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PerÐlhyh

MÐa idiaÐterh posìthta sth jewrÐa twn kindÔnwn eÐnai o arijmìc twn apozhmi¸sewn
èwc th qreokopÐa, pou prokÔptei apì ton arijmì twn apozhmi¸sewn se sunduasmì me
to qrìno qreokopÐac. Sthn paroÔsa ergasÐa melet�me se jewrhtik  b�sh thn èkfrash
thc sun�rthshc pijanìthtac tou arijmoÔ twn apozhmi¸sewn mèqri th qreokopÐa gia
ekjetikèc apozhmi¸seic kai ekjetikoÔc endi�mesouc qrìnouc, basizìmenoi se èna �rjro
twn Frostig et al(2010). EpÐshc dÐnoume arijmhtik� paradeÐgmata gia thn elleimmatik 
katanom  tou arijmoÔ twn apozhmi¸sewn mèqri th qreokopÐa kai gia thn kanonik 
katanom  tou arijmoÔ twn apozhmi¸sewn mèqri th qreokopÐa dojèntoc ìti ja sumbeÐ h
qreokopÐa. Sthn perÐptwsh pou h katanom  tou arijmoÔ twn apozhmi¸sewn an kei sthn
kl�sh katanom¸n (a, b, 0) kai (a, b, 1), dÐnoume analutikèc ekfr�seic tìso gia th mèsh
tim , ìso kai gia th diakÔmansh. Akìmh, lamb�noume thn akrib  èkfrash kai dÐnoume èna
je¸rhma gia to suntelest  asummetrÐac thc katanom c tou arijmoÔ twn apozhmi¸sewn
èwc th qreokopÐa dojèntoc ìti ja sumbeÐ h qreokopÐa. Akìma, dÐnoume arijmhtik�
paradeÐgmata gia dÔo proseggÐseic thc katanom c tou arijmoÔ twn apozhmi¸sewn èwc
th qreokopÐa dojèntoc ìti ja sumbeÐ h qreokopÐa apì mÐa gewmetrik  katanom .



Abstract

A quantity of central interest in risk theory is the number of claims until ruin in a
risk process. This is a defective random variable, which is closely related to the time
of ruin. The present thesis studies the explicit expression of the probability function of
the number of claims until ruin, on a theoretical basis, assuming that both claim-sizes
and interarrival times are exponential. The main result is inspired by a recent paper
in Frostig et al (2010). We give numerical examples for the defective distribution of
the number of claims until ruin, as well as for the proper distribution of this random
variable, given that ruin occurs. For the case that the distribution of the number of
claims is a member of the (a,b,0) or the (a,b,1) class of distributions, we give explicit
expressions for the mean and the variance. We also obtain an explicit expression for
the coefficient of skewness of the proper distribution of number of claims until ruin,
given that ruin occurs, and therefore, we give a theorem for the skewness of this proper
distribution. Moreover, we present two approximations for the distribution of number
of claims until ruin, given that ruin occurs with a geometric distribution.



Prìlogoc

O basikìteroc lìgoc Ôparxhc twn asfalistik¸n epiqeir sewn eÐnai h apokìmish
kèrdouc, mèsw thc an�lhyhc kindÔnwn ènanti orismènou qrhmatikoÔ posoÔ, gnwstì wc
asf�listro. 'Etsi loipìn, h asfalistik  etaireÐa apì th diadikasÐa aut  eispr�ttei ta
asf�listra, ta opoÐa eÐnai h kÔria phg  esìdwn thc etaireÐac, kai katab�lei tic apozh-
mi¸seic pou proèrqontai apì thn pragmatopoÐhsh k�poiwn zhmiogìnwn endeqomènwn, oi
opoÐec apoteloÔn kat� b�sh ta èxoda miac asfalistik c epiqeÐrhshc. Prokeimènou na
diasfalisteÐ h biwsimìthta thc asfalistik c etaireÐac, ja prèpei na up�rqei pleìnasma,
dhlad  ta èsoda na eÐnai diaqronik� megalÔtera apì ta èxoda, ètsi ¸ste na mhn sumbeÐ to
apeuktaÐo endeqìmeno thc qreokopÐac. Wstìso, h abebaiìthta pou kataklÔzei ìlh thn
epiqeirhmatik  drasthriìthta exaitÐac twn dusmen¸n oikonomik¸n sugkuri¸n, epifortÐzei
thn k�je asfalistik  etaireÐa na antimetwpÐzei to endeqìmeno thc qreokopÐac. O ìroc
thc qreokopÐac den isodunameÐ me thn paÔsh leitourgi¸n thc asfalistik c etaireÐac,
all� me thn proswrin  upèrbash twn exìdwn apì ta èsoda se èna   perissìtera
qartoful�kia thc epiqeÐrhshc. To èlleimma pou prokÔptei, mporeÐ na kalufjeÐ me
di�forec qrhmatooikonomikèc teqnikèc ìpwc h daneiodìthsh. Epiplèon, h endeqìmenh
qreokopÐa enìc qartofulakÐou ephre�zetai apì dÔo kurÐwc megèjh. To pr¸to eÐnai o
qrìnoc pou ja epèljei to endeqìmeno, kai to deÔtero eÐnai o arijmìc twn apozhmi¸sewn
pou ja suntelèsoun sth qreokopÐa. Sthn paroÔsa ergasÐa ja melet soume thn
katanom  tou arijmoÔ twn apozhmi¸sewn mèqri th qreokopÐa, dhlad  th suqnìthta
twn apozhmi¸sewn èwc ìtou parousiasteÐ gia pr¸th for� èlleimma.

H jewrÐa twn kindÔnwn apoteleÐ èna xeqwristì kl�do thc analogistik c epist mhc,
kai apoteleÐtai kurÐwc apì dÔo mèrh. Sto pr¸to mèroc thc jewrÐac twn kindÔnwn, kai
ìson afor� to sullogikì montèlo, melet�tai h katanom  twn sunolik¸n apozhmi¸sewn
miac asfalistik c etaireÐac, en¸ o arijmìc twn sunolik¸n apozhmi¸sewn anafèretai se
sugkekrimèno qronikì di�sthma. Sto deÔtero mèroc thc jewrÐac twn kindÔnwn,   alli¸c
sth jewrÐa qreokopÐac melet�tai h diaqronik  exèlixh tou pleon�smatoc pou parousi�zei
h asfalistik  etaireÐa, kaj¸c kai to endeqìmeno na epèljei h qreokopÐa. O arijmìc twn
apozhmi¸sewn mèqri th qreokopÐa eÐnai mÐa kainoÔria wc proc exètash ènnoia, h opoÐa
parousi�zei idiaÐtero endiafèron gia thn poreÐa tou sunìlou twn qartofulakÐwn, diìti
sundèei dÔo idiaÐterec ènnoiec thc jewrÐac twn kindÔnwn, dhlad  thn pijanìthta thc
qreokopÐac kai ton arijmì twn apozhmi¸sewn pou ft�noun sthn asfalistik  etaireÐa.
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'Opwc eÐnai gnwstì, to endeqìmeno na sumbeÐ h qreokopÐa thc asfalistik c etaireÐac
den eÐnai sÐgouro, kaj¸c an  tan den ja up rqe ousiastikìc lìgoc Ôparx c touc. Aut 
eÐnai h aitÐa pou dusqeraÐnei wc èna mikrì bajmì h melèth thc katanom c tou arijmoÔ twn
apozhmi¸sewn èwc th qreokopÐa, me sunèpeia na mhn èqei melethjeÐ se meg�lo bajmì
mèqri s mera h en lìgw posìthta. Endeiktikì thc ellipoÔc melèthc gia to sugkekrimèno
antikeÐmeno, eÐnai h periorismènh bibliografÐa pou up�rqei diajèsimh.

H dom  thc paroÔsac diplwmatik c ergasÐac ja eÐnai h ex c:

Sto pr¸to kef�laio ja gÐnei mÐa eisagwg  sth jewrÐa qreokopÐac, kai katìpin
ja anaptuqjoÔn ta dÔo kuriìtera montèla thc ta opoÐa eÐnai to klasikì kai to
ananewtikì montèlo   Sparre Andersen model. Autì pou ja mac apasqol sei
perissìtero eÐnai to klasikì montèlo, kai h pr¸th ènnoia pou ja parousi�soume
eÐnai o arijmìc twn apozhmi¸sewn, kaj¸c autèc ft�noun sthn etaireÐa me thn p�rodo
tou qrìnou. Sth sunèqeia ja analÔsoume orismènec eisagwgikèc ènnoiec pou ja mac
qreiastoÔn, ìpwc eÐnai h diadikasÐa tou pleon�smatoc, h pijanìthta qreokopÐac kai
to perij¸rio asf�leiac. 'Epeita, parajètoume mÐa arqik  anafor� gia ton arijmì twn
apozhmi¸sewn mèqri th qreokopÐa se �krwc jewrhtik  b�sh, h opoÐa èqei dojeÐ apì ton
Alfredo dos Reis. Epiplèon, gÐnetai mÐa sÔntomh anafor� ìlwn twn proanaferjèntwn
posot twn ìpwc autèc isqÔoun sto ananewtikì montèlo.

Sto deÔtero kef�laio pou akoloujeÐ, arqik� ja parousi�soume stic kuriìterec
diakritèc katanomèc kai merik� basik� apotelèsmata aut¸n. Akìma, gÐnetai idiaÐterh
mneÐa stic kl�seic katanom¸n tou Panjer(1981). Oi prokeÐmenec kl�seic katanom¸n
aforoÔn thn tuqaÐa metablht  tou arijmoÔ twn apozhmi¸sewn. Gia thn k�je kl�sh
katanom¸n parajètoume mÐa prìtash pou perièqei orismèna kainoÔria apotelèsmata
pou aforoÔn ta kuriìtera mètra kentrik c t�shc kai diaspor�c gia thn k�je kl�sh
katanom¸n. 'Epeita, ja parousi�soume analutik� thn katanom  ETNB, h opoÐa
emperièqetai sth deÔterh kl�sh katanom¸n. H sugkekrimènh katanom  eis qjhke
gia pr¸th for� apì ton Engen(1974) gia na melet sei ton plhjusmì z¸wn. Sth
sunèqeia ja parousi�soume dÔo kl�seic katanom¸n axiopistÐac, pou èqoun efarmog 
sthn analogistik  epist mh, thc bajmÐdac apotuqÐac kai tou mèsou upoleipìmenou
qrìnou zw c. Ta dÔo proanaferjènta megèjh parousi�zoun idiaÐtero endiafèron, kaj¸c
sqetÐzontai metaxÔ touc mèsw thc monotonÐac touc.

