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PerÐlhyh

H stoqastik  diadikasÐa pleon�smatoc apoteleÐ èna apì ta pio dhmofil  an-
tikeÐmena melèthc thc JewrÐac KindÔnou. Sto klassikì montèlo thc JewrÐac
kindÔnou gÐnetai suqn� h upìjesh ìti to pleìnasma den ependÔetai. Wstìso,
ìpwc gnwrÐzoume, èna meg�lo mèroc twn esìdwn mÐac asfalistik c epiqeÐrhshc
proèrqetai apì thn epèndush tou pleon�smatìc thc.
'Etsi, se aut  thn ergasÐa ja melet soume to klassikì montèlo thc Jew-
rÐac KindÔnou, ìtan to pleìnasma ependÔetai me stajerì epitìkio. Qrhsi-
mopoi¸ntac thn anamenìmenh proexoflhmènh sun�rthsh poin c twn Gerber-
Shiu, ja exet�soume mètra kindÔnou ìpwc o metasqhmatismìc Laplace tou
qrìnou qreokopÐac, h pijanìthta qreokopÐac, h perij¸ria sun�rthsh katanom -
c tou pleon�smatoc prin th qreokopÐa, kai h perij¸ria sun�rthsh katanom c
tou elleÐmmatoc th stigm  thc qreokopÐac. Tèloc, ja melet soume to klas-
sikì montèlo thc me epitìkio upì thn parousÐa stajeroÔ merÐsmatoc.



Abstract

The surplus process has traditionally been one of the most popular research
aspects of Risk Theory. In the classic risk model it is frequently assumed that
there are no surplus investment returns. However, a large source of income
for an insurance company stems from the investment of its surplus.
In this thesis we will study the classic risk model when the surplus is invested
at a constant rate of intersest. Using the Gerger-Shiu discounted penalty
function we will study risk measures such as the Laplace transform of the time
of ruin, the probability of ultimate ruin, the distribution of the surplus prior
to ruin and the distribution of the deficit at ruin. Finally we will examine the
classic risk model with constant interest, when a constant dividend barrier
strategy is enforced.



EuqaristÐec

'Eqontac oloklhr¸sei th metaptuqiak  mou diatrib , ja  jela na ekfr�sw
tic jermèc mou euqaristÐec ston epiblèponta kajhght  mou ko. Qatzhkwn-
stantinÐdh pou mou èdwse th dunatìthta na asqolhj¸ me èna tìso polusÔn-
jeto kai endiafèron jèma. Oi prot�seic kai oi idèec tou diamìrfwsan to
megalÔtero komm�ti aut c thc ergasÐac. Telei¸nontac tic metaptuqiakèc mou
spoudèc afier¸nw thn ergasÐa mou stouc fÐlouc mou, touc kajhghtèc mou kai
thn oikogènei� mou.
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Kef�laio 1

Eisagwg 

H JewrÐa Sullogik¸n KindÔnwn xekÐnhse to 1903 me th didaktorik  diatrib  tou SouhdoÔ anal-
ogist  Filip Lundberg. 'Ektote h an�ptux  thc  tan ragdaÐa kai s mera apoteleÐ ènan episth-
monikì kl�do gem�to qr simec idèec kai prohgmènec majhmatikèc teqnikèc. H exèlixh twn tim¸n
twn sunolik¸n apozhmi¸sewn enìc asfalistikoÔ qartofulakÐou kat� th di�rkeia tou qrìnou
apoteloÔse anèkajen èna apì ta basik� antikeÐmena melèthc thc JewrÐac KindÔnou. Ta apotelès-
mata tètoiwn melet¸n axiopoioÔntai apì tic asfalistikèc etaireÐec pou diajètoun organwmèna
tm mata anagn¸rishc, prìbleyhc kai posotikopoÐhshc twn asfalistik¸n kindÔnwn pou èqoun
anal�bei exaitÐac twn diafìrwn drasthriot twn touc. 'Etsi, k�je asfalistik  etaireÐa eÐnai se
jèsh na upologÐsei ta kef�laia pou anamènei na thc qreiastoÔn ¸ste na mporèsei na antapexèl-
jei stic upoqre¸seic thc (pou perilamb�noun kurÐwc thn kataboll  apozhmi¸sewn proc touc
asfalismènouc). Aut� eÐnai ta analogistik� anamenìmena kef�laia pou ja prèpei na diajètei h
etaireÐa. Wstìso k�je etaireÐa prèpei na èqei kai k�poia prìsjeta kef�laia (dhlad  mÐa jetik 
diafor� metaxÔ EnerghtikoÔ kai PajhtikoÔ) gia na antimetwpÐsei dusmeneÐc apoklÐseic apì ta
analogistik� anamenìmena. Ta epiprìsjeta aut� kef�laia apoteloÔn to pleìnasma (surplus)
k�je asfalistik c epiqeÐrhshc.
Sto klassikì montèlo thc jewrÐac kindÔnou gÐnetai suqn� h upìjesh ìti den up�rqoun èsoda
apì ependÔseic. Wstìso, ìpwc gnwrÐzoume, èna meg�lo mèroc twn esìdwn miac asfalistik c
epiqeÐrhshc proèrqetai apì thn epèndush tou plaon�smatìc thc. Ta teleutaÐa qrìnia loipìn
èqei parousiasteÐ èna meg�lo endiafèron apì pleurac ereunht¸n gia th stoqastik  diadikasÐa
pleon�smatoc, ìtan autì ependÔetai. Oi Sundt-Teugels (1995,1997) melèthsan to klassikì mon-
tèlo thc jewrÐac kindÔnou ìtan to pleìnasma ependÔetai me stajer  èntash anatokismoÔ. MetaxÔ
�llwn, br kan exis¸seic kai fr�gmata gia thn pijanìthta qreokopÐac. Meg�lo endiafèron ìmwc
parousi�zoun kai metagenèsterec melètec tou Ðdiou montèlou mèsw thc anamenìmenhc proexoflh-
mènhc sun�rthshc poin c (expected discounted penalty function) pou eis gagan gia pr¸th for�
oi Gerber-Shiu (1998). MetaxÔ aut¸n oi Cai-Dickson (2002), Liu-Mao (2006) k.�.
Se aut  thn ergasÐa loipìn ja prospaj soume na sunjèsoume kai na parousi�soume ìso to
dunatìn perissìtera apotelèsmata p�nw sto klassikì montèlo me stajerì epitìkio. Sug-
kekrimèna, apì th sqetik  bibliografÐa, ja antl soume plhroforÐec gia :
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• thn sun�rthsh twn Gerber-Shiu, (Kef�laio 2)

• ton metasqhmatismì Laplace tou qrìnou qreokopÐac kai thn pijanìthta qreokopÐac (Ke-
f�laia 3 kai 4),

• thn katanom  tou pleon�smatoc prin thn qreokopÐa kai tou elleÐmmatoc met� thn qreokopÐa
(Kef�laia 5 kai 6), kaj¸c kai

• to klassikì montèlo me epitìkio kai stajerì mèrisma (Kef�laio 7).

Wstìso sta plaÐsia tou montèlou pou melet�me, h eÔresh analutik¸n exis¸sewn gia ta mètra
kindÔnou pou mac endiafèroun eÐnai dÔskolh upìjesh. Epomènwc ja afier¸soume èna meg�lo
mèroc aut c thc ergasÐac sthn eÔresh fragm�twn gia tic posìthtec pou mac endiafèroun. Tè-
loc, ja parousi�soume arketèc eidikèc peript¸seic kaj¸c kai arijmhtikèc efarmogèc basismènec
sth jewrÐa pou ja analÔsoume.

H shmantikìterh posìthta pou ja mac apasqol sei se aut  thn ergasÐa eÐnai h stoqastik 
diadikasÐa pleon�smato pou perigr�fei thn exèlixh twn tim¸n tou pleon�smatoc sthn poreÐa
tou qrìnou. Se k�poia tuqaÐa qronik  stigm  to Ôyoc tou pleon�smatoc exart�tai apì treic
par�gontec:

1. to arqikì kef�laio,

2. ta asf�listra pou èqoun eispraqjeÐ mèqri ekeÐnh th qronik  stigm  kai

3. tic apozhmi¸seic pou èqoun katablhjeÐ mèqri ekeÐnh th qronik  stigm .

Gia par�deigma se mÐa tuq�ia qronik  stigm  t (ìpou t > 0) ja isqÔeiPleìnasma
th qronik 
stigm  t

 =

(
Arqikì
kef�laio

)
+

Asf�listra pou
eispr�ttontai

mèqri to qrìno t

 −

Apozhmi¸seic pou
katab�llontai
mèqri to qrìno t


Se autì to shmeÐo ja anaferjoÔme en suntomÐa se k�je ènan epì touc prosdioristikoÔc par�gontec
thc stoqastik c diadikasÐac tou pleon�smatoc.

To arqikì kef�laio
Kat� thn ènarxh twn ergasi¸n thc, k�je asfalistik  etaireÐa upoqreoÔtai apì to nìmo na dia-
jètei k�poio arqikì kef�laio. Autì to arqikì kef�laio apoteleÐ kai to pleìnasma thc etaireÐac
kat� th qronik  stigm  t = 0. An loipìn sumbolÐsoume me u to arqikì kef�laio, tìte ja isqÔei
U(0) = u.

H stoqastik  diadikasÐa eÐspraxhc twn asfalÐstrwn
Wc ant�llagma gia touc kindÔnouc pou analamb�noun, oi asfalistikèc etaireÐec eispr�toun as-
f�listra apì touc asfalismènouc. H stoqastik  diadikasÐa eÐspraxhc twn asfalÐstrwn mac
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plhroforeÐ gia to Ôyoc twn asfalÐstrwn sth di�rkeÐa tou qrìnou. An thn sumbolÐsoume me
P (t) gia mÐa tuqaÐa qronik  stigm  t > 0, tìte
P (t) eÐnai ta asf�listra pou eispr�ttei h etaireÐa sto di�sthma [0, t].
H montelopoÐhsh thc P (t) den eÐnai eÔkolh kaj¸c h katabol  twn asfalÐstrwn exart�tai apì
polloÔc par�gontec (jnhsimìthta, noshrìthta, k.�.). Par�ola aut� ìmwc sunhjÐzetai h P (t)
na lamb�netai wc nteterministik  sun�rthsh tou qrìnou. O lìgoc gia ton opoÐo gÐnetai aut 
h aploÔsteush eÐnai h apofug  twn perÐplokwn majhmatik¸n upologism¸n pou prokÔptoun an
jewr soume thn P (t) wc stoqastik  diadikasÐa. Enallaktik�, mporoÔme na qwrÐsoume thn P (t)
se dÔo mèrh, gia par�deigma

P (t) = p(t) +H(t),

ìpou
p(t) eÐnai mÐa nteterministik  sun�rthsh, kai
H(t) eÐnai mÐa stoqastik  diadikasÐa pou sqetÐzetai me tic diakum�nseic sto rujmì eÐspraxhc twn
asfalÐstrwn.

H stoqastik  diadikasÐa twn sunolik¸n apozhmi¸sewn
Wc ant�llagma gia ta asf�listra pou eispr�ttei mÐa sfalistik  etaireÐa, èqei thn upoqrèwsh
na katab�llei apozhmi¸seic stouc asfalismènouc thc kat� thn epèleush twn zhmi¸n pou kalÔp-
tontai apì ta asfalist ria sumbìlai� touc. K�je asfalistik  etaireÐa loipìn ja prèpei na
èqei sthn katoq  thc ìso to dunatìn perissìtera stoiqeÐa anaforik� me to Ôyoc twn suno-
lik¸n apozhmi¸sewn pou endèqetai na katab�llei stouc asfalismènouc thc. Gia to lìgo autì
oi asfalistikèc etaireÐec montelopoioÔn to Ôyoc twn sunolik¸n apozhmi¸sewn, apokt¸ntac ètsi
mÐa plhrèsterh eikìna gia thn endeqìmenh exèlix  touc. Oi sunolikèc apozhmi¸seic exart¸ntai
�mesa apì:

• to qronikì di�sthma anafor�c,

• to pl joc twn zhmiogìnwn endeqomènwn pou epèrqontai sto sugkekrimèno di�sthma, kai

• to mègejoc twn epimèrouc zhmi¸n pou prokaloÔntai.

Ja sumbolÐsoume S(t) th stoqastik  diadikasÐa twn sunolik¸n apozhmi¸sewn pou katab�llontai
ewc to qrìno t. Gia na sunjèsoume th stoqastik  diadikasÐa S(t), orÐzoume ta ex c:
{Wn, n ≥ 1} mia akoloujÐa t.m. pou ekfr�zei touc endi�mesouc qrìnou �fixhc twn zhmiogìnwn
endeqomènwn,
Tn ton qrìno epèleshc tou n−ostoÔ zhmiogìnou endeqomènou.
SÔmfwna me ta parap�nw, ja isqÔei:

Tn =
n∑
i=1

Wi. (1.1)

EpÐshc an jewr soume ìti
N(t) = sup {n : Tn < t} eÐnai h stoqastik  diadikasÐa tou pl jouc twn zhmiogìnwn endeqomènwn
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pou emfanÐzontai sto di�sthma [0, t], kai
Xn eÐnai h tuqaÐa metablht  pou ekfr�zei to mègejoc thc zhmi�c pou prokaleÐtai apì thn epèleush
tou n−ostoÔ zhmiogìnou endeqomènou,
tìte to mègejoc twn sunolik¸n apozhmi¸sewn pou katab�llontai ewc to qrìno t ja eÐnai

S(t) = X1 +X2 + · · ·+XN(t). (1.2)

Oi tuqaÐec metablhtèc {Xn, n ≥ 1} eÐnai gnwstèc kai wc Megèjh Atomik¸n Zhmi¸n. Gia to
upìloipo aut c thc ergasÐac ja jewr soume ìti oi {Wn, n ≥ 1} kai {Xn, n ≥ 1} eÐnai dÔo
anex�rthtec akoloujÐec apoteloÔmenec apì anex�rthtec, isìnomec kai jetik� orismènec tuqaÐec
metablhtèc.

H stoqastik  diadikasÐa pleon�smatoc
MÐa asfalistik  epiqeÐrhsh mporeÐ na upolgÐsei to pleìnasm� thc se mÐa dedomènh qronik  stigm 
afair¸ntac apì ta 'Esod� thc (arqikì kef�laio, asf�listra), ta antÐstoiqa 'Exoda (apozhmi¸-
seic). 'Etsi an sumbolÐsoume wc U(t) to pleìnasma kat� thn qronik  stigm  t, autì ja eÐnai

U(t) = u+ P (t)− S(t) (1.3)

Shmei¸noume ìti ìloi oi sumbolismoÐ pou èqoume d¸sei ewc t¸ra isqÔoun kai gia to upìloipo
aut  thc ergasÐac, ektìc apì ton sumbolismì gia th stoqastik  diadikasÐa plen�smatoc, ton
opoÐo ja diaforopoi soume gia tic an�gkec tou montèlou me epitìkio.

1.1 To klassikì montèlo thc jewrÐac kindÔnou

To pio gnwstì montèlo thc JewrÐac KindÔnou eÐnai to klassikì montèlo. To montèlo autì
gn¸rise meg�lh ap qhsh giatÐ mac odhgeÐ se aploÔsterouc majhmatikoÔc upologismoÔc se sqèsh
me �lla montèla, en¸ ta apotelèsmata pou mporeÐ kaneÐc na p�rei an to uiojet sei eÐnai polÔ
perissìtera. Ja parousi�soume loipìn orismèna apì ta kuriìtera qarakthristik� tou klas-
sikoÔ montèlou thc JewrÐac KindÔnou pou ja apotelèsei th b�sh gia na katano soume kai na
anaptÔxoume to montèlo me stajerì epitìkio. Kaj¸c ìmwc h ek b�jouc an�lush tou klassikoÔ
montèlou xefeÔgei apì touc stìqouc aut c thc ergasÐac, ja arkestoÔme sth melèth ekeÐnwn twn
paramètrwn pou ja mac qreiastoÔn kai sth sunèqeia gia to montèlo me to stajerì epitìkio.

H stoqastik  diadikasÐa pleon�smatoc

Sth melèth mÐac stoqastik c diadikasÐac pleon�smatoc paÐzei shmantikì rìlo o trìpoc �fixhc
twn zhmiogìnwn endeqomènwn. Sugkekrimèna sto klassikì montèlo thc JewrÐac KindÐnou jew-
roÔme ìti oi endi�mesoi qrìnoi �fixhc twn zhmiogìnwn endeqomènwn eÐnai ekjetik� katanomhmènoi,
dhlad  oi tuqaÐec metablhtèc {Wn, n ≥ 1} èqoun koin  ekjetik  katanom 

Pr(W1 ≤ x) = 1− e−λx, x > 0, λ > 0

6



H stoqastik  diadikasÐa N(t) sto klassikì montèlo eÐnai mÐa stoqastik  diadikasÐa Poisson.
Autì shmaÐnei ìti h pijanìthta na emfanisteÐ èna endeqìmeno se èna di�sthma eÐnai an�logh tou
m kouc autou tou diast matoc. Epomènwc N(t) ∼ P (λt) kai

Pr [N(t) = n] = e−λt
(λt)n

n!

EpÐshc jewroÔme ìti oi t.m. X1, X2, · · · kai N(t) eÐnai anex�rthtec, en¸ oi t.m. Xn, n = 1, 2, . . .
eÐnai metaxÔ touc anex�rthtec kai isìnomec, me apì koinoÔ sun�rthsh katanom c

F (x) = Pr(X ≤ x) =

∫ x

0

f(x)dx, ìpou f(x) = Pr(X = x)

kai sun�rthsh dexi�c our�c

F̄ (x) = 1− F (x) =

∫ ∞
x

f(x)dx.

Ja sumbolÐsoume me µ to anamenìmeno mègejoc zhmi�c, dhlad 

µ = E(X) =

∫ ∞
0

xf(x)dx =

∫ ∞
0

F̄ (x)dx,

en¸ Fe(x) ja eÐnai o sumbolismìc mac gia thn katanom  isorropÐac thc t.m. Q,  toi

Fe(x) = 1− F̄e(x) =
1

µ

∫ x

0

F̄ (x)dx, fe(x) =
F̄ (x)

µ

Fusik� kai ed¸ ja isqÔei S(t) = X1 +X2 + · · ·+XN(t).
Autì pou mac mènei gia na orÐsoume pl rwc th stoqastik  diadikasÐa pleon�smatoc eÐnai h
stoqastik  diadikasÐa twn asfalÐstrwn P (t). Sto klassikì montèlo jewroÔme ìti h P (t) eÐnai
nteterministik  (dhlad  den èqei k�poio bajmì tuqaiìthtac). Sugkekrimèna an jewr soume ìti
o rujmìc eÐspraxhc twn asfalÐstrwn eÐnai stajerìc kai Ðsoc me c, tìte ta asf�listra pou
eispr�ttontai sto di�sthma [0, t] eÐnai: P (t) = ct. Gia na upologÐsoume to c, apaitoÔme na isqÔei
h sunj kh ct ≥ E[S(t)], dhlad  ta asf�listra pou eispr�ttoume sto [0, t] na eparkoÔn gia na
kalÔyoume tic anamenìmenec sunolikèc apozhmi¸seic.
'Omwc sto klassikì montèlo N(t) ∼ P (λt), epomènwc ja isqÔei E[N(t)] = λt kai

E[S(t)] = E[N(t)]E[X] = λtE[X].

Jèloume loipìn na isqÔei
ct ≥ λtE[X]⇒ c ≥ λE[X].

'Etsi, orÐzoume mÐa par�metro θ > 0 tètoia ¸ste

c = (1 + θ)λE[X] (1.4)
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H jetik  par�metroc θ onom�zetai perij¸rio asf�leiac. Apì thn exÐswsh (1.4) diapist¸noume
ìti sto klassikì montèlo to c upakoÔei sto nìmo thc epib�runshc tou asfalÐstrou.
'Etsi an jewr soume ìti to arqikì kef�lio (dhlad  to pleìnasma th qronik  stigm  t = 0)eÐnai
U(0) = u, tìte to pleìnasma se mÐa tuqaÐa qronik  stigm  t ja eÐnai U(t) = U(0) +P (t)−S(t),
dhlad 

U(t) = u+ ct− S(t), t ≥ 0, u > 0 (1.5)

  ennallaktik� gia t ≥ 0, θ > 0, kai u > 0, isqÔei

U(t) = u+ (1 + θ)λE(X)t− S(t). (1.6)

Gia na katano soume kalÔtera ìla ta parap�nw ac doÔme to Sq ma 1.1 pou apeikonÐzei th
deigmatosun�rthsh miac stoqastik c diadikasÐac sunolik¸n apozhmi¸sewn pou perigr�fetai apì
thn (1.2)

Sq ma 1.1: H stoqastik  diadikasÐa twn sunolik¸n apozhmi¸sewn

'Opwc blèpoume kai sto parap�nw sq ma, mèqri thn epèleush tou pr¸tou zhmiogìnou endeqomè-
nou oi sunolikèc apozhmi¸seic eÐnai mhdenikèc. Sth sunèqeia h grafik  par�stash emfanÐzei
{�lmata} Ôyouc Ðsou me to mègejoc atomik c zhmi�c, en¸ paramènei stajer  ìtan den epèrqontai
kÐndunoi. 'Omwc oi sunolikèc apozhmi¸seic sundèontai me to pleìnasma mèsw thc sqèshc (1.18).
Epomènwc opoiad pote metabol  tou Ôyouc twn apozhmi¸sewn, epifèrei kai mÐa metabol  sth
tim  tou pleon�smatoc. Sto Sq ma 1.2 blèpoume thn grafik  par�stash thc deigmatosun�thshc
miac stoqastik c diadikasÐac pleon�smatoc.
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Sq ma 1.2: H stoqastik  diadikasÐa pleon�smatoc

ParathroÔme ìti h tim  tou pleon�smatoc emfanÐzei {�lmata proc ta k�tw}, to Ôyoc twn opoÐwn
eÐnai Ðso me autì twn apozhmi¸sewn tou Sq matoc 1.1.

H pijanìthta qreokopÐac

MÐa posìthta pou sundèetai �mesa me th stoqastik  diadikasÐa pleon�smatoc eÐnai h pijanìthta
qreokopÐac. H pijanìthta qreokopÐac apoteloÔse anèkajen èna apì ta piì dhmofil  antikeÐmena
èreunac thc JewrÐac KindÔnou kai ja mac apasqol sei arket� se aut  thn ergasÐa. H qreokopÐa
epèrqetai ìtan to pleìnasma p�rei gia pr¸th for� mÐa arnhtik  tim . H antÐstoiqh qronik  stigm 
kat� thn opoÐa to pleìnasma gÐnetai gia pr¸th for� arnhtikì eÐnai o qrìnoc qreokopÐac.An loipìn
T eÐnai o qrìnoc qreokopÐac, tìte

T = inf {t : U(t) < 0} (1.7)

H pijanìthta qreokopÐac apoteleÐ èna apì ta basikìtera krit ria oikonomik c stajerìthtac mÐac
epiqeÐrhshc kai an thn sumbolÐsoume wc ψ(u), ja isqÔei

ψ(u) = Pr (T <∞|U(0) = u) = Pr (U(T ) < 0|U(0) = u) . (1.8)

ParathroÔme ìti h pijanìthta qreokopÐac eÐnai mÐa sun�rthsh tou arqikoÔ kefalaÐou, gi' autì
suqn� anaferìmaste sthn (1.8) wc pijanìthta qreokopÐac me arqikì kef�laio u.
MporoÔme na orÐsoume kai thn pijanìthta mh qreokopÐac ψ̄(u) wc thn sumplhrwmatik  thc ψ(u),
dhlad 

ψ̄(u) = 1− ψ(u). (1.9)
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Sta plaÐsia tou klassikoÔ montèlou mporeÐ kaneÐc na breÐ analutikoÔc tÔpouc upologismoÔ
tìso gia thn ψ(u) ìso kai gia thn ψ̄(u). Wstìso em�c mac endiafèrei na melet soume thn
pijanìthta qreokopÐac sto klassikì montèlo gia epitìkio, opìte proc to parìn ja arkestoÔme
stouc parap�nw orismoÔc.

O suntelest c prosarmog c (adjustment coefficient)

MÐa posìthta pou emfanÐzetai polÔ suqn� ìtan k�noume upologismoÔc eÐnai o suntelest c
prosarmog c. Sto klassikì montèlo thc jewrÐac kindÔnou o suntelest c prosarmog c sum-
bolÐzetai R kai orÐzetai wc h monadik  jetik  rÐza thc exÐswshc

1 + (1 + θ)E(x)r = MX(r), (1.10)

ìpou MX(r) h ropogenn tria thc tuqaÐa metablht  X sto shmeÐo r, dhlad 

MX(r) = E[erX ] =

∫ ∞
0

erxf(x)dx.

H (1.10) eÐnai gnwst  kai wc exÐswsh tou suntelest  prosarmog c sto to klasikì montèlo thc
JewrÐac KindÔnou, kai met� apì mÐa gr gorh mati� parathroÔme ta ex c:

1. Gia na mporeÐ na oristeÐ o suntelest c prosarmog c, prèpei h tuqaÐa metablht  X na èqei
ropogenn tria, kai

2. Gia r = 0 èqoume lÔsh (1=1), ìmwc o suntelest c prosarmog c orÐzetai wc h monadik 
jetik  riza thc (1.10)

Gia na diereun soume an h (1.10) èqei monadik  jetik  rÐza, orÐzoume tic parak�tw sunart seic:

y1(r) = 1 + (1 + θ)E(x)r, kai y2(r) = MX(r).

Oi y1, y2 tèmnontai sto (0,1), afoÔ gia r = 0 èqoume y1(0) = 1 = MX(0) = y2(0).
EpÐshc gia thn y2 isqÔei

y2(r) = MX(r) = E[erX ] =

∫ ∞
0

erxf(x)dx.

epomènwc

y
′

2(r) = E[XerX ] =

∫ ∞
0

xerxf(x)dx > 0, afoÔ x > 0 (�ra h y2 eÐnai aÔxousa)

y
′′

2 (r) = E[X2erX ] =

∫ ∞
0

x2erxf(x)dx > 0, (�ra h y2 eÐnai kurt )
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En¸ sugrÐnontac tic y1, y2 brÐsoume ìti

y
′

1(r) = (1 + θ)E(X) kai y
′

2(r) = M
′

X(r)

y
′

1(0) = (1 + θ)E(X) kai y
′

2(0) = E(X).

Diapist¸noume loipìn ìti sto shmeÐo r = 0 : y
′
2(0) < y

′
1(0), dhlad  sto r = 0 o rujmìc aÔxhshc

thc y2(r) eÐnai mikrìteroc apì ton rujmì aÔxhshc thc y1(r). H apì koinoÔ grafik  par�stash
aut¸n twn dÔo sunart sewn ja moi�zei me to Sq ma (1.3)

Sq ma 1.3: O suntelest c prosarmog c sto klassikì montèlo thc JewrÐac KindÔnou

Ta sumper�smata sta opoÐa katal goume apì thn parap�nw an�lush eÐnai:

1. Up�rqoun perissìterec apì mÐa, lÔseic thc exÐswshc 1 + (1 + θ)E(X)r = MX(r). Wc
suntelest c prosarmog c orÐzetai h el�qisth jetik .

2. 'Otan h tuqaÐa metablhth X èqei ropogenn tria, tìte uparqei suntelest c prosarmog c
R.

Anisìthta Lundberg

H pio gnwst  anisìthta sto klassikì montèlo eÐnai h anisìthta Lundberg. H anisìthta aut 
sundèei thn pijanìthta qreokopÐac kai ton suntelest  prosarmog c me ènan �meso kai aplì
trìpo, en¸ tautìqrona mac dÐnei �nw fr�gmata gia thn pijanìthta qreokopÐac sunart sei tìso
tou suntelest  prosarmog c ìso kai tou arqikoÔ kefalaÐou. O orismìc kai h apìdeixh thc
anisìthtac Lundberg paratÐjentai sta plaÐsia tou akìloujou Jewr matoc.
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Je¸rhma 1.1.
'Otan up�rqei o suntelest c prosarmog c R, èna �nw fr�gma gia thn pijanìthta qreokopÐac me
arqikì kef�laio u ≥ 0 eÐnai

ψ(u) ≤ e−Ru. (1.11)

Apìdeixh
'Estw ψn(u), n = 0, 1, 2, . . . h pijanìthta na emfanisteÐ qreokopÐa prÐn   kat� thn emf�nish tou
n−ostoÔ zhmiogìnou endeqomènou. Qrhsimopoi¸ntac th mèjodo thc majhmatik c epagwg c ja
apodeÐxoume ìti

ψn(u) ≤ e−Ru, gia k�je n = 0, 1, 2, . . . , (1.12)

Gia n = 0 èqoume ψ0(u) = 0 ≤ e−Ru. 'Ara gia n = 0 isqÔei h (1.12)
Upojètontac loipìn ìti h (1.12) isqÔei gia k�poia tuqaÐa tim  n, ja deÐxoume ìti isqÔei kai gia
n+ 1, dhlad  ìti

ψn+1(u) ≤ e−Ru. (1.13)

Gia na apodeÐxoume thn (1.13) ja qreiastoume mÐa anadromik  sqèsh gia thn ψn(u). Aut  th
sqèsh ja thn p�roume desmeÔontac wc proc ton qrìno epèleushc kai wc proc to mègejoc tou
pr¸tou zhmiogìnou endeqomènou.
'Estw loipìn ìti to pr¸to zhmiogìno endeqìmeno emfanÐzetai th qronik  stigm  t, dhlad  T1 = t.
'Omwc T1 = W1 kai sto klassikì montèlo oi tuqaÐec metablhtèc Wn, n = 1, 2, . . . èqoun apì
koinoÔ sun�rthsh katanom c G(x) = 1 − e−λx. Epomènwc h pijanìthta na epèljei to pr¸to
zhmiogìno endeqìmeno kat� th qronik  stigm  t eÐnai g(t) = λe−λt.
Mèqri th qronik  stigm  t to pleìnasma ja eÐnai u + ct. QreokopÐa ja èqoume an to Ôyoc
thc zhmi�c xeper�sei to pleìnasma, dhl. an X > u + ct. H pijanìthta na sumbeÐ autì eÐnai
Pr(X > u+ ct) = F̄ (u+ ct).
Epomènwc an o kÐndunoc epèljei th qronik  stigm  t, h pijanìthta qreokopÐac me thn epèleush
tou pr¸tou zhmiogìnou endeqomènou eÐnai∫ ∞

0

g(t)F̄ (u+ ct)dt.

Up�rqei ìmwc kai to endeqìmeno to pr¸to zhmiogìno endeqìmeno na mhn epifèrei th qreokopÐa.
Autì ja sumbeÐ an X < u+ ct, dhlad  an to mègejoc thc pr¸thc zhmi�c eÐnai mikrìtero apì to
pleìnasma pou èqei susswreuteÐ ewc ekeÐnh th qronik  stigm .
Se aut  thn perÐptwsh jewroÔme ton qrìno epèleushc tou pr¸tou zhmiogìnou endeqomènou
wc qrìno mhdèn kai xekin�me me nèo arqikì kef�laio u + ct − x. H diadikasÐa aut  kaleÐtai
ananewtik .
DiakrÐnoume loipìn dÔo perit¸seic gia thn pijanìthta qreokopÐac prin   kat� thn emf�nish tou
n+ 1-zhmiogìnou endeqomènou:

1. QreokopÐa me thn epèleush tou pr¸tou zhmiogìnou endeqomènou,  
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2. qreokopÐa me thn epèleush enìc ek twn epìmenwn n-zhmiogìnwn endeqomènwn.

Sundu�zontac tic parap�nw peript¸seic, paÐrnoume ìti

ψn+1(u) =

∫ ∞
0

g(t)F̄ (u+ ct)dt+

∫ ∞
0

g(t)

(∫ u+ct

0

ψn(u+ ct− x)f(x)dx

)
dt

Ta ìria tou oloklhr¸matoc sthn parènjesh dhl¸noun ìti 0 ≤ X ≤ u+ct, dhlad  ìti h epèleush
tou pr¸tou zhmiogìnou endeqomènou den èqei epifèrei qreokopÐa.
EpÐshc gnwrÐzoume ìti sto klassikì montèlo isqÔei g(x) = λe−λx, opìte èqoume

ψn+1(u) =

∫ ∞
0

λe−λt
[
F̄ (u+ ct)dt+

∫ u+ct

0

ψn(u+ ct− x)f(x)dx

]
dt

=

∫ ∞
0

[∫ ∞
u+ct

f(x)dx+

∫ u+ct

0

ψn(u+ ct− x)f(x)dx

]
λe−λtdt

SÔmfwna ìmwc me thn upìjesh thc epagwg c ψn(u) ≤ e−Ru, �ra

ψn(u+ ct− x) ≤ e−R(u+ct−x).

EpÐshc isqÔei

x ≥ u+ ct⇒ u+ ct− x ≤ 0⇒ −R(u+ ct− x) ≥ 0⇒ e−R(u+ct−x) ≥ 1

epomènwc ∫ ∞
u+ct

f(x)dx ≤
∫ ∞
u+ct

e−R(u+ct−x)f(x)dx.

Sunolik� loipìn gia thn ψn+1(u) ja isqÔei

ψn+1(u) ≤
∫ ∞

0

[∫ ∞
u+ct

e−R(u+ct−x)f(x)dx+

∫ u+ct

0

e−R(u+ct−x)f(x)dx

]
λe−λtdt

=

∫ ∞
0

(∫ ∞
0

e−R(u+ct−x)f(x)dx

)
λe−λtdt

= λe−Ru
∫ ∞

0

(∫ ∞
0

eRxf(x)dx

)
e−Rcte−λtdt

= λe−RuMX(R)

∫ ∞
0

e−(λ+Rc)tdt =
λMX(R)

λ+Rc
e−Ru

Dhlad  isqÔei

ψn+1(u) ≤ λMX(R)

λ+Rc
e−Ru (1.14)
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ìmwc c = (1 + θ)λE(X)⇒ (1 + θ)E(X) =
c

λ
, �ra h exÐswsh tou suntelest  prosarmog c

1 + (1 + θ)E(X)R = MX(R)

gÐnetai

1 +
c

λ
R = MX(R) ⇒ λ+Rc = λMX(R) ⇒ λMX(R)

λ+Rc
= 1

kai antikajist¸ntac sthn (1.14) paÐrnoume

ψn+1(u) ≤ e−Ru

opìte ja isqÔei kai
ψn(u) ≤ e−Ru, n = 0, 1, 2, . . .

Tèloc èqoume
ψ(u) = lim

n→∞
ψn(u) ≤ lim

n→∞
e−Ru = e−Ru,

dhlad 
ψ(u) ≤ e−Ru

Sqèsh pou oloklhr¸nei thn apìdeixh tou Jewr matoc 1.1

An èqoume sth di�jes  mac ton suntelest  prosarmog c mporoÔme, mèsw thc anisìthtac Lund-
berg, na broÔme polÔ eÔkola mÐa prosèggish gia thn pijanìthta qreokopÐac kai m�lista gia
di�forec timèc tou arqikoÔ kefalaÐou. Sthn bibliografÐa up�rqoun akìma kalÔtera �nw fr�g-
mata gia thn ψ(u) apì to e−Ru, ìmwc h mejodologÐa pou qrhsimopoi same gia na thn apodeÐxoume
apoteleÐ mÐa apì tic piì suqn� qrhsimopoioÔmenec mejìdouc akìma kai se polÔ pio sÔnjeta mon-
tèla thc JewrÐac KindÔnou. Fr�gmata ìpwc autì thc sqèshc (1.11) eÐnai gnwst� wc fr�gmata
tÔpou Lundberg. Oloklhr¸nontac thn anafor� mac sthn anisìthta Lundberg ja jèlame na
d¸soume dÔo ermhneÐec thc (1.11):

• gia dedomèno arqikì kef�laio u, ìso megalÔteroc eÐnai o suntelest c prosarmog c, tìso
mikrìterh eÐnai h pijanìthta qreokopÐac, en¸

• gia mÐa dedomènh tim  tou suntelest  prosarmog c R, ìso megal¸nei to arqikì kef�laio,
tìso mikraÐnei h pijanìthta qreokopÐac.

Blèpoume loipìn ìti sto klassikì montèlo thc JewrÐac KindÔnou, h pijanìthta qreokopÐac kai
o suntelest c prosarmog c eÐnai antistrìfwc an�loga pos� (gia stajerì arqikì kef�laio).
Sto Kef�laio 4 ja exet�soume th sqèsh metaxÔ thc pijanìthtac qreokopÐac kai tou suntelest 
prosarmog c sta plaÐsia tou klassikoÔ montèlou me stajerì epitìkio.
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H sun�rthsh twn Gerber-Shiu.

To 1998 oi Hans Gerber kai Elias Shiu, dhmosÐeusan thn ergasÐa touc me tÐtlo On the time value
of ruin. Sthn ergasÐa aut , oi dÔo ereunhtèc eis gagan gia pr¸th for� mÐa sun�rthsh mèsw thc
opoÐac mporoÔsan na melet soun tautìqrona, mètra kindÔnou pou mèqri tìte proseggÐzontan
memonomèna. Arqik� melèthsan thn apì koinoÔ katanom  tou elleÐmmatoc kat� th qreokopÐa
kai tou qrìnou qreokopÐac. Sth sunèqeia enswm�twsan sth melèth touc ton qrìno qreokopÐac
(mèsw proexìflhshc) kai to pleìnasma prin th qreokopÐa kai èdeixan p¸c upologÐzetai mÐa ana-
menìmenh proexoflhmènh poin  pou ofeÐletai sth qreokopÐa kai exart�tai apì to pleìnasma
prin th qreokopÐa kai to èlleima th stigm  thc qreokopÐac. Jewr¸ntac loipìn ìti:

T = inf {t : U(t) < 0} eÐnai o qrìnoc qreokopÐac, dhlad  h qronik  stigm  kat� thn opoÐa to
pleìnasma paÐrnei gia pr¸th for� mÐa austhr� arnhtik  tim , en¸

U(T−) eÐnai to pleìnasma prin thn qreokopÐa kai
|U(T )| to èlleimma akrib¸c met� thn qreokopÐa,

tìte h anamenìmenh proexoflhmènh sun�rthsh poin c twn Gerber-Shiu eÐnai:

Φα(u) = E[e−αTw(U(T−), |U(T )|) I(T <∞) | U(0) = u] (1.15)

Sqìlia:

• H posìthta e−αT epidèqetai dipl c ermhneÐac. MporeÐ na ermhneuteÐ wc proexoflhtikìc
par�gontac   ennalaktik� wc metasqhmatismìc Laplace. TonÐzoume wstìso ìti h par�met-
roc α paÐrnei austhr� jetikèc timèc.

• H deÐktria I(T <∞) mac plhroforeÐ gia to gegonìc ìti èqei epèljei qreokopÐa.

• Tèloc, jewroÔme ìti h w (sun�rthsh poin c) eÐnai mÐa jetik  sun�rthsh.

H (2.1) eÐnai gnwst  sth bibliografÐa wc “anamenìmenh proexoflhmènh sun�rthsh poin c twn
Gerber-Shiu”   apl� wc “sun�rthsh Gerber-Shiu”.

O “kinht rioc moqlìc”thc Φα(u) eÐnai h sun�rthsh poin c w. Epilègontac kat�llhla aut 
thn sun�rthsh mporoÔme na p�roume ta di�fora mètra kindÔnou pou mac endiafèroun. Oi qarak-
thristikìterec eidikèc peript¸seic thc anamenìmenhc proexoflhmènhc sun�rthshc poin c eÐnai:

1. H pijanìthta qreokopÐac.
Jètontac w(x1, x2) = 1 kai α = 0 h (1.15) gÐnetai

Φα(u) = E[I(T <∞)|U(0) = u] = ψ(u)
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2. O metasqhmatismìc Laplace tou qrìnou qreokopÐac.
Gia w(x1, x2) = 1 kai α > 0 paÐrnoume

Φα(u) = E[e−αT I(T <∞)|U(0) = u] = ψα(u)

3. H proexoflhmènh perij¸ria sun�rthsh katanom c tou pleon�smatoc prin th qreokopÐa.
Gia w(x1, x2) = I(x1 ≤ x) h (1.15) mac dÐnei

Φα(u) = E[e−αT I(U(T−) ≤ x) I(T <∞) | U(0) = u] = Fα(u, x)

H Fα(u, x) ekfr�zei thn pijanìthta na epèljei qreokopÐa me arqikì kef�laio u kai to
mègejoc tou pleon�smatoc prin th qreokopÐa na eÐnai to polÔ x.

4. H proexoflhmènh perij¸ria sun�rthsh katanom c tou elleÐmmatoc th stigm  thc qreokopÐac
(deficit at ruin.)
Gia w(x1, x2) = I(x2 ≤ y) èqoume

Φα(u) = E[e−αT I(|U(T )| ≤ y) I(T <∞) | U(0) = u] = Gα(u, y)

H Gα(u, y) antiproswpeÔei to endeqìmeno na epèljei qreokopÐa me arqikì kef�laio u kai
to mègejoc tou elleÐmmatoc th stigm  thc qreokopÐac na eÐnai to polÔ y.

5. H proexoflhmènh apì koinoÔ sun�rthsh katanom c tou pleon�smatoc prin th qreokopÐa
kai tou elleÐmmatoc th stigm  thc qreokopÐac.
Gia w(x1, x2) = I(x1 ≤ x)I(x2 ≤ y)

Φα(u) = E[e−αT I(U(T−) ≤ x) I(|U(T )| ≤ y) I(T <∞) | U(0) = u] = Hα(u, x, y)

Fusik� Hα(u, x, y) eÐnai h pijanìthta na epèljei qreokopÐa me arqikì kef�laio u kai to
pleìnasma prin th qreokopÐa na eÐnai to polÔ x, en¸ to èlleimma th stigm  thc qreokopÐac
na eÐnai to polÔ y.

6. O metasqhmatismìc Laplace tou elleÐmmatoc th stigm  thc qreokopÐac.
Gia α = 0 kai w(x1, x2) = e−rx2 , r > 0 h (1.15) mac dÐnei

Φα(u) = E[e−r|U(T )| I(T <∞) | U(0) = u] = W̃ (u, r)

OmoÐwc jètontac w(x1, x2) = e−r(x1+x2), r > 0 paÐrnoume ton metasqhmatismì Laplace thc
tuqaÐac metablht c U(T−) + |U(T )|, dhlad  tou megèjouc thc zhmi�c pou prokaleÐ thn
qreokopÐa (ìtan epèrqetai qreokopÐa me arqikì kef�laio u).

'Opwc faÐnetai kai apì tic parap�nw sqèseic h pijanìthta qreokopÐac mporeÐ na prokÔyei wc
eidik  perÐptwsh tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac gia α = 0.
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EpÐshc oi proexoflhmènec sunart seic katanom c Fα(u, x) kai Gα(u, y) apoteloÔn eidikèc perip-
t¸seic thc proexoflhmènhc apì koinoÔ sun�rthshc katanom c tou pleon�smatoc prin th qreokopÐ-
a kai tou elleÐmmatoc th stigm  thc qreokopÐac kaj¸c

Fα(u, x) = lim
y→∞

Hα(u, x, y) kai Gα(u, y) = lim
x→∞

Hα(u, x, y)

Tèloc na shmei¸soume ìti apì tic proexoflhmènec sunart seic katanom  mporoÔme na p�roume tic
mh-proexoflhmènec jètontac α = 0, en¸ paragwgÐzontac tic sunart seic katanom c paÐrnoume
tic antÐstoiqec sunart seic puknìthtac. Endeiktik� anafèroume ìti h proexoflhmènh apì koinoÔ
sun�rthsh puknìthtac tou pleon�smatoc prin th qreokopÐa kai tou elleÐmatoc th stigm  thc
qreokopÐac prokÔptei apì th sqèsh

hα(u, x, y) =
∂2

∂x∂y
Hα(u, x, y)

Sta epìmena kef�laia ja asqolhjoÔme ektenèstera me thn anamenìmenh proexoflhmènh sun�rthsh
poin c twn Gerber-Shiu kaj¸c kai me tic eidikèc thc peript¸seic, sta plaÐsia tou klassikoÔ mon-
tèlou me epitìkio.

