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Prìlogoc

Kal¸c   kak¸c, h paroÔsa ergasÐa èftase sto tèloc thc. O qrìnoc ja
deÐxei, an eÐnai mia qr simh melèth   mia akìmh ergasÐa pou ja << sapÐzei >> sta
r�fia thc biblioj khc tou PanepisthmÐou Peirai¸c, pou upobl jh mìno gia
thn apìkthsh k�poiou AkadhmaðkoÔ tÐtlou.

Sun�ma, mazÐ me autì to tèloc èftase kai to tèloc enìc taxidioÔ proc autì
pou apok�lese, prin apì perÐpou 2500 qrìnia, o Aristotèlhc wc << upèrtaton
agajìn >>, th gn¸sh. En ètei 2011, se mia koinwnÐa h opoÐa apostrèfetai
proc autì to agajì, h apìkthsh k�poiou AkadhmaðkoÔ tÐtlou eÐnai m�llon mia
sunhjismènh kai qwrÐc nìhma outopÐa.

Wstìso h diadikasÐa apìkthshc k�je AkadhmaðkoÔ tÐtlou den paÔei na
eÐnai, sÔn toic �lloic, èna taxÐdi proc th mình kentrofìro dÔnamh pou k�nei
th Gh na gurÐzei.

Met� to sÔntomo << egk¸mio >> proc thn gn¸sh, ja  jela na euqarist sw
jerm� ton PolÐth, pou up rxe << sunodoipìroc >> se autì to taxÐdi, kaj¸c kai
ston ai¸nio sunodoipìro thc gn¸shc kai thc zw c, ton Mèga D�skalo. 'Opou
ja  jela kai na tou afier¸sw to parìn èrgo wc el�qisto fìro tim c se ìla
aut� pou mou èqei prosfèrei.





PerÐlhyh

AntikeÐmeno melèthc thc paroÔsac ergasÐac eÐnai h susqètish tou elleÐm-
matoc kai tou pleon�smatoc th stigm  thc qreokopÐac, dojèntoc ìti sumbaÐnei
qreokopÐa   alloi¸c SSEP, ìpwc kai ja anafèretai suntomografik�. EÐnai
gnwstì ìti sthn perÐptwsh pou oi apait seic miac asfalistik c epiqeÐrhshc
akoloujoÔn thn Ekjetik  katanom , tìte oi autèc oi dÔo tuqaÐec metablhtèc
eÐnai stoqastik� anex�rthtec.

To gegonìc autì faÐnetai na èqei mia fusik  ermhneÐa, kajìti h bajmÐda
apotuqÐac thc katanom c isorropÐac twn kindÔnwn parousi�zei dipl  monoto-
nÐa. AfoÔ h en lìgw katanom  akoloujeÐ, epÐshc, thn Ekjetik  katanom  me
�mesh sunèpeia to upìdeigma na upìkeitai sthn ' amn mona ' idiìthta.

Ti sumbaÐnei, ìmwc, ìtan h katanom  twn kindÔnwn kai kat' epèktash h
katanom  isorropÐac an kei apokleistik� kai mìno se mia kl�sh g ranshc? 'Ena
par�deigma pou apant� sto en lìgw er¸thma eÐnai h perÐptwsh pou oi kÐndunoi
akoloujoÔn th katanom  G�mma, h opoÐa gia par�metro morf c mikrìterh thc
mon�dac (n < 1) an kei sthn kl�sh g ranshc DFR kai ìtan eÐnai megalÔterh
thc mon�dac (n > 1), tìte an kei sthn kl�sh g ranshc IFR.

Mia akìma pio polÔplokh perÐptwsh pou parousi�zetai sto parìn èrgo,
eÐnai h perÐptwsh pou h bajmÐda apotuqÐac thc katanom c isorropÐac all�zei
monotonÐa ston jetikì hmi�xona. Aut  h ekdoq  pragmatopoieÐtai ìtan oi
kÐndunoi akoloujoÔn mia mÐxh IFR katanom¸n, ìpwc eÐnai h mÐxh Ekjetik c
kai G�mma katanom c.

Sto sugkekrimèno par�deigma diapist¸netai, sun toic �lloic, ìti h Ek-
jetik  katanom  den eÐnai h mình suneq c katanom  kata thn opoÐa oi mh
elleimmatikèc tuqaÐec metablhtèc elleÐmmatoc kai pleon�smatoc parousi�zoun
stoqastik  anexarthsÐa.

Akribologìntac, sthn paroÔsa ergasÐa upologÐzetai kai melet�tai o SSEP
gia mia ' plei�da ' katanom¸n kindÔnwn (pou an koun se diaforetik  kl�sh
g ranshc) sto klasikì upìdeigma thc JewrÐac QreokopÐac. EpÐshc mele-
t¸ntai oi prokatarktikèc sunart seic pou sunteloÔn ston upologismì tou
SSEP, k�jwc kai h monotonÐa twn bajmÐdwn apotuqÐac twn upì exètash
katanom¸n, afoÔ ìpwc diapist¸netai paizei kajoristikì rìlo sto prìshmo
pou lamb�nei h sundiakÔmansh.

H paroÔsa melet  perièqei ektìc apì ta Perieqìmena kai th BibliografÐa,
Glwss�ri statistik¸n kai analogistik¸n ìrwn kaj¸c kai Perieqìmena sunto-
mografi¸n kai sumbolo - sunart sewn. H melèth kajÐstatai efikt  dia mèsou
thc bo jeiac tou algebrikoÔ progr�mmatoc Maple, ìpwc kai paratÐjentai oi
antÐstoiqoi k¸dikec.





Abstract

For the classical model with Poisson arrivals of Risk Theory, we study the
covariance and correlation of the surplus prior to ruin and the deficit at ruin,
given that ruin occurs. When the claim sizes are exponentially distributed
it is known that these two variables are stochastically independent.

This seems to have a reasonable explanation, due to the fact that the
failure rate of equilibrium distribution is not only an increasing but also a
decreasing function, at the same time. Since that distribution is Exponential
too, as a result the classic model of Risk Theory is bound in ”memoryless”
property of the Exponential distribution.

What happens, however, when the severity distribution only belongs to
one aging class? An example, which responds to that question, is the case in
which severity distribution is the Gamma. Then for shape parameter bellow
one (n < 1), then the failure rate of equilibrium is only increasing. So, that
distribution belongs to IFR old age class. However, if the shape parameter
is above one (n > 1), then it is decreasing. So, both severity and equilibrium
distribution belong to the DFR class.

A more advanced example, which is considered in the present work, is
the case in which the failure rate changes its monotonicity on the positive
axis. This occurs when the severity distribution is a mixture of IFR distri-
butions under some instances, such as mixture of Exponential and Gamma
distributions with shape parameter longer the two (n > 2).

In that example it is observed that the Exponential distribution is not
the only distribution in which the two random variables (depict and surplus)
are stochastically independent

In order to be more clear, in this master’s thesis we study the correlation
between the proper random variables of deficit and surplus (SSEP) for a va-
riety of severity distributions which belong to different aging classes class. It
is also studied both the prelementary functions of SSEP and the monotonic-
ity of failure rate of severity distributions, since it is proved that the sign of
covariance depends on monotonicity of failure rate.

Apart from an Index and Bibliography, a Glossary of statistical and ac-
tuarial terms and an Index for symbol-functions are included as well. Most
of the calculations are made via the mathematical software Maple and some
examples of the codes are presented.
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Kef�laio 0

Eisagwg 

0.1 Apì ton Lundberg ... ston Gerber

H epist mh twn asfalÐsewn diakrÐnetai se dÔo kl�douc an�loga me ton trìpo
pou upologÐzontai ta asf�listra kai ta apojematik� thc asfalistik c e-
tairÐac. Eidikìtera diakrÐnetai ston kl�do Zw c (Life Insurance) kai ston
kl�do twn genik¸n asfalÐsewn (General Insurance   Non - Life Insurance).1

Gia ta majhmatik� twn Genik¸n AsfalÐsewn, par� to gegonìc ìti faÐnetai
na èqoun makr� istorÐa, mìlic to 1747 se mia ergasÐa tou Carbyn Morris gÐne-
tai mia pr¸th prosp�jeia majhmatik c prosèggishc. H sugkekrimènh ergasÐa
aforoÔse sth melèth thc ' pijanìthtac tou kindÔnou ' kai thc oikonomik c
epÐdrashc tou kindÔnou autoÔ gia ènan asfalist .

To 1859, o Carl Bremiker ja asqolhjeÐ me thn ' katanom  twn suno-
lik¸n apozhmi¸sewn ', kaj¸c kai me to anagkaÐo perij¸rio asfaleÐac. Ta
dÔo auta jèmata èqoun meÐzona qarakt ra sth JewrÐa thc QreokopÐac, all�
kai genikìtera sth JewrÐa twn KindÔnwn.

Wstìso, o patèrac thc JewrÐac twn KindÔnwn, ìpwc dikaiwmatik� apoka-
leÐtai o Souhdìc majhmatikìc Philip Lundberg èmelle na jèsei ta jemèlia
kai na orÐsei to ' monop�ti ' sto opoÐo mèqri s mera badÐzoun ìloi oi ereunh-
tèc pou asqoloÔntai me to sugkekrimèno pedÐo. DhmioÔrghma tou SouhdoÔ
majhmatikoÔ  tan ' to klasikì upìdeigma thc JewrÐac thc QreokopÐac '. To
en lìgw upìdeigma parousi�sthke sta plaÐsia thc didaktorik c tou diatrib c
kai èfere ton tÐtlo ”On the Theory of Reinsurance”.

To klasikì upìdeigma thc JewrÐac QreokopÐac k�nei eureÐa qr sh sto-
qastik¸n anelÐxewn. 'Etsi ìla aut� ta qrìnia h an�ptuxh autoÔ tou pedÐou
thc JewrÐac Pijanot twn èdwse mia meg�lh ¸jhsh sth gigantiaÐa an�ptuxh
thc Analogistik c epist mhc, genikìtera. Meg�loc presbeut c aut c thc

1
Στην παρούσα μελέτη θα επικεντρωθούμε κυρίως στον δεύτερο κλάδο ασφαλίσεων
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prosp�jeiac up rxe o statistikìc Harald Cramer.
Karpìc thc teleutaÐac an�ptuxhc eÐnai h genÐkeush tou klasikoÔ upodeÐg-

matoc thc JewrÐac QreokopÐac apì touc Dr. Gerber & Shiu . Autì prag-
matopoi jhke to ètoc 1998 sto �rjro ”On the time value of Ruin”.

KleÐnontac aut  thc sÔntomh istorÐa thc JewrÐac twn KindÔnwn, ja lègame
ìti katalutikì rìlo sthn an�ptuxh aut c thc epist mhc den èpaixan mìno ta
spoudaÐec ergasÐec twn Cramer kai Kolmogorov, all� kai h Ðdia h koinw-
nÐa. 'Allwste se tètoiou eÐdouc epist mec (koinwnikèc) o ereunht c empnèetai
apì thn dom  kai ta qarakthristik� thc koinwnÐac, me ton Ðdio trìpo pou o
majhmatikìc lamb�nei erejÐsmata apì thn FÔsh.

'Etsi to ìlo kai pio polÔploko sÔsthma thc koinwnÐac, pou èqei �mesa
antÐktupo sthn OikonomÐa kai fusik� sthn Asf�lish, odhgeÐ ta stelèqh thc
ek�stote asfalistik c etaireÐac na efarmìsoun nèa kai pio euèlikta ergaleÐa
twn majhmatik¸n prokeimènou na k�noun asfaleÐc problèyeic se èna ' qaotikì
' perib�llon. Se antÐjesh me ta ' peir�mata ' thc paroÔsac ergasÐac pou
upìkeintai se èna ' aitiokratikì perib�llon ' (deterministic environment).

0.2 H dom  thc ergasÐac

H paroÔsa ergasÐa, ja lègame, ìti qwrÐzetai se dÔo mèrh. Sto pr¸to mèroc
parousi�zetai to jewrhtikì upìbajro, to opoÐo apoteleÐtai apì ta Kef�laia
1, 2 kai en mèrei apì to 3. En¸ to deÔtero mèroc apoteleÐtai apì ta Kef�laia
3 ewc 6, ìpou kai parousi�zetai h melèth tou SSEP (suntelest c susqètishc
elleÐmmatoc kai pleon�smatoc, bl. Parat rhsh 4.1).

Analutikìtera de:
Sto pr¸to Kef�laio, gÐnetai mia en t�qei jewrhtik  episkìphsh sth

JewrÐa twn Pijanot twn. Eidikìtera parousi�zontai sunart seic pou peri-
gr�foun mia monodi�stath kai didi�stath tuqaÐa metablht , ìpwc eÐnai h apì
koinoÔ sun�rthsh puknìthtac pijanìthtac, h perij¸ria sun�rthsh puknìth-
tac, h majhmatik  elpÐda, h diaspor� kai o metasqhmatismìc Laplace. EpÐshc
parousi�zetai h ènnoia thc stoqastik c diadikasi�c kai h susqètish metaxÔ
dÔo tuqaÐwn metablht¸n.

StoKef�laio 2 gÐnetai epÐshc mia jewrhtik  episkìphsh, aut  th for�,
sthn JewrÐa QreokopÐac. Ed¸, parousi�zetai to legìmeno klasikì upìdeigma,
kaj¸c kai h genÐkeus  tou. 'Ennoiec ìpwc, pleìnasma, èlleimma, SAP (sto-
qastik  anèlixh pleon�smatoc), pijanìthta qreokopÐac kai apì koinoÔ kata-
nom  elleÐmmatoc - pleon�smatoc, eÐnai mìno merikèc ènnoiec pou parousi�zo-
ntai sto sugkekrimèno Kef�laio.

Gia thn perÐptwsh pou den up�rqei arqikì apojematikì kai proexoflhtikìc
par�gontac, apodeiknÔetai (bl. Prìtash 4.2) ìti h bajmÐda apotuqÐac thc
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tuqaÐac metablht c thc katanom c isorropÐac paÐzei meÐzona kai kajoristikì
rìlo sto prìshmo pou lamb�nei o SSEP. Gia to lìgo autì, sto Kef�laio
3, parousi�zontai k�poiec ènnoiec apì thn JewrÐa AxiopistÐac, kaj¸c kai h
melèth twn bajmÐdwn apotuqÐac twn katanom¸n pou qrhsimopoioÔntai gia thn
eÔresh tou SSEP. H Ekjetik  katanom , h katanom  G�mma kai h mÐxh aut¸n
eÐnai katanomèc gia tic opoÐec h bajmÐda apotuqÐac melat�tai.

StoKef�laio 4, ìpwc proðde�zei kai o tÐtloc pou fèrei, parousi�zontai
analutikèc algebrikèc ekfr�seic twn prokatarktik¸n sunart sewn pou sun-
teloÔn ston upologismì tou ap¸terou stìqou mac, pou den eÐnai �lloc apì
ton upologismì tou SSEP. Oi en lìgw prokatarktikèc sunart seic, den eÐnai
�llec apì thn sundiakÔmansh metaxÔ twn tuqaÐwn metablht¸n tou elleÐmmatoc
kai tou pleon�smatoc, h diaspor� thc tuqaÐac metablht c tou elleÐmmatoc kai
h diaspor� thc tuqaÐac metablht c tou pleon�smatoc. EpÐshc, h an�lush se
autì to Kef�laio pragamatopoieÐtai apousÐa arqikoÔ apojèmatoc (u = 0) kai
proexoflhtikoÔ par�gonta (δ = 0).

ApenantÐac, stoKef�laio 5 pragmateÔontai ìla aut� pou anafèrjhkan
gia to Kef�laio 4, me mình diafor� ìti oi prokatarktikèc sunart seic ana-
par�gontai parousÐa arqikoÔ apojèmatoc (u ≥ 0).

Sunèqeia twn KefalaÐwn 4 kai 5 eÐnai toKef�laio 6, to opoÐo afier¸ne-
tai sth spoud  tou SSEP. Sto Ðdio Kef�laio perièqetai, epÐshc, mia Enìthta
sthn opoÐa melet�tai o SSEP upì tic proôpojèseic pou den up�rqei arqikì
apìjema, en¸ up�rqei proexoflhtikìc par�gontac. Sthn en lìgw Enìthta
gÐnetai idiaÐterh mneÐa sthn genikeumènh exÐswsh tou Lundberg, kaj¸c h ana-
paragwg  tou suntelest  susqètishc epitugq�netai dia mèsou thc jetik c
rÐzac thc proanaferjeÐsac isìthtac (exÐswsh Lundberg).

EpÐ thc ousÐac, o SSEP parousÐa proexoflhtikoÔ par�gonta eÐnai mia
genÐkeush tou antÐstoiqou suntelest  apousÐac proexoflhtikoÔ par�gonta.

H par�jesh thc upologistik c diadikasÐac pou qrhsimopoi jhke prokeimè-
nou na exaqjoÔn ìla ta algebrik� apotelèsmata, tìso gia tic prokatarktikèc
sunart seic tou SSEP ìso kai tou Ðdiou tou SSEP krÐnetai anagkaÐa. Gia
to lìgo autì ta Parart mata A ewc I afier¸nontai se autì to skopì.

Gia thn akrÐbeia, sto Parart mata A parousi�zontai di�foroi PÐ-
nakec, stouc opoÐouc emperièqontai k�poiec suntomeÔseic kai sÔmbola pou
qrhsimopoioÔntai sto keÐmeno, kaj¸c kai kwdikograf seic sunart sewn pou
qrhsimopoioÔntai ston k¸dika tou algebrikoÔ progr�mmatoc Maple.

Sta enapomeÐnanta Parart mata, parousi�zontai ameig¸c oi k¸dikec gia
ton upologismì tou SSEP gia k�je perÐptwsh katanom c kindÔnwn.
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Kef�laio 1

To pijanojewrhtikì upìbajro

1.1 Eisagwg 

H JewrÐa Pijanot twn apoteleÐ èna shmantikì komm�ti twn majhmatik¸n, to
opoÐo asqoleÐtai me th prìbleyh tuqaÐwn fainomènwn. K�poia apì ta basik�
ergaleÐa thc eÐnai: ta endeqìmena, oi tuqaÐec metablhtèc kai oi stoqastikèc
anelÐxeic, oi opoÐec apoteloÔn oikogèneiec tuqaÐwn metablht¸n.

Wc majhmatikì jemèlio, h JewrÐa Pijanot twn eÐnai aparaÐthth gia pollèc
anjr¸pinec drasthriìthtec. Fainìmena ìpwc h jnhsimìthta, fusikèc katastro-
fèc kai �lla tètoia gegonìta, pou aforoÔn se mia mellontik  kat�stash  tan
kai eÐnai merik� apì ta antikeÐmena melèthc gia polloÔc ereunhtèc se k�je
perÐodo thc istorÐac tou anjr¸pinou eÐdouc.

'Oson anafor� sthn epist mh tou AnalogismoÔ, h JewrÐa Pijanot twn
apoteleÐ to basikì lÐjo aut c. Se ìla sqedìn ta probl mata tou AnalogismoÔ
kai kurÐwc se aut� pou jèloume na èqoume mia xek�jarh ap�nthsh, up�rqei
meg�loc bajmìc tuqaiìthtac. Autì shmaÐnei ìti oi Analogistikèc ontìthtec
pou parousi�zoun shmantikì endiafèron, ìpwc h katanom  enìc tuqaÐou ajroÐ-
smatoc, h pijanìthta èleushc enìc katastrofikoÔ gegonìtoc, h pijanìthta
qreokopÐac kai �lla tètoia jèmata parousi�zoun meg�lh metablhtìthta, me
apotèlesma thn anikanìthta upologism¸n qwrÐc th qr sh basik¸n ergaleÐwn
thc JewrÐac Pijanot twn.

H metablhtìthta faÐnetai na akoloujeÐ touc nìmouc thc tÔqhc; �mesh
sunèpeia tou gegonìtoc autoÔ eÐnai ìti ta upodeÐgmata pou èqoun sqediasteÐ
gia na perigr�youn kai na problèyoun mia kat�stash, perièqoun tuqaÐec meta-
blhtèc pou sun jwc èqoun �mesh sqèsh me to qrìno. Me �lla lìgia aut� ta
upodeÐgmata den eÐnai tÐpote �llo apì stoqastik�.

Sto parìn Kef�laio ja gÐnei lìgoc gia tètoiou eÐdouc ergaleÐa thc Jew-
rÐac Pijanot twn kai Stoqastik¸n diadikasi¸n, ta opoÐa apaitoÔntai gia th
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melèth tou genikeumènou klasikoÔ upodeÐgmatoc pou eis gagan oi Gerber &
Shiu. Ja anaferjoÔme en suntomÐa se aut� ta ergaleÐa all� ja k�noume mia
ekten  anafor� se zht mata me meÐzona rìlo sth diadikasÐa upologismoÔ tou
suntelest  susqètishc metaxÔ elleÐmmatoc kai pleon�smatoc; ìpwc eÐnai h
elleimatik  tuqaÐa metablht , o suntelest c susqètishc kai oi stoqastikèc
anelÐxeic.

1.2 TuqaÐec metablhtèc

EÐnai polÔ qr simo na anafèroume merikèc shmantikèc idiìthtec twn sunart -
sewn pou qarakthrÐzoun mia katanom . Arqik�, tuqaÐa metablhth (t.m.),
èstw Z onom�zetai mia metr simh sun�rthsh pou antistoiqeÐ se k�je stoiqei¸-
dec sumb�n ω ∈ Ω, ènan arijmì Z(ω). Aut  kaleÐtai diakrit  tuqaÐa
metablht , an to pedÐo tim¸n (P.O.) aut c perièqei peperasmèno   arijm si-
mo pl joc tim¸n1. Antijètwc, aut  kaleÐtai suneq c tuqaÐa metablht 
an lamb�nei èna �peiro kai mh arijm simo pl joc arijm¸n2.

EmeÐc ja epikentrwjoÔme apokleistik� kai mìno sth perÐptwsh pou h t.m. Z
eÐnai suneq c kai mh arnhtik  tuqaÐa metablht . Akribèstera, ja exet�soume
mìno thn perÐptwsh pou h t.m. Z lamb�nei timèc se èna sÔnolo tim¸n, to
opoÐo orÐzetai sto jetikì hmi�xona (�llwste sthn Analogistik  epist mh h
apaÐthsh   o kÐndunoc eÐnai mh arnhtik  t.m.).

1.2.1 Katanom  tuqaÐwn metablht¸n

Shmantikì endiafèron parousi�zoun oi sunart seic pou perigr�foun thn kata-
nom  z miac t.m. pou sumbolÐzetai p�li me Z. All� ac doÔme k�poiouc Ori-
smoÔc gia autèc tic sunart seic.

Orismìc 1.1 Ac sumbolÐsoume me fZ(x)   f(x) sth perÐptwsh pou den
up�rqei sÔgqush, th sun�rthsh puknìthtac pijanìthtac (sv.p.p) thc t.m. Z,
tìte aut  kaleÐtai mh elleimatik  sun�rthsh puknìthtac pijanìthtac (proper
density function) thc t.m. Z, an

f(x) ≥ 0, (1.1)

kai par�llhla ∫ ∞
0

f(x)dx = 1. (1.2)

1
Αν ορίσουμε με x τις τιμές που λαμβάνει η τ.μ., τότε x = 0, 1, 2....

2
Θα πρέπει x ∈ D ⊆ <, όπου D το Π.Ο της.
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Orismìc 1.2 An f(•) h sv.p.p. thc t.m. Z, ìpwc aut  orÐsthke ston Orismì
1.1, tìte h sun�rthsh

FZ(x) ≡ F (x) = P[Z ≤ x]

=

∫ x

0

f(x)dx, (1.3)

kaleÐtai sun�rthsh katanom c (sv.k.) thc t.m. Z.

Katìpin sthn epìmenh Prìtash paratÐjentai k�poiec idiìthtec gia thn sv.k.
thc t.m. Z.

Prìtash 1.1 An F (•) h sv.k. thc t.m. Z, ìpwc aut  orÐsthke ston Orismì
1.2, tìte gia thn sun�rthsh aut  ja prèpei na isqÔei

1. 0 ≤ F (x) ≤ 1, gia k�je tim  thc x,

2. limx→∞ F (x) = F (∞) = 1,

3. h F (•) eÐnai m  fjÐnousa sun�rthsh,

4. h F (•) eÐnai suneq c sun�rthsh ek dexi¸n, dhlad 

F (x+) = lim
ε→0

F (x+ ε) = F (x), ∀x ∈ <+.

Apìd. Bl. opoiod pote biblÐo sqetikì me th JewrÐa Pijanot twn. �

Mia akìmh shmantik  sun�rthsh eÐnai h sun�rthsh epibÐwshc   dexi� our� thc
katanom c miac t.m.. H en lìgw sun�rthsh eÐnai h sumplhrwmatik  sun�rthsh
thc sv.k. pou eÐdame ston Orismì 1.2.

Orismìc 1.3 An F (•) h sv.k. kai f(•) h sv.p.p. miac t.m. Z, ìpwc autèc
orÐsthkan stouc OrismoÔc 1.1 kai 1.2 antÐstoiqa, tìte h sun�rthsh

F̄ (x) = 1− F (x) =

∫ ∞
x

f(x)dx, (1.4)

kaleÐtai sun�rthsh epibÐwshc (sv.ep.)   dexi� our� thc katanom c z thc t.m.
Z.

'Opwc kai prohgoumènwc, sthn epìmenh Prìtash paratÐjentai k�poiec idiìth-
tec gia thn sun�rthsh pou orÐsthke ston teleutaÐo Orismì.

Prìtash 1.2 Gia thn sv.ep. thc t.m. Z, h opoÐa orÐsthke ston Orismì 1.3,
isqÔoun oi akìloujec idiìthtec:
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1. 0 ≤ F̄ (x) ≤ 1, gia k�je tim  thc x,

2. limx→∞ F̄ (x) = F (∞) = 0,

3. F̄ (0+) = 1,

4. h F̄ eÐnai mh aÔxousa sun�rthsh.

Apìd. Bl. opoiod pote biblÐo sqetikì me thn JewrÐa Pijanot twn. �

Sto shmeÐo autì eÐnai exairetik� qr simo na eis�goume thn ènnoia thc elleim-
matik c katanom c.

Orismìc 1.4 H t.m. Z kaleÐtai elleimmatik , an gia thn sv.p.p. aut c isqÔei
h (1.1) kai antÐ thc (1.2) h anisìthta∫ ∞

0

f(x)dx < 1. (1.5)

EÐnai katanohtì ìti h sun�rthsh F (•), ja prèpei na eÐnai suneq c kai paragw-
gÐsimh sto pedÐo pou orÐzetai (sthn paroÔsa melèth sto <+).

AkoloujeÐ, t¸ra, èna Par�deigma to opoÐo epexhgeÐ touc teleutaÐouc Ori-
smoÔc perÐ elleimmatik c kai mh katanom c.

Par�deigma 1.1 'Estw h sun�rthsh f(•) me

f(x) = a e−β x, x > 0,

me a, β > 0. Tìte ja èqoume∫ ∞
0

f(x)dx =

∫ ∞
0

a e−β xdx

= a

∫ ∞
0

e−β x

= −a
β

e−βx
∣∣∣∞
0

= −0 +
a

β
=
a

β
.

Apì to teleutaÐo apotèlesma

1. an a = β, tìte
∫∞
0
f(x)dx = 1 kai wc ek toÔtou Z ∼ E(β),
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2. an a < β, tìte sÔmfwna me ton Orismì 1.4 h t.m. Z èqei elleimmatik 
katanom , kai tèloc

3. an a > β, tìte h sun�rthsh f(•) den an kei kan stic sunart seic
puknìthtac.

To er¸thma pou genn�tai sto parìn Par�deigma eÐnai p¸c ja dhmiourg -
soume mia nèa mh elleimmatik  katanom  basizìmenoi sthn up�rqousa
elleimmatik  katanom . H ap�nthsh eÐnai eÔkolh, kajìti h sun�rthsh

g(x) =
f(x)∫∞

0
f(x)dx

eÐnai mh elleimatik  sun�rthsh puknìthtac pijanìthtac, afoÔ∫ ∞
0

g(x)dx =

∫ ∞
0

f(x)∫∞
0
f(x)dx

dx

=

∫∞
0
f(x)dx∫∞

0
f(x)dx

= 1,

kai bebaÐwc tìte h sun�rthsh g(•) eÐnai h puknìthta thc Ekjetik c
katanom c.

1.2.2 Ropèc k - t�xhc

Merik� sunoptik� qarakthristik� (èstw p�li miac t.m. Z) mporeÐ na eurejoÔn
apì th melèth sugkekrimènwn posot twn pou upologÐzontai apì thn sv.p.p.
thc en lìgw mh arnhtik c t.m.. H rop  k - t�xhc eÐnai mia tètoia posìthta aki
upologÐzetai apì thn sqèsh

E[Zk] = pk =

∫ ∞
0

xkf(x)dx

= k

∫ ∞
0

xk−1F̄ (x)dx. (1.6)

AxÐzei na shmeiwjeÐ ìti gia k = 1, h sq. (1.6) upologÐzei thn anamenìmenh tim 
  majhmatik  elpÐda (ìpwc kai ja anafèretai sthn paroÔsa melèth) thc t.m.
Z. 'Enac �lloc enallaktikìc trìpoc upologismoÔ thc majhmatik c elpÐdac
dÐnetai sthn Prìtash pou akoloujeÐ.
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Prìtash 1.3 An F (•) h sv.k. kai F̄ (•) h sv.ep. thc t.m. Z, ìpwc autèc
orÐsthkan stouc OrismoÔc 1.2 kai 1.3 antÐstoiqa, tìte h majhmatik  èkfrash

E[Z] =

∫ ∞
0

(1− P[X ≤ x]) dx

=

∫ ∞
0

(1− F (x)) dx

=

∫ ∞
0

F̄ (x)dx, (1.7)

upologÐzei thn majhmatik  elpÐda.

Apìd. EÐnai profanèc ìti gia k = 1 sthn sq. (1.6) par�getai to apotèlesma
thc 1.7. �

Gia k = 2, sthn (1.6) lamb�noume th deÔterh rop , h opoÐa eÐnai qr simh
gia thn eÔresh thc diaspor�c   diakÔmanshc.

Orismìc 1.5 An E[Zk], h k - sth rop  thc t.m. Z, tìte h sqèsh

V[Z] = E(Z − E[Z])2

= E[Z2]− E2[Z]. (1.8)

upologÐzei thn diakÔmansh thc t.m. Z kai sthn ousÐa ekfr�zei to mèso ìro
twn tetrag¸nwn twn apoklÐsewn apì th mèsh tim .

H diaspor� an kei sth kathgorÐa mètrwn pou apokaloÔntai mètra dia-
spor�c, se antÐjesh me th majhmatik  elpÐda pou an kei sth kathgorÐa
me ta mètra jèsewc. En¸ h majhmatik  èkfrash√

V[Z] =
√

E[Z2]− E2[Z], (1.9)

orÐzei thn tupik  apìklish.

1.2.3 MetasqhmatismoÐ Laplace

'Ena polÔ qr simo ergaleÐo gia thn epÐlush diaforik¸n kai oloklhro-diafori-
k¸n exis¸sewn eÐnai h kathgorÐa twn oloklhrwtik¸n metasqhmatism¸n. Se
aut  thn kathgorÐa an kei o legìmenoc metasqhmatismìc Laplace. O metasqh-
matismìc Laplace miac sun�rthshc, èstw f(t) sumbolÐzetai suqn� me L{f},
an kai sth paroÔsa ergasÐa ja sumbolÐzetai wc f̂(s). Akribèstera, ac doÔme
ton epìmeno Orismì.
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Orismìc 1.6 An f(•) h sv.p.p. thc t.m. Z, ìpwc aut  orÐsthke ston Orismì
1.1, tìte to genikeumèno olokl rwma

L{f(t)} = f̂(s) = E
[
e−t Z

]
=

∫ ∞
0

e−t xf(x)dx, (1.10)

opou, s mia pragmatik  par�metroc, orÐzei ton metasqhmatismì Laplace (mtsq.
Laplace) thc sv.p.p. thc t.m. Z.

Basikèc upojèseic pou dièpoun th sun�rthsh f(•) thc (1.10), eÐnai oi akìlou-
jec:

1. h sun�rthsh f(•) ja prèpei na eÐnai tmhmatik� suneq c sto kleistì
di�sthma 0 ≤ t ≤ A, kai par�llhla

2. na eÐnai ekjetik� fragmènh, dhlad  na up�rqoun stajeroÐ fusikoÐ arij-
moÐ k, c > 0, ètsi ¸ste na isqÔei

|f(t)| ≤ kect, M ≤ t ≤ 0.

An isqÔoun oi prohgoÔmenec proôpojèseic kai up�rqei o mtsq. Laplace, tìte
gia s > t isqÔei:

1. lims→∞ f̂(s) = 0, kai

2. h sun�rthsh sf̂(s) eÐnai fragmènh se k�je perioq  pou orÐzetai.

Epiplèon, an orÐsoume me ˆ̄F (•) to mtsq. Laplace thc sv.ep. thc t.m. Z, tìte

ˆ̄F (s) =

∫ ∞
0

e−s xF̄ (x)dx

= −1

s

∫ ∞
0

(
e−s x

)′
F̄ (x)dx

= −1

s
e−s xF̄ (x)

∣∣∣∞
0

+
1

s

∫ ∞
0

e−s x (−f(x)) dx

= −1

s
lim
x→∞

e−s xF̄ (x) +
1

s
− 1

s
f̂(s)

=
1− f̂(s)

s
, (1.11)

miac kai limx→∞ e−s xF̄ (x) = 0, apì th basik  sunj kh pou dièpei tic dexièc
ourèc adiakrÐtwc katanom c (bl. sunj kh 2 thc Prìtashc 1.2).
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Gia perissìterec plhroforÐec (genik�) perÐ oloklhrwtik¸n metasqhmati-
svm¸n, o anagn¸sthc mporeÐ na anatrèxei sto Kef�laio 7 tou biblÐou ' Sun jeic
diaforikèc exis¸seic ' (Staurak�khc, 1997), all� kai eidikìtera gia mtsq.
Laplace sto biblÐo ' Analogistik� majhmatik� ' (Koutsìpouloc, 1999). To
Par�deigma pou akoloujeÐ eÐnai mèroc tou pr¸tou suggr�mmatoc.

Par�deigma 1.2 'Estw mia t.m. Z, h opoÐa akoloujeÐ thn Ekjetik 
katanom  me par�metro β > 0.

Qrhsimopoi¸ntac th sq. (1.10), blèpoume ìti

f̂(s) =

∫ ∞
0

e−s xβ e−β xdx

= β

∫ ∞
0

e−(s+β)xdx

= − β

s+ β
e−(s+β)x

∣∣∣∞
0

=
β

s+ β
. (1.12)

En¸ apì thn (1.11) kai me thn bo jeia thc (1.12), gia ton mtsq. Laplace
thc sv.ep., ja èqoume

ˆ̄F (s) =

1− β

s+ β

s

=
1

s+ β
. (1.13)

1.3 Didi�statec tuqaÐec metablhtèc

Sth paroÔsa Enìthta ja anaferjoÔme stic basikèc sqèseic pou sundèoun dÔo
t.m. diatup¸nontac majhmatikèc ekfr�seic gia to tuqaÐo di�nusma (t.d.),
èstw Z ′ = [X, Y ], to opoÐo ìpwc blèpoume eqei dÔo diast�seic sto q¸ro kai
gia to lìgo auto kaleÐtai didi�stath tuqaÐa metablht . Aut  h didi�s-
tath t.m. diakrÐnetai se suneq  kai diakrit 3. P�li, ed¸ ja epikentrwjoÔme
sthn perÐptwsh pou oi t.m. X, Y eÐnai suneqeÐc kai mh arnhtikèc.

