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6 PERIEQ�OMENA



Kef�laio 1

Eisagwg 

To an� qeÐrac afier¸netai sthn parousÐash twn eurèwc diadedomènwn mejì-
dwn stoqastik c prosomoÐwshc, pou eÐnai gnwstèc me thn onomasÐa Markov
Chain Monte Carlo (MCMC). Oi MCMC algìrijmoi qrhsimopoioÔntai po-
lÔ suqn� sth Mpeôzian  sumperasmotologÐa. SÔmfwna me to je¸rhma tou
Bayes, h ek twn ustèrwn katanom  (posterior distribution) enìc parametri-
koÔ dianÔsmatoc θ = (θ1, . . . , θd), dojèntoc enìc dianÔsmatoc parathr sewn
y = (y1, . . . , yT ) twn tuqaÐwn metablht¸n Y = (Y1, . . . , YT ), dÐnetai apì th
sqèsh

P (θ|x) ∝ P (x|θ)P (θ) , (1.1)
ìpou P (θ) eÐnai h ek twn protèrwn katanom  (prior distribution) tou dianÔ-
smatoc θ twn paramètrwn.

Pollèc forèc kaloÔmaste na prosomoi¸soume ek twn ustèrwn katanomèc
polÔplok c morf c, stic opoÐec emplèkontai pollèc par�metroi. Montèla me
dunamikèc paramètrouc (dynamic settings), ierarqik� montèla (hierarchical
models), montèla tuqaÐwn epidr�sewn (random effects models), diasthmik�
montèla (spatial models) eÐnai paradeÐgmata poluparametrik¸n montèlwn. Ac
exet�soume k�poiec peript¸seic.
Par�deigma 1.0.1 Pump Failures
Oi Gaver and O’Muircheartaigh (1987) eis gagan èna montèlo gia na peri-
gr�youn tic apotuqÐec dèka mhqanism¸n �ntlhshc iìntwn apì èna purhnikì
antidrast ra. Ta dedomèna dÐnontai ston PÐnaka 1.1. H tuqaÐa metablht 
Xi parist�nei ton arijmì twn apotuqi¸n tou i mhqanismoÔ kai h metablht  ti
eÐnai to qronikì di�sthma mèsa sto opoÐo parathroÔntai autèc oi apotuqÐec.
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Pump 1 2 3 4 5 6 7 8 9 10 
Failures 5 1 5 14 3 19 1 1 4 22 

Time 94.32 15.72 62.88 125.76 5.24 31.44 1.05 1.05 2.10 10.48 
 

PÐnakac 1.1: Arijmìc apotuqi¸n kai qrìnoi parat rhshc dèka mhqanism¸n
�ntlhshc iìntwn.

Upojètoume ìti Xi
iid∼ Poi (λiti) , i = 1, . . . , 10. Epiplèon, upojètoume tic ek

twn protèrwn katanomèc

λi
iid∼ Ga (α, β)

β ∼ Ga (γ, δ) ,

ìpou α = 1.8, γ = 0.01 kai δ = 1. H apì koinoÔ ek twn ustèrwn katanom 
eÐnai

π (λ1, . . . , λ10, β|x1, . . . , x10)

∝ P (x1, . . . , x10|λ1, . . . , λ10, β)P (λ1, . . . , λ10, β)

∝ P (x1, . . . , x10|λ1, . . . , λ10, β)P (λ1, . . . , λ10|β)P (β)

∝

{
10∏
i=1

P (xi|λi)

}{
10∏
i=1

P (λi|β)

}
P (β)

∝
10∏
i=1

{
e−λiti (λiti)

xi βαλα−1
i e−βλi

}
βγ−1e−δβ

∝
10∏
i=1

{
λxi+α−1
i e−(ti+β)λi

}
β10α+γ−1e−δβ. (1.2)

Par�deigma 1.0.2 Pump Failures (sunèqeia...)
Upojètoume tic ek twn protèrwn katanomèc

λi
iid∼ Ga (α, β)

β ∼ Ga (γ, δ)

α ∼ Exp (1) .
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T¸ra, h apì koinoÔ ek twn ustèrwn katanom  twn paramètrwn λ1, . . . , λ10, β,α
eÐnai

π (λ1, . . . , λ10, β, α|x1, . . . , x10)

∝ P (x1, . . . , x10|λ1, . . . , λ10, β, α)P (λ1, . . . , λ10, β, α)

∝ P (x1, . . . , x10|λ1, . . . , λ10, β, α)

P (λ1, . . . , λ10|β, α)P (β|α)P (α)

∝ P (x1, . . . , x10|λ1, . . . , λ10, β, α)

P (λ1, . . . , λ10|β, α)P (β)P (α)

∝

{
10∏
i=1

P (xi|λi)

}{
10∏
i=1

P (λi|β, α)

}
P (β)P (α)

∝
10∏
i=1

{
e−λiti (λiti)

xi
βα

Γ (α)
λα−1
i e−βλi

}
βγ−1e−δβe−α

∝
10∏
i=1

{
λxi+α−1
i e−(ti+β)λi

} β10α+γ−1

(Γ (α))10 e
−δβ−α. (1.3)

Par�deigma 1.0.3 Random Effects Model
To par�deigma pou akoloujeÐ anafèretai se èna Mpeôzianì montèlo tuqaÐwn
epidr�sewn me suzugeÐc ek twn protèrwn katanomèc.

Ac jewr soume to montèlo an�lushc diaspor�c kat� èna par�gonta me
tuqaÐec epidr�seic.

Yij = θi + εij, i = 1, . . . , K, j = 1, . . . ,m. (1.4)
Gia to montèlo autì upojètoume ìti

Yij|θi, λe
iid∼ N

(
θi, λ

−1
e

) (1.5)
θi|µ, λθ

iid∼ N
(
µ, λ−1

θ

) (1.6)
λe ∼ Ga (a2, b2) (1.7)
µ ∼ N

(
µ0, λ

−1
0

) (1.8)
λθ ∼ Ga (a1, b1) , (1.9)

ìpou (θ1, . . . , θK) |µ, λθ kai λe eÐnai anex�rthtec. To Ðdio isqÔei gia tic µ kai
λθ.
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H apì koinoÔ ek twn ustèrwn katanom  twn paramètrwn aut¸n eÐnai:

π (θ1, . . . , θK , µ, λe, λθ|y)

∝ P (y|θ1, . . . , θK , µ, λe, λθ)π (θ1, . . . , θK , µ, λe, λθ)

∝ P (y|θ1, . . . , θK , λe, )π (θ1, . . . , θK |µ, λθ)π (µ)π (λe)π (λθ) (1.10)
H apì koinoÔ ek twn ustèrwn katanom  (1.10) analÔetai wc ex c:

1. P (y|θ1, . . . , θK , λe, ) =
∏K

i=1

∏m
j=1 (2πλ−1

e )
−1/2

exp

{
−(yij − θi)

2

2λ−1
e

}
∝ λ

mK
2

e exp
{
−1

2
λe
∑K

i=1

∑m
j=1 (yij − θi)

2
}
.

2. π (θ1, . . . , θK |µ, λθ) =
∏K

i=1

(
2πλ−1

θ

)−1/2
exp

{
−(θi − µ)2

2λ−1
θ

}
∝ λ

K
2
θ exp

{
−1

2
λθ
∑K

i=1 (θi − µ)2
}
.

3. π (µ) =
(
2πλ−1

0

)−1/2
exp

{
−(µ− µ0)

2

2λ−1
0

}
∝ exp

{
−1

2
λ0 (µ− µ0)

2} .
4. π (λe) ∝ λa2−1

e e−b2λe .

5. π (λθ) ∝ λa1−1
θ e−b1λθ .

T¸ra h sqèsh (1.10) lamb�nei th morf :

π (θ1, . . . , θK , µ, λe, λθ|y)

∝ λ
mK
2

+a2−1
e λ

K
2

+a1−1

θ exp

{
−1

2
λe

K∑
i=1

m∑
j=1

(yij − θi)
2 − 1

2
λθ

K∑
i=1

(θi − µ)2

}

∝ exp

{
−1

2
λ0 (µ− µ0)

2

}
e−b1λθe−b2λe . (1.11)

H efarmog  twn MCMC mejìdwn prosomoÐwshc apodeiknÔetai polÔ bolik 
sthn perÐptwsh twn poludi�statwn katanom¸n �gnwstwn paramètrwn, ìpwc
autèc pou parousi�sthkan sta prohgoÔmena paradeÐgmata. Genik� tètoia
probl mata sunant�me sthn MpeÔzian  Statistik .

Oi MCMC algìrijmoi basÐzontai sthn an�ptuxh alusÐdwn Markov. Pro-
somoi¸noume timèc, oi opoÐec jewroÔntai wc pragmatopoÐhsh miac alusÐdac
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Markov. H tim  miac tuqaÐac metablht c thc alusÐdac perigr�fetai apì èna
pijanotikì nìmo pou basÐzetai sthn tim  thc amèswc prohgoÔmenhc tuqaÐac
metablht c thc alusÐdac. H diadikasÐa thc prosomoÐwshc suneqÐzetai kai
oriak�   alusÐda sugklÐnei sth st�simh katanom  thc. Autì shmaÐnei ìti,
oriak�, oi timèc twn tuqaÐwn metablht¸n pou prosomoi¸nontai, jewroÔntai
ìti proèrqontai apì thn Ðdia (oriak ) katanom .

Pwc ìmwc sundèetai h parap�nw diadikasÐa me thn Mpeôzian  Statistik ;
H idèa eÐnai apl : jewroÔme thn katanom  pou jèloume na prosomoi¸soume
(katanom  stìqoc) wc thn oriak  (st�simh) katanom  thc alusÐdac Markov
pou prìkeitai na prosomoiwjeÐ. 'Etsi, ìtan h alusÐda sugklÐnei, oi timèc pou
prosomoi¸nontai proèrqontai apì thn oriak  katanom  thc kai epomènwc apì
thn katanom  stìqo.

H eisagwg  twn alusÐdwn Markov sta sqèdia prosomoÐwshc eÐnai ousi¸-
douc shmasÐac. EÐpame ìti epitrèpei to qeirismì poludi�statwn katanom¸n.
Wstìso up�rqoun k�poia zht mata pou prèpei na lhfjoÔn upìyh kata th
diadikasÐa thc prosomoÐwshc. 'Hdh anafèrame ìti oi prosomoiwmènec timèc
jewroÔntai ìti proèrqontai apì thn katanom  stìqo, mìno ìtan h alusÐda
èqei sugklÐnei sthn katanom  aut . Pìte ìmwc gÐnetai autì; P¸c mporeÐ k�-
poioc na eÐnai bèbaioc ìti h alusÐda èqei sugklÐnei kai na �rei to deÐgma tou me
thn pepoÐjhsh ìti pragmatik� eÐnai èna deÐgma apì thn katanom  stìqo; 'Ena
pl joc tim¸n pou prosomoi¸nontai eÐnai �qrhstec, afoÔ den proèrqontai apì
thn st�simh katanom  thc alusÐdac kai to er¸thma eÐnai pìsec timèc qrei�-
zetai na pet�xoume. Eutuq¸c, sth jewrÐa twn alusÐdwn Markov up�rqoun
an�loga tou nìmou twn meg�lwn arijm¸n kai tou kentrikoÔ oriakoÔ jewr -
matoc, pou exasfalÐzoun ìti oi perissìterec timèc pou prosomoi¸nontai apì
mÐa alusÐda Markov mporoÔn na qrhsimopoihjoÔn ¸ste na par�sqoun plhro-
forÐec sqetik� me thn katanom  tou endiafèrontìc mac.

Up�rqei èna er¸thma pou prokÔptei Ôstera apì aut  thn panoramik  �po-
yh thc MCMC jewrÐac. Pwc mporoÔme na qtÐsoume mia alusÐda Markov thc
opoÐac h oriak  katanom  na eÐnai akrib¸c h katanom  stìqoc, dhlad  h ka-
tanom  twn �gnwstwn posot twn, pou prokÔptei apì th Mpeôzian  an�lush;
EÐnai ekplhktikì to ìti ìqi mìno eÐnai efiktì k�ti tètoio, �lla up�rqoun kai
polloÐ trìpoi pragmatopoÐhs c tou.

'Enac trìpoc eÐnai o Metropolis - Hastings algìrijmoc. Autìc basÐzetai
se mia alusÐda Markov thc opoÐac h ex�rthsh apì thn prohgoÔmenh tim  dia-
krÐnetai se dÔo shmeÐa: mÐa tim  prìtashc kai thn apìdoq  aut c thc tim c.
Ston algìrijmo loipìn, èqoume èna b ma ìpou proteÐnetai aujèraita mÐa tim ,
wc pijan  nèa tim  thc alusÐdac kai èna �llo b ma pou exasfalÐzei thn apo-
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doq  mìno ekeÐnwn twn tim¸n pou exasfalÐzoun th diat rhsh thc kat�llhlhc
oriak c troqi�c (trajectory) thc alusÐdac.

'Enac �lloc trìpoc eÐnai o deigmatol pthc Gibbs. BasÐzetai se mia alu-
sÐda Markov thc opoÐac h ex�rthsh apì thn prohgoÔmenh tim  ofeÐletai stic
pl reic desmeumènec katanomèc pou prokÔptoun apì to montèlo. EÐnai polÔ
suqnì to fainìmeno montèla me polÔplokec apì koinoÔ katanomèc na dÐnoun
pl reic desmeumènec katanomèc sqetik� apl c morf c. Autì akrib¸c to sh-
meÐo ekmetalleÔetai o deigmatol pthc Gibbs kai mporeÐ na d¸sei aplèc lÔseic
se poll� probl mata.

Tèloc, Ôstera apì aut  th sunoptik  parousÐash, mporoÔme na jèsoume
kai èna �llo erwt ma: poia eÐnai h apodotikìthta tou MCMC algìrijmou
pou qrhsimopoioÔme; Thn apodotikìthta mporoÔme na th metr soume se ìrouc
eukolÐac me thn opoÐa prosomoi¸noume èna deÐgma apì thn katanom  stìqo.
Autì ìmwc exart�tai apì thn epilog  thc sun�rthsh prìtashc pou qrhsimo-
poioÔme, sthn perÐptwsh tou Metropolis - Hastings algìrijmou,   twn pl reic
desmeumènwn katanomwn, sthn perÐptwsh tou deigmatol pth Gibbs.

H paroÔsa ergasÐa diapragmateÔetai ìla aut� ta zht mata, kaj¸c kai
pl joc �llwn sqetik¸n me th jewrÐa twn MCMC mejìdwn prosomoÐwshc.



Kef�laio 2

AlusÐdec Markov

2.1 Orismìc

Mia alusÐda Markov (Xn)n∈Z+
eÐnai èna sugkekrimèno eÐdoc stoqastik c dia-

dikasÐac lamb�nontac, sto qrìno n ∈ Z+, tim Xn apì èna q¸ro katast�sewn
X . Oi tuqaÐec metablhtèc {X0, X1, ...} lamb�noun timèc apì to sÔnolo X kai
jewroÔntai metr simec anaforik� me k�poia dedomènh s-�lgebra B (X ). Geni-
k�, sumbolÐzoume me x, y, z, ... ta stoiqeÐa tou X kai me A,B,C, ... ta stoiqeÐa
tou B (X ).

AntimetwpÐzontac th stoqastik  diadikasÐa san ontìthta, jewroÔme timèc
(pragmatopoi seic) olìklhrhc thc alusÐdac X = {X0, X1, ...} proerqìme-
nec apo to sÔnolo pou sqhmatÐzetai apì to metr simo ginìmeno Ω = X∞ =∏∞

i=0Xi, ìpou k�je Xi eÐnai èna antÐgrafo tou X sto opoÐo antistoiqeÐ è-
na avtÐgrafo tou B (X ). Gia na orÐsteÐ h X wc tuqaÐa metablht  prèpei na
antistoiqÐsoume sto Ω mia s-�lgebra F kai gia k�je kat�stash x ∈ X ,
jewroÔmenh wc arqik  kat�stash sthn pragmatopoÐhsh (sample path) thc
stoqastik c diadikasÐac, èna mètro pijanìthtac Px tètoio ¸ste h pijanìthta
tou endeqomènou {X ∈ A} eÐnai kal� orismènh gia k�je sÔnolo A ∈ F . H
arqik  sunj kh apaiteÐ, fusik�, Px (X0 = x) = 1. H tri�da (Ω,F , Px) orÐzei
mia stoqastik  diadikasÐa.

Prin proqwr soume se sugkekrimènec leptomèriec sqetik� me touc nìmouc
pijanot twn pou dièpoun thn kÐnhsh miac alusÐdac Markov X, qrei�zetai na
aposafhnÐsoume th dom  q¸rou katast�sewn X apì ton opoÐo proèrqontai
oi timèc thc.
Orismìc 2.1.1 O q¸roc katast�sewn X lègetai diakritìc (countable space)

13
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an to sÔnolo X eÐnai diakritì, me peperasmèno   arijm simo pl joc stoiqeÐwn,
kai me to sÔnolo B (X ) wc s-�lgebra ìlwn twn uposunìlwn tou X .

O q¸roc katast�sewn X lègetai genikìc (general space) an to sÔnolo X
eÐnai suneqèc, me �peiro   mh arijm simo pl joc stoiqeÐwn, kai me to sÔnolo
B (X ) wc s-�lgebra ìlwn twn uposunìlwn tou X .

Orismìc 2.1.2 Mia akoloujÐa tuqaÐwn metablht¸n X0, X1, X2, . . . , orismè-
nwn ston Ðdio q¸ro pijanìthtac (Ω,F , Px) kai me timèc sto q¸ro (X ,B (X ))
lème ìti eÐnai alusÐda Markov an

P (Xn+1 ∈ A|Xn = xn, Xn−1 = xn−1, . . . , X0 = x0)

= P (Xn+1 ∈ A|Xn = xn) ,

∀A ∈ B (X ) , n ∈ N kai xn, xn−1, . . . , x0 ∈ X .

Orismìc 2.1.3 An

P (Xn+1 ∈ A|Xn = xn) = P (X1 ∈ A|X0 = x0) , ∀A ∈ B (X ) , n ≥ 1,

tìte h alusÐda lègetai omogen c.

2.2 JemelÐwsh se Genikì Q¸ro Katast�se-
wn

'Estw X ènac genikìc q¸roc katast�sewn kai B (X ) mia metr sima paraqjeÐ-
sa s-�lgebra p�nw sto X . Ac xekin soume me tic pijanìthtec met�bashc.
Orismìc 2.2.1 An P = {P (x,A) , x ∈ X , A ∈ B (X )} eÐnai tètoio ¸ste

1. gia k�je A ∈ B (X ), h P (·, A) eÐnai mia mh arnhtik  metr simh sun�r-
thsh1 orismènh p�nw sto X

2. gia k�je x ∈ X , h P (x, .) eÐnai mètro pijanìthtac orismèno p�nw sto
pedÐo B (X )

1'Estw (X1,B (X1)) kai (X2,B (X2)) dÔo metr simoi q¸roi (measurable spaces). H apei-
kìnish h : X1 → X2 lègetai metr simh sun�rthsh (measurable function) an

h−1 {B} := {x : h (x) ∈ B} ∈ B (X1) ,

gia k�je sÔnolo B ∈ B (X2).
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tìte onom�zoume to P pur na met�bashc (transition probability ker-
nel)   sun�rthsh met�bashc (transition function).

Apì ton pur na met�bashc P mporoÔme na orÐsoume mia stoqastik  diadika-
sÐa me tic kat�llhlec Markobianèc idiìthtec, gia thn opoÐa h pijanìthta P
perigr�fei ton pijanojewrhtiko nìmo met�bashc pr¸thc t�xhc.

'Estw mia peperasmènh akoloujÐa X = {X0, ..., Xn} tuqaÐwn metablht¸n,
orismènwn sto sÔnolo X n+1 =

∏∞
i=0Xi, sto opoÐo antistoiqeÐ h s-�lgebra⋃n

i=0 B (Xi). Gia ìla ta metr sima sÔnola Ai ⊆ Xi anaptÔssoume èna sÔnolo
sunart sewn P n

x orismènwn p�nw sto X n+1 jètontac, gia stejerì shmeÐo
ekkÐnhshc x ∈ X kai gia ta sÔnola A1 × ...× An

P 1
x (A1) = P (x,A1)

P 2
x (A1 × A2) =

∫
A1

P (x, dy1)P (y1, A2)

...
P n
x (A1×, ...,×An) =

∫
A1

P (x, dy1)

∫
A2

P (y1, dy2) ...∫
An−1

P (yn−2, dyn−1)P (yn−1, An)

Oi parap�nw pijanìthtec eÐnai kal� orismènec. Autì exasfalÐzetai apì th
metrhsimìthta thc proc olokl rwsh èkfrashc P (·, ·), wc sthn pr¸th me-
tablht  kai to gegonìc ìti oi pur nec eÐnai mètra pijanìthtac wc proc th
deÔterh metablht .
Orismìc 2.2.2 H katanom  µ0 thc X0, dhlad  to mètro pijanìthtac pou
orÐzetai wc

µ0 := P (X0 ∈ A)

lègetai arqik  katanom  thc alusÐdac. Se perÐptwsh pou h alusÐda xekin sei
apì mia stajer  tim  x (pou den èqei prokÔyei tuqaÐa) tìte h µ0 eÐnai h
katanom  Dirac sto x me m�za pijanìthtac

δx (y) :=

{
1, y = x,
0, y 6= x.
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Orismìc 2.2.3 An µ0 eÐnai h arqik  katanom  (pou eÐnai dunatìn na eÐnai kai
Dirac) tìte h katanom  µn thc Xn dhlad  to mètro pijanìthtac pou orÐzetai
wc

µn (A) := P (Xn ∈ A) ,

dÐnetai apì th sqèsh

µn (A) =

∫
µ0 (dx)P n (x,A) .

Gia dedomènh arqik  katanom  µ0, h µn prokÔptei apì ton anadromikì tÔpo

µn (A) =

∫
µn−1 (dx)P (x,A) .

Q�rin aplìthtac sumbolÐzoume thn arqik  katanom  miac alusÐdac wc µ.
Je¸rhma 2.2.1 Gia k�je arqikì mètro pijanìthtac m p�nw sto B (X ) kai
k�je pur na met�bashc P = {P (x,A) , x ∈ X , A ∈ B (X )}, up�rqei mia sto-
qastik  diadikasÐa X = {X0, X1, ...} orismènh sto Ω =

∏∞
i=0Xi, metr simh

me s-�lgebra F =
⋃∞
i=0 B (Xi) kai èna mètro pijanìthtac Pµ p�nw sto F ètsi

èste Pµ (B) eÐnai h pijanìthta tou endeqomènou {X ∈ B} gia B ∈ F . EpÐshc,
gia k�poio metr simo sÔnolo Ai ⊆ Xi, i = 0, ..., n kai gia k�je n

Pµ (X0 ∈ A0, X1 ∈ A1, ..., Xn ∈ An)

=

∫
y0∈A0

· · ·
∫
yn−1∈An−1

µ (dy0)P (y0, dy1) · · ·P (yn−1, An) (2.1)

MporoÔme t¸ra na orÐsoume tic alusÐdec Markov se genikì q¸ro katast�-
sewn.
Orismìc 2.2.4 H stoqastik  diadikasÐa X, orismènh sto q¸ro (Ω,F) lè-
getai omogen c alusÐda Markov me pur na met�bashc P (x,A) kai arqik 
katanom  m, an h apì koinoÔ katanom  thc peperasmènhc akoloujÐac tuqaÐwn
metablht¸n X ikanopoieÐ th sqèsh (2.1).

O pur nac met�bashc n-t�xhc (n-step transition probability ker-
nel) orÐzetai epanalhptik�. Jètoume P 0 (x,A) = δx (A), to mètro Dirac pou
orÐzetai apì ton tÔpo

δx (A) =

{
1, x ∈ A
0, x /∈ A,



2.2. JEMEL�IWSH SE GENIK�O Q�WRO KATAST�ASEWN 17

kai, gia n ≥ 1 orÐzoume epagwgik�

P n (x,A) =

∫
X
P (x, dy)P n−1 (y, A) , x ∈ X , A ∈ B (X ) . (2.2)

Gr�foume P n gia ton pur na met�bashc n-t�xhc kai ennooÔme tic pijanoth-
tec {P n (x,A) , x ∈ X , A ∈ B (X )}. Enallaktik� mporoÔme na ton orÐsou-
me wc P n (x,A) = P (Xn ∈ A|X0 = x). AkoloujeÐ h perÐfhmh exÐswsh
Chapman-Kolmogorov.
Je¸rhma 2.2.2 Gia k�je m me 0 ≤ m ≤ n,

P n (x,A) =

∫
X
Pm (x, dy)P n−m (y, A) , x ∈ X , A ∈ B (X ) (2.3)

H ermhneÐa thc sqèshc (2.3) eÐnai h ex c: kaj¸c h alusÐda kineÐtai apì thn
arqik  kat�stash x sto sÔnolo A se n b mata, se opoiod pote endi�meso
b ma m ja p�rei k�poia tim  y ∈ X . Kai epeid  prìkeitai gia alusÐda Markov,
xeqn�ei to pareljìn thc sto qrìno m kai suneqÐzei sta epìmena n−m b mata
me ton pijanojewrhtikì nìmo pou dièpei thn kÐnhs  thc prosarmosmèno sto
nèo shmeÐo ekkÐnhshc y. Enallaktik�, h exÐswsh (2.3) gr�fetai

Px (Xn ∈ A) =

∫
X
Px (Xm ∈ dy)Py (Xn−m ∈ A) . (2.4)

'Opwc o pur nac met�bashc pr¸thc t�xhc perigr�fei mia alusÐda X, o pu-
r nac met�bashc m-t�xhc, apomonwmènoc, ikanopoieÐ ton orismì enìc pur na
met�bashc kai epomènwc prosdiorÐzei mia alusÐda Markov Xm = {Xm

n }, mepijanìthtec met�bashc
Px (Xm

n ∈ A) = Pmn (x,A) (2.5)
Orismìc 2.2.5 H alusÐda Xm me nìmo met�bashc pou dÐnetai apì th sqèsh
(2.5) lègetai m-skeletìc (m-skeleton) thc alusÐdac X.

Stouc mèqri t¸ra dojèntec orismoÔc, qrhsimopoi jhkan pijanìthtec endeqo-
mènwn pou aforoun thn alusÐda X. T¸ra dÐnoume ton telest  thc anamenìme-
nhc tim c Eµ, o opoÐoc antistoiqeÐ sthn pijanìthta Pµ. OrÐzoume ton telest 
Eµ apì ton tÔpo

Eµ [IA0×...×An (X0, ..., Xn)] := Pµ ({X0, ..., Xn} ∈ A0 × ...× An) ,
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ìpou IB dhl¸nei th deÐktria sun�rthsh tou sunìlou B. MporoÔme na epe-
ktajoÔme ston orismì tou Eµ [h (X0, X1, ...)], gia k�je metr simh, fragmènh
kai pragmatik  sun�rthsh h pou orÐzetai sto Ω, me thn proôpìjesh ìti o
telest c Eµ eÐnai grammikìc.

H apì koinoÔ katanom  kai oi perijwriakèc katanomèc miac alusÐdac Mar-
kov X sto qrìno n apoteloÔn ta basik� ergaleÐa gia thn perigraf  thc
kÐnhs c thc. Wstìso, h an�lush thc sumperifor�c thc X sumperilamb�nei th
melèth twn katanom¸n thc se sugkekrimènec tuqaÐec qronikèc stigmèc kat�
thn exelix  thc. Eis�goume autèc tic qronikèc stigmèc t¸ra.
Orismìc 2.2.6 1. Gia k�je sÔnolo A ∈ B (X ), o arijmìc dieleÔsewn

(occupation time) ηA eÐnai o arijmìc twn dieleÔsewn thc X apì to
sÔnolo A, èpeita apì th qronik  stigm  mhdèn kai dÐnetai apì ton tÔpo

ηA :=
∞∑
n=1

I (Xn ∈ A) (2.6)

2. Gia k�je sÔnolo A ∈ B (X ), oi metablhtèc

τA := min (n ≥ 1 : Xn ∈ A) (2.7)
σA := min (n ≥ 0 : Xn ∈ A) (2.8)

lègontai qrìnoc pr¸thc epanìdou sto A kai qrìnoc pr¸thc diè-
leushc apì to A, antÐstoiqa.

Gia k�je A ∈ B (X ), oi ηA, τA kai σA eÐnai profan¸c metr simec sunart seic
apì to Ω sto Z+ ∪ {∞}.

An den qrei�zetai na diakrÐnoume metaxÔ diaforetik¸n dieleÔsewn thc X
apì k�poio sÔnolo A, onom�zoume tic metablhtèc τA kai σA qrìnoc pr¸thc
epistrof c sto A kai qrìnoc pr¸thc dièleushc apì to A, antÐstoiqa. An
ìmwc epijumoÔme th di�krish metaxÔ diaforetik¸n dieleÔsewn thc X apì to
sÔnolo A, tìte gr�foume τA (k) gia ton tuqaÐo qrìno thc k-epanìdou thc
alusÐdac apì to A. Oi metablhtèc autèc orÐzontai epagwgik�, gia k�je A,
apì touc tÔpouc

τA (1) := τA

τA (k) := min (n > τA (k − 1) : Xn ∈ A) . (2.9)
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Prìtash 2.2.1 1. Gia k�je x ∈ X , A ∈ B (X )

Px (τA = 1) = P (x,A) ,

kai epagwgik� gia n > 1

Px (τA = n) =

∫
Ac

P (x, dy)Py (τA = n− 1)

=

∫
Ac

P (x, dy1)

∫
Ac

P (y1, dy2) · · ·
∫
Ac

P (yn−2, dyn−1)P (yn−1, A) .

2. Gia k�je x ∈ X , A ∈ B (X )

Px (σA = 0) = IA (x) ,

kai gia n ≥ 1, x ∈ Ac

Px (σA = n) = Px (τA = n) .

Tèloc, h an�lush thc alusÐdac X emplèkei th sun�rthsh

U (x,A) :=
∞∑
n=1

P n (x,A) = Ex [ηA] (2.10)

h opoÐa eÐnai mia apeikìnish (mapping) apì to q¸ro X ×B (X ) sto q¸ro R∪
{∞} kai thn pijanìthta pr¸thc epanìdou thc alusÐdac sthn kat�stash
A

L (x,A) := Px (τA <∞) (2.11)
h opoÐa dhl¸nei thn pijanìthta h X na epistrèyei sthn kat�stash A se
k�poia qronik  stigm , en¸ arqik� briskìtan sthn kat�stash x.

2.3 ψ-Anagwgimìthta

H montèrna jewrÐa p�nw stic alusÐdec Markov me genikì q¸ro katast�sewn
X eis�gei thn ènnoia thc ϕ-anagwgimìthtac.
Orismìc 2.3.1 Onom�zoume thn alusÐda X ϕ-an�gwgh (ϕ-irreducible) an u-
p�rqei mètro ϕ (ìqi aparaÐthta mètro pijanìthtac) orismèno sto pedÐo B (X )
tètoio ¸ste, opoted pote ϕ (A) > 0, èqoume kai L (x,A) > 0, ∀x ∈ X .
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Prìtash 2.3.1 Oi epìmenec prot�seic eÐnai isodÔnamec me ϕ-anagwgimìthta:

1. Gia k�je x ∈ X , opoted pote ϕ (A) > 0, U (x,A) > 0.

2. Gia k�je x ∈ X , opoted pote ϕ (A) > 0, up�rqei n > 0, pijan¸c exar-
t¸meno apì ta A, x, tètoio ¸ste P n (x,A) > 0.

O orismìc thc ϕ-anagwgimìthtac egku�tai ìti {meg�la} sÔnola (mh mhdenik�
sÔnola wc proc to mètro ϕ), ìpwc metr¸ntai apì th ϕ, eÐnai p�ntote prosb�si-
ma apì thn alusÐda me jetik  pijanìthta, anex�rthta apì to shmeÐo ekkÐnhs c
thc. Se pollèc peript¸seic qrei�zetai na gnwrÐzoume to antÐstrofo sumpè-
rasma: {amalhtèa} sÔnola B, me thn ènnoia ìti ϕ (B) = 0, apofeÔgontai apì
thn alusÐda me pijanìthta èna, gia ta perissìtera shmeÐa ekkÐnhshc.

H ènnoia thc ϕ-anagwgimìthtac epekteÐnetai kat� tètoio trìpo, ¸ste o-
dhgoÔmaste sth ènnoia tou mègistou an�gwgou mètrou (”‘maximal”’
irreducibility measure). To mègisto an�gwgo mètro prosdiorÐzei to eÔ-
roc thc alusÐdac polÔ pio oloklhrwmèna apì �lla, perissìtero aujaÐreta,
an�gwga mètra.
Prìtash 2.3.2 An h alusÐda X eÐnai ϕ-an�gwgh gia k�poio mètro ϕ, tìte
up�rqei èna mètro pijanìthtac ψ, orismèno sto pedÐo B (X ), tètoio ¸ste

1. H X eÐnai ψ-an�gwgh (ψ-irreducible).

2. Gia k�je �llo mètro ϕ', h alusÐda X eÐnai ϕ'-an�gwgh an kai mìno an
ψ � ϕ', dhlad  to mètro ϕ' eÐnai apolÔtwc suneqèc wc proc to mètro ψ.
Autì shmaÐnei ìti ∀A ∈ B (X ) me ψ (A) = 0 isqÔei ϕ'(A) = 0.

3. An ψ (A) = 0, tìte ψ {y : L (y, A) > 0} = 0.

Me apl� lìgia, an h alusÐda eÐnai ϕ-an�gwgh gia k�poio mètro ϕ tìte up�rqei
k�poio mègisto mètro ψ to opoÐo kajorÐzei ìla ta sÔnola sta opoÐa mporeÐ
na brejeÐ me jetik  pijanìthta h alusÐda. (Genik�, h ϕ-anagwgimìthta den
kajorÐzei ìla par� mìno k�poia apì aut� ta sÔnola, aut� me ϕ (A) > 0.
Den exasfalÐzei ìti an ϕ (A) = 0 tìte h alusÐda èqei mhdenik  pijanìthta
na episkefteÐ to A. Antijètwc, apì thn idiìthta (3) blèpoume ìti an k�poio
sÔnolo A eÐnai ψ-mhdenikì tìte to sÔnolo twn x ∈ X apì ta opoÐa an xekin sei
ja brejeÐ k�pote sto A me jetik  pijanìthta eÐnai epÐshc ψ-mhdenikì.)

Up�rqoun kai �llec proseggÐseic thc ènnoiac thc anagwgimìthtac, gia
ton genikì q¸ro katast�sewn, ja epikentrwjoÔme ìmwc sthn idèa thc ϕ-
anagwgimìthtac kai ja anazht soume sunj kec oi opoÐec exasfalÐzoun thn
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Ôparx  thc. EpÐshc, ja qrhsimopoi soume to ψ wc èna aujèraito mègisto
an�gwgo mètro gia thn X.
Orismìc 2.3.2 1. H alusÐda Markov lègetai ψ-an�gwgh, an eÐnai ϕ-an�-

gwgh gia k�poio mètro ϕ kai to mètro ψ eÐnai mègisto an�gwgo mètro
to opoÐo ikanopoieÐ thn Prìtash 2.3.2.

2. Gr�foume
B+ (X ) := {A ∈ B (X ) : ψ (A) > 0}

gia ta sÔnola sta opoÐa to mètro ψ eÐnai jetikì. H Ôparxh mègistwn
an�gwgwn mètrwn isodunameÐ me to ìti to pedÐo B+ (X ) orÐzetai monadik�.

3. 'Ena sÔnolo A ∈ B (X ) onom�zetai pl rec (full), an ψ (Ac) = 0.

4. 'Ena sÔnolo A ∈ B (X ) onom�zetai aporrofhtikì (absorbing), an
P (x,A) = 1, gia x ∈ A.

H akìloujh prìtash upodeiknÔei th sÔndesh metaxÔ aporrofhtik¸n kai pl -
rwn sunìlwn.
Prìtash 2.3.3 'Estw ìti h X eÐnai ψ-an�gwgh. Tìte

1. k�je aporrofhtikì sÔnolo eÐnai pl rec,

2. k�je pl rec sÔnolo emperièqei èna mh kenì aporrofhtikì sÔnolo.

An k�poio sÔnolo C eÐnai aporrofhtikì kai up�rqei mètro ψ gia to opoÐo
ψ (B) > 0 ⇒ L (x,B) > 0, x ∈ C,

tìte to C lègetai aporrofhtikì ψ-an�gwgo sÔnolo.
Prìtash 2.3.4 'Estw A èna aporrofhtikì sÔnolo. PA eÐnai o pur nac P ,
periorismènoc stic katast�seic tou sunìlou A. Tìte up�rqei alusÐda Mar-
kov XA, me q¸ro katast�sewn to sÔnolo A kai pur na met�bashc ton PA.
Epiplèon, an h X eÐnai ψ-an�gwgh, tìte kai h XA eÐnai ψ-an�gwgh.

Oi Prot�seic 2.3.3 kai 2.3.4, egku¸ntai thn apotelesmatikìthta kai leitourgi-
kìthta thc an�lushc, ìtan meletoÔme pl rh sÔnola tou q¸rou katast�sewn.

Eis�goume thn ènnoia thc prositìthtac (accessibility) kai thc omoiì-
morfhc prositìthtac (uniform accessibility), oi opoÐec isquropoioÔn
thn idèa thc epikoinwnÐac (communication), p�nw sthn opoÐa basÐzetai h èn-
noia thc ψ-anagwg c.
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Orismìc 2.3.3 Lème ìti èna sÔnolo B ∈ B (X ) eÐnai prositì (accessible)
apì èna �llo sÔnolo A ∈ B (X ), an L (x,B) > 0, ∀x ∈ A.
Lème ìti èna sÔnolo B ∈ B (X ) eÐnai omoiìmorfa prositì (uniformly
accessible) apì èna �llo sÔnolo A ∈ B (X ), an up�rqei arijmìc δ > 0 ètsi
¸ste

inf
x∈A

L (x,B) ≥ δ (2.12)
kai ìtan isqÔei h sqèsh (2.12), gr�foume A→ B.

H sqèsh {A → B} isqÔei omoiìmorfa gia x ∈ A. Genikìtera h sqèsh {→}
eÐnai mh anaklastik , porìlo pou mporeÐ na up�rqoun sÔnola A,B tètoia
¸ste to A na eÐnai omoiìmorfa prositì apì to B kai to B na eÐnai omoiìmorfa
prositì apì to A.
L mma 2.3.1 An A→ B kai B → C, tìte A→ C.
Eis�goume thn parak�tw shmeiografÐa gia na perigr�youme thn epikoinwniak 
dom  miac alusÐdac.
Orismìc 2.3.4 To sÔnolo Ā := {x ∈ X : L (x,A) > 0} eÐnai to sÔnolo twn
shmeÐwn apì ta opoÐa to sÔnolo A eÐnai prositì.
To sÔnolo Ā (m) := {x ∈ X :

∑m
n=1 P

n (x,A) ≥ m−1}
To sÔnoloA0 := {x ∈ X : L (x,A) = 0} =

[
Ā
]c eÐnai to sÔnolo twn shmeÐwn

apì ta opoÐa to sÔnolo A den eÐnai prositì.

L mma 2.3.2 To sÔnolo Ā = ∪mĀ (m), kai gia k�je m èqoume Ā (m) → A.

'Epetai ìti, an mia alusÐda eÐnai ψ-an�gwgh, tìte mporoÔme na broÔme èna
peperasmèno pl joc sunìlwn, ta opoÐa sar¸noun to X kai apì ta opoÐa
k�je �llo sÔnolo A ∈ B+ (X ) eÐnai omoiìmorfa prositì, afoÔ se aut  thn
perÐptwsh Ā = X .

2.4 Yeudo-'Atoma kai Mikr� SÔnola

Orismìc 2.4.1 'Ena sÔnolo α ∈ B (X ) lègetai �tomo (atom) gia thn X,
an up�rqei mètro ν, orismèno sto pedÐo B (X ), tètoio ¸ste

P (x,A) = ν (A) , x ∈ α. (2.13)
An h X eÐnai ψ-an�gwgh kai ψ (α) > 0, tìte to α lègetai prositì �tomo
(accessible atom).
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'Otan o X emperièqei èna �tomo, tìte h kataskeu  enìc mègista an�gwgou
mètrou ψ eÐnai eÔkolh.
Prìtash 2.4.1 'Estw �tomo α ∈ X , tètoio ¸ste

∑
n P

n (x, α) > 0, gia
k�je x ∈ X . Tìte to α eÐnai èna prositì �tomo kai h X eÐnai ν-an�gwgh me
ν = P (α, ·).

H omoiìmorfh prositìthta �A → B�, h opoÐa eis qjei sthn prohgoÔmenh
enìthta, aplopoieÐtai me thn parousÐa enìc atìmou sto q¸ro katast�sewn:
arkeÐ h Ôparxh enìc sunìlou atrap¸n (monopati¸n), me jetik  pijanìthta,
proc to A kai h omoiìmorfh epikoinwnÐa èpetai.
Prìtash 2.4.2 An L (x,A) > 0 gia k�poia kat�stash x ∈ α, ìpou α eÐnai
èna �tomo, tìte α→ A.

Se pollèc peript¸seic, ta �toma tou q¸rou katast�sewn eÐnai pragmatik�
�toma (real atoms): dhlad , apl� shmeÐa, prosb�sima me jetik  pijanìthta.

O lìgoc gia ton opoÐo melet�me ta �toma, eÐnai giatÐ akìma kai sthn
perÐptwsh miac ψ-an�gwghc alusÐdac sto genikì q¸ro katast�sewn, me ka-
t�llhlh epèktash thc pijanojewrhtik c dom c thc alusÐdac, mporoÔme na
kataskeu�soume sÔnola pou na parousi�zoun atomik  dom . To gegonìc au-
tì epitrèpei sthn an�lush na akolouj sei th morf  thc an�lushc se diakritì
q¸ro katast�sewn, h opoÐa eÐnai, omologoumènwc, pio eÔkolh.

To anèlpisto autì apotèlesma eÐnai Ðswc h pio shmantik  kainotomÐa sth
jewrÐa twn Markobian¸n alusÐdwn se genikì q¸ro katast�sewn. Anaka-
lÔfjhke se k�pwc diaforetikèc morfèc, anex�rthta kai sqedìn tautìqrona,
apì touc Nummelin kai Athreya and Ney.

En¸ sth diakrit  perÐptwsh �tomo eÐnai k�je pijan  tim  thc alusÐdac,
sth suneq  perÐptwsh h Ôparxh atìmwn eÐnai pio spania. Autì sumbaÐnei diìti
apaiteÐtai h stajerìthta tou pur na met�bashc gia k�poio sÔnolo jetikoÔ
mètrou. Mia pio isqur  genÐkeush eÐnai h legìmenh sunj kh minorizing
(minorizing condition).
Orismìc 2.4.2 Gia k�poio δ > 0, k�poio C ∈ B (X ) kai k�poio mètro pijanì-
thtac ν me ν (Cc) = 0 kai ν (C) = 1

P (x,A) ≥ δIC (x) ν (A) , x ∈ X , A ∈ B (X ) (2.14)
H sqèsh (2.14) exasfalÐzei ìti h alusÐda èqei pijanìthtec met�bashc omoiì-
morfa k�tw fragmènec, apì pollapl�sia tou mètrou ν, gia k�je x ∈ C. To
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er¸thma pou prokÔptei eÐnai an ikanopoieÐtai potè h sunj kh minorizing apì
mia alusÐda. H ap�nthsh eÐnai jetik  kai dÐnetai sto Je¸rhma 2.4.1 parak�tw:
gia k�poia sÔnola pou onom�zoume mikr� sÔnola (small sets), ta opoÐa ana-
fèrontai se ϕ-an�gwgec alusÐdec, h sunj kh minorizing isqÔei, toul�qiston
gia ton m-skeletì (m-skeleton) thc alusÐdac.

Ta mikr� sÔnola sumperifèrontai me trìpo an�logo autoÔ twn atìmwn kai
sugkekrimèna ta sumper�smata twn prot�sewn 2.4.1 kai 2.4.2 isqÔoun kai gia
ta mikr� sÔnola. EÐnai polÔ praktik  h qrhsimopoÐhsh twn {yeudo-atomik¸n}
idiot twn twn mikr¸n sunìlwn.
Orismìc 2.4.3 'Ena sÔnolo C ∈ B (X ) lègetai mikrì sÔnolo (small set)
an up�rqei arijmìc m ∈ N∗ kai mh mhdenikì mètro νm, orismèno sto B (X ),
tètoia ¸ste gia k�je x ∈ C, B ∈ B (X )

Pm (x,B) ≥ νm (B) . (2.15)
'Otan isqÔei h sqèsh (2.15), tìte lème ìti to C eÐnai νm-mikrì (νm-small).