1.2 Oloklhrwtikèc exis¸seic Volterra

Oi oloklhrwtikèc exis¸seic ja apotelèsoun èna apì ta shmantikìtera majhmatik� ergaleÐa pou
ja qrhsimopoi soume tìso gia na melet soume, ìso kai gia na proseggÐsoume posotik� orismèna
apì ta mètra kindÔnou pou mac endiafèroun. IdiaÐtera sto montèlo mac ja sunant soume suqn�
exis¸seic thc morf c

φ(x) = `(x) +

∫ x

0

k(x, s)φ(s)ds (1.16)

pou eÐnai gnwstèc wc oloklhrwtikèc exis¸seic Volterra deÔterou tÔpou (bl. Tricomi (1957)).
Oi exis¸seic autèc ofeÐloun thn onomasÐa touc ston Italì Vito Volterra (1860-1940), ènan apì
touc jemeliwtèc thc jewrÐac twn oloklhrwtik¸n exis¸sewn, kai gia suntomÐa ja tic apokaloÔme
kai exis¸seic Volterra.
H (1.16) mporeÐ na lujeÐ �mesa an efarmìsoume th mèjodo twn diadoqik¸n proseggÐsewn tou
Picard. Xekin�me jètontac φ0(x) = `(x) kai sthn sunèqeia upologÐzoume thn φ1(x) wc:

φ1(x) = `(x) +

∫ x

0

k(x, s)`(s)ds.

SuneqÐzontac kat� ton Ðdio trìpo paÐrnoume mÐa �peirh seir� apì sunart seic

φ0(x), φ1(x), φ2(x), . . . , φn(x), . . . ,
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pou ikanopoioÔn thn anadromik  sqèsh

φn(x) = `(x) +

∫ x

0

k(x, s)φn−1(s)ds, n = 1, 2, . . . (1.17)

kai jètontac
φn(x)− φn−1(x) = θn(x), n = 1, 2, . . .

parathroÔme ìti

φn(x) =
n∑
i=0

θi(x), (1.18)

ìpou

θn(x) =

∫ x

0

k(x, y)θn−1(y)dy, n = 1, 2, . . .

me arqik  tim  θ0(x) = `(x). Epomènwc ja èqoume

θ1(x) =

∫ x

0

k(x, y)θ0(y)dy =

∫ x

0

k(x, y)`(y)dy

en¸

θ2(x) =

∫ x

0

k(x, y)θ1(y)dy =

∫ x

0

k(x, y)

∫ y

0

k(y, z)`(z)dzdy.

All�zontac thn seir� olokl rwshc sth exÐswsh thc θ2(x), paÐrnoume

θ2(x) =

∫ x

0

∫ x

z

k(x, y)k(y, z)`(z)dydz =

∫ x

0

`(z)

∫ x

z

k(x, y)k(y, z)dydz

kai an jèsoume

k2(x, z) =

∫ x

z

k(x, y)k(y, z)dy

tìte

θ2(x) =

∫ x

0

k2(x, y)`(y)dz.

Me ton Ðdio trìpo brÐskoume ìti genik�

θn(x) =

∫ x

0

kn(x, y)`(y)dz, n = 1, 2, . . . (1.19)

ìpou oi algìrijmoi k1(x, y) ≡ k(x, y), k2(x, y), k3(x, y), . . . orÐzontai apì ton anadromikì tÔpo

kn(x, z) =

∫ x

z

k(x, y)kn−1(y, z)dy, m = 2, 3, . . . (1.20)
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'Eqontac prosdiorìsei loipìn thn θn(x) paÐrnoume thn lÔsh thc (1.16) apì thn exÐswsh (1.18)
gia n→∞, dhlad 

φ(x) =
∞∑
i=0

θi(x). (1.21)

MÐa �llh lÔsh gia thn (1.16) mporeÐ na prokÔyei an sundu�soume tic exis¸seic (1.18) kai (1.19),
apì tic opoÐec paÐrnome

φn(x) =
n∑
i=0

θi(x) = θ0(x) +
n∑
i=1

θi(x) = `(x) +

∫ x

0

[
n∑
i=1

ki(x, y)

]
`(y)dy.

H lÔsh loipìn thc (1.16) paÐrnei th morf 

φn(x) = `(x) +

∫ x

0

K(x, y)`(y)dy

ìpou

K(x, y) =
n∑
i=1

ki(x, y)

H deÔterh aut  morf  lÔshc miac exÐswshc Volterra deÔterou tÔpou parousi�zetai sugken-
trwtik� sto epìmeno je¸rhma

Je¸rhma 1.2. 'Estw h oloklhrwtik  exÐswsh Volterra deÔterou tÔpou

φ(x) = `(x) +

∫ x

0

k(x, s)φ(s)ds.

An h sun�rthsh ` eÐnai oloklhr¸simh kai h k suneq c, tìte gia opoiod pote x > 0 h monadik 
lÔsh thc parap�nw exÐswshc èqei th morf 

φ(x) = `(x) +

∫ x

0

K(x, s)`(s)ds, (1.22)

ìpou

K(x, s) =
∞∑
m=1

km(x, s), x > s ≥ 0,

km(x, s) =

∫ x

s

k(x, t)km−1(t, s)dt, m = 2, 3, · · · , x > s ≥ 0,

k1(x, s) = k(x, s).
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1.3 Martingales

MÐa eidik  kl�sh stoqastik¸n diadikasi¸n eÐnai oi diadikasÐec martingale, o rìloc twn opoÐwn
eÐnai idiaÐtera shmantikìc sth stoqastik  an�lush. H basik  idèa twn martingales  tan gnw-
st  apì tic arqèc tou 20ou ai¸na, wstìso to megalÔtero mèroc thc majhmatik c jewrÐac touc
emfanÐsthke argìtera kai ofeÐletai kurÐwc ston Amerikanì pijanojewrhtikì Doob. H jewrÐa
twn martingales eÐnai idiaÐtera ekten c kai sta plaÐsia aut c thc ergasÐac ja arkestoÔme sthn
par�jesh twn idiot twn touc pou sqetÐzontai me ta jèmata pou exet�zoume. Gia tic apodeÐxeic
twn idiot twn kai genikìtera gia mÐa pio oloklhrwmènh melèth twn diadikasi¸n martingales, o en-
diaferìmenoc anagn¸sthc parapèmpetai stic ex c phgèc: Giannakìpouloc (2003), Lawler (1995).
Gia na katano soume kalÔtera mÐa diadikasÐa martingale ja anafèroume arqik� orismènec qarak-
thristikèc idiìthtec thc upì sunj kh mèshc tim c. JewroÔme loipìn mÐa tuqaÐa metablht  Y pou
metr�ei to apotèlesma k�poiou tuqaÐou peir�matoc. H desmeumènh mèsh tim  thc t.m. Y wc proc
èna peperasmèno pl joc tuqaÐwn metablht¸n X1, . . . , Xn sumbolÐzetai

E[Y | X1, . . . , Xn], (1.23)

kai eÐnai mÐa tuqaÐa metablht . 'Ena qarakthristikì aut c thc tuqaÐac metablht c eÐnai ìti
exart�tai mìno apì tic timèc twn X1, . . . , Xn, dhlad  mporoÔme na gr�youme

E[Y | X1, . . . , Xn] = φ(X1, . . . , Xn)

gia k�poia sun�rthsh φ. H sun�rthsh φ lème ìti eÐnai mÐa metr simh sun�rthsh. Genikìtera
isqÔei o parak�tw orismìc.

Orismìc 1.1.
An mÐa tuqaÐa metablht  Z mporeÐ na grafeÐ wc sun�rthsh twn X1, . . . , Xn, tìte onom�zetai
metr simh wc proc tic X1, . . . , Xn.

Ac aplopoi soume ìmwc lÐgo touc sumbolismoÔc mac. An X1, X2, . . . mÐa akoloujÐa tuqaÐwn
metablht¸n, ja sumbolÐsoume me Fn thn “plhrofoÐa pou emperièqetai stic X1, . . . , Xn”. 'Etsi
ja mporoÔme na gr�foume E[Y | Fn] antÐ gia E[Y | X1, . . . , Xn]. H gnwst  mac loipìn sqèsh
E(Y ) = E[E(Y | X1, . . . , Xn)] gr�fetai plèon E(Y ) = E[E(Y | Fn)].
Prin proqwrÐsoume ston orismì twn martingales parajètoume tic parak�tw idìthtec thc upì
sunj kh mèshc tim c:

1. An α kai b stajerèc, tìte

E[αY1 + bY2 | Fn] = αE[Y1 | Fn] + bE[Y2 | Fn] (1.24)

2. An h tuqaÐa metablht  Y eÐnai  dh mÐa sun�rthsh twn X1, . . . , Xn, tìte

E[Y | Fn] = Y (1.25)
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3. Gia m < n, isqÔei
E[E(Y | Fn) | Fm] = E[Y | Fm] (1.26)

4. An h tuqaÐa metablht  Y eÐnai anex�rthth twn X1, . . . , Xn, tìte h plhroforÐa pou emper-
ièqetai stic X1, . . . , Xn den mac qrhsimeÔei gia ton prosdiorismì thc Y , dhlad 

E(Y | Fn) = E(Y ) (1.27)

Par�deigma 1.1: JewroÔme tic anex�rthtec kai isìnomec tuqaÐec metablhtèc X1, X2, . . . me
mèsh tim  µ kai to peperasmèno �jroisma

Sn = X1 +X2 + · · · +Xn.

An Fn eÐnai h plhroforÐa pou perièqetai stic X1, . . . , Xn kai m < n, tìte apì thn idiìthta 1,
èqoume

E[Sm | Fm] = E[X1 + · · ·+Xm | Fm] + E[Xm+1 + · · ·+Xn | Fm]

'Omwc apì thn idiìthta 2, paÐrnoume ìti

E[X1 + · · ·+Xm | Fm] = X1 + · · ·+Xm = Sm

afoÔ h Sm eÐnai metr simh wc proc tic X1, . . . , Xm. EpÐshc efìson to �jroisma Xm+1 + · · ·+Xn

eÐnai anex�rthto twn X1, . . . , Xm, tìte efarmìzontac thn idiìthta 4 diapist¸noume ìti

E[Xm+1 + · · ·+Xn | Fm] = E[Xm+1 + · · ·+Xn] = (n−m)µ

Epomènwc sunolik� èqoume
E[Sn | Fm] = Sm + (n−m)µ

Orismìc 1.2.
'Estw X0, X1, . . . mÐa akoloujÐa tuqaÐwn metablht¸n kai Fn h plhroforÐa pou emperièqetai stic
X0, . . . , Xn. JewroÔme epÐshc mÐa akoloujÐa tuqaÐwn metablht¸nM0,M1, . . . me E[ |Mi| ] <∞.
An k�je Mn eÐnai metr simh se sqèsh me tic X0, . . . , Xn, tìte

1. H akoloujÐa twn tuqaÐwn metablht¸n M0,M1, . . . , eÐnai mÐa diadikasÐa martingale wc
proc thn Fn an gia k�je m < n,

E[Mn | Fm] = Mm (1.28)

  enallaktik�
E[Mn −Mm | Fm] = 0,
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2. H akoloujÐa twn tuqaÐwn metablht¸nM0,M1, . . . , eÐnai mÐa diadikasÐa supermartingale
wc proc thn Fn an gia k�je m < n,

E[Mn | Fm] ≤Mm (1.29)

  enallaktik�
E[Mn −Mm | Fm] ≤ 0,

3. H akoloujÐa twn tuqaÐwn metablht¸n M0,M1, . . . , eÐnai mÐa diadikasÐa submartingale
wc proc thn Fn an gia k�je m < n,

E[Mn | Fm] ≥Mm (1.30)

  enallaktik�
E[Mn −Mm | Fm] ≥ 0,

H sunj kh E[ |Mi| ] < ∞, qrei�zetai gia na exasfalÐsoume otÐ orÐzontai oi upì sunj kh
mèsec timèc. Sthn pr�xh, gia na epalhjeÔsoume thn (1.28) arkeÐ na apodeÐxoume ìti ∀ n,

E[Mn+1 | Fn] = Mn, (1.31)

afoÔ an isqÔei k�ti tètoio, tìte apì thn idiìthta 3 thc upì sunj kh mèshc tim c èqoume

E[Mn+2 | Fn] = E[E(Mn+2 | Fn+1) | Fn] = E[Mn+1 | Fn] = Mn

kai suneqÐzontac me ton Ðdio trìpo diapist¸noume ìti ikanopoieÐtai h exÐswsh (1.28) tou OrismoÔ
1.2. AntÐstoiqa gia na epalhjeÔsoume thn (1.29) arkeÐ na deÐxoume ìti

E[Mn+1 | Fn] ≤Mn, (1.32)

en¸ gia na epalhjeÔsoume thn (1.30) arkeÐ na deÐxoume ìti

E[Mn+1 | Fn] ≥Mn, (1.33)

Epilektik  St�sh
H epilektik  st�sh (optional stopping) mac plhroforeÐ sqetik� me to ti mporeÐ na sumbeÐ an
stamat soume mia diadikasÐa martingale   mÐa diadikasÐa super(sub)martingale se k�poio qrìno
st�shc T . H epilektik  st�sh apoteleÐ mÐa idiaÐtera qr simh teqnik  sth stoqastik  an�lush
kai dieukolÔnei touc upologismoÔc mèswn tim¸n kaj¸c kai posot twn pou sqetÐzontai me touc
qrìnouc st�shc.
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Orismìc 1.3.
An T eÐnai ènac qrìnoc st�shc tìte mporoÔme na orÐsoume thn stamathmènh diadikasÐa (stopped
process) Xt∧T .

H stamathmènh diadikasÐa Xt∧T èqei akrib¸c tic Ðdiec troqièc me thn Xt mèqri to qrìno st�shc
T , en¸ met� to qrìno st�shc T h Xt∧T eÐnai “pagwmènh”sthn tim  XT .

Je¸rhma 1.3. (MÐa stamathmènh martingale eÐnai mÐa martingale)

1. An Xt eÐnai mÐa diadikasÐa martingale wc proc thn Ft kai T eÐnai ènac qrìnoc st�shc
wc proc thn Ðdia plhroforÐa Ft, tìte h stamathmènh diadikasÐa Xt∧T eÐnai kai aut  mÐa
martingale wc proc thn Ft kai isqÔei

E[Xt∧T ] = E[X0] (1.34)

2. An h Xt eÐnai mÐa super(sub)martingale tìte h stamathmènh diadikasÐa eÐnai epÐshc mÐa
super(sub)martingale kai isqÔei

E[Xt∧T ] ≤ (≥) E[X0] (1.35)

1.4 Oi oikogèneiec katanom¸n NBUC kai NWUC

Sth JewrÐa AxiopistÐac orÐzontai oikogèneiec (kl�seic) katanom¸n gia th melèth zhmiokatanom¸n,
qrìnwn zw c susthm�twn, suskeu¸n, k.�. Autèc oi kl�seic suqn� qarakthrÐzontai apì thn
bajmÐda apotuqÐac kaj¸c kai thn desmeumènh katanom  tou upoloipìmenou qrìnou zw c. Pa-
radeÐgmata aut¸n twn kl�sewn eÐnai h oikogèneia katanom¸n me aÔxousa bajmÐda apotuqÐac  
IFR (increasing failure rate), h oikogèneia katanom¸n me fjÐnousa bajmÐda apotuqÐac   DFR
(decreasing failure rate), h oikogèneia katanom¸n NBU (new better than used), h kl�sh NWU
(new worse than used), kaj¸c kai oi oikogèneiec katanom¸n NBUC (new better than used in
convex ordering),kai NWUC (new worse than used in convex ordering). Se aut  thn par�-
grafo ja anaferjoÔme stic parap�nw kl�seic katanom¸n apì th JewrÐa AxiopistÐac, kurÐwc
gia na katano soume tic kl�seic NBUC kai NWUC. Xekin�me me mÐa anafor� sth bajmÐda apo-
tuqÐac, th basikìterh sun�rthsh mèsw thc opoÐac ja orÐsoume tic kl�seic katanom¸n pou mac
endiafèroun.

H bajmÐda apotuqÐac (failure rate)
'Estw mÐa tuqaÐa metablht  Y me sun�rthsh katanom c F (y) = Pr(Y ≤ y), y > 0 pou an-
tiproswpeÔei to mègejoc atomik c zhmi�c se èna asfalistikì qartoful�kio. Gia upologistikoÔc
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skopoÔc, eÐnai shmantikì na posotikopoi soume kai na analÔsoume to b�roc thc dexi�c our�c
thc katanom c thc t.m. Y . 'Etsi orÐzoume thn bajmÐda apotuqÐac thc tuqaÐac metablht c Y mèsw
thc sqèshc:

µ(y) =
−F̄ ′(y)

F̄ (y)
= −[ln F̄ (y)]′ (1.36)

ìpou F̄ (y) = 1− F (y) h sun�rthsh dexi�c our�c thc t.m. Y . Oloklhr¸nontac kai ta dÔo mèlh
thc (1.36) prokÔtei ìti

F̄ (y) = e

∫ y
0
µ(x)dx (1.37)

Epomènwc mikrèc timèc thc bajmÐdac apotuqÐac eÐnai èndeixh bari�c dexi�c our�c, en¸ meg�lec
timèc thc bajmÐdac apotuqÐac eÐnai èndeixh elafri�c dexi�c our�c. Se pollèc peript¸seic h ba-
jmÐda apotuqÐac µ(y) eÐnai gnhsÐwc fjÐnousa sun�rthsh tou y kai to gegonìc autì sundu�zetai
me peript¸seic katanom¸n me barièc dexièc ourèc. AntÐstoiqa ìtan h bajmÐda apotuqÐac µ(y)
eÐnai gnhsÐwc aÔxousa sun�rthsh tou y, èqoume katanom  me elafri� dexi� our�. Me gn¸mona
loipìn thn monotonÐa thc µ(y) (kaj¸c kai �llec idiìthtec) kathgoriopoioÔme tic katanomèc se
kl�seic.

Oi kl�seic katanom¸n NBUC kai NWUC
Ja parajèsoume touc orismoÔc twn kl�sewn katanom¸n NBUC kai NWUC, afoÔ pr¸ta doÔme
p¸c orÐzontai oi kl�seic DFR, IFR, NBU, kai NWU.

Orismìc 1.4.

1. H sun�rthsh katanom c F (y) an kei sthn oikogèneia katanom¸n DFR (Decreasing Failure

Rate) an h posìthta
F̄ (x+ y)

F̄ (y)
eÐnai aÔxousa sun�rthsh tou y gia stajerì x ≥ 0.

2. H sun�rthsh katanom c F (y) an kei sthn oikogèneia katanom¸n IFR (Increasing Failure

Rate) an h posìthta
F̄ (x+ y)

F̄ (y)
eÐnai fjÐnousa sun�rthsh tou y gia stajerì x ≥ 0.

EÐnai fanerì ìti h oikogèneia katanom¸n DFR sumperilamb�nei katanomèc me fjÐnousa ba-
jmÐda apotuqÐac µ(y) wc proc y, en¸ h oikogèneia katanom¸n IFR sumperilamb�nei katanomèc me
aÔxousa bajmÐda apotuqÐac µ(y) wc proc y.

Parathr seic:

1. Gia thn oikogèneia katanom¸n DFR, h h(y) =
F̄ (x+ y)

F̄ (y)
eÐnai aÔxousa sun�rthsh tou y

gia stajerì x ≥ 0. Epomènwc gia y ≥ 0, x ≥ 0 ja isqÔei

h(y) ≥ h(0) ⇒ F̄ (x+ y)

F̄ (y)
≥ F̄ (x) ⇒ F̄ (x+ y) ≥ F̄ (y)F̄ (x)
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2. OmoÐwc thn thn oikogèneia katanom¸n IFR, ja isqÔei

F̄ (x+ y) ≤ F̄ (y)F̄ (x), y ≥ 0, x ≥ 0

Orismìc 1.5.

1. H sun�rthsh katanom c F (y) an kei sthn oikogèneia katanom¸n NWU (new worse than
used) ìtan gia k�je x ≥ 0 kai y ≥ 0 isqÔei

F̄ (x+ y) ≥ F̄ (y)F̄ (x)

2. H sun�rthsh katanom c F (y) an kei sthn oikogèneia katanom¸n NBU (new better than
used) ìtan gia k�je x ≥ 0 kai y ≥ 0 isqÔei

F̄ (x+ y) ≤ F̄ (y)F̄ (x)

To ìnoma new worse than used proèrqetai apì to gegonìc ìti h anisìthta F̄ (x+y) ≥ F̄ (x)F̄ (y)
eÐnai ènac diaforetikìc trìpoc èkfrashc thc sqèshc Pr[T (y) > x] ≥ Pr(Y > x), ìpou

T (y) = Y − y / Y > y.

Epomènwc èna qarakthrisikì thc kl�shc NWU eÐnai to gegonìc ìti o upoloipìmenoc qrìnoc
zw c enìc atìmou hlikÐac y eÐnai stoqastik� megalÔteroc apì ton upoloipìmeno qrìno zw c
enìc neogènnhtou atìmou (pou ekfr�zetai apì thn tuqaÐa metablht  Y ). AntÐstoiqa, h kl�sh
ktanom¸n NBU qarakthrÐzetai apì to gegonìc ìti Pr[T (y) > x] ≤ Pr(Y > x).
Fusik� h kl�sh DFR eÐnai uposÔnolo thc kl�shc NWU , en¸ h kl�sh IFR eÐnai uposÔnolo thc
kl�shc NBU.

Orismìc 1.6.

1. H sun�rthsh katanom c F (y) an kei sthn oikogèneia katanom¸n NWUC (new worse than
used in convex ordering) ìtan gia k�je x ≥ 0 kai y ≥ 0 isqÔei

F̄e(x+ y) ≥ F̄e(y)F̄ (x)

2. H sun�rthsh katanom c F (y) an kei sthn oikogèneia katanom¸n NBUC (new better than
used in convex ordering) ìtan gia k�je x ≥ 0 kai y ≥ 0 isqÔei

F̄e(x+ y) ≤ F̄e(y)F̄ (x)

Diapist¸noume loipìn ìti h kl�sh katanom¸n NWUC qarakthrÐzetai apì to gegonìc o up-
oloipìmenoc qrìnoc zw c thc katanom c isorropÐac eÐnai stoqastik� megalÔteroc apì autìn thc
t.m. Y . AntÐstoiqa h kl�sh NBUC qarakthrÐzetai apì to gegonìc o upoloipìmenoc qrìnoc zw c
thc katanom c isorropÐac eÐnai stoqastik� mikrìteroc apì autìn thc t.m. Y . Gia perissìterec
leptomèreiec sqetik� me tic kl�seic katanom¸n, o endiaferìmenoc anagn¸sthc parapèmpetai stic
ex c phgèc: Willmot-Lin (2001), kai Cao-Wang (1991).
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Kef�laio 2

H sun�rthsh twn Gerber-Shiu

Se autì to kef�laio ja xekin soume th melèth tou klassikoÔ montèlou thc JewrÐac KindÔnou
ìtan to pleìnasma ependÔetai me stajer  èntash anatokismoÔ. Basikìc skopìc mac eÐnai h eÔresh
oloklhrwtik¸n exis¸sewn gia thn anamenìmenh proexoflhmènh sun�rthsh poin c twn Gerber-
Shiu. Oi exis¸seic autèc ja mac d¸soun th dunatìthta na broÔme arket� apotelèsmata gia ta
mètra kindÔnou pou mac endiafèroun sta epìmena kef�laia. Anaforik� me thn oloklhrwtik 
exÐswsh pou ikanopoieÐ h anamenìmenh proexoflhmènh sun�rthsh poin c twn Gerber-Shiu, ja
parousi�soume ta apotelèsmata twn Cai-Dickson (2002). EpÐshc ja parousi�soume th lÔsh
twn Liu-Mao (2006) gia thn sun�rthsh twn Gerber-Shiu ìtan u = 0. Prohgoumènwc ìmwc ja
doÔme th genik  morf  mÐac stoqastik c diadikasÐac pleon�smatoc pou ependÔetai me stajerì
epitìkio.

2.1 H stoqastik  diadikasÐa pleon�smatoc sto

klassikì montèlo me epitìkio

JewroÔme ìti to pleìnasma ependÔetai me stajer  èntash anatokismoÔ δ. Ja sumbolÐsoume me
Uδ(t) to pleìnasma kat� th qronik  stigm  t, me ton deÐkth δ na parapèmpei sth stajer  èntash
anatokismoÔ. An o rujmìc eÐspraxhc twn asfalÐstrwn eÐnai stajerìc kai Ðsoc me c, tìte sto
qrìno t ja isqÔei (bl. Sundt-Teugels (1995) )

dUδ(t) = cdt+ Uδ(t)δdt− dS(t). (2.1)

L mma 2.1. Sto klassikì montèlo thc jewrÐac kindÔnou me stajerì epitìkio h susswreumènh
axÐa tou pleon�smatoc kat� th qronik  stigm  t, dÐnetai apì th sqèsh

Uδ(t) = ueδt + cs̄
(δ)

t
−
∫ t

0

eδ(t−y)dS(y), (2.2)
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en¸ h paroÔsa axÐa tou pleon�smatoc kat� th qronik  stigm  t, dÐnetai apì th sqèsh

Vδ(t) = e−δtUδ(t) = u+ cᾱ
(δ)

t
−
∫ t

0

e−δydS(y) (2.3)

ìpou

s̄
(δ)

t
=

∫ t

0

eδxdx =


t, δ = 0

eδt − 1

δ
, δ > 0

kai

ᾱ
(δ)

t
=

∫ t

0

e−δxdx = eδts̄
(δ)

t
=


t, δ = 0

1− e−δt

δ
, δ > 0

eÐnai oi gnwstèc mac suneqeÐc qrhmatooikonomikèc r�ntec.

Apìdeixh:
Pollaplasi�zontac kai ta dÔo mèlh thc (2.1) me e−δt paÐrnoume:

e−δtdUδ(t) = ce−δtdt+ δe−δtUδ(t)dt− e−δtdS(t). (2.4)

Oloklhr¸nontac kai ta dÔo mèlh thc (2.4) apì 0 ewc t èqoume∫ t

0

e−δydUδ(y) = c

∫ t

0

e−δydy + δ

∫ t

0

e−δyUδ(y)dy −
∫ t

0

e−δydS(y). (2.5)

'Omwc, jewr¸ntac ìti Uδ(0) = u, èqoume

•
∫ t

0

e−δydUδ(y) = e−δyUδ(y)
∣∣∣t
y=0

+ δ

∫ t

0

e−δyUδ(y)dy

= e−δtUδ(t)− u+ δ

∫ t

0

e−δyUδ(y)dy, kai

•
∫ t

0

e−δydy = ā
(δ)

t

�ra h (2.5) gÐnetai

e−δtUδ(t)− u = cᾱ
(δ)

t
−
∫ t

0

e−δydS(y),

kai pollaplsi�zontac me eδt paÐrnoume

Uδ(t) = ueδt + ceδtᾱ
(δ)

t
− eδt

∫ t

0

e−δydS(y).
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Katal xame loipìn ìti h Susswreumènh AxÐa tou pleon�smatoc kat� th qronik  stigm  t dÐnetai
apì th sqèsh

Uδ(t) = ueδt + cs̄
(δ)

t
−
∫ t

0

eδ(t−y)dS(y).

AntÐstoiqa h ParoÔsa AxÐa tou pleon�smatoc ja eÐnai

Vδ(t) = e−δtUδ(t) = u+ cᾱ
(δ)

t
−
∫ t

0

e−δydS(y),

sqèsh pou oloklhr¸nei thn apìdeixh tou L mmatoc 2.1

2.2 Orismìc thc anamenìmenhc proexoflhmènhc

sun�rthshc poin c kai eidikèc peript¸seic

Gia to klassikì montèlo me epitìkio ja sumbolÐsoume me Φδ,α(u) thn anamenìmenh proexoflhmènh
sun�rthsh poin c twn Gerber-Shiu, akolouj¸ntac ton sumbolismì twn Cai-Dickson (2002). O
deÐkthc δ mac jumÐzei ìti sto upì exètash montèlo to pleìnasma ependÔetai se stajerì epitìkio
(tou opoÐou h èntash anatokismoÔ eÐnai δ).
'Etsi an Tδ = inf {t : Uδ(t) < 0} eÐnai o qrìnoc qreokopÐac gia to montèlo mac, en¸

Uδ(T
−
δ ) eÐnai to pleìnasma prin th qreokopÐa kai

|Uδ(Tδ)| to èlleimma akrib¸c met� th qreokopÐa,

tìte, an h qreokopÐa epèrqetai sunart sei tou arqikoÔ kefalaÐou Uδ(0) = u, h anamenìmenh
proexoflhmènh sun�rthsh poin c twn Gerber-Shiu dÐnetai apì th sqèsh:

Φδ,α(u) = E
[
e−αTδw(Uδ(T

−
δ ), |Uδ(Tδ)|) I(Tδ <∞) | Uδ(0) = u

]
(2.6)

'Opwc eÐdame kai sto prohgoÔmeno kef�laio, epilègontac kat�llhla th sun�rthsh poin c w,
paÐrnoume ta di�fora mètra kindÔnou pou mac endiafèroun apì thn (2.6). Oi kuriìterec eidikèc
peript¸seic thc anamenìmenhc proexoflhmènhc sun�rthshc poin c pou ja mac apasqol soun sta
epìmena kef�laia eÐnai:

1. H pijanìthta qreokopÐac.
Gia w(x1, x2) = 1 kai α = 0 h (2.6) gÐnetai

Φδ,0(u) = E[I(Tδ <∞) | Uδ(0) = u] = ψδ(u)

Gia to klassikì montèlo me stajer  èntash anatokismoÔ δ, ψδ(u) eÐnai h pijanìthta to
pleìnasma na p�rei mÐa austhr� arnhtik  tim .
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2. O metasqhmatismìc Laplace tou qrìnou qreokopÐac.
Gia w(x1, x2) = 1 kai α > 0 paÐrnoume

Φδ,α(u) = E[e−αTδI(Tδ <∞) | Uδ(0) = u] = ψδ,α(u)

3. H proexoflhmènh perij¸ria sun�rthsh katanom c tou pleon�smatoc prin th qreokopÐa.
Gia w(x1, x2) = I(x1 ≤ x) h (2.6) mac dÐnei

Φδ,α(u) = E[e−αTδI(Uδ(T
−
δ ) ≤ x) I(Tδ <∞) | Uδ(0) = u] = Fδ,α(u, x)

Gia to klassikì montèlo me stajerì epitìkio, h Fδ,α(u, x) ekfr�zei thn pijanìthta na
epèljei qreokopÐa me arqikì kef�laio u kai to mègejoc tou pleon�smatoc prin th qreokopÐa
na eÐnai to polÔ x.

4. H proexoflhmènh perij¸ria sun�rthsh katanom c tou elleÐmmatoc th stigm  thc qreokopÐac
(deficit at ruin.)
Gia w(x1, x2) = I(x2 ≤ y) èqoume

Φδ,α(u) = E[e−αTδI(|Uδ(Tδ)| ≤ y) I(Tδ <∞) | Uδ(0) = u] = Gδ,α(u, y)

Gia to klassikì montèlo me stajerì epitìkio, h Gδ,α(u, y) antiproswpeÔei to endeqìmeno
na epèljei qreokopÐa me arqikì kef�laio u kai to mègejoc tou elleÐmmatoc th stigm  thc
qreokopÐac na eÐnai to polÔ y.

5. H proexoflhmènh apì koinoÔ sun�rthsh katanom c tou pleon�smatoc prin th qreokopÐa
kai tou elleÐmmatoc th stigm  thc qreokopÐac.
Gia w(x1, x2) = I(x1 ≤ x)I(x2 ≤ y)

Φδ,α(u) = E[e−αTδI(U(T−δ ) ≤ x) I(|Uδ(Tδ)| ≤ y) I(T <∞) | U(0) = u] = Hδ,α(u, x, y)

Sta plaÐsia tou klassikoÔ montèlou me stajerì epitìkio, Hα(u, x, y) eÐnai h pijanìthta
na epèljei qreokopÐa me arqikì kef�laio u kai to pleìnasma prin th qreokopÐa na eÐnai to
polÔ x, en¸ to èlleimma th stigm  thc qreokopÐac na eÐnai to polÔ y.

Parathr seic:

• To klassikì montèlo thc jewrÐac kindÔnou (qwrÐc epitìkio) apoteleÐ eidik  perÐptwsh tou
montèlou me stajerì epitìkio gia δ = 0.

• Apì tic proexoflhmènec sunart seic katanom c mporoÔme na p�roume tic antÐstoiqec mh-
proexoflhmènec jètontac α = 0.

Sta epìmena kef�laia ja exet�soume analutikìtera tic eidikèc morfèc thc anamenìmenhc proex-
oflhmènhc sun�rthshc poin c.
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2.3 Oloklhrwtik  exÐswsh gia thn anamenìmenh

proexoflhmènh sun�rthsh poin c Φδ,α(u)

Se aut  thn par�grafo ja asqolhjoÔme me thn eÔresh oloklhrwtik¸n exis¸sewn gia thn ana-
menìmenh proexoflhmènh sun�rthsh poin c twn Gerber-Shiu. Xekin�me me thn diatÔpwsh enìc
L mmatoc pou ja mac qrhsimeÔsei sth sunèqeia.

L mma 2.2. IsqÔei∫ u

0

∫ t

0

Φδ,α(t− x)f(x)dxdt =

∫ u

0

Φδ,α(u− x)F (x)dx (2.7)

Apìdeixh: UpologÐzoume to eswterikì olokl rwma xeqwrist�∫ t

0

Φδ,α(t− x)f(x)dx =

∫ t

0

Φδ,α(t− x)F
′
(x)dx = Φδ,α(t− x)F (x)

t
x=0

− ∂

∂x
(t− x)

∫ t

0

Φ
′

δ,α(t− x)F (x)dx

=Φδ,α(0)F (t) +

∫ t

0

Φ
′

δ,α(t− x)F (x)dx

Sunolik� loipìn ja èqoume∫ u

0

∫ t

0

Φδ,α(t− x)f(x)dxdt =

∫ u

0

Φδ,α(0)F (t)dt+

∫ u

0

∫ t

0

Φ
′

δ,α(t− x)F (x)dxdt

= Φδ,α(0)

∫ u

0

F (t)dt+

∫ u

0

∫ u

x

Φ
′

δ,α(t− x)F (x)dtdx

= Φδ,α(0)

∫ u

0

F (t)dt+

∫ u

0

F (x) [Φδ,α(u− x)− Φδ,α(0)] dx

=

∫ u

0

Φδ,α(u− x)F (x)dx,

Gia na katal xoume se mÐa oloklhrwtik  exÐswsh gia thn Φδ,α(u), ja ekmetalleutoÔme thn
ananewtik  thc idiìthta. Arqik� esti�zoume thn prosoq  mac sthn epèleush tou pr¸tou zh-
miogìnou endeqomènou kai desmeÔsoume wc proc ton qrìno epèleus c tou (T1 = t) kai wc proc
to mègejìc tou (X1 = x). 'Eqoume dhlad 

Φδ,α(u) =

∫ ∞
0

∫ ∞
0

Φδ,α(u|t, x)dF (x)g(t)dt
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'Omwc sto klassikì montèlo g(t) = λe−λt, opìte

Φδ,α(u) =

∫ ∞
0

λe−λt
∫ ∞

0

E(e−αTδw(U(T−δ ), |U(Tδ)|)I(Tδ <∞)|X1 = x, T1 = t)dF (x)dt

Dojèntoc loipìn ìti T1 = t kai X1 = x, h susswreumènh axÐa tou pleon�smatoc met� thn

epèleush tou pr¸tou zhmiogìnou endeqomènou ja eÐnai ueδt + cs̄
(δ)

t
− x. Epomènwc, an�loga me

to mègejoc thc pr¸thc apaÐthshc, diakrÐnoume duo perit¸seic:

1. EmfanÐzetai zhmi� all� den prokaleÐ qreokopÐa.

Dhlad  se k�poia qronik  stigm  t ∈ [0,∞) prokaleÐtai zhmi� tètoia ¸ste x < ueδt+ cs̄
(δ)

t

(to mègejìc thc eÐnai mikrìtero apì to pleìnasma pou eÐqe susswreuteÐ mèqri ekeÐnh th
qronik  stigm ). Sthn perÐptwsh aut , h diadikasÐa pleon�smatoc anane¸netai kai to nèo

arqikì kef�laio akrib¸c met� thn epèleush tou zhmiogìnou endeqomènou eÐnai ueδt+cs̄(δ)

t
−

x.

2. EmfanÐzetai zhmi� kai epifèrei qreokopÐa.

Gia na sumbeÐ autì ja prèpei na isqÔei x > ueδt + cs̄
(δ)

t
, ∀ t ∈ [0,∞).

Lamb�nontac up�oyh tic parap�nw peript¸seic, èqoume

Φδ,α(u) =

∫ ∞
0

λe−(λ+α)t

∫ ueδt+cs̄δ
t

0

Φδ,α(δt+ cs̄
(δ)

t
− x)dF (x)dt

+

∫ ∞
0

λe−(λ+α)t

∫ ∞
ueδt+cs̄

(δ)

t

w(ueδt + cs̄
(δ)

t
, x− ueδt − cs̄(δ)

t
)dF (x)dt

(2.8)

Jètoume y = ueδt + cs̄
(δ)

t
, opìte

t =
1

δ
ln
c+ δy

c+ δu
⇒ dt =

dy

c+ δy
,

en¸

λe−(λ+α)t = λe
−λ+α

δ
ln( c+δy

c+δu
)

= λ(
c+ δy

c+ δu
)−

λ+α
δ = λ(

c+ δu

c+ δy
)
λ+α
δ

Antikajist¸ntac sthn (2.8) paÐrnoume

Φδ,α(u) =λ(c+ δu)
λ+α
δ

∫ ∞
u

(c+ δy)−(λ+α
δ

+ 1)
∫ y

0

Φδ,α(y − x)dF (x)dy

+ λ(c+ δu)
λ+α
δ

∫ ∞
u

(c+ δy)−(λ+α
δ

+ 1)
∫ ∞
y

w(y, x− y)dF (x)dy

Jètontac A(t) =
∫∞
t
w(t, s− t)dF (s), h parap�nw exÐswsh mac dÐnei

Φδ,α(u) = λ(c+ δu)
λ+α
δ

∫ ∞
u

(c+ δy)−(λ+α
δ

+ 1)
(∫ y

0

Φδ,α(y − x)dF (x) + A(y)

)
dy
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ParagwgÐzontac wc proc u kai efarmìzontac ton kanìna tou Leibniz1 èqoume:

d

du
Φδ,α(u) =

d

du

[
λ(c+ δu)

λ+α
δ

] [∫ ∞
u

(c+ δy)−(λ+α
δ

+1)

(∫ y

0

Φδ,α(y − x)dF (x) + A(y)

)
dy

]
+ λ(c+ δu)

λ+α
δ

d

du

[∫ ∞
u

(c+ δy)−(λ+α
δ

+1)

(∫ y

0

Φδ,α(y − x)dF (x) + A(y)dy

)]
=
λ+ α

δ
λ(c+ δu)

λ+α
δ
−1δ

Φδ,α(u)

λ(c+ δu)(λ+α)/δ

+ λ(c+ δu)
λ+α
δ

{
0−

[
(c+ δu)−

λ+α
δ
−1

(∫ u

0

Φδ,α(u− x)dF (x) + A(u)

)]
+ 0

}
=
λ+ α

c+ δu
Φδ,α(u)− λ

c+ δu

(∫ u

0

Φδ,α(u− x)dF (x) + A(u)

)
Opìte katal goume sthn ex c oloklhrodiaforik  exÐswsh gia thn anamenìmenh proexoflhmènh
sun�rthsh poin c:

(c+ δt)Φ
′

δ,α(t) = (λ+ α)Φδ,α(t)− λ
∫ t

0

Φδ,α(t− x)dF (x)− λA(t) (2.9)

Oloklhr¸nontac kai ta dÔo mèlh thc (2.9) apo 0 èwc u, paÐrnoume

∫ u

0

(c+ δt)Φ
′

δ,α(t)dt = (λ+α)

∫ u

0

Φδ,α(t)dt−λ
∫ u

0

∫ t

0

Φδ,α(t−x)dF (x)dt−λ
∫ u

0

A(t)dt (2.10)

'Omwc ∫ u

0

(c+ δt)Φ
′

δ,α(t)dt = (c+ δt)Φδ,α(t)
∣∣∣u
t=0
− δ

∫ u

0

Φδ,α(t)dt

= (c+ δu)Φδ,α(u)− cΦδ,α(0)− δ
∫ u

0

Φδ,α(t)dt,

en¸ efarmìzontac to L mma 2.1 sto diplì olokl rwma tou dexioÔ mèlouc thc (2.10) paÐrnoume∫ u

0

∫ t

0

Φδ,α(t− x)dF (x)dt =

∫ u

0

Φδ,α(u− x)F (x)dx

1
Κανόνας του Leibniz για την παραγώγιση ολοκληρωμάτων:

d

dx

∫ f2(x)

f1(x)

g(x, s)ds = g(x, f2(x))f
′

2(x)− g(x, f1(x))f
′

1(x) +
∫ f2(x)

f1(x)

d

dx
g(x, s)ds
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Sunolik� loipìn h (2.10) gÐnetai

(c+ δu)Φδ,α(u)− cΦδ,α(0)− δ
∫ u

0

Φδ,α(t)dt = (λ+ α)

∫ u

0

Φδ,α(t)dt

− λ
∫ u

0

Φδ,α(t)F (u− t)dt− λ
∫ u

0

A(t)dt

  diaforetik�

(c+ δu)Φδ,α(u) = cΦδ,α(0)− λ
∫ u

0

A(t)dt+

∫ u

0

[
δ + α + λF̄ (u− t)

]
Φδ,α(t)dt. (2.11)

LÔnontac thn (2.11) wc proc Φδ,α(u), katal goume sth diatÔpwsh tou akìloujou jewr matoc

Je¸rhma 2.1. Sto klassikì montèlo me epitìkio, h oloklhrwtik  exÐswsh Volterra pou
ikanopoieÐ h anamenìmenh proexoflhmènh sun�rthsh poin c twn Gerber-Shiu eÐnai

Φδ,α(u) =
cΦδ,α(0)

c+ δu
− λ

c+ δu

∫ u

0

A(t)dt+

∫ u

0

kδ,α(u, t)Φδ,α(t)dt, (2.12)

ìpou

kδ,α(u, t) =
δ + α + λF̄ (u− t)

c+ δu

H (2.12) eÐnai mÐa oloklhrwtik  exÐswsh Volterra deÔterou tÔpou kai h (2.11) apoteleÐ mÐa
enallaktik  morf  graf c thc. SÔmfwna me touc Cai, Dickson (2002), h lÔsh thc (2.12) dÐnetai
apì th sqèsh

Φδ,α(u) = `(u) +

∫ u

0

Kδ,α(u, t)`(t)dt, (2.13)

ìpou

`(u) =
cΦδ,α(0)

c+ δu
− λ

c+ δu

∫ u

0

A(t)dt

kai

Kδ,α(u, t) =
∞∑
i=0

kiδ,α(u, t)

k1
δ,α(u, t) = kδ,α(u, t) =

δ + α + λF̄ (u− t)
c+ δu

kiδ,α(u, t) =

∫ u

t

k1
δ,α(u, x)ki−1

δ,α (x, t)dx, i = 2, 3, . . .
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2.4 H akrib c lÔsh gia Φδ,α(0)

'Ena akìmh shmantikì b ma sth melèth thc anamenìmenhc proexoflhmènhc sun�rthshc poin c
eÐnai h eÔresh thc Φδ,α(0). Autì ja mac epitrèyei na p�roume p�roume arket� apotelèsmata apo
thn sugkekrimènh sun�rthsh gia di�fora mètra kindÔnou, ta opoÐa kai ja parousi�soume sta
epìmena kef�laia aut c thc ergasÐac. Gia thn eÔresh thc Φδ,α(0) ja qreiasteÐ na orÐsoume thn
ex c sun�rthsh:

Zδ,α(u) =
Φδ,α(0)− Φδ,α(u)

Φδ,α(0)
(2.14)

Idiìthtec thc Zδ,α(u):

1. Zδ,α(0) = 0

2. Apì touc Cai, Dickson (2002) gnwrÐzoume ìti Φδ,α(u) < Φδ(u) (gia kanonikèc katanomèc
zhmi¸n). 'Omwc Φδ,α(u)→ 0 kaj¸c u→∞.'Etsi sumperaÐnoume ìti

lim
u→∞

Zδ,α(u) = 1

3.