3
Αυτό εξαρτάται από τη κατανομή που ακολουθούν οι επιμέρους τ.μ. του δείγματος.
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1.3.1 Katanom  tuqaÐou deÐgmatoc

O epìmenoi dÔo OrismoÐ eÐnai antÐstoiqoi me autoÔc pou eÐdame sthn monodi�sta-
th perÐptwsh (bl. Orismì 1.1 kai 1.2, antÐstoiqa).

Orismìc 1.7 H sun�rthsh fXY (x, y)   f(x, y) an den up�rqei sÔgqish,
kaleÐtai apì koinoÔ mh elleimmatik  sun�rthsh puknìthtac pijanìthtac (a.sv.p.p.)
  apì koinoÔ puknìthta twn t.m. X kai Y an plhroÐ tic akìloujec sunj kec

f(x, y) ≥ 0, (1.14)

kai ∫ ∞
0

∫ ∞
0

f(x, y)dxdy = 1. (1.15)

Orismìc 1.8 An me F (x, y), sumbolÐsoume thn apì koinoÔ sun�rthsh kata-
nom c (a.sv.k)   apì koinoÔ katanom  twn t.m. X kai Y , tìte h sun�rthsh aut 
orÐzetai apì thn algebrik  èkfrash

F (x, y) = P [X ≤ x, Y ≤ y]

=

∫ x

0

∫ y

0

f(x, y)dxdy. (1.16)

Wstìso, h katanom  tou t.d. Z ′ dÔnatai na eÐnai mia elleimatik  didi�stath
tuqaÐa metablht .

Orismìc 1.9 An h a.sv.p.p. f(x, y) tou t.d. Z, ikanopoieÐ thn sqèsh∫ ∞
0

∫ ∞
0

f(x, y)dxdy < 1, (1.17)

kaj¸c epÐshc kai thn (1.14), tìte h katanom  tou t.d. Z kaleÐtai elleim-
matik  katanom . En¸ h sun�rthsh f(x, y), onom�zetai apì koinoÔ elleim-
matik  puknìthta pijanìthtac aut c thc t.m..

1.3.2 Perij¸riec katanomèc

Oi sv.p.p. twn t.m. X, Y upologÐzontai apì ta oloklhr¸mata

fX(x) =

∫ ∞
0

f(x, y)dy, (1.18)

fY (y) =

∫ ∞
0

f(x, y)dx, (1.19)
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ìpou k�je mia apì autèc tic sunart seic kaleÐtai perij¸ria sun�rthsh puknìth-
tac pijanìthtac   perij¸ria puknìthta. Oi antÐstoiqec perij¸riec sunart -
seic katanom c mporoÔn na eurejoÔn me poikÐlouc trìpouc. Endeiktik�, h
perij¸ria katanom  thc t.m. X upologÐzetai apì thn sqèsh

FX(x) = lim
y→∞

F (x, y), (1.20)

en¸ thc Y , apì thn sqèsh

FY (y) = lim
x→∞

F (x, y). (1.21)

Oi t.m. X, Y prokeimènou na eÐnai stoqastik� anex�rthtec   apl� anex�rthtec
ja prèpei na isqÔoun, tìso gia thn apì koinoÔ sun�rthsh katanom c, ìso kai
gia thn apì koinoÔ puknìthta oi algebrikèc ekfr�seic

F (x, y) = FX(x)FY (y), (1.22)

kai

f(x, y) = fX(x)fY (y), (1.23)

gia ìla ta x, y ≥ 0.

1.3.3 Desmeumènec katanomèc

Sthn Enìthta 1.3.1 orÐsthke wc f(x, y), h apì koinoÔ puknìthta twn t.m.
X, Y . Basizìmenoi se aut  th sun�rthsh, h desmeumènh sun�rthsh
puknìthtac pijanìthtac thc t.m. X, dojeÐshc thc t.m. Y 4, orÐzetai apì
thn sqèsh

fX|Y (x|y) =
f(x, y)

fY (y)
(1.24)

En¸, an par�llhla oi upì melèth tuqaÐec metablhtèc eÐnai anex�rthtec, tìte

(1.24)
(1.23)⇒ fX|Y (x|y) = fX(x), (1.25)

gia k�je tim  tou zeÔgouc (x, y).

4
Εκφράζει την πιθανότητα να συμβεί το ενδεχόμενο A, υπό την προϋπόθεση ότι συμβαίνει

το ενδεχόμενο B
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1.3.4 Susqètish kai SundiakÔmansh

H plèon endiafèrousa, apì jewrhtik c kai efarmosmènhc pleur�c apì koinoÔ
kentrik  rop  dÔo t.m., èstw X kai Y , eÐnai h sundiakÔmansh kai h opoÐa
ekfr�zei ton bajmì pou oi dÔo t.m. sqetÐzontai.

Orismìc 1.10 'Estw dÔo t.m. X, Y me antÐstoiqec majhmatikèc elpÐdec
µX = E [X] kai µY = E [Y ], tìte h majhmatik  èkfrash

Cov[X, Y ] = E [(X − µX) (Y − µY ))]

= E[XY ]− E[X]E[Y ], (1.26)

upologÐzei thn sundiakÔmansh twn dÔo en lìgw t.m..

Ean upojèsoume ìti oi t.m. X, Y eÐnai stoqastik� anex�rthtec, tìte

E [XY ] = E [X]E [Y ] ,

to opoÐo isodunameÐ me

Cov[X, Y ] = 0.

EpÐshc, èna mètro pou exet�zei thn Ôparxh susqètishc all� kai to p¸c sqe-
tÐzontai dÔo tuqaÐec metablhtèc, eÐnai o suntelest c susqètishc.

Orismìc 1.11 An h sun�rthsh Cov [X, Y ] ekfr�zei thn sundiakÔmansh dÔo
t.m. X, Y , ìpwc aut  orÐzetai ston Orismì 1.10 kai V[X], V[Y ] oi diasporèc
aut¸n twn t.m., tìte apì thn majhmatik  èkfrash

%X,Y =
Cov[X, Y ]√
V[X]

√
V[Y ]

, (1.27)

upologÐzetai o suntelest c susqètishc metaxÔ twn t.m. X kai Y .

ApodeiknÔetai de ìti o �nwjen suntelest c paÐrnei timèc metaxÔ twn tim¸n −1
kai 1, dhlad 

−1 ≤ %X,Y ≤ 1, (1.28)

  isodÔnama

|%X,Y | ≤ 1. (1.29)

An�loga me to prìshmo pou èqei o suntelest c thc (1.27) mporoÔme na '
antl soume ' polÔ qr sima sumper�smata gia thn endeqìmenh sqèsh pou è-
qoun oi dÔo upì exètash tuqaÐec metablhtèc. Anaforik� me ta prohgoÔmena,
diakrÐnoume tic akìloujec peript¸seic:

15



1. an %X,Y > 0, tìte oi t.m. X kai Y eÐnai jetik� susqetismènec   èqoun
jetik  susqètish5,

2. an %X,Y = 0, tìte autèc den èqoun kamÐa grammik  sqèsh metaxÔ touc  
apl� eÐnai asusqètistec,

3. tèloc, an %X,Y < 0, autì shmaÐnei arnhtik  susqètish6 metaxÔ twn
dÔo tuqaÐwn metablht¸n.

1.4 Stoqastikèc diadikasÐec

Oi stoqastikèc anelÐxeic èqoun mia eureÐa efarmog  se polloÔc kl�douc thc
epist mhc twn Majhmatik¸n lìgw twn shmantik¸n idiot twn touc. 'Etsi kai
sthn Analogistik  epist mh pou prosblèpoume sthn kataskeu  upodeigm�twn
pou na antapokrÐnontai ìso to dunatìn gÐnetai sthn pragmatikìthta (¸ste na
gÐnoun asfaleÐc problèyeic kai ektim seic), h qr sh stoqastik¸n diadikasi¸n
  anelÐxewn jewreÐtai anagkaÐa.

Ston epìmeno Orismì eis�getai h ènnoia thc stoqastik c anèlixhc.

Orismìc 1.12 MÐa oikogèneia tuqaÐwn metablht¸n, èstw {Z(t) : t ∈ T}
onom�zetai stoqastik  diadikasÐa   stoqastik  anèlixh   apl� anèlixh ìtan
gia k�je t ∈ T h Z(t) eÐnai mia tuqaÐa metablht . Aut  h stoqastik  diadi-
kasÐa onom�zetai diakritoÔ qrìnou, an to sÔnolo deikt¸n T lamb�nei diakritèc
timèc kai suneqoÔc qrìnou an to sÔnolo twn deikt¸n T eÐnai suneqèc.

1.4.1 Stoqastikèc anelÐxeic Poisson

PrÐn doÔme tic stoqastikèc anelÐxeic Poisson, ac orÐsoume pr¸ta mia megalÔte-
rh om�da anelÐxewn; pou eÐnai oi Markobianèc.

Orismìc 1.13 H pijanìthta

P
[
Zt = x

∣∣ Ztn−1 = xtn−1 , ..., Zt0 = x0
]

= P
[
Zt = x

∣∣Ztn−1 = xtn−1
]
, ∀t0 < t1 < ... < tn

ekfr�zei thn Markobian  anèlixh gia thn anèlixh {Z(t), t ≥ 0}, se suneq 
qrìno.

'Opwc af same na ennohjeÐ, oi anelÐxeic Poisson eÐnai mia eidik  perÐptwsh twn
Markobian¸n anelÐxewn. Ston epìmeno Orismì perigr�fetai aut  h kathgorÐa.

5
Αυτό σημαίνει ότι όταν αυξάνεται η μια από τις δύο μεταβλητές, αναμένουμε και αύξηση

της άλλης.
6
Πρακτικά, αυτό συμαίνει ότι ενώ αυξάνεται η μια, αναμένουμε μείωση της άλης.
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Orismìc 1.14 An orÐsoume me {N(t), t ≥ 0}, mia stoqastik  anèlixh h
opoÐa ekfr�zei ton arijmì emf�nishc endeqomènwn (eÐnai sthn ousÐa mia aparij-
m tria emf�nishc tuqaÐwn gegonìtwn) sto kleistì di�sthma [0, t], tìte gia thn
anèlixh ja isqÔei:

1. N(0) = 0 kai gia t ≤ s, tìte N(t) ≤ N(s),

2. se èna polÔ mikrì di�sthma, èstw h, mporeÐ na up�rxei �fixh enìc mìno
gegonìtoc, dhlad 

P
[
N(t+ h) = n+ k

∣∣N(t) = n
]

=


λh+ o(h), k = 1

1− λh+ o(h), k = 0

o(h), k 6= 0, 1

3. ∀t < s, h prosaÔxhsh N(s)−N(t) eÐnai anex�rthth thc N(t).

Mia qarakthristik  idiìthta twn anelÐxewn Poisson eÐnai ìti an N(t) ∼ P(λt)
(ìpou λ ekfr�zei thn èntash thc anèlixhc), tìte oi endi�mesoi qrìnoi gia thn
�fixh enìc endeqomènou akoloujoÔn mia katanom , èstwW , h opoÐa akoloujeÐ
thn Ekjetik  katanom  me par�metro λ. Gia na gÐnoume piì safeÐc, an

Y1 = min{t : N(t) = 1}
Y2 = min{t : N(t) = 2}

.

.

.

Yk = min{t : N(t) = k},

eÐnai oi akribeÐc qrìnoi èleushc k�je endeqomènou, kai par�llhla

W1 = Y1

W2 = Y2 − Y1
.

.

.

Wk = Yk − Yk−1,

eÐnai oi qrìnoi metaxÔ twn emfanizìmenwn endeqomènwn, tìte oi t.m.Wi, i = 1, 2, ..., k
eÐnai anex�rthtec kai isìnomec t.m. kai èqoun Ðdia katanom  me th t.m. W , gia
thn opoÐa W ∼ E(λ). 'Amesh sunèpeia tou gegonìtoc autoÔ eÐnai ìti o qrìnoc
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mèqri thn �fixh tou k endeqomènou (dhlad  h t.m. Yk) akoloujeÐ thn katanom 
G�mma me paramètrouc k, λ afoÔ h akìloujh t.m.

Yk = W1 +W2 + ...+Wk

=
k∑
j=1

Wj,

eÐnai to �jroisma k anex�rthtwn kai isìnomwn t.m., oi opoÐec akoloujoÔn
Ekjetik  katanom  (bl. Je¸rhma 3.4).
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Kef�laio 2

Eisagwg  sth JewrÐa
QreokopÐac

2.1 Eisagwg 

H polusÔnjeth leitourgÐa miac asfalistik c epiqeÐrhshc od ghse sthn an�-
ptuxh thc JewrÐac QreokopÐac. H JewrÐa QreokopÐac apoteleÐ èna shmantikì
kl�do thc Analogistik c epist mhc, ìpou kÔrioc stìqoc thc eÐnai na sumb�lei
kai na exasfalÐsei thn armonik  leitourgÐa thc epiqeÐrhshc. Apì majhmatik 
skopi�, èna apì ta kurÐarqa antikeÐmena melèthc aut c eÐnai h eÔresh thc
pijanìthtac na sumbeÐ qreokopÐa.

Ta pr¸ta b mata pou gÐnontai prokeimènou na brejeÐ h pijanìthta qreoko-
pÐac eÐnai h montelopoÐhsh; tìso tou Ôyouc zhmi¸n pou èqoun  dh katagrafeÐ
apì thn asfalistik  etaireÐa, ìso kai tou arijmoÔ �fixhc aut¸n sth mon�da
tou qrìnou. �Omwc, o arijmìc emf�nishc twn zhmiogìnwn endeqomènwn eÐnai
mia tuqaÐa metablht  h opoÐa èqei �mesh sqèsh me to qrìno. 'Etsi h qr sh
upodeigm�twn pou basÐzontai se stoqastikèc anelÐxeic eÐnai anagkaÐa.

Wstìso, h qreokopÐa miac epiqeÐrhshc den exart�tai mìno apì tic proana-
ferjeÐsec tuqaÐec metablhtèc, all� apì mia plei�da paramètrwn pou k�nei to
èrgo tou Analogist  arket� dusqerèc. Gia to lìgo autì, pollèc forèc o
Analogist c upoqreoÔtai na k�nei paradoqèc kai upojèseic pou Ðswc apèqoun
polÔ apì thn pragmatikìthta (par' ìla aut� h pijanìthta qreokopÐac eÐnai èna
polÔ kalì mètro gia ton Asfalist , ìtan èqei na antimetwpÐsei èna meg�lo
pl joc asfalÐstrwn lìgw tou nìmou twn meg�lwn arijm¸n).

Sto Kef�laio autì prìkeitai na gÐnei mia mikr  episkìphsh se autèc tic
posìthtec ìpwc eÐnai o qrìnoc qreokopÐac, to pleìnasma, to èlleimma, h susv-
swreumènh ap¸leia k.o.k.. Sun�ma, ja parousiasteÐ to klasikì upìdeigma
ìpwc autì eis qjh apì ton Philip Lundberg kai katìpin h genÐkeush tou apì
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touc H. Gerber kai E. Shiu.

2.2 Genikìthtec

2.2.1 H diadikasÐa tou pleon�smatoc se suneq 

qrìno

K�je epiqeÐrhsh pèra apì ta epark  kef�laia pou ja prèpei na katèqei gia
thn apotelesmatik  dr�sh twn filodoxi¸n thc, ja prèpei na èqei epiplèon
kai èna perij¸rio kefalaÐou gia thn antimet¸pish dusmen¸n katast�sewn pou
endèqetai na sumboÔn mellontik�. Autèc oi polÔ aprìsmenec katast�seic pi-
janìn na proklhjoÔn, eÐte apì th pragmatopoÐhsh polÔ uyhl¸n asfalismènwn
kindÔnwn (kindÔnwn, dhlad , pou h etaireÐa èqei asfalÐsei kai kat� epèktash
èqei thn upoqrèwsh na diaqeiristeÐ kai na apozhmi¸sei se perÐptwsh èleushc
touc), eÐte apì ependutik� l�jh (h perÐptwsh aut  den lamb�netai upìyh sto
klasikì upìdeigma kai ètsi den ja asqolhjoÔme sthn paroÔsa ergasÐa).

To kef�laio, pou anafèrjhke �nwjen, kaleÐtai apìjema   arqikì
apojematikì kai stìqoc tou eÐnai na sumb�lei sthn èurujmh leitourgÐa
thc epiqeÐrishc. To arq. apìjema sthn paroÔsa ergasÐa ja sumbolÐzetai wc
u.

Orismìc 2.1 H diadikasÐa tou pleon�smatoc eÐnai h stoqastik  anèlixh

U(t) = u+ P (t) + I(t)− S(t), t > 0, (2.1)

ìpou:

• u, sumbolÐzei to arqikì apìjematikì (U(0) = u),

• P (t), eÐnai to sunolikì Ôyoc twn asfalÐstrwn pou èqei l�bei h asfa-
listik  etaireÐa sto di�sthma [0, t],

• I(t), mia anèlixh prosìdou sto di�sthma [0, t], kai

• S(t), h anèlixh tou sunolikoÔ Ôyouc zhmi¸n sto di�sthma [0, t].

H diadikasÐa kat� thn opìia h sv.a. thc (2.1) gÐnetai arnhtik  onom�zetai '
qreokopÐa '. En¸ o qrìnoc sumb�ntoc autoÔ tou gegonìtoc kaleÐtai qrìnoc
qreokopÐac kai sumbolÐzetai wc T .

Dhlad 

T =


inf{t : U(t) < 0}, an sumbeÐ qreokopÐa

inf{t : U(t) ≥ 0}, an den sumbeÐ qreokopÐa.

(2.2)
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Orismìc 2.2 (i) H t.m. |U (T )| ekfr�zei to mègejoc thc pt¸shc tou pleon�-
smatoc k�tw apì to mhdèn kat� thn stigm  qreokopÐac T , kai ja anafèretai
wc èlleimma th qronik  stigm  thc qreokopÐac T .
(ii) H t.m. U(T−) ekfr�zei to Ôyoc tou pleon�smatoc akrib¸c prin thn èleush
tou katastrofikoÔ kindÔnou, kai ja anafèretai wc pleìnasma akrib¸c prin th
stigm  thc qreokopÐac.

2.2.2 Upojèseic tou klasikoÔ upodeÐgmatoc

'Estw Zi, i = 1, 2, 3, ... h t.m. pou ekfr�zei to Ôyoc thc apaÐthshc pou prokl jh-
ke apì thn èleush tou i zhmiogìnou endeqomènou. Oi Zi jewroÔme ìti eÐnai
anex�rthtec kai isìnomec t.m. kai katanèmontai isìnoma me thn t.m. Z. Tìte h
susswreumènh ap¸leia orÐzetai apì thn sqèsh

S(t) = Z1 + Z2 + ...ZN(t)

=

N(t)∑
j=1

Zj,

ìpou, N(t) eÐnai mia epÐshc sv.a., h opoÐa sumbolÐzei ton arijmì zhmi¸n pou
eisèrqontai sthn asfalistik  etaireÐa (afÐxeic) mèqrithn qronik  stig  t. H
sv.a. N(t) kaleÐtai epÐshc aparijm tria zhmi¸n   apl� aparijm tria.

EpÐshc gia thn stoqastik  anèlixh S(t) isqÔei

S(t) =


0, an N(t) = 0

Z1 + Z2 + ...+ Zn, an N(t) ≥ 1.

Sth klasik  JewrÐa QreokopÐac jewreÐtai ìti h aparijm tria zhmi¸n eÐnai mia
anèlixh Poisson. Dhlad  gÐnetai h upìjesh ìti

N(t) ∼ P(λ t), λ > 0, t ≥ 0

ìpou, t o qrìnoc kai h par�metroc λ sthn ousÐa sumbolÐzei ton anamenìmeno
arijmì afÐxewn zhmi¸n sth mon�da tou qrìnou.

Epomènwc, eÔkola blèpoume ìti E [N (t)] = λ t kai V [(N (t)] = λt (gia
perissìterec plhroforÐec perÐ sv.a. Poisson, bl. §1.4.1)

Mia epÐshc basik  upìjesh eÐnai ìti ta asf�listra pou lamb�nei h asfa-
listik  etaireÐa èqoun mia grammik  sqèsh me to qrìno; par�llhla aut� ja
prèpei na eÐnai megalÔtera   Ðsa apì ton anamenìmeno Ôyoc zhmi¸n. AploÔste-
ra upojètoume ìti

P (t) = ct, (2.3)
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ìpou, c eÐnai mia jetik  stajer� h opoÐa ja prèpei na ikanopoieÐ thn anisìthta

ct ≥ E
(
S(t)

)
 

ct ≥ λp1t,

ìpou p1 = E[Z]. Gia thn akrÐbeia, ja prèpei

c = (1 + θ)λp1, (2.4)

ìpou, θ mia stajer  par�metroc pou kaleÐtai suntelest c epib�runshc
kai h opoÐa gia na mhn eÐnai bèbaih h qreokopÐa ja prèpei na eÐnai (austhr�)
jetik  (gia thn apìdeixh bl. Dickson, 2005).

Tèloc, upojètoume ìti sto klasikì upìdeigma oi monadikèc eisroèc thc
etaireÐac eÐnai ta asf�listra pou lamb�nei wc antÐtimo gia thn an�lhyh tou
kindÔnou. Par�llhla oi monadikèc ekroèc (èxoda) eÐnai oi apozhmi¸seic twn
kindÔnwn.

Dhlad  upojètoume ìti

I (t) = 0, ∀t ≥ 0. (2.5)

Anaforik� me ta teleutaÐa, parajètoume thn epìmenh Parat rhsh h opoÐa
eÐnai �mesh sunèpeia tou OrismoÔ 2.1.

Parat rhsh 2.1 Lamb�nontac upìyh ton Orismì 2.1, kaj¸c epÐshc kai tic
basikèc upojèseic pou dièpoun to klasikì upìdeigma thc JewrÐac QreokopÐac
(sq. (2.3), (2.4) kai (2.5) ), h sv.a.

U(t) = u+ ct− S(t), t ≥ 0, (2.6)

kaleÐtai stoqastik  anèlixh pleon�smatoc sto klasikì upìdeigma kai ja ana-
fèretai (suntomografik�) wc SAP.

To Sq ma 2.1, parousi�zei mia pijan  poreÐa thc SAP, ìpwc aut  orÐsthke
sthn anwtèrw Parat rhsh (Parat rhsh 2.1). EÐnai fanerì ìti h SAP aux�ne-
tai me klÐsh c kai mei¸netai k�je for� pou pragmatopoieÐtai zhmi�.

2.2.3 ExÐswsh Lundberg kai suntelest c prosar-

mog c

Mia polÔ shmantik  par�metroc, h opoÐa sundèetai me thn pijanìthta na sum-
beÐ qreokopÐa, eÐnai o suntelest c prosarmog c R. Aut  h par�metroc
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Sq ma 2.1: H diadikasÐa thc SAP

me th seir� thc èqei �mesh sqèsh me ton suntelest  θ. Analutikìtera o sunte-
lest c R ikanopoieÐ thn legìmenh exÐswsh Lundberg, h opoÐa orÐzetai apì
thn sqèsh

1 + (1 + θ) p1 r = MZ(r), (2.7)

ìpou, MZ(r) = E
[
er Z
]
h rpg. thc t.m. Z me −∞ < r < γ, γ > 0.

H (2.7) apodeiknÔetai ìti èqei to polÔ mia jetik  rÐza, h opoÐa mporoÔme na
poÔme ìti eÐnai to shmeÐo tom c twn kampul¸n ε1 : y = MZ(r) kai ε2 : y = 1 + (1 + θ) p1 r.
Dhlad  o suntelest c R eÐnai to shmeÐo tom c miac aÔxousac, me ta koÐla proc
ta �nw sun�rthshc (M ′

Z(r) > 0 kai M ′′
Z(r) > 0) kai miac epÐshc aÔxousac,

sun�rthshc me klÐsh (1 + θ) p1 (bl. Dickson, 2005).
Sto Sq ma 2.2, anaparist¸ntai grafik¸c ta ìsa eip¸jhkan gia thn epÐlush

tou suntelest  R apì dÔo aÔxousec kampÔlec ε1 kai ε2.

Par�deigma 2.1 Ac upojèsoume ìti oi zhmièc akoloujoÔn thn Ekjetik 
katanom . Dhlad , èstw Z ∼ E(β), β > 0, tìte eÐnai gnwstì ìti

MZ(r) =
β

β − r
,

kai me qr sh thc (1.7) prokÔptei

p1 =
1

β
.

23



Sq ma 2.2: H epÐlush tou suntelest  prosarmog c

Tìte k�nontac qr sh thc (2.7) ja èqoume

1 + (1 + θ)
1

β
r =

β

β − r

⇔ (1 + θ)
r

β
=

β

β − r
− 1

⇔ (1 + θ)
r

β
=

r

β − r
⇔ (1 + θ)(β − r)r = βr

⇔ (β − r + θβ − θr)r = βr

⇔ θβr − (1− θ)r2 = 0

⇔
[
(θβ − (1− θ)r

]
r = 0

⇒ r = 0   r =
θβ

1− θ
.

Wc ek toÔtou, o suntelest c prosarmog c ìtan oi kÐndunoi akoloujoÔn thn
Ekjetik  katanom  eÐnai

R =
θβ

1− θ
. (2.8)

An upojèsoume, dhlad , ìti β = 2 kai θ = 7
9
, tìte R = 7

8
. To Sq ma 2.3

parousi�zei thn lÔsh tou suntelest  prosarmog c k�tw apì tic teleutaÐec
upojèseic.
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Sq ma 2.3: H epÐlush tou suntelest  prosarmog c gia Ekjetikèc apozhmi¸-
seic

2.2.4 H pijanìthta qreokopÐac

'Opwc  dh èqei eipwjeÐ (bl. §2.2.1), wc qreokopÐa noeÐtai mia dusmen c kat�sta-
sh kata thn opoÐa to apojematikì thc etaireÐac gÐnetai arnhtikì. Basikì
antikeÐmeno thc JewrÐac QreokopÐac eÐnai o akrib c upologismìc aut c thc
pijanìthtac. Akribèstera, an T eÐnai h q.sv. sthn opoÐo sumbaÐnei qreokopÐa
gia pr¸th for� (bl. sq. (2.2) ), tìte h pijanìthta autoÔ tou endeqomènou
orÐzetai apo thn sqèsh

ψ (u) = P [T <∞|U(0) = u] ,

en¸ h pijanìthta na mhn sumbeÐ qreokopÐa, apì thn sqèsh

δ (u) = 1− ψ (u)

= P [T =∞|U (0) = u] .

Stic teleutaÐec sqèseic blèpoume ìti enup�rqoun ta endeqìmena {T <∞}, to
opoÐo shmaÐnei ìti sumbaÐnei qreokopÐa k�poia stigm  sto mèllon, en antijèsei
me to {T =∞}, to opoÐo upodhl¸nei ìti den sumbaÐnei qreokopÐa.

AfoÔ parajèsame touc majhmatikoÔc OrismoÔc thc pijanìthtac na sumbeÐ
qreokopÐa kai mh gia to klasikì upìdeigma, mporoÔme na anafèroume kai na
diatup¸soume thn oloklhro-diaforik  exÐswsh ìpwc aut  eis qjh apo ton
Philip Lundberg.

To 1903 o jemeliwt c thc klasik c JewrÐac QreokopÐac, upost rixe ìti
h pijanìthta qreokopÐac, ìtan h aparijm tria {N(t)}t≥0 eÐnai mia sv.a. Poisson
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me paramètrouc λ kai t, ta asf�listra eÐnai stajer� sth mon�da tou qrìnou
kai den up�rqoun �lla èsoda pl n twn asfalÐstrwn, tìte h pijanìthta ψ(u)
mporeÐ na upologisteÐ apì th lÔsh miac ananewtik c exÐswshc tÔpou Volterra
deutèrac t�xhc (genik� perÐ ananewtik¸n exis¸sewn bl. Staurak�khc, 1999).

H ananewtik  exÐswsh pou qrhsimopoÐhse o Souhdìc majhmatikìc (apì to
je¸rhma thc olik c pijanìthtac) eÐnai

ψ(u) =

∫ ∞
0

fW (t)

{∫ u+ct

0

ψ(u+ ct− x)fZ(x)dx

}
dt︸ ︷︷ ︸

emfanÐzetai zhmi�, all� den prokaleÐ qreokopÐa

+

∫ ∞
0

fW (t)P [Z > u+ ct] dt︸ ︷︷ ︸
sumbaÐnei qreokopÐa

, (2.9)

kai

δ(u) =

∫ ∞
0

fW (t)

{∫ u+ct

0

δ(u+ ct− x)fZ(x)dx

}
dt, (2.10)

ìpou, fZ(•) kai fW (•) oi puknìthtec twn t.m. twn kindÔnwn Z kai twn endi�me-
swn qrìnwn W antÐstoiqa.

'Opwc eÐdame kai sthn §1.4.1, ìtan h aparijm tria eÐnai mia sv.a. Pois-
son, tìte oi endi�mesoi qrìnoi akoloujoÔn thn Ekjetik  katanom  (dhlad 
an Ti ∼ P(λt), tìte W ∼ E(λ)).

EpilÔontac thn (2.9), prokÔptei (apìd. Dickson, 2005)

ψ(u) =
1

1 + θ

∫ u

0

ψ(u− x)fe(x)dx+
1

1 + θ
F̄e(u), (2.11)

ìpou

F̄e(x) =
1

p1

∫ ∞
x

F̄Z(y)dy,

h sv.ep. thc katanom c isorropÐac thc t.m. L1   Ze pou antistoiqeÐ sthn katanom 
twn apozhmi¸sewn z thc t.m. Z. H katanom  aut  èqei sv.p.p.

fe(x) =
1

p1
F̄Z(x).

K�nontac qr sh metasqhmatism¸n Laplace sthn (2.11) prokÔptei

ψ̂(s) =
1

1 + θ
ψ̂(s)f̂e(s) +

1

1 + θ
ˆ̄Fe(s)

⇔
(

1− 1

1 + θ
f̂e(s)

)
ψ̂(s) =

1

1 + θ
ˆ̄Fe(s)

⇔ ψ̂(s) =
1

1+θ
ˆ̄Fe(s)

1− 1
1+θ

f̂e(s)
. (2.12)
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Apì tic dÔo teleutaÐec sqèseic blèpoume ìti h pijanìthta qreokopÐac, den
eÐnai tÐpote �llo apì th dexi� our� miac sÔnjethc Gewmetrik c katanom c.
Dhlad , parathroÔme ìti

Y = L1 + L2 + ...+ LM ,

ìpou, M ∼ G(p) me p = ψ(0) = 1
1+θ

.

Par�deigma 2.2 Ac doÔme thn perÐptwsh pou oi kÐndunoi akoloujoÔn
thn Ekjetik  katanom , dhlad  Z ∼ E(β), β > 0. Tìte

f̂e(s) =
β

s+ β
,

kai

ˆ̄Fe(s) =
1

s+ β
,

oi mtsq. Laplace thc sv.p.p. kai thc sv.ep. thc katanom c isorropÐac L1 (bl.
Par�deigma 1.2 ), kaj¸c L1 ∼ E(β), afoÔ

fe(x) =
1

p1
F̄Z(x)

=
1
1
β

e−βx

= βe−βx.

Lamb�nontac upìyh thn (4.1) kai tic teleutaÐec sqèseic, blèpoume ìti

ψ̂(s) =

1
1+θ

1
s+β

1− 1
1+θ

β
s+β

=
1

(1 + θ)(s+ β)− β

=
1

s+ θs+ θβ

=
1

1 + θ

1

s+ θβ
1+θ

, (2.13)

kai efarmìzontac antÐstrofouc metasqhmatismoÔc Laplace sthn (2.13),
tìte h pijanìthta qreokopÐac ìtan oi apait seic akoloujoÔn thn Ekjetik 
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katanom  eÐnai

ψ(u) =
1

1 + θ
e−

θβ
1+θ

u

=
1

1 + θ
e−Ru.

2.3 H genÐkeush tou upodeÐgmatoc thc kla-

sik c JewrÐac QreokopÐac

Oi Gerber kai Shiu sta tèlh tou prohgoÔmenou ai¸na, kat�feran na genikeÔ-
soun to klasikì upìdeigma qreokopÐac eis�gontac sthn pijanìthta qreokopÐac
mia mh arnhtik  didi�stath sun�rthsh (sun�rthsh poin c), h opoÐa gia kat�llh-
la orÐsmata par�gei èna pl joc exagìmenwn sunart sewn.

Sthn paroÔsa Enìthta, ja mac apasqol soun treic ènoiec: o qrìnoc
qreokopÐac, to pleìnasma akrib¸c prÐn thn èleush tou katastreptikoÔ ende-
qomènou1 kai to èlleimma th stigm  thc qreokopÐac (  to apojematikì akrib¸c
met� thn èleush tou katastreptikoÔ endeqomènou). EpÐshc, ja paraqjoÔn
sunart seic kai analutikèc ekfr�seic pou perigr�foun mìno tic dÔo teleutaÐec
posìthtec, kaj¸c mèsw aut¸n h paroÔsa ergasÐa diekperai¸netai.

2.3.1 H sun�rthsh Gerber-Shiu

'Opwc  dh èqei oristeÐ, sumbolÐzoume me U(T−) to pleìnasma thc etaireÐac
akrib¸c prÐn thn èleush tou katastreptikoÔ endeqomènou (pleìnasma), kai me
|U(T )| to pleìnasma akrib¸c met� thn èleush tou katastreptikoÔ endeqomè-
nou (èlleimma). Tìte h sun�rthsh

φδ(u) = E
[
e−δTω

(
U(T−), |U(T )|

)
I(T <∞)

∣∣∣U(0) = u
]
, (2.14)

onom�zetai proexoflhmènh sun�rthsh Gerber-Shiu   anamenìme-
nh proexoflhmènh sun�rthsh poin c. H deÐktria I(T < ∞) = 1
ekfr�zei to endeqìmeno na sumbeÐ qreokopÐa, en antijèsh tou I(T <∞) = 0,
na mhn sumbeÐ qreokopÐa. En¸ (δ > 0) eÐnai ènac proexoflhtikìc par�gontac.
H dÔo diast�sewn mh arnhtik  sun�rthsh ω(x, y) pou upeisèrqetai sthn (2.14)

1
Ονομάζεται εκείνο το ενδεχόμενο το οποίο προκαλεί την χρεοκοπία και συνήθως συμ-

βολίζεται ως ZT .
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onom�zetai sun�rthsh poin c kai gia di�fora orÐsmata prokÔptoun shma-
ntikèc posìthtec gia th sun�rthsh φδ(u).

Anaforik� me ta teleutaÐa, parajètoume merikèc peript¸seic thc sun�rth-
shc poin c.

(i) Gia δ = 0 kai w(x, y) = 1, tìte odhgoÔmaste sthn pijanìthta qreokopÐac

φδ=0 ≡ ψ(u) = E
[
I(T <∞)

∣∣∣U(0) = u
]
,

(ii) gia δ > 0 kai w(x, y) = 1, prokÔptei o mtsq. Laplace tou qrìnou
qreokopÐac sto shmeÐo δ   proexoflhmènh pijanìthta qreokopÐac, dhlad 

φδ ≡ K̄δ(u) = E
[
e−δT I(T <∞)

∣∣∣U(0) = u
]
,

(iii) Gia δ > 0 kai w(x, y) = I
(
U(T−) = x

)
I
(∣∣U(T )

∣∣ = y
)
, h apì koinoÔ

elleimmatik  puknìthta twn t.m. elleÐmmatoc kai pleon�smatoc, thn stig-
m  thc qreokopÐac, dhlad 

φδ(u) ≡ fδ(x, y|u)

= E
[
e−δT I

(
U(T−) = x

)
I
(∣∣U(T )

∣∣ = y
)
I(T <∞)

∣∣∣U(0) = u
]
.