To kÔrio apotèlesma thc jewrÐac perÐ mikr¸n sunìlwn (Je¸rhma 2.4.1),
eÐnai ìti gia mia ψ-an�gwgh alusÐda, k�je sÔnolo A ∈ B+ (X ) emperièqei
k�poio mikrì sÔnolo sto B+ (X ).
Je¸rhma 2.4.1 An X eÐnai mia ψ-an�gwgh alusÐda, tìte gia k�je sÔnolo
A ∈ B+ (X ), up�rqei m ≥ 1 kai èna νm-mikrì sÔnolo C ⊆ A, tètoio ¸ste
C ∈ B+ (X ) kai νm (C) > 0.

Apì to Je¸rhma 2.4.1 èpetai amèswc to Je¸rhma 2.4.2.
Je¸rhma 2.4.2 An X eÐnai mia ψ-an�gwgh alusÐda, tìte h minorizing sun-
j kh isqÔei gia k�poio m-skeletì thc alusÐdac.

Prìtash 2.4.3 1. 'Estw X mia ψ-an�gwgh alusÐda. Tìte up�rqei èna
peperasmèno pl joc mikr¸n sunìlwn Ci ∈ B (X ), tètoia ¸ste

X =
∞⋃
i=0

Ci. (2.16)

2. 'Estw X mia ψ-an�gwgh alusÐda. An to sÔnolo C ∈ B+ (X ) eÐnai νn-
mikrì, tìte mporoÔme na broÔme M ∈ Z+ kai mètro νM , tètoia ¸ste to
sÔnolo C na eÐnai νM -mikrì kai νM (C) > 0.
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2.5 Kuklik  Sumperifor�

H Ôparxh mikr¸n sunìlwn mac epitrèpei na deÐxoume ìti mporoÔme na petÔqoume
mia kermatopoÐhsh enìc genikoÔ q¸rou katast�sewn se kuklik� sÔnola, gia
ψ-an�gwgec alusÐdec.

'Estw C èna νM -mikrì sÔnolo me νM (C) > 0. QwrÐc bl�bh thc genikìth-
tac, k�ti tètoio mporeÐ na upotejeÐ apì thn Prìtash 2.4.3.

Ja qrhsimopoi soume to sÔnolo C kai to antÐstoiqo mètro νM gia na
orÐsoume èna kÔklo gia mia ψ-an�gwgh alusÐda Markov. Prokeimènou na
aplopoi soume th shmeiografÐa, katapnÐgoume to deÐkth M tou mètrou ν.
Epomènwc, èqoume PM (x, ·) ≥ ν (·) , x ∈ C, kai ν (C) > 0, ètsi ¸ste ìtan h
alusÐda xekin�ei apì to C, up�rqei jetik  pijanìthta ìti ja epistrèyei sto
C th qronik  stigm  M.
Je¸rhma 2.5.1 Mia ψ-an�gwgh alusÐda X èqei kÔklo m kouc d, an u-
p�rqei mikrì sÔnolo C, akèraioc arijmìc M kai mètro pijanìthtac νM , tètoia
¸ste to d na eÐnai o mègistoc koinìc diairèthc (m.k.d.) tou EC = (n ≥ 1 : to
sÔnolo C eÐnai νn-mikrì, me νn = δnνM , gia k�poio δn > 0).
H di�rkeia d tou kÔklou, eÐnai idiìthta olìklhrhc thc alusÐdac X kai anex�r-
thth apì to mikrì sÔnolo pou epilègetai. K�ti tètoio anafèretai sto epìmeno
je¸rhma:
Je¸rhma 2.5.2 'Estw X mia ψ-an�gwgh alusÐda Markov me q¸ro kata-
st�sewn X . 'Estw C ∈ B (X ) eÐnai èna νM -mikrì sÔnolo kai d o mègistoc
koinìc diairèthc tou sunìlou EC . Tìte up�rqoun xèna metaxÔ touc sÔnola
D1, . . . , Dd ∈ B (X ) (ènac d-kÔkloc) tètoia ¸ste

1. gia k�je x ∈ Di, P (x,Di+1) = 1, i = 0, . . . , d− 1,

2. To sÔnolo N =
[⋃d

i=1Di

]c
eÐnai ψ-mhdenikì (ψ-null).

O d-kÔkloc {Di} eÐnai mègistoc, me thn ènnoia ìti gia k�je �llh sullog 
{d′, D′

k, k = 1, . . . , d′} pou ikanopoieÐ tic (1)−(2), to d′ diaireÐ to d. An d = d′,
tìte, anadiat�ssontac touc deÐktec an auto eÐnai aparaÐthto, èqoume Di = D′

i.
Apì thn apìdeixh tou prohgoÔmenou jewr matoc, thc opoÐa h par�jesh xefeÔ-
gh twn skop¸n tou parìntoc, gÐnetai antilhptì ìti h dei�rkeia d tou kÔklou
den exart�tai apì to mikrì sÔnolo pou epilègetai arqik�, ektìc Ðswc apì
ψ-mhdenik� sÔnola. K�je mikrì sÔnolo, prèpei ousiwd¸c na emperièqetai se
k�poio apì ta mèlh thc kukulik c kl�shc {Di}.
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Orismìc 2.5.1 'Estw X mia ϕ-an�gwgh alusÐda Markov. To megalÔtero d
gia to opoÐo ènac d-kÔkloc emfanÐzetai gia thn X, lègetai perÐodoc thc X.
'Otan d = 1, h alusÐda lègetai aperiodik  (aperiodic). 'Otan up�rqei k�poio
ν1-mikrì sÔnolo A me ν1 (A) > 0, tìte h alusÐda lègetai èntona aperiodik 
(strongly aperiodic).

Wc �meso epakìloujo tou OrismoÔ 2.5.1 kai tou jewr matoc 2.4.2 èqoume thn
akìloujh prìtash:
Prìtash 2.5.1 'Estw X mia ψ-an�gwgh alusÐda Markov.

1. An h X eÐnai èntona periodik , tìte h minorizing sunj kh (2.14) isqÔei.

2. An h X eÐnai èntona aperiodik , tìte k�je skeletìc thc eÐnai ψ-an�gwgoc
kai aperiodikìc, kai k�poioc m-skeletìc eÐnai èntona aperiodikìc.

H Prìtash 2.5.1 upodhl¸nei ìti eÐnai epijumhtì na douleÔoume me èntona
aperiodikèc alusÐdec. Dustuq¸c, k�ti tètoio den eÐnai efiktì, stic perissì-
terec twn peript¸sewn. Suqn� loipìn ex�goume apotelèsmata gia èntona
aperiodikèc alusÐdec kai mèsw eidik¸n teqnik¸n, pou qrhsimopoioÔn touc m-
skeletoÔc, epekteÐnoume ta apotelèsmata se mh èntona aperiodikèc alusÐdec.

H epikèntrwsh thc melèthc mac se aperiodikèc alusÐdec, den eÐnai ousiwd¸c
perioristik . 'Opwc kai sth diakrit  perÐptwsh, èqoume
Prìtash 2.5.2 'Estw X mia ψ-an�gwgh alusÐda Markov me perÐodo d kai d-
kÔklo {Di, i = 1, . . . , d}. Tìte k�je èna apì ta sÔnola Di eÐnai aporrofhtikì
ψ-an�gwgo gia thn alusÐda Xd, me pur na met�bashc P d. H Xd, orismènh
sto Di eÐnai aperiodik .

2.6 Parodikìthta kai Epanalhptikìthta

H enìthta aut  afier¸netai sthn ènnoia thc stasimìthtac miac alusÐdac Mar-
kov. Ja mporoÔse k�poioc na pei ìti oi ènnoiec pou anaptÔssontai ed¸, afo-
roÔn asjeneÐc morfèc stasimìthtac. Oi ènnoiec autèc, tupopoioÔntai me touc
ìrouc parodikìthta (transience) kai epanalhptikìthta (reccurence).

Genik�, eÐnai polÔ pio eÔkolo na qarakthrÐsoume mia alusÐda Markov wc a-
staj , par� wc st�simh: apotugq�nei na epistrèyei sto shmeÐo ekkÐnhs c thc,
diafeÔgei telik¸c k�je kleistoÔ sunìlou, me pijanìthta èna, pragmatopoieÐ
peperasmèno arijmì episkèyewn se k�poio sÔnolo {eÔlogou megèjouc}. St�-
simec alusÐdec tìte, jewroÔntai autèc oi opoÐec den q�nontai apì to shmeÐo
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ekkÐnhs c touc, kat� ènan apì touc proanaferjèntec trìpouc. Up�rqoun
pollèc morfèc me tic opoÐec emfanÐzetai h stasimìthta, poikÐlontac apo a-
sjen  epistrof , kat� anamenìmenh tim , sto shmeÐo ekkÐnhs c thc, èwc th
sÔgklish ìlwn twn pragmatopoi sewn thc stoqastik c diadikasÐac se k�-
poio shmeÐo, ìpwc sthn olik  asumptwtik  stasimìthta (global asymptotic
stability) nteterministik¸n diadikasi¸n.

Esti�zoume thn prosoq  mac sth sumperifor� tou arijmoÔ twn dieleÔsewn
thc alusÐdac se k�poio sÔnolo A, o opoÐoc eÐnai tuqaÐa metablht  kai dÐnetai
apì th sqèsh ηA :=

∑∞
n=1 IA (Xn). MeletoÔme th stasimìthta thc alusÐdac

se ìrouc ηA, mèsw twn ennoi¸n thc parodikìthtac kai epanalhptikìthtac twn
sunìlwn thc.
Orismìc 2.6.1 To sÔnolo A lègetai omoiìmorfa parodikì (uniformly
transient), an up�rqei M <∞ tètoio ¸ste Ex [ηA] ≤M , gia k�je x ∈ A.
To sÔnolo A lègetai epanalhptikì (recurrent), an Ex [ηA] = ∞, gia k�je
x ∈ A.

To apokorÔfwma thc parap�nw prosèggishc eÐnai èna diqotomikì je¸rhma,
ekplhktik c isqÔoc.
Je¸rhma 2.6.1 'Estw X mia ψ-an�gwgh alusÐda Markov. Tìte eÐte

1. k�je sÔnolo sto B+ (X ) eÐnai epanalhptikì kai sthn perÐptwsh aut 
kaloÔme th X epanalhptik ,  

2. up�rqei mia peperasmènh epik�luyh tou X apì omoiìmorfa parodik�
sÔnola kai sthn perÐptwsh aut  kaloÔme th X parodik .

H epanalhptikìthta suqn� ermhneÔetai se ìrouc thc tuqaÐac metablht c pou
dÐnei to qrìno epanìdou τA = inf {k ≥ 1 : Xk ∈ A} thc alusÐdac se k�poio
sÔnolo A. H epanalhptikìthta gia to sÔnolo A orÐzetai wc L (x,A) =
Px (τA <∞) = 1, gia k�je x ∈ A. Sthn perÐptwsh tou genikoÔ q¸rou
katast�sewn, h isodunamÐa twn orism¸n den eÐnai tìso pl rhc. H epanalh-
ptikìthta, se ìrouc tou τA (thn opoÐa kaloÔme Harris epanalhptikìthta) eÐnai
bajÔterh ènnoia. Mia apl  sÔndesh eÐnai p.q. ìtan L (x,A) = 1, gia k�je
x ∈ A, opìte ηA = ∞, ìtan X0 ∈ A, kai kat� sunèpeia to sÔnolo A eÐnai
epanalhptikì.

MporoÔme t¸ra na per�soume sthn taxinìmhsh miac alusÐdac X, h opoÐa
èqei èna �tomo, wc epanalhptik c   parodik c.
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Je¸rhma 2.6.2 'Estw X mia ψ-an�gwgh alusÐda, h opoÐa èqei èna �tomo
α ∈ B+ (X ). Tìte

1. An to α eÐnai epanalhptikì, tìte k�je sÔnolo sto B+ (X ) eÐnai epana-
lhptikì.

2. An to α eÐnai parodikì, tìte up�rqei epik�luyh tou X , apì peperasmèno
arijmì omoiìmorfa parodik¸n sunìlwn.

EÐnai dunatì na broÔme sÔnola ta opoÐa den eÐnai omoiìmorfa parodik� afeau-
toÔ, mporoÔn ìmwc na epikalufjoÔn apì èna peperasmèno arijmì omoiìmorfa
parodik¸n sunìlwn. Autì odhgeÐ ston akìloujo orismì:
Orismìc 2.6.2 An to sÔnolo A ∈ B (X ) mporeÐ na epikalufjeÐ apì èna pe-
perasmèno arijmì omoiìmorfa parodik¸n sunìlwn, tìte lègetai parodikì.

Ac jewr soume t¸ra alusÐdec, oi opoÐec den èqoun �toma, eÐnai ìmwc èntona
aperiodikèc.
Orismìc 2.6.3 H alusÐda X lègetai epanalhptik , an eÐnai ψ-an�gwgh kai
U (x,A) = ∞, gia k�je x ∈ X kai k�je A ∈ B+ (X ).
H alusÐda X lègetai parodik , an eÐnai ψ-an�gwgh kai o q¸roc katast�sewn
X eÐnai parodikìc.

Je¸rhma 2.6.3 An h X eÐnai ψ-an�gwgh, tìte h X eÐnai eÐte epanalhptik 
  parodik .

Je¸rhma 2.6.4 'Estw ìti h X eÐnai ψ-an�gwgh kai aperiodik .

1. H alusÐda X eÐnai parodik , an kai mìno an ènac, kai sth sunèqeia ìloi
oi m-skeletoÐ Xm eÐnai parodikoÐ.

2. H alusÐda X eÐnai epanalhptik , an kai mìno an ènac, kai sth sunèqeia
ìloi oi m-skeletoÐ Xm eÐnai epanalhptikoÐ.

EÐnai epijumhtì na pro�goume ton orismì thc epanalhptikìthtac sth morf 
thc Harris epanalhptikìthtac, se ìrouc thc posìthtac L (x,A). Ta prohgoÔ-
mena apotelèsmata kajistoÔn mia xek�jarh diqotìmhsh metaxÔ parodikìthtac
kai epanalhptikìthtac, gia ψ - an�gwgec alusÐdec. Parìla aut�, dojèntwn
twn apait sewn tou OrismoÔ 2.6.1, eÐnai qr simo na exet�soume aploÔstera
krit ria gia thn Ôparxh thc epanalhptikìthtac.
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Je¸rhma 2.6.5 Mia ψ-an�gwgh alusÐda X eÐnai

1. epanalhptik , an up�rqei k�poio mikrì sÔnolo C ∈ B+ (X ), tètoio ¸ste
L (x,C) ≡ 1, gia k�je x ∈ C.

2. parodik , an kai mìno an, up�rqoun dÔo sÔnola D,C ∈ B+ (X ), me
L (x,C) < 1, gia k�je x ∈ D.

2.7 Harris Epanalhptikìthta

Sthn enìthta aut  eis�goume isqurìterec morfèc epanalhptikìthtac kai tic
sundèoume me th diqotìmhsh pou parousi�sthke sthn prohgoÔmenh enìthta.

AnaptÔssontac ènnoiec epanalhptikìthtac enìc sunìlou A ∈ B (X ), ja
qreiastoÔme ìqi mìno to qrìno pr¸thc epanìdou τA,   thn anamenìmenh tim 
U (·, A) thc posìthtac ηA, all� kai to gegonìc ìti X ∈ A apeÐrwc suqn�
(infinitely often, i.o.),   alli¸c ηA = ∞, pou orÐzetai wc

{X ∈ A i.o.} :=
∞⋂
N=1

∞⋃
k=N

{Xk ∈ A} ,

to opoÐo eÐnai kal� orismèno wc F -metr simo endeqìmeno sto Ω. Gia k�je
x ∈ X , A ∈ B (X ), gr�foume

Q (x,A) := Px (X ∈ A i.o.) . (2.17)
EÐnai fanerì ìti gia k�je x,A èqoume Q (x,A) ≤ L (x,A).
Orismìc 2.7.1 To sÔnolo A lègetai Harris epanalhptikì (Harris re-
current), an

Q (x,A) := Px (ηA = ∞) = 1, x ∈ A.

Mia alusÐda X lègetai Harris (epanalhptik ), an eÐnai ψ-an�gwgh kai k�je
sÔnolo sto B+ (X ) eÐnai Harris epanalhptikì.

Ja doÔme parak�tw ìti ìtan A ∈ B+ (X ) kai h X eÐnai Harris epanalhptik ,
tìte èqoume th fainomenik� isqurìterh kai Ðswc perissìtero suqn� qrhsimo-
poioÔmenh idiìthta Q (x,A) = 1, gia k�je x ∈ X .

EÐnai fanerì apì touc prohgoÔmenouc orismoÔc, ìti an k�poio sÔnolo eÐ-
nai Harris epanalhptikì, tìte eÐnai epanalhptikì (recurrent). Pr�gmati, sthn
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prohgoÔmenh diatÔpwsh, h isquropoÐhsh apì thn ènnoia thc epanalhptikìth-
tac se aut n thc Harris epanalhptikìthtac eÐnai saf c, upodeiknÔontac th
metakÐnhsh apì mia anamenìmenh apeirìthta se mia sqedìn bèbaih apeirìthta
epanìdwn se k�poio sÔnolo.

Autìc o orismìc thc Harris epanalhptikìthtac emfanÐzetai na eÐnai isqu-
rìteroc apì thn apaÐthsh L (x,A) ≡ 1, gia x ∈ A, pou eÐnai ènac tupikìc
enallaktikìc orismìc thc epanalhptikìthtac kat� Harris. ApodeiknÔetai ìti
oi dÔo orismoÐ eÐnai isodÔnamoi.
Prìtash 2.7.1 'Estw ìti gia k�poio sÔnolo A ∈ B (X ) èqoume L (x,A) ≡
1, x ∈ A. Tìte Q (x,A) = L (x,A), gia k�je x ∈ X kai sugkekrimèna to
sÔnolo A eÐnai Harris epanalhptikì.

H parap�nw prìtash dhl¸nei ìti o orismìc thc Harris epanalhptikìthtac se
ìrouc thc posìthtac Q eÐnai isodÔnamoc me ton orismì se ìrouc thc posìth-
tac L. O teleutaÐoc qrhsimopoieÐtai suqna, ìmwc o orismìc pou emplèkei thn
posìthta Q tonÐzei th diafor� metaxÔ epanalhptikìthtac kai Harris epana-
lhptikìthtac.

To pio dÔskolo, all� kai isqurìtero, ek twn apotelesm�twn pou parou-
si�zontai sthn enìthta aut  dÐnei èna pio ekleptusmèno sÔndesmo metaxÔ twn
pijanot twn L (x,A) kai Q (x,A) apì autìn pou dÐnetai sthn Prìtash 2.7.1.
Je¸rhma 2.7.1 1. 'Estw ìti to sÔnolo A eÐnai omoiìmorfa prositì (u-

niformly accessible) apì èna sÔnolo D (D → A), gia ìla ta sÔnola
A,D ∈ B (X ). Tìte

{X ∈ D i.o.} ⊆ {X ∈ A i.o.} (2.18)
kai gia to lìgo autì Q (y,D) ≤ Q (y, A), gia ìla ta y ∈ X .

2. An to sÔnolo A eÐnai omoiìmorfa prositì apì to sÔnolo X (X → A),
tìte to sÔnolo A eÐnai Harris epanalhptikì kai isqÔei Q (x,A) ≡ 1, gia
k�je x ∈ X .

Wc sunèpeia tou Je¸rhmatoc 2.7.1 èqoume to akìloujo je¸rhma.
Je¸rhma 2.7.2 An h X eÐnai Harris epanalhptik , tìte Q (x,B) = 1, gia
k�je x ∈ X kai gia k�je B ∈ B+ (X ).

MporoÔme t¸ra na enisqÔsoume to sÔndesmo metaxÔ twn idiot twn thc X kai
twn skelet¸n thc.
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Je¸rhma 2.7.3 'Estw ìti h X eÐnai ψ-an�gwgh kai aperiodik . Tìte h X
eÐnai Harris an kai mìno an k�je skeletìc thc eÐnai Harris.

Ta apotelèsmata gia thn Harris epanalhptikìthta, dÐnoun mia qr simh proè-
ktash tou Je¸rhmatoc 2.6.5.
Prìtash 2.7.2 An up�rqei k�poio mikrì sÔnolo C ∈ B (X ), tètoio ¸ste
L (x,C) ≡ 1, x ∈ X , tìte h X eÐnai Harris epanalhptik .

2.8 H 'Uparxh tou Mètrou π

Mèqri t¸ra, sth diapragm�teush ennoi¸n pou aforoÔn th dom  kai th stasi-
mìthta an�gwgwn alusÐdwn, èqoume eis�gei mìno th diqotìmhsh an�mesa se
parodikèc kai epanalhptikèc alusÐdec. Ja epikentrwjoÔme se epanalhptikèc
alusÐdec kai ja anaptÔxoume tic sunèpeiec thc idiìthtac thc epanalhptikìth-
tac.

Sthn enìthta aut  proqwroÔme se peretaÐrw diaqwrismì twn epanalhpti-
k¸n alusÐdwn se jetikèc (positive) kai mhdenikèc (null). Ja deÐxoume ìti
h pr¸th kl�sh prosfèrei stoqastik  stasimìthta polÔ megalÔterhc isqÔoc
apì th deÔterh.

Gia pl joc lìgwn h isqurìterh morf  stajerìthtac pou mporeÐ na apait -
soume, eÐnai h katanom  thc tuqaÐac metablht c Xn na mhn metab�letai kaj¸c
to n paÐrnei diaforetikèc timèc. Sthn perÐptwsh aut , apì th Markobian 
idìthta prokÔptei ìti oi peperasmènhc di�stashc katanomèc thc alusÐdac X
eÐnai st�simec wc proc to qrìno. Tètoiec skèyeic, mac odhgoÔn sthn ide� twn
analloÐwtwn mètrwn (invariant measures).
Orismìc 2.8.1 'Ena s-peperasmèno (σ-finite) mètro π orismèno sto pedÐo
Borel B (X ) me thn idiìthta

π (A) =

∫
X
π (dx)P (x,A) , A ∈ B (X ) (2.19)

lègetai analloÐwto (invariant).

Parìlo pou ja anaptÔxoume pl joc apotelesm�twn, sqetik¸n me analloÐwta
mètra, to basikì sumpèrasma thc paroÔsac enìthtac eÐnai, anamfÐbola, to
parak�tw je¸rhma:
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Je¸rhma 2.8.1 An h alusÐda X eÐnai epanalhptik , tìte up�rqei monadikì
analloÐwto mètro π to opoÐo èqei gia k�je A ∈ B+ (X ), th morf 

π (B) =

∫
A

π (dw)Ew

[
τA∑
n=1

I (Xn ∈ B)

]
, B ∈ B (X ) . (2.20)

OrÐzoume tic akìloujec kl�seic alusÐdwn:
Orismìc 2.8.2 'Estw mia ψ-an�gwgh alusÐda X h opoÐa èqei èna analloÐwto
mètro pijanìthtac π. Tìte h X lègetai jetik  alusÐda (positive chain).
An h X den èqei tètoio mètro, tìte lègetai mhdenik  (null chain).

2.8.1 AnalloÐwta Mètra

Oi stoqastikèc diadikasÐec pou èqoun thn idiìthta oi perijwriakèc katanomèc
twn metablht¸n {Xn, . . . , Xn+k}, gia k�je k, na mhn metab�llontai kaj¸c
metab�lletai to n, lègontai st�simec diadikasÐec (stationary proces-
ses). Genik�, mia alusÐda Markov den eÐnai st�simh diadikasÐa, afoÔ se mia
sugkekrimènh deigmatik  pragmatopoÐhsh mporeÐ na èqoume X0 = x me pija-
nìthta èna, gia k�poio stajerì x kai na eÐnai dunatì me thn kat�llhlh epi-
log  thc arqik c katanom c gia thn X0 na par�xoume mia st�simh diadikasÐa
{Xn, n ∈ Z+}.

EÐnai �meso to gegonìc ìti qreiazetai na jewr soume mia morf  stasi-
mìthtac pr¸thc t�xhc prokeimènou na dhmiourg soume mia olìklhrh st�simh
diadikasÐa. Dojèntoc enìc analloÐwtou mètrou pijanìthtac π, tètoiou ¸ste

π (A) =

∫
X
π (dw)P (w,A) ,

mporoÔme epagwgik� na p�roume
π (A) =

∫
X

[∫
X
π (dx)P (x, dw)

]
P (w,A)

=

∫
X
π (dx)

∫
X
P (x, dw)P (w,A)

=

∫
X
π (dx)P 2 (x,A)

...
=

∫
X
π (dx)P n (x,A) = Pπ (Xn ∈ A) , (2.21)
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gia k�je n kai gia k�je A ∈ B (X ).
Apì th Markobian  idiìthta prokÔptei ìti h X eÐnai st�simh an kai mìno

an, h katanom  thc Xn den metab�lletai me to qrìno.
Prìtash 2.8.1 An h alusÐda X eÐnai jetik  tìte eÐnai kai epanalhptik .

Oi jetikèc alusÐdec suqn� anafèrontai kai wc {jetik� epanalhptikèc}, tonÐ-
zontac to gegonìc ìti eÐnai epanalhptikèc. Autì odhgeÐ ston orismì
Orismìc 2.8.3 An h X eÐnai Harris epanalhptik  kai jetik , tìte lègetai
jetik  Harris alusÐda (positive Harris chain).

Den eÐnai akìma xek�jaro an èna analloÐwto mètro up�rqei p�nta   pìte autì
eÐnai monadikì, ìtan up�rqei. Se lÐgo ja broÔme k�poiec sunj kec Ôparxhc
tou π kai ja deÐxoume ìti gia k�je jetik  (�ra kai epanalhptik ) alusÐda, to
mètro π eÐnai monadikì.

Ta analloÐwta mètra eÐnai shmantik� ìqi mìno giatÐ prosdiorÐzoun st�-
simec diadikasÐec. EÐnai mètra pou prosdiorÐzoun th makroqrìnia   ergodik 
sumperifor� thc alusÐdac. Gia na gÐnei antilhptì k�ti tètoio ac jewr soume
thn pijanìthta Pµ (Xn ∈ A) gia k�poia arqik  katanom  m. An up�rqei k�-
poio oriakì mètro, se kat�llhlo tìpo tou q¸rou twn mètrwn pijanìthtac,
tètoio ¸ste

Pµ (Xn ∈ A) → γµ (A) ,

gia k�je A ∈ B (X ), tìte

γµ (A) = lim
n→∞

∫
µ (dx)P n (x,A)

= lim
n→∞

∫
X
µ (dx)

∫
P n−1 (x, dw)P (w,A)

=

∫
X
γµ (dw)P (w,A) , (2.22)

afoÔ h sÔgklish tou ∫ µ (dx)P n (x, ·) uponoeÐ th sÔgklish twn oloklhrwm�-
twn fragmènwn metr simwn sunar sewn, ìpwc h P (w,A).

Epomènwc, an up�rqei mia oriak  katanom  tìte aut  eÐnai èna analloÐwto
mètro pijanìthtac. Kai profan¸c, an up�rqei èna monadikì analloÐwto mètro
pijanìthtac, to ìriì tou, pou eÐnai to γµ, ìtan up�rqei ja eÐnai anex�rthto
apì to m.
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2.8.2 UpoanalloÐwta Mètra

O eukolìteroc trìpoc na diereun soume thn Ôparxh tou π, eÐnai na eis�goume
mia akìma eurÔterh kl�sh mètrwn, ta opoÐa ikanopoioÔn anisìthtec sqetikèc
me thn (2.19).
Orismìc 2.8.4 An to m eÐnai èna s-peperasmèno2 mètro kai ikanopoieÐ th
sqèsh

µ (A) ≥
∫
X
µ (dx)P (x,A) , A ∈ B (X ) , (2.23)

tìte to m lègetai upoanalloÐwto (subinvariant).

Ac xekin soume me k�poia domik� apotelèsmata pou aforoÔn aujèraita upo-
analloÐwta mètra.
Prìtash 2.8.2 'Estw X mia ψ-an�gwgh alusÐda. An to m eÐnai èna mètro
pou ikanopoieÐ thn (2.23) me µ (A) <∞, gia k�poio A ∈ B+ (X ), tìte

1. to m eÐnai s-peperasmèno kai �ra eÐnai upoanalloÐwto mètro,

2. µ � ψ,

3. an to C eÐnai mikrì sÔnolo, tìte µ (C) <∞,

4. an µ (X ) <∞, tìte to m eÐnai upoanalloÐwto.

Ta basik� zht mata pou mac endiafèroun kat� th melèth upoanalloÐwtwn
mètrwn aforoÔn epanalhptikèc alusÐdec.
Prìtash 2.8.3 An h alusÐda X eÐnai parodik , tìte up�rqei èna austhr¸c
upoanalloÐwto mètro gia th X.

Ac proqwr soume t¸ra sth melèth epanalhptik¸n alusÐdwn, ìpou h Ôparxh
upoanalloÐwtwn mètrwn eÐnai ligìtero profan c.

2'Ena jetikì mètro µ eÐnai s-peperasmèno an up�rqei peperasmèno pl joc sunìlwn {Ak}
tètoia ¸ste X = ∪Ak kai µ (Ak) < ∞, gia k�je k.



2.8. H �UPARXH TOU M�ETROU π 35

2.8.3 H 'Uparxh tou Mètrou π: AlusÐdec me 'Atoma

Sthn upoenìthta aut  prosfèroume èna je¸rhma to opoÐo mac bg�zei apì to
{kun gi} thc Ôparxhc analloÐwtwn kai upoanalloÐwtwn mètrwn. ApodeiknÔ-
etai ìti h Ôparxh enìc atìmou α sto q¸ro katast�sewn, eÐnai arket  ¸ste
na perigr�yei thn Ôparxh kai dom  tètoiwn mètrwn.
Je¸rhma 2.8.2 'Estw X mia ψ-an�gwgh alusÐda me q¸ro katast�sewn X ,
o opoÐoc perièqei èna prositì �tomo (accessible atom) α.

1. Up�rqei p�nta k�poio upoanalloÐwto mètro µoα gia thn X, to opoÐo dÐ-
netai apì th sqèsh

µoα (A) = Uα (α,A) =
∞∑
n=1

αP
n (α,A) , A ∈ B (X ) , (2.24)

ìpou αP
n (x,A) = Px (Xn ∈ A, τα ≥ n) , x ∈ X , α, A ∈ B (X ) kai to

mètro µoα eÐnai analloÐwto an kai mìno an h X eÐnai epanalhptik .

2. To mètro µoα eÐnai el�qisto (minimal), me thn ènnoia ìti an m eÐnai èna
upoanalloÐwto mètro me µ (α) = 1, tìte

µ (A) ≥ µoα (A) , A ∈ B (X ) .

'Otan h X eÐnai epanalhptik  tìte to µoα eÐnai to monadikì (upo)anal-
loÐwto mètro me µoα (α) = 1.

3. To upoanalloÐwto mètro µoα eÐnai peperasmèno mètro an kai mìno an

Eα [τα] <∞,

kai tìte eÐnai kai analloÐwto.
Ja qrhsimopoi soume to π gia na sumbolÐsoume to monadikì analloÐwto mètro
sthn perÐptwsh epanalhptik¸n alusÐdwn. Epiplèon, jewroÔme ìti to π eÐnai
mètro pijanìthtac ìtan to π (X ) eÐnai peperasmèno. To analloÐwto mètro µoαèqei mia isodÔnamh morf  anapar�stashc, gia epanalhptikèc alusÐdec:

µoα (A) = Eα

[
τα∑
n=1

I {Xn ∈ A}

]
, A ∈ B (X ) .

Wc �mesh sunèpeia thc prohgoÔmenhc anapar�stashc, èqoume to epìmeno
krit rio gia th jetikìthta (positivity).
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Je¸rhma 2.8.3 (Kac’s Theorem) An X eÐnai mia ψ-an�gwgh alusÐda, h
opoÐa èqei èna �tomo α ∈ B+ (X ), tìte h X eÐnai jetik  epanalambanìmenh
(positive recurrent) an kai mìno an Eα [τα] <∞. An to π eÐnai analloÐwto
mètro pijanìthtac gia th X, tìte

π (α) = (Eα [τα])
−1 . (2.25)

2.8.4 H 'Uparxh tou Mètrou π : ψ-An�gwgec AlusÐdec

Ja deÐxoume sthn enìthta aut  ìti mia epanalhptik  ψ-an�gwgh alusÐda èqei
èna analloÐwto mètro.
Je¸rhma 2.8.4 An h X eÐnai epanalhptik  tìte èqei èna monadikì upoanal-
loÐwto mètro to opoÐo eÐnai analloÐwto.

MporoÔme t¸ra na antistoiqÐsoume th jetikìthta gia th X me th jetikìthta
gia touc skeletoÔc thc.
Je¸rhma 2.8.5 'Estw ìti h X eÐnai ψ-an�gwgh kai aperiodik . Tìte, gia
k�je m, èna mètro π eÐnai analloÐwto gia ton m-skeletì thc X an kai mìno
an eÐnai analloÐwto gia th X.

Gia to lìgo autì, h X eÐnai jetik  an kai mìno an k�je m-skeletìc thc
Xm eÐnai jetikìc.

2.8.5 H Dom  tou Mètrou π gia Epanalhptikèc Alu-

sÐdec

Je¸rhma 2.8.6 'Estw ìti h X eÐnai epanalhptik . Tìte to monadikì anal-
loÐwto mètro π gia th X eÐnai isodÔnamo me to ψ kai ikanopoieÐ, gia k�je
A ∈ B+ (X ) , B ∈ B (X ) th sqèsh

π (B) =

∫
A

π (dy)UA (y, b)

=

∫
A

π (dy)Ey

[
τA∑
k=1

I (Xk ∈ B)

]

=

∫
A

π (dy)Ey

[
τA−1∑
k=0

I (Xk ∈ B)

]
(2.26)
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H ermhneÐa thc (2.26) eÐnai h ex c: gia k�je sÔnolo A ∈ B+ (X ), to anal-
loÐwto mètro π (B) eÐnai an�logo tou arijmoÔ twn episkèyewn sto sÔnolo
B, metaxÔ epanìdwn sto sÔnolo A, me thn proôpìjesh ìti h alusÐda xekin�ei
apì to sÔnolo A, me arqik  katanom  thn πA, h opoÐa eÐnai analloÐwth gia
thn alusÐda XA pou orÐzetai sto A.
Je¸rhma 2.8.7 'Estw ìti h X eÐnai ψ-an�gwgh kai m eÐnai èna upoanalloÐ-
wto mètro.

1. H alusÐda X eÐnai jetik  an kai mìno an gia èna kai èpeita gia ìla ta
sÔnola me µ (A) > 0 ∫

A

µ (dy)Ey [τA] <∞. (2.27)

2. To mètro m eÐnai peperasmèno kai epomènwc h X eÐnai jetik  epanalh-
ptik  an gia k�poio mikrì sÔnolo C ∈ B+ (X ),

sup
y∈C

Ey [τC ] <∞. (2.28)

H alusÐda X eÐnai jetik  Harris (positive Harris) an

Ex [τC ] <∞, x ∈ X . (2.29)

2.9 Ergodikìthta

Sta prohgoÔmena anaptÔxame idèec perÐ stajerìthtac, se ìrouc dom¸n pou
eÐnai epanalhptikèc. To endiafèron mac epikentr¸jhke ston trìpo me ton
opoÐo mia alusÐda epistrèfei sto {kèntro} tou q¸rou katast�sewn, pìso
sÐgouroi eÐmaste ìti autì ja sumbeÐ kai m�lista se qrìno peperasmèno.

Argìtera, eÐdame k�poiec perossìtero shmantikèc kai sÐgoura bajÔterec
ènnoiec pou èqoun na k�noun me thn {katast�laxh},   sÔgklish thc alusÐdac
se mia stajer    st�simh perioq .

Sthn upoenìthta aut , parèqetai mia susthmatik  prosèggish sto krÐsimo
er¸thma: dedomènhc thc Ôparxhc tou mètrou π, pìte oi pijanìthtec met�bashc
n-t�xhc sugklÐnoun, me kat�llhlo trìpo, sto π;

To Aperiodikì Ergodikì Je¸rhma (Aperiodic Ergodic Theorem), to opoÐo
enopoieÐ touc di�forouc orismoÔc perÐ jetikìthtac, sunoyÐzei thn asumptwtik 
jewrÐa pou empÐptei sto endiafèron mac.
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Je¸rhma 2.9.1 (Aperiodikì Ergodikì Je¸rhma) 'Estw X mia aperio-
dik  Harris epanalhptik  alusÐda me analloÐwto mètro π. Ta epìmena eÐnai
isodÔnama:

1. H alusÐda eÐnai jetik  Harris: dhlad , to monadikì analloÐwto mètro π
eÐnai peperasmèno.

2. Up�rqei èna ν-mikrì sÔnolo C ∈ B+ (X ) kai k�poio P∞ (C) > 0, tètoio
¸ste, gia k�je x ∈ C,

lim
n→∞

P n (x,C) = P∞ (C) . (2.30)

3. Up�rqei èna mikrì sÔnolo C ∈ B+ (X ), tètoio ¸ste

sup
x∈C

Ex [τC ] <∞. (2.31)

Oi treic prohgoÔmenec prot�seic eÐnai isodÔnamec me thn Ôparxh enìc monadi-
koÔ analloÐwto mètrou pijanìthtac π, tètoiou ¸ste gia k�je arqik  sunj kh
x ∈ X ,

lim
n→∞

sup
A∈B(X )

|P n (x,A)− π (A)| = 0 (2.32)

kai epiplèon, gia ìlec tic arqikèc katanomèc λ, µ,
∞∑
n=1

∫ ∫
λ (dx)µ (dy) sup

A∈B(X )

|P n (x,A)− P n (y, A)| <∞. (2.33)

EÐnai skìpimo sto shmeÐo autì na anafèroume duo lìgia gia ton trìpo thc
sÔgklishc pou ja mac apasqol sei. Exat�zoume loipìn th sÔgklish se ìrouc
twn pijanot twn met�bashc. Ta apotelèsmata pou ja ex�goume, ja eÐnai
sqetismèna me to mètro (P n − π) kai ja anafèrontai ìqi apl¸c sth sÔgklish
me b�sh k�poio shmeÐo   akìma kai k�poio sÔnolo, all� sthn pio genik 
sÔgklish, se ìrouc tou kanìna olik c apìstashc (total variation norm).
Orismìc 2.9.1 An m eÐnai èna mètro orismèno sto B (X ), tìte o kanìnac
olik c apìstashc (total variation norm) ‖µ‖ orÐzetai wc

‖µ‖ = sup
f :|f |≤1

|µ (f)| = sup
A∈B(X )

µ (A)− inf
A∈B(X )

µ (A) , (2.34)

ìpou to supremum lamb�netai wc proc ìlec tic metr simec sunart seic f pou
orÐzontai apì to q¸ro (X ,B (X )) sto q¸ro (R,B (R)).
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H sqèsh pou ja mac apasqol sei kurÐwc sthn enìthta aut , eÐnai thc morf c
lim
n→∞

‖P n (x, ·)− π‖ = lim
n→∞

sup
A
|P n (x,A)− π (A)| = 0. (2.35)

Aut  h metakÐnhsh proc ton kanìna olik c apìstashc, h opoÐa kajÐstatai
anagkaÐa lìgw thc èlleiyhc dom c stic metab�seic se shmeÐo sto genikì q¸ro
katast�sewn, apodeiknÔetai exairetik� karpofìra par� perioristik .

'Ena deÔtero shmeÐo pou prèpei na tonisteÐ eÐnai h anexarthsÐa metaxÔ
thc arqik c kai thc oriak c katanom c. To ìrio sth sqèsh (2.35) isqÔei
anex�rthta apì to shmeÐo ekkÐnhshc x.

'Eqontac dieukrin sei k�ti tètoio, h anagn¸rish thc kl�shc twn arqik¸n
katanom¸n gia tic opoÐec sugkekrimèna asumptwtik� apotelèsmata egeÐroun,
eÐnai èna endiafèron er¸thma, en¸ h ap�nthsh den eÐnai p�nta profan c.

Prin proqwr soume sthn par�jesh twn apotelesm�twn, èna mikrì sqìlio
gia ton ìro {ergodikìc}: uiojetoÔme autì ton ìro gia alusÐdec ìpou tì ìrio
sthn (2.35) up�rqei.

GnwrÐzoume ìti genik� oi alusÐdec Markov eÐnai periodikèc. Sthn perÐptw-
sh aut , to ìrio thc sqèshc (2.35) up�rqei, sthn kalÔterh perÐptwsh mèsw
k�poiac periodik c akoloujÐac nd, kaj¸c n → ∞. Epomènwc, exìrismoÔ oi
ergodikèc alusÐdec eÐnai aperiodikèc kai k�poia epousi¸dhc, suqn� enoqlhtik 
all� p�nta zwtik , allag  sth dom  twn apotelesm�twn eÐnai anagkaÐa sthn
perÐptwsh periodik¸n alusÐdwn.

Ac per�soume t¸ra sthn parousÐash k�poiwn shmantik¸n apotelesm�twn.
Gia genikoÔc q¸rouc katast�sewn, h Harris epanalhptikìthta eÐnai aparaÐ-
thth gia th sÔgklish tou pur na met�bashc P n sto π.
Je¸rhma 2.9.2 'Estw X mia jetik  Harris epanalhptik  kai isqur� ape-
riodik  alusÐda Markov. Tìte gia k�je arqikì mètro λ

lim
n→∞

∥∥∥∥∫ λ (dx)P n (x, ·)− π

∥∥∥∥ = 0. (2.36)
MporoÔme t¸ra na metakinhjoÔme apì ta apotelèsmata gia tic isqur� a-
periodikèc alusÐdec se aut� gia aujèraita aperiodikèc Harris epanalhptikèc
alusÐdec. K�ti tètoio aplopoieÐtai wc apotèlesma k�poiac polÔ qr simhc
idiìthtac tou kanìna olik c apìstashc.
Prìtash 2.9.1 An h π eÐnai analloÐwth gia ton pur na met�bashc P , tìte
o kanìnac olik c apìstashc∥∥∥∥∫ λ (dx)P n (x, ·)− π

∥∥∥∥
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eÐnai mh aÔxwn wc proc n.

MporoÔme t¸ra na parajèsoume to epìmeno apotèlesma pou afor� thn perÐ-
ptwsh thc aperiodikìthtac.
Je¸rhma 2.9.3 'Estw X mia jetik  Harris epanalhptik  kai aperiodik  a-
lusÐda Markov. Tìte gia k�je arqik  katanom  λ

lim
n→∞

∥∥∥∥∫ λ (dx)P n (x, ·)− π

∥∥∥∥ = 0. (2.37)

2.10 f , Gewmetrik  kai Omoiìmorfh Ergodi-
kìthta

2.10.1 f-Ergodikìthta

Shn enìthta aut  qalar¸noume tic perioristikèc sunj kec, jewr¸ntac pio
genikèc diatup¸seic perÐ ergodikìthtac. H pio apl  morf  ergodikìthtac
eÐnai na jewr soume tautìqrona ìlec tic sunart seic pou eÐnai mikrìterec  
Ðsec apì th sun�rthsh f , ìpwc orÐzontai apì ton f -kanìna

‖ν‖f = sup
g:|g|≤f

|ν (g)| = sup
g:|g|≤f

∣∣∣∣∫ g (x) ν (dx)

∣∣∣∣ ,
ìpou ν eÐnai k�poio mètro. DÐnoume loipìn ton parak�tw orismì perÐ f-
ergodikìthtac:
Orismìc 2.10.1 Lème ìti h alusÐda Markov X eÐnai f -ergodik , an f ≥ 1
kai

1. h X eÐnai jetik  Harris epanalhptik  me analloÐwto mètro pijanìthtac
π,

2. h posìthta π (f) eÐnai peperasmènh,

3. gia k�je arqik  sunj kh x thc alusÐdac,

lim
k→∞

∥∥P k (x, ·)− π
∥∥
f

= 0.
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2.10.2 Gewmetrik  Ergodikìthta

Mia perissìtero leptomer c perigraf  twn idiot twn thc sÔgklishc emplèkei
th melèth thc taqÔthtac sÔgklishc (speed of convergence)

‖P n (x, ·)− π‖f = o (ρn)

tou pur na met�bashc P n sto mètro π, ìpou o rujmìc ρ eÐnai anex�rthtoc apì
thn arqik  sunj kh x. H ektÐmhsh aut c thc taqÔthtac eÐnai shmantik  gia
touc Markov Chain Monte Carlo algìrijouc. Sth melèth tou sugkekrimènou
jèmatoc ja mac bohj sei h idèa thc gewmetrik c ergodikìthtac.
Orismìc 2.10.2 H alusÐda X lègetai f-gewmetrik� ergodik  (f - geo-
metrically ergodic), ìpou f ≥ 1, an h X eÐnai jetik  Harris me π (f) <∞
kai up�rqei mia stajer� rf > 1, tètoia ¸ste

∞∑
n=1

rnf ‖P n (x, ·)− π‖f <∞, (2.38)

gia k�je x ∈ X . An h (2.38) isqÔei gia f ≡ 1 tìte lème ìti h X eÐnai
gewmetrik� ergodik .

