume epÐshc, ìti k�je anomoiogenèc qartoful�kio, mporeÐ

na prosdioristeÐ me th pragmatopoÐhsh thc tuqaÐac metablht c Θ. Autì shmaÐnei pwc h

katanom  tou Θ antiproswpeÔei th dom  tou anomoiogenoÔc qartofulakÐou, upì ìrouc.

Opìte oi idiìthtec thc katanom c thc σ.d. {Nt}t∈R+ tou arijmoÔ twn apait sewn, kajorÐ-

zontai apì tic idiìthtec thc desmeumènhc katanom c wc proc to Θ, kai apì tic idiìthtec thc

katanom c tou Θ. Gia to lìgo autì, h tuqaÐa metablht  Θ onom�zetai par�metroc dì-
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mhshc (structure parameter), h katanom  thc RΘ onom�zetai katanom  dìmhshc

(structure distribution), en¸ h σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ onom�zetai

memeigmènh σ.d. tou arijmoÔ apait sewn (mixed claim number process).

H σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ èqei:

• upì sunj kh anex�rthtec prosaux seic wc proc to Θ an, gia k�jem ∈ N∗

kai t0, t1, . . . , tm ∈ R+ tètoia ¸ste 0 = t0 < t1 < · · · < tm, oi prosaux seic

{Ntj −Ntj−1
}j∈{1,...,m} eÐnai upì sunj kh anex�rthtec wc proc to Θ, kai èqei

• upì sunj kh st�simec prosaux seic wc proc to Θ an, gia k�je m ∈ N∗

kai t0, t1, . . . , tm, h ∈ R+ tètoia ¸ste 0 = t0 < t1 < · · · < tm, oi prosaux seic

{Ntj+h − Ntj−1+h
}j∈{1,...,m} èqoun thn Ðdia upì sunj kh katanom  wc proc to Θ, kai

isqÔei h sqèsh:

PNtj+h−Ntj−1+h|Θ = PNtj−Ntj−1 |Θ P |σ(Θ)− σ.β.

'Amesa prokÔptei pwc, mia stoqastik  diadikasÐa arijmoÔ apait sewn me upì sunj kh

anex�rthtec prosaux seic wc proc Θ, èqei kai upì sunj kh st�simec prosaux seic wc

proc Θ an kai mìno an h PNt+h−Nt|Θ = PNh|Θ P |σ(Θ)− σ.β. gia ìla ta t, h ∈ R+.

Gia thn apìdeixh qrhsimopoioÔntai parìmoia epiqeir mata me ekeÐna thc apìdeixhc tou

L mmatoc A'1.3 tou [2].

L mma 4.1.1. An mÐa σ.d. tou arijmoÔ twn apait sewn èqei upì sunj kh st�simec

prosaux seic wc proc Θ, tìte èqei kai st�simec prosaux seic.

Apìdeixh. Gia ìla ta m ∈ N∗ kai t0, t1, . . . , tm, h ∈ R+ tètoia ¸ste 0 = t0 < t1 < · · · <
tm kai gia ìla ta k1, . . . , km ∈ N, èqoume

P

[
m⋂
j=1

{Ntj+h −Ntj−1+h = kj}

]
=

∫
Ω

P (
m⋂
j=1

{Ntj+h −Ntj−1+h = kj}|Θ(ω))P (dω)

=

∫
Ω

P (
m⋂
j=1

{Ntj −Ntj−1
= kj}|Θ(ω))P (dω)

= P

[
m⋂
j=1

{Ntj −Ntj−1
= kj}

]

ìpou h pr¸th kai trÐth isìthta eÐnai �mesh sunèpeia tou Jewr matoc Olik c Pijanìthtac

(J.O.P), en¸ h deÔterh isìthta prokÔptei apì ton orismì gia tic upì sunj kh st�simec

prosaux seic thc σ.d. tou arijmoÔ twn apait sewn. �
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AntÐjeta, gia mÐa σ.d. arijmoÔ twn apait sewn me upì sunj kh anex�rthtec prosaux -

seic wc proc Θ, sunep�getai ìti den èqei genik� anex�rthtec prosaux seic ìpwc ja doÔme

kai apì to Je¸rhma 4.2.7 sth sunèqeia autoÔ tou kefalaÐou.

To l mma pou akoloujeÐ prokÔptei �mesa apì tic idiìthtec thc upì sunj kh anamenì-

menhc tim c.

L mma 4.1.2. An h σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ èqei peperasmènec mèsec

timèc, tìte

E[Nt] = E[E(Nt|Θ)]

kai

V ar[Nt] = E[V ar(Nt|Θ)] + V ar[E(Nt|Θ)]

gia ìla ta t ∈ R+.

Sto shmeÐo autì parousi�zetai o orismìc thc memeigmènhc σ.d. Poisson .

Orismìc 4.1.3. H σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ onom�zetai memeigmènh

stoqastik  diadikasÐa Poisson me par�metro Θ (  gia suntomÐa P −MPP (Θ)),

e�n

• Θ eÐnai mia tuqaÐa metablht  gia thn opoÐa isqÔei RΘ[(0,∞)] = 1, kai e�n

• {Nt}t∈R+ èqei upì sunj kh st�simec kai anex�rthtec prosaux seic wc proc to Θ,

ètsi ¸ste gia k�je t ∈ (0,∞) na isqÔei h sqèsh RNt|Θ = P(tΘ) P |σ(Θ)− σ.b.

Idiaitèrwc, an h katanom  thc Θ eÐnai ekfulismènh sto θ0 > 0 (dhlad  PΘ({θ0}) = 1),

tìte {Nt}t∈R+ eÐnai mÐa P − σ.d. Poisson me par�metro θ0.

Telik� paratÐjetai mÐa basik  idiìthta thc memeigmènhc σ.d. Poisson:

L mma 4.1.4. An h σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ , eÐnai mÐa memeigmènh σ.d.

Poisson, tìte èqei st�simec prosaux seic kai ikanopoieÐ thn sqèsh: P [{Nt = n}] > 0, gia

ìla ta t ∈ (0,∞) kai n ∈ N.

Apìdeixh. Apì to L mma 4.1.1 parap�nw, gnwrÐzoume pwc h σ.d. tou arijmoÔ twn

apait sewn {Nt}t∈R+ èqei st�simec prosaux seic. Epiplèon,

P [{Nt = n}] =

∫
Ω

P [{Nt = n}|Θ(ω)]P (dω)

=

∫
Ω

e−tΘ(ω) (tΘ(ω))n

n!
P (dω)

=

∫
R
e−tθ

(tθ)n

n!
PΘ(dθ)
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ìpou h pr¸th isìthta eÐnai apotèlesma tou Jewr matoc Olik c Pijanìthtac (Θ.O.P), h

deÔterh isìthta prokÔptei apì ton Orismì 4.1.3, en¸ h trÐth isìthta prokÔptei apì to

Je¸rhma 2.4.6 tou [5], gnwstì wc Je¸rhma MetasqhmatismoÔ Oloklhr¸matoc. Opìte

pr�gmati h R[{Nt = n}] > 0. �

Sto shmeÐo autì, genn�tai to er¸thma kat� pìson mia memeigmènh σ.d. Poisson, mporeÐ

na èqei anex�rthtec prosaux seic, to opoÐo apantoÔme sthn epìmenh enìthta (Je¸rh-

ma 4.2.7).

4.2 To poluwnumikì krit rio kai h σ.d. Markov

To parak�tw apotèlesma eÐnai merik  genÐkeush tou L mmatoc 2.3.3.

L mma 4.2.1. (Poluwnumikì Krit rio). An h σ.d. tou arijmoÔ twn apait sewn

{Nt}t∈R+ eÐnai memeigmènh σ.d. Poisson me par�metro Θ, tìte isqÔei

(∗) P

[
m⋂
j=1

{Ntj −Ntj−1
= kj}|{Ntm = n}

]
=

n!∏m
j=1 kj!

m∏
j=1

(
tj − tj−1

tm

)kj
gia k�je m ∈ N∗ kai t0, t1, ...., tm ∈ R+ tètoia ¸ste 0 = t0 < t1 < · · · < tm kai gia k�je

n ∈ N kai k1, ...., km ∈ N tètoia ¸ste
∑m

j=1 kj = n.

Apìdeixh. Arqik� ja apodeÐxoume ìti gia k�je m ∈ N∗ kai t0, t1, ...., tm ∈ R+ tètoia

¸ste 0 = t0 < t1 < · · · < tm kai gia k�je n ∈ N kai k1, ...., km ∈ N tètoia ¸ste∑m
j=1 kj = n isqÔei h sqèsh:

m⋂
j=1

{Ntj −Ntj−1
= kj} ∩ {Ntm = n} =

m⋂
j=1

{Ntj −Ntj−1
= kj} (4.1)

Pr�gmati, gia k�je m ∈ N∗ kai t0, t1, ...., tm ∈ R+ tètoia ¸ste 0 = t0 < t1 < · · · < tm kai

gia k�je n ∈ N kai k1, ...., km ∈ N tètoia ¸ste
∑m

j=1 kj = n èqoume:

m⋂
j=1

{Ntj −Ntj−1
= kj} ∩ {Ntm = n}

= {Nt1 −Nt0 = k1} ∩ {Nt2 −Nt1 = k2} ∩ . . . ∩ {Ntm −Ntm−1 = km} ∩ {Ntm = n}

= {Nt1 = k1} ∩ . . . ∩ {Ntm −Ntm−1 = km} ∩ {Ntm = n}

= {Nt1 = k1} ∩ {Nt2 = k1 + k2} ∩ . . . ∩ {Ntm = k1 + . . .+ km} ∩ {Ntm = n}

= {Nt1 = k1} ∩ {Nt2 = k1 + k2} ∩ . . . ∩ {Ntm = k1 + . . .+ km}

= {Nt1 −Nt0 = k1} ∩ {Nt2 −Nt1 = k2} ∩ . . . ∩ {Ntm −Ntm−1 = km}

=
m⋂
j=1

{Ntj −Ntj−1
= kj}
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'Amesa prokÔptei pwc:

P

[
m⋂
j=1

{Ntj −Ntj−1
= kj} ∩ {Ntm = n}

]
= P

[
m⋂
j=1

{Ntj −Ntj−1
= kj}

]

=

∫
Ω

P

(
m⋂
j=1

{Ntj −Ntj−1
= kj}|Θ(ω)

)
P (dω)

=

∫
Ω

m∏
j=1

P ({Ntj −Ntj−1
= kj}|Θ(ω))P (dω)

=

∫
Ω

m∏
j=1

e−(tj−tj−1)Θ(ω) ((tj − tj−1)Θ(ω))kj

kj!
P (dω)

=

∫
Ω

e−(t1−t0)Θ(ω) · ((t1 − t0)Θ(ω))k1

k1!
· · · e−(tm−tm−1)Θ(ω) ((tm − tm−1)Θ(ω))km

km!
P (dω)

=

∫
Ω

e−(t1−t0)Θ(ω)−...−(tm−tm−1)Θ(ω) (t1 − t0)k1 · · · (tm − tm−1)km(Θ(ω))k1+k2+...+km∏m
j=1 kj!

P (dω)

=
n!∏m
j=1 kj!

m∏
j=1

(
tj − tj−1

tm

)kj ∫
Ω

e−tmΘ(ω) (tmΘ(ω))n

n!
P (dω)

=
n!∏m
j=1 kj!

·
m∏
j=1

(
tj − tj−1

tm

)kj
·
∫

Ω

e−tmΘ(ω) · (tmΘ(ω))n

n!
P (dω),

ìpou �mesh sunèpeia thc sqèshc (4.1) eÐnai h pr¸th isìthta. Epeid  h σ.d. tou arijmoÔ

twn apait sewn {Nt}t∈R+ eÐnai mia memeigmènh σ.d. Poisson, tìte èqei kai upì sunj kh

anex�rthtec prosaux seic ap�opou prokÔptei h trÐth isìthta. Tèloc h tètarth isìthta

diamorf¸netai kata autì to trìpo, diìti PNtj−Ntj−1 |Θ = P((tj − tj−1)Θ).

Sth sunèqeia, apì to L mma 4.1.4 isqÔei ìti:

P [{Ntm = n}] =

∫
Ω

e−tmΘ(ω) (tmΘ(ω))n

n!
P (dω) (4.2)

opìte èqoume:

P

[
m⋂
j=1

{Ntj −Ntj−1
= kj}|{Ntm = n}

]

:=
P
[⋂m

j=1{Ntj −Ntj−1
= kj} ∩ {Ntm = n}

]
P [{Ntm = n}]

=

n!∏m
j=1 kj !

·
∏m

j=1

(
tj−tj−1

tm

)kj
·
∫

Ω
e−tmΘ(ω) · (tmΘ(ω))n

n!
P (dω)∫

Ω
e−tmΘ(ω) · (tmΘ(ω))n

n!
P (dω)

=
n!∏m
j=1 kj!

·
m∏
j=1

(
tj − tj−1

tm

)kj
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�

Sthn perÐptwsh pou m = 2, to poluwnumikì krit rio onom�zetai Lundberg’s binomial

criterion, (diwnumikì krit rio Lundberg). To poluwnumikì krit rio mac epitrèpei na elèn-

xoume thn upìjesh gia to an h stoqastik  diadikasÐa tou arijmoÔ twn apait sewn, eÐnai

mia memeigmènh diadikasÐa Poisson kai eÐnai èna qr simo ergaleÐo gia ton upologismì thc

{peperasmènhc} katanom c thc memeigmènhc σ.d. Poisson.

To poluwnumikì krit rio pou isqÔei gia thn σ.d. Poisson (bl. L mma 2.3.3) se sundia-

smì me to L mma 4.2.1 mac odhgeÐ sto parak�tw

Er¸thma 4.2.2. Pìte isqÔei h isodunamÐa

{H {Nt} eÐnai memeigmènh stoqastik  diadikasÐa Poisson me par�metro Θ ⇐⇒ h {Nt}
ikanopoieÐ thn (∗) kai th PNt|Θ = P(tΘ) P |σ(Θ)− σ.β.}?

Je¸rhma 4.2.3. An h σ.d. tou arijmoÔ twn apait sewn eÐnai mia memeigmènh σ.d. Poisson,

tìte eÐnai kai diadikasÐa Markov.

Apìdeixh. JewroÔme m ∈ N∗, t1, · · · , tm, tm+1 ∈ (0,∞) kai n1, n2, ..., nm, nm+1 ∈ N
tètoia ¸ste t1 < .... < tm < tm+1 kai P

[⋂m
j=1{Ntj = nj}

]
> 0. OrÐzoume t0 := 0 kai

n0 := 0. Sto shmeÐo autì, ja apodeÐxoume arqik� ìti isqÔei h sqèsh:

m⋂
j=1

{Ntj = nj} =
m⋂
j=1

{Ntj −Ntj−1
= nj − nj−1} (4.3)

Pr�gmati,

èstw ω ∈ Ω aujaÐreto. Tìte

ω ∈
m⋂
j=1

{Ntj = nj} ⇔ Ntj(ω) = nj gia k�je j = 1, . . . ,m

⇔ Ntj(ω)−Ntj−1
(ω) = nj − nj−1 gia k�je j = 1, . . . ,m

⇔ ω ∈
m⋂
j=1

{Ntj −Ntj−1
= nj − nj−1}

Epeid  to ω ∈ Ω eÐnai aujaÐreto, èpetai ìti isqÔei h sqèsh (4.3)

Profan¸c isqÔei ìti:

{Ntm = nm} ⊇
m⋂
j=1

{Ntj = nj}

Opìte

0 < P

[
m⋂
j=1

{Ntj = nj}

]
≤ P [{Ntm = nm}] (4.4)
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'Ara

P [{Ntm = nm}] > 0 (4.5)

Me ton trìpo autì apì th sqèsh (4.3) kai th sqèsh (4.4), exasfalÐzoume epÐshc pwc h

P

[
m⋂
j=1

{Ntj −Ntj−1
= nj − nj−1}

]
> 0 (4.6)

(a) P [{Ntm+1 = nm+1}|
⋂m
j=1{Ntj = nj}]

=
(
nm+1

nm

) (
tm
tm+1

)nm ( tm+1−tm
tm+1

)nm+1−nm P [{Ntm+1=nm+1}]
P [{Ntm=nm}] .

Pr�gmati,

P

[
{Ntm+1 = nm+1}|

m⋂
j=1

{Ntj = nj}

]
:=

P
[⋂m+1

j=1 {Ntj = nj}
]

P
[⋂m

j=1{Ntj = nj}
]

=
P
[⋂m+1

j=1 {Ntj −Ntj−1
= nj − nj−1}

]
P
[⋂m

j=1{Ntj −Ntj−1
= nj − nj−1}

]
=

P
[⋂m+1

j=1 {Ntj −Ntj−1
= nj − nj−1}|{Ntm+1 = nm+1}

]
P [{Ntm+1 = nm+1}]

P
[⋂m

j=1{Ntj −Ntj−1
= nj − nj−1}|{Ntm = nm}

]
P [{Ntm = nm}]

=

nm+1!∏m+1
j=1 (nj−nj−1)!

∏m+1
j=1

(
tj−tj−1

tm+1

)nj−nj−1

P [{Ntm+1 = nm+1}]

nm!∏m
j=1(nj−nj−1)!

∏m
j=1

(
tj−tj−1

tm

)nj−nj−1

P [{Ntm = nm}]

=
nm+1! ·

∏m
j=1(nj − nj−1)! ·

∏m+1
j=1

(
tj−tj−1

tm+1

)nj−nj−1

P [{Ntm+1 = nm+1}]

nm! ·
∏m+1

j=1 (nj − nj−1)! ·
∏m

j=1

(
tj−tj−1

tm

)nj−nj−1

P [{Ntm = nm}]

=
nm+1! · (n1 − n0)! · · · (nm − nm−1)!

nm! · (n1 − n0)! · · · (nm+1 − nm)!
·

(t1−t0)n1−n0

t
n1−n0
m+1

· · · (tm+1−tm)nm+1−nm

t
nm+1−nm
m+1

(t1−t0)n1−n0

t
n1−n0
m

· · · (tm−tm−1)nm−nm−1

t
nm−nm−1
m

·
P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

=
nm+1!

nm! · (nm+1 − nm)!
·
(

tm
tm+1

)(n1−n0)+...+(nm−nm−1)

·
(
tm+1 − tm
tm+1

)nm+1−nm

·
P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

=

(
nm+1

nm

)(
tm
tm+1

)nm (tm+1 − tm
tm+1

)nm+1−nm P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

ìpou h deÔterh isìthta prokÔptei apì thn sqèsh (4.3), h trÐth apì to Pollaplasiastikì

Je¸rhma, en¸ h tètarth apì to Poluwnumikì Krit rio.
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(b) P
[
{Ntm+1 = nm+1}|{Ntm = nm}

]
=
(
nm+1

nm

) (
tm
tm+1

)nm ( tm+1−tm
tm+1

)nm+1−nm P [{Ntm+1=nm+1}]
P [{Ntm=nm}] .

Pr�gmati,

P
[
{Ntm+1 = nm+1}|{Ntm = nm}

]
:= P

[
{Ntm = nm}|{Ntm+1 = nm+1}

]
·
P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

=
P
[
{Ntm = nm} ∩ {Ntm+1 = nm+1}

]
P [{Ntm+1 = nm+1}]

·
P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

=
P [{Ntm = nm, Ntm+1 −Ntm = nm+1 − nm}]

P [{Ntm+1 = nm+1}]
·
P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

=

∫
Ω
P [{Ntm = nm} ∩ {Ntm+1 −Ntm = nm+1 − nm}|Θ(ω)]P (dω)∫

Ω
P [{Ntm+1 = nm+1}|Θ(ω)]P (dω)

·
P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

=

∫
Ω
P [{Ntm = nm}|Θ(ω)]P [{Ntm+1 −Ntm = nm+1 − nm}|Θ(ω)]P (dω)∫

Ω
P [{Ntm+1 = nm+1}|Θ(ω)]P (dω)

·
P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

=

∫
Ω
e−tmΘ(ω) (tmΘ(ω))nm

nm!
· e−(tm+1−tm)Θ(ω) (tm+1−tmΘ(ω))nm+1−nm

(nm+1−nm)!
P (dω)∫

Ω
e−tm+1Θ(ω) (tm+1Θ(ω))nm+1

nm+1!
P (dω)

·
P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

=

∫
Ω
e−tm+1Θ(ω) (tmΘ(ω))nm ((tm+1−tm)Θ(ω))nm+1−nm

nm!(nm+1−nm)!
P (dω)∫

Ω
e−tm+1Θ(ω) (tm+1Θ(ω))nm+1

nm+1!
P (dω)

·
P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

=

tnmm (tm+1−tm)nm+1−nm

nm!(nm+1−nm)!

t
nm+1
m+1

nm+1!

·
∫

Ω
e−tm+1Θ(ω)(Θ(ω))nm+1P (dω)∫

Ω
e−tm+1Θ(ω)(Θ(ω))nm+1P (dω)

·
P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

=
nm+1!

nm!(nm+1 − nm)!
· t

nm
m (tm+1 − tm)nm+1−nm

t
nm+1

m+1

·
P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

=

(
nm+1

nm

)
·
tnmm+1

tnmm+1

· t
nm
m (tm+1 − tm)nm+1−nm

t
nm+1

m+1

·
P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

=

(
nm+1

nm

)
·
(

tm
tm+1

)nm
· (tm+1 − tm)nm+1−nm · tnm−nm+1

m+1 ·
P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

=

(
nm+1

nm

)(
tm
tm+1

)nm (tm+1 − tm
tm+1

)nm+1−nm P [{Ntm+1 = nm+1}]
P [{Ntm = nm}]

Apì ta (a) kai (b) èpetai

P

[
{Ntm+1 = nm+1}|

m⋂
j=1

{Ntj = nj}

]
= P

[
{Ntm+1 = nm+1}|{Ntm = nm}

]
.
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Dhlad  h {Nt}t∈R+ eÐnai Markov. �

Apì to parap�nw Je¸rhma, prokÔptei to ex c:

Er¸thma 4.2.4. K�tw apì poièc sunj kec isqÔei to antÐstrofo tou Jewr matoc 4.2.3,

dhlad  pìte mia diadikasÐa Markov eÐnai memeigmènh σ.d. Poisson me par�metro Θ ;

Apì to l mma pou akoloujeÐ, dÐnetai mÐa epiplèon dunatìthta na elègxoume thn upìjesh

ìti h σ.d. tou arijmoÔ apait sewn eÐnai mia memeigmènh σ.d. Poisson, kai mporeÐ epÐshc na

qrhsimopoihjeÐ gia thn ektÐmhsh thc mèshc tim c kai thc diakÔmanshc thc katanom c miac

memeigmènhc σ.d. Poisson.

L mma 4.2.5. An h σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ eÐnai mia memeigmènh σ.d.

Poisson me par�metro Θ, tètoia ¸ste h E[Θ] <∞, tìte gia k�je t ∈ R+ isqÔei:

E[Nt] = tE[Θ]

kai

V ar[Nt] = tE[Θ] + t2V ar[Θ].

Idiaitèrwc h pijanìthta èkrhxhc isoÔtai me mhdèn.

Apìdeixh. (a) : Gia k�je t ∈ R+ isqÔei

E[Nt] = E[E(Nt|Θ)] = E[tΘ] = tE[Θ],

ìpou h pr¸th isìthta prokÔptei apì to L mma 4.1.2 kai h deÔterh apì ton Orismì 4.1.3.

(b) : Gia k�je t ∈ R+ isqÔei

V ar[Nt] = E[V ar(Nt|Θ)] + V ar[E(Nt|Θ)] = E[tΘ] + V ar[tΘ] = tE[Θ] + t2V ar[Θ],

ìpou h pr¸th isìthta eÐnai sunèpeia tou L mmatoc 4.1.2, en¸ h deÔterh eÐnai �mesh sunè-

peia tou OrismoÔ 4.1.3.

(c) : H pijanìthta èkrhxhc eÐnai mhdèn.

Pr�gmati, apì to (a) èpetai ìti h σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ èqei pepera-

smènec mèsec timèc diìti,

∀t ∈ R+ E[Nt] = tE[Θ] <∞.

Epomènwc mporoÔme na efarmìsoume th [28], Proposition 2.1.5 gia na p�roume to (c). �

T¸ra mporoÔme na d¸soume ap�nthsh sto er¸thma pou tèjhke sthn arq  tou parìntoc

kefalaÐou, gia to an mia memeigmènh σ.d. Poisson mporeÐ na èqei anex�rthtec prosaux seic.

Arqik� ja anafèroume ton orismì thc m  omogenoÔc σ.d. Poisson.

55



Memeigmènec Σ.D. Poisson

Orismìc 4.2.6. 'Estw λ : R+ −→ (0,∞) mÐa suneq c sun�rthsh. H σ.d. tou arijmoÔ

twn apait sewn {Nt}t∈R+ eÐnai mÐa m  omogen c σ.d. Poisson me èntash λ, an

èqei anex�rthtec prosaux seic kai isqÔei h sqèsh PNt+h−Nt = P
(∫ t+h

t
λ(s)ds

)
gia k�je

h ∈ R+.

Je¸rhma 4.2.7. An h σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ eÐnai mia memeigmènh

σ.d. Poisson me par�metro Θ, ètsi ¸ste to Θ na èqei peperasmènh mèsh tim , tìte ta

akìlouja eÐnai isodÔnama:

(a) H katanom  tou Θ, eÐnai ekfulismènh.

(b) H σ.d. tou arijmoÔ apait sewn {Nt}t∈R+ èqei anex�rthtec prosaux seic.

(c) H σ.d. tou arijmoÔ apait sewn {Nt}t∈R+ eÐnai mÐa m  omogen c σ.d. Poisson .

(d) H σ.d. tou arijmoÔ apait sewn {Nt}t∈R+ eÐnai mÐa (omogen c) σ.d. Poisson .

Apìdeixh. Profan¸c to (a) sunep�getai to (d), to (d) sunep�getai to (c), kai to (c)

sunep�getai to (b). Apì to L mma 4.2.5 kai to [28], Theorem 2.3.4, to (b) sunep�getai

to (d). Mènei na deÐxoume ìti to (d) sunep�getai to (a). Pr�gmati, an upojèsoume pwc h

{Nt}t∈R+ eÐnai mÐa σ.d. Poisson, tìte èqoume:

E[Nt] = V ar[Nt]

gia k�je t ∈ R+ kai apì to L mma 4.2.5 èqoume V ar[Θ] = 0, pou shmaÐnei pwc h katanom 

thc Θ eÐnai ekfulismènh. Wc ek toÔtou, h (d) sunep�getai thn (a). �

Oloklhr¸noume thn enìthta aut  parousi�zontac th σ.d. Pólya-Lundberg

Orismìc 4.2.8. H σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ onom�zetai σ.d. Pólya-

Lundberg me paramètrouc α kai γ, e�n eÐnai memeigmènh σ.d. Poisson me par�metro Θ

¸ste na isqÔei PΘ = Ga(α, γ).

Je¸rhma 4.2.9. An h σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ eÐnai mÐa σ.d. Pólya-

Lundberg me paramètrouc α kai γ, tìte isqÔei:

P

[
m⋂
j=1

{Ntj = nj}

]
=

Γ(γ + nm)

Γ(γ)
∏m

j=1(nj − nj−1)!

(
α

α + tm

)γ m∏
j=1

(
tj − tj−1

α + tm

)nj−nj−1

gia k�je m ∈ N∗, t0, t1, . . . , tm ∈ R+ ¸ste 0 = t0 < t1 < · · · < tm, kai gia k�je

n0, n1, . . . , nm ∈ N ¸ste 0 = n0 ≤ n1 ≤ · · · ≤ nm.
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Idiaitèrwc, h σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ èqei st�simec kai exarthmènec

prosaux seic kai ikanopoieÐ ta ex c:

PNt = NB

(
γ,

α

α + t

)
gia k�je t ∈ (0,∞)

kai

PNt+h−Nt|Nt = NB

(
γ +Nt,

α + t

α + t+ h

)
gia k�je t, h ∈ (0,∞).

Apìdeixh. Apì to L mma 4.1.4 kai to Je¸rhma 4.2.7 faÐnetai kajar� pwc h σ.d. tou

arijmoÔ twn apait sewn {Nt}t∈R+ , èqei st�simec kai exarthmènec prosaux seic.

(a). Gia k�je t ∈ R?
+ isqÔei PNt = NB

(
γ, α

α+t

)
.

Pr�gmati, gia k�je t ∈ R?
+ èqoume:

P [{Nt = n}]

=

∫
Ω

P ({Nt = n}|Θ(ω))P (dω)

=

∫
Ω

e−tΘ(ω) · (tΘ(ω))n

n!
P (dω)

=

∫
R
e−tθ · (tθ)n

n!
PΘ(dθ)

:=

∫
R
e−tθ · (tθ)n

n!
· α

γ

Γ(γ)
· e−αθθγ−1χ(0,∞)(θ)λ(dθ)

=
tn · αγ

Γ(γ) · n!

∫ ∞
0

e−(α+t)θθγ+n−1λ(dθ)

=
Γ(γ + n)

Γ(γ)n!
·
(

α

α + t

)γ
·
(

t

α + t

)n
·
∫ ∞

0

(α + t)γ+n

Γ(γ + n)
· e−(α+t)θθγ+n−1λ(dθ)

=
(γ + n− 1)(γ + n− 2) . . . γΓ(γ)

Γ(γ)n!
·
(

α

α + t

)γ
·
(

t

α + t

)n
=

(γ + n− 1)(γ + n− 2) . . . γ

n!
·
(

α

α + t

)γ
·
(

t

α + t

)n
=

(γ + n− 1)(γ + n− 2) . . . γ(γ − 1)!

n!(γ − 1)!
·
(

α

α + t

)γ
·
(

t

α + t

)n
=

(γ + n− 1)!

n!(γ − 1)!

(
α

α + t

)γ (
t

α + t

)n
=

(
γ + n− 1

n

)(
α

α + t

)γ (
t

α + t

)n
,

ìpou h trÐth isìthta prokÔptei apì to [5], Je¸rhma 2.4.6, h èbdomh apì ton orismì thc

σ.p.p. thc Ga(γ + n, α + t).

'Ara

PNt = NB

(
γ,

α

α + t

)
gia k�je t ∈ (0,∞).
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(b). Gia k�je t ∈ R+ kai gia k�je h > 0, isqÔei

P

[
m⋂
j=1

{Ntj = nj}

]
=

Γ(γ + nm)

Γ(γ)
∏m

j=1(nj − nj−1)!
·
(

α

α + tm

)γ m∏
j=1

(
tj − tj−1

α + tm

)nj−nj−1

.

Pr�gmati, èqoume:

P

[
m⋂
j=1

{Ntj = nj}

]
= P

[
m⋂
j=1

{Ntj = nj}|{Ntm = nm}

]
P [{Ntm = nm}]

(4.3)
= P

[
m⋂
j=1

{Ntj −Ntj−1
= nj − nj−1|{Ntm = nm}

]
P [{Ntm = nm}]

=
nm!∏m

j=1(nj − nj−1)!

m∏
j=1

(
tj − tj−1

tm

)nj−nj−1
(
γ + nm − 1

nm

)
·
(

α

α + tm

)γ (
tm

α + tm

)nm
=

nm!∏m
j=1(nj − nj−1)!

m∏
j=1

(
tj − tj−1

tm

)nj−nj−1 (γ + nm − 1)!

nm!(γ − 1)!

·
(

α

α + tm

)γ (
tm

α + tm

)nm
=

nm!∏m
j=1(nj − nj−1)!

m∏
j=1

(
tj − tj−1

tm

)nj−nj−1 (γ + nm − 1) · · · γ(γ − 1)!

nm!(γ − 1)!

·
(

α

α + tm

)γ (
tm

α + tm

)nm
=

nm!∏m
j=1(nj − nj−1)!

m∏
j=1

(
tj − tj−1

tm

)nj−nj−1

·(γ + nm − 1) · · · γΓ(γ)

nm!Γ(γ)

(
α

α + tm

)γ (
tm

α + tm

)nm
=

nm!∏m
j=1(nj − nj−1)!

Γ(γ + nm)

nm!Γ(γ)
·
(

α

α + tm

)γ m∏
j=1

(
tj − tj−1

tm

)nj−nj−1
(

tm
α + tm

)nm
=

Γ(γ + nm)

Γ(γ)
∏m

j=1(nj − nj−1)!
·
(

α

α + tm

)γ m∏
j=1

(
tj − tj−1

α + tm

)nj−nj−1

,

ìpou lìgw tou PoluwnumikoÔ KrithrÐou kai tou (a) prokÔptei h trÐth isìthta.

(c). Gia k�je t ∈ R+, gia k�je h > 0 kai gia k�je k ∈ N∗ isqÔei:

P [{Nt+h = n+k}∩{Nt = n}] =
Γ(γ + n+ k)

Γ(γ)n!k!

(
α

α + t+ h

)γ
·
(

t

α + t+ h

)n
·
(

h

α + t+ h

)k
.
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Pr�gmati, gia k�je t ∈ R+, gia k�je h > 0 kai gia k�je k ∈ N∗ èqoume

P [{Nt+h = n+ k} ∩ {Nt = n}]

(b)
=

Γ(γ + n+ k)

Γ(γ)
∏2

j=1(nj − nj−1)!
·
(

α

α + t+ h

)γ 2∏
j=1

(
tj − tj−1

α + t+ h

)nj−nj−1

=
Γ(γ + n+ k)

Γ(γ)(n1 − n0)!(n2 − n1)!
·
(

α

α + t+ h

)γ
·
(

t1 − t0
α + t+ h

)n1−n0

·
(

t2 − t1
α + t+ h

)n2−n1

=
Γ(γ + n+ k)

Γ(γ)k! · n!
·
(

α

α + t+ h

)γ (
t+ h− t
α + t+ h

)k (
t

α + t+ h

)n
=

Γ(γ + n+ k)

Γ(γ)k! · n!
·
(

α

α + t+ h

)γ (
h

α + t+ h

)k (
t

α + t+ h

)n
.

(d). Gia k�je t ∈ R+ kai gia k�je h > 0 isqÔei:

PNt+h−Nt|Nt = NB

(
γ +Nt,

α + t

α + t+ h

)
.

Pr�gmati, gia k�je t ∈ R+ kai gia k�je h > 0 èqoume

P [{Nt+h −Nt = k}|{Nt = n}]

=
P [{Nt+h −Nt = k} ∩ {Nt = n}]

P [{Nt = n}]

=
P [{Nt+h = n+ k} ∩ {Nt = n}]

P [{Nt = n}]

(a),(c)
=

Γ(γ+n+k)
Γ(γ)n!·k!

(
α

α+t+h

)γ ( t
α+t+h

)n ( h
α+t+h

)k
Γ(γ+n)
Γ(γ)n!

(
α
α+t

)γ ( t
α+t

)n
=

Γ(γ + n+ k)

Γ(γ + n)k!