(iv) Gia δ > 0 kai w(x, y) = I
(
U(T−) = x

)
, prokÔptei h perij¸ria elleim-

matik  puknìthta thc t.m. tou pleon�smatoc th stigm  thc qreokopÐac,
dhlad 

φδ(u) ≡ f1δ(x|u)

= E
[
e−δT I

(
U(T−) = x

)
I(T <∞)

∣∣∣U(0) = u
]
.

(v) Gia δ > 0 kai w(x, y) = I
(
U(T−) = y

)
, par�getai h perij¸ria elleim-

matik  puknìthta thc t.m. tou pleon�smatoc th stigm  thc qreokopÐac,
dhlad 

φδ(u) ≡ f2δ(y|u) ≡ g(u, y)

= E
[
e−δT I

(∣∣U(T )
∣∣ = y

)
I(T <∞)

∣∣∣U(0) = u
]
.
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(vi) Gia δ > 0 kai w(x, y) = e−ρ|U(T )|, par�getai o mtsq. Laplace thc peri-
j¸riac t.m. tou elleÐmmatoc, th stigm  thc qreokopÐac sto shmeÐo ρ
(lÔsh thc genikeumènhc exÐswshc Lundberg, bl. (2.17 ) ), dhlad 

φδ(u) ≡ ĝ(u, ρ)

= E
[
e−δT−ρ|U(T )|I(T <∞)

∣∣∣U(0) = u
]
.

'Opwc ja doÔme sth sunèqeia, gia δ = 0 h perÐptwsh (vi) sumpÐptei me thn
perÐptwsh (i), kajìti δ = 0⇒ ρ = 0.

2.3.2 H genikeumènh exÐswsh Lundberg

H genikeumènh exÐswsh Lundberg, apoteleÐ mia genÐkeush thc (2.7) kai h rÐza
aut c paÐzei kentrikì rìlo se k�je sun�rthsh pou par�getai apì opoiod pote
ìrisma sth sun�rthsh poin c.

Gia na gÐnoume piì safeÐc, èstw dÔo kampÔlec

ε1 : y = δ + λ− cξ, (2.15)

kai

ε2 : y = λf̂Z(ξ). (2.16)

To shmeÐo tom c, twn dÔo teleutaÐwn kampul¸n, orÐzei thn genikeumènh
exÐswsh Lundberg, dhlad 

δ + λ− cξ = λf̂Z(ξ), (2.17)

ìpou δ, δ ≥ 0, ènac proexoflhtikìc par�gontac, λ h èntash thc anelÐxewc

Poisson, ξ ènac mh arnhtikìc arijmìc kai f̂Z(ξ) o mtsq. Laplace thc t.m. Z
(upì thn proôpìjesh ìti to olokl rwma sugklÐnei).

H (2.17), apodeiknÔetai (bl. Gerber - Shiu, 1997(a)   Dickson, 2005) ìti
èqei toul�qiston mia jetik  rÐza. AfoÔ h kampÔlh thc (2.16) eÐnai fjÐnousa

sun�rthsh me ta koÐla proc ta �nw (kaj¸c f̂ ′Z(ξ) = −
∫∞
0
e−ξxxfZ(x)dx > 0

kai f̂ ′′(ξ) =
∫∞
0
e−ξxx2fZ(x)dx > 0), en¸ h kampÔlh thc (2.15) èqei arnhtik 

klÐsh (−c) kai sto shmeÐo ξ = 0 èqei tim  δ + λ ≥ λ = λf̂Z(0).
To gegonìc autì, faÐnetai xek�jara sto Sq ma 2.4. Tèloc, h (2.17),

blèpoume ìti gia δ = 0, an�getai sthn exÐswsh tou Lundberg pou eÐdame sthn
(2.7).
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Par�deigma 2.3 Ac doÔme, p�li, thn perÐptwsh pou oi zhmièc akolou-
joÔn thn Ekjetik  katanom  (apì Par�deigma pou paratÐjetai sto Gerber
- Shiu, 1998) me par�metro β, β > 0. Sto Par�deigma 1.2 eÐdame ìti

f̂Z(s) =
β

β + s
,

�ra apì thn (2.17) ja èqoume

δ + λ− cρ = λ
β

β + ρ

⇔ (δ + λ− cρ)(β + ρ) = λβ

⇔ δβ + δρ+ λβ + λρ− βcρ− cρ2 = λβ

⇔ cρ2 − (δ + λ− βc)ρ− δβ = 0,

epomènwc, h lÔsh thc teleutaÐac deuterob�jmiac exÐswshc eÐnai

ρ =
(δ + λ− βc)±

√
(δ + λ− βc)2 + 4δβc

2c
. (2.18)

An exet�soume thn perÐptwsh pou β = 1, λ = 1 kai δ = 0.4 tìte prokÔptei
ρ = −0.621   ρ = 0.321 (profan¸c h arnhtik  rÐza aporrÐptetai).

2.3.3 H ananewtik  elleimmatik  exÐswsh

Sth paroÔsa Enìthta ja melet soume kai ja diereun soume k�poia shmantik�
mètra kindÔnwn, ìpwc aut� parousi�sthkan sthn §2.3.1. Arqik� ja parou-
siasteÐ h jemeli¸dhc ananewtik  exÐswsh se antistoiqÐa me thn ananewtik 
exÐswsh thc sq. (2.9) kai katìpin prìkeitai na parousiastoÔn exagìmenec
analutikèc ekfr�seic gia ta proanaferjènta mètra sunart sei �llwn mètrwn
kindÔnwn.

'Etsi, an orÐsoume wc f(x, y, t|u) thn apì koinoÔ (elleimmatik ) puknìthta
twn metablht¸n pleon�smatoc U(T−), elleÐmmatoc |U(T )| kai tou qrìnou
qreokopÐac T gia arqikì kef�laio u, u ≥ 0, tìte h posìthta f(x, y, t|u)dxdydt
ekfr�zei thn pijanìthta, th stigm  thc qreokopÐac to pleìnasma na eÐnai

u+ x ≤ U(T−) ≤ u+ x+ dx,
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Sq ma 2.4: H epÐlush thc genikeumènhc exÐswshc tou Lundberg

kai to èlleimma
u− y − dy ≤ U(T ) ≤ u− y.

H puknìthta f(x, y, t|u) eÐnai pr�gmati elleimmatik  kajìti∫ ∞
0

∫ ∞
0

∫ ∞
0

f(x, y, t|u)dxdydt = P(T <∞|U(0) = u)

= ψ(u) < 1. (2.19)

EÐnai pasifanèc ìti an h qreokopÐa eÐnai bèbaih (ψ(u) = 1), tìte h teleutaÐa
puknìthta eÐnai mh elleimmatik  (bl. §1.3.1).

QreokopÐa, ìpwc eÐpame sumbaÐnei ìtan h SAP, gia pr¸th for� lamb�nei
arnhtik  tim . Autì to gegonìc ja sumbeÐ ìtan x > u+ ct, �ra gia x < u+ ct
ja èqoume

f(x, y, t|u) = 0.

Apì to gegonìc autì kai basizìmenoi ston pollaplasiastikì tÔpo, h sun�rthsh
φδ(u) mporeÐ k�llista na analujeÐ apì mia ananewtik  exÐswsh wc

φδ(u) = + e−(δ+λ)hφδ(u+ ch)︸ ︷︷ ︸
den emfanÐzetai apaÐthsh

+

∫ h

0

{∫ u+ct

0

φδ(u+ ct− x)fZ(x)dx
}
e−(δ+λ)tdt︸ ︷︷ ︸

emfanÐzetai apaÐthsh all� den sumbaÐnei qreokopÐa

+

∫ h

0

{∫ x

u+ct

w(u+ ct, x− u− ct)fZ(x)dx
}
e−(δ+λ)tdt︸ ︷︷ ︸

sumbaÐnei qreokopÐa

,(2.20)
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ìpou h > 0 kai (0, h) to di�sthma kat� to opoÐo h pijanìthta na mhn emfanisteÐ
zhmi� eÐnai e−λh, en¸ h pijanìthta na up�rxei apaÐthsh sto di�sthma (t, t+dt)
eÐnai λe−λtdt.

Sthn teleutaÐa sqèsh gia h = 0, φρ(u) = e−ρuφ(u) kai paragwgÐzontac
wc proc u, prokÔptei

cφ′ρ(u) = + (δ + λ− cρ)φρ(u)

− λ

∫ u

0

φρ(u− x)e−ρxfZ(x)dx− λe−ρuγ(u), (2.21)

ìpou, γ(u) =
∫∞
0
w(u, y)fZ(u + y)dy. EpÐshc h posìthta δ + λ − cρ, h

opoÐa parathreÐtai sto dexiì mèloc thc (2.21) eÐnai to aristerì mèloc thc
genikeumènhc exÐswshc Lundberg, pou perigr�fetai sthn (2.17).

2.3.4 K�poia mètra kindÔnou

Sthn teleutaÐa Enìthta eÐdame thn genikeumènh ananewtik  (elleimmatik )
exÐswsh sthn opoÐa upeisèrqetai h sun�rthsh poin c. Se aut  thn Enìthta
ja parousi�soume merik� mètra kindÔnwn, ta opoÐa par�gontai gia kat�llhla
orÐsmata thc sun�rthshc poin c.

Shmantikìtato rìlo sthn an�lush pou ja anaptuqjeÐ gia th sqèsh metaxÔ
twn t.m. U(T−), |U(T )| dojèntoc ìti sumbaÐnei qreokopÐa {T <∞} paÐzei h
apì koinoÔ (elleimmatik ) puknìthta pijanìthta aut¸n twn tuqaÐwn metabl-
ht¸n, h opoÐa par�getai jètontac sthn sun�rthsh poin c w(x, y) = I (U (T−) = x) I (|U (T )| = y).

Orismìc 2.3 H apì koinoÔ (elleimmatik ) proexoflhmènh puknìthta pi-
janìthta twn t.m. tou elleÐmmatoc |U (T )| kai pleon�smatoc U (T−), orÐzetai
apì to olokl rwma

fδ(x, y|u) =

∫ ∞
0

e−δtfδ(x, y, t|u)dt. (2.22)

Gia thn akrÐbeia, oi kajhghtèc Gerber kai Shiu (bl. Gerber-Shiu, 1998) apèdei-
xan ìti h puknìthta tou OrismoÔ 2.3 mporeÐ na upologisteÐ mèsw thc peri-
j¸riac proexoflhmènhc puknìthtac thc t.m. tou pleon�smatoc kai thc t.m.
twn kindÔnwn Z.

Akribèstera,

fδ(x, y|u) = f1δ(x|u)
fZ(x+ y)

1− FZ(x)
, x, y > 0, (2.23)

ìpou, fδ(x|u) h perij¸ria puknìthta thc t.m. U(T ) kai h opoÐa prokÔptei gia
sun�rthsh poin c I(U(T ) = x). Ja mporoÔsame na poÔme ìti h sun�rthsh
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aut  ekfr�zei thn anamenìmenh paroÔsa axÐa miac nomismatik c mon�dac, th
stigm  pou to apìjema ' aggÐzei ' to shmeÐo x. To prìblhma thc sun�rthshc
fδ(x, y|u) èggeitai sthn èterh sun�rthsh f1δ(x|u) kai autì diìti h teleutaÐa
parousi�zei diaforetik  sumperifor� ìtan u > 0 (gia x ≥ u kai gia x < u).

Prìtash 2.1 H proexoflhmènh perij¸ria (elleimmatik ) puknìthta pija-
nìthtac thc t.m. tou pleon�smatoc U (T−), upologÐzetai apì thn sqèsh

f1δ(x|u) =


f1δ(x|0)

eρu − ĝδ(u, ρ)
1− ĝδ(0, ρ)

, an x > u ≥ 0

f1δ(x|0)
eρxĝδ(u− x, ρ)− ĝδ(u, ρ)

1− ĝδ(0, ρ)
, an 0 < x ≤ u.

(2.24)

ìpou

f1δ(x|0) =
λ

c
(1− FZ(x)). (2.25)

Apìd. Bl. Gerber-Shiu, 1998. �

Prìtash 2.2 H apì koinoÔ proexoflhmènh (elleimmatik ) puknìthta pi-
janìthtac twn t.m. tou elleÐmmatoc kai pleon�smatoc, upologÐzetai apì thn
sqèsh

fδ(x, y, |u) =


fδ(x, y|0)

eρu − ĝδ(u, ρ)
1− ĝδ(0, ρ)

, an x > u ≥ 0

fδ(x, y|0)
eρxĝδ(u− x, ρ)− ĝδ(u, ρ)

1− ĝδ(0, ρ)
, an 0 < x ≤ u,

(2.26)

ìpou

fδ(x, y|0) =
λ

c
e−δxfZ(x+ y). (2.27)

Apìd. H sq. (2.26) eÐnai �mesh sunèpeia twn sq. (2.23) kai (2.24). �

Ac melet soume, t¸ra, thn perÐptwsh pou den up�rqei proexoflhtikìc par�-
gontac (δ = 0). Gia δ = 0, tìte ìpwc èqoume proanafèrei ρ = 0 kai kat�
sunèpeia

ĝ(u, 0) = E
[
e−0T−0|U(T )|I (T <∞)

∣∣∣U(0) = u
]

= E
[
I (T <∞)

∣∣∣U(0) = u
]

= ψ(u).
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Par�deigma 2.4 Sto Par�deigma 2.2 melet same thn pijanìthta
qreokopÐac dojèntoc arq. kefalaÐou u, sthn perÐptwsh pou Z ∼ E(β).

Proèkuye ìti

ψ(u) =
1

1 + θ
e−

θβ
1+θ

u.

Apì thn teleutaÐa sqèsh kai thn (2.25), gia δ = 0 ìtan c = (1 + θ)λ
β
,

prokÔptei

f(x|0) =
1

1 + θ
β e−βx, (2.28)

opìte h (2.24) (gia δ = 0) gÐnetai

f(x|u) =



1
1+θ

βe−βx
1− 1

1 + θ
e−

θβ
1+θ

u

1− 1

1 + θ

, an x > u ≥ 0

1
1+θ

βe−βx e−
θβ
1+θ

(u−x) − e−
θβ
1+θ

u

1− 1

1 + θ

1
1+θ

, an 0 < x ≤ u.

(2.29)

Epomènwc, h perij¸ria (elleimmatik ) puknìthta thc t.m. tou pleon�-
smatoc U(T−), ìtan to arq. apìjema eÐnai u kai oi zhmièc akoloujoÔn thn
Ekjetik  katanom , eÐnai

f(x|u) =


βe−βx

θ

(
1− 1

1+θ
e−

θβ
1+θ

u
)
, an x > u ≥ 0

βe−βx

θ(1+θ)

(
e
θβ
1+θ

x − 1
)
e−

θβ
1+θ

u, an 0 < x ≤ u.

(2.30)

Apì thn sqèsh

fZ(x+ y)

F̄Z(x)
= βe−βy,

kai thn (2.26), prokÔptei

f(x, y|u) =


β2

θ
e−β(x+y)

(
1− 1

1+θ
e−

θβ
1+θ

u
)
, an x > u ≥ 0

β2

θ(1+θ)
e−β(x+y)

(
e
θβ
1+θ

x − 1
)
e−

θβ
1+θ

u, an 0 < x ≤ u,

(2.31)
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h apì koinoÔ (elleimmatik ) puknìthta twn t.m. U(T−), |U(T )| (gia arq.
apìjema Ðso me u).

Tèloc, h perij¸ria (elleimmatik ) puknìthta thc t.m. tou elleÐmmatoc
th stigm  thc qreokopÐac, brÐsketai arkeÐ na oloklhr¸soume thn (2.31)
wc proc x.

Dhlad 

g(u, y) =

∫ ∞
0

f(x, y|u)dx

=

∫ ∞
0

βe−βyf(x|u)dx

= fZ(y)ψ(u)

=
β

1 + θ
e−βye−

θβ
1+θ

u. (2.32)
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Kef�laio 3

H bajmÐda apotuqÐac

Skopìc thc paroÔsac melèthc eÐnai h eÔresh tou suntelest  susqètishc
metaxÔ twn tuqaÐwn metablht¸n tou pleon�smatoc kai tou elleÐmmatoc (do-
jèntoc ìti ja sumbeÐ qreokopÐa) gia poikÐllec katanomèc kindÔnwn. 'Opwc
ja doÔme sto epìmeno Kef�laio, to prìshmo autoÔ tou suntelest  epÐshc
poikÐllei (eÐnai arnhtikì, jetikì kai mhdèn gia di�forec katanomèc). To ge-
gonìc autì exart�tai apì ta qarakthristik� thc katanom c kindÔnwn, kai gia
thn akrÐbeia èqei �mesh sqèsh me thn sumperifor� thc bajmÐdac apotuqÐac (an
dhlad  eÐnai aÔxousa, fjÐnousa   stajer ) thc katanom c isorropÐac.

'Etsi, jewroÔme qr simo na parousi�soume tic katanomèc kindÔnwn pou
qrhsimopoioÔntai gia thn melèth tou suntelest  susqètishc, k�j¸c kai tic
antÐstoiqec bajmÐdec apotuqÐac touc. Gia thn akrÐbeia prìkeitai na melethjeÐ
h Ekjetik , h mÐxh dÔo kai tri¸n Ekjetik¸n, h G�mma, h mÐxh miac Ekjetik c
kai miac G�mma, h mÐxh dÔo Ekjetik¸n kai miac G�mma kai tèloc h mÐxh dÔo
G�mma kai miac Ekjetik c katanom c.

3.1 K�poioi qr simoi orismoÐ

Ac upojèsoume ìti h katanom  thc upì melèth mh arnhtik c t.m. eÐnai z kai
èqei sv.k. F (•), h opoÐa sÔmfwna me ton Orismì 1.2 upologÐzetai apì thn sqèsh

F (x) =

∫ x

0

dF (w), (3.1)

me basikèc upojèseic

F (0−) = 0, F (+∞) = 1

tìte mporoÔme na diatup¸soume ton epìmeno Orismì apì th JewrÐa Axiopi-
stÐac (Reliability Theory).
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Orismìc 3.1 Gia mia suneq  sun�rthsh katanom c F (•), h sun�rthsh

r(t) = − d

dt
log F̄ (t) =

f(t)

F̄ (t)
, (3.2)

onom�zetai bajmÐda apotuqÐac (failure rate   hazard rate) kai ekfr�zei ton
rujmì kat� ton opoÐo apotugq�nei mia mon�da.

AntikeÐmeno melèthc, �ra, eÐnai h sun�rthsh r(•). O diaqwrismìc twn katano-
m¸n kindÔnwn gÐnetai me b�sh thn monotonÐa aut c thc sun�rthshc ston jetikì
hmi�xona. Oi kl�seic pou an kei h ek�stote katanom  kaleÐtai ' kl�sh g ran-
shc '. O epìmenoc Orismìc eÐnai diafwtistikìc.

Orismìc 3.2 Mia mh diakrit  t.m. Z, me katanom  z an kei sthn kl�sh
g ranshc IFR (DFR) ann1 h bajmÐda apotuqÐac r(t) thc katanom c eÐnai
aÔxousa (fjÐnousa) gia t ≥ 0, t.w. F (t) < 1.

Sthn perÐptwsh r(t) = c (stajerìc jetikìc arijmìc), tìte h sun�rthsh r(•)
eÐnai tautìqrona fjÐnousa kai aÔxousa me �meso apotèlesma Z ∈ IFR kai
Z ∈ DFR ston Ðdio qrìno. EÐnai profanèc ìti se aut  thn kl�sh an kei h
Ekjetik  katanom , afoÔ an

f(x) = βe−βx,

h sv.p.p. thc en lìgw katanom c, tìte h sun�rthsh

F̄ (x) = e−βx,

parist�nei thn sv.ep. aut c thc katanom c kai kata sunèpeia h bajmÐda apo-
tuqÐac (k�nontac qr sh thc (3.2) ), ja eÐnai

r(t) = β, ∀t ≥ 0. (3.3)

H teleutaÐa sqèsh mac upodhl¸nei ìti

F̄ (t1 + t2)

F̄ (t2)
= F̄ (t1). (3.4)

IsqÔei ìmwc kai to antÐstrofo, sugkekrimèna èqoume to parak�tw Je¸rhma.

Je¸rhma 3.1 An upotejeÐ ìti gia k�poio t > 0, 0 < F (t) < 1, tìte h mình
sv.k. pou ikanopoieÐ thn (3.4), eÐnai h katanom  F̄ (x) = e−βx.

1
Η ῾῾λέξη᾿᾿ αυτή είναι πιστή μετάφραση της συντόμευσης iff, που σημαίνει αν και μόνο αν.
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Apìd. Bl. Gertsbakh, 1989. �

To teleutaÐo Je¸rhma apodeiknÔei ìti h Ekjetik  katanom  eÐnai h mình mh
diakrit  katanom 2 pou èqei stajer  sun�rthsh r(•). Gia ton lìgo autì
apokaleÐtai wc katanom  me ' èlleiyh ' mn mhc (memoryless distribution).

'Ena parastatikì par�deigma pou katanoeÐtai pl rwc h ènnoia thc èlleiyhc
mn mhc miac katanom c, eÐnai h efarmog  thc bajmÐdac apotuqÐac ston kl�do
twn AsfalÐsewn Zw c. Dhlad , upojètoume ìti o upoloipìmenoc qrìnou
enìc atìmou akoloujeÐ thn Ekjetik  katanom , tìte to �tomo autì paramènei
agèrasto, me th p�rodo tou qrìnou all� ìqi kai aj�nato.

3.2 K�poiec zhmiokatanomèc

'Opwc anafèrame kai sthn Eisagwg  tou parìntoc, sthn paroÔsa Enìthta
prìkeitai na melethjeÐ h bajmÐda apotuqÐac, gia katanomèc pou ja qrhsi-
mopoihjoÔn sta epìmena Kef�laia. ProtoÔ, ìmwc gÐnei autì, ac doÔme dÔo
Jewr mata ta opoÐa eÐnai idiaitèrwc qrhstik� gia thn jewrhtik  apìdeixh thc
kl�shc g ranshc pou an kei h Ekjetik  kai h Erlang katanom  (katanom 
G�mma gia akèraia tim  thc paramètrou klÐmakac).

Je¸rhma 3.2 (BajmÐda apotuqÐac thc sunèlixhc) An gia dÔo su-
neqeÐc katanomèc z1 kai z2, oi opoÐec an koun sthn kl�sh IFR, tìte h
sunèlixh (convolution) H aut¸n, pou dÐnetai apì thn sqèsh

H(x) =

∫ ∞
0

F1(x− w)dF2(w),

an kei epÐshc sthn kl�sh g ranshc IFR (H ∈ IFR).

Apìd. Bl. Barlow & Proschan, 1996. �

Je¸rhma 3.3 (BajmÐda apotuqÐac thc mÐxhc) An oi mh diakritèc ka-
tanomèc zi, i = 1, 2, ..., n, an koun sthn kl�sh g ranshc DFR, tìte h mÐxh
katanom¸n G, pou dÐnetai apì to �jroisma

G(x) =
n∑
1

aiFi(x),

me ai ≥ 0, pou ikanopoioÔn thn sqèsh
∑n

1 ai = 1, an kei (epÐshc) sthn kl�sh
katanom¸n DFR (G ∈ DFR).

2
Τονίζεται εντόνως η συνέχεια της Εκθετικής κατανομής, καθώς η Γεωμετρική κατανομή

λειτουργεί επίσης με έλλειψη μνήμης και ΄ αντικαθιστά ΄ την εν λόγω κατανομή στην διακριτή

περίπτωση.
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Apìd. Bl. Barlow & Proschan, 1996. �

Parat rhsh 3.1 An oi mh diakritèc katanomèc zi, sto Je¸rhma 3.3,  tan
IFR; den sunep�getai (kat' an�gkh) ìti kai h mÐxh katanom¸n G an kei sthn
kl�sh IFR.

Parajètoume t¸ra dÔo Prot�seic, pou basÐzontai sta Jewr mata 3.2 kai 3.3
antÐstoiqa. En¸ h algebrik  touc upìstash paratÐjetai stic epìmenec Upì -
enìthtec.

Prìtash 3.1 'Estw t.m. Zi, i = 1, 2, ..., n, gia tic opoÐec Zi ∼ E(βi). Tìte h
t.m.W ∼

∑n
i=1 ai Zi, me

∑n
i=1 ai = 1, an kei sthn kl�sh DFR (W ∈ DFR).

Apìd. SÔmfwna me to Je¸rhma 3.1, h Ekjetik  katanom  èqei stajer 
bajmÐda apotuqÐac ri(t) = βi. 'Etsi h t.m. Zi an kei kai stic dÔo kl�seic
katanom¸n.

Epomènwc Zi ∈ DFR. 'Omwc sÔmfwna me to Je¸rhma 3.3, h mÐxh katanom¸n
DFR eÐnai epÐshc DFR. �

To akìloujo Je¸rhma eÐnai katalutikì prokeimènou na apodeiqjeÐ h epìmenh
Prìtash pou sqetÐzetai me thn kl�sh g ranshc, pou an kei h Erlang katanom .

Je¸rhma 3.4 An gia tic anex�rthtec kai isìnomec t.m. Zi isqÔei Zi ∼ E(β),
gia i = 1, 2..., n, tìte gia thn katanom  tou ajroÐsmatoc isqÔei

∑
i Zi ∼

G(n, β).

Apìd. (dia mèsw sunelÐxewn)Bl. opoiad pote biblÐo sqetikì me th
JewrÐa Pijanot twn. �

Prìtash 3.2 'Estw oi mh diakritèc t.m. Zi, i = 1, 2, ..., n, oi opoÐec eÐnai
isìnoma katanemhmènec me thn t.m. Z, gia thn opoÐa Z ∼ E(β), tìte h t.m.
W ∼

∑
Zi, an kei sthn kl�sh g ranshc IFR.

Apìd. SÔmfwna me to Je¸rhma 3.1, h t.m. Zi eÐnai IFR. 'Etsi, basizìmenoi
sto Je¸rhma 3.4 h t.m. W ∼ G(n, β), eÐnai IFR. �

3.2.1 MÐxh dÔo Ekjetik¸n katanom¸n

An h mh diakrit  t.m. Z akoloujeÐ mia mÐxh dÔo Ekjetik¸n katanom¸n, tìte h
sv.p.p. f(•) thc katanom c z, eÐnai thc morf c

f(x; a, β, γ) = a β e−β x + (1− a) γ e−γ x, x > 0, (3.5)

ìpou a ∈ [0, 1]. H akìloujh Prìtash sqetÐzetai me thn bajmÐda apotuqÐac
aut c thc katanom c.
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Prìtash 3.3 An Z ∼ aE(β) + (1− a)E(γ), tìte ∀a ∈ [0, 1] kai β, γ > 0, h
bajmÐda apotuqÐac r(•) upologÐzetai apì thn sqèsh

r (x; a, β, γ) =
a β e−β x + (1− a) γ e−γ x

a e−β x + (1− a) e−γ x
. (3.6)

Apìd. H apìdeixh thc (3.6) eÐnai profan c, afoÔ lamb�nontac upìyh thn
(3.5) kai k�nontac qr sh thc (1.4), tìte gia thn eÔresh thc sv.ep. thc t.m. Z
ja èqoume

F̄ (x) = a e−β x + (1− a) e−γ x

Tèloc, diair¸ntac thn (3.5) me thn �nwjen sqèsh, ìpwc upodeiknÔetai ston
Orismì 3.1, prokÔptei to apotèlesma sthn (3.6). �

Efarmog  3.1 H bajmÐda apotuqÐac ìtan Z ∼ aE(1/2) + (1− a)E(1/5).

Jètontac sthn (3.6) ìpou β = 1/2 kai γ = 1/5, tìte h bajmÐda apotuqÐac
diamorf¸netai wc

r

(
x; a,

1

2
,
1

5

)
=

1
2
ae−

1
2
x + 1

5
(1− a) e−

1
5
x

ae−
1
2
x + (1− a) e−

1
5
x

. (3.7)

H sun�rthsh r(•) thc sq. (3.7) èqei arnhtik  pr¸th par�gwgo (wc proc x). To
gegonìc autì faÐnetai kai sto Sq ma 3.1 (arister�), sto opoÐo parousi�zetai
to gr�fhma thc en lìgw sun�rthshc gia treic timèc thc paramètrou barÔthtac
a.

Efarmog  3.2 H bajmÐda apotuqÐac ìtan Z ∼ aE(2) + (1− a)E(4).

Upì thn proôpìjesh ìti β = 2 kai γ = 4, tìte h (3.6) gÐnetai

r (x; a, 2, 4) =
2 ae−2x + 4 (1− a) e−4x

ae−2x + (1− a) e−4x
. (3.8)

Sto Sq ma 3.1 (dexi�) parousi�zetai h grafik  apeikìnish thc (3.8) gia treic
timèc thc paramètrou a, sunart sei thc tim c x.

Kai apì ta dÔo graf mata tou Sq matoc 3.1 parathreÐtai ìti ìso pio meg�lh
eÐnai h tim  twn paramètrwn β kai γ, tìso piì apìtoma fjÐnei h sun�rthsh
r(•),∀a ∈ [0, 1]. Se antÐjesh me mikrèc timèc aut¸n, ìpou fjÐnei exairetik�
arg� kai èqei polÔ mikr  tim . FaÐnetai de na teÐnei sth tim  2 gia meg�lec
timèc tou orÐsmatoc x.
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Sq ma 3.1: H bajmÐda apotuqÐac ìtan Z ∼ aE(1/2)+(1−a)E(1/5) (arister�)
kai Z ∼ aE(2) + (1− a)E(4) (dexi�), sunart sei thc tim c x

Parat rhsh 3.2 H t.m. Z eÐnai DFR, dhlad  èqei fjÐnousa sun�rthsh
r(•). Autì faÐnetai tìso apì ta dÔo graf mata tou Sq matoc 3.1, all� kai
algebrik�, kaj¸c apedeÐqjhke jewrhtik� (gia mia sugkekrimènh oikogèneia
katanom¸n, sthn opoÐa ent�ssetai h paroÔsa katanom ) sthn Prìtash 3.1.

Gia tic an�gkec thc epìmenhc Parat rhshc, èstw ìti Z ∼ aZ1 + (1 − a)Z2,
ìpou Z1 ∼ E(β) kai Z2 ∼ E(γ), me antÐstoiqec bajmÐdec apotuqÐac r1(x) = β
kai r2(x) = γ (bl. sq. (3.3) ).

Parat rhsh 3.3 EÐnai profanèc (apì to Sq ma 3.1) ìti h sun�rthsh r(•)
eÐnai aÔxousa wc proc thn par�metro barÔthtac a, ìtan β > γ kai fjÐnousa
ìtan β < γ.

To gegonìc autì ofeÐletai sto ìti ìtan megal¸nei h tim  thc paramètrou
a, tìte dÐnetai perissìtero èmfash sthn t.m. Z1 apì ìti sthn Z2. 'Etsi an
β > γ, tìte dÐnetai èmfash sth katanom  me thn uyhlìterh bajmÐda apotuqÐac
r(•) me apotèlesma na aux�netai h sun�rthsh r(•) thc mÐxhc aut¸n.

Parat rhsh 3.4 Genikìtera, gia thn mÐxh dÔo Ekjetik¸n katanom¸n blè-
poume ìti h bajmÐda apotuqÐac, pèran to ìti eÐnai fjÐnousa wc proc x (Z ∈ DFR),
strèfei par�llhla ta koÐla proc ta k�tw (arnhtik  deuterh par�gwgoc).

Wstìso sto Sq ma 3.1 (arister�) kai gia a > 0.9 blèpoume ìti k�ti tètoio
' q�nei ' thn isqÔ tou. Gia thn akrÐbeia, strèfei ta koÐla proc ta �nw (jetik 
deÔterh par�gwgoc) mèqri to shmeÐo x = 15 kai katìpin proc ta k�tw.
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3.2.2 MÐxh tri¸n Ekjetik¸n katanom¸n

An h mh diakrit  katanom  z = a1E(β1) + a2E(β2) + (1− a1− a2)E(β3), ìpou
0 ≤ a1 +a2 ≤ 1, tìte ja lème ìti h t.m. Z akoloujeÐ mia mÐxh tri¸n ekjetik¸n
katanom¸n me sv.p.p. pou upologÐzetai apì thn sqèsh

f(x; a1, a2, β1, β2, β3) = a1β1e
−β1x + a2β2e

−β2x + (1− a1 − a2) β3e−β3x, (3.9)

ìpou gia to di�nusma pou emperièqei tic paramètrouc klÐmakac isqÔei

b = (β1, β2, β3) > 0.

Prìtash 3.4 An z = a1E(β1) +a2E(β2) + (1−a1−a2)E(β3), tìte ∀β > 0,
h bajmÐda apotuqÐac thc t.m. Z perigr�fetai apì thn majhmatik  èkfrash

r(x; a1, a2, β1, β2, β3) =

=
a1β1e

−β1x + a2β2e
−β2x + (1− a1 − a2) β3e−β3x

a1e−β1x + a2e−β2x + (1− a1 − a2) e−β3x
. (3.10)

Apìd. H sv.p.p. thc t.m. Z apeikonÐzetai algebrik� sthn (3.9). 'Etsi me thn
bo jeia thc (1.4), h sv.ep. ja eÐnai

F̄ (x) = a1e
−β1x + a2e

−β2x + (1− a1 − a2) e−β3x.

Epomènwc, èqontac ìlec tic proapaitoÔmenec sunart seic gia ton upologismì
thc r(•) (bl. Orismì 3.1), brÐsketai h (3.10). �

Ac exet�soume, sto shmeÐo autì, dÔo Efarmogèc thc Prot�sewc 3.4.

Efarmog  3.3 H bajmÐda apotuqÐac ìtan z = (1/6)E(1/2)+(1/3)E(1/5)+
(1/2)E(1/10).

K�nontac thc anagkaÐec antikatast�seic sthn (3.10), prokÔptei

r

(
x;

1

6
,
1

3
,
1

2
,
1

5
,

1

10

)
=

1

12
e−

1
2
x +

1

15
e−

1
5
x +

1

20
e−

1
10
x

1

6
e−

1
2
x +

1

3
e−

1
5
x +

1

2
e−

1
10
x

. (3.11)

H grafik  par�stash thc (3.11) parousi�zetai sto Sq ma 3.1 (arister�).
EÐnai emfan c h fjÐnousa poreÐa thc r(•), kaj¸c kai ìti strèfei ta ' koÐla '
proc ta k�tw.

Efarmog  3.4 H bajmÐda apotuqÐac ìtan z = (1/6)E(3) + (1/3)E(2) +
(1/2)E(5).

43



Sq ma 3.2: H bajmÐda apotuqÐac ìtan z = (1/6)E(1/2) + (1/3)E(1/5) +
(1/2)E(1/10) (arister�) kai z = (1/6)E(3) + (1/3)E(2) + (1/2)E(5) (dexi�),
sunart sei thc tim c x

Antikajist¸ntac sthn (3.10) tic antÐstoiqec majhmatikèc timèc, prokÔptei to
apotèlesma

r

(
x;

1

6
,
1

3
, 3, 2, 5

)
=

1

2
e−3x +

2

3
e−2x +

5

2
e−5x

1

6
e−3x +

1

3
e−2x +

1

2
e−5x

. (3.12)

Sto Sq ma 3.1 (dexi�) parousi�zetai h ' eikìna ' thc (3.12).