∫ u

0

Zδ,α(t)dt = tZδ,α(t)
∣∣∣u
t=0
−
∫ u

0

tdZδ,α(t)dt = uZδ,α(u)−
∫ u

0

tdZδ,α(t)

EpÐshc, lÔnontac thn (2.14) wc proc Φδ,α(u), paÐrnoume ìti

Φδ,α(u) = Φδ,α(0)− Φδ,α(0)Zδ,α(u) (2.15)

Sthn prohgoÔmenh enìthta ìmwc eÐqame breÐ ìti

(c+ δu)Φδ,α(u) = cΦδ,α(0)− λ
∫ u

0

A(t)dt+

∫ u

0

[δ + α + λF̄ (u− t)]Φδ,α(t)dt.

Antikajist¸ntac loipìn thn (2.15) sthn parap�nw exÐswsh, èqoume

cΦδ,α(0)− cΦδ,α(0)Zδ,α(u) + δuΦδ,α(0)− δuΦδ,α(0)Zδ,α(u) = cΦδ,α(0)− λ
∫ u

0

A(t)dt

+(δ + α)

∫ u

0

[Φδ,α(0)− Φδ,α(0)Zδ,α(t)] dt+ λ

∫ u

0

F̄ (u− t) [Φδ,α(0)− Φδ,α(0)Zδ,α(t)] dt

k�nontac merikèc aplopoi seic paÐrnoume

δuΦδ,α(0)− (c+ δu)Φδ,α(0)Zδ,α(u) =− λ
∫ u

0

A(t)dt+ (δ + α)uΦδ,α(0)

−(δ + α)Φδ,α(0)

∫ u

0

Zδ,α(t)dt+ λΦδ,α(0)

∫ u

0

F̄ (u− t)dt− λΦδ,α(0)

∫ u

0

F̄ (u− t)Zδ,α(t)dt⇒

−(c+ δu)Zδ,α(u) = − λ

Φδ,α(0)

∫ u

0

A(t)dt+ αu− (δ + α)

∫ u

0

Zδ,α(t)dt

+λ

∫ u

0

F̄ (t)dt−λ
∫ u

0

F̄ (u− t)Zδ,α(t)dt
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dhlad 

(c+ δu)Zδ,α(u) = (δ+α)

∫ u

0

Zδ,α(t)dt−αu+
λµA

Φδ,α(0)
A1(u)− λµFe(u) + λµFe ∗Zδ,α(u) (2.16)

ìpou

µA =

∫ ∞
0

A(t)dt, A1(u) =
1

µA

∫ u

0

A(t)dt

kai

Fe ∗ Zδ,α(u) =

∫ u

0

Zδ,α(t)fe(u− t)dt

Efarmìzontac thn Idiìthta 3 thc Zδ,α(u) gr�foume thn exÐswsh (2.16) se mia morf  pou ja mac
qrhsimeÔsei sth sunèqeia, ìtan ja douleÔoume me metasqhmatismoÔc Laplace:

(c+ δu)Zδ,α(u) =(δ + α)

[
uZδ,α(u)−

∫ u

0

tdZδ,α(t)

]
− αu+

λµA
Φδ,α(0)

A1(u)

− λµFe(u) + λµFe ∗ Zδ,α(u)⇒

cZδ,α(u) + δuZδ,α(u) =δuZδ,α(u)− δ
∫ u

0

tdZδ,α(t) + α

[
uZδ,α(u)−

∫ u

0

tdZδ,α(t)

]
− αu+

λµA
Φδ,α(0)

A1(u)− λµFe(u) + λµFe ∗ Zδ,α(u)

�ra

cZδ,α(u)+δ

∫ u

0

tdZδ,α(t) = α

∫ u

0

Zδ,α(t)dt−αu+
λµA

Φδ,α(0)
A1(u)−λµFe(u)+λµFe∗Zδ,α(u) (2.17)

T¸ra paÐrnoume metasqhmatismoÔc Laplace kai sta dÔo mèlh thc (2.17), afoÔ pr¸ta orÐsoume
touc akìloujouc metasqhmatismoÔc:

z̃δ,α(s) =

∫ ∞
0

e−sxdZδ,α(x)

f̃e(s) =

∫ ∞
0

e−sxfe(x)dx =
1

µ

∫ ∞
0

e−sxF̄ (x)dx

ã1(s) =

∫ ∞
0

e−sxdA1(x)dx =
1

µA

∫ ∞
0

e−sxA(x)dx

Parajètoume loipìn analutik� ta apotelèsmata gia ton k�je ìro thc (2.17) xeqwrist�:

•
∫ ∞

0

e−sucZδ,α(u)du = c

[
−e
−su

s
Zδ,α(u)

∣∣∣∞
u=0

+
1

s

∫ ∞
0

e−sudZδ,α(u)

]
=
c

s
z̃δ,α(u)
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•
∫ ∞

0

e−suδ

∫ u

0

tZ
′

δ,α(t)dtdu = δ

∫ ∞
0

∫ ∞
t

e−sutZ
′

δ,α(t)dudt = δ

∫ ∞
0

tZ
′

δ,α(t)

∫ ∞
t

e−sududt

= δ

∫ ∞
0

tZ
′

δ,α(t)
e−st

s
dt =

δ

s

[
−z̃′δ,α(s)

]
•
∫ ∞

0

e−suα

∫ u

0

Zδ,α(t)dtdu = α

∫ ∞
0

∫ ∞
t

e−suZδ,α(t)dudt = α

∫ ∞
0

e−st

s
Zδ,α(t)dt

= α

[
−e
−st

s2
Zδ,α(t)

∣∣∣∞
t=0

+
1

s2

∫ ∞
0

e−stdZδ,α(t)

]
=

a

s2
z̃δ,α(s)

•
∫ ∞

0

e−su
λµA

Φδ,α(0)
A1(u)du =

λµA
Φδ,α(0)

[
−e
−su

s
A1(u)

∣∣∣∞
u=0

+
1

s

∫ ∞
0

e−sudA1(u)

]
=

λµA
Φδ,α(0)

ã1(s)

s

•
∫ ∞

0

e−suλµFe(u)du = λµ

[
−e
−su

s
Fe(u)

∣∣∣∞
u=0

+
1

s

∫ ∞
0

e−sudFe(u)

]
= λµ

f̃e(s)

s

•
∫ ∞

0

e−suλµ

∫ u

0

fe(u− t)Zδ,α(t)dtdu = λµf̃e(s)

∫ ∞
0

e−stZδ,α(t)dt = λµf̃e(s)
z̃δ,α(s)

s

EpÐshc èqoume
∫∞

0
e−suαudu =

α

s2

Opìte to sunolikì mac apotèlesma ja eÐnai:

c

s
z̃δ,α(s)− δ

s
z̃
′

δ,α(s) =
α

s2
z̃δ,α(s)− α

s2
+

λµA
Φδ,α(0)

ã1(s)

s
− λµf̃e(s)

s
+ λµf̃e(s)

z̃δ,α(s)

s

Pollaplasi�zontac kai ta dÔo mèlh thc parap�nw exÐswshc me s kai k�nontac paragontopoÐhsh
paÐrnoume

−δz̃′δ,α(s) +
[
c− λµf̃e(s)−

α

s

]
z̃δ,α(s) =

λµA
Φδ,α(0)

ã1(s)− λµf̃e(s)−
α

s
(2.18)

H (2.18) eÐnai mÐa diaforik  exÐswsh pr¸thc t�xhc gia thn z̃δ,α(s). Gia na th lÔsoume prèpei
pr¸ta na thn fèroume sth morf : y

′
+ P (x)y = Q(x). Arqik� jètoume

L(s) = c− λµf̃e(s)

kai

M(s) =
λµA

Φδ,α(0)
ã1(s)− λµf̃e(s)

opìte h (2.18) gÐnetai

−δz̃′δ,α(s) +
[
L(s)− α

s

]
z̃δ,α(s) = M(s)− α

s

36



Diair¸ntac me δ fèrnoume thn parap�nw exÐswsh sthn epijumht  morf  y
′
+ P (x)y = Q(x) pou

lÔnetai pollalasi�zontac kai ta dÔo mèlh thc me exp
(∫

P (x)dx
)
kai sth sunèqeia oloklhr¸non-

tac. 'Eqoume loipìn

z̃
′

δ,α(s)− 1

δ

[
L(s)− α

s

]
z̃δ,α(s) = −1

δ

[
M(s)− α

s

]
(2.19)

Epomènwc pollaplasi�zoume kai ta dÔo mèlh thc (2.19) me

e
∫ s
0 −

1
δ [L(t)−α

t ]dt = e−
1
δ

∫ s
0 L(t)dte

α
δ

∫ s
0

1
t
dt = e−

1
δ

∫ s
0 L(t)dte

α
δ

ln s = s
α
δ e−

1
δ

∫ s
0 L(t)dt

opìte h (2.19) gÐnetai

z̃
′

δ,α(s)s
α
δ e−

1
δ

∫ s
0 L(t)dt − 1

δ

[
L(s)− α

s

]
z̃δ,α(s)s

α
δ e−

1
δ

∫ s
0 L(t)dt = −1

δ
[M(s)s− α] s

α
δ
−1e−

1
δ

∫ s
0 L(t)dt

'Omwc to pr¸to mèloc thc parap�nw exÐswshc eÐnai h posìthta

d

ds

[
z̃δ,α(s)s

α
δ e−

1
δ

∫ s
0 L(t)dt

]
�ra èqoume

d

ds

[
z̃δ,α(s)s

α
δ e−

1
δ

∫ s
0 L(t)dt

]
= −1

δ

[
M(s)− α

s

]
s
α
δ e−

1
δ

∫ s
0 L(t)dt

T¸ra oloklhr¸noume kai ta dÔo mèlh apì s ewc ∞, kai epeid 

lim
s→∞

z̃δ,α(s)s
α
δ = lim

s→∞

∫ ∞
0

s
α
δ dZδ,α(x) = 0

paÐrnoume ∫ ∞
s

d
[
z̃δ,α(y)y

α
δ e−

1
δ

∫ y
0 L(t)dt

]
= −1

δ

∫ ∞
s

[M(y)y − α] y
α
δ
−1e−

1
δ

∫ y
0 L(t)dtdy ⇒

0− z̃δ,α(s)s
α
δ e−

1
δ

∫ s
0 L(t)dt = −1

δ

∫ ∞
s

[M(y)y − α] y
α
δ
−1e−

1
δ

∫ y
0 L(t)dtdy

dhlad 

z̃δ,α(s)s
α
δ e−

1
δ

∫ s
0 L(t)dt =

1

δ

∫ ∞
s

[M(y)y − α] y
α
δ
−1e−

1
δ

∫ y
0 L(t)dtdy

Jètontac s = 0, èqoume
(
L(s) = c− λµf̃e(s),M(s) = λµA

Φδ,α(0)
ã1(s)− λµf̃e(s)

)
0 =

λµA
Φδ,α(0)

∫ ∞
0

ã1(y)y
α
δ e−

1
δ

∫ y
0 [c−λµf̃e(t)]dtdy − 1

δ

∫ ∞
0

(
λµf̃e(y)y + α

)
y
α
δ
−1e−

1
δ

∫ y
0 [c−λµf̃e(t)]dtdy
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ap�opou mporoÔme na lÔsoume wc proc Φδ,α(0):

Φδ,α(0) =
λµA

∫∞
0
ã1(y)y

α
δ e−

1
δ

∫ y
0 [c−λµf̃e(t)]dtdy∫∞

0

(
λµf̃e(y)y + α

)
y
α
δ
−1e−

1
δ

∫ y
0 [c−λµf̃e(t)]dtdy

Ja aplopoi soume to olokl rwma tou paronomast ∫ ∞
0

(
λµf̃e(y)y + α

)
y
α
δ
−1e−

1
δ

∫ y
0 [c−λµf̃e(t)]dtdy =

= λµ

∫ ∞
0

f̃e(y)y
α
δ e−

1
δ

∫ y
0 [c−λµf̃e(t)]dtdy + α

∫ ∞
0

y
α
δ
−1e−

1
δ

∫ y
0 [c−λµf̃e(t)]dtdy

jètoume y = δv (dy = δdv) kai t = δs (dt = δds)

= λµ

∫ ∞
0

f̃e(δv)(δv)
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsδdv + α

∫ ∞
0

(δv)
α
δ
−1e−cv+λµ

∫ v
0 f̃e(δs)dsδdv

opìte èqoume

Φδ,α(0) =

λµAδ
α
δ δ

∫ ∞
0

ã1(δv)v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsδdv

δ
α
δ δ

[
λµ

∫ ∞
0

f̃e(δv)v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv +

α

δ

∫ ∞
0

v
α
δ
−1e−cv+λµ

∫ v
0 f̃e(δs)dsdv

]
Jètoume

ζδ,α = λµ

∫ ∞
0

f̃e(δv)v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv

kai

ιδ,α =

∫ ∞
0

α

δ
v
α
δ
−1e−cv+λµ

∫ v
0 f̃e(δs)dsdv =

∫ ∞
0

(
v
α
δ

)′
e−cv+λµ

∫ v
0 f̃e(δs)dsdv =

= v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)ds

∣∣∣∞
v=0
−
∫ ∞

0

[
−c+ λµf̃e(δv)

]
v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv

=

∫ ∞
0

[
c− λµf̃e(δv)

]
v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv

kai ft�noume sthn aplopoihmènh morf 

Φδ,α(0) =
λµA

ζδ,α + ιδ,α

∫ ∞
0

ã1(δv)v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv

AnalÔontac thn posìthta ιδ,α ft�noume se mÐa akìma pio apl  morf  gia thn Φδ,α(0). 'Eqoume
loipìn

ιδ,α =

∫ ∞
0

[
c− λµf̃e(δv)

]
v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv =

= c

∫ ∞
0

v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv − λµ

∫ ∞
0

f̃e(δv)v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv
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kai an jèsoume

κδ,α = c

∫ ∞
0

v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv

Epomènwc prokÔptei ìti
ιδ,α = κδ,α − ζδ,α,

opìte
ζδ,α + ιδ,α = ζδ,α + κδ,α − ζδ,α = κδ,α

Me autoÔc touc teleutaÐouc upologismoÔc oloklhr¸netai o upologismìc thc Φδ,α(0) pou  tan
kai o arqikìc skopìc mac. To Je¸rhma pou akoloujeÐ apoteleÐ to basikì sumpèrasma aut c
thc paragr�fou.

Je¸rhma 2.2. Sto klassikì montèlo thc jewrÐac kindÔnou me stajerì epitìkio isqÔei

Φδ,α(0) = λµA

(
c

∫ ∞
0

v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv

)−1 ∫ ∞
0

ã1(δv)v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv

  diaforetik�

Φδ,α(0) =
λµA
κδ,α

∫ ∞
0

ã1(δv)v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv

ìpou

κδ,α = c

∫ ∞
0

v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv
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Kef�laio 3

Upologismìc tou metasqhmatismoÔ
Laplace tou qrìnou qreokopÐac kai
thc pijanìthtac qreokopÐac

Oi Liu-Mao (2006) qrhsimopoÐhsan thn anamenìmenh proexoflhmènh sun�rthsh poin c twn Gerber-
Shiu kai èdwsan thn oloklhrwtik  exÐswsh Volterra pou ikanopoieÐ o metasqhmatismìc Laplace
tou qrìnou qreokopÐac. Se autì to kef�laio ja parousi�soume analutik� autì to apotèlesma,
en¸ ja broÔme kai thn antÐstoiqh exÐswsh gia thn pijanìthta qreokopÐac. Sth sunèqeia ja
parajèsoume thn analutik  lÔsh gia thn pijanìthta qreokopÐac, ìtan ta megèjh zhmi¸n akolou-
joÔn thn ekjetik  katanom . Tèloc ja d¸soume orismènec arijmhtikèc lÔseic twn exis¸sewn
Volterra.
'Eqoume sumbolÐsei me ψδ(u) thn pijanìthta qreokopÐac gia to klassikì montèlo me epitìkio,
ìtan to arqikì kef�lio eÐnai u. JumÐzoume ìti h ψδ(u) ekfr�zei th pijanìthta to pleìnasma
na pèsei k�tw apì to mhdèn, ìtan to arqikì kef�laio eÐnai u. An loipìn Tδ eÐnai o qrìnoc
qreokopÐac, dhlad  h pr¸th for� pou to pleìnasma lamb�nei mÐa austhr� arnhtik  tim , tìte

Tδ = inf {t : Uδ(t) < 0}

kai
ψδ(u) = Pr[Uδ(t) < 0] = E [I(Tδ <∞)] . (3.1)

'Ena �llo polÔ shmantikì mètro kindÔnou pou ja exet�soume se autì to kef�laio eÐnai o metasqh-
matismìc Laplace tou qrìnou qreokopÐac,  toi

ψδ,α(u) = E
[
e−αTδI(Tδ <∞)

]
(3.2)

Apì tic (3.1) kai (3.2) diapist¸noume eÔkola ìti h pijanìthta qreokopÐac apoteleÐ mÐa eidik 
perÐptwsh tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac, kaj¸c gia α = 0 isqÔei

ψδ,0(u) = ψδ(u).
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Stic epìmenec dÔo paragr�fouc ja broÔme tic oloklhrwtikèc exis¸seic Volterra pou ikanopoioÔn
o metasqhmatismìc Laplace tou qrìnou qreokopÐac kai h pijanìthta qreokopÐac antÐstoiqa.

3.1 H oloklhrwtik  exÐswsh tou metasqhmatismoÔ

Laplace tou qrìnou qreokopÐac kai h lÔsh thc

'Opwc tonÐsame kai sto prohgoÔmeno kaf�laio, o metasqhmatismìc Laplace tou qrìnou qreokopÐac
apoteleÐ mÐa eidik  perÐptwsh thc anamenìmenhc proexoflhmènhc sun�rthshc poin c twn Gerber-
Shiu. Sugkekrimèna, gia w(x1, x2) = 1 èqoume

Φδ,α(u) = E
[
e−αTδI(Tδ <∞)

]
= ψδ,α(u).

Sto Kef�laio 2 br kame thn oloklhrwtik  exÐswsh Volterra pou ikanopoieÐ h anamenìmenh proex-
oflhmènh sun�rthsh poin c twn Gerber-Shiu (bl. Je¸rhma 2.1). Sta plaÐsia tou akìloujou
Jewr matoc ja katal xoume sthn oloklhrwtik  exÐswsh Volterra pou ikanopoieÐ o metasqhma-
tismìc Laplace tou qrìnou qreokopÐac kai th lÔsh thc.

Je¸rhma 3.1. H lÔsh thc oloklhrwtik c exÐswshc Volterra pou ikanopoieÐ o metasqhma-
tismìc Laplace tou qrìnou qreokopÐac eÐnai

ψδ,α(u) =
cψδ,α(0)

c+ δu
− λµ

c+ δu
Fe(u) +

∫ u

0

Kδ,α(u, t)

[
cψδ,α(0)

c+ δt
− λµ

c+ δt
Fe(t)

]
dt , (3.3)

ìpou

Kδ,α(u, t) =
∞∑
m=1

kmδ,α(u, t), u > t ≥ 0

kmδ,α(u, t) =

∫ u

t

kδ,α(u, x)km−1
δ,α (x, t), m = 2, 3, · · ·

k1
δ,α(u, t) = kδ,α(u, t) =

δ + α + λF̄ (u− t)
c+ δu

.

kai h posìthta ψδ,α(0) dÐnetai apì th sqèsh:

ψδ,α(0) =
ζδ,α
κδ,α

, (3.4)

ìpou

κδ,α = c

∫ ∞
0

v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv

kai

ζδ,α = λµ

∫ ∞
0

f̃e(δv)v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv
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Apìdeixh:
Gia w(x1, x2) = 1 isqÔoun ta ex c:

A(t) =

∫ ∞
t

f(x)dx = F̄ (t)

µA =

∫ ∞
0

A(t)dt =

∫ ∞
0

F̄ (t) = E(X) = µ

α̃1(δv) =
1

µ

∫ ∞
0

e−δvtA(t)dt =
1

µ

∫ ∞
0

e−δvtF̄ (t)dt =

∫ ∞
0

e−δvtfe(t)dt = f̃e(δv)

JumÐzoume ìti h oloklhrwtik  exÐswsh Volterra pou ikanopoieÐ h anamenìmenh proexoflhmènh
sun�rthsh poin c twnGerber-Shiu eÐnai:

Φδ,α(u) =
cΦδ,α(0)

c+ δu
− λ

c+ δu

∫ u

0

A(t)dt+

∫ u

0

kδ,α(u, t)Φδ,α(t)dt

ìpou

kδ,α(u, t) =
δ + α + λF̄ (u− t)

c+ δu
.

Antikajist¸ntac loipìn tic posìthtec pou br kame ìtan w(x1, x2) = 1 paÐrnoume ìti

ψδ,α(u) =
cψδ,α(0)

c+ δu
− λ

c+ δu

∫ u

0

F̄ (t)dt+

∫ u

0

kδ,α(u, t)ψδ,α(t)dt.

Dhlad  h oloklhrwtik  exÐswsh tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac eÐnai

ψδ,α(u) =
cψδ,α(0)

c+ δu
− λµ

c+ δu
Fe(u) +

∫ u

0

kδ,α(u, t)ψδ,α(t)dt. (3.5)

Gia δ > 0 kai α > 0 h (3.5) eÐnai mÐa oloklhrwtik  exÐswsh Volterra deÔterou tÔpou. Jètontac
loipìn

`(u) =
cψδ,α(0)

c+ δu
− λµ

c+ δu
Fe(u)

kaj¸c kai

k1
δ,α(u, t) = kδ,α(u, t) =

δ + α + λF̄ (u− t)
c+ δu

h (3.5) paÐrnei th morf 

φ(u) = `(u) +

∫ u

0

kδ,α(u, t)φ(t)dt. (3.6)

Epomènwc an

kmδ,α(u, t) =

∫ u

t

kδ,α(u, x)km−1
δ,α (x, t), m = 2, 3, · · ·
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kai

Kδ,α(u, t) =
∞∑
m=1

kmδ,α(u, t), u > t ≥ 0

tìte h monadik  lÔsh thc (3.6) ja eÐnai:

φ(u) = `(u) +

∫ u

0

Kδ,α(u, t)`(t)dt

  analutikìtera

ψδ,α(u) =
cψδ,α(0)

c+ δu
− λµ

c+ δu
Fe(u) +

∫ u

0

Kδ,α(u, t)

[
cψδ,α(0)

c+ δt
− λµ

c+ δt
Fe(t)

]
dt. (3.7)

EpÐshc sto prohgoÔmeno kef�laio eÐqame brei ìti h posìthta Φδ,α(0) dÐnetai apì th sqèsh:

Φδ,α(0) =
λµA
κδ,α

∫ ∞
0

ã1(δv)v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv

ìpou

κδ,α = c

∫ ∞
0

v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv

'Omwc ìtan w(x1, x2) = 1

λµA

∫ ∞
0

ã1(δv)v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv = = λµ

∫ ∞
0

f̃e(δv)v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv = ζδ,α

Epomènwc isqÔei

ψδ,α(0) =
ζδ,α
κδ,α

,

sqèsh pou oloklhr¸nei thn apìdeixh tou Jewr matoc 3.1.

3.2 H pijanìthta qreokopÐac

'Eqoume  dh orÐsei thn pijanìthta thn pijanìthta qreokopÐac mèsw thc sqèshc (3.1). Se sqèsh
me tic posìthtec pou èqoume  dh melet sei, h pijanìthta qreokopÐac mporeÐ na prokÔyei me dÔo
trìpouc:

1. Apì thn anamenìmenh proexoflhmènh sun�rthsh poin c twn Gerber-Shiu, kaj¸c gia w(x1, x2) =
1 kai α = 0 isqÔei

Φδ,0(u) = E [I(Tδ <∞) | Uδ(0) = u] = ψδ(u),  
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2. Apì ton metasqhmatismì Laplace tou qrìnou qreokopÐac, afoÔ ìpwc èqoume  dh anafèrei

ψδ,0(u) = ψδ(u)

.

Apì tic parap�nw mejodologÐec ja protim soume thn deÔterh pou eÐnai pio �mesh. Ja xek-
in soume th melèth thc pijanìthtac qreokopÐac apì thn oloklhrwtik  exÐswsh Volterra pou
ikanopoieÐ to sugkekrimèno mètro kindÔnou.

Prìtash 3.1. H oloklhrwtik  exÐswsh Volterra pou ikanopoieÐ h pijanìthta qreokopÐac dÐne-
tai apì th sqèsh:

ψδ(u) =
cψδ(0)

c+ δu
− λµ

c+ δu
Fe(u) +

∫ u

0

kδ(u, t)ψδ(t)dt, (3.8)

ìpou

kδ(u, t) =
δ + λF̄ (u− t)

c+ δu
.

Apìdeixh:
H (3.8) prokÔptei �mesa apì thn (3.5) gia α = 0.

'Eqontac sth di�jes  mac thc oloklhrwtik  exÐswsh pou ikanopoieÐ h pijanìthta qreokopÐac
mporoÔme:

1. Na thn lÔsoume, kaj¸c eÐnai mÐa oloklhrwtik  exÐswsh Volterra deÔterou tÔpou,  

2. Na thn paragwgÐsoume gia na p�roume mÐa oloklhro-diaforik  exÐswsh gia thn pijanìthta
qreokopÐac.

Ekmetalleuìmenoi tic parap�nw epilogèc, parousi�zoume ta antÐstoiqa apotelèsmata sta Jew-
r mata pou akoloujoÔn.

Je¸rhma 3.2. H lÔsh thc exÐswshc Volterra pou ikanopoieÐ h pijanìthta qreokopÐac, dÐnetai
apì thn sqèsh

ψδ(u) =
cψδ(0)

c+ δu
− λµ

c+ δu
Fe(u) +

∫ u

0

Kδ(u, t)

[
cψδ(0)

c+ δt
− λµ

c+ δt
Fe(t)

]
dt, (3.9)

ìpou

Kδ(u, t) =
∞∑
m=1

kmδ (u, t), u > t ≥ 0
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kmδ (u, t) =

∫ u

t

kδ(u, x)km−1
δ (x, t), m = 2, 3, · · ·

k1
δ (u, t) = kδ(u, t) =

δ + λF̄ (u− t)
c+ δu

.

EpÐshc isqÔei

ψδ(0) =
κδ − 1

κδ
, (3.10)

ìpou

κδ = c

∫ ∞
0

e−cv+λµ
∫ v
0 f̃e(δs)dsdv

Apìdeixh:
H apìdeixh thc (3.9) prokÔptei apì thn (3.5) gia α = 0.
EpÐshc, gia α = 0 apodeiknÔetai ìti ζδ = κδ − 1 kaj¸c

ζδ = λµ

∫ ∞
0

f̃e(δv)e−cv+λµ
∫ v
0 f̃e(δs)dsdv =

∫ ∞
0

e−cvd
(
eλµ

∫ v
0 f̃e(δs)ds

)
=

= e−cveλµ
∫ v
0 f̃e(δs)ds

∣∣∣∞
v=0

+ c

∫ ∞
0

e−cveλµ
∫ v
0 f̃e(δs)dsdv = 0− 1 + κδ = κδ − 1

opìte

ψδ,0(0) = ψδ(0) =
κδ − 1

κδ
,

sqèsh pou oloklhr¸nei thn apìdeixh tou Jewr matoc 3.2.

Je¸rhma 3.3. Sto klassikì montèlo me epitìkio, h pijanìthta qreokopÐac ikanopoieÐ thn
oloklhro-diaforik  exÐswsh

(c+ δu)ψ′δ(u) = λψδ(u)− λ
∫ u

0

ψδ(u− x)f(x)dx− λF̄ (u) (3.11)

Apìdeixh:
H (3.8) gr�fetai

(c+ δu)ψδ(u) = cψδ(0) +

∫ u

0

[
δ + λF̄ (u− x)

]
ψδ(x)dx− λµFe(u)

ParagwgÐzontac thn parap�nw exÐswsh wc proc u, paÐrnoume

δψδ(u) + (c+ δu)ψ′δ(u) = δψδ(u) + λF̄ (0)ψδ(u)− λ
∫ u

0

f(u− x)ψδ(x)dx− λF̄ (u).
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Dhlad  isqÔei

(c+ δu)ψ′δ(u) = λψδ(u)− λ
∫ u

0

f(u− x)ψδ(x)dx− λF̄ (u),

sqèsh pou oloklhr¸nei thn apìdeixh tou Jewr matoc 3.3, diìti∫ u

0

f(u− x)ψδ(x)dx =

∫ u

0

ψδ(u− x)f(x)dx.

ParathroÔme ìti h eÔresh analutik¸n apotelesm�twn gia thn pijanìthta qreokopÐac sta plaÐsia
tou klassikoÔ montèlou me epitìkio, den eÐnai eÔkolh upìjesh. Wstìso k�nontac qr sh thc
oloklhro-diaforik c exÐswshc tou Jewr matoc 3.3, mporoÔme na p�roume analutikèc lÔseic gia
thn pijanìthta qreokopÐac gia ekjetik� megèjh zhmi¸n. Sthn par�grafo pou akoloujeÐ ja
efarmìsoume th sugkekrimènh mejodologÐa.

3.3 Analutik� apotelèsmata gia ekjetik� megèjh zh-

mi¸n

H oloklhro-diaforik  exÐswsh tou Jewr matoc 3.3 gr�fetai

(c+ δu)ψ′δ(u) = λψδ(u)− λ
∫ u

0

f(u− x)ψδ(x)dx− λF̄ (u) (3.12)

Upojètoume ìti X ∼ Exp(β). Tìte gia β > 0 ja isqÔei

f(u− x) = βe−β(u−x) kai F̄ (x) = e−βx,

opìte X ∼ Exp(β) h (3.12) dÐnei

(c+ δu)ψ′δ(u) = λψδ(u)− λβe−βu
∫ u

0

eβxψδ(x)dx− λe−βu (3.13)

ParagwgÐzontac kai ta dÔo mèlh thc (3.13) wc proc u, èqoume

δψ′δ(u) + (c+ δu)ψ′′δ (u) =λψ′δ(u) + λβ2e−βu
∫ u

0

eβxψδ(x)dx

− λβe−βueβuψδ(u) + λβe−βu

(3.13)
= λψ′δ(u) + β

[
λψδ(u)− (c+ δu)ψ′δ(u)− λe−βu

]
− λβψδ(u) + λβe−βu
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Epomènwc h pijanìthta qreokopÐac ikanopoieÐ thn diaforik  exÐswsh

(c+ δu)ψ′′δ (u) + [β(c+ δu) + δ − λ]ψ′δ(u) = 0 (3.14)

Jètontac

qδ(u) =
β(c+ δu) + δ − λ

c+ δu

h (3.14) gÐnetai
ψ′′δ (u) + qδ(u)ψ′δ(u) = 0

  diaforetik�
ψ′′δ (u)

ψ′δ(u)
= −qδ(u) (3.15)

MporoÔme loipìn na lÔsoume thn (3.15) wc proc ψ′δ(u) kai sth sunèqeia oloklhr¸nontac na
broÔme thn ψδ(u). Arqik� oloklhr¸noume kai ta dÔo mèlh thc (3.15) apì 0 ewc u:∫ u

0

ψ′′δ (t)

ψ′δ(t)
dt = −

∫ u

0

qδ(t)dt ⇒ ln [ψ′δ(t)]
∣∣∣u
t=0

= −
∫ u

0

qδ(t)dt.

Dhlad  isqÔei

ln

[
ψ′δ(u)

ψ′δ(0)

]
= −

∫ u

0

qδ(t)dt ⇒ ψ′δ(u) = ψ′δ(0)e−
∫ u

0
qδ(t)dt

kai an jèsoume

bδ(u) = e−
∫ u

0
qδ(t)dt,

paÐrnoume
ψ′δ(u) = ψ′δ(0)bδ(u) (3.16)

Oloklhr¸nontac kai ta dÔo mèlh thc (3.16) apì 0 ewc u paÐrnoume:∫ u

0

ψ′δ(t)dt = ψ′δ(0)

∫ u

0

bδ(t)dt

Dhlad  h pijanìthta qreokopÐac dÐnetai pì th sqèsh

ψδ(u) = ψδ(0) + ψ′δ(0)

∫ u

0

bδ(t)dt.

Gia na oloklhrwjeÐ o upologismìc thc ψδ(u) prèpei na prosdiorÐsoume tic posìthtec ψδ(0) kai
ψ′δ(0). Apì thn (3.12) gia u = 0 prokÔptei h ex c oriak  sunj kh gia thn ψ′δ(0):

cψ′δ(0) = λψδ(0)− λ ⇒ ψ′δ(0) =
λ

c
[ψδ(0)− 1] (3.17)
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Opìte autì pou mac mènei eÐnai na broÔme kai thn ψδ(0).

Upologismìc thc ψδ(0) :
Apì thn exÐswsh (3.10) tou Jewr matoc 3.2 gnwrÐzoume ìti

ψδ(0) =
κδ − 1

κδ
= 1− 1

κδ
,

ìpou

κδ = c

∫ ∞
0

e−cveλµ
∫ v

0
f̃e(δs)dsdv.

Sthn perÐptws  mac isqÔei

f̃e(s) =

∫ ∞
0

e−sxfe(x)dx =
1

µ

∫ ∞
0

e−sxF̄ (x)dx = β

∫ ∞
0

e−sxe−βxdx =
β

β + s
.

'Ara

κδ = c

∫ ∞
0

e
−cv + λ

β

∫ v
0

β
β+δs

ds
dv.

kai

λ

β

∫ v

0

β

β + δs
ds = λ

∫ v

0

1

β + δs
ds =

λ

δ

∫ v

0

δ

β + δs
ds =

λ

β

[
ln(β + δs)

∣∣∣v
s=0

]
=
λ

β
[ln(β + δv)− ln β] =

λ

δ
ln

(
β + δv

β

)
SumperaÐnoume loipìn ìti

κδ = c

∫ ∞
0

e
−cv + λ

δ
ln
(
β+δv
β

)
dv
.

kai kat� sunèpeia, gia X ∼ Exp(β), isqÔei

ψδ(0) = 1− 1

c

∫ ∞
0

e
−cv + λ

δ
ln
(
β+δv
β

)
dv

(3.18)

Wc èna teleutaÐo b ma mporoÔme na upologÐsoume analutikìtera kai thn posìthta bδ(u). 'Eqoume
loipìn ∫ u

0

qδ(t)dt =

∫ u

0

β(c+ δt) + δ − λ
c+ δt

dt = βu+

∫ u

0

δ

c+ δt
dt− λ

δ

∫ u

0

δ

c+ δt
dt

= βu+

(
1− λ

δ

)∫ u

0

δ

c+ δt
dt = βu+

(
1− λ

δ

)[
ln(c+ δt)

∣∣∣u
t=0

]
dt

= βu+ ln

(
c+ δu

c

) δ−λ
δ
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'Ara isqÔei

bδ(u) = e−βu
(
c+ δu

c

)− δ−λ
δ

Sth prìtash pou akoloujeÐ sunoyÐzoume thn analutik  lÔsh gia thn pijanìthta qreokopÐac
ìtan ta megèjh atomik¸n zhmi¸n akoloujoÔn thn ekjetik  katanom  me parlametro β.

Prìtash 3.2. Sto klassikì montèlo thc JewrÐac KindÐnou me stajerì epitìkio, ìtan X ∼
Exp(β), tìte gia u > 0 isqÔei

ψδ(u) = ψδ(0) + ψ′δ(0)

∫ u

0

bδ(t)dt, (3.19)

ìpou

bδ(u) = e−βu
(
c+ δu

c

)− δ−λ
δ

,

ψδ(0) = 1− 1

c

∫ ∞
0

e
−cv + λ

δ
ln
(
β+δv
β

)
dv

kai ψ′δ(0) =
λ

c
[ψδ(0)− 1] .

Par�deigma 3.1. 'Estw ìti ta megèjh atomik¸n zhmi¸n akoloujoÔn thn ekjetik  katanom 
me par�metro β = 2, dhlad 

f(x) = 2e−2x, x ≥ 0 kai E[X] = µ =
1

β
= 0.5

'Estw epÐshc λ = 55 kai c = 30.25.

Efarmìzontac touc tÔpouc thc Prìtashc 3.2 gia tic timèc twn paramètrwn pou orÐsame
prap�nw, upologÐsame thn pijanìthta qreokopÐac sto Mathematica gia δ = 0.05, δ = 0.07, δ =
0.1 kai di�forec timèc tou arqikoÔ kefalaÐou u. Ta apotelèsmata faÐnontai ston PÐnaka pou
akoloujeÐ
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Sqìlia:

1. ParathroÔme ston PÐnaka 1 ìti ìso aux�netai h èntash anatokismoÔ, tìso mei¸netai h pi-
janìthta qreokopÐac. Autì eÐnai apolÔtwc anamenìmeno, afoÔ sto montèlo mac to pleìnas-
ma ependÔetai. Epomèmwc ìso megalÔterh apìdosh èqei h epèndus  mac, tìso mikrìterh
eÐnai h pijanìthta to pleìnasma na “pèsei”k�tw apì to mhdèn. Aut  eÐnai kai h antamoib 
mac gia to ependutikì rÐsko pou analam�noume.

2. 'Oso aux�netai to arqikì kef�laio, tìso mikraÐnei h pijanìthta qreokopÐac. Aut  h idiìth-
ta thc pijanìthtac qreokopÐac mac eÐnai gnwst  kai apì to klassikì montèlo thc JewrÐac
KindÔnou qwrÐc epitìkio.

H epÐdrash pou èqei h metabol  thc èntashc anatokismoÔ p�nw sthn pijanìthta qreokopÐac faÐne-
tai kalÔtera sto parak�tw (Sq ma 3.1). EkeÐ blèpoume mÐa grafik  par�stash thc pijanìthtac
qreokopÐac gia treic diaforetikèc timèc thc èntashc anatokismoÔ ìtan to arqikì kef�laio paÐrnei
timèc sto di�sthma [10, 30]. Blèpoume qarakthristik� ìti gia th mikrìterh èntash anatokismoÔ
(pr�sinh gramm ) paÐrnoume th megalÔterh pijanìthta qreokopÐac.

δ = 0.1 δ = 0.07 δ = 0.05

Sq ma 3.1: H pijanìthta qreokopÐac me δ = 0.05, δ = 0.07 kai δ = 0.1 .

MoroÔme akìmh na doÔme thn pijanìthta qreokopÐac wc sun�rthsh tìso tou arqikoÔ kefalaÐou,
ìso kai thc èntashc anatokismoÔ. Sto Sq ma 3.2 blèpoume p¸c epire�zetai h pijanìthta
qreokopÐac ìtan metab�llontai tautìqrona h èntash anatokismoÔ kai to arqikì kef�laio.
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Sq ma 3.2: H pijanìthta qreokopÐac me 0 < δ < 1 kai 0 < u < 40 .

3.4 Arijmhtikèc lÔseic twn exis¸sewn Volterra

Stic Paragr�fouc 3.1 kai 3.2 eÐdame ìti tìso h pijanìthta qreokopÐac ìso kai o metasqhma-
tismìc Laplace tou qrìnou qreokopÐac, ikanopoioÔn oloklhrwtikèc exis¸seic Volterra deÔterou
tÔpou. Oi sugkekrimènec exis¸seic lÔnontai me arijmhtikèc mejìdouc stic opoÐec èqoume  dh
anaferjeÐ. Sta paradeÐgmata pou akoloujoÔn ja epiqeir soume na p�roume orismèna arijmhtik�
apotelèsmata gia ta dÔo mètra kindÔnou pou mac endiafèroun. Ja prèpei wstìso na tonÐsoume
ìti ta apotelèsmata aut c thc paragr�fou eÐnai proseggistik� kai den apoteloÔn akribeÐc lÔseic
gia ta mètra pou melet�me.

Par�deigma 3.2. 'Estw ìti ta megèjh atomik¸n apozhmi¸sewn akoloujoÔn thn katanom 
G�mma me paramètrouc α kai β, dhlad 

f(x) =
βα

Γ(α)
xα−1e−βx, x ≥ 0 kai α, β > 0.

Epilègoume tic timèc α = 2 kai β = 2 gia tic paramètrouc, en¸ ja jewr soume ìti λ = 55 kai
c = 60.

Qrhsimopoi¸ntac th sqèsh

ψδ(0) = 1− 1

κδ
,

ìpou

κδ = c

∫ ∞
0

e−cx+ λµ
∫ x

0
f̃e(δs)dsdx
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kai

f̃e(s) =
1

µ

∫ ∞
0

e−sxF̄ (x)dx

upologÐsame ìti gia δ = 0.05, δ = 0.07, kai δ = 0.1 antÐstoiqa, oi timèc thc posìthtac ψδ(0)
 tan ψ0.05(0) = 0.910681, ψ0.07(0) = 0.908631, kai ψ0.1(0) = 0.905796. Sthn sunèqeia orÐsame
thn sun�rthsh

k1
δ (u, t) =

δ + λF̄ (u− t)
c+ δu

.

Gia mÐa katamon  G(2, 2) isqÔei F̄ (x) = e−2x(1 + 2x). Me th bo jeÐa thc k1
δ (u, t), orÐsame tic

kiδ(u, t), i = 2, 3, . . . mèsw thc anadromik c sqèshc

kiδ(u, t) =

∫ u

t

k1
δ (u, x)ki−1

δ (x, t)dx.

Akìmh, qrhsimopoi¸ntac mÐa “ForLoop”mporoÔme eÔkola na orÐsoume kai thn sun�rthsh

Kδ(u, t) =
∞∑
i=1

kiδ(u, t)

Tèloc jètontac

`(u) =
cψδ(0)

c+ δu
+

λµ

c+ δu
Fe(u),

mporoÔme na upologÐsoume thn pijanìthta qreokopÐac mèsw thc sqèshc

ψδ(u) = `(u) +

∫ u

0

Kδ(u, t)`(t)dt

Oi sqetikoÐ upologismoÐ èginan sto prìgramma Maple kai oi entolèc sumperilamb�nontai sto
Par�rthma. Ta apotelèsmata parousi�zontai sugkentrwtik� ston akìloujo PÐnaka.
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Kai se autì to par�deigma perathroÔme ìti ìso aux�netai to arqikì kef�laio kai h èntash ana-
tokismoÔ, tìso mei¸netai h pijanìthta qreokopÐac. Wstìso ta apotelèsmat� mac den eÐnai tìso
“xek�jara”ìso ta akrib  aotelèsmata tou ParadeÐgmatoc 3.1. Autì ofeÐletai sto gegonìc ìti
gia thn eÔresh thc sun�rthshc Kδ(u, t) qrhsimopoi same mìno touc treic pr¸touc ìrouc tou
ajroÐsmatoc (dhlad  tic sunart seic k1

δ (u, t), k
2
δ (u, t) kai k

3
δ (u, t)). Dustuq¸c ìso aux�netai to

i prostÐjetai èna akìmh olokl rwma sthn sun�rthsh kiδ(u, t), pr�gma pou kajist� touc upolo-
gismoÔc arket� dÔskolouc.

Epanal�bame thn Ðdia diadikasÐa kai gia ton metasqhmatismì Laplace tou qrìnou qreokopÐac.
H diafor� ed¸  tan ìti qrhsimopoi same th sqèsh

ψδ,α(0) =
ζδ,α
κδ,α

ìpou

ζδ = λµ

∫ ∞
0

f̃e(δx)x
α
δ e−cx+ λµ

∫ x
0
f̃e(δs)dsdx

kai

κδ,α = c

∫ ∞
0

x
α
δ e−cx+ λµ

∫ x
0
f̃e(δs)dsdx.

EpÐshc gia thn eÔresh thc ψδ,α(u), h sun�rthsh k1
δ,α(u, t) orÐzetai wc ex c

k1
δ,α(u, t) =

δ + α + λF̄ (u− t)
c+ δu

.

'Etsi, an

`(u) =
cψδ,α(0)

c+ δu
+

λµ

c+ δu
Fe(u),

upologÐzoume thn ψδ,α(u) mèsw thc sqèshc

ψδ(u) = `(u) +

∫ u

0

Kδ,α(u, t)`(t)dt

Kai p�li lìgw thc poluplokìthtac twn parast�sewn pou eÐqame na upologÐsoume, k�name thn
aploÔsteush

Kδ,α(u, t) = k1
δ,α(u, t) + k2

δ,α(u, t) + k3
δ,α(u, t)

PaÐrnontac α = 0.1 br kame ta ex c apotelèsmata
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ParathroÔme ìti oi metabolèc tou arqikoÔ kefalaÐou kai thc èntashc anatokismoÔ èqoun sfo-
drìterh epÐdrash ston metasqhmatismì Laplace tou qrìnou qreokopÐac se sqèsh me thn antÐs-
toiqh epÐdras  touc sthn pijanìthta qreokopÐac. To gegonìc autì ofeÐletai ston par�gonta α
pou sto par�deigm� mac ja mporoÔse na ermhneuteÐ kai wc proexoflhtikìc par�gontac.