ExaitÐac thc meg�lhc isqÔoc twn apotelesm�twn pou aforoÔn th gewmetrik 
ergodikìthta, all� kai tou meg�lou eÔrouc twn stoqastik¸n diadikasi¸n gia
tic opoÐec isqÔoun, den eÐnai uperbol  na poÔme ìti h idèa thc gewmetrik c
ergodikìthtac eÐnai h pio shmantik  apì ìlec ìsec èqoun parousiasteÐ mèqri
t¸ra.

2.10.3 V -Omoiìmorfh Ergodikìthta

Prokeimènou na tupopoi soume thn idèa thc V -omoiìmorfhc ergodikìthtac
(V -uniform ergodicity), jewroÔme P1 kai P2, dÔo Markobianèc sunart seic
met�bashc kai mia jetik  sun�rthsh 1 ≤ V < ∞. OrÐzoume thn apìstash
kat� ton kanìna V (V -norm distance) metaxÔ P1 kai P2 wc

‖|P1 − P2|‖V := sup
x∈X

‖P1 (x, ·)− P2 (x, ·)‖V
V (x)

(2.39)

Sun jwc, jewroÔme thn apìstash ∥∥∣∣P k − π
∣∣∥∥
V
, h opoÐa den orÐzetai apì th

sqèsh (2.39), afoÔ to π eÐnai mètro pijanìthtac kai ìqi pur nac met�bashc.
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Parìla aut�, an jewr soume thn pijanìthta π wc pur na met�bashc mèsw
tou orismoÔ

π (x,A) := π (A) , A ∈ B (X ) , x ∈ X ,

tìte o kanìnac ∥∥∣∣P k − π
∣∣∥∥
V
eÐnai kal� orismènoc.

Orismìc 2.10.3 Mia ergodik  alusÐda X lègetai V -omoiìmorfa ergodik ,
an

lim
n→∞

‖|P n − π|‖V = 0. (2.40)

Je¸rhma 2.10.1 'Estw ìti h X eÐnai ψ-an�gwgh kai aperiodik . Tìte ta
epìmena eÐnai isodÔnama gia k�je V ≥ 1:

1. H X eÐnai V -omoiìmorfa ergodik .

2. Up�rqoun r > 1 kai R <∞, tètoia ¸ste, gia k�je n ∈ Z+

‖|P n − π|‖V ≤ Rr−n. (2.41)

3. Up�rqei k�poio n > 0 tètoia ¸ste ‖|P i − π|‖V <∞, gia i ≤ n kai

‖|P n − π|‖V < 1. (2.42)

Qrhsimopoi¸ntac th sqèsh (2.41), sundèoume thn idèa thc gewmetrik c er-
godikìthtac me mia apì tic palaiìterec, kai isqurìterec, morfèc sÔgklishc
sth jewrÐa twn alusÐdwn Markov, thn omoiìmorfh ergodikìthta (uniform
ergodicity),   alli¸c isqur  ergodikìthta (strong ergodicity).
Orismìc 2.10.4 Mia alusÐda X lègetai omoiìmorfa ergodik , an eÐnai
V -omoiìmorfa ergodik  sthn eidik  perÐptwsh ìpou V ≡ 1. Dhlad , an

lim
n→∞

sup
x∈X

‖P n (x, ·)− π‖ = 0. (2.43)

Epomènwc, h omoiìmorfh ergodikìthta apoteleÐ eidik  perÐptwsh thc V - o-
moiìmorfhc ergodikìthtac.
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2.11 Oriak� Jewr mata

H enìthta aut  afier¸netai sthn an�lush thc seir�c Sn (g),thn opoÐa orÐ-
zoume gia k�je sun�rthsh g orismènh sto X ,

Sn (g) :=
n∑
k=1

g (Xk) . (2.44)

Epikentrwnìmaste kurÐwc se dÔo tÔpouc oriak¸n jewrhm�twn gia jetikèc
epanalhptikèc alusÐdec oi opoÐec èqoun èna analloÐwto mètro pijanìthtac π:

1. ton Isqurì Nìmo twn Meg�lwn Arijm¸n (Strong Law of Large
Numbers LLN), o opoÐoc dhl¸nei ìti h posìthta n−1Sn (g) sugklÐnei
sto π (g) = Eπ [g (X0)],

2. to Kentrikì Oriakì Je¸rhma (Central Limit Theorem CLT),
to opoÐo dhl¸nei ìti h sunèlixh Sn (g − π (g)), kat�llhla kanonikopoi-
hmènh, katanèmetai asumptwtik� kanonik�.

Ta jewr mata LLN,CLT parèqoun mètra t�shc paramon c sto kèntro (ce-
ntrality) kai metablhtìthtac gia th Xn, kaj¸c to n gÐnetai meg�lo. To
mègejoc thc metablhtìthtac metriètai apì th diakÔmansh, h opoÐa dÐnetai sto
CLT.

Ta dÔo oriak� jewr mata pou anaptÔssoume sthn enìthta aut , qrhsi-
mopoi¸ntac tic idiìthtec thc pragmatopoÐhshc tou deÐgmatoc (sample path
properties) gia alusÐdec pou èqoun èna monadikì analloÐwto mètro pijanìth-
tac π, eÐnai:

1. LLN Lème ìti o nìmoc twn meg�lwn arijm¸n isqÔei gia mia sun�rthsh
g, an

lim
n→∞

1

n
Sn (g) = π (g) . (2.45)

2. CLT Lème ìti to Kentrikì Oriakì Je¸rhma isqÔei gia mia sun�rthsh
g, an up�rqei mia stajer� 0 < γ2

g < ∞, tètoia ¸ste gia k�je arqik 
sunj kh x ∈ X ,

lim
n→∞

Px

((
nγ2

g

)−1/2
Sn (ḡ) ≤ t

)
=

∫ t

−∞

1√
2π

exp−x
2/2 dx, (2.46)

ìpou ḡ = g − π (g). Dhlad , kaj¸c n→∞,(
nγ2

g

)−1/2
Sn (ḡ)

d→ N (0, 1) .
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2.11.1 Armonikèc Sunart seic

Gia th melèth twn oriak¸n jewrhm�twn eÐnai aparaÐthth h eisagwg  thc èn-
noiac twn armonik¸n sunart sewn (harmonic functions), h opoÐa eÐnai
sundedemènh me thn ergodikìthta Harris epanalhptik¸n Markobian¸n alusÐ-
dwn.
Orismìc 2.11.1 Mia metr simh sun�rthsh h eÐnai armonik  (harmonic) gia
thn alusÐda X an

E [h (Xn+1) |xn] = h (xn) . (2.47)
Oi sunart seic autèc qarakthrÐzoun th Harris epanalhptikìthta wc ex c:
Prìtash 2.11.1 'Estw mia jetik  alusÐda Markov. An oi monadikèc fragmè-
nec armonikèc sunart seic eÐnai oi stajerèc sunart seic (constant functions),
tìte h alusÐda eÐnai Harris epanalhptik .

H Prìtash 2.11.1 eÐnai polÔ qr simh gia thn jemelÐwsh thc Harris epanalh-
ptikìthtac stouc Markov Chain Monte Carlo algìrijmouc. To antÐstrofo
thc prìtashc isqÔei.
L mma 2.11.1 Gia Harris epanalhptikèc alusÐdec Markov, oi stajerèc eÐnai
oi mìnec fragmènec armonikèc sunart seic.

To parak�tw je¸rhma prokÔptei wc sunèpeia tou L mmatoc 2.11.1.
Je¸rhma 2.11.1 'Estw ìti h alusÐda X eÐnai jetik  Harris kai ìti k�poioc
apì touc LLN,CLT isqÔei gia k�poia sun�rthsh g kai k�poia arqik  katano-
m . Tìte, ta Ðdia oriak� jewr mata isqÔoun gia k�je arqik  katanom .

H Harris epanalhptikìthta eÐnai mia an¸terh morf  stasimìthtac, me thn
ènnoia ìti h sqedìn bèbaih sÔgklish antikajÐstatai apì th sÔgklish pantoÔ.

2.11.2 O Nìmoc twn Meg�lwn Arijm¸n

Parousi�zoume to Nìmo twn Meg�lwn Arijm¸n gia jetikèc Harris alusÐ-
dec. Argìtera ja doÔme genikìtera apotelèsmata, ta opoÐa basÐzontai sthn
Ôparxh enìc atìmou sto q¸ro katast�sewn.
Je¸rhma 2.11.2 Ta epìmena eÐnai isodÔnama ìtan èna analloÐwto mètro pi-
janìthtac up�rqei gia thn X:
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1. H X eÐnai jetik  Harris.

2. Gia k�je f ∈ L1 (X ,B (X ) , π),

lim
n→∞

1

n
Sn (f) =

∫
f dπ.

Parak�tw dÐnoume mia enallaktik  morf  tou Jewr matoc 2.11.2, gnwst  kai
wc Ergodikì Je¸rhma (ergodic theorem).
Je¸rhma 2.11.3 An h alusÐda X èqei èna s-peperasmèno analloÐwto mètro
π, oi epìmenec prot�seic eÐnai isodÔnamec:

1. An f, g ∈ L1 (π), me
∫
g dπ 6= 0,

lim
n→∞

Sn (f)

Sn (g)
=
π (f)

π (g)
=

∫
f dπ∫
g dπ

. (2.48)

2. H X eÐnai Harris epanalhptik .

Mia endiafèrousa ptuq  tou Jewr matoc 2.11.3 eÐnai ìti to π den qrei�zetai
na eÐnai mètro pijanìthtac kai exaitÐac autoÔ mporeÐ na up�rxei k�poiou tÔpou
isqur c stasimìthtac, akìma kai an h alusÐda eÐnai mhdenik  epanalhptik 
(null recurrent).

2.11.3 Kentrikì Oriakì Je¸rhma

Je¸rhma 2.11.4 An h alusÐda X eÐnai jetik  Harris kai uparqei �tomo α,
tètoio ¸ste

Eα
[
τ 2
α

]
<∞, Eα

( τα∑
n=1

|h (Xn)|

)2
 <∞,

γ2
h = π (α)Eα

( τα∑
n=1

{h (Xn)− Eπ [h]}

)2
 > 0, (2.49)

tìte to Kentrikì Oriakì Je¸rhma isqÔei. Dhlad 

1√
N

(
N∑
n=1

(h (Xn)− Eπ [h])

)
d→ N

(
0, γ2

h

)
. (2.50)
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To parap�nw apotèlesma upodhl¸nei ìti mia epèktash tou KentrikoÔ Oria-
koÔ Jewr matoc sthn perÐptwsh thc èlleiyhc atìmou eÐnai perissìtero eÔ-
jrausth apì thn antÐstoiqh sto Ergodikì Je¸rhma. Parak�tw dÐnoume mia
enallaktik  morf  tou KentrikoÔ OriakoÔ Jewr matoc, h opoÐa emplèkei
antistrèyimec alusÐdec (reversible chains).

2.11.4 Antistrèyimec AlusÐdec Markov

'Estw X mia omogen c alusÐda Markov se genikì q¸ro katast�sewn me pu-
r na met�bashc P (x, ·) kai st�simh katanom  π. Ac upojèsoume ìti k�poioc
epijumeÐ na melet sei thn akoloujÐa twn katast�sewn Xn, Xn+1, . . .. Apo-
deiknÔetai ìti h akoloujÐa aut  ikanopoieÐ th sqèsh

P (Xn ∈ A|Xn+1 = x,Xn+2 = xn+2, . . .)

= P (Xn ∈ A|Xn+1 = x) = P ∗
n (x,A) (2.51)

kai gia to lìgo autì orÐzei mia alusÐda Markov.
Sth genik  perÐptwsh h alusÐda X den eÐnai omogen c. 'Otan n → ∞,

  enallaktik� ìtan µ = π, tìte P ∗
n (x,A) = P ∗ (x,A) kai h alusÐda gÐnetai

omogen c.
'Otan P ∗ (x,A) = P (x,A), gia k�je x ∈ X , A ∈ B (X ), tìte h antÐstrofh

alusÐda Markov èqei tic Ðdiec pijanìthtec met�bashc me thn aujentik  alu-
sÐda. AlusÐdec Markov me aut  thn idiìthta lègontai antistrèyimec kai h
sunj kh antistreyimìthtac sun jwc gr�fetai wc
P (Xn+1 ∈ A|Xn = x) = P (Xn ∈ A|Xn+1 = x) , x ∈ X , A ∈ B (X ) .(2.52)

Orismìc 2.11.2 Mia alusÐda Markov lègetai antistrèyimh (reversible)
ìtan h katanom  thc tuqaÐac metablht c Xn, dojèntoc ìti Xn+1 = x eÐnai
Ðdia me thn katanom  thc Xn+1 dojèntoc ìti Xn = x.
'Enac enallaktikìc orismìc thc antostreyimìthtac eÐnai o ex c:
Orismìc 2.11.3 Mia alusÐda Markov me q¸ro katast�sewn X lègetai a-
ntistrèyimh wc proc mÐa katanom  π orismènh sto X , an

π (dx)P (x, dy) = π (dy)P (y, dx) , ∀x, y ∈ X . (2.53)
H sunj kh antistreyimìthtac (2.53) eÐnai gnwst  kai wc leptomer c exÐsw-
sh isorropÐac (detailed balance equation). H sunj kh aut  den eÐnai
aparaÐthth gia thn exasf�lish thc sÔgklishc, wstìso eÐnai epark c sunj kh
¸ste h π na eÐnai h st�simh katanom  thc alusÐdac.
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Je¸rhma 2.11.5 'Estw mia alusÐda Markov me pur na met�bashc p pou
ikanopoieÐ thn leptomer  exÐswsh isorropÐac me π mia sun�rthsh puknìthtac
pijanìthtac. Tìte:

1. H puknìthta π eÐnai h st�simh puknìthta thc alusÐdac.

2. H alusÐda eÐnai antistrèyimh.

Me thn upìjesh thc antistreyimìthtac mporoÔme na d¸soume diaforetikèc
proôpojèseic isqÔoc tou KentrikoÔ OriakoÔ Jewr matoc (Kipnis and Vara-
dhan (1986}.
Je¸rhma 2.11.6 An h alusÐda X eÐnai aperiodik , an�gwgh kai epanalhpti-
k , me analloÐwto mètro pijanìthtac π, to Kentrikì Oriakì Je¸rhma isqÔei
ìtan

0 < γ2
g = V arπ [g (X0)] + 2

∞∑
k=1

Covπ (g (X0) , g (Xk)) <∞.

To kÔrio shmeÐo ed¸ eÐnai ìti kaÐtoi h antistreyimìthta genik� eÐnai polÔ pe-
rioristik  upìjesh, suqn� eÐnai polÔ eÔkolo na epiblhjeÐ stouc MCMC algì-
rijmouc, eis�gontac epiprìsjeta b mata prosomoÐwshc (Geyer 1992, Tierney
1994 kai Green 1995).
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Kef�laio 3

O Algìrijmoc Metropolis -
Hastings

3.1 Eisagwg 

To kef�laio autì eÐnai afierwmèno ston algìrijmo pou eÐnai gnwstìc me thn
genik  onomasÐa algìrijmoc Metropolis-Hastings. H onomasÐa proèrqe-
tai apì th dhmosÐeush twn Metropolis et al. (1953) kai Hastings (1970).
Autèc jewroÔntai wc oi basikèc anaforèc gia thn an�ptuxh thc mejìdou kaÐ-
toi kai �llec dhmosieÔseic, sumperilambanomènwn ekeÐnwn twn Barker (1965)
kai Peskun (1973), sunèbalan ousiastik�.

H prwtìtuph dhmosÐeush apì touc Metropolis et al. (1953) asqoleÐtai me
ton upologismì twn idiot twn k�poiwn qhmik¸n ousi¸n kai dhmosieÔthke sto
episthmonikì periodikì Journal of Chemical Physics. Argìtera diapist¸jhke
h axÐa thc mejìdou sth Statistik .

Ac jewr soume mia qhmik  ousÐa apoteloÔmenh apì d mìria (molecules).
O pÐnakac θ = (θ1, . . . , θd) dhl¸nei th jèsh twn morÐwn. Pio sugkekrimèna
to θi, i = 1, . . . , d eÐnai èna didi�stato di�nusma me tic suntetagmènec tou i -
morÐou sto epÐpedo. Apì th Statistik  Mhqanik , h puknìthta pijanìthtac
twn jèsewn dÐnetai apì ton tÔpo

f (θ1, . . . , θd) ∝ exp

{
− 1

kT
E (θ1, . . . , θd)

}
, (3.1)

ìpou k eÐnai mia jetik  stajer�, T h jermokrasÐa tou sust matoc kai E (·)
mia jetik  sun�rthsh pou dhl¸nei thn enèrgeia tou sust matoc.

49
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An epijumoÔme na upologÐsoume thn posìthta isorropÐac miac opoiad pote
qhmik c diergasÐac, tìte ja prèpei na upologÐsoume thn anamenìmenh tim 
aut c thc idiìthtac, wc proc thn katanom  tou dianÔsmatoc θ twn jèsewn
twn morÐwn. Gia meg�lo d, o �mesoc upologismìc aut c thc anamenìmenhc
tim c eÐnai anèfiktoc kai antikajÐstatai apì mia Monte Carlo ektÐmhsh. Oi
Metropolis et al. (1953) prìteinan thn akìloujh mèjodo deigmatolhyÐac apì
thn katanom  tou θ:

1. XekÐna me thn arqik  tim  θ(0) =
(
θ

(0)
1 , . . . , θ

(0)
d

)
kai jèse to metrht 

twn epanal yewn (iteration counter) j = 1.
2. MetakÐnhse ta swmatÐdia apì th jèsh θ(j−1) =

(
θ

(j−1)
1 , . . . , θ

(j−1)
d

)
, sÔm-

fwna me mia omoiìmorfh katanom  {kentrarismènh} stic jèseic autèc,
prokeimènou na p�reic upoy fiec nèec jèseic η = (η1, . . . , ηd).

3. Upolìgise th metabol  DE pou prokl jhke sthn enèrgeia tou sust -
matoc apì th metakÐnhsh. H metakÐnhsh tou b matoc 2 gÐnetai apodekt 
me pijanìthta min

(
1, e−c∆E

), ìpou c eÐnai k�poia stajer�. An h meta-
kÐnhsh gÐnei apodekt  tìte jèse θ(j) = η, diaforetik� jèse θ(j) = θ(j−1).

4. 'Allaxe to metrht  apì j se j + 1 kai epÐstreye sto b ma 2 mèqri na
epèljei k�poiou eÐdouc sÔgklish.

Met� th sÔgklish, to di�nusma twn jèsewn pou genn�tai apì th mèjodo aut 
èqei katanom  me puknìthta pou dÐnetai apì th sqèsh (3.1). EÐnai profanèc
ìti h parap�nw mèjodoc orÐzei mia alusÐda Markov, kaj¸c oi metab�seic e-
xart¸ntai apì tic jèseic twn morÐwn sto prohgoÔmeno b ma. Parìla aut�,
den eÐnai profan c h sÔgklish thc alusÐdac se k�poia st�simh katanom  kai
h taÔtish thc teleutaÐac me thn (3.1). Oi Metropolis et al. (1953) parousi�-
zoun mia apìdeixh tou parap�nw apotelèsmatoc. H Ðdia apìdeixh eÐnai ègkurh
sthn perÐptwsh pou oi nèec metakin seic, oi opoÐec dÐnontai apì to di�nusma η,
pragmatopoioÔntai sÔmfwna me k�poia summetrik  katanom  {kentrarismènh}
sto di�nusma twn prohgoÔmenwn jèsewn, θ(j−1). H mèjodoc aut  orÐzei èna
pur na met�bashc q o opoÐoc exart�tai apì to zeÔgoc (θ, η) mèsw thc sqèshc
|η − θ|.

O parap�nw algìrijmoc perilamb�nei èna epiprìsjeto b ma se sqèsh me
ton prohgoÔmeno: o mhqanismìc met�bashc exart�tai apì èna pur na met�ba-
shc q, o opoÐoc onom�zetai pur nac met�bashc prìtashc (proposal transition
kernel).
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'Ena shmeÐo �xio prosoq c eÐnai ìti eÐnai dunatì h prokÔptousa alusÐ-
da na parameÐnei se mia kat�stash qamhl c enèrgeiac (  isodÔnama uyhl c
puknìthtac) gia pollèc epanal yeic tou algìrijmou. Sthn perÐptwsh aut ,
eÐnai polÔ pijanì h nèa upoy fia jèsh twn morÐwn na eÐnai jèsh uyhl c e-
nergeiak c kat�stashc (  isodÔnama qamhl c puknìthtac) me ∆E >> 0. H
pijanìthta apodoq c thc nèac aut c tim c eÐnai t¸ra polÔ kont� sto mhdèn.
Upologistik�, k�ti tètoio den eÐnai apodekto kai gia to lìgo autì h epilog 
twn pur nwn met�bashc prèpei na gÐnetai me prosoq .

H epìmenh enìthta parousi�zei mia pio koin  kai pl rh èkdosh tou algì-
rijmoÔ, basismènh sth douli� tou Hastings (1970).

3.2 Orismìc kai Idiìthtec

JewreÐste mia katanom  π apì thn opoÐa prèpei na ex�goume èna deÐgma mèsw
alusÐdwn Markov. Prèpei na kataskeu�soume èna pur na met�bashc p (θ, η)
me tètoio trìpo ¸ste h katanom  π na eÐnai h st�simh katanom  thc alusÐdac.
Epomènwc, gia epark¸c meg�lo N, h tuqaÐa metablht  θ(N) mporeÐ na jewrh-
jeÐ ìti proèrqetai apì thn katanom  π. Oi mèjodoi pou parousi�zontai sto
kef�laio autì par�goun èna mh anex�rthto deÐgma apì thn π.
Orismìc 3.2.1 Mia Markov Chain Monte Carlo (MCMC) mèjodoc gia thn
prosomoÐwsh miac katanom c π eÐnai opoiad pote mèjodoc par�gei mia ergodik 
alusÐda Markov thc opoÐac st�simh katanom  eÐnai h π.

O Orismìc 3.2.1 mac lèei ìti h qr sh miac alusÐdac tuqaÐwn metablht¸n(
θ(t)
), h opoÐa prokÔptei apì èna MCMC algìrijmo, me st�simh katanom  thn

π, eÐnai isodÔnamh me th qr sh enìc deÐgmatoc apì anex�rthtec kai isìnoma
katanemhmènec (iid) tuqaÐec metablhtec apì thn π, me thn ex c ènnoia: to
Ergodikì Je¸rhma (Je¸rhma 2.9.1) eggu�tai th sÔgklish tou deigmatikoÔ
mèsou

1

N

N∑
t=1

h
(
θ(t)
) (3.2)

ston jewrhtikì mèso Eπ [h (θ)], gia k�je oloklhr¸simh sun�rthsh h (·). E-
pomènwc, mporoÔme na qrhsimopoi soume thn akoloujÐa (θ(t)

), h opoÐa par�-
getai apì ènan MCMC algìrijmo, ìpwc kai èna deÐgma apì anex�rthtec kai
isìnomec tuqaÐec metablhtèc.
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Gia th gènnhsh enìc deÐgmatoc apì thn katanom  π jewroÔme mia antistrè-
yimh ergodik  alusÐda Markov thc opoÐac o pur nac met�bashc p ikanopoieÐ
th sqèsh

π (θ) p (θ, η) = π (η) p (η, θ) , ∀ (θ, η) (3.3)
O pur nac p (θ, η) apoteleÐtai apì dÔo stoiqeÐa: ènan aujaÐreto pur na

met�bashc q (θ, η) kai mÐa pijanìthta α (θ, η), tètoia ¸ste gia η 6= θ,
p (θ, η) = p

(
θ(n+1) = η, I (η) |θ(n) = θ

)
= p

(
θ(n+1) = η|θ(n) = θ

)
p (I (η))

= q (θ, η)α (θ, η) , θ 6= η, (3.4)
ìpou I (δ) eÐnai h deÐktria sun�rthsh thc apodoq c tou shmeÐou δ: I (δ) = 1,
an to shmeÐo δ gÐnetai apodektì kai I (δ) = 0 sthn antÐjeth perÐptwsh.

O upologismìc thc pijanìthtac tou endeqomènou na metabeÐ h alusÐda apì
thn tim  θ(n) = θ sthn Ðdia (trèqousa) tim  θ eÐnai perissìtero perÐplokoc,
diìti k�ti tètoio mporeÐ na sumbeÐ me dÔo trìpouc: mia epituqhmènh met�ba-
sh sthn trèqousa kat�stash θ   mia apotuqhmènh met�bash se diaforetik 
kat�stash η, ìpou η 6= θ. Gia th diakrit  perÐptwsh h pijanìthta aut 
upologÐzetai apì ton tÔpo

p (θ, θ) = p
(
θ(n+1) = θ, I (θ) = 1|θ(n) = θ

)
+p
(
θ(n+1) 6= θ, I (θ) = 0|θ(n) = θ

)
= q (θ, θ) +

∑
θ 6=η

q (θ, η) [1− α (θ, η)] . (3.5)

Gia suneqeÐc q¸rouc katast�sewn, h pijanìthta tou pr¸tou endeqomènou
eÐnai mhdèn. Epomènwc, mènei mìno h pijanìthta tou endeqomènou miac apotu-
qhmènhc met�bashc thc alusÐdac se diaforetik  apì to θ kat�stash:

p (θ, θ) = 1−
∫
q (θ, η)α (θ, η) dη. (3.6)

Oi sqèseic (3.4) kai (3.6) enswmat¸nontai ston tÔpo

p (θ, A) =

∫
A

q (θ, η)α (θ, η) dη + I (θ ∈ A)

[
1−

∫
q (θ, η)α (θ, η) dη

]
(3.7)

gia k�je metr simo uposÔnolo A tou q¸rou katast�sewn thc alusÐdac.
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O Hastings (1970) prìteine na orÐsoume thn pijanìthta apodoq c (a-
cceptance probability) α (θ, η) me tètoion trìpo, ¸ste ìtan sundu�zetai me
ton aujaÐreto pur na met�bashc q (θ, η) na orÐzei mia antistrèyimh alusÐda.
H èkfrash pou qrhsimopoieÐtai suqnìtera gia thn pijanìthta apodoq c eÐnai

α (θ, η) = min

{
1,
π (η) q (η, θ)

π (θ) q (θ, η)

}
(3.8)

Ac doÔme pwc me b�sh thn parap�nw taktik  orÐzetai mia antistrèyimh alu-
sÐda: gia θ = η eÐnai profanèc en¸ gia θ 6= η èqoume

p (θ, η) = α (θ, η) q (θ, η)

= min

{
1,
π (η) q (η, θ)

π (θ) q (θ, η)

}
q (θ, η)

= min

{
q (θ, η) ,

π (η) q (η, θ)

π (θ)

}
=

1

π (θ)
min (π (θ) q (θ, η) , π (η) q (η, θ))

⇒ π (θ) p (θ, η) = min (π (θ) q (θ, η) , π (η) q (η, θ))

= π (η) p (η, θ) .

EÐnai profanèc ìti h pijanìthta α (θ, η) orÐzetai mìno ìtan π (θ) > 0. Wstìso,
an h arqik  tim  θ(0) thc alusÐdac eÐnai tètoia ¸ste π (θ(0)

)
> 0, tìte prokÔ-

ptei ìti π (θ(n)
)
> 0, ∀n ∈ N, afoÔ oi timèc η(n) gia tic opoÐec π (η(n)

)
= 0,

sunep�gontai α (θ(n), η(n)
)

= 0 kai aporrÐptontai apì ton algìrijmo. Apì
sÔmbash, jewroÔme ìti α (θ, η) = 0 ìtan π (θ) = 0 kai π (η) = 0.

Oi algìrijmoi pou basÐzontai se alusÐdec me pur na met�bashc thc morf c
(3.7) kai pijanìthta apodoq c thc morf c (3.8) anafèrontai wc algìrijmoi
Metropolis-Hastings. Autì apìteleÐ anagn¸rish thc sumbol c kai twn dÔo
dhmosieÔsewn. O Hastings (1970) anafèretai sto lìgo pou emfanÐzetai sth
sqèsh (3.8) me ton ìro {test ratio}. H epilog  thc bèltisthc morf c thc pija-
nìthtac apodoq c odhgeÐ sthn elaqistopoÐhsh thc asumptwtik c diakÔmanshc
twn ektimht¸n twn rop¸n thc katanom c π. O Peskun (1973) apodeiknÔei ì-
ti gia th diakrit  perÐptwsh h morf  (3.8) eÐnai kalÔterh apì èna meg�lo
pl joc epilog¸n. ApodeiknÔei epÐshc ìti me kat�llhlec epilogèc tou pur na
met�bashc q, h deigmatolhyÐa mèsw alusÐdwn Markov mporeÐ na eÐnai perissì-
tero akrib c apì th deigmatolhyÐa mèsw anex�rthtwn kai isìnomwn tuqaÐwn
metablht¸n.
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O lìgoc thc sqèshc (3.8) mporeÐ na grafteÐ wc
π (η) /q (θ, η)

π (θ) /q (η, θ)
(3.9)

Dhlad , h apodoq  twn proteinìmenwn tim¸n basÐzetai sto lìgo thc puknì-
thtac thc katanom c stìqou (target distribution) π proc thn puknìthta thc
katanom c prìtashc (proposal distribution) q.

Shmei¸ste ìti h sunj kh antistreyimìthtac (3.3) ikanopoieÐtai apì ton
pur na p kai ìqi apì ton q. O pur nac met�bashc q paramènei, mèqri t¸-
ra, aujaÐrethc morf c kai gi autì apoteleÐ èna eÔkampto ergaleÐo gia thn
kataskeu  tou algìrijmou. Oi Roberts and Smith (1994) apodeiknÔoun ì-
ti an o pur nac q eÐnai an�gwgoc (irreducible) kai aperiodikìc (aperiodic)
kai α (θ, η) > 0 gia k�je (θ, η), tìte o algìrijmoc par�gei mia an�gwgh kai
aperiodik  alusÐda me pur na met�bashc p thn (3.7) kai oriak  katanom  π.

Praktik�, h prosomoÐwsh enìc deÐgmatoc apì thn katanom  π qrhsimo-
poi¸ntac alusÐdec Markov pou orÐzontai apì ton pur na met�bashc (3.7),
mporeÐ na gÐnei wc ex c:
Algìrijmoc 3.2.1 1. Jèse to metrht  twn epanal yewn (iteration cou-

nter) j = 1 kai mia aujaÐreth arqik  tim  θ(0).

2. prosomoÐwse mia nèa tim  η apì thn katanom  me puknìthta q
(
θ(j−1), ·

)
.

3. Upolìgise thn pijanìthta apodoq c thc metakÐnhshc α
(
θ(j−1), η

)
, h

opoÐa dÐnetai apì ton tÔpo (3.8). An h metakÐnhsh gÐnei apodekt , tìte
θ(j) = η, diaforetik� θ(j) = θ(j−1) kai h alusÐda den metakineÐtai.

4. 'Allaxe to metrht  apì j se j + 1 kai epan�labe th diadikasÐa apì to
B ma 2 mèqri na epèljei sÔgklish.

Sto B ma 3 h apodoq    apìrriyh thc nèac tim c pragmatopoieÐtai me ton
ex c trìpo: par�goume ènan tuqaÐo arijmì u apì thn omoiìmorfh katano-
m  U (0, 1). An u ≤ α tìte h metakÐnhsh gÐnetai apodekt . Diaforetik�
aporrÐptetai. O pur nac met�bashc q orÐzei mia dunat  metakÐnhsh h opoÐa
epikur¸netai sÔmfwna me thn tim  thc pijanìthtac α. Gia to lìgo autì, o
pur nac met�bashc q anafèretai wc pur nac met�bashc prìtashc (pro-
posal transition kernel)   desmeumènh puknìthta prìtashc (proposal
conditional density) ìtan jewrhjeÐ wc desmeumènh puknìthta q (θ, ·).
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Sthn arqik  morf  tou algìrijmou Metropolis, [Metropolis et al. (1953)],
o pur nac q orÐzei mia summetrik  met�bash gÔrw apì tic prohgoÔmenec jèseic
twn swmatidÐwn. Dhlad , q (θ, η) = q (η, θ), gia k�je (θ, η) kai h pijanìthta
apodoq c gÐnetai

α (θ, η) = min

{
1,
π (η)

π (θ)

}
, (3.10)

exarthmènh mìno apì to lìgo π (η) /π (θ). Gia touc MpeôzianoÔc StatistikoÔc
eÐnai o lìgoc twn ek twn ustèrwn puknot twn sthn proteinìmenh kai thn
trèqousa jèsh thc alusidac.

Prèpei na tonÐsoume ìti h summetrÐa tou pur na met�bashc q sunep�getai
thn antistreyimìthta tou pur na met�bashc p giatÐ

π (θ) p (θ, η) = π (θ) q (θ, η)α (θ, η)

= π (θ) q (θ, η) min

(
1,
π (η)

π (θ)

)
= q (θ, η) min (π (θ) , π (η))

= q (η, θ) min (π (η) , π (θ)) = π (η) p (η, θ) .

Shmei¸ste epÐshc ìti eÐnai pijanì h alusÐda na parameÐnei sthn Ðdia kat�-
stash gia pollèc epanal yeic tou algìrijmou. Gia thn parakoloÔjhsh thc
leitourgikìthtac thc mejìdou eÐnai epijumhtì na upologÐzoume to posostì
twn epanal yewn tou algorÐjmou stic opoÐec h metakÐnhsh gÐnetai apodekt .
Apì to Ergodikì Je¸rhma, gia meg�la deÐgmata, to posostì autì eÐnai mia
kal  ektÐmhsh tou jewrhtikoÔ posostoÔ apodoq c

Eπ [1− p (θ, θ)] =

∫
X

[1− p (θ, θ)]π (θ) dθ.

O Hastings proteÐnei ton upologismì tou posostoÔ apodoq c se k�je pra-
ktik  efarmog .

Mia teqnik  pou efarmìzetai suqn� kat� ton upologismì ergodik¸n mè-
swn (1/N)

∑
t h
(
θ(t)
) eÐnai h epibol  stajmÐsewn (weights) stic proteinìmenec

timèc η(j) apì thn puknìthta q (θ(j−1), ·
). Oi stajmÐseic autèc eÐnai thc mor-

f c mj/N, (mj = 0, 1, . . .), ìpou h posìthta mj aparijmeÐ to pl joc twn
diadoqik¸n epanal yewn tou algìrijmou pou katal goun se apìrriyh thc
proteinìmenhc tim c:

mj =

j−1∑
i<j:θ(i)=η(j−1)

I
(
θ(j+1) 6= η(j)

)
.
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H epituqÐa thc mejìdou basÐzetai sthn apofug  tou polÔ mikroÔ poso-
stoÔ apodoq c. Mia aploðk  prosèggish tou probl matoc eÐnai na k�noume
thn alusÐda na kineÐtai polÔ arg�, dhlad  oi metakin seic na eÐnai polÔ mikrèc.
Upojètontac gia aplìthta ìti oi puknìthtec q (·, ·) kai π (·) eÐnai suneqeÐc,
parìmoiec timèc gia tic prohgoÔmenec kai proteinìmenec katast�seic odhgoÔn
se pijanìthtec apodoq c plhsÐon thc mon�dac. Akolouj¸ntac aut  th stra-
thgik , o algìrijmoc èqei polÔ uyhlì posostì apodoq c kai oi perissìterec
proteinìmenec metakin seic gÐnontai apodektèc. Wstìso h alusÐda prèpei na
eÐnai ikan  na diabaÐnei ìloklhro to q¸ro katast�sewn, ¸ste na sugklÐnei
sthn st�simh katanom . PolÔ mikrèc metakin seic thc alusÐdac èqoun wc
epakìloujo thn aÔxhsh tou arijmoÔ twn epanal yewn tou algìrijmou pro-
keimènou na epiteuqjeÐ h epijumht  sÔgklish. Apì thn �llh meri�, oi meg�lec
metakin seic odhgoÔn grhgorìtera sth sÔgklish, ìmwc eÐnai pijanì na {pè-
soun} sthn our� thc puknìthtac π (·) dÐnontac polÔ qamhl  tim  sto lìgo tou
tÔpou (3.8). Epomènwc, oi proteinìmenec metakin seic thc alusÐdac, ìpwc au-
tèc orÐzontai apì ton pur na q, prèpei na eÐnai axioshmeÐwtou �ektopÐsmatoc�,
all� me ousi¸dh pijanìthta apodoq c, ìpwc aut  orÐzetai apì th sun�rthsh
α.

Melètec beltistopoÐhshc p�nw sto jèma autì pragmatopoioÔntai sune-
q¸c. H poikilÐa twn proc diapragm�teush montèlwn kai twn pur nwn prìta-
shc q apobaÐnei apotreptik  gia th diamìrfwsh genikìterwn apotelesm�twn.
Oi Bannett, Racine-Poon, and Wakefield (1995) kai �lloi suggrafeÐc isqu-
rÐzontai ìti to posostì apodoq c prèpei na eÐnai metaxÔ 20% kai 50%. K�tw
apì sugkekrimèno jewrhtikì plaÐsio, oi Gelman, Roberts and Gilks (1996)
èdeixan ìti to 24% eÐnai èna bèltisto posostì apodoq c (oi prohgoÔmenec
timèc prèpei na jewroÔntai wc ènac genikìc endeiktikìc kanìnac kai ìqi wc
epitaktikìc kajorismìc).

H katanom  stìqoc π eisèrqetai ston Algìrijmo 3.2.1 mèsw tou lìgou
π (η) /π (θ). Epomènwc, h pl rhc gn¸sh tou tÔpou thc puknìthtac π den
eÐnai aparaÐthth. Sugkekrimèna, den qrei�zetai na gnwrÐzoume tic stajerèc
pou emplèkontai ston tÔpo afoÔ ja aplopoihjoÔn ìtan eisèljoun sto lìgo
pou proanafèrame. Gia par�deigma, ìtan h puknìthta π eÐnai mia ek twn
ustèrwn katanom , kaÐtoi h sunarthsiak  thc morf  eÐnai gnwst , h stajer�
kanonikopoÐhshc sp�nia eÐnai gnwst . Epomènwc, o Algìrijmoc 3.2.1 eÐnai
idiaÐtera qr simoc gia efarmogèc sth Mpeôzian  SumperasmatologÐac.

PolÔ suz thsh gÐnetai sqetik� me th l yh tou deÐgmatoc apì thn puknìth-
ta π mèsw miac all� meg�lhc alusÐdac   mèsw poll¸n mikrìterwn alusÐdwn.
AnaptÔssontac mÐa meg�lh alusÐda, prèpei na d¸soume prosoq  sthn {apì-
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stash} (spacing) metaxÔ twn tim¸n thc alusÐdac pou telik� lamb�nontai wc
deÐgma. H pijan  epan�lhyh thc Ðdiac kat�stashc se pollèc diadoqikèc e-
panal yeic tou algìrijmou den parakwlÔei thn ekd lwsh twn idiot twn thc
sÔgklishc, wstìso k�nei suqnìterh thn emf�nish akolouji¸n epanalamba-
nìmenwn tim¸n, periorÐzontac ètsi th dunatìthta dièleushc thc alusÐdac apì
ìso perissìterec timèc tou q¸rou katast�sewn gÐnetai.

3.3 PeriorismoÐ gia th Sun�rthsh met�bashc
prìtashc

Sthn prohgoÔmenh enìthta anafèrame ìti h katanom  prìtashc eÐnai aujaÐre-
thc morf c. Wstìso, eÐnai aparaÐthth h epibol  k�poiwn el�qistwn periori-
sm¸n tìso sthn puknìthta π, ìso kai sthn q, ètsi ¸ste h π na eÐnai h oriak 
katanom  thc alusÐdac Markov θ pou par�getai apì ton Algìrijmo 3.2.1.

'Ena krÐsimo z thma eÐnai to gegonìc ìti h deigmatolhyÐa apì thn katanom 
me puknìthta q prèpei na èinai eÔkolh, afoÔ h mèjodoc antikajist� th dÔskolh
deigmatolhyÐa apì thn π me aut n apì thn q.

ExÐsou shmantik  eÐnai h apaÐthsh gia swstì {koÔrdisma} twn metakin -
sewn pou proteÐnontai apì thn puknìthta q, ¸ste na exasfalÐzetai h pl rhc
k�luyh tou parametrikoÔ q¸rou se pragmatikì upologistikì qrìno (real co-
mputing time). 'Estw ìti up�rqei èna sÔnolo A ⊂ E tètoio ¸ste,∫

A

π (θ) dθ > 0 και

∫
A

q (θ, η) dη = 0, ∀θ ∈ E .

Tìte, h alusÐda pou par�getai apì ton Algìrijmo 3.2.1 den èqei wc oriak 
katanom  thn π, afoÔ gia θ(0) /∈ A h alusÐda (θ(t)

) den dièrqetai potè apì to
sÔnolo A. Epomènwc, ènac el�qistoc, all� aparaÐthtoc, periorismìc eÐnai

supp π ⊂
⋃

θ∈supp π

supp q (θ, ·) . (3.11)

Apì to Je¸rhma 2.11.5 exasfalÐzoume to ìti h puknìthta π eÐnai h st�simh
katanom  miac antistrèyimhc alusÐdac h opoÐa èqei pur na met�bashc (3.7).

To akìloujo apotèlesma ousiastik� anadeiknÔei thn genikìthta kai ka-
jolikìthta tou Metropolis-Hastings algìrijmou.
Je¸rhma 3.3.1 Gia k�je desmeumènh katanom  q thc opoÐac to st rigma
apoteleÐ upersÔnolo tou sthrÐgmatoc E thc sun�rthshc stìqou π, h π eÐnai
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h st�simh katanom  thc alusÐdac Markov pou par�getai apì ton Algìrijmo
3.2.1.

Ousiastik c shmasÐac gia thn epilog  thc puknìthtac met�bashc prìtashc
q eÐnai h diakÔmans  thc. Se poludi�stata probl mata gia genikoÔc q¸rouc
katast�sewn, h pio bolik  epilog  gia thn sun�rthsh q eÐnai h puknìthta thc
katanom c N [θ(j−1), Σ̃] lìgw thc eÔkolhc deigmatolhyÐac apì aut  kai thc
summetrikìthtac perÐ thc prohgoÔmenhc kat�stashc θ(j−1).

KaÐtoi sthn jewrÐa opoiosd pote jetik� orismènoc pÐnakac sundiakÔman-
shc Σ̃ eÐnai mia apodekt  epilog , sthn pr�xh h epilog  tou qrei�zetai pro-
soq . Skeptìmenoi proc stigm  gia monodi�statec paramètrouc, parathr ste
ìti an h diakÔmansh Σ̃ thc puknìthtac prìtashc q eÐnai meg�lh, tìte h kata-
nom  prìtashc ja eÐnai eurÔterh se sqèsh me thn katanom  stìqo π kai k�je
diadoqikì b ma ja eÐnai apomakrusmèno, proc k�poia keteÔjunsh, se sqèsh
me to prohgoÔmeno, prosdÐdontac sthn kÐnhsh thc alusÐdac mia adexiìthta.
Epiplèon, ìtan to st rigma thc q eÐnai eurÔtero apì to st rigma thc π, tìte
pollèc apì tic proteinìmenec timèc ja brÐskontai èxw apì to st rigma E thc
sun�rthshc π kai ja aporrÐptontai apì ton algìrijmo. Sthn perÐptwsh aut ,
h alusÐda èqei thn t�sh na {koll�ei} se mÐa kat�stash kai na mhn diabaÐnei
to q¸ro katast�sewn swst�.

Apì thn �llh meri�, epilègontac mikr  diakÔmansh Σ̃ gia thn puknìthta
q mporeÐ na apobeÐ epiz mio. H alusÐda ja èqei meg�lo posostì apodoq c
twn proteinìmenwn tim¸n �lla ja kineÐtai me polÔ mikr� b mata mèsa sto
q¸ro twn katast�sewn. 'Etsi, ja qreiastoÔn perissìterec epanal yeic tou
algìrijmou ¸ste h alusÐda na {taxidèyei} se olìklhro to q¸ro katast�sewn,
mèqri na brei thn perioq  isorropÐac thc (equilibrium region). Par�llhla,
h autosusqètish metaxÔ twn tuqaÐwn metablht¸n thc alusÐdac aux�netai, me
sunèpeiec pou ja suzht soume se epìmeno kaf�laio.