Ta sumper�smata pou prokÔptoun apì tic dÔo teleutaÐec Efarmogèc, kai ei-
dikìtera apì ta graf mata touc (Sq ma 3.1), ja lègame ìti eÐnai ìmoia me
aut� pou ex qjhsan sthn Enìthta 3.2.1 (MÐxh dÔo ekjetik¸n katanom¸n).
KÔrio qarakthristikì, kai ed¸, eÐnai ìti gia meg�lec timèc tou dianÔsmatoc
b, h r(•) fjÐnei apìtoma sto 0, se antÐjesh me mikrèc timèc tou b pou teÐnei
exairetik� arg� sto en lìgw shmeÐo.

Parat rhsh 3.5 Sthn Prìtash 3.1 apodeÐqjhke ìti h k-t�xhc, k = 1, 2, ..,
mÐxh Ekjetik¸n katanom¸n an kei sthn kl�sh DFR. 'Etsi h katanom  z,
sthn paroÔsa perÐptwsh (k = 3), anamènetai (ìpwc kai diapist¸jhke) na
an kei sthn kl�sh g ranshc DFR.
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3.2.3 Katanom  G�mma

K�nontac thn upìjesh ìti z = G(n, β), tìte h sv.p.p. thc t.m. Z, f(•) ja eÐnai
thc morf c

f(x;n, β) =
βn

Γ(n)
xn−1e−βx, x > 0, (3.13)

ìpou, Γ(•) h sun�rthsh G�mma pou orÐzetai apì to olokl rwma

Γ(n) =

∫ ∞
0

tn−1e−tdt, n > 0. (3.14)

An n ∈ N, tìte Γ(n) = (n− 1)! kai h en lìgw katanom  lègetai Erlang.
Ac doÔme t¸ra thn epìmenh Prìtash, h opoÐa perigr�fei thn bajmÐda apo-

tuqÐac thc katanom c Erlang.

Prìtash 3.5 An Z ∼ G(n, β), tìte ∀β > 0 kai n ∈ Z, h bajmÐda apotuqÐac
upologÐzetai apì thn sqèsh

r(x;n, β) =
1

Γ (n)

βn xn−1

n−1∑
j=0

(β x)j

j!

. (3.15)

Apìd. An h suneq c kai fjÐnousa sun�rthsh F̄ (•) ekfr�zei thn sv.ep. thc
t.m. Z, tìte sÔmfwna me to Je¸rhma 3.4

F̄ (x) = V̄ ∗n(x),

ìpou, V̄ ∗n(•) h sv.ep. thc n - sth sunèlixh miac metablht c V , h opoÐa gr�fetai
wc K = V1 + V2 + ...+ Vn, me Vi ∼ E(β), ∀i = 1, 2..., n.

'Ara k�nontac qr sh thc (1.4), kai me thn bo jeia thc (3.13), ja èqoume

V̄ ∗n(x) = − 1

β

∫ ∞
x

βn

(n− 1)
yn−1

(
e−β y

)′
dy

=
1

β

βn

(n− 1)
xn−1e−β x +

1

β

∫ ∞
x

βn

(n− 1)
(n− 1)yn−2e−β ydy

=
βn−1

(n− 1)
xn−1e−β x +

∫ ∞
x

βn−1

(n− 2)
yn−2e−β ydy

=
βn−1

(n− 1)
xn−1e−β x + V̄ ∗(n−1)(x).
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Sthn �nwjen, teleutaÐa anadromik  sqèsh jètoume n = 1, n = 2 ewc n
kai prosjètontac diadoqik� tic parast�seic pou brèjhkan, lamb�noume to
apotèlesma

F̄ (x) = V̄ ∗n(x) = e−β x
n−1∑
j=0

(β x)j

j!
. (3.16)

Tèloc, diair¸ntac thn (3.13) me thn teleutaÐa sqèsh, prokÔptei h (3.15). �

Prìtash 3.6 'Estw dÔo mh arnhtikèc t.m. Z1 kai Z2, me antÐstoiqec ka-
tanomèc z1 kai z2, gia tic opoÐec z1 = E(β) kai z2 = G(n, β), tìte gia tic
bajmÐdec apotuqÐac r1(x) kai r2(x) twn dÔo aut¸n katanom¸n, isqÔei

r2(x) ≤ r1(x) = β, ∀x ≥ 0, n = 2, 3... kai β > 0. (3.17)

Apìd. Sthn Prìtash 3.2 eÐdame ìti h bajmÐda apotuqÐac sthn perÐptwsh pou
h katanom  eÐnai Erlang an kei sthn kl�sh IFR. Dhlad , sthn prokeimènh
perÐptwsh h sun�rthsh r1(x) eÐnai aÔxousa wc proc to ìrisma x. Epomè-
nwc, arkeÐ na deÐxoume ìti to topikì mègisto thc teleutaÐac sun�rthshc eÐnai
mikrìtero   Ðso apì thn tim  β.

H sun�rthsh r2(x) lamb�nei thn mègisth tim  thc kaj¸c x ↑ ∞. Epomènwc

lim
x→∞

r2(x) =
βn

Γ (n)
lim
x→∞

xn−1∑n−1
j=0

(β x)j

j!

=
βn

Γ (n)
lim
x→∞

xn−1

1 + β x+ 1
2

(β x)2 + ...+ 1
(n−1)! (β x)n−1

=
βn

Γ (n)
lim
x→∞

xn−1

1
(n−1)! (β x)n−1

= βn lim
x→∞

xn−1

(β x)n−1
= β. �

Efarmog  3.5 H bajmÐda apotuqÐac sthn perÐptwsh pou z = G(2, β).

H sq. (3.15), gia n = 2 gÐnetai

r (x; 2, β) =
xβ2

1 + β x
. (3.18)

H bajmÐda apotuqÐac pou apeikonÐzetai sthn (3.18), eÐnai gnhsÐwc aÔxousa (wc
proc x) kai par�llhla strèfei ta koÐla proc ta �nw. Autì prokÔptei apì to
gegonìc ìti

d

dx
r(x; β) =

β2

(1 + β x)2
> 0,
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Sq ma 3.3: H bajmÐda apotuqÐac ìtan Z ∼ G(2, β), sunart sei thc tim c x

kai

d2

dx2
r(x; β) = −2

β4

(1 + β x)3
< 0.

EpÐshc gia x = 0, tìte r(0; β) = 0,∀β > 0. To Sq ma 3.3 parousi�zei thn
poreÐa thc r(•) thc sq. (3.15) gia treic timèc thc β. EÐnai ofjalmofanèc (kai
sthn paroÔsa perÐptwsh) ìti kaj¸c β ↑ ∞, tìte r ↑ ∞ (aÔxousa sun�rthsh
wc proc thn par�metro klÐmakac β).

H sun�rthsh r(x; 2, 1) aux�nei apìtoma apì to shmeÐo x = 0 ewc to x = 10
kai en suneqeÐa stajeropoieÐtai. Antijètwc h r(x; 2, 3) aux�nei akìma pio
apìtoma apì to smeÐo x = 0 kai stajeropoieÐtai piì arg� se sqèsh me thn
sun�rthsh r(x; 2, 1).

Parat rhsh 3.6 Gia n = 2, h sun�rthsh r(•) eÐdame ìti eÐnai aÔxousa; �ra
z ∈ IFR. To gegonìc autì  tan anamenìmeno kaj¸c sÔmfwna me thn Prì-
tash 3.2, h G�mma katanom , gia n > 1 an kei sthn kl�sh IFR, wc sunèlixh
katanom¸n pou an koun sthn kl�sh g ranshc IFR (Ekjetikèc katanomèc).

3.2.4 MÐxh Ekjetik c kai G�mma katanom c

An h par�metroc a, ekfr�zei ton suntelest  barÔthtac me 0 ≤ a ≤ 1, tìte h
sv.p.p. thc t.m. Z, ja eÐnai thc morf c

f(x; a, β, n) = (1− a) β e−β x + a
βn

Γ (n)
xn−1e−β x, x > 0, (3.19)
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kai gia lìgouc suntomÐac ja anafèroume ìti h katanom  z thc t.m. Z peri-
gr�fetai apì thn isìthta z = (1− a)E(β) + aG(n, β).

Ac doÔme, t¸ra, thn epìmenh Prìtash sthn opoÐa skiagrafeÐtai h bajmÐda
apotuqÐac r(•) thc t.m. Z, gia treic timèc thc paramètrou sq matoc n.

Prìtash 3.7 (i) An Z ∼ (1 − a)E(β) + aG(1/2, β), tìte ∀β > 0 kai
a ∈ [0, 1], h bajmÐda apotuqÐac thc t.m. Z dÐnetai apì thn sqèsh

r(x; a, n, β)
∣∣∣
n=1/2

=

(1− a) β e−β x +
a
√
βe−β x√
x
√
π

(1− a) e−β x + a Ḡ
(
x; 1

2
, β
) , (3.20)

ìpou genik�

Ḡ (x;n, β) =
βn

Γ (n)

∫ ∞
x

tn−1e−β tdt, (3.21)

h sv.ep. miac katanom c G�mma me paramètrouc n kai β. Sthn eidik  perÐptwsh
de pou β = 1, tìte h (3.21) gÐnetai

Ḡ (x;n, 1) =
1

Γ (n)

∫ ∞
x

tn−1e−tdt

= 1− Γ(x;n).

ìpou, Γ (x;n) h mh pl rhc sun�rthsh G�mma (bl. Koutsìpouloc K, 1998).

(ii) An Z ∼ (1 − a)E(β) + aG(2, β), tìte ∀β > 0 kai a ∈ [0, 1], h bajmÐ-
da apotuqÐac eÐnai

r(x; a, n, β)
∣∣∣
n=2

=
(1− a) β + a xβ2

1 + a x β
. (3.22)

(iii) An Z ∼ (1 − a)E(β) + aG(3, β), tìte ∀β > 0 kai a ∈ [0, 1], h bajmÐda
apotuqÐac upologÐzetai apì thn sqèsh

r(x; a, n, β)
∣∣∣
n=3

=
2 (1− a) β + a x2β3

2 + 2 a xβ + a β2x2
. (3.23)

Apìd. (i) Gia n = 1/2 h sv.p.p. thc (3.19), gÐnetai

f(x) = (1− a) β e−β x + a

√
βe−β x√
π
√
x
, (3.24)
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afoÔ, apì thn (3.14) me kat�llhlh antikat�stash ja èqoume

Γ

(
1

2

)
=

∫ ∞
0

1√
t
e−tdt,

kai antikajist¸ntac ìpou
√
t me w; �ra 1

2
√
t
dt = dw ⇔ dt = 2

√
tdw, en¸ ta

ìria tou oloklhr¸matoc paramènoun wc èqoun.
Epomènwc

Γ

(
1

2

)
=

∫ ∞
0

1

w
e−w

2

2wdw

= 2

∫ ∞
0

e−w
2

dw

= 2
√
π

∫ ∞
0

1√
1
2

√
2π

e

− 1

2

(√
1
2

)2w
2

dw = 2
√
π P[W > 0]

ìpou, W ∼ N(0, 1/2) (kanonik  katanom  me majhmatik  elpÐda µ = 0 kai
diaspor� σ2 = 1/2). Kai wc gnwstìn sÔmfwna me tic basikèc sunj kec pou
dièpoun mia sv.p.p. (bl. Orismì 1.2, kai eidikìtera sq. (1.2) ) ja èqoume

Γ

(
1

2

)
=
√
π,

lìgw summetrÐac thc Kanonik c katanom c.
Gia thn eÔresh thc sv.ep. arkeÐ na oloklhr¸soume thn sv.p.p. thc sq. (3.24)

sto (x,∞). 'Ara

F̄ (x) = (1− a) e−β x + a Ḡ

(
x;

1

2
, β

)
. (3.25)

Diair¸ntac t¸ra thn (3.24) me thn teleutaÐa exÐswsh, prokÔptei to apotèle-
sma pou apeikonÐzetai sthn (3.20).

(ii) Gia n = 2 h sq. (3.19), gÐnetai

f(x) = (1− a) β e−β x + a β2x e−β x

= (1− a+ a β x) β e−β x. (3.26)

Sthn sq. (3.16) apeikonÐzetai h sv.ep. gia mia G�mma katanom , sthn perÐptwsh
pou n ∈ N. Gia n = 2, h (3.16) gÐnetai V̄ ∗2 = (1 + β x) e−β x. 'Etsi h sv.ep.
thc Z upologÐzetai apì thn sqèsh

F̄ (x) = (1− a) e−β x + a (1 + β x) e−β x

= (1 + a β x) e−β x.
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Diair¸ntac t¸ra thn (3.26) me thn teleutaÐa sqèsh, prokÔptei to apotèlesma
thc (3.22).

(iii) H apìdeixh aut c thc sqèshc eÐnai ìmoia me aut  thc (3.22). Dhlad , gia
n = 3 h (3.19) gÐnetai

f(x) = (1− a) β e−β x + a
β3

2
x2 e−β x

= (1− a+ a β x) β e−β x, (3.27)

kai antistoÐqwc V̄ 3 =
(
1 + β x+ 1

2
β2x2

)
(apì thn (3.16) kai gia n = 3). 'Etsi,

h sv.ep. ja eÐnai

F̄ (x) =

(
1 + a β x+

1

2
β2x2

)
e−β x.

Tèloc, diair¸ntac thn (3.27) me thn teleutaÐa sqèsh, prokÔptei to apotèle-
sma pou faÐnetai sthn sq. (3.23). �

'Opwc ja doÔme sta epìmena Kef�laia, h par�metroc β den paÐzei shmantikì
rìlo sth tim  tou suntelest  susqètishc. Opìte, gia lìgouc eukolÐac ac
jewr soume ìti h par�metroc β èqei stajer  tim  kai Ðsh me 1. Tìte h sq.
(3.22) gÐnetai

r(x; a, 2, 1) = 1− a

1 + ax
,

kai paragwgÐzontac thn teleutaÐa wc proc x prokeimènou na exetasjeÐ h mono-
tonÐa thc, ja èqoume

d

dx
r(x; a, 2, 1) =

a2

(1 + ax)2
> 0, ∀a ∈ (0, 1].

Profan¸c, gia a = 0 tìte r′(x; 0, 2, 1) = 0 kai h r(•) eÐnai stajer  kai Ðsh me
1 (β = 1). EpÐshc, strèfei ta koÐla proc ta k�tw afoÔ

d2

dx2
r(x; a, 2, 1) = − a3

(1 + ax)3
< 0, ∀a ∈ (0, 1].

Exairetikì endiafèron parousi�zei h monotonÐa thc r(•) sthn perÐptwsh pou
n > 2 kai autì diìti h en lìgw sun�rthsh parousi�zei topikì el�qisto.
Dhlad  all�zei monotonÐa se k�poio shmeÐo, èstw xo.

H sq. (3.23) gia β = 1 gÐnetai

r(x; a, 3, 1) = 1− 2a
1− x

2 + 2ax+ ax2
,
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kai paragwgÐzont�c thn, prokÔptei

d

dx
r(x; a, 3, 1) = −2

a

2 + 2 a x+ a x2
+ 2

a (1 + x) (2 a+ 2 a x)

(2 + 2 a x+ a x2)2
.

Exis¸nontac, t¸ra, thn teleutaÐa sqèsh me to 0 prokÔptoun dÔo lÔseic

x =

{
−a+

√
−a2 + 2 a

a
,−a+

√
−a2 + 2 a

a

}
.

'Etsi h upì sunj kh elaqistopoÐhsh (d2/dx2r|x=xo > 0) epitugq�netai sto
shmeÐo

xo =

√
−a2 + 2 a

a
− 1.

Parat rhsh 3.7 H bajmÐda apotuqÐac r (x : a, n, β), pou perigr�fetai sthn
Prìtash 3.7 eÐnai:

1. stajer  kai isoÔtai me β (Z ∼ E(β)), ìtan n = 1

2. gnhsÐwc fjÐnousa wc proc x (Z ∈ DFR), ìtan n = 1/2 kai genik� gia
k�je n < 1 wc mÐxh DFR katanom¸n

3. gnhsÐwc aÔxousa wc proc x (Z ∈ IFR), ìtan n = 2

4. fjÐnousa sto di�sthma [0, x0) (Z ∈ DFR) kai katìpin aÔxousa sto
[xo,∞) (Z ∈ IFR) me el�qisto sto xo =

√
2a− a2/a − 1 , sthn

perÐptwsh pou n = 3.

Sto Sq ma 3.4 paratÐjetai h sun�rthsh r(•) thc sq. (3.20) gia treic timèc
thc paramètrou β me a = 1/2 (arister�) kai gia treic timèc thc paramètrou
barÔthtac a me β = 10. En¸, sto Sq ma 3.5 apeikonÐzetai h sun�rthsh thc
sq. (3.22), gia tic Ðdiec peript¸seic pou anafèrjhkan gia to Sq ma 3.4.

EÐnai safèc, kai gia tic dÔo sunart seic r(•), ìti kaj¸c β ↑ ∞ tìte r ↑ ∞
(gia a = 1/2). Wstìso, kaj¸c a ↑ 1 tìte r(x; a, 1/2, 10) ↑ ∞.

En¸, sto Sq ma 3.6 apeikonÐzetai h sun�rthsh thc (3.23) sunart sei tou
orÐsmatoc x gia treic timèc thc paramètrou barÔthtac a kai gia par�metro
klÐmakac β = 1. EÐnai emfan c h allag  thc monotonÐac thc en lìgw bajmÐdac
apotuqÐac. EpÐshc h sun�rthsh r(•) eÐnai fjÐnousa wc proc thn par�metro a,
∀x ≥ 0.

Prin kleÐsoume thn paroÔsa Enìthta ac doÔme mia Parat rhsh pou ermh-
neÔei th fjÐnousa poreÐa thc sun�rthshc r(•) wc proc a, sthn perÐptwsh pou
n > 1. Gia tic an�gkec aut c thc Parat rhshc jewroÔme ìti

z = (1− a)z1 + az2,

ìpou, z1 = E(β) kai z2 = G(n, β).
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Sq ma 3.4: H bajmÐda apotuqÐac ìtan Z ∼ (1−a)E(β)+aG(1/2, β), sunart -
sei tou orÐsmatoc x

Parat rhsh 3.8 Tìso apì to Sq ma 3.5 (dexi�), ìso kai apì to Sq ma
3.6 parathroÔme ìti ta pos� r(•) kai a èqoun antÐstrofh poreÐa.

To gegonìc autì eÐnai anamenìmeno, kaj¸c me thn aÔxhsh thc paramètrou
barÔthtac a, dÐnetai perissìtero èmfash sthn katanom  z2. 'Omwc h z2

èqei mikrìterh bajmÐda apotuqÐac apì thn antÐstoiqh sun�rthsh thc z1 (bl.
Prìtash 3.6).

Sq ma 3.5: H bajmÐda apotuqÐac ìtan Z ∼ (1−a)E(β) +aG(2, β), sunart sh
thc parat rhshc x
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Sq ma 3.6: H bajmÐda apotuqÐac ìtan Z ∼ (1− a)E(1) + aG(3, 1), sunart sei
thc parat rhshc x

3.2.5 MÐxh Ekjetik c kai dÔo katanom¸n G�mma

Sthn paroÔsa Par�grafo, ja asqolhjoÔme me thn melèth thc bajmÐdac apo-
tuqÐac, sthn perÐptwsh pou h katanom  z akoloujeÐ mia mÐxh Ekjetik c kai
dÔo G�mma katanom¸n. Ja doÔme ìti gia kat�llhlec timèc twn paramètrwn,
par�getai pìte z ∈ IFR kai �llote z ∈ DFR.

Genik� h sv.p.p. thc t.m. Z, eÐnai thc morf c

f(x; a1, a2, a3, n2, n3, β1, β2, β3) =

= a1β1 e
−β1 x + a2

β2
n2xn2−1e−β2 x

Γ (n2)
+ a3

β3
n3xn3−1e−β3 x

Γ (n3)
, x > 0,

(3.28)

kai ja sumbolÐzetai wc z = a1E(β1) + a2G(n2, β2) + a3G(n3, β3), me
∑
ai = 1.

Efarmog  3.6 H bajmÐda apotuqÐac sthn perÐptwsh pou Z ∼ (1/4)E(1) +
(1/4)G(1/2, 1) + (1/2)G(1/4, 1).

Sthn prokeimènh perÐptwsh h sv.p.p. thc t.m. Z, ja eÐnai (me kat�llhlh anti-
kat�stash twn paramètrwn sthn (3.28) )

f(x) =
1

4
e−x +

1

4

e−x√
x
√
π

+
1

4

√
2Γ
(
3
4

)
x3/4π

=
1

4

√
2Γ
(
3
4

)
4
√
x
√
π + xπ

3
2 +
√
xπ

xπ
3
2

e−x, (3.29)
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Sq ma 3.7: H bajmÐda apotuqÐac sthn perÐptwsh pou z = (1/4)E(1) +
(1/4)G(1/2, 1) + (1/2)G(1/4, 1), sunart sei tou orÐsmatoc x

me antÐstoiqh sv.ep.

F̄ (x) =
1

4
e−x +

1

4

(
1− Γ

(
x;

1

2

))
+

1

2

(
1− Γ

(
x;

1

4

))
,

kai diair¸ntac thn (3.30) me thn teleutaÐa sqèsh, prokÔptei

r(x) =

√
2Γ
(
3
4

)
4
√
x
√
π + xπ

3
2 +
√
xπ

3 + e−x − Γ
(
x; 1

2

)
− 2 Γ

(
x; 1

4

) e−x

xπ
3
2

. (3.30)

Parat rhsh 3.9 Genik�, sthn perÐptwsh pou n1, n2 < 1, tìte h t.m. Z
akoloujeÐ mia mÐxh tri¸n katanom¸n pou an koun sthn kl�sh DFR. 'Amesh
sunèpeia autoÔ, eÐnai ìti z ∈ DFR, sÔmfwna me to Je¸rhma 3.3.

To Sq ma 3.7 apeikonÐzei thn sun�rthsh r(•) thc (3.30). EÐnai xek�jaro
ìti r ↘ x (ìpou o sumbolismìc autìc, upodeiknÔei ìti h r(•) eÐnai gnhsÐwc
fjÐnousa, wc proc thn tim  x) kai strèfei ta koÐla proc ta k�tw.

Efarmog  3.7 H bajmÐda apotuqÐac sthn perÐptwsh pou z = (1/4)E(1) +
(1/4)G(2, 1) + (1/2)G(3, 1).

H (3.28) gÐnetai

f(x) =
1

4

(
1 + x+ x2

)
e−x, (3.31)

me antÐstoiqh sv.ep. (sÔmfwna kai me thn (3.16) gia n = 2 kai n = 3)

F̄ (x) =
1

4

(
4 + 3 x+ x2

)
e−x.
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Sq ma 3.8: H bajmÐda apotuqÐac ìtan z = (1/4)E(1) + (1/4)G(2, 1) +
(1/2)G(3, 1), sunart sei thc tim c x

Epomènwc

r(x) =
1 + x+ x2

4 + 3x+ x2
. (3.32)

An paragwgÐsoume thn sun�rthsh thc sq. (3.32) wc proc x, tìte

r′(x) =
1 + 2 x

4 + 3 x+ x2
− (1 + x+ x2) (3 + 2x)

(4 + 3 x+ x2)2
> 0,

kai �ra r ↗ x (ìpou o sumbolismìc autìc, mac upodeiknÔei ìti h sun�rthsh
r(•) eÐnai gnhsÐwc aÔxousa wc proc x). To Sq ma 3.8 parousi�zei grafik�
to teleutaÐo apotèlesma gia thn bajmÐda apotuqÐac.
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Kef�laio 4

To prooÐmio tou suntelest 
susqètishc (u = 0)

'Opwc proðde�zei kai o tÐtloc pou fèrei to parìn Kef�laio, ja asqolhjoÔme me
posìthtec pou odhgoÔn ston upologismì tou suntelest  susqètishc metaxÔ
twn t.m. tou elleÐmmatoc kai tou pleon�smatoc, dojèntoc tou ìti ja sumbeÐ
qreokopÐa. Prìkeitai, dhlad , na melethjoÔn sunart seic ìpwc h diaspor�
thc t.m. tou elleÐmmatoc th stigm  pou sumbaÐnei qreokopÐa, h diaspor� thc
t.m. tou pleon�smatoc akrib¸c prin thn qreokopÐa kai h sundiakÔmansh aut¸n
twn dÔo proanaferjeÐswn tuqaÐwn metablht¸n1.

Wstìso prin exetastoÔn autèc oi posìthtec, ac doÔme pr¸ta p¸c diamor-
f¸netai to prìshmo thc sundiakÔmanshc gia di�forec katanomèc kindÔnwn.

4.1 K�poioi basikoÐ orismoÐ

Prin proqwr soume sth par�jesh Prot�sewn pou sqetÐzontai me thn diakÔ-
mansh kai th sundiakÔmansh twn dÔo metablht¸n pou exet�zoume, kalì ja
 tan na doÔme k�poiouc basikoÔc OrismoÔc.

Orismìc 4.1 'Estw t.m.X, Y pou ekfr�zoun h menX to pleìnasma akrib¸c
prin th stigm  thc qreokopÐac, dojèntoc ìti ja sumbeÐ qreokopÐa, kai h de Y
to èlleima th stigm  thc qreokopÐac, dojèntoc ìti ja sumbeÐ qreokopÐa.

1
Οι αποδείξεις και η υπολογιστική διαδικασία για την εύρεση αυτών των ποσοτήτων παρα-

λείπεται στο παρόν Κεφαλαιο. Παρ’ όλα αυτά ο αναγνώστης δύναται να ανατρέξει στο

Παράρτημα Β, προκειμένου να μελετήσει τον τρόπο απόδειξης της εκάστοτε Πρότασης ή

της επίλυσης των Εφαρμογών.
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Plhrèstera sthn paroÔsa ergasÐa orÐzoume tic t.m.

X = U(T−)
∣∣∣{T <∞, U(0) = u},

Y = |U(T )|
∣∣∣{T <∞, U(0) = u}.

Eqoume orÐsei wc f(x, y|u), x, y > 0 thn apì koinoÔ (elleimmatik ) puknìthta
twn t.m. U(T−) kai |U(T )| gia arq. apìjema u, me u ≥ 0. Gia aut  thn
puknìthta èqoume deÐ ìti isqÔei∫ ∞

0

{∫ u

0

f(x, y|u)dx+

∫ ∞
u

f(x, y|u)dx

}
dy = ψ(u), (4.1)

ìpou bèbaia ψ(u) < 1, to opoÐo sun�dei me thn idiìthta pou èqoume apod¸sei
se aut  thn puknìthta (elleimmatik  sv.p.p.), basizìmenoi ston Orismì 1.9.
En¸ sthn akraÐa perÐptwsh pou ψ(u) = 1 (bèbaih qreokopÐa sto dihnekèc) h
apì koinoÔ puknìthta eÐnai mh elleimmatik , b�sei tou OrismoÔ 1.1. To Ðdio
bèbaia isqÔei kai gia tic perij¸riec puknìthtec aut¸n twn dÔo.

Dhlad , apì thn sq. (4.1), blèpoume ìti∫ ∞
0

∫ ∞
0

f(x, y|u)dxdy =

∫ ∞
0

f(x|u)dx

= ψ(u), (4.2)

gia thn perij¸ria (elleimmatik ) puknìthta thc U (T−), kai∫ ∞
0

∫ ∞
0

f(x, y|u)dxdy =

∫ ∞
0

g(u, y)dy

= ψ(u), (4.3)

gia thn perij¸ria (elleimmatik ) puknìthta thc |U (T )|.

Orismìc 4.2 (i) H sun�rthsh hXY (x, y|u), parist�nei thn apì koinoÔ (mh
elleimmatik ) sun�rthsh puknìthtac pijanìthtac elleÐmmatoc |U (T )| kai
pleon�smatoc U (T−),   thn apì koinoÔ puknìthta twn t.m. X, Y gia ar-
qikì kef�laio Ðso me u.
(ii) H sun�rthsh hX(x|u) ekfr�zei thn perij¸ria (mh elleimmatik ) puknìth-
ta pijanìthta tou pleon�smatoc U (T−),   thn perij¸ria puknìthta thc t.m.
X.
(iii) H sun�rthsh hY (y|u) ekfr�zei thn perij¸ria (mh elleimmatik ) puknìth-
ta pijanìthtac thc t.m. tou elleÐmmatoc |U (T )|,   thn perij¸ria puknìthta
thc t.m. Y .
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Anaforik� me ton teleutaÐo Orismì, ja èqoume algebrik�

hXY (x, y|u) =
f(x, y|u)∫∞

0

∫∞
0
f(x, y|u)dxdy

=
f(x, y|u)

ψ(u)
(4.4)

=
E
[
I (U (T−) = x) I (|U (T )| = y) I (T <∞)

∣∣∣U(0) = u
]

E
[
I (T <∞)

∣∣∣U(0) = u
]

= E
[
I (U(T−) = x) I (|U (T )| = y)

∣∣∣I (T <∞) , U(0) = u
]
,

epÐshc

hX(x|u) =
f(x|u)∫∞

0
f(x|u)dx

=
f(x|u)

ψ(u)
(4.5)

=
E
[
I
(
U(T−) = x

)
I(T <∞)

∣∣∣U(0) = u
]

E
[
I(T <∞)

∣∣∣U(0) = u
]

= E
[
I
(
U(T−) = x

)∣∣∣I(T <∞), U(0) = u
]
,

kai tèloc, thn èterh mh elleimmatik  puknìthta

hY (y|u) =
f(y|u)∫∞

0
f(y|u)dy

=
f(y|u)

ψ(u)
(4.6)

=
E
[
I
(
|U(T )| = y

)
I(T <∞)

∣∣∣U(0) = u
]

E
[
I(T <∞)

∣∣∣U(0) = u
]

= E
[
I
(
|U(T )| = y

)∣∣∣I(T <∞), U(0) = u
]
.

Enallaktik�, k�nontac qr sh thc (2.11)   thc (1.19), mporoÔme na doÔme gia
tic dÔo teleutaÐec sunart seic pou apeikonÐzontai stic (4.5) kai (4.6) ìti

hX(x|u) =

∫ ∞
0

hXY (x, y|u)dy, x > 0, u ≥ 0,
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kai

hY (y|u) =

∫ ∞
0

hXY (x, y|u)dx, y > 0, u ≥ 0.

Parat rhsh 4.1 An X, Y t.m. pou orÐsthkan ston Orismì 4.1, tìte h
sun�rthsh

%XY (•) =
Cov[X, Y ](•)√
V[X](•)

√
V[Y ]•)

(4.7)

onom�zetai suntelest c susqètishc metaxÔ twn t.m. tou elleÐmmatoc kai tou
pleon�smatoc, dojèntoc ìti ja sumbeÐ qreokopÐa kai suntomografik� ja ana-
fèretai wc SSEP.

Sto shmeÐo autì ja  tan kalì na parajèsoume èna Par�deigma gia thn plh-
rèsterh katanìhsh twn ìswn èqoun eipwjeÐ.

Par�deigma 4.1 SuneqÐzontac to Par�deigma 2.4 kai diair¸ntac k�je
sqèsh me thn pijanìthta na sumbeÐ qreokopÐa ψ(u), tìte prokÔptei

hX(x|u) =


βe−βx

θ

(
(1 + θ) e

θβ
1+θ

u − 1
)
, an x > u ≥ 0

βe−βx

θ

(
e
θβ
1+θ

x − 1
)
, an 0 < x ≤ u,

(4.8)

h perij¸ria (mh elleimmatik ) puknìthta thc t.m. pleon�smatoc U (T−),
  apl� h puknìthta thc t.m. X.

EpÐshc apì thn sq. (4.4) blèpoume ìti

hXY (x, y|u) =
f(x|u)

ψ(u)

fZ(x+ y)

F̄Z(x)

= hX(x|u)
fZ(x+ y)

F̄Z(x)
, (4.9)

kai �ra

hXY (x, y|u) =


β2e−β(x+y)

θ

(
(1 + θ) e

θβ
1+θ

u − 1
)
, an x > u ≥ 0

β2e−β(x+y)

θ

(
e
θβ
1+θ

x − 1
)
, an 0 < x ≤ u,

(4.10)

h apì koinoÔ puknìthta twn t.m. X, Y .
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Tèloc h perij¸ria puknìthta thc Y brÐsketai apì thn sqèsh

hY (y|u) =

∫ ∞
0

hXY (x, y|u)dx

=

∫ ∞
0

hX(x|u)
fZ(x+ y)

F̄Z(x)
dx

= fZ(y) = βe−βy, (4.11)

afoÔ
∫∞
0
hX(x|u)dx = 1 kai

fZ(x+ y)

F̄Z(x)
= fZ(y), (4.12)

ìtan h katanom  twn kindÔnwn eÐnai h Ekjetik .

4.2 To prìshmo thc sundiakÔmanshc

'Opwc se poll� zht mata thc JewrÐac twn KindÔnwn, ètsi kai sto prìshmo
thc sundiakÔmanshc twn t.m. X, Y ' emplèketai ' h katanom  isorropÐac (equi-
librium) ze thc t.m. Ze. Gia thn akrÐbeia h bajmÐda apotuqÐac aut c, èstw re
paÐzei meÐzona rìlo sto prìshmo thc sun�rthshc Cov[X, Y ].

Prìtash 4.1 An h katanom  isorropÐac ze eÐnai HNWUE (HNBUE),
tìte

Cov[X, Y ](0) ≥ (≤)0. (4.13)

Apìd. Bl. Psarrakos & Politis , 2011 (preprint). �

Parat rhsh 4.2 Sthn Prìtash 4.1, anafèrontai oi kl�seic g ranshcHNWUE
kai HNBUE, apì th JewrÐa AxiopistÐac. EpÐshc apì th JewrÐa axiopistÐac
gnwrÐzoume ìti, gia thn pr¸th kl�sh g ranshc isqÔei

IFR ⊆ HNBUE,

en¸ gia thn èterh
DFR ⊆ HNWUE.

H Parat rhsh 4.2, sthn ousÐa mac upodeiknÔei ìti an mia katanom  an kei
sthn kl�sh IFR, tìte ja an kei kai sthn kl�sh HNBUE. Diadoqik�, an
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mia katanom  an kei sthnDFR, tìte ja an kei kai sthnHNWUE (oi kl�seic
DFR kai IFR anafèrontai ston Orismì 3.2 ).

Epomènwc, �mesh sunèpeia thc Prìtashc 4.1, kaj¸c kai thc Parat rhshc
4.2, eÐnai h epìmenh Prìtash.

Prìtash 4.2 An gia thn bajmÐda apotuqÐac re(•), thc katanom c isor-
ropÐac ze isqÔei
(i) r′e(x) > 0, tìte Cov[X, Y ](0) < 0,
(ii) r′e(x) < 0, tìte Cov[X, Y ](0) > 0,
(iii) r′e(x) = 0, tìte Cov[X, Y ](0) = 0.

Apìd. (i) Efìson r′e(x) > 0, tìte sÔmfwna me ton Orismì 3.2: Ze ∈ DFR
kai epomènwc b�sei thc Parat rhshc 4.2, ja èqoume Cov[X, Y ](0) < 0. Kat�
ton Ðdio trìpo apodeiknÔontai oi upo - peript¸seic (ii) - (iii). �

'Ena �llo apotèlesma, pou apèdeixan oi Yarr�koc kai PolÐthc skiagrafeÐ-
tai sto epìmeno Je¸rhma.

Je¸rhma 4.1 An CVe, o suntelest c metablhtìthtac thc t.m. Ze, o opoÐoc
orÐzetai apì tn sqèsh CVe = µe/σe, tìte gia u = 0 h sundiakÔmansh twn t.m.
X kai Y , perigr�fetai apì thn algebrik  èkfrash

Cov[X, Y ](0) =
p22

8 p21

(
CV 2

e − 1
)
, (4.14)

ìpou pk = E[Zk].