(α + t)γ

(α + t+ h)γ
(α + t)n

(α + t+ h)n

(
h

α + t+ h

)k
=

(γ + n+ k − 1)Γ(γ + n+ k − 1)

(γ + n− 1)Γ(γ + n− 1)k!
·
(

α + t

α + t+ h

)γ+n(
h

α + t+ h

)k
=

(γ + n+ k − 1) · · · (γ + n)(γ + n− 1)Γ(γ + n− 1)

(γ + n− 1)Γ(γ + n− 1)k!
·
(

α + t

α + t+ h

)γ+n(
h

α + t+ h

)k
=

(γ + n+ k − 1)(γ + n+ k − 2) · · · (γ + n)

k!
·
(

α + t

α + t+ h

)γ+n(
h

α + t+ h

)k
=

(γ + n+ k − 1)(γ + n+ k − 2) · · · (γ + n)(γ + n− 1)!

k!(γ + n− 1)!
·
(

α + t

α + t+ h

)γ+n(
h

α + t+ h

)k
=

(γ + n+ k − 1)!

k!(γ + n− 1)!
·
(

α + t

α + t+ h

)γ+n(
h

α + t+ h

)k
=

(
γ + n+ k − 1

k

)(
α + t

α + t+ h

)γ+n(
h

α + t+ h

)k
.

�
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4.3 Qarakthrismìc thc MPP mèsw disintegrations

Se ìlh thn enìthta pou akoloujeÐ, (Ω,Σ, P ) eÐnai stajerìc q.p. kai Θ mia t.m. ep�nw sto Ω

me PΘ((0,∞)) = 1. Epomènwc, qwrÐc bl�bh thc genikìthtac, mporoÔme na upojèsoume ìti

to RΘ = (0,∞). 'Estw {Tn}n∈N mia σ.d. �fixhc apait sewn me mhdenikì sÔnolo exaÐreshc

ΩT (dhl. P (ΩT ) = 0), èstw {Wn}n∈N∗ h σ.d. endi�meswn qrìnwn �fixhc apait sewn pou

ep�getai apì th σ.d. �fixhc apait sewn {Tn}n∈N (bl. p.q. [28], Chapter 1, Section 1.1,

sel 6) kai èstw {Nt}t∈R+ h σ.d. tou arijmoÔ twn apait sewn me mhdenikì sÔnolo exaÐreshc

ΩN (bl. p.q. [28], Chapter 2, Section 2.1, sel 17). Shmei¸noume ìti k�je σ.d. �fixhc

apait sewn ep�getai mia σ.d. arijmoÔ apait sewn me ΩT = ΩN kai antÐstrofa (bl. pq.

[28], Theorem 2.1.1).

Se ì,ti akoloujeÐ, gia ìlh thn ergasÐa, mporoÔme na upojèsoume qwrÐc bl�bh thc geni-

kìthtac, ìti to mhdenikì sÔnolo exaÐreshc thc σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+

eÐnai to kenì. Tìte èpetai ìti ΩT = ΩN = ∅ (bl. [28], Theorem 2.1.1). EpÐ plèon, èstw

{Pθ}θ∈R mia disintegration tou P ep�nw sto PΘ sunep c me thn Θ.

Shmei¸noume ìti, an o upokeÐmenoc q.p. (Ω,Σ, P ) eÐnai tèleioc kai h Σ eÐnai arijm sima

paragìmenh, tìte up�rqei p�ntote mia disintegration tou P ep�nw sto PΘ sunep c me thn

Θ (bl. [15], Theorem 6 kai 3). Epeid  stic perissìterec peript¸seic pou emfanÐzontai stic

efarmogèc twn memeigmènwn σ.d. Poisson, o upokeÐmenoc q.p. eÐnai Polwnikìc   arijm sima

sumpag c (sunep¸c kai tèleioc) me mia arijm sima paragìmenh σ-�lgebra, prokÔptei ìti

alhjeÔei h upìjesh gia thn Ôparxh twn disintegrations.

Me A := {At}t∈R+ sumbolÐzoume thn kanonik  diÔlish thc σ.d. tou arijmoÔ twn

apait sewn {Nt}t∈R+ . An gia k�je t ∈ R+, Ã := σ(At ∪ σ(Θ)) tìte Ã := {Ãt}t∈R+ eÐnai

mÐa diÔlish gia to (Ω,Σ). Epiplèon, èqoume A∞ := σ(
⋃
t∈R+
At) kai Ã∞ := σ(A∞∪σ(Θ)).

Parajètoume sth sunèqeia k�poiec ènnoiec pou apaitoÔntai gia thn paroÔsa enìthta.

Mia oikogèneia {Σi}i∈I σ−upoalgebr¸n thc Σ eÐnai upì sunj kh (stoqastik�)

anex�rthth wc proc th σ−upo�lgebra T thc Σ, an gia k�je n ∈ N me n ≥ 2 èqoume

P (E1 ∩ . . . ∩ En|T ) =
n∏
j=1

P (Ej|T ) P |T − σ.b.

gia opoiad pote i1, . . . , in diakrit� stoiqeÐa tou I kai Ej ∈ Σij gia k�je j ≤ n.

Mia oikogèneia {Xi}i∈I t.m. sto Ω eÐnai (P)-upì sunj kh (stoqastik�) a-

nex�rthth wc proc mia t.m. Y sto Ω, an h oikogèneia {σ(Xi)}i∈I σ−algebr¸n eÐnai

upì sunj kh anex�rthth wc proc th σ−�lgebra σ(Y ). Epiplèon, mia oikogèneia {Xj}j∈J
t.m. sto Ω onom�zetai (P)-upì sunj kh (stoqastik�) anex�rthth miac oiko-

gèneiac {Σi}i∈I σ-upoalgebr¸n thc Σ wc proc th σ-�lgebra T ⊆ Σ, an to zeÔgoc

({σ(Xj)}j∈J , {Σi}i∈I) eÐnai upì sunj kh anex�rthto se sqèsh me th T .
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Mia σ.d. {Xt}t∈R+ sto (Ω,Σ) èqei upì sunj kh anex�rthtec prosaux seic

wc proc Θ, an gia k�je m ∈ N kai gia k�je t0, t1, . . . , tm ∈ R+, tètoio ¸ste 0 = t0 < t1 <

. . . < tm oi prosaux seic Xtj − Xtj−1
(j ∈ Nm) eÐnai upì sunj kh anex�rthtec (wc proc

Θ).

H σ.d. {Xt}t∈R+ èqei upì sunj kh st�simec prosaux seic (wc proc Θ) an gia

k�je m ∈ N, h ∈ R+ kai gia k�je t0, t1, . . . , tm ∈ R+ tètoio ¸ste 0 = t0 < t1 < . . . < tm

isqÔei

PXtj+h−Xtj−1+h|Θ = PXtj−Xtj−1 |Θ P |σ(Θ)− σ.b.

Dedomènou tou ìti o ìroc thc dèsmeushc qrhsimopoieÐtai p�nta se sqèsh me thn t.m.

Θ, se ì,ti akoloujeÐ, gia ìlh thn ergasÐa, ja gr�foume apl¸c {upì sunj kh} antÐ gia

{upì sunj kh wc proc Θ}.

Sto shmeÐo autì, axÐzei na anafèroume pwc mporeÐ na apodeiqjeÐ to akìloujo.

An mia σ.d. {Xt}t∈R+ ikanopoieÐ th sqèsh X0(ω) = 0 gia k�je ω ∈ Ω kai èqei upì sunj kh

anex�rthtec prosaux seic, tìte ja èqei upì sunj kh st�simec prosaux seic, an kai mìno

an gia k�je t, h ∈ R+ isqÔei h isìthta PXt+h−Xt|Θ = PXh|Θ P |σ(Θ) − σ.b. H apìdeixh

gÐnetai ìpwc sto L mma A' 1.3 tou [2].

H oikogèneia {Xi}i∈I eÐnai P-upì sunj kh isìnoma katanemhmènh ep�nw se

mÐa σ−upo�lgebra F thc Σ, an

P (F ∩X−1
i (B)) = P (F ∩X−1

j (B))

gia opoiad pote i, j ∈ I, F ∈ F kai B ∈ B.

To l mma pou akoloujeÐ, eÐnai basikì, dedomènou ìti an�gei mèsw miac disintegration,

thn P−upì sunj kh anexarthsÐa, se anexarthsÐa wc proc ta mètra pijanìthtac thc disin-

tegration.

L mma 4.3.1. (bl. [3], L mma 3.2.2). 'Estw I arijm simo sÔnolo. Tìte h oikogèneia

{Xi}i∈I eÐnai P−upo sunj kh anex�rthth an kai mìno an up�rqei èna PΘ−mhdenikì sÔnolo
N ∈ B tètoio ¸ste h {Xi}i∈I na eÐnai Pθ−anex�rthth gia k�je θ /∈ N .

Apìdeixh. (a) 'Estw ìti h σ.d. {Xi}i∈I eÐnai P−upì sunj kh anex�rthth, dhlad  ìti

gia k�je m ∈ N èqoume:

P

(
m⋂
j=1

{Xij ∈ Bj}|Θ

)
=

m∏
j=1

P ({Xij ∈ Bj}|Θ) P |σ(Θ)− σ.b. (4.7)

gia opoiad pote i1, . . . , im diakrit� stoiqeÐa tou I kai Bj ∈ B gia k�je j ∈ {1, . . . ,m}.
Tìte h sqèsh (4.7) isodunameÐ me∫

Θ−1(D)

P

(
m⋂
j=1

{Xij ∈ Bj}|Θ

)
dP =

∫
Θ−1(D)

m∏
j=1

P ({Xij ∈ Bj}|Θ)dP,
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 , lìgw tou L mmatoc 3.2.1 (i), me∫
Θ−1(D)

P•

(
m⋂
j=1

{Xij ∈ Bj}

)
◦ΘdP =

∫
Θ−1(D)

m∏
j=1

[P•({Xij ∈ B}) ◦Θ]dP,

 , me ∫
D

Pθ

(
m⋂
j=1

{Xij ∈ Bj}

)
PΘ(dθ) =

∫
D

m∏
j=1

Pθ({Xij ∈ Bj})PΘ(dθ), (4.8)

gia k�je D ∈ B.

H teleutaÐa sqèsh (sÔmfwna me to Je¸rhma 2.2.15 (c) tou [5]) eÐnai isodÔnamh me to

gegonìc ìti gia k�jem ∈ N, gia ìla ta diakrit� i1, . . . , im ∈ I kai gia ìla ta B1, . . . , Bm ∈
B, up�rqei èna sÔnolo Nm,i1,...,im,B1,...,Bm ∈ B0 tètoio ¸ste gia k�je θ /∈ Nm,i1,...,im,B1,...,Bm

na isqÔei h sqèsh

Pθ

(
m⋂
j=1

{Xij ∈ Bj}

)
=

m∏
j=1

Pθ{Xij ∈ Bj}. (4.9)

Epeid  to sÔnolo I eÐnai arijm simo, èpetai ìti to

Nm,B1,...,Bm :=
⋃

i1,...,im∈I

Nm,i1,...,im,B1,...,Bm ∈ B,

me i1, . . . , im diakrit� stoiqeÐa tou I, eÐnai stoiqeÐo thc B .

EpÐshc

PΘ(Nm,B1,...,Bm) = PΘ

( ⋃
i1,...,im∈I

Nm,i1,...,im,B1,...,Bm

)
≤

∑
i1,...,im∈I

PΘ(Nm,i1,...,im,B1,...,Bm) = 0,

ìpou h anisìthta prokÔptei apì th Prìtash 1.2.3 (d) tou [5].

'Ara PΘ(Nm,B1,...,Bm) = 0, dhlad  Nm,B1,...,Bm ∈ B0. 'Etsi gia k�je m ∈ N kai gia ìla ta

B1, . . . , Bm ∈ B, h sqèsh (4.9) ikanopoieÐtai gia k�je θ /∈ Nm,B1,...,Bm .

(b) QwrÐc bl�bh thc genikìthtac, mporoÔme na upojèsoume ìti m = 2. Tìte up�rqei

èna PΘ−mhdenikì sÔnolo N ∈ B tètoio ¸ste h sqèsh (4.9) na isqÔei gia m = 2, gia k�je

i1, i2 ∈ I me i1 6= i2, gia k�je B1, B2 ∈ B kai gia k�je θ /∈ N .

Pr�gmati, èstw GB ènac arijm simoc genn torac touB. QwrÐc bl�bh thc genikìthtac mpo-

roÔme na upojèsoume ìti o GB eÐnai kleistìc upì peperasmènec tomèc. 'Etsi, efarmìzontac

th (4.9) gia m = 2 kai gia k�je B1, B2 ∈ GB lamb�noume ìti up�rqei èna PΘ−mhdenikì
sÔnolo NB1,B2 := N2,B1,B2 ∈ B tètoio ¸ste na isqÔei h sqèsh (4.9) gia ìla ta θ /∈ NB1,B2 .

'Estw N :=
⋃
B1,B2∈GB NB1,B2 . Tìte èpetai ìti PΘ(N) = 0 kai ìti ikanopoieÐtai h sqèsh
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(4.9) gia ìla ta B1, B2 ∈ GB kai gia opoiod pote θ /∈ N . Opìte efarmìzontac èna epiqeÐ-

rhma monìtonhc kl�shc lamb�noume to (b).

Gia ton antÐstrofo isqurismì, shmei¸ste ìti an upotejeÐ h Ôparxh enìc PΘ−mhdenikoÔ
sunìlou N ∈ B èxw apì to opoÐo isqÔei h sqèsh (4.9), èpetai ìti isqÔei kai h sqèsh (4.8),

wc ek toÔtou lamb�noume isodÔnama kai th sqèsh (4.7). �

Gia thn apìdeixh tou parak�tw l mmatoc qrhsimopoioÔntai epiqeir mata parìmoia me

ekeÐna thc apìdeixhc tou L mmatoc 3.2.2 thc [3].

L mma 4.3.2. 'Estw I arijm simo sÔnolo. Tìte h oikogèneia {Xt}t∈I èqei P−upì
sunj kh anex�rthtec prosaux seic an kai mìno an up�rqei èna PΘ−mhdenikì sÔnolo N ∈
B tètoio ¸ste h {Xt}t∈I na èqei Pθ−anex�rthtec prosaux seic gia k�je θ /∈ N .

Apìdeixh. (a) 'Estw ìti h σ.d. {Xt}t∈I èqei P−upì sunj kh anex�rthtec prosaux seic,
dhlad  ìti gia k�je m ∈ N èqoume:

P

(
m⋂
j=1

{Xtj −Xtj−1
∈ Bj}|Θ

)
=

m∏
j=1

P ({Xtj −Xtj−1
∈ Bj}|Θ) P |σ(Θ)− σ.β. (4.10)

gia opoiad pote t1, . . . , tm diakrit� stoiqeÐa tou I kai Bj ∈ B gia k�je j ∈ {1, . . . ,m}.
Tìte h sqèsh (4.10) isodunameÐ me∫

Θ−1(D)

P

(
m⋂
j=1

{Xtj −Xtj−1
∈ Bj}|Θ

)
dP =

∫
Θ−1(D)

m∏
j=1

P ({Xtj −Xtj−1
∈ Bj}|Θ)dP,

 , lìgw tou L mmatoc 3.2.1 (i), me∫
Θ−1(D)

P•

(
m⋂
j=1

{Xtj −Xtj−1
∈ Bj}

)
◦ΘdP =

∫
Θ−1(D)

m∏
j=1

[P•({Xtj −Xtj−1
∈ B}) ◦Θ]dP,

 , me∫
D

Pθ

(
m⋂
j=1

{Xtj −Xtj−1
∈ Bj}

)
PΘ(dθ) =

∫
D

m∏
j=1

Pθ({Xtj −Xtj−1
∈ Bj})PΘ(dθ), (4.11)

gia k�je D ∈ B.

H teleutaÐa sqèsh (sÔmfwna me to Je¸rhma 2.2.15 (c) tou [5]) eÐnai isodÔnamh me to

gegonìc ìti gia k�jem ∈ N, gia ìla ta diakrit� t1, . . . , tm ∈ I kai gia ìla ta B1, . . . , Bm ∈
B, up�rqei èna sÔnolo Nm,t1,...,tm,B1,...,Bm ∈ B0 tètoio ¸ste gia k�je θ /∈ Nm,t1,...,tm,B1,...,Bm

na isqÔei h sqèsh

Pθ

(
m⋂
j=1

{Xtj −Xtj−1
∈ Bj}

)
=

m∏
j=1

Pθ{Xtj −Xtj ∈ Bj}. (4.12)
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Epeid  to sÔnolo I eÐnai arijm simo, èpetai ìti to

Nm,B1,...,Bm :=
⋃

t1,...,tm∈I

Nm,t1,...,tm,B1,...,Bm ∈ B,

me t1, . . . , tm diakrit� stoiqeÐa tou I, eÐnai stoiqeÐo thc B .

EpÐshc

PΘ(Nm,B1,...,Bm) = PΘ

( ⋃
t1,...,tm∈I

Nm,t1,...,tm,B1,...,Bm

)
≤

∑
t1,...,tm∈I

PΘ(Nm,t1,...,tm,B1,...,Bm) = 0,

ìpou h anisìthta prokÔptei apì th Prìtash 1.2.3 (d) tou [5].

'Ara PΘ(Nm,B1,...,Bm) = 0, dhlad  Nm,B1,...,Bm ∈ B0. 'Etsi gia k�je m ∈ N kai gia ìla ta

B1, . . . , Bm ∈ B, h sqèsh (4.12) ikanopoieÐtai gia k�je θ /∈ Nm,B1,...,Bm .

(b) Up�rqei èna PΘ−mhdenikì sÔnolo N ∈ B ¸ste na isqÔei h sqèsh (4.12) gia k�je

θ /∈ N . H apìdeixh gÐnetai ìpwc akrib¸c sto b ma (b) thc apìdeixhc tou L mmatoc 4.3.1.

To antÐstrofo eÐnai profanèc. �

H ekf¸nhsh tou parak�tw apotelèsmatoc eÐnai h Parat rhsh 3.2.3, (b) thc [3]. Pa-

rajètoume analutik  apìdeixh.

L mma 4.3.3. 'Estw Q èna mètro pijanìthtac sto Σ kai èstw I ⊆ R+, h {Xt}t∈I
eÐnai mia σ.d. kai {Ft}t∈R+ h kanonik  thc diÔlish. Tìte h {Xt}t∈I èqei Q−anex�rthtec
prosaux seic an kai mìno an gia k�je Borel fragmènh sun�rthsh f : R −→ R, gia k�je

s, t ∈ I me s ≤ t kai gia k�je A ∈ Fs isqÔei

EQ[χAf(Xt −Xs)] = Q(A)EQ[f(Xt −Xs)]. (4.13)

Apìdeixh. 'Estw ìti h σ.d. {Xt}t∈I èqei Q−anex�rthtec prosaux seic. Tìte isodÔnama
lamb�noume ìti gia k�je s, t ∈ I me s ≤ t h t.m. Xt − Xs eÐnai Q−anex�rthth thc

σ−�lgebrac Fs. 'Ara h f(Xt −Xs) eÐnai anex�rthth thc Fs gia k�je sun�rthsh f ìpwc

parap�nw, gegonìc pou mac dÐnei ìti h f(Xt − Xs) eÐnai Q−anex�rthth thc χA gia k�je

s, t ∈ I me s ≤ t, kai

EQ[χAf(Xt −Xs)] = EQ[χA]EQ[f(Xt −Xs)] = Q(A)EQ[f(Xt −Xs)],

gia k�je s, t ∈ I me s ≤ t kai gia k�je s, t ∈ I me s ≤ t.

Antistrìfwc, èstw ìti isqÔei h sqèsh (4.13) gia k�je s, t ∈ I me s ≤ t, gia k�je A ∈
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Fs kai gia opoiad pote sun�rthsh f ìpwc parap�nw. Tìte èpetai ìti h {Xt}t∈I èqei

Q−anex�rthtec prosaux seic, kaj¸c apodeiknÔetai me epagwg  ìti

Q

(
m⋂
j=1

{Xtj −Xtj−1
∈ Bj}

)
=

m∏
j=1

Q({Xtj −Xtj−1
∈ Bj}), (4.14)

gia k�je m ∈ N me m ≥ 2, gia k�je 0 = t0 < t1 < . . . < tm ∈ I kai gia k�je sÔnolo Borel

B1, . . . , Bm.

Pr�gmati, gia m = 2 gia k�je s = t1 ≤ t2 = t, A = X−1
t1 (B1) kai f = χB2 me B1, B2 ∈ B

paÐrnoume

EQ[χX−1
t1

(B1)χB2(Xt2 −Xt1)]

= EQ[χX−1
t1

(B1)χ(Xt2−Xt1 )−1(B2)]

= EQ[χX−1
t1

(B1)∩(Xt2−Xt1 )−1(B2)]

= Q[X−1
t1

(B1) ∩ (Xt2 −Xt1)−1(B2)]

dhlad 

EQ[χX−1
t1

(B1)χB2(Xt2 −Xt1)] = Q[X−1
t1

(B1) ∩ (Xt2 −Xt1)−1(B2)]. (4.15)

EpÐshc

Q[X−1
t1

(B1)]EQ[χB2(Xt2 −Xt1)]

= Q[X−1
t1

(B1)]EQ[χ(Xt2−Xt1 )−1(B2)]

= Q[X−1
t1

(B1)]Q[(Xt2 −Xt1)−1(B2)],

dhlad 

Q[X−1
t1

(B1)]EQ[χB2(Xt2 −Xt1)] = Q[X−1
t1

(B1)]Q[(Xt2 −Xt1)−1(B2)]. (4.16)

Opìte apì tic sqèseic (4.15), (4.16) kai thn (4.13) sunep�getai

Q[X−1
t1

(B1) ∩ (Xt2 −Xt1)−1(B2)] = Q[X−1
t1

(B1)]Q[(Xt2 −Xt1)−1(B2)],

dhlad  isqÔei h sqèsh (4.14) gia m = 2.

• 'Estw ìti isqÔei h (4.14) gia k�poiom ≥ 2, gia k�poia t1, . . . , tm ∈ I kai B1, . . . , Bm ∈
B.

Gia s = tm ≤ tm+1 = t, A =
⋂m
j=1(Xtj −Xtj−1

)−1(Bj) ∈ Fs) kai f = χBm+1 me Bm+1 ∈ B
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èqoume

EQ[χAf(Xtm+1 −Xtm)] = EQ[χ⋂m
j=1(Xtj−Xtj−1 )−1(Bj) · χBm+1(Xtm+1 −Xtm)]

= EQ[χ⋂m
j=1(Xtj−Xtj−1 )−1(Bj) · χ(Xtm+1−Xtm )−1(Bm+1)]

= EQ[χ⋂m
j=1(Xtj−Xtj−1 )−1(Bj)∩(Xtm+1−Xtm )−1(Bm+1)

= Q[
m⋂
j=1

(Xtj −Xtj−1
)−1(Bj) ∩ (Xtm+1 −Xtm)−1(Bm+1)]

�Ara

EQ[χAf(Xtm+1 −Xtm)] = Q[
m+1⋂
j=1

(Xtj −Xtj−1
)−1(Bj)]. (4.17)

EpÐshc

Q(A)EQ[f(Xtm+1 −Xtm)]

= Q[χ⋂m
j=1(Xtj−Xtj−1 )−1(Bj)]EQ[χ(Xtm+1−Xtm )−1(Bm+1)]

= Q[χ⋂m
j=1(Xtj−Xtj−1 )−1(Bj)] ·Q[(Xtm+1 −Xtm)−1(Bm+1)].

�Ara

Q(A)EQ[f(Xtm+1−Xtm)] = Q[χ⋂m
j=1(Xtj−Xtj−1 )−1(Bj)] ·Q[(Xtm+1−Xtm)−1(Bm+1)]. (4.18)

Apì tic sqèseic (4.17), (4.18) kai thn (4.13) prokÔptei

Q[
m+1⋂
j=1

(Xtj −Xtj−1
)−1(Bj)]

= Q[
m⋂
j=1

(Xtj −Xtj−1
)−1(Bj) ·Q

(
(Xtm+1 −Xtm)−1(Bm+1)

)
]

(Υ.E)
=

m∏
j=1

Q[(Xtj −Xtj−1
)−1(Bj)] ·Q[(Xtm+1 −Xtm)−1(Bm+1)]

=
m+1∏
j=1

Q[(Xtj −Xtj−1
)−1(Bj)].

�

H parak�tw prìtash eÐnai eidik  perÐptwsh thc Prìtashc 3.2.5 thc [3]. ParatÐjetai

analutik  apìdeixh.

Prìtash 4.3.4. H σ.d. {Nt}t∈R+ èqei P−upì sunj kh anex�rthtec prosaux seic an

kai mìno an up�rqei èna PΘ−mhdenikì sÔnolo N ∈ B tètoio ¸ste h {Nt}t∈R+ na èqei

Pθ−anex�rthtec prosaux seic gia ìla ta θ /∈ N .
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Apìdeixh. (a) 'Estw Zs := σ({Nu}u∈Q+,u≤s) gia k�je s ∈ R+. Tìte As = Zs.
Pr�gmati, arqik� jewroÔme èna s ∈ R+ aujaÐreto. Epeid  h σ.d. {Nt}t∈R+ èqei dexi�

suneqeÐc troqièc, lìgw thc idiìthtac (n3), kai epeid  toQ+ eÐnai puknì sto R+, lamb�noume

ìti gia k�je u ∈ R+ me u ≤ s up�rqei mia akoloujÐa {un}n∈N sto Q+ tètoia ¸ste un ↓ u
kai Nu = limn→∞Nun . Sunep¸c, h t.m Nu gia u ≤ s eÐnai mia Zs−metr simh sun�rthsh

wc ìrio Zs−metr simwn sunart sewn. 'Ara to σ(Nu) ⊆ Zs gia k�je u ≤ s, gegonìc

pou shmaÐnei ìti As ⊆ Zs. Autì apodeiknÔei to (a), efìson o antÐjetoc egkleismìc eÐnai

profan c.

(b) Gia k�je s ∈ R+ èqoume As =
⋂
s′∈Q+,s′>s

As′ .
Pr�gmati, èstw A ∈

⋂
s′∈Q+,s′>s

Fs′ . IsodÔnama lamb�noume ìti A ∈ As′ gia k�je s′ ∈ Q+

me s′ > s, to opoÐo lìgw tou gegonìtoc ìti to Q+ eÐnai puknì sto R+, isodÔnama mac dÐnei

ìti A ∈ Au gia k�je u ∈ R+ me u > s   ìti A ∈
⋂
u>s,u∈R+

Au = As, ìpou h isìthta

isqÔei epeid  h kanonik  diÔlish {At}t∈R+ thc {Nt}t∈R+ eÐnai dexi� suneq c, (bl. p.q. [25],

Theorem 25).

Antistrìfwc, èstw ìti A ∈ As. IsodÔnama lamb�noume ìti A ∈ As′ gia k�je s′ ∈ R+ me

s′ > s, afoÔ As ∈ As′ kai isodÔnama lamb�noume ìti A ∈ As′ gia k�je s′ ∈ Q+ me s′ > s.

To gegonìc autì sunep�getai ìti to A ∈
⋂
s′∈Q+,s′>s

As′ . 'Ara As ⊆
⋂
s′∈Q+,s′>s

As′ . 'Etsi
apodeiknÔetai to (b).

'Estw ìti h σ.d. {Nt}t∈R+ èqei P−upì sunj kh anex�rthtec prosaux seic.

(c) Gia k�je m ∈ N me m ≥ 2 isqÔei

P

(
m⋂
j=1

{Ntj −Ntj−1
∈ Bj}|Θ

)
=

m∏
j=1

P ({Ntj −Ntj−1
∈ Bj}|Θ) P |σ(Θ)− σ.b.

gia opoiad pote di�fora metaxÔ touc t0, t1, . . . , tm me 0 = t0 < t1 < · · · < tm ∈ Q+ kai

B1, . . . , Bm ∈ B.

Apì to L mma 4.3.2 èpetai ìti up�rqei èna PΘ−mhdenikì sÔnolo N ∈ B tètoio ¸ste gia

k�je θ /∈ N h σ.d. {Nt}t∈Q+ èqei Pθ−anex�rthtec prosaux seic, to opoÐo mazÐ me to

L mma 4.3.3 dÐnei isodÔnama ìti gia k�je s, t ∈ Q+ me s < t, gia k�je Borel fragmènh

sun�rthsh f : R −→ R kai gia k�je A ∈ Zs

EPθ [χAf(Nt −Ns)] = Pθ(A)EPθ [f(Nt −Ns)]. (4.19)

(d) An l�boume s, t ∈ R+ me s < t kai an gr�youme th sqèsh (4.19) gia s′, t′ ∈
Q+ me s′ < t′ kai sth sunèqeia af soume s′ ↓ s kai t′ ↓ t, efarmìzontac to Je¸rhma

Kuriarqhmènhc SÔgklishc tou Lebegue, (bl. Je¸rhma Aþ.2.5) lamb�noume ìti gia ìla ta

A ∈
⋂
s′∈Q+,s′>s

As′
(b)
= As kai gia k�je fragmènh kai suneq  sun�rthsh f : R → R h

sqèsh (4.19) eÐnai alhj c.
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Pr�gmati, èstw sun�rthsh f ìpwc parap�nw kai jewroÔme dÔo akoloujÐec {sn}n∈N kai

{tn}n∈N sto Q+ tètoiec ¸ste sn ↓ s kai tn ↓ t. JewroÔme epÐshc èna sÔnolo A ∈⋂
n∈NAsn

(b)
= As. Tìte up�rqei èna M ∈ R tètoio ¸ste |f(x)| ≤ M gia k�je x ∈ R.

Wc ek toÔtou, gia ìla ta n ∈ N kai ω ∈ Ω lamb�noume ìti |χA(f ◦ (Ntn − Nsn))|(ω) =

|χA(ω)f((Ntn − Nsn)(ω))| ≤ M ∈ L1(P ). 'Etsi, mporoÔme na efarmìsoume to Je¸rhma

Kuriarqhmènhc SÔgklishc tou Lebegue (bl. Je¸rhma Aþ.2.5), gia thn akoloujÐa {χA(f ◦
(Ntn −Nsn))}n∈N t.m. ep�nw sto Ω ¸ste na l�boume

EPθ [χAf(Nt −Ns)] = EPθ [χAf( lim
n→∞

(Ntn −Nsn))] = EPθ [χA lim
n→∞

f(Ntn −Nsn)]

= lim
n→∞

EPθ [χAf(Ntn −Nsn)] = lim
n→∞

Pθ(A)EPθ [f(Ntn −Nsn)]

= Pθ(A)EPθ [ lim
n→∞

f(Ntn −Nsn)] = Pθ(A)EPθ [f(Nt −Ns)],

ìpou h pr¸th isìthta isqÔei diìti h {Nt} èqei dexi� suneqeÐc troqièc, h deÔterh kai h

èkth diìti h f eÐnai suneq c, h trÐth kai h pèmpth lìgw tou Jewr matoc Kuriarqhmènhc

SÔgklishc tou Lebegue (bl. Je¸rhma Aþ.2.5) kai h tètarth lìgw thc sqèshc (4.19).

'Ara gia k�je t ∈ R+ kai s ∈ Q+ me s < t, gia k�je fragmènh, suneq  sun�rthsh

f : R→ R kai gia k�je A ∈ Zs isqÔei h (4.19). 'Etsi apodeiknÔetai to (d).

(e) Gia k�je Borel fragmènh metr simh sun�rthsh f : R → R up�rqei mia akoloujÐa

{gm}m∈N fragmènwn kai suneq¸n sunart sewn sto R tètoia ¸ste na isqÔei h akìloujh

sqèsh

lim
m→∞

∫
χA(|gm − f | ◦ (Nt −Ns))dPθ = 0

gia ìla ta s, t ∈ R+ me s < t kai gia k�je A ∈ As.
Pr�gmati, èstw s, t ∈ R+ aujaÐreta me s < t. 'Estw epÐshc mÐa sun�rthsh f ìpwc

parap�nw. Tìte gia k�je m ∈ N up�rqei mÐa fragmènh suneq c sun�rthsh gm : R 7→ R
tètoia ¸ste

∫
|gm − f |d(Pθ)(Nt−Ns) ≤ 1

m
(bl. p.q. Proposition 415P tou [17]). Sunep¸c

lamb�noume limm→∞
∫

(|gm − f | ◦ (Nt −Ns))dPθ = 0, apodeiknÔontac to (e).

(f) Gia k�je A, {gm}, s, t kai f ìpwc sto (e) isqÔei

lim
m→∞

EPθ [χA · (gm(Nt −Ns))] = EPθ [χAf(Nt −Ns)]. (4.20)

Pr�gmati, apì th gnwst  anisìthta

|EPθ [χA((gm − f) ◦ (Nt −Ns))]| ≤ EPθ [χA · (|gm − f | ◦ (Nt −Ns))]

èpetai ìti

0 ≤ lim
m→∞

|EPθ [χA((gm − f) ◦ (Nt −Ns))]| ≤ lim
m→∞

EPθ [χA(|gm − f | ◦ (Nt −Ns))] = 0,
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ìpou h teleutaÐa isìthta prokÔptei apì to (e). 'Ara limm→∞ |EPθ [χA((gm − f) ◦ (Nt −
Ns))]| = 0, isodÔnama limm→∞ EPθ [χA(|gm−f |◦(Nt−Ns))] = 0, isodÔnama isqÔei h (4.20).

(g) H sqèsh (4.19) ikanopoieÐtai gia ìla ta s, t ∈ R+ me s < t, gia k�je A ∈ Fs kai
gia k�je sun�rthsh f ìpwc sto (c).

Pr�gmati, èstw s, t, f kai A ìpwc parap�nw kai {gm}m∈N ìpwc sto (e). Tìte apì to (f)

èpetai ìti

EPθ [χAf(Nt −Ns)]
(f)
= lim

m→∞
EPθ [χAgm(Nt −Ns)]

(d)
= lim

m→∞
Pθ(A)EPθ [gm(Nt −Ns)]

(f)
= Pθ(A)EPθ [f(Nt −Ns)].

Wc ek toÔtou apì to L mma 4.3.3 lamb�noume ìti h σ.d. {Nt}t∈R+ èqei Pθ−anex�rthtec
prosaux seic gia ìla ta θ /∈ N .

Antistrìfwc, èstw ìti up�rqei èna PΘ−mhdenikì sÔnolo N ∈ B, ¸ste h {Nt}t∈R+ na èqei

Pθ−anex�rthtec prosaux seic gia ìla ta θ /∈ N . Ja deÐxoume ìti h {Nt}t∈R+ èqei P−upì
sunj kh anex�rthtec prosaux seic.