Par�deigma 3.3. 'Estw ìti h sun�rthsh puknìthtac thc tuqaÐac metablht c pou antiprosw-
peÔei to mègejoc atomik c zhmi�c dÐnetai apì th sqèsh

f(x) = A1β1e
−β1x + A2β2e

−β2x, x > 0 kai A1 + A2 = 1. (3.20)

Upojètoume dhlad  ìti oi atomikèc apozhmi¸seic akoloujoÔn mÐa mÐxh ekjetik¸n katanom¸n. Gia
to sugkekrimèno par�deigma epilègoume tic ex c timèc gia tic paramètrouc thc katanom c zhmi¸n:
A1 = 0.4, A2 = 0.6, β1 = 2, kai β2 = 3. EpÐshc jewroÔme ìti λ = 55 kai c = 24.2.

'Etsi h (3.20) gÐnetai
f(x) = 0.8e−2x + 1.8e−3x, x > 0.

EÔkola brÐskoume ìti

F̄ (x) =

∫ ∞
x

f(t)dt = e−3x(0.6 + 0.4ex),

en¸

E[X] = µ =

∫ ∞
0

F̄ (x)dx = 0.4

'Eqontac sth di�jes  mac thn katanom  zhmi¸n upologÐsame thn pijanìthta qreokopÐac kai ton
metasqhmatismì Laplace tou qrìnou qreokopÐac efarmìzontac tic Ðdiec proseggÐseic kai upojè-
seic me autèc tou ParadeÐgmatoc 3.2. Sugkekrimèna, kai se autì to par�deigma qrhsimopoi same
thn aplopoihmènh morf 

Kδ,α(u, t) = k1
δ,α(u, t) + k2

δ,α(u, t) + k3
δ,α(u, t).
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K�name upologismoÔc gia di�forec timèc tou arqikoÔ kefalaÐou kai gia ent�seic anatokismoÔ
δ = 0.05, δ = 0.07 kai δ = 0.1 antÐstoiqa. Gia thn eÔresh tou metasqhmatismoÔ Laplace tou
qrìnou qreokopÐac jewr same ìti α = 0.05. Ta apotelèsmata gia thn pijanìthta qreokopÐac
faÐnontai ston parak�tw pÐnaka

ParathroÔme ìti se autì to par�deigma katall goume se elafr� megalÔterec timèc gia thn
pijanìthta qreokopÐac (gia u = 5, 10, 20) se sqèsh me tic antÐstoiqec timèc tou ParadeÐgmatoc
3.2. Autì ofeÐletai sto gegonìc ìti se autì to par�deigma èqoume mikrìterh mèsh tim  (E[X] =
µ = 0.4). Gia ton upologismì loipìn tou rujmoÔ eÐspraxhc twn asfalÐstrwn qrhsimopoi same
thn sqèsh

c = (1 + θ)λE[X]

kai br kame ìti gia θ = 0.1 paÐrnoume c = 24.2. Gia ìlec tic upìloipec posìthtec, qrhsimopoi -
same touc Ðdiouc tÔpouc me autoÔc tou prohgoÔmenou paradeÐgmatoc kai ta sumper�smata sta
opoÐa katall goume gia thn pijanìthta qreokopÐac eÐnai ta Ðdia. Sth sunèqei proqwr same sthn
eÔresh tou metasqhmatismoÔ Laplace tou qrìnou qreokopÐac. Parousi�zoume ta apotelèsmat�
mac ston akìloujo PÐnaka.
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ParathroÔme ìti oi metabolèc tou arqikoÔ kefalaÐou kai thc èntashc anatokismoÔ èqoun akìmh
sfodrìterh epÐdrash ston metasqhmatismì Laplace tou qrìnou qreokopÐac se sqèsh me th an-
tÐstoiqh epÐdrash ìtan X ∼ G(2, 2), parìlo pou èqoume epilèxei mikrìterh par�metro α.
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Kef�laio 4

Fr�gmata gia thn pijanìthta
qreokopÐac

'Opwc eÐdame kai sto prohgoÔmeno kef�laio oi tÔpoi upologismoÔ thc pijanìthtac qreokopÐac
eÐnai arket� perÐplokoi. Mìno sthn perÐptwsh twn ekjetik� katanemhmènwn zhmi¸n br kame
akrib  lÔsh thc exÐswshc pou ikanopoieÐ h ψδ(u). Epomènwc eÐnai logikì na strafoÔme sthn
anaz thsh fragm�twn pou ja mac d¸soun mÐa proseggistik  all� aploÔsterh perigraf  gia
autì to mètro kindÔnou. Se autì to kef�laio ja parousi�soume analutik� ta apotelèsmata twn
Cai-Dickson (2003) kaj¸c kai twn Sundt-Teugels (1995) anaforik� me thn eÔresh fragm�twn
gia thn pijanìthta qreokopÐac sto klassikì montèlo me epitìkio.

4.1 H stoqastik  diadikasÐa pleon�smatoc tic qronikèc

stigmèc emf�nishc twn zhmiogìnwn endeqomènwn.

Wc eidik  perÐptwsh ja anaferjoÔme sto pleìnasma kat� tic qronikèc stigmèc epèleushc twn
zhmi¸n, kurÐwc gia na p�roume k�poiec sqèseic pou ja mac qrhsimeÔsoun sta epìmena kef�laia.
'Eqoume  dh sumbolÐsei me Tn th qronik  stigm  kat� thn opoÐa epèrqetai n−ostì zhmiogìno
endeqìmeno, en¸ {Wn, n > 0} eÐnai oi endi�mesoi qrìnoi �fixhc twn zhmi¸n. H sqèsh metaxÔ Wn

kai Tn faÐmetai kalÔtera sto Sq ma 4.1.

� -� - � -
T0 T1 T2 Tn−1 Tn

W1 W2 Wn

· · ·
· · ·

Sq ma 4.1: Oi qronikèc stigmèc epèleushc twn zhmiogìnwn endeqomènwn kai oi endi�mesoi qrìnoi

ParathroÔme ìti Wn eÐnai o qrìnoc an�mesa sto n − 1 kai to n zhmiogìno endeqìmeno. IsqÔei
dhlad 

Wn = Tn − Tn−1, n = 1, 2, · · ·
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Gia thn susswreumènh axÐa tou pleon�smatoc tic qronikèc stigmèc T1, T2, · · · , Tn isqÔei

Uδ(T1) = ueδW1 + c
eδW1 − 1

δ
−X1

Uδ(T2) = Uδ(T1)eδW2 + c
eδW2 − 1

δ
−X1 = ueδ(W1+W2) + c

eδ(W1+W2) − 1

δ
−X1e

δW1 −X2

...

Uδ(Tn) = Uδ(Tn−1)eδWn + c
eδWn − 1

δ
−Xn

= ueδ(Tn−1+Wn) + c
eδTn−1 − 1

δ
eδWn + c

eδWn − 1

δ
−X1e

δ(W2+···+Wn) + · · ·+Xn−1e
δWn +Xn

= ueδTn + c
eδTn − 1

δ
−

n∑
κ=1

Xκexp

[
δ

n∑
i=κ+1

Wi

]
,

an jewr soume ìti
∑b

a = 0 gia b < a. MporoÔme epÐshc na broÔme mÐa sqèsh kai gia thn paroÔsa
axÐa tou pleon�smatoc kat� thn qronik  stigm  Tn, kaj¸c Vδ(Tn) = Uδ(Tn)e−δTn . 'Etsi èqoume

Vδ(Tn) = Uδ(Tn)e−δTn = u+ c
1− e−δTn

δ
−

n∑
κ=1

Xκexp

[
−δ

(
n∑
i=1

Wi −
n∑

i=κ+1

Wi

)]

= u+ cᾱ
(δ)

Tn
−

n∑
κ=1

Xκexp

[
−δ

κ∑
i=1

Wi

]

= u+ cᾱ
(δ)

Tn
−

n∑
κ=1

Xκe
−δTκ

4.2 'Anw fr�gmata mèsw martingales

Se aut  thn par�grafo ja broÔme èna fr�gma tÔpou Lundberg gia thn pijanìthta qreokopÐac
sto klassikì montèlo me epitìkio. Xekin�me me th diatÔpwsh enìc L mmatoc pou jètei tic
proôpojèseic upì tic opoÐec orÐzetai to sugkekrimèno fr�gma.

L mma 4.1. Sto klassikì montèlo me epitìkio up�rqei mÐa monadik  jetik  posìthta R1 pou
orÐzetai wc h rÐza thc exÐswshc

E

[
e
−R1cᾱ

(δ)

W MX

(
R1e

−δW )] = 1 (4.1)
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kai dÐnetai apì th sqèsh∫ c/δ

0

e−R1y

(
1− δy

c

)λ/δ−1

MX

[
R1

(
1− δy

c

)]
dy =

c

λ
(4.2)

Apìdeixh
H (4.1) gr�fetai kai h(r) = y(r), ìpou

h(r) = E

[
e
−rcᾱ

(δ)

W MX

(
re−δW

)]
= E

[
e
−r
(
cᾱ

(δ)

W
−Xe−δW

)]
kai y(r) = 1

Gia r = 0 èqoume lÔsh, wstìso emeÐc endiaferìmaste gia th jetik  rÐza thc (4.1). ParagwgÐ-
zontac thn h(r) wc proc r, paÐrnoume

h′(r) = E

[
−
(
cᾱ

(δ)

W
−Xe−δW

)
e
−r
(
cᾱ

(δ)

W
−Xe−δW

)]

kai gia r = 0, isqÔei

h′(0) = −E
[
cᾱ

(δ)

W
−Xe−δW

]
'Omwc o rujmìc eÐspraxhc twn asfalÐstrwn c upologÐzetai ètsi ¸ste h anamenìmenh paroÔsa
axÐa twn asfalÐstrwn na eÐnai megalÔterh apì thn anamenìmenh paroÔsa axÐa twn zhmi¸n. E-

pomènwc an E
[
cᾱ

(δ)

W

]
eÐnai h anamenìmenh paroÔsa axÐa twn asfalÐstrwn pou eispr�ttontai

sto qronikì di�sthma pou mesolabeÐ metaxÔ dÔo diadoqik¸n zhmi¸n kai E
[
Xe−δW

]
eÐnai h ana-

menìmenh paroÔsa axÐa twn zhmi¸n pou antistoiqeÐ sto Ðdio di�sthma, tìte jèloume na isqÔei

E
[
cᾱ

(δ)

W

]
> E

[
Xe−δW

]
.

Me �lla lìgia jèloume o stajerìc rujmìc eÐspraxhc twn asfalÐstrwn c na eÐnai tètoioc, ¸ste
na ikanopoieÐtai h anisìthta

E
[
cᾱ

(δ)

W
−Xe−δW

]
> 0,

ìpou cᾱ
(δ)

W
− Xe−δW eÐnai h katanom  thc paroÔsac axÐac tou tuqaÐou kèrdouc sto qronikì

di�sthma pou mesolabeÐ metaxÔ dÔo diadoqik¸n zhmi¸n.

Diapist¸noume dhlad  ìti h′(0) = −E
[
cᾱ

(δ)

W
−Xe−δW

]
< 0, �ra h h(r) eÐnai fjÐnousa sto

r = 0. PaÐrnontac th deÔterh par�gwgo thc h(r) wc proc r, èqoume

h′′(r) = E

[(
cᾱ

(δ)

W
−Xe−δW

)2

e
−r
(
cᾱ

(δ)

W
−Xe−δW

)]
> 0. (�ra h h(r) eÐnai kurt )
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AntÐstoiqa gia thn y(r) = 1 èqoume y′(r) = 0 kai y′′(r) = 0, ∀r. Sugkritik� loipìn isqÔei
h′(0) < y′(0), dhlad  sto shmeÐo r = 0 o rujmìc aÔxhshc thc h(r) eÐnai mikrìteroc apì ton
antÐstoiqo rujmì aÔxhshc thc y(r) = 1. Ta sumper�smata aut� faÐnontai kalÔtera sto sq ma
pou akoloujeÐ

y(r) = 1
h(r)

Sq ma 4.1: Oi lÔseic thc exÐswshc (4.1).

EÐnai fanerì loipìn ìti h exÐswsh (4.1) èqei jetik  rÐza R1. Gia na deÐxoume ìti h jetik  posìthta
R1 dÐnetai apì thn (4.2), ekmetalleuìmaste to gegonìc ìti sto klassikì montèlo isqÔei

G(x) = Pr(W ≤ x) = 1− e−λx, λ > 0

'Eqoume loipìn

E

[
e
−R1cᾱ

(δ)

W MX

(
R1e

−δW )] =

∫ ∞
0

e−cR1
1−e−δx

δ MX

(
R1e

−δx)λe−λxdx (4.3)

Jètoume y =
1− e−δx

δ
, opìte isqÔei

1− e−δx =
δy

c
⇒ e−δx = 1− δy

c
⇒ x = −1

δ
ln

(
1− δy

c

)
EpÐshc èqoume

dx = −1

δ

(
1− δy

c

)−1(
−δ
c

)
dy =

1

c

(
1− δy

c

)−1

dy,

en¸

−λx =
λ

δ
ln

(
1− δy

c

)
⇒ e−λx =

(
1− δy

c

)λ/δ
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'Ara h (4.3) gÐnetai

E

[
e
−R1cᾱ

(δ)

W MX

(
R1e

−δW )] =
λ

c

∫ ∞
0

e−cR1

(
1− δy

c

)λ/δ−1

MX

[
R1

(
1− δy

c

)]
dy

kai efarmìzontac thn (4.1) paÐrnoume∫ ∞
0

e−cR1

(
1− δy

c

)λ/δ−1

MX

[
R1

(
1− δy

c

)]
dy =

c

λ
,

sqèsh pou oloklhr¸nei thn apìdeixh tou L mmatoc 4.1.

Parathr seic:

1. AxÐzei na shmei¸soume ìti parìlo pou oi exis¸seic tou L mmatoc 4.1 eÐnai isodÔnamec,
k�je mÐa exuphreteÐ to dikì thc skopì. H (4.1) mac qrhsimeÔei gia apodeÐxeic kai tairi�zei
kalÔtera wc orismìc tou R1, en¸ mèsw thc (4.2) mporoÔme eÔkola na upologÐsoume thn
posìthta R1.

2. EÐnai qarakthristikèc oi omoiìthtec metaxÔ thc posìthtac R1 kai tou suntelest  prosar-
mog c R pou eÐqame dei sthn Eisagwg . EkeÐ eÐqame dei epÐshc èna fr�gma gia thn pijanìth-
ta qreokopÐac pou peril�mbane ton R (anisìthta Lundberg). Kat� apìluth antistoiqÐa
loipìn ja broÔme èna fr�gma gia thn pijanìthta qreokopÐac sto klassikì montèlo me
epitìkio pou ja perilamb�nei thn posìthta R1. To sugkekrimèno fr�gma kaj¸c kai o
trìpoc eÔres c tou dÐnontai sta plaÐsia tou jewr matoc pou akoloujeÐ.

Je¸rhma 4.1. 'Otan h jetik  posìthta R1 orÐzetai sÔmfwna me to L mma 4.1, tìte gia k�je
u ≥ 0 isqÔei:

ψδ(u) ≤ e−R1u (4.4)

Apìdeixh
Sthn prohgoÔmenh par�grafo eÐdame ìti h paroÔsa axÐa tou pleon�smatoc kat� th qronik 
stigm  epèleushc tou n-ostoÔ zhmiogìnou endeqomènou eÐnai

Vδ(Tn) = u+ cᾱ
(δ)

Tn
−

n∑
κ=1

Xκe
−δTκ ,

epomènwc, kat� th qronik  stigm  epèleushc tou n+ 1 zhmiogìnou endeqomènou ja isqÔei

Vδ(Tn+1) = Vδ(Tn) + e−δTn
[
cᾱ

(δ)

Wn+1
−Xn+1e

−δWn+1

]
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Epomènwc an sumbolÐsoume me Fn thn “plhroforÐa pou perièqetai stic T1, T2, . . . , Tn,”tìte gia
n ≥ 0 isqÔei:

E
[
e−R1Vδ(Tn+1) | Fn

]
= E

[
e−R1Vδ(Tn)e

−R1e
−δTn [cᾱ

(δ)

W n+1
−Xn+1e

−δWn+1 ] ∣∣∣ Fn]

Qrhsimopoi¸ntac thn Idiìthta 2 thc upo sunj kh mèshc tim c (bl. Par�grafo 1.4) h parap�nw
exÐswsh gr�fetai

E
[
e−R1Vδ(Tn+1) | Fn

]
= e−R1Vδ(Tn) E

[
e
−R1e

−δTn [cᾱ
(δ)

W n+1
−Xn+1e

−δWn+1 ] ∣∣∣ Fn]

= e−R1Vδ(Tn) E

(e−R1[cᾱ
(δ)

W n+1
−Xn+1e

−δWn+1 ]
)e−δTn ∣∣∣ Fn


'Omwc 0 < e−δTn < 1, opìte an jewr soume th sun�rthsh u(x) = xα, ìpou α = e−δTn kai x > 0,
tìte isqÔei

u′(x) = αxα−1 > 0, en¸

u′′(x) = (α− 1)αxα−2 < 0, diìti α− 1 < 0 (afoÔ isqÔei 0 < α < 1).

K�nontac loipìn qr sh thc Anisìthtac Jensen gia thn upo sunj kh mèsh tim  1 èqoume:

E

(e−R1[cᾱ
(δ)

W n+1
−Xn+1e

−δWn+1 ]
)e−δTn ∣∣∣ Fn

 ≤ E

[
e
−R1[cᾱ

(δ)

W n+1
−Xn+1e

−δWn+1 ] ∣∣∣ Fn]e
−δTn

opìte sunolik� ja isqÔei

E
[
e−R1Vδ(Tn+1) | Fn

]
≤ e−R1Vδ(Tn) E

[
e
−R1[cᾱ

(δ)

W n+1
−Xn+1e

−δWn+1 ] ∣∣∣ Fn]e
−δTn

.

Wstìso oi tuqaÐec metablhtèc Xn+1 kai Wn+1 eÐnai anex�rthtec thc Fn, opìte sÔmfwna me thn
Idiìthta 4 thc upo sunj kh mèshc tim c (bl. Par�grafo 1.4) h plhroforÐa Fn den mac qrhsimeÔei
gia ton upologismì thc mèshc tim c. 'Etsi èqoume

E
[
e−R1Vδ(Tn+1) | Fn

]
≤ e−R1Vδ(Tn) E

[
e
−R1[cᾱ

(δ)

W n+1
−Xn+1e

−δWn+1 ]
]e−δTn

.

1
Σύμφωνα με την ανισότητα Jensen για την υπο συνθήκη μέση τιμή αν X είναι μία τυχαία μεταβλητή και

για την συνάρτηση u(w) ισχύει u′′(w) > 0, ενώ η u είναι μετρήσιμη ως προς τις T1, T2, . . . , Tn, τότε ισχύει

E[u(X)|Fn] ≥ u(E[X|Fn]). Διαφορετικά αν u′′(w) < 0 τότε ισχύει E[u(X)|Fn] ≤ u(E[X|Fn])
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EpÐshc èqoume upojèsei ìti h posìthta R1 orÐzetai sÔmfwna me to L mma 4.1, opìte ja isqÔei

E

[
e
−R1[cᾱ

(δ)

W n+1
−Xn+1e

−δWn+1 ]
]

= 1

SumperaÐnoume loipìn ìti

E
[
e−R1Vδ(Tn+1) | Fn

]
≤ e−R1Vδ(Tn) (4.5)

SÔmfwna me thn exÐswsh (4.5) h stoqastik  anèlixh
{
e−R1Vδ(Tn+1), n ≥ 0

}
eÐnai mÐa diadikasÐa

supermartingale (bl. exÐswsh (1.32) sthn Par�grafo 1.4).

O qrìnoc qreokopÐac Tδ eÐnai qrìnoc st�shc gia th diadikasÐa
{
e−R1Vδ(Tn+1), n ≥ 0

}
, epomènwc

o qrìnoc Tδ ∧ n ja eÐnai ènac peperasmènoc qrìnoc st�shc. 'Etsi, efarmìzontac to Je¸rhma
epilektik c st�shc twn supermartingales (bl. Je¸rhma 1.3 sthn Par�grafo 1.4), èqoume:

E
[
e−R1Vδ(TTδ∧n)

]
≤ E

[
e−R1Vδ(T0)

]
= e−R1u (4.6)

EpÐshc, h paroÔsa axÐa tou pleon�smatoc th stigm  thc qreokopÐac ja eÐnai arnhtik , dhlad 
Vδ(Tδ) < 0   diaforetik� −R1Vδ(Tδ) > 0. Epomènwc ja isqÔei

e−R1Vδ(Tδ) > 1. (4.7)

'Etsi èqoume

E
[
e−R1Vδ(TTδ∧n)

]
≥ E

[
e−R1Vδ(TTδ∧n)I(Tδ ≤ n)

]
= E

[
e−R1Vδ(Tδ)I(Tδ ≤ n)

]
από (4.7)

≥ E [I(Tδ ≤ n)]

An sumbolÐsoume ψδ(u;n) thn pijanìthta qreokopÐac mèqri to qrìno n, ìtan to arqikì kef�laio
eÐnai u, tìte ψδ(u;n) = E [I(Tδ ≤ n)]. IsqÔei dhlad 

E
[
e−R1Vδ(TTδ∧n)

]
≥ ψδ(u;n) (4.8)

Apì tic exis¸seic (4.6) kai (4.8) sumperaÐnoume ìti

ψδ(u;n) ≤ e−R1u,

opìte telik� paÐrnoume ìti

ψδ(u) = lim
n→∞

ψδ(u;n) ≤ lim
n→∞

e−R1u = e−R1u,

sqèsh pou oloklhr¸nei thn apìdeixh tou Jewr matoc 4.1.

To Je¸rhma 4.1 apoteleÐ mÐa genÐkeush thc anisìthtac Lundberg gia to klassikì montèlo
thc jewrÐac kindÔnou me stajerì epitìkio.

63



4.3 Fr�gmata me anadromikèc teqnikèc

Sthn prohgoÔmenh par�grafo qrhsimopoi same thn katanom  thc paroÔsac axÐac tou tuqaÐou

kèrdouc sto qronikì di�sthma pou mesolabeÐ metaxÔ dÔo diadoqik¸n zhmi¸n ( toi cᾱ(δ)

W
−Xe−δW ),

gia na broÔme èna �nw fr�gma gia thn pijanìthta qreokopÐac.
Se aut  thn par�grafo ja broÔme èna �nw fr�gma gia thn pijanìthta qreokopÐac qrhsimopoiìn-
tac thn katanom  thc susswreumènhc axÐac tou tuqaÐou kerdouc sto qronikì di�sthma pou
mesolabeÐ metaxÔ dÔo diadoqik¸n zhmiogìnwn endeqomènwn. H susswreumènh aut  axÐa eÐnai

cs̄
(δ)

W
− X. H mèjodoc wstìso pou ja qrhsimopoi soume gia na broÔme to �nw fr�gma thc pi-

janìthtac qreokopÐac eÐnai diaforetik .
Arqik� ja diatup¸soume èna L mma pou jètei tic proôpojèseic k�tw apì tic opoÐec up�rqei to
en lìgw fr�gma.

L mma 4.2. Sto klassikì montèlo me epitìkio up�rqei mÐa monadik  jetik  posìthta R2 pou
orÐzetai wc h rÐza thc exÐswshc

E

[
e
−R2(cs̄

(δ)

W
−X)

]
= 1 (4.9)

kai dÐnetai apì th sqèsh

[
E
(
eR2X

)]−1

=
λ

c

∫ ∞
0

e−R2y

(1 + δy)
λ
δ

+1
dy (4.10)

Apìdeixh
Gr�foume thn (4.9) sth morf  h(r) = y(r), ìpou

h(r) = E

[
e
−r(cs̄

(δ)

W
−X)

]
kai y(r) = 1

Gia r = 0 èqoume lÔsh, ìmwc h posìthta R2 orÐzetai wc h jetik  rÐza thc (4.9). ParagwgÐzoume
thn h(r) wc proc r kai paÐrnoume

h′(r) = E

[
−(cs̄

(δ)

W
−X)e

−r(cs̄
(δ)

W
−X)

]
kai gia r = 0 isqÔei

h′(0) = −E
[
cs̄

(δ)

W
−X

]
.

'Opwc kai sthn apìdeixh tou L mmatoc 4.1, ètsi kièd¸ upologÐzoume ton rujmì eÐspraxhc twn
asfalÐstrwn c ètsi ¸ste h anamenìmenh susswreumènh axÐa tou tuqaÐou kèrdouc kat� to qronikì
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di�sthma pou mesolbeÐ metaxÔ dÔo diadoqik¸n zhmiogìnwn endeqomènwn na eÐnai jetik . Me �lla
lìgia apaitoÔme na isqÔei

E
[
cs̄

(δ)

W
−X

]
> 0.

SumperaÐnoume loipìn ìti h h(r) eÐnai fjÐnousa sto shmeÐo r = 0, afoÔ h′(0) < 0. H deÔterh
par�gwgoc thc h(r) eÐnai

h′′(r) = E

[
(cs̄

(δ)

W
−X)2e

−r(cs̄
(δ)

W
−X)

]
> 0 �ra h h(r) eÐnai kurt 

AntÐstoiqa h pr¸th ki deÔterh par�gwgoc thc sun�rthshc y(r) = 1 eÐnai

y′(r) = 0 kai y′′(r) = 0, ∀r.

SugkrÐnontac loipìn tic sunart seic h(r) kai y(r) brÐskoume ìti h′(0) < y′(0), dhlad  sto
shmeÐo r = 0 o rujmìc aÔxhshc thc h(r) eÐnai mikrìteroc apì ton antÐstoiqo rujmì aÔxhshc thc
y(r) = 1. Katal goume loipìn sto sumpèrasma ìti h exÐswsh (4.9) èqei toul�qiston mÐa jetik 
rÐza. To sq ma pou akoloujeÐ mac dÐnei mÐa kalÔterh eikìna autoÔ tou sumper�smatoc.

y(r) = 1
h(r)

Sq ma 4.1: Oi lÔseic thc exÐswshc (4.9).

Gia ton upologismì wstìso thc jetik c posìthtac R2, mporoÔme na eketalleutoÔme to gegonìc
ìti sto klassikì montèlo thc jewrÐac kindÔnou oi endi�mesoi qrìnoi �fixhc twn zhmiogìnwn
endeqomènwn akoloujoÔn thn ekjetik  katanom . 'Etsi apì thn exÐswsh (4.9) katall goume
sthn exÐswsh (4.10) pou eÐnai saf¸c pio qr simh gia upologismoÔc. Sugkekrimèna èqoume

E

[
e
−R2(cs̄

(δ)

W
−X)

]
=

∫ ∞
0

E[eR2X ]e−R2c
eδt−1
δ g(t)dt.
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'Omwc g(t) = Pr(W = t) = λe−λt, opìte

E

[
e
−R2(cs̄

(δ)

W
−X)

]
= E[eR2X ]λ

∫ ∞
0

e−R2c
eδt−1
δ e−λtdt. (4.11)

Jètoume y = c
eδt − 1

δ
, dhlad  isqÔei

eδt − 1 =
δy

c
⇒ eδt = 1 +

δy

c
⇒ t =

1

δ
ln(1 +

δy

c
).

EpÐshc èqoume

dt =
1

δ
(1 +

δy

c
)−1

(
δ

c

)
dy =

1

c

1

1 + δy
c

dy

en¸

−λt = −λ
δ

ln(1 +
δy

c
)⇒ e−λt = (1 +

δy

c
)−

λ
δ .

'Etsi h (4.11) gÐnetai

E

[
e
−R2(cs̄

(δ)

W
−X)

]
= E

[
eR2X

] λ
c

∫ ∞
0

e−R2y(1 + δy
c

)−
λ
δ

(1 + δy
c

)
dy

Efarmìzontac loipìn thn (4.9) paÐrnoume[
E
(
eR2X

)]−1

=
λ

c

∫ ∞
0

e−R2y

(1 + δy
c

)
λ
δ

+1
dy,

sqèsh pou oloklhr¸nei thn apìdeixh tou L mmatoc 4.2.

B�sei thc posìthtac R2 mporoÔme na orÐsoume fr�gmata gia thn pijanìthta qreokopÐac. Sto
je¸rhma pou akoloujeÐ parajètoume analutik� tic proôpojèseic k�tw apì tic opoÐec up�rqoun
ta en lìgw fr�gmata kaj¸c kai ton trìpo upologismoÔ touc.

Je¸rhma 4.2. 'Otan h jetik  posìthta R2 orÐzetai sÔmfwna me to L mma 4.2, tìte gia k�je
u ≥ 0 isqÔei

ψδ(u) ≤ βE
[
eR2X

] λ
c
e−R2u

∫ ∞
0

e−R2y(1+ δu
c

)

(1 + δy
c

)
λ
δ

+1
dy, (4.12)

ìpou

β−1 = inf
t≥0

∫∞
t
eR2yf(y)dy

eR2tF̄ (t)
. (4.13)
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Eidikìtera ìtan h katanom  F eÐnai mÐa NWUC (new worse than used in convex ordering), tìte
gia k�je u ≥ 0 isqÔei

ψδ(u) ≤ λ

c
e−R2u

∫ ∞
0

e−R2y(1+ δu
c

)

(1 + δy
c

)
λ
δ

+1
dy, (4.14)

Apìdeixh
H onomasÐa “fr�gmata me anadromikèc teqnikèc” pou d¸same sth sugkekrimènh par�grafo,
ofeÐletai sto ìti gia na broÔme ta sugkekrimèna fr�gmata qrhsimopoioÔme mÐa anadromik  sqèsh
gia thn pijanìthta qreokopÐac. Thn sqèsh aut  mporoÔme na thn p�roume desmeÔontac wc proc
ton qrìno epèleushc (W1 = t) kai to mègejoc (X1 = x) tou pr¸tou zhmiogìnou endeqomènou.
'EtsÐ loipìn �n sumbolÐsoume me ψδ(u;n) thn pijanìthta qreokopÐac prin   kat� thn epèleush
tou n−ostoÔ zhmiogìnou endeqomènou gia to montèlo mac, tìte isqÔei

ψδ(u;n+ 1) =

∫ ∞
0

∫ ∞
0

ψδ(ue
δt + cs̄

(δ)

t
− y;n)f(y)dy g(t)dt

'Opwc gnwrÐzoume ìmwc, qreokopÐa prin   kat� thn epèleush tou (n+1)−zhmiogìnou endeqomènou
mporeÐ na epèljei

1. Me thn epèleush tou pr¸tou zhmiogìnou endeqomènou an to mègejìc tou eÐnai megalÔtero

apo to pleìnasma pou èqei susswreuteÐ mèqri ekeÐnh th qronik  stigm  (x > ueδt + cs̄
(δ)

t
)

2. Me th epèleush opoioud pote ek twn epìmenwn n−zhmiogìnwn endeqomènwn kai me nèo

arqikì kef�laio ueδt + cs̄
(δ)

t
− y (ananewmèno met� thn epèleush thc pr¸thc zhmi�c).

'Etsi èqoume

ψδ(u;n+ 1) =

∫ ∞
0

[
F̄ (ueδt + cs̄

(δ)

t
) +

∫ ueδt+cs̄
(δ)

t

0

ψδ(ue
δt + cs̄

(δ)

t
− y;n)f(y)dy

]
g(t)dt (4.15)

JumÐzoume ìti sto klassikì montèlo g(t) = λe−λt.
EpÐshc apì ton orismì tou β sÔmfwna me thn (4.13), gia k�je x > 0 èqoume

F̄ (t) ≤ βe−R2t

∫ ∞
t

eR2yf(y)dy (4.16)

  genikìtera
F̄ (t) ≤ βe−R2tE

[
eR2X

]
(4.17)

H pijanìthta qreokopÐac me thn epèleush tou pr¸tou zhmiogìnou endeqomènou eÐnai

ψδ(u; 1) =

∫ ∞
0

F̄ (ueδt + cs̄
(δ)

t
)λe−λtdt
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kai mèsw thc (4.17) paÐrnoume

ψδ(u; 1) ≤ βE
[
eR2X

]
λ

∫ ∞
0

e
−R2(ueδt+cs̄

(δ)

t
)
e−λtdt (4.18)

UpologÐzoume to olokl rwma thc (4.18) xeqwrist� jètontac y = cs̄
(δ)

t
= c e

δt−1
δ

. ProkÔptei
loipìn ìti

t =
1

δ
ln

(
1 +

δy

c

)
, kai e−λt =

(
1 +

δy

c

)−λ
δ

en¸

dt =
1

δ

1

1 + δy
c

(
1 +

δy

c

)′
=

1

c

1

1 + δy
c

.

Sunolik� loipìn èqoume∫ ∞
0

e
−R2(ueδt+cs̄

(δ)

t
)
e−λtdt =

1

c

∫ ∞
0

e−R2[u(1+ δy
c

)+y]

(1 + δy
c

)
λ
δ

+1
dy =

1

c
e−R2u

∫ ∞
0

e−R2y(1+ δu
c

)

(1 + δy
c

)
λ
δ

+1
dy.

'Ara h (4.18) gÐnetai

ψδ(u; 1) ≤ βE
[
eR2X

]
e−R2u

λ

c

∫ ∞
0

e−R2y(1+ δu
c

)

(1 + δy
c

)
λ
δ

+1
dy (4.19)

MporoÔme loipìn na poÔme ìti h (4.12) isqÔei gia n = 1. 'Estw loipìn ìti isqÔei kai gia k�poio
akèraio n > 1, dhladh

ψδ(u;n) ≤ βE
[
eR2X

]
e−R2u

λ

c

∫ ∞
0

e−R2y(1+ δu
c

)

(1 + δy
c

)
λ
δ

+1
dy (4.20)

'Omwc apo to dexÐ mèloc thc (4.20) èqoume

βE
[
eR2X

]
e−R2u

λ

c

∫ ∞
0

e−R2y(1+ δu
c

)

(1 + δy
c

)
λ
δ

+1
= βE

[
eR2X

]
E

[
e
−R2(ueδW+cs̄

(δ)

W
)
]

=
βE
[
eR2X

]
E

[
e
R2(ueδW+cs̄

(δ)

W
)
]

'Ara isqÔei

ψδ(u;n) ≤
βE
[
eR2X

]
E

[
e
R2(ueδW+cs̄

(δ)

W
)
]

kai epeid  eδW > 1, sumperaÐnoume ìti

ψδ(u;n) ≤
βE
[
eR2X

]
E

[
e
R2(u+cs̄

(δ)

W
)
] = βe−R2u (4.21)
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afoÔ apì to L mma 4.2 gnwrÐzoume ìti

E

[
e
−R2(cs̄

(δ)

W
−X)

]
= 1.

Sundu�zontac loipìn tic sqèseic (4.16) kai (4.21) me thn exÐswsh (4.15) prokÔptei h parak�tw
anisìthta

ψδ(u;n+ 1) ≤
∫ ∞

0

λe−λtβe
−R2(ueδt+cs̄

(δ)

t
)
∫ ∞
ueδt+cs̄

(δ)

t

eR2yf(y)dydt

+

∫ ∞
0

λe−λt
∫ ueδt+cs̄

(δ)

t

0

βe
−R2(ueδt+cs̄

(δ)

t
)
eR2yf(y)dydt

=

∫ ∞
0

λe−λtβe
−R2(ueδt+cs̄

(δ)

t
)
(∫ ∞

0

eR2yf(y)dy

)
dt

=βE
[
eR2X

] ∫ ∞
0

λe−λte
−R2(ueδt+cs̄

(δ)

t
)
dt

'Omwc èqoume  dh upologÐsei ìti∫ ∞
0

λe−λte
−R2(ueδt+cs̄

(δ)

t
)
dt =

λ

c
e−R2u

∫ ∞
0

e−R2y(1+ δu
c

)

(1 + δy
c

)
λ
δ

+1
dy

ApodeÐxame loipìn ìti

ψδ(u;n+ 1) ≤ βE
[
eR2X

] λ
c
e−R2u

∫ ∞
0

e−R2y(1+ δu
c

)

(1 + δy
c

)
λ
δ

+1
dy,

epomènwc isqÔei kai h (4.12) afoÔ ψδ(u) = lim
n→∞

ψδ(u;n).

Tèloc gnwrÐzoume ìti ìtan h F eÐnai mÐa NWUC tìte isqÔei

β =
[
E
(
eR2X

)]−1
,

opìte se aut  thn perÐtwsh h (4.12) mac dÐnei

ψδ(u) ≤ λ

c
e−R2u

∫ ∞
0

e−R2y(1+ δu
c

)

(1 + δy
c

)
λ
δ

+1
dy,

sqèsh pou oloklhr¸nei thn apìdeixh tou Jewr matoc 4.2.

Sqìlio: 'Otan h katanom  tou megèjouc atomik c zhmi�c an kei sthn kl�sh katanom¸n N-
WUC, pou perilamb�nei tic katanomèc me fjÐnousa bajmÐda apotuqÐac (decreasing failure rate),
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tìte mporoÔme na qrhsimopoi soume th sqèsh (4.14) gia na upologÐsoume èna �nw fr�gma gia
thn pijanìthta qreokopÐac. Gia ìlec tic �llec peript¸seic, mporoÔme na qrhsimopoi soume thn
(4.12) me β = 1 gia na fr�xoume thn ψδ(u), kaj¸c[

E
(
eR2X

)]−1 ≤ β ≤ 1 (4.22)

EÐnai profanèc ìti ta �nw fr�gmata twn Jewrhm�twn 4.1 kai 4.2 diafèroun. Autì ja to di-
apist¸soume kai sta arijmhtik� mac paradeÐgmata. Wstìso mèsw thc sqèshc (4.22) kai tou
gegonìtoc ìti eδW ≥ 1, mporoÔme na upologÐsoume èna �nw fr�gma tÔpou Lundberg gia thn ψδ.
Autì to �nw fr�gma parousÐazetai sta plaÐsia tou akìloujou porÐsmatoc.

Pìrisma 4.1. K�tw apì tic proôpojèseic tou Jewr matoc 4.2, gia k�je u ≥ 0, isqÔei

ψδ(u) ≤ e−R2u (4.23)

Apìdeixh

ψδ(u) ≤ β
E
[
eR2X

]
E

[
e
R2(ueδW+cs̄

(δ)

W
)
] ≤ β

E
[
eR2X

]
E

[
e
R2(u+cs̄

(δ)

W
)
] = βe−R2uE

[
e
−R2(cs̄

(δ)

W
−X)
]

= βe−R2u ≤ e−R2u.

Fusik� to fr�gma tÔpou Lundberg thc (4.23), an kai asjenèstero, upologÐzetai pio eÔkola
se sqèsh me ta fr�gmata (4.12) kai (4.14) tou Jewr matoc 4.2.
Tèloc, mporoÔme na broÔme dÔo aplopoihmèna fr�gmata gia thn ψδ(u) se sqèsh me ekeÐna tou
Jewr matoc 4.2, ekmetalleuìmenoi to gegonìc ìti∫ ∞

0

e−R2y(1+ δu
c

)

(1 + δy
c

)
λ
δ

+1
dy ≤

∫ ∞
0

e−R2y(1+ δu
c

)dy =
1

R2(1 + δu
c

)
(4.24)

Efarmìzontac thn (4.24) sto Je¸rhma 4.2, prokÔptei to parak�tw Pìrisma.

Pìrisma 4.2. K�tw apì tic proôpojèseic tou Jewr matoc 4.2, gia k�je u ≥ 0 isqÔei

ψδ(u) ≤ βE
[
eR2X

] λ

cR2

e−R2u

1 + δu
c

. (4.25)

Eidikìtera ìtan h katanom  F eÐnai mÐa NWUC (new worse than used in convex ordering), tìte
gia k�je u ≥ 0 isqÔei

ψδ(u) ≤ λ

cR2

e−R2u

1 + δu
c

. (4.26)
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Parathr seic:

1. Ta aplopoihmèna fr�gmata tou PorÐsmatoc 4.2 den eÐnai axiìpista gia mikrèc timèc tou
arqikoÔ kefalaÐou u, kaj¸c se aut  thn perÐptwsh moreÐ na p�roun tim  megalÔterh apì
1.

2. SugkrÐnontac ta aplopoihmèna fr�gmata tou PorÐsmatoc 4.2 me to ekjetikì e−R2u, sumper-
aÐnoume ìti kaj¸c to arqikì kef�laio aux�netai, ta fr�gmata tou Jewr matoc 4.2 teÐnoun
grhgorìtera sto mhdèn se sqèsh me to e−R2u.

4.4 QreokopÐa me mhdenikì arqikì kef�laio

Jumìmaste apì thn Eisagwg  ìti sto klassikì montèlo jèloume na isqÔei c > λµ, ìpou µ =
E(X). UpologÐzoume loipìn ton rujmì eÐspraxhc twn asfalÐstrwn c apì thn sqèsh

c = (1 + θ)λµ, θ > 0.

Gia eukolÐa stouc upologismoÔc pou ja akolouj soun jètoume

ρ = λµ.

EpÐshc orÐzoume thn posìthta m apì tic parak�tw isodÔnamec sqèseic

m =
ρ

c
=
λµ

c
=

1

1 + θ
= ψ0(0).

SÔmfwna me touc orismoÔc pou d¸same ja isqÔei

c− λµ = c

(
1− λµ

c

)
= c(1−m) = cψ̄0(0).

Sto Kef�laio 3 eÐqame breÐ ìti h lÔsh gia thn pijanìthta qreokopÐac me mhdenikì arqikì kef�laio
 tan

ψ̄δ(0) =
1

κδ
, kδ = c

∫ ∞
0

e−ct+ λµ
∫ t

0
f̃e(δz)dzdt (4.1)

An sumbolÐsoume me h(s) ton metasqhmatismì Laplace thc katanom c isorropÐac th t.m. X, dhl

h(s) = f̃e(s) =

∫ ∞
0

e−sxfe(x)dx,
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tìte èqoume

κδ = c

∫ ∞
0

e−ct+ ρ
∫ t

0
h(δz)dzdt,

kai se sunduasmì me thn (4.1) prokÔptei �mesa ìti

[
cψ̄δ(0)

]−1
=

∫ ∞
0

e−ct+ ρ
∫ t

0
h(δz)dzdt (4.2)

Se aut  thn upoenìthta loipìn ja qrhsimopoi soume thn (4.2) gia na p�roume leptomerèsterec
plhroforÐec sqetik� me thn pijanìthta qreokopÐac ìtan to arqikì kef�laio eÐnai mhdèn. EpÐshc,
ja exet�soume thn pijanìthta qreokopÐac ìtan h èntash anatokismoÔ δ eÐnai mikr .
MÐa parat rhsh pou ja mac faneÐ idiaÐtera qr sim  sth sunèqeia eÐnai to gegonìc ìti o metasqh-
matismìc Laplace thc katanom c isorropÐac th t.m. X eÐnai mÐa gnhsÐwc fjÐnousa sun�rthsh
pou strèfei ta koÐla proc ta �nw. Autì prokÔptei �mesa apì tic idiìthtec thc sun�rthshc h(s)
afoÔ

h(s) =

∫ ∞
0

e−sxfe(x)dx

h
′
(s) =

∫ ∞
0

−xe−sxfe(x)dx < 0

h
′′
(s) =

∫ ∞
0

x2e−sxfe(x)dx > 0

Aut� ta qarakthristik� thc h(s) faÐnontai kalÔtera sto parak�tw sq ma

Sq ma 4.1: O metasqhmatismìc Laplace thc katanom c isorropÐac thc t.m. X

SÔmfwna loipìn me ta parap�nw, gia opoiod pote α kai gia b > 0 ja isqÔei

h(α) ≥ h(α + b) ≥ h(α) + bh
′
(α) (4.3)
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Anisìthtec gia thn ψ̄δ(0)
Gia na broÔme anisìthtec gia thn ψ̄δ(0) ja qrhsimopoi soume thn (4.3) gia α = 0 kai b = δz.
'Omwc gia α = 0 isqÔei

h
′
(0) = −

∫ ∞
0

xfe(x)dx

kai an sumbolÐsoume me ν1 thn mèsh tim  thc t.m. Xe, dhlad 

ν1 =

∫ ∞
0

xfe(x)dx,

tìte
h
′
(0) = −ν1.