Apìd. Bl. Psarrakos & Politis, 2011 (preprint). �

Parat rhsh 4.3 AxÐzei na anaferjeÐ ìti kanèna apotèlesma gia thn sun-
diakÔmansh Cov[X, Y ] den upologÐzetai mèsw thc (4.14) tou Jewr matoc 4.1.
To Je¸rhma 4.1, paratÐjetai mìno gia lìgouc epal jeushc twn apotelesm�twn
pou prìkeitai na parousiastoÔn argìtera.

4.3 H melèth twn basik¸n megej¸n tou

SSEP en apousÐa arqikoÔ apojèmatoc

Sthn paroÔsa Enìthta, ja epikentrwjoÔme sth melèth thc sundiakÔmanshc
metaxÔ twn t.m. X, Y kai thc diakÔmanshc thc t.m. X gia di�forec katonomèc
kindÔnwn (sthn perÐptwsh pou u = 0). Prin, ìmwc xekin soume aut  th
spoud , ac doÔme dÔo Prot�seic pou isqÔoun gia k�je katanom  kindÔnwn
sthn perÐptwsh (austhr�) pou u = 0.
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Prìtash 4.3 Gia opoiad pote katanom  kindÔnwn z thc t.m. Z, oi t.m. X,
Y eÐnai isìnomec, ìtan to arqikì apìjema eÐnai mhdenikì (u = 0).

Apìd. H a.sv.p.p twn t.m. U (T−) kai |U (T )|, gia u = 0 kai δ = 0 orÐzetai
(bl. sq. (2.26) ) apì thn sqèsh

f(x, y|0) =
λ

c
fZ(x+ y),

kai oloklhr¸nontac wc proc x   wc proc y, gia thn eÔresh twn perij¸riwn
katanom¸n, prokÔptei

f(x|0) =
λ

c

∫ ∞
0

fZ(x+ y)dy

=
λ

c

∫ ∞
x

fZ(w)dw =
λ

c
F̄Z(x),

kai omoÐwc f(y|0) = λ
c
F̄Z(y). Opìte katal goume sto k�twji sumpèrasma:

U(T−)
d
= |U(T )| ⇒ X

d
= Y. �

Prìtash 4.4 Upì thn proôpìjesh ìti den up�rqei arq. apojematikì (u =
0) kai gia opoiad pote katanom  kindÔnwn z, tìso h apì koinoÔ puknìthta
twn t.m. X, Y ìso kai oi perij¸riec katanomèc aut¸n eÐnai anex�rthtec tou
perijwrÐou asf�leiac θ.

Apìd. EÐdame ìti h apì koinoÔ puknìthta twn t.m. X, Y gia u = 0, brÐsketai
diair¸ntac thn puknìthta f(x, y|0) me thn pijanìthta ψ(0). 'Etsi lamb�nontac
upìyh ìti c = (1 + θ)λp1, èqoume

hXY (x, y|0) =
f(x, y|0)

ψ(0)

=

1

(1 + θ)p1
fZ(x+ y)

1
1+θ

=
1

p1
fZ(x+ y).

OmoÐwc mporeÐ na prokÔyei to gegonìc

hX(x|0) = hY (x|0) =
1

p1
F̄Z(x). �
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4.3.1 Ekjetik  katanom 

H perÐptwsh pou oi kÐndunoi akoloujoÔn thn Ekjetik  katanom  eÐnai h piì
apl . Oi di�forec posìthtec pou sunteloÔn ston upologismì tou SSEP
èqoun thn piì apl  algebrik  morf  apì k�je �llh perÐptwsh.

Ac upojèsoume ìti Z ∼ E(β). Dhlad , oi zhmièc èqoun puknìthta thc
morf c

fZ(x) = βe−βx, x > 0,

ìpou, β h par�metroc klÐmakac.

Prìtash 4.5 An Z ∼ E(β), tìte gia u = 0
(i) h sundiakÔmansh metaxÔ twn t.m. tou elleÐmmatoc kai pleon�smatoc (afoÔ
sÔmfwna me tnn Prìtash 4.3, oi dÔo t.m. eÐnai isìnomec), dojèntoc ìti sum-
baÐnei qreokopÐa, eÐnai

Cov[X, Y ] = 0, (4.15)

(ii) h diaspor� thc t.m. tou elleÐmmatoc   tou pleon�smatoc, dojèntoc ìti
sumbaÐnei qreokopÐa, eÐnai

V[X](β) = V[Y ](β) =
1

β2
. (4.16)

Apìd. EÐnai polÔ eÔkolo na doÔme ìti oi t.m. X, Y akoloujoÔn epÐshc thn
Ekjetik  katanom  (me thn Ðdia par�metro), afoÔ kai me b�sh to Par�deigma
4.1 (sq. (4.8), gia u = 0), prokÔptei

hX(x|0) = hY (x|0) = βe−βx,

kai gia thn a.sv.p.p.

hXY (x, y|0) = β2e−β(x+y)

= hX(x)hY (y),

opìte

Cov[X, Y ] = E[XY ]− E[X]E[Y ]

=
1

β2
− 1

β

1

β
= 0. �

'Ameso sumpèrasma thc teleutaÐac Prìtashc eÐnai ìti %XY = 0, upì thn
proôpìjesh ìti u = 0. 'Wstìso, parousi�zei endiafèron na doÔme thn sumperi-
for� thc tupik c apìklishc thc t.m. X   Y .
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Sq ma 4.1: H tupik  apìklish tou pleon�smatoc ìtan Z ∼ E(β), sunart sei
thc paramètrou β

Sto Sq ma 4.1, parousi�zetai h en lìgw sun�rthsh (V[X]   V[Y ]) sunart -
sei thc paramètrou β kai parathreÐtai ìti kaj¸c β ↑ ∞, tìte

√
V[X] ↓ 0.

ApenantÐac kaj¸c β ↓ 0, tìte
√

V[X] ↑ ∞. Dhlad ,
√

V[X]↘ β.
To gegonìc ìti gia Ekjetikèc apozhmi¸seic oi t.m. X, Y eÐnai stoqastik�

anex�rthtec faÐnetai na èqei mia logik  ermhneÐa, kaj¸c h Ekjetik  katanom 
leitourgeÐ upì thn amn mona idiìthta.

Parat rhsh 4.4 EÐnai gnwstì ìti an Z ∼ E(β) ⇔ Ze ∼ E(β), kai �ra
re(x) = β. Epomènwc, sÔmfwna me thn Prìtash 4.2 (iii), ja èqoume Cov[X, Y ] = 0.

To apotèlesma autì faÐnetai �mesa kai apì to Je¸rhma 4.1, afoÔ

E[Ze] = V[Ze] = β ⇒ CVe = 1⇔ Cov[X, Y ] = 0.

4.3.2 MÐxh dÔo Ekjetik¸n katanom¸n

Sthn paroÔsa Par�grafo, prìkeitai na exetasteÐ h perÐptwsh pou gia tic
apozhmi¸seic isqÔei: Z ∼ aE(β) + (1 − a)E(γ). H bajmÐda apotuqÐac aut c
thc katanom c, melet�tai sthn §3.2.1 kai diapist¸netai ìti eÐnai aÔxousa
sun�rthsh wc proc to ìrisma x. En¸ h sv.p.p. thc t.m. Z perigr�fetai sthn
(3.5).
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Prìtash 4.6 An gia thn t.m. twn kindÔnwn Z isqÔei Z ∼ aE(β) + (1− a)E(γ),
tìte ∀a ∈ [0, 1],β, γ > 0
(i) h sundiakÔmansh metaxÔ twn t.m. tou elleÐmmatoc kai pleon�smatoc, do-
jèntoc ìti sumbaÐnei qreokopÐa, eÐnai

Cov[X, Y ](a, β, γ) =

(
β − γ

(1− a) β + γ a

)2
a (1− a)

β γ
, (4.17)

(ii) h diaspor� thc t.m. tou elleÐmmatoc   tou pleon�smatoc, dojèntoc ìti
sumbaÐnei qreokopÐa, eÐnai

V[X](α, β, γ) = V[Y ](α, β, γ) =

=
(1− a)2 β4 + 2 a γ (1− a) β3 − 2 a γ2 (1− a) β2 + 2 a γ3 (1− a) β + γ4a2

γ2 ((−1 + a) β − γ a)2 β2
.

(4.18)

Apìd. Bl. Par�rthma B. �

H sqèsh thc Prìtashc 4.6 (i), ja lègame ìti apoteleÐtai apì èna ginìmeno
dÔo posot twn, èstw A2 kai B. H men pr¸th eÐnai

A =
β − γ

(1− a) β + γ a
,

en¸ h dÔterh

B =
a (1− a)

β γ
,

kai h opoÐa eÐnai mh arnhtik .
Ac doÔme tic k�twji dunatèc peript¸seic gia to prìshmo thc sun�rthshc

Cov[X, Y ] thc (4.18).

1. gia k�je a ∈ (0, 1) kai β 6= γ, tìte Cov[X, Y ] > 0

2. gia a = 0   a = 1 kai gia k�je β, γ > 0, tìte B = 0⇒ Cov[X, Y ] = 0

3. an β = γ, tìte A = 0⇒ Cov[X, Y ] = 0.

Parat rhsh 4.5 Diapist¸jhke ìti gia k�je par�metro, h sun�rthsh Cov[X, Y ]
thc (4.17) eÐnai mh arnhtik . To gegonìc autì eÐnai katafanèc, afoÔ an h t.m.
Z akoloujeÐ mia mÐxh dÔo Ekjetik¸n katanom¸n, tìte kai h Ze ja akoloujeÐ
mia mÐxh dÔo Ekjetik¸n katanom¸n. Dhlad 

Z ∼ aE(β) + (1− a)E(γ)⇒ Ze ∼ a′E(β) + (1− a′)E(γ).
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Epi thc ousÐac sthn prohgoÔmenh sunepagwg  kajÐstatai gnwstì, sÔmfwna
me thn Prìtash 4.2 ìti

re ↗ x⇒ Ze ∈ DFR⇒ Cov[X, Y ] ≥ 0.

Efarmog  4.1 H sundiakÔmansh kai h diakÔmansh twn t.m. X kai Y , ìtan
Z ∼ aE(1/2) + (1− a)E(1/5).

K�nontac kat�llhlec antikatast�seic sthn (4.17), ja èqoume

Cov[X, Y ]

(
a,

1

2
,
1

5

)
= 90

a (1− a)

(3 a− 5)2
, (4.19)

kai apì thn thn (4.18), lamb�noume

V[X]

(
α,

1

2
,
1

5

)
= V[Y ]

(
α,

1

2
,
1

5

)
=

261a2 − 870 a+ 625

(3 a− 5)2
. (4.20)

H megistopoÐhsh thc mh arnhtik c sun�rthshc Cov[X, Y ] thc (4.19) epitugq�ne-
tai sto shmeÐo a = 5/7 kai eÐnai 9/4. AfoÔ

d

da
Cov[X, Y ]

(
a,

1

2
,
1

5

)
= 0⇒ 630 a− 450

(3 a− 5)3
= 0⇒ a =

5

7
,

kai �ra

Cov[X, Y ]

(
5

7
,
1

2
,
1

5

)
=

9

4
.

To gegonìc autì eÐnai emfanèc kai sto Sq ma 4.2, sto opoÐo paratÐjentai dÔo
graf mata; to pr¸to gr�fhma perigr�fei thn tupik  apìklish thc t.m. X ( 
thc t.m. Y kaj¸c eÐnai isìnomec) kai to deÔtero thn sundiakÔmansh metaxÔ twn
t.m. X, Y sunart sei thc paramètrou barÔthtac a, ìpwc autèc par qjhsan
sthn Efarmog  4.1.

GÐnetai antilhptì ìti kaj¸c a = 1, tìte
√

V[X] = 2 kai Cov[X, Y ] = 0,

en¸ kaj¸c a = 0, tìte
√

V[X] = 5 kai Cov[X, Y ] = 0. To apotèlesma gia
thn sundiakÔmansh eÐnai anamenìmeno, kaj¸c upì autèc tic dÔo proôpojèseic
h katanom  twn kindÔnwn eÐnai h Ekjetik . O mhdenismìc thc sun�rthshc
Cov[X, Y ], o opoÐoc epitugq�netai k�tw apì dÔo diaforetikèc peript¸seic,
den mac ekpl ttei kaj¸c upì autèc tic peript¸seic Z ∼ E(β) kai ìpwc eÐdame
sthn Enìthta 4.3.1, tìte Cov[X, Y ] = 0.

67



Sq ma 4.2: H tupik  apìklish tou pleon�smatoc (arister�) kai h sundiakÔ-
mansh (dexi�) ìtan z ∼ aE(1/2) + (1− a)E(1/5), sunart sei thc paramètrou
barÔthtac a

4.3.3 MÐxh tri¸n Ekjetik¸n katanom¸n

Endiafèron parousi�zei h perÐptwsh pou oi zhmièc akoloujoÔn mia mÐxh tri¸n
Ekjetik¸n katanom¸n. Genikìtera, ja lègame, ìti anamènoume parìmoia apo-
telèsmata me aut� pou ex qjhsan sthn prohgoÔmenh Enìthta, kai gia ton
lìgo autì den prìkeitai na k�noume idiaÐterh mneÐa stic ek�stote sqèseic pou
isqÔoun.

Efarmog  4.2 H sundiakÔmansh kai h diakÔmansh, sthn perÐptwsh pou
Z ∼ a1E(1/2) + a2E(1/5) + (1− a1 − a2)E(1/10).

Sto Par�rthma B, parousi�zetai ìlh h upologistik  diadikasÐa prokeimènou
na upologistoÔn oi sunart seic Cov[X, Y ] kai V[X].

'Etsi, ja èqoume

Cov[X, Y ](a1, a2) =

=
−1280 a1

2 + (−2440 a2 + 1280) a1 − 1250 a2
2 + 1250 a2

(8 a1 + 5 a2 − 10)2
, (4.21)

kai

V[X](a1, a2) = V[Y ](a1, a2) =

=
6656 a1

2 + (−16640 + 9520 a2) a1 − 12500 a2 + 10000 + 3125 a2
2

(8 a1 + 5 a2 − 10)2
.

(4.22)
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Tìso sthn (4.21), ìso kai sthn (4.22) ' despìzoun ' oi ìroi a1, a2. Gia lìgouc
eukolÐac, orÐzetai to di�nusma a = (a1, a2). EÐnai profanèc ìti gia a = (0, 0),
tìte Cov[X, Y ] = 0. En¸ an oi en lìgw paramètroi ikanopoioÔn thn isìthta
a1 + a2 = 1, odhgoÔmaste sthn katanom  pou exet�sthke sthn §4.3.2.

Sthn §3.2.1 melet�tai h bajmÐda apotuqÐac thc katanom c twn kindÔnwn
Z, h opoÐa akoloujeÐ mÐxh tri¸n Ekjetik¸n katanom¸n. EÐnai safèc ìti e-
fìson h t.m. Z akoloujeÐ mÐxh tri¸n Ekjetik¸n katanom¸n, tìte kai h t.m.
Ze ja akoloujeÐ mÐxh tri¸n Ekjetik¸n katanom¸n me diaforetikèc timèc twn
paramètrwn barÔthtac se sqèsh me tic antÐstoiqec thc arqik c katanom c.

Parat rhsh 4.6 H sun�rthsh Cov[X, Y ], thc sq. (4.22) eÐnai mh arnhti-
k  kai autì ofeÐletai sthn kl�sh pou an kei h katanom  isorropÐac thc t.m.
twn kindÔnwn Z (Ze ∈ DFR).

4.3.4 G�mma katanom 

IdiaÐterh proc exètash thc sun�rthshc Cov[X, Y ] eÐnai h perÐptwsh pou h
kl�sh g ranshc pou an kei h katanom  twn kindÔnwn, exart�tai apì th tim 
thc paramètrou morf c. PerÐ autoÔ o lìgoc h katanom  G�mma eÐnai mia tètoia
perÐptwsh. 'Etsi an

fZ(x) =
βn

Γ(n)
xn−1e−βx, x > 0,

ìpou, β, n > 0, kai h par�metroc sq matoc n den eÐnai aparait twc fusikìc
arijmìc, tìte

1. an n < 1, tìte Z ∈ DFR ⇔ Ze ∈ DFR kai sÔmfwna me thn Prìtash
4.2 (i) anamènetai Cov[X, Y ] > 0,

2. an n = 1, tìte Z ∼ Expon. ⇔ Ze ∼ Expon. kai sÔmfwna me thn
Prìtash 4.2 (iii) anamènetai Cov[X, Y ] = 0,

3. an n > 1, tìte Z ∈ IFR ⇔ Ze ∈ IFR kai sÔmfwna me thn Prìtash
4.2 (ii) anamènetai Cov[X, Y ] < 0.

Sthn akìloujh Prìtash, sthn opoÐa parousi�zetai sun toic �lloic h sun�rthsh
Cov[X, Y ], faÐnetai na isqÔoun ìla ta proanaferjènta apotel�smata twn �nw-
jen peript¸sewn.

Prìtash 4.7 An Z ∼ G(n, β), tìte ∀n, β, θ, λ > 0
(i) h sundiakÔmansh metaxÔ twn t.m. tou elleÐmmatoc kai pleon�smatoc, do-
jèntoc ìti sumbaÐnei qreokopÐa, eÐnai

Cov[X, Y ](n, β) =
1

12

(1− n2)

β2
, (4.23)
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(ii) h diaspor� thc t.m. tou elleÐmmatoc   tou pleon�smatoc, dojèntoc ìti
sumbaÐnei qreokopÐa, eÐnai

V[X](n, β) = V[Y ](n, β) =
1

12

(1 + n) (5 + n)

β2
. (4.24)

Apìd. Bl. Par�rthma B. �

Apì thn Prìtash 4.7(i), faÐnetai ìti h sun�rthsh Cov[XY ] eÐnai èna polu¸nu-
mo deutèrou bajmoÔ (wc prìc thn par�metro n), to opoÐo mhdenÐzetai sto
shmeÐo n = 1,∀β > 0. Autì shmaÐnei ìti h en lìgw sun�rthsh, sto shmeÐo
autì, tèmnei ton jetikì hmi�xona me apotèlesma na all�zei prìshmo.

Sto Sq ma 4.3 parousi�zontai dÔo graf mata, to men 4.3 (arister�) para-
jètei thn tetragwnik  rÐza thc (4.24), gia treic timèc thc paramètrou klÐmakac
β, en¸ to de 4.3 (dexi�) thn poreÐa thc sun�rthshc pou perigr�fetai sthn
(4.23) gia tic Ðdiec timèc thc jatik c paramètrou β.

FaÐnetai ìti h sun�rthsh Cov[X, Y ] eÐnai gnhsÐwc fjÐnousa wc proc thn
par�metro n, pou mhdenÐzetai sto shmeÐo n = 1. Gia thn akrÐbeia gia n < 1,
tìte Cov[X, Y ] > 0,∀β > 0 kai gia n > 1, tìte Cov[X, Y ] < 0,∀β > 0.
EpÐshc h Cov[X, Y ] eÐnai fjÐnousa sun�rthsh wc proc β, dhlad  kaj¸c β ↑ ∞
tìte h Cov[X, Y ] ↓ 0.

'Olwc to antÐjeto thc sun�rthshc
√
V[X] pou eÐnai gnhsÐwc aÔxousa

wc proc thn par�metro sq matoc n, parathreÐtai ìti kaj¸c β ↑ ∞ tìte√
V[X] ↓ 0.

Parat rhsh 4.7 H sumperifor� thc sun�rthshc Cov[X, Y ], ermhneÔetai
apì thn sumperifor� thc bajmÐdac apotuqÐac re(•). Dhlad , to gegonìc ìti
gia n < 1 eÐnai Cov[X, Y ] > 0 ofeÐletai sto gegonìc ìti re ↘ x,∀β > 0
(sto Ðdio di�sthma), en¸ to ìti gia n > 1 isqÔei Cov[XY ] < 0, ofeÐletai sto
re ↗ x, ∀β > 0 (sto Ðdio di�sthma). Tèloc, gia n = 1 (Ekjetik  katanom ),
lamb�noume Cov[XY ] = 0 diìti re ↗ x kai tautìqrona re ↘ x,∀β > 0
(stajer  tim  thc re(•)). Par�llhlh proc thn eujeÐa x = 0, h opoÐa dièrqetai
apì to shmeÐo y = β.

Parat rhsh 4.8 Sthn Parat rhsh 4.7, anafèretai h monotonÐa thc re(•),
h opoÐa eÐnai sÔmfwnh me aut  thc r(•), thc katanom c z, pou melet jhke
sthn §3.2.3. Wstìso to ìti Z ∼ G(n, β), den shmaÐnei (kata an�gkh toul�-
qiston) ìti h Ze ja akoloujeÐ G�mma katanom . Par' ìla aut�, parathreÐtai
ìti h monotonÐa thc re(•), eÐnai ìmoia me aut  thc r(•) .
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Sq ma 4.3: H tupik  apìklish tou pleon�smatoc (arister�) kai h sun-
diakÔmansh (dexi�) ìtan Z ∼ G(n, β), sunart sei thc paramètrou n

4.3.5 MÐxh Ekjetik c kai G�mma katanom c

UpenjumÐzoume ìti h sv.p.p. thc t.m. Z, ìpwc faÐnetai kai sthn (3.19), eÐnai
thc morf c

fZ(x) = a
βnxn−1e−β x

Γ (n)
+ (1− a) β e−β x, x > 0,

me β > 0 kai 0 ≤ a ≤ 1.
Sthn Prìtash 3.7, parousi�zetai h bajmÐda apotuqÐac aut c thc katanom c

kai diapist¸netai ìti h monotonÐa thc sugkekrimènhc sun�rthshc exart�tai apì
thn tim  thc paramètrou morf c n (bl. tic peript¸seic thc Parat rhshc 3.7).

Prìtash 4.8 An Z ∼ aG(n, β)+(1−a)E(β), tìte ∀n, β, θ, λ > 0, a ∈ [0, 1]
kai u = 0 isqÔoun ta akìlouja
(i) h sundiakÔmansh metaxÔ twn t.m. elleÐmmatoc kai pleon�smatoc, dojèntoc
ìti ja sumbeÐ qreokopÐa, dÐnetai apì thn sqèsh

Cov[X, Y ](a, n, β) =
1

12
(1− n) a n

(n2 + 3n− 4) a− 2n+ 4

(1 + (n− 1) a)2 β2
, (4.25)

(ii) h diakÔmansh thc t.m. tou pleon�smatoc   tou elleÐmmatoc, dojèntoc ìti
ja sumbeÐ qreokopÐa, upologÐzetai apì thn sqèsh

V[X](a, n, β) = V[Y ](a, n, β) =

=
1

12

(n2 + 4n+ 12) (n− 1)2 a2 + (4n3 + 20n− 24) a+ 12

(1 + (n− 1) a)2 β2
. (4.26)
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Apìd. Bl. Par�rthma B. �

Sto Sq ma 6.3 (arister�) parousi�zetai h tetragwnik  rÐza thc sq. (4.32),
sunart sei thc paramètrou n, gia tèssereic timèc thc paramètrou barÔthtac
a. Kai oi tèssereic kampÔlec parousi�zoun mia fjÐnousa poreÐa kai apìtoma
mia aÔxousa (ìso megalÔterh eÐnai h tim  thc a tìso pio meg�lh kurtìthta
parousi�zei sto di�sthma (0, 1)). To ìti dièrqontai apì to shmeÐo n = 1, me
tim 

√
Var[X] = 1 (β = 1) den mac ekpl ssei kajìti upì thn proôpìjesh

n = 1 isqÔei Z ∼ E(β), ∀a ∈ [0, 1].
Gia n < 1, t¸ra, h jetik  sun�rthsh

√
Var[X] eÐnai fjÐnousa wc proc

thn par�metro a. Antijètwc, gia n > 1 h en lìgw sun�rthsh parousi�zei mia
aÔxousa poreÐa. EpÐshc, kaj¸c a ↓ 0 tìte h

√
Var[X] teÐnei se mia eujeÐa, h

opoÐa eÐnai par�llhlh thc eujeÐac n = 0.
H epìmenh Parat rhsh afier¸netai sthn ermhneÐa thc poreÐa thc sq.

(4.25), pou èqei �mesh sqèsh me aut  thc r(•) (bl. Parat rhsh 3.7).

Parat rhsh 4.9 Apì to Sq ma 6.3 (dexi�), all� kai algebrik� apì thn
sq. (4.25), mporoÔme na doÔme ìti:

1. gia n < 1, tìte Cov[X, Y ] > 0 ,∀a ∈ [0, 1] kai autì ofeÐletai sto
gegonìc ìti Ze ∈ DFR,

2. gia n = 1, tìte Cov[X, Y ] = 0 ,∀a ∈ [0, 1] kai exhgeÐtai apì to gegonìc
ìti Ze ∼ E(β),

3. gia n > 1, tìte Cov[X, Y ] < 0 , ∀a ∈ [0, 1], afoÔ Ze ∈ IFR.

'Ena epÐshc polÔ shmantikì apotèlesma, gia thn tim  thc Cov[X, Y ], eÐnai ìti
ìso megal¸nei h tim  thc paramètrou a, tìso megal¸nei h Cov[X, Y ], kat'
apìluth tim  gia k�je tim  thc n > 0.

EÐnai axioprìsekto to gegonìc ìti to Ðdio sumbaÐnei kai sthn bajmÐda apo-
tuqÐac r(•) thc t.m. Z, ìpwc sqoli�same kai aitiologÐsame sthn Parat rhsh
3.8.

To Sq ma 6.4 (arister�) apeikonÐzei, epÐshc, thn sun�rthsh
√

Var[X] thc
(4.32), sunart sei thc paramètrou a gia di�forec timèc thc paramètrou n
aut  th for�, me ' krÐsimo ' shmeÐo to n = 1.

Gia thn akrÐbeia:

1. gia n < 1, tìte h sun�rthsh
√
Var[X] eÐnai fjÐnousa wc proc thn

par�metro barÔthtac a kai aÔxousa wc proc thn par�metro sq matoc n,

2. gia n > 1, tìte h sun�rthsh
√

Var[X]↘ n kai par�llhla
√
Var[X]↗ a.
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Exairetikì endiafèron parousi�zei to Sq ma 6.4 (dexi�). Prin doÔme, ìmwc,
thn ermhneÐa tou sugkekrimènou Sq matoc, ac exet�soume algebrik� thn su-
n�rthsh Cov[X, Y ], genik� gia n > 0.

'Etsi, paragwgÐzontac thn exÐswsh (4.25) wc proc a kai en suneqeÐa ex-
is¸nontac to apotèlesma pou brèjhke me to 0, ja èqoume

d

da
Cov[X, Y ](a, n, β) = 0 ⇒ 1

3

(n− 1)n
(
an2 − 1

2
n− a+ 1

)
β2 (an+ 1− a)3

= 0

⇔ ao =
1

2

n− 2

n2 − 1
, ∀n ∈ (0, 1) ∪ (1,∞).

Epomènwc, diakrÐnoume tic ex c peript¸seic:

1. gia n < 1, tìte Cov[X, Y ] ↗ a afoÔ to krÐsimo shmeÐo a0 eÐnai topikì
el�qisto (d2/da2Cov[X, Y ]|a=ao > 0),

2. gia n→ 1, tìte a0 ↓ −∞ afìu Cov[X, Y ](a, 1, β) = 0 (∀a ∈ [0, 1], β > 0),

3. gia n ∈ (1, 2], tìte Cov[X, Y ] ↘ a, afoÔ to krÐsimo shmeÐo a0 eÐnai
topikì megisto (d2/da2Cov[X, Y ]|a=ao < 0),

4. gia n > 2, tìte ao > 0 kai m�lista h sun�rthsh Cov[X, Y ] tèmnei ton
hmi�xona 0− a dÔo forèc. Sta shmeÐa

Cov[X, Y ](a, n, β) = 0

⇒ a ∈
{

0, 2
n− 2

(n− 1) (n+ 4)

}
, ∀β > 0, kain > 2.

Parat rhsh 4.10 Gia n > 2, h sun�rthsh Cov[X, Y ] eÐnai kurt  sto
di�sthma [0, 2(n− 2)/(n2 + 3n− 4)] me topikì mègisto to ao kai par�llhla
jetikì prìshmo. Wstìso sto di�sthma (2(n−2)/(n2 +3n−4, 1] eÐnai gnhsÐwc
fjÐnousa ston jetikì hmi�xona 0− a.

Autì ofeÐletai sthn fÔsh thc bajmÐdac apotuqÐac r(•), afoÔ h en lìgw
sun�rthsh (austhr�) gia n > 2 parousi�zei aÔxousa kai katìpin fjÐnousa
poreÐa wc proc thn parat rhsh x (bl. Parat rhsh 3.7, kai eidikìtera Sq ma
3.6).

Dhlad , upì proôpojèseic, �llote Z ∈ IFR (�ra kai Ze ∈ IFR) kai
�llote Z ∈ DFR (�ra kai Ze ∈ DFR).

Sto Je¸rhma 4.1 paratÐjetai ènac enallaktikìc kai pio sÔntomoc trìpoc upo-
logismoÔ thc sun�rthshc Cov[X, Y ], se sqèsh me thn upologistik  diadikasÐa
pou akoloujeÐtai sthn paroÔsa ergasÐa. 'Amesh sunèpeia tou Jewr matoc
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autoÔ, eÐnai ìti oi t.m. X, Y eÐnai stoqastik� anex�rthtec, ìtan kai mìno ìtan
CVe = 0 (pèran thc re(x) = β).

H Ekjetik  katanom , ìpou ìpwc eÐdame sth §4.3.1 threÐ apìluta aut  thn
anexarthsÐa, ikanopoieÐ aut  thn sunj kh, afoÔ

Z ∼ E(β)⇔ Ze ∼ E(β)⇒ E[Ze] =
1

β
kai V[Ze] =

1

β2
⇔ CVe = 1.

Wstìso, ìpwc ' emperistatwmèna ' tonÐsame kai sthn Parat rhsh 4.10, sto-
qastik  anexarthsÐa twn t.m. X, Y epitugq�netai kai se peript¸seic pou h
katanom  isorropÐac Ze den eÐnai amn mwn. Alla ac doÔme thn epìmenh Prì-
tash, gia na gÐnoume pio diafwtistikoÐ.

Prìtash 4.9 Upì thn proupìjesh ìti h t.m. twn kindÔnwn Z akoloujeÐ thn

Z ∼ 2
n− 2

(n− 1) (n+ 4)
G(n, β) +

n (n+ 1)

(n− 1) (n+ 4)
E(β)

∼ 1

(n− 1) (n+ 4)
[2 (n− 2) G(n, β) + n (n+ 1) E(β)] ,

tìte ∀β > 0 kai n > 2, ja èqoume to apotèlesma

Cov[X, Y ] = 0

Apìd. H apìdeixh ja gÐnei k�nontac qr sh thc isodunamÐac tou Jewr matoc
4.1. Dhlad 

Cov[X, Y ] = 0⇔ CVe = 1.

EÐnai gnwstì, apì thn JewrÐa twn KindÔnwn (Koutsìpouloc, 1998, sel. 204),
ìti

E[Zk
e ] =

pk+1

(k + 1) p1
. (4.27)

'EpÐshc genik�, gia thn t.m. Z, h k-t�xhc rop  upologÐzetai apì to �jroisma

pk =
1

(n− 1) (n+ 4)

[
2 (n− 2)

∏k−1
j=0 (n+ j)

βk
+ n (n+ 1)

∏k−1
j=0 (1 + j)

βk

]
.

(4.28)

Epomènwc, apì thn (4.28), ja èqoume

k = 1 : p1 =
3n

n+ 4

1

β

k = 2 : p2 =
2n (n+ 1)

n+ 4

1

β2

k = 3 : p3 =
2n (n+ 1)2

n+ 4

1

β3
.
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Sq ma 4.4: H tupik  apìklish tou pleon�smatoc (arister�) kai h sun-
diakÔmansh (dexi�) ìtan Z ∼ aG(n, 1)+(1−a)E(1), sunart sei thc paramètrou
n

Wc ek toÔtou apì thn (4.27), lamb�noume

k = 1 : E[Ze] =
1

3 β
(n+ 1)

k = 2 : E[Z2
e ] =

2

9 β2
(n+ 1)2 .

'Ara, k�nontac qr sh thc (1.8), ja èqoume

V[Ze] =
1

9 β2
(n+ 1)2 .

Tèloc, o suntelest c metablhtìthtac thc Ze, ja eÐnai

CVe = 1⇔ Cov[X, Y ] = 1. �

Tèloc, sto tri¸n diast�sewn gr�fhma pou arijmeÐtai wc Sq ma 4.6, paratÐ-
jetai h sun�rthsh Cov[X, Y ] sunart sei twn paramètrwn a, n gia β = 1.
Blèpoume ìti kaj¸c megal¸noun oi par�metroi a kai n tìso megal¸nei h
sun�rthsh Cov[X, Y ], kat' apìluth tim .

H sun�rthsh Cov[X, Y ] eÐnai, ìpwc anamenìtan, kat� to pleÐston arnhti-
k , pl n thc peript¸sewc pou h par�metroc barÔthtac a lamb�nei mikrèc timèc
(ìpou kai eÐnai jetik ).

4.3.6 MÐxh Ekjetik c kai dÔo G�mma katanom¸n

PrÐn kleÐsoume to parìn Kef�laio, ac doÔme dÔo Par�deigmata jewr¸ntac
(aut  thn for�) ìti ìlec oi par�metroi eÐnai gnwstèc kai stajerèc. Akribè-
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Sq ma 4.5: H tupik  apìklish tou pleon�smatoc (arister�) kai h sundiakÔ-
mansh (dexi�) ìtan Z ∼ aG(n, 1) + (1 − a)E(1), sunart sei thc paramètrou
barÔthtac a

stera ja melet soume dÔo peript¸seic, apì tic opoÐec mporoÔme na par�goume,
sth men pr¸th jetikì prìshma thc Cov[X, Y ], kai sth deÔterh arnhtikì.

Ja parajèsoume, dÐqwc thn upologistik  diadikasÐa, tic sunart seic Cov[X, Y ]
kai V[X]. Wstìso o anagn¸sthc èqei prìsbash stouc upologismoÔc, sto
Par�rthma B.

H sv.p.p. kaj¸c kai h bajmÐda apotuqÐac aut¸n, melet¸ntai sthn §3.2.5.

Efarmog  4.3 H sundiakÔmansh kai h diakÔmansh twn X, Y , ìtan Z ∼
(1/4)E(1) + (1/4)G(2, 1) + (1/2)G(3, 1).

Arqik� ac exet�soume thn perÐptwsh pou h sv.p.p. thc t.m. Z eÐnai thc morf c

fZ(x) = 1/4 e−x + 1/4
e−x√
x
√
π

+ 1/4
e−x
√

2Γ (3/4)

x3/4π
.

'Etsi, ja èqoume

Cov[X, Y ] =
183

1024
, (4.29)

kai par�llhla

V[X] = V[Y ] =
855

1024
. (4.30)

Parat rhsh 4.11 To jetikì prìshmo thc sun�rthshc Cov[X, Y ], sthn
perÐptwsh pou n1, n2 < 1, ofeÐletai sto gegonìc ìti r ↘ x (wc mÐxh katanom¸n
DFR, bl. Prìtash 3.1 kai eidikìtera thn Parat rhsh 3.9).
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Sq ma 4.6: H sundiakÔmansh ìtan Z ∼ aG(n, 1) + (1 − a)E(1), sunart sei
thc paramètrou sq matoc n kai barÔthtac a

Efarmog  4.4 H sundiakÔmansh kai h diakÔmansh twn t.m. X, Y , ìtan
Z ∼ (1/4)E(1) + (1/4)G(1/2, 1) + (1/2)G(1/4, 1).