Sto trÐto kef�laio ja melet soume thn tuqaÐa metablht  tou arijmoÔ twn apozh-
mi¸sewn èwc th qreokopÐa, efìson upojèsoume ìti h tuqaÐa metablht  tou Ôyouc twn
apozhmi¸sewn akoloujeÐ thn ekjetik  katanom . 'Etsi loipìn, jewr¸ntac, tìso th
desmeumènh ìso kai thn adèsmeuth, puknìthta tou qrìnou qreokopÐac, ja ex�goume th
sun�rthsh pijanìthtac tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa. Akìma, ja
parousi�soume thn kanonik  (proper) tuqaÐa metablht  tou arijmoÔ twn apozhmi¸sewn
èwc th qreokopÐa dojèntoc ìti ja sumbeÐ h qreokopÐa. Gia tic dÔo autèc tuqaÐec
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metablhtèc ja dojeÐ mÐa seir� apì arijmhtik� paradeÐgmata, kai oi antÐstoiqec grafikèc
parast�seic twn sunart sewn pijanìthtac. Akìmh, ja melethjeÐ h monotonÐa thc
bajmÐdac apotuqÐac gia ta antÐstoiqa paradeÐgmata thc sun�rthshc pijanìthtac mèsw
t c grafik c apeikìnis c touc.

Sto tètarto kef�laio thc paroÔsac ergasÐac, ja parousi�soume ta mètra asum-
metrÐac pou aforoÔn thn katanom  ETNB. Ja gÐnei mÐa arqik  anafor� gia th loxìthta
miac katanom c kai thn ènnoia tou suntelest  asummetrÐac. Prokeimènou na broÔme to
suntelest  asummetrÐac thc katanom c ETNB, ja prèpei na upologÐsoume th diaspor�
kai tic ropèc thc. Sth sunèqeia ja epikentrwjoÔme sto suntelest  asummetrÐac thc
tuqaÐac metablht c tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa dojèntoc ìti ja
sumbeÐ h qreokopÐa, me tic timèc twn paramètrwn na èqoun parjeÐ apì ta arijmhtik�
paradeÐgmata tou trÐtou kefalaÐou. IdiaÐtero endiafèron anamènetai na parousi�sei to
prìshmo tou suntelest  asummetrÐac. Sthn teleutaÐa enìthta gÐnetai mÐa apìpeira
prosèggishc thc katanom c ETNB apì dÔo gewmetrikèc katanomèc me diaforetikèc
paramètrouc. H apotelesmatikìthta thc prosèggishc aut c ja anaparastajeÐ grafik�
kai arijmhtik� mèsw tou posostiaÐou sf�lmatoc metaxÔ twn sunart sewn pijanìthtac.

Sto shmeÐo autì ja  jela na apeujÔnw tic euqaristÐec mou sthn oikogèneia mou gia
thn amèristh st rix  touc, ìqi mìno gia thn paroÔsa diplwmatik  ergasÐa, all�, kai gia
thn aperiìristh prosfor� touc se ìlh th di�rkeia kai se ìla ta st�dia twn spoud¸n mou
me poikÐlouc trìpouc. Akìma, ja  jela na euqarist sw ìlouc ekeÐnouc pou me bo jhsan
na oloklhr¸sw toÔto to pìnhma, kai mou sumparastèkontan se ìpoia duskolÐa ki an
proèkupte. Tèloc, ja  tan �diko na mhn euqarist sw ton epÐkouro kajhght  k. K.
PolÐth, epiblèponta thc diplwmatik c ergasÐac, gia tic eÔstoqec upodeÐxeic pou mou
èkane kai thn kajod ghsh gia na èqw to kalÔtero dunatì apotèlesma.
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Kef�laio 1

Eisagwg  sth jewrÐa qreokopÐac

Sto kef�laio 1 pou akoloujeÐ ja gÐnei mÐa eisagwg  sth jewrÐa qreokopÐac, tìso
gia to klasikì montèlo ìso kai gia to ananewtikì montèlo (Sparre Andersen model)
thc jewrÐac twn kindÔnwn. Kai gia ta dÔo montèla pou anafèrjhkan, ja parousiastoÔn
orismènec basikèc ènnoiec gia th jewrÐa qreokopÐac ìpwc h diadikasÐa tou pleon�smatoc,
to perij¸rio asf�leiac, o suntelest c prosarmog c, h mègisth swreutik  ap¸leia, en¸
ja gÐnei kai mÐa arqik  anafor� se jewrhtik  b�sh sthn tuqaÐa metablht  tou arijmoÔ
twn apozhmi¸sewn mèqri th qreokopÐa.

1.1 H anèlixh tou arijmoÔ twn apozhmi¸sewn

H jewrÐa qreokopÐac exet�zei th sqetik  metablhtìthta enìc qartofulakÐou miac
asfalistik c etaireÐac, kaj¸c kai thn exèlixh tou sto qrìno. H en lìgw metablhtìthta
perigr�fetai majhmatik� apì th diadikasÐa tou pleon�smatoc, kai ègkeitai sthn apaÐthsh
ìti diaqronik� to sÔnolo twn periousiak¸n stoiqeÐwn thc etaireÐac prèpei na uperbaÐnei
tic sunolikèc thc upoqre¸seic.

O arijmìc twn apozhmi¸sewn ekfr�zetai apì mÐa stoqastik  anèlixh, sugkekrimèna
mÐa aparijm tria anèlixh {N(t) : t ≥ 0} , pou metr� ton arijmì twn apait sewn sthn
exèlixh tou qrìnou. AntÐstoiqa, oi sunolikèc apozhmi¸seic ekfr�zontai apì mÐa sÔnjeth
stoqastik  anèlixh {S(t) : t ≥ 0}, ki ìqi apì mÐa tuqaÐa metablht . Sunep¸c, s' èna
di�sthma [0, t], oi sunolikèc apozhmi¸seic ja perigr�fontai wc ex c:

S(t) =

{ ∑N(t)
i=1 Xi, N(t) ≥ 1

0, N(t) = 0

ìpou, Xi eÐnai h tuqaÐa metablht  pou ekfr�zei to mègejoc thc i-apozhmÐwshc, kai oi Xi

jewroÔntai na eÐnai anex�rthtec kai isìnomec tuqaÐec metablhtèc, ìpwc èqoun oristeÐ
sto sullogikì montèlo thc jewrÐac twn kindÔnwn.
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To kuriìtero par�deigma aparijm triac anèlixhc gia ton arijmì twn apozhmi¸sewn
{N(t) : t ≥ 0}, eÐnai h anèlixh Poisson. Katìpin toÔtou, h stoqastik  diadikasÐa twn
sunolik¸n apozhmi¸sewn, {S(t) : t ≥ 0}, ja akoloujeÐ mÐa sÔnjeth anèlixh Poisson.

'Ena basikì apotèlesma sto klasikì montèlo thc jewrÐac qreokopÐac, eÐnai ìti oi
endi�mesoi qrìnoi eÐnai anex�rthtec kai isìnomec tuqaÐec metablhtèc akolouj¸ntac thn
ekjetik  katanom , me par�metro thn èntash thc anèlixhc Poisson, λ.

'Estw Ti h qronik  stigm  pou emfanÐzetai h i-apaÐthsh. Tìte (blèpe PolÐthc(2009)),
gia touc qrìnouc �fixhc T1, T2, T3, ... isqÔei

T1 = min {t : N(t) = 1}
T2 = min {t : N(t) = 2}
T3 = min {t : N(t) = 3}
· · ·

Ti = min {t : N(t) = i}

Akìmh, an Wi o endi�mesoc qrìnoc pou mesolabeÐ apì thn (i − 1)-apaÐthsh èwc thn
emf�nish thc i-apaÐthshc. Tìte,

W1 = T1

W2 = T2 − T1

· · ·
Wi = Ti − Ti−1

Sunep¸c, afoÔ o arijmìc twn apozhmi¸sewn ekfr�zetai apì mÐa anèlixh Poisson, me
antÐstoiqh èntash λ > 0, tìte, oi endi�mesoi qrìnoi ja akoloujoÔn thn ekjetik 
katanom  me par�metro λ, ìntac anex�rthtec kai isìnomec tuqaÐec metablhtèc. Dhlad ,
Wi ∼ Exp(λ) , i = 1, 2, . . . , me sun�rthsh puknìthtac pijanìthtac kai sun�rthsh
katanom c na dÐnontai antÐstoiqa apì touc parak�tw tÔpouc

fWi
(t) = λe−λt , t ≥ 0 kai FWi

(t) = 1− e−λt , t ≥ 0
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1.2 To klasikì montèlo

1.2.1 H diadikasÐa tou pleon�smatoc

H stoqastik  diadikasÐa tou pleon�smatoc, {U(t) : t ≥ 0}, orÐzetai genik� apì th
sqèsh:

U(t) = u+ P (t)− S(t) (1.2.1)

ìpou, S(t) eÐnai h stoqastik  diadikasÐa twn sunolik¸n apozhmi¸sewn, en¸ u eÐnai to
arqikì apojematikì pou èqei sto energhtikì thc h etaireÐa. Profan¸c, isqÔei U(0) = u,
kai P (t) eÐnai to sÔnolo twn asfalÐstrwn pou eisrèoun suneq¸c sthn etaireÐa kat� to
qronikì di�sthma [0, t].

Gia th stoqastik  anèlixh P (t), mporoÔme na upojèsoume ìti apoteleÐtai apì mÐa koin 
sun�rthsh, èstw p(t), kai th stoqastik  diadikasÐa (blèpe Koutsìpouloc(1999)), Q(t),
pou apeikonÐzei tic tuqaÐec diakum�nseic sth diaqronik  eÐspraxh tou asfalÐstrou. Lìgw
aut c thc metatrop c, h diadikasÐa tou pleon�smatoc gÐnetai:

U(t) = u+ [p(t) +Q(t)]− S(t) = u+ p(t)− S∗(t)

ìpou h S∗(t), eÐnai h {beltiwmènh} stoqastik  diadikasÐa twn sunolik¸n apozhmi¸sewn,
upì thn ènnoia ìti lamb�nei upìyh tic tuqaÐec diakum�nseic tou asfalÐstrou.