Epiplèon isqÔei

h(0) =

∫ ∞
0

fe(x)dx = 1.

'Ara gia α = 0 kai b = δz h (4.3) mac dÐnei

1 ≥ h(δz) ≥ 1− δzν1 (4.4)

Apì to aristerì mèloc thc (4.4) ja p�roume thn pr¸th mac anisìthta gia thn ψ̄δ(0). Sugkekrimè-
na èqoume

h(δz) ≤ 1⇒
∫ t

0

h(δz)dz ≤
∫ t

0

1dz ⇒ −ct+ ρ

∫ t

0

h(δz)dz ≤ −ct+ ρt

⇒ e−ct+ ρ
∫ t

0
h(δz)dz ≤ e−(c− ρ)t ⇒

∫ ∞
0

e−ct+ ρ
∫ t

0
h(δz)dzdt ≤

∫ ∞
0

e−(c−ρ)tdt

dhlad  ∫ ∞
0

e−ct+ ρ
∫ t

0
h(δz)dzdt ≤ 1

c− ρ
opìte k�nontac qr sh thc (4.2) brÐskoume ìti

[
cψ̄δ(0)

]−1 ≤ 1

c− ρ

EpÐshc anagnwrÐzoume ìti c− ρ = c− λµ = c(1− λµ

c
) = c(1−m), opìte èqoume

1

cψ̄δ(0)
≤ 1

c(1−m)
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dhlad  èna k�tw fr�gma gia thn ψ̄δ(0) eÐnai

ψ̄δ(0) ≥ 1−m (4.5)

Prin proqwr soume sthn eÔresh thc �llhc anisìthtac gia thn ψ̄δ(0) ac sqoli�soume lÐgo th
sqèsh (4.5). EÐnai qarakthristikì to gegonìc ìti h isìthta sthn (4.5) isqÔei gia to klassikì
montèlo thc JewrÐac KindÔnou qwrÐc epitìkio. JumÐzoume ìti gia δ = 0 isqÔei

ψ̄(0) =
θ

1 + θ
= 1− 1

1 + θ
= 1− λµ

c
= 1− ρ

c
= 1−m.

Epiplèon an antikatast soume sthn (4.5) ψ̄δ(0) = 1− ψδ(0), paÐrnoume ìti

ψδ(0) ≤ m

ìmwc
m = 1− ψ̄(0) = ψ(0)

'Ara isqÔei
ψδ(0) ≤ ψ(0). (4.6)

H (4.6) dhl¸nei xek�jara ìti h pijanìthta qreokopÐac me mhdenikì arqikì kef�laio eÐnai mikrìter-
h sto klassikì montèlo me epitìkio se sqèsh me thn antÐstoiqh pijanìthta sto klassikì mntèlo
qwrÐc epitìkio. Autì eÐnai apolÔtwc fusiologikì diìti to pleìnasma sto montèlo me to epitìkio
ependÔetai.
H deÔterh anisìthta gia thn ψ̄δ(0) prokÔptei apì to dexÐ mèloc thc (4.4):

h(δz) ≥ 1− ν1δz ⇒
∫ t

0

h(δz)dz ≥
∫ t

0

(1− ν1δz) dz

⇒ −ct+ ρ

∫ t

0

h(δz)dz ≥ −ct+ ρ

∫ t

0

(1− ν1δz) dz

⇒ e−ct+ ρ
∫ t

0
h(δz)dz ≥ e−ct+ ρt− 1

2
ρν1δt

2

Oloklhr¸nontac loipìn kai ta dÔo mèlh thc teleutaÐac anÐsìthtac apo 0 èwc ∞ èqoume∫ ∞
0

e−ct+ ρ
∫ t

0
h(δz)dz ≥

∫ ∞
0

e−ct+ ρt− 1
2
ρν1δt

2
dt

kai mèsw thc (4.2) ft�noume sthn ex c sqèsh

[
cψ̄δ(0)

]−1 ≥
∫ ∞

0

e−(c− ρ)t− 1
2
ρν1δt

2
dt (4.7)
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Gia na aplopoi soume thn (4.7) ja ekfr�soume to olokl rwma upì thn morf  mÐac kanonik c

katanom c N(0, 1). Sugkekrimèna jèloume na fèroume to ekjetikì komm�ti sth morf  e−
1
2
u2
.

Xekin�me analÔontac ton ekjèth xeqwrist� afoÔ pr¸ta jèsoume

A = −(c− ρ)t− 1

2
ρν1δt

2.

'Eqoume loipìn

A = −1

2

[
2(c− ρ)t+ ρν1δt

2
]

= −1

2

[
2

(c− ρ)√
ρν1δ

√
ρν1δt+ (

√
ρν1δt)

2

]
= −1

2

[
2

(c− ρ)√
ρν1δ

√
ρν1δt+ (

√
ρν1δt)

2 +

(
(c− ρ)√
ρν1δ

)2

−
(

(c− ρ)√
ρν1δ

)2
]

Jètontac

α =
(c− ρ)√
ρν1δ

=
c(1−m)√

ρν1δ
(4.8)

paÐrnoume

A = −1

2

[
2α
√
ρν1δt+ (

√
ρν1δt)

2 + α2 − α2
]

=
1

2
α2 − 1

2

(√
ρν1δt+ α

)2

kai gia
√
ρν1δt+ α = u isqÔei

A =
α2

2
− u2

2

EpÐshc isqÔei dt =
1√
ρν1δ

du. Antikajist¸ntac sthn (4.7), prokÔptei h anisìthta

[
cψ̄δ(0)

]−1 ≥ 1√
ρν1δ

e
α2

2

∫ ∞
α

e−
u2

2 du (4.9)

ParathroÔme ìti me thn allag  metablht c �llaxan kai ta ìria olokl rwshc. EpÐshc apì thn
(4.8) èqoume

1√
ρν1δ

=
α

c(1−m)
,

en¸ anagnwrÐzoume kai thn posìthta

R(x) = e
x2

2

∫ ∞
x

e−
t2

2 dt
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wc ton gnwstì deÐkth Mills. 'Etsi h (4.9) mac dÐnei

1

cψ̄δ(0)
≥ α

c(1−m)
R(α)

  isdÔnama èna �nw fr�gma gia thn pijanìtht mh qreokopÐac dÐnetai apì thn sqèsh

ψ̄δ(0) ≤ (1−m)
1

αR(α)
(4.10)

Sundu�zontac tic (4.5) kai (4.10) prokÔptei h dipl  anisìthta

1−m ≤ ψ̄δ(0) ≤ (1−m)
1

αR(α)
. (4.11)

M�lista mporoÔme na belti¸soume to �nw fr�gma pou dÐnetai apì thn (4.10) kaj¸c isqÔoun oi
parak�tw sqèseic (bl. Mitrinovic (1970) )

1

αR(α)
≤ 1 +

1

α2
(4.12)

  akribèstera

1

αR(α)
≤ 1

2

[
1 +

(
1 +

4

α2

)1/2
]

ìmwc apì thn (4.8) paÐrnoume ìti

1

α2
=

ρν1δ

c2(1−m)2
=

mν1

(1−m)2

(
δ

c

)
(4.13)

epomènwc oi (4.12) kai (4.13) se sunduasmì me thn (4.10) mac dÐnoun

ψ̄δ(0) ≤ (1−m)

[
1 +

mν1

(1−m)2

(
δ

c

)]
(4.14)

kai

ψ̄δ(0) ≤ (1−m)

(
1 +

[
1 +

4mν1

(1−m)2

(
δ

c

)]1/2
)

(4.15)

antÐstoiqa. Oi (4.14) kai (4.15) perig�foun ta beltiwmèna �nw fr�gmata gia thn ψ̄δ(0).
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4.5 Arijmhtik� apotelèsmata

Sta paradeÐgmata pou akoloujoÔn ja upologÐsoume arijmhtik� ta fr�gmata twn Jewrhm�twn
4.1 kai 4.2. Sto k�je par�deigma ja epilègoume kai mÐa diaforetik  katanom  gia to mègejoc
atomik c zhmi�c, ¸ste na mporèsoume na kalÔyoume tic di�forec eidikèc peript¸seic pou èqoume
anafèrei ewc t¸ra. Oi arijmhtikoÐ upologismoÐ èqoun gÐnei me th bo jeia tou logismikoÔ Math-
ematica kai oi entolèc pou qrhsimopoi jhkan brÐskontai sto Par�rthma thc ergasiac.

Par�deigma 4.1. 'Estw ìti h katanom  tou megèjouc atomik c zhmi�c eÐnai h ekjetik  me
par�metro µ, dhlad 

F (x) = 1− e−µx, x ≥ 0, µ > 0. (4.27)

H ropogenn tria thc t.m. X ja eÐnai

MX(t) =
µ

µ− t
, t < µ. (4.28)

OrÐzoume tic timèc twn paramètrwn gia to par�deigm� mac wc ex c: c = 60, λ = 55kaiµ =
1ètsi ¸steE(X) = V ar(X) = 1. EpÐshc ja jewr soume treic diaforetikèc timèc gia thn èntash
anatokismoÔ δ: 0.01, 0.07 kai 0.15. Gia touc arijmhtikoÔc upologismoÔc autoÔ tou paradeÐgmatoc
parapèmpoume sto “Par�deigma 4.1”tou Parart matoc.
Arqik� upologÐzoume touc suntelestèc prosarmog c R1 kai R2 sÔmfwna me tic proôpojèseic
twn Lhmm�twn 4.1 kai 4.2. Ta apotelèsmata faÐnontai ston pÐnaka pou akoloujeÐ.

Sth sunèqeia upologÐsame ta fr�gmata gia thn pijanìthta qreokopÐac. Stouc PÐnakec 2, 3 kai 4
blèpoume ta fr�gmata gia thn pijanìthta qreokopÐac me ent�seic anatokismoÔ δ = 0.01, δ = 0.07
kai δ = 0.15 antÐstoiqa.“Anadromikì ”eÐnai to fr�gma mèsw anadromik¸n teqnik¸n sÔmfwna me
th sqèsh (4.14) tou Jewr matoc 4.2, en¸ “Martingale”eÐnai to fr�gma mèsw martingales sÔm-
fwna me th sqèsh (4.4) tou Jewr matoc 4.1.
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ParathroÔme ìti ta �nw fr�gmata mèsw anadromik¸n teqnik¸n eÐnai kalÔtera apì ta �nw fr�g-
mata mèsw martingales. EpÐshc parathroÔme ìti h diafor� metaxÔ aut¸n twn dÔo fragm�twn
aux�netai ìso aux�netai h èntash anatokismoÔ δ.
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Par�deigma 4.2. 'Estw ìti to mègejoc atomik c zhmi�c akoloujeÐ thn katanom  G�mma,
dhlad 

f(x) =
γαxα−1

Γ(α)
e−γx, x ≥ 0, γ > 0, 0 < α < 1 (4.29)

Epilègoume na isqÔei 0 < α < 1, ètsi ¸ste h katanom  mac na èqei fjÐnousa bajmÐda
apotuqÐac. H ropogenn tria thc t.m. X ja eÐnai

MX(t) =

(
γ

γ − t

)α
, t < γ. (4.30)

Se autì to par�deigma ja k�noume upologismoÔc gia δ = 0.07. 'Opwc kai sto prohgoÔmeno
par�deigma, orÐzoume tic timèc twn basik¸n mac paramètrwn: c = 60, λ = 55 kai α = γ = 0.5
ètsi ¸ste

E[X] =
α

γ
= 1 (ìpwc kai sto prohgoÔmeno par�deigma), kai

V ar[X] =
α

γ2
= 2 (megalÔterh apì th diakÔmansh sto Par�deigma 4.1)

Lìgw thc megalÔterhc diakÔmanshc anamènoume megalÔtera fr�gmata gia thn pijanìthta qreokopÐac
se sqèsh me ta antÐstoiqa fr�gmata tou ParadeÐgmatoc 4.1. Arqik� brÐskoume ìti R1 = 0.05509
kai R2 = 0.05574. Me b�sh touc nèouc suntelestèc prosarmog c kaj¸c kai th nèa ropogen-
n tria thc tuqaÐac metablht c pou anaparist� to mègejoc atomik c zhmi�c gia to montèlo mac,
br kame ta fr�gmata gia thn pijanìthta qreokopÐac sÔmfwna me tic sqèseic (4.4) kai (4.14) twn
Jewrhm�twn 4.1 kai 4.2 antÐstoiqa. Ta apotelèsmata aut� parousi�zontai ston PÐnaka 5 kai
jumÐzoume ìti upologÐsthkan gia èntash anatokismoÔ δ = 0.07.

Blèpoume ìti ìntwc ta fr�gmata pou br kame se autì to par�deigma eÐnai megalÔtera apì ta
antÐstoiqa tou ParadeÐgmatoc 4.1 (PÐnakac 3) ìpou eÐqame mikrìterh diakÔmansh.
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Par�deigma 4.3. 'Estw ìti h tuqaÐa metablht  pou ekfr�zei to mègejoc atomik c zhmi�c
akoloujeÐ thn katanom  G�mma me sun�rthsh puknìthtac pou dÐnetai apì thn sqèsh (4.29), kai
α > 1.

Se aut  thn perÐptwsh epilèxame thn katanom  mac ètsi ¸ste na mhn èqei fjÐnousa bajmÐda
apotuqÐac (α > 1). Kai ed¸ ja upologÐsoume touc suntelestèc prosarmog c R1 kai R2, kaj¸c
kai ta fr�gmata gia thn pijanìthta qreokopÐac. Wstìso se autì to par�deigma ja qrhsimopoi -
soume th sqèsh (4.12) tou Jewr matoc 4.2 gia na broÔme to anadromikì �nw fr�gma gia thn
pijanìthta qreokopÐac, afoÔ h katanom  mac den an kei sthn oikogèneia katanom¸n NWUC.
OrÐzoume loipìn c = 60, λ = 55, kai α = γ = 1.6.
Gia èntash anatokismoÔ δ = 0.07 br kame ìti R1 = 0.10337 kai R2 = 0.10456. O PÐnakac 6
sunoyÐzei ta �nw fr�gmata pou br kame me th bo jeia twn suntelest¸n prosarmog c.

ParathroÔme ìti gia �llh mÐa for� ta fr�gmata mèsw anadromik¸n teqnik¸n eÐnai kalÔtera se
sqèsh me ta fr�gmata mèsw martingalec. EpÐshc sugkrÐnontac ta fr�gmata twn Pin�kwn 3, 5 kai
6 diapist¸noume ìti sto teleutaÐo mac par�deigma emfanÐzontai ta mikrìtera �nw fr�gmata. Autì
sumbaÐnei diìti sto Par�deigma 4.5 èqoume th mikrìterh diakÔmansh se sqèsh me ta ParadeÐgmata
4.1 kai 4.2, kaj¸c

V ar[X] =
α

γ2
=

1.6

1.62
≤ 1

Monadik  exaÐresh sto parap�nw sumpèrasma apoteleÐ to anadromikì fr�gma gia u = 0. Autì
pijanìtata ofeÐletai sto gegonìc ìti sth qr sh thc sqèshc (4.12) gia thn eÔresh tou sug-
kekrimènou fr�gmatoc, k�name thn aploÔsteush β = 1 (afoÔ β ≤ 1) brÐskontac pijan¸c lÐgo
megalÔtera fr�gmata apì ìti an lamb�name up' ìyin mac ki thn par�metro β.
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Kef�laio 5

Katanom  tou pleon�smatoc prin th
qreokopÐa kai tou elleÐmmatoc th
stigm  thc qreokopÐac

Ja sumbolÐsoume me Hδ,α(u, x, y) thn proexoflhmènh apì koinoÔ sun�rthsh katanom c tou
pleon�smatoc prin th qreokopÐa kai tou elleÐmmatoc th stigm  thc qreokopÐac, ìtan to arqikì
kef�laio eÐnai u. 'Opwc eÐdame kai sto Kef�laio 2, h Hδ,α(u, x, y) prokÔptei apì thn anamenìmenh
proexoflhmènh sun�rthsh poin c twn Gerber-Shiu gia w(x1, x2) = I(Uδ(Tδ) ≤ x)I(|Uδ(Tδ)| ≤
y). 'Etsi loipìn èqoume

Hδ,α(u, x, y) = E
[
e−αTδI

(
Uδ(T

−
δ ) ≤ x, |Uδ(Tδ)| ≤ y

)
I(Tδ <∞) |Uδ(0) = u

]
(5.1)

ParagwgÐzontac kat�llhla thn Hδ,α(u, x, y) prokÔptei h sun�rthsh puknìthtac hδ,α(u, x, y).
Sugkekrimèna,

hδ,α(u, x, y) =
∂2

∂x∂y
Hδ,α(u, x, y). (5.2)

EpÐshc an sumbolÐsoume me Fδ,α(u) thn proexoflhmènh sun�rthsh katanom c tou pleon�smatoc
prin th qreokopÐa, tìte

Fδ,α(u, x) = E
[
e−αTδI

(
U(T−δ ) ≤ x

)
I(Tδ <∞) |Uδ(0) = u

]
. (5.3)

Apo thn proexoflhmènh sun�rthsh katanom c Fδ,α(u) paÐrnoume thn proexoflhmènh sun�rthsh
puknìthtac tou pleon�smatoc prin th qreokopÐa

fδ,α(u, x) =
∂

∂x
Fδ,α(u). (5.4)

Oi antÐstoiqec proexoflhmènec sunart seic gia to èlleimma th stigm  th qreokopÐac ja eÐnai

Gδ,α(u, y) = E
[
e−αTδI (|Uδ(Tδ)| ≤ y) I(Tδ <∞) |Uδ(0) = u

]
, kai (5.5)
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gδ,α(u, y) =
∂

∂y
Gδ,α(u, y). (5.6)

Mèsw twn proexoflhmènwn aut¸n sunart sewn mporoÔme eÔkola na katal xoume stic mh-
proexoflhmènec, jètontac α = 0. Gia eukolÐa loipìn ja gr�foume Fδ(u, x) antÐ gia Fδ,0(u, x),
Gδ(u, y) antÐ gia Gδ,0(u, y), ktl.
'Eqontac orÐsei tic basikìterec sunart seic pou ja mac apasqol soun se aut  thn enìthta,
mporoÔme na xekin soume th melèth thc basikìterhc apì autèc, dhlad  thc Hδ,α(u, x, y).

5.1 H proexoflhmènh apì koinoÔ katanom  tou pleon�s-

matoc prin th qreokopÐa kai tou elleÐmmatoc th

stigm  thc qreokopÐac

Se aut  thn par�grafo ja asqolhjoÔme me thn eÔresh thc oloklhrwtik c exÐswshc pou ikanopoieÐ
h Hδ,α(u, x, y) kaj¸c kai th lÔsh aut c thc exÐswshc. EpÐshc ja anaferjoÔme kai sthn proex-
oflhmènh sun�rthsh puknìthtac hδ,α(u, x, y).

Je¸rhma 5.1. Sto klassikì montèlo thc jewrÐac kindÔnou me stajerì epitìkio h proexoflh-
mènh apì koinoÔ sun�rthsh katanom c tou pleon�smatoc prin th qreokopÐa kai tou elleÐmmatoc
th stigm  thc qreokopÐac ikanopoieÐ thn ex c oloklhrwtik  exÐswsh Volterra:

Hδ,α(u, x, y) =
cHδ,α(0, x, y)

c+ δu
− λµ

c+ δu
[Fe(u ∧ x) + Fe(y)− Fe(u ∧ x+ y)]

+

∫ u

0

kδ,α(u, t)Hδ,α(x, y|t)dt
(5.7)

Apìdeixh:
EÐnai fanerì apì thn (5.1) ìti h Hδ,α(u, x, y) prokÔptei apì thn sun�rthsh twn Gerber-Shiu.
Sugkekrimèna gia w(x1, x2) = I(x1 ≤ x)I(x2 ≤ y) isqÔei Φδ,α(u) = Hδ,α(u, x, y) EpÐshc ja eÐnai

A(t) =

∫ ∞
t

w(t, s− t)f(s)ds =

∫ ∞
t

I(t ≤ x)I(s− t ≤ y)f(s)ds

= I(t ≤ x)

∫ ∞
t

I(s ≤ y + t)f(s)ds = I(t ≤ x)

∫ y+t

t

f(s)ds = I(t ≤ x)
[
F̄ (t)− F̄ (y + t)

]
.

JumÐzoume ìti h oloklhrwtik  exÐswsh pou ikanopoieÐ h anamenìmenh proexoflhmènh sun�rthsh
poin c twn Gerber-Shiu eÐnai

Φδ,α(u) =
cΦδ,α(0)

c+ δu
− λ

c+ δu

∫ u

0

A(t)dt+

∫ u

0

kδ,α(u, t)Φδ,α(t)dt.

82



opìte gia w(x1, x2) = I(x1 ≤ x)I(x2 ≤ y), paÐrnoume

Hδ,α(u, x, y) =
cHδ,α(0, x, y)

c+ δu
− λ

c+ δu

∫ u∧x

0

[
F̄ (t)− F̄ (y + t)

]
dt+

∫ u

0

kδ,α(u, t)Hδ,α(x, y|t)dt

=
cHδ,α(0, x, y)

c+ δu
− λµ

c+ δu

∫ u∧x

0

[fe(t)− fe(y + t)] +

∫ u

0

kδ,α(u, t)Hδ,α(x, y|t)dt

=
cHδ,α(0, x, y)

c+ δu
− λµ

c+ δu
[Fe(u ∧ x)− Fe(0)− Fe(u ∧ x+ y) + Fe(y)]

+

∫ u

0

kδ,α(u, t)Hδ,α(x, y|t)dt

dhlad  isqÔei

Hδ,α(u, x, y) =
cHδ,α(0, x, y)

c+ δu
− λµ

c+ δu
[Fe(u ∧ x) + Fe(y)− Fe(u ∧ x+ y)]

+

∫ u

0

kδ,α(u, t)Hδ,α(x, y|t)dt,

sqèsh pou oloklhr¸nei thn apìdeixh tou Jewr matoc 5.1.

H (5.7) eÐnai mÐa oloklhrwtik  exÐswsh Volterra deÔterou tÔpou kai sta plaÐsia tou Jewr -
matoc pou akoloujeÐ dÐnoume th lÔsh thc.

Je¸rhma 5.2. Sto klassikì montèlo thc jewrÐac kindÔnou me stajerì epitìkio, h lÔsh
thc oloklhrwtik c exÐswshc Volterra pou ikanopoieÐ h proexoflhmènh apì koinoÔ sun�rthsh
katanom c tou pleon�smatoc prin th qreokopÐa kai tou elleÐmmatoc th stigm  thc qreokopÐac
dÐnetai apì th sqèsh

Hδ,α(u, x, y) =



H1
δ,α(x, y)

(
1

c+ δu
+

∫ u

0

Kδ,α(u, t)

c+ δt
dt

)
+

λµ

c+ δu
Fe(u+ y)

+λµ

∫ u

0

Kδ,α(u, t)

c+ δt
Fe(t+ y)dt+ ψδ,α(u), u < x

H2
δ,α(x, y)

(∫ u

x

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
+ cHδ,α(0, x, y)

∫ x

0

Kδ,α(u, t)

c+ δt
dt

−λµ
∫ x

0

Kδ,α(u, t)

c+ δt
[Fe(t) + Fe(y)− Fe(t+ y)] dt, u ≥ x

(5.8)

ìpou
H1
δ,α(x, y) = cHδ,α(0, x, y)− cψδ,α(0)− λµFe(y),

H2
δ,α(x, y) = cHδ,α(0, x, y)− λµ [Fe(x) + Fe(y)− Fe(x+ y)]

kai h Hδ,α(0, x, y) dÐnetai parak�tw sthn Prìtash 5.1.
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Apìdeixh:
H genik  morf  mÐac oloklhrwtik c exÐswshc Volterra deÔterou tÔpou (bl. Eisagwg ) eÐnai

φ(u) = `(u) +

∫ u

0

K(u, t)φ(t)dt, (5.9)

kai h monadik  lÔsh thc dÐnetai apì th sqèsh

φ(u) = `(u) +

∫ u

0

K(u, t)`(t)dt (5.10)

ìpou

K(u, t) =
∞∑
m=1

km(u, t)

km(u, t) =

∫ u

t

k(u, s)km−1(s, t)ds, m = 2, 3, · · ·

kai
k1(u, t) = k(u, t)

Sthn perÐptwsh thc exÐswshc (5.7) èqoume

`(u) =
cHδ,α(0, x, y)

c+ δu
− λµ

c+ δu
[Fe(u ∧ x) + Fe(y)− Fe(u ∧ x+ y)] , kai (5.11)

Kδ,α(u, t) =
∞∑
m=1

kmδ,α(u, t)

kmδ,α(u, t) =

∫ u

t

kδ,α(u, s)km−1
δ,α (s, t)ds, m = 2, 3, · · ·

k1
δ,α(u, t) = kδ,α(u, t)

Epomènwc, sÔmfwna me thn (5.10), h lÔsh thc exÐswshc (5.7) ja eÐnai

Hδ,α(u, x, y) = `(u) +

∫ u

0

Kδ,α(u, t)`(t)dt.

Sthn parap�nw exÐswsh antikajistoÔme thn posìthta `(u) (ìpwc thn br kame mesw thc exÐswshc
(5.11) ), kai paÐrnoume

Hδ,α(u, x, y) =
cHδ,α(0, x, y)

c+ δu
− λµ

c+ δu
[Fe(u ∧ x) + Fe(y)− Fe(u ∧ x+ y)]

+ cHδ,α(0, x, y)

∫ u

0

Kδ,α(u, t)

c+ δt
dt− λµ

∫ u

0

Kδ,α(u, t)

c+ δt
Fe(t ∧ x)dt

− λµ
∫ u

0

Kδ,α(u, t)

c+ δt
Fe(y)dt+ λµ

∫ u

0

Kδ,α(u, t)

c+ δt
Fe(t ∧ x+ y)dt

(5.12)
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Lìgw thc posìthtac (u ∧ x), apì thn (5.12) ja p�roume dÔo lÔseic. MÐa gia u < x kai mÐa gia
u ≥ x.

Gia u < x h (5.12) mac dÐnei:

Hδ,α(u, x, y) =
cHδ,α(0, x, y)

c+ δu
− λµ

c+ δu
[Fe(u) + Fe(y)− Fe(u+ y)]

+ cHδ,α(0, x, y)

∫ u

0

Kδ,α(u, t)

c+ δt
dt− λµ

∫ u

0

Kδ,α(u, t)

c+ δt
Fe(t)dt

− λµ
∫ u

0

Kδ,α(u, t)

c+ δt
Fe(y)dt+ λµ

∫ u

0

Kδ,α(u, t)

c+ δt
Fe(t+ y)dt

(5.13)

'Omwc apì th lÔsh gia thn pijanìthta qreokopÐac eÐqame dei ìti

ψδ,α(u) =
cψδ,α(0)

c+ δu
− λµ

c+ δu
Fe(u) + cψδ,α(0)

∫ u

0

Kδ,α(u)

c+ δu
dt− λµ

∫ u

0

Kδ,α(u)

c+ δu
Fe(t)dt

dhlad 

−λµ
∫ u

0

Kδ,α(u)

c+ δu
Fe(t)dt = ψδ,α(u)− cψδ,α(0)

c+ δu
+

λµ

c+ δu
Fe(u) + cψδ,α(0)

∫ u

0

Kδ,α(u)

c+ δu
dt (5.14)

antikajist¸ntac thn (5.14) sthn (5.13), paÐrnoume

Hδ,α(u, x, y) =
c

c+ δu
[Hδ,α(0, x, y)− ψδ,α(0)]− λµ

c+ δu
[Fe(u) + Fe(y)− Fe(u+ y)− Fe(u)]

+ [cHδ,α(0, x, y)− cψδ,α(0)− λµFe(y)]

∫ u

0

Kδ,α(u, t)

c+ δt
dt

+ λµ

∫ u

0

Kδ,α(u, t)

c+ δt
Fe(t+ y)dt+ ψδ,α(u)

=
[cHδ,α(0, x, y)− cψδ,α(0)− λµFe(y)]

c+ δu
+

λµ

c+ δu
Fe(u+ y)

+ [cHδ,α(0, x, y)− cψδ,α(0)− λµFe(y)]

∫ u

0

Kδ,α(u, t)

c+ δt
dt

+ λµ

∫ u

0

Kδ,α(u, t)

c+ δt
Fe(t+ y)dt+ ψδ,α(u)

Jètoume
H1
δ,α(x, y) = cHδ,α(0, x, y)− cψδ,α(0)− λµFe(y)

opìte

Hδ,α(u, x, y) =H1
δ,α(x, y)

(
1

c+ δu
+

∫ u

0

Kδ,α(u, t)

c+ δt
dt

)
+

λµ

c+ δu
Fe(u+ y)

+ λµ

∫ u

0

Kδ,α(u, t)

c+ δt
Fe(t+ y)dt+ ψδ,α(u)

(5.15)
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AntÐstoiqa gia u ≥ x h (5.12) mac dÐnei:

Hδ,α(u, x, y) =
cHδ,α(0, x, y)

c+ δu
− λµ

c+ δu
[Fe(x) + Fe(y)− Fe(x+ y)]

− λµ
∫ u

0

Kδ,α(u, t)

c+ δt
[Fe(t ∧ x) + Fe(y)− Fe(t ∧ x+ y)] dt

+ cHδ,α(0, x, y)

∫ u

0

Kδ,α(u, t)

c+ δt
dt

S�utì to shmeÐo prèpei na prosdiorÐsoume thn posìthta t ∧ x, gnwrÐzontac ìti x ≤ u kai
0 < t < u. Epomènwc diakrÐnoume dÔo diast mata:

sto di�sthma [0, x) : t ∧ x = t,en¸
sto di�sthma [x, u] : t ∧ x = x.

'Etsi èqoume

Hδ,α(u, x, y) =
cHδ,α(0, x, y)− λµ [Fe(x) + Fe(y)− Fe(x+ y)]

c+ δu

+ {cHδ,α(0, x, y)− λµ [Fe(x) + Fe(y)− Fe(x+ y)]}
∫ u

x

Kδ,α(u, t)

c+ δt
dt

+ cHδ,α(0, x, y)

∫ x

0

Kδ,α(u, t)

c+ δt
dt− λµ

∫ x

0

Kδ,α(u, t)

c+ δt
[Fe(t) + Fe(y)− Fe(t+ y)] dt

kai an jèsoume

H2
δ,α(x, y) = cHδ,α(0, x, y)− λµ [Fe(x) + Fe(y)− Fe(x+ y)]

tìte èqoume

Hδ,α(u, x, y) =H2
δ,α(x, y)

(
1

c+ δu
+

∫ u

x

Kδ,α(u, t)

c+ δt
dt

)
+ cHδ,α(0, x, y)

∫ x

0

Kδ,α(u, t)

c+ δt
dt

− λµ
∫ x

0

Kδ,α(u, t)

c+ δt
[Fe(t) + Fe(y)− Fe(t+ y)] dt

(5.16)

Me thn eÔresh twn exis¸sewn (5.15) kai (5.16) oloklhr¸netai h apìdeixh tou Jewr matoc 5.2
pou mac dÐnei th lÔsh thc oloklhrwtik c exÐswshc Volterra pou ikanopoieÐ h proexoflhmènh apì
koinoÔ sun�rthsh katanom c tou pleon�smatoc lÐgo prin th qreokopÐa kai tou elleÐmmatoc th
stigm  thc qreokopÐac gia to klassikì montèlo me epitìkio.

Sthn prìtash pou akoloujeÐ upologÐzoume thn posìthta Hδ,α(0, x, y). Aut  prokÔptei apì
thn antÐstoiqh Φδ,α(0), afoÔ gia w(x1, x2) = I(x1 < x)I(x2 < y) isqÔei Φδ,α(0) = Hδ,α(0, x, y).
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Prìtash 5.1. Sto klassikì montèlo thc jewrÐac kindÔnou me stajerì epitìkio h Hδ,α(0, x, y)
dÐnetai apì th sqèsh

Hδ,α(0, x, y) =
λ

κδ,α

∫ ∞
0

∫ x

0

e−δvt
[
F̄ (t)− F̄ (y + t)

]
dtv

α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv, (5.17)

ìpou

κδ,α = c

∫ ∞
0

v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv

Apìdeixh:
JumÐzoume ìti

Φδ,α(0) =
λµA
κδ,α

∫ ∞
0

ã1(δv)v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv (5.18)

H mình posìthta pou ephrre�zetai apì thn epilog  w(x1, x2) = I(x1 < x)I(x2 < y) eÐnai o
metasqhmatismìc Laplace thc sun�rthshc A(t). Sugkekrimèna èqoume

ã1(δv) =

∫ ∞
0

e−δvxdA1(x) =
1

µA

∫ ∞
0

e−δvxA(x)dx.

'Omwc dedomènhc thc sun�rthshc w èqoume

A(t) =
[
F̄ (t)− F̄ (y + t)

]
I(t ≤ x).

'Etsi

ã1(δv) =
1

µA

∫ ∞
0

e−δvt
[
F̄ (t)− F̄ (y + t)

]
I(t ≤ x)dt =

1

µA

∫ x

0

e−δvt
[
F̄ (t)− F̄ (y + t)

]
dt

Antikajist¸ntac loipìn thn posìthta ã1(δv) sthn exÐswsh (5.18) katal goume sth sqèsh (5.17)
gia thn Hδ,α(0, x, y).

5.2 Perij¸ria katanom  tou pleon�smatoc prin th

qreokopÐa

Se aut  thn par�grafo ja asqolhjoÔme me to pleìmasma prin th qreokopÐa. Sugkekrimèna, ja
broÔme thn proexoflhmènh sun�rthsh katanom c tou pleon�smatoc kaj¸c kai th proexoflhmènh
sun�rthsh puknìtht�c tou, en¸ ja anakalÔyoume ènan idiaÐtero kai polÔ shmantikì rìlo pou
paÐzei aut  h katanom .
H eÔresh thc proexoflhmènhc sun�rthshc katanom c tou pleon�smatoc Fδ,α(u, x), pou orÐsame
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sthn arq  autoÔ tou kefalaÐou sÔmfwna me thn (5.3), eÐnai sqetik� apl  ìtan èqei kaneÐc sth
di�jes  tou thn Hδ,α(u, x, y). Kai autì diìti

Fδ,α(u, x) = lim
y→∞

Hδ,α(u, x, y).

'Omwc sthn prohgoÔmenh par�grafo br kame th lÔsh thc oloklhrwtik c exÐswshc Volterra pou
ikanopoieÐ h Hδ,α(u, x, y) (bl. Je¸rhma 5.2). Mèsw aut c thc lÔshc loipìn mporoÔme eÔkola na
upologÐsoume kai thn lÔsh thc antÐstoiqhc exÐswshc pou ikanopoieÐ h proexoflhmènh sun�rthsh
katanom c tou pleon�smatoc prin th qreokopÐa. To L mma pou akoloujeÐ perilamb�nei touc
sqetikoÔc upologismoÔc.

L mma 5.1. H lÔsh thc oloklhrwtik c exÐswshc Volterra pou ikanopoieÐ h proexoflhmènh
sun�rthsh katanom c tou pleon�smatoc prin th qreokopÐa eÐnai

Fδ,α(u, x) =



c [Fδ,α(0, x)− ψδ,α(0)]

(∫ u

0

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
+ ψδ,α(u), u < x

= (cFδ,α(0, x)− λµFe(x))

(∫ u

0

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
+λµ

∫ x

0

Kδ,α(u, t)

c+ δt
[Fe(x)− Fe(t)] dt, u ≥ x

(5.19)

kai h Fδ,α(0, x) dÐnetai parak�tw sto Pìrisma 5.1.

Apìdeixh:
PaÐrnoume to ìrio gia y →∞, tou k�je kl�dou thc (5.8) xeqwrist�.
Gia u < x èqoume ta ex c epimèrouc apotelèsmata:

lim
y→∞

H1
δ,α(x, y) = lim

y→∞
(cHδ,α(0, x, y)− cψδ,α(0)− λµFe(y)) = c [Fδ,α(0, x)− ψδ,α(0)]

afoÔ
lim
y→∞

Hδ,α(0, x, y) = Fδ,α(0, x)

kai

lim
y→∞

Fe(y) = lim
y→∞

F̄ (y)

µ
= 0.

Kai efìson to ìrio thc katanom c isorropÐac ìtan y →∞ eÐnai 0, ja èqoume

lim
y→∞

(
λµ

c+ δu
Fe(u+ y)

)
= 0, lim

y→∞

(
λµ

∫ u

0

Kδ,α(u, t)

c+ δt
Fe(t+ y)dt

)
= 0

Epomènwc sunolik� gia u < x ja isqÔei

Fδ,α(u, x) = c [Fδ,α(0, x)− ψδ,α(0)]

(∫ u

0

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
+ ψδ,α(u). (5.20)
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AntÐstoiqa gia u ≥ x ja èqoume ta epimèrouc apotelèsmata

lim
y→∞

H2
δ,α(x, y) = lim

y→∞
(cHδ,α(0, x, y)− λµ [Fe(x) + Fe(y)− Fe(x+ y)])

= cFδ,α(0, x)− λµFe(x)

kai

lim
y→∞

(
λµ

∫ x

0

Kδ,α(u, t)

c+ δt
[Fe(t) + Fe(y)− Fe(t+ y)] dt

)
= λµ

∫ x

0

Kδ,α(u, t)

c+ δt
Fe(t)dt

'Ara gia u ≥ x ja isqÔei

lim
y→∞

Hδ,α(u, x, y) = (cFδ,α(0, x)− λµFe(x))

(∫ u

x

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
+cFδ,α(0, x)

∫ x

0

Kδ,α(u, t)

c+ δt
dt− λµ

∫ x

0

Kδ,α(u, t)

c+ δt
Fe(t)dt

ìmwc ∫ u

x

Kδ,α(u, t)

c+ δt
dt =

∫ u

0

Kδ,α(u, t)

c+ δt
dt−

∫ x

0

Kδ,α(u, t)

c+ δt
dt

opìte

(cFδ,α(0, x)− λµFe(x))

(∫ u

x

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
=

= (cFδ,α(0, x)− λµFe(x))

(∫ u

0

Kδ,α(u, t)

c+ δt
dt−

∫ x

0

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
= (cFδ,α(0, x)− λµFe(x))

(∫ u

0

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
− cFδ,α(0, x)

∫ x

0

Kδ,α(u, t)

c+ δt
dt

+ λµFe(x)

∫ x

0

Kδ,α(u, t)

c+ δt
dt

Sunolik� loipìn gia u ≥ x ja èqoume

Fδ,α(u, x) = (cFδ,α(0, x)− λµFe(x))

(∫ u

0

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
+ λµ

∫ x

0

Kδ,α(u, t)

c+ δt
[Fe(x)− Fe(t)] dt

(5.21)

Oi exis¸seic (5.20) kai (5.21) sunjètoun thn exÐswsh (5.19) kai oloklhr¸noun thn apìdeixh tou
L mmatoc 5.1.
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Pìrisma 5.1. Sto klassikì montèlo thc JewrÐac KindÔnou me stajerì epitìkio h Fδ,α(0, x)
dÐnetai apì th sqèsh

Fδ(0, x) =

λ

∫ ∞
0

(∫ x

0

e−δvtF̄ (t)dt

)
e−cv + λµ

∫ v
0
f̃e(δs)dsdv

c

∫ ∞
0

e−cv + λµ
∫ v

0
f̃e(δs)dsdv

(5.22)

Apìdeixh:
K�nontac qr sh thc Prìtashc 5.1, brÐskoume ìti

Fδ,α(0, x) = lim
y→∞

Hδ,α(0, x, y) =
λ

κδ,α

∫ ∞
0

(∫ x

0

e−δvtF̄ (t)dt

)
v
α
δ e−cv + λµ

∫ v
0
f̃e(δs)dsdv

(5.23)
dhlad  isqÔei

Fδ(0, x) =

λ

∫ ∞
0

(∫ x

0

e−δvtF̄ (t)dt

)
e−cv + λµ

∫ v
0
f̃e(δs)dsdv

c

∫ ∞
0

e−cv + λµ
∫ v

0
f̃e(δs)dsdv

'Opwc tonÐsame kai sthn arq  aut c thc paragr�fou h proexoflhmènh sun�rthsh puknìthtac
tou pleon�smatoc prin th qreokopÐa eÐnai mÐa polÔ shmantik  katanom  kai sto Je¸rhma pou
akoloujeÐ deÐqnoume to giatÐ

Je¸rhma 5.3. An h t.m. pou ekfr�zei to megèjoc atomik c zhmi�c eÐnai suneq c me sun�rthsh
puknìthtac f(x) = Pr(X = x) kai sun�rthsh dexi�c our�c F̄ (x) = Pr(X > x), tìte

hδ,α(u, x, y) =
f(x+ y)

F̄ (x)
fδ,α(u, x), ìpou (5.24)

hδ,α(u, x, y) h proexoflhmènh apo koinoÔ sun�rthsh puknìthtac tou pleon�smatoc prin th qreokopÐ-
a kai tou elleÐmmatoc th stigm  thc qreokopÐac pou orÐsame mèsw thc (5.2), kai
fδ,α(u, x) h proexoflhmènh sun�rthsh puknìthtac tou pleon�smatoc prin th qreokopÐa pou
orÐsame mèsw thc (5.4).

Apìdeixh:
Arqik� ja apodeÐxoume ìti h (5.24) isqÔei gia u = 0, dhlad 

hδ,α(0, x, y) =
f(x+ y)

F̄ (x)
fδ,α(0, x) (5.25)
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Apì thn Prìtash 5.1 thc prohgoÔmenhc paragr�fou gnwrÐzoume ìti

Hδ,α(0, x, y) =
λ

κδ,α

∫ ∞
0

∫ x

0

e−δvt
[
F̄ (t)− F̄ (y + t)

]
dtv

α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv.

ParagwgÐzoume thnHδ,α(0, x, y) diadoqik� wc proc x kai y, ètsi ¸ste na p�roume thn hδ,α(0, x, y):

∂

∂x
Hδ,α(0, x, y) =

λ

κδ,α

∫ ∞
0

e−δvx
[
F̄ (x)− F̄ (y + x)

]
v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv.

∂2

∂x∂y
Hδ,α(0, x, y) = hδ,α(0, x, y) =

λ

κδ,α
f(x+ y)

∫ ∞
0

v
α
δ e−(c+δx)v+λµ

∫ v
0 f̃e(δs)dsdv. (5.26)

EpÐshc èqoume

Fδ,α(0, x) = lim
y→∞

Hδ,α(0, x, y) =
λ

κδ,α

∫ ∞
0

∫ x

0

e−δvtF̄ (t)dtv
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv,

opìte ja eÐnai

fδ,α(0, x) =
∂

∂x
Fδ,α(0, x) =

λ

κδ,α
F̄ (x)

∫ ∞
0

v
α
δ e−(c+δx)v+λµ

∫ v
0 f̃e(δs)dsdv. (5.27)

Diair¸ntac kat� mèlh tic exis¸seic (5.26) kai (5.27) paÐrnoume

hδ,α(0, x, y)

fδ,α(0, x)
=
f(x+ y)

F̄ (x)
.

Epomènwc isqÔei h exÐswsh (5.25).
Gia u > 0, akoloujoÔme mia antÐstoiqh diadikasÐa paragwgÐzontac kat�llhla tic exis¸seic (5.8)
kai (5.19). Apì thn (5.19) paÐrnoume

fδ,α(u, x) =
∂

∂x
Fδ,α(u, x) =



cfδ,α(0, x)

(∫ u

0

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
, u < x

(cfδ,α(0, x)− λF̄ (x))

(∫ u

0

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
+λF̄ (x)

∫ x

0

Kδ,α(u, t)

c+ δt
dt, u ≥ x

(5.28)
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ParagwgÐzontac t¸ra thn (5.8), èqoume

hδ,α(u, x, y) =
∂2

∂x∂y
Hδ,α(u, x, y)

=



chδ,α(0, x, y)

(∫ u

0

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
, u < x

(chδ,α(0, x, y)− λf(x+ y))

(∫ u

0

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
+λf(x+ y)

∫ x

0

Kδ,α(u, t)

c+ δt
dt, u ≥ x.