An, t¸ra, h sv.p.p. thc t.m. Z eÐnai

fZ(x) =
1

4
e−x +

1

4
x e−x +

1

4
x2e−x, x > 0,

tìte

Cov[X, Y ] = −31

81
, (4.31)

kai

V[X] = V[Y ] =
194

81
. (4.32)

Parat rhsh 4.12 Sthn (4.29) eÐnai emfanèc to arnhtikì prìshmo sthn
sun�rthsh Cov[X, Y ]. To gegonìc autì ofeÐletai sthn monotonÐa thc sun�r-
thshc r(•) thc t.m. Z, afoÔ upì tic Ðdiec proôpojèseic r ↗ x (bl. Efarmog 
3.7).
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Kef�laio 5

To prooÐmio tou suntelest 
susqètishc ìtan up�rqei
arqikì apìjema

Sto Kef�laio 4, kai eidikìtera sthn Par�grafo 4.3, melet jhkan ekten¸c
oi prokatarktikèc posìthtec gia ton upologismo tou SSEP, sthn perÐptwsh
pou to arqikì apìjema eÐnai mhden (u = 0). Parathr jhke ìti h par�metroc
pou ekfr�zei ton suntelest c epib�runshc (θ) eÐnai anex�rthth aut¸n twn
sunart sewn (bl. Prìtash 4.4) kai par�llhla oi t.m. tou elleÐmmatoc kai
tou pleon�smatoc desmeÔontac wc proc to endeqìmeno na sumbeÐ qreokopÐa
(t.m. X kai Y ), eÐnai isìnoma katanemhmènec (bl. Prìtash 4.3).

Wstìso me parousÐa arqikoÔ apojèmatoc, oi proanaferjeÐsec Prot�seic
4.4 kai 4.3 faÐnetai na mhn èqoun isqÔ sthn prokeimènh perÐptwsh.

Sto parìn Kef�laio, prìkeitai na melethjoÔn autèc oi prokatarktikèc
posìthtec, sthn perÐptwsh pou up�rqei arqikì apìjema. Wc epÐ to pleÐston
h par�metroc θ paÐzei kentrikì rìlo stouc upologismoÔc mac kai autì diìti h
en lìgw par�metroc eÐnai aut  pou diathreÐ se omoiogèneia to qartoful�kio
kindÔnwn tou Analogist  (bl. Koutsìpouloc, 1999, ask. 4/ sel. 208).

Epiprìsjeta, ìmwc, mporoÔme na poÔme ìti h par�metroc θ ekfr�zei to kèr-
doc pou ' apaiteÐ ' o Analogist c na èqei (bl. biblÐo thc SOA, 2003, sel. IV -
121), afoÔ apì (2.4) o suntelest c epib�runshc epibarumènoc me thn tim  1,
ja eÐnai

1 + θ =
c

λE[Z]

=
et sia asf�listra

anamenìmenec et siec apait seic
,
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θ =
anamenìmeno et sia kèrdoc

anamenìmenec et siec apait seic
.

Tèloc, sto parìn Kef�laio jewroÔntai dedomènoi oi OrismoÐ thc §4.1.

5.1 H melèth twn basik¸n megej¸n thc

SSEP parousÐa arqikoÔ apojèmatoc

'Opwc parousi�zetai sthn Par�grafo 4.2, eÐnai gnwstì ìti to prìshmo thc
sundiakÔmanshc metaxÔ twn t.m. X kai Y exart�tai apì thn kl�sh g ranshc
pou an kei h katanom  isoorropÐac Ze twn kindÔnwn Z. Q¸ric na lamb�netai
upìyh k�poia austhr  algebrik  apìdeixh, deqìmaste diaisjhtik� ìti h kl�sh
g ranshc pou an kei h Ze, eÐnai Ðdia me thn kl�sh g ranshc pou an kei h
katanom  twn kindÔnwn Z.

'Ola aut�, bebaÐwc, isqÔoun sthn perÐptwsh pou up�rqei apousÐa arq. apo-
jèmatoc. Endiafèron parousi�zei h exakrÐbwsh isqÔoc twn ìswn elèqjhsan
gia thn perÐptwsh u = 0, ìtan aut  th for� to arq. apìjema eÐnai mh arnhtikì.

Wc ek toÔtou sthn perÐptwsh pou u ≥ 0, kai qwrÐc k�poia algebrik 
apìdeixh anamènoume

1. Cov[X, Y ] < 0, ìtan Z ∈ DFR⇔ Ze ∈ DFR,

2. Cov[X, Y ] > 0, ìtan Z ∈ IFR⇔ Ze ∈ IFR,

3. Cov[X, Y ] = 0, ìtan Z ∼ Expon.⇔ Ze ∼ Expon.,

anexart tou tim c paramètrou pou upìkeitai to upìdeigma.

5.1.1 Ekjetik  katanom 

Oi prokatarktikèc sunart seic pou sunteloÔn ton SSEP, sthn perÐptwsh
pou oi kÐndunoi eÐnai EkjetikoÐ kai u = 0 melet jhkan sthn §4.3.1. H epìmenh
Prìtash parousi�zei autèc tic posìthtec gia u ≥ 0, aut  th for�.

Prìtash 5.1 An h katanom  twn kindÔnwn Z ∼ E(β), tìte ∀u ≥ 0 kai
β, λ, θ > 0
(i) h sundiakÔmansh metaxÔ twn t.m. tou elleÐmmatoc kai tou pleon�smatoc,
dojèntoc ìti ja sumbeÐ qreokopÐa, eÐnai

Cov[XY ](u) = 0, (5.1)
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(ii)h diakÔmansh thc t.m. tou pleon�smatoc, dojèntoc ìti ja sumbeÐ qreokopÐa,
eÐnai

V[X](u; β, θ) =

=
− (1 + θ)2 e−2

βu
1+θ − 2 βu (1 + θ) e−

βu
1+θ + θ2 + 2 θ + 2

β2
, (5.2)

(iii)h diakÔmansh thc t.m. tou elleÐmmatoc, dojèntoc ìti ja sumbeÐ qreokopÐa,
eÐnai

V[Y ](β) =
1

β2
. (5.3)

Apìd. Sto Par�deigma 4.1 èqoun upologisteÐ oi sv.p.p. twn t.m. X, Y .
'Ara

(1.7)
(4.8)⇒ E[X] =

− (1 + θ) e−
βu
1+θ + θ + 2

β
, (5.4)

me deÔterh rop 

(1.6) gia k = 2
(4.8)⇒ E[X2] =

−2 (1 + θ) (θ + 2 + βu) e−
βu
1+θ + 2 θ2 + 6 θ + 6

β2
,

kai k�nontac qr sh thc (1.9) tou OrismoÔ 1.5 gia thn eÔresh thc diakÔman-
shc thc t.m. X, prokÔptei to anamenìmeno apotèlesma. Antijètwc, k�nontac
qr sh thc a.sv.p.p. thc (4.10) twn t.m. X, Y gia ton upologismì thc majh-
matik c elpÐdac tou ginomènou twn dÔo aut¸n t.m., prokÔptei

E[XY ] =
− (1 + θ) e−

βu
1+θ + θ + 2

β2
. (5.5)

En¸ sÔmfwna me thn sv.p.p. pou apeikonÐzetai sthn (4.11) tou Ðdiou ParadeÐg-
matoc, eÐnai xek�jaro ìti Y ∼ E(β) kai �ra E[Y ] = 1/β, V[Y ] = 1/β2.

Tèloc

(1.26)
(5.4),(5.5)⇒ Cov[X, Y ] = 0. �

Parat rhsh 5.1 EÐnai axioshmeÐwto ìti sthn perÐptwsh pou h katanom 
kindÔnwn eÐnai h Ekjetik , tìte oi t.m. X, Y eÐnai asusqètistec ∀u ≥ 0,
ìpwc upodeiknÔei h Prìtash 5.1(i). Autì, bebaÐwc ofeÐletai sto gegonìc
re(x) = β, ∀x ≥ 0.
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5.1.2 MÐxh dÔo Ekjetik¸n katanom¸n

UpenjumÐzoume ìti h sv.p.p. sthn perÐptwsh pou Z ∼ aE(β1) + (1 − a)E(β2),
me 0 ≤ a ≤ 1, eÐnai

fZ(x) = a β e−β x + (1− a) γ e−γ x, x > 0.

H bajmÐda apotuqÐac aut c thc katanom c, melet�tai sthn §3.2.1 kai diapist¸ne-
tai ìti r ↘ x. Epomènwc

re ↘ x⇔ Ze ∈ DFR,

kai anamènetai Cov[X, Y ] < 0, ∀u ≥ 0. 'Opwc ja doÔme sthn epìmenh Efar-
mog  to gegonìc autì sumbaÐnei.

Efarmog  5.1 H sundiakÔmansh kai oi diakum�nseic twn t.m. X kai Y ,
sthn perÐptwsh pou Z ∼ 1/2E(2) + 1/2E(4), ∀u ≥ 0 kai θ = 7/9, λ = 1.

SÔmfwna me to Par�rthma G, sto opoÐo parousi�zetai h upologistik  diadi-
kasÐa gia thn en lìgw katanom , brÐsketai ìti h sundiakÔmansh metaxÔ twn
t.m. tou elleÐmmatoc kai tou pleon�smatoc, dojèntoc ìti sumbaÐnei qreokopÐa,
eÐnai

Cov[XY ](u) =

= −10 e−
1
2
u

(
241
120

e
1
2
u − 11

20
e3u + 2

3
e2u − 2

)
e

7
2
u + Θ1(u)(

1 + 14 e
5
2
u
)(

eu + 14 e
7
2
u
) , (5.6)

ìpou, Θ1(u) = eu
(
−29

80
e

1
2
u − 169

120
e3u + e2u + 1

3

)
.

EpÐshc, h diakÔmansh thc t.m. tou pleon�smatoc, dojèntoc ìti sumbaÐnei qre-
okopÐa, eÐnai

V[X](u) =

=
−26880 e−

1
2
u
(
u+ 5

7

)
e

5
2
u − 6400

(
e−

1
2
u
)2

+ Θ2(u) e−
1
2
u

144
(

1 + 14 e
5
2
u
)2 , (5.7)

ìpou

Θ2(u) = (1920− 53760u) e
9
2
u + 33844 e

11
2
u − 3491 e

1
2
u

− 25600 e
3
2
u − 25600 e

7
2
u + (−3840u+ 22080) e2u

− 1920 t+ 19372 e3u + 9600.
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Kai tèloc, h diakÔmansh thc t.m. tou elleÐmmatoc, dojèntoc ìti sumbaÐnei
qreokopÐa, upologÐzetai apì thn sqèsh

V[Y ](u) =
1

16

−11 e2u + 12 e
9
2
u + 724 e7u(

eu + 14 e
7
2
u
)2 . (5.8)

Gia lìgouc sÔgkrishc, upologÐzontai epÐshc oi antÐstoiqec prokatarktikèc
sunart seic gia tic peript¸seic pou antÐ gia a = 1/2, èqoume a = 1/3 kai
a = 1/4. H sugkekrimènh upologistik  diadikasÐa gia tic dÔo autèc katanomèc
paraleÐpontai, kaj¸c o upologismìc eÐnai ìmoioc me autìn thc peript¸shc pou
a = 1/2.

Sto Sq ma 5.1 (arister�) apeikonÐzetai h tetragwnik  rÐza thc sun�rthshc
thc sq. (5.7) mazÐ me tic antÐstoiqec sunart seic stic èterec peript¸seic,
a = 1/2 kai a = 1/3, sunart sei tou arq. apojèmatoc u. Kai oi treic kampÔlec
èqoun aÔxousa poreÐa kai all�zoun kurtìthta sto shmeÐo u = 5 (perÐpou).
EpÐshc,

1.
√
V[X]↗ a, gia mikrèc timèc thc u (u < 1),

2.
√

V[X]↘ a, gia meg�lec timèc thc u (u > 3).

Antijètwc, h tupik  apìklish tou elleÐmmatoc th stigm  thc qreokopÐac, do-
jèntoc ìti ja sumbeÐ qreokopÐa, parousi�zei mia diaforetik  poreÐa se sqèsh
me thn proanaferjeÐsa jetik  sun�rthsh. Dhlad , ìpwc faÐnetai sto Sq ma
5.1 (dexi�), anexart twc tou arq. apojèmatoc u, eÐnai√

V[Y ]↗ a

kai par�llhla anexart twc thc paramètrou barÔthtac, eÐnai√
V[Y ]↗ u

Tèloc, sto Sq ma 5.2 paratÐjetai h sundiakÔmansh metaxÔ twn t.m. X kai Y ,
ìpwc aut  parousi�zetai sth sq. (5.6) mazÐ me tic dÔo antÐstoiqec sunart seic
gia tic èterec peript¸seic thc paramètrou barÔthtac a. Oi treÐc kampÔlec
diagr�foun poreÐa ston jetikì hmi�xwna kai diapist¸netai ìti Cov[X, Y ]↘ a,
anexart twc tou arq. apojèmatoc u.

Parat rhsh 5.2 To jetikì prìshmo thc sun�rthshc Cov[X, Y ], ofeÐletai
sthn bajmÐda apotuqÐac thc t.m. Ze. AfoÔ h sun�rthsh re(•) eÐnai fjÐnousa
wc proc to ìrisma x (bl. Sq ma 3.1 (dexi�) ).

En¸ to ìti oi posìthtec Cov[X, Y ] kai a èqoun antÐstrofh poreÐa pijanìn
na ofeÐletai sthn bajmÐda apotuqÐac r(•), afoÔ oi posìthtec r(•) kai a dia-
gr�foun epÐshc antÐstrofh poreÐa, ìpwc diapist¸netai kai aitiologeÐtai sthn
Parat rhsh 3.2.
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Sq ma 5.1: H tupik  apìklish tou pleon�smatoc (arister�) kai tou elleÐm-
matoc (dexi�) ìtan Z ∼ aE(2)+(1−a)E(4), sunart sei tou arq. apojèmatoc u

5.1.3 MÐxh tri¸n Ekjetik¸n katanom¸n

Sthn paroÔsa Enìthta ja jewr soume ìti h sv.ep. thc t.m. Z eÐnai thc morf c

F̄Z(x) =
1

6
e−3x +

1

3
e−2x +

1

2
e−5x, x > 0.

Dhlad  eÐnai mia mÐxh tri¸n Ekjetik¸n katanom¸n kai ìpwc eÐdame sto Sq ma
3.2 (dexi�) thc Paragr�fou 3.2.2, h bajmÐda apotuqÐac parousi�zei fjÐnousa
poreÐa wc proc to ìrisma x.

Sto Par�rthma D parousi�zetai ìlh h upologistik  diadikasÐa mèqri ton
upologismì twn sunart sewn Cov[X, Y ], V[X] kai V[Y ], sthn perÐptwsh pou
h èntash twn zhmi¸n sth mon�da tou qrìnou eÐnai λ = 1 kai o suntelest c
epib�runshc θ = 1, sunart sei tou arq. apojèmatoc u.

EpÐshc, upologÐzontai oi antÐstoiqec treic prokatarktikèc sunart seic,
sunart sei tou arq. apojèmatoc u sthn perÐptwsh pou h par�metroc θ all�zei
tim  (gia θ = 1/5 kai θ = 1/3). Wstìso h upologistik  diadikasÐa gia autèc tic
dÔo upopeript¸seic paraleÐpetai, kajìti eÐnai ìmoia me thn perÐptwsh θ = 1.

Apì to Sq ma 5.3, sto opoÐo antanakl�tai h tupik  apìklish thc t.m. X
(arister�) kai thc t.m. Y (dexi�), eÐnai xek�jaro ìti kai oi èxi kampÔlec eÐnai
gnhsÐwc aÔxousec wc proc to arq. apìjema u. EpÐshc, upì thn proôpìjesh
ìti u = 0, tìte

V[X] = V[Y ] ≈ 0.1787,∀θ > 0.

Tèloc oi sun�rthseic V[X] kai V[Y ] faÐnetai na èqoun aÔxousa poreÐa wc
proc thn par�metro θ gia k�je u ≥ 0.
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Sq ma 5.2: H sundiakÔmansh tou pleon�smatoc kai tou elleÐmmatoc ìtan
Z ∼ aE(2) + (1− a)E(4), sunart sei tou arq. apojèmatoc u

Parat rhsh 5.3 To gegonìc ìti V[X](0) = V[Y ](0),∀θ > 0 den mac ek-
pl ssei, afìu ìpwc  dh èqoume anafèrei sthn Prìtash 4.3 kai 4.4, oi t.m. X
kai Y eÐnai isìnomec kai oi katanomèc touc anex�rthtec thc paramètrou θ.

'Oson afor� sto Sq ma 5.4, sto opoÐo apeikonÐzetai h sundiakÔmansh metaxÔ
twnX kai Y , faÐnetai ìti h sun�rthsh Cov[X, Y ](0) (≈ 0.01787) eÐnai anex�rthth
thc θ kai sumpÐptei me to shmeÐo topikoÔ elaqÐstou, afoÔ h en lìgw mh arn-
htik  sun�rthsh Cov[X, Y ] eÐnai gnhsÐwc aÔxousa wc proc to arq. apìjema
u.

5.1.4 G�mma katanom 

Sthn Prìtash 3.5 parousi�zetai h bajmÐda apotuqÐac r(•) thc t.m. Z (h opoÐa
ìpwc proeÐpame èqei parìmoia monotonÐa me aut  thc sun�rthshc re thc t.m.
Ze), sthn perÐptwsh pou n = 2 kai β > 0. Sthn prokeimènh perÐptwsh eÐdame
ìti r ↗ x kai anamenìmeno apotèlesma eÐnai: Cov[X, Y ] < 0. Ac doÔme thn
epìmenh Efarmog , h opoÐa perigr�fei tic prokatarktikèc sunart seic gia ton
upologismì tou SSEP, ìpwc autèc antl jhkan apì to algebrikì prìgramma
Maple.

Efarmog  5.2 H sundiakÔmansh kai oi diakum�nseic twn t.m. X kai Y ,
sthn perÐptwsh pou Z ∼ (1/6)E(3) + (1/3)E(2) + 1/2E(5), ∀u ≥ 0 kai θ >
0, λ = 1.
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Sq ma 5.3: H tupik  apìklish tou pleon�smatoc (arister�) kai tou elleÐm-
matoc (dexi�) ìtan Z ∼ 1/6E(3) + 1/3E(2) + 1/3E(5), sunart sei tou arq.
apojèmatoc u

Sto Par�rthma D, eÐnai xek�jaro ìti h sundiakÔmansh metaxÔ twn mh elleim-
matik¸n t.m. elleÐmmatoc kai pleon�smatoc dÐdetai apì thn sqèsh

Cov[X, Y ](u; β) =

= −5

4

48 e
11
6
β u + 8 eβ u + 9 e

8
3
β u − 36 e

13
6
β u − 24 e

4
3
β u

β2
(

6 e
4
3
β u − e

1
2
β u
)2 . (5.9)

En¸ h diakÔmansh thc t.m. X, eÐnai

V[X](u; β) =

= −1

4

−5400 e
25
6
β u − 3000 e

10
3
β u − 1143 e

14
3
β u + 5616 e

23
6
β u + Θ3(u, β)

β2 (6 e4/3β u − e1/2β u)
2

(5.10)

ìpou

Θ3(u, β) = 152 e3β u + 3600 e
11
3
β ue−2β u −

(
360 e

10
3
β u − 2160 e

25
6
β u
)
β u,

kai tèloc h diakÔmansh thc t.m. Y , eÐnai

V[Y ](u; β) = −1

4

−207 e
8
3
β u + 24 e

11
6
β u + 8 eβ u

β2
(
−6 e

4
3
β u + e

1
2
β u
)2 . (5.11)
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Sq ma 5.4: H sundiakÔmansh metaxÔ tou pleon�smatoc kai elleÐmmatoc ìtan
Z ∼ (1/6)E(3) + (1/3)E(2) + (1/3)E(5), sunart sei tou arq. apojèmatoc u

Endiafèron parousi�zei h melèth twn sunart sewn, pou perigr�fontai sth
teleutaÐa Efarmog  (Efarmog  5.2), an h jetik  par�metroc θ diplasiasteÐ.
'Estw, dhlad , ìti akoloujoÔme akrib¸c tic Ðdiec upojèseic me thn en lìgw
Efarmog , me mình diafor� ìti θ∗ = 2 θ.

H upologistik  diadikasÐa eÐnai ìmoia me aut  pou perigr�fetai sto Par�-
rthma D, gia thn perÐptwsh pou θ = 1.

Sto Sq ma 5.5, apeikonÐzetai h tetragwnik  rÐza thc sun�rthshc thc sq.
(5.10), sthn perÐptwsh pou β = 1, gia dÔo timèc thc paramètrou θ. Blèpoume
ìti oi dÔo kampÔlec xekinoÔn apì to Ðdio shmeÐo (

√
V[X] = 7/4), fjÐnoun ewc

to shmeÐo u ≈ 1 kai katìpin parousi�zoun aÔxousa monotonÐa, ìso megal¸nei
to arq. apìjema u.

EpÐshc an sumbolÐsoume me V∗[X] thn diakÔmansh thc t.m.X, sthn perÐptwsh
pou θ∗ = 2 θ, tìte

1. ìtan u < 3.5, tìte V[X] ≤ V∗[X],

2. ìtan u ≥ 3.5, tìte V[X] ≥ V∗[X],.

Antijètwc h sun�rthsh
√

V[Y ], h opoÐa perigr�fetai sthn exÐswsh (5.11),
eÐnai gnhsÐwc fjÐnousa wc proc to arq. apìjema u, me topikì mègisto to
shmeÐo u = 0 kai mègisth tim 

√
V[Y ] = 7/4 (anamenìmeno apotèlesma kaj¸c

upì thn proôpìjesh: u = 0, tìte oi t.m.X kai Y eÐnai isìnoma katanemhmènec).
EpÐshc, h tim  thc sun�rthshc

√
V∗[Y ], eÐnai megalÔterh apì thn antÐstoiqh

sun�rthsh
√

V∗[Y ], gia θ = 1, ∀u ≥ 0.
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Sq ma 5.5: H tupik  apìklish tou pleon�smatoc (arister�) kai tou elleÐm-
matoc (dexi�) ìtan Z ∼ G(2, 1), sunart sei tou arq. apojèmatoc u

Sto Sq ma 5.6, perigr�fetai h poreÐa thc sun�rthshc thc (5.9), sthn
perÐptwsh pou β = 1 (arister�) kai β = 3 (dexi�) gia tic Ðdiec timèc thc
paramètrou θ. H epìmenh Parat rhsh dÐnei mia diaisjhtik  ex ghsh gia to
prìshmo pou èqei h sun�rthsh Cov[X, Y ] kai par�llhla thc tim c tou, sug-
kritik� gia tic dÔo timec thc paramètrou klÐmakac β.

Parat rhsh 5.4 Sthn §3.2.3 kai eidikìtera sto Sq ma 3.3, eÐdame ìti h
sun�rthsh r(•) (�ra kai re) eÐnai aÔxousa wc proc thn par�metro β. Autì
faÐnetai na exhgeÐ thn anisìthta

|Cov[X, Y ](u, 1)| < |Cov[X, Y ](u, 3)| , ∀u ≥ 0.

EpÐshc eÐdame ìti Z ∈ IFR (kai �ra Ze ∈ IFR) kai �ra eÐnai anamenìmeno to
gegonìc ìti Cov[X, Y ] < 0, ∀u ≥, β > 0.

5.1.5 MÐxh Ekjetik c kai G�mma katanom c

Endiafèron parousi�zei h melèth twn prokatarktik¸n sunart sewn sthn pe-
rÐptwsh pou h katanom  kindÔnwn eÐnai mia mikt  katanom , pou oi ekatèrwjen
miktikèc katanomèc an koun sthn kl�sh g ranshc IFR.

SÔmfwna me thn Parat rhsh 3.1, h mikt  katanom z, thc t.m. Z den an kei
kat' an�gkh sthn kl�sh g ranshc IFR. 'Amesh sunèpeia tou gegonìtoc autoÔ,
eÐnai na mhn anamènoume (kat' an�gkh) arnhtikì prìshmo sthn sundiakÔmansh
metaxÔ twn t.m. elleÐmmatoc kai pleon�smatoc.
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Sq ma 5.6: H sundiakÔmansh tou pleon�smatoc kai elleÐmmatoc ìtan Z ∼
G(2, β) kai β > 0, me β = 1 (arister�) kai β = 3 (dexi�), sunart sei tou arq.
apojèmatoc u

Efarmog  5.3 H sundiakÔmansh kai oi diakum�nseic twn t.m. X kai Y ,
sthn perÐptwsh pou Z ∼ (1/2)E(1) + (1/2)G(2, 1) kai θ = 5/3, λ = 1.

Gia thn eÔresh twn analutik¸n tÔpwn twn prokatarktik¸n sunart sewn,
sunart sei tou arq. apojèmatoc u apait jhke h upologistik  diadikasÐa pou
faÐnetai sto Par�rthma E.

Sto en lìgw Par�rthma diapist¸netai ìti h sundiakÔmansh metaxÔ twn t.m.
elleÐmmatoc kai pleon�smatoc, dojèntoc ìti ja sumbeÐ qreokopÐa upologÐzetai
apì thn sqèsh

Cov[XY ](u) =

=
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kai

V[X](u) =

=
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ìpou

Θ4(u) = 432000 e2u + 73680 eu − 1456 e
1
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u − 146 e−
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u + 46080 e
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u
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1
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u + 100800 e
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− 452800 e
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u + 144ue−
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u,

kai tèloc h diaspor� thc t.m. tou elleÐmmatoc, dojèntoc ìti ja sumbeÐ qreoko-
pÐa eÐnai

V[Y ](u) = 2
68 e−u − 4 e−

7
4
u − e−

5
2
u(

10 e−
1
2
u − e−

5
4
u
)2 . (5.14)

Sthn Par�grafo 3.7, sthn opoÐa melet�tai h bajmÐda apotuqÐac thc t.m. Z
deÐxame (basizìmenoi sto Sq ma 3.6) ìti pèran tou ìti h sun�rthsh r(•) eÐnai
aÔxousa wc proc to ìrisma x, eÐnai sun�ma gnhsÐwc fjÐnousa wc proc thn
par�metro barÔthtac a (bl. Prìtash 3.7).

Endiafèron parousi�zei h sÔgkrish (grafik�) thc (5.12) me thn antÐstoiqh
sun�rthsh Cov[X, Y ], an mei¸soume to suntelest  barÔthtac a. Me thn
meÐwsh thc tim c thc paramètrou a, anamènoume aÔxhsh (kat� apìluth tim )
thc tim c thc sun�rthshc Cov[X, Y ], ∀u ≥ 0.

Gia ton lìgo autì epanalamb�noume thn Ðdia upologistik  diadikasÐa, me
aut  pou faÐnetai sto Par�rthma E, me mình diafor� ìti antÐ gia a = 1/2,
jètoume a = 1/6. H en lìgw upologistik  diadikasÐa paraleÐpetai.

Genik�, h sun�rthsh V[X] faÐnetai na all�zei mìno mia for� monotonÐa,
sto shmeÐo u ≈ 1 kai mia for� kurtìthta, sto shmeÐo u ≈ 6 (bl. Sq ma 5.7
(arister�) ).

Antijètwc, h sun�rthsh V[Y ] eÐnai gnhsÐwc fjÐnousa wc proc to arq.
apìjema u, me topikì mègisto sto shmeÐo u = 0. En¸ h sun�rthsh V[Y ] eÐnai
gnhsÐwc fjÐnousa wc proc thn par�metro a.

Sto shmeÐo autì ac doÔme thn epìmenh Parat rhsh, h opoÐa afor� thn
sun�rthsh Cov[X, Y ].

Parat rhsh 5.5 'Opwc  tan anamenìmeno, to prìshmo thc Cov[X, Y ] eÐnai
arnhtikì, ∀u ≥ 0 kajìti Z ∈ IFR kai par�llhla parathreÐtai

|Cov[X, Y ](u, 1/6)| < |Cov[X, Y ](u, 1/2)| , ∀u ≥ 0,

kajìti ìpwc  dh anafèrame

r(u; 1/6, 2, 1) ≥ r(u; 1/2, 2, 1),

gia ton sumbolismì bl. Prìtash 3.7(ii) .
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Sq ma 5.7: H tupik  apìklish tou pleon�smatoc (arister�) kai tou elleÐm-
matoc (dexi�) ìtan Z ∼ aE(1)+(1−a)G(2, 1), sunart sei tou arq. apojèmatoc
u

5.1.6 MÐxh Ekjetik c kai dÔo G�mma katanom¸n

Sthn paroÔsa perÐptwsh ja jewr soume ìti

Z ∼ 1/4E(1) + 1/4G(2, 1) + 1/2G(3, 1),

kai ja melet soume tic prokatarktikèc sunart seic gia dÔo timèc thc para-
mètrou θ (θ = 1/3 kai θ = 1) kai gia λ = 1.

Oi en lìgw sunart seic, oi opoÐec par�gontai sunart sei thc u, eÐnai ar-
ket� dÔsqrhstec algebrik�. Gia ton lìgo autì den paratÐjentai.

Wstìso o anagn¸sthc mporeÐ na anatrèxei sto Par�rthma St, sto opoÐo
brÐsketai h upologistik  didikasÐa gia θ = 1/3 (h antÐstoiqh gia θ = 1 eÐnai
ìmoia aut c, kai ètsi paraleÐpetai).

Ta Sq mata pou aforoÔn sthn poreÐa twn en lìgw tri¸n prokatarktik¸n
sunart sewn, eÐnai to Sq ma 5.9 kai to Sq ma 5.10. Genik�, ja lègame ìti ta
sumper�smata pou prokÔptoun apì ta Sq mata aut� eÐnai an�loga aut¸n pou
eÐdame gia thn perÐptwsh pou: Z ∼ (1− a)E(β) + aG(2, β) (bl. §5.1.5)

Gia thn akrÐbeia, sÔmfwna me to Sq ma 5.9 (arister�), sto opoÐo parou-
si�zetai h tupik  apìklish thc t.m. X, sunart sei tou arq. apojèmatoc u, h
sun�rthsh

√
V[X] eÐnai arqik¸c fjÐnousa, apì to u = 0 mèqri to u ≈ 1 (sto

opoÐo parousi�zei kai topikì el�qisto), kai katìpin parousi�zei mia aÔxousa
poreÐa kai par�llhla allag  kÔrtwshc.

Parat rhsh 5.6 Sto Sq ma 5.9 (arister�), faÐnetai ìti h sun�rthsh√
V[X] fjÐnei kaj¸c aux�netai to perij¸rio asfaleÐac θ, gia mikrèc timèc

thc u (u < 3.8) en antijèsei gia meg�lec timèc thc u.
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Sq ma 5.8: H sundiakÔmansh metaxÔ twn t.m. tou pleon�smatoc kai elleÐm-
matoc ìtan Z ∼ aE(1) + (1 − a)G(2, 1), sunart sei tou arq. apojèmatoc
u

Wstìso ìpwc  tan anamenìmeno apì thn Prìtash 4.4 (sthn opoÐa apodeiknÔe-
tai ìti h katanom  thc t.m. X eÐnai anex�rthth tou perijwrÐou asf�leiac θ kai

kat' epèktash kai h tupik  thc apìklish) oi dÔo sunart seic
√
V[X] (gia

θ = 1/3 kai θ = 1), èqoun thn Ðdia tim  gia u = 0.

H sun�rthsh
√
V[Y ], ìpwc aut  apeikonÐzetai sto Sq ma 5.10, eÐnai gnhsÐwc

fjÐnousa wc proc to arq. apìjema u, me parathroÔmeno topikì mègisto, sto
shmeÐo A = (0, 1.507) (bl. sq. (4.32) ).

Mia epÐshc idiaitèrwc shmantik  sun�rthsh eÐnai h Cov[X, Y ], kaj¸c to
prìshmo aut c kajorÐzei kai to prìshmo tou SSEP, pou ja melet soume sto
Kef�laio 6. Gia ton lìgo autì par�getai to Sq ma 5.10 kai ta sumper�smata
pou ' genn� ' to en lìgw Sq ma analÔontai sthn epìmenh Parat rhsh.

Parat rhsh 5.7 DiakrÐnoume xek�jara (apì to Sq ma 5.10) ìti

Cov[X, Y ] < 0, ∀u ≥ 0 kai θ > 0,

kai toÔto ofeÐletai sto gegonìc ìti Z ∈ IFR (kai �ra Ze ∈ IFR) (bl.
Efarmog  3.6 kai eidikìtera to antÐstoiqo Sq ma thc, to 3.8).

'Opwc sumbaÐnei kai stic èterec sunart seic
√
V[X],

√
V[Y ] ìpou gia

u = 0, h par�metroc θ den epidr� stic en lìgw sunart seic, ètsi kai ed¸ oi
dÔo kampÔlec dièrqontai apì to Ðdio shmeÐo u = 0, me Cov[X, Y ](0) = −0.3827
(bl. (4.31) ).

Tèloc, h sun�rthsh |Cov[X, Y ]| diagr�fei aÔxousa poreÐa wc proc thn
par�metro θ, gia u < 4.3 kai fjÐnousa poreÐa wc proc thn Ðdia par�metro, gia
u ≥ 4.3.
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Sq ma 5.9: H tupik  apìklish tou pleon�smatoc (arister�) kai tou elleÐm-
matoc (dexi�) ìtan Z ∼ (1/4)E(1) + (1/4)G(2, 1) + (1/2)G(3, 1), sunart sei
tou arq. apojèmatoc u



Sq ma 5.10: H sundiakÔmansh metaxÔ twn t.m. pleon�smatoc kai elleÐmmatoc
ìtan Z ∼ (1/4)E(1) + (1/4)G(2, 1) + (1/2)G(3, 1), sunart sei tou arq. apo-
jèmatoc u
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Kef�laio 6

O suntelest c Susqètishc
metaxÔ elleÐmmatoc kai
pleon�smatoc (SSEP)

Sta prohgoÔmena dÔo Kef�laia, melet same posìthtec pou sunteloÔn ston
upologismì tou SSEP. Dìjhke perissìtero èmfash sto prìshmo thc su-
n�rthshc Cov[X, Y ], to opoÐo kai aitiolog jhke dia mèsw thc an�lushc pou
anaptÔqjhke sto Kef�laio 3. EÐnai safèc ìti to prìshmo thc sun�rthshc
%XY (•) ja eÐnai Ðdio me autì thc proanaferjeÐsac, afoÔ o paronomast c tou
SSEP eÐnai ginìmeno dÔo jetik¸n sunart sewn (bl. Parat rhsh 4.1). Opìte
sto parìn Kef�laio, ja asqolhjoÔme amig¸c me th tim  kai th poreÐa tou
SSEP.

Akribèstera, to parìn Kef�laio diakrÐnetai se treic Enìthtec, stic opoÐec
melet�tai o SSEP. Sthn pr¸th Enìthta den lamb�netai upìyh to arqikì
apìjema u (sto Kef�laio 4, èqoun analujeÐ oi prokatarktikèc sunart seic),
sth deÔterh lamb�netai upìyh to arqikì apojematikì (sto Kef�laio 5, è-
qoun dojeÐ oi prokatarktikèc sunart seic) aut  th for� kai tèloc sthn trÐth
melet�tai o SSEP sunart sei tou arq. apojèmatoc kai tou proexoflhtikoÔ
par�gonta. EpÐshc meletìntai kai oi prokatarktikèc sunart seic gia aut  thn
perÐptwsh.

6.1 O SSEP me mhdenikì arqikì apìjema

Sth paroÔsa Enìthta, ja diatup¸soume Prot�seic pou aforoÔn ton SSEP
gia k�je perÐptwsh pou exet�sthke sthn §4.3. Prokeimènou na apodeiqjoÔn
autèc oi Prot�seic gÐnetai qr sh thc sqèshc thc Parat rhshc 4.1.
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6.1.1 Ekjetik  katanom 

Sthn Enìthta 4.3.1 parousi�zontai oi prokatarktikèc sunart seic tou SSEP
sthn perÐptwsh pou Z ∼ E(β). Diapist¸netai ìti Cov[X, Y ] = 0.