O Müler (1991) prìteine to taÐriasma tou pÐnaka sundiakum�nsewn Σ̃ thc
puknìthtac prìtashc q me ton pragmatikì pÐnaka sundiakum�nsewn Σ thc pu-
knìthtac stìqou π, pijan¸c me th bo jeia k�poiou akatèrgastou ektimht 
tou Σ̃ apì k�poia deigmatolhyÐa {pilìto}. 'Alloi suggrafeÐc proteÐnoun e-
pilog  Σ̃ tètoiou ¸ste to posostì apodoq c ston algìrijmo na plhsi�zei
to 50%. Melètec apì touc Gelman, Roberts and Gilks (1996) deÐqnoun ìti
aut  h deÔterh sumboul  eÐnai sqedìn bèltisth ìtan h katanom  stìqoc eÐ-
nai h monometablht  kanonik : h autosusqètish pr¸thc t�xhc thc alusÐdac
elaqistopoieÐtai jètontac

√
Σ̃ = 2.4

√
Σ. H puknìthta prìtashc me aut  th

diakÔmansh odhgeÐ se posostì apodoq c 44.1%. Wstìso, ta pr�gmata eÐ-
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nai diaforetik� se poludi�stata probl mata. Gia polumetablht  puknìthta
stìqo h opoÐa èqei th morf 

π (θ ) =
∏K

i=1 g (θi) ,

gia k�poia monodi�stath puknìthta g, to bèltisto posostì apodoq c ston
Algìrijmo 3.2.1 proseggÐzei to 23, 4% kaj¸c h di�stash (dimensionality) K
teÐnei sto �peiro.

3.4 Idiìthtec SÔgklishc

H jewrÐa pou anaptÔqjhke sto Kef�laio 1 mac bohj�ei na deÐxoume ìti h
alusÐda Markov pou par�getai apì ton Algìrijmo 3.2.1 sugklÐnei pr�gma-
ti kai ìti ektimhtèc thc morf c (3.2) mporoÔn na qrhsimopoihjoÔn gia thn
prosèggish posot twn thc morf c Eπ [h (θ)].

Mia MCMC alusÐda èqei, apì thn kataskeu  thc, èna stajerì mètro pija-
nìthtac π. Epiplèon, an h alusÐda eÐnai Harris aperiodik , tìte to Ergodikì
Je¸rhma isqÔei kai ektim seic san autèc pou perigr�yame eÐnai ègkurec.

H idiìthta thc anagwg c (irreducibility) miac Metropolis-Hastings alusÐ-
dac (θ(t)

), prokÔptei apì sunj kec ìpwc h jetikìthta thc desmeumènhc pu-
knìthtac q: dhlad ,

q (θ, η) > 0, ∀ (θ, η) ∈ E × E , (3.12)
kai tìte èpetai ìti k�je mh mhdenikì uposÔnolo tou sthrÐgmatoc E eÐnai pro-
sitì se èna aplì b ma.

Apì ton Orismì 2.8.2 prokÔptei ìti an mia alusÐda èqei mia st�simh kata-
nom  me puknìthta π, tìte h alusÐda aut  lègetai jetik  kai epiplèon, apì thn
Prìtash 2.8.1, eÐnai kai epanalhptik  (recurrent). To epìmeno apotèlesma
eÐnai isqurìtero.
L mma 3.4.1 An h Metropolis-Hastings alusÐda

(
θ(t)
)
eÐnai π-an�gwgh, tìte

eÐnai Harris epanalhptik .

To epìmeno je¸rhma dhl¸nei th sÔgklish gia tic Metropolis-Hastings alusÐ-
dec Markov.
Je¸rhma 3.4.1 'Estw mia π-an�gwgh Metropolis-Hastings alusÐda Markov(
θ(t)
)
.
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1. An h ∈ L1 (π), tìte

lim
N→∞

1

N

N∑
t=1

h
(
θ(t)
)

=

∫
h (θ) dπ.

2. An, epiplèon, h alusÐda
(
θ(t)
)
eÐnai aperiodik , tìte

lim
n→∞

∥∥∥∥∫ pn (θ, ·)µ (dθ)− π

∥∥∥∥ = 0

gia k�je arqik  katanom  µ, ìpou pn (θ, ·) eÐnai o pur nac met�bashc
n-t�xhc.

'Opwc proeÐpame, to gegonìc ìti h demeumènh puknìthta q eÐnai jetik , sune-
p�getai ìti h Metropolis-Hastings alusÐda eÐnai π-an�gwgh.

Parìlo pou h sunj kh 3.12 faÐnetai na eÐnai perioristik , sthn pr�xh
suqn� ikanopoieÐtai.

3.5 Eidikèc Peript¸seic

'Opwc perigr�yame sthn Enìthta 3.3, up�rqei meg�lh anoq  wc proc thn e-
pilog  thc sun�rthshc q, ektìc apì k�poiouc teqnikoÔc periorismoÔc. EkeÐ,
k�name mia genik  je¸rhsh kai t¸ra strefìmaste proc th melèth k�poiwn
eidik¸n peript¸sewn. Na epishm�noume ìti parìlo pou mia alusÐda pros-
diorÐzetai apì ton pur na met�bashc p kai ìqi apì ton pur na met�bashc
prìtashc q, oi onomasÐec pou qrhsimopoioÔntai gia thn kathgoriopoÐhsh tou
Algìrijmou 3.2.1 anafèrontai stic idiìthtec tou q par� tou p.

3.5.1 Anex�rthtec AlusÐdec

Sthn perÐptwsh aut , h proteinìmenh met�bash genniètai anex�rthta apì thn
trèqousa kat�stash θ thc alusÐdac. SunepakoloÔjwc, h puknìthta met�ba-
shc prìtashc q eÐnai anex�rthth apì thn trèqousa kat�stash θ kai shmaÐnetai
me g, dhlad  q (θ, η) = g (η). O Algìrijmoc 3.2.1 lamb�nei thn ex c morf :
Algìrijmoc 3.5.1 1. Jèse to metrht  twn epanal yewn (iteration cou-

nter) j = 1 kai mia aujaÐreth arqik  tim  θ(0).

2. ProsomoÐwse mia nèa tim  η ∼ g (·).
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3. Dèxou wc nèa tim  gia thn alusÐda thn

θ(j) =

{
η, me pijanìthta α

(
θ(j−1), η

)
,

θ(j−1), me pijanìthta 1− α
(
θ(j−1), η

)
.

4. 'Allaxe to metrht  apì j se j + 1 kai epan�labe th diadikasÐa apì to
b ma 2 mèqri na epèljei sÔgklish.

H pijanìthta apodoq c eÐnai α
(
θ(j−1), η

)
= min

(
1,
π (η) g

(
θ(j−1)

)
π (θ(j−1)) g (η)

)
.

Fainomenik�, h anexarthsÐa tou pur na met�bashc prìtashc apì thn prohgoÔ-
menh kat�stash thc alusÐdac èrqetai se antÐjesh me th Markobian  idiìthta
thc alusÐdac. Wstìso, jumhjeÐte ìti o pur nac q eÐnai ènac pur nac prìtashc
o opoÐoc sundu�zetai me k�poia pijanìthta apodoq c α prokeimènou na d¸-
sei ton pur na met�bashc p thc alusÐdac pou par�getai apì ton algìrijmo.
'Omwc h pijanìthta apodoq c exart�tai apì thn prohgoÔmenh kat�stash. E-
pomènwc o pur nac p exart�tai apì thn prohgoÔmenh kat�stash thc alusÐdac
diathr¸ntac ètsi th Markobian  idiìthta. Me �lla lìgia, oi proteinìmenec
timèc η genn¸ntai anex�rthta, to prokÔpton deÐgma ìmwc den eÐnai anex�rthta
kai isìnoma katanemhmèno (iid), epeid  h pijanìthta apodoq c miac tim c η
exart�tai apì thn prohgoÔmenh tim  thc alusÐdac θ(j−1).

Oi idiìthtec sÔgklishc thc alusÐdac (θ(t)
) prokÔptoun apì tic idiìthtec

thc puknìthtac g, me thn ex c ènnoia: h (θ(t)
) eÐnai an�gwgh kai aperiodik 

an kai mìno an h puknìthta g eÐnai jetik  sqedìn pantoÔ sto st rigma thc π.
To epìmeno apotèlesma apì touc Mengersen kai Tweedie (1996) perigr�-

fei isqurìterec idiìthtec sÔgklishc ìpwc eÐnai h gewmetrik  kai h omoiìmorfh
ergodikìthta.
Je¸rhma 3.5.1 O Algìrijmoc 3.5.1 par�gei mia omoiìmorfa ergodik  alu-
sÐda an up�rqei stajer� M tètoia ¸ste

π (θ) ≤Mg (θ) , θ ∈ supp π. (3.13)
Sthn perÐptwsh aut ,

‖pn (θ, ·)− π‖ ≤ 2

(
1− 1

M

)n
, (3.14)

ìpou ‖·‖ eÐnai h nìrma olik c metabol c (total variation norm). Apì thn �llh
meri�, an gia k�je M up�rqei èna mh mhdenikì uposÔnolo tou sthrÐgmatoc thc
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puknìthtac π gia to opoÐo h sqèsh (3.14) den eustajeÐ, tìte h alusÐda
(
θ(t)
)

den eÐnai oÔte gewmetrik� ergodik .
Aut  h sugkekrimènh kl�sh twn Metropolis-Hastings algìrijmwn prokaleÐ
sÔgkrish me touc algìrijmouc thc mejìdou Apodoq c - Apìrriyhc (A-
ccept - Reject algorithms), afoÔ k�je zeÔgoc (π, g) pou ikanopoieÐ th
sqèsh (3.13) mporeÐ na qrhsimopoihjeÐ se èna algìrijmo Apodoq c - Apìrri-
yhc.

SÔmfwna me th mèjodo aut , gia thn prosomoÐwsh enìc deÐgmatoc apì mia
katanom  π, prosomoi¸noume timèc η apì mia bohjhtik  katanom  g, h opoÐa
kaleÐtai sun�rthsh f�keloc (envelope function). H sun�rthsh aut 
èqei to Ðdio st rigma me th sun�rthsh stìqo π kai eÐnai tètoia ¸ste na ikano-
poieÐ th sqèsh π (η) ≤ cg (η), gia k�je η ∈ supp g kai k�poia stajer� c ≥ 1.
Par�goume mia omoiìmorfh tuqaÐa metablht  u ∼ U (0, 1) kai an u ≤ π (η)

cg (η)
tìte apodeqìmaste thn tim  η wc katanemhj sa apì thn katanom  stìqo π.
ApodeiknÔetai ìti h bèltisth epilog  gia th stajer� eÐnai c = max

supp g

(
π (η)

g (η)

)
.

Gia perissìterec leptomèreiec parapèmpoume sta suggr�mmata twn Ripley
(1987, section 3.2) kai Devroye (1986, section II.3).

EÐnai axioshmeÐwto to gegonìc ìti h anamenìmenh pijanìthta apodoq c,
gia thn tuqaÐa metablht  pou prosomoi¸netai sÔmfwna me thn katanom  g,
eÐnai uyhlìterh ston Algìrijmo 3.5.1 apì ìti me th mèjodo thc Apodoq c - A-
pìrriyhc. Autì ofeÐletai sthn apotelesmatikìterh diaqeÐrish twn tim¸n pou
par�gontai apì th sun�rthsh f�kelo g, afoÔ ligìterec timèc aporrÐptontai
apì ton Algìrijmo 3.5.1.
L mma 3.5.1 An h sqèsh (3.13) eustajeÐ, tìte h anamenìmenh pijanìthta
apodoq c pou sundèetai me ton Algìrijmo 3.5.1 eÐnai toul�qiston 1

M
ìtan h

alusÐda eÐnai st�simh.
H sqèsh (3.9), gnwst  kai wc test ratio, upì to plaÐsio twn anex�rthtwn
alusÐdwn paÐrnei th morf 

π (η) /g (η)

π (θ) /g (θ)
=
ω (η)

ω (θ)
, (3.15)

ìpou h posìthta ω = π/g anafèretai wc sun�rthsh st�jmishc (weighting
function) kai eÐnai h Ðdia pou qrhsimopoieÐtai sth deigmatolhyÐa spoudaiìthtac
(importance sampling).
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Gia touc MpeôzianoÔc StatistikoÔc, polÔ dhmofil c epilog  gia th su-
n�rthsh f�kelo g eÐnai h ek twn protèrwn katanom . O genikìc kanìnac gia
tic anex�rthtec alusÐdec eÐnai h apofug  meg�lhc metablhtìthtac gia th su-
n�rthsh st�jmishc, kaj¸c autì aux�nei thn pijanìthta tou endeqomènou na
parameÐnei h alusÐda gia pollèc epanal yeic tou algìrijmou se katast�seic
me meg�lh st�jmish. Epomènwc, sunÐstatai h epilog  sun�rthshc g tètoiac
¸ste h sun�rthsh st�jmishc ω na eÐnai ìso pio stajer  gÐnetai   toul�qi-
ston fragmènh. AfoÔ oi sunart seic π kai g eÐnai kai oi dÔo puknìthtec,
h prohgoÔmenh sÔstash isodunameÐ me thn epilog  sun�rthshc g parìmoiac,
kat� to dunatìteron, me th sun�rthsh π.

O Tierney (1994) proteÐnei thn apofug  puknot twn g me elafrièc ourèc,
ìpwc eÐnai h kanonik  katanom , kai th qrhsimopoÐhsh puknot twn thc ka-
tanom c tou Student (t densities) me lÐgouc bajmoÔc eleujerÐac. Me aut 
thn taktik , h sun�rthsh st�jmishc den ephre�zetai se meg�lo bajmì apì
tic ourèc thc puknìthtac g kai eÐnai ligìtero pijanì na parousi�zei meg�lh
metablhtìthta.

EpÐshc, eÐnai shmantikì na exasfalÐsoume to gegonìc ìti oi ourèc thc
puknìthtac prìtashc g epikratoÔn aut¸n thc puknìthtac stìqou π, prokei-
mènou na petÔqoume posostì apodoq c twn proteinìmenwn tim¸n plhsÐon tou
50%, ìpwc epishmaÐnetai apì touc Gelman, Roberts kai Gilks (1996). Sthn a-
ntÐjeth perÐptwsh, h q den mporeÐ na exereunÐsei tic perioqèc pou antistoiqoÔn
sthn our� thc π.

3.5.2 AlusÐdec TuqaÐou PerÐpatou

O qarakthrismìc {alusÐdec tuqaÐou perÐpatou} (random walk chains) anafè-
retai ston pur na met�bashc prìtashc q. Ti eÐnai ìmwc o tuqaÐoc perÐpatoc;
Orismìc 3.5.1 Upojèste ìti X = (Xn : n ∈ Z+) eÐnai mia sullog  tuqaÐwn
metablht¸n, h opoÐa orÐzetai me thn epilog  miac aujaÐrethc katanom c gia
thn tuqaÐa metablht  X0 kai jètontac, gia k�je n ∈ Z+,

Xn+1 = Xn +Wn+1, (3.16)
ìpou oi tuqaÐec metablhtèc Wn eÐnai anex�rthtec kai isìnomec (iid) lamb�no-
ntac timèc sto sÔnolo twn pragmatik¸n arijm¸n R, me

P (Wn ≤ y) = Γ (−∞ , y ] . (3.17)
Tìte h stoqastik  diadikasÐa X lègetai tuqaÐoc perÐpatoc sto R.
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H sun�rthsh prìtashc q, ston Algìrijmo 3.2.1, epitrèpetai na exart�tai apì
thn trèqousa tim  θ(j). Mia polÔ sun jhc epilog , gia thn prosomoÐwsh twn
proteinìmenwn tim¸n η(j+1), eÐnai h akìloujh:

η(j+1) = θ(j) +W (j+1), (3.18)
ìpou h tuqaÐa metablht  W (j+1), èqei katanom  Γ, ìpwc orÐsthke parap�nw
kai lègetai tuqaÐoc jìruboc (random perturbation or noise).

AxÐzei na parakolouj soume th sugkekrimènh morf  pou lamb�nei h su-
n�rthsh prìtashc q, sthn perÐptwsh prosomoÐwshc mèsw enìc tuqaÐou perÐ-
patou:

q (θ, A) = P
(
η(j+1) ∈ A|θ(j) = θ

)
= P

(
θ(j) +W (j+1) ∈ A|θ(j) = θ

)
= P

(
W (j+1) = A− θ

)
= Γ (A− θ) , (3.19)

ìpou A − θ := {y − θ; y ∈ A}. An upojèsoume ìti h Γ èqei puknìthta γ
tìte q (θ, η) = γ (η − θ). Epiplèon, an h puknìthta γ eÐnai summetrik  perÐ to
mhdèn, dhlad  γ (−θ) = γ (θ), tìte h alusÐda eÐnai summetrik  kai lamb�noume
thn akìloujh prìtuph ekdoq  tou Algìrijmou 3.2.1, ìpwc aut  prot�jhke
apì touc Metropolis et al. (1953):
Algìrijmoc 3.5.2 1. Jèse to metrht  twn epanal yewn j = 1 kai mia

aujaÐreth arqik  tim  θ(0).

2. ProsomoÐwse mia nèa tim  η(j) ∼ γ
(
η − θ(j−1)

)
.

3. Dèxou wc nèa tim  gia thn alusÐda thn

θ(j) =

{
η(j), me pijanìthta α

(
θ(j−1), η(j)

)
,

θ(j−1), me pijanìthta 1− α
(
θ(j−1), η(j)

)
.

4. 'Allaxe to metrht  apì j se j + 1 kai epan�labe th diadikasÐa apì to
b ma 2, mèqri na epèljei sÔgklish.

H pijanìthta apodoq c eÐnai α
(
θ(j−1), η(j)

)
= min

(
1,

π
(
η(j)
)

π (θ(j−1))

)
.

Parathr ste ìti sthn pijanìthta apodoq c, exaitÐac thc summetrikìthtac thc
sun�rthshc γ, apaloÐfetai o ìroc

γ
(
θ(j−1) − η(j)

)
γ (η(j) − θ(j−1))

.
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H parap�nw ekdoq  tou algìrijmou eÐnai polÔ sunhjismènh, kaj¸c pollèc
apì tic praktikèc ulopoi seic tou Algìrijmou 3.2.1 qrhsimopoioÔn autì to
sqèdio.

Oi pio dhmofileÐc epilogèc gia thn katanom  γ eÐnai h kanonik  (Muller,
1991), h t tou Student (1992) kai h omoiìmorfh. Sun jwc, oi katanomèc autèc
qrhsimopoioÔntai sthn tupopoihmènh morf  touc.

'Ena shmantikì z thma pou prèpei na suzhthjeÐ eÐnai h diaspor� thc pu-
knìthtac γ. Meg�lh tim  thc diakÔmanshc epitrèpei th metakin sh thc a-
lusÐdac se tim  apomakrusmènh apì thn prohgoÔmenh, upì to kìstoc tou
qamhloÔ posostoÔ apodoq c twn proteinìmenwn tim¸n apì thn puknìthta
q. Apì thn �llh pleur�, mikr  tim  thc diakÔmanshc epitrèpei mìno mikrèc
metakin seic thc alusÐdac, ìmwc me uyhlì posostì apodoq c. O Tierney
(1994) proteÐnei na jètoume ton pÐnaka diakum�nsewn-sundiakum�nsewn thc γ
wc cV , ìpou c eÐnai ènac jetikìc arijmìc o opoÐoc paÐzei to rìlo miac staje-
r�c suntonismoÔ (tuning constant) kai V eÐnai k�poia prosèggish tou pÐnaka
diakum�nsewn-sundiakum�nsewn thc katanom c stìqou (p.q. thc ek twn ustè-
rwn katanom c). Me aut  thn teqnik , oi kin seic thc alusÐdac eÐnai tou Ðdiou
{ektopÐsmatoc} sqetik� me to eÔroc thc katanom c stìqou. H epilog  thc
stajer�c suntonismoÔ exart�tai apì th morf  thc beltistopoÐhshc pou epiju-
moÔme (posostì apodoq c/mègejoc metab�sewn). O Tierney (1994) proteÐnei
timèc metaxÔ 1/2 kai 1. Oi Gelman, Roberts kai Gilks (1996) apokìmisan to
dikì touc bèltisto posostì apodoq c gia kanonikì tuqaÐo perÐpato me timèc
thc stajer�c c metaxÔ 2 kai 3.

Oi idiìthtec sÔgklishc pou parousi�sthkan sthn Enìthta 3.4, eustajoÔn
sthn eidik  perÐptwsh twn alusÐdwn tuqaÐou perÐpatou.

Me thn epibol  k�poiwn anagkaÐwn kai epark¸n sunjhk¸n, eÐnai dunatì
na apokomÐsoume gewmetrik  ergodikìthta gia thn alusÐda pou par�getai apì
ton Algìrijmo 3.5.2. Oi Mengersen kai Tweedie (1996) apèdeixan mia sun-
j kh, basizìmenoi sth logarijmik  koilìthta (log-concavity) thc sun�rthshc
stìqou π, stic ourèc: dhlad , an up�rqei a > 0 kai x1 tètoia ¸ste,

log π (x)− log π (y) ≥ a |y − x| , (3.20)
gia y < x < −x1   x1 < x < y.
Je¸rhma 3.5.2 'Estw mia sumetrik  puknìthta π thc opoÐac o log�rijmoc
eÐnai koÐlh sun�rthsh (log-concave) me stajer� a, ìpwc aut  anafèretai ston
tÔpo (3.20), gia |x| arkoÔntwc meg�lo. An h puknìthta γ eÐnai jetik  kai
summetrik , h alusÐda

(
θ(t)
)
pou par�getai apì ton Algìrijmo 3.5.2 eÐnai
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gewmetrik� ergodik . An h π den eÐnai summetrik , mia epark c sunj kh gia
gewmetrik  ergodikìthta eÐnai h puknìthta γ (t) na eÐnai fragmènh apì thn
posìthta b exp {−a |t|}, gia k�poia arket� meg�lh stajer� b.

Wstìso, o Algìrijmoc 3.5.2 den apolamb�nei idiìthtec omoiìmorfhc ergo-
dikìthtac. Oi Mengersen kai Tweedie (1996) apèdeixan ìti sthn perÐptwsh
ìpou supp π = R, o Algìrijmoc 3.5.2 den mporeÐ na parag�gei omoiìmorfa
ergodik  alusÐda sto R.

3.5.3 AutopalÐndromec AlusÐdec

Mia �llh morf  algìrijmou, proèrqetai apì thn tropopoÐhsh twn alusÐdwn
tuqaÐou perÐpatou se autopalÐndromec alusÐdec (autoregressive chains) thc
morf c

η(j) = a+ b
(
θ(j−1) − a

)
+Wj, (3.21)

ìpou h tuqaÐa prosaÔxhsh (tuqaÐoc jìruboc) Wj katanèmetai sÔmfwna me
thn katanom  Γ. H katanom  prìtashc gÐnetai q (θ, η) = γ(η − a− b (θ − a))
kai prokÔptei akrib¸c me ton Ðdio trìpo pou proèkuye h sqèsh (3.19). Aut 
h autopalÐndromh anapar�stash mporeÐ na jewrhjeÐ wc mia endi�mesh ka-
t�stash metaxÔ thc anex�rththc ekdoq c (b = 0) kai tou tuqaÐou perÐpatou
(b = 1). Gia b < 0 oi par�metroi θj kai θj−1 eÐnai arnhtik� susqetismènec,
k�ti pou mporeÐ na epitrèyei grhgorìterh peri ghsh sthn epif�neia (surface)
thc puknìthtac π, an to shmeÐo summetrÐac a eÐnai swst� epilegmèno.

Oi epilogèc b = 1 kai b = −1 sugrÐjhkan apì ton Hastings (1970) gia
monometablhth kanonik  katanom  kai apì touc Chib kai Greenberg (1995)
gia dimetablht  kanonik  katanom  me uyhl  susqètish. Kai stic dÔo peri-
pt¸seic, h epilog  b = −1 par gage kalÔterouc ektimhtèc thc katanom c
stìqou. Oi Barone kai Frigessi (1989) parèqoun peraitèrw jewrhtikì upìba-
jro gia thn epilog  tou b. To apotèlesma twn arnhtik¸n susqetÐsewn pou
epitugq�netai me thn epilog  b = −1 den eÐnai kainoÔria idèa sthn prosomoÐ-
wsh, afoÔ eÐnai to basikì apotèlesma thc mejìdou twn antÐjetwn tuqaÐwn
metablht¸n (antithetic variables).

3.5.4 AlusÐdec PolllaplasiastikoÔ TuqaÐou PerÐpa-

tou

Mia enallaktik  morf  tou algìrijmou tou tuqaÐou perÐpatou, eÐnai o al-
gìrijmoc tou logarijmikoÔ tuqaÐou perÐpatou, ìpou h proteinìmenh met�bash
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eÐnai tuqaÐo pollapl�sio thc trèqousac kat�stashc. O algìrijmoc autìc lè-
getai algìrijmoc pollaplasiastikoÔ tuqaÐou perÐpatou (multiplicative ran-
dom walk algorithm). Efarmìzetai sthn perÐptwsh pou o q¸roc katast�sewn
thc alusÐdac eÐnai uposÔnolo tou R+. Gia par�deigma, mporìume na orÐsoume
mia eidik  morf  tou tuqaÐou perÐpatou, wc ex c:
Orismìc 3.5.2 Upojèste ìti h stoqastik  diadikasÐa X = {Xn : n ∈ Z+}
orÐzetai epilègontac mia aujaÐreth katanom  gia thn tuqaÐa metablht  X0

kai jètontac, gia k�je n ∈ Z+,

Xn+1 = [Xn +Wn+1]
+ , (3.22)

ìpou [Xn +Wn+1]
+ := max (0, Xn +Wn+1) kai oi tuqaÐec metablhtèc Wn

eÐnai anex�rthtec kai isìnomec (iid) me timèc sto R, kai sun�rthsh katanom c

P (Wn ≤ y) = Γ (−∞ , y ] . (3.23)
Tìte h stoqastik  diadikasÐa X lègetai tuqaÐoc perÐpatoc sto R+.
Oi proteinìmenec timèc eÐnai mh arnhtikèc kai epomènwc o q¸roc katast�sewn,
thc alusÐdac pou prokÔptei apì ton Algìrijmo 3.5.2, eÐnai o R+. Se mia perÐ-
ptwsh san ki� aut , o algìrijmoc tou pollaplasiastikoÔ tuqaÐou perÐpatou
eÐnai mia kal  epilog .

Oi proteinìmenec timèc dÐnontai apì ton tÔpo η(j) = θ(j−1)eW
(j) , ìpou h

tuqaÐa metablht W (j) katanèmetai sÔmfwna me k�poia summetrik  puknìthta
γ. Tupopoihmèna, o algìrijmoc dÐnetai wc ex c:
Algìrijmoc 3.5.3 1. Jèse to metrht  twn epanal yewn j = 1 kai mia

aujaÐreth arqik  tim  θ(0).

2. ProsomoÐwse mia nèa tim  η(j) ∼ 1

η(j)
γ

[
ln

(
η(j)

θ(j−1)

)]
.

3. Dèxou wc nèa tim  gia thn alusÐda thn

θ(j) =

{
η(j), me pijanìthta α

(
θ(j−1), η(j)

)
,

θ(j−1), me pijanìthta 1− α
(
θ(j−1), η(j)

)
.

4. 'Allaxe to metrht  apì j se j + 1 kai epanèlabe th diadikasÐa apì to
b ma 2, mèqri na epèljei sÔgklish.

DÐnetai α
(
θ(j−1), η(j)

)
= min

(
1,

π
(
η(j)
)
η(j)

π (θ(j−1)) θ(j−1)

)
.
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Mia epèktash tou algìrijmou pou mìlic perigr�yame, eÐnai o algìrij-
moc tou tropopoihmènou polllaplasiastikoÔ tuqaÐou perÐpatou (modified
multiplicative random walk algorithm). QrhsimopoieÐ to metasqhmatismì
log (θ + a), gia k�poia jetik  stajer� a, antÐ tou log (θ) kai efarmìzetai ìtan
to st rigma thc katanom c stìqou π den eÐnai fragmèno se k�poia perioq  ma-
kru� apì to mhdèn. 'Etsi apofeÔgontai ta probl mata pou prokaloÔntai apì
aujèraita mikrèc metab�seic thc alusÐdac sthn perioq  plhsÐon tou mhdènoc.

3.6 BeltÐwsh tou PosostoÔ Apodoq c

Sthn enìthta aut  ja parousi�soume k�poiec skèyeic sqetik� me th beltÐwsh
tou posostoÔ apodoq c, se dÔo apì tic pio dhmofileÐc ekdoqèc tou algìrij-
mou Metropolis-Hastings: tic anex�rthtec alusÐdec kai tic alusÐdec tuqaÐou
perÐpatou. Wstìso, ekeÐno pou endiafèrei eÐnai, ìqi tìso h melèth twn eidi-
k¸n aut¸n peript¸sewn, all� h logik  pou akoloujeÐtai ¸ste na mporeÐ o
anagn¸sthc na genikeÔsei ta apotelèsmata.

3.6.1 Anex�rthtec AlusÐdec

Gia thn perÐptwsh twn anex�rthtwn alusÐdwn, epilègoume puknìthta prìta-
shc g h opoÐa proseggÐzei thn puknìthta stìqo π, ètsi ¸ste o lìgoc π/g
na eÐnai fragmènoc. Sthn perÐptwsh aut , o Algìrijmoc 3.5.1 apolamb�nei
idiìthtec omoiìmorfhc ergodikìthtac. H omoiìtht� tou me ton algìrijmo thc
mejìdou Apodoq c - Apìrriyhc sunhgoreÐ sthn epilog  miac sun�rthshc g h
opoÐa megistopoieÐ to anamenìmeno posostì apodoq c

E

[
min

(
1,
π (η) g (θ)

π (θ) g (η)

)]
= 2P

(
π (η)

g (η)
≥ π (θ)

g (θ)

)
, (3.24)

ìpou θ ∼ π kai η ∼ g. Sthn pragmatikìthta, h beltistopoÐhsh pou epi-
zhteÐtai, me thn epilog  thc puknìthtac prìtashc g, metafr�zetai se ìrouc
thc taqÔthtac sÔgklishc tou deigmatikoÔ mèsou (3.2) ston plhjusmiakì mèso
Eπ [h (θ)] kai kat� sunèpeia sth ikanìthta tou Algìrijmou 3.5.1 na exereuneÐ
taqèwc k�je poluplokìthta thc puknìthtac π1.

1DeÐte, gia par�deigma, to Je¸rhma 3.5.1.
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An jèloume aut  h beltistopoÐhsh na eÐnai genikìterh, dhlad  h proana-
ferjeÐsa taqÔthta sÔgklishc na eÐnai anex�rthth apì th sun�rthsh h, tìte
prèpei h puknìthta g na anapar�gei thn π ìso pio pist� gÐnetai, gegonìc pou
uponoeÐ th megistopoÐhsh tou posostoÔ apodoq c α.

To posostì apodoq c α eÐnai dÔskolo na upologisteÐ. Mia dièxodoc eÐnai
h qrhsimopoÐhsh tou apotelèsmatoc tou L mmatoc 3.5.1, dhlad  α ≥ 1/M ,
me elaqistopoÐhsh thc stajer�c M.

Enallaktik�, mporoÔme na qrhsimopoi soume mia pio empeirik  prosèggish:
epilègoume mia puknìthta prìtashc g, h opoÐa exart�tai apì mÐa par�metro
λ, dhlad  g (·|λ). Sth sunèqeia, anaprosarmìzoume tic timèc thc paramètrou,
me odhgì thn ekt mhsh tou posostoÔ apodoq c, to opoÐo t¸ra mporeÐ na ek-
frasteÐ wc sun�rthsh tou λ, dhlad  α (λ). Pio sugkekrimèna, epilègoume mia
arqik  tim  λ0 gia thn par�metro, ektimoÔme to antÐstoiqo posostì apodoq c
α̂ (λ0), Ôstera apì m epanal yeic tou Algìrijmou 3.5.1 kai tropopoioÔme to
λ0 ¸ste na apokomÐsoume aÔxhsh tou posostoÔ apodoq c.

Sthn aploÔsterh perÐptwsh, h par�metroc λ eÐnai mia monodi�stath par�-
metroc jèshc, h opoÐa aux�netai   mei¸netai an�loga me th sumperifor� thc
ektÐmhshc α̂ (λ). Se sÔnjetec peript¸seic, to λ eÐnai di�nusma pou mporeÐ na
perilamb�nei mia par�metro jèshc   èna pÐnaka sto rìlo thc paramètrou klÐ-
makac. Ed¸, h megistopoÐhsh tou posostoÔ apodoq c α (λ) eÐnai mia dÔskolh
upìjesh.

Gia thn ektÐmhsh thc posìthtac α (λ) mporeÐ na qrhsimopoihjeÐ o aplìc
ektimht c pou katametr� tic apodoqèc twn proteinìmenwn tim¸n   o

2

m

m∑
j=1

I
(
π
(
η(j)
)
g
(
θ(j)
)
> π

(
θ(j)
)
g
(
η(j)
))
, (3.25)

ìpou θ(1), . . . , θ(m) eÐnai mia deigmatik  pragmatopoÐhsh apì thn puknìthta π,
thn opoÐa apokt same apì èna arqikì MCMC algìrijmo kai η(1), . . . , η(m)

eÐnai mia deigmatik  pragmatopoÐhsh enìc tuqaÐou deÐgmatoc anex�rthtwn kai
isìnomwn tuqaÐwn metablht¸n apì thn katanom  g. Epomènwc, an to λ apo-
teleÐtai apì paramètrouc jèsewc kai klÐmakac, h deigmatik  pragmatopoÐhsh((
θ(1), η(1)

)
, . . . ,

(
θ(m), η(m)

)) pou antistoiqeÐ sthn arqik  tim  λ0, mporeÐ na
qrhsimopoihjeÐ epanalhptik� gia na ektim sei diaforetikèc timèc tou λ mèsw
k�poiac neterministik c tropopoÐhshc twn tim¸n η(j) h opoÐa dieukolÔnei th
megistopoÐhsh tou posostoÔ apodoq c α (λ).
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3.6.2 AlusÐdec TuqaÐou PerÐpatou

H perÐptwsh thc prosomoÐwshc mèsw enìc tuqaÐou perÐpatou, ìpwc parou-
si�sthke sthn Par�grafo 3.5.2, apaiteÐ èna diaforetikì qeirismì tou po-
sostoÔ apodoq c, dedomènhc thc ex�rthshc thc katanom c prìtashc Γ apì
thn trèqousa kat�stash thc alusÐdac. Sthn pragmatikìthta, èna uyhlì po-
sostì apodoq c den shmaÐnei aparaÐthta ìti o Algìrijmoc 3.5.2 exelÐssetai
swst�. MporeÐ, gia par�deigma, na upodhl¸nei ìti o tuqaÐoc perÐpatoc ki-
neÐtai polÔ arg� sthn epif�neia (surface) thc puknìthtac stìqou π. An h
trèqousa tim  θ(j−1) kai h proteinìmenh η(j) eÐnai kont�, me thn ènnoia ìti
π
(
θ(j−1)

)
≈ π

(
η(j)
), tìte o Algìrijmoc 3.5.2 apodèqetai thn proteinìmenh

tim  η(j) me pijanìthta

min

(
1,

π
(
η(j)
)

π (θ(j−1))

)
≈ 1. (3.26)

'Ena uyhlì posostì apodoq c eÐnai pijanì na antistoiqeÐ se mia pio arg 
sÔgklish, kaj¸c oi metakin seic sto st rigma thc katanom c stìqou π eÐnai
periorismènec. Sthn perÐptwsh polukìrufwn puknot twn (multimodal densi-
ties) stic opoÐec oi korufèc (modes) diaqwrÐzontai apì z¸nec exairetik� qamh-
l c pijanìthtac, h arnhtik  epÐdrash twn periorismènwn metakin sewn p�nw
sthn epif�neia thc puknìthtac π eÐnai xek�jarh. En¸ to posostì apodoq c
eÐnai arket� uyhlì gia mÐa katanom  g me mikr  diakÔmansh, h pijanìthta thc
met�bashc apì th mÐa koruf  sthn �llh mporeÐ na eÐnai polÔ qamhl . To
fainìmeno autì emfanÐzetai, gia par�deigma, sthn perÐptwsh thc meÐxhc ka-
tanom¸n (mixture of distributions) kai sthn uperparametropoÐhsh montèlwn
(overparameterized models). Parapèmpoume stouc Tanner kai Wong (1987)
kai stouc Besag et al. (1995).

Sthn antÐjeth perÐptwsh, an to anamenìmeno posostì apodoq c eÐnai qa-
mhlì, oi diadoqikèc timèc π (η(j)

) teÐnoun na eÐnai qamhlèc se sqèsh me tic timèc
π
(
θ(j−1)

), pou shmaÐnei ìti o tuqaÐoc perÐpatoc kineÐtai gr gora (me meg�la
�lmata) sthn epif�neia thc puknìthtac π, afoÔ suqn� aggÐzei ta ìria tou
sthrÐgmatoc thc π (  toul�qiston o tuqaÐoc perÐpatoc exereuneÐ perioqèc me
qamhl  pijanìthta upì thn katanom  π).

H parap�nw an�lush deÐqnei na apaiteÐ thn kal  gn¸sh thc puknìthtac
stìqou π, afoÔ mia katanom  prìtashc g me polÔ stenì eÔroc, epibradÔ-
nei to rujmì sÔgklishc tou algìrijmou. Apì thn �llh meri�, mia katanom 
g me meg�lo eÔroc {katanal¸nei} ton algìrijmo sthn prosomoÐwsh �qrh-
stwn shmeÐwn ta opoÐa brÐskontai ektìc tou sthrÐgmatoc thc π, qwrÐc autì
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na shmaÐnei th beltÐwsh thc pijanìthtac tou endeqomènou na episkefjeÐ h
sun�rthsh prìtashc g ìlec tic korufèc thc π.

3.7 UbridikoÐ Algìrijmoi

Oi ubridikoÐ algìrijmoi (hybrid algorithms) prokÔptoun apì tropopoi seic
thc basik c morf c tou Metropolis-Hastings algìrijmou. Sthn enìthta au-
t  ja parousiastoÔn k�poioi tètoioi algìrijmoi kai ja doÔme poia an�gkh
od ghse sth dhmiourgÐa touc.

3.7.1 Metropolis-Hastings kat� suntetagmènh

Ac upojèsoume ìti epijumoÔme na prosomoi¸soume apì mia ek twn ustèrwn
katanom  π (θ), ìpou θ = (θ1, . . . , θd). AntÐ na prosomoi¸noume ìlo mazÐ to
di�nusma θ se k�je b ma tou algìrijmou eÐnai pollèc forèc pio bolikì kai
upologistik� pio eÔkolo na prosomoi¸noume xeqwrist� k�je suntetagmènh
tou dianÔsmatoc θ. Oi suntetagmènec θ1, . . . , θd eÐnai dunatì na apoteloÔn kai
autèc �lla mikrìtera dianÔsmata, diaforetik¸n Ðswc diast�sewn. O algìrij-
moc pou ja parousi�soume lègetai Metropolis-Hastings kat� suntetagmènh
(single component or componentwise Metropolis-Hastings).

Oi Hastings (1970) kai Tierney (1994) diapragmateÔontai èna tètoio sqè-
dio prosomoÐwshc. Pio sugkekrimèna, oi suntetagmènec tou θ mporoÔn na
anabajmÐzontai, se k�je b ma tou algìrijmou, me touc akìloujouc trìpouc:

1. Se k�je epan�lhyh, mÐa suntetagmènh anabajmÐzetai kai h epilog  thc
gÐnetai tuqaÐa an�mesa stic d suntetagmènec.

2. Se k�je epan�lhyh, mÐa suntetagmènh anabajmÐzetai kai h epilog  thc
gÐnetai me prokajorismènh seir� an�mesa stic d suntetagmènec. Gia
par�deigma, oi suntetagmènec anabajmÐzontai kat� seira, dhlad  1 →
2 → . . .→ d.

Sthn pr¸th perÐptwsh lème ìti èqoume metab�seic meÐxhc (mixture transitions)
kai sth deÔterh kuklikèc metab�seic (cycle transitions).

Stic metab�seic meÐxhc orÐzoume pur nec met�bashc pm, oi opoÐoi èqoun
koin  st�simh katanom  π kai pijanìthtec   b�rh wm, m = 1, . . . , d, ìpou
wm ≥ 0 kai∑d

m=1wm = 1. O pur nac pm epilègetai me pijanìthta wm kai a-
nabajmÐzei th suntetagmènh θm. Den eÐnai aparaÐthto na anabajmÐzontai ìlec
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oi suntetagmènec tou dianÔsmatoc θ se k�je epan�lhyh tou algìrijmou. Oi
Zeger kai Karim (1991) proteÐnoun na anabajmÐzontai oi uyhl� susqetismènec
suntetagmènec pio suqn� apì tic upìloipec. Me autì ton trìpo epitaqÔnetai
h sÔgklish.

Mia met�bash meÐxhc p sqhmatÐzetai apì th sqèsh p =
∑d

m=1wmpm. SthnperÐptwsh pl rwc tuqaÐac epilog c suntetagmènhc, ta b�rh eÐnai wm = 1/d.
Epanalamb�noume ìti k�je pur nac met�bashc pm metakineÐ mìno thn m su-
ntetagmènh tou dianÔsmatoc θ.

Oi idiìthtec twn pur nwn met�bashc pm pernoÔn ston pur na meÐxhc p.
O pur nac autìc orÐzei tic metab�seic miac alusÐdac Markov me st�simh ka-
tanom  thn π. Epiplèon, an ènac apì touc pur nec pm eÐnai an�gwgoc kai
aperiodikìc, tìte o pur nac meÐxhc p eÐnai an�gwgoc kai aperiodikìc.

Sthn perÐptwsh twn kuklik¸n metab�sewn me pur nec kuklik c met�bashc
pc, c = 1, . . . , d, mia epan�lhyh tou algìrijmou shmaÐnei thn anab�jmish ìlwn
twn suntetagmènwn tou dianÔsmatoc θ, ìpwc aut  upagoreÔetai apì touc
pur nec pc.

Pollèc apì tic idiìthtec twn pur nwn met�bashc pc pernoÔn ston kuklikì
pur na p. O pur nac autìc orÐzei mia alusÐda Markov me st�simh katano-
m  thn π. AntÐjeta me thn perÐptwsh twn pur nwn meÐxhc, h anagwgimìthta
kai aperiodikìthta enìc ek twn pur nwn pc, den eÐnai genik� epark c gia thn
anagwgimìthta kai aperiodikìthta tou kuklikoÔ pur na p. K�ti tètoio ì-
mwc sumbaÐnei sÐgoura ìtan ìloi oi pur nec pc eÐnai an�gwgoi kai aperiodikoÐ
(Tierney (1994)).

Ta dÔo parap�nw deigmatolhptik� sqèdia mporoÔn na efarmostoÔn me
ènan algìrijmo Metropolis-Hastings. Ac jewr soume thn perÐptwsh twn ku-
klik¸n metab�sewn. Mia pl rhc epan�lhyh tou algìrijmou apoteleÐtai apì
d b mata.

OrÐzoume to di�nusma θ−i = (θ1, . . . , θi−1, θi+1, . . . θd), to opoÐo apoteleÐtai
apì ìlec tic suntetagmènec tou dianÔsmatoc θ ektìc apì th θi. EpÐshc, orÐzou-
me to di�nusma θ(t) pou dhl¸nei thn kat�stash tou θ sto tèloc thc t epan�lh-
yhc tou algìrijmou, kaj¸c kai to di�nusma θ(t)

−i =
(
θ

(t+1)
1 , . . . , θ

(t+1)
i−1 , θ

(t)
i+1, . . . ,

θ
(t)
d

)
, pou dhl¸nei thn tim  tou dianÔsmatoc θ−i kat� thn olokl rwsh tou

i− 1 b matoc thc t+ 1 epan�lhyhc tou algìrijmou. Parathr ste ìti èqoun
anabajmisjeÐ mìno oi i − 1 suntetagmènec tou θ−i, sth sugkekrimènh (t+ 1)
epan�lhyh tou algìrijmou.