Wstìso, sto klasikì montèlo thc jewrÐac qreokopÐac h sun�rthsh P (t) jewreÐtai
{aitiokratik } (deterministic), dhlad  eÐnai mÐa grammik  sun�rthsh thc morf c:

P (t) = ct , t ≥ 0

ìpou c > 0 mÐa stajer� pou ekfr�zei to stajerì rujmì eÐspraxhc tou asfalÐstrou, kai
onom�zetai èntash tou asfalÐstrou. Dhlad ,

c =
P (t)

t
, t ≥ 0

2

Orismìc 1.2.1. H diadikasÐa tou pleon�smatoc sto klasikì montèlo thc jewrÐac
qreokopÐac orÐzetai wc ex c:

U(t) = u+ P (t)− S(t) , t ≥ 0 (1.2.2)

ìpou U(0) = u to arqikì apojematikì, en¸ isqÔoun oi ex c paradoqèc:
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1. O rujmìc eÐspraxhc twn asfalÐstrwn eÐnai stajerìc kai Ðsoc me P (t) = ct , c > 0.

2. Oi t.m. Xi eÐnai anex�rthtec kai isìnomec metaxÔ touc, en¸ eÐnai kai anex�rthtec
apì ton arijmì twn apozhmi¸sewn, N(t).

3. H stoqastik  anèlixh tou arijmoÔ twn apozhmi¸sewn kai twn sunolik¸n apozh-
mi¸sewn akoloujoÔn mÐa anèlixh Poisson kai mÐa sÔnjeth anèlixh Poisson
antÐstoiqa. Dhlad ,

N(t) ∼ P (λt)⇒ S(t) ∼ CP (λt)

2

H diadikasÐa tou pleon�smatoc, ìpwc orÐsthke, anaferìtan se suneq  qrìno.
Dhlad , to apojematikì thc etaireÐac metab�lletai suneq¸c me thn p�rodo tou qrìnou.
Autì de sumbaÐnei sthn pragmatikìthta, diìti h ek�stote metabol  tou pleonasmìc, eÐte
jetik , eÐte arnhtik , sumbaÐnei se akèraiec qronikèc stigmèc, p.q. h=mÐa mèra, ènac
m nac klp. Gia to lìgo autì, h diadikasÐa tou pleon�smatoc eÐnai ousiastik� diakrit 
kai oi akèraiec qronikèc stigmèc eÐnai an�logec thc mon�dac h. H diakrit  diadikasÐa
tou pleon�smatoc dÐdetai apì th sqèsh:

U(kh) = u+ ckh− S(kh) , u ≥ 0

ìpou, u to arqikì apojematikì, kai c to asf�listro pou eispr�ttetai gia t =
0, h, 2h, . . . , kh. Akìmh, o arijmìc twn apozhmi¸sewn sto di�sthma [0, kh], ekfr�zetai
apì mÐa anèlixh diakritoÔ qrìnou, {N(kh) : k = 1, 2, . . .}.

1.2.2 To perij¸rio asf�leiac

MÐa upìjesh pou prèpei na isqÔei se k�je asfalistik  etaireÐa, kai en gènei k�je
epiqeÐrhsh, eÐnai ìti diaqronik� ta èsoda prèpei na uperbaÐnoun ta èxoda, ètsi ¸ste na
mhn eÐnai bèbaih h qreokopÐa thc epiqeÐrhshc. Gia to lìgo autì, apaiteÐtai:

ct ≥ E[S(t)] (1.2.3)

Dhlad , ta asf�listra pou eispr�ttontai prèpei na eÐnai perissìtera   toul�qiston Ðsa
me tic anamenìmenec apozhmi¸seic s' èna di�sthma [0, t]. 'Omwc, gia tic anamenìmenec
sunolikèc apozhmi¸seic isqÔei h akìloujh sqèsh:

E[S(t)] = E[N(t)]E(X)

= λtE(X)
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Me b�sh aut  thn paradoq , h anisìthta pou perigr�fetai apì th sqèsh (1.2.3) gÐnetai

ct ≥ λtE(X)

⇔ c ≥ λE(X) (1.2.4)

H anisìthta (1.2.4) mac dÐnei, sto aristerì mèloc, ta èsoda thc asfalistik c etaireÐac
sth mon�da tou qrìnou en¸, sto dexiì mèloc, tic anamenìmenec apozhmi¸seic sth mon�da
tou qrìnou. MÐa eÔlogh parat rhsh pou prèpei na shmeiwjeÐ, eÐnai ìti ta èsoda prèpei
na uperbaÐnoun ta èxoda sth mon�da tou qrìnou. Diaforetik�, mporeÐ na gÐnei �mesa
antilhptì ìti h qreokopÐa eÐnai bèbaih ìso meg�lo ki an eÐnai to arqikì apojematikì u,
dhlad  ta èxoda ja uperboÔn ta èsoda, kai anapìfeukta, h tim  tou pleon�smatoc ja
pèsei k�tw apì to mhdèn.

Apì thn (1.2.4) paÐrnoume

c = (1 + θ)λE(X) (1.2.5)

ìpou θ > 0 , orÐzetai na eÐnai to perij¸rio asf�leiac (premium security loading) tou
asfalist 1, kai ekfr�zei to kèrdoc pou ja èqei o asfalist c. Apì th sqèsh (1.2.5)
èqoume ton akìloujo orismì:

Orismìc 1.2.2. To perij¸rio asf�leiac   suntelest c asf�leiac θ sto klasikì
montèlo orÐzetai apì thn akìloujh sqèsh

θ =
c

λE(X)
− 1 (1.2.6)

'Opwc orÐsthke apì thn (1.2.5) , sÔmfwna me th sqèsh (1.2.4), o suntelest c
asf�leiac θ den mporeÐ na p�rei arnhtikèc timèc, en¸ oi epitreptèc timèc eÐnai metaxÔ 0 kai
1   apì 0 èwc 100%, an protim�tai se posostì. An h tim  tou eÐnai mikrìterh tou mhdenìc
tìte h qreokopÐa eÐnai bèbaih, en¸ an eÐnai megalÔterh thc mon�dac to qartoful�kio
den mporeÐ na eÐnai antagwnistikì, lìgw tou uyhloÔ kèrdouc tou asfalist . Autì
�llwste faÐnetai kai apì th sqèsh (1.2.6). Gia na eÐnai tim  tou perij¸riou asf�leiac
θ, megalÔterh thc mon�dac, tìte o rujmìc eÐspraxhc tou asfalÐstrou ja prèpei na eÐnai
uperdipl�sio twn anamenìmenwn apozhmi¸sewn sth mon�da tou qrìnou.

To perij¸rio asf�leiac mporeÐ na kajoristeÐ akrib¸c apì ton asfalist , diìti pèra apì
ta c, λ pou jewroÔntai dedomèna, h mèsh tim  twn apozhmi¸sewn mporeÐ na ektimhjeÐ
eÐte empeirik� apì palaiìterec qr seic, eÐte me statistikèc mejìdouc.

1
Η λέξη ασφαλιστής σημαίνει την ασφαλιστική επιχείρηση, κι όχι το φυσικό πρόσωπο που ασκεί έναντι

αμοιβής δραστηριότητες ασφαλιστικής διαμεσολάβησης
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1.2.3 H pijanìthta qreokopÐac

MÐa posìthta me axioshmeÐwto endiafèron sth jewrÐa twn kindÔnwn eÐnai h pijanìthta
qreokopÐac, dhlad  h pijanìthta gia k�poia qronik  stigm , èstw na sumbolÐzetai me T
h stigm  aut , to pleìnasma U(t) na gÐnei arnhtikì.

Wc gnwstìn, h diadikasÐa tou pleon�smatoc ufÐstatai ‘pt¸seic’ thc t�xhc Xi, i =
1, 2, 3, . . . , stic qronikèc stigmèc Ti, i = 1, 2, 3, . . ., ìpou sumbaÐnoun ta zhmiogìna
gegonìta. To endiafèron esti�zetai, tìso sto qrìno qreokopÐac T, ìso kai sto mègejoc
thc apaÐthshc, XNT , pou prokaleÐ th qreokopÐa.

Sunep¸c, èstw U(T−) kai U(T+), oi timèc tou pleon�smatoc prin kai met� thn apaÐthsh
XNT antÐstoiqa. Gia tic proanaferjeÐsec timèc tou pleon�smatoc, isqÔei

U(T+) = U(T−)−XNT < 0

Tupik� qreokopÐa èqoume ìtan gia pr¸th for� isqÔsei U(t) < 0. Prin dojeÐ o orismìc,
axÐzei na shmeiwjeÐ pwc h pijanìthta qreokopÐac ekfr�zetai sunart sei tou arqikoÔ
apojematikoÔ U(0) = u.

Orismìc 1.2.3. H pijanìthta qreokopÐac me arqikì apojetikì U(0) = u orÐzetai wc:

ψ(u) = Pr(T <∞ | U(0) = u) (1.2.7)

ìpou h t.m. tou qrìnou thc qreokopÐac,T ,orÐzetai apì thn epìmenh sqèsh

T =

{
inf {t : U(t) < 0}
∞, an U(t) > 0 ∀t

'Enac �lloc, isodÔnamoc orismìc gia thn pijanìthta qreokopÐac sunart sei thc
diadikasÐac tou pleon�smatoc eÐnai o ex c:

ψ(u) = Pr(U(t) < 0 | U(0) = u) (1.2.8)

Pollèc forèc, h dèsmeush tou arqikoÔ apojematikoÔ paraleÐpetai, all� exupakoÔetai
ìti h pijanìthta qreokopÐac ekfr�zetai sunart sei tou u.