Prìtash 6.1 An Z ∼ E(β), tìte gia u = 0 kai θ, λ > 0 o SSEP eÐnai

%XY (u)
∣∣∣
u=0

= 0 (6.1)

Apìd. Apì thn Prìtash 4.5(i), blèpoume ìti Cov[X, Y ] = 0. Opìte, k�no-
ntac qr sh thc (4.7), prokÔptei %XY (u) = 0. �

Pr�gma to opoÐo shmaÐnei ìti oi t.m. X, Y eÐnai stoqastik� anex�rthtec.
Dhlad , ìsh kai an eÐnai h tim  tou pleon�smatoc akrib¸c prin th stigm 
thc qreokopÐac, h tim  tou elleÐmmatoc, dojèntoc ìti ja sumbeÐ qreokopÐa,
den ja ephreasteÐ.

6.1.2 MÐxh dÔo Ekjetik¸n katanom¸n

Oi prokatarktikèc sunart seic, pou sunjètoun ton SSEP ìtan h katanom 
twn kindÔnwn akoloujeÐ mÐxh dÔo katanom¸n, ìpou h ek�stote bajmÐda apo-
tuqÐac aut¸n twn katanom¸n eÐnai stajer , upologÐzontai sthn §5.1.2.

Prìtash 6.2 An gia thn katanom  z thc t.m. twn kindÔnwn Z isqÔei
z = aE(β) + (1− a)E(γ), tìte ∀a ∈ [0, 1], θ, λ > 0 kai u = 0 o SSEP
upologÐzetai apì thn sqèsh

%XY (u; a)
∣∣∣
u=0

=
γ aβ (β − γ)2 (1− a)

(1− a)2 β4 + 2 γ a (1− a) β3 + Θ4(a, β)
. (6.2)

ìpou, Θ4 (a, β) = −2 aγ2 (1− a) β2 + 2 aγ3 (1− a) β + γ4a2

Apìd. Apì tic (4.17), (4.18) kai me thn bo jeia thc (4.7), prokÔptei to
apotèlesma thc (6.2). �

Efarmog  6.1 O SSEP, ìtan Z ∼ aE(1/2) + (1− a)E(1/5), ∀a ∈ [0, 1].

Jètontac sthn (6.2), ìpou β = 1/2 kai γ = 1/5 prokÔptei to k�twji apotè-
lesma

%XY

(
0; a,

1

2
,
1

5

)
= 90

a (1− a)

261 a2 − 870 a+ 625
. (6.3)
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An paragwgÐsoume thn sun�rthsh thc (6.3), kai èpeita exis¸soume aut  me to
0, tìte

d

da
%(0; a) = −90

−1 + a

−870 a+ 625 + 261 a2
− 90

a

−870 a+ 625 + 261 a2

+90
a (−1 + a) (522 a− 870)

(−870 a+ 625 + 261 a2)2
= 0

⇒ a =
25

29
w 0.8620689,

to opoÐo kai eÐnai topikì mègisto, kajìti

d2

da2
%XY (0; a)

∣∣∣
a=25/59

= −7569

2000
< 0,

me mègisth tim  gia ton SSEP

%XY

(
0;

25

29
,
1

2
,
1

5

)
=

9

58
w 0.15517.

To Sq ma 6.1 faÐnetai epibebai¸nei ta anwtèrw algebrik� apotelèsmata. H
sun�rthsh %XY (•) xekin�ei apì to shmeÐo a = 0 (Z ∼ E(1/5)), aux�nei me
sqetik� argì rujmì ¸spou na megistopoihjeÐ sto shmeÐo (25/29, 9/58). En
suneqeÐa fjÐnei me apìtomo rujmì mèqri na mhdenisteÐ gia deÔterh for�, sto
shmeÐo a = 1 (Z ∼ E(1/2)).

6.1.3 MÐxh tri¸n Ekjetik¸n katanom¸n

AkoloÔjwc, ac doÔme thn perÐptwsh pou h t.m. Z akoloujeÐ mia mÐxh tri¸n
Ekjetik¸n katanom¸n. Oi prokatarktikèc sunart seic melet¸ntai sthn E-
farmog  4.2.

Efarmog  6.2 O SSEP upì thn proôpìjesh ìti oi kÐndunoi akoloujoÔn
thn katanom  Z ∼ a1E(1/2) + a2E(1/5) + (1− a1− a2)E(1/10), ∀θ, λ > 0 kai
u = 0.

Diair¸ntac tic (4.21) kai (4.22), sÔmfwna me thn (4.7), prokÔptei o zhtoÔmenoc
suntelest c

%XY (u; a1, a2)
∣∣∣
u=0

=

= 10
128 a1 + 125 a2 − 128 a1

2 − 244 a1 a2 − 125 a2
2

−16640 a1 − 12500 a2 + 10000 + 6656 a1 2 + Θ5(a1, a2)
, (6.4)
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a (%)%XY (0; a)

0 0.0
0.1 1.4983
0.2 3.1207
0.3 4.8775
0.4 6.7763
0.5 8.8149
0.6 10.966
0.7 13.135
0.8 14.993
0.9 15.165
1.0 0.0

Sq ma 6.1: O SSEP ìtan Z ∼ aE(1/2) + (1 − a)E(1/5), sunart sei thc
paramètrou barÔthtac

ìpou, Θ5(a1, a2) = 9520 a1 a2 + 3125 a2
2.

H sun�rthsh %XY (•) pou perigr�fetai sthn (6.4) eÐnai mh arnhtik , afoÔ
ìpwc epishmaÐnetai kai sthn Parat rhsh 4.6

Cov[X, Y ] ≥ 0.

6.1.4 G�mma katanom 

Oi prokatarktikèc sunart seic sthn perÐptwsh pou Z ∼ G(n, β), melet¸ntai
ekten¸c sthn §4.3.4 kai parathreÐtai ìti

1. gia n < 1, tìte Cov[X, Y ] > 0⇔ %XY > 0,

2. gia n = 1, tìte Cov[X, Y ] = 0⇔ %XY = 0,

3. gia n > 1, tìte Cov[X, Y ] < 0⇔ %XY < 0,

gia k�je par�metro klÐmakac β > 0 kai paramètrouc tou upodeÐgmatoc θ, λ > 0.

Prìtash 6.3 An Z ∼ G(n, β), tìte ∀θ, λ > 0 kai u = 0, o SSEP upo-
logÐzetai apì thn majhmatik  èkfrash

%XY (u;n)
∣∣∣
u=0

=
1− n
5 + n

, (6.5)
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Apìd. Lìgw tou ìti X
d
= Y (bl. Prìtash 4.3), tìte arkeÐ na diairèsoume

thn (4.23) me thn (4.24). 'Etsi katal goume, met� apì k�poiouc upologismoÔc,
sthn (6.5). �

Parat rhsh 6.1 EÐnai ofjalmofanèc apì thn teleutaÐa Prìtash, ìti h
susqètish twn t.m. X, Y den ephre�zetai apì thn par�metro klÐmakac β.

Endiafèron parousi�zei h algebrik  melèth tou anwtèrw deÐkth. Paragw-
gÐzontac thn majhmatik  èkfrash thc (6.5), wc proc th monadik  exart¸menh
par�metro, n, ja èqoume

d

dn
%XY (0;n) = − 6

(5 + n)2
< 0,

kai epÐshc, paragwgÐzontac thn teleutaÐa

d2

dn2
%XY (0;n) = − 12

(5 + n)3
< 0.

En¸, o SSEP ikanopoieÐ thn basik  sunj kh pou eÐdame sthn (1.28),   an
protim� kaneÐc sthn (1.29), afoÔ asumptwtik�

lim
n→∞

%(0;n) = lim
n→∞

− n

n
= −1

h el�qisth tim , afoÔ %XY ↘ n kai

lim
n→0

%(0;n) =
1

5

h mègisth tim  tou.

Parat rhsh 6.2 O suntelest c %XY (•) eÐnai mia fjÐnousa sun�rthsh
wc proc thn par�metro morf c n, o opoÐoc strèfei ta koÐla proc ta k�tw.
Parousi�zei topikì mègisto, asumptwtik� sto shmeÐo n = 0 kai eÐnai Ðsoc me
1/5 kai el�qisth tim  (epÐshc, asumtwtik�) sto +∞ me antÐstoiqh tim  −1.

Tèloc tèmnei ton jetikì hmi�xona (ìpwc  tan anamenìmeno) sto shmeÐo
n = 1 (Z ∼ E(β)).

H teleutaÐa Parat rhsh mporeÐ na diapistwjeÐ kai grafik�; sto Sq ma 6.2
parousi�zetai to gr�fhma tou SSEP, kaj¸c epÐshc kai merikèc endeiktikèc
timèc autoÔ.
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n (%)%XY (0;n)

0.1 17.647
0.3 13.214
0.5 9.0909
0.7 5.2632
0.9 1.6945
2 -14.286
4 -33.333
6 -45.455
8 -53.846
10 -60.000
12 -64.706
14 -68.421

Sq ma 6.2: O SSEP ìtan Z ∼ G(n, β), sunart sei thc paramètrou morf c n

6.1.5 MÐxh Ekjetik c kai G�mma katanom c

Sthn §4.3.5 perigr�fontai algebrik¸c oi prokatarktikèc sunart seic, gia ton
upologismì tou SSEP, pou faÐnetai sthn epìmenh Prìtash.

Prìtash 6.4 An Z ∼ aG(n, β) + (1 − a)E(β), tìte ∀θ, λ > 0 kai u = 0
isqÔei

%XY (u; a, n)
∣∣∣
u=0

= −an (2 an2 + 6n− 7 an− 4 + 4 a+ an3 − 2n2)

2 a2n3 + 5 a2n2 + 20 an− 20 a2n+ Θ6(a, n)
. (6.6)

ìpou Θ6(a, n) = a2n4 + 4 an3 − 24 a+ 12 a2 + 12.

Apìd. Diair¸ntac thn (4.25), apì thn (4.32), prokÔptei eÔkola h (6.6). �

O SSEP, pou ekfr�zetai apì thn (6.6) thc Prot�sewc 6.4, eÐnai anex�rthtoc
thc paramètrou klÐmakac β. Autì ofeÐletai sthn aplopoÐhsh pou epitugq�ne-
tai apì thn diaÐresh thc (4.25), apì thn (4.32). 'Einai safèc ìti an oi dÔo
par�metroi klÐmakac  tan diaforetikoÐ; tìte k�ti tètoio den ja Ðsque.

H didi�stath sun�rthsh thc (6.6), eÐnai èna phlÐko poluwnÔmwn ìpou to
prìshmì thc ephre�zetai mìno apì to prìshmì tou arijmht . O arijmht c
eÐnai èna polu¸numo tet�rtou bajmoÔ, wc proc n me antÐstoiqo suntelest 
−α2, en¸ o paranomast c eÐnai, epÐshc, èna tet�rtou bajmoÔ polu¸numo me
suntelest  α2.
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Autì shmaÐnei ìti

lim
n→+∞

%XY (0; a, n) = −a
2n4

a2n4

= −1 < 0, ∀a ∈ (0, 1].

H epìmenh Parat rhsh, melet� tic sunj kec gia tic opoÐec oi t.m. X, Y eÐnai
stoqastik� anex�rthtec.

Parat rhsh 6.3 'Opwc dhl¸netai kai sthn Prìtash 6.1, ìtan Z ∼ E(β)⇒ %XY (0) = 0
(h sunepagwg  eÐnai austhr ). Opìte sthn prokeimènh perÐptwsh, h t.m.
Z ∼ aG(n, β) + (1 − a)E(β) gÐnetai Ekjetik  sthn perÐptwsh pou isqÔei to
endeqìmeno A = {a = 0} ∪ {n = 1}.

Wstìso h isqÔc tou endeqomènou A, den eÐnai h monadik  perÐptwsh pou
odhgeÐ se asusqètistec. 'Opwc analutik� aitiolog same sthn Prìtash 4.9,
anexarthsÐa epitugq�netai, an isqÔei to endeqìmeno

B =

{
a =

2(n− 2)

(n2 + 3n− 4)

}
∩ {n > 2} .

SunoyÐzontac, oi t.m. X, Y eÐnai stoqastik� anex�rthtec, ann sumbaÐnei h
ènwsh G = A ∪B.

Tìso sto tri¸n diast�sewn Sq ma 6.3, ìso kai sto Sq ma 6.4 (dexi�), faÐnetai
na episun�ptetai aut� pou upìjeikan sthn Parat rhsh 6.3.

Eidikìtera de, sto Sq ma 6.3, eikonÐzetai h sun�rthsh thc (6.6), sunart -
sei twn paramètrwn a kai n. Blèpoume, ìpwc  tan kai anamenìmeno, o SSEP
na xekin� apì to shmeÐo a = 0 (gia opoiod pote n), na katagr�fei aÔxou-
sa poreÐa kai katìpin fjÐnousa, mhdenÐzontac ètsi sto shmeÐo pou alhjeÔei
to endeqìmeno B. Tèloc diagr�fei mia fjÐnousa poreÐa, kai elaqistopoieÐ-
tai asumptwtik� sto n ↑ ∞, gia opoiad pote tim  thc paramètrou barÔthtac
a ∈ [0, 1].

En¸ sto Sq ma 6.4 (dexi�), apeikonÐzetai o SSEP, sunart sei thc paramè-
trou barÔthtac a, gia tèsseric peript¸seic thc paramètrou morf c n. A-
xioprìseqth eÐnai h poreÐa thc kampÔlhc, gia thn opoÐa n = 3.

Tèloc, sto Sq ma 6.4 (arister�), parousi�zetai h sun�rthsh %XY (•),
sunart sei thc paramètrou morf c n, aut  th for�, kai gia tèsseric peri-
pt¸seic thc paramètrou barÔthtac a. H aÔxousa poreÐa thc sun�rthshc |%XY |
wc proc thn par�metro barÔthtac a eÐnai èkdhlh.

6.1.6 MÐxh Ekjetik c kai dÔo G�mma katanom¸n

Sthn §4.3.6 parousi�sthkan dÔo Efarmogèc, stic opoÐec emperièqontai oi
prokatarktikèc posìthtec, pou prìkeitai na melethjoÔn sthn paroÔsa Par�-
grafo.
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Sq ma 6.3: O SSEP ìtan Z ∼ aG(n, β)+(1−a)E(β), sunart sei thc paramè-
trou barÔthtac a kai paramètrou morf c n

An sumbolÐsoume me z = a1z1 + a2z2 + a3z3, thn mÐxh tri¸n katanom¸n
me tic epimèrouc miktikèc katanomèc na akoloujoÔn

z1 = E(β1),

z2 = G(n1, β2),

z3 = G(n2, β3), (6.7)

tìte diapist¸netai ìti anexart twc paramètrwn klÐmakac β = (β1, β2, β3) > 0

1. an n1, n2 < 1, tìte

r ↘ x⇔ Z ∈ DFR⇔ Ze ∈ DFR⇔ Cov[X, Y ] > 0⇔ %XY > 0,

wc mÐxh DFR katanom¸n, ìpwc anamenìtan apì to Je¸rhma 3.3,

2. en¸ an n1, n2 > 1, tìte den sumbaÐnei (kat' an�gkh)

r ↗ x⇔ Z ∈ IFR⇔ Ze ∈ IFR⇔ Cov[X, Y ] < 0⇔ %XY < 0,

sÔmfwna me thn Parat rhsh 3.1.

Efarmog  6.3 O SSEP, ìtan Z ∼ 1/4E(1) + 1/4G(2, 1) + 1/2G(3, 1), gia
u = 0.

Basizìmenoi stic sqèseic thc Efarmo c 4.3, kai eidikìtera diair¸ntac tic
(4.31) kai (4.30), prokÔptei

%XY (u)
∣∣∣
u=0

=
183

855
. (6.8)
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Sq ma 6.4: O SSEP sunart sei thc paramètrou morf c n (arister�) kai thc
paramètrou barÔthtac a (dexi�), ìtan Z ∼ aG(n, β) + (1− a)E(β)

Efarmog  6.4 OSSEP, ìtan Z ∼ (1/4)E(1)+(1/4)G(1/2, 1)+(1/2)G(1/4, 1),
gia u = 0.

Energ¸ntac kat� ton Ðdio trìpo me autìn thc Efarmog c 6.1.6, kai lamb�-
nontac upìyh tic sqèseic thc Efarmog c 4.4, ja èqoume

%XY (u)
∣∣∣
u=0

= − 31

194
. (6.9)

6.2 O SSEP parousÐa arqikoÔ apojèmatoc

Sto Kef�laio 5, melet same tic prokatarktikèc sunart seic, sunart sei tou
arqikoÔ apojèmatoc u, pou odhgoÔn ston ap¸tero stìqo thc paroÔsac melè-
thc: to suntelest  susqètishc elleÐmamatoc kai pleon�smatoc.

Sth paroÔsa Enìthta prìkeitai, wc ek toÔtou, na diereunhjeÐ o en lìgw
suntelest c, me kÔria par�metro to arqikì apìjema u.

6.2.1 Ekjetik  katanom 

Sthn §5.1.1, eÐdame kai katìpin d¸same mia diaisjhtik  ex ghsh perÐ tou
gegonìtoc: Cov[X, Y ] = 0, sthn perÐptwsh pou Z ∼ E(β) kai u ≥ 0. Ac
doÔme, loipìn, thn epìmenh Prìtash.

Prìtash 6.5 An Z ∼ E(β), tìte ∀u ≥ 0 kai λ, θ > 0, o suntelest c
susqètishc metaxÔ twn mh elleimmatik¸n t.m. elleÐmmatoc kai pleon�smtoc
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eÐnai

%XY (u) = 0. (6.10)

Apìd. 'Amesh sunèpeia thc Prot�sewc 5.1, kajìti sthn sq. (5.1) blèpoume
ìti Cov[X, Y ] = 0, ∀u ≥ 0, kai ètsi k�nontac qr sh thc sq. (1.26), prokÔptei
to anamenìmeno apotèlesma: %XY (u) = 0. �

6.2.2 MÐxh dÔo Ekjetik¸n katanom¸n

Sthn §6.1.2 melet same ton SSEP, sthn perÐptwsh pou u = 0 ìtan h t.m.
Z akoloujeÐ mia mÐxh dÔo Ekjetik¸n katanom¸n (Z ∼ aE(β) + (1− a)E(γ)),
sunart sei thc paramètrou barÔthtac a. Sthn paroÔsa Enìthta ja upolo-
gÐsoume ton Ðdio suntelest  gia u ≥ 0 kai gia treic timèc thc paramètrou
a (a = 1/2, a = 1/3 kai a = 1/4). Wstìso mìno gia thn pr¸th perÐptwsh
paratÐjetai h upologistik  diadikasÐa, sto Par�rthma B. Ac doÔme thn epìmen-
h Efarmog .

Efarmog  6.5 O SSEP ìtan Z ∼ (1/2)E(2)+(1/2)E(4), ∀u ≥ 0, θ = 7/9
kai λ = 1.

Diair¸ntac thn sq. (5.6), apì to ginìmeno twn tetragwnik¸n riz¸n twn sq.
(5.7) kai (5.8), prokÔptei

%XY (u) =

=
2 e−

1
4
u
(

87 e
1
2
u − 144 e3u + 132 e

11
2
u − 80 + 480 e

5
2
u − 240 e2u − 160 e

9
2
u
)

√
−11 + 12 e

5
2
u + 724 e5u

√
19372 e3u + 33844 e

11
2
u + Θ8(u)

,

(6.11)

ìpou

Θ8(u) = 22080 e2u + 1920 e
9
2
u − 3491 e

1
2
u + 9600− 19200 e

5
2
u

− 3840ue2u − 53760ue
9
2
u − 1920u− 26880ue

5
2
u − 25600 e

7
2
u

− 25600 e
3
2
u − 6400 e−

1
2
u.

Lamb�nontac upìyh thn (6.2) thc Prot�sewc 6.2 kai antikajist¸ntac, ìpou
a tic treic timèc gia tic opoÐec upologÐzetai o SSEP kai gia β = 2, γ = 4, ja
èqoume

%XY

(
0;

1

2
, 2, 4

)
=

2

29
,

%XY

(
0;

1

3
, 2, 4

)
=

1

11
,

104



Sq ma 6.5: O SSEP ìtan Z ∼ aE(2) + (1 − a)E(4), sunart sei tou arq.
apojèmatoc u

kai

%XY

(
0;

1

6
, 2, 4

)
=

10

101
.

Ta trÐa anwtèrw apotelèsmata faÐnontai kai sthn pr¸th Gramm  tou PÐnaka
6.1, ston opoÐo dÐnontai merikèc endeiktikèc timèc tou SSEP.

Gia mia pio plhrèsterh eikìna paratÐjetai, epÐshc, to Sq ma 6.5. Apì to
en lìgw Sq ma eÐnai xek�jaro ìti kaj¸c aux�netai h tim  thc paramètrou a,
tìte mikraÐnei h tim  thc sun�rthshc %XY (•).

PÐnakac 6.1: O SSEP(%) ìtan Z ∼ aE(2) + (1− a)E(4)

α u %XY (u) α u %XY (u) α u %XY (u)
1
2

0 6.896 1
3

0 9.0839 1
4

0 9.838
1 5.623 1 8.7371 1 10.596
2 5.944 2 9.4997 2 11.709
3 5.733 3 9.1596 3 11.558
4 5.545 4 8.8809 4 11.194
5 5.436 5 8.7066 5 10.943
6 5.380 6 8.6069 6 10.777
7 5.354 7 8.5396 7 10.698
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6.2.3 MÐxh tri¸n Ekjetik¸n katanom¸n

Sthn §5.1.3, melet same (grafik�) tic treic mh arnhtikèc posìthtec pou odh-
goÔn ston upologismì tou zhtoÔmenou deÐkth, sunart sei tou arq. apojèmatoc
u, gia treic timèc thc paramètrou θ.

UpenjumÐzoume ìti h sv.ep. thc t.m. Z, dÐnetai apì thn algebrik  èkfrash

F̄Z(x) =
1

6
e−3x +

1

3
e−2x +

1

2
e−5x, x > 0,

me basikèc upojèseic: λ = 1 kai oi treic timèc thc θ eÐnai: θ = 1/5, θ = 1/3
kai θ = 1.

Ston PÐnaka 6.2 parousi�zontai k�poiec endeiktikèc timèc tou SSEP (apì
u = 0 ewc u = 10). ParathroÔme ìti h tim  thc %XY (•) eÐnai polÔ meg�lh sthn
perÐptwsh pou θ = 1/5 (St lh 3h) kai polÔ mikr  sthn perÐptwsh pou θ = 1
(St lh 4h). En¸ sthn pr¸th Gramm  (u = 0) tou Ðdiou PÐnaka (PÐnakac 6.2),
faÐnetai ìti oi treic timèc tou SSEP diafèroun elafr¸c. Sthn pragmatikìthta
autèc oi timèc eÐnai Ðsec kai h diafor� ofeÐletai sthn prosèggish mèqri ton
upologismì tou SSEP.

To Sq ma 6.6 perigr�fei epakrib¸c ta teleutaÐa sumper�smata pou ex qjh-
san apì ton PÐnaka 6.2.

Parat rhsh 6.4 H Ðdia tim  tou SSEP ga u = 0, ∀θ > 0, eÐnai �mesh
sunèpeia thc Parat rhshc 5.3, afoÔ efìson oi treic prokatarktikèc sunart -
seic eÐnai anex�rthtec thc paramètrou θ (gia u = 0), tìte h teleutaÐa par�me-
troc den ja ephre�zei thn tim  tou SSEP.

PÐnakac 6.2: O SSEP(%) ìtan Z ∼ (1/6)E(3) + (1/3)E(2) + (1/2)E(5)

u θ %XY (u) θ %XY (u) θ %XY (u)

0 1
3

10.002 1
5

9.991 1 10.001
1 34.660 42.717 7.922
2 51.837 65.182 8.540
3 60.198 76.766 8.427
4 65.537 83.728 8.846
5 67.029 86.019 8.195
6 67.359 86.651 8.299
7 67.236 86.465 8.026
8 70.185 90.277 8.169
9 69.528 89.467 8.450
10 68.741 88.669 8.555
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Sq ma 6.6: O SSEP ìtan Z ∼ (1/6)E(3)+(1/3)E(2)+(1/2)E(5), sunart sei
tou arq. apojèmatoc u

6.2.4 G�mma katanom 

Oi prokatarktikèc sunart seic sthn perÐptwsh pou Z ∼ G(2, β) melet jh-
kan sthn §5.1.4, gia dÔo peript¸seic thc tim c thc paramètrou θ, sunart sei
tou arq. apojèmatoc u. Gia thn akrÐbeia oi sunart seic thc Efarmog c 5.2,
qrhsimopoi jhkan gia thn epÐlush thc k�twji Efarmog c.

Efarmog  6.6 O SSEP, sthn perÐptwsh pou Z ∼ G(2, β), ∀u ≥ 0, β > 0
kai θ = 2, λ = 1.

Sthn prokeimènh perÐptwsh, diair¸ntac thn sq. (5.9) me thn tetragwnik  rÐza
tou ginomènou twn sq. (5.10) kai (5.11), prokÔptei h dÔo metablht¸n, aut  th
for�, sun�rthsh

%XY (u; β) =

=

(
−240 e

11
6
β u − 40 eβ u − 45 e

8
3
β u + 180 e

13
6
β u + 120 e

4
3
β u
)

eβ u√
207 e

8
3
β u − 24 e

11
6
β u − 8 eβ u

√
5400 e

25
6
β u + 3000 e

10
3
β u + Θ9(u, β)

(6.12)

ìpou

Θ9(u, β) = 1143 e
14
3
β u − 5616 e

23
6
β u − 2160 e

25
6
β uβ u+ 360 e

10
3
β uβ u

− 152 e3β u − 3600 e
11
3
β u.
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PÐnakac 6.3: O SSEP(%) ìtan Z ∼ G(2, β)

θ = 1 θ = 2

u %XY (u, 1) %XY (u, 3) %XY (u, 1) %XY (u, 3)

0 -14.286 -14.286 -14.286 -14.286

1 -8.524 -9.424 -8.116 -8.621

2 -8.379 -10.012 -7.726 -9.737

3 -9.424 -9.813 -8.621 -9.563

4 -10.016 -9.858 -9.317 -9.374

5 -10.102 -9.807 -9.645 -9.299

6 -10.012 -9.919 -9.737 -9.263

'Opwc blèpoume apì thn sq. (6.12) thc teleutaÐac Efarmog c (Efarmog  6.6),
o SSEP prob�lletai wc mia dÐdi�stath sun�rthsh, me kentrik  par�metro: to
arq. apìjema u kai deutereÔousa: thn par�metro klÐmakac thc t.m. Z, th β.

H 1h Gramm  tou PÐnaka 6.3 parajètei k�poiec timèc thc sq. (5.9), sthn
perÐptwsh pou u = 0. EÐnai emfanèc ìti h tim  thc sun�rthshc %XY , eÐnai Ðdia
gia k�je sunduasmì twn u, β.

Parat rhsh 6.5 To gegonìc ìti %XY (0; β) ≈ −14%, ∀β > 0  tan ana-
menìmeno, kaj¸c kaje par�gontac thc sq. (6.12) eÐnai pollaplasiasmènoc me
to ginìmeno twn paramètrwn u kai β. 'Etsi gia u = 0, èpetai β u = 0.

'Allwste, ìpwc epishm�name kai sthn Parat rhsh 6.1, gia u = 0, ìqi
mìno o SSEP den exart�tai apì to perij¸rio asfaleÐac θ, all� oÔte kai apì
thn par�metro klÐmakac β.

EpÐshc tìso apì ton PÐnaka 6.3, ìso kai apì ta Sq mata 6.7 (arister�) (sto
opoÐo eikonÐzetai h tim  tou SSEP gia tèsseric timèc thc paramètrou klÐmakac
β, sunart sei tou arq. apojèmatoc u) kai 6.7 (dexi�) (sto opoÐo apeikonÐzetai
o SSEP gia di�forec timèc tou arq. apojèmatoc u, sunart sei thc paramètrou
β) prokÔptei ìti o en lìgw suntelest c aux�nei kaj¸c aux�nei h tim  thc
paramètrou β. Pl n (bebaÐwc) thc peript¸sewc pou u = 0, ìpou ìpwc eÐpame
den paÐzei kanèna rìlo sthn exèlixh tou (bl. Parat rhsh 6.5).

Tèloc, sto Sq ma 6.8, parousi�zetai mia sullogik  eikìna tou SSEP. Gia
thn akrÐbeia parousi�zetai h sun�rthsh %XY (•), sunart sei twn paramètrwn
ex�rths c thc (twn u kai β).
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Sq ma 6.7: O SSEP, sunart sei tou arq. apojèmatoc u (arister�) kai thc
paramètrou klÐmakac β (dexi�), sthn perÐptwsh pou Z ∼ G(2, β)

6.2.5 MÐxh Ekjetik c kai G�mma katanom c

'Opwc fèrei kai o tÐtloc thc paroÔsac Upì - enìthtac, prìkeitai na parajè-
soume kai na asqolhjoÔme me thn diereÔnhsh tou SSEP, sthn perÐptwsh pou h
t.m. twn apozhmi¸sewn Z akoloujeÐ mia mÐxh Ekjetik c kai G�mma katanom c.

H melèth, wstìso, twn prokatarktik¸n sunart sewn (sunart sei tou ar-
q. apojèmatoc u kai gia dÔo timèc thc paramètrou barÔthtac a) èqoun  dh
parousiasteÐ kai melethjeÐ sthn §5.1.5. 'Opwc kai sthn en lìgw Par�grafo,
ètsi kai ed¸ ja parajèsoume se morf  Efarmog c mìno thn algebrik  èk-
frash SSEP, upì thn proôpìjesh ìti a = 1/2 kai ja doÔme thn diafor�
(grafik�) me thn antÐstoiqh deÐktria, gia a = 1/6.

Efarmog  6.7 O SSEP ìtan Z ∼ (1/2)E(1) + (1/2)G(2, 1), ∀u ≥ 0 kai
θ = 5/3, λ = 1.

Apì thn Efarmog  5.3, diair¸ntac thn sq. (5.12) me to ginìmeno thc tetra-
gwnik c rÐzac twn sq. (5.13) kai (5.14), prokÔptei

%XY (u) =

=
1

2

e
3
8
u
(

20 e
3
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u − 96 eu + 116 e
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)
√
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4
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u

(6.13)

ìpou

Θ10(u) = 380 e
3
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3
4
u − 1152 e

1
2
u − 73
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Sq ma 6.8: O SSEP, sunart sei twn u kai β, ìtan Z ∼ G(2, β)

Sto Sq ma 6.9, parousi�zetai h grafik  apeikìnish thc sun�rthshc thc sq.
(6.13), sunart sei tou arq. apojèmatoc u. Sto Ðdio gr�fhma, ìpwc anafèrame,
paratÐjetai kai h poreÐa tou antÐstoiqou SSEP ìtan o suntelest c barÔthtac
upì - triplasi�zetai (a = 1/6). EÐnai xek�jaro ìti sthn deÔterh perÐptwsh
(a = 1/6), h tim  tou SSEP eÐnai polÔ mikrìterh apì thn antÐstoiqh thc
pr¸thc (a = 1/2).

To gegonìc autì, ìpwc kai sthn perÐptwsh thc sun�rthshc Cov[X, Y ],
ofeÐletai sthn bajmÐda apotuqÐac r(•) (kai �ra re(•)) thc t.m. Z (thc t.m. Ze).
AfoÔ sthn perÐptwsh pou a = 1/2, tìte h aÔxousa sun�rthsh r(•) (kai �ra
h re(•)) eÐnai megalÔterh, me apotèlesma na eÐnai kai h sun�rthshc |%XY (•)|,
kat� apìluth tim  (bl. Sq ma 3.6 (dexi�) ).

6.2.6 MÐxh Ekjetik c kai dÔo G�mma katanom¸n

'Opwc kai sthn §5.1.6, sthn opoÐa parousi�zontai oi prokatarktikèc sunart -
seic, ètsi kai ed¸ h algebrik  poluplokìthta thc algebrik c èkfrashc thc
zhtoÔmenhc sun�rthshc den mac epitrèpei na ton prob�loume (algebrik�), par�
mìno grafik�.

O SSEP, anaparist�netai sto Sq ma 6.10, sthn perÐptwsh pou

Z ∼ (1/4)E(1) + (1/4)G(2, 1) + (1/2)G(3, 1),

me èntash zhmi¸n λ = 1 kai gia dÔo timèc thc paramètrou θ, h opoÐa ekfr�zei
to kèrdoc pou ' apaiteÐ ' o asfalist c.

Sto Ðdio Sq ma parousi�zontai kai merikèc endeiktikèc timèc twn dÔo SSEP.
H diafor� twn tim¸n thc pr¸thc Gramm c tou PÐnaka, ofeÐletai sto sf�lma
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Sq ma 6.9: O SSEP, ìtan Z ∼ aE(β) + (1− a)G(n, β), sunart sei tou arq.
apojèmatoc u

prosèggishc. Tèloc, to arnhtikì prìshmo thc sun�rthshc %XY (u), ∀u ≥ 0
exhgeÐtai sthn Parat rhsh 5.7.

6.3 O SSEP me k�poio proexoflhtikì pa-

r�gonta qwrÐc arq. apìjema

Wc t¸ra melet jhke o SSEP parousÐa arq. apojèmatoc qwric proexoflh-
tikì par�gonta, ìso kai oi prokatarktikèc tou sunart seic, pou odhgoÔn
ston upologismì tou en lìgw suntelest . Sthn ousÐa ègine mia prosp�jeia '
ekmaÐeushc ' kleist¸n kai eÔqrhstwn algebrik¸n majhmatik¸n ekfr�sewn, gia
mia plei�da katanom¸n pou antiproswpeÔoun kai tic dÔo kl�seic g ranshc.

'Ola aut�, bebaÐwc, pragmat¸jhkan apodeqìmenoi to gegonìc: δ = 0.
'Opou, δ parist� thn par�metro pou ekfr�zei to proexoflhtikì par�gonta,
ìpwc aut  (h par�metroc) ' despìzei ' stic perissìterec sqèseic thc §2.3

'Ena eÔlogo er¸thma pou genn�tai sth paroÔsa Enìthta eÐnai to pwc kai
to kat� pìso ja ephreastoÔn oi prokatarktikèc sunart seic (kai èpeita o
SSEP) apì thn parousÐa tou en lìgw par�gonta.

Akribèstera sthn paroÔsa Enìthta prìkeitai na melethjoÔn ìlec ekeÐnec
oi sunart seic, apì tic opoÐec apoteleÐtai o SSEP ìtan u = 0 kai δ > 0.

H spoud  tou SSEP prìkeitai na diexaqjeÐ gia treic katanomèc kindÔnwn.
Thn Ekjetik , ìpou anamènetai na eÐnai asusqètistec oi dÔo t.m. thn mÐxh dÔo
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u θ %XY (u) θ %XY (u)

0 1
3

-15.978 1 -15.985
1 -11.974 -11.656
2 -11.905 -11.126
3 -12.946 -12.153
4 -13.623 -13.138
5 -13.857 -13.626
6 -13.860 -13.818
7 -13.828 -13.820

Sq ma 6.10: O SSEP, ìtan Z ∼ (1/4)E(1) + (1/4)G(2, 1) + (1/2)G(3, 1),
sunart sei tou arq. apojèmatoc u

Ekjetik¸n katanom¸n, ìpou kai anamènetai jetik  susqètish kai tèloc ja
melethjeÐ o SSEP upì thn proôpìjesh ìti h katanom  kindÔnwn akoloujeÐ
thn G�mma katanom  me par�metro morf c n = 2, ìpou kai anamènetai arnhtik 
susqètish.