Pr�gmati, an isqÔei h parap�nw upìjesh, tìte gia k�je θ /∈ N kai gia k�je B1, . . . , Bm ∈
B (m ∈ N∗ \ 1) isqÔei

Pθ

(
m⋂
j=1

{Ntj −Ntj−1
∈ Bj}

)
=

m∏
j=1

Pθ({Ntj −Ntj−1
∈ Bj})

Sunep¸c gia k�je D ∈ B∫
D

Pθ

(
m⋂
j=1

{Ntj −Ntj−1
∈ Bj}

)
PΘ(dθ) =

∫
D

m∏
j=1

Pθ({Ntj −Ntj−1
∈ Bj})PΘ(dθ),

isodÔnama∫
Θ−1(D)

P•

(
m⋂
j=1

{Ntj −Ntj−1
∈ Bj}

)
◦ΘdP =

∫
Θ−1(D)

m∏
j=1

Pθ({Ntj −Ntj−1
∈ Bj}) ◦ΘdP,

isodÔnama lìgw tou L mmatoc 3.2.1 (i), me∫
Θ−1(D)

P

(
m⋂
j=1

{Ntj −Ntj−1
∈ Bj}|Θ

)
dP =

∫
Θ−1(D)

m∏
j=1

Pθ({Ntj −Ntj−1
∈ Bj}|Θ)dP,

isodÔnama

P

(
m⋂
j=1

{Ntj −Ntj−1
∈ Bj}|Θ

)
=

m∏
j=1

Pθ({Ntj −Ntj−1
∈ Bj}|Θ) P |σ(Θ)− σ.b.

dhlad  h {Nt}t∈R+ èqei P−upì sunj kh anex�rthtec prosaux seic. �
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Parat rhsh 4.3.5. MporeÐ eÔkola na apodeiqjeÐ ìti dÔo tuqaÐec metablhtèc X1 kai

X2 eÐnai P−isìnomec an kai mìno an gia k�je Borel fragmènh sun�rthsh f : R 7−→ R
isqÔei EP [f(X1)] = EP [f(X2)].

Pr�gmati, efarmìzontac thn parap�nw isìthta gia f = χB kai gia opoiod pote B ∈ B

�mesa lamb�noume ìti PX1 = PX2 . Antistrìfwc, èstw ìti oi X1 kai X2 eÐnai P−isìnomec.
Epomènwc PX1(f−1(C)) = PX2(f−1(C)) gia k�je C ∈ B, dedomènou ìti h f eÐnai mia Borel

metr simh sun�rthsh. Wc ek toÔtou Pf(X1) = Pf(X2) kai �ra EP [f(X1)] = EP [f(X2)]. �

Ta parak�tw dÔo apotelèsmata eÐnai eidikèc peript¸seic tou L mmatoc 3.2.7 kai tou

PorÐsmatoc 3.2.8 thc [3], antÐstoiqa.

L mma 4.3.6. H σ.d. {Nt}t∈R+ èqei P−upì sunj kh isìnomec prosaux seic an kai mìno

an up�rqei èna PΘ−mhdenikì sÔnoloM ∈ B tètoio ¸ste gia ìla ta θ /∈M h σ.d. {Nt}t∈R+

na èqei Pθ−isìnomec prosaux seic.

Apìdeixh. 'Estw ìti up�rqei èna PΘ−mhdenikì sÔnolo M ∈ B tètoio ¸ste gia ìla ta

θ /∈ M h σ.d. {Nt}t∈R+ na èqei Pθ−isìnomec prosaux seic. 'Estw èna aujaÐreto θ /∈ M
kaj¸c s, t, u, v ∈ R+ me s < t, u < v me t−s = v−u kai èstw ìti oi prosaux seic Nt−Ns

kai Nv −Nu eÐnai Pθ− isìnomec. Tìte

Pθ((Nt −Ns)
−1(B)) = Pθ((Nv −Nu)

−1(B)) gia k�je B ∈ B.

Efarmìzontac to L mma 3.2.1 (i), èqoume isodÔnama ìti gia k�je B ∈ B isqÔei h isìthta

PNt−Ns|Θ(B) = PNv−Nu|Θ(B) P |σ(Θ) − σ.b., dhlad  ìti oi prosaux seic Nt − Ns kai

Nv−Nu eÐnai P−upì sunj kh isìnomec. 'Etsi, arkeÐ na deÐxoume ìti isqÔei to antÐstrofo.

Antistrìfwc, èstw ìti gia k�je s, t, u, v,∈ R+ me s < t, u < v kai t − s = v − u oi

prosaux seic Nt − Ns kai Nv − Nu eÐnai P−upì sunj kh isìnomec. Dedomènou ìti Q+

eÐnai arijm simo sÔnolo kai h B eÐnai arijm sima paragìmenh, mporeÐ na apodeiqjeÐ, ìpwc

kai sto L mma 4.3.1 ìti up�rqei èna PΘ−mhdenikì sÔnolo M ∈ B tètoio ¸ste gia ìla

ta θ /∈ M èqoume Pθ((Nt −Ns)
−1(B)) = Pθ((Nv −Nu)

−1(B)) gia k�je s, t, u, v,∈ Q+ me

t− s = v−u kai s < t, u < v. Tìte apì th Parat rhsh 4.3.5 èpetai ìti gia ìla ta θ /∈M
isqÔei h sqèsh

EPθ [f(Nt −Ns)] = EPθ [f(Nv −Nu)], (4.21)

gia k�je s, t, u, v ∈ Q+ me s < t, u < v me t − s = v − u kai gia k�je Borel fragmènh

sun�rthsh f : R 7→ R.
Akolouj¸ntac t¸ra thn Ðdia logik  me ekeÐnh sthn apìdeixh thc Prìtashc 4.3.4, lamb�-

noume ìti h sqèsh (4.21) isqÔei gia k�je s, t, u, v ∈ R+ me s < t, u < v me t−s = v−u kai
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gia k�je sun�rthsh f ìpwc parap�nw, to opoÐo lìgw thc Parat rhshc 4.3.5 isodumaneÐ

me to gegonìc ìti Nt −Ns kai Nv −Nu eÐnai Pθ−isìnoma gia ìla ta θ /∈M . �

Pìrisma 4.3.7. An h {Nt}t∈R+ èqei P -upì sunj kh anex�rthtec prosaux seic, tìte

h {Nt}t∈R+ èqei kai P -upì sunj kh st�simec prosaux seic an kai mìno an up�rqei èna

PΘ−mhdenikì sÔnolo L ∈ B tètoio ¸ste h {Nt}t∈R+ na èqei Pθ−st�simec prosaux seic

gia ìla ta θ /∈ L, dhlad  (Pθ)Nt+h−Nt = (Pθ)Nh , gia k�je t, h ∈ R+.

Apìdeixh. 'Estw ìti h {Nt}t∈R+ èqei P−upì sunj kh anex�rthtec prosaux seic. 'E-

stw epÐshc ìti èqei kai P−upì sunj kh st�simec prosaux seic, dhlad  ìti PNt+h−Nt|Θ =

PNh|Θ P |σ(Θ)−σ.b. gia k�je t, h ∈ R+. Apì to L mma 4.3.6, h isìthta aut  isodunameÐ

me to gegonìc ìti up�rqei èna PΘ−mhdenikì sÔnolo M ∈ B, ¸ste gia k�je θ /∈ M na

isqÔei h isìthta Pθ ◦ (Nt+h−Nt)
−1 = Pθ ◦N−1

h gia k�je t, h ∈ R+. AfoÔ sÔmfwna me thn

Prìtash 4.3.4, up�rqei èna PΘ−mhdenikì sÔnolo N ∈ B tètoio ¸ste h {Nt}t∈R+ na èqei

Pθ−anex�rthtec prosaux seic gia ìla ta θ /∈ N , h teleutaÐa sunj kh eÐnai isodÔnamh me

ìti h {Nt}t∈R+ ja èqei Pθ−st�simec prosaux seic gia ìla ta θ /∈ L := M ∪N . �

L mma 4.3.8. (bl. [3], L mma 3.2.9). 'Estw mia σ.d. {Xt}t∈R+ me dexi� suneqeÐc troqèc

ètsi ¸ste   ìlec oi t.m. Xt na eÐnai diakritèc   ìlec na eÐnai apìluta suneqeÐc me σ.(p).p.

fXt(·,Θ) gia t ∈ R+. 'Estw ìti h sun�rthsh (y, θ) 7−→ fXty, θ) eÐnai B ⊗B−metr simh,
kai èstw Kt(Θ)(B) :=

∫
B
fXt(y,Θ)ν(dy), Kt(θ)(B) :=

∫
B
fXt(y, θ)ν(dy) gia k�je B ∈ B

kai θ ∈ R, ¸ste h sun�rthsh t 7−→ Kt(θ) na eÐnai dexi� suneq c gia k�je stajerì B ∈ B

kai θ ∈ R. Tìte ta akìlouja eÐnai isodÔnama:

(i) Gia k�je t ∈ R+ isqÔei PXt|Θ = Kt(Θ) P |σ(Θ)− σ.b.,

(ii) up�rqei èna PΘ−mhdenikì sÔnolo L̃ ∈ B ¸ste gia k�je θ /∈ L̃

(Pθ)Xt = Kt(θ) gia k�je t ∈ R+.

Apìdeixh. H sunepagwg  (ii)=⇒(i): eÐnai profan c.

(i)=⇒(ii): 'Estw ìti h (i) ikanopoieÐtai apì th diadikasÐa {Xt}t∈R+ . Sth sunèqeia

efarmìzontac to Je¸rhma 2.4.6 tou [5] kaj¸c kai to L mma 3.2.1 (ii), lamb�noume ìti gia

k�je t ∈ R+ kai B,D ∈ B èqoume∫
Θ−1(D)

PXt|Θ(B)dP =

∫
Θ−1(D)

∫
B

fXt(y,Θ)ν(dy)dP

ìpou ν to arijmhtikì mètro ep�nw sto N0, an k�je Xt eÐnai mia diakrit  t.m.,   eÐnai to

mètro Lebesgue l sto R, an k�je Xt eÐnai apìluta suneq c.
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H teleutaÐa isìthta isodunameÐ me to gegonìc ìti gia k�je t ∈ R+ up�rqei èna P−mhdenikì
sÔnolo Mt ∈ Σ tètoio ¸ste gia k�je B ∈ B ikanopoieÐtai h akìloujh sunj kh

PXt|Θ(B,ω) = Kt(Θ)(B)(ω) gia k�je ω /∈Mt.

'Ara apì to L mma 3.2.1 (i), èpetai ìti gia k�je t ∈ Q+ up�rqei èna PΘ−mhdenikì sÔnolo

L̃t ∈ B tètoio ¸ste gia k�je θ /∈ L̃t lamb�noume Pθ(X−1
t (B)) = Kt(θ)(B). Wc ek toÔtou

mporoÔme na broÔme èna PΘ-mhdenikì sÔnolo L̃ =
⋃
t∈Q+

L̃t ∈ B tètoio ¸ste gia k�je

θ /∈ L̃ kai gia k�je stajerì B ∈ B èqoume

Pθ(X
−1
t (B)) = Kt(θ)(B). (4.22)

'Estw θ /∈ L̃ kai t ∈ R+. AfoÔ oi troqièc thc {Xt}t∈R+ eÐnai dexi� suneqeÐc kai to

Q+ eÐnai puknì sto R+, èpetai ìti up�rqei mia akoloujÐa {qn}n∈N sto Q+ tètoia ¸ste

qn ↓ t kai Xt = limn→∞Xqn . To teleutaÐo mazÐ me th sqèsh (4.22) sunep�getai ìti

(Pθ)Xt = limn→∞(Pθ)Xqn = limn→∞Kqn(θ) = Kt(θ) (bl. p.q. [6], Theorem 2.5.1 kai

Proposition 9.1.1 gia thn pr¸th kai teleutaÐa isìthta), to opoÐo apodeiknÔei to (i). �

Apì thn akìloujh prìtash oi P−memeigmènec σ.d. Poisson (P-MPP) metatrèpontai

mèsw miac disintegration se sun jeic σ.d. Poisson.

Prìtash 4.3.9. (bl. [3], Prìtash 3.2.11 kai [23], Proposition 4.4). H σ.d. {Nt}t∈R+

eÐnai mia P − MPP me par�metro Θ an kai mìno an up�rqei èna PΘ−mhdenikì sÔnolo

L
′ ∈ B, ¸ste gia k�je θ /∈ L′ h {Nt}t∈R+ na eÐnai mÐa Pθ − PP me par�metro θ.

Apìdeixh. 'Estw {Nt}t∈R+ eÐnai mia P − MPP me par�metro Θ, dhlad  me P−upì
sunj kh st�simec kai anex�rthtec prosaux seic tètoiec ¸ste gia k�je t ∈ (0,∞) na

isqÔei

PNt|Θ = P(tΘ) P |σ(Θ)− σ.b.

SÔmfwna me to L mma 4.3.8 h teleutaÐa sqèsh eÐnai isodÔnamh me to ìti up�rqei èna

PΘ−mhdenikì sÔnolo L̃ ∈ B ¸ste

Pθ ◦N−1
t = P(tθ) gia k�je θ /∈ L̃ kai gia k�je t ∈ (0,∞). (4.23)

'Epeita lìgw tou PorÐsmatoc 4.3.7 kai thc Prìtashc 4.3.4, to gegonìc ìti h {Nt}t∈R+ èqei

P−upì sunj kh st�simec kai anex�rthtec prosaux seic eÐnai isodÔnamo me to ìti up�rqei

èna PΘ−mhdenikì sÔnolo L ∈ B, ¸ste gia k�je θ /∈ L h {Nt}t∈R+ na èqei Pθ−st�simec kai
anex�rthtec prosaux seic. Lamb�nontac upìyh th sqèsh (4.23), isodÔnama lamb�noume

ìti h {Nt}t∈R+ eÐnai mia Pθ − PP me par�metro θ gia ìla ta θ /∈ L′ := L̃ ∪ L. �
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Kef�laio 5

SÔnjetec memeigmènec σ.d. Poisson

Sto parìn kef�laio arqik� dÐnetai ènac qarakthrismìc twn sÔnjetwn memeigmènwn dia-

dikasi¸n Poisson mèsw disintegrations. To apotèlesma autì qrhsimopoieÐtai sto kÔrio

Je¸rhma tou kefalaÐou (Je¸rhma 5.3.7), pou dÐnei mÐa jetik  ap�nthsh sto parak�tw prì-

blhma: an h σ.d. {St}t∈R+ tou Ôyouc twn sunolik¸n apait sewn eÐnai sÔnjeth memeigmènh

Poisson k�tw apì to mètro pijanìthtac P , na qarakthristoÔn ìla ta mètra pijanìthtac

Q pou eÐnai proodeutik� isodÔnama me to P kai k�tw apì ta opoÐa h {St}t∈R+ paramènei

sÔnjeth memeigmènh Poisson. To en lìgw prìblhma èqei lujeÐ sto [3] se mÐa polÔ genik 

morf , en¸ ed¸ dÐnetai mÐa lÔsh gia mÐa eidikìterh perÐptwsh, ìpou h sun�rthsh β eÐnai

thc morf c β(x) = α + γ(x) (bl. Sumbolismìc 5.2.2), en¸ sto [3] h β eÐnai thc morf c

β(θ, x) = α(θ) + γ(x) (bl. [3], Sumbolismìc 7.1.2).

5.1 'Enac qarakthrismìc twn sÔnjetwn memeigmè-

nwn σ.d. Poisson

Gia ton akìloujo orismì blèpe epÐshc [28], Chapter 6, sel. 127.

Orismìc 5.1.1. 'Ena zeÔgoc ({Nt}t∈R+ , {Xn}n∈N∗) onom�zetai σ.d. kindÔnou ep�nw

sto q.p. (Ω,Σ, P )   P − σ.d kindÔnou an

(R1) h {Nt}t∈R+ eÐnai mÐa σ.d. tou arijmoÔ twn apait sewn,

(R2) h {Xn}n∈N∗ eÐnai mia akoloujÐa anex�rthtwn kai isìnoma katanemhmènwn upì to P

(P-i.i.d gia suntomÐa) tuqaÐwn metablht¸n, me mia koin  katanom  pijanìthtac PX1

kai

(R3) to zeÔgoc ({Nt}t∈R+ , {Xn}n∈N∗) eÐnai anex�rthto upì to P .

73



SÔnjetec memeigmènec σ.d. Poisson

Orismìc 5.1.2. An ({Nt}t∈R+ , {Xn}n∈N∗) eÐnai mia P − σ.d. kindÔnou, tìte h σ.d. twn
sunolik¸n apait sewn {St}t∈R+ , pou ep�getai apì to zeÔgoc ({Nt}t∈R+ , {Xn}n∈N∗), ono-
m�zetai sÔnjeth memeigmènh σ.d. Poisson me paramètrouc Θ kai PX1 ep�nw sto

q.p. (Ω,Σ, P ) (  gia suntomÐa P−CMPP (Θ, PX1)), an h {Nt}t∈R+ eÐnai mia P−MPP (Θ)

(bl. p.q. [19], sel. 207-208).

Idiaitèrwc, an h katanom  thc Θ eÐnai ekfulismènh sto θ0 > 0, tìte h σ.d. {St}t∈R+ ono-

m�zetai sÔnjeth σ.d. Poisson ep�nw sto q.p. (Ω,Σ, P ) me paramètrouc θ0 kai PX1 ( 

diaforetik� gia suntomÐa P − CPP ).

Oi akìloujec sunj kec ja axiopoihjoÔn sth melèth twn CMPPs:

(a1) Oi σ.d. {Wn}n∈N∗ kai {Xn}n∈N∗ eÐnai P−upì sunj kh metaxÔ touc anex�rthtec.

(a2) Oi t.m. Θ kai Xn (n ∈ N∗) eÐnai P−(m  upì sunj kh) anex�rthtec.

(a3) H akoloujÐa {Xn}n∈N∗ twn megej¸n thc apaÐthshc eÐnai P−upì sunj kh i.i.d.

Katìpin, ìpote isqÔei h sunj kh (a1), (a2) kai (a3), ja gr�foume ìti h tetr�da

(P, {Wn}n∈N∗ ,{Xn}n∈N∗ ,Θ)   to mètro pijanìthtac P ikanopoieÐ antistoÐqwc, tic sunj -

kec (a1), (a2) kai (a3).

Apì ed¸ kai k�tw, mèqri to tèloc tou KefalaÐou 5, jewroÔme Υ := (0,∞) kai upojè-

toume ìti up�rqei mia disintegration {Pθ}θ∈Υ tou P p�nw sto Q sunep c me thn Θ.

L mma 5.1.3. (bl. [3], L mma 6.2.1).

(i) Oi akìloujec sunj kec eÐnai isodÔnamec:

(a) H sunj kh (a1),

(b) oi σ.d. {Nt}t∈R+ kai {Xn}n∈N∗ eÐnai P−upì sunj kh metaxÔ touc anex�rthtec,

(c) oi σ.d. {Nt}t∈R+ kai {Xn}n∈N∗ eÐnai Pθ−metaxÔ touc anex�rthtec gia PΘ−sqedìn
ìla ta θ ∈ Υ.

(ii) H sunj kh (a2) sunep�getai ìti h σ.d. {Xn}n∈N∗ eÐnai P − i.i.d. an kai mìno an eÐnai

P−upì sunj kh i.i.d. an kai mìno an eÐnai Pθ − i.i.d. gia PΘ−sqedìn ìla ta θ ∈ Υ.

(iii) Apì tic sunj kec (a1) kai (a2) èpetai ìti to zeÔgoc ({Nt}t∈R+ , {Xn}n∈N∗) eÐnai mia

P − σ.d. kindÔnou an kai mìno an eÐnai mia Pθ− σ.d. kindÔnou gia PΘ−sqedìn ìla ta

θ ∈ Υ.

(iv) An to mètro pijanìthtac P ikanopoieÐ tic sunj kec (a1), (a2) kai (a3), tìte to zeÔgoc

({Nt}t∈R+ , {Xn}n∈N∗) eÐnai mia Pθ − σ.d. kindÔnou gia PΘ−sqedìn ìla ta θ ∈ Υ.
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Apìdeixh.(i) Arqik� shmei¸noume ìti σ({Tk}k∈{0,...,n}) = σ({Wk}k∈{1,...,n}) gia k�je

n ∈ N∗ (bl. [28], Lemma 1.1.1) gegonìc pou èpetai ìti σ({Wn}n∈N∗) = σ({Tn}n∈N) =

σ({Nt}t∈R+), ìpou h teleutaÐa isìthta prokÔptei �mesa apì to [28], Lemma 2.1.3. 'Ara

to (b) sunep�getai to (a). H antÐstrofh sunepagwg  prokÔptei �mesa kaj¸c

Nt =
∞∑
n=1

χ{Tn≤t} =
∞∑
n=0

nχ{Tn≤t<Tn+1} =
∞∑
n=0

nχ{
∑n
k=1Wk≤t<

∑n+1
k=1 Wk} (5.1)

gia k�je t ∈ R+ (bl. p.q. [28], Theorem 2.1.1 kai Lemma 2.1.2). H isodunamÐa twn (a)

kai (c) èpetai apì to [28], Lemma 4.1.

(ii) Upojètoume ìti isqÔei h sunj kh (a2) kai ìti h σ.d. {Xn}n∈N∗ eÐnai P−anex�rthth.
Tìte gia k�je k ∈ N∗, gia aujaÐreta kai diakrit� n1, . . . , nk ∈ N∗ kai gia k�je akoloujÐa

{Cl}l∈Nk sto B(Υ) isodÔnama lamb�noume ìti P
(⋂

l∈Nk{Xnl ∈ Cl}
)

=
∏

l∈Nk P ({Xnl ∈
Cl}), to opoÐo lìgw thc sunj khc (a2) sunep�getai ìti

P

(⋂
l∈Nk

{Xnl ∈ Cl}|Θ

)
=
∏
l∈Nk

P ({Xnl ∈ Cl}|Θ) P |σ(Θ)− σ.b.,

dhlad  ìti h akoloujÐa {Xn}n∈N∗ eÐnai P−upì sunj kh anex�rthth. All� h teleutaÐa

sunj kh mazÐ me to L mma 4.3.1 isodunameÐ me to ìti h σ.d. {Xn}n∈N∗ eÐnai Pθ−anex�rthth
gia PΘ−sqedìn ìla ta θ ∈ Υ.

EpÐ plèon, lìgw thc sunj khc (a2), to gegonìc ìti ìlec oi t.m. Xn eÐnai P−isìnoma
katanemhmènec isodunameÐ me to gegonìc ìti eÐnai P−upì sunj kh isìnoma katanemhmènec,

to opoÐo mazÐ me to L mma 3.2.1 (i), èpetai ìti eÐnai kai Pθ−isìnoma katanemhmènec gia

PΘ−sqedìn ìla ta θ ∈ Υ.

(iii) H isqÔc thc sunj khc (R1) sto (Ω,Σ, Pθ) prokÔptei �mesa gia PΘ−sqedìn ìla ta

θ ∈ Υ. Se perÐptwsh pou ΩN 6= ∅, gia na deÐxoume th sunj kh (R1), dhlad  ìti h σ.d.

{Nt}t∈R+ eÐnai mia Pθ−σ.d. tou arijmoÔ twn apait sewn gia PΘ-sqedìn ìla ta θ ∈ Υ, arkeÐ

na elegqjeÐ an gia to mhdenikì sÔnolo exaÐreshc ΩN thc {Nt}t∈R+ isodÔnama lamb�noume

ìti

Pθ(ΩN) = 0 gia PΘ − sqedìn ìla ta θ ∈ Υ.

All� dedomènou ìti h {Pθ}θ∈Υ eÐnai mÐa disintegration tou P ep�nw sto PΘ, autì prokÔptei

�mesa apì th (d2). An to ΩN = ∅ tìte den qrei�zetai na k�noume k�ti.

'Estw ìti isqÔoun oi sunj kec (a1) kai (a2) kaj¸c epÐshc kai ìti to zeÔgoc ({Nt}t∈R+ ,

{Xn}n∈N∗) eÐnai mÐa Pθ − σ.d kindÔnou gia PΘ−sqedìn ìla ta θ ∈ Υ. Tìte apì to (ii)

sunep�getai h sunj kh (R2) gia to q.p. (Ω,Σ, Pθ) gia PΘ−sqedìn ìla ta θ ∈ Υ an kai

mìno an isqÔei gia to q.p. (Ω,Σ, P ). Na shmeiwjeÐ epÐshc ìti sÔmfwna me to (i), h sunj kh

(R3) gia to q.p. (Ω,Σ, Pθ) gia PΘ−sqedìn ìla ta θ ∈ Υ, isodunameÐ me th sunj kh (a1),
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h opoÐa mazÐ me th sunj kh (a2) apodeiknÔoun thn isqÔ thc (R3) gia to q.p. (Ω,Σ, P ).

Kat� sunèpeia to zeÔgoc ({Nt}t∈R+ , {Xn}n∈N∗) eÐnai mÐa P−σ.d. kindÔnou. O antÐstrofoc

isqurismìc eÐnai �mesh sunèpeia twn (i) kai (ii).

(iv) 'Estw ìti to P ikanopoieÐ tic sunj kec (a1), (a2) kai (a3). 'Omwc oi dÔo teleutaÐec

sunj kec, sÔmfwna me to (ii) sunep�gontai th sunj kh (R2) gia to q.p. (Ω,Σ, Pθ) gia

PΘ−sqedìn ìla ta θ ∈ Υ. EpÐ plèon, apì thn (i) èpetai ìti isqÔei h (R3) gia to q.p.

(Ω,Σ, Pθ) gia PΘ−sqedìn ìla ta θ ∈ Υ. 'Ara to zeÔgoc ({Nt}t∈R+ , {Xn}n∈N∗) eÐnai mÐa

Pθ − σ.d. kindÔnou gia PΘ−sqedìn ìla ta θ ∈ R. �

Je¸rhma 5.1.4. (bl. [3], Je¸rhma 6.2.2). 'Estw ìti to mètro pijanìthtac P ikanopoieÐ

tic sunj kec (a1) kai (a2). Tìte h σ.d. twn sunolik¸n apait sewn {St}t∈R+ eÐnai mÐa

P −CMPP (Θ, PX1) an kai mìno an eÐnai mÐa Pθ−CPP (θ, (Pθ)X1) gia PΘ−sqedìn ìla ta

θ ∈ Υ.

Apìdeixh. 'Estw ìti h σ.d. {St}t∈R+ eÐnai mÐa P −CMMP (Θ, PX1), to opoÐo isodunameÐ

me to gegonìc ìti to zeÔgoc ({Nt}t∈R+ , {Xn}n∈N∗) eÐnai mÐa P−σ.d. kindÔnou kai {Nt}t∈R+

mÐa P −MPP (Θ) . SÔmfwna me to L mma 5.1.3, (iii) kai thn Prìtash 4.3.9, to teleutaÐo

isodunameÐ me to ìti to zeÔgoc ({Nt}t∈R+ , {Xn}n∈N∗) eÐnai mÐa Pθ − σ.d. kindÔnou kai

antÐstoiqa ìti h {Nt}t∈R+ eÐnai mÐa Pθ − σ.d. Poisson me par�metro θ gia PΘ−sqedìn ìla

ta θ ∈ Υ, pou isodunameÐ me to gegonìc ìti h {St}t∈R+ eÐnai mÐa Pθ − CPP (θ, (Pθ)X1) gia

PΘ−sqedìn ìla ta θ ∈ Υ. �

5.2 DÔo ekjetik� martingales

Sthn paroÔsa enìthta parousi�zontai dÔo stoqastikèc diadikasÐec oi opoÐec ja qrhsimo-

poihjoÔn eurèwc kai ja deÐxoume epÐshc pwc oi dÔo autèc diadikasÐec eÐnai kai martingales

(bl. Prìtash 5.2.7). Gia to skopì autì qreiazìmaste tic akìloujec ènnoiec. Shmei¸nou-

me ìti ta apotelèsmata thc Enìthtac 5.2, ìpwc kai thc 5.3, eÐnai eidikèc peript¸seic twn

apotelesm�twn twn Enot twn 7.1 kai 7.2 thc [3], antÐstoiqa.

JewroÔme I = R+. MÐa t.m. T : Ω −→ [0,∞] onom�zetai qrìnoc diakop c wc proc

th diÔlish {Σt}t∈R+ (  diaforetik� ènac {Σt}t∈R+−qrìnoc diakop c) an kai mìno an

{T ≤ t} ∈ Σt gia k�je t ∈ R+. H tim  miac σ.d. {Xt}t∈R+ se èna qrìno diakop c T , eÐnai

h t.m. XT pou orÐzetai wc XT (ω) := XT(ω)
(ω) gia k�je ω ∈ Ω (bl. p.q [21], Chapter 1,

Definitions 2.1 kai 1.15 antÐstoiqa).

EpÐ plèon, h ΣT := {A ∈ Σ : A ∩ {T ≤ t} ∈ Σt gia k�je t ∈ R+} eÐnai h σ−�lgebra
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twn gegonìtwn pou orÐzontai prin apì to qrìno diakop c T (bl. p.q. [21],

Chapter 1, Definition 2.12 ).

Sth sunèqeia jewroÔme mÐa B(Υ)−metr simh sun�rthsh x 7−→ β(x) apì to Υ sto R.
Gia k�je t ∈ R+ orÐzoume th sun�rthsh S(β)

t : Ω −→ R mèsw thc

S
(β)
t (ω) :=

Nt(ω)∑
k=1

β(Xk)(ω).

EpÐshc, orÐzoume H̃0 := {∅,Ω}, me H̃ := {H̃t}t∈R+ sumbolÐzoume thn kanonik  diÔlish

thc σ.d. {St}t∈R+ twn sunolik¸n apait sewn, kai jètoume H̃∞ := σ({St}t∈R+). Tìte,

H̃0 ⊆ H̃t gia k�je t ∈ R+. An Ht := σ(H̃t ∪ σ(Θ)) gia k�je t ∈ R+ tìte H := {Ht}t∈R+

eÐnai mÐa diÔlish gia to (Ω,Σ). Epiplèon, èqoume H∞ := σ(H̃∞ ∪ σ(Θ)).

Parathr seic 5.2.1. (a) Gia k�je t ∈ R+ oi tuqaÐec metablhtècNt eÐnai H̃t-metr simec.

Epomènwc gia k�je n ∈ N∗ oi t.m. Wn kai Tn eÐnai H̃t-metr simec (bl. [3], Parathr seic

7.1.1, (a)).

(b) Gia k�je t ∈ R+ oi tuqaÐec metablhtèc XNt eÐnai H̃t−metr simec kai gia k�je n ∈ N∗

h t.m. Xn eÐnai H̃Tn−metr simh (bl. [3], Parathr seic 7.1.1, (b)).

(c) Apì to (b) �mesa prokÔptei ìti gia k�je t ∈ R+ oi t.m. S(β)
t eÐnai H̃t−metr simec, �ra

kai Ht− kai H∞−metr simec.

Sumbolismìc kai Parat rhsh 5.2.2. 'Estw a ∈ R. Me FP,a := FP,X1,a sumbolÐ-

zoume thn kl�sh ìlwn twn B(Υ)−metr simwn pragmatik¸n sunart sewn β ep�nw sto Υ,

¸ste β(x) = α + γ(x) gia k�je x ∈ Υ, ìpou γ eÐnai mÐa B(Υ)−metr simh pragmatik  su-

n�rthsh ep�nw sto Υ me eβ(X1) ∈ L1(P ) kai E[eγ(X1)] = 1. Gia a = 0 jètoume FP := FP,0.
H kl�sh FP,α eÐnai mÐa gn sia upokl�sh thc FP pou orÐzetai sthn [3], Sumbolismìc kai

Parathr seic 7.1.2. Oi sunart seic β, pou eÐnai ta stoiqeÐa thc FP , exart¸ntai apì dÔo

metablhtèc θ kai x, en¸ ta stoiqeÐa thc FP,α exart¸ntai mìno apì to x.

An h β ∈ FP,α tìte up�rqei èna Pθ−mhdenikì sÔnolo D̂ ∈ B(Υ) ¸ste gia k�je θ /∈ D̂ na

isqÔei eβ(X1) ∈ L1(Pθ). Pr�gmati, gia k�je B ∈ B(Υ) èqoume∫
B

EPθ [e
β(X1)]PΘ(dθ) =

∫
Θ−1(B)

EP• [eβ(X1)] ◦ΘdP =

∫
Θ−1(B)

EP [eβ(X1)|Θ]dP

=

∫
Θ−1(B)

eβ(X1)dP ≤
∫

Ω

eβ(X1)dP <∞,

ìpou h deÔterh isìthta eÐnai sunèpeia tou L mmatoc 3.2.1 (i), h pr¸th anisìthta prokÔptei

apì th sqèsh Θ−1(B) ⊆ Ω kai h teleutaÐa anisìthta prokÔptei apì thn upìjesh β ∈ FP,α.
AfoÔ

∫
B
EPθ [eβ(X1)]PΘ(dθ) < ∞ gia k�je B ∈ B(Υ), up�rqei èna PΘ−mhdenikì sÔnolo

D̂ ∈ B(Υ) ¸ste gia k�je θ /∈ D̂ na isqÔei
∫
eβ(X1)dPθ <∞, dhlad  eβ(X1) ∈ L1(Pθ).
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SÔmfwna me to L mma 3.2.1, apì thn P−oloklhrwsimìthta thc β èpetai h Pθ−oloklh
-rwsimìthta thc β gia Pθ−sqedìn ìla ta θ ∈ Υ (bl. [3], Sumbolismìc kai Parat rhsh

7.1.2).

L mma 5.2.3. 'Estw ìti to mètro pijanìthtac P ikanopoieÐ tic sunj kec (a1), (a2) kai

(a3). E�n h σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ eÐnai mÐa P-MPP(Θ), tìte gia k�je

t ∈ R+ kai r > 0 èqoume

EP [erS
(β)
t |Θ] = etΘEP [erβ(X1)−1] P |σ(Θ)− σ.β,

ìpou β eÐnai mÐa B(Υ)−metr simh sun�rthsh apì to Υ sto R me β(x) = α + γ(x), gia

k�je x ∈ Υ, ìpou α ∈ R kai γ : Υ 7−→ R mÐa B(Υ)−metr simh sun�rthsh.

Apìdeixh. Arqik� shmei¸noume ìti apì tic sunj kec (a2) kai (a3) sunep�getai ìti h

{Xn}n∈N∗ eÐnai epÐshc P − i.i.d.. Apì to L mma 5.1.3(i) sunep�getai epÐshc ìti h sunj kh

(a1) isodunameÐ me to gegonìc ìti h {Nt}t∈R+ kai h {Xn}n∈N∗ eÐnai P−upì sunj kh metaxÔ

touc anex�rthtec. All� afoÔ h {Nt}t∈R+ eÐnai mÐa P−MPP (Θ), èpetai ìti gia k�je t ∈ R+

kai gia k�je r > 0 èqoume

EP [erS
(β)
t |Θ] = EP [er

∑Nt
k=1 β(Xk)|Θ] = EP [

∞∑
n=0

χ{Nt=n}e
r
∑n
k=1 β(Xk)|Θ]

=
∞∑
n=0

EP [χ{Nt=n}e
r
∑n
k=1 β(Xk)|Θ]

(a1)
=

∞∑
n=0

EP [χ{Nt=n}|Θ]EP [er
∑n
k=1 β(Xk)|Θ]

=
∞∑
n=0

P ({Nt = n}|Θ)EP [er
∑n
k=1 β(Xk)|Θ]

(a2),(a3)
=

∞∑
n=0

e−tΘ
(tΘ)n

n!

n∏
k=1

EP [erβ(X1)] = e−tΘ
∞∑
n=0

(tΘEP [erβ(X1)])n

n!