O orismìc pou dìjhke gia thn pijanìthta qreokopÐac eÐnai sumbolikìc. H pijanìthta
qreokopÐac mporeÐ na upologisteÐ k�tw apì orismènec paradoqèc gia thn katanom  tou
megèjouc twn apozhmi¸sewn, en¸ se arketèc peript¸seic h èkfrash thc pijanìthtac
thc qreokopÐac eÐnai dÔsqrhsth.
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H pijanìthta mh-qreokopÐac sumbolÐzetai me δ(u). Profan¸c, gia th δ(u) isqÔei:

δ(u) = 1− ψ(u)

kai

δ(u) = Pr(T =∞ | U(0) = u) (1.2.9)

2

Parathr seic

Merik� basik� apotelèsmata gia thn pijanìthta qreokopÐac mporoÔn na parjoÔn apo
to biblÐo twn Bowers et al(1997). Ta trÐa basikìtera shmeÐa eÐnai:

1. An den isqÔei h sqèsh (1.2.4), gia thn opoÐa isqÔei

c ≥ λE(X)

tìte

ψ(u) = 1 , ∀u ≥ 0

dhlad , an ta èxoda eÐnai megalÔtera apì ta èsoda sth mon�da tou qrìnou, tìte
h qreokopÐa eÐnai bèbaih me pijanìthta 1.

2. H pijanìthta qreokopÐac eÐnai fjÐnousa sun�rthsh tou arqikoÔ apojematikoÔ.
IsqÔei ìti

lim
u→∞

ψ(u) = 0

kai

ψ(0) =
1

1 + θ
, θ > 0 (1.2.10)

Apì thn teleutaÐa sqèsh eÐnai fanerì ìti gia u = 0 h pijanìthta qreokopÐac
exart�tai apokleistik� apì to perij¸rio asf�leiac. 'Etsi, eÐnai anèfikth h
exasf�lish thc pijanìthtac qreokopÐac se polÔ qamhl� epÐpeda. Sunep¸c, tìso
to arqikì apojematikì, ìso kai to perij¸rio asf�leiac paÐzoun ousi¸dh rìlo
sthn apodekt  pijanìthta qreokopÐac.
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3. H anafor� ston ìro {qreokopÐa} den antiproswpeÔei thn pragmatik  qreokopÐa
thc asfalistik c etaireÐac. Dhlad , an to apojematikì U(t) pèsei k�tw apì
to mhdèn, tìte h etaireÐa den qreokopeÐ, all� mporeÐ eÐte me daneiodìthsh,
eÐte me aÔxhsh tou metoqikoÔ thc kefalaÐou na antistajmÐsei tic ap¸leiec tou
qartofulakÐou. 2

MÐa perissìtero realistik  upìjesh gia thn pijanìthta qreokopÐac eÐnai na oristeÐ
se peperasmèno qronikì di�sthma. 'Amesh apìrroia autoÔ eÐnai na dusqeraÐnei akìmh
perissìtero o akrib c upologismìc thc pijanìthtac qreokopÐac. Autìc eÐnai o lìgoc
pou h melèth thc en lìgw posìthtac pragmatopoieÐtai sto dihnekèc paramènontac
stajerèc oi posìthtec c kai λ.

Orismìc 1.2.4. H pijanìthta qreokopÐac s�ena peperasmèno qronikì di�sthma [0, t]
orÐzetai apì thn akìloujh sqèsh:

ψ(u, t) = Pr(T < t | U(0) = u) (1.2.11)

  enallaktik�,

ψ(u, t) = Pr(U(τ) < 0 | 0 < τ ≤ t) (1.2.12)

2

Parathr seic

• IsqÔei ψ(u, t) ≤ ψ(u) , ∀t
kai

lim
t→∞

ψ(u, t) = ψ(u) , ∀u ≥ 0

• H ψ(u, t) eÐnai aÔxousa sun�rthsh wc proc t, en¸ eÐnai fjÐnousa wc proc u.

u1 ≤ u2 ⇒ ψ(u1, t) ≥ ψ(u2, t)

t1 ≤ t2 ⇒ ψ(u, t1) ≤ ψ(u, t2)

Akìmh, h pijanìthta qreokopÐac mporeÐ na oristeÐ se diakritì qrìno, eÐte autìc
jewreÐtai �peiroc eÐte peperasmènoc.
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• Gia �peiro qrìno

ψh(u) = Pr [U(kh) < 0 gia k�poio k = 0, 1, 2, ...]

kai

lim
h→0

ψh(u) = ψ(u)

• Sto peperasmèno di�sthma [0, th]

ψh(u, t) = Pr [U(τ) < 0 gia k�poio τ = 0, h, 2h, ..., t]

me

lim
h→0

ψh(u, t) = ψ(u, t)

1.2.4 O arijmìc twn apozhmi¸sewn èwc th qreokopÐa

Sto klasikì montèlo thc jewrÐac qreokopÐac, èqoun melethjeÐ se meg�lo bajmì
arketèc posìthtec pou aforoÔn th qreokopÐa, ìpwc o qrìnoc qreokopÐac, to pleìnasma
prin th qreokopÐa, to èlleimma met� th qreokopÐa, kai h mègisth swreutik  ap¸leia,
kaj¸c parousi�zoun axioshmeÐwto endiafèron. H tuqaÐa metablht  tou arijmoÔ twn
apozhmi¸sewn mèqri th qreokopÐa parousi�zetai idiaÐtera endiafèrousa, kaj¸c pèra
apì to {qrìno epibÐwshc} tou qartofulakÐou protoÔ epèljei h qreokopÐa, mac endiafèrei
kai to pl joc twn apait sewn pou prok�lesan th qreokopÐa. Ta apotelèsmata pou ja
dojoÔn sth sunèqeia èqoun antlhjeÐ apì èna �rjro tou Alfredo D.Egidio dos Reis(2002).
H en lìgw tuqaÐa metablht  ja sumbolÐzetai me NT , upodhl¸nontac ìti h n-osth
apaÐthsh prokaleÐ th qreokopÐa th qronik  stigm  t = T .

'Estw me P (u;n) na sumbolÐzetai h pijanìthta ìti h qreokopÐa ja sumbeÐ prin th n-
ost  apaÐthsh(n = 1, 2, ...) me arqikì apojematikì u ≥ 0, kai me p(u;n) h antÐstoiqh
sun�rthsh pijanìthtac. Tìte, gia gia tic dÔo nèec posìthtec isqÔei

p(u; 1) = P (u; 1) (1.2.13)

p(u;n+ 1) = P (u;n+ 1)− P (u;n) (1.2.14)
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kai

ψ(u) = lim
n→∞

P (u;n).

Akìma, me F kai f sumbolÐzontai h sun�rthsh katanom c kai h sun�rthsh puknìthtac
pijanìthtac tou megèjouc twn apozhmi¸sewn, kai me F = 1−F h sun�rthsh epibÐwshc.

Jewr¸ntac thn pr¸th apaÐthsh san shmeÐo anafor�c, èqoume

P (u; 1) =

∫ ∞
0

λe−λt
∫ ∞
u+ct

f(x)dxdt =

∫ ∞
0

λe−λt[F (u+ ct)]dt.

Akìma,

P (u;n+ 1) = P (u; 1) +

∫ ∞
0

λe−λt
∫ u+ct

0

f(x)P (u+ ct− x;n)dxdt , n ≥ 1

Gia th sun�rthsh pijanìthtac tou arijmoÔ twn apozhmi¸sewn èqoume

p(u;n+ 1) = P (u;n+ 1)− P (u;n)

p(u;n+ 1) = P (u; 1) +

∫ ∞
0

λe−λt
∫ u+ct

0

f(x)P (u+ ct− x;n)dxdt

−
(
P (u; 1) +

∫ ∞
0

λe−λt
∫ u+ct

0

f(x)P (u+ ct− x;n− 1)dxdt

)
p(u;n+ 1) =

∫ ∞
0

λe−λt
∫ u+ct

0

f(x) [P (u+ ct− x;n)− P (u+ ct− x;n− 1)] dxdt.

Sunep¸c,

p(u;n+ 1) =

∫ ∞
0

λe−λt
∫ u+ct

0

f(x)p(u+ ct− x;n)dxdt , n ≥ 1 (1.2.15)

Jètontac u+ ct = r èqoume

t =
r − u
c

⇒ dt =
1

c
dr kai 0 ≤ t <∞ ⇒ u ≤ r <∞

Tìte h (1.2.15) gÐnetai

p(u;n+ 1) =
1

c

∫ ∞
r=u

λe−λ
r−u
c

∫ r

x=0

f(x)p(r − x;n)dxdr = a

∫ ∞
u

ea(r−u)f ∗ p(r;n)dr

(1.2.16)
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ìpou a = λ/c, kai h sunèlixh twn sunart sewn f, p(· ;n) ekfr�zetai wc ex c

(f ∗ p(r;n)) (x) =

∫ r

0

f(x)p(r − x;n)dx.

2

OmoÐwc, gia x = u+ ct èqoume

p(u; 1) = P (u; 1) =

∫ ∞
0

λe−λt[F (u+ ct)]dt

p(u; 1) = aeau
∫ ∞
u

e−axF (x)dx.

1.2.5 O suntelest c prosarmog c

MÐa posìthta sth jewrÐa qreokopÐac me arketì endiafèron eÐnai o suntelest c
prosarmog c (adjustment coefficient). O suntelest c prosarmog c orÐzetai na eÐnai
h mikrìterh jetik  rÐza thc akìloujhc sqèshc

1 + (1 + θ)E(X)R = MX(R). (1.2.17)

ìpou MX(R) eÐnai h ropogenn tria sun�rthsh thc katanom c tou megèjouc twn
apozhmi¸sewn sto shmeÐo R. H sqèsh (1.2.17) onom�zetai exÐswsh tou Lundberg.

AparaÐthth proôpìjesh gia thn Ôparxh jetik c rÐzac eÐnai na up�rqei h ropogenn tria
sun�rthsh, MX(R), dhlad  na sugklÐnei   na mhn apeirÐzetai h ropogenn tria.
Qarakthristikì par�deigma tètoiwn katanom¸n me bari� dexi� our�, twn opoÐwn h
ropogenn tria apeirÐzetai, eÐnai h oikogèneia katanom¸n Burr, h logarijmokanonik 
katanom  kai h Weibull gia γ < 1. H ropogenn tria sun�rthsh mÐac katanom c
ekfr�zetai wc ex c:

MX(t) = E(etX) =

∫ ∞
0

etxf(x)dx.

'Enac enallaktikìc tÔpoc gia thn exÐswsh tou Lundberg dÔnatai na ekfrasteÐ mèsw thc
sqèsh (1.2.5). Epomènwc, isqÔei

c = (1 + θ)λE(X)⇔ (1 + θ)E(X) =
c

λ
.