Sto b ma i thc t+ 1 epan�lhyhc tou algìrijmou, anabajmÐzetai h sunte-
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tagmènh θi me th bo jeia tou Metropolis-Hastings algìrijmou. H proteinìme-
nh tim  ηi proèrqetai apì mia katanom  prìtashc qi

(
ηi|θ(t)

i , θ
(t)
−i

)
. Epomènwc,

h i katanom  prìtashc qi (·|·, ·) genn�ei mia upoy fia tim  mìno gia thn i
suntetagmènh tou dianÔsmatoc θ kai mporeÐ na exart�tai apì tic trèqousec
timèc opoiwnd pote suntetagmènwn tou θ. H upoy fia tim  gÐnetai apodekt 
me pijanìthta α

(
θ

(t)
−i , θ

(t)
i , ηi

)
, ìpou

α (θ−i, θi, ηi) = min

(
1,
π (ηi|θ−i) qi (θi|ηi, θ−i)
π (θi|θ−i) qi (ηi|θi, θ−i)

)
. (3.27)

H katanom  π (θi|θ−i) = π (θi|θ1, . . . , θi−1, θi+1, . . . , θd) lègetai pl rwc de-
smeumènh katanom  (full conditional distribution) thc paramètrou θi, upì
thn katanom  π. Dhlad , eÐnai h desmeumènh katanom  thc paramètrou θi,
dojeis¸n ìlwn twn upìloipwn suntetagmènwn tou dianÔsmatoc θ, to opoÐo
katanèmetai sÔmfwna me thn π:

π (θi|θ−i) =
π (θ)∫
π (θ) dθi

. (3.28)

An h proteinìmenh tim  ηi gÐnei apodekt , tìte jètoume θ(t+1)
i = ηi, diaforetik�

θ
(t+1)
i = θ

(t)
i . Oi upìloipec suntetagmènec tou dianÔsmatoc θ paramènoun

amet�blhtec kat� to b ma i.
Algìrijmoc 3.7.1 1. Jèse to metrht  twn epanal yewn j = 1 kai mia

aujaÐreth arqik  tim  θ(0) gia to di�nusma θ.

2. Jèse to metrht  thc suntetagmènhc pou prosomoi¸netai (component
counter) i = 1.

3. Gia th suntetagmènh i, prosomoÐwse mia nèa tim  ηi proerqìmenh apì
thn katanom  me puknìthta qi

(
ηi|θ(j−1)

i , θ
(j−1)
−i

)
.

4. Upolìgise thn pijanìthta apodoq c thc metakÐnhshc tou b matoc 3
α
(
θ

(j−1)
−i , θ

(j−1)
i , ηi

)
, h opoÐa dÐnetai apì ton tÔpo (3.27). An h meta-

kÐnhsh gÐnei apodekt , tìte θ(j)
i = ηi, diaforetik� θ

(j)
i = θ

(j−1)
i kai h

alusÐda den metakineÐtai wc proc th suntetagmènh i.

5. 'Allaxe to metrht  apì i se i+ 1 kai epanèlabe ta b mata 3 kai 4, èwc
i = d.
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6. 'Allaxe to metrht  apì j se j + 1 kai epanèlabe th diadikasÐa apì to
b ma 2 mèqri na epèljei sÔgklish.

Sthn pragmatikìthta, aut   tan h protìtuph morf  tou algìrijmou pou pro-
t�jhke apì touc Metropolis et al. (1953). Ta swmatÐdia, ta opoÐa anafèrjh-
kan sthn Enìthta 2.1, �llazoun jèseic èna proc èna, sÔmfwna me mia summe-
trik  katanom  met�bashc. Aut  eÐnai mia omoiìmorfh dimetablht  katanom ,
h opoÐa èqei wc par�metro jèshc thn prohgoÔmenh jèsh tou swmatÐdiou.

H perigraf  tou parap�nw algìrijmou epikentr¸jhke sthn perÐptwsh ku-
klik¸n metab�sewn, ìpou oi suntetagmènec tou dianÔsmatoc θ anabajmÐzontai
mÐa proc mÐa, me th seir� pou dÐnontai sto di�nusma. Ta deigmatolhptik� sqè-
dia meÐxhc kai kÔklou uponooÔn thn Ôparxh kai �llwn trìpwn eksugqronismoÔ
tou dianÔsmatoc θ. Gia par�deigma, eÐnai dunatì k�poiec suntetagmènec na
enhmer¸nontai pio suqn� apì �llec, eÐte epeid  oi teleutaÐec eÐnai dÔskolo na
prosomoiwjoÔn,   lìgw thc ikanìthtac touc na metakinoÔntai pio eleÔjera
mèsa sto q¸ro katast�sewn. Sthn perÐptwsh twn metab�sewn meÐxhc, an
upìjèsoume ìti h pijanìthta epilog c thc suntetagmènhc i, i = 1, . . . , d eÐnai
s (i) kai epitrèpetai na exart�tai apì thn trèqousa kat�stash thc i suntetag-
mènhc θ(t)

i , tìte h (3.27) prèpei na tropopoihjeÐ, alli¸c h st�simh katanom 
thc alusÐdac den ja sumpÐptei me thn katanom  stìqo π. Sugkekrimèna h
pijanìthta apodoq c gÐnetai

α (θ−i, θi, ηi) = min

(
1,
π (ηi|θ−i) s (i|ηi, θ−i) qi (θi|ηi, θ−i)
π (θi|θ−i) s (i|θi, θ−i) qi (ηi|θi, θ−i)

)
.

Mèqri t¸ra, k�je suntetagmènh tou dianÔsmatoc θ anabajmizìtan me th
bo jeia tou dikoÔ thc pur na met�bashc pm   pc gia tic metab�seic meÐxhc
kai tic kuklikèc metab�seic, antÐstoiqa. Mia �llh parallag  eÐnai h qr sh
diaforetik¸n pur nwn met�bashc gia thn anab�jmish thc Ðdiac suntetagmènhc
  sunìlou suntetagmènwn. Autì, genik�, den exasfalÐzei grhgorìterh sÔ-
gklish. Oi Gelfand and Carlin (1995) parousi�zoun èna ìmorfo par�deigma
ìpou me th meÐxh diaforetik¸n deigmatolhptik¸n sqedÐwn se mia apl  alusÐda
Markov, epitugq�netai axioshmeÐwth beltÐwsh sthn taqÔthta sÔgklishc.

Oi pur nec met�bashc prìtashc pou parousi�sthkan sthn Enìthta 3.5
mporoÔn na qrhsimopoihjoÔn kai ston Metropolis-Hastings algìrijmo kat�
suntetagmènh, gia thn kataskeu  twn pur nwn qi (·|·, ·) , i = 1, . . . , d. EpÐshc,
gia k�poiec suntetagmènec mporeÐ na eÐnai pio logikì na qrhsimopoi soume a-
nex�rthtec alusÐdec, basismènec sthn ek twn protèrwn katanom , dedomènou
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ìti up�rqei arket  plhroforÐa gia tic suntetagmènec autèc. 'Allec sunte-
tagmènec mporoÔn na prosomoiwjoÔn me th bo jeia twn alusÐdwn tuqaÐou
perÐpatou.

H an�gkh na antimetwpÐsoume k�je suntetagmènh xeqwrist�, eÐnai aut 
pou od ghse sth dhmiourgÐa thc mejìdou. Sun jwc, h pijanìthta met�bashc
(3.27) aplopoieÐtai dÐnontac èna shmantikì upologistikì pleonèkthma. 'Ena
�llo pleonèkthma thc mejìdou emfanÐzetai ìtan h katanom  stìqoc π pros-
diorÐzetai, ek fÔsewc, se ìrouc twn pl reic desmeumènwn katanom¸n thc.

K�je ènac apì touc pur nec met�bashc pi, i = 1, . . . , d orÐzei mia anti-
strèyimh (reversible) alusÐda me st�simh katanom  thn πi (θi|θ−i). Epomènwc,
k�je pur nac pi ikanopoieÐ th sqèsh

πi (ηi|θ−i) =

∫
πi (θi|θ−i) pi (θi, ηi) dθi. (3.29)

Par�deigma 3.7.1 'Estw to di�nusma θ = (θ1, θ2). Mia metakÐnhsh thc
alusÐdac aut c, apì thn kat�stash θ = (θ1, θ2) sthn kat�stash η = (η1, η2)
pragmatopoieÐtai me th metakÐnhsh kai twn dÔo suntetagmènwn, sÔmfwna me
touc antÐstoiqouc pur nec. An π eÐnai h st�simh katanom  gia èna kuklikì
pur na, tìte gr�foume

π (η1, η2) =

∫ ∫
π (θ1, θ2) p1 (θ1, η1) p2 (θ2, η2) dθ1dθ2. (3.30)

To dexÐ mèloc thc sqèshc (3.30) gr�fetai wc ex c:∫ ∫
π1 (θ1|θ2)π

(2) (θ2) p1 (θ1, η1) p2 (θ2, η2) dθ1dθ2

=

∫
π(2) (θ2)

[∫
π1 (θ1|θ2) p1 (θ1, η1) dθ1

]
p2 (θ2, η2) dθ2

=

∫
π(2) (θ2)π1 (η1|θ2) p2 (θ2, η2) dθ2

=

∫
π(1) (η1)π2 (θ2|η1) p2 (θ2, η2) dθ2

= π(1) (η1)

∫
π2 (θ2|η1) p2 (θ2, η2) dθ2

= π(1) (η1)π2 (η2|η1)

= π (η1, η2) .



76 KEF�ALAIO 3. O ALG�ORIJMOS METROPOLIS - HASTINGS

H deÔterh kai trÐth isìthta prokÔptoun apì th stasimìthta twn desmeumènwn
puknot twn, en¸ oi upìloipec isìthtec apì basikoÔc pijanotikoÔc kai oloklh-
rwtikoÔc logismoÔc. To apotèlesma mporeÐ na epektajeÐ se megalÔtero arij-
mì suntetagmènwn kai eustajeÐ kai sthn perÐptwsh enìc Metropolis-Hastings
pur na meÐxhc, Ðswc me k�poiec teqnikèc allagèc. H parap�nw apìdeixh basÐ-
sthke se apolÔtwc suneqeÐc pur nec met�bashc, gia shmeiografik  eukolÐa.
MporeÐ na apodeiqteÐ ìti par� th mh anagwgimìthta twn pur nwn met�bashc
pi twn suntetagmènwn, o kuklikìc pur nac met�bashc p eÐnai an�gwgoc kai
aperiodikìc (Tierney, 1994). Epomènwc, h st�simh katanom  π eÐnai monadik .
To ìti o Algìrijmoc 3.7.1 pr�gmati par�gei deÐgmata apì thn katanom  stìqo
π, prokÔptei apì to gegonìc ìti h π eÐnai monadik� orismènh apì to sÔnolo twn
pl reic desmeumènwn katanom¸n thc (full conditional distributions) (Besag,
1974).



Kef�laio 4

O Deigmatol pthc Gibbs

4.1 Eisagwg 

To kef�laio autì afier¸netai sthn parousÐash tou pio eurèwc qrhsimopoioÔ-
menou sqedÐou stoqastik c prosomoÐwshc mèsw alusÐdwn Markov. EÐnai gnw-
stì me thn onomasÐa deigmatolhyÐa Gibbs (Gibbs sampling), lìgw thc
arqik c qrhsimopoÐhs c tou sthn epexergasÐa eikìnac (image processing),
ìpou èprepe na deigmatolhpt soume apì mia katanom  Gibbs.

'Opwc anafèretai apì touc Besag kai Green (1993), o deigmatol pthc
Gibbs apant� stic idèec tou Grenander (1983), en¸ h epÐshmh onomasÐa tou
eis�getai apì touc Geman kai Geman (1984). To bibliografikì orìshmo thc
deigmatolhyÐac Gibbs, se probl mata Mpeôzian c sumperasmatologÐac, dÐne-
tai apì touc Gelfand kai Smith (1990). Mia parìmoia idèa, me thn onomasÐa
aÔxhsh dedomènwn (data augmentation) eis qjh apì touc Tanner kai
Wong (1987). Oi Casella kai George (1992) parèqoun èna polÔ epexhghmatikì
�rjro gia ton deigmatol pth Gibbs.

4.2 Orismìc kai Idiìthtec

O pio prìdhloc trìpoc ¸ste na aplopoi soume èna dÔskolo poludi�stato
prìblhma prosomoÐwshc, eÐnai na to ekfulÐsoume se mia sullog  apì pio
eÔkolec, mikrìterwn diast�sewn, prosomoi¸seic. Autì akrib¸c k�nei o deig-
matol pthc Gibbs. Ac upojèsoume ìti h katanom  stìqoc eÐnai h π (θ|y),
ìpou θ = (θ1, . . . , θd)

T , me ek twn protèrwn katanom  p (θ) kai dedomèna y,
me sun�rthsh pijanof�neiac L (θ|y). Se pollèc peript¸seic eÐnai dÔskolo

77
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na prosomoi¸soume èna deÐgma apeujeÐac apì thn ek twn ustèrwn katanom 
π (θ|y) = cp (θ)L (θ|y).

Gia thn an�ptuxh tou deigmatol pth Gibbs qrhsimopoioÔme thn i sunte-
tagmènh θi tou dianÔsmatoc θ kai to di�nusma θ−i = (θ1, . . . , θi−1, θi+1, . . . ,

θd)
T . K�je mÐa apì tic suntetagmènec θi, i = 1, . . . , d mporeÐ na eÐnai bajmw-

tìc arijmìc, di�nusma   pÐnakac. JewroÔme epÐshc ìti oi pl rwc desmeumènec
katanomèc π (θi|θ−i) eÐnai diajèsimec, me thn ènnoia ìti eÐnai gnwstèc kai mpo-
roÔn �mesa na prosomoiwjoÔn.

To prìblhma pou kaloÔmaste na antimetwpÐsoume eÐnai na prosomoi¸sou-
me apì thn katanom  stìqo (ek twn ustèrwn katanom ) π (θ), ìtan h �mesh
deigmatolhyÐa apì aut  eÐnai dapanhr , perÐplokh   apl� mh diajèsimh, e-
n¸ h prosomoÐwsh apì tic puknìthtec π (θi|θ−i) , i = 1, . . . , d eÐnai diajèsimh.
Eutuq¸c, sta plaÐsia thc Mpeôzian c Statistik c, gia mia meg�lh kl�sh i-
erarqik¸n montèlwn (hierarchical models) me suzhgeÐc ek twn protèrwn kai
upèr ek twn protèrwn katanomèc, oi pl rwc desmeumènec katanomèc, pou a-
paitoÔntai gia thn an�ptuxh tou deigmatol pth Gibbs, eÐnai diajèsimec se
kleist  morf  (closed form). 'Opwc anafèrjhke nwrÐtera, o deigmatol pthc
Gibbs eÐnai kataskeuasmènoc gia thn exuphrèthsh aut c thc diadikasÐac.
Algìrijmoc 4.2.1 1. Jèse to metrht  twn epanal yewn j = 1 kai mia

aujaÐreth arqik  tim  θ(0) =
(
θ

(0)
1 , . . . , θ

(0)
d

)T
gia to di�nusma θ.

2. ProsomoÐwse mia nèa tim  θ(j) =
(
θ

(j)
1 , . . . , θ

(j)
d

)T
, mèsw diadoqik¸n

prosomoi¸sewn

θ
(j)
1 ∼ π1

(
θ1|θ(j−1)

2 , . . . , θ
(j−1)
d

)
θ

(j)
2 ∼ π2

(
θ2|θ(j)

1 , θ
(j−1)
3 , . . . , θ

(j−1)
d

)
...

θ
(j)
d ∼ πd

(
θd|θ(j)

1 , . . . , θ
(j)
d−1

)
3. 'Allaxe to metrht  apì j se j + 1 kai epan�labe th diadikasÐa apì to

b ma 2 mèqri na epèljei sÔgklish.
Gia na peistoÔme ìti se k�je èpan�lhyh tou algìrijmou lamb�noume mÐa ti-
m  apì th st�simh katanom  stìqo mporoÔme na skeftoÔme wc ex c: ka-
t� thn olokl rwsh tou b matoc j − 1 èqoume thn tim 

(
θ

(j−1)
1 , . . . , θ

(j−1)
d

)
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h opoÐa proèrqetai apì thn puknìthta π (θ1, . . . , θd). Aut  eÐnai h st�simh
puknìthta stìqoc. Sto pr¸to b ma thc j epan�lhyhc paÐrnoume to di�-
nusma twn tim¸n

(
θ

(j)
1 , θ

(j−1)
2 . . . , θ

(j−1)
d

)
pou katanèmetai sÔmfwna me thn

π
(
θ

(j)
1 |θ(j−1)

2 . . . , θ
(j−1)
d

)
π
(
θ

(j−1)
2 . . . , θ

(j−1)
d

)
= π

(
θ

(j)
1 , θ

(j−1)
2 . . . , θ

(j−1)
d

)
pou

eÐnai kai aut  h st�simh katanom  stìqoc. SuneqÐzoume aut  th logik  mèqri
pou ft�noume sto d b ma thc j epan�lhyhc tou algìrijmou ìpou èqoume to
di�nusma

(
θ

(j)
1 , . . . , θ

(j)
d

)
pou katanèmetai sÔmfwna me thn π

(
θ

(j)
1 , . . . , θ

(j)
d

)
pou eÐnai h st�simh katanom  stìqoc.

K�je suntetagmènh tou dianÔsmatoc θ anabajmÐzetai me k�poia fusik 
seir� kai k�je epan�lhyh tou algìrijmou apaiteÐ thn prosomoÐwsh d sunte-
tagmènwn. Oi Gelfand kai Smith (1990) deÐqnoun ìti k�tw apì sugkekrimènec
sunj kec, ìtan epèljei h sÔgklish, tìte h prokÔptousa tim  θ(j) katanèmetai
sÔmfwna me thn katanom  π. Kaj¸c o arijmìc twn epanal yewn tou al-
gìrijmou aux�netai, h alusÐda proseggÐzei tic sunj kec isorropÐac thc. H
sÔgklish tìte jewreÐtai ìti isqÔei kat� prosèggish:
Je¸rhma 4.2.1 Gia to deigmatol pth Gibbs 4.2.1:

1. θ(j) d→ θ ∼ π (θ).

2. H sÔgklish sto 1 eÐnai ekjetik  wc proc j, wc proc th nìrma L1.

Oi Schervish kai Carlin (1992) parèqoun mia epark  sunj kh pou exasfalÐzei
gewmetrik  ergodikìthta.

Ja diafwtÐsoume ton trìpo leitourgÐac tou deigmatol pth Gibbs me èna
aplì par�deigma.
Par�deigma 4.2.1 Jewr ste mia parat rhsh y = (y1, y2) apì èna dimeta-
blhtì kanonikì plhjusmì me �gnwsth mèsh tim  θ = (θ1, θ2) kai gnwstì
pÐnaka sundiakum�nsewn Σ, ìpou

Σ =

(
1 ρ
ρ 1

)
,

me −1 < ρ < 1. Me thn π (θ) = 1 wc ek twn protèrwn katanom  gia to
di�nusma θ, h ek twn ustèrwn katanom  eÐnai h θ|y ∼ N (y,Σ). Par� to
gegonìc ìti eÐnai polÔ eÔkolo na l�boume apeujeÐac èna deÐgma apì thn apì
koinoÔ ek twn ustèrwn katanom  twn (θ1, θ2), epistrateÔoume to deigmatol pth
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Gibbs gia tic an�gkec thc epÐdeixhc. Prokeimènou loipìn na efarmìsoume to
deigmatol pth Gibbs, qreiazìmaste tic pl rwc desmeumènec ek twn ustèrwn
katanomèc

θ1|θ2, y ∼ N
(
y1 + ρ (θ2 − y2) , 1− ρ2

)
θ2|θ1, y ∼ N

(
y2 + ρ (θ1 − y1) , 1− ρ2

)
.

O deigmatol pthc Gibbs exelÐssetai me enallaktikèc prosomoi¸seic apì tic dÔo
parap�nw kanonikèc katanomèc, xekin¸ntac apì mia arqik  tim  θ(0)

2 . H ako-
loujÐa (θ1, θ2), eÐnai alusÐda Markov me st�simh katanom  thn π (θ|y). All�
kai oi akoloujÐec θ1 kai θ2 xeqwrist�, eÐnai alusÐdec Markov me st�simec kata-
nomèc tic perijwriakèc (marginal distributions) π(1) (θ1|y) =

∫
π (θ1, θ2|y) dθ2

kai π(2) (θ2|y) =
∫
π (θ1, θ2|y) dθ1, antÐstoiqa. O pur nac met�bashc gia

thn alusÐda θ1 eÐnai P (x, y) =
∫
π2 (x,w)π1 (w, y) dw, ìpou π2 (x,w) =

pθ2|θ1 (x,w) kai π1 (w, y) = pθ1|θ2 (w, y). An�loga orÐzetai o pur nac met�-
bashc gia thn alusÐda θ2.

Mia tupik  troqi� thc deigmatolhyÐac Gibbs, gia èna didi�stato parametrikì
di�nusma θ = (θ1, θ2)

T , dÐnetai apì to Sq ma 4.1. Oi omìkentrec kampÔlec

Sq ma 4.1: Upìdeigma thc troqi�c tou deigmatol pth Gibbs se didi�stato
parametrikì q¸ro.
parist�noun tic isoôyeÐc grammèc (contour lines) thc ek twn ustèrwn puknì-
thtac π (θ|y). DojeÐshc thc arqik c tim c θ(0)

2 par�goume mia tim  gia thn
par�metro θ1, thn θ(1)

1 . Autì sumbolÐzetai me thn pr¸th par�llhlh, ston o-
rizìntio �xona, eujeÐa gramm . Me b�sh aut  thn ektÐmhsh, prosomoi¸noume
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mia nèa tim  gia thn θ2, th θ(1)
2 , h opoÐa sumbolÐzetai me thn pr¸th par�llhlh,

ston k�jeto �xona, eujeÐa gramm . Parathr ste ìti k�je metakÐnhsh apeiko-
nÐzetai me mia eujeÐa gramm , afoÔ sta endi�mesa b mata tou deigmatol pth
Gibbs anabajmÐzetai mÐa mìno suntetagmènh, diathr¸ntac ìlec tic �llec sta-
jerèc. Sto shmeÐo autì oloklhr¸jhke mia epan�lhyh tou algìrijmou, afoÔ
anabajmÐsthkan kai oi dÔo suntetagmènec tou dianÔsmatoc θ. H diadikasÐa
suneqÐzetai kat� autìn ton trìpo mèqri na epèljei h sÔgklish.

Sthn prwtìtuph dhmosÐeush twn Geman kai Geman (1984) mia epan�lhyh
tou algìrijmou sunÐstatai sthn anab�jmish miac mìno suntetagmènhc tou
parametrikoÔ dianÔsmatoc θ.

'Enac trìpoc ¸ste na apokt soume èna deÐgma megèjouc n apì thn ka-
tanom  π eÐnai na prosomoi¸soume n alusÐdec mèqri na epèljei sÔgklish.
Enallaktik�, met� th sÔgklish ìlec oi paraqjeÐsec timèc proèrqontai apì
th st�simh katanom  stìqo π. Epomènwc, n diadoqikèc timèc apì mÐa alusÐ-
da, met� th burn in perÐodo, jewroÔntai wc deÐgma apì thn π. To jèma tou
sqhmatismoÔ deÐgmatoc ja mac apasqol sei sto epìmeno kef�laio.

H deigmatolhyÐa Gibbs prosdiorÐzei mia alusÐda Markov. Autì eÐnai xe-
k�jaro kaj¸c h kat�stash met� thn j epan�lhyh tou algìrijmou exart�tai
mìno apì tic timèc thc alusÐdac sthn epan�lhyh j−1. EpÐshc, h alusÐda eÐnai
omogen c, kaj¸c oi metab�seic ephre�zontai mìno apì tic timèc thc alusÐdac
kai ìqi apì ton aÔxonta arijmì thc epan�lhyhc tou algìrijmou.

O pur nac met�bashc thc alusÐdac θ = (θ1, . . . , θd) eÐnai

p
(
θ(t), θ(t+1)

)
=

d∏
i=1

πi

(
θi|θ(t+1)

1 , . . . , θ
(t+1)
i−1 , θ

(t)
i+1, . . . , θ

(t)
d

)
, (4.1)

o opoÐoc exart�tai apì thn epan�lhyh tou algìrijmou mìno mèsw twn tim¸n
θ(t) =

(
θ

(t)
1 , . . . , θ

(t)
d

)
kai θ(t+1) =

(
θ

(t+1)
1 , . . . , θ

(t+1)
d

)
. Aut  h alusÐda, me

sunolik  s�rwsh epÐ ìlwn twn suntetagmènwn tou dianÔsmatoc θ, den eÐnai
antistrèyimh (reversible), par� to gegonìc ìti h alusÐda pou sqhmatÐzetai
apì thn anab�jmish k�je suntetagmènhc xeqwrist�, eÐnai antistrèyimh. O
Peter Green epishmaÐnei ìti h alusÐda (θ(t)

) mporeÐ na gÐnei antistrèyimh, an
k�je epan�lhyh tou algìrijmou apoteleÐtai apì mia sar¸sh epÐ ìlwn twn su-
nist¸swn tou θ akoloujoÔmenh apì mia s�rwsh epÐ twn Ðdiwn suntetagmènwn
se antÐstrofh seir� (Besag, 1986):
Algìrijmoc 4.2.2 1. Jèse to metrht  twn epanal yewn j = 1 kai mia

aujaÐreth arqik  tim  θ(0) =
(
θ

(0)
1 , . . . , θ

(0)
d

)
gia to di�nusma θ.
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2. ProsomoÐwse mia nèa tim  θ(j) =
(
θ

(j)
1 , . . . , θ

(j)
d

)
, mèsw diadoqik¸n pro-

somoi¸sewn

θ∗1 ∼ π1

(
θ1|θ(j−1)

2 , . . . , θ
(j−1)
d

)
θ∗2 ∼ π2

(
θ2|θ∗1, θ

(j−1)
3 , . . . , θ

(j−1)
d

)
...

θ∗d−1 ∼ πd−1

(
θd−1|θ∗1, . . . , θ∗d−2, θ

(j−1)
d

)
θ

(j)
d ∼ πd

(
θd|θ∗1, . . . , θ∗d−1

)
θ

(j)
d−1 ∼ πd−1

(
θd−1|θ∗1, . . . , θ∗d−2, θ

(j)
d

)
...

θ
(j)
1 ∼ π1

(
θ1|θ(j)

2 , . . . , θ
(j)
d

)
3. 'Allaxe to metrht  apì j se j + 1 kai epan�labe th diadikasÐa apì to

b ma 2 mèqri na epèljei sÔgklish.

Enallaktik�, mporoÔme na qrhsimopoi soume èna aploÔstero, apì ton 4.2.2,
algìrijmo, o opoÐoc prot�jhke apì touc Liu et al. (1995) kai lègetai deigma-
tol pthc Gibbs me tuqaÐa s�rwsh (random sweep Gibbs sampler).
H prosomoÐwsh k�je suntetagmènhc θi tou parametrikoÔ dianÔsmatoc θ, gÐ-
netai me tuqaÐa seir� se k�je epan�lhyh tou algìrijmou. H alusÐda pou
par�getai eÐnai antistrèyimh.
Algìrijmoc 4.2.3 1. ProsomoÐwse mia tuqaÐa met�jesh σ = (σ1, . . . ,

σd) twn stoiqeÐwn tou sunìlou {1, . . . , d}.

2. ProsomoÐwse

θ(j)
σ1

∼ πσ1

(
θσ1|θ

(j−1)
−σ1

)
...

θ(j)
σd

∼ πσd

(
θσd
|θ(j−1)
−σd

)
,

ìpou θ(j−1)
−σi

=
(
θ

(j)
σ1 , . . . , θ

(j)
σi−1 , θ

(j−1)
σi+1 , . . . θ

(j−1)
σd

)
.
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'Ena �llo polÔ shmantikì apotèlesma eÐnai ìti h katanom  isorropÐac thc
alusÐdac, me pur na met�bashc pou dÐnetai apì th sqèsh (4.1), eÐnai h π.
Me �lla lìgia, an mia alusÐda Markov me pur na met�bashc p (θ(t), θ(t+1)

)
èqei oriak  katanom  thn π∞, tìte h sunj kh stasimìthtac (2.19) prèpei na
ikanopoieÐtai apì to mètro π∞ kai ton pur na met�bashc p kai h alusÐda prèpei
na eÐnai an�gwgh (irreducible). EÐnai eÔkolo na diapistwjeÐ h anagwgimìthta
se k�poia paraqjeÐsa alusÐda, elègqontac an p (x,A) > 0, gia ìla ta sÔnola
A me jetik  ek twn ustèrwn pijanìthta.

Mia parallag  tou Algìrijmou 4.2.1 eÐnai o tuqaÐoc deigmatol pthc
Gibbs (random Gibbs sampler), o opoÐoc anabajmÐzei mÐa suntetagmènh
θν , tou dianÔsmatoc θ, se k�je epan�lhyh tou.

Algìrijmoc 4.2.4 DojeÐshc thc tim c θ(j) =
(
θ

(j)
1 , . . . , θ

(j)
d

)
kai thc po-

luwnumik c katanom c (ν1, . . . , νd) ∼M (1; ξ1, . . . , ξd),

1. anab�jmise th suntetagmènh θν , ìpou ν ∼M (1; ξ1, . . . , ξd),

2. prosomoÐwse θ(j+1)
ν ∼ π

(
θν |θ(j)

−ν

)
kai jèse θ(j+1)

−ν = θ
(j)
−ν .

Par� to gegonìc ìti o Algìrijmoc 4.2.4 anabajmÐzei mÐa suntetagmènh k�je
for�, h prokÔptousa alusÐda (θ(t)

) eÐnai isqur� anag¸gimh exaitÐac thc tuqaÐ-
ac epilog c thc suntetagmènhc ν pou ja anabajmisteÐ. EpÐshc, apolamb�nei
mia epiplèon idiìthta pou ja suzht soume sthn Enìthta 4.8.

4.3 Gibbs kai Metropolis - Hastings

Ta d b mata tou Algìrijmou 4.2.1 mporoÔn na jewrhjoÔn wc mia sullog  apì
d Metropolis - Hastings algìrijmouc, stouc opoÐouc h pijanìthta apodoq c
twn proteinìmenwn tim¸n apì th sun�rthsh met�bashc prìtashc eÐnai p�nta
Ðsh me èna. Wstìso, ja prèpei na epishm�noume ìti k�je ènac apì touc d xe-
qwristoÔc Metropolis - Hastings algìrijmouc den par�gei an�gwgh alusÐda,
afoÔ anabajmÐzei mÐa mìno suntetagmènh tou dianÔsmatoc θ.

O pur nac met�bashc prìtashc gia thn i suntetagmènh, sta plaÐsia enìc
Metropolis - Hastings algìrijmou, eÐnai

q (θ, η) = I (θ−i = η−i)πi (ηi|θ−i) , (4.2)
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ìpou I (θ−i = η−i) eÐnai h deÐktria sun�rthsh tou endeqomènou (θ1, . . . , θi−1 ,
θi+1, . . . , θd) = (η1, . . . , ηi−1, ηi+1, . . . , ηd). Shmei¸ste ìti h puknìthta stì-
qoc, gia ton i Metropolis - Hastings algìrijmo, eÐnai h πi (·|θ−i). Tìte, h
pijanìthta apodoq c α (θ, η) eÐnai

α (θ, η) =
πi (ηi|θ−i)
πi (θi|θ−i)

πi (θi|η−i)
πi (ηi|θ−i)

=
πi (ηi|θ−i)
πi (θi|θ−i)

πi (θi|θ−i)
πi (ηi|θ−i)

= 1. (4.3)

Parathr ste ìti qrhsimopoi same to gegonìc ìti I (θ−i = η−i) = 1, opìte
πi (θi|η−i) = πi (θi|θ−i). An I (θ−i = η−i) = 0, tìte q (θ, η) = 0 kai α (θ, η) =
0.

H sÔgkrish an�mesa sto deigmatol pth Gibbs kai èna tupikì Metropolis -
Hastings algìrijmo, faÐnetai na eunoeÐ ton pr¸to. Sth deigmatolhyÐa Gibbs,
oi prosomoiwmènec timèc proèrqontai apì tic pl rwc desmeumènec katanomèc
pou prokÔptoun apeujeÐac apì thn apì koinoÔ puknìthta katanom c twn d
suntetagmènwn tou dianÔsmatoc θ, h opoÐa eÐnai kai h katanom  stìqoc. Apì
thn �llh meri�, o pur nac Metropolis - Hastings basÐzetai se mia puknìthta
met�bashc prìtashc, h opoÐa epilègetai ètsi ¸ste na proseggÐzei, ìso peris-
sìtero gÐnetai, thn katanom  stìqo π. Apì aut  thn �poyh, o kÐndunoc miac
kak c epilog c thc puknìthtac met�bashc prìtashc, h opoÐa ja katal xei
se �skopec prosomoi¸seic tim¸n pou ja aporrifjoÔn, eÐnai uparktìc gia thn
perÐptwsh tou algìrijmou Metropolis - Hastings.

4.4 Sumpl rwsh

O deigmatol pthc Gibbs mporeÐ na genikeuteÐ me thn idèa thc sumpl rwshc
twn puknot twn.
Orismìc 4.4.1 DojeÐshc miac puknìthtac pijanìthtac π, mia puknìthta g
pou ikanopoieÐ th sqèsh ∫

η

g (θ, η) dη = π (θ) , (4.4)

lègetai sumpl rwsh (completion) thc π.

AntÐ na prosomoi¸soume timèc θ(j) tou dianÔsmatoc θ apì thn katanom  π,
prosomoi¸noume timèc y(j) tou dianÔsmatoc y = (θ, η) apì thn katanom  g.
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To η eÐnai kai autì di�nusma paramètrwn kai leitourgeÐ wc {aÔxhsh}tou dia-
nÔsmatoc θ, me thn ènnoia thc dieÔrunshc tou arqikoÔ q¸rou katast�sewn Θ
sto q¸ro Θ×η. 'Allwste, h sumplhrwsh miac puknìthtac π se mia puknìthta
g, ètsi ¸ste h π na eÐnai h perijwriak  puknìthta thc g, apoteleÐ mia apì
tic pr¸tec emfanÐseic tou deigmatol pth Gibbs sth Statistik , gnwst  wc
aÔxhsh dedomènwn (data augmentation) (Tanner kai Wong, 1987).

H metakÐnhsh apì thn tim  y(j−1) sthn tim  y(j) orÐzetai me ton akìloujo
trìpo:
Algìrijmoc 4.4.1 1. Jèse to metrht  twn epanal yewn j = 1 kai mia

aujaÐreth arqik  tim  y(0) =
(
y

(0)
1 , . . . , y

(0)
d

)
gia to di�nusma y.

2. ProsomoÐwse mia nèa tim  y(j) =
(
y

(j)
1 , . . . , y

(j)
d

)
, mèsw diadoqik¸n pro-

somoi¸sewn

y
(j)
1 ∼ g1

(
y1|y(j−1)

2 , . . . , y
(j−1)
d

)
y

(j)
2 ∼ g2

(
y2|y(j)

1 , y
(j−1)
3 , . . . , y

(j−1)
d

)
...

y
(j)
d ∼ gd

(
yd|y(j)

1 , . . . , y
(j)
d−1

)
3. 'Allaxe to metrht  apì j se j + 1 kai epanèlabe th diadikasÐa apì to

b ma 2 mèqri na epèljei sÔgklish.

H mèjodoc thc sumpl rwshc proteÐnetai ìtan oi gia tic desmeumènec katano-
mèc pou sqetÐzontai me thn π den eÐnai gnwstèc oi stajerèc kanonikopoÐhshc
  ìtan h katanom  stìqoc π eÐnai monodi�stath kai ìpwc  dh ègine antilh-
ptì, o deigmatol pthc Gibbs efarmìzetai gia thn prosomoÐwsh katanom¸n
diast�sewn d ≥ 2.
Par�deigma 4.4.1 Jèloume na prosomoi¸soume thn katanom  π (θ) ìpou
to θ eÐnai mia monodi�stath par�metroc. Lìgw teqnik¸n duskoli¸n, san kai
autèc pou anafèrame pio p�nw, apofasÐzoume na prosomoi¸soume th sumpl -
rws  thc. Gia k�je sun�rthsh π (θ), up�rqei h sun�rthsh

g (θ, η) = I (0 ≤ η ≤ π (θ)) (4.5)
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pou apoteleÐ fusik  sumpl rwsh thc π. Sto parìn par�deigma h η eÐnai kai
aut  mia monodi�stath par�metroc. Parathr ste ìti∫

g (θ, η) dη =

∫
I (0 ≤ η ≤ π (θ)) dη

=

∫ π(θ)

0

1dη = [η]π(θ)
0 = π (θ) .

H efarmog  tou Algìrijmou 4.4.1 èqei wc ex c:
1. θ(j)|η(j−1) ∼ g1

(
θ|η(j−1)

).
2. η(j)|θ(j) ∼ g2

(
η|θ(j)

).
Sth sunèqeia, krat�me mìno tic prosomoiwmènec timèc θ(j) gia thn par�metro θ
pou mac endiafèrei kai agnooÔme tic prosomoiwmènec timèc η(j)gia th bohjhtik 
par�metro η.
H sumpl rwsh thc puknìthtac π sthn g kai tou dianÔsmatoc θ sto y = (θ, η)
den eÐnai upoqrewtik� sundedemènh me to upì melèth prìblhma. To di�nusma η
eÐnai pijanì na mhn èqei jewrhtikì nìhma, �lla mìno praktikì wc èna qr simo
epinìhma.

4.5 Idiìthtec SÔgklishc

Ja doulèyoume me th genik  perÐptwsh tou Algìrijmou 4.4.1 pou sunant sa-
me sthn enìthta 4.4. H alusÐda Markov y = (θ, η) sugklÐnei sthn katanom 
g (θ, η) kai h upoalusÐda (θ(t)

) sugklÐnei sthn katanom  π. EÐnai shmantikì
na shmei¸soume ìti en¸ h y eÐnai alusÐda Markov, h upoalusÐda (θ(t)

) tupik�
den eÐnai alusÐda Markov. Mia perÐptwsh kat� thn opoÐa sumbaÐnei autì eÐnai
ekeÐnh thc aÔxhshc dedomènwn (data augmentation).
Je¸rhma 4.5.1 Gia to deigmatol pth Gibbs tou Algìrijmou 4.4.1, an h a-
lusÐda y eÐnai ergodik , tìte h katanom  g eÐnai h st�simh katanom  gia thn
alusÐda y kai h katanom  π eÐnai h oriak  katanom  gia thn upoalusÐda

(
θ(t)
)
.

O Besag (1974) parèqei mia epark  sunj kh ¸ste h alusÐda Markov pou
par�getai apì to deigmatol pth Gibbs na eÐnai an�gwgh.
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Orismìc 4.5.1 'Estw (y1, . . . , yd) ∼ g (y1, . . . , yd) kai g(i) eÐnai h perijwriak 
katanom  thc suntetagmènhc yi. An oi sqèseic g(i) (yi) > 0, i = 1, . . . , d
sunep�gontai ìti g (y1, . . . , yd) > 0, tìte h sun�rthsh g ikanopoieÐ th sunj kh
jetikìthtac.

Apìrroia tou parap�nw orismoÔ eÐnai, ìti to st rigma thc sun�rthshc g eÐ-
nai to kartesianì ginìmeno twn jemèlÐwn twn puknot twn g(i). Epiplèon, to
eÔroc twn dunat¸n tim¸n yi pou prosomoi¸noume apì tic pl rwc desmeumè-
nec katanomèc den eÐnai meiwmèno se sqèsh me to eÔroc twn tim¸n yi, pou
prosomoi¸noume apeujeÐac apì thn apo koinoÔ katanom  g. Sthn perÐptwsh
aut , dÔo aujaÐreta uposÔnola Borel tou sthrÐgmatoc thc g, eÐnai dunatì na
epikoinwnoÔn se mÐa epan�lhyh tou algìrijmou.
Je¸rhma 4.5.2 An h puknìthta g ikanopoieÐ th sunj kh jetikìthtac, tì-
te o deigmatol pthc Gibbs tou Algìrijmou 4.4.1 orÐzei mia an�gwgh alusÐda
Markov.

Dustuq¸c, h sunj kh tou Jewr matoc 4.5.2 eÐnai suqn� dÔskolo na epibe-
baiwjeÐ kai gia to lìgo autì o Tierney (1994) dÐnei mia pio bolik  sunj kh:
L mma 4.5.1 An o pur nac met�bashc thc alusÐdac pou par�getai apì ton
Algìrijmo 4.4.1 eÐnai apolÔtwc suneq c, wc proc to kurÐarqo mètro (domina-
ting measure), tìte h alusÐda eÐnai Harris epanalhptik  (Harris recurrent).

Ed¸, o periorismìc pou jètoume ston pur na met�bashc tou deigmatol pth
Gibbs1, arkeÐ ¸ste na paraqjeÐ mia an�gwgh alusÐda kai h Harris epana-
lhptikìthta èpetai. AfoÔ exasfalisjeÐ h anagwgimìthta thc alusÐdac pou
par�getai apì ton Algìrijmo 4.4.1, mporoÔn na edraiwjoÔn perissìtero i-
squrèc idiìthtec sÔgklishc.

O periorismìc thc apìluthc sunèqeiac pou epib�lame ston pur na met�-
bashc, pou dÐnetai apì thn (4.1), ikanopoieÐtai stic perissìterec peript¸seic.
Wstìso, an k�poio apì ta d b mata, pou apaiteÐ mia epan�lhyh tou Algìrij-
mou 4.4.1, antikatastajeÐ apì k�poio Metropolis - Hastings upoalgìrijmo,
tìte h apìluth sunèqeia q�netai kai apaiteÐtai eÐte h melèth twn idiot twn
epanìdou (recursion properties) thc alusÐdac   h eisagwg  enìc epiplèon b -
matoc prosomoÐwshc pou ja exasfalÐsei thn Harris epanalhptikìthta .

Apì thn Harris epanalhptikìthta , mporeÐ na edraiwjeÐ to epìmeno apo-
tèlesma:

1EÐnai autìc pou dÐnetai apì th sqèsh (4.1).
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Je¸rhma 4.5.3 'Estw ìti o pur nac met�bashc thc alusÐdac y = (θ, η), pou
par�getai apì to deigmatol pth Gibbs 4.4.1, eÐnai apolÔtwc suneq c, wc proc
to kurÐarqo mètro (dominating measure). Tìte

1. An h1, h2 ∈ L1 (g) me
∫
h2 (y) g (dy) 6= 0, tìte

lim
n→∞

∑n
j=1 h1

(
y(j)
)∑n

j=1 h2 (y(j))
=

∫
h1 (y) g (dy)∫
h2 (y) g (dy)

. (4.6)

2. An epiplèon h alusÐda y eÐnai aperiodik , tìte

lim
n→∞

∥∥∥∥∫ pn (y, ·)µ (dx)− g

∥∥∥∥ = 0, (4.7)

gia k�je arqik  katanom  µ.

4.6 UbridikoÐ Algìrijmoi

4.6.1 Bohjhtikèc Metablhtèc

Sto pneÔma thc Enìthtac 4.4, mporoÔme na k�noume merikèc epekt�seic ¸-
ste na kataskeu�soume mia ubridik  morf  tou deigmatol pth Gibbs. Sthn
prosèggish aut , prokeimènou na apokt soume èna deÐgma apì th st�simh ka-
tanom  π (θ), me θ ∈ Θ, dieurÔnoume ton arqikì q¸ro katast�sewn Θ qrhsimo-
poi¸ntac mÐa   perissìterec bohjhtikèc   lanj�nousec metablhtèc (auxiliary
or latent variables). Mia èxupnh dieÔrunsh tou q¸rou katast�sewn Θ mac
dÐnei th dunatìthta na dieurÔnoume thn kl�sh twn pl reic desmeumènwn kata-
nom¸n (full conditional distribution) apì tic opoÐec mporeÐ na prosomoi¸nei o
deigmatol pthc Gibbs. Kat� autì ton trìpo, epitaqÔnetai h sÔgklish sthn
katanom  stìqo thc alusÐdac pou orÐzetai sto dieurumèno q¸ro katast�sewn.

H basik  idèa èqei wc ex c: èstw π (θ) h katanom  stìqoc. Mia nèa
par�metroc η eis�getai me desmeumènh katanom  thn p (η|θ), ètsi ¸ste h apì
koinoÔ katanom  twn paramètrwn (  parametrik¸n dianusm�twn) θ kai η na
eÐnai h p (θ, η) = π (θ) p (η|θ). MporoÔme na kataskeu�soume mia alusÐda
Markov sto q¸ro katast�sewn Θ× η me enallaktikèc prosomoi¸seic metaxÔ
θ kai η, mèsw tou deigmatol pth Gibbs. H desmeumènh katanom  tou η|θ
epilègetai me {kat�llhlo} trìpo, pou shmaÐnei eÐte ìti h bohjhtik  metablht 
eis�getai gia na epitrèyei kalÔterh   grhgorìterh sÔgklish thc alusÐdac



4.6. UBRIDIKO�I ALG�ORIJMOI 89

(θ, η) sthn apì koinoÔ katanom  p (θ, η), eÐte ìti o nèoc algìrijmoc eÐnai pio
eÔkola ulopoi simoc   pio gr goroc se upologistikì qrìno.