= e−tΘetΘEP [erβ(X1)]

= etΘEP [erβ(X1)−1],

ìpou h deÔterh isìthta eÐnai sunèpeia thc sqèshc

er
∑Nk
k=1 β(Xk) =

∞∑
n=0

χ{Nt=n}e
r
∑n
k=1 β(Xk)

pou prokÔptei wc ex c:

Gia k�je ω ∈ Ω up�rqei akrib¸c èna n0 ∈ N ¸ste ω ∈ {Nt = n0} kai ω /∈ {Nt = n} me
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n = n0 (afoÔ h {Nt = n}n∈N eÐnai diamèrish tou Ω). 'Ara(
∞∑
n=0

χ{Nt=n}e
r
∑n
k=1 β(Xk)

)
(ω) =

∞∑
n=0

χ{Nt=n}(ω)er
∑n
k=1 β(Xk)(ω)

= er
∑n0
k=1 β(Xk)(ω) = er

∑Nt(ω)
k=1 β(Xk)(ω) =

(
er

∑Nt
k=1 β(Xk)

)
(ω)

�

Parat rhsh 5.2.4. Genik� isqÔei EP [erS
β
t |Θ] ≤ ∞ gia k�je r > 0. An r = 1 kai

β ∈ FP,α tìte isqÔei EP [eS
(β)
t |Θ] <∞ P |σ(Θ)− σ.b.

'Estw idΩ ×Θ : Ω −→ Ω×Υ h apeikìnish pou dÐnetai mèsw thc

(idΩ ×Θ)(ω) := (ω,Θ(ω)) gia k�je ω ∈ Ω.

Saf¸c, h idΩ×Θ eÐnai mÐa Σ−Σ⊗B(Υ)−metr simh sun�rthsh, afoÔ (idΩ×Ω)−1(A×
B) = A ∩ Θ−1(B) ∈ Σ gia k�je A × B ∈ Σ × B(Υ). JewroÔme epÐshc th sun�rthsh

M
(β)
t : Ω×Υ −→ R me tÔpo

M
(β)
t (ω, θ) := eS

(β)
t (ω)−tθEPθ [eβ(X1)−1] gia k�je ω ∈ Ω kai θ /∈ D̂, (5.2)

kai M (β)
t (ω, θ) := 0 gia k�je (ω, θ) ∈ Ω× D̂, ìpou β ∈ FP,α.

SumbolÐzoume me M (β)
t (θ) th θ-tom  thc M (β)

t kai me M (β)
t (Θ) th sÔnjesh thc M (β)

t (·)
me th idΩ ×Θ. Tìte èqoume

M
(β)
t (θ) = eS

(β)
t −tθEPθ [eβ(X1)−1] gia k�je θ /∈ D̂. (5.3)

kai M (β)
t (θ) = 0 gia k�je θ ∈ D̂ kaj¸c kai

M
(β)
t (Θ) = eS

(β)
t −tΘEP [eβ(X1)−1]. (5.4)

SÔmfwna me tic Parathr seic 5.2.4 kai 5.2.2 oi sunart seicM (β)
t ,M (β)

t (θ) kaiM (β)
t (Θ)

eÐnai kal� orismènec, dhlad  paÐrnoun timèc sto R.
H H̃t−metrhsimìthta thc M (β)

t (θ) gia k�je t ∈ R+ kai gia k�je stajerì θ ∈ Υ èpetai

apì th Parat rhsh 5.2.1, (c), en¸ h Ht−metrhsimìthta thc Θ kai thc Nt, gia t ∈ R+,

sunep�getai thn Ht−metrhsimìthta thc M (β)
t (Θ).

L mma 5.2.5. 'Estw ìti to mètro pijanìthtac P ikanopoieÐ tic sunj kec (a1), (a2), (a3)

kai β ∈ FP,α. E�n h σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ eÐnai mÐa P-MPP(Θ) tìte

gia k�je t ∈ R+ kai A ∈ Ht isqÔoun ta akìlouja:
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(i) EP [M
(β)
t (Θ)|Θ] = 1 P |σ(Θ)− σ.β.

(ii) EP [M
(β)
t (Θ)] = 1.

(iii) EP [ξ(Θ)χAM
(β)
t (Θ)|Θ] = EP• [ξ(•)χAM

(β)
t (•)] ◦Θ P |σ(Θ)− σ.β.

gia k�je ξ ∈ L1
+(PΘ).

(iv)
∫
A
ξ(Θ)M

(β)
t (Θ)dP =

∫
ξ(θ)EPθ [χAM

(β)
t (θ)]PΘ(dθ)

gia k�je ξ ∈ L1(PΘ).

(v) Up�rqei èna PΘ−mhdenikì sÔnolo D̂∗ ∈ B(Υ) ¸ste EPθ [M
(β)
t (θ)] = 1 gia k�je

θ /∈ D̂∗.

Apìdeixh. (i): O pr¸toc isqurismìc prokÔptei apì th sqèsh (5.4) kai to L mma 5.2.3.

Pr�gmati, gia k�je t ∈ R+ kai A ∈ Ht èqoume:

EP [M
(β)
t (Θ)|Θ] = EP [eS

(β)
t −tΘEP [eβ(X1)−1]|Θ]

= EP [eS
(β)
t e−tΘEP [eβ(X1)−1]|Θ]

= e−tΘEP [eβ(X1)−1] · EP [eS
(β)
t |Θ]

= e−tΘEP [eβ(X1)−1] · etΘEP [eβ(X1)−1] = e0 = 1,

ìpou h trÐth isìthta prokÔptei diìti h t.m. Θ eÐnai σ(Θ)−metr simh, en¸ h tètarth apì to

L mma 5.2.3.

(ii): Gia ton deÔtero isqurismì èqoume

EP [Mβ
t (Θ)] = EP [EP [M

(β)
t (Θ)|Θ]]

(i)
= EP [1] = 1,

ìpou h pr¸th isìthta prokÔptei apì th Prìtash 3.3.14 tou [5].

(iii): 'Estw ξ ∈ L1
+(PΘ) kai µ := P ◦(idΩ×Θ)−1. AfoÔ hM (β)

t eÐnaiHt⊗B(Υ)−metr simh,
èpetai ìti h (χA × ξ) ·M (β)

t , ìpou (χA × ξ)(ω, θ) := χA(ω)ξ(θ) gia k�je (ω, θ) ∈ Ω × Υ,

eÐnai Ht ⊗B(Υ)−metr simh. Epomènwc, gia k�je t ∈ R+ kai A ∈ Ht isqÔei∫
χAξM

(β)
t dµ =

∫
(χAξM

(β)
t ) ◦ (idΩ ×Θ)dP =

∫
χAξ(Θ)M

(β)
t (Θ)dP

≤
∫
ξ(Θ)M

(β)
t (Θ)dP =

∫
EP [ξ(Θ)M

(β)
t (Θ)|Θ]dP

=

∫
ξ(Θ)EP [M

(β)
t (Θ)|Θ]dP

(i)
=

∫
ξ(Θ)dP =

∫
ξdPΘ <∞,

ìpou h pr¸th isìthta prokÔptei apì to Je¸rhma 2.4.6 tou [5], gnwstì wc Je¸rhma Me-

tasqhmatismoÔ Oloklhr¸matoc en¸ gia th deÔterh isìthta gia k�je ω ∈ Ω isqÔei :

[(χAξM
(β)
t ) ◦ (idΩ ×Θ)](ω) = [χAξ(Θ)M

(β)
t (Θ)](ω).
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Pr�gmati,

[(χAξM
(β)
t ) ◦ (idΩ ×Θ)](ω) = (χAξM

(β)
t )((idΩ ×Θ)(ω))

= [(χA×Υ) · (ξ(Θ)× χΥ)M
(β)
t ](ω,Θ(ω))

= χA×Υ(ω,Θ(ω))ξ(Θ(ω))M
(β)
t (ω,Θ(ω))

= χA(ω)χΥ(Θ(ω))ξ(Θ(ω))M
(β)
t (ω,Θ(ω))

= χA(ω)ξ(Θ(ω))eS
β
t (ω)−tΘ(ω)EP [eβ(X1)−1]

= χA(ω)ξ(Θ)(ω)M
(β)
t (Θ)(ω).

'Ara χAξM
(β)
t ∈ L1(µ) kai ètsi mporoÔme na efarmìsoume thn Prìtash 3.2.4, (i) gia

u = χAξM
(β)
t kai f = Θ gia na p�roume thn (iii).

(iv): 'Estw t ∈ R+ kai A ∈ Ht. Tìte èqoume∫
A

ξ(Θ)M
(β)
t (Θ)dP =

∫
χAξ(Θ)M

(β)
t (Θ)dP =

∫ ∫
χAξ(•)[M (β)

t ]•dP•dPΘ

=

∫
EP• [χAξ(•)[M

(β)
t ]•]dPΘ =

∫
EPθ [χAξ(θ)M

(β)
t (θ)]PΘ(dθ),

ìpou h deÔterh isìthta prokÔptei apì th Prìtash 3.2.4, (ii).

(v): Profan¸c h (v) den isqÔei gia ta θ ∈ D̂, afoÔ gia k�je θ ∈ D̂ èqoume M (β)
t (θ) = 0.

Apì thn sunj kh (iii) gia A = Ω èqoume

EP [M
(β)
t (Θ)|Θ] = EP• [M

(β)
t (•)] ◦Θ P |σ(Θ)− σ.β.

(i)
=⇒ 1 = EP• [M

(β)
t (•)] ◦Θ P |σ(Θ)− σ.β.

⇐⇒
∫

Θ−1(B)

dP =

∫
Θ−1(B)

(EP• [M
(β)
t (•)] ◦Θ)dP gia k�je B ∈ B(Υ)

⇐⇒
∫
B

χΥdPΘ =

∫
B

EPθ [M
(β)
t (θ)]PΘ(dθ) gia k�je B ∈ B(Υ)

⇐⇒ ∃D̂∗ ∈ B(Υ)0 χΥ(θ) = EPθ [M
(β)
t (θ)] gia k�je θ /∈ D̂∗

⇐⇒ ∃D̂∗ ∈ B(Υ)0 EPθ [M
(β)
t (θ)] = 1 gia k�je θ /∈ D̂∗.

Saf¸c prèpei na isqÔei D̂ ⊆ D̂∗. �

To l mma pou akoloujeÐ eÐnai qr simo gia thn apìdeixh tou kurÐou apotelèsmatoc aut c

thc enìthtac, pou eÐnai h Prìtash 5.2.7.

L mma 5.2.6. 'Estw ìti to mètro pijanìthtac P ikanopoieÐ tic sunj kec (a1), (a2) kai

(a3). Tìte up�rqoun dÔo PΘ−mhdenik� sÔnola V kai Ẑ sth B(Υ) ¸ste an β ∈ FP,α na

isqÔoun ta akìlouja:

(i) An gia opoiod pote θ /∈ V h diadikasÐa {Nt}t∈R+ èqei Pθ−st�simec kai anex�rthtec

prosaux seic, tìte h {S(β)
t (θ)}t∈R+ èqei Pθ−st�simec kai anex�rthtec prosaux seic.
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(ii) An gia opoiod pote θ /∈ Ẑ h diadikasÐa {Nt}t∈R+ èqei Pθ−anex�rthtec prosaux seic,
tìte gia k�je s, t ∈ R+ me s ≤ t oi σ−�lgebrec σ((S

(β)
t − S

(β)
s )(θ)) kai Hs eÐnai

Pθ−anex�rthtec.

Apìdeixh. (i) : AfoÔ to mètro P ikanopoieÐ tic sunj kec (a1), (a2) kai (a3) sÔmfwna me

to L mma 5.1.3, (iv) up�rqei èna PΘ−mhdenikì sÔnolo V ∈ B(Υ), ¸ste gia opoiod pote

θ /∈ V to zeÔgoc ({Nt}t∈R+ , {Xn}n∈N∗) eÐnai mia Pθ−σ.d. kindÔnou, epomènwc to Ðdio isqÔei

gia to zeÔgoc ({Nt}t∈R+ , {β(Xn)}n∈N∗). Sunep¸c, oi σ.d. {Nt}t∈R+ kai {S(β)
t (θ)}t∈R+

throÔn tic proϋpojèseic twn [28], Theorems 5.1.2 kai 5.1.3 gia opoiod pote stajerì θ /∈ V
ep�nw sto (Ω,Σ, Pθ). Wc ek toÔtou, prokÔptei to (i).

(ii) : Arqik� stajeropoioÔme aujaÐreta s, t ∈ R+ me s < t. Gia opoiod pote m ∈ N∗

jètoume

Im := Im,s,t := {v(m) = (v0, . . . , vm) ∈ [s, t]m+1 : s = v0 < v1 < . . . < vm−1 < vm = t}

kai jewroÔme Em := Es,t,m := {Nt−Ns = m} gia opoiod pote m ∈ N. Tìte shmei¸noume
ìti afoÔ h σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ ikanopoieÐ thn (n2) kai h èkrhxh

èqei upotejeÐ ìti eÐnai to kenì sÔnolo èqoume Ω =
⋃
m∈NEm, ìpou ta Em eÐnai an� dÔo

anex�rthta metaxÔ touc.

(a) : Em =
⋃
vm∈Im

⋂m
j=1{Nvj = Nvj−1

+ 1} gia opoiod pote m ∈ N∗.
Gia thn apìdeixh tou (a) bl. [3], apìdeixh tou L mmatoc 7.1.6, (ii) (a).

(b) : Apì to (a) èpetai ìti gia opoiod pote ω /∈ E0 up�rqei m ∈ N∗ kai v(m) ∈ Im ¸ste

Nvj(ω) = Nvj−1
(ω) + 1 = Ns(ω) + j gia k�je j ∈ {1, . . . ,m}, gegonìc pou sunep�getai ìti

(Nt −Ns)(ω) = m kai (Svj − Svj−1
)(ω) = XNs(ω)+j(ω). 'Ara (Svj − Svj−1

)|Ec
0 = XNs+j|Ec

0

gia k�je j ∈ {1, . . . ,m}.
(c) : Up�rqei èna PΘ−mhdenikì sÔnolo V ∈ B(Υ) ¸ste gia opoiod pote θ /∈ V , kai gia
k�je m ∈ N∗ na up�rqei v(m) ∈ Im ¸ste o periorismìc (Svj −Svj−1

)|Ec
0 gia j ∈ {1, . . . ,m}

na eÐnai Pθ−anex�rthtoc tou Su gia k�je 0 ≤ u ≤ s.

Gia thn apìdeixh tou (c) bl. [3], apìdeixh tou L mmatoc 7.1.6, (ii)(c).

(d) : H oikogèneia {(Svj − Svj−1
)|Ec

0}j∈{1,...,m} eÐnai Pθ− anex�rthth.

Pr�gmati, h Pθ− anexarthsÐa twn prosaux sewn thc diadikasÐac {St}t∈R+ sunep�getai

ìti gia ìla ta m ∈ N∗ kai v(m) ∈ Im h akoloujÐa {(Svj − Svj−1
)}j∈{1,...,m} eÐnai Pθ−

anex�rthth. Akolouj¸ntac t¸ra to Ðdio skeptikì me to b ma (c), mporeÐ na deiqjeÐ ìti

ìloi oi periorismoÐ {(Svj − Svj−1
)|Ec

0}j∈{1,...,m} eÐnai epÐshc Pθ− anex�rthtoi.

(e) : Oi σ−�lgebra σ((S
(β)
t − S

(β)
s )(θ)) eÐnai Pθ− anex�rthth thc H̃s.

Pr�gmati, apì to b ma (b) èwc (d) èpetai ìti up�rqei m ∈ N∗ kai v(m) ∈ Im ¸ste h

oikogèneia {XNs+j|Ec
0}j∈{1,...,m} na eÐnai Pθ−anex�rthth kai Pθ−anex�rthth tou Su gia ìla
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ta 0 ≤ u ≤ s. 'Ara kai h {β(XNs+j)|Ec
0}j∈{1,...,m} eÐnai Pθ−anex�rthth, gegonìc pou mazÐ

me th sunj kh (S
(β)
t − S

(β)
s )(θ)|Ec

0 =
∑m

j=1 β(XNs+j)|Ec
0, pou prokÔptei apì to b ma (b),

sunep�gontai ìti (S
(β)
t − S

(β)
s )(θ)|Ec

0 eÐnai Pθ−anex�rthth thc Su gia ìla ta 0 ≤ u ≤ s.

Shmei¸noume epÐshc ìti apì th sunj kh E0 = {St − Ss = 0} = {(S(β)
t − S

(β)
s )(θ) =

0} èpetai ìti (S
(β)
t − S

(β)
s )(θ)|E0 = 0|E0 gia opoiod pote θ ∈ Υ kai ìti o periorismìc

(S
(β)
t − S

(β)
s )(θ)|E0 eÐnai Pθ−anex�rthtoc thc Su gia ìla ta 0 ≤ u ≤ s. 'Ara to Ðdio ja

isqÔei kai gia th t.m. (S
(β)
t − S

(β)
s )(θ), to opoÐo sunep�getai kai to b ma (e).

(f) : Up�rqei èna PΘ−mhdenikì sÔnolo Ẑ ∈ B(Υ) ¸ste gia k�je θ /∈ Ẑ h σ−�lgebra
σ((S

(β)
t − S

(β)
s )(θ)) eÐnai Pθ−anex�rthth thc Hs.

Pr�gmati, to b ma (e) eÐnai isodÔnamo me to gegonìc ìti gia opoiod pote θ /∈ V h isìthta

Pθ(E ∩ F ) = Pθ(E)Pθ(F ) (5.5)

isqÔei gia k�je E ∈ σ((S
(β)
t − S

(β)
s )) kai gia k�je F ∈ H̃s. All� lìgw thc suèpeiac thc

{Pθ}θ∈Υ me th t.m. Θ, gia k�je B ∈ B(Υ) up�rqei èna PΘ−mhdenikì sÔnolo ZB ∈ B(Υ)

¸ste gia opoiod pote θ /∈ ZB na èqoume Pθ(Θ−1(B)) = χB(θ). Mèsw enìc epiqeir matoc

monìtonhc kl�shc eÔkola prokÔptei ìti up�rqei èna PΘ−mhdenikì sÔnolo Z ∈ B(Υ). 'Ara

gia opoiod pote θ ∈ B ∩ Zc kai gia k�je E ∈ σ((S
(β)
t − S

(β)
s )) kai B ∈ B(Υ) lamb�noume

Pθ(E ∩Θ−1(B)) = Pθ(E) = Pθ(E)Pθ(Θ
−1(B)),

en¸ gia opoiod pote θ ∈ Bc ∩ Zc lamb�noume Pθ(E ∩ Θ−1(B)) = 0 = Pθ(E)Pθ(Θ
−1(B)).

'Ara gia kaje θ /∈ Z h sqèsh (5.5) ikanopoieÐtai gia ìla ta F ∈ σ(Θ). Sunep¸c, gia

opoiod pote θ /∈ Ẑ := Z ∪ V h sqèsh (5.5) ikanopoieÐtai gia k�je E ∈ σ((S
(β)
t − S

(β)
s )(θ))

kai k�je F ∈ H̃s ∪ σ(Θ).

StajeropoioÔme èna aujaÐreto θ /∈ Ẑ. An sumbolÐsoume me Ds thn oikogèneia ìlwn twn

F ∈ Hs pou ikanopoioÔn thn sqèsh (5.5) gia opoiod pote stajerì E ∈ σ((S
(β)
t −S

(β)
s )(θ)),

tìte èqoume ìti H̃s ∪ σ(Θ) ⊆ Ds. EpÐ plèon, èukola mporeÐ na apodeiqjeÐ ìti h Ds eÐnai
mÐa kl�sh Dynkin

'Epeita, stajeropoioÔme èna aujaÐreto n ∈ N∗ kai jètoume

Gs := {
n⋂
k=1

Ck : Ck ∈ Hs ∪ σ(Θ), n ∈ N∗}.

Tìte gia k�je G ∈ Gs up�rqei ènac fusikìc arijmìc n kai mÐa peperasmènh akoloujÐa

{Ck}k∈N∗n sto H̃s ∪ σ(Θ) ¸ste G =
⋂n
k=1 Ck. MporeÐ eÔkola na apodeiqjeÐ ìti mporoÔme

na diaqwrÐsoume to {1, . . . , n} sta sÔnola

IΘ := {k ∈ N∗n : Ck ∈ σ(Θ)} kai IF := {k ∈ N∗n : Ck ∈ Hs\σ(Θ)}.
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Shmei¸noume epÐshc ìti oi kl�seic Hs kai σ(Θ) eÐnai kleistèc wc proc tic peperasmènec

tomèc gegonìc pou shmaÐnei ìti⋂
k∈IΘ

Ck ∈ σ(Θ) gia Ck ∈ σ(Θ) (5.6)

kai ⋂
k∈IH

Ck ∈ Hs ⊆ Ds gia Ck ∈ Hs. (5.7)

Tìte apì th sqèsh (5.6) sunep�getai ìti up�rqei èna B ∈ B(Υ) tètoio ¸ste Θ−1(B) =⋂
k∈IΘ Gk. Wc ek toÔtou lìgw thc sunèpeiac thc {Pθ}θ∈Υ me th Θ lamb�noume gia PΘ−σ.o.

ta θ ∈ Υ kai gia opoiod pote stajerì E ∈ σ((S
(β)
t − S

(β)
s )(θ)) ìti

Pθ(E ∩G) = Pθ

(
E ∩Θ−1(B) ∩ (

⋂
k∈IF

Ck)

)
= χB(θ)Pθ

(
E ∩ (

⋂
k∈IF

Ck)

)
(5.7)
= χB(θ)Pθ

(⋂
k∈IF

Ck

)
Pθ(E) = Pθ

(
Θ−1(B) ∩ (

⋂
k∈IF

Ck)

)
Pθ(E)

= Pθ(G)Pθ(E).

'Etsi èqoume ìti h sqèsh (5.5) ikanopoieÐtai gia ìla ta G ∈ Gs. 'Ara Gs ⊆ Ds. To

teleutaÐo mazÐ me to Je¸rhma Monìtonhc Kl�shc (bl. p.q. [16], 136B) sunep�gontai ìti

Hs ⊆ σ(H̃s ∪ σ(Θ) ∪ Gs) ⊆ Ds. Kat� sunèpeia, oi σ−�lgebrec σ((S
(β)
t − S

(β)
s )) kai Hs

eÐnai Pθ−anex�rthtec gia PΘ−sqedìn ìla ta θ ∈ Υ. �

Prìtash 5.2.7. (prbl. [3], Prìtash 7.1.7). 'Estw ìti to mètro pijanìthtac P ikanopoieÐ

tic sunj kec (a1), (a2) kai (a3). E�n h σ.d. {Nt}t∈R+ eÐnai mÐa P-MPP(Θ) kai h σ.d. tou

megèjouc twn apait sewn {Xn}n∈N∗ eÐnai P − i.i.d, tìte isqÔoun ta akìlouja:

(i) Gia PΘ−sqedìn ìla ta θ ∈ Υ h diadikasÐa {M (β)
t (θ)}t∈R+ eÐnai mÐa (Pθ,H)−martingale

tètoia ¸ste EPθ [M
(β)
t (θ)] = 1 gia k�je t ∈ R+.

(ii) H diadikasÐa {M (β)
t (Θ)}t∈R+ eÐnai mÐa (P,H)−martingale tètoia ¸ste

EP [M
(β)
t (Θ)|Θ] = 1 = EP [M

(β)
t (Θ)] gia k�je t ∈ R+,

me thn pr¸th isìthta na isqÔei gia P |σ(Θ)− σ.β.

Apìdeixh. UpenjumÐzoume arqik� ìti gia k�je t ∈ R+ kai gia opoiod pote stajerì

θ ∈ Υ h M (β)
t (θ) mazÐ me th M (β)

t (Θ) eÐnai Ht−metr simec. EpÐ plèon apì to L mma 5.2.5

lamb�noume EPθ [M
(β)
t (θ)] = 1 gia k�je t ∈ R+ kai gia PΘ−sqedìn ìla ta θ ∈ Υ kai
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epÐshc ìti EP [M
(β)
t (Θ)|Θ] = 1 = EP [M

(β)
t (Θ)] gia k�je t ∈ R+, me thn pr¸th isìthta

na isqÔei gia P |σ(Θ) − σ.β. 'Etsi, arkeÐ na deÐxoume ìti h idiìthta (m3) ikanopoieÐtai

apì th diadikasÐa {M (β)
t (θ)}t∈R+ gia PΘ−sqedìn ìla ta θ ∈ Υ kai apì th diadikasÐa

{M (β)
t (Θ)}t∈R+ gia thn apìdeixh thc (i) kai (ii), antÐstoiqa.

(i) : To gegonìc ìti h {Nt}t∈R+ eÐnai mÐa P-MPP(Θ) sunep�getai ìti èqei P−upì sunj kh

st�simec kai anex�rthtec prosaux seic. Apì to Pìrisma 4.3.7 kai thn Prìtash 4.3.4

sunep�getai epÐshc ìti èqei Pθ−st�simec kai anex�rthtec prosaux seic gia PΘ−sqedìn
ìla ta θ ∈ Υ.

Epiplèon, h Pθ−upì sunj kh anexarthsÐa twn prosaux sewn thc {Nt}t∈R+ mazÐ me to

L mma 5.2.6, (ii), sunep�gontai ìti gia s, t ∈ R+ me s ≤ t kai gia k�je A ∈ Hs, oi t.m.

e(S
(β)
t −S

(β)
s ) kai χA eÐnai Pθ−anex�rthtec gia PΘ−sqedìn ìla ta θ ∈ Υ. 'Ara

EPθ [χAM
(β)
t (θ)]

(5.3)
= EPθ [χAM

(β)
s (θ)e(S

(β)
t −S

(β)
s )−(t−s)θEPθ [eβ(X1)−1]]

= EPθ [χAM
(β)
s (θ)]EPθ [e

S
(β)
t−s−(t−s)θEPθ [eβ(X1)−1]]

= EPθ [χAM
(β)
s (θ)]EPθ [M

(β)
t−s(θ)] = EPθ [χAM

(β)
s (θ)],

to opoÐo apodeiknÔei thn (i). Saf¸c oi parap�nw isìthtec isqÔoun gia PΘ−sqedìn ìla ta

θ ∈ Υ.

(ii) : AfoÔ apì thn (i) h σ.d. {M (β)
t (θ)}t∈R+ ikanopoieÐ th sunj kh (m3) gia PΘ−sqedìn

ìla ta θ ∈ Υ, lamb�noume gia k�je s, t ∈ R+ me s ≤ t kai gia k�je A ∈ Hs ìti∫
A

M
(β)
t (Θ)dP =

∫
EPθ [χAM

(β)
t (θ)]PΘ(dθ) =

∫
EPθ [χAM

(β)
s (θ)]PΘ(dθ)

=

∫
A

M (β)
s (Θ)dP,

ìpou h pr¸th kai h teleutaÐa isìthta prokÔptei apì to L mma 5.2.5, (iv). 'Etsi oloklh-

r¸netai h apìdeixh tou (ii) kaj¸c kai olìklhrou tou L mmatoc. �

5.3 Martingale-isodÔnama mètra kai SÔnjetec me-

meigmènec σ.δ. Poisson

Basikì apotèlesma thc paroÔsac enìthtac apoteleÐ to Je¸rhma 5.3.7. Akribèstera, do-

jèntoc enìc mètrou pijanìthtac P kai upojètontac ìti h {St}t∈R+ eÐnai mÐa P−sÔnjeth
memeigmènh σ.d. Poisson, to parap�nw je¸rhma qarakthrÐzei ìla ta mètra pijanìthtac

Q, upì ta opoÐa h σ.d. twn sunolik¸n apait sewn paramènei mÐa sÔnjeth memeigmènh σ.d.

Poisson.
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Orismìc 5.3.1. 'Estw T uposÔnolo tou R+ me 0 ∈ T, Z := {Zt}t∈T mÐa diÔlish gia to

m.q. (Ω,Σ) kai P,Q dÔo mètra pijanìthtac ep�nw sthn Σ kai {Yt}t∈T mÐa σ.d. ep�nw ston

(Ω,Σ). Tìte ta P kai Q onom�zontai

(a) isodÔnama kai sumbolÐzontai me P ∼ Q an gia k�je A ∈ Σ isqÔei

P (A) = 0⇐⇒ Q(A) = 0,

(b) proodeutik� isodÔnama (gia thn Z) kai sumbolÐzontai me Q pr∼ P an {N ∈ Zt :

Q(N) = 0} = {N ∈ Zt : P (N) = 0} gia k�je t ∈ T, dhlad  an gia k�je t ∈ T èqoun

koin� mhdenik� sÔnola sthn Zt.
(c) (Z, {Yt}t∈T)-martingale isodÔnama an

(em1) P ∼ Q

(em2) h {Yt}t∈T eÐnai (Q,Z)-martingale,

(d) (Z, {Yt}t∈T)-martingale proodeutik� isodÔnama, an

(pem1) ta P kai Q eÐnai proodeutik� isodÔnama gia thn Z,

(pem1) h {Yt}t∈T eÐnai èna (Q,Z)-martingale.

Gia ton Orismì 5.3.1, (c), bl. p.q. [27], Definition 1.1.

Profan¸c, an ta P kai Q eÐnai (Z, {Yt}t∈T)-martingale isodÔnama, tìte ja eÐnai kai

(Z, {Yt}t∈T)-martingale proodeutik� isodÔnama. To antÐstrofo den isqÔei genik�. EpÐshc,

an ta P kai Q eÐnai (Z, {Yt}t∈T)-martingale proodeutik� isodÔnama, tìte gia k�je t ∈ T
ta Pt := P |Zt kai Qt := Q|Zt eÐnai (Zt, {Ys}s∈[0,t]∩T)-martingale isodÔnama.

Shmei¸noume ìti o Orismìc 5.3.1, (b) sumpÐptei me ekeÐnon twn [10], Definition 2.1.

Tèloc, h kl�sh ìlwn twn mètrwn pijanìthtac Q pou eÐnai (Z, {Yt}t∈T)−martingale proo-

deutik� isodÔnama me to P ja sumbolÐzetai me MP (Z, {Yt}t∈T).

'Estw t¸ra ènac aujaÐretoc all� stajerìc q.p. (Ω∗,Σ∗, P ∗) kaj¸c epÐshc kai h σ.d.

twn endi�meswn qrìnwn �fixhc twn apait sewn {W ∗
n}n∈N∗ , h σ.d. tou megèjouc twn a-

pait sewn {X∗n}n∈N∗ , h t.m. Θ∗ ep�nw ston proanaferjènta q.p. kai upojètoume ìti oi

{W ∗
n}n∈N∗ , {X∗n}n∈N∗ kai Θ∗ ikanopoioÔn tic sunj kec (a1∗)− (a3∗), dhlad  tic sunj kec

(a1)− (a3) all� me W ∗
n , X

∗
n kai Θ∗ sth jèsh twn Wn, Xn kai Θ antÐstoiqa.

Se ìlh thn paroÔsa enìthta jewroÔme Ω̃ := ΥN∗ × ΥN∗ , Ω = Ω̃ × Υ, Σ̃ := B(Ω̃) kai

Σ := B(Ω). Gia n ∈ N∗ jètoume W ∗ := (W ∗
1 , . . . ,W

∗
n , . . .), X

∗ := (X∗1 , . . . , X
∗
n, . . .) kai

Ψ∗ mÐa apeikìnish apì to Ω∗ sto Ω pou orÐzetai mèsw thc sqèshc

Ψ∗(ω∗) := (W ∗, X∗,Θ∗)(ω∗) := (w, x, θ) := ω gia k�je ω∗ ∈ Ω∗,
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ìpou w = (w1, . . . , wn, . . .) ∈ ΥN∗ , x = (x1, . . . , xn, . . .) ∈ ΥN∗ kai θ ∈ Υ. JumÐzoume ìti

Υ := (0,∞).

Parathr seic 5.3.2. QwrÐc bl�bh thc genikìthtac, mporoÔme na jewr soume to q.p.

(Ω,Σ, P ) := (Ω,Σ, P ∗Ψ∗) antÐ tou q.p. (Ω∗,Σ∗, P ∗) ìpwc faÐnetai apì ta parak�tw:

(a) Gia k�je n ∈ N∗ orÐzoume tic sunart seic Wn, Xn,Θ : Ω −→ Υ wc ex c:

W ∗
n = Wn ◦Ψ∗, X∗n = Xn ◦Ψ∗, kai Θ∗ = Θ ◦Ψ∗, (5.8)

Saf¸c, ìlec oi Wn, Xn kai Θ eÐnai t.m. ep�nw sto Ω. EpÐ plèon, gia k�je n ∈ N∗ èqoume
P ∗W ∗n = P ∗ ◦ (Wn ◦ Ψ∗)−1 = P ∗ ◦ ((Ψ∗)−1 ◦W−1

n ) = P ∗Ψ∗n ◦W
−1
n = P ◦W−1

n = PWn kai

kat� ton Ðdio trìpo lamb�noume PXn = P ∗X∗n kaj¸c kai PΘ = P ∗Θ∗ . 'Etsi, {Wn}n∈N∗ kai
{Xn}n∈N∗ eÐnai h σ.d. endi�meswn qrìnwn �fixhc twn apait sewn kai h σ.d. tou megèjouc

twn apait sewn upì to mètro P , antÐstoiqa.

(b) 'Estw Ψ := (W1, . . . ,Wn, . . . ;X1, . . . , Xn, . . . ; Θ). Lìgw tou (a) lamb�noume W ∗ =

W ◦ Ψ∗, X∗ = X ◦ Ψ∗ kai Ψ = idΩ gegonìc pou shmaÐnei ìti (W ∗, X∗) = (W,X) ◦ Ψ∗,

Ψ∗ = Ψ ◦Ψ∗ kai gia opoiod pote D∗ ∈ σ(Θ∗) up�rqei èna D ∈ σ(Θ) ¸ste∫
D∗
P ∗(W ∗,X∗)|Θ∗(E)dP ∗ =

∫
D

P(W,X)|Θ(E)dP (5.9)

gia k�je E ∈ Σ̃. Wc ek toÔtou lamb�noume epÐshc∫
D∗
P ∗W ∗n |Θ∗(A)dP ∗ =

∫
D

PWn|Θ(A)dP kai

∫
D∗
P ∗X∗n|Θ∗(B)dP ∗ =

∫
D

PXn|Θ(B)dP

gia k�je A,B ∈ B(Υ).

(c) Oi sunj kec (a1) èwc (a3) ikanopoioÔntai apì to P , {Wn}n∈N∗ , {Xn}n∈N∗ kai th t.m.

Θ.