(5.29)

Diair¸ntac kat� mèlh tic exis¸seic (5.29) kai (5.28) paÐrnoume

hδ,α(u, x, y) =
f(x+ y)

F̄ (x)
fδ,α(u, x),

sqèsh pou oloklhr¸nei thn apìdeixh tou Jewr matoc 5.3.

Sqìlio: Apì to Je¸rhma 5.3 sumperaÐnoume ìti oi prosdioristikoÐ par�gontec thc proexoflh-
mènhc apo koinoÔ sun�rthshc puknìthtac tou pleon�smatoc prin th qreokopÐa kai tou elleÐm-
matoc th stigm  thc qreokopÐac eÐnai:

1. H katanom  tou megèjouc atomik c zhmi�c, kai

2. h proexoflhmènh sun�rthsh puknìthtac tou pleon�smatoc prin th qreokopÐa.

5.3 Perij¸ria katanom  tou elleÐmmatoc th stigm 

thc qreokopÐac

Pèra apì to pìte kai me poi� pijanìthta ja epèljei h qreokopÐa, èna endiafèron er¸thma sth
jewrÐa qreokopÐac eÐnai to pìso shmantik  ja eÐnai h epÐptwsh autoÔ tou sumb�ntoc. Posotik 
ap�nthsh se autì to er¸thma mac dÐnei h sun�rthsh katanom c tou elleÐmmatoc th stigm  thc
qreokopÐac. Gia tic an�gkec tou klassikoÔ montèlou me epitìkio ja sumbolÐsoume thn proex-
oflhmènh sun�rthsh katanom c tou elleÐmmatoc th stigm  thc qreokopÐac, Gδ,α(u, y). 'Opwc
gnwrÐzoume h Gδ,α(u, y) prokÔptei apì thn anamenìmenh proexoflhmènh sun�rthsh poin c twn
Gerber-Shiu gia w(x1, x2) = I(x2 ≤ y), dhlad 

Gδ,α(u, y) = E
[
e−αTδI (|Uδ(Tδ)| ≤ y) , T (Tδ <∞)|Uδ(0) = u

]
(5.30)
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Wstìso, h proexoflhmènh sun�rthsh katanom c tou elleÐmmatoc th stigm  thc qreokopÐac
prokÔptei kai apì thn Hδ,α(u, x, y) gia x→∞, dhlad  isqÔei

Gδ,α(u, y) = lim
x→∞

Hδ,α(u, x, y) (5.31)

L mma 5.2. H lÔsh thc oloklhrwtik c exÐswshc Volterra pou ikanopoieÐ h proexoflhmènh
sun�rthsh katanom c tou elleÐmmatoc th stigm  thc qreokopÐac dÐnetai apì th sqèsh

Gδ,α(u, y) =G1
δ,α(y)

(∫ u

0

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
+

λµ

c+ δu
Fe(u+ y)

+ λµ

∫ u

0

Kδ,α(u, t)

c+ δt
Fe(t+ y)dt+ ψδ,α(u),

(5.32)

ìpou
G1
δ,α(y) = c [Gδ,α(0, y)− ψδ,α(0)]− λµFe(y)

kai h Gδ,α(0, y) dÐnetai parak�tw sto Pìrisma 5.2.

Apìdeixh:
Gia thn apìdeixh tou parap�nw L mmatoc ja ekmetalleutoÔme ta apotelèsmata tou Jewr matoc
5.2 kai thn exÐswsh (5.31). Shmei¸noume ìti apì touc dÔo kl�douc thc Hδ,α(u, x, y) ja mac
qrhsimeÔsei mìno o kl�doc gia ton opoÐo isqÔei u < x, kaj¸c upojètoume ìti x→∞. JumÐzoume
ìti gia u < x isqÔei (bl. Je¸rhma 5.2)

Hδ,α(u, x, y) =H1
δ,α(x, y)

(
1

c+ δu
+

∫ u

0

Kδ,α(u, t)

c+ δt
dt

)
+

λµ

c+ δu
Fe(u+ y)

+ λµ

∫ u

0

Kδ,α(u, t)

c+ δt
Fe(t+ y)dt+ ψδ,α(u),

ìpou
H1
δ,α(x, y) = cHδ,α(0, x, y)− cψδ,α(0)− λµFe(y), kai

Me ta parap�nw dedomèna loipìn brÐskoume ìti

G1
δ,α(y) = lim

x→∞
H1
δ,α(x, y) = lim

x→∞
[cHδ,α(0, x, y)− cψδ,α(0)− λµFe(y)]

= c [Gδ,α(0, y)− ψδ,α(0)]− λµFe(y)

Pèra apì thn posìthta H1
δ,α(x, y), to upìloipo mèroc thc Hδ,α(u, x, y) den ephrre�zetai apì thn

epilog  tou x kai katal goume �mesa sth sqèsh (5.32), oloklhr¸nontac ètsi thn apìdeixh tou
L mmatoc 5.2.
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Pìrisma 5.2. Sto klassikì montèlo thc JewrÐac KindÔnou me stajerì epitìkio h Gδ,α(0, y)
dÐnetai apì th sqèsh

Gδ(0, y) =

λ

∫ ∞
0

(∫ ∞
0

e−δvt
[
F̄ (t)− F̄ (y + t)

]
dt

)
e−cv + λµ

∫ v
0
f̃e(δs)dsdv

c

∫ ∞
0

e−cv + λµ
∫ v

0
f̃e(δs)dsdv

(5.33)

Apìdeixh:
'Eqoume diadoqik�

Gδ,α(0, y) = lim
x→∞

Hδ,α(0, x, y)

(5.17)
=

λ

κδ,α

∫ ∞
0

(∫ ∞
0

e−δvt
[
F̄ (t)− F̄ (y + t)

]
dt

)
v
α
δ e−cv + λµ

∫ v
0
f̃e(δs)dsdv

(5.34)

Jètontac α = 0 sthn exÐswsh (5.34) prokÔptei ìti

Gδ(0, y) =

λ

∫ ∞
0

(∫ ∞
0

e−δvt
[
F̄ (t)− F̄ (y + t)

]
dt

)
e−cv + λµ

∫ v
0
f̃e(δs)dsdv

c

∫ ∞
0

e−cv + λµ
∫ v

0
f̃e(δs)dsdv

Apì thn proexoflhmènh sun�rthsh katanom c tou elleÐmatoc mporoÔme eÔkola na p�roume thn
antÐstoiqh mh-proexoflhmènh sun�rthsh katanom c, jètontac α = 0. IsqÔei dhlad  Gδ(u, y) =
Gδ,0(u, y), en¸

Gδ(u, y) = Pr (Tδ <∞, −y < Uδ(Tδ) < 0 | Uδ(0) = u) . (5.35)

H Gδ(u, y) ekfr�zei thn pijanìthta qreokopÐac ìtan to arqikì kef�laio eÐnai u kai to èlleimma
(arnhtikì pleìnasma) amèswc met� th zhmi� pou prokaleÐ th qreokopÐa eÐnai to polÔ y (ìpou
y > 0).
H sun�rthsh H Gδ(u, y) eÐnai �mesa sundedemènh me th pijanìthta qreokopÐac, kaj¸c

ψδ(u) = lim
y→∞

Gδ(u, y).

EpÐshc mporoÔme ma orÐsoume kai th sun�rthsh dexi�c our�c tou elleÐmatoc th stigm  thc
qreokopÐac, thn opoÐa ja sumbolÐsoume Ḡδ(u, y). H Ḡδ(u, y) ekfr�zei thn pijanìthta qreokopÐac
ìtan to arqikì kef�laio eÐnai u kai to èlleimma th stigm  thc qreokopÐac eÐnai megalÔtero apì
y (ìpou y > 0). Ja isqÔei loipìn

Ḡδ(u, y) = Pr (Tδ <∞, Uδ(Tδ) < −y | Uδ(0) = u) . (5.36)
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Apì touc orismoÔc twn sunart sewn Gδ(u, y) kai Ḡδ(u, y), prokÔptei ìti

Gδ(u, y) + Ḡδ(u, y) = ψδ(u) (5.37)

Sta plaÐsia tou Jewr matoc pou akoloujeÐ ja d¸soume tic oloklhrwtikèc exis¸seic Volter-
ra pou ikanopoioÔn oi parap�nw sunart seic. Oi exis¸seic autèc ja mac fanoÔn qr simec sto
epìmeno kef�laio gia na broÔme k�poia asumptwtik� apotelèsmata gia thn katanom  tou elleÐm-
matoc th stigm  thc qreokopÐac.

Je¸rhma 5.4. Sto klassikì montèlo thc jewrÐac kindÔnou me stajerì epitìkio isqÔei

Ḡδ(u, y) =
c

c+ δu
Ḡδ(0, y) +

1

c+ δu

∫ u

0

Ḡδ(u− t, y)
[
δ + λF̄ (t)

]
dt

− λ

c+ δu

∫ u

0

F̄ (t)dt− λ

c+ δu

∫ y

0

[
F̄ (t)− F̄ (u+ t)

]
dt,

(5.38)

kai

Gδ(u, y) =
c

c+ δu
Gδ(0, y) +

1

c+ δu

∫ u

0

Gδ(u− t, y)
[
δ + λF̄ (t)

]
dt

+
λ

c+ δu

∫ y

0

[
F̄ (t)− F̄ (u+ t)

]
dt,

(5.39)

Apìdeixh:
Qrhsimopoiìntac thn oloklhrwtik  exÐswsh Volterra pou ikanopoieÐ h anamenìmenh proexoflh-
mènh sun�rthsh poin c twn Gerber-Shiugia w(x1, x2) = I(x2 > y) katal goume sth exÐswsh
(5.38). JumÐzoume ìti h en lìgw exÐswsh eÐnai

Φδ,α(u) =
cΦδ,α(0)

c+ δu
− λ

c+ δu

∫ u

0

A(t)dt+
1

c+ δu

∫ u

0

Φδ,α(t)[δ + α + λF̄ (u− t)]dt (5.40)

'Omwc gia w(x1, x2) = I(x2 > y) isqÔei

A(t) =

∫ ∞
t

w(t, s− t)f(s)ds =

∫ ∞
t

I(s− t > y)f(s)ds =

∫ ∞
t

I(s > y + t)f(s)ds

=

∫ ∞
y+t

f(s)ds = F̄ (y + t)

Epomènwc gia α = 0 kai w(x1, x2) = I(x2 > y) h (5.40) mac dÐnei

Ḡδ(u, y) =
cḠδ(0, y)

c+ δu
− λ

c+ δu

∫ u

0

F̄ (y + t)dt+
1

c+ δu

∫ u

0

Ḡδ(t, y)[δ + α + λF̄ (u− t)]dt
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AnalÔontac to olokl rwma thc dexi�c our�c èqoume∫ u

0

F̄ (y + t)dt =

∫ u+y

y

F̄ (z)dz =

(∫ u

y

F̄ (z)dz

)
+

(∫ u+y

u

F̄ (z)dz

)
=

(∫ u

0

F̄ (z)dz −
∫ y

0

F̄ (z)dz

)
+

(∫ y

0

F̄ (u+ z)dz

)
=

∫ u

0

F̄ (z)dz −
∫ y

0

[
F̄ (z)− F̄ (u+ z)

]
dz

Me thn teleutaÐa aut  sqèsh katall goume �mesa sthn (5.38).

Gia thn apìdeixh thc exÐswshc (5.39) qreiazìmaste thn exÐswsh (5.38), thn sqèsh (5.37) ka-
j¸c kai thn oloklhrwtik  exÐswsh Volterra pou ikanopoieÐ h pijanìthta qreokopÐac,  toi

ψδ(u) =
cψδ(0)

c+ δu
− λ

c+ δu

∫ u

0

F̄ (t)dt+
1

c+ δu

∫ u

0

ψδ(t)[δ + λF̄ (u− t)]dt (5.41)

Apì thn (5.37) èqoume
Ḡδ(u, y) = ψδ(u)−Gδ(u, y)

Antikajist¸ntac autì to apotèlesma sthn (5.38) paÐrnoume

ψδ(u)−Gδ(u, y) =
c

c+ δu
(ψδ(0)−Gδ(0, y)) +

1

c+ δu

∫ u

0

(ψδ(u)−Gδ(u, y))
[
δ + λF̄ (u− t)

]
dt

− λ

c+ δu

∫ u

0

F̄ (t)dt− λ

c+ δu

∫ y

0

[
F̄ (t)− F̄ (u+ t)

]
dt,

K�nontac merikèc aplopoi seic sthn parap�nw exÐswsh lìgw thc (5.41), prokÔptei h sqèsh

Gδ(u, y) =
c

c+ δu
Gδ(0, y) +

1

c+ δu

∫ u

0

Gδ(u− t, y)
[
δ + λF̄ (t)

]
dt

+
λ

c+ δu

∫ y

0

[
F̄ (t)− F̄ (u+ t)

]
dt.

'Etsi oloklhr¸netai h apìdeixh tou Jewr matoc 5.4.

MÐa akìmh posìthta pou jèloume na prosdiorÐsoume kai pou ja mac apasqol sei xan� sto
epìmeno kef�laio eÐnai h Ḡδ(0, y).

Prìtash 5.2. Sto klassikì montèlo thc jewrÐac kindÔnou me stajer  èntash anatokismoÔ δ,
isqÔei

Ḡδ(0, y) = λµ

(
c

∫ ∞
0

e−
∫ v
0 [c−λµf̃e(δs)]dsdv

)−1 ∫ ∞
0

eδyvf̃e(δz; y)e−
∫ v
0 [c−λµf̃e(s)]dsdv, (5.42)
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ìpou

f̃e(s; y) =

∫ ∞
y

e−sxfe(x)dx.

Apìdeixh:
Apì th melèth thc anamenìmenhc proexoflhmènhc sun�rthshc poin c twn Gerber-Shiu sto Ke-
f�laio 2 eÐqame breÐ ìti

Φδ,α(0) = λµA

(
c

∫ ∞
0

v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv

)−1 ∫ ∞
0

ã1(δv)v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv. (5.43)

Epomènwc gia α = 0 kai w(x1, x2) = I(x2 > y) èqoume

A(t) =

∫ ∞
t

w(t, s− t)f(s)ds =

∫ ∞
t

I(s > y + t)f(s)ds =

∫ ∞
y+t

f(s)ds = F̄ (y + t).

EpÐshc,

α̃1(s) =
1

µA

∫ ∞
0

e−sxA(x)dx =
1

µA

∫ ∞
0

e−sxF̄ (y + x)dx

Sto teleutaÐo olokl rwma thc parap�nw sqèshc jètoume y + x = t, opìte èqoume

α̃1(s) =
1

µA

∫ ∞
y

e−s(t−y)F̄ (t)dt =
µ

µA
esy
∫ ∞
y

e−stfe(t)dt =
µ

µA
esyf̃e(s; y)

'Ara gia α = 0 kai w(x1, x2) = I(x2 > y) h (5.43) mac dÐnei

Ḡδ(0, y) = λµ

(
c

∫ ∞
0

e−
∫ v
0 [c−λµf̃e(δs)]dsdv

)−1 ∫ ∞
0

eδyvf̃e(δz; y)e−
∫ v
0 [c−λµf̃e(s)]dsdv,

sqèsh pou oloklhr¸nei thn apìdeixh thc Prìtashc 5.2.

5.4 Arijmhtik� apotelèsmata

'Opwc eÐdame stic prohgoÔmenec paragr�fouc autoÔ tou kefalaÐou, oi katanomèc tou pleon�s-
matoc prin th qreokopÐa kai tou elleÐmmatoc th stigm  thc qreokopÐac akoloujoÔn oloklhrwtikèc
exis¸seic Volterra deÔterou tÔpou. Se aut  thn par�grafo ja prospaj soume na lÔsoume
autèc tic exis¸seic gia k�poiec sugkekrimènec katanomèc zhmi¸n. QwrÐc bl�bh thc genikìthtac,
ja epilèxoume tic katanomèc pou qrhsimopoi same kai sta ParadeÐgmata 3.2 kai 3.3 thc Para-
gr�fou 3.4, ìpou upologÐsame thn pijanìthta qreokopÐac kai ton metasqhmatismì Laplace tou
qrìnou qreokopÐac.
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Par�deigma 5.1. 'Estw ìti ta megèjh atomik¸n apozhmi¸sewn akoloujoÔn thn katanom 
G�mma me paramètrouc α kai β, dhlad 

f(x) =
βα

Γ(α)
xα−1e−βx, x > 0 kai α, β > 0.

Epilègoume tic timèc α = 2 kai β = 2 gia tic paramètrouc, en¸ ja jewr soume ìti λ = 55 kai
c = 60.

Apì to Pìrisma 5.1, gnwrÐzoume ìti

Fδ(0, x) =

λ

∫ ∞
0

(∫ x

0

e−δvtF̄ (t)dt

)
e−cv + λµ

∫ v
0
f̃e(δs)dsdv

c

∫ ∞
0

e−cv + λµ
∫ v

0
f̃e(δs)dsdv

(5.44)

EpÐshc apì to L mma 5.1 prokÔptei ìti gia α = 0, h sun�rthsh katanom c tou pleon�smatoc
prin th qreokopÐa dÐnetai apì th sqèsh

Fδ(u, x) =



c [Fδ(0, x)− ψδ(0)]

(∫ u

0

Kδ(u, t)

c+ δt
dt+

1

c+ δu

)
+ ψδ(u), u < x

= (cFδ(0, x)− λµFe(x))

(∫ u

0

Kδ(u, t)

c+ δt
dt+

1

c+ δu

)
+λµ

∫ x

0

Kδ(u, t)

c+ δt
[Fe(x)− Fe(t)] dt, u ≥ x

(5.45)

Qrhsimopoi¸ntac loipìn tic exis¸seic (5.44) kai (5.45), kaj¸c kai ta eur mat� mac gia thn
pijanìthta qreokopÐac apì to Par�deigma 3.2 tou KefalaÐou 3, upologÐsame tic timèc thc
sun�rthshc katanom c tou pleon�smatoc prin th qreokopÐa gia δ = 0.05, δ = 0.05, δ = 0.05 kai
di�forec timèc tou arqikoÔ kefalaÐou. Gia touc upologismoÔc jewr same ìti x = 5. Dhlad  gia
di�forec timèc tou arqikoÔ kefalaÐou kai thc èntashc anatokismoÔ, upologÐsame tic pijanìthtec
qreokopÐac ìtan h tim  tou pleon�smatoc prin thn qreokopÐa eÐnai mikrìterh tou 5. Ta apotelès-
mata brÐskontai ston PÐnaka pou akoloujeÐ.
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ParathroÔme ìti oi timèc thc sun�rthshc katanom c tou pleon�smatoc prin th qreokopÐa eÐ-
nai arket� kont� stic timèc thc pijanìthtac qreokopÐac pou upologÐsame sto Kef�laio 3 (bl.
Par�deigma 3.2). SumperaÐnoume loipìn ìti an epèljei to endeqìmeno thc qreokopÐac, eÐnai ar-
ket� pijanì h tim  tou pleon�smatoc prin th qreokopÐa na eÐnai mikrìterh tou 5.

Akolouj¸ntac mÐa parìmoia diadikasÐa me aut  pou mìlic perigr�yame, mporoÔme na upologÐsoume
kai tic timèc thc sun�rthshc katanom c tou elleÐmmatoc th stigm  thc qreokopÐac. Sugkekrimèna,
apì to Pìrisma 5.2, gnwrÐzoume ìti

Gδ(0, y) =

λ

∫ ∞
0

(∫ ∞
0

e−δvt
[
F̄ (t)− F̄ (y + t)

]
dt

)
e−cv + λµ

∫ v
0
f̃e(δs)dsdv

c

∫ ∞
0

e−cv + λµ
∫ v

0
f̃e(δs)dsdv

(5.46)

EpÐshc apì to L mma 5.2 prokÔptei ìti gia α = 0, h sun�rthsh katanom c tou elleÐmmatoc th
stigm  thc qreokopÐac dÐnetai apì th sqèsh

Gδ(u, y) =G1
δ(y)

(∫ u

0

Kδ(u, t)

c+ δt
dt+

1

c+ δu

)
+

λµ

c+ δu
Fe(u+ y)

+ λµ

∫ u

0

Kδ(u, t)

c+ δt
Fe(t+ y)dt+ ψδ(u),

(5.47)

ìpou
G1
δ(y) = c [Gδ(0, y)− ψδ(0)]− λµFe(y)

Mèsw twn exis¸sewn (5.46) kai (5.47), upologÐsame tic timèc thc sun�rthshc katanom c tou
elleÐmmatoc th stigm  thc qreokopÐac gia δ = 0.05, δ = 0.05, δ = 0.05 kai di�forec timèc
tou arqikoÔ kefalaÐou. Gia touc upologismoÔc jewr same ìti y = 5 ta apotelèsmat� mac
sunoyÐzontai ston parak�tw PÐnaka.

Ston parap�nw pÐnaka blèpoume tic pijanìthtec na epèljei qreokopÐa kai to èlleimma th stigm 
thc qreokopÐac na eÐnai to polÔ 5. Autèc oi pijanìthtec eÐnai epÐshc polÔ kont� sthn pijanìthta
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qreokopÐac pou upologÐsame sto Kef�laio 3 (Par�deigma 3.2). SumperaÐnoume loipìn ìti an
epèljei qreokopÐa, tìte eÐnai arket� pijanì to èlleimma th stigm  thc qreokopÐac na eÐnai to
polÔ 5 (dhlad  na isqÔei −5 ≤ Uδ(T

+
δ ) < 0).

UpenjumÐzoume ton proseggistikì qarakt ra twn upologism¸n mac, kaj¸c kai se aut  thn
par�grafo qrhsimopoieÐtai h aplousteumènh sqèsh

Kδ(u, t) = k1
δ (u, t) + k2

δ (u, t) + k3
δ (u, t).

Par�deigma 5.2. 'Estw ìti h sun�rthsh puknìthtac thc tuqaÐac metablht c pou antiprosw-
peÔei to mègejoc atomik c zhmi�c dÐnetai apì th sqèsh

f(x) = A1β1e
−β1x + A2β2e

−β2x, x > 0 kai A1 + A2 = 1. (5.48)

Upojètoume dhlad  ìti oi atomikèc apozhmi¸seic akoloujoÔn mÐa mÐxh ekjetik¸n katanom¸n. Gia
to sugkekrimèno par�deigma epilègoume tic ex c timèc gia tic paramètrouc thc katanom c zhmi¸n:
A1 = 0.4, A2 = 0.6, β1 = 2, kai β2 = 3. EpÐshc jewroÔme ìti λ = 55 kai c = 24.2.

Qrhsimopoi¸ntac touc Ðdiouc tÔpouc me to prohgoÔmeno par�deigma upologÐsame tic sunart -
seic katanom c Fδ(u, y) kai Gδ(u, y) gia di�forec timèc tou arqikoÔ kefalaÐou kai thc èntashc
anatokismoÔ. Ta apotelèsmat� mac faÐnontai stouc akìloujouc pÐnakec.
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ParathroÔme ìti oi pijanìthtec se autì to par�deigma eÐnai mikrìterec se sqèsh me tic antÐs-
toiqec tou ParadeÐgmatoc 5.1.
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Kef�laio 6

Fr�gmata gia thn katanom  tou
elleÐmatoc th stigm  thc qreokopÐac

'Opwc eÐdame kai sto prohgoÔmeno kef�laio h oloklhrwtik  exÐswsh Volterra pou ikanopoieÐ h
sun�rthsh katanom c tou elleÐmmatoc th stigm  thc qreokopÐac lÔnetai mìno me arijmhtikèc
mejìdouc. Se autì to kef�laio loipìn ja strafoÔme sthn anaz thsh fragm�twn gia thn
katanom  tou elleÐmmatoc th stigm  thc qreokopÐac. Sugkekrimèna ja efarmìsoume anadromikèc
teqnikèc antÐstoiqec me autèc tou KefalaÐou 4 gia na broÔme fr�gmata gia thn sun�rthsh
Ḡδ(u, y). EpÐshc ja parousi�soume ta apotelèsmata twn Yang, Zhang (2001) anaforik� me
thn asumptwtik  sumperifor� thc sun�rthshc G(u, y) kaj¸c kai thn eÔresh fragm�twn gia thn
Ḡδ(u, y) ìtan to arqikì kef�laio eÐnai mhdèn.

6.1 Fr�gmata me anadromikèc teqnikèc

'Opwc gnwrÐzoume, to klassikì montèlo thc jewrÐac kindÔnou me stajerì epitìkio eÐnai è-
na ananewtikì montèlo. Sta plaÐsia tou L mmatoc pou akoloujeÐ ja ekmetalleutoÔme thn
ananewtik  idiìthta thc stoqastik c diadikasÐac pleon�smatoc gia na katal xoume se mÐa anadromik 
sqèsh gia thn sun�rthsh Ḡδ(u, y). JumÐzoume ìti h Ḡδ(u, y) orÐzetai apì th sqèsh

Ḡδ(u, y) = Pr [Tδ <∞, |Uδ(Tδ)| > y | Uδ(0) = u] (6.1)

kai ekfr�zei thn pijanìthta qreokopÐac me arqikì kef�laio u kai to èlleimma th stigm  thc
qreokopÐac na eÐnai toul�qiston y.

L mma 6.1. Gia n = 1, 2, · · · , kai u ≥ 0, y ≥ 0, isqÔei

Ḡδ(u, y;n+ 1) =

∫ ∞
0

λe−λt
[
F̄
(
ueδt + cs̄

(δ)

t
+ y
)

+

∫ ueδt+cs̄
(δ)

t

0

Ḡδ

(
ueδt + cs̄

(δ)

t
− x, y;n

)
f(x)dx

]
dt

(6.2)
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Apìdeixh:
AnazhtoÔme thn pijanìthta qreokopÐac prin   kat� thn epèleush tou n + 1-zhmiogìnou ende-
qomènou kai to èlleimma th stigm  thc qreokopÐac na eÐnai toul�qiston y. Me dedomèno loipìn
ìti to arqikì kef�laio eÐnai u, diakrÐnoume tic ex c peript¸seic:

1. QreokopÐa me thn epèleush tou pr¸tou zhmiogìnou endeqomènou kai to èlleimma th stigm 
thc qreokopÐac na eÐnai megalÔtero tou y.

2. QreokopÐa me thn epèleush enìc ek twn epìmenwn n-zhmiogìnwn kai to èlleimma th stigm 
thc qreokopÐac na eÐnai megalÔtero tou y, dojèntoc ìti o qrìnoc epèleushc tou pr¸tou
zhmiogìnou endeqomènou eÐnai W1 = t kai to mègejìc tou eÐnai X1 = x.

H pijanìthta na sumbeÐ to endeqìmeno thc perÐptwshc 1. eÐnai:

Ḡδ(u, y; 1) = Pr
(
X1 − ueδt − cs̄(δ)

t
> y | W1 = t

)
=

∫ ∞
0

Pr
(
X1 > ueδt + cs̄

(δ)

t
+ y
)

Pr (W1 = t) dt

'Omwc sto klassikì montèlo me epitìkio isqÔei g(t) = Pr(W1 = t) = λe−λt, opìte èqoume

Ḡδ(u, y; 1) =

∫ ∞
0

F̄
(
ueδt + cs̄

(δ)

t
+ y
)
λe−λtdt. (6.3)

Met� thn epèleush tou pr¸tou zhmiogìnou endeqomènou h stoqastik  diadikasÐa pleon�smatoc

anane¸netai kai to nèo arqikì kef�laio eÐnai ueδt + cs̄
(δ)

t
− x. Epomènwc h pijanìthta na sumbeÐ

to endeqìmeno thc perÐptwshc 2. eÐnai:∫ ∞
0

λe−λt
∫ ueδt+cs̄

(δ)

t

0

Ḡδ(ue
δt + cs̄

(δ)

t
− x, y;n)f(x)dxdt (6.4)

Ta ìria tou eswterikoÔ oloklhr¸matoc thc (6.4), dhl¸noun ìti an X1 = x eÐnai to mègejoc

tou pr¸tou zhmiogìnou endeqomènou, tìte ja prèpei na isqÔei 0 < x < ueδt + cs̄
(δ)

t
, giatÐ

diaforetik� ja eÐqame qreokopÐa me thn epèleush thc pr¸thc zhmi�c (endeqìmeno pou exet�same
sthn perÐptwsh 1.). Sundu�zontac tic (6.3) kai (6.4) paÐrnoume

Ḡδ(u, y;n+ 1) =

∫ ∞
0

λe−λtF̄
(
ueδt + cs̄

(δ)

t
+ y
)
dt

+

∫ ∞
0

λe−λt
∫ ueδt+cs̄

(δ)

t

0

Ḡδ

(
ueδt + cs̄

(δ)

t
− x, y;n

)
f(x)dxdt,

sqèsh pou oloklhr¸nei thn apìdeixh tou L mmatoc 6.1.
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Sto Kef�laio 4 eÐqame apodeÐxei (bl. L mma 4.2) ìti sto klassikì montèlo me epitìkio up-
�rqei mÐa monadik  jetik  posìthta R2 pou orÐzetai wc h rÐza thc exÐswshc

E

[
e
−R2(cs̄

(δ)

W
−X)

]
= 1 (6.5)

kai dÐnetai apì th sqèsh

[
E
(
eR2X

)]−1

=
λ

c

∫ ∞
0

e−R2y

(1 + δy)
λ
δ

+1
dy (6.6)

Se antistoiqÐa loipìn me th mejodologÐa pou akolouj same sto Kef�laio 4, sta plaÐsia tou
Jewr matoc pou akoloujeÐ, ja broÔme èna �nw fr�gma gia thn sun�rthsh Ḡδ(u, y) basizìmenoi
sthn posìthta R2 kai thn anadromik  sqèsh tou L mmatoc 6.1.

Je¸rhma 6.1. 'Otan h jetik  posìthta R2 orÐzetai sÔmfwna me to L mma 4.2, tìte gia k�je
u ≥ 0 isqÔei

Ḡδ(u, y) ≤ βE
[
eR2X

] λ
c
e−R2(u+ y)

∫ ∞
0

e−R2z(1+ δu
c

)

(1 + δz
c

)
λ
δ

+1
dz, (6.7)

ìpou

β−1 = inf
t≥0

∫∞
t
eR2yf(y)dy

eR2tF̄ (t)
. (6.8)

Eidikìtera ìtan h katanom  F eÐnai mÐa NWUC (new worse than used in convex ordering), tìte
gia k�je u ≥ 0 isqÔei

Ḡδ(u, y) ≤ λ

c
e−R2(u+ y)

∫ ∞
0

e−R2z(1+ δu
c

)

(1 + δz
c

)
λ
δ

+1
dz, (6.9)

Apìdeixh:
Gia na apodeÐxoume ìti isqÔei h (6.8) ja qrhsimopoi soume th mèjodo thc majhmatik c epagwg c
kai thn anadromik  sqèsh (6.2).
Apì to L mma 6.1 gnwrÐzoume ìti gia n = 0 isqÔei

Ḡδ(u, y; 1) =

∫ ∞
0

λe−λtF̄ (ueδt + cs̄
(δ)

t
+ y)dt (6.10)

EpÐshc apì ton orismì tou β sÔmfwna me thn (6.8), gia k�je x > 0 èqoume

F̄ (t) ≤ βe−R2t

∫ ∞
t

eR2zf(z)dz (6.11)
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  genikìtera
F̄ (t) ≤ βe−R2tE

[
eR2X

]
, (6.12)

afoÔ ∫ ∞
t

eR2yf(z)dz ≤
∫ ∞

0

eR2zf(z)dz = E
[
eR2X

]
.

Sundu�zontac tic sqèseic (6.10) kai (6.12) prokÔptei h parak�tw anisìthta

Ḡδ(u, y; 1) ≤
∫ ∞

0

λe−λtβE
[
eR2X

]
e
−R2(ueδt+cs̄

(δ)

t
+y)
dt (6.13)

Sto Kef�laio 4 ìmwc eÐqame brei ìti

E

[
e
−R2(ueδW+cs̄

(δ)

W
)
]

=

∫ ∞
0

λe−λte
−R2(ueδt+cs̄

(δ)

t
)
dt = eR2u

λ

c

∫ ∞
0

eR2z(1+ δu
c

)

(1 + δz
c

)
λ
δ

+1
dz.

'Ara h (6.13) gÐnetai

Ḡδ(u, y; 1) ≤ βE
[
eR2X

]
e−R2(u+y)λ

c

∫ ∞
0

e−R2z(1+ δu
c

)

(1 + δz
c

)
λ
δ

+1
dz (6.14)

ApodeÐxame loipìn ìti h (6.8) isqÔei gia n = 0. 'Estw ìti isqÔei kai gia k�poio akèraio n > 0,
dhladh

Ḡδ(u, y;n) ≤ βE
[
eR2X

]
e−R2(u+y)λ

c

∫ ∞
0

e−R2z(1+ δu
c

)

(1 + δz
c

)
λ
δ

+1
dz (6.15)

Ja metatrèyoume thn upìjesh (6.15) se mÐa isodÔnamh aploÔsterh upìjesh. Apì to dexÐ mèloc
thc (6.15) èqoume

βE
[
eR2X

]
e−R2(u+y)λ

c

∫ ∞
0

e−R2z(1+ δu
c

)

(1 + δz
c

)
λ
δ

+1
dz = βE

[
eR2X

]
e−R2yE

[
e
−R2(ueδW+cs̄

(δ)

W
)
]

=
βE
[
eR2X

]
E

[
e
R2(ueδW+cs̄

(δ)

W
)
]

'Ara isqÔei

Ḡδ(u, y;n) ≤
βE
[
eR2X

]
e−R2y

E

[
e
R2(ueδW+cs̄

(δ)

W
)
]

kai epeid  eδW > 1, sumperaÐnoume ìti

Ḡδ(u, y;n) ≤
βE
[
eR2X

]
e−R2y

E

[
e
R2(u+cs̄

(δ)

W
)
] = βe−R2(u+y)E

[
e
−R2(cs̄

(δ)

W
−X)

]
= βe−R2(u+y) (6.16)
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afoÔ apì to L mma 4.2 gnwrÐzoume ìti h jetik  posìthta R2 orÐzetai ètsi ¸ste na isqÔei

E

[
e
−R2(cs̄

(δ)

W
−X)

]
= 1.

Antikajist¸ntac loipìn tic sqèseic (6.11) kai (6.16) sthn anadromik  sqèsh (6.2) tou L mmatoc
6.1 prokÔptei h parak�tw anisìthta

Ḡδ(u, y;n+ 1) ≤
∫ ∞

0

λe−λtβe
−R2(ueδt+cs̄

(δ)

t
+y)
∫ ∞
ueδt+cs̄

(δ)

t
+y

eR2zf(z)dzdt

+

∫ ∞
0

λe−λt
∫ ueδt+cs̄

(δ)

t

0

βe
−R2(ueδt+cs̄

(δ)

t
−x+y)

f(z)dzdt

≤
∫ ∞

0

λe−λtβe
−R2(ueδt+cs̄

(δ)

t
+y)
∫ ∞
ueδt+cs̄

(δ)

t
+y

eR2zf(z)dzdt

+

∫ ∞
0

λe−λtβe
−R2(ueδt+cs̄

(δ)

t
+y)
∫ ueδt+cs̄

(δ)

t
+y

0

eR2zf(z)dzdt

=βe−R2y

∫ ∞
0

λe−λte
−R2(ueδt+cs̄

(δ)

t
)
(∫ ∞

0

eR2zf(z)dz

)
dt

=βE
[
eR2X

]
e−R2y

∫ ∞
0

λe−λtβe
−R2(ueδt+cs̄

(δ)

t
)
dt

'Omwc èqoume  dh upologÐsei ìti∫ ∞
0

λe−λte
−R2(ueδt+cs̄

(δ)

t
)
dt =

λ

c
e−R2u

∫ ∞
0

e−R2z(1+ δu
c

)

(1 + δz
c

)
λ
δ

+1
dz

ApodeÐxame loipìn ìti gia opoiod pote akèraio n, isqÔei

Ḡδ(u, y;n) ≤ βE
[
eR2X

]
e−R2(u+ y)λ

c

∫ ∞
0

e−R2z(1+ δu
c

)

(1 + δz
c

)
λ
δ

+1
dz,

epomènwc isqÔei kai h (6.7) afoÔ

Ḡδ(u, y) = lim
n→∞

Ḡδ(u, y;n).

Tèloc gnwrÐzoume ìti ìtan h F eÐnai mÐa NWUC tìte isqÔei

β =
[
E
(
eR2X

)]−1
,

opìte se aut  thn perÐtwsh h (6.7) mac dÐnei

Ḡδ(u, y) ≤ λ

c
e−R2(u+ y)

∫ ∞
0

e−R2z(1+ δu
c

)

(1 + δz
c

)
λ
δ

+1
dz,
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sqèsh pou oloklhr¸nei thn apìdeixh tou Jewr matoc 6.1.

Sqìlio: 'Otan h katanom  tou megèjouc atomik c zhmi�c an kei sthn kl�sh katanom¸n N-
WUC, ja qrhsimopoioÔme th sqèsh (6.9) gia na upologÐsoume èna �nw fr�gma gia thn Ḡδ(u, y).
Gia ìlec tic �llec peript¸seic, mporoÔme na qrhsimopoi soume thn (6.7) me β = 1 gia na fr�xoume
thn Ḡδ(u, y), kaj¸c [

E
(
eR2X

)]−1 ≤ β ≤ 1 (6.17)

'Opwc kai sto Kef�laio 4, ètsi kai se autì to kef�laio ja qrhsimopoi soume th sqèsh (6.17)
gia na upologÐsoume èna �nw fr�gma tÔpou Lundberg gia thn Ḡδ. Autì to �nw fr�gma ja
broÔme sto pìrisma pou akoloujeÐ.

Pìrisma 6.1. K�tw apì tic proôpojèseic tou Jewr matoc 6.1, gia k�je u ≥ 0 kai y > 0,
isqÔei

Ḡδ(u, y) ≤ e−R2(u+y) (6.18)

Apìdeixh
Sthn apìdeixh tou Jewr matoc 6.1 eÐqame deÐxei ìti (sqèsh (6.16) )

Ḡδ(u, y;n) ≤ βe−R2(u+y)

PaÐrnontac to ìrio thc parap�nw anisìthtac gia n→∞, prokÔptei �mesa ìti

Ḡδ(u, y) ≤ βe−R2(u+y)
(6.17)

≤ e−R2(u+y)

Fusik� to �nw fr�gma pou parajètoume sto parap�nw Pìrisma eÐnai asjenèsjero se sqèsh
me ta fr�gmata tou Jewr matoc 6.1, wstìso upologÐzetai kai ermhneÔetai polÔ piì eÔkola.
Tèloc, ìpwc kai sthn perÐptwsh thc pijanìthtac qreokopÐac, mporoÔme na upologÐsoume dÔo
aplopoihmènec ekdoqèc twn fragm�twn tou Jewr matoc 6.1 kaj¸c∫ ∞

0

e−R2z(1+ δu
c

)

(1 + δz
c

)
λ
δ

+1
dz ≤

∫ ∞
0

e−R2z(1+ δu
c

)dy =
1

R2(1 + δu
c

)
(6.19)

Efarmìzontac thn (6.19) sta fr�gmata tou Jewr matoc 6.1 prokÔptei to parak�tw Pìrisma

Pìrisma 6.2. K�tw apì tic proôpojèseic tou Jewr matoc 6.1, gia k�je u ≥ 0 kai y > 0,
isqÔei

Ḡδ(u, y) ≤ βE
[
eR2X

] λ

cR2

e−R2(u+ y)

1 + δu
c

(6.20)
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Eidikìtera ìtan h katanom  F eÐnai mÐa NWUC (new worse than used in convex ordering), isqÔei

Ḡδ(u, y) ≤ λ

cR2

e−R2(u+ y)

1 + δu
c

(6.21)

Apìdeixh:
ProkÔptei �mesa me thn efarmog  thc sqèshc (6.19) stic anisìthtec (6.7) kai (6.9) antÐstoiqa.

6.2 Fr�gmata gia mhdenikì arqikì kef�laio

EÐnai fanerì ìti h exÐswsh upologismoÔ thc Ḡδ(0, y) pou br kame sto prohgoÔmeno kef�laio
(bl. Kef�laio 5, Prìtash 5.2) apaiteÐ arket� perÐplokouc upologismoÔc. Sta plaÐsia loipìn
tou Jewr matoc pou akoloujeÐ, ja broÔme fr�gmata gia thn Ḡδ(0, y) pou ja mac bohj soun na
thn proseggÐsoume me aploÔsterouc trìpouc.

Je¸rhma 6.2. Sto klassikì montèlo thc jewrÐac kindÔnou me stajerì epitìkio isqÔei

λµα

c

[(
F̄e(y) +

αβδν1

c− λµ

)
R(β)− δν1e

β2

2

]
≤ Ḡδ(0, y) ≤ λµF̄e(y)

αcR(α)
, (6.22)

ìpou R(α) eÐnai o deÐkthc Mills pou dÐnetai apì th sqèsh

R(α) = eα
2/2

∫ ∞
α

e−x
2/2dx,

α =
c− λµ√
λµν1δ

, β =
c− λµ− δy√

λµν1δ

kai h posìthtta ν1 orÐzetai wc

ν1 =

∫ ∞
y

xfe(x)dx = −f̃ ′e(0; y)

Apìdeixh:
Sto progoÔmeno kaf�laio (bl. Kef�laio 5, Prìtash 5.42) eÐqame breÐ ìti h posìthta Ḡδ(0, y)
dÐnetai apì th sqèsh

Ḡδ(0, y) = λµ

(
c

∫ ∞
0

e−
∫ v

0
[c− λµf̃e(δs)]dsdv

)−1 ∫ ∞
0

eδvyf̃e(δv; y)e−
∫ v

0
[c− λµf̃e(s)]dsdv,
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Jètontac

A1 = c

∫ ∞
0

e−
∫ v

0
[c− λµf̃e(δs)]dsdv kai A2 =

∫ ∞
0

eδvyf̃e(δv; y)e−
∫ v

0
[c− λµf̃e(s)]dsdv,

paÐrnoume ìti

Ḡδ(0, y) =
λµA2

A1

BrÐskontac loipìn �nw kai k�tw fr�gmata gia tic posìthtec A1 kai A2 ja katal xoume sth
sqèsh (6.22). O trìpoc ergasÐac mac ja eÐnai antÐstoiqoc me ekeÐnon thc Paragr�fou 4.4, ìpou
br kame fr�gmata gia thn pijanìthta qreokopÐac ekmetalleuìmenoi tic sunarthsiakèc idiìtht-
ec tou metasqhmatismoÔ Laplace. 'Opwc deÐxame kai sthn Par�grafo 4.4, o metasqhmatismìc
Laplace mÐac sun�rthshc eÐnai mÐa fjÐnousa kai kurt  sun�rthsh. Gia par�deigma an jewr soume
thn sun�rthsh

f̃e(s) =

∫ ∞
0

e−sxfe(x)dx,

dhlad  ton metasqhmatismì Laplace thc katanom c isorropÐac tou megèjouc atomik c zhmi�c
tìte gia a > 0 kai b > 0 ja isqÔei

f̃e(a) ≥ f̃e(a+ b) ≥ f̃e(a) + bf̃ ′e(a). (6.23)

Gia a = 0 kai b = δz h (6.23) mac dÐnei

1 ≥ f̃e(δz) ≥ 1− δzν1 (6.24)

afoÔ

f̃e(0) =

∫ ∞
0

fe(x)dx = 1

kai

f̃ ′e(0) = −
∫ ∞

0

xfe(x)dx = −ν1.