Ac upojèsoume ìti gia th desmeumènh katanom  tou η|θ epilègoume η|θ ∼
U (0, π (θ)). Autì odhgeÐ se mia omoiìmorfh apì koinoÔ katanom 

p (θ, η) ∝ I (0 ≤ η ≤ π (θ)) , (4.8)
thc opoÐac h perijwriak  sun�rthsh puknìthtac eÐnai h π (θ). Dhlad  h
p (θ, η) eÐnai mia sumpl rwsh thc π (θ). O deigmatol pthc Gibbs, gia thn
prosomoÐwsh thc apì koinoÔ katanom c (4.8), apaiteÐ dÔo mìno b mata:

η|θ ∼ U (0, π (θ))

θ|η ∼ U (θ : π (θ) ≥ η) .

'Otan apokt soume èna deÐgma me timèc (θ(j), η(j)
) gia tic paramètrouc (θ, η),

agnooÔme tic timèc η(j) kai ètsi mac apomènei èna deÐgma me timèc (θ(j)
) pou

proèrqontai apì thn puknìthta stìqo π (θ), h opoÐa prokÔptei apì thn apì
koinoÔ puknìthta (4.8) me olokl rwsh wc proc η.

Sta plaÐsia thc Mpeôzian c Statistik c, èqoume π (θ) ∝ p (θ)L (θ), ìpou
π (θ) eÐnai h ek twn ustèrwn katanom  stìqoc, p (θ) eÐnai h ek twn protèrwn
katanom  gia thn par�metro θ kai L (θ) eÐnai h sun�rthsh pijanof�neiac2.
Tìte, eis�gontac mia bohjhtik  par�metro η, katal goume sthn katanom 
stìqo p (θ, η) = π (θ) p (η|θ) ∝ p (θ)L (θ) p (η|θ). Mia kat�llhlh epilog 
gia th desmeumènh katanom  thc η wc proc θ, p (η|θ), eÐnai h U (0, L (θ)). H
prosomoÐwsh thc �gnwsthc ek twn ustèrwn katanom c, me th bo jeia tou
deigmatol pth Gibbs kai me thn epilog  thc sugkekrimènh desmeumènhc kata-
nom c pou anafèrame, lègetai slice sampling.

Tèloc, upojèste ìti π (θ) ∝ p (θ)
∏k

i=1 Li (θ). H sun�rthsh Li (θ) eÐnai
mia jetik  sun�rthsh pou parist�nei th sumbol  tou i dedomènou (1 ≤ i ≤ k)
sth sun�rthsh pijanof�neiac L (θ). MporoÔme na qrhsimopoi soume mia
sullog  apì bohjhtikèc metablhtèc η = (η1, . . . , ηk), ìpou jètoume ηi|θ ∼
U (0, Li (θ)) , i = 1, . . . , k. T¸ra h apì koinoÔ sun�rthsh puknìthtac dÐnetai
apì ton tÔpo

p (θ, η1, . . . , ηk) ∝ p (θ)
k∏
i=1

I (0 ≤ ηi ≤ Li (θ)) . (4.9)
2Gia lìgouc shmeiografik c eukolÐac sumbolÐzoume thn ek twn ustèrwn katanom  tou

θ me π (θ) antÐ gia π (θ|y) kai th sun�rthsh pijanof�neiac twn dedomènwn me L (θ) antÐ gia
L (θ|y).
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O deigmatol pthc Gibbs efarmozetai sto sqèdio slice sampling me ton akì-
loujo trìpo:
Algìrijmoc 4.6.1

η
(j+1)
1 ∼ U

(
0, L1

(
θ(j)
))

η
(j+1)
2 ∼ U

(
0, L2

(
θ(j)
))

...
η

(j+1)
k ∼ U

(
0, Lk

(
θ(j)
))

θ(j+1) ∼ UA(j+1) ,

me A(j+1) =
{
θ : Li (θ) ≥ η

(j+1)
i , i = 1, . . . , k

}
.

H perijwriak  sun�rthrthsh puknìthtac gia thn par�metro θ, eÐnai h π (θ),
ìpwc �llwste eÐnai to epijumhtì. Oi pl rwc desmeumènec katanomèc gia tic
bohjhtikèc paramètrouc ηi eÐnai U (0, Li (θ)), en¸ h pl rwc desmeumènh kata-
nom  gia th θ eÐnai h ek twn protèrwn katanom  p (θ) periorismènh sto sÔnolo
A = {θ : Li (θ) ≥ ηi, i = 1, . . . , k}.

Suqn�, ston tÔpo (4.9) jètoume p (θ) = c, ìpou c eÐnai mia stajer�. Sthn
perÐptwsh aut  h apì koinoÔ sun�rthsh katanom c p (θ, η1, . . . , ηk) èqei omoiì-
morfh puknìthta sto sÔnolo ∩ki=1

{
θ : Li (θ) ≥ η

(j)
i

}
. Ed¸, h prosomoÐwsh

mporeÐ na eÐnai dÔskolh, afoÔ emplèkei thn prosomoÐwsh tim¸n apì thn o-
moiìmorfh katanom  se mia, pijan¸c, poludi�stath mh omal� sqhmatismènh
perioq . Autì periorÐzei thn efarmosimìthta tou slice sampler. Oi Damien et
al. (1999) kai Neal (2002) parèqoun èna pl joc teqnik¸n gia thn pragm�twsh
autoÔ tou dÔskolou b matoc tou algìrijmou.

Oi Damien et al. (1999) deÐqnoun ìti aut  h teleutaÐa paragontik  mor-
f  tou slice sampler, eÐnai pleonektik  se poll� ierarqik� kai mh suzhg 
Mpeôzian� montèla, ìpou oi sunart seic Li eÐnai amèswc antistrèyimec kai
to sÔnolo A = {θ : Li (θ) ≥ ηi, i = 1, . . . , k} eÐnai èukolo na upologisteÐ.
Wstìso, o Neal (1997) epishmaÐnei ìti eis�gontac tìsec pollèc bohjhtikèc
metablhtèc (mÐa gia k�je par�gonta sth sun�rthsh pijanof�neiac), mporeÐ
na epifèrei bradeÐc rujmoÔc sth sÔgklish.

Ja kleÐsoume thn enìthta twn bohjhtik¸n metablht¸n me èna par�deigma
gia ton slice sampler.
Par�deigma 4.6.1 'Estw ìti jèloume na prosomoi¸soume timèc apì thn tu-
pik  kanonik  katanom  me puknìthta π (θ) ∝ exp (−θ2/2), ìpou θ èinai mia
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monodi�stath par�metroc. Gia na anaptÔxoume ton slice sampler, ja qrhsi-
mopoi soume th sumpl rwsh thc π, dhlad  thn

p (θ, η) = I (0 ≤ η ≤ π (θ)) .

O slice sampler prosomoi¸nei apì tic pl rwc desmeumènec katanomèc
η|θ ∼ U (0, π (θ))

θ|η ∼ UA,

ìpou
A = {θ : π (θ) ≥ η} =

{
θ : e−

θ2

2 ≥ η
}

=

{
θ : −θ

2

2
≥ ln η

}
=
{
θ : θ2 ≤ −2 ln η

}
=
{
θ : θ2 + 2 ln η ≤ 0

}
=
{
θ ∈

(
−
√
−2 ln η,

√
−2 ln η

)}
.

4.6.2 Metropolis entìc tou Gibbs

O algìrijmoc Metropolis entìc tou Gibbs (Metropolis within Gibbs) eÐnai mia
ubridik  morf  tou klassikoÔ deigmatol pth Gibbs, h opoÐa pollèc forèc mac
bg�zei apì th dÔskolh jèsh.

'Estw to di�nusma twn paramètrwn θ = (θ1, . . . , θd)
T . Upojètoume ìti ìlec

oi pl rwc desmeumènec puknìthtec eÐnai diajèsimec, ektìc apì thn πi (θi|θ−i),
ìpou θ−i = (θ1, . . . , θi−1, θi+1, . . . , θd), pijan¸c lìgw mh suzugoÔc (non con-
jugacy) ek twn protèrwn katanom c gia thn paramètro θi. EÐnai logikì na
skeftoÔme k�poio trìpo ¸ste na antikatast soume th dÔskolh deigmatolh-
yÐa apì thn perijwriak  katanom  πi (θi|θ−i) me k�poia pio eÔkolh. 'Enac
eÔkoloc trìpoc deigmatolhyÐac, ìpwc anafèrame sto prohgoÔmeno kef�laio,
eÐnai o algìrijmoc Metropolis - Hastings. H idèa loipìn eÐnai na qrhsimopoi -
soume to basikì kormì tou deigmatol pth Gibbs kai na eis�goume sto i b ma
tou ènan b ma Metropolis - Hastings ¸ste na prosomoi¸soume thn par�me-
tro θi. Gia ton upoalgìrijmo autì, mporoÔme na epilèxoume mia desmeumènh
puknìthta met�bashc prìtashc (conditional proposal density function)

q
(
θ

(j−1)
i , η|θ(j−1)

−i

)
, (4.10)
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ìpou θ(j−1)
−i =

(
θ

(j)
1 , . . . , θ

(j)
i−1, θ

(j−1)
i+1 , . . . , θ

(j−1)
d

)
kai na anaptÔxoume ton upo-

algìrijmo Metropolis - Hastings gia T epanal yeic, apodeqìmenoi   apor-
rÐptontac timèc, kat� th sun jh diadikasÐa. H teleutaÐa tim  pou dÐnei o
upoalgìrijmoc (epan�lhyh T), eÐnai aut  pou qrhsimopoioÔme wc thn j ana-
b�jmish thc suntetagmènhc θi, eÐnai dhlad  h tim  θ(j)

i . Katìpin, suneqÐzoume
me ton exwterikì brìgqo (loop) tou deigmatol pth Gibbs. Shmei¸ste ìti au-
t  h prosèggish mporeÐ na qrhsimopoihjeÐ gia opoiad pote par�metro gia thn
opoÐa steroÔmaste thn kleist c morf c pl rh desmeumènh puknìthta.

Gia T = 1, o algìrijmoc èqei thn ex c morf :
Algìrijmoc 4.6.2 Gia i = 1, . . . , d, dÐnetai θ(j−1)

−i =
(
θ

(j)
1 , . . . , θ

(j)
i−1, θ

(j−1)
i+1 ,

. . . , θ
(j−1)
d

)
:

1. ProsomoÐwse èna nèo arijmì ηi ∼ q
(
θ

(j−1)
i , ηi|θ(j)

1 , . . . , θ
(j)
i−1, . . . , θ

(j−1)
d

)
2. Jèse

θ
(j)
i =

{
ηi, me pijanìthta α,
θ

(j−1)
i , me pijanìthta 1− α,

ìpou

α
(
θ

(j−1)
i , ηi

)
= min


1,

πi

(
ηi|θ(j)

1 , . . . , θ
(j)
i−1, θ

(j−1)
i+1 , . . . , θ

(j−1)
d

)
qi

(
θ

(j−1)
i , ηi|θ(j)

1 , . . . , θ
(j)
i−1, θ

(j−1)
i+1 , . . . , θ

(j−1)
d

)
πi

(
θ

(j−1)
i |θ(j)

1 , . . . , θ
(j)
i−1, θ

(j−1)
i+1 , . . . , θ

(j−1)
d

)
qi

(
ηi, θ

(j−1)
i |θ(j)

1 , . . . , θ
(j)
i−1, θ

(j−1)
i+1 , . . . , θ

(j−1)
d

)


.

Aut  h ubridik  morf  tou deigmatol pth Gibbs anafèretai suqn� wc Metro-
polis within Gibbs, kaÐtoi k�poioi suggrafeÐc, ìpwc oi Besag et al. (1995)
kai oi Chib kai Greenberg (1995), diafwnoÔn me autìn ton ìro isqurizìmenoi
ìti oi Metropolis et al. (1953) kai Hastings (1970) oramatÐsthkan tètoiouc
algìrijmouc stic prwtìtupec dhmosieÔseic touc polÔ prin thn emf�nish tou
deigmatol pth Gibbs. Apotèlesma aut c thc ènstashc eÐnai h qrhsimopoÐhsh
twn ìrwn {monometablhtìc Algìrijmoc Metropolis} (univariate Metropolis)
kai {b mata Metropolis} (Metropolis steps).

H qr sh tou algìrijmou Metropolis within Gibbs anadeiknÔei dÔo, meÐ-
zonwc shmasÐac, zht mata sÔgklishc. To pr¸to eÐnai jewrhtikì: sugklÐnei
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o parap�nw ubridikìc algìrijmoc sth swst  katanom  stìqo; Oi metab�-
seic thc alusÐdac (θ(t)

), pou par�gei o algìrijmoc, den eÐnai kuklikèc3 (cycle
transitions), epeid  prìkeitai gia mia nteterministik  enallag  metaxÔ Gibbs
kai Metropolis bhm�twn, ta opoÐa an anaptuqjoÔn xeqwrist� den sugklÐnoun,
afoÔ ta pr¸ta den anabajmÐzoun th suntetagmènh θi, en¸ ta teleutaÐa den
anabajmÐzoun tic upìloipec suntetagmènec. Wstìso, k�je mÐa apì tic sunte-
tagmènec tou dianÔsmatoc θ diathreÐ th st�simh katanom  thc alusÐdac kai
epomènwc, dedomènou ìti h alusÐda tou ubridikoÔ algìrijmou eÐnai aperiodik 
kai an�gwgh, h sÔgklish epitugq�netai.

To deÔtero z thma eÐnai pio praktikì: p¸c ja epilèxoume ton arijmì T
twn epanal yewn tou Metropolis upoalgìrijmou; H sÔgklish ston exwterikì
Gibbs brìgqo epitugq�netai gia opoiad pote tim  tou T. BebaÐwc, autì den
shmaÐnei ìti se k�poio sugkekrimèno prìblhma ìlec oi timèc tou T eÐnai to
Ðdio kalèc wc proc th sÔgklish. Gia par�deigma, h tim  T = 100000 eÐnai mia
kak  epilog , afoÔ to mìno pou apokomÐzoume eÐnai h isqur  pepoÐjhsh ìti
h prosomoiwmènh tim  θ(j)

i eÐnai mia deigmatik  pragmatopoÐhsh apì th swst 
pl rh desmeumènh katanom . Akìma ìmwc kai aut  h pepoÐjhsh eÐnai �qrhsth
sta arqik� st�dia tou exwterikoÔ brìgqou (dhlad  ìtan to j eÐnai mikrì),
diìti o teleutaÐoc eÐnai akìma makri� apì th st�simh katanom  sthn opoÐa
stoqeÔei kai epomènwc to {akribì} deÐgma (me thn ènnoia tou upologistikoÔ
qrìnou) eÐnai polÔ pijanì na mh diathrhjeÐ gia thn sumperasmatologÐa gÔrw
apì thn ek twn ustèrwn katanom . Dhlad , mia pio akrib c prosèggish thc
pl reic perijwriak c katanom c πi (θi|θ−i) den shmaÐnei aparaÐthta kalÔterh
prosèggish thc katanom c stìqou π (θ), ìpou θ = (θ1, . . . , θd).

Apì thn �llh meri�, h tim  T = 1 mporeÐ na antistoiqeÐ se mia polÔ
kak  prosèggish thc pl rh desmeumènhc katanom c, ¸ste na epibradÔnetai
h sÔgklish tou exwterikoÔ Gibbs algìrijmou. Se trimetablhtì kanonikì
perib�llon, pou melet jhke apì touc Gelfand kai Lee (1993), oi timèc T = 4
kai T = 8 epèdeixan kal  apìdosh, all� autì den apotelei genik  upìdeixh.
Sthn pr�xh h epilog  T = 1 uiojeteÐtai suqn�.

H eukamyÐa tou algìrijmou Metropolis within Gibbs eÐnai to orìshmo
thc spoudaiìtht�c tou. Apì th mÐa apolamb�noume to pleonèkthma tou deig-
matol pth Gibbs na ekfulÐzei mia poludi�stath prosomoÐwsh se pollèc, mi-
krìterwn diast�sewn, prosomoi¸seic. Apì thn �llh, h eisagwg  tou upo-
algìrijmou Metropolis - Hastings mac epitrèpei na uperbaÐnoume to empìdio
thc dÔskolhc deigmatolhyÐac apì mia strufn  pl reic perijwriak  puknìthta

3Blèpe kai Upoenìthta 2.5.
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πi (θi|θ−i).
O Müller proteÐnei mia mèjodo gia thn perÐptwsh ìpou polloÐ Metropo-

lis - Hastings upoalgìrijmoi emfanÐzontai se ènan exwterikì deigmatol pth
Gibbs, eÐte lìgw perÐplokwn desmeumènwn katanom¸n   gia lìgouc epit�-
qunshc thc sÔgklishc. Eis�gei èna b ma apodoq c, Ôstera apì ta d b mata
miac epan�lhyhc tou exwterikoÔ Gibbs brìgqou. H mèjodoc aut  eÐnai polÔ
dapanhr  upologistik�, afoÔ mporeÐ se opoid pote b ma j tou exwterikoÔ
algìrijmou na aporrÐptei ìlec tic prosomoiwmènec timèc θ(j)

i , i = 1, . . . , d,
tou dianÔsmatoc θ.

KleÐnoume aut n thn upoenìthta me thn parousÐash enìc apotelèsmatoc
apì ton Liu (1995), o opoÐoc deÐqnei ìti se èna diakritì q¸ro katast�sewn, o
deigmatol pthc Gibbs mporeÐ na beltiwjeÐ apì Metropolis - Hastings b mata.
H beltÐwsh ekfr�zetai se ìrouc ell�twshc thc diakÔmanshc tou ergodikoÔ
mèsou (3.2). H tropopoÐhsh aut , pou onom�zetai Metropolization kat� Liu
(1995) (Metropolization by Liu), basÐzetai sto epìmeno apotèlesma, to opoÐo
ofeÐletai ston Peskun (1973):
L mma 4.6.1 Jewr ste dÔo antistrèyimec alusÐdec Markov se èna diakritì
q¸ro katast�sewn, me pÐnakec met�bashc T1 kai T2, ètsi ¸ste ta mh diag¸nia
stoiqeÐa tou pÐnaka T2 na eÐnai megalÔtera apì ta antÐstoiqa tou pÐnaka T1.
H alusÐda pou prokÔptei apì ton pÐnaka met�bashc T2 uperèqei thc �llhc, me
thn ènnoia thc mikrìterhc diakÔmanshc twn ektimht¸n.
Gia k�poia pl rh desmeumènh puknìthta πi (θi|θ−i), se èna diakritì q¸ro ka-
tast�sewn, h tropopoÐhsh pou prot�jhke apì ton Liu (1995) problèpei thn
eisagwg  enìc Metropolis - Hastings b matoc:
Algìrijmoc 4.6.3 DojeÐshc thc tim c θ(j) =

(
θ

(j)
1 , . . . , θ

(j)
d

)
,

1. prosomoÐwse zi 6= θ
(j)
i , me pijanìthta

πi

(
zi|θ(j)

−i

)
1− πi

(
θ

(j)
i |θ

(j)
−i

) ,
2. apodèxou θ(j+1)

i = zi, me pijanìthta

1− πi

(
θ

(j)
i |θ

(j)
−i

)
1− πi

(
zi|θ(j)

−i

) ∧ 1,
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ìpou x ∧ y = min (x, y).

Ston Algìrijmo 4.6.3, gia th suntetagmènh θi tou dianÔsmatoc θ, h pijanìth-
ta met�bashc apì thn tim  θ(j)

i se k�poia diaforetik  tim , eÐnai megalÔterh
apì thn antÐstoiqh tou deigmatol pth Gibbs, o opoÐoc dÐnetai apì ton Algì-
rijmo 4.2.1. To L mma 4.6.1 exasfalÐzei thn uperoq  tou Algìrijmou 4.6.3
se ìrouc thc diakÔmanshc twn ektimht¸n tou prosomoiomènou plhjusmoÔ.

4.6.3 Omadopoihmènoc kai Tropopoihmènoc Ekfulismè-

noc Gibbs

O Liu (1994) proteÐnei mia mèjodo {omadopoÐhshc} (grouping) kai {ekfuli-
smoÔ} (collapsing) sth qr sh tou deigmatol pth Gibbs. Gia na antilhfjeÐte
th skèyh tou Liu, jewr ste mia tridi�stath ek twn ustèrwn puknìthta π (θ),
ìpou θ = (θ1, θ2, θ3). ProteÐnei, loipìn, tic akìloujec algorijmikèc morfèc:
Algìrijmoc 4.6.4 Grouped Gibbs Sampler

1. (θ1, θ2) ∼ π12 (θ1, θ2|θ3),

2. θ3 ∼ π3 (θ3|θ1, θ2),

Ston parap�nw algìrijmo, omadopoioÔme tic paramètrouc θ1 kai θ2 kai èpeita
tic prosomoi¸noume tautìqrona, apì thn apì koinoÔ ek twn ustèrwn desmeu-
mènh puknìtht� touc π (θ1, θ2|θ3). Mia genik  sÔstash eÐnai na omadopoioÔme
jetik� susqetismènec paramètrouc.

O epìmenoc algìrijmoc lègetai tropopoihmènoc ekfulismènoc deig-
matol pthc Gibbs:
Algìrijmoc 4.6.5 Modified Collapsed Gibbs Sampler

1. θ1 ∼ p (θ1|θ2),

2. θ2 ∼ p (θ2|θ1)

3. θ3 ∼ π3 (θ3|θ1, θ2) ,

MporoÔme na deÐxoume ìti o tropopoihmènoc ekfulismènoc deigmatol pthc
Gibbs katal gei sthn Ðdia katanom  stìqo me ton aujentikì deigmatol -
pth Gibbs. Jewr ste dÔo diadoqikèc katast�seic thc alusÐdac (θ(t)

), tic
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θ(j) =
(
θ

(j)
1 , θ

(j)
2 , θ

(j)
3

)
kai θ(j+1) =

(
θ

(j+1)
1 , θ

(j+1)
2 , θ

(j+1)
3

)
. O pur nac met�ba-

shc pou sundèetai me ton Algìrijmo 4.6.5 eÐnai

p
(
θ(j), θ(j+1)

)
= p

(
θ

(j+1)
1 |θ(j)

2

)
p
(
θ

(j+1)
2 |θ(j+1)

1

)
× p

(
θ

(j+1)
3 |θ(j+1)

1 , θ
(j+1)
2

)
. (4.11)

ProkÔptei ìti ∫
R3

p
(
θ(j), θ(j+1)

)
π
(
θ(j)
)
dθ(j) = π

(
θ(j+1)

)
. (4.12)

Epomènwc, h st�simh katanom  thc alusÐdac pou par�gei o Algìrijmoc 4.6.5
eÐnai h π (θ) kai eÐnai h Ðdia me thn antÐstoiqh tou aujentikoÔ Algìrijmou
4.2.1.

An jèloume na proboÔme se mÐa sÔgkrish twn dÔo prohgoÔmenwn algìrij-
mwn kai tou prwtìtupou 4.2.1, èqoume ta ex c: o omadopoihmèno Gibbs eÐnai
apodotikìteroc apì ton prwtìtupo. O tropopoihmènoc ekfulismènoc Gibbs
endèqetai na eÐnai apodotikìteroc apì ton prwtìtupo. MetaxÔ tou tropopoi-
hmènou ekfulismènou kai tou omadopoihmènou, h eikìna den eÐnai xek�jarh. H
apìdosh twn teleutaÐwn, pijan¸c exart�tai apì tic susqetÐseic metaxÔ twn
suntetagmènwn tou dianÔsmatoc θ. Gia par�deigma, an oi susqetÐseic meta-
xÔ twn suntetagmènwn θ1 kai θ2, gia ton trisdi�stato parametrikì q¸ro tou
paradeÐgmatìc mac, eÐnai uyhlèc, tìte o omadopoihmènoc Gibbs anamènetai na
eÐnai apodotikìteroc apì ton tropopoihmèno ekfulismèno.

4.7 AÔxhsh Dedomènwn

Oi Tanner kai Wong (1987) eis gagan mia mèjodo me thn onomasÐa aÔxhsh
dedomènwn (data augmentation). H mèjodoc aut  aposkopeÐ sto na proso-
moi¸sei ta dedomèna pou leÐpoun apì èna sÔnolo dedomènwn   tic �gnwstec
timèc enìc sunìlou paramètrwn. BasÐzetai sthn aÔxhsh thc  dh up�rqousac
plhroforÐac kai epanalhptik� belti¸nei thn poiìthta thc prosomoiwmènhc
qamènhc (  agnooÔmenhc) plhroforÐac. H mèjodoc thc aÔxhshc dedomènwn
eÐnai mia MCMC teqnik , h opoÐa suneq¸c par�gei beltiwmènec ektim seic,
dojeÐshc thc prohgoÔmenhc ektÐmhshc kai gia to lìgo autì h akoloujÐa thc
prosomoiwmènhc plhroforÐac sqhmatÐzei mia alusÐda Markov.
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Ac upojèsoume ìti kat� thn parat rhsh k�poiwn dedomènwn, apotugq�-
noume na parathr soume to pl rec set twn dedomènwn: X = [Xobs, Xmis],
ìpou Xobs eÐnai to parathrhjèn sÔnolo twn dedomènwn kai Xmis to mh pa-
rathrhjèn. Kai ta dÔo uposÔnola dedomènwn eÐnai desmeumèna wc proc thn
par�metro endiafèrontoc, θ. Gia shmeiografik  eukolÐa jètoume Xobs = x,
Xmis = y kai qrhsimopoi soume to sÔmbolo p wc èna genikì sÔmbolo gia th
sun�rthsh puknìthtac. H mèjodoc thc aÔxhshc twn dedomènwn apaiteÐ th
gn¸sh thc parametrik c morf c thc ek twn ustèrwn katanom c p (θ|X), pou
antistoiqeÐ sto pl rec set twn dedomènwn, kaj¸c kai thc puknìthtac p (y|x).

Xekin�me thn parousÐash thc mejìdou me ton orismì thc ek twn ustèrwn
tautìthtac

p (θ|x) =

∫
Xmis

p (θ|x, y) p (y|x) dy (4.13)

OrÐzoume epÐshc thn {tautìthta prìbleyhc} (predictive identity), isqurizì-
menoi ìti up�rqei k�poia �gnwsth par�metroc η, apì ton parametrikì q¸ro
Θ thc paramètrou θ, h opoÐa eÐnai kajoristik c shmasÐac gia th gènnesh twn
qamènwn dedomènwn:

p (y|x) =

∫
Θ

p (y|η, x) p (η|x) dη, (4.14)

ìpou oi puknìthtec p (θ|x, y) kai p (y|η, x) eÐnai gnwstèc. To sÔsthma twn
exis¸sewn (4.13) kai (4.14) ja mac bohj sei na prosdiorÐsoume thn katanom 
stìqo, p (θ|x). Gia na lÔsoume to sÔsthma autì, antikajistoÔme th exÐswsh
(4.14) sthn (4.13) kai all�zoume th seir� thc olokl rwshc:

p (θ|x) =

∫
Xmis

p (θ|x, y)
[∫

Θ

p (y|η, x) p (η|x) dη
]
dy

=

∫
Θ

[∫
Xmis

p (θ|x, y) p (y|η, x) dy
]
p (η|x) dη

=

∫
Θ

K (θ, η) p (η|x) dη, (4.15)

ìpou K (θ, η) =

∫
Xmis

p (θ|x, y) p (y|η, x) dy.
Ti sumbaÐnei ìmwc an sth sqèsh (4.15), antÐ gia thn puknìthta p (η|x),

jèsoume mia prosèggis  thc; Dhlad , upojèste ìti h puknìthta p0 (η|x) eÐnai
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k�poia arqik  ektÐmhsh thc p (θ|x). Tìte gr�foume

p1 (θ|x) =

∫
Θ

K (θ, η) p0 (η|x) dη ≡ IK [p0 (θ|x)] , (4.16)

ìpou IK upodhl¸nei ton telest  olokl rwshc (integral operator) wc proc
th sun�rthsh K. An orÐsoume pi+1 (θ|x) = IK [pi (θ|x)] , i = 0, 1, . . ., tìte
m pwc aut  h epanalhptik  diadikasÐa sugklÐnei;
Je¸rhma 4.7.1 Dedomènou ìti h apì koinoÔ sun�rthsh katanom c twn θ kai
y, èqei st rigma to q¸ro Θ× Y , tìte:

1. H p (θ|x), h alhjin  perijwriak  puknìthta, eÐnai h monadik  lÔsh tou
sust matoc twn exis¸sewn (4.13) kai (4.14).

2. H akoloujÐa {pi (θ|x)} sugklÐnei monìtona sthn puknìthta p (θ|x).

3.
∫
|pi (θ|x)− p (θ|x)| dθ → 0, ekjetik� wc proc i.

Ta apotelèsmata aut� apodeiknÔontai apì touc Tanner kai Wong (1987) sta
plaÐsia twn problhm�twn ellip¸n dedomènwn (missing data problems).

Epomènwc, èqoume mia epanalhptik  diadikasÐa gia thn ektÐmhsh thc peri-
jwriak c puknìthtac p (θ|x). Wstìso, h diadikasÐa aut  apaiteÐ ton analu-
tikì upologismì tou oloklhr¸matoc, pou emfanÐzetai sth sqèsh (4.15), k�ti
pou genik� den eÐnai efiktì4. AntÐ loipìn na upologÐzoume th sqèsh (4.15)
analutik�, qrhsimopoioÔme mia {deigmatik c fÔshc} prosèggish: prosomoi¸-
noume mia arqik  tim  θ(0) ∼ p0 (θ|x), èpeita y(1) ∼ p

(
y|θ(0), x

). Parathr ste
ìti h perijwriak  puknìthta thc y(1) eÐnai h p(1) (y|x) =

∫
p (y|θ, x) p0 (θ|x) dθ.

Sth sunèqeia, prosomoi¸noume θ(1) ∼ p
(
θ|x, y(1)

), ìpou h θ(1) èqei perijwria-
k  puknìthta

p(1) (θ|x) =

∫
p (θ|y, x) p(1) (y|x) dy

=

∫
K (θ, η) p0 (η|x) dη

= IK [p0 (θ|x)] .
4An  tan efiktìc o analutikìc upologismìc tou oloklhr¸matoc, pou emfanÐzetai sth

sqèsh (4.15), tìte den ja up rqe h an�gkh parousÐashc thc mejìdou thc aÔxhshc twn
dedomènwn.
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Apì thn idiìthta 2 tou Jewr matoc 4.7.1, h epan�lhyh aut c thc diadikasÐac
par�gei zeÔgh (θ(i), y(i)

), tètoia ¸ste
θ(i) d→ θ ∼ p (θ|x) και y(i) d→ y ∼ p (y|x) .

Epomènwc, gia arkoÔntwc meg�lo j, h posìthta θ(j) mporeÐ na jewrhjeÐ wc
deigmatik  pragmatopoÐhsh apì thn perijwriak  puknìthta p (θ|x) kai h po-
sìthta y(j) wc deigmatik  pragmatopoÐhsh apì thn perijwriak  puknìthta
p (y|x). To antÐtimo thc apofug c tou upologismoÔ tou oloklhr¸matoc thc
sqèshc (4.15) eÐnai ìti den apoktoÔme thn puknìthta p (θ|x) �lla mia deigma-
tik  pragmatopoÐhsh apì aut .

O algìrijmoc twn Tanner and Wong (1987) eÐnai o ex c:
Algìrijmoc 4.7.1 1. prosomoÐwse θ(j−1) ∼ p̂(j−1) (θ|x) = p

(
θ|x, y(j−1)

)
.

2. prosomoÐwse y(j) =
(
y

(j)
1 , . . . , y

(j)
m

)
∼ p

(
y|θ(j−1), x

)
.

3. Anab�jmise thn ektÐmhsh thc perijwriak c puknìthtac p (θ|x) me ton
tÔpo

p̂(j) (θ|x) =
1

m

m∑
k=1

p
(
θ|y(j)

k , x
)
.

O Tanner (1993) parathreÐ ìti akìma kai m = 1, ston Algìrijmo 4.7.1, eÐnai
eparkèc gia na epèljei h sÔgklish tou algìrijmou kai anafèretai se aut  thn
prosèggish me th onomasÐa {alusidwt  aÔxhsh dedomènwn} (chained
data augmentation). EpÐshc gia m = 1 h mèjodoc thc aÔxhshc dedomènwn
sumpÐptei me to deigmatol pth Gibbs.

4.8 Duikèc Pijanotikèc Domèc

Aplopoi¸ntac th shmeiografÐa tou Algìrijmou 4.7.1 ton xanagr�foume wc
ex c:
Algìrijmoc 4.8.1 DojeÐshc thc tim c y(j) =

(
y

(j)
1 , y

(j)
2

)
:

1. prosomoÐwse y(j+1)
1 ∼ g1

(
y1|y(j)

2

)
,

2. prosomoÐwse y(j+1)
2 ∼ g2

(
y2|y(j+1)

1

)
,
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ìpou (y1, y2) ∼ g (·, ·) kai g eÐnai h apì koinoÔ puknìthta twn y1 kai Y2.

Sthn prohgoÔmenh enìthta melet same th mèjodo aÔxhshc dedomènwn wc ei-
dik  perÐptwsh tou deigmatol pth Gibbs. Anaferj kame sth allhloexèlixh
dÔo suntetagmènwn (Ðswc paramètrwn) enìc dianÔsmatoc y = (y1, y2). Aut  h
sugkekrimènh morf  tou deigmatol pth Gibbs aplopoieÐ th melèth twn pija-
notik¸n idiot twn tou Algìrijmou 4.8.1, afoÔ k�je mÐa apì tic upoalusÐdec
yi, i = 1, 2 mporeÐ na exetasjeÐ xeqwrist�. Aut  h polÔ endiafèrousa idiì-
thta isqÔei mìno gia pl joc suntetagmènwn d = 2. Gia d ≥ 3 h idiìthta aut 
exafanÐzetai diìti oi akoloujÐec y1, . . . , yd den eÐnai alusÐdec Markov, parìlo
pou to di�nusma y, sunolik�, eÐnai alusÐda Markov. Epomènwc, den up�rqei
pur nac met�bashc sqetikìc me tic upoalusÐdec yi.

Ta ìsa eÐpame parap�nw edrai¸nontai me to akìloujo l mma:
L mma 4.8.1 K�je mÐa apì tic akoloujÐec y1 kai y2, pou par�gontai apì ton
Algìrijmo 4.8.1, eÐnai alusÐda Markov me antÐstoiqh st�simh katanom  stìqo

g(1) (y1) =

∫
g (y1, y2) dy2, (4.17)

g(2) (y2) =

∫
g (y1, y2) dy1. (4.18)

Epiplèon, an ikanopoieÐtai h sunj kh jetikìthtac, kat� ton Orismì 4.5.1, tìte
oi upoalusÐdec y1 kai y2 eÐnai isqur� an�gwgec (strongly irreducible).

Oi Liu et al. (1994) èdeixan ìti o Algìrijmoc 4.8.1 apolamb�nei mia polÔ
isqur  domik  idìthta: oi dÔo upoalusÐdec y1 kai y2 pou par�gei, ikanopoioÔn
mia duik  idiìthta, thn opoÐa onom�zoun interleaving property. H idiìthta
aut  eÐnai qarakthristik  twn sqedÐwn aÔxhshc dedomènwn kai oi monadikèc
paraqjeÐsec alusÐdec Gibbs pou ikanopoioÔn aut  thn idiìthta, eÐnai autèc
pou sundeìntai me touc algìrijmouc aÔxhshc dedomènwn.
Orismìc 4.8.1 DÔo alusÐdec Markov y1 kai y2 lègontai suzugeÐc (conjugate)
metaxÔ touc, me thn idiìthta interleaving an

1. oi y(j)
1 kai y(j+1)

1 eÐnai anex�rthtec dojeÐshc thc y(j)
2 ,

2. oi y(j−1)
2 kai y(j)

2 eÐnai anex�rthtec dojeÐshc thc y(j)
1 kai

3. oi
(
y

(j)
1 , y

(j−1)
2

)
kai
(
y

(j)
1 , y

(j)
2

)
katanèmontai isìnoma, upì stasimìthtac.
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H idiìthta interleaving ikanopoieÐtai apì tic upoalusÐdec pou par�gei h mèjo-
doc thc aÔxhshc dedomènwn.
L mma 4.8.2 K�je mÐa ek twn alusÐdwn y1 kai y2 pou par�gontai apì ton al-
gìrijmo thc aÔxhshc dedomènwn eÐnai antistrèyimh (reversible) kai h alusÐda
y = (y1, y2) ikanopoieÐ thn idiìthta interleaving.

GiatÐ ìmwc h idiìthta interleaving eÐnai shmantik ; To parak�tw l mma eÐnai
diafwtistikì.
L mma 4.8.3 An h mÐa apì tic dÔo interleaved alusÐdec Markov, y1 kai y2

eÐnai ergodik  (gewmetrik� ergodik ), tìte èpetai h ergodikìthta (antÐstoiqa
gewmetrik  ergodikìthta) kai gia thn �llh.

AxÐzei na shmei¸soume ìti h alusÐda y = (y1, y2), pou par�getai apì ton
algìrijmo thc aÔxhshc dedomènwn, den eÐnai p�nta antistrèyimh. Gia na exa-
sfalÐsoume thn antistreyimìtht� thc, eÐnai aparaÐthto na eis�gagoume èna
epiplèon b ma ston Algìrijmo 4.8.1:
Algìrijmoc 4.8.2 DojeÐshc thc tim c y(j) =

(
y

(j)
1 , y

(j)
2

)
:

1. ProsomoÐwse W ∼ g1

(
w|y(j)

2

)
,

2. prosomoÐwse y(j+1)
2 ∼ g2 (y2|w),

3. prosomoÐwse y(j+1)
1 ∼ g1

(
y1|y(j+1)

2

)
.

4.9 Rao - Blackwellization

'Opwc eÐpame kai sto kef�laio 3, o basikìc skopìc mac kat� thn an�ptu-
xh MCMC mejìdwn prosomoÐwshc eÐnai o upologismìc ergodik¸n mèswn thc
morf c (2.2), dhlad 

δ0 =
1

T

T∑
t=1

h
(
θ

(t)
i

)
.

Oi Gelfand kai Smith (1990) proteÐnoun ènan diaforetikì ektimht  o opoÐoc
basÐzetai se k�poia morf  dèsmeushc (conditioning), thn opoÐa onom�zoun
Rao - Blackwellization, lìgw tou ìti basÐzetai sto je¸rhma Rao - Blackwell.
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O Rao - Blackwellized ektimht c basÐzetai sthn tautìthta

π(i) (θi) =

∫
π (θ1, . . . , θd) dθ1, . . . , θi−1dθi+1, . . . dθd (4.19)

kai dÐnetai apì th sqèsh

δRB =
1

T

T∑
t=1

E
[
h (θi) |θ(t)

−i

]
, (4.20)

ìpou θ(t)
−i =

(
θ

(t+1)
1 , . . . , θ

(t+1)
i−1 , θ

(t)
i+1, . . . , θ

(t)
d

)
.

Kai oi dÔo ektimhtèc, δ0 kai δRB, sugklÐnoun sto jewrhtikì mèso E [h (θi)].
H sÔgklish ofeÐletai sto Ergodikì Je¸rhma. H sÔgklish tou deÔterou
prokÔptei apì to gegonìc ìti E (δ0) = E (δRB), afou E [E (h (θi) |θ−i)] =
E [h (θi)] = E (δ0) , ∀i. Upì sunjhk¸n stasimìthtac kai oi dÔo ektimhtèc
eÐnai amerìlhptoi (unbiased).

Apì th gnwst  tautìthta
V ar (X) = EY [V ar (X|Y )] + V arY (E [X|Y ]) ,

èqoume

V ar (h (θi)) = V ar
(
E
[
h (θi) |θ(t)

−i

])
+ E

[
V ar

(
h (θi) |θ(t)

−i

)]
,

pou shmaÐnei ìti

V ar
(
E
[
h (θi) |θ(t)

−i

])
≤ V ar (h (θi)) . (4.21)

To apotèlesma autì od ghse touc Gelfand kai Smith (1990) na proteÐnoun
th qr sh tou ektimht  δRB antÐ tou δ0. Wstìso, prèpei na parathr soume
k�ti shmantikì. Gia th diakÔmansh V ar (δRB) èqoume:

V ar (δRB) =
1

T 2

{
T∑
t=1

V ar
(
E
[
h (θi) |θ(t)

−i

])
+

T∑
s 6=k

Cov
(
E
[
h (θi) |θ(s)

−i

]
, E
[
h (θi) |θ(k)

−i

])}
. (4.22)
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EpÐshc, gia th diakÔmansh V ar (δ0) èqoume:

V ar (δ0) =
1

T 2

{
T∑
t=1

V ar
(
h
(
θ

(t)
i

))
+

T∑
s 6=k

Cov
(
h
(
θ

(s)
i

)
, h
(
θ

(k)
i

))}
(4.23)

H sqèsh (4.21) isqÔei p�nta, parìla aut� den mporoÔme na isquristoÔme ìti
V ar (δRB) ≤ V ar (δ0), diìti ètsi agnooÔme tic autosundiakum�nseic metaxÔ
twn tim¸n thc i sunistwsac θ(t)

i , gia t = 1, . . . , T . Up�rqoun peript¸seic
ìpou isqÔei V ar (δRB) ≥ V ar (δ0).

Poia, loipìn, h axÐa tou Rao - Blackwellized ektimht ; M pwc mporoÔme
na broÔme mia kl�sh alusÐdwn Markov, gia tic opoÐec o ektimht c δRB na eÐnai
kalÔteroc, apì �poyh diaspor�c, apì ton ektimht  δ0; H ap�nthsh eÐnai nai,
prèpei ìmwc pr¸ta na parousi�soume dÔo prokatarktik� apotelèsmata.
L mma 4.9.1 An h ∈ L2 (π2) kai oi alusÐdec Markov θ kai η eÐnai interleaved,
tìte

Cov
(
h
(
η(1)
)
, h
(
η(2)
))

= V ar (E [h (η) |θ]) . (4.24)
To parap�nw l mma mac efodi�zei me to polÔ endiafèron apotèlesma ìti se
mÐa interleaved alusÐda, oi sundiakum�nseic metaxÔ twn diadoqik¸n tuqaÐwn
metablht¸n thc, η(t), t = 1, 2, . . ., eÐnai jetikèc. MporoÔme na epekteÐnoume
to apotèlesma autì:
Prìtash 4.9.1 'Estw θ mia alusÐda Markov me thn idiìthta interleaving.
Tìte oi sundiakum�nseic

Cov
(
h
(
θ(1)
)
, h
(
θ(t)
)) (4.25)

eÐnai jetikèc kai fjÐnousec wc proc t, gia k�je h ∈ L2 (π2).

T¸ra mporoÔme na orÐsoume thn kl�sh twn Markobian¸n alusÐdwn, gia tic
opoÐec apolamb�noume thn uperoq  tou ektimht  δRB ènanti tou δ0.
Je¸rhma 4.9.1 An oi alusÐdec Markov θ kai η eÐnai interleaved, me st�simec
katanomèc π kai τ antÐstoiqa, o ektimht c

δRB =
1

T

T∑
t=1

E
[
h (θ) |η(t)

] (4.26)
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uperèqei, apì �poyh diaspor�c, tou ektimht 

δ0 =
1

T

T∑
t=1

h
(
θ(t)
)
, (4.27)

gia k�je h ∈ L2 (π) kai h ∈ L2 (τ).
Ac upojèsoume t¸ra ìti ikanopoioÔntai oi sunj kec tou Jewr matoc (4.9.1).
EÐnai h beltÐwsh aut  sumfèrousa, dedomènhc thc auxhmènhc upologistik c
duskolÐac tou ektimht  δRB; Paramènei axiìloga elattwmènh h diakÔmansh
tou ektimht  δRB ènanti aut c tou δ0, kaj¸c to mègejoc tou deÐgmatoc ( 
alli¸c twn epanal yewn tou algìrijmou) aux�nei; Omologoumènwc kaut�
erwt mata!