Pr�gmati, arkeÐ na deÐxw ìti

P(W,X)|Θ = (⊗n∈N∗PWn|Θ)⊗ (⊗n∈N∗PXn) P |σ(Θ)− σ.β.. (5.10)

Me C̃ sumbolÐzoume thn oikogèneia ìlwn twn metr simwn kulÐndrwn tou Ω̃, dhlad  ìlwn

twn uposunìlwn tou Ω̃ pou ekfr�zontai wc C̃ = {ω̃ : ω̃ = (w, x) ∈ ΥN∗ ×ΥN∗ me wi ∈ Ai
kai xj ∈ Bj gia k�je (i, j) ∈ I × J}, ìpou I, J ⊆ N∗ eÐnai peperasmèna kai Ai, Bj ∈ B(Υ)

gia k�je (i, j) ∈ I × J . Tìte apì th sqèsh (5.9) mazÐ me to gegonìc ìti to mètro P ∗

ikanopoieÐ tic sunj kec (a1∗), (a2∗) kai (a3∗) prokÔptei ìti gia k�je D∗ ∈ σ(Θ∗) up�rqei
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D ∈ σ(Θ) ¸ste∫
D

P(W,X)|Θ(C̃)dP =

∫
D∗

[∏
i∈I

P ∗W ∗i |Θ∗(Ai)

][∏
j∈J

P ∗X∗j (Bj)

]
dP ∗

=

[∏
j∈J

P ∗X∗j (Bj)

]∫
D∗

∏
i∈I

P ∗W ∗i |Θ∗(Ai)dP
∗

(a)
=

[∏
j∈J

PXj(Bj)

]∫
D∗

∏
i∈I

P ∗((Wi ◦Ψ∗)−1(Ai)|Θ∗)dP ∗

P=P ∗
Ψ∗=

[∏
j∈J

PXj(Bj)

]∫
Ψ∗(−1)(D)

∏
i∈I

P (W−1
i (Ai)|Θ ◦Ψ∗)dP ∗

P=P ∗
Ψ∗=

[∏
j∈J

PXj(Bj)

]∫
D

∏
i∈I

P (W−1
i (Ai)|Θ)dP

=

∫
D

[∏
i∈I

PWi|Θ(Ai)

][∏
j∈J

PXj(Bj)

]
dP,

'Ara apodeÐqjhke h sqèsh (5.10) sto C̃.
'Etsi, an sumbolÐsoume me D̃ thn oikogèneia ìlwn twn Ẽ ∈ Σ̃ pou ikanopoioÔn thn (5.10),

tìte lamb�noume ìti to C̃ ⊆ D̃. All� mporeÐ eÔkola na apodeiqjeÐ ìti h D̃ eÐnai kl�sh

Dynkin. Shmei¸noume epÐshc ìti σ(C̃) = Σ̃ kai ìti to C̃ eÐnai kleistì wc proc tic pepera-

smènec tomèc. Opìte mporoÔme na efarmìsoume to Je¸rhma Monìtonhc Kl�shc (bl. p.q.

Je¸rhma Aþ.2.4) prokeimènou na l�boume D̃ ⊇ σ(C̃) = Σ̃, h opoÐa sunep�getai thn egku-

rìthta thc sqèshc (5.10). Autì apodeiknÔei to (c) kaj¸c epÐshc kai th P−upì sunj kh

anexarthsÐa thc {Wn}n∈N∗ .

'Etsi, apì t¸ra kai mèqri to tèloc aut c thc enìthtac, (Ω,Σ, P ) ja eÐnai o q.p. mazÐ me

ìla ta stoiqeÐa thc Parat rhshc 5.3.2, (a), kaj¸c kai thn epagìmenh σ.d. tou arijmoÔ twn

apait sewn kai tou Ôyouc twn sunolik¸n apait sewn {Nt}t∈R+ kai {St}t∈R+ antÐstoiqa.

Shmei¸ste, epÐshc, ìti Σ eÐnai h σ−�lgebra h paragìmenh apì ìlec tic kanonikèc probo-
lèc Wn, Xn kai Θ, dhlad  Σ = σ({{Wn}n∈N∗ , {Xn}n∈N∗ ,Θ}). 'Omwc apì ta L mmata 2.1.3

kai 2.2.5 èpetai ìti σ({Wn}n∈N∗) = σ({Nt}t∈R+) gegonìc pou shmaÐnei ìti

Σ = σ({{Nt}t∈R+ , {Xn}n∈N∗ ,Θ}) ⊇ σ({{St}t∈R+ ,Θ}) = H∞.

'Omwc sÔmfwna me tic Parathr seic 5.2.1, (a) kai (b), èqoume ìti Σ = H∞. Akribèste-
ra, apì thn Parat rhsh 5.2.1, (a), èpetai ìti σ({Wn}n∈N∗) ⊆ H̃∞ en¸ apì thn Parat rh-

sh 5.2.1, (b), èqoume ìti σ({Xn}n∈N∗) ⊆ H̃∞. 'Ara σ({Xn}n∈N∗ , {Wn}n∈N∗) ⊆ H̃∞ ⊆ H∞,
apì to opoÐo prokÔptei ìti Σ ⊆ H∞.
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L mma 5.3.3. An Q
pr∼ P tìte ta akìlouja eÐnai isodÔnama:

(i) QX1 ∼ PX1

(ii) QΘ ∼ PΘ

Apìdeixh. Efìson gia k�je t ∈ R+ èqoume Q|Ht ∼ P |Ht kai H̃t ⊆ Ht, tìte lamb�noume

Q|H̃t ∼ P |H̃t. 'Etsi prokÔptei to (i) (bl. [10], Lemma 2.1) H deÔterh sunj kh eÐnai

�mesh sunèpeia thc Q
pr∼ P mazÐ me σ(Θ) ⊆ Ht gia k�je t ∈ R+. O teleutaÐoc isqurismìc

apodeiknÔetai kat� ton Ðdio trìpo ìpwc sto (ii). �

'Estw S := {St}t∈R+ mÐa P − CPP (θ, PX1). Sto [10], selÐda 277, Delbaen and Hae-

zendonck qarakthrÐzontai ìla ta mètra pijanìthtac Q ep�nw sthn Σ ¸ste Q
pr∼ P kai h

S na paramènei mÐa Q− CPP (θea, QX1). To apotèlesma autì mac odhgeÐ sto parak�tw:

Er¸thma 5.3.4. 'Estw {St}t∈R+ mÐa P − CMPP (Θ, PX1). Qarakt rise ìla ta mètra

pijanìthtac Q sthn H∞ pou eÐnai proodeutik� isodÔnama me to P , kai tètoia ¸ste h

{St}t∈R+ na paramènei mÐa Q− CMPP (Θea, QX1), ìpou a ∈ R.

SumbolismoÐ 5.3.5. 'Estw a ∈ R. SumbolÐzoume me MS,a := MS,a,P,X1,Θ thn kl�sh

ìlwn twn mètrwn pijanìthtac Q ep�nw sthn Σ, ¸ste na ikanopoioÔn tic sunj kec (a1) kai

(a2), na eÐnai proodeutik� isodÔnama me to P kai h S na eÐnai mÐa Q− CMPP (Θea, QX1).

Gia a = 0 jètoumeMS :=MS,0.

Parat rhsh 5.3.6. EÐnai gnwstì ìti, gia to q.p. (Ω,Σ, P ) kai gia k�je mètro pija-

nìthtac ep�nw sthn Σ, kat� sunèpeia kai gia to P , up�rqei p�nta mÐa ousiwd¸c monadik 

disintegration {Pθ}θ∈Υ tou P ep�nw sto PΘ sunep c me th Θ (bl. p.q. [17], 452X(m)).

To akìloujo apotèlesma dÐnei mÐa ap�nthsh sto Er¸thma 5.3.4.

Je¸rhma 5.3.7. (prbl. [3], Prìtash 7.2.5 kai Je¸rhma 7.2.9). 'Estw P ∈ MS kai

a ∈ R. Tìte isqÔoun ta akìlouja:

(i) Gia k�je Q ∈ MS,a up�rqei mÐa ousiwd¸c monadik  disintegration {Qθ}θ∈Υ tou Q

ep�nw sto QΘ sunep c me thn Θ kai mÐa ousiwd¸c monadik  sun�rthsh β ∈ FP,a
¸ste

γ = ln f, (∗)
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ìpou f eÐnai mÐa PX1 − σ.β. jetik  Radon-Nikodym par�gwgoc tou QX1 wc proc to

PX1 , kai ¸ste na up�rqei èna PΘ−mhdenikì sÔnolo Z∗ ∈ B(Υ) tètoio ¸ste gia k�je

θ /∈ Z∗, gia k�je s, t ∈ R+ me s ≤ t kai gia k�je A ∈ Hs na isqÔoun oi sunj kec

Qθ(A) =

∫
A

M
(β)
t (θ)dPθ (Mθ)

kai

Q(A) =

∫
A

ξ(Θ)M
(β)
t (Θ)dP, (Mξ)

ìpou h PΘ−σ.b. jetik  sun�rthsh ξ ∈ L1
+(Pθ) eÐnai mÐa Radon-Nikodym par�gwgoc

tou QΘ wc proc to PΘ.

(ii) Antistrìfwc, gia k�je β ∈ FP,a kai gia k�je PΘ − σ.b. jetik  sun�rthsh ξ me

EP [ξ(Θ)] = 1 up�rqei èna monadikì Q ∈MS,a, mÐa ousiwd¸c monadik  disintegration

{Qθ}θ∈Υ tou Q ep�nw sto QΘ sunep c me thn Θ kai èna PΘ−mhdenikì sÔnolo Z
′
∗ ∈

B(Υ), ¸ste gia k�je θ /∈ Z ′∗, kai gia ìla ta s, t ∈ R+ me s ≤ t kai gia k�je A ∈ Hs

na ikanopoioÔntai oi sunj kec (∗), (Mθ) kai (Mξ).

Apìdeixh. (i): 'Estw a ∈ R kai Q ∈ MS. Tìte h σ.d. {St}t∈R+ na eÐnai mÐa Q −
CMPP (Θea, QX1) kai Q

pr∼ P . Up�rqei p�ntote mÐa ousiwd¸c monadik  disintegration

{Qθ}θ∈Υ tou Q ep�nw sto QΘ sunep c me thn Θ (bl. Parat rhsh 5.3.6). AfoÔ isqÔei

Q
pr∼ P apì to L mma 5.3.3, (ii), èpetai ìti QΘ ∼ PΘ. 'Etsi, gia to upìloipo thc apìdeixhc

tou (i) gr�fontac {gia QΘ−sqedìn ìla ta θ ∈ Υ} isodunameÐ me to {gia PΘ−sqedìn ìla

ta θ ∈ Υ}

(a) Up�rqei èna PΘ−mhdenikì sÔnolo La ∈ B(Υ), ¸ste gia k�je θ /∈ La, gia k�je n ∈ N∗

kai t ∈ R+ na isqÔei

Qθ(Nt = n) = ena−tθ[e
a−1]Pθ(Nt = n).

Pr�gmati, epeid  h S eÐnai mÐa P − CPP (Θ, PX1) kai mÐa Q − CMPP (Θea, QX1), tìte

apì to Je¸rhma 5.1.4 èpetai ìti up�rqoun PΘ− kai QΘ−mhdenikì sÔnolo L1 kai L2 sthn

B(Υ) ¸ste gia k�je θ /∈ La := L1 ∪ L2 h S na eÐnai mÐa Pθ − CPP (θ, (Pθ)X1) kai mÐa

Qθ −CPP (θea, (Qθ)X1), antÐstoiqa. Sunep¸c, me ènan eÔkolo upologismì lamb�noume to

(a).

(b) Gia k�je n ∈ N∗, s ∈ R+ kai A ∈ Hs up�rqei èna sÔnolo Bn ∈ Xn := σ({Xk}k∈{1,...,n})
¸ste A ∩ {Ns = n} = Bn ∩ {Ns = n}. Epiplèon up�rqei èna QΘ−mhdenikì sÔnolo

Lb ∈ B(Υ) ¸ste gia k�je θ /∈ Lb na isqÔei

Qθ(A) =
∞∑
n=0

Qθ(Bn)Qθ(Ns = n).
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Pr�gmati, to pr¸to mèroc tou (b) prokÔptei �mesa apì to [10], (2.19). AfoÔ to Q ikano-

poieÐ th sunj kh (a1), apì to L mma 5.1.3, (i), èpetai ìti up�rqei èna QΘ−mhdenikì sÔnolo
Lb ∈ B(Υ), ¸ste gia k�je θ /∈ Lb oi σ.d. {Nt}t∈R+ kai {Xn}n∈N∗ eÐnai Qθ−anex�rthtec,
gegonìc pou sunep�getai ìti gia k�je n ∈ N∗ ta gegonìta Bn ∈ Xn kai {Ns = n} eÐnai
Qθ−anex�rthta. Efarmìzontac t¸ra to Ðdio skeptikì ìpwc kai sthn [10], Proposition 2.2,

lamb�noume to (b).

(c) Up�rqei mÐa PX1 − σ.β. monadik  jetik  sun�rthsh f ∈ L1
+(PX1) ¸ste QX1(B) =∫

B
fdPX1 gia k�je B ∈ B(Υ), kai èna PΘ−mhdenikì sÔnolo Lc ∈ B(Υ), ¸ste gia k�je

θ /∈ Lc, gia k�je n ∈ N∗ kai Bn ∈ Xn na isqÔei

Q(Bn) = Qθ(Bn) = EPθ [χBne
∑n
j=1 γ(Xj)] = EP [χBne

∑n
j=1 γ(Xj)], (5.11)

ìpou γ := ln f .

Pr�gmati, dedomènou ìti Q
pr∼ P , apì to L mma 5.3.3, (i), èpetai ìti QX1 ∼ PX1 , ìpou me

th qr sh tou Jewr matoc Radon-Nikodym (bl. p.q. [7], Theorem 32.2) sunep�getai h

Ôparxh mÐac PX1 − σ.β. jetik c sun�rthshc f ∈ L1
+(PX1) ¸ste QX1(B) =

∫
B
fdPX1 gia

k�je B ∈ B(Υ). AfoÔ apì thn upìjesh h {Xn}n∈N∗ eÐnai Q − i.i.d apì to L mma 5.1.3,

(ii), èpetai ìti up�rqei èna QΘ−mhdenikì sÔnolo L̃
′′ ∈ B(Υ) ¸ste gia k�je θ /∈ L̃

′′
h

akoloujÐa {Xn}n∈N∗ na eÐnai Qθ− i.i.d. Epomènwc h deÔterh isìthta prokÔptei me ton Ðdio
trìpo ìpwc sto [10], (2.21).

Apì to L mma 3.2.1, (ii), prokÔptei ìti gia k�je n ∈ N∗ kai Bn ∈ Xn isqÔei∫
B

Qθ(Bn)QΘ(dθ) =

∫
Θ−1(B)

Q(Bn|Θ)dQ =

∫
Θ−1(B)

Q(Bn)dQ

=

∫
B

Q(Bn)dQΘ,

gia k�je B ∈ B(Υ), ìpou h deÔterh isìthta eÐnai sunèpeia thc (a2) gia to Q. 'Ara up�rqei

èna QΘ−mhdenikì sÔnolo L̃(∗∗)
n,Bn
∈ B(Υ) ¸ste gia k�je θ /∈ L̃(∗∗)

n,Bn
na isqÔei

Qθ(Bn) = Q(Bn). (5.12)

Me èna epiqeÐrhma monìtonhc kl�shc prokÔptei ìti up�rqei èna QΘ−mhdenikì sÔnolo

L̃(∗∗) ∈ B(Υ) ¸ste na prokÔptei h pr¸th isìthta.

Apì to L mma 3.2.1, (i), prokÔptei ìti gia k�je n ∈ N∗, Bn ∈ Xn kai B ∈ B(Υ) isqÔei∫
Θ−1(B)

EP [χBne
∑n
j=1 γ(Xj)|Θ]dP =

∫
Θ−1(B)

EP• [χBne
∑n
j=1 γ(Xj)] ◦ΘdP

  isodÔnama (lìgw thc (a2) gia to P )∫
Θ−1(B)

EP [χBne
∑n
j=1 γ(Xj)]dP =

∫
B

EPθ [χBne
∑n
j=1 γ(Xj)]dPΘ(dθ)
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  isodÔnama ∫
B

EP [χBne
∑n
j=1 γ(Xj)]dPΘ =

∫
B

EPθ [χBne
∑n
j=1 γ(Xj)]PΘ(dθ).

'Ara up�rqei èna PΘ−mhdenikì sÔnolo L̃(∗)
n,Bn
∈ B(Υ), ¸ste gia k�je θ /∈ L̃(∗)

n,Bn
na isqÔei

EP [χBne
∑n
j=1 γ(Xj)] = EPθ [χBne

∑n
j=1 γ(Xj)]. (5.13)

OmoÐwc, me èna epiqeÐrhma monìtonhc kl�shc prokÔptei ìti up�rqei èna PΘ−mhdenikì sÔ-

nolo L̃(∗) ∈ B(Υ) ¸ste na isqÔei h (5.13).

Apì tic (5.12) kai (5.13) èpetai ìti gia k�je θ /∈ L̃(∗) ∪ L̃(∗∗) isqÔei h pr¸th kai teleutaÐa

isìthta thc (5.11). Epomènwc, gia k�je θ /∈ L̃′′ ∪ L̃(∗) ∪ L̃(∗∗) =: Lc isqÔei h (5.11).

(d) 'Estw β := α+ γ(x) gia k�je x ∈ Υ. Saf¸c, h β eÐnai mÐa B(Υ)−metr simh sun�rth-
sh. Apì thn teleutaÐa isìthta tou (c) mazÐ me thn (a2) gia to P prokÔptei, ìti up�rqei èna

PΘ−mhdenikì sÔnolo Ld := Ld,γ,X1 ∈ B(Υ), ¸ste to D̂ na eÐnai gn sio uposÔnolo tou Ld

kai gia k�je θ /∈ Ld na isqÔei EPθ [eγ(X1)] = EP [eγ(X1)] = 1, apì to opoÐo me ènan eÔkolo

upologismì prokÔptei ìti EPθ [eβ(X1)] = ea kai ìti EP [eβ(X1)] = eaEP [eγ(X1)] = ea < ∞,

dhlad  eβ(X1) ∈ L1(P ). Epomènwc β ∈ FP,α.
H apìdeixh ìti to D̂ eÐnai gn sio uposÔnolo tou Ld eÐnai �mesh sunèpeia twn orism¸n twn

D̂ kai Ld.

(e) Up�rqei èna PΘ−mhdenikì sÔnolo Z∗ ∈ B(Υ), ¸ste gia k�je θ /∈ Z∗ na ikanopoieÐtai

h sunj kh (Mθ) apì thn {Pθ}θ∈Υ kai {Qθ}θ∈Υ.

Ja apodeÐxoume to (e) efarmìzontac èna krit rio monìtonhc kl�shc. Arqik� shmei¸noume

ìti sÔmfwna me thn Prìtash 5.2.7, (i), up�rqei èna PΘ−mhdenikì sÔnolo K̂ ∈ B(Υ) ¸ste

D̂ ⊆ K̂ kai gia k�je θ /∈ K̂ h diadikasÐa {M (β)
t (θ)}t∈R+ na eÐnai èna (Pθ,H)-martingale pou

ikanopoieÐ th sqèsh EPθ [M
(β)
t (θ)] = 1 gia k�je t ∈ R+. EpÐ plèon, h sunèpeia twn {Pθ}θ∈Υ

kai {Qθ}θ∈Υ me thn Θ sunep�getai thn Ôparxh enìc PΘ−mhdenikoÔ sunìlou Z ′ ∈ B(Υ)

kai enìc QΘ−mhdenikoÔ sunìlou Z̃ ∈ B(Υ) ¸ste gia k�je θ /∈ Z ′ kai B ∈ B(Υ) na isqÔei

ìti Pθ(Θ−1(B)) = χB(θ) kai gia k�je θ /∈ Z̃ na isqÔei Qθ(Θ
−1(B)) = χB(θ).

'Estw Z∗ := La ∪ Lb ∪ Lc ∪ K̂ ∪ Z ′ ∪ Z̃ ∈ B(Υ). Tìte PΘ(Z∗) = 0.

JewroÔme èna aujaÐreto s ∈ R+ kai sumbolÐzoume me Cs thn oikogèneia ìlwn twn A ∈ Hs

pou ikanopoioÔn th sunj kh (Mθ) gia opoiod pote θ /∈ Z∗.
(e1) H̃s ∪ σ(Θ) ⊆ Cs.
Pr�gmati, èstw A ∈ σ(Θ). Tìte up�rqei èna B ∈ B(Υ) ¸ste to A = Θ−1(B). H sunèpeia

thc {Pθ}θ∈Υ kai thc {Qθ}θ∈Υ me th Θ mazÐ me th sqèsh Z ′ ⊆ Z∗ sunep�getai ìti gia k�je

θ ∈ Zc
∗ ∩B isqÔei

EPθ [χAM
(β)
t (θ)] = EPθ [χΘ−1(B)M

(β)
t (θ)] = 1 = Qθ(Θ

−1(B)),
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ìpou h deÔterh apì to tèloc isìthta prokÔptei apì thn Prìtash 5.2.7, (i). Xan�, lìgw

thc sunèpeiac thc {Pθ}θ∈Υ kai{Qθ}θ∈Υ, lamb�noume EPθ [χAM
(β)
t (θ)] = 0 = Qθ(Θ

−1(B))

gia k�je θ ∈ Zc
∗ ∩Bc, �ra ìti A ∈ Cs. Wc ek toÔtou σ(Θ) ⊆ Cs 6= ∅.

Upojètoume t¸ra ìti A ∈ H̃s. Tìte apì to (b) èpetai ìti gia k�je n ∈ N∗ up�rqei èna
Bn ∈ Xn, ¸ste gia k�je stajerì θ /∈ Z∗ na èqoume

Qθ(A)
(b)
=

∞∑
n=0

Qθ(Bn)Qθ(Ns = n)
(5.11)
=

∞∑
n=0

EPθ [χBne
∑n
j=1 γ(Xj)]Qθ(Ns = n)

(a)
=

∞∑
n=0

EPθ [χBne
∑n
j=1 γ(Xj)]ena−sθ(e

a−1)Pθ(Ns = n)

=
∞∑
n=0

EPθ [χBn∩{Ns=n}e
na−sθ(ea−1)+

∑Ns
j=1 γ(Xj)]

(b)
=

∞∑
n=0

EPθ [χA∩{Ns=n}e
na−sθ(ea−1)+

∑Ns
j=1 γ(Xj)]

(d),(5.3)
=

∞∑
n=0

EPθ [χ{Ns=n}χAM
(β)
s (θ)] = EPθ [χAM

(β)
s (θ)] = EPθ [χAM

(β)
t (θ)],

ìpou h tètarth isìthta prokÔptei apì to gegonìc ìti gia k�je n ∈ N∗ ta gegonìta Bn

kai {Ns = n} eÐnai Pθ−upì sunj kh anex�rthta, en¸ h teleutaÐa eÐnai �mesh sunèpeia

tou PorÐsmatoc 2.3.2 tou [5]. 'Etsi, apodeÐqjhke ìti A ∈ Cs. 'Ara H̃s ⊆ Cs to opoÐo

apodeiknÔei to (e1).

Sto shmeÐo autì kajorÐzoume tic ex c kl�seic

G := {
m⋂
k=1

Ak : Ak ∈ H̃s ∪ σ(Θ),m ∈ N∗} kai U := {
r⊎
j=1

Bj : r ∈ N∗, Bj ∈ G}.

(e2) G,U ⊆ Cs.
Pr�gmati, èstw aujaÐreto G ∈ G. Tìte up�rqei ènac fusikìc arijmìc m kai mÐa pepera-

smènh akoloujÐa {Ak}k∈{1,...,m} sthn ènwsh H̃s ∪ σ(Θ) ¸ste G =
⋂m
k=1Ak. OrÐzontac ta

akìlouja sÔnola deikt¸n

IΘ := {k ∈ {1, . . . ,m} : Ak ∈ σ(Θ)}

kai

IH := {k ∈ {1, . . . ,m} : Ak ∈ H̃s\σ(Θ)},

lamb�noume IΘ ∪ IH = {1, . . . ,m}.
Shmei¸ste epÐshc ìti, oi H̃s kai σ(Θ) eÐnai kleistèc wc proc tic peperasmènec tomèc wc

σ−�lgebrec. Opìte ⋂
k∈IΘ

Ak ∈ σ(Θ) kai
⋂
k∈IH

Ak ∈ H̃s ⊆ Cs. (5.14)
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ìpou h sqèsh H̃s ⊆ Cs prokÔptei �mesa apì to (e1). Tìte apì to pr¸to mèroc thc

sqèshc (5.14) èpetai ìti up�rqei èna D ∈ B(Υ) ¸ste Θ−1(D) =
⋂
k∈IΘ Ak. Wc ek toÔtou,

lìgw thc sunèpeiac thc {Qθ}θ∈Υ kai thc {Pθ}θ∈Υ me thn Θ kai thc Prìtashc 5.2.7, (i),

lamb�noume gia k�je θ ∈ Zc
∗ ∩D ìti

Qθ(G) = Qθ

(
Θ−1(D) ∩

( ⋂
k∈IH

Ak

))
= Qθ

( ⋂
k∈IH

Ak

)
(5.14)
= EPθ [χ⋂

k∈IH
AkM

(β)
s (θ)]

=

∫
Θ−1(D)

χ⋂
k∈IH

AkM
(β)
s (θ)dPθ = EPθ [χGM

(β)
s (θ)],

en¸ gia k�je stajerì θ ∈ Zc
∗ ∩Dc saf¸c èqoume ìti

EPθ [χGM
(β)
s (θ)] =

∫
Θ−1(D)

χ⋂
k∈IH

AkM
(β)
s (θ)dPθ = 0 = Qθ

(
Θ−1(D) ∩ (

⋂
k∈IH

Ak)

)
= Qθ(G)

�ra ìti G ∈ Cs. Sunep¸c, G ⊆ Cs. Opìte U ⊆ Cs, to opoÐo apodeiknÔei to (e2).

Apì touc orismoÔc twn G kai U , èqoume U = a(H̃s ∪ σ(Θ)) (bl. p.q [12], I, Aufgabe 5.3).

Wc ek toÔtou, Hs = σ(H̃s ∪ σ(Θ)) = σ(a(H̃s ∪ σ(Θ))) = σ(U) = m(U) ⊆ Cs, ìpou h

teleutaÐa sqèsh èpetai apì to (e2) mazÐ me to gegonìc ìti mporeÐ eÔkola na faneÐ ìti h Cs
eÐnai monìtonh kl�sh (bl. p.q. [16], Theorem 136G ). Sunep¸c, èqoume Hs = Cs.
(f) H sunj kh (Mξ) ikanopoieÐtai apì ta mètra Q, P kai th σ.d. {St}t∈R+ .

Pr�gmati, dedomènou ìti Q
pr∼ P apì to L mma 5.3.3, (ii) èqoume ìti QΘ ∼ PΘ. Sunep¸c,

apì to Je¸rhma Radon-Nikodym (bl. p.q. [1], Je¸rhma 10.12 (β)) èpetai h Ôparxh miac

PΘ − σ.b. jetik c sun�rthshc ξ ∈ L1
+(PΘ), ¸ste QΘ(B) =

∫
B
ξdPΘ gia k�je B ∈ B(Υ).

Saf¸c, gia k�je t ∈ R+ oi oikogèneiec {Pθ|Ht}θ∈Υ kai {Qθ|Ht}θ∈Υ eÐnai disintegrations

twn P |Ht kai Q|Ht ep�nw sta PΘ kai QΘ, antÐstoiqa. To teleutaÐo mazÐ me th sunj kh

(Mθ) ep�getai gia k�je s, t ∈ R+ me s ≤ t kai gia k�je A ∈ Hs ìti

Q(A) =

∫ ∫
χAM

(β)
t (θ)dPθQΘ(dθ) =

∫
EPθ [χAM

(β)
t (θ)]ξ(θ)PΘ(dθ)

=

∫
A

(ξ(Θ))M
(β)
t (Θ)dP,

ìpou h trÐth isìthta prokÔptei apì to L mma 5.2.5, (iv).

(g) H sun�rthsh β ∈ FP,α eÐnai ousiwd¸c monadik .

SÔmfwna me to (c) h f eÐnai PX1−monadik  (dhl. ousiwd¸c monadik ), epomènwc kai h

γ = ln f , �ra kai h β eÐnai PX1−monadik  (dhl. ousiwd¸c monadik ).

(ii): 'Estw β ∈ FP,a kai ξ mÐa PΘ − σ.b. jetik  sun�rthsh me EP [ξ(Θ)] = 1. Arqik�
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kajorÐzoume gia k�je θ ∈ Υ thn sunolosun�rthsh Rθ :
⋃
t∈RHt −→ R ¸ste

Rθ(A) =

{ ∫
A
M

(β)
t (θ)dPθ an θ /∈ K̂

Pθ(A) an θ ∈ K̂
(5.15)

gia k�je t ∈ R+ kai A ∈ Ht. Me mÐa efarmog  tou PorÐsmatoc B. Levi (bl. p.q.

[5], Pìrisma 2.3.3), apodeiknÔetai eÔkola ìti o periorismìc Rθ|Ht thc Rθ ep�nw sthn

Ht(t ∈ R+) eÐnai mÐa pijanìthta gia k�je θ ∈ Υ. EpÐ plèon, apì ton orismì thc Rθ,

èpetai ìti Rθ|Ht ∼ Pθ|Ht gia k�je θ ∈ Υ kai t ∈ R+. Epiprìsjeta, gia k�je t ∈
R+ kai gia opoiod pote stajerì A ∈ Ht h sun�rthsh θ 7−→ (Rθ|Ht)(A) eÐnai Borel

metr simh, diìti gia opoiod pote stajerì ω ∈ Ω h sun�rthsh θ 7−→ χA(ω)M
(β)
t (θ)(ω)

eÐnai mÐa B(Υ)−metr simh sun�rthsh tou θ.

'Etsi, mporoÔme na orÐsoume mÐa sunolosun�rthsh R :
⋃
t∈R+
Ht −→ R ¸ste

R(A) :=

∫
ξ(θ)Rθ(A)PΘ(dθ) gia k�je A ∈

⋃
t∈R+

Ht.

Tìte èqoume

R(A)
(5.15)
:=

∫ ∫
ξ(θ)χAM

(β)
t (θ)dPθPΘ(dθ) =

∫
A

ξ(Θ)M
(β)
t (Θ)dP, (5.16)

gia k�je t ∈ R+ kai A ∈ Ht, ìpou h deÔterh isìthta prokÔptei apì to L mma 5.2.5, (iv).

Apì thn parap�nw sunj kh mazÐ me to L mma 5.2.5, (i) prokÔptei

RΘ(F ) =

∫
Θ−1(F )

EP [ξ(Θ)M
(β)
t (Θ)|Θ]dP =

∫
Θ−1(F )

ξ(Θ)EP [M
(β)
t (Θ)|Θ]dP

=

∫
Θ−1(F )

ξ(Θ)dP =

∫
F

ξ(θ)PΘ(dθ),

gia k�je F ∈ B(Υ). 'Ara RΘ ∼ PΘ.

Sunep¸c èqoume

R(A) :=

∫
Rθ(A)RΘ(dθ) gia k�je A ∈

⋃
t∈R+

Ht.

Saf¸c, gia k�je t ∈ R+ h oikogèneia {Rθ|Ht}θ∈Υ eÐnai mÐa disintegration tou R|Ht ep�nw

sto RΘ kai, afoÔ apì thn upìjesh h {Pθ}θ∈Υ eÐnai sunep c me thn Θ, lìgw thc (5.15)

prokÔptei ìti h {Rθ}θ∈Υ eÐnai sunep c me thn Θ.

OrÐzoume th sun�rthsh ζ : R+ ×Υ −→ R+ me ton tÔpo

ζ(t, θ) := e−tθEPθ [eβ(X1)−1] kai ζ(t, θ) := 0, gia k�je t ∈ R+ kai θ /∈ D̂.
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Apì thn apìdeixh tou (d) mazÐ me th sunj kh (a2) gia to P , up�rqei èna PΘ−mhdenikì
sÔnolo L̃d ∈ B(Υ) ¸ste gia k�je θ /∈ L̃d na èqoume

EPθ [e
γ(X1)] = EP [eγ(X1)].

Sunep¸c

EPθ [e
β(X1)] = eaEPθ [e

γ(X1)] = eaEP [eγ(X1)] = ea. (5.17)

gia k�je (t, θ) ∈ R+ × (Ld)
c, ìpou Ld := L̃d ∪ D̂.

Epomènwc

ζ(t, θ) = e−tθ[e
a−1] gia k�je (t, θ) ∈ R+ × (Ld)

c. (5.18)

(h) Up�rqei èna PΘ−mhdenikì sÔnolo Lh ∈ B(Υ) ¸ste gia opoiad pote stajer� θ /∈ Lh
kai t ∈ R+, gia k�je r > 0 kai gia ìla ta 0 ≤ u ≤ s ≤ t kai A ∈ Hu na isqÔei

ERθ [χAe
−r(Ss−Su)] = ζ(s− u, θ)EPθ [χAM (β)

u (θ)]EPθ [e
S

(β)
s−u(θ)−rSs−u ].

Pr�gmati, èstw èna stajerì kai aujaÐreto t ∈ R+ kai èstw o m.q. (Ω, H̃t). AfoÔ h

{St}t∈R+ apì thn upìjesh eÐnai mÐa P − CMPP (Θ, PX1) kai to P ikanopoieÐ tic sunj -

kec (a1) kai (a2), efarmìzontac to Je¸rhma 5.1.4, lamb�noume ìti h {St}t∈R+ eÐnai mÐa

Pθ − CPP (θ, (Pθ)X1). Epeid  èqei kai Pθ−st�simec kai anex�rthtec prosaux seic gia

QΘ−sqedìn ìla ta θ ∈ Υ (bl. pq. [28], Theorem 5.1.3), ja isqÔei to Ðdio kai gia thn

{S(β)
t }t∈R+ (bl. thn apìdeixh tou L mmatoc 5.2.6, (i)). 'Ara ja up�rqei èna PΘ−mhdenikì

sÔnolo V ∈ B(Υ) ¸ste gia k�je θ /∈ V h σ.d. {S(β)
t (θ)}t∈R+ na èqei Pθ−st�simec kai ane-

x�rthtec prosaux seic. 'Etsi jètontac Lh := V ∪Ld∪D̃∗, ìpou D̃∗ eÐnai èna PΘ−mhdenikì
sÔnolo sthn B(Υ), ¸ste gia k�je θ /∈ D̃∗ na isqÔei h sunj kh (i) thc Prìtashc 5.2.7, ja

èqoume PΘ(Lh) = 0. 'Ara efarmìzontac thn (5.15), gia k�je θ /∈ Lh, gia k�je F ∈ B(Υ),

gia k�je r > 0 kai gia ìla ta 0 ≤ u ≤ s ≤ t èqoume

ERθ [χAe
−r(Ss−Su)] = EPθ [χAe

−r(Ss−Su)M (β)
s (θ)]

= EPθ [χAζ(s− u, θ)M (β)
u (θ)e(S

(β)
s −S

(β)
u )(θ)−r(Ss−Su)]

= ζ(s− u, θ)EPθ [χAM (β)
u (θ)]EPθ [e

S
(β)
s−u(θ)−rSs−u ],

ìpou h deÔterh isìthta èpetai apì th sunj kh (5.3), (5.17) kai (5.18). Sunep¸c, èqoume

to (h).