Gia na broÔme anisìthtec gia thn posìthta A1 ja qrhsimopoi soume to k�je mèloc thc (6.24)
xeqwrist�. Apì to aristerì mèloc thc (6.24) paÐrnoume

f̃e(δz) ≤ 1⇒ c− λµf̃e(δz) ≥ c− λµ⇒ −
∫ v

0

c− λµf̃e(δz)dz ≤ −
∫ v

0

(c− λµ)dz

⇒ e−
∫ v

0
c− λµf̃e(δz)dz ≤ e−(c− λµ)v

Oloklhr¸nontac kai ta dÔo mèlh thc teleutaÐac anÐswshc apì 0 ewc ∞ kai pollaplasi�zontac
me c, paÐrnoume

c

∫ ∞
0

e−
∫ v

0
c− λµf̃e(δz)dzdv ≤ c

∫ ∞
0

e−(c− λµ)vdv.
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DeÐxame loipìn ìti

A1 ≤
c

c− λµ
(6.25)

Apì to dexÐ mèloc thc (6.24) paÐrnoume

f̃e(δz) ≥ 1− δzν1 ⇒
∫ v

0

f̃e(δz)dz ≥
∫ v

0

(1− δzν1)dz

⇒ −cv + λµ

∫ v

0

f̃e(δz)dz ≥ −cv + λµ

∫ v

0

(1− δzν1)dz

⇒ e−cv + λµ
∫ v

0
f̃e(δz)dz ≥ e−cv + λµv − 1

2
λµδν1v

2

Oloklhr¸noume apì 0 ewc∞ kai ta dÔo mèlh thc teleutaÐac anÐswshc kai pollaplasi�zoume me
c, opìte paÐrnoume

c

∫ ∞
0

e−cv + λµ
∫ v

0
f̃e(δz)dzdv ≥ c

∫ ∞
0

e−(c− λµ)v − 1
2
λµδν1v

2
dv

'Ara isqÔei

A1 ≥ c

∫ ∞
0

e−(c− λµ)v − 1
2
λµδν1v

2
dv (6.26)

Qrhsimopoi¸ntac thn Ðdia mejodologÐa me aut  thc apìdeixhc gia to fr�gma thc pijanìthtac
qreokopÐac (bl. Par�grafo 4.4), jètoume

A = −(c− λµ)u− 1

2
λµν1δu

2.

'Eqoume loipìn

A = −1

2

[
2(c− λµ)u+ λµν1δu

2
]

= −1

2

[
2

(c− λµ)√
λµν1δ

√
λµν1δu+ (

√
λµν1δu)2

]
= −1

2

[
2

(c− λµ)√
λµν1δ

√
λµν1δu+ (

√
λµν1δu)2 +

(
(c− λµ)√
λµν1δ

)2

−
(

(c− λµ)√
λµν1δ

)2
]

Jètontac

α =
c− λµ√
λµν1δ

(6.27)

paÐrnoume

A = −1

2

[
2α
√
λµν1δu+ (

√
λµν1δu)2 + α2 − α2

]
=

1

2
α2 − 1

2

(√
λµν1δu+ α

)2
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kai gia
√
λµν1δu+ α = t isqÔei

A =
α2

2
− t2

2

EpÐshc isqÔei du =
1√
λµν1δ

dt =
α

c− λµ
dt (lìgw thc (6.27) ).

Antikajist¸ntac loipìn ìlec tic posìthtec pou br kame sthn (6.26), prokÔptei h anisìthta

A1 ≥
αc

c− λµ
e
α2

2

∫ ∞
α

e−
t2

2 dt

ParathroÔme ìti me thn allag  metablht c �llaxan kai ta ìria olokl rwshc. Proèkuye loipìn
o deÐkthc Mills kai h parap�nw sqèsh gr�fetai

A1 ≥
αc

c− λµ
R(α) (6.28)

Sundu�zontac tic sqèseic (6.25) kai (6.28) prokÔptei ìti
αc

c− λµ
R(α) ≤ A1 ≤

c

c− λµ
(6.29)

Prin arqÐsoume thn anaz thsh fragm�twn gia thn posìthta A2 ja anaferjoÔme en suntomÐa sth
sun�rthsh f̃e(s; y). H sun�rthsh aut  orÐzetai mèsw thc sqèshc

f̃e(s; y) =

∫ ∞
y

e−sxfe(x)dx

EÔkola diapist¸netai ìti h r(s) = f̃e(s; y) eÐnai mÐa fjÐnousa (r′(s) = f̃ ′e(s; y) < 0) kai kurt 
sun�rthsh (r′′(s)f̃ ′′e (s; y) > 0). Ac exet�soume ìmwc wc proc th montonÐa kai thn ex c sun�rthsh

h(s) = esyf̃e(s; y) = esy
∫ ∞
y

e−sxfe(x)dx

PaÐrnontac thn pr¸th par�gwgo thc h(s) wc proc s, èqoume

h′(s) =
∂

∂s

[
esy
∫ ∞
y

e−sxfe(x)dx

]
= yesy

∫ ∞
y

e−sxfe(x)dx− esy
∫ ∞
y

xe−sxfe(x)dx

= esy
∫ ∞
y

e−sxfe(x)(y − x)dx

'Omwc apì ta ìria tou parap�nw oloklhr¸matoc diapist¸noume ìti (y− x) < 0, opìte h′(s) < 0
(h h(s) eÐnai fjÐnousa). PaÐrnontac thn deÔterh par�gwgo thc h(s) wc proc s, èqoume

h′′(s) =
∂

∂s
h′(s) =

∂

∂s

[
esy
∫ ∞
y

e−sxfe(x)(y − x)dx

]
= yesy

∫ ∞
y

e−sxfe(x)(y − x)dx− esy
∫ ∞
y

xe−sxfe(x)(y − x)dx

= esy
∫ ∞
y

e−sxfe(x)(y − x)2dx > 0.
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'Ara h h(s) eÐnai kurt . Katal goume loipìn sto sumpèrasma ìti gia a > 0 kai b > 0 ja isqÔei

h(a+ b) ≤ h(a)

dhlad 
e(a+b)yf̃e(a+ b; y) ≤ eayf̃e(a; y) (6.30)

Gia a = 0 kai b = δz h (6.30) mac dÐnei

eδzyf̃e(δz; y) ≤ f̃e(0; y)

'Omwc f̃e(0; y)

∫ ∞
y

fe(x)dx = F̄e(y), epomènwc isqÔei

eδzyf̃e(δz; y) ≤ F̄e(y) (6.31)

EpÐshc apì to gegonìc ìti h f̃e(s; y) apì mình thc eÐnai fjÐnousa kai kurt  sumperaÐnoume ìti
gia a > 0 kai b > 0 ja isqÔei

f̃e(a; y) ≥ f̃e(a+ b; y) ≥ f̃e(a; y) + bf̃ ′e(a; y) (6.32)

Gia a = 0 kai b = δz h (6.32) mac dÐnei

f̃e(0; y) ≥ f̃e(δz; y) ≥ f̃e(0; y) + δzf̃ ′e(0; y).

'Omwc f̃ ′e(0; y) = −ν1, epomènwc èqoume

F̄e(y) ≥ f̃e(δz; y) ≥ F̄e(y)− δzν1 (6.33)

Apì tic sqèseic (6.31) kai (6.33) ja p�roume ta fr�gmata pou anazhtoÔme gia thn posìthta A2.
'Eqoume loipìn

A2 =

∫ ∞
0

eδvyf̃e(δv; y)e−
∫ v

0
[c− λµf̃e(s)]dsdv

(6.31)

≤
∫ ∞

0

F̄e(y)e−
∫ v

0
[c− λµf̃e(s)]dsdv

'Omwc èqoume  dh deÐxei ìti

e−
∫ v

0
[c− λµf̃e(s)]ds ≤ e−(c− λµ)v

Epomènwc ja isqÔei

A2 ≤
∫ ∞

0

F̄e(y)e−(c− λµ)vdv

Dhlad 

A2 ≤
F̄e(y)

c− λµ
(6.34)
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Gia na p�roume th deÔterh anisìthta gia thn posìthta A2, qrhsimopoioÔme to dexÐ mèloc thc
(6.33). 'Etsi èqoume

A2 =

∫ ∞
0

eδvyf̃e(δv; y)e−
∫ v

0
[c− λµf̃e(s)]dsdv

(6.33)

≥
∫ ∞

0

eδvy(F̄e(y)− δvν1)e−
∫ v

0
[c− λµf̃e(s)]dsdv

EpÐshc èqoume deÐxei ìti

e−
∫ v

0
[c− λµf̃e(s)]ds ≥ e−(c− λµ)v − 1

2
λµν1δv

2
,

epomènwc ja isqÔei

A2 ≥
∫ ∞

0

(F̄e(y)− δvν1)e−(c− λµ− δy)v − 1
2
λµν1δv

2
dv (6.35)

AnalÔontac ton ekjèth thc (6.35) xeqwrist� paÐrnoume

B = −(c− λµ− δy)v − 1

2
λµν1δv

2 = −1

2

[
2(c− λµ− δy)v + λµν1δv

2
]

= −1

2

[
2

(c− λµ− δy)√
λµν1δ

√
λµν1δv + λµν1δv

2

]
Jètontac

β =
(c− λµ− δy)√

λµν1δ

paÐrnoume

B = −1

2

[
2β
√
λµν1δv + λµν1δv

2
]

= −1

2

[
2β
√
λµν1δv + λµν1δv

2 + β2 − β2
]

=
1

2
β2 − 1

2

(
β +

√
λµν1δv

)2

Epiplèon jètoume

x = β +
√
λµν1δv

opìte prokÔptei ìti

v =
x− β√
λµν1δ

(6.27)
=

α

c− λµ
(x− β), kai

dv =
dx√
λµν1δ

(6.27)
=

α

c− λµ
dx.
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SumperaÐnoume loipìn ìti

B =
β2

2
− x2

2

kai antikajist¸ntac sthn (6.35), èqoume

A2 ≥
α

c− λµ

∫ ∞
β

[
F̄e(y)− δν1

αx− αβ
c− λµ

]
e
β2

2
− x2

2 dx

=
α

c− λµ
e
β2

2

∫ ∞
β

(
F̄e(y)−

αδν1

c− λµ
x+

αβδν1

c− λµ

)
e−

x2

2 dx

=
α

c− λµ

(
F̄e(y) +

αβδν1

c− λµ

)
R(β)−

α2δν1

(c− λµ)2
e
β2

2

∫ ∞
β

xe−
x2

2 dx

≥ α

c− λµ

[(
F̄e(y) +

αβδν1

c− λµ

)
R(β)−

αδν1

c− λµ
e
β2

2

]
afoÔ gia k�je β, isqÔei ∫ ∞

β

xe−
x2

2 dx ≤
∫ ∞

0

xe−
x2

2 dx = 1

Sunolik� loipìn gia thn posìthta A2 ja isqÔei

α

c− λµ

[(
F̄e(y) +

αβδν1

c− λµ

)
R(β)−

αδν1

c− λµ
e
β2

2

]
≤ A2 ≤

F̄e(y)

c− λµ
(6.36)

Sundu�zontac tic sqèseic (6.29) kai (6.36) me to gegonìc ìti Ḡδ(0, y) =
λµA2

A1

katal goume ìti

λµα

c

[(
F̄e(y) +

αβδν1

c− λµ

)
R(β)−

αδν1

c− λµ
e
β2

2

]
≤ Ḡδ(0, y) ≤ λµF̄e(y)

αcR(α)
,

sqèsh pou oloklhr¸nei thn apìdeixh tou Jewr matoc 6.2.
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Kef�laio 7

To klassikì montèlo me epitìkio kai
stajerì mèrisma kai h sun�rthsh twn
Gerber-Shiu

AxioshmeÐwto eÐnai to endiafèron arket¸n ereunht¸n gia tic stoqastikèc diadikasÐec pleonas-
m�twn pou perilamb�noun strathgikèc merism�twn, kurÐwc lìgw tou gegonìtoc otÐ efarmìzontai
sthn pr�xh. Sto kef�laio autì loipìn ja asqolhjoÔme me to klassikì montèlo upì thn parousÐ-
a stajeroÔ epitokÐou, ìtan apodÐdontai merÐsmata sÔmfwna me thn strathgik  tou katwflioÔ.
SÔmfwna me aut  th strathgik , ìtan mègejoc tou pleon�smatoc ft�sei èna kat¸fli stajeroÔ
Ôyouc b, ta asf�listra den enswmat¸nontai sto pleìnasma all� katab�llontai wc merÐsmata
stouc metìqouc. Ta merÐsmata aut� katab�llontai suneq¸c sto qrìno me rujmì c + δb , en¸
to pleìnasma paramènei stajerì kai Ðso me b mèqri thn epèleush tou epìmenou zhmiogìnou end-
eqomènou. Sthn perÐptwsh pou to pleìnasma eÐnai mikrìtero tou b, den katab�lletai mèrisma.
'Opwc eÐdame sto Kef�laio 1, to pleìnasma sto qrìno t ìtan den apodÐdontai merÐsmata eÐnai

dUδ(t) = cdt+ Uδ(t)δdt− dS(t).

Epomènwc an sumbolÐsoume me Ub(t) to pleìnasma sto qrìno t (paraleÐpoume ton deÐkth δ gia
eukolÐa) ìtan h etaireÐa apodÐdei stouc metìqouc thc stajerì mèrisma, tìte

dUb(t) =

{
cdt− dS(t) + δUb(t

−)dt, Ub(t) < b

−dS(t), Ub(t) = b
(5.1)

SumbolÐzoume wc Tb ton qrìno qeokopÐac, dhlad  thn pr¸th qronik  stigm  kat� thn opoÐa to
pleìnasma gÐnetai arnhtikì, opìte

Tb = inf {t : Ub(t) < 0}

H anamenìmenh proexoflhmènh sun�rthsh poin c twn Gerber-Shiu gia èna montèlo tou opoÐou
to pleìnasma perigr�fetai apo thn (5.1) dinetai apì th sqèsh

mb(u) = E
[
e−αTbw

(
Ub(T

−
b ), |Ub(Tb)|

)
I(Tb <∞)|Ub(0) = u

]
(5.2)
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7.1 Oloklhrodiaforik  exÐswsh gia thn mb(u)

Gia na broÔme mÐa oloklhrodiaforik  exÐswsh gia thnmb(u) jewroÔme arqik� èna qronikì di�sth-
ma [0, τ ], t > 0. EpÐshc jewroÔme ìti 0 ≤ u < b kai ìti to τ eÐnai tètoio ¸ste to pleìnasma
den ja ft�sei sto Ôyoc b mèqri to qrìno τ , dhlad  ueδτ + cs̄δτ < b. Sto di�sthma loipìn [0, τ ],
desmeÔoume wc pro to qrìno epèleushc kai to mègejoc tou pr¸tou zhmiogìnou endeqomènou.
Jewrìntac oti to mègejoc thc pr¸thc zhmi�c (e�n aut  epèljei sto [0, τ ] )ja eÐnai x, mporoÔme
na diakrÐnoume tic parak�tw peript¸seic:

1. Den emfanÐzetai zhmi� sto [0, τ ].
H pijanìthta na sumbeÐ autì to endeqìmeno eÐnai Pr[N(τ) = 0]. 'Omwc sto klassikì
montèlo h t.m. N(τ) akoloujeÐ thn katanom  Poisson me par�metro λτ , epomènwc

Pr[N(τ) = 0] = e−λτ
λ0

0!
= e−λτ .

EpÐshc an mèqri to τ den emfanisteÐ zhmiogìno endeqìmeno, tìte to pleìnasma th qronik 

stigm  τ ja eÐnai ueδτ + cs̄
(δ)
τ .

2. EmfanÐzetai zhmi� sto [0, τ ] all� den prokaleÐ qreokopÐa.
Me �lla lìgia se k�poia qronik  stigm  t ∈ [0, τ ] prokaleÐtai zhmi� tètoia ¸ste x <

ueδt + cs̄
(δ)

t
(dhlad  to mègejoc thc zhmi�c eÐnai mikrìtero apì to pleìnasma pou eÐqe

susswreuteÐ mèqri ekeÐnh th qronik  stigm ). Sthn perÐptwsh aut , h diadikasÐa pleon�s-
matoc anane¸netai kai to nèo arqikì kef�laio akrib¸c met� thn epèleush tou zhmiogìnou

endeqomènou eÐnai ueδt + cs̄
(δ)

t
− x.

3. EmfanÐzetai zhmi� sto [0, τ ] kai prokaleÐ qreokopÐa.

Gia na sumbeÐ autì ja prèpei na isqÔei x > ueδt + cs̄
(δ)

t
, ∀ t ∈ [0, τ ].

Lamb�nontac upìyhn tic parap�nw peript¸seic, h (5.2) mac dÐnei:

mb(u) =e−(λ+α)τmb(ue
δτ + cs̄

(δ)
τ ) + λ

∫ τ

0

e−(λ+α)t

∫ ueδt+cs̄
(δ)

t

0

mb(ue
δt + cs̄

(δ)

t
− x)f(x)dxdt

+ λ

∫ τ

0

e−(λ+α)t

∫ ∞
ueδt+cs̄

(δ)

t

w(ueδt + cs̄
(δ)

t
, x− ueδt − cs̄(δ)

t
)f(x)dxdt. (5.3)

Jètoume

A(x) =

∫ ∞
x

w(x, y − x)f(y)dy,

opìte

mb(u) =e−(λ+α)τmb(ue
δτ + cs̄

(δ)
τ ) + λ

∫ τ

0

e−(λ+α)t

∫ ueδt+cs̄
(δ)

t

0

mb(ue
δt + cs̄

(δ)

t
− x)f(x)dxdt

+ λ

∫ τ

0

e−(λ+α)tA(ueδt + cs̄
(δ)

t
)dt
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PragwgÐzontac thn parap�nw exÐswsh wc proc τ , paÐrnoume

0 =− (λ+ α)e−(λ+α)τmb(ue
δτ + cs̄

(δ)
τ ) + e−(λ+α)τm

′

b(ue
δτ + cs̄

(δ)
τ )eδτ (c+ δu)

+ λe−(λ+α)τ

∫ ueδτ+cs̄
(δ)

τ

0

mb(ue
δτ + cs̄

(δ)
τ − x)f(x)dx+ λe−(λ+α)τA(ueδτ + cs̄

(δ)
τ ), (5,4)

afoÔ
d

dτ
(ueδτ + cs̄

(δ)
τ ) = δueδτ + c

δeδτ

δ
= eδτ (c+ δu).

Jètontac τ = 0 sthn (5,3) katal goume sthn oloklhrodiaforik  exÐswsh gia thn mb(u) ìtan
0 ≤ u < b, dhlad :

0 = −(λ+ α)mb(u) + (c+ δu)m
′

b(u) + λ

∫ u

0

mb(u− x)f(x)dx+ λA(u)

  diaforetik�

(c+ δu)m
′

b(u) = (λ+ α)mb(u)− λ
∫ u

0

mb(u− x)f(x)dx− λA(u). (5.5)

T¸ra ja jewr soume thn perÐptwsh ìpou u = b, τ > 0, me skopì thn eÔresh mÐac oriak c
sunj khc gia thn mb. H mejodologÐa pou ja qrhsimopoi soume eÐnai antÐstoiqh m�ut  pou mac
od ghse sthn eÔresh thc exÐswshc (5.3). Arqik� loipìn desmeÔoume wc proc to qrìno epèleushc
kai to mègejoc (X1 = x) tou pr¸tou zhmiogìnou endeqomènou an jewr soume ìti autì epèrqetai
sto di�sthma [0, τ ]. 'Opwc kai prin ja diakrÐnoume treic peript¸seic:

1. Den emfanÐzetai zhmi� sto [0, τ ].
H pijanìthta na sumbeÐ autì eÐnai k�ta ta gnwst� Pr[N(τ) = 0] = e−λτ . Ed¸ ìmwc èqoume
mÐa diafor� se sqèsh me prin. Epeid  to mègejoc tou pleon�smatoc èqei ft�sei to kat¸fli
b, h etaireÐa den eispr�ttei asf�listra kai katanèmei mèrisma stouc metìqouc thc. 'Etsi
to pleìnasma paramènei stajerì kai Ðso me to arqikì kef�laio (dhlad  b).

2. EmfanÐzetai zhmi� sto [0, τ ] all� den prokaleÐ qreokopÐa.
Epeid  mèqri thn epèleush tou pr¸tou zhmiogìnou endeqomènou to pleìnasma eÐnai stajerì
kai Ðso me b, prokeimènou na mhn epèljei qreokopÐa, ja prèpei to mègejoc thc pr¸thc zhmi�c
na eÐnai x ≤ b. Met� thn pr¸th zhmi� h diadikasÐa pleon�smatoc ja ananewjeÐ me nèo arqikì
kef�laio b− x.

3. EmfanÐzetai zhmi� sto [0, τ ] kai prokaleÐ qreokopÐa.
Autì ja sumbeÐ mìno an h zhmi� eÐnai megalÔterh apì to kat¸fli, dhlad  x > b.
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Sthn perÐptws  mac loipìn h (5.2) mac dÐnei:

mb(u) = e−(λ+α)τmb(b) + λ

∫ τ

0

e−(λ+α)t

∫ b

0

mb(b− x)f(x)dxdt

+λ

∫ τ

0

e−(λ+α)t

∫ ∞
b

w(b, x− b)f(x)dxdt,

dhlad 

mb(u) = e−(λ+α)τmb(b) + λ

∫ τ

0

e−(λ+α)t

∫ b

0

mb(b− x)f(x)dxdt+ λ

∫ τ

0

e−(λ+α)tA(b)dt. (5.6)

ParagwgÐzontac loipìn thn (5.6) wc proc τ ja p�roume

0 = −(λ+ α)e−(λ+α)τmb(b) + λe−(λ+α)τ

∫ b

0

mb(b− x)f(x)dx+ λe−(λ+α)τA(b)

en¸ an jèsoume kai τ = 0, paÐrnoume

0 = −(λ+ α)mb(b) + λ

∫ b

0

mb(b− x)f(x)dx+ λA(b)

  alli¸c

(λ+ α)mb(b) = λ

∫ b

0

mb(b− x)f(x)dx+ λA(b). (5.7)

ìmwc lÔnontac thn oloklhrodiaforik  exÐswsh (5.5) wc proc (λ+ α)mb(u), èqoume

(λ+ α)mb(u) = (c+ δu)m
′

b(u) + λ

∫ u

0

mb(u− x)f(x)dx+ λA(u).

kai paÐrnontac to ìrio thc parap�nw exÐswshc gia u = b katal goume sthn exÐswsh

(λ+ α)mb(b) = (c+ δu)m
′

b(b) + λ

∫ b

0

mb(b− x)f(x)dx+ λA(b) (5.8)

Sundu�zontac ta apotelèsmata twn exis¸sewn (5.7) kai (5.8), èqoume

(c+ δu)m
′

b(b) = 0,

dhlad 
m
′

b(b) = 0. (5.9)

H apìdeixh thc exÐswshc (5.9) epibebai¸nei k�ti pou diaisjhtik� ja perÐmene kaneÐc na isqÔei
gia to montèlo mac, en¸ h qrhsimìthta aut c thc oriak c sunj khc gia thn mb ja faneÐ sth
sunèqeia autoÔ tou kefalaÐou.
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7.2 H lÔsh gia mb(u)

Gia mÐa stoqastik  diadikasÐa pleon�smatoc pou dÐnetai apì thn (5.1), mporoÔme na ekfr�soume
thn proexoflhmènh sun�rthsh poin c twn Gerber-Shiu wc èna �jroisma dÔo sunart sewn. H
mÐa eÐnai h proexoflhmènh sun�rthsh poin c qwrÐc kat¸fli kai h �llh eÐnai anex�rthth apì th
sun�rthsh poin c w.
Gia th sunèqeia aut c thc paragr�fou ja jewr soume ìti h h(x) eÐnai mÐa mh profan c lÔsh thc
exÐswshc

(c+ δu)h
′
(u) = (λ+ α)h(u)− λ

∫ u

0

h(u− x)f(x)dx, u > 0. (5.10)

EpÐshc jewroÔme thn posìthta m∞(u), dhlad  thn anamenìmenh paroÔsa axÐa thc sun�rthshc
poin c ìtan epèrqetai qreokopÐa qwrÐc kat¸fli. H oloklhrodiaforik  exÐswsh gia thn m∞(u)
ja eÐnai

(c+ δu)m
′

∞(u) = (λ+ α)m∞(u)− λ
∫ u

0

m∞(u− x)f(x)dx− λA(u). (5.11)

EpÐshc, apì thn exÐswsh (5.5) èqoume dei ìti

(c+ δu)m
′

b(u) = (λ+ α)mb(u)− λ
∫ u

0

mb(u− x)f(x)dx− λA(u).

Afairìntac apì thn parap�nw exÐswsh thn (5.11), paÐrnoume

(c+ δu)[m
′

b(u)−m′∞(u)] = (λ+ α)[mb(u)−m∞(u)]− λ
∫ u

0

[mb(u)−m∞(u)]f(x)dx.

Dhlad  h posìthta mb(u) − m∞(u) apoteleÐ mÐa lÔsh thc exÐswshc (5.10) gia 0 ≤ u ≤ b.
Epomènwc ja isqÔei

mb(u)−m∞(u) = kh(u) (5.12)

ìpou k mÐa stajer� ParagwgÐzontac thn (5.12) èqoume

m
′

b(u)−m′∞(u) = kh
′
(u).

'Omwc apì thn (5.9) gnwrÐzoume ìti isqÔei h oriak  sunj kh m
′

b(b) = 0, epomènwc na jèsoume
u = b sthn parap�nw exÐswsh mporoÔme na prosdirÐsoume th stajer� k:

k = −m
′
∞(b)

h′(b)

kai antikajist¸ntac sthn (5.12) paÐrnoume mia lÔsh thc oloklhrodiaforik c exÐswshc gia thn
mb(u),  toi

mb(u) = m∞(u)− m
′
∞(b)

h′(b)
h(u), 0 ≤ u ≤ b. (5.13)

Parathr¸ntac thn exÐswsh (5.13) diapist¸noume ìti gia na prosdiorÐsoume thn mb(u) prèpei
pr¸ta na broÔme tic posìthtec m∞(u) kai h(u) kai na upologÐsoume tic parag¸gouc touc gia
u = b. Gia thn eÔresh thc m∞(u), deqìmaste th lÔsh twn Yuen, Wang (2005) .
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Mac apomènei loipìn na broÔme th lÔsh thc omogenoÔc oloklhrodiaforik c exÐswshc (5.10).
H exÐswsh aut  gr�fetai (gia u > 0):

(c+ δu)h
′
(u) = (λ+ α)h(u)− λ

∫ u

0

f(u− x)h(x)dx

Akolouj¸ntac loipìn th mejodologÐa twn Cai-Dickson , oloklhr¸noume kai ta dÔo mèlh apì 0
èwc u. JumÐzoume ìti èfarmìzontac to L mma 1 èqoume∫ u

0

∫ y

0

f(y − x)h(x)dxdy =

∫ u

0

F (u− x)h(x)dx

'Ara sunolik�∫ u

0

(c+ δy)h
′
(y)dy = (λ+ α)

∫ u

0

h(y)dy − λ
∫ u

0

∫ y

0

f(y − x)h(x)dxdy ⇒

(c+ δy)h(y)|uy=0 −
∫ u

0

δh(y)dy = (λ+ α)

∫ u

0

h(y)dy − λ
∫ u

0

F (u− x)h(x)dx⇒

(c+ δu)h(u)− ch(0) = (λ+ α + δ)

∫ u

0

h(y)dy − λ
∫ u

0

F (u− x)h(x)dx⇒

(c+ δu)h(u) = ch(0) +

∫ u

0

α + δ + λ[1− F (u− x)]h(x)dx⇒

dhlad 

h(u) =
ch(0)

c+ δu
+

∫ u

0

α + δ + λF̄ (u− x)

c+ δu
h(x)dx (5.14)

An loipìn jèsoume

g(u) =
ch(0)

c+ δu
kai

kδ,α(u, x) =
α + δ + λF̄ (u− x)

c+ δu

tìte h (5.14) paÐrnei th morf 

h(u) = g(u) +

∫ u

0

kδ,α(u, x)h(x)dx. (5.15)

EÐnai loipìn fanerì ìti h h(u) akoloujeÐ mia oloklhrwtik  exÐswsh Volterra kai ìtan h g(u)
eÐnai oloklhr¸simh sto [0, b] kai h kδ,α(u, x) eÐnai suneq c (pou sunep�getai an upojèsoume ìti
h F èqei suneq  sun�rthsh puknìthtac), tìte h monadik  lÔsh thc (5.15) èqei thn parak�tw
morf :

h(u) = g(u) +

∫ u

0

Kδ,α(u, x)g(x)dx,
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ìpou kat� ta gnwst�

Kδ,α(u, x) =
∞∑
m=1

kmδ,α(u, x), 0 ≤ x < u

kai

kmδ,α(u, x) =

∫ u

x

kδ,α(u, y)km−1
δ,α (y, x)dy, m ≥ 2, 0 ≤ x < u

en¸
k1
δ,α(u, x) = kδ,α(u, x).

Tèloc,   h(u) mporeÐ na proseggisteÐ kai anadromik� mèsw thc seir�c Picard, wc ex c:

hn(u) = g(u) +

∫ u

0

kδ,α(u, y)hn−1(y)dy, n ≥ 1,

kai me arqik  tim 
h0(u) = g(u).

7.3 Analutik� apotelèsmata gia ekjetik� megèjh zh-

mi¸n

'Estw ìti ta megèjh zhmi¸n akoloujoÔn thn ekjetik  katanom  me par�metro β > 0, dhlad 

F (x) = 1− e−βx.

EpÐshc jewroÔme ìti α = 0 kai ìti h A
′
(u) eÐnai suneq c sto [0,∞), ìpou A h gnwst  mac

sun�rthsh

A(x) =

∫ ∞
x

w(x, y − x)f(y)dy.

Me ta parap�nw dedomèna, ja upologÐsoume ekfr�seic gia tic m∞(u) kai h(u). Mèsw aut¸n twn
dÔo sunart sewn kai twn parag¸gwn touc gia u = b, mporoÔme na prosdiorÐsoume thn mb(u),
afoÔ

mb(u) = m∞(u)− m
′
∞(b)

h′(b)
h(u), 0 ≤ x ≤ b.

Sthn prohgoÔmenh par�grafo eÐqame brei thn oloklhrodiaforik  exÐswsh pou ikanopoieÐ h h(u)
(exÐswsh (5.10) ). Aut  mporeÐ na grafeÐ

(c+ δu)h
′
(u) = (λ+ α)h(u)− λ

∫ u

0

f(u− x)h(x)dx,
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kai gia f(u− x) = βe−β(u−x), h parap�nw exÐswsh mac dÐnei

(c+ δu)h
′
(u) = λh(u)− λβe−βu

∫ u

0

eβxh(x)dx (5.16)

ParaggÐzontac wc proc u, èqoume

δh
′
(u) + (c+ δu)h

′′
(u) =λh

′
(u) + λβ2e−βu

∫ u

0

eβxh(x)dx− λβe−βu
(
eβuh(u)

)
⇒ δh

′
(u) + (c+ δu)h

′′
(u) =λh

′
(u) + β

[
λβe−βu

∫ u

0

eβxh(x)dx− λh(u)

]
'Omwc apì thn (5.16) paÐrnoume ìti

λβe−βu
∫ u

0

eβxh(x)dx− λh(u) = −β(c+ δu)h
′
(u),

epomènwc isqÔei

δh
′
(u) + (c+ δu)h

′′
(u) = −(c+ δu)h

′
(u)⇒ (c+ δu)h

′′
(u) = [λ− δ − β(c+ δu)]h

′
(u)

dhlad  h h(u) akoloujeÐ th diaforik  exÐswsh

h
′′
(u)

h′(u)
=
λ− δ − β(c+ δu)

c+ δu
.

Jètoume

q1(u) =
β(c+ δu) + δ − λ

c+ δu
,

opìte h exÐswsh gia thn h(u) gÐnetai

h
′′
(u)

h′(u)
= −q1(u)⇒

∫ u

0

h
′′
(t)

h′(t)
dt = −

∫ u

0

q1(t)dt⇒
∫ u

0

d lnh
′
(t) = −

∫ u

0

q1(t)dt

⇒ lnh
′
(u) = lnh

′
(0)−

∫ u

0

q1(t)dt⇒ elnh
′
(u) = elnh

′
(0)−

∫ u
0 q1(t)dt

dhlad 

h
′
(u) = h

′
(0)e−

∫ u
0 q1(t)dt (5.17)

ìmwc apì thn (5.16) gia u = 0, prokÔptei h oriak  sunj kh

h
′
(0) =

λ

c
h(0) =

λ

c
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opìte h (5.17) se sunduasmì me thn oriak  sunj kh h
′
(0) = λ

c
mac dÐnei

h
′
(u) =

λ

c
e−

∫ u
0 q1(t)dt (5.18)

Jètoume

b1(u) = e−
∫ u
0 q1(t)dt

kai h (5.18) gÐnetai

h
′
(u) =

λ

c
b1(u)⇒

∫ u

0

h
′
(t)dt =

λ

c

∫ u

0

b1(t)dt⇒ h(u)− h(0) =
λ

c

∫ u

0

b1(t)dt,

'Etsi katal goume sth lÔsh gia thn h(u):

h(u) = 1 +
λ

c

∫ u

0

b1(t)dt. (5.19)

Prin proqwr soume sthn eÔresh thc m∞(u) ac upologÐsoume analutikìtera kai thn posìthta
b1(t):

b1(t) = e−
∫ t

0
q1(x)dx = e

−
∫ t

0
β(c+δx)+δ−λ

c+δx
dx

= e−
∫ t

0
βdxe

−
∫ t

0
δ−λ
c+δx

dx

ìmwc

∫ t

0

δ − λ
c+ δx

dx =
δ − λ
δ

∫ t

0

d ln(c+ δx) = [ln(c+ δt)− ln c]
δ−λ
δ = ln

(
c+ δt

c

) δ−λ
δ

,

epomènwc

b1(t) = e−βt
(
c+ δt

c

)− δ−λ
δ

. (5.20)

Epìmeno b ma gia thn olokl rwsh autoÔ tou paradeÐgmatoc eÐnai h eÔresh thc m∞(u), dhlad 
thc proexoflhmènhc sun�rthshc poin c tou klassikoÔ montèlou me epitìkio, ìtan den up�rqei
kat¸fli. Akolouj¸ntac parìmoia b mata me aut� pou mac od ghsan sthn h(u), xekin�me apì
thn oloklhrodiaforik  exÐswsh thc m∞(u) h opoÐa eÐnai

(c+ δu)m
′

∞(u) = (λ+ α)m∞(u)− λ
∫ u

0

f(u− x)m∞(x)dx− λA(u).

kai gia to par�deigm� mac me ekjetikèc zhmièc kai α = 0, isqÔei

(c+ δu)m
′

∞(u) = λm∞(u)− λβe−βu
∫ u

0

eβxm∞(x)dx− λA(u). (5.21)
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ParagwgÐzoume thn (5.21) wc proc u kai èqoume

δm
′

∞(u) + (c+ δu)m
′′

∞(u) =λm
′

∞(u) + λβ2e−βu
∫ u

0

eβxm∞(x)dx

− λβe−βu
(
eβum∞(u)

)
− λA′(u)⇒

δm
′

∞(u) + (c+ δu)m
′′

∞(u) =λm
′

∞(u) + β

[
λβe−βu

∫ u

0

eβxm∞(x)dx− λm∞(u)

]
− λA′(u),

(5.22)

ìmwc apì thn (5.21) gnwrÐzoume ìti

λβe−βu
∫ u

0

eβxm∞(x)dx− λm∞(u) = −(c+ δu)m
′

∞(u)− λA(u).

AntikajistoÔme autì to apotèlesma sthn (5.22):

(c+ δu)m
′′

∞(u) + [β(c+ δu) + δ − λ]m
′

∞(u) = −βλA(u)− λA′(u)

⇒m′′∞(u) +

[
β(c+ δu) + δ − λ

c+ δu

]
m
′

∞(u) =
−λ
[
A
′
(u) + βA(u)

]
c+ δu

(5.23)

Sthn (5.23) jètoume

q1(u) =
β(c+ δu) + δ − λ

c+ δu
kai

q2(u) =
−λ
[
A
′
(u) + βA(u)

]
c+ δu

,

opìte katal goume ìti h m∞(u) akoloujeÐ thn ex c diaforik  exÐswsh

m
′′

∞(u) + q1(u)m
′

∞(u) = q2(u) (5.24)

MporoÔme na doÔme thn (5.24) wc mia diaforik  exÐswsh pr¸thc t�xhc wc proc m
′
∞(u) kai na

thn lÔsoume. 'Eqontac loipìn sth di�jes  mac thn m
′
∞(u), oloklhr¸noume kai brÐskoume thn

m∞(u). Pollaplasi�zontac kai ta dÔo mèlh thc (5.24) me e
∫ u
0 q1(x)dx, èqoume

e
∫ u
0 q1(x)dxm

′′

∞(u) + e
∫ u
0 q1(x)dxq1(u)m

′

∞(u) = q2(u)e
∫ u
0 q1(x)dx. (5.25)

To pr¸to mèloc thc parap�nw exÐswshc eÐnai h posìthta

d

du

[
e
∫ u
0 q1(x)dxm

′

∞(u)
]
,

en¸

e
∫ u
0 q1(x)dx =

1

b1(u)
.
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Oloklhr¸nontac loipìn kai ta dÔo mèlh thc (5.25) apì 0 èwc u, èqoume∫ u

0

d

[
m
′
∞(t)

b1(t)

]
=

∫ u

0

q2(t)

b1(t)
dt

kai jètontac

b2(u) =

∫ u

0

q2(t)

b1(t)
dt

paÐrnoume
m
′
∞(u)

b1(u)
−m′∞(0) = b2(u), (5.26)

afoÔ b1(0) = 1. EpÐshc apì thn oloklhrodiaforik  exÐswsh (5.21), gia u = 0, prokÔptei h
oriak  sunj kh

cm
′

∞(0) = λm∞(0)− λA(0)⇒ m
′

∞(0) =
λm∞(0)− λA(0)

c
.

Antikajist¸ntac thn oriak  sunj kh sthn (5.26) kai lÔnontac wc proc m
′
∞(u) paÐrnoume

m
′

∞(u) = b1(u)

[
λm∞(0)− λA(0)

c
+ b2(u)

]
⇒ −

∫ ∞
u

m
′

∞(t)dt =

∫ ∞
u

b1(t)

[
λA(0)− λm∞(0)

c
− b2(t)

]
dt (5.27)

LÔnontac thn (5.21) wc proc m
′
∞(u) kai paÐrnontac to ìrio limu→∞m

′
∞(u) prokÔptei �llh mÐa

oriak  sunj kh,  toi m
′
∞(∞) = 0. Kat� sunèpeia loipìn ja isqÔei −

∫∞
u
m
′
∞(t)dt = m∞(u),

opìte h (5.27) gÐnetai

m∞(u) =

∫ ∞
u

b1(t)

[
λA(0)− λm∞(0)

c
− b2(t)

]
dt (5.28)

Apì thn parap�nw exÐswsh gia u = 0 paÐrnoume

m∞(0) =

[
λA(0)− λm∞(0)

c

] ∫ ∞
0

b1(t)dt−
∫ ∞

0

b1(t)b2(t)dt

kai jètontac

B0 =

∫ ∞
0

b1(t)dt

èqoume

cm∞(0) = λA(0)B0 − λm∞(0)B0 − c
∫ ∞

0

b1(t)b2(t)dt

⇒ m∞(0) =
λA(0)B0 − c

∫∞
0
b1(t)b2(t)dt

c+ λB0
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Antikajist¸ntac autì to teleutaÐo apotèlesma sthn (5.28) paÐrnoume

m∞(u) =

∫ ∞
u

b1(t)

[
λA(0)(c+ λB0)− λ2A(0)B0 + λc

∫∞
0
b1(t)b2(t)dt

c(c+ λB0)
− b2(t)

]
dt

dhlad  h exÐswsh thc m∞(u) eÐnai

m∞(u) =

∫ ∞
u

b1(t)

[
λA(0) + λ

∫∞
0
b1(t)b2(t)dt

(c+ λB0)
− b2(t)

]
dt.

Sthn parap�nw exÐswsh jètoume

B =
λA(0) + λ

∫∞
0
b1(t)b2(t)dt

(c+ λB0)

kai na katal goume sth lÔsh:

m∞(u) =

∫ ∞
u

b1(t) (B − b2(t)) dt (5.29)

Oi exis¸seic (5.19) kai (5.29) eÐnai ikanèc ki anagkaÐec ètsi ¸ste na katal xoume sthn mb(u)
mèsw thc sqèshc (5.13).
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Par�rthma Aþ

Entolèc sto Mathematica kai to
Maple

Par�deigma 3.1
Oi upologismoÐ se autì to Par�deigma èginan me b�sh touc tÔpouc thc Prìtashc ?? thc Para-
gr�fou 3.3. Arqik� orÐsame thn ψδ(0) wc sun�rthsh tou u qrhsimopoi¸ntac tic parak�tw entolèc

lambda:=55; beta:=2; c:=(1.1*lambda)/beta;

p[delta−]:=1-1/NIntegrate[c*Exp[-c*x+lambda/delta*Log[(beta+delta*x)/beta]],

{x,0,Infinity}];

Sth sunèqeia orÐsame thn pijanìthta qreokopÐac wc sun�rthsh twn metablht¸n δ kai u mèsw
twn entol¸n

f[delta−,u−]:=p[delta]+((lambda/c*(p[delta]-1))*NIntegrate[Exp[-beta*x]

(1+(delta*x)/c)∧(-(delta-lambda)/delta),{x,0,u}]);

Gia thn grafik  par�stash thc pijanìthtac qreokopÐac ìtan δ = 0.05, δ = 0.07 kai δ = 0.1
qrhsimopoi same thn entol 

Plot[{f[0.05,u],f[0.07,u],f[0.1,u]},{u,10,30},PlotStyle->
{Directive[Green,Thickness[0.004]], Directive[Blue,Thickness[0.004]],

Directive[Red,Thickness[0.004]]}]

Tèloc, gia thn trisdi�stath grafik  par�stash ektelèsame thn entol 

Plot3D[f[delta,u],{delta,0,1},{u,0,40},ColorFunction->"RustTones",
PlotStyle->{Opacity[0.8]}]

127



Par�deigma 3.2
Gia tic an�gkec tou sugkekrimènou paradeÐgmatoc ergast kame sto Mathematica kai to Maple.
Sto Mathematica k�name kurÐwc thn proergasÐa, orÐzontac tic sunart seic f(x), F̄ (x), Fe(x), f̃e(x),
en¸ br kame kai thn ψδ(0). Oi entolèc pou qrhsimopoi same sto Mathematica eÐnai

delta=0.1; lambda=55; a:=2; beta:=2; c:=60;

f[x−]:=beta
∧a*x*Exp[-beta*x];

F[x−]:=Integrate[f[s],{s,x,Infinity}];
mu:=Integrate[F[x], {x,0,Infinity}];
fe[x−]:=F[x]/mu;

Fe[x−]:=Integrate[fe[s],{s,0,x}];
phi[x−]:=Integrate[Exp[-x*t]*fe[t],{t,0,Infinity}];
p:=1-1/(c*NIntegrate[Exp[-c*x+lambda*mu*Integrate[phi[delta*s],

{s,0,x}]],{x,0,Infinity}]);

'Eqontac sth di�jes  mac ìla ta parap�nw apì to Mathematica, proqwr same stouc oris-
moÔc twn sunart sewn kiδ(u, t), Kδ(u, t) kai `(u) sto Maple. Tèloc upologÐsame thn pijanìthta
qreokopÐac sÔmfwna me to Je¸rhma 3.2 thc Paragr�fou 3.2. Oi entolèc pou qrhsimopoi same
sto Maple eÐnai

> restart;

> F:= x -> exp(-2*x)(1+2*x);

Fe:= x -> 1-exp(-2*x)*(1+x);

> k:= proc (i::posint, u, t)

local alpha, delta, c, lambda; option remember;

lambda:=55; alpha:=0; delta:=0.05; c:=60;

if i < 2 then (alpha+delta+lambda*F(u-t))/(c+delta*u)

else int(k(1, u, x)*k(i-1, x, t), x=t..u)

end if

end proc;

> lambda:=55; alpha:=0; delta:=0.05; c:=60; mu:=1/beta;

> L:= x -> c*0.908973/(c+delta*x)-lambda*mu*Fe(x)/(c+delta*x);

> res:= 0;

for i while i < 4

do res:= res+k(i, u, t)

end do;

> psi:= u -> evalf(L(u))+evalf(Int(res*L(t), t=0..u, digits=6));

H tim  0.908973 eÐnai h ψ0.05(0) pou br kame kat� thn proergasÐa mèsw tou Mathematica. Me
thn montelopoÐhsh pou qrhsimopoi same parap�nw kalÔptoume kai thn eÔresh apotelesm�twn
gia ton metasqhmatismì Laplace tou qrìnou qreokopÐac. ArkeÐ sthn parap�nw seir� entol¸n na
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jèsoume thn tim  thc paramètrou alpha. Wstìso proergasÐa tou Mathematica diafèrei kaj¸c
all�zei o trìpoc upologismoÔ thc ψδ,α(0). Sugkekrimèna gia thn eÔresh tou metasqhmatismoÔ
Laplace tou qrìnou qreokopÐac, h proergasÐa pou k�name sto Mathematica eÐnai

alpha=0.1; delta=0.05; lambda=55; a:=2; beta:=2; c:=60;

f[x−]:=beta
∧a*x*Exp[-beta*x];

F[x−]:=Integrate[f[s],{s,x,Infinity}];
mu:=Integrate[F[x],{x,0,Infinity}];
fe[x−]:=F[x]/mu;

Fe[x−]:=Integrate[fe[s],{s,0,x}];
phi[x−]:=Integrate[Exp[-x*t]*fe[t],{t,0,Infinity}];
p:=(lambda*mu*NIntegrate[phi[delta*x]*x∧(alpha/delta)*

Exp[-c*x+lambda*mu*Integrate[phi[delta*s],{s,0,x}]],{x,0,Infinity}])
/(c*NIntegrate[x∧(alpha/delta)*Exp[-c*x+lambda*mu*Integrate[phi[delta*s],

{s,0,x}]],{x,0,Infinity}]);

Par�deigma 3.3
O trìpoc ergasÐac mac se autì to par�deigma  tan parìmoioc me autìn tou ParadeÐgmatoc
3.2. H mình diafor�  tan oti kat� thn proergasÐa sto Mathematica all�xame ton orismì thc
sun�rthshc puknìthtac tou megèjouc atomik c zhmi�c apì G�mma se mÐxh Ekjetik¸n. EpÐshc
stic pr¸tec grammèc thc “routÐnac ”sto Maple orÐsame swst� thn dexi� our� kai thn katanom 
isorropÐac mÐac mÐxhc ekjetik¸n.