Antikajist¸ntac thn teleutaÐa sqèsh sth sqèsh (1.2.17), lamb�noume

1 +
c

λ
r = MX(r)⇔ λ+ cr = λMX(r).
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H exÐswsh tou Lundberg èqei mÐa tetrimmènh lÔsh, thn r = 0. Pr�gmati, to dexiì mèloc
thc sqèshc (1.2.17) gia r = 0 mac dÐnei

MX(0) = E(e0·X) = 1

en¸, kai apì to aristerì mèloc paÐrnoume

1 + (1 + θ)E(X) · 0 = 1

An h exÐswsh tou Lundberg èqei parap�nw apì mÐa rÐzec ri, tìte o suntelest c
prosarmog c ja eÐnai h mikrìterh rÐza. Dhlad , R = min ri. 2

Apì ton orismì thc exÐswshc tou Lundberg, mporeÐ na exaqjeÐ èna �nw fr�gma gia
to suntelest  prosarmog c, ìtan h akrib c lÔsh tou eÐnai idiaitèrwc dusqer c.

GnwrÐzoume ìti en gènei isqÔei

E(erX) = E

[
∞∑
n=o

(rX)n

n!

]

= E

(
1 +

rX

1!
+

(rX)2

2!
+ · · ·

)
> E

(
1 +

rX

1!
+

(rX)2

2!

)
(1.2.18)

Akìmh, gia to dexiì mèloc thc sqèshc (1.2.18), profan¸c isqÔei

E

(
1 +

rX

1!
+

(rX)2

2!

)
= 1 + rE(X) +

r2

2
E(X2)

Sunep¸c, gia thn ropogenn tria sun�rthsh thc katanom c tou Ôyouc twn apozhmi¸sewn
katal goume sto ex c apotèlesma:

MX(R) = E(eRX) > 1 +RE(X) +
R2

2
E(X2) (1.2.19)

Epomènwc, apì tic sqèseic (1.2.17) kai (1.2.19) paÐrnoume

1 + (1 + θ)E(X)R > 1 + rE(X) +
R2

2
E(X2)

⇔ θE(X) >
R

2
E(X2).
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Telik¸c, èna �nw fr�gma gia to suntelest  prosarmog c, ekfrasmèno apì thn pr¸th
kai deÔterh rop  thc t.m. tou Ôyouc twn apozhmi¸sewn eÐnai

R <
2θE(X)

E(X2)
.

2

O suntelest c prosarmog c eÐnai mÐa idiaÐtera shmantik  posìthta sth jewrÐa qreokopÐac,
kaj¸c apaiteÐtai h Ôparxh tou (blèpe Rolski et al(1999)) tìso sthn anisìthta tou
Lundberg (je¸rhma 1), ìso kai ston asumptwtikì tÔpo twn Cramer − Lundberg
(je¸rhma 2).

Je¸rhma 1.2.1. H anisìthta tou Lundberg perigr�fetai apì thn akìloujh sqèsh,
gia k�je u ≥ 0.

ψ(u) ≤ e−Ru , ∀u ≥ 0

Autìc o tÔpoc epitrèpei thn eÔresh enìc prokajorismènou an¸tatou posostoÔ gia
thn pijanìthta qreokopÐac, èstw α ètsi ¸ste ψ(u) ≤ α. Tìte,

α = e−Ru ⇔ lnα = −Ru ⇔ R = − lnα

u
.

Je¸rhma 1.2.2. 'Estw ìti up�rqei o suntelest c prosarmog c R > 0, kai mÐa jetik 
stajer�, èstw C > 0 . Tìte, gia thn pijanìthta qreokopÐac isqÔei:

ψ(u) ∼ Ce−Ru , kaj¸c u→∞

  alli¸c

lim
u→∞

ψ(u)eRu

C
= 1.

ìpou

C =
θE(X)

E[XeRX ]− (1 + θ)E(X)
.
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1.2.6 H mègisth swreutik  ap¸leia

Ektìc apì to qrìno qreokopÐac, idiaÐtero endiafèron wc proc to sumb�n thc qreokopÐac,
parousi�zei to èlleimma th stigm  thc qreokopÐac kai sumbolÐzetai me U(T ). Wstìso h
posìthta aut , kajìti eÐnai arnhtik  exet�zetai kat' apìluth tim , kai gi' autì o ek nèou
sumbolismìc thc ja eÐnai |U(T )|. Sunep¸c, h t.m. |U(T )| upodhl¸nei th sfodrìthta thc
qreokopÐac, kai eÐnai shmantikì kaj¸c o asfalist c epijumeÐ na gnwrÐzei thn endeqìmenh
an�kamyh met� th qreokopÐa.

Pèra apì to èlleimma, o asfalist c epijumeÐ na gnwrÐzei kai to pleìnasma akrib¸c
prin epèljei h qreokopÐa, to opoÐo orÐzetai wc:

U(T−) = lim
t→T−

U(t)

MÐa akìmh shmantik  metablht  eÐnai h pr¸th pt¸sh tou pleon�smatoc k�tw apì to
arqikì apojematikì u, kai sumbolÐzetai wc L1. H metablht  aut  paÐrnei jetikèc timèc,
kai autì sumbaÐnei ìtan sthn emf�nish thc apaÐthshc, h tim  tou pleon�smatoc gÐnetai
mikrìterh apì thn prohgoÔmenh el�qisth tim  tou pleon�smatoc. Dhlad , den qrei�zetai
kat' an�gkh k�je pt¸sh thc tim c tou pleon�smatoc na lamb�netai wc {katagegrammènh}
pt¸sh (record low), to opoÐo sumbaÐnei me pijanìthta δ(0) , kai tìte jètoume L1 = 0.

Enallaktik�, h pr¸th katagegrammènh pt¸sh sumbaÐnei ìtan gia pr¸th for� h diafor�
u− U(t) gÐnei jetik  gia k�poia qronik  stigm  t,   isodÔnama, ìtan isqÔsei S(t) > ct.
Sunep¸c, gia thn pr¸th pt¸sh tou pleon�smatoc k�tw apì to arqikì apojematikì isqÔei

L1 = min {t : u− U(t) > 0} = min {t : S(t) > ct}

Sunep¸c, gia th diadikasÐa tou pleon�smatoc, emfanÐzetai mÐa katagegrammènh pt¸sh
th qronik  stigm  t, an kai mìno an

U(t) < U(s) , ∀s < t

O arijmìc twn katagegrammènwn pt¸sewn ekfr�zetai apì mÐa diakrit  tuqaÐa metablht ,
èstw K, h opoÐa akoloujeÐ th gewmetrik  katanom  me par�metro δ(0), gia thn opoÐa
isqÔei

δ(0) =
θ

1 + θ
.

2

Akìma oi t.m. L1, L2, . . . , LK apeikonÐzoun thn pt¸sh tou pleon�smatoc k�tw apì thn
prohgoÔmenh el�qisth tim  tou. 'Etsi h t.m. L1 upodhl¸nei thn pt¸sh tou pleon�smatoc
k�tw apì to arqikì apojematikì u. Kat' epèktash h t.m. LK mac deÐqnei thn pr¸th

28



pt¸sh tou pleon�smatoc k�tw apì to 0, dhlad  th stigm  pou epèrqetai h qreokopÐa.
Oi t.m. L1, L2, . . . , LK eÐnai anex�rthtec kai isìnomec kai akoloujoÔn thn katanom 
isorropÐac (equilibrium function) pou antistoiqeÐ sthn katanom  twn apozhmi¸sewn.

Orismìc 1.2.5. 'Estw mÐa t.m., Xe, pou akoloujeÐ thn katanom  isorropÐac miac
katanom c F , tìte h sun�rthsh puknìthtac pijanìthtac, h sun�rthsh katanom c kai h
sun�rthsh epibÐwshc eÐnai:

• H sun�rthsh puknìthtac pijanìthtac

fe(x) =
F̄ (x)

E(X)

• H sun�rthsh katanom c

Fe(x) =
1

E(X)

∫ x

0

F̄ (t)dt

• H sun�rthsh epibÐwshc

F̄e(x) =
1

E(X)

∫ ∞
x

F̄ (t)dt

ìpou X eÐnai h t.m. tou megèjouc twn apozhmi¸sewn pou akoloujeÐ thn katanom  F .

2

H diakrit  tuqaÐa metablht K ìpwc anafèrjhke, akoloujeÐ th gewmetrik  katanom , me
par�metro δ(0), ki autì eÐnai apolÔtwc logikì afoÔ an k�je katagegrammènh pt¸sh den
sunteleÐ se qreokopÐa,tìte jewreÐtai ‘apotuqÐa’ me pijanìthta δ(0), en¸ ìtan epèljei
h qreokopÐa met� apì n apotuqÐec, èqoume thn ‘epituqÐa’ me pijanìthta ψ(0).

K ∼ Geo

(
θ

1 + θ

)
Gia th sun�rthsh pijanìthtac thc t.m. K isqÔei

Pr(K = k) = δ(0) · [ψ(0)]k , k = 0, 1, 2, . . .

=

(
θ

1 + θ

)(
1

1 + θ

)k
, k = 0, 1, 2, . . . .

H mègisth swreutik  ap¸leia (maximal aggregate loss), L, orÐzetai na eÐnai to tuqaÐo
�jroisma ìlwn twn katagegrammènwn pt¸sewn, kai parist�nei th sunolik  pt¸sh k�tw
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apì to arqikì apojematikì u. Epomènwc, isqÔei:

L =

{
L1 + L2 + ...+ LK , K ≥ 1
0, K = 0

H katanom  thc L eÐnai miktoÔ tÔpou, kaj¸c paÐrnei thn tim  mhdèn me jetik  pijanìthta,
en¸ katanèmetai suneq¸c sto di�sthma (0,∞). H m�za pijanìthtac sto mhdèn isoÔtai me

Pr(L = 0) = Pr(K = 0) = δ(0) =
θ

1 + θ
.

H katanom  thc t.m. L ja eÐnai mÐa sÔnjeth gewmetrik  katanom , efìson h katanom 
thc aparijm triac t.m. K akoloujeÐ th gewmetrik  katanom . Akìmh, gia th mègisth
swreutik  ap¸leia isqÔei

L = L1 + L2 + ...+ LK

= [u− U(t1)] + [U(t1)− U(t2)] + ...+ [U(tK−1)− U(tK)]

= u− U(tK)

⇒ L = u− U(tK) = S(tK)− ctK .