(i) OrÐzoume t¸ra gia opoiod pote stajerì θ ∈ Υ tic sunolosunart seic νθ, µ : B(Υ) −→
[0,∞] wc ex c:

νθ := Exp(θea), (5.19)

kai

µ(B) :=

∫
B

eγ(x)PX1(dx) gia k�je B ∈ B(Υ), (5.20)
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antÐstoiqa.

OrÐzoume epÐshc gia k�je θ ∈ Υ th sunolosun�rthsh Q̃θ : Σ̃ −→ [0,∞] apì th sqèsh

Q̃θ := (νθ)N∗ ⊗ µN∗ . (5.21)

Saf¸c, to Q̃θ eÐnai mètro pijanìthtac kai to µ eÐnai mètro pijanìthtac lìgw tou PorÐsma-

toc 2.3.3 tou [5]. EpÐ plèon, gia k�je stajerì A ∈ B(ΥN∗) h sun�rthsh θ 7−→ (νθ)N∗(A)

eÐnai B(Υ)−metr simh, diìti νθ(A) =
∫
χA(x)θeae−xθe

a
λ(dx) kai �ra h sun�rthsh θ 7−→

νθ(A) eÐnai suneq c, afoÔ gia thn proc olokl rwsh sun�rthsh χA(x)eae−xθe
a
isqÔoun oi

proϋpojèseic tou PorÐsmatoc 2.3.6 tou [5]. Apì to gegonìc autì prokÔptei ìti gia k�je

stajerì A × B ∈ B(ΥN∗) × B(ΥN∗) h sun�rthsh Q̃•(A × B) = (ν•)N∗(A)µN∗(B) eÐnai

epÐshc B(Υ)−metr simh sun�rthsh. 'Epeita, eÔkola mporeÐ na deiqjeÐ me th qr sh enìc

epiqeir matoc monìtonhc kl�shc ìti h sun�rthsh θ 7−→ Q̃θ(Ẽ) eÐnai B(Υ)−metr simh gia

k�je stajerì Ẽ ∈ Σ̃.

(j) Wc sunèpeia, mporoÔme na orÐsoume tic sunolosunart seic Q̃ : Σ −→ [0,∞] kai

Q,Qθ : Σ −→ [0,∞] gia k�je θ ∈ Υ wc ex c:

Q̃(Ẽ) :=

∫
Q̃θ(Ẽ)PΘ(dθ) gia k�je Ẽ ∈ Σ̃,

Q(E) :=

∫
Q̃θ(E

θ)RΘ(dθ) gia k�je E ∈ Σ

kai

Qθ = Q̃θ ⊗ δθ,

ìpou δθ eÐnai to mètro Dirac ep�nw sthn B(Υ) pou sugkentr¸netai sto θ ∈ Υ. Tìte

QΘ = RΘ kai ta Q kai Qθ eÐnai mètra pijanìthtac, en¸ h {Qθ}θ∈Υ eÐnai mÐa disintegration

tou Q ep�nw sto RΘ sunep c me thn kanonik  probol  πΥ = Θ : Ω̃×Υ→ Υ.

Pr�gmati, profan¸c ta Q̃, Q kai k�je Qθ eÐnai mètra pijanìthtac. EpÐshc gia opoiod pote

B ∈ B(Υ) èqoume:

QΘ(B) = Q(Θ−1(B)) = Q(Ω̃×B)

=

∫
Q̃θ([Ω̃×B]θ)RΘ(dθ)

=

∫
B

Q̃θ(Ω̃)RΘ(dθ) +

∫
Bc
Q̃θ(∅)RΘ(dθ)

=

∫
B

RΘ(dθ) + 0 = RΘ(B).

'Ara

QΘ = RΘ. (5.22)

97



SÔnjetec memeigmènec σ.d. Poisson

Apì thn (5.22) kai thn B(Υ)−metrhsimìthta thc sun�rthshc θ 7−→ Q̃θ(Ẽ) gia opoiod po-

te Ẽ ∈ Σ̃, (pou apodeÐqjhke sto b ma (i)), prokÔptei ìti h {Q̃θ}θ∈Υ eÐnai mÐa k.d.p-ginìmeno

ep�nw sthn Σ̃ gia to Q wc proc to RΘ. Epomènwc, mporoÔme na efarmìsoume thn Prìta-

sh 3.2.8 gia na sumper�noume ìti h {Qθ}θ∈Υ eÐnai mÐa disintegration tou Q ep�nw sto RΘ

sunep c me thn Θ.

(k) Oi sunj kec (a1) kai (a2) ikanopoioÔntai apì to Q kai h {Nt}t∈R+ eÐnai Q−anex�rthth
apì thn {Xn}n∈N∗ .
Pr�gmati, arqik� stajeropoioÔme opoiod pote n ∈ N∗ kai θ ∈ Υ. SumbolÐzoume me πΩ̃

thn kanonik  probol  apì to Ω sto Ω̃ kai me W̃n kai X̃n tic kanonikèc probolèc apì to Ω̃

sth n−ost  suntetagmènh tou pr¸tou kai deÔterou kartesianoÔ ginomènou ΥN∗ kai ΥN∗

antÐstoiqa. Tìte

Wn = W̃n ◦ πΩ̃ kai Xn = X̃n ◦ πΩ̃, (5.23)

ìpou Wn kai Xn eÐnai oi kanonikèc probolèc apì to Ω = ΥN∗ × ΥN∗ × Υ sth n−ost 
suntetagmènh tou pr¸tou kai deÔterou kartesianoÔ ginomènou ΥN∗ kai ΥN∗ antÐstoiqa.

Tìte isqÔei

νθ = (Q̃θ)W̃n
(5.24)

Pr�gmati, gia k�je B ∈ B(Υ) isqÔei

(Q̃θ)W̃n
(B) = Q̃θ(W̃

−1
n (B)) = Q̃θ(Υ

N∗\{n} ×B ×ΥN∗)

= ((νθ)N∗ ⊗ µN∗)((Υ
N∗\{n} ×B)×ΥN∗)

= (νθ)N∗(Υ
N∗\{n} ×B) · µN∗(Υ

N∗)

= (νθ)N∗(Υ
N∗\{n} ×B) = νθ(B)νθ(Υ) . . . νθ(Υ) . . . = νθ(B).

EpÐshc isqÔei

(Q̃θ ⊗ δθ)π
Ω̃
(W̃−1

n (B)) = (Q̃θ)W̃n
(B). (5.25)

Pr�gmati, gia k�je B ∈ B(Υ) èqoume:

(Q̃θ ⊗ δθ)π
Ω̃
(W̃−1

n (B)) = (Q̃θ ⊗ δθ)[π−1

Ω̃
(W̃−1

n (B))]

= (Q̃θ ⊗ δθ)[π−1

Ω̃
(B ×ΥN∗\{n} ×ΥN∗)]

= (Q̃θ ⊗ δθ)[(B ×ΥN∗\{n} ×ΥN∗)×Υ]

= Q̃θ(B ×ΥN∗\{n} ×ΥN∗) · δθ(Υ) = Q̃θ(B ×ΥN∗\{n} ×ΥN∗)

= Q̃θ(W̃
−1
n (B)) = (Q̃θ)W̃n

(B),

dhlad  isqÔei h (5.25).
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Apì tic (5.24) kai (5.25) prokÔptei

νθ
(5.24)
= (Q̃θ)W̃n

(5.25)
= (Q̃θ ⊗ δθ)π

Ω̃
◦ W̃−1

n = (Qθ ◦ π−1

Ω̃
)W̃−1

n = Qθ ◦ (W̃n ◦ πΩ̃)−1

= Qθ ◦W−1
n = (Qθ)Wn ,

dhlad 

νθ = (Qθ)Wn . (5.26)

Me parìmoio trìpo, ìpwc stic sqèseic (5.24) kai (5.26) apodeiknÔetai ìti

(Q̃θ)X̃n = µ = (Qθ)Xn . (5.27)

Sth sunèqeia sumbolÐzoume me C̃ thn oikogèneia ìlwn twn metr simwn kulÐndrwn tou Ω̃,

dhlad  ìlwn twn uposunìlwn tou Ω̃ pou ekfr�zontai wc
∏

i,j∈N∗(Ai ×Bj), ìpou Ai, Bj ∈
B(Υ) gia k�je i, j ∈ N∗, kai I := {i ∈ N∗ : Ai 6= Υ}, J := {j ∈ N∗ : Bj 6= Υ}
eÐnai peperasmèna. Jètoume Ci := Ai gia i ∈ I kai Dj := Bj gia j ∈ J . Tìte C̃ =∏

(i,j)∈I×J(Ci ×Dj) × ΥN∗\I × ΥN∗\J kai ètsi jètontac W̃ := (W̃1, . . . , W̃n, . . .) kai X̃ :=

(X̃1, . . . , X̃n, . . .), lamb�noume gia k�je C̃ ∈ C̃ ìti

(Q̃θ)(W̃ ,X̃)(C̃) = ((νθ)N∗ ⊗ µN∗)

 ∏
(i,j)∈I×J

(Ci,Dj)×ΥN∗\I ×ΥN∗\J


=

∏
i∈I

νθ(Ci)
∏
j∈J

µ(Dj) =
∏
i∈I

(Q̃θ)W̃i
(Ci)

∏
j∈J

Q̃X̃j
(Dj),

apì to opoÐo èpetai ìti h isìthta

(Q̃θ)(W̃ ,X̃) = (⊗n∈N∗(Q̃θ)W̃n
)⊗ (⊗n∈N∗(Q̃θ)X̃n) = (νθ)N∗ ⊗ µN∗ (5.28)

alhjeÔei ep�nw sto C̃.
'Etsi, an sumbolÐsoume me D̃ thn oikogèneia ìlwn twn Ẽ ∈ Σ̃ pou ikanopoioÔn thn sqèsh

(5.28) èqoume ìti C̃ ⊆ D̃. EÔkola mporeÐ na faneÐ ìti h D̃ eÐnai mÐa kl�sh Dynkin. EpÐshc

isqÔei ìti σ(C̃) = Σ̃ kai ìti h C̃ eÐnai kleist  upì tic peperasmènec tomèc. Wc ek toÔtou

mporoÔme na efarmìsoume to Je¸rhma Monìtonhc Kl�shc (bl. p.q. Je¸rhma Aþ.2.4)

¸ste na l�boume D̃ ⊇ σ(C̃) = Σ̃, epomènwc D̃ = Σ̃ .

Sunep¸c, gia k�je θ ∈ Υ oi akoloujÐec {W̃n∈N∗} kai {X̃n∈N∗} eÐnai Q̃θ−anex�rthtec, ìpou
mazÐ me th sqèsh (5.23) èpetai ìti oi {Wn}n∈N∗ kai {Xn}n∈N∗ eÐnai Qθ−anex�rthtec, diìti
an W := (W1, . . . ,Wn, . . .) kai X := (X1, . . . , Xn, . . .) tìte

(Qθ)(W,X)
(5.23)
= Qθ ◦ π−1

Ω̃
◦ (W̃ , X̃)−1 = (Q̃θ)(W̃ ,X̃)

(5.28)
= (⊗n∈N∗(Q̃θ)W̃n

)⊗ (⊗n∈N∗(Q̃θ)X̃n).

'Ara

(Qθ)(W,X) = (⊗n∈N∗(Qθ)Wn)⊗ (⊗n∈N∗(Qθ)Xn). (5.29)
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'Omwc kaj¸c h {Qθ}θ∈Υ eÐnai mÐa disintegration tou Q ep�nw sthn RΘ sunep c me thn

Θ sÔmfwna me to b ma (j), mporoÔme na efarmìsoume to b ma (d) thc apìdeixhc tou

Jewr matoc 7.2.9 tou [3] gia na sumper�noume ìti oi {Wn}n∈N∗ kai {Qn}n∈N∗ eÐnai Q−upì
sunj kh anex�rthtec, dhlad  ìti to Q ikanopoieÐ thn (a1). EpÐ plèon, epeid  (Qθ)Xn = µ

gia k�je n ∈ N∗ kai k�je θ ∈ Υ, apì to L mma 3.2.1 lamb�noume ìti gia k�je n ∈ N∗

isqÔei h isìthta QXn|Θ = µ.

Pr�gmati, èstw n ∈ N∗ aujaÐreto. Apì to L mma 3.2.1 prokÔptei ìti gia k�je B,D ∈
B(Υ) èqoume Q(X−1

n ∩Θ−1(D)) =
∫
D
Qθ(X

−1
1 (B))QΘ(dθ). Sunep¸c, gia D = Υ èqoume

QXn(B) =

∫
Υ

(Qθ)Xn(B)QΘ(dθ) =

∫
Υ

µ(B)QΘ(dθ) = µ(B)

∫
Υ

Qθ(dθ)

= µBQΘ(Υ) = µ(B).

Epomènwc QXn|Θ = µ. AfoÔ QXn = µ, prokÔptei h sunj kh (a2) gia to Q.

AfoÔ isqÔoun oi (a1) kai (a2) gia to Q, prokÔptei h Q−anexarthsÐa twn {Xn}n∈N∗ kai
{Wn}n∈N∗ , epomènwc twn {Xn}n∈N∗ kai {Nt}t∈R+ (sÔmfwna me to L mma 5.1.3, (i)). EpÐshc,

afoÔ h sqèsh (5.28) isqÔei ep�nw sth Σ̃, efarmìzontac thn (5.29) sumperaÐnoume ìti

(Qθ)X = ⊗n∈N∗(Qθ)Xn = µN∗ . Epomènwc h {Xn}n∈N∗ eÐnai Qθ − i.i.d. gia ìla ta θ ∈ Υ.

'Omwc afoÔ to Q ikanopoieÐ thn (a2), apì to teleutaÐo sumpèrasma kai to L mma 5.1.3,

(ii) prokÔptei ìti h {Xn}n∈N∗ eÐnai Q− i.i.d.
(l) H σ.d. tou Ôyouc twn sunolik¸n apait sewn {St}t∈R+ eÐnai mÐa Q−CMPP (Θea, QX1).

Pr�gmati, apì to b ma (k) kai thn apìdeix  tou prokÔptei ìti h ({Nt}t∈R+ , {Xn}n∈N∗) eÐnai
mÐa Qθ−diadikasÐa kindÔnou gia k�je θ ∈ Υ. EpÐshc apì tic sunj kec νθ = Exp(θea) kai

(Qθ)Wn = νθ twn bhm�twn (i) kai (j) antÐstoiqa, pou isqÔoun gia k�je θ ∈ Υ kai n ∈ N∗,
èpetai sÔmfwna me to [28], Theorem 2.3.6, ìti h σ.d. {Nt}t∈R+ eÐnai Qθ−Poisson me

par�metro θea. Sunep¸c, h epagìmenh σ.d.{St}t∈R+ tou Ôyouc twn sunolik¸n apait sewn

eÐnai Qθ − CPP (θea, (Qθ)X1) gia ìla ta θ ∈ Υ. To teleutaÐo mazÐ me to (k) kai to

Je¸rhma 5.1.4 sunep�gontai thn isqÔ tou (l).

(m) Up�rqei èna PΘ−mhdenikì sÔnolo Z
′
∗ ∈ B(Υ) ¸ste gia opoiad pote stajer� t ∈ R+

kai θ /∈ Z ′∗ na isqÔei (Rθ)St = (Qθ)St ìpou Rθ := Rθ|Ht kai Qθ := Qθ|Ht.

Arqik� parathroÔme ìti afoÔ to P ikanopoieÐ thn (a2), up�rqei èna PΘ−mhdenikì sÔnolo

L̂∗ ¸ste gia k�je θ /∈ L̂∗ na isqÔei (Pθ)X1 = PX1 .

Pr�gmati, apì to L mma 3.2.1 gia k�je A,B ∈ B(Υ) sunep�getai ìti

P (X−1
1 (A) ∩Θ−1(B)) =

∫
B

Pθ(X
−1
1 (A))PΘ(dθ).
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'Omwc gia k�je A,B ∈ B(Υ) isqÔei

P (X−1
1 (A) ∩Θ−1(B))

(a2)
= P (X−1

1 (A))P (Θ−1(B)) = P (X−1
1 (A))PΘ(B)

= P (X−1
1 (A))

∫
B

PΘ(dθ) =

∫
B

P (X−1
1 (A))PΘ(dθ).

'Ara gia k�je A,B ∈ B(Υ) èqoume∫
B

Pθ(X
−1
1 (A))PΘ(dθ) =

∫
B

P (X−1
1 (A))PΘ(dθ)

⇐⇒ ∀A ∈ B(Υ) ∃L̂A ∈ B(Υ)0 ∀θ /∈ L̂A Pθ(X
−1
1 (A)) = P (X−1

1 (A))

⇐⇒ ∀A ∈ B(Υ) ∃L̂A ∈ B(Υ)0 ∀θ /∈ L̂A (Pθ)X1(A) = (PX1)(A),

ìpou B(Υ)0 := {B ∈ B(Υ) : PΘ(B) = 0}.

'Estw GB(Υ) ènac arijm simoc genn torac thc B(Υ) kleistìc wc proc tic peperasmènec

tomèc kai L̂∗ :=
⋃
A∈GB(Υ)

LA ∈ B(Υ)0. Efarmìzontac èna epiqeÐrhma monìtonhc kl�shc,

apì thn teleutaÐa sqèsh lamb�noume ìti

∃L̂∗ ∈ B(Υ)0 ∀A ∈ B(Υ) ∀θ /∈ L̂∗ (Pθ)X1(A) = PX1(A),

  isodÔnama

∃L̂∗ ∈ B(Υ)0 ∀θ /∈ L̂∗ (Pθ)X1 = PX1 .

'Estw t¸ra r > 0, n ∈ N∗ kai t ∈ R+ stajer�. Apì thn (5.20) èpetai ìti gia k�je

θ /∈ L̂∗ isqÔei

EQθ [e
−rX1 ] =

∫
e−rx(Qθ)X1(dx) =

∫
e−rxµ(dx) =

∫
e−rxeγ(x)PX1(dx)

= EP [eγ(X1)−rX1 ] = EPθ [e
γ(X1)−rX1 ],

(5.30)

ìpou h tètarth isìthta eÐnai sunèpeia tou Jewr matoc 2.4.6 tou [5].

Apì thn apìdeixh tou b matoc (l) prokÔptei ìti h {Nt}t∈R+ eÐnai mÐa Qθ −MPP me par�-

metro θea gia k�je θ ∈ Υ. 'Ara efarmìzontac thn (5.18) paÐrnoume ìti gia k�je θ /∈ Ld
ìti

Qθ(Nt = n) = ζ(t, θ)enaPθ(Nt = n). (5.31)

Apì tic (5.30) kai (5.31) gia k�je θ /∈ Ld prokÔptei

EQθ [e
−rSt ] = ζ(t, θ)

∞∑
n=0

(EPθ [e
γ(X1)−rX1 ])nenaPθ(Nt = n). (5.32)
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Pr�gmati, gia k�je θ /∈ Ld isqÔei

EQθ [e
−rSt ] = EQθ [e

−r
∑Nt
k=1Xk ] = EQθ [

∞∑
n=0

χ{Nt=n}e
−r

∑n
k=1Xk ]

=
∞∑
n=0

EQθ [χ{Nt=n}e
−r

∑n
k=1 Xk ] =

∞∑
n=0

EQθ [χ{Nt=n}]EQθ [e
−r

∑n
k=1Xk ]

=
∞∑
n=0

EQθ [χ{Nt=n}]EQθ [
n∏
k=1

e−rXk ] =
∞∑
n=0

Qθ[Nt = n]EQθ [
n∏
k=1

e−rX1 ]

=
∞∑
n=0

Qθ[Nt = n]
n∏
k=1

EQθ [e
−rX1 ]

(5.30)
=

∞∑
n=0

Qθ[Nt = n]
n∏
k=1

EPθ [e
γ(X1)−rX1 ]

=
∞∑
n=0

ζ(t, θ)enaPθ[Nt = n](EPθ [e
γ(X1)−rX1 ])n.

Jètoume Z
′
∗ := L̂∗ ∪ Lh ∈ B(Υ). Tìte PΘ(Z

′
∗) = 0 kai �ra RΘ(Z

′
∗) = 0 = QΘ(Z

′
∗)

afoÔ RΘ = QΘ ∼ PΘ sÔmfwna me to b ma (j) kai to L mma 5.3.3, antÐstoiqa. 'Etsi

efarmìzontac to b ma (h) èqoume ìti gia k�je θ /∈ Z ′∗ isqÔei

ERθ [e
−rSt ] = ζ(t, θ)EPθ [e

S
(β)
t −rSt ] = ζ(t, θ)EPθ [e

∑Nt
k=1[β(Xk)−rXk]]

= ζ(t, θ)EPθ [
∞∑
n=0

χ{Nt=n}e
∑n
k=1[β(Xk)−rXk]]

= ζ(t, θ)
∞∑
n=0

EPθ [χ{Nt=n}
n∏
k=1

e[β(Xk)−rXk]]

= ζ(t, θ)
∞∑
n=0

EPθ [χ{Nt=n}]EPθ [
n∏
k=1

e[β(Xk)−rXk]]

= ζ(t, θ)
∞∑
n=0

Pθ[Nt = n]
n∏
k=1

EPθ [e
[β(Xk)−rXk]]

= ζ(t, θ)
∞∑
n=0

Pθ[Nt = n]
n∏
k=1

EPθ [e
[β(X1)−rX1]]

= ζ(t, θ)
∞∑
n=0

(
EPθ(e

[β(X1)−rX1])
)n
Pθ[Nt = n]

= ζ(t, θ)
∞∑
n=0

(
EPθ(e

[γ(X1)−rX1])
)n
enaPθ[Nt = n]

(5.28)
= EQθ [e

−rSt ],

dhlad  ERθ [e−rSt ] = EQθ [e−rSt ], apì to opoÐo èpetai ìti (Rθ)St = (Qθ)St (bl. p.q. [7],

Theorem 22.2).

(n) Gia opoiod pote stajerì θ /∈ Z ′∗ up�rqei mÐa monadik  epèktash tou Rθ sthn Σ, pou

sumbolÐzetai p�li me Rθ, ¸ste Qθ = Rθ ep�nw sthn Σ. EpÐ plèon, up�rqei mÐa monadik 
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epèktash tou R sthn Σ, pou sumbolÐzetai p�li me R, ¸ste Q = R ep�nw sthn Σ kai h

oikogèneia {Rθ}θ∈Υ na eÐnai mÐa disintegration tou R ep�nw sto Rθ sunep c me thn Θ.

Pr�gmati, sÔmfwna me to (m) gia k�je stajerì θ /∈ Z ′∗ kai t ∈ R+ èqoume Qθ|σ(Su) =

Rθ|σ(Su) gia 0 ≤ u ≤ t, apì to opoÐo èpetai ìti Qθ|
⋃

0≤u≤t σ(Su) = Rθ|
⋃

0≤u≤t σ(Su).

All� afoÔ ta Qθ kai Rθ eÐnai mètra pijanìthtac ep�nw sthn H̃t pou sumpÐptoun ep�nw

sthn
⋃

0≤u≤t σ(Su), tìte apì to Je¸rhma Monadikìthtac gia mètra (bl. Prìtash 1.2.8

tou [5]) prokÔptei ìti aut� sumpÐptoun ep�nw sthn H̃t. EpÐ plèon, afoÔ oi {Qθ|Ht}t∈R+

kai {Rθ|Ht}t∈R+ eÐnai sunepeÐc me thn Θ, ja sumpÐptoun kai ep�nw sthn σ(Θ). 'Ara ja

sumpÐptoun ep�nw sthn H̃t ∪ σ(Θ). 'Omwc afoÔ oi sunolosunart seic Qθ kai Rθ eÐnai

mètra pijanìthtac ep�nw sthn Ht pou sumpÐptoun ep�nw sthn H̃t ∪ σ(Θ) efarmìzontac

èna epiqeÐrhma monìtonhc kl�shc parìmoio me ekeÐno tou b matoc (e), lamb�noume ìti ta

Qθ kai Rθ sumpÐptoun ep�nw sthn Ht, epomènwc kai sthn
⋃
t∈R+
Ht.

AfoÔ h sunolosun�rthsh Qθ eÐnai mètro pijanìthtac ep�nw sthn Σ, ¸ste Qθ|
⋃
t∈R+
Ht =

Rθ, efarmìzontac to Je¸rhma Epèktashc tou Karajeodwr  (bl. p.q. [5], Je¸rhma 1.3.5)

paÐrnoume ìti up�rqei mÐa monadik  epèktash tou Rθ ep�nw sthn Σ, pou ja sumbolÐzetai

p�li me Rθ ¸ste Qθ = Rθ.

Qrhsimopoi¸ntac t¸ra to gegonìc ìti h sun�rthsh θ 7−→ Rθ(F ) eÐnai B(Υ)−metr simh
gia opoiod pote stajerì F ∈

⋃
t∈R+
Ht kai efarmìzontac èna epiqeÐrhma monìtonhc kl�shc

èqoume thn B(Υ)−metrhsimìthta thc sun�rthshc θ 7−→ Rθ(E) gia opoiod pote stajerì

E ∈ Σ. EpÐ plèon, apì to b ma (j) mazÐ me to gegonìc ìti Qθ = Rθ gia opoiod pote

stajerì θ /∈ Z ′∗, èpetai ìti ta mètra R kai Q sumpÐptoun ep�nw sthn
⋃
t∈R+
Ht kai ìti to

Q eÐnai mètro pijanìthtac ep�nw sthn Σ. Epomènwc, efarmìzontac kai p�li to Je¸rhma

Epèktashc tou Karajeodwr  èpetai h Ôparxh miac monadik c epèktashc tou R ep�nw sthn

Σ, pou sumbolÐzetai p�li me R, ¸ste R = Q ep�nw sthn Σ. Profan¸c, h oikogèneia twn

mètrwn pijanìthtac {Rθ}θ∈Υ ep�nw sthn Σ gÐnetai disintegration tou R ep�nw sto Rθ

sunep c me thn Θ.

(o) Up�rqei èna monadikì mètro pijanìthtac Q ∈ MS,a kai mÐa ousiwd¸c monadik  disin-

tegration {Qθ}θ∈Υ tou Q ep�nw sto QΘ sunep c me thn Θ pou ikanopoieÐ tic sunj kec

(∗), (Mξ) kai (Mθ) gia opoiod pote stajerì θ /∈ Z ′∗.
Pr�gmati, afoÔ Q

pr∼ P apì thn (5.16) kai to b ma (n) èqoume apì to b ma (k) kai (l)

ìti Q ∈ MS,a. EpÐ plèon, èqoume ìti h isqÔc thc (Mθ) gia opoiod pote stajerì θ /∈ Z ′∗
kai gia tic disintegrations {Pθ}θ∈Υ kai {Qθ}θ∈Υ tou P ep�nw sto PΘ kai Q ep�nw sto

QΘ, antÐstoiqa, oi opoÐec eÐnai sunepeÐc me thn Θ, prokÔptei �mesa apì to b ma (n) kai

th sqèsh (5.15). H isqÔc thc sunj khc (Mξ) èpetai apì to b ma (n) kai thn (5.16). To

gegonìc ìti h {Qθ}θ∈Υ eÐnai ousiwd¸c monadik  prokÔptei apì thn [17], 452X(m). Tèloc,
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afoÔ h monadikìthta tou Q eÐnai profan c, èqoume to b ma (o).

'Etsi, oloklhr¸netai h apìdeixh tou (ii). �

Parat rhsh 5.3.8. H Prìtash 2.2. twn Delbaen & Haezendonck [10] mporeÐ na jew-

rhjeÐ wc mÐa xeqwrist  perÐptwsh tou Jewr matoc 5.3.7 an h katanom  pijanìthtac thc

t.m. Θ eÐnai ekfulismènh se k�poio θ0 > 0 upì to mètro P .

Pr�gmati, èstw PΘ({θ0}) = 1 gia k�poio θ0 > 0. Tìte to mètro P ikanopoieÐ th

sunj kh (a1) an kai mìno an oi {Wn}n∈N∗ kai {Xn}n∈N∗ eÐnai P−anex�rthtec, kai to P
ikanopoieÐ th sunj kh (a2) an kai mìno an h σ.d. {Xn}n∈N∗ eÐnai P−anex�rthth tou θ0, to

opoÐo eÐnai profanèc. 'Etsi, èpetai h sunj kh P(W,X) = (⊗n∈N∗PWn)⊗ (⊗n∈N∗PXn).

Shmei¸noume epÐshc ìti apì thn upìjesh Q ∈MS,a èqoume ìti Q
pr∼ P , apì to opoÐo mazÐ

me to L mma 5.3.3, (ii), èpetai ìti QΘ ∼ PΘ. 'Ara QΘ({θ0}) = 1. 'Etsi, qwrÐc bl�bh thc

genikìthtac mporoÔme na jewr soume ìti Θ(ω) = θ0 gia k�je ω ∈ Ω. 'Ara σ(Θ) = {∅,Ω}
gegonìc pou shmaÐnei ìti H̃t = Ht gia k�je t ∈ R+ kai H̃∞ = H∞.
Tìte h upìjesh ìti P ∈ MS tou Jewr matoc 5.3.7 isodunameÐ me to gegonìc ìti h σ.d.

{St}t∈R+ eÐnai mÐa P − CPP (θ0, (Pθ0)X1), en¸ h upìjesh ìti Q ∈ MS,a isodunameÐ me to

gegonìc ìti h σ.d. {St}t∈R+ eÐnai mÐa Q−CPP (θ0e
a, (Qθ0)X1), kai Q|H̃t ∼ P |H̃t gia k�je

t ∈ R+.

EpÐ plèon, apì to gegonìc ìti h Θ eÐnai ekfulismènh sto θ0 upì to mètro P all� kai Q,

sumperaÐnoume ìti PΘ(Υ \ {θ0}) = QΘ(Υ \ {θ0}) = 0 kaj¸c kai ìti P = Pθ0 kai Q = Qθ0 .

'Etsi oi dÔo sunj kec (Mθ) kai (Mξ) an�gontai sthn isìthta (2.15) tou [10]. Opìte, apì

thn efarmog  tou Jewr matoc 5.3.7, (i), èpetai to pr¸to mèroc thc [10], Proposition 2.2.

Apì thn efarmog  tou Jewr matoc 5.3.7, (ii) kai thn apìdeix  tou, sumperaÐnoume to

{antÐstrofo} mèroc thc [10], Proposition 2.2. �

Prìtash 5.3.9. (prbl. [3], Prìtash 7.2.12). An to mètro Q ∈ MS,a kai X1 ∈ L1(Q)

tìte isqÔoun ta akìlouja:

(i) Up�rqei èna QΘ−mhdenikì sÔnolo L2 ∈ B(Υ) ¸ste gia opoiod pote θ /∈ L2 h diadika-

sÐa {St − EQθ [St]}t∈R+ na eÐnai èna (Qθ,H)−martingale,

(ii) An Θ ∈ L1(Q) tìte h {St − EQ[St|Θ]}t∈R+ eÐnai èna (Q,H)−martingale,

(iii) An Θ ∈ L1(Q) tìte h {St − EQ[St]}t∈R+ eÐnai èna (Q,H)−martingale, an kai mìno

an h σ.k. thc Θea eÐnai ekfulismènh sto θ0e
a gia k�poio θ0 > 0.

Apìdeixh. 'Estw Q ∈ MS,a kai X1 ∈ L1(Q). Tìte èqoume ìti h σ.d. {St}t∈R+ eÐnai mÐa

Q − CMPP (Θea, QX1) kaj¸c kai ìti h Q ikanopoieÐ tic sunj kec (a1) kai (a2). 'Etsi,
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apì to Je¸rhma 5.1.4 èpetai ìti up�rqei èna QΘ−mhdenikì sÔnolo L2 ∈ B(Υ) ¸ste gia

opoiod pote θ /∈ L2 h oikogèneia {St}t∈R+ na eÐnai mÐa Qθ − CPP (Θea, (Qθ)X1), gegonìc

pou shmaÐnei ìti h {Nt}t∈R+ eÐnai mÐa Qθ− diadikasÐa Poisson me par�metro θeα. Apì to

teleutaÐo mazÐ me to L mma 5.2.6, (i) èpetai ìti h oikogèneia {St}t∈R+ èqei Qθ−st�simec
kai anex�rthtec prosaux seic. StajeropoioÔme t¸ra èna aujaÐreto θ /∈ L2.

(i): Apì thn teleutaÐa sunj kh èqoume ìti h diadikasÐa {St − EQθ [St]}t∈R+ ikanopoieÐ

thn idiìthta (m3) gia ta Qθ kai H, afoÔ EQθ [St] = tθeαEQθ [X1] = tθeαEQ[X1] < ∞
gia k�je t ∈ R+, ìpou oi dÔo isìthtec eÐnai �mesh sunèpeia thc sunj khc (a2) kai thc

Q−oloklhrwsimìthtac thc t.m. X1, antÐstoiqa. 'Etsi, lamb�noume to (i).

(ii): Profan¸c, h {St−EQ[St|Θ]}t∈R+ ikanopoieÐ thn idiìthta (m1) gia thn H, en¸ h idiì-

thta (m2) èpetai apì thn Q−oloklhrwsimìthta twn t.m. X1 kai Θea. AfoÔ h diadikasÐa

{St}t∈R+ èqei Qθ−st�simec kai anex�rthtec prosaux seic gia opoiod pote θ /∈ L2, apì

to Pìrisma 4.3.7 kai thn Prìtash 4.3.4 èpetai ìti ja èqei Q−upì sunj kh st�simec kai

anex�rthtec prosaux seic, gegonìc pou sunep�getai ìti gia ìla ta s, t ∈ R+ me s ≤ t h

t.m. St − Ss eÐnai Q−upo sunj kh anex�rthth thc H̃s, epomènwc kai thc Hs (bl. [23],

Lemma 4.7). To teleutaÐo mazÐ me to [9], Theorem 1, Chapter 7.3, sunep�gontai ìti h

sunj kh
∫
A
EQ[St−Ss|Hs]dQ =

∫
A
EQ[St−Ss|Θ]dQ alhjÔei gia ìla ta s, t ∈ R+ me s ≤ t

kai A ∈ Hs, opìte h σ.d. {St − EQ[St|Θ]}t∈R+ ikanopoieÐ thn idiìthta (m3) gia to Q kai

thn H. 'Etsi prokÔptei to (ii).