Par�deigma 4.1
Gia na upologÐsoume thn jetik  posìthta R1 sÔmfwna me thn exÐswsh (4.2) tou L mmatoc 4.1
eis�goume sto Mathematica thn parak�tw seir� entol¸n

Assuming[r1>0, {delta=0.01,c=60,lambda=55,
f[r1−]=NIntegrate[Exp[-r1*y]*(1-delta*y/c)

∧((lambda/delta)-1)

*1/(1-r1*(1-delta*y/c)),{y,0,(c/delta)}] }]
FindRoot[f[r1]==c/lambda,{r1,0.9}]

H sqèsh (4.2) eÐnai h pio aplopoihmènh exÐswsh pou èqoume sth di�jes  mac gia ton upolo-
gismì tou R1. Par' ìla aut� oi arijmhtikoÐ upologismoÐ pou èqoume na ektelèsoume eÐnai arket�
perÐplokoi. Ston orismì loipìn thn sun�rthshc f(R1), (pou antiproswpeÔei to olokl rwma
thc exÐswshc (4.2) ) qrhsimopoi same thn entol  NIntegrate (Numerical Integrate).Me thn
entol  aut  pragmatopoioÔme thn olokl rwsh me arijmhtikèc mejìdouc.
'Eqontac upologÐsei thn posìthta R1 o upologismìc tou �nw fr�gmatoc gia thc ψδ(u) eÐnai
eÔkoloc afoÔ ψδ(u) ≤ e−R1u. Gia par�deigma sthn perÐptwsh ìpou δ = 0.01, R1 = 0.09092, oi
entolèc pou qrhsimopoi same  tan
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Assuming[u>0, {r1=0.08335, psi[u−]=Exp[-r1*u]}]
psi[0]

psi[5]

psi[10]

psi[15]

psi[20]

psi[25]

Gia na upologÐsoume thn jetik  posìthta R2 sÔmfwna me to L mma 4.2 eis�goume sto Mathe-
matica thn parak�tw seir� entol¸n

Assuming [r2>0, {delta=0.01,c=60,lambda =55,

f[r2−]=Integrate[Exp[-r2*y]/(1+delta*y/c)
∧((lambda/delta)+1),{y,0,Infinity}],

M[r2−]=1/(1-r2) }]
FindRoot [lambda/c*f[r2]==1/M[r2],{r2,0.9}]

EÐnai profanèc ìti me th sugkekrimènh routÐna ja upologÐsoume thn posìthta R2 gia èntash
anatokismoÔ δ = 0.01. Gia tic peript¸seic ìpou δ = 0.07 kaj¸c kai δ = 0.15 den èqoume par�
na “trèxoume”thn Ðdia routÐna all� me tic epijumhtèc mac timèc.
'Eqontac upologÐsei thn posìthta R2, mporoÔme t¸ra na broÔme to anadromikì �nw fr�gma gi-
a thn pijanìthta qreokopÐac efarmìzontac to Je¸rhma 4.2. Sto sugkekrimèno Par�deigma
h katanom  zhmi¸n an kei sthn kl�sh NWUC, opìte efarmìzoume th sqèsh (4.14). Gia
par�deigma gia na upologÐsoume sto Mathematicato “Anadromikì ”�nw fr�gma gia thn pijanìth-
ta qreokopÐac ìtan h èntash anatokismoÔ eÐnai δ = 0.07 (pou mac dÐnei suntelest  prosarmog c
R2 = 0.08440), qrhsimopoi same tic parak�tw entolèc:

Assuming[u>0, {delta=0.07,c=60,lambda=55,r2=0.08440,
psi[u−]=(lambda/c)*Exp[-r2*u]*

Integrate[Exp[-r2*y*(1+delta*u/c)]/(1+delta*y/c)
∧((lambda/delta)+1),{y,0,Infinity}] }]

psi[0]

psi[5]

psi[10]

psi[15]

psi[20]

psi[25]

Par�deigma 4.2
Se autì to par�deigma èqoume epilèxei mÐa diaforetik  katanom  zhmi¸n. M�lista, epeid  h
katanom  zhmi¸n an kei sthn kl�sh katanom¸n NWUC, all�zei mìno o upologismìc twn sun-
telest¸n prosarmog c kai sugkekrimèna all�zei h ropogenn tria tou megèjouc atomik c zhmi�c.
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O suntelest c prosarmog c R1 upologÐzetai eÔkola mèsw twn entol¸n

Assuming[r1>0,{delta=0.07, c=60, lambda=55,

f[r1−]=NIntegrate[Exp[-r1*y]*(1-delta*y/c)
∧(lambda/delta-1)

*(0.5/(0.5-r1*(1-delta*y/c)))∧(0.5) ,{y,0,(c/delta)}] }]
FindRoot[f[r1]==c/lambda,{r1,1}]

Sthn trÐth gramm  thc parap�nw routÐnac, anagnwrÐzoume th ropogenn tria thc katanom c

G(α, γ) me α = γ = 0.5 sto shmeÐo R1

(
1− δy

c

)
. AntÐstoiqa o suntelest c prosarmog c

R2 upologÐzetai me th bo jeia twn entol¸n

Assuming[r2>0, {delta=0.07,c=60,lambda=55,
f[r2−]=NIntegrate[Exp[-r2*y]/(1+delta*y/c)

∧((lambda/delta)+1),{y,0,Infinity}],
M[r2−]=(0.5/(0.5-r2))

∧(0.5) }]
FindRoot[(lambda/c)*f[r2]==1/M[r2],{r2,1}]

JumÐzoume ìti sto sugkekrimèno par�deigma k�name upologismoÔc mìno gia èntash anatokismoÔ
δ = 0.07. 'Eqontac brei touc suntelestèc prosarmog c, h eÔresh twn �nw fragm�twn gia thn pi-
janìthta qreokopÐac apaiteÐ tic Ðdiec routÐnec me ekeÐnec pou qrhsimopoi same kai sto Par�deigma
4.1. Fusik� ja prèpei na qrhsimopoi soume touc suntelestèc prosarmog c pou mìlic br kame
kai ta swst� noÔmera.

Par�deigma 4.3
Kai se autì to par�deigma epilèxame mÐa katanom  G�mma gia na montelopoi soume thn tuq�ia
metablht  pou ekfr�zei ta megèjh twn atomik¸n zhmi¸n. Aut  thn for� ìmwc epilèxame mÐ-
a katanom  G�mma tètoia ¸ste α = γ = 1.6, opìte h katanom  zhmi¸n den an kei sthn kl�sh
NWUC (dhlad  èqei aÔxousa bajmÐda apotuqÐac). Kat� sunèpeia, to upologistikì komm�ti eÐnai
Ðdio me ekeÐno tou ParadeÐgmatoc 4.2, ektìc apì ton upologismì tou “AnadromikoÔ”fr�gmatoc
gia thn pijanìthta qreokopÐac. Sugkekrimèna antÐ gia th sqèsh (4.14) tou Jewr matoc 4.2,
t¸ra ja qrhsimopoi soume th sqèsh (4.12) tou idÐou Jewr matoc. Oi entolèc sto Mathemati-
caeÐnai

Assuming[u>0, {delta=0.07,c=60,lambda=55,r2=0.10456,
psi[u−]=(1.6/(1.6-r2))

∧(1.6)*(lambda/c)*Exp[-r2*u]*

Integrate[Exp[-r2*y*(1+delta*u/c)]/(1+delta*y/c)
∧((lambda/delta)+1),{y,0,Infinity}] }]

psi[0]

psi[5]

psi[10]
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psi[15]

psi[20]

psi[25]

ParethroÔme ìti ed¸ qrhsimopoi same th ropogenn tria twn zhmi¸n kai ston upologismì tou
“AnadromikoÔ”fr�gmatoc, se antÐjesh me to Par�deigma 4.2.
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H sun�rthsh twn Gerber-Shiu

• H stoqastik  diadikasÐa pleon�smatoc
sto klassikì montèlo me epitìkio

• Orismìc thc anamenìmenhc proexoflhmènhc
sun�rthshc poin c kai eidikèc peript¸seic

• Oloklhrwtik  exÐswsh gia thn anamenìmenh
proexoflhmènh sun�rthsh poin c Φδ,α(u)

• H akrib c lÔsh gia Φδ,α(0)
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H stoqastik  diadikasÐa pleon�smatoc

sto klassikì montèlo me epitìkio

To pleìnasma ependÔetai me stajer  èntash anatokismoÔ δ
Uδ(t): To pleìnasma kat� th qronik  stigm  t
Arqikì kef�laio: Uδ(0) = u
Stajerìc rujmìc eÐspraxhc twn asfalÐstrwn: c
S(t): H stoqastik  diadikasÐa twn sunolik¸n apozhmi¸sewn pou
katab�llontai ewc to qrìno t

Sto qrìno t isqÔei

dUδ(t) = cdt+ Uδ(t)δdt− dS(t)

H susswreumènh axÐa tou pleon�smatoc kat� th qronik  stigm  t, dÐnetai
apì th sqèsh

Uδ(t) = ueδt + cs̄
(δ)

t
−
∫ t

0

eδ(t−y)dS(y)

klassikì montèlo: U(t) = u+ ct− S(t)
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Orismìc thc sun�rthshc twn Gerber-Shiu
kai eidikèc peript¸seic

Tδ = inf {t : Uδ(t) < 0}: o qrìnoc qreokopÐac
Uδ(T

−
δ ): to pleìnasma prin th qreokopÐa kai

|Uδ(Tδ)|: to èlleimma akrib¸c met� th qreokopÐa,
tìte h anamenìmenh proexoflhmènh sun�rthsh poin c twn Gerber-Shiu
dÐnetai apì th sqèsh

Φδ,α(u) = E
[
e−αTδw(Uδ(T

−
δ ), |Uδ(Tδ)|) I(Tδ <∞) | Uδ(0) = u

]
Epilègontac kat�llhla thn sun�rthsh poin c w, prokÔptoun eidikèc
peript¸seic:

• Gia w(x1, x2) = 1 kai α > 0:

Φδ,α(u) = E[e−αTδI(Tδ <∞) | Uδ(0) = u] = ψδ,α(u)

• Gia w(x1, x2) = I(x1 ≤ x)I(x2 ≤ y):

Φδ,α(u) = E[e
−αTδ I(U(T

−
δ ) ≤ x) I(|Uδ(Tδ)| ≤ y) I(T <∞) | U(0) = u] = Hδ,α(u, x, y)

To klassikì montèlo thc jewrÐac kindÔnou (qwrÐc epitìkio) apoteleÐ eidik 
perÐptwsh tou montèlou me stajerì epitìkio gia δ = 0.
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H oloklhrwtik  exÐswsh pou ikanopoieÐ h

sun�rthsh poin c twn Gerber-Shiu

Gia na broÔme thn oloklhrwtik  exÐswsh pou ikanopoieÐ h anamenìmenh
proexoflhmènh sun�rthsh poin c twn Gerber-Shiu akoloujoÔme ta ex c
b mata:

• PaÐrnoume mÐa oloklhrwtik  exÐswsh gia thn Φδ,α(u), desmeÔontac wc
proc to qrìno epèleushc kai to mègejoc tou pr¸tou zhmiogìnou
endeqomènou

• ParagwgÐzoume thn oloklhrwtik  exÐswsh wc proc u, gia na p�roume
mÐa oloklhro-diaforik  exÐswsh gia thn Φδ,α(u)

• Oloklhr¸noume thn oloklhro-diaforik  exÐswsh apì 0 ewc u.

H oloklhrwtik  exÐswsh Volterra pou ikanopoieÐ h anamenìmenh
proexoflhmènh sun�rthsh poin c twn Gerber-Shiu eÐnai

Φδ,α(u) =
cΦδ,α(0)

c+ δu
− λ

c+ δu

∫ u

0

A(t)dt+

∫ u

0

kδ,α(u, t)Φδ,α(t)dt

ìpou

A(t) =

∫ ∞
t

w(t, s− t)dF (s)

kai

kδ,α(u, t) =
δ + α+ λF̄ (u− t)

c+ δu
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H lÔsh thc exÐswshc Volterra pou

ikanopoieÐ h Φδ,α(u)

Jèloume na lÔsoume thn oloklhrwtik  exÐswsh Volterra

Φδ,α(u) =
cΦδ,α(0)

c+ δu
− λ

c+ δu

∫ u

0

A(t)dt+

∫ u

0

kδ,α(u, t)Φδ,α(t)dt

Jètoume

k1
δ,α(u, t) = kδ,α(u, t) =

δ + α+ λF̄ (u− t)
c+ δu

kai

`(u) =
cΦδ,α(0)

c+ δu
− λ

c+ δu

∫ u

0

A(t)dt

OrÐzoume

kiδ,α(u, t) =

∫ u

t

k1
δ,α(u, x)ki−1

δ,α (x, t)dx, i = 2, 3, . . .

kai

Kδ,α(u, t) =

∞∑
i=0

kiδ,α(u, t)

H lÔsh thc exÐswshc Volterra dÐnetai apì th sqèsh

Φδ,α(u) = `(u) +

∫ u

0

Kδ,α(u, t)`(t)dt
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ã1(s) =

∫ ∞
0

e−sxdA1(x)dx =
1

µA

∫ ∞
0

e−sxA(x)dx

f̃e(s) =

∫ ∞
0

e−sxfe(x)dx =
1

µ

∫ ∞
0

e−sxF̄ (x)dx

kai

κδ,α = c

∫ ∞
0

v
α
δ e−cv + λµ

∫ v
0
f̃e(δs)dsdv



O metasqhmatismìc Laplace tou qrìnou

qreokopÐac kai h pijanìthta qreokopÐac

• H lÔsh thc oloklhrwtik c exÐswshc tou
metasqhmatismoÔ Laplace tou qrìnou qreokopÐac

• H pijanìthta qreokopÐac

• Analutik� apotelèsmata gia ekjetik� megèjh zhmi¸n

• Arijmhtikèc lÔseic twn exis¸sewn Volterra
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H oloklhrwtik  exÐswsh tou

metasqhmatismoÔ Laplace tou qrìnou

qreokopÐac

Apì th lÔsh thc oloklhrwtik c exÐswshc pou ikanopoieÐ h Φδ,α(u), gia
w(x1, x2) = 1 kai α > 0 prokÔptei ìti h lÔsh thc oloklhrwtik c exÐswshc
Volterra pou ikanopoieÐ o metasqhmatismìc Laplace tou qrìnou qreokopÐac
eÐnai

ψδ,α(u) =
cψδ,α(0)

c+ δu
− λµ

c+ δu
Fe(u)+

∫ u

0

Kδ,α(u, t)

[
cψδ,α(0)

c+ δt
− λµ

c+ δt
Fe(t)

]
dt

ìpou

Kδ,α(u, t) =

∞∑
m=1

kmδ,α(u, t), u > t ≥ 0

kmδ,α(u, t) =

∫ u

t

kδ,α(u, x)km−1
δ,α (x, t), m = 2, 3, · · ·

k1
δ,α(u, t) = kδ,α(u, t) =

δ + α+ λF̄ (u− t)
c+ δu

.
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H oloklhrwtik  exÐswsh Volterra pou

ikanopoieÐ h pijanìthta qreokopÐac

H pijanìthta qreokopÐac prokÔptei

1 Apì thn anamenìmenh proexoflhmènh sun�rthsh poin c twn
Gerber-Shiu, kaj¸c gia w(x1, x2) = 1 kai α = 0 isqÔei

Φδ,0(u) = E [I(Tδ <∞) | Uδ(0) = u] = ψδ(u),  

2 Apì ton metasqhmatismì Laplace tou qrìnou qreokopÐac, afoÔ ìpwc
èqoume  dh anafèrei

ψδ,0(u) = ψδ(u)

.

H oloklhrwtik  exÐswsh Volterra pou ikanopoieÐ h pijanìthta qreokopÐac
dÐnetai apì th sqèsh

ψδ(u) =
cψδ(0)

c+ δu
− λµ

c+ δu
Fe(u) +

∫ u

0

kδ(u, t)ψδ(t)dt,

ìpou

kδ(u, t) =
δ + λF̄ (u− t)

c+ δu
.
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MporoÔme:

1 Na thn lÔsoume, kaj¸c eÐnai mÐa oloklhrwtik  exÐswsh Volterra
deÔterou tÔpou.

2 Na thn paragwgÐsoume gia na p�roume mÐa oloklhro-diaforik  exÐswsh
gia thn pijanìthta qreokopÐac.
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∫ ∞
0
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∫ v
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Oloklhro-diaforik  exÐswsh gia thn

pijanìthta qreokopÐac
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Analutik� apotelèsmata gia ekjetik�

megèjh zhmi¸n

'Estw ìti ta megèjh atomik¸n zhmi¸n akoloujoÔn thn ekjetik  katanom  me
par�metro β = 2, dhlad 

f(x) = 2e−2x, x ≥ 0 kai E[X] = µ =
1

β
= 0.5

'Estw epÐshc λ = 55 kai c = 30.25.

H pijanìthta qreokopÐac me δ = 0.05, δ = 0.07 kai δ = 0.1
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Analutik� apotelèsmata gia ekjetik�

megèjh zhmi¸n

H pijanìthta qreokopÐac wc sun�rthsh tou arqikoÔ kefalaÐou kai thc
èntashc anatokismoÔ.

H pijanìthta qreokopÐac me 0 < δ < 1 kai 0 < u < 40 .
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Arijmhtikèc lÔseic twn exis¸sewn

Volterra

LÔseic twn exis¸sewn Volterra pou ikanopoioÔn h pijanìthta qreokopÐac
kai o metasqhmatismìc Laplace tou qrìnou qreokopÐac gia tic ex c
katanomèc zhmi¸n:

1 Katanom  G�mma me sun�rthsh puknìthtac

f(x) =
βα

Γ(α)
xα−1e−βx, x ≥ 0

gia α = 2, β = 2, λ = 55 kai c = 60

2 MÐxh Ekjetik¸n katanom¸n me sun�rthsh puknìthtac

f(x) = A1β1e
−β1x +A2β2e

−β2x, x > 0

gia A1 = 0.4, A2 = 0.6, β1 = 2, β2 = 3, λ = 55 kai c = 24.2.

Upìjesh: Kδ,α(u, t) = k1
δ,α(u, t) + k2

δ,α(u, t) + k3
δ,α(u, t).
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Fr�gmata gia thn pijanìthta qreokopÐac

• H stoqastik  diadikasÐa pleon�smatoc tic qronikèc
stigmèc emf�nishc twn zhmiogìnwn endeqomènwn

• 'Anw fr�gmata mèsw martingales

• Fr�gmata me anadromikèc teqnikèc

• QreokopÐa me mhdenikì arqikì kef�laio
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H stoqastik  diadikasÐa pleon�smatoc tic

qronikèc stigmèc emf�nishc twn

zhmiogìnwn endeqomènwn

An Tn eÐnai h qronik  stigm  kat� thn opoÐa epèrqetai to n-ostì zhmiogìno
endeqìmeno kai {Wn, n > 0} eÐnai oi endi�mesoi qrìnoi �fixhc twn zhmi¸n,

tìte h paroÔsa axÐa tou pleon�smatoc kat� th qronik  stigm  Tn eÐnai

Vδ(Tn) = u+ cᾱ
(δ)

Tn
−

n∑
κ=1

Xκe
−δTκ
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(δ)

Tn
−

n∑
κ=1

Xκe
−δTκ



H stoqastik  diadikasÐa pleon�smatoc tic

qronikèc stigmèc emf�nishc twn

zhmiogìnwn endeqomènwn

An Tn eÐnai h qronik  stigm  kat� thn opoÐa epèrqetai to n-ostì zhmiogìno
endeqìmeno kai {Wn, n > 0} eÐnai oi endi�mesoi qrìnoi �fixhc twn zhmi¸n,

tìte h paroÔsa axÐa tou pleon�smatoc kat� th qronik  stigm  Tn eÐnai

Vδ(Tn) = u+ cᾱ
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'Anw fr�gmata mèsw martingales

Sto klassikì montèlo me epitìkio up�rqei mÐa monadik  jetik  posìthta R1

pou orÐzetai wc h rÐza thc exÐswshc

E

[
e
−R1(cᾱ

(δ)

W
−Xe−δW )

]
= 1

kai dÐnetai apì th sqèsh∫ c/δ

0

e−R1y

(
1− δy

c

)λ/δ−1

MX

[
R1

(
1− δy

c

)]
dy =

c

λ

'Otan h jetik  posìthta R1 orÐzetai sÔmfwna me tic parap�nw sqèseic, tìte
gia k�je u ≥ 0 isqÔei:

ψδ(u) ≤ e−R1u
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(δ)

W
−Xe−δW )

]
= 1

kai dÐnetai apì th sqèsh∫ c/δ

0

e−R1y

(
1− δy

c

)λ/δ−1

MX

[
R1

(
1− δy

c

)]
dy =

c

λ

'Otan h jetik  posìthta R1 orÐzetai sÔmfwna me tic parap�nw sqèseic, tìte
gia k�je u ≥ 0 isqÔei:

ψδ(u) ≤ e−R1u



'Anw fr�gmata mèsw martingales

Gia thn apìdeixh thc anisìthtac ψδ(u) ≤ e−R1u qrhsimopoioÔme ta ex c:

1 Thn anisìthta Jensen gia thn upì sunj kh mèsh tim 

2 To gegonìc ìti h stoqastik  anèlixh
{
e−R1Vδ(Tn+1), n ≥ 0

}
eÐnai mÐa

diadikasÐa supermartingale, dhlad  isqÔei

E
[
e−R1Vδ(Tn+1) | Fn

]
≤ e−R1Vδ(Tn)

3 To je¸rhma epilektik c st�shc twn supermartingales sÔmfwna me to
opoÐo gia ton peperasmèno qrìno st�shc Tδ ∧ n, isqÔei

E
[
e−R1Vδ(TTδ∧n)

]
≤ E

[
e−R1Vδ(T0)

]
= e−R1u

H sqèsh ψδ(u) ≤ e−R1u apoteleÐ mÐa genÐkeush thc anisìthtac Lundberg
gia to klassikì montèlo thc jewrÐac kindÔnou me stajerì epitìkio.
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Fr�gmata me anadromikèc teqnikèc

Sto klassikì montèlo me epitìkio up�rqei mÐa monadik  jetik  posìthta R2

pou orÐzetai wc h rÐza thc exÐswshc

E

[
e
−R2(cs̄

(δ)

W
−X)

]
= 1

kai dÐnetai apì th sqèsh

[
E
(
eR2X

)]−1

=
λ

c

∫ ∞
0

e−R2y

(1 + δy)
λ
δ

+1
dy
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Fr�gmata me anadromikèc teqnikèc

'Otan h jetik  posìthta R2 orÐzetai sÔmfwna me tic prohgoÔmenec
exis¸seic, tìte gia k�je u ≥ 0 isqÔei

ψδ(u) ≤ βE
[
eR2X

] λ
c
e−R2u

∫ ∞
0

e−R2y(1+ δu
c

)

(1 + δy
c

)
λ
δ

+1
dy,

ìpou

β−1 = inf
t≥0

∫∞
t
eR2yf(y)dy

eR2tF̄ (t)
.

Eidikìtera ìtan h katanom  F eÐnai mÐa NWUC (new worse than used in
convex ordering), tìte gia k�je u ≥ 0 isqÔei
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Fr�gmata me anadromikèc teqnikèc

Gia thn apìdeixh qrhsimopoioÔme:

1 Thn anadromik  sqèsh

ψδ(u;n+ 1) =

∫ ∞
0

∫ ∞
0

ψδ(ue
δt + cs̄

(δ)

t
− y;n)f(y)dy g(t)dt

2 Th sqèsh

F̄ (t) ≤ βe−R2t

∫ ∞
t

eR2yf(y)dy

pou isqÔei gia mÐa katanom  NWUC.

3 Th mèjodo thc majhmatik c epagwg c

4 Th sqèsh ψδ(u) = lim
n→∞

ψδ(u;n)
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QreokopÐa me mhdenikì arqikì kef�laio

OrÐzoume thn ψ̄δ(0) = 1− ψδ(0) h opoÐa dÐnetai apì th sqèsh

ψ̄δ(0) =
1

κδ
, kδ = c

∫ ∞
0

e−ct+ λµ
∫ t

0
f̃e(δz)dzdt

Ekmetalleuìmaste to gegonìc ìti f̃ ′e(x) < 0 kai f̃ ′′e (x) > 0 kai
brÐskoume ìti

1−m ≤ ψ̄δ(0) ≤ (1−m)
1

αR(α)
,

ìpou

R(x) = e
x2

2

∫ ∞
x

e−
t2

2 dt

o deÐkthc Mills.
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Arijmhtik� apotelèsmata

Upologismìc twn fragm�twn gia thn pijanìthta qreokopÐac mèsw:

• Martingales

• Anadromik¸n teqnik¸n

Katanomèc zhmi¸n pou epilèxame gia touc upologismoÔc:

1 Ekjetik  katanom  me sun�rthsh puknìthtac

f(x) = µe−µx, x ≥ 0, µ > 0

gia µ = 1, c = 60, λ = 55 kai gia ent�seic anatokismoÔ
δ = 0.01, δ = 0.07, δ0.1.

2 Katanom  G�mma me sun�rthsh puknìthtac

f(x) =
γα

Γ(α)
xα−1e−γx, x ≥ 0, γ > 0, 0 < α < 1

gia λ = 55, c = 60, δ = 0.07 kai α = γ = 0.5 ¸ste h katanom  na
an kei sthn kl�sh DFR ⊆ NWUC

3 Katanom  G�mma me sun�rthsh puknìthtac

f(x) =
γα

Γ(α)
xα−1e−γx, x ≥ 0, γ > 0, α > 1

gia λ = 55, c = 60, δ = 0.07 kai α = γ = 1.6 ¸ste h katanom  na
an kei sthn kl�sh IFR ⊆ NBUC
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• H proexoflhmènh apì koinoÔ katanom  tou
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stigm  thc qreokopÐac

• Proexoflhmènh perij¸ria katanom  tou pleon�smatoc
prin th qreokopÐa

• Proexoflhmènh perij¸ria katanom  tou elleÐmmatoc th
stigm  thc qreokopÐac

• Arijmhtikèc lÔseic twn exis¸sewn Volterra
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Hδ,α(u, x, y)

H Hδ,α(u, x, y) prokÔptei apì thn anamenìmenh proexoflhmènh sun�rthsh
poin c twn Gerber-Shiu gia w(x1, x2) = I(Uδ(Tδ) ≤ x)I(|Uδ(Tδ)| ≤ y).
Sugkekrimèna

Hδ,α(u, x, y) = E
[
e−αTδI

(
Uδ(T

−
δ ) ≤ x, |Uδ(Tδ)| ≤ y

)
I(Tδ <∞) |Uδ(0) = u

]
Sta plaÐsia tou klassikoÔ montèlou me epitìkio, h Hδ(u, x, y) ekfr�zei thn
pijanìthta na epèljei qreokopÐa kai

• To mègejoc tou pleon�smatoc prin th qreokopÐa na eÐnai to polÔ x

• To mègejoc tou elleÐmmatoc th stigm  thc qreokopÐac na eÐnai to polÔ
y

H proexoflhmènh apì koinoÔ sun�rthsh katanom c tou pleon�smatoc prin
th qreokopÐa kai tou elleÐmmatoc th stigm  thc qreokopÐac ikanopoieÐ thn
ex c oloklhrwtik  exÐswsh Volterra:

Hδ,α(u, x, y) =
cHδ,α(0, x, y)

c+ δu
− λµ

c+ δu
[Fe(u ∧ x) + Fe(y)− Fe(u ∧ x+ y)]

+

∫ u

0

kδ,α(u, t)Hδ,α(x, y|t)dt
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LÔsh thc exÐswshc Volterra

H lÔsh thc exÐswshc pou ikanopoieÐ h Hδ,α(u, x, y) dÐnetai apì th sqèsh

Hδ,α(u, x, y) =



H1
δ,α(x, y)

(
1

c + δu
+
∫ u
0

Kδ,α(u, t)

c + δt
dt

)
+

λµ

c + δu
Fe(u + y)

+λµ
∫ u
0

Kδ,α(u, t)

c + δt
Fe(t + y)dt + ψδ,α(u), u < x

H2
δ,α(x, y)

(∫ u
x

Kδ,α(u, t)

c + δt
dt +

1

c + δu

)
+ cHδ,α(0, x, y)

∫ x
0

Kδ,α(u, t)

c + δt
dt

−λµ
∫ x
0

Kδ,α(u, t)

c + δt
[Fe(t) + Fe(y) − Fe(t + y)] dt, u ≥ x

ìpou
H1
δ,α(x, y) = cHδ,α(0, x, y)− cψδ,α(0)− λµFe(y),

H2
δ,α(x, y) = cHδ,α(0, x, y)− λµ [Fe(x) + Fe(y)− Fe(x+ y)]

kai

Hδ,α(0, x, y) =
λ

κδ,α

∫ ∞
0

∫ x

0

e−δvt
[
F̄ (t)− F̄ (y + t)

]
dtv

α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv,

κδ,α = c

∫ ∞
0

v
α
δ e−cv+λµ

∫ v
0 f̃e(δs)dsdv
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Fδ,α(u, x)

H Fδ,α(u, x) prokÔptei

• Apì thn anamenìmenh proexoflhmènh sun�rthsh poin c twn
Gerber-Shiu gia w(x1, x2) = I(Uδ(Tδ) ≤ x). Sugkekrimèna

Fδ,α(u, x) = E
[
e−αTδI

(
U(T−δ ) ≤ x

)
I(Tδ <∞) |Uδ(0) = u

]

• Fδ,α(u, x) = lim
y→∞

Hδ,α(u, x, y)

Sta plaÐsia tou klassikoÔ montèlou me epitìkio, h Fδ(u, x) ekfr�zei thn
pijanìthta na epèljei qreokopÐa kai to mègejoc tou pleon�smatoc prin th
qreokopÐa na eÐnai to polÔ x.



Fδ,α(u, x)

H Fδ,α(u, x) prokÔptei

• Apì thn anamenìmenh proexoflhmènh sun�rthsh poin c twn
Gerber-Shiu gia w(x1, x2) = I(Uδ(Tδ) ≤ x). Sugkekrimèna

Fδ,α(u, x) = E
[
e−αTδI

(
U(T−δ ) ≤ x

)
I(Tδ <∞) |Uδ(0) = u

]

• Fδ,α(u, x) = lim
y→∞

Hδ,α(u, x, y)

Sta plaÐsia tou klassikoÔ montèlou me epitìkio, h Fδ(u, x) ekfr�zei thn
pijanìthta na epèljei qreokopÐa kai to mègejoc tou pleon�smatoc prin th
qreokopÐa na eÐnai to polÔ x.



Fδ,α(u, x)

H Fδ,α(u, x) prokÔptei

• Apì thn anamenìmenh proexoflhmènh sun�rthsh poin c twn
Gerber-Shiu gia w(x1, x2) = I(Uδ(Tδ) ≤ x). Sugkekrimèna

Fδ,α(u, x) = E
[
e−αTδI

(
U(T−δ ) ≤ x

)
I(Tδ <∞) |Uδ(0) = u

]

• Fδ,α(u, x) = lim
y→∞

Hδ,α(u, x, y)

Sta plaÐsia tou klassikoÔ montèlou me epitìkio, h Fδ(u, x) ekfr�zei thn
pijanìthta na epèljei qreokopÐa kai to mègejoc tou pleon�smatoc prin th
qreokopÐa na eÐnai to polÔ x.



Fδ,α(u, x)

H Fδ,α(u, x) prokÔptei

• Apì thn anamenìmenh proexoflhmènh sun�rthsh poin c twn
Gerber-Shiu gia w(x1, x2) = I(Uδ(Tδ) ≤ x). Sugkekrimèna

Fδ,α(u, x) = E
[
e−αTδI

(
U(T−δ ) ≤ x

)
I(Tδ <∞) |Uδ(0) = u

]

• Fδ,α(u, x) = lim
y→∞

Hδ,α(u, x, y)

Sta plaÐsia tou klassikoÔ montèlou me epitìkio, h Fδ(u, x) ekfr�zei thn
pijanìthta na epèljei qreokopÐa kai to mègejoc tou pleon�smatoc prin th
qreokopÐa na eÐnai to polÔ x.



Fδ,α(u, x)

H Fδ,α(u, x) prokÔptei

• Apì thn anamenìmenh proexoflhmènh sun�rthsh poin c twn
Gerber-Shiu gia w(x1, x2) = I(Uδ(Tδ) ≤ x). Sugkekrimèna

Fδ,α(u, x) = E
[
e−αTδI

(
U(T−δ ) ≤ x

)
I(Tδ <∞) |Uδ(0) = u

]

• Fδ,α(u, x) = lim
y→∞

Hδ,α(u, x, y)

Sta plaÐsia tou klassikoÔ montèlou me epitìkio, h Fδ(u, x) ekfr�zei thn
pijanìthta na epèljei qreokopÐa kai to mègejoc tou pleon�smatoc prin th
qreokopÐa na eÐnai to polÔ x.



LÔsh thc exÐswshc Volterra

H lÔsh thc oloklhrwtik c exÐswshc Volterra pou ikanopoieÐ h
proexoflhmènh perij¸ria sun�rthsh katanom c tou pleon�smatoc prin th
qreokopÐa eÐnai
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c
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Fδ,α(0, x) − ψδ,α(0)

] (∫ u
0

Kδ,α(u, t)

c + δt
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1

c + δu
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+ ψδ,α(u), u < x
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cFδ,α(0, x) − λµFe(x)
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Kδ,α(u, t)

c + δt
dt +

1

c + δu
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+λµ
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[Fe(x) − Fe(t)] dt, u ≥ x
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Fδ,α(0, x) =
λ

κδ,α

∫ ∞
0

(∫ x

0

e−δvtF̄ (t)dt

)
v
α
δ e−cv + λµ

∫ v
0
f̃e(δs)dsdv

ApodeiknÔetai ìti

hδ,α(u, x, y) =
f(x+ y)

F̄ (x)
fδ,α(u, x)

H proexoflhmènh apo koinoÔ sun�rthsh puknìthtac tou pleon�smatoc prin
th qreokopÐa kai tou elleÐmmatoc th stigm  thc qreokopÐac exart�tai apì:

1 Thn katanom  tou megèjouc atomik c zhmi�c, kai

2 Thn proexoflhmènh sun�rthsh puknìthtac tou pleon�smatoc prin th
qreokopÐa.
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0

Kδ,α(u, t)

c + δt
[Fe(x) − Fe(t)] dt, u ≥ x

ìpou

Fδ,α(0, x) =
λ

κδ,α

∫ ∞
0

(∫ x

0

e−δvtF̄ (t)dt

)
v
α
δ e−cv + λµ

∫ v
0
f̃e(δs)dsdv

ApodeiknÔetai ìti

hδ,α(u, x, y) =
f(x+ y)

F̄ (x)
fδ,α(u, x)

H proexoflhmènh apo koinoÔ sun�rthsh puknìthtac tou pleon�smatoc prin
th qreokopÐa kai tou elleÐmmatoc th stigm  thc qreokopÐac exart�tai apì:

1 Thn katanom  tou megèjouc atomik c zhmi�c, kai

2 Thn proexoflhmènh sun�rthsh puknìthtac tou pleon�smatoc prin th
qreokopÐa.



Gδ,α(u, y)

H Gδ,α(u, y) prokÔptei

• Apì thn anamenìmenh proexoflhmènh sun�rthsh poin c twn
Gerber-Shiu gia w(x1, x2) = I(|Uδ(Tδ)| ≤ y). Sugkekrimèna

Gδ,α(u, x) = E
[
e−αTδI (|U(Tδ)| ≤ y) I(Tδ <∞) |Uδ(0) = u

]

• Gδ,α(u, x) = lim
x→∞

Hδ,α(u, x, y)

Sta plaÐsia tou klassikoÔ montèlou me epitìkio, h Gδ(u, x) ekfr�zei thn
pijanìthta na epèljei qreokopÐa kai to mègejoc tou elleÐmmatoc th stigm 
thc qreokopÐac na eÐnai to polÔ y.
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LÔsh thc exÐswshc Volterra

H lÔsh thc oloklhrwtik c exÐswshc Volterra pou ikanopoieÐ h
proexoflhmènh perij¸ria sun�rthsh katanom c tou elleÐmmatoc th stigm 
thc qreokopÐac eÐnai

Gδ,α(u, y) =G1
δ,α(y)

(∫ u

0

Kδ,α(u, t)

c+ δt
dt+

1

c+ δu

)
+

λµ

c+ δu
Fe(u+ y)

+ λµ

∫ u

0

Kδ,α(u, t)

c+ δt
Fe(t+ y)dt+ ψδ,α(u),

ìpou
G1
δ,α(y) = c [Gδ,α(0, y)− ψδ,α(0)]− λµFe(y)

kai

Gδ(0, y) =

λ

∫ ∞
0

(∫ ∞
0

e−δvt
[
F̄ (t)− F̄ (y + t)

]
dt

)
e−cv + λµ

∫ v
0
f̃e(δs)dsdv

c

∫ ∞
0

e−cv + λµ
∫ v

0
f̃e(δs)dsdv
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Arijmhtikèc lÔseic twn exis¸sewn

Volterra

LÔseic twn exis¸sewn Volterra pou ikanopoioÔn oi Fδ(u, x) kai Gδ(u, y) gia
x = 5, y = 5 kai tic ex c katanomèc zhmi¸n:

1 Katanom  G�mma me sun�rthsh puknìthtac

f(x) =
βα

Γ(α)
xα−1e−βx, x ≥ 0

gia α = 2, β = 2, λ = 55 kai c = 60

2 MÐxh Ekjetik¸n katanom¸n me sun�rthsh puknìthtac

f(x) = A1β1e
−β1x +A2β2e

−β2x, x > 0

gia A1 = 0.4, A2 = 0.6, β1 = 2, β2 = 3, λ = 55 kai c = 24.2.

Upìjesh: Kδ,α(u, t) = k1
δ,α(u, t) + k2

δ,α(u, t) + k3
δ,α(u, t).
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Fr�gmata gia thn katanom  tou elleÐmatoc

th stigm  thc qreokopÐac

Qrhsimopoi¸ntac th dexi� our� tou elleÐmatoc th stigm  thc qreokopÐac

Ḡδ(u, y) = Pr [Tδ <∞, |Uδ(Tδ)| > y | Uδ(0) = u]

Br kame

• Fr�gmata me anadromikèc teqnikèc

• Fr�gmata gia mhdenikì arqikì kef�laio
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Ḡδ(u, y) = Pr [Tδ <∞, |Uδ(Tδ)| > y | Uδ(0) = u]

Br kame

• Fr�gmata me anadromikèc teqnikèc

• Fr�gmata gia mhdenikì arqikì kef�laio



Fr�gmata me anadromikèc teqnikèc

'Otan h jetik  posìthta R2 orÐzetai sÔmfwna me th sqèsh

E

[
e
−R2(cs̄

(δ)

W
−X)

]
= 1,

tìte gia k�je u ≥ 0 isqÔei

Ḡδ(u, y) ≤ βE
[
eR2X

] λ
c
e−R2(u+ y)

∫ ∞
0

e−R2z(1+ δu
c

)

(1 + δz
c

)
λ
δ

+1
dz,

ìpou

β−1 = inf
t≥0

∫∞
t
eR2yf(y)dy

eR2tF̄ (t)

Eidikìtera ìtan h katanom  F eÐnai mÐa NWUC (new worse than used in
convex ordering), tìte gia k�je u ≥ 0 isqÔei

Ḡδ(u, y) ≤ λ

c
e−R2(u+ y)

∫ ∞
0

e−R2z(1+ δu
c

)

(1 + δz
c

)
λ
δ

+1
dz
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Ḡδ(u, y) ≤ βE
[
eR2X

] λ
c
e−R2(u+ y)

∫ ∞
0

e−R2z(1+ δu
c

)

(1 + δz
c

)
λ
δ

+1
dz,

ìpou

β−1 = inf
t≥0

∫∞
t
eR2yf(y)dy

eR2tF̄ (t)

Eidikìtera ìtan h katanom  F eÐnai mÐa NWUC (new worse than used in
convex ordering), tìte gia k�je u ≥ 0 isqÔei
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Ḡδ(u, y) ≤ λ

c
e−R2(u+ y)

∫ ∞
0

e−R2z(1+ δu
c

)

(1 + δz
c

)
λ
δ

+1
dz



Fr�gmata gia mhdenikì arqikì kef�laio

Sto klassikì montèlo thc jewrÐac kindÔnou me stajerì epitìkio isqÔei

λµα

c

[(
F̄e(y) +

αβδν1

c− λµ

)
R(β)− δν1e

β2

2

]
≤ Ḡδ(0, y) ≤ λµF̄e(y)

αcR(α)

ìpou R(α) eÐnai o deÐkthc Mills pou dÐnetai apì th sqèsh

R(α) = eα
2/2

∫ ∞
α

e−x
2/2dx,

α =
c− λµ√
λµν1δ

, β =
c− λµ− δy√

λµν1δ

ν1 = −f̃ ′e(x)
∣∣∣
x=0

=

∫ ∞
0

xfe(x)dx

kai h posìthtta ν1 orÐzetai wc

ν1 =

∫ ∞
y

xfe(x)dx = −f̃ ′e(0; y)
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H stoqastik  diadikasÐa pleon�smatoc

kai h sun�rthsh twn Gerber-Shiu

An Ub(t) eÐnai to pleìnasma sto qrìno t (paraleÐpoume ton deÐkth δ gia
eukolÐa) ìtan h etaireÐa apodÐdei stouc metìqouc thc stajerì mèrisma, tìte

dUb(t) =

{
cdt− dS(t) + δUb(t

−)dt, Ub(t) < b

−dS(t), Ub(t) = b

O qrìnoc qreokopÐac Tb, dhlad  h pr¸th qronik  stigm  kat� thn opoÐa to
pleìnasma gÐnetai arnhtikì eÐnai

Tb = inf {t : Ub(t) < 0}

H anamenìmenh proexoflhmènh sun�rthsh poin c twn Gerber-Shiu gia to
montèlo mac dinetai apì th sqèsh

mb(u) = E
[
e−αTbw

(
Ub(T

−
b ), |Ub(Tb)|

)
I(Tb <∞)|Ub(0) = u

]
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H lÔsh gia thn anamenìmenh

proexoflhmènh sun�rthsh poin c

ApodeiknÔetai ìti h lÔsh thc oloklhrodiaforik c exÐswshc pou ikanopoieÐ h
mb(u) dÐnetai apì th sqèsh

mb(u) = m∞(u)− m
′
∞(b)

h′(b)
h(u),

ìpou

• m∞(u) eÐnai h sun�rthsh twn Gerber-Shiu qwrÐc kat¸fli, kai

• h(u) eÐnai h lÔsh thc oloklhrwtik c exÐswshc exÐswshc Volterra

h(u) =
ch(0)

c+ δu
+

∫ u

0

α+ δ + λF̄ (u− x)

c+ δu
h(x)dx
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