Me to z thma autì asqol jhke o Levine (1996), o opoÐoc diatÔpwse to
prìblhma se ìrouc thc Asumptwtik c Sqetik c Apotelesmatikìthtac ARE
(Asymptotic Relative Efficiency) tou ektimht  δ0 sthn (4.27), se sqèsh me thn
Rao - Blackwellized ekdoq  tou, δRB, sthn (4.26), ìpou ta zeÔgh (θ(t), η(t)

)
par�gontai apì èna dimetablhtì deigmatol pth Gibbs. H ARE eÐnai o lì-
goc twn diakum�nsewn twn oriak¸n katanom¸n gia touc dÔo ektimhtèc. Oi
diakum�nseic autèc dÐnontai apì touc tÔpouc:

σ2
δ0

= V ar
(
h
(
θ(0)
))

+ 2
∞∑
t=1

Cov
(
h
(
θ(0)
)
, h
(
θ(t)
)) (4.28)

σ2
δRB

= V ar (E [h (θ) |η])

+ 2
∞∑
t=1

Cov
(
E
[
h
(
θ(0)
)
|η(0)

]
, E
[
h
(
θ(t)
)
|η(t)

])
. (4.29)

O Levine (1996) èdeixe ìti σ2
δ0
/σ2

δRB
≥ 1.

Oi Liu et al. (1995) epekteÐnoun thn isqÔ thc Prìtashc 4.9.1 sthn perÐ-
ptwsh tou tuqaÐou deigmatol pth Gibbs pou dÐnetai apì ton Algìrijmo 4.2.4.

'Ena �llo pleonèkthma thc mejìdou Rao - Blackwellization eÐnai h kata-
skeu  enìc amerìlhptou ektimht  twn perij¸riwn puknot twn πi (θi), o opoÐoc
dÐnetai apì th sqèsh

π̂(i) (θi) =
1

T

T∑
t=1

πi

(
θi|θ(t)

−i

)
. (4.30)

BebaÐwc, h π̂i (θi) eÐnai upologÐsimh mìno sthn perÐptwsh pou oi pl rwc de-
smeumènec puknìthtec, πi

(
θi|θ(t)

−i

)
, dÐnontai se kleist  morf .
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4.10 H Plhroforiak  Ikanìthta twn pl reic
desmeumènwn Katanom¸n

'Ena polÔ shmantikì qarakthristikì tou deigmatol pth Gibbs eÐnai h ika-
nìthta twn pl reic desmeumènwn puknot twn πi (θi|θ−i) na perièqoun epark 
plhroforÐa, ¸ste na par�goun èna deÐgma apì thn apo koinoÔ katanom  π (θ)
twn suntetagmènwn tou dianÔsmatoc θ. En¸ oi pl reic desmeumènec puknot -
tec perigr�foun tèleia thn apì koinoÔ katanom , den sumbaÐnei ti Ðdio me tic
perijwriakèc puknìthtec π(i) (θi).

Ac jewr soume ton Algìrijmo 4.4.1, gia thn perÐptwsh ìpou d = 2. O
algìrijmoc anaptÔssetai me th bo jeia dÔo pl reic desmeumènwn puknot twn,
thc g1 (y1|y2) kai thc g2 (y2|y1). H apì koinoÔ puknìthta g (y1, y2) par�getai
�mesa apì tic pl reic desmeumènec puknìthtec:
Je¸rhma 4.10.1 H apì koinoÔ katanom  pou sundèetai me tic pl reic de-
smeumènec puknìthtec g1 kai g2 èqei puknìthta

g (y1, y2) =
g2 (y2|y1)∫
g2 (w|y1)

g1 (y1|w)
dw

. (4.31)

Apì to parap�nw je¸rhma eÐnai xek�jaro ìti gia thn paragwg  thc apì
koinoÔ puknìthtac g (y1, y2) eÐnai aparaÐthth h Ôparxh kai o upologismìc tou
oloklhr¸matoc ∫

g2 (w|y1)

g1 (y1|w)
dw.

Wstìso, eÐnai saf c h jemeli¸dhc idiìthta twn pl reic desmeumènwn pukno-
t twn na perigr�foun epark¸c thn apì koinoÔ puknìthta, bebaÐwc ìtan h
teleutaÐa up�rqei.

H epèktash tou Jewr matoc 4.10.1, gia d > 2, eÐnai gnwst  me thn ono-
masÐa Je¸rhma Hammerslay - Clifford (Hammerslay - Clifford 1970, Besag
1974, Gelman kai Speed 1993).
Je¸rhma 4.10.2 Upì th sunj kh thc jetikìthtac, h apì koinoÔ katanom 
g (y1, . . . , yd) twn suntetagmènwn tou dianÔsmatoc y = (y1, . . . , yd), prokÔptei
apì tic pl reic desmeumènec puknìthtec sÔmfwna me ton tÔpo

g (y1, . . . , yd) ∝
d∏
i=1

gσi

(
yσi
|yσ1 , . . . , yσi−1

, y′σi+1
, . . . , y′σd

)
gσi

(
y′σi
|yσ1 , . . . , yσi−1

, y′σi+1
, . . . , y′σd

) , (4.32)
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gia k�je met�jesh σ = {σ1, . . . , σd} twn stoiqeÐwn tou sunìlou {1, . . . , d} kai
k�je y′ ∈ Y .

H epèktash tou Jewr matoc 4.10.2 se sunj kec mh jetikìthtac eÐnai pio e-
kleptusmènh kai apaiteÐ epiprìsjetec upojèseic. O Besag (1994) proteÐnei
mia genÐkeush, h opoÐa ìmwc den eustajeÐ p�nta sta plaÐsia tou deigmato-
l pth Gibbs. Oi Hobert et al. (1997) tropopoioÔn th genÐkeush tou Besag,
¸ste na diathroÔntai oi idiìthtec thc sÔgklishc tou deigmatol pth Gibbs
kai epiplèon deÐqnoun ìti h sunektikìthta (connectdness) tou sthrÐgmatoc
thc puknìthtac stìqou g, eÐnai aparaÐthth proôpìjesh ¸ste o algìrijmoc
na sugklÐnei upì opoiad pote epitrept  parametropoÐhsh tou montèlou sta
plaÐsia thc Mpeôzian c Statistik c.



Kef�laio 5

Epiprìsjeta Jèmata

5.1 O Sqhmatismìc tou DeÐgmatoc

Up�rqoun polloÐ trìpoi sqhmatismoÔ enìc deÐgmatoc megèjouc n pou lamb�-
noume apì èna MCMC algìrijmo. O emfan c trìpoc eÐnai na prosomoi¸soume
n par�llhlec alusÐdec mèqri sÔgklishc, h opoÐa upojèste ìti epèrqetai Ô-
stera apì m epanal yeic tou algìrijmou (burn in period). Tìte apì k�je
alusÐda lamb�noume thn teleutaÐa tim , dhlad  thn m tim . Sunolik� proso-
moi¸noume mn timèc. An ta shmeÐa ekkÐnhshc twn n alusÐdwn èqoun lhfjeÐ
anex�rthta, tìte to telikì deÐgma eÐnai èna iid deÐgma apì thn katanom  stìqo
π. Oi arqikèc timèc prèpei na eÐnai diaforetikèc metaxÔ touc kai me megalÔterh
diaspor� apì ekeÐnh thc katanom c stìqou.

'Enac deÔteroc trìpoc gia na sqhmatÐsoume to deÐgma mac eÐnai na proso-
moi¸soume mÐa mìno, �lla meg�lh alusÐda kai na ekmetalleutoÔme tic idiìthtec
tou ErgodikoÔ Jewr matoc. 'Ustera apì thn èleush thc sÔgklishc, ìlec oi
prosomoiwmènec timèc jewroÔntai ìti proèrqontai apì thn katanom  stìqo
π. Epomènwc, èna deÐgma megèjouc n mporeÐ na sqhmatisteÐ me th l yh n
diadoqik¸n tim¸n thc alusÐdac. T¸ra to deÐgma den eÐnai anex�rthto, lìgw
thc autosusqètishc pou parousi�zoun oi ìroi thc akoloujÐac (θ(t)

). To Er-
godikì Je¸rhma mac exasfalÐzei th sÔgklish twn ergodik¸n mèswn. Apì
praktik c pleur�c, eÐnai pijanì na dhmiourghjoÔn probl mata an h autosu-
sqètish eÐnai uyhl  kai to mègejoc tou deÐgmatoc eÐnai mikrì. Sthn perÐptwsh
aut , h alusÐda mporeÐ na qreiasteÐ polÔ qrìno ¸ste na dièljei apì olìklhro
to st rigma thc π.

Mia enallaktik  prosèggish, pou steg�zei thn ènnoia thc anexarthsÐac,

107
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eÐnai h upodeigmatolhyÐa (subsampling or batch sampling), pou ana-
fèretai apì di�forouc suggrafeÐc, ìpwc oi Geyer (1992), Raftery kai Lewis
(1992), Diebolt kai Robert (1994). SÔmfwna me th mèjodo aut , apì thn a-
lusÐda pou par�gei o MCMC algìrijmoc, diathroÔme mÐa tim  k�je k (k > 1)
prosomoiwmènec timèc, prokeimènou na elatt¸soume thn autosusqètish me-
taxÔ twn tim¸n thc upoalusÐdac pou telik� prokÔptei. H upoalusÐda aut 
apoteleÐtai apì tic timèc η(t) = θ(kt). Epomènwc, gia na apokt soume èna
deÐgma apoteloÔmeno apì n yeudo - anex�rthtec timèc, qrei�zetai na proso-
moi¸soume m + kn timèc apì thn alusÐda (θ(t)

). Tupik�, h tim  tou k eÐnai
mikrìterh apì aut  tou m. An oi sundiakum�nseic Covπ (θ(0), θ(t)

) fjÐnoun
monìtona wc proc t, tìte up�rqei emfanèc kÐnhtro gia th qrhsimopoÐhsh thc
mejìdou thc upodeigmatolhyÐac1. Wstìso, to na aniqneÔsei k�poioc to an h
sundiakÔmansh aut  eÐnai monìtona fjÐnousa eÐnai pollèc forèc dÔskolh upì-
jesh. 'Allec p�li forèc, h sundiakÔmansh talanteÔetai, èqontac mia astaj 
sqèsh wc proc to t, gegonìc pou dusqeraÐnei thn epilog  tou k.

H efarmog  thc mejìdou thc upodeigmatolhyÐac epifèrei ap¸leiec sthn
apodotikìthta tou ektimht 

1

T

T∑
t=1

h
(
θ(t)
) (5.1)

thc plhjusmiak c posìthtac Eπ [h (θ)]. 'Opwc èdeixan oi MacEachern kai
Berliner (1994), eÐnai p�nta protimìtero na qrhsimopoieÐtai olìklhro to deÐg-
ma (θ(t)

) pou par�getai apì ton algìrijmo gia thn ektÐmhsh thc posìthtac
Eπ [h (θ)], par� to upodeÐgma (η(t)

):
L mma 5.1.1 Jewr ste mia sun�rthsh h ∈ L2 (π). Gia k�je k > 1, an h
alusÐda Markov

(
θ(t)
)
èqei st�simh katanom  thn π kai an

δ1 =
1

kT

kT∑
t=1

h
(
θ(t)
)

και δk =
1

T

T∑
`=1

h
(
θ(k`)

)
,

tìte isqÔei
V ar (δ1) ≤ V ar (δk) .

Parìla aut�, gia jèmata anÐqneushc thc sÔgklishc kai upologistik¸n du-
skoli¸n (mn mh upologist ), h teqnik  thc upodeigmatolhyÐac mporeÐ na eÐnai
epwfel c.

1IsqÔei gia tic Interleaved alusÐdec pou suzht jhkan sto prohgoÔmeno kef�laio.
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MÐa �llh teqnik  eÐnai h par�llhlh prosomoÐwsh l alusÐdwn Markov, ìpou
l ≤ 10 kai h diat rhsh apì k�je alusÐda n/l diadoqik¸n tim¸n. H apìkthsh
enìc deÐgmatoc megèjouc n apaiteÐ thn prosomoÐwsh l [m+ (n/l)] = lm + n
tim¸n. EpÐshc, anti na diathr soume n/l timèc, apì k�je alusÐda, mporoÔme na
efarmìsoume thn teqnik  thc upodeigmatolhyÐac, diathr¸ntac mÐa tim  k�je
k, epÐ sunìlou l [m+ (n/l) k] = lm+ kn prosomoiwmènwn tim¸n.

Oi upodeÐxeic thc bibliografeÐac eÐnai antikrouìmenec metaxÔ touc. Oi
Gelfand kai Smith (1990) upost rizoun thn idèa poll¸n mikr¸n alusÐdwn,
oi Gelman kai Rubin (1992) arketèc meg�lec alusÐdec, en¸ o Geyer (1992)
prosanatolÐzetai se mÐa polÔ meg�lh alusÐda. Oi opadoÐ thc sqol c twn
poll¸n mikr¸n alusÐdwn isqurÐzontai ìti h sÔgkrish metaxÔ poll¸n alusÐ-
dwn pou fainomenik� èqoun sugklÐnei, katal gei sthn epis mansh diafor¸n
metaxÔ touc, gegonìc pou shmaÐnei ìti oi alusÐdec den èqoun sugklÐnei akìma
pragmatik�. Apì thn �llh meri�, oi opadoÐ thc sqol c thc miac polÔ meg�lhc
alusÐdac, uperamÔnontai thc jèshc ìti mìno ètsi diabaÐnetai olìklhroc o q¸-
roc twn katast�sewn thc alusÐdac kai ìti h sÔgkrish metaxÔ poll¸n mikr¸n
alusÐdwn den mporeÐ na apodeÐxei th sÔgklish.

S mera eÐnai kajomologoÔmeno ìti h prosomoÐwsh poll¸n mikr¸n alu-
sÐdwn, parakinhmènh apì thn epijumÐa mac na apokt soume èna anex�rthto
deÐgma apì thn katanom  π, eÐnai mia l�joc kateÔjunsh, ektìc kai an up�rqei
eidikìc lìgoc gia ton opoÐo qreiazìmaste anex�rthto deÐgma. An to endia-
fèron mac epikentr¸netai ìqi sthn anexarthsÐa all� sthn exereÔnhsh twn
idiot twn thc katanom c stìqou π, tìte den ufÐstatai h an�gkh thc gènnhshc
n anex�rthtwn alusÐdwn θk, k = 1, . . . , n kai diat rhshc mìno thc teleutaÐ-
ac tim c θ(T )

k . Me �lla lìgia, mÐa kai mìno, all� meg�lh, alusÐda Markov
arkeÐ gia na exasfalÐsei proseggÐseic posot twn thc morf c Eπ [h (θ)] mèsw
ektimht¸n thc morf c (5.1). EÐnai profanèc ìti o qeirismìc tètoiwn akolou-
ji¸n eÐnai dÔskoloteroc apì thn perÐptwsh enìc iid deÐgmatoc, exaitÐac thc
ex�rthshc pou up�rqei sthn alusÐda.

5.2 H Burn In PerÐodoc tou DeÐgmatoc

'Ena spoudaÐo z thma kat� thn an�ptuxh enìc MCMC algìrijmou eÐnai o
kajorismìc thc burn in periìdou tou deÐgmatoc. Kat� thn perÐodo aut , h
alusÐda pou prosomoi¸netai den èqei akìma sugklÐnei kai ètsi oi timèc pou
par�gontai den jewroÔntai ìti proèrqontai apì thn katanom  stìqo π. 'Oso
pio argìc eÐnai o rujmìc sÔgklishc thc alusÐdac, tìso pio prosektikoÐ prèpei
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na eÐmaste wc proc thn apìfas  mac gia to m koc thc burn in periìdou. Akìma
kai an xekin soume thn alusÐda apì thn perioq  thc koruf c thc katanom c
stìqou (tou shmeÐou me th megalÔterh puknìthta), o kajorismìc thc burn in
periìdou qrei�zetai prosoq , afoÔ ja qreiasteÐ qrìnoc ¸ste h alusÐda na
{xeq�sei} to arqikì shmeÐo thc kai na exereun sei olìklhro to st rigma thc
katanom c stìqou π.

To m koc thc burn in periìdou exart�tai apì to arqikì shmeÐo θ(0), to
rujmì sÔgklishc tou pur na met�bashc p (θ, η) sth st�simh katanom  stìqo
π (·) kai sthn omoiìthta pou apaiteÐtai na up�rqei metaxÔ touc. Jewrhtik�,
èqontac dieukrin sei ton ìro �omoiìthta�, mporoÔme na prosdiorÐsoume to
m koc thc burn in periìdou analutik�. Praktik� ìmwc, kati tètoio eÐnai
dÔskolo. H optik  exètash tou diagr�mmatoc thc prosomoiwmènhc alusÐdac
(trace plot) eÐnai h pio diadedomènh mèjodoc kajorismoÔ thc burn in periìdou.
Pèra apì th grafik  anÐqneush, up�rqoun kai pio tupopoihmènec mèjodoi pou
lègontai diagnwstik� krit ria sÔgklishc.

O Geyer (1992) isqurÐzetai ìti o upologismìc thc burn in periìdou den
eÐnai anagkaÐoc, afoÔ to m koc thc ja eÐnai mikrìtero tou 1% tou m kouc
olìklhrhc thc alusÐdac pou qre�zetai gia thn epÐteuxh sugkekrimènhc akrÐ-
beiac tou ektimht  (1/T )

∑T
t=1 h

(
θ(t)
). An apofeÔgontai ta akraÐa shmeÐa

ekkÐnhshc thc alusÐdac, o Geyer (1992) proteÐnei na jètoume to m koc thc
burn in periìdou metaxÔ tou 1% kai 2% tou sunolikoÔ m kouc thc alusÐdac.

5.3 Kataskeu  Ektimht¸n

'Ustera apì thn an�ptuxh enìc MCMC algìrijmou èqoume sth di�jes  mac
to deÐgma (θ(t)

)
, t = 1, . . . T , ìpou θ = (θ1, . . . , θd). To deÐgma upojètoume ìti

proèrqetai �pì th st�simh katanom  stìqo π. 'Ena deÐgma gia thn i suntetag-
mènh tou dianÔsmatoc θ èinai to

(
θ

(1)
i , . . . , θ

(T )
i

)
. MporoÔme na ektim soume

thn ek twn ustèrwn anamenìmenh tim  Eπ [h (θ)]   Eπ [h (θi)] opoiasd pote
sun�rthshc h tou dianÔsmatoc θ   thc i suntetagmènhc tou antÐstoiqa (ac
jewr soume thn pr¸th perÐptwsh). 'Enac eÔkoloc kai �mesoc ektimht c eÐnai
o

Êπ [h (θ)] =
1

T

T∑
t=1

h
(
θ(t)
)
. (5.2)

H ek twn ustèrwn diakÔmansh thc sun�rthshc h ektim�tai me parìmoio trìpo,
parathr¸ntac ìti σ2

h = V ar (h (θ)) = Eπ [h2]− (Eπ [h])2. K�je anamenìmenh
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tim  ektim�tai me efarmog  tou tÔpou (5.2) kai ètsi h diakÔmansh σ2
h ektim�taiapì th deigmatik  diakÔmansh

σ̂2
h = Êπ

[
h2
]
−
(
Êπ [h]

)2

=
1

T − 1

T∑
t=1

{
h
(
θ(t)
)
− Êπ [h (θ)]

}2 (5.3)

O paranomast c T − 1 mporeÐ na antikatastajeÐ apì to T , gia dÔo lìgouc:
to T eÐnai arket� meg�lo ¸ste h diafor� eÐnai amelhtèa kai epiplèon h qr sh
tou paranomast  T − 1 den �irei th merolhyÐa tou ektimht , ìpwc sumbaÐnei
me thn perÐptwsh enìc anex�rthtou deÐgmatoc.

Gia th diakÔmansh tou ektimht  Êπ [h (θ)], akolouj¸ntac thn pepathmènh
enìc iid deÐgmatoc, èqoume

V̂ ariid

(
Êπ [h (θ)]

)
=

σ̂2
h

T

=
1

T (T − 1)

T∑
t=1

{
h
(
θ(t)
)
− Êπ [h (θ)]

}2 (5.4)

O ektimht c autìc eÐnai eÔkoloc ston upologismì, ìmwc teÐnei na upoektim�
thn posìthta V ar

(
Êπ [h (θ)]

)
lìgw twn jetik¸n autosusqetÐsewn pou up�r-

qoun se èna MCMC deÐgma. To prìblhma autì mporeÐ na dieujethjeÐ eÐte me
th qr sh par�llhlwn alusÐdwn eÐte me upodeigmatolhyÐa (batch sampling).

Enallaktik�, mporoÔme na qrhsimopoi soume thn idèa tou Apotelesma-
tikoÔ Megèjouc DeÐgmatoc (Effective Sample Size, ESS). To ESS
orÐzetai apì th sqèsh

ESS =
T

κ (θ)
, (5.5)

ìpou κ (θ) eÐnai o oloklhrwmènoc qrìnoc autosusqètishc (integrated
autocorrelation time) gia thn par�metro θ kai orÐzetai apì ton tÔpo

κ (θ) = 1 + 2
∞∑
ν=1

ρν (θ) , (5.6)
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me ρν (θ) thn autosusqètish ustèrishc ν, gia thn akoloujÐa (θ(t)
). Oi autosu-

sqetÐseic ρν (θ) , ν = 1, 2, . . . ektim¸ntai apì tic deigmatikèc autosusqetÐseic2
rν (θ). Gia thn ektÐmhsh tou qrìnou autosusqètishc κ (θ), qrhsimopoioÔme ton
ektimht  κ̂ (θ) = 1 + 2

∑k
ν=1 rν (θ) me k tètoio ¸ste rν (θ) ≤ 0.1 gia ν > k.

T¸ra, o ektimht c thc diakÔmanshc V ar
(
Êπ [h (θ)]

)
dÐnetai apì ton tÔpo

V̂ arESS

(
Êπ [h (θ)]

)
=

σ̂2
h

ESS (θ)

=
κ (θ)

T (T − 1)

T∑
t=1

{
h
(
θ(t)
)
− Êπ [h (θ)]

}2

. (5.7)

DeÐte ìti κ (θ) > 1 kai epomènwc ESS (θ) < T kai V̂ arESS

(
Êπ [h (θ)]

)
>

V̂ariid
(
Êπ [h (θ)]

)
, ektìc an oi parathr seic (θ(t)

)
, t = 1, . . . , T eÐnai asu-

sqètistec, opìte eustajeÐ h isìthta.
Mia aploÔsterh mèjodoc ektÐmhshc thc diakÔmanshc V ar

(
Êπ [h (θ)]

)
pro-

kÔptei me th qr sh thc akìloujhc teqnik c: diairoÔme to arqikì deÐgma, me-
gèjouc T , se m diadoqik� tm mata, m kouc k, dhlad  T = mk. H deigmatik 
mèsh tim  k�je tm matoc eÐnai Bi, i = 1, . . . ,m. Epomènwc, sunolik�

Êπ [h (θ)] = B̄ =
1

m

m∑
i=1

Bi. (5.8)

Tìte, èqoume ton ektimht 

V̂ arbatch

(
Êπ [h (θ)]

)
=

1

m (m− 1)

m∑
i=1

(
Bi − Êπ [h (θ)]

)2

, (5.9)

me thn proôpìjesh ìti to k eÐnai arket� meg�lo ¸ste oi autosusqetÐseic
metaxÔ twn m tmhm�twn na eÐnai amelhtèec kai to m epÐshc meg�lo, ¸ste
oi ektimhtèc V̂ ar (Bi) na eÐnai axiìpistoi. EÐnai shmantikì na epalhjeuteÐ

2Gia mÐa akoloujÐa tuqaÐwn metablht¸n Xi, i = 1, . . . , n, h deigmatik  autosusqètish
ustèrishc k dÐnetai apì ton tÔpo

rk =
∑n−k

i=1 (xi − x̄) (xi+k − x̄)∑n
i=1 (xi − x̄)2

.
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ìti oi mèsoi Bi, i = 1, . . . ,m eÐnai sqedìn anex�rthtoi, elègqontac an h
autosusqètis  touc, ustèrishc (lag) 1, eÐnai mikrìterh apì 0.1. Sthn antÐjeth
perÐptwsh, prèpei na aux soume to k kai �ra to T, ektìc an to m eÐnai arket�
meg�lo.

Anex�rthta apì ton ektimht  pou epilègoume gia thn ektÐmhsh thc diakÔ-
manshc V ar

(
Êπ [h (θ)]

)
, èna 95% di�sthma empistosÔnhc gia thn par�metro

Eπ [h (θ)], eÐnai to

Êπ [h (θ)]± z0,025

√
V̂ , (5.10)

ìpou z0.025 = 1.96 to k�tw 0.025 posostiaÐo shmeÐo thc tupik c kanonik c
katanom c. An h mèjodoc aut  qrhsimopoieÐtai me ligìtera apì 30 tm mata
diaqwrismoÔ tou arqikoÔ deÐgmatoc, tìte eÐnai kal  h idèa na antikatast -
soume to z0.025 me t(m−1);0.025 to k�tw 0.025 posostiaÐo shmeÐo thc katanom c
t me m− 1 bajmoÔc eleujerÐac.

Oi perijwriakèc katanomèc π(i) (θi) , i = 1, . . . , d, ektim¸ntai apì ta isto-
gr�mmata twn prosomoiwmènwn tim¸n θ(t)

i . KalÔteroi ektimhtèc eÐnai oi Rao -
Blackwellized

π̂(i) (θi) =
1

T

T∑
t=1

πi

(
θi|θ(t)

−i

)
, (5.11)

ìpou θ(t)
−i =

(
θ

(t+1)
1 , . . . , θ

(t+1)
i−1 , θ

(t)
i+1, . . . , θ

(t)
d

)
. To Ergodikì Je¸rhma exasfa-

lÐzei th sunèpeia tou ektimht  π̂(i) (θi). H Ðdia idèa mporeÐ na efarmosteÐ gia
thn ektÐmhsh twn rop¸n thc sun�rthshc h (θi):

Ê (h (θi)) =
1

T

T∑
t=1

E
(
h (θi) |θ(t)

−i

)
. (5.12)

5.4 Autosusqètish

Ac upojèsoume ìti epijumoÔme na prosomoi¸soume thn ek twn ustèrwn kata-
nom  π (θ) tou dianÔsmatoc θ = (θ1, . . . , θd). H uyhl  susqètish (correlation)
metaxÔ twn suntetagmènwn θi, θj, i 6= j, teÐnei na parakwlÔsei thn taqÔthta
me thn opoÐa sugklÐnei h alusÐda (θ(t)

) sth st�simh katanom  thc. Wstìso,
prèpei na lhfjeÐ upìyh kai h autosusqètish (autocorrelation) metaxÔ twn
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tuqaÐwn metablht¸n θ(t)
i , θ

(s)
i , t 6= s pou anaparistoÔn thn algorijmik  exèli-

xh miac suntetagmènhc θi. H uyhl  autosusqètish prokaleÐ arg  kÐnhsh thc
alusÐdac mèsa sto q¸ro twn katast�se¸n thc kai pijan  mh sÔgklish sthn
oriak  katanom , kaj¸c h alusÐda teÐnei na {exereun sei} mikrìtero mèroc
tou sthrÐgmatoc thc katanom c stìqou π. Melet¸ntac tic autosusqetÐseic
miac alusÐdac Markov, eÐnai qr simo na anagnwrÐsoume tic megalÔterec u-
ster seic (lags) thc alusÐdac gia tic opoÐec h parousÐa thc autosusqètishc
eÐnai èntonh, kaj¸c kai to an oi autosusqetÐseic eÐnai fjÐnousec wc proc th
qronik  ustèrish. Sun jwc den qrei�zetai na epektajoÔme sth melèth twn
autosusqetÐsewn qronik c ustèrhshc megalÔterhc apì 50.

5.5 H SÔgklish twn AlusÐdwn Markov

Ta apotelèsmata pou prokÔptoun apì thn an�ptuxh enìc MCMC algìrij-
mou den jewroÔntai axiìpista an h prosomoiomènh alusÐda Markov

(
θ(t)
) den

èqei proseggÐsei th st�simh katanom  stìqo π (·) kai den èqei exereun sei to
megalÔtero mèroc tou sthrÐgmatoc thc π. Jewrhtik�, isqÔei θ(t) ∼ π (·) mìno
ìtan o arijmìc twn epanal yewn t tou algìrijmou teÐnei sto �peiro. Epeid 
k�ti tètoio den eÐnai efiktì, sthn pragmatikìthta apokt�me mia parat rhsh
apì mia katanom  pou proseggÐzei thn katanom  stìqo, se k�poia epark¸c
meg�lh epan�lhyh tou algìrijmou. To er¸thma eÐnai to pìso meg�loc prèpei
na eÐnai o aÔxwn arijmìc thc epan�lhyhc tou algìrijmou, ¸ste h prosèggi-
sh aut  na eÐnai ikanopoihtik  kai na mporoÔme na basistoÔme sto Kentrikì
Oriakì Je¸rhma gia peretaÐrw sumperasmatologÐa. Gia to lìgo autì, o pio
meg�loc kÐndunoc pou antimetwpÐzei o ereunht c eÐnai na sumper�nei sÔgklish
prin aut  pragmatopoihjeÐ.

Up�rqoun trÐa basik� sumper�smata pou aforoÔn thn praktik  efarmog 
enìc MCMC algìrijmou:

1. Den up�rqei genik  mejodologÐa gia th diapÐstwsh thc sÔgklishc tou
deigmatol pth Gibbs kai tou genikìterou Metropolis - Hastings algì-
rijmou.

2. Den up�rqei trìpoc ¸ste na egguhjoÔme thn kajolik  exereÔnhsh tou
sthrÐgmatoc thc katanom c stìqou π, apì thn paraqjeÐsa alusÐda(
θ(t)
).

3. Den up�rqei, genik�, eggÔhsh ìti gia k�poia sugkekrimènh qronik  stig-
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m  t, h alusÐda katanèmetai sÔmfwna me thn epizhtoÔmenh st�simh ka-
tanom  stìqo, dhlad  θ(t) ∼ π (·).

Ta �sqhma aut� nèa metri�zontai apì èna polÔ shmantikì jetikì apotèle-
sma: ìlec oi ergodikèc alusÐdec Markov, egguhmèna, sugklÐnoun asumptwti-
k� (Chan 1993, Polson 1995) kai eÐnai sqetik� eÔkolo na diapistwjeÐ h mh
sÔgklish.

Up�rqoun treic kÔriec proseggÐseic gia th diapÐstwsh thc sÔgklishc twn
Markobian¸n alusÐdwn: h pr¸th basÐzetai stic jewrhtikèc idiìthtec miac a-
lusÐdac kai prospajeÐ na metr sei apost�seic kai na jèsei fr�gmata stic
sunart seic katanom c pou sundèontai me thn alusÐda. Sugkekrimèna, k�-
poioc mporeÐ na metr sei thn apìstash olik c metabol c (total variation di-
stance) metaxÔ thc katanom c thc alusÐdac sthn epan�lhyh t kai thc oriak c
katanom c π. H deÔterh prosèggish basÐzetai sthn parakoloÔjhsh k�poiwn
perigrafik¸n statistik¸n mètrwn kat� thn an�ptuxh tou algìrijmou kai h
trÐth sthn exolokl rou apofug  tou jèmatoc me thn efarmog  tèleiac deig-
matolhyÐac, h opoÐa ekmetaleÔetai thn idèa thc sÔzeuxhc (coupling) ¸ste na
par�gei deÐgmata apì thn akrib  katanom  stìqo (Propp kai Wilson, 1996).

Sto kef�laio autì ja d¸soume èmfash sth deÔterh prosèggish, pou peri-
lamb�nei ta diagnwstik� krit ria sÔgklishc (convergence diagnosti-
cs). Prìkeitai gia thn parakoloÔjhsh (monitoring) thc an�ptuxhc tou algì-
rijmou kai ton upologismì k�poiwn statistik¸n posot twn pou mac bohjoÔn
na apofasÐsoume, upokeimenik� p�nta, pìte na stamat soume th diadikasÐa
thc prosomoÐwshc. EÐnai �meshc proteraiìthtac na epishm�noume ìti ta dia-
gnwstik� krit ria eÐnai deÐktec mh sÔgklishc. BebaÐwc, autì de shmaÐnei ìti
h èlleiyh èndeixhc mh sÔgklishc shmaÐnei sÔgklish. O èmpeiroc ereunht c
prèpei na antimetwpÐzei ta apotelèsmata enìc diagnwstikoÔ krithrÐou me ske-
ptikismì. SunÐstatai,   kalÔtera epib�lletai, h qr sh perissìterwn tou enìc
diagnwstik¸n krithrÐwn sÔgklishc.

Prin proqwr soume sth melèth twn teqnik¸n anÐqneushc thc sÔgklishc,
axÐzei na anafèroume treic tÔpouc sÔgklishc pou mac endiafèroun:

1. SÔgklish sth st�simh katanom . Prìkeitai gia th sÔgklish thc
alusÐdac (θ(t)

) sthn st�simh katanom  stìqo π. EÐnai dÔskolo na ani-
qneuteÐ diìti h st�simh katanom  stìqoc den eÐnai �llh apì thn oriak 
katanom  thc alusÐdac. Upì aut  thn ènnoia, h stasimìthta epitug-
q�netai mìno asumptwtik�. Wstìso, h diadikasÐa thc prosomoÐwshc
stamat�ei se k�poio b ma T . Sto shmeÐo ekeÐno h alusÐda katanèmetai
sÔmfwna me thn katanom  πTµ , ìpou µ eÐnai h arqik  katanom  thc.
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2. SÔgklish twn ergodik¸n mèswn. Ed¸ endiaferìmaste gia th sÔ-
gklish posot twn thc morf c

1

T

T∑
t=1

h
(
θ(t)
)

sthn plhjusmiak  posìthta Eπ [h (θ)], gia k�poia aujaÐreth sun�rthsh
h. Autìc o tÔpoc thc sÔgklishc mac bohj�ei na diapist¸soume thn ta-
qÔthta me thn opoÐa {taxideÔei} h alusÐda sto q¸ro twn katast�se¸n
thc. Parìlo pou to Ergodikì Je¸rhma exasfalÐzei aut  th sÔgkli-
sh, to er¸thma afor� ton prosdiorismì thc tim c T gia thn opoÐa h
prosèggish sthn posìthta Eπ [h (θ)] eÐnai ikanopoihtik .

3. SÔgklish sthn iid deigmatolhyÐa. Oi èlegqoi pou anaptÔssontai
se aut  thn kathgorÐa aforoÔn to an èna deÐgma

(
θ

(t)
1 , . . . , θ

(t)
n

)
, pou

proèrqetai apì thn prosomoÐwsh n par�llhlwn alusÐdwn, mporeÐ na
jewrhjeÐ wc iid deÐgma. AntÐ gia thn prosomoÐwsh n par�llhlwn alu-
sÐdwn, protimìterh eÐnai h qrhsimopoÐhsh thc mejìdou thc upodeigma-
tolhyÐac (subsampling or batch sampling)3, me thn opoÐa mei¸netai h
autosusqètish metaxÔ twn ìrwn miac akoloujÐac (θ(t)

).
5.5.1 Grafikèc Teqnikèc AnÐqneÔshc thc Mh SÔgkli-

shc

Prin proqwr soume sta diagnwstik� krit ria sÔgklishc eÐnai qr simo na a-
nafèroume k�poiec grafikèc mejìdouc pou deÐqnoun to an h alusÐda den èqei
akìma apokt sei st�simh sumperifor�. Wstìso, eÐnai polÔ eÔkolo ta graf -
mata na mac paraplan soun.

Mia apì tic grafikèc teqnikèc pou qrhsimopoi tai eÐnai to trace plot. Kat�
thn exèlixh tou algìrijmou, parakoloujoÔme grafik� thn troqi� thc para-
gìmenhc alusÐdac, Ôstera apì th burn in perÐodo. SugkrÐnoume ta poiotik�
qarakthristik� tou graf matoc se di�fora tm mat� tou, ta opoÐa epilègontai
na eÐnai arket� apomakrusmèna ¸ste na periorÐzetai h epÐdrash thc autosu-
sqètishc, h opoÐa pijan¸c prokaleÐ omoiìthtec. To Statistikì prìgramma
WinBUGS parèqei th dunatìthta thc an�ptuxhc tou algìrijmou me thn tau-
tìqronh parakoloÔjhsh twn trace plots.

3Blèpe kai enìthta 5.1.
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'Ena gnwstì prìblhma me ta trace plots eÐnai ìti mporeÐ na odhg soun se
esfalmènec entup¸seic an h alusÐda paramènei proskolhmènh se k�poia ko-
ruf  (mode). Sthn perÐptwsh aut , den up�rqei optik  èndeixh ìti den eÐnai
aut  h epijumht  puknìthta stìqoc. O Geweke (1992) proteÐnei na para-
teÐnoume thn an�ptuxh tou algìrijmou gia meg�lo qronikì di�sthma (arijmì
epanal yewn), ¸ste telik� h alusÐda na {drapeteÔsei} apì thn koruf  sthn
opoÐa �pagideÔthke�. Oi Gelman kai Rubin (1992) proteÐnoun thn ekkÐnh-
sh thc alusÐdac apì pollapl�, eurèwc diesparmèna wc proc to st rigma thc
katanom c stìqou π, shmeÐa.

Stic perissìterec peript¸seic, to trace plot thc akoloujÐac (θ(t)
), wc

proc t, den eÐnai idiaÐtera qr simo gia thn anak�luyh thc sÔgklishc. An mac
endiafèroun posìthtec thc morf c Eπ [h (θ)], tìte ènac pio qr simoc deÐkthc
eÐnai h melèth thc sumperifor�c tou ergodikoÔ mèsou

ST =
1

T

T∑
t=1

h
(
θ(t)
) (5.13)

se ìrouc tou T . AparaÐthth proupìjesh gia th sÔgklish eÐnai h stasimìthta
thc akoloujÐac ST , parìlo pou h èndeixh tètoiac stasimìthtac mporeÐ na
ofeÐletai sthn epirro  k�poiac koruf c thc katanom c stìqou π.

O Robert (1995) proteÐnei mia pio sjenar  mèjodo grafik c anÐqneus c thc
sÔgklishc miac alusÐdac Markov: parakoloÔjhsh thc sumperifor�c di�forwn
ektimht¸n thc posìthtac Eπ [h (θ)], oi opoÐoi basÐzontai sthn Ðdia alusÐda(
θ(t)
). Oi ektim seic sugklÐnoun mèqri pou sumpÐptoun4, ìtan èqei epèljei h

sÔgklish.
Pèra apì ton ergodikì mèso tou tÔpou (5.13), qrhsimopoieÐtai epÐshc h

desmeumènh   Rao Blackwellized ekdoq  tou

SCT =
1

T

T∑
t=1

E
[
h (θ) |η(t)

]
, (5.14)

se perÐptwsh pou o algìrijmoc par�gei mia alusÐda (η(t), θ(t)
).

Mia �llh teqnik  pou dÐnei èna sugklÐnonta mèso eÐnai h deigmatolhyÐa
spoudaiìthtac (importance sampling). An eÐnai gnwst  h morf  thc katano-
m c stìqou π, tìte ènac ektimht c eÐnai o

SPT =
T∑
t=1

wth
(
θ(t)
)
, (5.15)

4Me k�poia dedomènh akrÐbeia.
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ìpou wt ∝ π
(
θ(t)
)
/gt
(
θ(t)
) kai gt eÐnai h puknìthta pou qrhsimopoieÐtai gia

thn prosomoÐwsh twn tim¸n θ(t). Sugkekrimèna, gia thn perÐptwsh tou deig-
matol pth Gibbs,

gt
(
θ(t)
)

=
d∏
i=1

πi

(
θ

(t)
i |θ

(t−1)
−i

)
. (5.16)

Gia thn perÐptwsh tou algìrijmou Metropolis - Hastings, oi metablhtèc pou
pragmatik� prosomoi¸nontai eÐnai oi η(t) ∼ q

(
θ(t−1), ·

) kai o ektimht c (5.15)
paÐrnei th morf 

SMP
T =

T∑
t=1

wth
(
η(t)
)
, (5.17)

ìpou wt ∝ π
(
η(t)
)
/q
(
θ(t−1), η(t)

).
Mia endiafèrousa idiìthta thc deigmatolhyÐac spoudaiìthtac eÐnai ìti a-

faireÐ thn autosusqètish metaxÔ twn θ(t) (  twn η(t)):
L mma 5.5.1 'Estw

(
θ(t)
)
mia alusÐda Markov pou par�getai apì k�poio Me-

tropolis - Hastings algìrijmo me pur na mat�bashc prìtashc q. Tìte

V ar

(
T∑
t=1

h
(
θ(t)
) π

(
θ(t)
)

q (θ(t−1), θ(t))

)
=

T∑
t=1

V ar

(
h
(
θ(t)
) π

(
θ(t)
)

q (θ(t−1), θ(t))

)
,(5.18)

me thn proôpìjesh ìti autèc oi posìthtec eÐnai kal� orismènec.

Oi stajmÐseic wt eÐnai gnwstèc wc proc k�poio pollapl�siì touc kai gia to
lìgo autì tupopoioÔntai pollaplasiazìmenec me thn posìthta

(∑T
t=1wt

)−1.
MporeÐ ìmwc na upotejeÐ ìti h epÐdrash aut c thc tupopoÐhshc, stic autosu-
sqetÐseic twn θ(t), exafanÐzetai kaj¸c to T aux�nei.

To L mma 5.5.1 dhl¸nei ìti oi ektimhtèc SPT kai SMP
T sumperifèrontai wc

na epikratoÔsan sunj kec anexarthsÐac kai epomènwc mporoÔme na elègxou-
me pio paradosiak� th sÔgklish thc alusÐdac (θ(t)

). Epiplèon, uponoeÐ ìti
h diakÔmansh tou SPT (  tou SMP

T ) elatt¸netai me rujmì 1/T , upì sunj kec
stasimìthtac. Epomènwc, h mh stasimìthta mporeÐ na aniqneuteÐ an h el�ttw-
sh aut  den prosarmìzetai se mÐa parabol  t�xhc 1/

√
T . Shmei¸ste akìma
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ìti h puknìthta π pou emfanÐzetai stic stajmÐseic wt, mporeÐ na antikatasta-
jeÐ apì thn ektim sh

π̂T (θ) =
1

T

T∑
t=1

π1

(
θ|η(t)

)
, (5.19)

stic peript¸seic ìpou o Rao - Blackwellized ektimht c brÐskei efarmog .
Oi Gelfand kai Smith (1990) prìteinan thn akìloujh grafik  aniqneu-

tik  diadikasÐa: prosomoi¸noun n par�llhlec alusÐdec kai Ôstera apì m
epanal yeic (burn in period) sullègoun tic n, paraqjeÐsec kat� to m + 1
b ma tou algìrijmou, timèc twn n alusÐdwn kai sqedi�zoun to istìgramma
twn suqnot twn touc   k�poiac sun�rthshc aut¸n. H sun�rthsh aut  mpo-
reÐ na eÐnai mÐa suntetagmènh tou dianÔsmatoc θ, dhlad  apì to qeirismì twn
n d-metablht¸n5 tim¸n katal goume sto qeirismì n monometablht¸n tim¸n.
Epanalamb�noun thn Ðdia diadikasÐa èpeita apì k epanal yeic tou algìrij-
mou kai sugkrÐnoun ta dÔo istogr�mmata. H èlleiyh mh sÔgklishc uiojeteÐtai
ìtan ta istogr�mmata eÐnai mh diakekrimèna. To k epilègetai me gn¸mona thn
afaÐresh thc epÐdrashc twn autosuqetÐsewn, oi opoÐec dhmiourgoÔn parapla-
nhtikèc omoiìthtec metaxÔ twn istogramm�twn. Tupik�, timèc metaxÔ 10 kai
50 krÐnontai logikèc.

H Ôparxh poll¸n koruf¸n (multimodality) sto di�gramma thc ektimhmènhc
sun�rthshc puknìthtac, gia to t b ma tou algìrijmou, eÐnai klassikì shmeÐo
èndeixhc mh sÔgklishc.

Oi Gelman,Gilks kai Roberts (1996) dÐnoun èna jewrhtikì apotèlesma: o
Metropolis - Hastings algìrijmoc me qamhl� posost� apodoq c twn protei-
nìmenwn tim¸n eÐnai astaj c kai ftwqìc stic metab�seic tou wc proc to eÔroc
tou sthrÐgmatoc thc puknìthtac stìqou π. Epomènwc, èna seiriakì di�gram-
ma (serial plot) twn posost¸n apodoq c, wc proc to qrìno, eÐnai endeiktikì
thc exèlixhc tou algìrijmou.