Dhlad , h mègisth swreutik  ap¸leia apeikonÐzei th diafor� metaxÔ twn sunolik¸n
apozhmi¸sewn kai twn asfalÐstrwn pou èqoun eispraqjeÐ èwc th stigm  thc qreokopÐac.
Gia to lìgo autì, h mègisth swreutik  ap¸leia orÐzetai na eÐnai h mègisth diafor� pou
ja prokÔyei se k�poia qronik  stigm  t > 0, metaxÔ twn sunolik¸n apozhmi¸sewn kai
twn sunolik¸n eispraqjèntwn asfalÐstrwn.

L := max
t≥0
{S(t)− ct} , L ≥ 0

H qreokopÐa den sumbaÐnei ìtan tic qronikèc stigmèc t, isqÔei

U(t) ≥ 0 ⇔ u+ ct− S(t) ≥ 0 , ∀t ≥ 0

⇔ u ≥ max
t≥0
{S(t)− ct} .

Dhlad ,

δ(u) = Pr(L ≤ u)

 , isodÔnama,
ψ(u) = Pr(L > u) (1.2.20)
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H exÐswsh (1.2.20), sthn opoÐa blèpoume thn dexi� our� mÐac sÔnjethc gewmetrik c
katanom c, dÔnatai na ekfrasteÐ wc èna �peiro an�ptugma sunelÐxewn, me th bo jeia
tou jewr matoc olik c pijanìthtac. Epomènwc,

Pr(L > u) =
∞∑
k=0

Pr(K = k) Pr(L > u | K = k)

⇔ Pr(L > u) =
∞∑
k=0

δ(0) · [ψ(0)]k Pr(L > u | K = k).

'Omwc,

Pr(L > u | K = k) = Pr(L1 + L2 + ...+ LK > u | K = k)

= Pr(L1 + L2 + ...+ Lk > u | K = k)

= Pr(L1 + L2 + ...+ Lk > u)

⇒ Pr(L > u | K = k) = F
∗k
e (u).

ìpou F
∗k
e (u) eÐnai h k-ost  sunèlixh thc sun�rthshc epibÐwshc thc katanom c isor-

ropÐac. Telik¸c, gia thn pijanìthta qreokopÐac èqoume

ψ(u) =
∞∑
k=0

δ(0) · [ψ(0)]k F
∗k
e (u). (1.2.21)
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1.3 To ananewtikì montèlo

To ananewtikì montèlo apoteleÐ mÐa genÐkeush tou klasikoÔ montèlou thc jewrÐac
qreokopÐac, kai melet jhke gia pr¸th for� to 1958 apì ton E. Sparre Andersen sto
diejnèc institoÔto twn analogist¸n sth Nèa Uìrkh. To montèlo autì eÐnai gnwstì kai
wc montèlo Sparre Andersen kaj¸c fèrei thn onomasÐa tou eishght  tou. H kuriìterh
kainotomÐa tou montèlou eÐnai, ìti oi endi�mesoi qrìnoi pou mesolaboÔn metaxÔ dÔo
apait sewn den akoloujoÔn thn ekjetik  katanom , all� k�poia �llh katanom . Kat'
epèktash, h stoqastik  diadikasÐa tou arijmoÔ twn apozhmi¸sewn den eÐnai mia anèlixh
Poisson, all� mÐa ananewtik  anèlixh.

Orismìc 1.3.1. H diadikasÐa tou pleon�smatoc sto ananewtikì montèlo thc jewrÐac
twn kindÔnwn orÐzetai wc ex c:

U(t) = u+ ct− S(t) , t ≥ 0 (1.3.1)

ìpou, U(0) = u to arqikì apojematikì, en¸ c > 0 eÐnai o rujmìc eÐspraxhc tou
asfalÐstrou sth mon�da tou qrìnou, kai

S(t) =

N(t)∑
k=1

Xk , en¸ S(t) = 0 an T1 > t

Akìma, oi endi�mesoi qrìnoi W1,W2,W3, . . . eÐnai anex�rthtec kai isìnomec tuqaÐec
metablhtèc, oi opoÐec akoloujoÔn thn katanom  FW me mèso (blèpe Grandell(1991))

E(W1) = E(W2) = ... = E(W ) =
1

a

EpÐshc, h diadikasÐa tou pleon�smatoc mporeÐ na ekfrasteÐ wc ex c (blèpe Thorin(1974)):

U(t) = u+
n∑
k=1

(cWk −Xk) + c(t−
n∑
k=1

Wk) , t ≥ 0 (1.3.2)

Katìpin, orÐzoume thn tuqaÐa metablht , èstw Zk, pou prokÔptei apì ton deÔtero ìro
thc sqèshc (1.3.2).

Zk := Xk − cWk me Z0 = 0 (1.3.3)

ki akìma gia th mèsh tim  thc tuqaÐac metablht c Z isqÔei

E(Z) = E(X)− cE(W )
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H t.m. Zi, i = 1, 2, . . . , upodhl¸nei th zhmÐa pou prokaleÐ h i-apaÐthsh, efìson
èqoun eispraqjeÐ apaitoÔmena asf�listra. Prokeimènou na apotrapeÐ h qreokopÐa tou
qartofulakÐou ja prèpei na isqÔei

E(Z) < 0

Me b�sh thn parap�nw anisìthta, katal goume sto ex c:

E(Z) < 0 ⇔ E(X)− cE(W ) < 0

⇔ c >
E(X)

E(W )
.

Akìmh, gia èna jetikì suntelest  epib�runshc, θ > 0, isqÔei

⇒ c = (1 + θ)
E(X)

E(W )

⇒ θ =
c

E(X)
E(W )− 1. (1.3.4)

H sqèsh (1.3.4) mac dÐnei to majhmatikì tÔpo gia to perij¸rio asf�leiac θ sto
ananewtikì montèlo. AxÐzei na shmeiwjeÐ pwc sugkrÐnontac to perij¸rio asf�leiac
tou klasikoÔ montèlou me to antÐstoiqo ananewtikì, parathreÐtai, ìpwc eÐnai apolÔtwc
logikì, ìti eÐnai tautìshma. 2

'Estw, ìti sumbolÐzetai me J h sun�rthsh katanom c thc t.m. Zk, ètsi ¸ste J(x) =
Pr(Zk ≤ x), kai h ropogenn tria sun�rths  thc me MZ(t), tìte gia to suntelest 
prosarmog c (blèpe Grandell(1991)) èqoume:

Orismìc 1.3.2. O suntelest c prosarmog cR, sto ananewtikì montèlo eÐnai h jetik 
lÔsh thc exÐswshc

MZ(r) = 1. (1.3.5)

2

'Omwc, gia thn ropogenn tria sun�rthsh thc t.m. Z isqÔei

MZ(r) =

∫ ∞
−∞

erZdJ(z) = E
(
er(X−cW )

)
= E

(
erX
)
E
(
e−rcW

)
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H ropogenn tria thc t.m. Xi tou megèjouc twn apozhmi¸sewn eÐnai

MX(r) = E(erX) =

∫ ∞
0

erXf(x)dx

ìpou f eÐnai h sun�rthsh puknìthtac pijanìthtac thc t.m. Xi , i = 1, 2, . . . .

H ropogenn tria thc t.m. Wi , i = 1, 2, . . . twn endi�meswn qrìnwn eÐnai

MW (r) = E(erW ) =

∫ ∞
0

erWfW (x)dx

ìpou fW eÐnai h sun�rthsh puknìthtac pijanìthtac thc t.m. Wi , i = 1, 2, . . . .

Me b�sh tic parap�nw sqèseic h exÐswsh (1.3.5) gia thn eÔresh tou suntelest 
prosarmog c aplopoieÐtai wc ex c:

MZ(R) = 1⇔MX(R)MW (−cR) = 1.

Parathr seic

1. Gia na isqÔei h parap�nw sqèsh, exupakoÔetai ìti oi t.m. Xi kai Wi prèpei eÐnai
anex�rthtec.

2. Sto ananewtikì montèlo den isqÔoun oi sqèseic gia ta megèjh ψ(0) kai δ(0) ìpwc
sto klasikì montèlo. Dhlad ,

ψ(0) 6= 1

1 + θ
kai δ(0) 6= θ

1 + θ
.

2

Sto ananewtikì montèlo, oi t.m. Li , i = 1, 2, . . . , K pou upodhl¸noun tic katage-
grammènec pt¸seic, den akoloujoÔn thn katanom  isorropÐac tou megèjouc twn
apozhmi¸sewn, all� mÐa �llh katanom , èstw H. H mègisth swreutik  ap¸leia, L,
akoloujeÐ mÐa sÔnjeth gewmetrik  katanom , afoÔ h diakrit  tuqaÐa metablht  K
akoloujeÐ mÐa gewmetrik  katanom  me par�metro δ(0). Dhlad ,

L = L1 + L2 + . . .+ LK

me

Pr(K = k) = δ(0) [ψ(0)]k .

2
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H akìloujh prìtash (blèpe PolÐthc(2009)) mac dÐnei èna apotèlesma gia thn pijanìthta
qreokopÐac sto ananewtikì montèlo.

Prìtash 1.3.1. 'Estw D(x) = Pr(L1 ≤ x). Tìte, sto ananewtikì montèlo h
pijanìthta qreokopÐac, ψ(u), ikanopoieÐ thn ananewtik  exÐswsh

ψ(u) = φD(u) + φ

∫ u

0

ψ(u− t)dD(t) (1.3.6)

ìpou f=y(0), en¸ h (1.3.6) eÐnai mÐa elleimmatik  ananewtik  exÐswsh kaj¸c φ < 1,
en¸ me D sumbolÐzoume thn sun�rthsh katanom c thc t.m. Li.
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Kef�laio 2

Oi kl�seic katanom¸n
Panjer (a, b, r) kai kl�seic
katanom¸n axiopistÐac

Sto proseqèc kef�laio ja parousi�soume analutik� orismèna basik� megèjh twn
gnwstìterwn diakrit¸n katanom¸n, kai sth sunèqeia ja mil soume gia tic kl�seic
katanom¸n tou Panjer (a, b, r), kai eidikìtera gia tic peript¸seic ìpou r = 0, 1. Akìmh,
ja eisag�goume mÐa idiaÐterh katanom , h opoÐa ja mporoÔse na apodojeÐ sthn ellhnik 
gl¸ssa wc epektajeÐsa perikommènh arnhtik  diwnumik  (Extended Truncated Neg-
ative Binomial(ETNB)), kai telik¸c ja gÐnei mia eisagwg  twn ennoi¸n thc bajmÐdac
apotuqÐac kai tou mèsou upoleipìmenou qrìnou zw c, kaj¸c kai th sqèsh pou èqoun
metaxÔ touc.