(iii): An h σ.d. {St − EQ[St]}t∈R+ eÐnai èna (Q,H)−martingale, tìte lamb�noume ì-

ti ikanopoieÐ thn idiìthta (m3), gegonìc pou me th seir� tou sunep�getai thn isìth-

ta
∫
D

(St − Ss)dQ =
∫
D
EQ[(St − Ss)]dQ gia k�je s, t ∈ R+ me s ≤ t kai gia k�je

D ∈ σ(Θ). To teleutaÐo mazÐ me to gegonìc ìti apì thn upìjesh h {St}t∈R+ eÐnai mÐa

Q − CMPP (Θea, QX1) tètoia ¸ste h Θea kai h X1 na eÐnai Q−oloklhr¸simec, sunep�-
gontai ìti gia k�je t ∈ R+

EQ[St|Θ] = EQ[St]⇐⇒ tΘeaEQ[X1] = tEQ[Θea]EQ[X1]⇐⇒ Θea = EQ[Θea],

ìpou ìlec oi isìthtec alhjeÔoun gia Q|σ(Θ) − σ.b. Sunep¸c, up�rqei èna θ0 ∈ Υ tètoio

¸ste 1 = QΘea({θ0e
a}) = QΘ({θ : θea = θ0e

a}) epomènwc PΘ({θ : θea = θ0e
a}) =

1, afoÔ QΘ ∼ PΘ, apì thn upìjesh Q ∈ MS,a. Sunep¸c, h σ.d. {St}t∈R+ eÐnai mÐa

Q− CPP (θ0e
a, QX1).

Antistrìfwc, mporeÐ na apodeiqjeÐ ìti an h σ.d. {St}t∈R+ eÐnai mÐa Q − CPP (θ0e
a, QX1)

tìte h {St − EQ[St]}t∈R+ eÐnai èna (Q,H)−martingale (shmei¸noume ìti h idiìthta (m1)

eÐnai profan c, en¸ h (m2) prokÔptei apì to gegonìc ìti h EQ[St] = tθ0e
aEQ[X1] <

∞) gia opoiod pote t ∈ R+, afoÔ h {St}t∈R+ eÐnai mÐa Q − CPP (θ0e
a, QX1). Apì to

teleutaÐo prokÔptei h Q−anexarthsÐa twn prosaux sewn thc {St}t∈R+ , kai ètsi mporoÔme
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na efarmìsoume to Ðdio skeptikì ìpwc kai sto b ma (c) thc apìdeixhc thc [23], Proposition

4.8 gia na l�boume thn idiìthta (m3). �

Sumbolismìc 5.3.10. SumbolÐzoume meM∗
S,α :=M∗

S,α,PX1
,Θ thn oikogèneia ìlwn twn

mètrwn pijanìthtac Q ∈ MS,α ¸ste na ikanopoieÐtai h sunj kh Q ∈ MP (H, {St −
EQ[St|Θ]}t∈R+). EpÐ plèon, an h ξ eÐnai mÐa PΘ − σ.b. jetik  sun�rthsh me EP [ξ(Θ)] = 1,

tìte me F∗P,ξ,α := F∗P,X1,Θ,ξ,α
sumbolÐzoume thn kl�sh ìlwn twn β ∈ FP,α tètoiwn ¸ste

Θeαξ(Θ)M
(β)
t (Θ) ∈ L1(P ) kai X1ξ(Θ)M

(β)
t (Θ) ∈ L1(P ).

Pìrisma 5.3.11. (prbl. [3], Pìrisma 7.2.13). JewroÔme ìti P ∈ MS,α. Tìte isqÔoun

ta akìlouja:

(i) Gia k�je Q ∈ M∗
S,α up�rqei mÐa PΘ − σ.b. jetik  Radon-Nikodym par�gwgoc ξ tou

QΘ wc proc PΘ, mÐa ousiwd¸c monadik  sun�rthsh β ∈ F∗P,ξ,α, mÐa ousiwd¸c monadik 
disintegration {Qθ}θ∈Υ tou Q ep�nw sto Qθ sunep c me thn Θ kai èna PΘ−mhdenikì
sÔnolo Z∗ ∈ B(Υ) ¸ste gia opoiod pote θ /∈ Z∗, gia ìla ta s, t ∈ R+ me s ≤ t kai

gia k�je A ∈ Hs isqÔoun oi sunj kec (∗), (Mξ) kai (Mθ).

(ii) Antistrìfwc, gia opoiad pote PΘ − σ.b. jetik  sun�rthsh ξ me EP [ξ(Θ)] = 1 kai

gia opoiod pote β ∈ F∗P,ξ,α up�rqei èna monadikì mètro pijanìthtac Q ∈ M∗
S,α, mÐa

ousiwd¸c monadik  disintegration {Qθ}θ∈Υ tou Q ep�nw sto QΘ sunep c me thn Θ

kai èna PΘ−mhdenikì sÔnolo Z
′
∗ ∈ B(Υ) ¸ste gia opoiod pote θ /∈ Z ′∗, gia ìla ta

s, t ∈ R+ me s ≤ t kai A ∈ Hs na ikanopoioÔntai oi sunj kec (∗), (Mξ) kai (Mθ).

Apìdeixh. (i): 'Estw ìti Q ∈ M∗
S,a. AfoÔ profan¸c M∗

S,a ⊆ MS,a, apì to Je¸rh-

ma 5.3.7, (i), èqoume ìti up�rqei mÐa PΘ − σ.b. jetik  Radon-Nikodym par�gwgoc ξ tou

QΘ wc proc to PΘ, mÐa ousiwd¸c monadik  sun�rthsh β ∈ FP,α, mÐa ousiwd¸c monadik  di-

sintegration {Qθ}θ∈Υ tou Q ep�nw sto QΘ sunep c me thn Θ, kaj¸c kai èna PΘ−mhdenikì
sÔnolo Z∗ ∈ B(Υ) ¸ste gia opoiod pote θ /∈ Z∗, gia ìla ta s, t ∈ R+ me s ≤ t kai gia k�je

A ∈ Hs na isqÔoun oi sunj kec (∗), (Mξ) kai (Mθ). 'Omwc, afoÔ Q ∈ M∗
S,a, ìlec oi t.m.

St−EQ[St|Θ] eÐnai Q−oloklhr¸simec, k�ti pou apì ènan eÔkolo upologismì sunep�getai

ìti kai oi Θea kai X1 eÐnai Q−oloklhr¸simec. To teleutaio mazÐ me th sunj kh (Mξ)

sunep�gontai ìti oi t.m. Θeaξ(Θ)M
(β)
t (Θ) kai X1ξ(Θ)M

(β)
t (Θ) eÐnai P−oloklhr¸simec.

'Ara β ∈ F∗P,ξ,α kai ètsi apodeiknÔetai to (i).

(ii): 'Estw ξ mÐa PΘ − σ.b. jetik  sun�rthsh tètoia ¸ste EP [ξ(Θ)] = 1, kai jewroÔme

ìti β ∈ F∗P,ξ,α. AfoÔ F∗P,ξ,α ⊆ FP,α apì to Je¸rhma 5.3.7, (ii), èpetai ìti up�rqei èna

monadikì mètro pijanìthtac Q ∈MS,a, mÐa ousiwd¸c monadik  disintegration {Qθ}θ∈Υ tou
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Q ep�nw sto QΘ sunep c me thn Θ, kaj¸c kai èna PΘ−mhdenikì sÔnolo Z
′
∗ ∈ B(Υ) pou

ikanopoieÐ gia opoiod pote θ /∈ Z ′∗, gia k�je s, t ∈ R+ me s ≤ t kai gia k�je A ∈ Hs tic

sunj kec (∗), (Mξ) kai (Mθ). EpÐ plèon, h upìjesh ìti to β ∈ F∗P,ξ,α mazÐ me thn sunj kh

(Mξ) sunep�gontai ìti oi t.m. Θea kai X1 eÐnai Q−oloklhr¸simec. Sunep¸c, k�je t.m.

St eÐnai Q−oloklhr¸simh. 'Ara h σ.d. {St − EQ[St|Θ]}t∈R+ ikanopoieÐ thn idiìthta (m2)

gia to Q. Shmei¸noume ìmwc ìti h sunj kh Q ∈ MS,a mazÐ me thn Prìtash 5.3.9, (ii),

sunep�gontai ìti h σ.d. {St−EQ[St|Θ]}t∈R+ ikanopoieÐ thn idiìthta (m3) gia to Q kai thn

H. 'Ara Q ∈MP (H, {St − EQ[St|Θ]}t∈R+) to opoÐo apodeiknÔei to (ii). �
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Kef�laio 6

Efarmogèc

Sto parìn kef�laio arqik� anafèroume merikèc eidikèc peript¸seic tou Jewr matoc 5.3.7

gia sugkekrimènec katanomèc thc Θ pou eÐnai qr simec stic efarmogèc. Sth sunèqeia, orÐ-

zoume tic arqèc upologismoÔ asfalÐstrou kai parajètoume paradeÐgmata pou h puknìthta

asfalÐstrou wc proc to arqikì mètro pijanìthtac P , eÐnai mikrìterh apì thn puknìthta

asfalÐstrou wc proc thn arq  asfalÐstrou Q. Tèloc, perigr�foume to rìlo tou Jewr -

matoc 5.3.7 sthn qrhmatooikonomik  apotÐmhsh twn asfalÐsewn (Enìthta 6.3.2).

6.1 Eidikèc peript¸seic tou Jewr matoc 5.3.7

To Je¸rhma 5.3.7 parèqei ènan qarakthrismì twn martingale-(proodeutik�) isodÔnamwn

sÔnjetwn memeigmènwn σ.d. Poisson prosfèront�c mac mÐa polÔ shmantik  plhroforÐa,

th sunj kh (Mξ). Gia ton lìgo autì sth sunèqeia upologÐzoume thn Radon-Nikodym

par�gwgo ξ tou QΘ wc proc to PΘ gia eidikèc peript¸seic k.p. thc domik c paramètrou

Θ, oi opoÐec parousi�zoun idiaÐtero endiafèron sta asfalistik� kai qrhmatooikonomik�

majhmatik�.

Parat rhsh 6.1.1. Apì k�poiouc eÔkolouc upologismoÔc prokÔptei k�je mÐa apì tic

akìloujec Radon-Nikodym parag¸gouc. Pio sugkekrimèna eÐnai o lìgoc thc σ.p.p. thc

ek�stote katanom c pijanìthtac QΘ wc proc thn antÐstoiqh σ.p.p. thc PΘ.

(a) An PΘ = Ga(c1, d1) kai QΘ = Ga(c2, d2) ìpou c1, c2, d1, d2 > 0, tìte

ξ(θ) =
cd2

2 Γ(d1)

cd1
1 Γ(d2)

θd2−d1e(c1−c2)θ gia PΘ − sqedìn ìla ta θ ∈ Υ.

(b) An PΘ = Pa(c1, d1) kai QΘ = Pa(c2, d2) ìpou c1, c2, d1, d2 > 0, tìte

ξ(θ) =
c2d

c2
2 (d1 + θ)c1+1

c1d
c1
1 (d2 + θ)c2+1

gia PΘ − sqedìn ìla ta θ ∈ Υ.
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(c) An PΘ = IG(c1) kai QΘ = IG(c2) ìpou c1, c2 > 0, tìte

ξ(θ) =

(
c1

c2

) 1
2

e
c1−c2

2θ gia PΘ − sqedìn ìla ta θ ∈ Υ.

(d) An PΘ = Pa(c1, d1) kai QΘ = Ga(c2, d2) ìpou c1, c2, d1, d2 > 0, tìte

ξ(θ) =
cd2

2

c1d
c1
1 Γ(d2)

θd2−1(d+ θ)c1+1e−c2θ gia PΘ − sqedìn ìla ta θ ∈ Υ.

(e) An PΘ = Ga(a1, b1, c1) kai QΘ = Ga(a2, b2, c2) ìpou a1, a2, b1, b2, c1, c2 > 0, tìte

ξ(θ) =
c2θ

b2−1c
−( θ

a2
)c2

ab22 Γ( b2
c2

)
gia PΘ − sqedìn ìla ta θ ∈ Υ.

(f) An PΘ = Pa(a1, b1, c1) kai QΘ = Ga(a2, b2, c2) ìpou a1, a2, b1, b2, c1, c2 > 0, tìte

ξ(θ) =
c

(1−[ θ
a2

]c2 )

2 · c1

ab22 [ c1+a1(θ−b1)
c1

]
− 1
a1
−1
· θb2−1 gia PΘ − sqedìn ìla ta θ ∈ Υ.

Sto (a) melet�me thn perÐptwsh ìpou h {Nt}t∈R+ apì mÐa P− gÐnetai mÐa Q−diadikasÐa
Pólya-Lundberg lìgw thc allag c tou mètrou pijanìthtac. H logik  pou akolouj jhke

gia to (b) eÐnai parìmoia me prin, gia mÐa dhmofil  katanom  twn asfalistik¸n majhmatik¸n,

thn katanom  Pareto. Sth sunèqeia, sto (c) exet�zoume thn perÐptwsh pou h {Nt}t∈R+

paramènei sthn kl�sh twn diadikasi¸n Sichel. Gia perissìterec efarmogèc blèpe p.q. [19],

sel. 41. Sto (d), dÐnetai èna par�deigma gia to an h allag  mètrou pijanìthtac ephre�zei

thn Ðdia thn katanom  pijanìthtac thc domik c paramètrou Θ kai ìqi apl¸c tic paramètrouc

thc arqik c katanom c (apì Pareto k�tw apì to mètro P gÐnetai G�mma k�tw apì to mètro

Q). To (e) kai (f), eÐnai {genikeumèna} paradeÐgmata twn (a) kai (d) antÐstoiqa, kaj¸c

èqoun katanomèc pijanìthtac tri¸n metablht¸n.

Me ton Ðdio trìpo mporoÔme na upologÐsoume thn Radon-Nikodym par�gwgo f tou

QX1 wc proc PX1 gia eidikèc peript¸seic thc katanom c pijanìthtac thc X1.

6.2 Efarmogèc stic Arqèc UpologismoÔ AsfalÐ-

strou

Gia ì,ti akoloujeÐ, upenjumÐzoume ìti o q.p. (Ω,Σ, P ) eÐnai ìpwc kai sthn Parat rh-

sh 5.3.2, (a) h {St}t∈R+ eÐnai mÐa P − CMPP (Θ), kai jewroÔme ìti oi t.m. X1 kai Θ

eÐnai P−oloklhr¸simec. EpÐ plèon, sumbolÐzoume me Q kai {Qθ}θ∈Υ to monadikì mètro
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pijanìthtac Q ∈ MS,a kai thn ousiwd¸c monadik  disintegration {Qθ}θ∈Υ tou Q ep�nw

sto QΘ sunep  me th Θ, pou kai ta dÔo antistoiqoÔn sth sun�rthsh β ∈ FP,α sÔmfwna

me to Je¸rhma 5.3.7, (ii).

O arijmìc p(P ) := EP [S1] = EP [N1]EP [X1] onom�zetai puknìthta asfalÐstrou

(wc proc P ).

O skopìc thc eisagwg c tou nèou mètrou pijanìthtac Q eÐnai na d¸soume perissì-

tero b�roc se ligìtero eunoϊk� sumb�nta. Pio sugkekrimèna, to Q prèpei na orÐzetai me

tètoio trìpo, ¸ste h antÐstoiqh puknìthta asfalÐstrou p(Q) na eÐnai peperasmènh (dhl.

EQ[X1] <∞) kai na perièqei mÐa epiplèon epib�runsh asf�leiac, dhlad 

p(P ) < p(Q) <∞.

Autì mac odhgeÐ ston akìloujo genikì orismì miac arq c upologismoÔ asfalÐstrou,

pou eÐnai mÐa mikr  tropopoÐhsh tou [10], Definition 3.1 kat�llhlh gia touc skopoÔc thc

paroÔsac enìthtac (bl. Orismì 8.2.1 thc Didaktorik c Diatrib c tou D. Lumperìpoulou

[3]).

OrismoÐ 6.2.1. (bl. [3], Orismìc 8.2.1). Arq  upologismoÔ asfalÐstrou eÐnai

èna mètro pijanìthtac Q ep�nw sthn Σ tètoio ¸ste

(pc1) Q
pr∼ P .

(pc2) H {St}t∈R+ eÐnai mÐa Q− CPP (θ0, QX1) gia θ0 > 0.

(pc3) X1 ∈ L1(Q).

Shmei¸noume ìti se sÔgkrish me to [10], Definition 3.1, ed¸ h kl�sh ìlwn twn arq¸n

upologismoÔ asfalÐstrwn eÐnai dieurumènh, afoÔ Σ = H∞ ⊇ H̃∞.

Parat rhsh 6.2.2. An X1 ∈ L1(Q) tìte X1 ∈ L1(Qθ) gia k�je θ ∈ Υ.

Pr�gmati, apì to Je¸rhma 5.3.7, (ii) kai thn apìdeix  tou isqÔei ìti

(Qθ)X1 = (Q)X1 gia ìla ta θ ∈ Υ.

Epomènwc, gia k�je θ ∈ Υ èqoume

EQ[X1] =

∫
X1dQ =

∫
xQX1(dx) =

∫
x(Qθ)X1(dx) =

∫
X1dQθ = EQθ [X1],

ìpou h deÔterh kai h tètarth isìthta eÐnai sunèpeia tou Jewr matoc 2.4.6 tou [5]. Sunep¸c,

EQθ [X1] = EQ[X1] <∞ kai �ra X1 ∈ L1(Qθ) gia k�je θ ∈ Υ.

111



Efarmogèc

Oi parathr seic pou akoloujoÔn eÐnai eidik  perÐptwsh twn Parathr sewn 8.2.2 tou

[3] gia thn eidik  perÐptwsh pou h β den exart�tai apì to θ.

Parathr seic 6.2.3. (prbl. [3], Parathr seic 8.2.2). Profan¸c, oi Q kai {Qθ}θ∈Υ

ikanopoioÔn thn (ii) tou Jewr matoc 5.3.7, (ii). Tìte apì to Je¸rhma 5.3.7, (ii) kai thn

apìdeix  tou èpetai ìti Q ∈ MS,a kai ìti up�rqei èna PΘ−mhdenikì sÔnolo Z
′
∗ ∈ B(Υ)

¸ste gia opoiod pote stajerì θ /∈ Z ′∗ na isqÔei Qθ
pr∼ Pθ. 'Etsi, apì th sunj kh Q ∈MS,a

mazÐ me to Je¸rhma 5.1.4 èpetai ìti h σ.d. {St}t∈R+ eÐnai mÐa Qθ − CPP (θea, (Qθ)X1) gia

opoiod pote θ /∈ Z ′∗. Sunep¸c, lamb�nontac upìyh kai thn Parat rhsh 6.2.2 èqoume ìti

an X1 ∈ L1(Q) tìte gia k�je θ /∈ Z
′
∗ to Qθ eÐnai arq  upologismoÔ asfalÐstrou. EpÐ

plèon, eÔkola mporeÐ na apodeiqjeÐ ìti:

(a) Gia k�je θ /∈ Z ′∗ isqÔei

EQθ [X1] = EPθ [X1e
γ(X1)] = e−aEPθ [X1e

β(X1)], (6.1)

kai

p(Pθ) < p(Qθ) <∞ an β(X1) > 0. (6.2)

Pr�gmati, apì thn apìdeixh tou (ii) tou Jewr matoc 5.3.7, b ma (m) èpetai ìti

up�rqei èna PΘ−mhdenikì sÔnolo L̂∗ ¸ste gia k�je θ /∈ L̂∗ na isqÔei

(Pθ)X1 = PX1 . (6.3)

'Estw θ /∈ Z ′∗ stajerì. Tìte gia k�je B ∈ B(Υ) isqÔei

(Qθ)X1(B) =

∫
X−1

1 (B)

eγ(X1)dPθ. (6.4)

Pr�gmati,

(Qθ)X1(B) = µ(B) :=

∫
B

eγ(x)PX1(dx)
(6.3)
=

∫
B

eγ(x)(Pθ)X1(dx)

=

∫
X−1

1 (B)

eγ(X1)dPθ,

ìpou h pr¸th isìthta prokÔptei apì thn apìdeixh tou Jewr matoc 5.3.7, (ii) kai h

teleutaÐa apì to Je¸rhma 2.4.6. tou [5].

Epomènwc,

EQθ [X1] =

∫
X1dQθ =

∫
x(Qθ)X1(dx)

(6.4)
=

∫
xeγ(x)(Pθ)X1(dx) =

∫
X1e

γ(X1)dPθ

= EPθ [X1e
γ(X1)] = e−aEPθ [X1e

β(X1)],
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ìpou h tètarth isìthta eÐnai sunèpeia tou Jewr matoc 2.4.6 tou [5].

'Ara gia k�je θ /∈ Z ′∗ isqÔei h sunj kh (6.1).

Apì thn (6.1) sunep�getai ìti p(Pθ) < p(Qθ) an kai mìno an EPθ [X1(eβ(X1)−1)] > 0.

Pr�gmati, gia k�je θ /∈ Z ′∗ èqoume

p(Pθ) < p(Qθ) ⇐⇒ θEPθ [X1] < θeαEQθ [X1]⇐⇒ EPθ [X1] < eαEQθ [X1]
(6.1)⇐⇒ EPθ [X1] < eαe−αEPθ [X1e

β(X1)]⇐⇒ EPθ [X1] < EPθ [X1e
β(X1)]

⇐⇒ EPθ [X1(eβ(X1) − 1)] > 0.

Gia thn apìdeixh thc (6.2), upojètoume ìti β(X1) > 0. Tìte ja èqoume ìti

EPθ [X1(eβ(X1) − 1)] > 0 gia k�je θ ∈ Υ.

Pr�gmati,

β(X1) > 0 =⇒ eβ(X1) > e0 =⇒ eβ(X1) > 1 =⇒ eβ(X1)−1 > 0 =⇒ EPθ [e
β(X1)−1] > 0,

gia k�je θ ∈ Υ.

T¸ra gia na deÐxoume ìti p(Pθ) < p(Qθ) <∞ gia k�je θ /∈ Z ′∗, arkeÐ na deÐxoume ìti

p(Qθ) ∈ L1(Qθ) gia k�je θ /∈ Z ′∗.
Pr�gmati, gia k�je θ ∈ Υ èqoume

p(Qθ) = EQθ [S1] = θeαEQθ [X1] <∞,

ìpou h anisìthta eÐnai sunèpeia thc Parat rhshc 6.2.2.

(b) An γ > 0 PX1 − σ.b. kai an ξ(Θ)M
(β)
t (Θ)eα > 1 P |σ(Θ) − σ.b. tìte EP [St] <

EQ[St] <∞ gia k�je t ∈ R+.

Gia thn apodeixh tou (b), arqik� ja deÐxoue ìti

EQθ [X1] = EQ[X1] gia k�je θ ∈ Υ. (6.5)

Pr�gmati, gia k�je θ ∈ Υ èqoume

EQθ [X1] =

∫
X1dQθ =

∫
x(Qθ)X1(dx) =

∫
x(QX1)(dx) =

∫
X1dQ = EQ[X1],

ìpou h deÔterh kai tètarth isìthta eÐnai sunèpeia tou Jewr matoc 2.4.6 tou [5], en¸

h trÐth eÐnai sunèpeia thc Parat rhshc 6.2.2.

Sth sunèqeia ja deÐxoume ìti gia k�je θ ∈ Υ isqÔei

EPθ [X1e
γ(X1)] = EP [X1e

γ(X1)]. (6.6)
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Pr�gmati, gia k�je θ ∈ Υ èqoume

EPθ [X1e
γ(X1)] =

∫
X1e

γ(X1)dPθ =

∫
xeγ(x)(Pθ)X1(dx) =

∫
xeγ(x)PX1(dx)

=

∫
X1e

γ(X1)dP = EP [X1e
γ(X1)],

ìpou h deÔterh kai tètarth isìthta eÐnai sunèpeia tou Jewr matoc 2.4.6 tou [5], en¸

h trÐth isìthta èpetai apì to gegonìc ìti (Pθ)X1 = PX1 , ìpwc apodeÐqjhke kai sto

Je¸rhma 5.3.7, (ii), pou me th seir� tou sunep�getai ìti EPθ [X1] = EP [X1] gia k�je

θ ∈ Υ.

Apì tic (6.5) kai (6.6) prokÔptei ìti gia k�je θ ∈ Υ isqÔei

EQ[X1]
(6.5)
= EQθ [X1]

(6.1)
= EPθ [X1e

γ(X1)]
(6.6)
= EP [X1e

γ(X1)],

sunep¸c

EQ[X1] = EP [X1e
γ(X1)].

Apì thn teleutaÐa sunj kh mazÐ me thn (Mξ) prokÔptei ìti

p(Q)

p(P )
=

EQ[S1]

EP [S1]
=

EQ[X1]EQ[N1]

EP [X1]EP [N1]
=

EP [X1e
γ(X1)]

EP [X1]
· EP [ξ(Θ)M

(β)
t (Θ)Θea]

EP [Θ]
, (6.7)

ìpou h deÔterh isìthta eÐnai sunèpeia tou L mmatoc 2.4.8.

Sto shmeÐo autì qrhsimopoi¸ntac tic upojèseic mac kai thn (6.7), lab�noume ìti

EP [S1] < EQ[S1] <∞. (6.8)

EpÐ plèon, lamb�noume ìti EP [St] < EQ[St] <∞ gia k�je t ∈ R+.

Pr�gmati,

EQ[St] = EQ[X1]EQ[Nt] = EQ[X1]

∫
EQ[Nt|Θ]dQ = EQ[X1]

∫
tΘeαdQ

= tEQ[X1]

∫
Θeαξ(Θ)M

(β)
t (Θ)dP = tEQ[X1]EP [Θeαξ(Θ)M

(β)
t (Θ)]

> tEQ[X1]EP [Θ] = tEP [X1e
γ(X1)]EP [Θ]

> tEP [X1]EP [Θ] = EP [X1]EP [Nt] = EP [St],

ìpou h pr¸th isìthta eÐnai prokÔptei apì to L mma 2.4.8.

Sth sunèqeia thc paroÔsac enìthtac parajètoume orismèna paradeÐgmata upologismoÔ

asfalÐstrwn pou apoteloÔn efarmog  twn ìswn anafèrame prohgoumènwc.
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Par�deigma 6.2.4. (Arq  Anamenìmenhc AxÐac). An β(x) = c0 gia k�je x ∈ Υ,

ìpou c0 ∈ R stajer�, tìte:

• γ(x) = 0 kai a = c0 gia k�je x ∈ Υ.

• EP [eγ(X1)] = 1 kai EP [eβ(X1)] = ec0 , opìte β ∈ FP,α

• EQθ [N1] = ec0EPθ [N1] = ec0θ kai EQθ [X1] = EPθ [X1] gia k�je θ /∈ Z ′∗, ìpou Z
′
∗ eÐnai

to PΘ−mhdenikì sÔnolo tou Jewr matoc 5.3.7.

• p(Qθ) = EQθ [S1] = ec0EPθ [S1] = ec0p(Pθ) gia k�je θ /∈ Z ′∗.

Epomènwc, EQ[N1] = EQ[ec0Θ] = ec0EQ[Θ] = ec0EP [Θξ(Θ)] kai EQ[X1] = EP [X1], opìte

EQ[St] = tEQ[S1] = tec0EP [S1] = tec0EP [X1]EP [Θξ(Θ)] gia k�je t ∈ R+.

Idiaitèrwc, èqoume ìti gia k�je θ /∈ Z ′∗ isqÔei p(Qθ) > p(Pθ) an kai mìno an c0 > 0.

Gia to parap�nw par�deigma bl. Delbaen and Haezendonck [10], Examples 3.1. kai [3],

Par�deigma 8.2.3. To par�deigma pou akoloujeÐ eÐnai eidik  perÐptwsh tou ParadeÐgmatoc

8.2.5 tou [3].

Par�deigma 6.2.5. An β(x) = ln( 1
xEP [ 1

X1
]
) gia k�je x ∈ Υ, tìte:

• γ(x) = − ln(xEP [ 1
X1

]) kai a = 0 gia k�je x ∈ Υ.

• EP [eγ(X1)] = 1 kai EP [eβ(X1)] = EP [eγ(X1)] = 1 <∞, opìte β ∈ FP,α.

• EQθ [N1] = θ = EPθ [N1] kai EQθ [X1] = (EP [ 1
X1

])−1 = (EPθ [ 1
X1

])−1 gia k�je θ /∈ Z ′∗.

• p(Qθ) = EQθ [S1] = θ
(
EPθ [ 1

X1
]
)−1

gia k�je θ /∈ Z ′∗.

Epomènwc, EQ[N1] = EQθ [N1] = θ kai EQ[X1] = EQθ [X1] = (EPθ [ 1
X1

])−1 = (EP [ 1
X1

])−1,

opìte èqoume ìti EQ[St] = tEP [Θξ(Θ)](EP [ 1
X1

])−1 gia k�je t ∈ R+.

ParathroÔme ìti gia k�je θ /∈ Z
′
∗ isqÔei h sunj kh p(Pθ) < p(Qθ) an kai mìno an

EPθ [X1]EPθ [ 1
X1

] < 1.

Pr�gmati,

p(Pθ) < p(Qθ) ⇐⇒ EPθ [S1] < EQθ [S1]⇐⇒ EPθ [S1] < θEPθ [
1

X1

]−1

⇐⇒ EPθ [N1]EPθ [X1] < θEPθ [
1

X1

]−1 ⇐⇒ θEPθ [X1] < θEPθ [
1

X1

]−1

⇐⇒ EPθ [X1] < EPθ [
1

X1

]−1 ⇐⇒ EPθ [X1]EPθ [
1

X1

] < 1,
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ìpou h trÐth sunepagwg  eÐnai sunèpeia tou L mmatoc 2.4.8.

ParathroÔme epÐshc ìti h anisìthta EP [St] < EQ[St] isqÔei gia k�je t ∈ R+ an kai mìno

an EP [X1]EP [ 1
X1

] < (EP [Θξ(Θ)])(EP [Θ])−1.

Pr�gmati,

EP [St] < EQ[St] ⇐⇒ EP [X1]EP [Nt] < tEP [Θξ(Θ)]EP [
1

X1

]−1

⇐⇒ EP [X1]EP [EP [Nt|Θ]] < tEP [Θξ(Θ)]EP [
1

X1

]−1

⇐⇒ EP [X1]EP [tΘ] < tEP [Θξ(Θ)]EP [
1

X1

]−1

⇐⇒ tEP [X1]EP [Θ] < tEP [Θξ(Θ)]EP [
1

X1

]−1

⇐⇒ EP [X1]EP [
1

X1

]EP [Θ] < EP [Θξ(Θ)]

⇐⇒ EP [X1]EP [
1

X1

] < EP [Θξ(Θ)]EP [Θ]−1,

ìpou h pr¸th sunepagwg  eÐnai sunèpeia tou L mmatoc 2.4.8.

6.3 Efarmogèc tou Jewr matoc 5.3.7 sta Qrhma-

tooikonomik�

Sthn paroÔsa enìthta arqik� parajètoume k�poia sqìlia gia tic mejodologikèc diafo-

rèc metaxÔ twn qrhmatooikonomik¸n kai asfalistik¸n. Sthn Enìthta 6.3.2 perigr�foume

ton rìlo tou Jewr matoc 5.3.7 sth qrhmatooikonomik  apotÐmhsh twn asfalÐsewn. Sthn

Enìthta 6.3.3 dÐnoume mÐa sÔntomh perigraf  tou probl matoc thc timolìghshc twn asfa-

listik¸n parag¸gwn CAT, pou sqetÐzetai me tic sÔnjetec memeigmènec diadikasÐec Poisson

ìpwc melet¸ntai sto Je¸rhma 5.3.7. KleÐnontac to kef�laio dÐnoume k�poia stoiqeÐa twn

analogistik¸n mejìdwn sthn qrhmatooikonomik .

Istorik�, oi tomeÐc twn qrhmatooikonomik¸n kai twn asfalistik¸n èqoun anaptuqjeÐ

xeqwrist�, me koinì shmeÐo kurÐwc thn koin  qr sh thc JewrÐac twn stoqastik¸n diadi-

kasi¸n wc basikì ergaleÐo an�lushc. Wstìso, apì tic exelÐxeic sto qrhmatopistwtikì

tomèa, ìpwc h aÔxhsh thc sunergasÐac metaxÔ twn asfalistik¸n etairei¸n kai twn tra-

pez¸n   h emf�nish qrhmatoasfalistik¸n proϊìntwn, prokaleÐtai h allhlepÐdrash metaxÔ

qrhmatooikonomik¸n kai asfalistik¸n. Prìsfata to sugkekrimèno jèma èqei katasteÐ è-

na {kautì jèma}, kai diafaÐnetai ìti pollèc apì tic mellontikèc èreunec ston tomèa thc

qrhmatooikonomik c kai twn asfalistik¸n, ja sundu�zoun idèec kai apì touc dÔo tomeÐc.

Gia perissìterec plhroforÐec thc exèlixhc autoÔ tou tomèa bl. Embrechts (2000) [13].
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6.3.1 Mejologikèc diaforèc metaxÔ qrhmatooikonomik¸n

kai asfalistik¸n

Arqik� axÐzei na epishm�noume basikèc diaforèc metaxÔ tou klasikoÔ analogismoÔ kai twn

qrhmatooikonomik¸n proseggÐsewn gia thn antimet¸pish tou qrhmatooikonomikoÔ kindÔnou

(rÐskou).

H sÔgqronh an�lush twn parag¸gwn periousiak¸n stoiqeÐwn, aposkopeÐ sthn {antist�j-

mish} twn qrhmatooionomik¸n kindÔnwn apì thn dunamik  twn sunallag¸n. Oi timèc kajo-

rÐzontai apì ta kef�laia pou apaitoÔntai gia th qrhmatodìthsh aut c thc antist�jmishc.

Sunep¸c, h katanom  k�tw apì to mètro pijanìthtac tou pragmatikoÔ kìsmou k�poiou

qrhmatooikonomikoÔ kindÔnou (p.q. h plhrwm  enìc parag¸gou), den qrhsimopoieÐtai gia

thn timolìgish tou kindÔnou autoÔ. Antijètwc, oi timèc upologÐzontai qrhsimopoi¸ntac

k�poia {teqnht�} martingale mètra, twn opoÐwn h Ôparxh eÐnai sten� sundedemènh me thn

qrhmatooikonomik  ènnoia thc mh-kerdoskopÐac (no-arbitrage).

H tupik  analogistik  prosèggish gia thn antimet¸pish twn qrhmatooikonomik¸n kin-

dÔnwn eÐnai jemeliwd¸c diaforetik . Oi asfalistikèc etaireÐec eÐnai ètoimec na antèxoun

k�poiouc apì touc qrhmatooikonomikoÔc kindÔnouc (apait seic) enìc asfalismènou, me an-

t�llagma èna asf�listro pou eÐnai to �jroisma thc anamenìmenhc axÐac thc apaÐthshc kai

k�poiou asfalÐstrou kindÔnou. H prìsjeth aut  apaÐthsh upologÐzetai mèsw arq¸n upo-

logismoÔ (analogistikoÔ) asfalÐstrou (bl. p.q. Goovaerts, De Vylder, and Haezendonck

(1984) [18] gia perissìterec plhroforÐec). Molonìti h asfalistik  etaireÐa ja mporoÔse

na per�sei èna mèroc tou kindÔnou se ènan antasfalist , den mporeÐ tupik� na {antistaj-

mÐsei} touc kindÔnouc tou qarofulakÐou thc me dunamik  diapragm�teush. Sunep¸c, o

upologismìc twn asfalÐstrwn twn pijanot twn qreokopÐac   twn aparaÐthtwn apojem�-

twn, gÐnetai me th qr sh thc katanom c twn apait sewn k�tw apì to mètro pijanìthtac

tou pragmatikoÔ kìsmou. Ta martingale eis�gontai sthn an�lush mìno wc èna teqnhtì

ergaleÐo, molonìti polÔ shmantikì.