H diaÐsjhsh pou èqoume gia to prìshmo tou SSEP ofeÐletai sthn mono-
tonÐa thc bajmÐda apotuqÐac re(•) thc t.m. Ze. Q¸ric autì na kajÐstatai bèbaio
apotelèsma.

Prin ìmwc proqwr soume sthn par�jesh Prot�sewn, pou skiagrafoÔn
ton SSEP gia tic treic en lìgw zhmiokatanomèc, orÐzoume, se antidiastol 
twn t.m. X kai Y , tic t.m. Xδ kai Yδ.

Orismìc 6.1 OrÐzontai t.m. Xδ kai Yδ, pou ekfr�zoun h men Xδ to proexo-
flhtikì pleìnasma, akrib¸c prin th stigm  thc qreokopÐa, dojèntoc ìti sumbeÐ
qreokopÐa me mhdenikì arqikì apìjema. H de Yδ ekfr�zei to proexoflhtikì
èlleimma, akrib¸c met� th stigm  thc qreokopÐa, dojèntoc ìti sumbaÐnei
qreokopÐa me mhdenikì arqikì apìjema.

Algebrik�, dhlad , o �nwjen Orismìc perigr�fetai wc

Xδ = e−δ U (T−)
∣∣U (0) = 0,

Yδ = e−δ |U (T )|
∣∣U (0) = 0,

Epomènwc, prwtarqikìc stìqoc eÐnai h eÔresh thc a.sv.p.p. twn t.m. Xδ, Yδ.
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6.3.1 Ekjetik  katanom 

'Eqei anaferjeÐ ìti

Z ∼ E(β)⇔ Ze ∼ E(β)⇔ re = β ⇒ Cov[X, Y ] = 0,

IsqÔei, �rage to Ðdio kai gia tic t.m. Xδ kai Yδ (bl. Orismì 6.1)? H ap�nthsh
eÐnai katafatik , ìpwc faÐnetai kai sthn epìmenh Prìtash.

Prìtash 6.6 An Z ∼ E(β), tìte ∀β, δ, θ, λ > 0 kai u = 0 isqÔoun ta
akìlouja
(i) h sundiakÔmansh metaxÔ twn proexoflhmènwn t.m. elleÐmmatoc kai pleon�-
smatoc, dojèntoc ìti ja sumbeÐ qreokopÐa eÐnai

Cov[Xδ, Yδ] = 0, (6.14)

(ii) h diaspor� thc proexoflhmènhc t.m. tou pleon�smatoc, dojèntoc ìti ja
sumbeÐ qreokopÐa eÐnai

V[Xδ](β, ρ) =
1

(β + ρ)2
, (6.15)

ìpou, ρ h jetik  rÐza thc genikeumènhc exÐswshc tou Lundburg, ìpwc aut 
apeikonÐzetai sthn (2.18), tou ParadeÐgmatoc 2.3.

(iii) h diaspor� thc t.m. thc proexoflhmènhc t.m. tou elleÐmmatoc, dojèntoc
ìti sumbaÐnei qreokopÐa upologÐzetai apì thn sqèsh

V[Yδ](β) =
1

β2
. (6.16)

Apìd. Bl. Par�rthma J �

Parat rhsh 6.6 O ìroc pou ' despìzei ' sthn (6.15) eÐnai h sun�rthsh ρ.
Aut  me thn seir� thc exart�tai apì tic paramètouc β, θ kai λ. Gia δ = 0,
tìte

ρ = 0⇒ V[Xδ=0] = V[X] = 1/β2.

'Etsi gia δ = 0, h Prìtash 6.6 sumpÐptei me thn Prìtash 4.5.

'Amesh sunèpeia thc Prot�sewc 6.6, eÐnai h epìmenh Prìtash.

Prìtash 6.7 An Z ∼ E(β), tìte ∀β, δ, θ, λ > 0 kai u = 0, o suntelest c
susqètishc metaxÔ twn proexoflhmènwn t.m. elleÐmmatoc kai pleon�smatoc,
dojèntoc ìti sumbaÐnei qreokopÐa eÐnai

%XδYδ = 0. (6.17)

Apìd. H (6.17) prokÔptei apì to gegonìc thc (6.14), sÔmfwna me ton Orismì
4.1. �
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6.3.2 MÐxh dÔo Ekjetik¸n katanom¸n

Stic Paragr�fouc 6.1.2 kai 4.3.2 skiagrafeÐtai o SSEP kai oi prokatarktikèc
tou sunart seic antÐstoiqa, ìtan u, δ = 0, sthn perÐptwsh pou

Z ∼ aE(β) + (1− a)E(γ).

Brèjhke, epÐshc, ìti Cov[X, Y ] > 0, kai autì ofeÐletai sthn melèth pou
perigr�fetai sthn §3.2.1, ìti dhlad  Ze ∈ DFR.

Prìtash 6.8 An Z ∼ aE(β) + (1 − a)E(γ), tìte ∀β, γ, δ, θ, λ > 0 kai
a ∈ [0, 1] isqÔoun ta akìlouja
(i) h sundiakÔmansh metaxÔ twn proexoflhmènwn t.m. elleÐmmatoc kai pleon�-
smatoc, dojèntoc ìti ja sumbeÐ qreokopÐa eÐnai

Cov[Xδ, Yδ](a, β, γ, ρ) =

=

(
β − γ

(1− a) β + a γ + ρ

)2
a (1− a)

β γ
, (6.18)

(ii) h diaspor� thc proexoflhmènhc t.m. tou pleon�smatoc, dojèntoc ìti ja
sumbeÐ qreokopÐa eÐnai

V[Xδ](a, β, γ, ρ) =

=
2 (β − γ)2

(
1
2
β2 + β ρ+ ρ γ + ρ2 + 1

2
γ2
)
a2 −Θ11(a, β, γ, ρ) + (ρ+ β)4

(((β − γ) a− β − ρ) (ρ+ γ) (ρ+ β))2
,

(6.19)

ìpou Θ11(a, β, γ, ρ) = 4 (β − γ)
(
1
2
β2 + β ρ+ ρ γ + ρ2 + 1

2
γ2
)

(ρ+ β) a.

(ii) h diaspor� thc t.m. thc proexoflhmènhc t.m. tou elleÐmmatoc, dojèntoc
ìti sumbaÐnei qreokopÐa upologÐzetai apì thn sqèsh

V[Yδ](a, β, γ, ρ) =

=
2 (1− a) (γ a+ ρ) β3 + ((2 γ2 − ρ2) a2 − 2 aγ2 + ρ2) β2 + Θ12(a, β, γ, ρ)

β2 (− (1− a) β − γ a− ρ)2 γ2
,

(6.20)

ìpou

Θ12(a, β, γ, ρ) = −2 γ a (ρ− γ) (ρ+ γ) (1− a) β

− ((ρ− γ) a− 2 ρ) a (ρ+ γ) γ2

+ (1− a)2 β4.
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Apìd. Bl. Par�rthma I. �

O ìroc ρ, thc Prìtashc 6.8 eÐnai mia arket� polÔplokh algebrik  stajer�
kai gia to lìgo autì den paratÐjetai. (ìpwc epÐshc den paratÐjetai kai h
majhmatik  èkfrash tou SSEP). Anafèretai apl¸c ìyi o ìroc ρ eÐnai h rÐza
thc exÐswshc (wc proc s)

(2.17)⇒ λ+ δ − c s− λ
(
a

β

β + s
+ (1− a)

γ

γ + s

)
= 0. (6.21)

AxÐzei to kìpo na sugkrÐnei kaneÐc thn (6.18), me thn (4.17) thc Prìtashc
4.3.2. H mình diafor� metaxÔ twn dÔo sqèsewn, eÐnai o ìroc ρ. 'Opou (ìpwc
 tan anamenìmeno) gÐnetai mhdèn upì thn proôpìjesh ìti δ = 0.

6.3.3 G�mma katanom 

Sthn Par�grafo 3.2.3 melet jhke genik� h bajmÐda apotuqÐac thc katanom c
G�mma, me paramètrouc n, β. Eidikìtera de, sthn Efarmog  3.5 aposp�sthke
to gegonìc ìti ìtan h katanom  twn kindÔnwn èqei par�metro morf c Ðsh me 2,
tìte h bajmÐda apotuqÐac aut c eÐnai aÔxousa sun�rthsh wc proc to ìrisma
x (bl. Parat rhsh 3.6).

'Amesh sunèpeia tou gegonìtoc autoÔ eÐnai ìti kai h bajmÐda apotuqÐac
thc Ze, ja eÐnai aÔxousa. Opìte sÔmfwna me thn Prìtash 4.2, anamènetai
arnhtik  susqètish metaxÔ twn t.m. Xδ kai Yδ.

Efarmog  6.8 Oi prokatarktikèc sunart seic tou SSEP kai o SSEP,
sthn perÐptwsh pou Z ∼ G(2, β), λ, θ, β > 0 kai u = 0.

H upologistik  diadikasÐa gia ton upologismì tou SSEP paratÐjetai sto
Par�rthma K. 'Etsi

Cov[Xδ, Yδ](β, ρ) = − 1

(ρ+ 2 β)2
, (6.22)

kai

V[Xδ](β, ρ) =
6 β ρ+ 7 β2 + ρ2

(ρ+ 2 β)2 (ρ+ β)2
, (6.23)

kai

V[Yδ](β, ρ) =
8 β ρ+ 7 β2 + 2 ρ2

β2 (ρ+ 2 β)2
. (6.24)
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Tèloc, parousi�zetai h sun�rthsh SSEP, h opoÐa eÐnai to prokÔpton apotè-
lesma thc diaÐreshc thc (6.22), apì to ginìmeno twn tetragwnik¸n riz¸n twn
(6.23) kai (6.24).

Wc ek toÔtou

%XδYδ(β, ρ) = − β (β + ρ)√
ρ2 + 6 β ρ+ 7 β2

√
2 ρ2 + 8 β ρ+ 7 β2

. (6.25)

AxÐzei na shmeiwjeÐ ìti, sthn ousÐa, h tim  tou suntelest  susqètishc exar-
t�tai mìno apì thn tim  tou ρ. Aut  me thn seir� thc exart�tai apì èna meg�lo
pl joc paramètrwn, sun thc paramètrou klÐmakac β.

Anafèrame ìti h tim  ρ eÐnai h jetik  rÐza thc genikeumènhc exÐswshc Lund-

berg. Dhlad  an f̂Z(s) =
(

β
β+s

)2
, o mtsq. Laplace thc t.m. twn kindÔnwn Z,

tìte apì thn sq. (2.17) prokÔptei

δ + λ− c ρ− λ
(

β

β + ρ

)2

= 0,

kai h epÐlush odhgeÐ sto tritob�jmio polu¸numo

cρ3 − (λ+ δ)ρ2 + (cβ2 + 2βc− 2(λ+ δ)β)ρ− δβ2 = 0. (6.26)

Sthn Prìtash 6.3, skiagrafeÐtai o SSEP sthn perÐptwsh pou Z ∼ G(n, β)
kai gia u = 0; diapist¸jhke ìti eÐnai stajerìc (gia dedomèno, n = 2) kai
Ðsoc me −1/7, anexart twc paramètrou kl�makac β. To gegonìc autì, ìpwc
blèpoume, mporeÐ k�llista na antlhjeÐ kai apì thn (6.25), afoÔ kaj¸c δ = 0,
tìte ρ = 0 kai �ra h sq. (6.25) gÐnetai

%X0Y0(ρ, β)
∣∣∣
ρ=0

= − β2√
7β2
√

7β2

= −1

7
.

Genikìtera, ìmwc mporoÔme na poÔme ìti gia δ > 0, tìte h tim  tou SSEP
den faÐnetai na ephre�zetai shmantik�. O PÐnakac 6.4 parousi�zei merikèc
endeiktikèc timèc tou SSEP, gia di�forec timèc twn paramètrwn θ, δ kai β,
en¸ λ = 4. FaÐnetai ìti h tim  autoÔ eÐnai plhsÐon (ìqi ish) me aut  thc
peript¸sewc pou δ = 0.
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PÐnakac 6.4: O SSEP ìtan Z ∼ (2, β), gia δ > 0

θ = 0.3 θ = 0.8

δ(%) β ρ(%) %XδYδ(%) β ρ(%) %XδYδ(%)

1 0.5 0.01137 -14.28571 0.5 0.00782 -14.28571

3 0.5 0.03414 -14.28571 0.5 0.02346 -14.28571

9 0.5 0.10271 -14.28570 0.5 0.07052 -14.28571

1 3 0.32227 -14.28571 3 0.18776 -14.28571

3 3 0.97188 -14.28568 3 0.56488 -14.28570

9 3 2.96249 -14.28543 3 1.70917 -14.28562





Par�rthma

A SÔmbola kai Sunart seic

Gia thn kalÔterh an�gnwsh thc ergasÐac, jewreÐtai anagkaÐa h Ôparxh tou
parìntoc Parart matoc. Se autì to Par�rthma, o anagn¸sthc èqei thn
dunatìthta eÔreshc pl rhc perigraf c suntomografi¸n kai sumbolì - sunar-
t sewn.

H parousÐash, gÐnetai se morf  Pin�kwn kai k�je ènac apì autoÔc peri-
èqei omoeid  stoiqeÐa. PolÔ shmantik  eÐnai h St lh pou fèrei thn etikèta
' K¸dikac ' kai autì giatÐ ekeÐ perièqontai sÔmbola pou qrhsimopoioÔntai sto
algebrikì prìgramma Maple, pou parousi�zetai sta epìmena Parart mata.

Arqik�, ac doÔme k�poiec suntomografÐec pou brÐskontai entìc tou keÐme-
nou.

SuntomografeÐec ErmhneÐa
a.sv.k. Apì koinoÔ sun�rthsh katanom c
a.sv.p.p Apì koinoÔ sun�rthsh puknìthta

pijanìthta
mtsq. Metasqhmatismìc
sv.p.p. Sun�rthsh puknìthta pijanìthta
sv.k. Sun�rthsh katanom c
sv.ep. Sun�rthsh epibÐwshc
sv.a. Stoqastik  anèlixh
SAP Stoqastik  anèlixh pleon�smatoc
SSEP Suntelest c susqètishc, metaxÔ

twn mh elleimmatik¸n t.m. elleÐm-
matoc kai pleon�smatoc

t.m. TuqaÐa metablht 
t.d. TuqaÐo di�nusma
t.w. Tètoio ¸ste
sq. Sqèsh

Ston epìmeno PÐnaka, parousi�zontai k�poiec gnwstèc suneqeÐc kai diakritèc
katanomèc, mazÐ me tic antÐstoiqec paramètrouc touc.
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Keimèno K¸dikac ErmhneÐa
β, γ b Par�metroc klÐmakac
n n Par�metroc morf c
a a   A Suntelest c barÔthtac
µ - Mèsh tim 
σ - Tupik  apìklush
λ l H èntash thc sv.a. Poisson

G(p) - Gewmetrik  katanom , me pijanìthta apotuqÐac p
P(λ) - Katanom  Poisson, me par�metro λ
E(β) - Ekjetik  katanom , me par�metro β

G(n, β) - G�mma katanom , me paramètrouc β kai n
N(µ, σ2) - Kanonik  katanom , me paramètrouc µ kai σ

AkoloÔjwc, parousi�zontai k�poioi majhmatik  kai mh sumbolismoÐ, pou qrhsi-
mopoioÔntai kata kìron sto keÐmeno.

SÔmbola ErmhneÐa
(1)⇔ (2) QrhsimopoieÐtai gia na ekfr�sei ìti apì thn sq. (1), mporoÔme na

odhghjoÔme sthn (2), all� kai to antÐstrofo
(1)⇒ (2) QrhsimopoieÐtai gia na ekfr�sei ìti apì thn sq. (1), mporoÔme na

odhghjoÔme sthn (2), all� ìqi antÐstrofa
↑ Upodhl¸nei ìti mia opoiad pote sun�rthsh   par�metroc, teÐnei

se ènan arijmì apì ta arister�
↓ Upodhl¸nei ìti mia opoiad pote sun�rthsh   par�metroc, teÐnei

se ènan arijmì apì ta dexi�
↗ Upodhl¸nei ìti mia opoiad pote sun�rthsh eÐnai aÔxousa
↘ Upodhl¸nei ìti mia opoiad pote sun�rthsh eÐnai fjÐnousa
∼ Upodhl¸nei thn akoloujeÐa, en¸ ston k¸dika thn mh arnhtikìth-

ta twn paramètrwn
• Opoiad pote par�metroc   sÔnolo paramètrwn
� Upodhl¸nei thn olokl rwsh k�poiac apìdeixhc Jewr matoc  

Prot�sewc

'Olec oi t.m., kaj¸c kai oi pragmatopoi seic aut¸n, perigr�fontai ston akìlou-
jo PÐnaka.
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Keimèno K¸dikac ErmhneÐa
t - Qrìnoc
u t To arqikì apojematikì
c c H tim  tou asfalÐstrou
θ m   theta To perij¸rio asfaleÐac
δ d O proexoflhtikìc par�gontac
T - Qronik  stigm , kat� thn opoÐo sumbaÐnei

qreokopÐa
Z Z Katanom  thc t.m. twn apait sewn
ZT - To zhmiog¸no gegonìc, pou prokaleÐ thn

qreokopÐa
Ze - Katanom  isorropÐac thc t.m. Z
U (t) - H SAP, kat� th qronik  stigm  t
U (T−) - To pleìnasma, thn qronik  stigm  akrib¸c prin

thn qreokopÐa
|U (T )| - To èlleimma, thn qronik  stigm  akrib¸c met� thn

qreokopÐa, kat� apìluth tim 
z - Upodhl¸nei thn katanom  thc t.m. Z
X X H t.m. tou pleon�smatoc U (T−), dojèntoc ìti ja

sumbeÐ qreokopÐa1

Y Y H t.m. tou elleÐmmatoc |U (T )|, dojèntoc ìti ja
sumbeÐ qreokopÐa

Xδ X H t.m. tou proexoflhmènou pleon�smatoc U (T−),
dojèntoc ìti ja sumbeÐ qreokopÐa2

Yδ Y H t.m. tou poexoflhmènou elleÐmmatoc |U (T )|, do-
jèntoc ìti ja sumbeÐ qreokopÐa

x x ParathroÔmenh tim  thc t.m. X   Xδ
3

y y ParathroÔmenh tim  thc t.m. Y   Yδ

Tèloc, parousi�zontai k�poiec sumbolì - sunart seic. Polu shmantikìc PÐ-
nakac, prokeimènou na apokodeikopoihjoÔn oi ' etikètec ' sunart sewn, pou
qrhsimopoioÔntai sta epìmena Parart mata.
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Keimèno K¸dikac ErmhneÐa
fZ (•) fz(•) H sv.p.p. thc t.m. Z
FZ (•) Fz(•) H sv.k. thc t.m. Z
F̄Z (•) Fzdex(•) H sv.ep. thc t.m. Z

f̂Z (•) Laplacefz(•) O mtsq. Laplace thc sv.p.p. thc t.m. Z
ˆ̄FZ (•) LaplaceFzdex(•) O mtsq. Laplace thc sv.ep. thc t.m. Z
pk p(k) H k - sth rop  thc t.m. Z

fe (•) fequil(•) H sv.p.p. thc katanom c isorropÐac Ze, thc t.m. Z
Fe (•) Fequil(•) H sv.k. thc katanom c isorropÐac Ze, thc t.m. Z
F̄e (•) Fequildex(•) H sv.ep. thc katanom c isorropÐac Ze, thc t.m. Z

f̂Z (•) Laplacefz(•) O mtsq. Laplace thc c.p.p thc t.m. Z

f̂e (•) Laplacefequildex(•) O mtsq. Laplace thc sv.p.p. thc t.m. Ze
ˆ̄Fe (•) LaplaceFequildex(•) O mtsq. Laplace thc sv.ep. thc t.m. Ze
ψ (•) psi(•) H pijanìthta qreokopÐac sto dihnekèc

f (x, y|u) f (x, y, t) H a.sv.p.p. twn t.m. U (T−) kai |U (T )|, gia arq.
apìjema u

f (x|u) f (x, t) H sv.p.p. thc t.m. U (T−), gia arq. apìjema u
g (u, y) g (t, y) H sv.p.p. thc t.m. |U (T−)|, gia arq. apìjema u
hXY (•) hxy(•) H a.sv.p.p. twn t.m. X kai Y
hX (•) hx(•) H sv.p.p. thc t.m. X
hY (•) hy(•) H sv.p.p. thc t.m. Y
P[A] - H pijanìthta na sumbeÐ to endeqìmeno {A}
E[X] ElpidaX H majhmatik  elpÐda thc t.m. X   Xδ

E[XY ] ElpidaXY H majhmatik  elpÐda tou ginomènou X kai Y   twn
Xδ kai Yδ

E[X2] ElpidaX2 H deÔtrh rop  thc t.m. X
V[X] V arX H diaspor� thc t.m. X

Cov[X, Y ] (•) CovXY (•) H sundiakÔmansh metaxÔ twn t.m. X kai Y ,
sunart sei thc   twn paramètrwn •

%XY (•) rhoXY (•) O suntelest c susqètihc metaxÔ twn t.m. X kai
Y , sunart sei thc   twn paramètrwn •
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B Analutik  parousÐash thc upologistik 

diadikasÐac tou KefalaÐou 4

Skopìc tou parìntoc Parart matoc eÐnai h majhmatik  tekmhrÐwsh kai h ana-
lutik  apìdeixh twn Prot�sewn, kaj¸c kai h epÐlush twn Efarmog¸n tou
KefalaÐou 4.

Apìdeixh Prot�sewc 4.6 (MÐxh dÔo Ekjetik¸n katanom¸n)

Upojètoume ìti h puknìthta twn zhmi¸n eÐnai thc morf c

fZ(x) = a β e−β x + (1− a) γ e−γ x, x > 0, (B1)

ìpou bebaÐwc, 0 ≤ a ≤ 1.
'Ara h rop  k - t�xhc thc katanom c zhmi¸n eÐnai

(1.6)
(B1)⇒ pk = a

1

βk
Γ (1 + k) + (1− a)

1

γk
Γ (1 + k) ,

ìpou genik� gia k�je akèraio arijmì, èstw n, isqÔei

Γ(n) = (n− 1)!

= 1 2 3 ... (n− 2) (n− 1)

H tim  tou asfalÐstrou, apì (2.4) ja eÐnai

c = (1 + θ)λ

(
a

β
+

1− a
γ

)
,

en¸ lamb�nontac upìyh thn sq. (2.26), gia u = 0 prokÔptei h apì koinoÔ
(elleimmatik ) puknìthta tou elleÐmmatoc - pleon�smatoc en apousÐa arq.
apojèmatoc

f(x, y|0) =
1

1 + θ

1
a

β
+

1− a
γ

(
aβ e−β (x+y) + (1− a) γ e−γ (x+y)

)
, (B2)

en¸ diair¸ntac thn (B2) me thn pijanìthta na sumbeÐ qreokopÐa me mhdenikì
apìjema (ψ(0) = 1/(1 + θ)), me skopì na upologisteÐ h apì koinoÔ mh ellem-
matik  puknìthta elleÐmmatoc - pleon�smatoc, tìte

hXY (x, y|0) =
1

a

β
+

1− a
γ

(
aβ e−β (x+y) + (1− a) γ e−γ (x+y)

)
,
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'Etsi, h majhmatik  elpÐda tou ginomènou twn t.m. X kai Y eÐnai

E[XY ] =
(1− a) β3 + aγ3

(βγ)2 ((1− a) β − aγ)
.

Par�llhla, oi perij¸riec mh elleimmatikèc puknìthtec tou pleon�smatoc kai
tou elleÐmmatoc, brÐskontai arkeÐ na oloklhrwjeÐ h puknìthta thc (B2) wc
proc y kai x antÐstoiqa.

Sugkekrimèna

hX(x|0) = −
γ β
(
ae−β x + (1− a) e−γ x

)
(1− a) β − γ

,

kai

hY (y|0) = −
γ β
(
ae−β y + (1− a) e−γ y

)
(1− a) β − γ

,

me antÐstoiqec majhmatikèc elpÐdec kai deÔterec ropèc

E[X] = E[Y ] =
(1− a) β2 + aγ2

βγ ((1− a) β + a γ)
.

kai

E
[
X2
]

= E
[
Y 2
]

= 2
(1− a) β3 + a γ3

(β γ)2 ((1− a) β + γ a)
.

'Etsi h sundiakÔmansh twn metablht¸n X, Y , kaj¸c epÐshc kai oi antÐstoiqec
diasporèc ja eÐnai

Cov[X, Y ] =

(
β − γ

(1− a) β + γ a

)2
a (1− a)

β γ
.

kai

V[X] = V[Y ] =

=
(1− a)2 β4 + 2 a γ (1− a) β3 − 2 a γ2 (1− a) β2 + 2 a γ3 (1− a) β + γ4a2

γ2 ((−1 + a) β − γ a)2 β2
. �

EpÐlush thc Efarmog c 4.2 (MÐxh tri¸n Ekjetik¸n katanom¸n)

H upologistik  diadikasÐa eÐnai ìmoia me aut  thc perÐptwshc pou oi zhmièc
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akoloujoÔn thn mÐxh dÔo Ekjetik¸n katanom¸n. Dhlad  an h sv.p.p. twn
zhmi¸n eÐnai

fZ(x) =
1

2
a1e
− 1

2
x +

1

5
a2e
− 1

5
x +

1

10
(1− a1 − a2) e−

1
10
x,

ìpou 0 ≤ a1 + a2 ≤ 1, tìte h rop  k - t�xhc thc t.m. Z eÐnai

pk = 2k a1 Γ (1 + k) + 5k a2 Γ (1 + k) + 10k (1− a1 − a2) Γ (1 + k) ,

en¸ h tim  tou asfalÐstrou upologÐzetai apì thn sqèsh

c = (1 + θ)λ (−8 a1 − 5 a2 + 10) ,

kai lamb�nontac upìyh thn sq. (2.26), gia u = 0 prokÔptei to apotèlesma

f(x, y|0) =

1

2
a1 e−

1
2
(x−y) +

1

5
a2 e−

1
5
(x−y) +

1

10
(1− a1 − a2) e−

1
10

(x−y)

(1 + θ) (10− 8 a1 − 5 a2)

h apì koinoÔ (elleimmatik ) puknìthta elleÐmmatoc - pleon�smatoc gia u = 0,
kai �ra h apì koinoÔ (mh elleimmatik ) twn t.m. X, Y eÐnai

hXY (x, y|0) =

1

2
a1 e−

1
2
(x−y) +

1

5
a2 e−

1
5
(x−y) +

1

10
(1− a1 − a2) e−

1
10

(x−y)

10− 8 a1 − 5 a2

'Etsi, h majhmatik  elpÐda tou ginomènou twn t.m. X kai Y eÐnai

E[XY ] =
992 a1 + 875 a2 − 1000

8 a1 + 5 a2 − 10
.

Par�llhla, h perij¸riec mh elleimmatikèc puknìthtec twn t.m. X kai Y ja
eÐnai

hX(x|0) = hY (x|0) = −a1 e−
1
2
x + a2 e−

1
5
x + (1− a1 − a2) e−

1
10
x

8 a1 + 5 a2 − 10

me antÐstoiqec majhmatikèc elpÐdec

E[X] = E[Y ] =
96 a1 + 75 a2 − 100

8 a1 + 5 a2 − 10
,

kai deÔterec ropèc

E
[
X2
]

= E
[
Y 2
]

= 2
992 a1 + 875 a2 − 1000

8 a1 + 5 a2 − 10
.
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'Etsi h sundiakÔmansh twn metablht¸n X kai Y , kaj¸c epÐshc kai oi antÐs-
toiqec diasporèc ja eÐnai

Cov[X, Y ] =
−1000 + 992 a1 + 875 a2

8 a1 + 5 a2 − 10
− (−100 + 96 a1 + 75 a2)

2

(8 a1 + 5 a2 − 10)2
,

kai

V[X] = V[Y ] = 2
−1000 + 992 a1 + 875 a2

8 a1 + 5 a2 − 10
− (−100 + 96 a1 + 75 a2)

2

(8 a1 + 5 a2 − 10)2
. �

Apìdeixh Prot�sewc 4.7 (Gamma katanom  zhmi¸n)

H sv.p.p. twn zhmi¸n eÐnai

fZ(x) =
βnxn−1e−βx

Γ (n)
,

me pr¸th rop  p1 = n/β kai c = (1 + θ)λ/β.
H a.sv.p.p. twn t.m. elleÐmmatoc kai pleon�smatoc ja eÐnai

f(x, y|0) =
βn+1 (x+ y)n−1 e−β(x+y)

(1 + θ)nΓ (n)
,

kai epomènwc h a.sv.p.p. twn t.m. X kai Y , eÐnai

hXY (x, y|0) =
βn+1 (x+ y)n−1 e−β(x+y)

nΓ (n)
.

'Etsi, h majhmatik  elpÐda tou ginomènou twn proanaferjeÐswn t.m. ja eÐnai

E[XY ] =
1

6

(1 + n) (2 + n)

β2
.

Par�llhla, h perij¸riec mh elleimmatikèc puknìtec twn X, Y ja eÐnai

hX(x|0) = hY (x|0) =
β

n

Γ (n, βx)

Γ (n)
,

me antÐstoiqec majhmatikèc elpÐdec kai deÔterec ropèc

E[X] = E[Y ] =
1

2

1 + n

b
,
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kai

E
[
X2
]

= E
[
Y 2
]

=
1

3

(1 + n) (2 + n)

b2
.

'Etsi katal goume sta prosdokìmena apotelèsmata

Cov[X, Y ] =
1

6

(1 + n) (2 + n)

β2
− 1

4

(1 + n)2

β2
,

kai

V[X] = V[Y ] =
1

3

(1 + n) (2 + n)

β2
− 1

4

(1 + n)2

β2
. �

Apìdeixh Prot�sewc 4.8 (MÐxh Ekjetik c kai Gamma kata-
nom c)

Anafèrame ìti

fZ(x) =
a βnxn−1e−β x

Γ (n)
+ (1− a) β e−β x,

tìte h pr¸th rop  ja eÐnai

p1 =
an+ 1− a

β
,

kai ètsi to asf�listro, c upologÐzetai wc

c =
(1 + θ)λ (an+ 1− a)

β
.

Apì to gegonìc ìti ψ(0) = 1/(1 + θ) kai

f(x, y|0) =
βe−β(x+y)

(1 + θ)(a n+ 1− a)

(
aβn (x+ y)n−1

Γ (n)
+ (1− a) β

)
,

h a.sv.p.p. twn t.m. X kai Y , ja eÐnai

hXY (x, y|0) =
β e−β(x+y)

a n+ 1− a

(
a βn (x+ y)n−1

Γ (n)
+ (1− a) β

)
,
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en¸ oloklhr¸nontac thn �nwjen puknìthta wc proc x   wc proc y prokeimènou
na exaqjeÐ h perij¸ria sv.p.p. twn t.m. Y   X, lamb�noume

hX(x|0) = hY (x|0) =
β e−βx

a n+ 1− a

(
a eβxΓ (n, βx)

Γ (n)
+ (1− a)

)
,

ìpou, Γ (n, βx) =
∫∞
0
xn−1e−βxdx.

AfoÔ brèjhkan oi puknìthtec twn upì melèth t.m.; mporoÔme eÔkola na
broÔme kai tic ropèc pou apaitoÔntai prokeimènou na odhghjoÔme sto jemitì
apotèlesma.

'Etsi

E[XY ] =
1

6

3 an2 + 2 a n+ an3 − 6 a+ 6

β2 (a n+ 1− a)

kai

E[X] = E[Y ] =
1

2

a n+ an2 − 2 a+ 2

β (a n+ 1− a)
,

me deÔterh rop 

E
[
X2
]

= E
[
Y 2
]

=
1

3

3 an2 + 2 a n+ an3 − 6 a+ 6

β2 (a n+ 1− a)
.

Epomènwc

V[X] = V[Y ] =
1

3

3 an2 + 2 an+ an3 − 6 a+ 6

β2 (an+ 1− a)
− 1

4

(an+ an2 − 2 a+ 2)
2

β2 (an+ 1− a)2
,

kai

Cov[XY ] =
1

6

3 an2 + 2 an+ an3 − 6 a+ 6

β2 (an+ 1− a)
− 1

4

(an+ an2 − 2 a+ 2)
2

β2 (an+ 1− a)2
. �

EpÐlush Efarmog c 4.3 (MÐxh Ekjetik c kai dÔo Gamma ka-
tanom¸n)

'Eqoume

fZ(x) =
1

4
e−x +

1

4

e−x√
x
√
π

+
1

4

√
2Γ
(
3
4

)
x

3
4π

e−x,
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tìte h majhmatik  elpÐda, ja eÐnai p1 = 1/2. 'Etsi to asf�listro upologÐzetai
wc

c =
1

2
(1 + θ)λ.

'Ara h apì koinoÔ sv.p.p. twn t.m. X, Y upologÐzetai apì thn sqèsh

hXY (x, y|0) =
1

2
e−x−y +

1

2

e−x−y√
x+ y

√
π

+
1

2

e−x−y
√

2Γ
(
3
4

)
(x+ y)

3
4 π

,

ki oloklhr¸nontac wc proc y   x, prokÔptei

hX(x|0) = hY (x|0) =
1

2
e−x +

1

2

e−x (ex
√
π − ex

√
πerf (

√
x))√

π

+
1

2

√
2Γ
(
3
4

)
e−xexΓ

(
1
4
x
)

π
,

Gia lìgouc epal jeushc, eÐnai eÔkolo na doÔme ìti∫ ∞
0

∫ ∞
0

hXY (x, y|0)dxdy = 1.

kai epÐshc ∫ ∞
0

hX(x|0)dx =

∫ ∞
0

hY (y|0)dy = 1.

Opìte E[XY ] = 57/64 kai E[X] = E[Y ] = 27/32. En¸ E [X2] = E [Y 2] =
99/64 kai kat' epèktash

V[X] = V[Y ] =
855

1024
,

kai

Cov[XY ] =
183

1024
. �

EpÐlush thc Efarmog c 4.4 (MÐxh Ekjetik c kai dÔo Gamma
katanom¸n)

Efìson

fZ(x) =
1

4
e−x +

1

4
x e−x +

1

2
x2e−x,
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tìte h majhmatik  elpÐda ja eÐnai p1 = 9/4. 'Etsi to asf�listro

c =
9

4
(1 + θ)λ.

'Ara, h apì koinoÔ sv.p.p,. twn t.m. X kai Y upologÐzetai apì thn èkfrash

hXY (x, y|0) =
1

9
e−x−y +

1

9
(x+ y) e−x−y +

1

9
(x+ y)2 e−x−y,

kai oloklhr¸nontac wc proc y   x, prokÔptei

hX(x|0) = hY (x|0) =
1

9
e−x + e−x

(
1

9
+

1

9
x

)
+

1

9

(
2 + 2 x+ x2

)
e−x.

Gia lìgouc epal jeushc, eÐnai eÔkolo na doÔme ìti∫ ∞
0

∫ ∞
0

hXY (x, y|0)dx dy = 1,

kai epÐshc ∫ ∞
0

hX(x|0)dx =

∫ ∞
0

hY (y|0)dy = 1.

Opìte E[XY ] = 25/9 kai E[X] = E[Y ] = 16/9. En¸ E[X2] = E[Y 2] = 50/9
kai kat' epèktash

V[X] = V[Y ] =
194

81
,

tèloc

Cov[XY ] = −31

81
. �
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