Oi Yu kai Mykland (1998) proteÐnoun mÐa amig¸c grafik  ektÐmhsh thc
sÔgklishc tou ergodikoÔ mèsou (5.1) ston plujhsmiakì mèso Eπ [h (θ)]. H
mèjodoc aut  basÐzetai sta diagr�mmata twn susswreumènwn ajroism�twn
CUSUM. DiagrammatopoioÔn tic merikèc diaforèc

Di
T =

i∑
t=1

(
h
(
θ(t)
)
− ST

)
, i = 1, . . . , T (5.20)

5'Osec eÐnai oi suntetagmènec tou dianÔsmatoc θ.
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ìpou
ST =

1

T

T∑
t=1

h
(
θ(t)
)
.

Oi Yu kai Mykland apokomÐzoun mia poiotik  ektÐmhsh, tìso gia thn ikanìthta
thc alusÐdac na dièrqetai gr gora apì olìklhro to q¸ro twn katast�se¸n
thc, ìso kai gia th susqètish metaxÔ twn tim¸n θ(t): ìtan h alusÐda diabaÐnei
gr gora se olìklhro to st rigma thc katanom c stìqou π, tìte to di�gramma
twn Di

T eÐnai èntona �takto kai sugkentrwmèno gÔrw apì to mhdèn. Sthn a-
ntÐjeth perÐptwsh to di�gramma eÐnai taktikì, me meg�la {pet�gmata} makru�
apì to mhdèn.

To shmantikìtero meionèkthma thc mejìdou eÐnai ìti basÐzetai se mÐa mì-
no alusÐda, me ta pleonekt mata kai ta meionekt mata pou anafèrame sthn
enìthta 5.1.

5.6 Diagnwstik� Krit ria SÔgklishc

'Opwc  dh anafèrjhke, ta diagnwstik� krit ria sÔgklishc eÐnai mèjodoi pou
basÐzontai stic statistikèc idiìthtec twn parathrhjeis¸n tim¸n thc alusÐdac
prospaj¸ntac na aniqneÔsoun endeÐxeic èlleiyhc mh sÔgklishc. Up�rqoun
pollèc mèjodoi pou anafèrontai sth bibliografÐa. Oi perissìterec apì autèc
sunoyÐzontai stic dhmosieÔseic twn Brooks kai Roberts (1995) kai Cowles kai
Carlin (1996).

5.6.1 To diagnwstikì Krit rio tou Geweke

O Geweke (1992) anèptuxe èna krit rio anÐqneushc thc sÔgklishc, basizì-
menoc sth sÔgkrish metaxÔ dÔo mh allhloepikaluptìmenwn (overlapping) a-
nalogi¸n tou deÐgmatoc, anaferìmenwn se dÔo diaforetikèc periìdouc thc
exèlixhc tou algìrijmou, met� th burn in perÐodo.

Jewr ste mia pragmatik  sun�rthsh ψ = h (θ) kai thn troqi� (trajectory)
thc ψ(1), ψ(2), . . ., ìpou ψ(j) = h

(
θ(j)
)
, j = 1, 2, . . .. H troqi� aut  orÐzei mia

qronoseir� kai epomènwc mporoÔme na upologÐsoume ergodikoÔc mèsouc. O
Geweke (1992) proteÐnei th qr sh statistik¸n elègqwn stouc ergodikoÔc
mèsouc ¸ste na epibebaiwjeÐ h sÔgklish.

Ac upojèsoume ìti af noume ton algìrijmo na exeliqjeÐ kai lamb�noume
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m+ n parathr seic thc alusÐdac. SqhmatÐzoume touc ergodikoÔc mèsouc

ψ̄1 =
1

n1

m+n1∑
j=m+1

ψ(j) (5.21)

ψ̄2 =
1

n2

m+n∑
j=m+n−n2+1

ψ(j), (5.22)

ìpou n1 + n2 < n. An m eÐnai to m koc thc burn in periìdou, tìte ψ̄1 kai
ψ̄2 eÐnai oi ergodikoÐ mèsoi sthn arq  kai ato tèloc thc periìdou sÔgklishc
kai epomènwc prèpei na sumperifèrontai paromoÐwc. Kaj¸c to n teÐnei sto
�peiro kai oi analogÐec n1/n kai n2/n paramènoun stajerèc, tìte to Kentrikì
Oriakì Je¸rhma efarmìzetai kai

zG =
ψ̄2 − ψ̄1√

V̂ ar (ψ2) + V̂ ar (ψ1)

d→ N (0, 1) , (5.23)

ìpou V̂ ar (ψk) = sk (0) /nk kai sk (0) , k = 1, 2 eÐnai oi summetrikèc fasmati-
kèc sunart seic puknìthtac (symmetric spectral density functions, Chatfield
1996, Backett and Diaconis 1994), dedomènou ìti den up�rqoun asunèqeiec
sth suqnìthta mhdèn. An h sÔgklish èqei epèljei, tìte h tupopoihmènh dia-
for� metaxÔ twn ergodik¸n mèswn, upologismènwn sthn arq  kai sto tèloc
thc periìdou sÔgklishc, den prèpei na eÐnai meg�lh. Prosoq , oi meg�lec
diaforèc uponooÔn èlleiyh sÔgklishc, all� oi mikrèc diaforèc den shmaÐnoun
sÔgklish. EpikaloÔmenoi th jewrÐa perÐ kanonikìthtac, timèc |zG| > 2 eÐnai
endeiktikèc gia thn èlleiyh sÔgklishc. O Geweke proteÐnei n1/n = 0.1 kai
n2/n = 0.5, wstìso den eÐnai aparaÐthto na proskolloÔmaste stic sust�seic
autèc.

H prosèggish tou Geweke eÐnai, katafan¸c, mia prosèggish basismènh se
qronoseirèc kai antanakl� thn pepoÐjhs  tou ìti h epexergasÐa miac polÔ
meg�lhc alusÐdac, anti poll¸n mikr¸n, eÐnai pio epikodomhtik , kaj¸c ja
exereun sei megalÔtero mèroc tou sthrÐgmatoc thc katanom c stìqou π. 'Ena
meionèkthma tou diagnwstikoÔ krithrÐou tou Geweke eÐnai ìti h tim  tou zG
ephre�zetai apì tic analogÐec ψ̄1 kai ψ̄2. Kalì eÐnai na mh basÐzetai k�poioc
se èna mìno èlegqo gia th diapÐstwsh thc sÔgklishc enìc algìrijmou.
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5.6.2 To Diagnwstikì Krit rio twn Gelman kai Rubin

Oi Gelman kai Rubin (1992) prìteinan mia apl  mèjodo gia thn anÐqneush thc
mh sÔgklishc miac alusÐdac Markov pou par�getai apì k�poio MCMC al-
gìrijmo. H mèjodoc aut  basÐzetai sthn par�llhlh an�ptuxh alusÐdwn pou
èqoun xekin sei apì diaforetik� shmeÐa. H qr sh poll¸n alusÐdwn periorÐzei
ton kÐnduno thc pagÐdeushc se perioqèc gÔrw apì korufèc, kÐndunoc o opoÐ-
oc up�rqei sthn perÐptwsh thc an�ptuxhc mÐac alusÐdac. Epiplèon, eÐnai pio
eÔkolo na aniqneutoÔn oi {sqedìn astajeÐc} (metastable) sumperiforèc thc
alusÐdac. ParadeÐgmata tètoiwn sumperifor¸n dÐnontai apì touc Gelman kai
Rubin (1992) kai Gelman (1996). 'Ustera apì thn epÐteuxh thc sÔgklishc,
ìlec oi par�llhlec alusÐdec prèpei na èqoun thn Ðdia posotik  kai poiotik 
sumperifor�. To krit rio basÐzetai ston èlegqo thc isìthtac metaxÔ twn dia-
spor¸n entìc (within) kai metaxÔ (between) twn alusÐdwn. Autì isodunameÐ
me thn omoiìthta metaxÔ tou istogr�mmatoc twn prosomoiwmènwn tim¸n ìlwn
twn alusÐdwn kai twn tim¸n k�je mÐac alusÐdac xeqwrist�.

H diadikasÐa problèpei thn ekkÐnhsh twn par�llhlwn alusÐdwn apì sh-
meÐa eurèwc diesparmèna wc proc to st rigma thc katanom c stìqou π. To
pl joc twn par�llhlwn alusÐdwn den eÐnai aparaÐthto na eÐnai meg�lo proc
apofug  upologistikoÔ fìrtou. Sun jwc prosomoi¸netai monoy fioc arij-
mìc alusÐdwn. 'Otan up�rqei èndeixh ìti h katanom  stìqoc eÐnai polukìrufh
(multimodal), tìte sust netai h ekkÐnhsh toul�qiston mÐac alusÐdac apì k�-
je koruf .

Jewr ste m ≥ 2 par�llhlec alusÐdec m kouc 2n, oi opoÐec xekinoÔn thn
an�ptux  touc apì m diaforetik� s meÐa:

θ
(1)
1 , θ

(2)
1 , . . . , θ

(2n−1)
1 , θ

(2n)
1

θ
(1)
2 , θ

(2)
2 , . . . , θ

(2n−1)
2 , θ

(2n)
2...

θ
(1)
m , θ(2)

m , . . . , θ(2n−1)
m , θ(2n)

m .

Sth sunèqeia agnooÔme tic pr¸tec n timèc ìlwn twn alusÐdwn (burn in period)
kai upologÐzoume tic timèc ψ(j)

i , i = 1, . . .m, j = 1, . . . n k�poiac pragmatik c
sun�rthshc endiafèrontoc ψ = h (θ). H diakÔmansh metaxÔ twn alusÐdwn
(between chain variance) dÐnetai apì ton tÔpo

B =
n

m− 1

m∑
i=1

(
ψ̄i − ψ̄

)2 (5.24)
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kai h diakÔmansh entìc twn alusÐdwn (within chain variance) apì ton tÔpo

W =
1

m (n− 1)

m∑
i=1

n∑
j=1

(
ψ

(j)
i − ψ̄i

)2

, (5.25)

ìpou ψ̄i = 1
n

∑n
j=1 ψ

(j)
i kai ψ̄ = 1

m

∑m
i=1 ψ̄i. 'Ustera apì th sÔgklish, ìlec

autèc oi mn timèc ψ(j)
i jewroÔntai ìti katanèmontai sÔmfwna me thn kata-

nom  stìqo π. H diakÔmansh σ2
ψ = V ar (h (θ)) ektim�tai apì touc sunepeÐc

ektimhtèc B,W kai σ̂2
ψ = (1− 1/n)W + (1/n)B. An oi alusÐdec den èqoun

sugklÐnei akìma, oi arqikèc timèc touc ja ephre�zoun akìma tic troqièc touc.
ExaitÐac thc diaspor�c twn arqik¸n tim¸n, wc proc to st rigma thc katano-
m c stìqou π,o ektimht c σ̂2

ψ uperektim� thn pragmatik  diakÔmansh σ2
ψ, mèqrithn epÐteuxh thc stasimìthtac. Apì thn �llh meri�, prin na epèljei sÔgkli-

sh, o ektimht c W teÐnei na upoektim� thn pragmatik  diakÔmansh σ2
ψ, diìtik�je alusÐda den èqei diabeÐ olìklhro to q¸ro katast�sewn kai epomènwc

basÐzetai se mikrìterec diaforèc ψ(j)
i − ψ̄i. Me b�sh aut  th sullogistik ,

wc deÐkthc sÔgklishc mporeÐ na lhfjeÐ o ektimht c

R̂ =

√
σ̂2
ψ

W
, (5.26)

tou opoÐou h tim  eÐnai p�nta megalÔterh apì 1. O ektimht c R̂ anafèretai wc
potential scale reduction. Kaj¸c n→∞, oi ektimhtèc σ̂2

ψ kai W sugklinoun,
wc apìrroia tou ErgodikoÔ Jewr matoc, sth diakÔmansh σ2

ψ kai tìte R̂→ 1.
H sÔgklish aniqneÔetai apì thn eggÔthta tou ektimht  R̂ sthn tim  1. O
Gelman (1996) proteÐnei na apodeqìmaste th sÔgklish ìtan R̂ ≤ 1.2.

O prwtìtupoc ektimht c pou prot�jhke apì touc Gelman kai Rubin
(1992) eÐnai polÔ pio perÐplokoc. O Gamerman shmei¸nei ìti h periplokìthta
aut  den eÐnai anagkaÐa.

O ektimht c R̂ prèpei na upologÐzetai gia ìlec tic posìthtec pou empÐ-
ptoun sto endiafèron mac, ¸ste na parèqei tekmhriwmènh plhroforÐa gia th
sÔgklish thc alusÐdac. Shmei¸ste ìti prìkeitai gia monometablht  teqni-
k , all� mporeÐ na efarmosteÐ kai sthn perÐptwsh ìpou anaptÔsoume pa-
r�llhla m d-di�statec alusÐdec θi = (θi1, . . . , θid) , i = 1, . . . ,m, jètontac
h (θ) = −2 log π (θ). Opwsd pote, se aut  thn perÐptwsh h epilog  twn
diesparmènwn arqik¸n shmeÐwn ekkÐnhshc eÐnai pio dÔskolh.
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Sta meionekt mata thc mejìdou sugkatalègontai h ex�rths  thc apì thn
kanonikìthta, h epilog  eurèwc diesparmènwn arqik¸n katast�sewn gia tic
par�llhlec alusÐdec, h opoÐa apaiteÐ k�poia gn¸sh thc katanom c stìqou, h
epilog  tou arijmoÔ twn alusÐdwn pou ja prosomoiwjoÔn kai o upologismìc
twn ektim sewn thc pragmatik c diakÔmanshc σ2

ψ. Enallaktik�, mporoÔn na
qrhsimopoihjoÔn mh parametrikoÐ ektimhtèc thc diakÔmanshc. EpÐshc, para-
metrikoÐ metasqhmatismoÐ (reparametrization) mporoÔn na epistrateutoÔn gia
tic paramètrouc pou den emfanÐzoun kanonik  sumperifor�, all� autì aux�nei
thn poluplokìthta thc exakrÐbwshc thc sÔgklishc. Tèloc, h apìklish apì
thn kanonikìthta dusqeraÐnei to èrgo thc epilog c twn arqik¸n shmeÐwn gia
thn ekkÐnhsh twn par�llhlwn alusÐdwn.

5.6.3 To diagnwstikì Krit rio twn Zellner kai Min

Upojèste ìti to di�nusma twn paramètrwn θ mporeÐ na diairejeÐ se dÔo mplok,
θ1 kai θ2. Tìte, π (θ) = π1 (θ1|θ2)π

(2) (θ2) = π2 (θ2|θ1)π
(1) (θ1), gia k�je θ.

Se efarmogèc ìpou o deigmatol pthc Gibbs mporeÐ na efarmosteÐ, oi pl reic
desmeumènec puknìthtec πi (θi|θ−i) eÐnai diajèsimec, all� oi perijwriakèc pu-
knìthtec π(i) (θi) ìqi. Wstìso, mporoÔn na ektimhjoÔn me th bo jeia tou Rao
- Blackwellized ektimht 

π̂(i) (θi) =
1

n

n∑
j=1

πi

(
θi|θ(j)

−i

)
, (5.27)

ton opoÐo sunant same sthn Enìthta 4.7 gia thn aÔxhsh dedomènwn.
Oi Zellner and Min (1995) proteÐnoun dÔo krit ria gia thn epal jeush

thc sÔgklishc tou deigmatol pth Gibbs. To pr¸to krit rio basÐzetai sto
statistikì

η̂ = π1 (θ1|θ2) π̂
(2) (θ2)− π2 (θ2|θ1) π̂

(1) (θ1) . (5.28)
An h alusÐda èqei sugklÐnei, tìte to η̂ eÐnai kont� sto mhdèn, gia k�je θ.

To deÔtero krit rio basÐzetai stouc lìgouc

ξ̂1 =
π2 (θ2|θ1) π̂

(1) (θ1)

π2 (θ∗2|θ∗1) π̂(1) (θ∗1)
(5.29)

ξ̂2 =
π1 (θ1|θ2) π̂

(2) (θ2)

π1 (θ∗1|θ∗2) π̂(2) (θ∗2)
, (5.30)
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ìpou θ∗ = (θ∗1, θ
∗
2) eÐnai mia �llh tim  apì to q¸ro twn katast�sewn tic

alusÐdac (θ(t)
). Tìso to statistikì ξ̂1, ìso kai to ξ̂2, eÐnai ektimhtèc thc

posìthtac ξ = π (θ) /π (θ∗), An h alusÐda èqei sugklÐnei tìte oi ektim seic ξ̂1
kai ξ̂2 eÐnai kont�. Epiplèon, an eÐnai kont� sthn tim  tou ξ, tìte h alusÐda
èqei sugklÐnei sth swst  katanom  isorropÐac.

Oi Zellner and Min (1995) tupopoioÔn thn prosèggis  touc upojètontac
kanonikèc katanomèc gia tic pl reic desmeumènec katanomèc me puknìthta
πi (θi|θ−i).

Oi Ritter and Tanner (1992) proteÐnoun na apotimoÔme th sÔgklish, gia
thn prosomoiwjeÐsa alusÐda, exet�zontac touc lìgouc ξ̂1 kai ξ̂2. EishgoÔ-
ntai, epÐshc ton upologismì twn lìgwn stic prosomoiwmènec timèc θ(t) kai
thn tautìqronh kataskeu  tou istogr�mmatoc twn tim¸n twn lìgwn. Kaj¸c
n → ∞, ta istogr�mmata aut� prèpei na proseggÐzoun k�poia ekfulismènh
katanom  me par�metro jèshc thn tim  èna. DeÐte epÐshc Gelfand (1992) gia
peraitèrw suz thsh epÐ twn istogramm�twn aut¸n.

H metast�simh (metastable) sumperifor� thc alusÐdac mporeÐ na apotelè-
sei prìblhma, to opoÐo uperphd�tai me th qr sh par�llhlwn alusÐdwn. 'Ena
�llo meonèkthma thc mejìdou eÐnai h an�gkh thc diajesimìthtac twn pl -
reic desmeumènwn katanom¸n, gegonìc pou periorÐzei thn efarmog  thc sthn
perÐptwsh tou deigmatol pth Gibbs. EpÐshc, den eÐnai saf c o trìpoc dia-
qwrismoÔ tou parametrikoÔ dianÔsmatoc θ se dÔo mplok. 'Otan h di�stash
d tou dianÔsmatoc θ eÐnai meg�lh, tìte up�rqoun polloÐ trìpoi diaqwrismoÔ
tou teleutaÐou kai to krit rio mporeÐ na efarmosteÐ se ìlouc.

5.6.4 Mh Parametrikìc 'Elegqoc Stasimìthtac

Oi klassikoÐ mh parametrikoÐ èlegqoi, ìpwc to test twn Kolmogorov - Smir-
nov   to test tou Kuiper, mporoÔn na efarmostoÔn sto apotèlesma enìc
MCMC algìrijmou, dhlad  stic prosomoiwmènec timèc θ(t), prokeimènou na
exaqjoÔn sumper�smata gia th stasimìthta thc alusÐdac (θ(t)

). 'Otan h alu-
sÐda eÐnai st�simh, oi timèc θ(t1) kai θ(t2) èqoun thn Ðdia perijwriak  katanom ,
gia aujaÐretec timèc t1 kai t2.

'Ustera apì thn an�ptuxh tou algìrijmou, èqoume apokt sei to deÐg-
ma θ(1), . . . , θ(T ). An qwrÐsoume to deÐgma se dÔo mplok, θ(1), . . . , θ(

T
2 ) kai

θ(
T
2

+1), . . . , θ(T ), tìte eÐnai logikì na sugkrÐnoume tic katanomèc twn dÔo deig-
m�twn. Ta sun jh mh parametrik� test eÐnai kataskeuasmèna gia ton èlegqo
thc tautonomÐac metaxÔ iid deigm�twn. Epomènwc, prèpei na eis�goume k�poia
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diìrjwsh, exaitÐac thc susqètishc metaxÔ twn θ(k), θ(s), k 6= s.
H diìrjwsh epitugq�netai me thn eisagwg  tou megèjouc G, pou odh-

geÐ sthn kataskeu  dÔo yeudo - anex�rthtwn deigm�twn. Gia k�je èna a-
pì ta prohgoÔmena deÐgmata epilègoume ta upodeÐgmata θ

(G)
1 , θ

(2G)
1 , . . . kai

θ
(G)
2 , θ

(2G)
2 , . . .. Tìte h statistik  sun�rthsh tou test twn Kolmogorov -

Smirnov gÐnetai

K =
1

M
sup
η

∣∣∣∣∣
M∑
g=1

I(0 , η]

(
θ

(gG)
1

)
−

M∑
g=1

I(0 , η]

(
θ

(gG)
2

)∣∣∣∣∣ , (5.31)

gia thn perÐptwsh miac monodi�stathc alusÐdac. Gia poludi�statec alusÐdec,
o tÔpoc (5.31) mporeÐ na upologisteÐ eÐte se k�poia sun�rthsh endiafèrontoc  
se k�je suntetagmènh tou dianÔsmatoc θ xeqwrist�. To statistikì K mporeÐ
na d¸sei ènan kanìna gia thn paÔsh tou algìrijmou, ìtan h sÔgklish èqei
epiteuqjeÐ. Upì sunj kec stasimìthtac, kaj¸c M →∞, h oriak  katanom 
thc posìthtac √MK èqei sun�rthsh katanom c

R (x) = 1−
∞∑
k=1

(−1)k−1 e−2k2x2

, (5.32)

h opoÐa proseggÐzetai apì èna peperasmèno �jroisma. To antÐstoiqo p -
value mporeÐ na upologisteÐ gia k�je tim  T , mèqri na ft�sei k�tw apì k�poio
prokajorismèno epÐpedo.

H diadikasÐa tou krithrÐou pou parousi�zoume mporeÐ na beltiwjeÐ lamb�-
nontac upìyh thn akoloujiak  fÔsh tou test kai to gegonìc ìti to K mporeÐ
na epileqjeÐ wc h mikrìterh apì ìlec tic timèc K pou antistoiqoÔn stic sunte-
tagmènec tou parametrikoÔ dianÔsmatoc θ. Mia trÐth qr sh thc (5.31), eÐnai
h anapar�stash twn posot twn √MK wc proc T kai o optikìc èlegqoc gia
stasimìthta stic mikrèc timèc.



Kef�laio 6

Efarmogèc

6.1 Eisagwg 

To kef�laio autì afier¸netai sthn an�lush k�poiwn upojèsewn (case stu-
dies), pou ja mac bohj soun na katano soume kalÔtera th leitourgÐa tìso
tou deigmatol pth Gibbs ìso kai tou algìrijmou Metropolis - Hastings. H
pr¸th efarmog  eÐnai h polÔ suqn� sunant¸menh sth bibliografeÐa perÐptwsh
twn apotuqi¸n enìc mhqanismoÔ �ntlhshc iìntwn apì èna purhnikì antidra-
st ra (nuclear pump failures). Ja doÔme dÔo parallagèc tou montèlou kai
ja anaptÔxoume antÐstoiqouc trìpouc prosomoÐwshc. H deÔterh efarmog  a-
sqoleÐtai me thn prosomoÐwsh twn ek twn ustèrwn katanom¸n enìc montèlou
tuqaÐwn epidr�sewn (random effects model). Ac doÔme pio analutik� k�je
perÐptwsh.

6.2 Par�deigma 1.0.1 (Pump Failures)

SÔmfwna me thn apì koinoÔ ek twn ustèrwn katanom  pou dÐnetai apì ton
tÔpo (1.2), oi pl reic desmeumènec katanomèc eÐnai oi exeÐc:

λi|β, ti, xi ∼ Ga (xi + α, ti + β) , i = 1, . . . , 10 (6.1)
β|λ1, . . . , λ10 ∼ Ga

(
γ + 10α, δ +

10∑
i=1

λi

)
. (6.2)

Qrhsimopoi¸ntac to upologistikì pakèto Mathematica mporoÔme na kata-
skeu�soume èna Gibbs algìrijmo. Se k�je b ma tou deigmatol pth, proso-
moi¸netai pr¸ta mÐa tim  gia ta λ1, . . . , λ10 kai èpeita gia to β. Wc arqik  tim 

127
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jètoume β = 1. Parathr ste ìti den qrei�zetai na jèsoume arqikèc timèc gia
ta λi, i = 1, . . . , 10, afoÔ oi pl reic desmeumènec katanomèc touc exart¸ntai
mìno apì to β kai ìqi apì to di�nusma λ−i. O deigmatol pthc Gibbs pou
kataskeu�zoume:

1. prosomoi¸nei deÐgmata apì tic ek twn ustèrwn perijwriakèc katanomèc
twn paramètrwn λ1, . . . , λ10 kai β,

2. upologÐzei tic ek twn ustèrwn anamenìmenec timèc kai tupikèc apoklÐseic
twn perij¸riwn katanom¸n,

3. ektim�ei perioqèc axiopistÐac (credibility intervals) gia tic paramètrouc,
4. upologÐzei tic autosusqetÐseic, ustèrishc k = 1, . . . , 20, twn proso-

moiwmènwn tim¸n se k�je akoloujÐa,
5. kataskeu�zei trace plots, diagr�mmata twn ergodik¸n mèswn, istogr�m-

mata twn prosomoiwmènwn tim¸n twn paramètrwn kai diagr�mmata au-
tosusqetÐsewn.

6.3 Par�deigma 1.0.2 (Pump Failures)

SÔmfwna me ton tÔpo (1.3), oi pl reic desmeumènec katanomèc eÐnai oi akì-
loujec:

λi|β, α, ti, xi ∼ Ga (xi + α, ti + β) , i = 1, . . . , 10 (6.3)
β|λ1, . . . , λ10, α ∼ Ga

(
γ + 10α, δ +

10∑
i=1

λi

)
, (6.4)

α|λ1, . . . , λ10, β ∝

(∏10
i=1 λi
e

)α(
βα

Γ (α)

)10

. (6.5)

Me to Mathematica kataskeu�zoume èna Metropolis within Gibbs algìrijmo
gia thn prosomoÐwsh tim¸n apì thn ek twn ustèrwn perijwriak  katanom  twn
paramètrwn λ1, . . . , λ10, β, α. Se k�je b ma tou, o algìrijmoc exelÐssetai wc
ex c: o exwterikìc Gibbs brìgqoc prosomoi¸nei mÐa tim  gia k�je par�metro
λ1, . . . , λ10, β, apì tic pl reic desmeumènec katanomèc touc (6.3) kai (6.4),
antÐstoiqa. AkoloujeÐ h prosomoÐwsh miac tim c gia thn par�metro α, me thn
eisagwg  enìc b matoc Metropolis - Hastings.
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O upoalgìrijmoc Metropolis - Hastings anaptÔssetai se mÐa mìno epan�-
lhyh (dhlad  T = 1), se k�je b ma tou exwterikoÔ brìgqou. Sthn efarmog 
pou parajètoume qrhsimopoioÔme dÔo parallagèc tou Metropolis - Hastings
algìrijmou: th genik  perÐptwsh kai thn anex�rthth perÐptwsh.

Sth genik  perÐptwsh qrhsimopoioÔme wc sun�rthsh prìtashc q (α(t−1), ·
)

thn ekjetik  katanom  Exp(1/αt−1). O upoalgìrijmoc exelÐssetai sÔmfwna
me ta akìlouja b mata:

1. prosomoÐwse mÐa tim  η ∼ Exp
(
1/α(t−1)

),
2. prosomoÐwse mÐa tim  u ∼ U (0, 1),
3. an u ≤ ρ

(
α(t−1), η

), tìte jèse α(t) = η, diaforetik� jèse α(t) = α(t−1),
ìpou ρ (α(t−1), η

) eÐnai h pijanìthta apodoq c tic tim c pou proteÐnetai apì
th sun�rthsh prìtashc kai sth sugkekrimènh perÐptwsh, me efarmog  tou
tÔpou (3.8), èqei th morf 

ρ
(
α(t−1), η

)
= 1 ∧

(∏10
i=1 λi
e

)η−α(t−1) (
βη−α

(t−1) Γ
(
α(t−1)

)
Γ (η)

)10
η

α(t−1)
. (6.6)

Sthn anex�rthth alusÐda h sun�rthsh prìtashc den exart�tai apì thn
prohgoÔmenh tim  thc paramètrou pou prosomoi¸netai. Epilègoume loipìn
wc sun�rthsh prìtashc thn ekjetik  Exp (1). T¸ra h pijanìthta apodo-
q c upologÐzetai sÔmfwna me ton tÔpo pou dÐnetai ston Algìrijmo 3.5.1 kai
lamb�nei th morf 

ρ
(
α(t−1), η

)
= 1 ∧

(∏10
i=1 λi
e

)η−α(t−1) (
βη−α

(t−1) Γ
(
α(t−1)

)
Γ (η)

)10

eη−α
(t−1)

.(6.7)

6.4 Par�deigma 1.0.3 (Random Effects Mo-

del)

DÐnontai K = 6,m = 8, µ0 = 0, a1 = a2 = b1 = b2 = λ0 = 1. EpÐshc,
ston PÐnaka 6.1 dÐnontai ta epark  statistik� dedomèna pou qrei�zontai gia
thn prosomoÐwsh. Wc arqikèc timèc gia thn prosomoÐwsh qrhsimopoioÔme tic
θi = ȳi, i = 1, . . . , 6 kai µ = ȳ.
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PÐnakac 6.1: Random Effects Model Data

Gia na prosomoi¸soume timèc apì thn ek twn ustèrwn perijwriak  kata-
nom  twn paramètrwn λe, λθ, µ, θi, i = 1, . . . , 6, kataskeu�zoume èna deigmato-
l pth Gibbs. H apì koinoÔ ek twn ustèrwn katanom  twn paramètrwn aut¸n
dÐnetai apì ton tÔpo (1.10). Oi pl reic perijwriakèc katanomèc prokÔptoun
�mesa apì thn apì koinoÔ katanom  (1.11):

1. π (θi|µ, λe, λθ,y) ∝ exp
{
(mλeȳi + λθµ) θi − 1

2
(mλe + λθ) θ

2
i

},
i = 1, . . . , K, dhlad 1

θi|µ, λe, λθ,y ∼ N

(
mλeȳi + λθµ

mλe + λθ
, (mλe + λθ)

−1

)
, i = 1, . . . , K (6.8)

2. π (µ|θ1, . . . , θK , λθ,y)

∝ exp
{(
λθ
∑K

i=1 θi + λ0µ0

)
µ− 1

2
(λθK + λ0)µ

2
}
, dhlad 

µ|θ1, . . . , θK , λθ,y ∼ N

(
λθ
∑K

i=1 θi + λ0µ0

λθK + λ0

, (λθK + λ0)
−1

)
. (6.9)

3. λe|θ1, . . . , θK ,y ∼ Ga
(
mK
2

+ a2,
1
2

∑K
i=1

∑m
j=1 (yij − θi)

2 + b2

)
, dhlad 

λe|θ1, . . . , θK ,y ∼ Ga

(
mK

2
+ a2,

sse+m
∑K

i=1 (ȳi − θi)
2

2
+ b2

)
(6.10)

ìpou sse =
∑K

i=1

∑m
j=1 (yij − ȳi)

2.
1An f (x) ∝ exp

{
ax− 1

2bx2
}

= exp
{
− b

2

(
x2 − 2

b ax
)}

∝ exp
{
− b

2

(
x2

− 2
b ax + a2

b2

)}
∝ exp

{
− b

2

(
x− a

b

)2}, dhlad  X ∼ N
(

a
b , 1

b

)
.
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4.

λθ|θ1, . . . , θK , µ,y ∼ Ga

(
K

2
+ a1,

1

2

K∑
i=1

(θi − µ)2 + b1

)
. (6.11)

Me to upologistikì pakèto Mathematica kataskeu�zoume to deigmatol pth
Gibbs, o opoÐoc se k�je epan�lhy  tou akoloujeÐ thn ex c diadikasÐa:

1. prosomoi¸nei mÐa tim  gia thn par�metro λe apì thn (6.10),
2. prosomoi¸nei mÐa tim  gia thn par�metro λθ apì thn (6.11),
3. prosomoi¸nei mÐa tim  gia thn par�metro µ apì thn (6.9),
4. prosomoi¸nei mÐa tim  gia k�je par�metro θi, i = 1, . . . , K, apì tic

(6.8).
Pèra apì th sun jh morf  tou deigmatol pth Gibbs, anaptÔxame kai ton
omadopoihmèno deigmatol pth Gibbs2. K�je epan�lhyh tou algìrijmou:

1. prosomoi¸nei mÐa tim  gia thn par�metro λe apì thn (6.10),
2. prosomoi¸nei mÐa tim  gia thn par�metro λθ apì thn (6.11),
3. prosomoi¸nei tautìqrona mÐa tim  gia k�je par�metro µ, θ1, . . . , θK apì

thn puknìthta π (µ, θ1, . . . , θK |λe, λθ).
An analogistoÔme ìti

π (µ, θ1, . . . , θK |λe, λθ) = π (µ|λe, λθ)π (θ1, . . . , θK |µ, λe, λθ) , (6.12)
tìte to b ma 3 eÐnai isodÔnamo me tic akìloujec enèrgeiec:

1. prosomoi¸nei mÐa tim  gia thn par�metro µ apì thn π (µ|λe, λθ),
2. prosomoi¸nei mÐa tim  gia k�je par�metro θi, i = 1, . . . , K, apì tic
π (θi|µ, λe, λθ).

2Blèpe kai Enìthta 4.6.3, Algìrijmo 4.6.4.
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H puknìthta π (θ1, . . . , θK |µ, λe, λθ) dÐnetai apì to ginìmeno twn sqèsewn (6.8)
kai mporeÐ na l�bei th morf :

π (θ1, . . . , θK |µ, λe, λθ) ∝
K∏
i=1

exp

−
(
θi − mλeȳi+λθµ

mλe+λθ

)2

2 (mλe + λθ)
−1


=

K∏
i=1

exp

{
−mλe + λθ

2
θ2
i + (mλeȳi + λθµ) θi

−(mλeȳi + λθµ)2

2 (mλe + λθ)

}
. (6.13)

Apì thn apì koinoÔ ek twn ustèrwn puknìthta (1.11) eÐnai eÔkolo na deÐxoume
ìti

π (µ, θ1, . . . , θK |λe, λθ)

∝ exp

{
−λe

2

K∑
i=1

m∑
j=1

(yij − θi)
2 − λθ

2

K∑
i=1

(θi − µ)2 − λ0

2
(µ− µ0)

2

}

∝
K∏
i=1

exp

{
(mλeȳi + λθµ) θi −

1

2
(mλe + λθ) θ

2
i +

λ0µ0

K
µ

−1

2

(
λθ +

λ0

K

)
µ2

}
. (6.14)

Antikajist¸ntac tic sqèseic (6.13) kai (6.14) sth sqèsh (6.12) lamb�noume
thn puknìthta

π (µ|λe, λθ)

∝
K∏
i=1

exp

{
λ0µ0

K
µ− 1

2

(
λθ +

λ0

K

)
µ2 +

(mλeȳi + λθµ)2

2 (mλe + λθ)

}
(6.15)

pou apaiteÐtai gia thn an�ptuxh tou omadopoihmènou deigmatol pth Gibbs thc
paroÔsac efarmog c.

AkoloujeÐ h an�ptuxh twn apotelesm�twn ìlwn twn paradeigm�twn pou
suzht same se aut  thn enìthta.
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Παράδειγµα 1.0.1 (Pump Failures) - Gibbs sampler 
 
Parameter Posterior Mean Posterior  

St. Deviation 
2.5% Quantile 97.5% Quantile 

1λ  0.0695896  0.0271127  0.0274984  0.129287  
2λ  0.156598  0.0953015  0.0264974  0.384042  
3λ  0.103118  0.0401571  0.0411483  0.193156  
4λ  0.122543  0.0305136  0.0668365  0.18808  
5λ  0.641567  0.302945  0.196703  1.34922  
6λ  0.61319  0.141258  0.360204  0.92344  
7λ  0.82191  0.519994  0.14811  2.12092  
8λ  0.820143  0.529824  0.13998  2.12097  
9λ  1.30309  0.581592  0.441649  2.72028  
10λ  1.848  0.388558  1.17935  2.68737  

β 2.44052  0.689849  1.35445  3.96714  
TABLE 6.2.1  Descriptive statistics 
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TABLE 6.2.2  Trace Plots 
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TABLE 6.2.3  Convergence for Ergodic Means 
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TABLE 6.2.4  Histograms 
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TABLE 6.2.5  Autocorrelation Plots 
 
 
Παράδειγµα 1.0.2 (Pump Failures) – Metropolis within Gibbs (general case) 
 
 
Parameter Posterior Mean Posterior  

St. Deviation 
2.5% Quantile 97.5% Quantile 

1λ  0.0603452  0.0254019  0.0215955  0.120391  
2λ  0.1012  0.0747414  0.00946787  0.292178  
3λ  0.0893765  0.03796  0.0337345  0.177801  
4λ  0.1166  0.0299705  0.0673067  0.182184  
5λ  0.609973  0.321353  0.149014  1.38515  
6λ  0.608871  0.14161  0.36313  0.928121  
7λ  0.88494  0.712258  0.0754029  2.68321  
8λ  0.860765  0.718684  0.0627571  2.69672  
9λ  1.60884  0.757425  0.460273  3.39195  
10λ  1.97872  0.425748  1.22357  2.88205  

β 0.92071  0.543284  0.155921  2.23406  
α 0.688115  0.269986  0.262344  1.2845  
TABLE 6.3.1  Descriptive statistics 
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TABLE 6.3.2  Trace Plots 
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TABLE 6.3.3  Convergence for Ergodic Means 
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TABLE 6.3.4  Histograms 
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TABLE 6.3.5  Autocorrelation Plots 
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Παράδειγµα 1.0.2 (Pump Failures) – Metropolis within Gibbs (independence 
case) 
 
 
Parameter Posterior Mean Posterior  

St. Deviation 
2.5% Quantile 97.5% Quantile 

1λ  0.0609741  0.0262254  0.0219618  0.119543  
2λ  0.10132  0.0808365  0.00688064  0.309028  
3λ  0.0891692  0.0373745  0.0305379  0.179608  
4λ  0.115915  0.0301816  0.0633982  0.181164  
5λ  0.605952  0.32061  0.151863  1.38188  
6λ  0.605668  0.139649  0.351441  0.916152  
7λ  0.917959  0.732204  0.0833064  2.85369  
8λ  0.860361  0.70612  0.0632053  2.77337  
9λ  1.54209  0.744426  0.44738  3.3216  
10λ  1.99  0.428243  1.24802  2.91793  

β 0.947538  0.534508  0.18801  2.3068  
α 0.710264  0.274273  0.265939  1.30813  
TABLE 6.3.6  Descriptive statistics 
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TABLE 6.3.7  Trace Plots 
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TABLE 6.3.8  Convergence for Ergodic Means 
 
 
 

0.025 0.05 0.075 0.1 0.125 0.15 0.175
Interval Values

0

25

50

75

100

125

150

ycneuqerF

Histogram of λˆ@1D

0.1 0.2 0.3 0.4 0.5
Interval Values

0

20

40

60

80

100

120

ycneuqerF

Histogram of λˆ@2D

 

0.05 0.1 0.15 0.2 0.25
Interval Values

0

20

40

60

80

100

ycneuqerF

Histogram of λˆ@3D

0.05 0.1 0.15 0.2 0.25
Interval Values

0

20

40

60

80

100

120

ycneuqerF

Histogram of λˆ@4D

 



ΚΕΦΑΛΑΙΟ 6.  ΕΦΑΡΜΟΓΕΣ 150

0.5 1 1.5 2
Interval Values

0

20

40

60

80

100

120

140
ycneuqerF

Histogram of λˆ@5D

0.4 0.6 0.8 1
Interval Values

0

20

40

60

80

100

120

ycneuqerF

Histogram of λˆ@6D

 

1 2 3 4 5
Interval Values

0

20

40

60

80

100

120

140

ycneuqerF

Histogram of λˆ@7D

1 2 3 4 5 6
Interval Values

0

50

100

150

200

250

ycneuqerF

Histogram of λˆ@8D

 

1 2 3 4 5
Interval Values

0

20

40

60

80

100

120

ycneuqerF

Histogram of λˆ@9D

1 1.5 2 2.5 3 3.5
Interval Values

0

20

40

60

80

100

ycneuqerF

Histogram of λˆ@10D

 

0.5 1 1.5 2 2.5 3
Interval Values

0

25

50

75

100

125

150

ycneuqerF

Histogram of βˆ

0.25 0.5 0.75 1 1.25 1.5 1.75 2
Interval Values

0

25

50

75

100

125

150

ycneuqerF

Histogram of â

 
TABLE 6.3.9  Histograms 
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TABLE 6.3.10  Autocorrelation Plots 
 
 
 
Παράδειγµα 1.0.3 (Rando  Effect Model) Gibbs sampler
 
 
Par meter Posterior Mean Posterior  2.5% Quantile 97.5% Quantile

m  –  

a
St. Deviation 

 

1θ  −0.206835  0.263307  −0.739953  0.325852  
2θ  −1.04437  0.265928  −1.5496  −0.504731

0.008676033θ   0.26324  −0.494242  0.527081  
4θ  0.413772  0.271071  −0.125947  0.936238  
5  0.0128829  0.259071  −0.511951  0.523845  
6

θ

 −0.0343403 0.265229  −0.562985  0.505055  
e

θ

 λ 1.73054  0.369822  1.07862  2.53002  
θλ  2.07683  1.12452  0.507927  4.84859  

µ −0.130076  0.326398  −0.768145  0.508779  
TABLE 6.4.1  Descriptive statistics 
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TABLE 6.4.2  Trace Plots 
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TABLE 6.4.3  Convergence for Ergodic Means 
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TABLE 6.4.4  Histograms 
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TABLE 6.4.5  Autocorrelation Plots 
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Παράδειγµα 1.0.3 (Random Effect Model) – Blocked Gibbs sampler 
 
 
Par meter Posterior Mean Posterior  

St. Deviation 
2.5% Quantile 97.5% Quantilea  

1θ  −0.212801  0.258344  −0.723503  0.2809  
2θ  −1.05941  0.264546  −1.58235  −0.564029
3θ  −0.00019515 0.252425  −0.497621  0.488209  
4θ  0.410767  0.263181  −0.0900171  0.944788  
5  0.0187443  0.25406  −0.477989  0.514184L  
6

θ

 θ −0.0483057  0.26298  −0.575256  0.440069  
eλ  1.75432  0.374597  1.14602  2.57166  
θλ  2.08625  1.21363  0.4738  5.08761  

µ −0.13739  0.328325  −0.808756  0.538903  
TABLE 6.4.6  Descriptive statistics 
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TABLE 6.4.7  Trace Plots 
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TABLE 6.4.8  Convergence for Ergodic Means 
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TABLE 6.4.9  Histograms 
 
 
 
 

1 2 3 4 5 6 7 8 91011121314151617181920
lag

-1

-0.75

-0.5

-0.25

0.25

0.5

0.75

1
ρ̂ Autocorrelation Plot for θˆ@1D

1 2 3 4 5 6 7 8 91011121314151617181920
lag

-1

-0.75

-0.5

-0.25

0.25

0.5

0.75

1
ρ̂ Autocorrelation Plot for θˆ@2D

 

1 2 3 4 5 6 7 8 91011121314151617181920
lag

-1

-0.75

-0.5

-0.25

0.25

0.5

0.75

1
ρ̂ Autocorrelation Plot for θˆ@3D

1 2 3 4 5 6 7 8 91011121314151617181920
lag

-1

-0.75

-0.5

-0.25

0.25

0.5

0.75

1
ρ̂ Autocorrelation Plot for θˆ@4D

 

1 2 3 4 5 6 7 8 91011121314151617181920
lag

-1

-0.75

-0.5

-0.25

0.25

0.5

0.75

1
ρ̂ Autocorrelation Plot for θˆ@5D

1 2 3 4 5 6 7 8 91011121314151617181920
lag

-1

-0.75

-0.5

-0.25

0.25

0.5

0.75

1
ρ̂ Autocorrelation Plot for θˆ@6D

 



ΚΕΦΑΛΑΙΟ 6.  ΕΦΑΡΜΟΓΕΣ 163

1 2 3 4 5 6 7 8 91011121314151617181920
lag

-1

-0.75

-0.5

-0.25

0.25

0.5

0.75

1
ρ̂ Autocorrelation Plot for λˆe

1 2 3 4 5 6 7 8 91011121314151617181920
lag

-1

-0.75

-0.5

-0.25

0.25

0.5

0.75

1
ρ̂ Autocorrelation Plot for λˆθ

 

1 2 3 4 5 6 7 8 91011121314151617181920
lag

-1

-0.75

-0.5

-0.25

0.25

0.5

0.75

1
ρ̂ Autocorrelation Plot for µ̂

 
TABLE 6.4.10  Autocorrelation Plots 
 