MÐa deÔterh diafor� metaxÔ twn tupik¸n montèlwn stouc dÔo tomeÐc afor� sthn kl�sh

twn stoqastik¸n diadikasi¸n pou qrhsimopoioÔntai. Oi diadikasÐec kindÔnou, pou qrhsi-

mopoioÔntai sta asfalistik�, ìpwc to montèlo Cramér-Lundberg èqoun asuneqeÐc deig-

matikèc troqièc oi opoÐec èqoun peperasmènh diakÔmansh, en¸ ta perissìtera tupik� qrh-

matooikonomik� montèla qrhsimopoioÔn diadikasÐec di�qushc me suneqeÐc troqièc gia na

perigr�youn ta anebokateb�smata twn tim¸n twn periousiak¸n stoiqeÐwn. Wstìso, ori-

smèna {nèa} montèla gia tic timèc twn periousiak¸n stoiqeÐwn moi�zoun polÔ me diadikasÐec

kindÔnou pou qrhsimopoioÔntai ston analogismì.

Sunoptik�, apì mejodologik c �poyhc oi dÔo tomeÐc faÐnetai ìti apèqoun metaxÔ touc.

117



Efarmogèc

Wstìso, an koit�xoume prìsfatec exelÐxeic, eÐnai polÔ pijanì ìti sto mèllon to q�sma

metaxÔ twn dÔo kl�dwn ja eÐnai polÔ mikrìtero apì ì,ti faÐnetai na eÐnai t¸ra.

6.3.2 Qrhmatooikonomik  apotÐmhsh twn asfalÐsewn

Oi basikèc melètec sqetik� me autì to jèma ofeÐlontai ston Sondermann, [30] kai eidikì-

tera stouc Delbaen and Haezendonck, [10]. Sto shmeÐo autì ja exhg soume thn {pro-

sèggish mèsw martingales ston upologismì asfalÐstrwn se mÐa mh kerdoskopik  agor�

(arbitrage-free-market)pou prot�jhke apì touc Delbaen and Haezendonck}.

SÔmfwna me touc Delbaen and Haezendonck h σ.d. kindÔnou St parist�nei to Ôyoc

twn sunolik¸n apait sewn enìc stajeroÔ qartofulakÐou apì asfalist ria sumbìlaia

pou èqoun katablhjeÐ mèqri th qronik  stigm  t. EpÐ plèon jewroÔn kat�llhlo upìdeigma

gia th σ.d. tou Ôyouc twn sunolik¸n apait sewn thn sÔnjeth σ.d. Poisson. Dhlad ,

St =
∑Nt

k=1Xk, ìpou h {Xk}k∈N∗ eÐnai mÐa σ.d. anex�rthtwn kai isìnomwn t.m. kai h

{Nt}t∈R+ eÐnai mÐa omogen c diadikasÐa Poisson pou eÐnai anex�rthth twn Xk. Oi Delbaen

and Haezendonck upojètoun epÐshc ìti se k�je qronik  stigm  t, h asfalistik  etaireÐa

mporeÐ na poul sei ton enapomeÐnonta kÐnduno (tic enapomeÐnousec apait seic ) ST − St

tou qartofulakÐou thc kat� thn perÐodo (t, T ], gia dosmèno asf�listro pt. Anagkastik�

tìte, ta asf�listra aut� ja eÐnai mÐa problèyimh diadikasÐa. Wc ek toÔtou, h upokeÐmenh

diadikasÐa tim¸n Ut (h axÐa tou qartofulakÐou twn apait sewn sto qrìno t) orÐzetai wc

Ut = pt + St.

T¸ra èrqetai to krÐsimo shmeÐo pou shmatodoteÐ thn apom�krunsh apì tic sun jeic

arqèc apotÐmhshc thc asf�lishc. Oi Delbaen and Haezendonck uposthrÐzoun ìti:

{H dunatìthta na poul�c kai na agor�seic sto qrìno t parist�nei th dunatì-

thta {an�lhyhc} aut c thc politik c. H reustìthta thc agor�c ja èprepe na

sunep�getai ìti den up�rqoun kerdoskopikèc eukairÐec kai wc ek toÔtou sÔm-

fwna me touc Harrison and Kreps (1979) ja èprepe na up�rqei mÐa oudèterou

kindÔnou katanom  pijanìthtac Q, ¸ste h σ.d. U := {Ut}0≤t≤T na eÐnai èna

martingale k�tw apì thn Q.}

To epìmeno b ma sthn apotÐmhsh twn asfalistik¸n sumbolaÐwn gia mh kerdoskopi-

kèc agorèc, eÐnai h epilog  enìc kat�llhlou mètrou Q. Oi Delbaen and Haezendonck

endiafèrontai gia ìla aut� ta mètra Q pou odhgoÔn se grammik� asf�listra thc morf c

pt = (T−t)p(Q) gia thn upokeÐmenh σ.d. kindÔnou S := {St}t∈[0,T ], kai gia ìla ta sumbìlaia
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antasf�lishc uperb�llousac zhmÐac (excess-of-loss reinsurance contracts) me plhrwm 

CK =

NT∑
i=1

(Xi −K)+,

ìpou K eÐnai h tim  ex�skhshc (strike price) tou dikai¸matoc.

H p(Q), h opoÐa exart�tai fusik� apì thn sugkekrimènh upì exètash upèrbash tou

sumbolaÐou perÐsseiac thc ap¸leiac (exess-of-loss contrant), onom�zetai puknìthta a-

sfalÐstrou (premium density). MporeÐ na apodeiqjeÐ ìti autì sunep�getai ìti upì

to mètro Q, h diadikasÐa twn tim¸n U prèpei kai p�li na eÐnai mÐa sÔnjeth σ.d. Poisson,

pijanìtata me diaforetik  katanom  ap¸leiac µ(Q) kai èntash ap¸leiac λ(Q). Tìte h

puknìthta asfalÐstrou p(Q) lamb�nei thn ex c morf 

p(Q) = EQ(U1) = EQ(N1)EQ(X1) = λ(Q)

∫ ∞
0

yµ(Q)(dy).

Oi Delbaen and Haezendonck deÐqnoun epÐshc ìti mporoÔme na l�boume opoiad po-

te katanom  megèjouc apaÐthshc µ(Q) h opoÐa eÐnai isodÔnamh me thn arqik  katanom 

megèjouc thc apaÐthshc µ kai me opoiad pote èntash λ(Q) me ton trìpo autì. Eidikì-

tera, apodeiknÔoun pwc mporoÔme na apokt soume orismènec gnwstèc arqèc upologismoÔ

asfalÐstrou me thn kat�llhlh epilog  twn λ(Q) kai µ(Q).

Oi parap�nw skèyeic twn Delbaen and Haezendonck touc od ghsan sto prìblhma tou

qarakthrismoÔ ìlwn twn katanom¸n pijanìthtac Q, ¸ste na eÐnai proodeutik� isodÔna-

mec me to P kai oi {St}t∈R+ , pou eÐnai sÔnjetec diadikasÐec Poisson k�tw apì to mètro

pijanìthtac P , na paramènoun to Ðdio k�tw apì to Q, to opoÐo èlusan sto [10]. Sto Je¸-

rhma 5.3.7 lÔjhke to antÐstoiqo genikìtero prìblhma gia sÔnjetec memeigmènec diadikasÐec

Poisson.

6.3.3 Par�gwga asf�lishc

MÐa perioq  sten� sundedemènh me thn apotÐmhsh twn asfalistik¸n sumbolaÐwn se peri-

b�llon mh kerdoskopik¸n agor¸n eÐnai h axÐa twn asfalistik¸n parag¸gwn. H plhrwm 

tètoiwn parag¸gwn (en mèrei) sundèetai me tic ap¸leiec k�poiou prokajorismènou qartofu-

lakÐou asfalÐsewn   k�poiou tupopoihmènou deÐkth ap¸leiac. ParadeÐgmata perilamb�noun

ta PCS-dikai¸mata (Property Claim Service-options) pou apoteloÔn antikeÐmeno diaprag-

m�teushc sto Chicago Board of Trade   orismèna legìmena CAT-omìloga (Catastrophe-

bonds, omìloga katastrof¸n) pou ekdÐdontai apì memonwmènec etaireÐec (ant)asf�lishc.

Oi asfalistikèc etaireÐec qrhsimopoioÔn ta mèsa aut� prokeimènou na per�soun mèroc tou

kÐndunou stic agorèc kefalaÐwn. Apì thn �llh, gia orismènouc ependutèc aut� ta par�gw-

ga ja mporoÔse na eÐnai endiafèronta ergaleÐa ¸ste na diaforopoi soun peraitèrw touc
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ependutikoÔc touc kindÔnouc. Gia perissìterec leptomèriec gia ta sugkekrimèna par�gwga

bl. Canter, Cole, and Sandor, [8].

MÐa majhmatik  perigraf  enìc parag¸gou asf�lishc ja mporoÔse na eÐnai wc ako-

loÔjwc.

'Estw S mÐa σ.d. kindÔnou thc morf c St =
∑Nt

i=1Xi pou ekproswpeÐ ton upokeÐmeno deÐ-

kth ap¸leiac. Tìte h plhrwm  enìc tupikoÔ parag¸gou asf�lishc dÐnetai apì k�poia

sun�rthsh F (ST ). Gia par�deigma, sthn perÐptwsh enìc PSC-dikai¸matoc èqoume

F (ST ) = (ST −K1)+ − (ST −K2)+ gia k�poia 0 < K1 < K2.

Gia na exhg soume to basikì prìblhma pou prokÔptei apì thn apotÐmhsh tètoiwn sum-

bolaÐwn, upojètoume ìti h S eÐnai mÐa sÔnjeth σ.d. Poisson, kai ìti se k�je qronik 

stigm  t o upoleipìmenoc kÐndunoc ST − St mporeÐ na agorasteÐ h na pwlhjeÐ gia dosmèno

asf�listro p∗(T − t). H JewrÐa thc mh kerdoskopik c apotÐmhshc t¸ra mac lèei mìno

ìti, met� thn proexìflhsh, k�je bi¸simh diadikasÐa tim¸n gia to par�gwgì mac prèpei na

eÐnai thc morf c Ht = EQ(F (ST )|Ft), ìpou Q ∼ P kai EQ(ST |Ft) = St + p∗(T − t) gia

ìla ta t. Kaj¸c ta megèjh thc apaÐthshc X eÐnai metablhtèc (sÐgoura autì isqÔei, an

mil�me gia asf�lish ènanti katastrofik¸n gegonìtwn) up�rqoun poll� mètra me aut  thn

idiìthta, akìmh kai an h S eÐnai mÐa sÔnjeth σ.d. Poisson, upì to mètro Q. Pr�gmati,

upì orismènec teqnikèc sunj kec k�je nèa èntash λ(Q) > 0 kai k�je katanom  megèjouc

apaÐthshc µ(Q) isodÔnamh me thn katanom  µ twn Xi upì to P ja  tan kat�llhlh, me thn

proôpìjesh ìti λ(Q)
∫∞

0
yµ(Q)(dy) = p∗. H teleutaÐa sqèsh af nei pollèc epilogèc an o

forèac tou µ èqei toul�qiston dÔo stoiqeÐa. Wc ek toÔtou, h apotÐmhsh twn asfalistik¸n

parag¸gwn odhgeÐ se èna prìblhma apotÐmhshc se mh pl reic agorèc. JewroÔme pwc ed¸

h prosèggish elaqistopoÐhshc tou kindÔnou eÐnai kat�llhlh. Gia perissìterec leptomèriec

sqetik� me mejodologikèc aporÐec sqetik� me thn apotÐmhsh parag¸gwn asf�lishc kai gia

èna plhrèstero kat�logo thc sqetik c bibliografÐac, parapèmpoume stouc Embrechts and

Meister, [14]. EpÐ plèon, o Schmock, [29], perièqei mia endiafèrousa suz thsh orismènwn

statistik¸n jem�twn pou prokÔptoun sthn perioq .

6.3.4 Analogistikèc Mèjodoi sta Qrhmatooikonomik�

Mèqri stigm c èqoume asqolhjeÐ kat� kÔrio lìgo me thn efarmog  teqnik¸n thc qrhma-

tooikonomik c apotÐmhshc se asfalistik� probl mata. Wstìso, oi analogistikèc ènnoiec

eÐnai epÐshc shmantikèc gia ta qrhmatooikonomik� probl mata. 'Eqoume dei ìti ta realistik�

montèla eÐnai tupik� atel  gia tic diadikasÐec tim¸n twn periousiak¸n stoiqeÐwn. Ex�l-

lou, se poll� ellip  montèla thc agor�c, h ènnoia thc upèr-antist�jmishc (superhedging)
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den odhgeÐ se ikanopoihtikèc apant seic gia th diaqeÐrish tou kindÔnou twn parag¸gwn.

Sunep¸c, endiafèrousec proseggÐseic se autì to prìblhma, prèpei na perilamb�noun k�-

poio eÐdoc epimerismoÔ twn kindÔnwn metaxÔ agorast  kai pwlht . Eidikìtera, o pwlht c

prèpei na fèrei èna mèroc tou {enapomènontoc kindÔnou}. EpÐ plèon, oi summetèqontec se

agorèc parag¸gwn brÐskontai antimètwpoi me meg�lo mèroc tou pistwtikoÔ kindÔnou, kai

ja  tan yeudaÐsjhsh na pisteÔei kaneÐc ìti ìloc autìc o kÐndunoc mporeÐ na antistajmisteÐ.

Gia perissìterec plhroforÐec sqetik� me ta qrhmatooikonomik� montèla gia epikÐndunouc

pistwtikoÔc tÐtlouc parapèmpoume ston Lando, [22].

Analogistikèc mèjodoi gia th diaqeÐrish tou kindÔnou ja mporoÔsan na apodeiqjoÔn

qr simec gia thn antimet¸pish aut¸n twn mh antistajmismènwn (unhedgeable) kindÔnwn.

Oi en lìgw ènnoiec èqoun  dh efarmosteÐ, gia par�deigma h RAC-(risk adjusted capital)

prosèggish sthn asf�lish èqei gÐnei dhmofil c stic trapezikèc ependÔseic wc ergaleÐo gia

ton prosdiorismì twn kefalaÐwn kai thn katanom  kefalaÐwn. Den eÐnai tuqaÐo ìti h Swiss

Bank Cooperation t¸ra UBS onìmase èna apì ta sust mata diaqeÐrishc tou pistwtikoÔ

kindÔnou thc ACRA to opoÐo antiproswpeÔei thn Analogistik  Logistik  tou PistwtikoÔ

KindÔnou (Actuarial Credit Risk Accounting).
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Par�rthma Aþ

StoiqeÐa JewrÐac Mètrou

Sto akìloujo par�rthma, parajètoume k�poiouc basikoÔc orismoÔc kai apotelèsmata thc

JewrÐac Mètrou.

Aþ.1 Qr simoi OrismoÐ

OrismoÐ Aþ.1.1. OrÐzoume wc σ-�lgebra uposunìlwn tou Ω, mia oikogèneia uposu-

nìlwn tou Ω tètoia ¸ste:

(σ1) To ∅ ∈ Σ

(σ2) Gia k�je E ∈ Σ isqÔei Ec ∈ Σ

(σ3) Gia k�je akoloujÐa {En}n∈N sto Σ isqÔei
⋃
n∈NEn ∈ Σ.

Ta stoiqeÐa thc Σ onom�zontai metr sima sÔnola   endeqìmena. To zeug�ri

(Ω,Σ) onom�zetai metr simoc q¸roc (m.q. gia suntomÐa). MÐa σ−�lgebra F uposu-

nìlwn tou Ω, ¸ste F ⊆ Σ, onom�zetai σ−upo�lgebra thc Σ.

Orismìc Aþ.1.2. Mia oikogèneia {Bj}j∈I onom�zetai diamèrish tou Ω an:

• Bj ∩Bk = ∅ gia k�je j, k ∈ I ¸ste j 6= k kai

•
⋃
j∈I Bj=Ω.

Ja mporoÔsame tic dÔo teleutaÐec idiìthtec na tic sumbolÐzame wc:
⊎
j∈I Bj=Ω. An

epiplèon (Ω,Σ) eÐnai m.q. kai h {Bj}j∈I eÐnai mia oikogèneia sto Σ, tìte aut  onom�zetai

mia Σ-metr simh diamèrish tou Ω.
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Orismìc Aþ.1.3. An Θ eÐnai èna sÔnolo kai T mia σ-�lgebra sto Θ, mÐa sun�rthsh

f : Ω → Θ onom�zetai Σ-T -metr simh   apl¸c metr simh an kai mìno an gia k�je

B ∈ T isqÔei f−1(B) ∈ Σ. Eidik�, an Θ = R kai T = B, tìte h f onom�zetai tuqaÐa

metablht  (t.m.), en¸ an Θ = Rn kai T = B, n ∈ N∗, tìte h f onom�zetai (n-

di�stato) tuqaÐo di�nusma.

Orismìc Aþ.1.4. 'Enac q¸roc mètrou eÐnai mÐa tri�da (Ω,Σ, µ), ìpou

(a) Ω eÐnai èna sÔnolo

(b) Σ eÐnai mÐa σ-�lgebra uposunìlwn tou Ω

(c) µ : Σ −→ [0,∞] eÐnai mÐa sunolosun�rthsh, ¸ste

(i) µ(∅) = 0,

(ii) gia k�je akoloujÐa {En}n∈N∗ stoiqeÐwn thc Σ me Ei ∩Ej = ∅ gia k�je i 6= j ∈
N∗ isqÔei µ(

⋃
n∈N∗ En) =

∑∞
n=0 µ(En).

An to µ eÐnai tètoio ¸ste µ(Ω) = 1 tìte autì onom�zetai mètro pijanìthtac  

pijanìthta kai sumbolÐzetai sun jwc me P . Epomènwc, o antÐstoiqoc q.m. onom�zetai

q¸roc pijanìthtac (q.p.) kai sumbolÐzetai me (Ω,Σ, P ).

Orismìc Aþ.1.5. 'Estw (Ω,Σ, µ) ènac q¸roc mètrou. Wc sÔnolo mhdenikoÔ mètrou

  m-mhdenikoÔ mètrou   m-mhdenikì sÔnolo, orÐzoume èna sÔnolo N ∈ Σ an kai

mìno an µ(N) = 0.

Orismìc Aþ.1.6. 'Ena mètro pijanìthtac P onom�zetai tèleio (kai o q.p. (Ω,Σ, P )

onom�zetai tèleioc), an gia k�je tuqaÐa metablht  Q sto Ω up�rqei èna sÔnolo Borel

B⊆Q(Ω) := {Q(ω) : ω ∈ Ω} tètoio ¸ste, P (Q−1(B)) = 1.

Aþ.2 Basik� Apotelèsmata

Je¸rhma Radon-Nikodym Aþ.2.1. 'Estw µ, ν peperasmèna mètra ep�nw ston m.q.

(Ω,Σ). An ν � µ, tìte up�rqei f ∈ L1
+(µ) ¸ste

ν(A) =

∫
A

fdµ gia k�je A ∈ Σ.

H f onom�zetai par�gwgoc Radon-Nikodym tou ν wc proc µ kai eÐnai µ − σ.β.
monadik .

Gia perissìterec leptomèreiec bl. p.q. [1], Je¸rhma 10.12(b).
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L mma Aþ.2.2. 'Estw Ω èna uposÔnolo kai D mÐa oikogèneia uposunìlwn tou Ω. Tìte

ta akìlouja eÐnai isodÔnama

(i) (Dyn1)′ Ω ∈ D

(Dyn2)′ B \ A ∈ D, gia A,B ∈ D kai A ⊆ B

(Dyn3)′
⋃
n∈NAn ∈ D, gia k�je aÔxousa akoloujÐa {An}n∈N uposunìlwn sto D.

(ii) (Dyn1) ∅ ∈ D

(Dyn2) Ω \ A ∈ D, gia k�je A ∈ D

(Dyn3)
⋃
n∈NAn ∈ D, gia k�je aÔxousa akoloujÐa {An}n∈N xènwn an� dÔo uposu-

nìlwn sto D.

Orismìc Aþ.2.3. An èna sÔnolo D ⊆ P(Ω) ikanopoieÐ tic sunj kec (i)   (ii) tou

L mmatoc Aþ.1.2 tìte lègetai kl�sh Dynkin uposunìlwn tou Ω.

Je¸rhma Monìtonhc Kl�shc Aþ.2.4. 'Estw Ω èna sÔnolo kai D mÐa kl�sh Dynkin

uposunìlwn tou Ω. Upojètoume ìti to sÔnolo I ⊆ D eÐnai tètoio, ¸ste I ∩ J ∈ I gia

ìla ta I, J ∈ I. Tìte h D perièqei thn σ(I).

Gia thn apìdeixh tou L mmatoc Aþ.2.2 kai tou Jewr matoc Monìtonhc Kl�shc bl. p.q.

[16], Lemma 136 A kai Theorem 136 B.

Je¸rhma kuriarqhmènhc sÔgklishc tou Lebesgue Aþ.2.5. 'Estw (Ω,Σ, µ) ènac

q¸roc mètrou kai {fn}n∈N mÐa akoloujÐa Σ−metrhsÐmwn sunart sewn fn : Ω −→ R, ¸ste
na up�rqei to ìrio f(x) := limn−→∞ fn(x) ∈ R gia µ−sqedìn ìla ta x ∈ Ω. EpÐ plèon

upojètoume, ìti up�rqei g ∈ L1(µ) ¸ste |fn| ≤ g m-sqedìn pantoÔ gia k�je n ∈ N. Tìte
f ∈ L1(µ), gia k�je n ∈ N isqÔei fn ∈ L1(µ), up�rqei to limn−→∞

∫
fndµ ∈ R kai isqÔei

lim
n−→∞

∫
fndµ =

∫
fdµ.

Gia thn apìdeixh tou parap�nw Jewr matoc bl. p.q. [5], Je¸rhma kuriarqhmènhc

sÔgklishc tou Lebesgue 2.3.5.
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Par�rthma Bþ

StoiqeÐa JewrÐac Pijanot twn

Sto par�rthma autì dÐnontai orismènoi basikoÐ orismoÐ thc JewrÐac Pijanot twn kaj¸c

kai oi katanomèc pijanìthtac pou anafèrjhkan sthn paroÔsa ergasÐa.

Bþ.1 Qr simoi OrismoÐ

OrismoÐ Bþ.1.1. 'Estw (Ω,Σ, P ) ènac q.p. Gia mia t.m Q: Ω → R h sunolosun�rthsh

PX : B→ R me tÔpo

PX(B) := P (X−1(B)) gia k�je B ∈ B

eÐnai èna mètro pijanìthtac kai onom�zetai katanom  pijanìthtac thc t.m. Q.

M�lista, an up�rqei x ∈ R ¸ste PX({x}) = 1, tìte h PX onom�zetai ekfulismènh

katanom  (pijanìthtac)(degenerate (probability) distribution).

H PX (antÐstoiqa h t.m. X) par�gei thn sun�rthsh katanom c (σ.κ.) FX : R→
[0, 1] thc t.m. X, pou orÐzetai apì ton tÔpo:

FX(x) := PX
(
(−∞, x]

)
= P (X ≤ x) gia k�je x ∈ R.

Apì Prìtash 1.4.9, [5], apodeiknÔetai pwc h FX eÐnai pr�gmati σ.κ. AxÐzei na shmeiwjeÐ

epÐshc pwc h σ.κ. FX miac t.m. Q ikanopoieÐ th sqèsh:

PX(B) = P (X ∈ B) = λFX (B) gia k�je x ∈ R, B ∈ B.

ìpou λFX (B) eÐnai mètro Lebesgue-Stieltjes pou ep�getai apì thn FX (bl. p.q [5], Prìtash

1.4.10).

Mia (σ.κ.) F : R→ R onom�zetai:
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• Diakrit  an kai mìno an eÐnai thc morf c

F (x) =
∑

k∈K:k≤x

f(k) gia k�je x ∈ R

gia k�poio arijm simo sÔnolo K ⊆ R kai gia k�poia Borel metr simh sun�rthsh

f : K → R+. H f onom�zetai me th seir� thc sun�rthsh pijanìthtac (σ.p.)

thc F .

• Suneq c an h F eÐnai suneq c sun�rthsh.

• Apìluta Suneq c an eÐnai thc morf c:

F (x) =

∫ x

−∞
f(t)dt gia k�je x ∈ R,

gia k�poia Borel metr simh sun�rthsh f : R→ R+ me thn idiìthta
∫∞
−∞ f(t)dt = 1. H

f onom�zetai me th seir� thc sun�rthsh puknìthtac pijanìthtac (σ.π.π.).

Profan¸c, an h t.m. X eÐnai apìluta suneq c, tìte ja eÐnai kai suneq c. Epeid  sthn

paroÔsa ergasÐa ja asqolhjoÔme mìno me (diakritèc kai) apìluta suneqeÐc t.m., sto ex c

gr�fontac suneq c t.m. ja ennooÔme apìluta suneq c t.m. EpÐshc ja lème ìti h t.m.

X me sÔnolo tim¸n RX akoloujeÐ thn katanom  K(θ) me parametrikì di�nusma θ :=

(θ1, . . . , θm) ∈ Θ, ìpou m ∈ N∗ kai Θ ⊆ Rm, kai ja sumbolÐzoume gia to antÐstoiqo mètro

pijanìthtac PX = K(θ) an kai mìno an

PX(B) =

∫
B

fX(x)χRXdν(x) =

∫
B∩RX

fX(x)dν(x) gia k�je B ∈ B

ìpou fX h antÐstoiqh σ.(π.)π., kai ν to arijmhtikì mètro ep�nw sto N   to mètro tou

Lebesgue λ ep�nw sto R an�loga me to an h t.m. X eÐnai suneq c   diakrit .

An h t.m. X eÐnai diakrit , tìte to olokl rwma gÐnetai �jroisma   seir�, an�loga me to

an to RX eÐnai peperasmèno   arijm simo, antÐstoiqa.

Orismìc Bþ.1.2. Gia mia t.m. X : Ω→ R to olokl rwma

EX := E[X] :=

∫
XdP =

∫
Ω

X(ω)P (dω) =

∫
Ω

X(ω)dP (ω)

onom�zetai h mèsh tim    anamenìmenh tim    majhmatik  elpÐda thc t.m. X.

Eidik� an h t.m. X ∈ L1(P ) tìte h E[X] ∈ R, kai eÐnai ènac arijmìc.

130



StoiqeÐa JewrÐac Pijanot twn

OrismoÐ Bþ.1.3. 'Estw (Ω,Σ, P ) kai (Υ, T,Q) q.p. 'Ena R ⊆ Ω × Υ onom�zetai me-

tr simo orjog¸nio tou Ω × Υ an gr�fetai R = A × B, ìpou A ∈ Σ kai B ∈ T .

Epiprìsjeta, h σ-�lgebra pou par�getai apì thn oikogèneia twn metr simwn orjogwnÐwn

lègetai σ-�lgebra-ginìmeno twn Σ kai T kai sumbolÐzetai me Σ⊗ T .
'Estw epÐshc o q.p. (Ω × Υ,Σ ⊗ T, ρ). To mètro ρ onom�zetai mètro ginìmeno

twn P kai Q kai sumbolÐzetai me P ⊗ Q, an kai mìno an gia k�je A ∈ Σ kai B ∈ T

ikanopoieÐ thn idiìthta ρ(A×B) = P (A)Q(B). H tri�da (Ω×Υ,Σ⊗T, P ⊗Q) onom�zetai

q.p.-ginìmeno.

Orismìc Bþ.1.4. E�n I eÐnai èna opoiod pote m  kenì sÔnolo deikt¸n, kai {Ωi,Σi, Pi}i∈I
eÐnai mia oikogèneia q.p., tìte gia k�je ∅ 6= J ⊆ I sumbolÐzoume me (ΩJ ,ΣJ , PJ) ton q.p.-

ginìmeno ⊗i∈J(Ωi,Σi, Pi) := (
∏

i∈J Ωi ⊗i∈J Σi ⊗i∈J Pi). An (Ω,Σ, P ) eÐnai ènac q.p.

sumbolÐzoume me P I thn pijanìthta ginìmeno ston ΩI kai me ΣI to pedÐo orismoÔ tou

P I .

OrismoÐ Bþ.1.5. Ta endeqìmena A1, . . . , An ∈ Σ (n ∈ N : n ≥ 2) onom�zontai ane-

x�rthta an kai mìno an P
(⋂k

j=1 Aij
)

=
∏k

j=1 P (Aij) gia k�je 1 ≤ i1 ≤ · · · ≤ ik ≤ n

kai gia k�je k ∈ N∗. OmoÐwc, oi t.m. X1, . . . , Xn : Ω → R (n ∈ N : n ≥ 2) onom�-

zontai anex�rthtec an kai mìno an gia k�je akoloujÐa {αk}k∈N∗n pragmatik¸n arijm¸n,

ta endeqìmena {Xk ≤ αk}k∈N∗n eÐnai anex�rthta. IsodÔnama, oi t.m. X1, . . . , Xn eÐnai a-

nex�rthtec an kai mìno an gia k�je akoloujÐa {Bk}k∈N∗n stoiqeÐwn thc B ta endeqìmena

{Xk ∈ Bk}k∈N∗n eÐnai anex�rthta (bl. p.q.[5], Parat rhsh 3.2.5(b)) Akìmh pio genik�,

mia �peirh oikogèneia t.m. onom�zetai anex�rthth an kai mìno an k�je peperasmènh

upooikogènei� thc eÐnai anex�rthth.

Oi σ-upo�lgebrec Σ1, . . . ,Σn (n ∈ N : n ≥ 2) thc Σ onom�zontai anex�rthtec an

kai mìno an gia k�je k ∈ N∗n kai gia k�je Ak ∈ Σk ta A1, . . . , An eÐnai anex�rthta ende-

qìmena. Genikìtera, mia �peirh oikogèneia σ-upoalgebr¸n thc Σ onom�zetai oikogèneia

anex�rthtwn σ-upoalgebr¸n thc Σ an kai mìno an opoiesd pote kai osesd pote

peperasmènec sto pl joc apì autèc, eÐnai anex�rthtec.

OrismoÐ Bþ.1.6. MÐa oikogèneia {Xj}j∈I , ìpou I èna merik¸c diatetagmèno sÔnolo (bl.

p.q [4], Orismìc 1.19), metr simwn sunart sewn Xj : Ω → R (j ∈ I) onom�zetai sto-

qastik  diadikasÐa (σ.d.)   stoqastik  anèlixh. Epiplèon, an to I eÐnai èna

uperarijm simo uposÔnolo tou R tìte lème ìti h {Xj}j∈I eÐnai mia σ.d. suneqoÔc

qrìnou, en¸ an to I ⊆ Z, tìte lème ìti h {Xj}j∈I eÐnai mia σ.d. diakritoÔ qrìnou.

Mia σ.d. {Xt}t∈R+ eÐnai:
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• Mia σ.d. anex�rthtwn prosaux sewn   èqei anex�rthtec prosaux -

seic an kai mìno an gia k�je m ∈ N∗, t0, t1, . . . , tm ∈ R+ ¸ste 0 = t0 < t1 < · · · <
tm oi prosaux seic Xtj −Xtj−1

(j ∈ N∗m) eÐnai metaxÔ touc anex�rthtec.

• Mia σ.d. st�simwn prosaux sewn   èqei st�simec prosaux seic an kai

mìno an gia k�je m ∈ N∗, h ∈ R+ kai t0, t1, . . . , tm ∈ R+ tètoia ¸ste 0 = t0 <

t1 < · · · < tm h oikogèneia twn prosaux sewn {Xtj+h −Xtj−1+h}j∈N∗m , èqei thn Ðdia

katanom  me thn {Xtj −Xtj−1
}j∈N∗m , dhlad  an kai mìno an gia k�je j ∈ N∗m kai gia

k�je h ∈ R+ isqÔei PXtj+h−Xtj−1+h
= PXtj−Xtj−1

.

Bþ.2 Qr simec Katanomèc Pijanìthtac

Bþ.2.1 Diakritèc katanomèc

(i) Arnhtik  Diwnumik  Katanom  (tÔpou I) (PX = NB(r, p))

• fX(x) =
(
x+r
r

)
pr(1− p)x gia k�je x ∈ N, r ∈ (0,∞), p ∈ (0, 1).

• ϕX(u) =
(
p/[(1− (1− p)eiu]

)r
gia k�je u ∈ R, ìpou i h fantastik  mon�da.

• EX = r/p, V X = r(1− p)/p2.

Shmei¸noume ìti
(
x+r
r

)
:= Γ(x+ r)/[x!Γ(r)] gia k�je x, r ∈ (0,∞).

(ii) Katanom  Poisson (PX = P(λ))

• fX(x) = e−λ(λx/x!) gia k�je x ∈ N, me λ > 0.

• ϕX(u) = eλ(eiu−1) gia k�je u ∈ R.

• EX = V X = λ.

Bþ.2.2 SuneqeÐc katanomèc

(i) Ekjetik  Katanom  (PX = Exp(λ))

• fX(x) = λe−λx gia k�je x ∈ (0,∞), me λ > 0.

• ϕX(u) = λ/(λ− iu) gia k�je u ∈ R.

• EX = 1/λ, V X = 1/λ2.

(ii) Katanom  G�mma (PX = Ga(α, β))

• fX(x) = βα

Γ(α)
· xα−1e−βx gia k�je x ∈ (0,∞), me α, β > 0.
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• ϕX(u) = [β/(β − iu)]α gia k�je u ∈ R.

• EX = α/β, V X = α/β2.

Shmei¸noume ìti Γ(α) =
∫∞

0
xα−1e−xdx gia k�je α > 0.

(iii) Katanom  Pareto (PX = Pa(α, β))

• fX(x) = α · βα(β + x)−(α+1) gia k�je x > 0, me α, β > 0.

(iv) Genikeumènh Katanom  G�mma (PX = Ga(a, b, c))

• fX(x) =
(c/ab)x(b−1)e−(x/a)c

Γ(d/c)
gia k�je x ∈ (0,∞), me a, b, c > 0.

• EX = aΓ((b+1)/c)
Γ(b/c)

, V X = a2

(
Γ((b+2)/c)

Γ(b/c)
−
(

Γ((b+1)/c)
Γ(b/c)

)2
)
.

(v) Genikeumènh Katanom  Pareto (PX = Pa(a, b, c))

• fX(x) = c1/a

(c+a(x−b))(1/a)+1 gia x ≥ b ìtan a ≥ 0 kai b ≤ x ≤ b − (c/a) ìtan

a < 0.

• EX = b+ c
1−a , (a < 1) kai V X = c2

(1−a)2(1−2a)
, (a < 1

2
).

(vi) AntÐstrofh Gaussian Katanom  (PX = IG(α))

• fX(x) = (2/α)1/2

π1/2 x−3/2 · e−α/2x gia k�je x > 0, me α > 0.
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