2.1 H t.m. N kai oi kl�seic katanom¸n tou

Panjer

To sullogikì montèlo thc jewrÐac twn kindÔnwn anafèrei ìti S = X1 +X2 + . . .+XN ,
ìpou oi t.m. Xi , i = 1, 2, . . . , N kai N eÐnai anex�rthtec. H tuqaÐa metablht  X
upodhl¸nei to mègejoc thc apozhmÐwshc, en¸ h diakrit  t.m. N apeikonÐzei ton arijmì
twn apait sewn gia èna prokajorismèno qronikì di�sthma. Epiplèon, h katanom  thc
t.m. N lègetai aparijm tria, kaj¸c ‘aparijmeÐ’ endeqìmena, en¸ paÐrnei mh arnhtikèc
akèraiec timèc. Oi kuriìterec diakritèc katanomèc eÐnai h Poisson, h arnhtik  diwnumik ,
h eidik  perÐptwsh thc arnhtik c diwnumik c gia r = 1, dhlad  h gewmetrik , kai h
diwnumik .

Merikèc basikèc posìthtec gia diakritèc tuqaÐec metablhtèc eÐnai h sun�rthsh pijanìth-
tac, h ropogenn tria sun�rthsh, h pijanogenn tria sun�rthsh, kaj¸c h mèsh tim  kai
h diaspor� thc katanom c.
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Sto shmeÐo autì, axÐzei na shmeiwjoÔn dÔo qr sima apotelèsmata gia thn k−ost 
rop  kai thn paragontik  rop  k t�xewc mÐac katanom c, me k diadoqikèc paragwgÐseic
epÐ thc ropogenn triac sun�rthshc, M(t), kai thc pijanogenn triac sun�rthshc, P (t),
antistoÐqwc.

E[Nk] =
dk

dtk
[MN(t)] |t=0 (2.1.1)

E[(N)(N − 1) · · · (N − k + 1)] =
dk

dtk
[PN(t)] |t=1 (2.1.2)

Sth sunèqeia, ja parousi�soume orismènec basikèc posìthtec twn kuriìterwn diakrit¸n
katanom¸n (blèpe KoÔtrac(2004)), oi opoÐec ja mac qreiastoÔn sta proseq  kef�laia.

1.Poisson

H katanom  Poisson eÐnai apì tic kuriìterec ek twn diakrit¸n katanom¸n, lìgw twn
poll¸n idiot twn thc, pou aplousteÔoun touc upologismoÔc kai sumbolÐzetai me P (λ).
Pio sugkekrimèna, gia thn katanom  Poisson me par�metro λ > 0, isqÔei:

• Sun�rthsh pijanìthtac

pn = Pr(N = n) = e−λ
λn

n!
, n = 0, 1, 2, . . . .

• Mèsh tim  kai DiakÔmansh

E(N) = λ kai V ar(N) = λ

• Ropogenn tria kai Pijanogenn tria

MN(t) = E
(
etN
)

=
∞∑
n=0

etn Pr(N = n)

⇒MN(t) = eλ(et−1)

kai

PN(t) = E
(
tN
)

=
∞∑
n=0

tn Pr(N = n)

=
∞∑
n=o

tne−λ
λn

n!
= e−λ

∞∑
n=o

(tλ)n

n!
= e−λetλ

⇒ PN(t) = eλ(t−1)
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2.Arnhtik  diwnumik 

H arnhtik  diwnumik  melet� ton apaitoÔmeno arijmì apotuqi¸n se mÐa akoloujÐa
(anex�rthtwn) dokim¸n Bernoulli, èwc ìtou emfanisteÐ h r epituqÐa, me pijanìthta
epituqÐac p, kai sumbolÐzetai me NB(r, p). Ta basik� megèjh thc eÐnai:

• Sun�rthsh pijanìthtac

pn = Pr(N = n) =

(
n+ r − 1

n

)
prqn , n = 0, 1, 2, . . . , p > 0 , q = 1− p

• Mèsh tim  kai DiakÔmansh

E(N) = r
q

p
kai V ar(N) = r

q

p2

• Ropogenn tria kai Pijanogenn tria

MN(t) = E
(
etN
)

=

(
p

1− qet

)r
kai

PN(t) = E
(
tN
)

=

(
p

1− qt

)r
2

Suqn�, sth diejn  bibliografÐa h par�metroc p diafèrei kai ekfr�zetai wc 1
1+β

, β > 0.
Epomènwc, ta apotelèsmata pou perigr�fthkan èqoun wc ex c:

• Sun�rthsh pijanìthtac

pn = Pr(N = n) =

(
n+ r − 1

n

)(
1

1 + β

)r (
β

1 + β

)n
, gia n = 0, 1, 2, . . . .

• Mèsh tim  kai DiakÔmansh

E(N) = rβ kai V ar(N) = rβ (1 + β)

• Ropogenn tria kai Pijanogenn tria

MN(t) =

(
1

1+β

1− β
1+β

et

)r

=

(
1

(1 + β)− βet

)r
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kai

PN(t) =

(
1

(1 + β)− βt

)r
3.Gewmetrik 

H eidik  perÐptwsh thc arnhtik c diwnumik c, gia r = 1, jewreÐtai o apaitoÔmenoc
arijmìc apotuqi¸n se mÐa akoloujÐa Bernoulli, èwc ìtou emfanisteÐ h pr¸th epituqÐa,
me pijanìthta epituqÐac p, kai sumbolÐzetai me G(p). Eidikìtera, èqoume

• Sun�rthsh pijanìthtac

pn = Pr(N = n) = p · qn , n = 0, 1, 2, ... , p > 0 , q = 1− p

• Mèsh tim  kai DiakÔmansh

E(N) =
q

p
kai V ar(N) =

q

p2

• Ropogenn tria kai Pijanogenn tria

MN(t) =
p

1− qet
kai

PN(t) =
p

1− qt

4.Diwnumik 

H diwnumik  katanom  mac dÐnei ton arijmì epituqi¸n se mÐa akoloujÐa m anex�rthtwn
dokim¸n Bernoulli, me stajer  pijanìthta epituqÐac p, kai sumbolÐzetai me B(m, p).

• Sun�rthsh pijanìthtac

pn = Pr(N = n) =

(
m
n

)
pnqm−n , n = 0, 1, ...,m , p > 0 , q = 1− p

• Mèsh tim  kai DiakÔmansh

E(N) = mp kai V ar(N) = mpq
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• Ropogenn tria kai Pijanogenn tria

MN(t) =
(
q + pet

)m
kai

PN(t) = (q + pt)m .

2

En suneqeÐa, ja gÐnei mia eisagwg  stic kl�seic katanom¸n (a, b, r), apì tic opoÐec
mporoÔme na upologÐsoume anadromik� ìlec tic diadoqikèc pijanìthtec, me mÐa dedomènh
arqik  tim . Ousiastik� prìkeitai gia mÐa kl�sh katanom¸n me dÔo paramètrouc, tic a
kai b, en¸ h tim  tou r kajorÐzei poia ja eÐnai h pr¸th tim  pou ja lamb�nei h sun�rthsh
pijanìthtac thc tuqaÐac metablht c (blèpe Klugman et al(2004)).

2.1.1 H kl�sh (a, b, 0)

Orismìc 2.1.1. H kl�sh (a, b, 0) eÐnai mÐa diparametrik  oikogèneia aparijmhtri¸n
katanom¸n, ìpou h sun�rthsh pijanìthtac upologÐzetai anadromik�, sÔmfwna me ton
akìloujo tÔpo

pk =

(
a+

b

k

)
pk−1 , k = 1, 2, . . . . (2.1.3)

ìpou a, b dÔo stajeroÐ pragmatikoÐ arijmoÐ.

Xekin¸ntac apì mÐa arqik  tim  p0, eÐnai eÔkolo na upologistoÔn oi diadoqikèc
pijanìthtec. Se aut  thn kl�sh an koun oi kuriìterec diakritèc katanomèc pou
perigr�fthkan.

Poisson

Gia thn katanom  Poisson me par�metro λ, eÐnai

pk
pk−1

=
e−λ λ

k

k!

e−λ λk−1

(k−1)!

=
(k − 1)!λk

k(k − 1)!λkλ−1
=
λ

k
.

Sunep¸c, gia thn Poisson isqÔei

a = 0 kai b = λ, me p0 = e−λ.

41



Arnhtik  diwnumik 

Gia thn arnhtik  diwnumik  isqÔei,

pk
pk−1

=

(
r + k − 1

k

)
prqk(

r + (k − 1)− 1
k − 1

)
prqk−1

=

(r+k−1)!
k!(r−1)!

q

(r+k−2)!
(k−1)!(r−1)!

=
(k − 1)!(r + k − 1)!

k!(r + k − 2)!
q

=
r + k − 1

k
q = q +

r − 1

k
q.

Sunep¸c, gia thn arnhtik  diwnumik  isqÔei

a = q kai b = (r − 1)q, me p0 = pr.

Gewmetrik 

Sthn perÐptwsh ìpou h tuqaÐa metablht  akoloujeÐ th gewmetrik  katanom , paÐrnoume

pk
pk−1

=
pqk

pqk−1
= q.

Opìte, gia th gewmetrik  katanom , isqÔei

a = q kai b = 0, me p0 = p.

Diwnumik 

O lìgoc dÔo diadoqik¸n pijanot twn gia th diwnumik  katanom  eÐnai,

pk
pk−1

=

(
n
k

)
pkqn−k(

n
k − 1

)
· pk−1qn−k+1

=

n!
k!(n−k)!

n!
(k−1)!(n−k+1)!

· p
q

=
(k − 1)!(n− k + 1)!

k!(n− k)!
· p
q

=
n− k + 1

k
· p
q

= −p
q

+
n+ 1

k
· p
q
.

Sunep¸c, gia th diwnumik  katanom  lamb�noume,

a = −p
q

kai b = (n+ 1)
p

q
, me p0 = pn.
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Sth sunèqeia parajètoume orismèna qr sima apotelèsmata gia tic ropèc thc kl�shc
katanom¸n (a, b, 0), ìpwc h pr¸th rop  (blèpe KoÔtrac(2004) selÐda 327,�skhsh 13),
h paragontik  rop  deÔterhc t�xewc kai h diakÔmansh.

Prìtash 2.1.1. 'Estw mÐa diakrit  tuqaÐa metablht  N , h opoÐa an kei sthn kl�sh
katanom¸n (a, b, 0) me sÔnolo tim¸n RN = {0, 1, 2, . . .}, kai sun�rthsh pijanìthtac
pn = Pr(N = n) h opoÐa ikanopoieÐ thn anadromik  sqèsh (2.1.3) gia thn opoÐa isqÔei

pn =

(
a+

b

n

)
pn−1 , n = 1, 2, . . . ,

ìpou a, b dÔo stajeroÐ pragmatikoÐ arijmoÐ.
Tìte h mèsh tim , h paragontik  rop  deÔterhc t�xewc kai h diaspor� gia thn katanom 
aut , mporoÔn na ekfrastoÔn apì touc akìloujouc tÔpouc:

1. H mèsh tim  thc katanom c dÐnetai apì thn akìloujh sqèsh:

E(N) =
a+ b

1− a
. (2.1.4)

2. Gia thn paragontik  rop  deÔterhc t�xewc isqÔei:

E [N (N − 1)] =
(2a+ b)(a+ b)

(1− a)2
. (2.1.5)

3. H diakÔmansh ekfr�zetai wc:

V ar(N) =
a+ b

(1− a)2
. (2.1.6)

2

Apìdeixh

Pollaplasi�zontac th sqèsh (2.1.3) me k, lamb�noume

kpk = akpk−1 + bpk−1

An prosjafairèsoume sthn teleutaÐa sqèsh ton ìro apk−1, tìte gia k = 1, 2, . . . ,
prokÔptei

kpk = akpk−1 + bpk−1 + apk−1 − apk−1 ⇒ kpk = a(k − 1)pk−1 + (a+ b)pk−1. (2.1.7)
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1. AjroÐzontac th sqèsh (2.1.7) gia k = 1, 2, . . . , lamb�noume

∞∑
k=1

kpk =
∞∑
k=1

a(k − 1)pk−1 +
∞∑
k=1

(a+ b)pk−1

⇒ E(N) = aE(N) + (a+ b) · 1

efìson gia mÐa diakrit  tuqaÐa metablht , èstw X, me sun�rthsh pijanìthtac f(x) =
Pr(X = x) , x = 0, 1, . . . , isqÔoun ta ex c:

∞∑
k=0

f(x) =
∞∑
k=1

f(x− 1) = 1

kai

E(X) =
∞∑
x=1

x f(x)

Me b�sh ta parap�nw apotelèsmata, sumperaÐnoume ìti gia th mèsh tim  thc kl�shc
katanom¸n (a, b, 0) isqÔei

(1− a)E(N) = a+ b

⇒ E(N) =
a+ b

1− a
.

2. An prosjafairèsoume ton ìro apk−1 kai pollaplasi�soume me (k − 1) kai ta dÔo
mèlh diadoqik� sth sqèsh (2.1.7), tìte prokÔptei h ex c isìthta:

k(k − 1)pk = a(k − 1)(k − 2)pk−1 + (2a+ b)(k − 1)pk−1. (2.1.8)

AjroÐzontac ta dÔo mèlh thc (2.1.8) gia k = 2, 3, . . . , paÐrnoume

∞∑
k=2

k(k − 1)pk =
∞∑
k=2

a(k − 1)(k − 2)pk−1 +
∞∑
k=2

(2a+ b)(k − 1)pk−1

⇒ E [N (N − 1)] = aE [N (N − 1)] + (2a+ b)E(N)

⇒ (1− a)E [N (N − 1)] = (2a+ b)E(N).
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Epiprosjètwc, gia thn paragontik  rop  deÔterhc t�xewc thc proanaferjeÐsac diakrit c
tuqaÐac metablht c X, isqÔei

E [X (X − 1)] =
∞∑
x=2

x(x− 1)f(x)

Akìmh, prèpei na shmeiwjeÐ ìti

∞∑
k=2

(k − 1)(k − 2)pk−1 =
∞∑
k=3

(k − 1)(k − 2)pk−1 =
∞∑
k=2

k(k − 1)pk

Sunep¸c, lamb�nontac upìyin th sqèsh (2.1.4) gia th mèsh tim , h paragontik  rop 
deÔterhc t�xewc mÐac katanom c pou an kei sthn kl�sh (a, b, 0) ja eÐnai

E [N (N − 1)] =
2a+ b

(1− a)
E(N) =

2a+ b

1− a
· a+ b

1− a

⇒ E [N (N − 1)] =
(2a+ b)(a+ b)

(1− a)2
.

3. Gia th diakÔmansh mÐac tuqaÐac metablht c, èstw X, isqÔei

V ar(X) = E
(
X2
)
− E2 (X)

Arqik�, ja broÔme th deÔterh rop  miac katanom c pou an kei sthn kl�sh (a, b, 0) mèsw
thc paragontik c rop c deÔterhc t�xewc. Apì th sqèsh (2.1.5) isqÔei

E
[
N2 −N

]
= E

(
N2
)
− E(N) =

(2a+ b)(a+ b)

(1− a)2

Lamb�nontac upìyin th sqèsh (2.1.4) gia th mèsh tim , paÐrnoume

E
(
N2
)

=
(2a+ b)(a+ b)

(1− a)2
+
a+ b

1− a
=

(2a+ b)(a+ b) + (a+ b)(1− a)

(1− a)2

Epomènwc, h deÔterh rop  gia thn kl�sh katanom¸n (a, b, 0) eÐnai

E
(
N2
)

=
(a+ b) [2a+ b+ 1− a]

(1− a)2

⇒ E
(
N2
)

=
(a+ b) [a+ b+ 1]

(1− a)2
. (2.1.9)
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Telik¸c, gia th diakÔmansh èqoume

V ar(N) = E
(
N2
)
− E2 (N)

Apì tic sqèseic (2.1.4) kai (2.1.9), paÐrnoume

V ar(N) =
(a+ b) [a+ b+ 1]

(1− a)2
−
[
a+ b

1− a

]2

⇒ V ar(N) =
(a+ b) [a+ b+ 1]− (a+ b)2

(1− a)2
=

(a+ b) [a+ b+ 1− (a+ b)]

(1− a)2
.

Sunep¸c, h diakÔmansh miac katanom c pou an kei sthn kl�sh katanom¸n (a, b, 0) mporeÐ
na ekfrasteÐ apì thn akìloujh sqèsh:

V ar(N) =
a+ b

(1− a)2
.

2

Sto shmeÐo autì, prèpei na tonisteÐ ìti sthn kl�sh katanom¸n (a, b, 0) den sugkatalè-
gontai �llec katanomèc, ki autèc pou anafèrjhkan eÐnai oi mìnec pou apartÐzoun th
sugkekrimènh kl�sh (blèpe Sundt & Jewell (1981)).

2.1.2 H kl�sh (a, b, 1)

Orismènec forèc, oi katanomèc pou apartÐzoun thn kl�sh (a, b, 0) den mporoÔn na d¸soun
ikanopoihtik� apotelèsmata, lìgw thc kak c efarmog c touc sta dedomèna, tìso sto
shmeÐo mhdèn, ìso kai stic meg�lec timèc epeid  èqoun elafri� dexi� our�.

Orismìc 2.1.2. H kl�sh (a, b, 1) eÐnai mÐa diparametrik  oikogèneia katanom¸n, ìpou
h sun�rthsh pijanìthtac upologÐzetai anadromik� mèsw thc akìloujhc sqèshc

pk
pk−1

= a+
b

k
, k = 2, 3, . . . . (2.1.10)

H kl�sh katanom¸n (a, b, 1) eÐnai mÐa eurÔterh oikogèneia katanom¸n, h opoÐa
apoteleÐ mÐa genÐkeush thc kl�shc katanom¸n (a, b, 0). H mình diafor� metaxÔ twn
dÔo kl�sewn katanom¸n, eÐnai ìti gia thn kl�sh (a, b, 1) h anadromik  sqèsh xekin�ei
apì th sun�rthsh pijanìthtac sto shmeÐo k = 1. Gia to lìgo autì, up�rqoun k�poiec
tropopoi seic twn pijanot twn sto shmeÐo k = 0 gia tic katanomèc pou perigr�fhkan
sthn kl�sh (a, b, 0).

46



1. H pr¸th kathgorÐa tropopoi sewn katanom¸n eÐnai h zero-truncated. Se aut 
thn perÐptwsh, kìboume thn pijanìthta sto shmeÐo mhdèn kai thn metatopÐzoume
sto upìloipo komm�ti tou sthrÐgmatoc thc katanom c. Dhlad , gia thn nèa tuqaÐa
metablht  NT (sumbolismìc), isqÔei

NT = N | N > 0

2. H deÔterh kathgorÐa tropopoi sewn katanom¸n eÐnai h zero-modified. Se aut 
thn perÐptwsh, metafèroume thn pijanìthta sto shmeÐo mhdèn, kai th sumbolÐzoume
me NZM ,   apl¸c me NM .

Kai oi dÔo kathgorÐec tropopoi sewn katanom¸n asqoloÔntai me tic katanomèc thc
kl�shc (a, b, 0)(blèpe QatzhkwnstantinÐdhc (2008),Klugman et al(2004)).

Basik� apotelèsmata

'Estw, me pTk na sumbolÐzetai h sun�rthsh pijanìthtac thc zero− truncated katanom c,
kai, me pMk h antÐstoiqh sun�rthsh pijanìthtac thc zero−modified katanom c, gia tic
opoÐec isqÔei

pTk = Pr
(
NT = k

)
kai pMk = Pr

(
NM = k

)
Gia th sun�rthsh pijanìthtac thc zero− truncated katanom c, èqoume

pTk = Pr
(
NT = k

)
= Pr (N = k | N > 0) =

Pr (N = k)

Pr (N > 0)
=

pk
1− p0

, gia k ≥ 1

Epomènwc,

pTk =

{ pk
1−p0 , gia k ≥ 1

0, gia k = 0

Akìmh, gia k − 1 ≥ 1 isqÔei

pTk−1 =
pk−1

1− p0

'Ara, gia k ≥ 2

pTk
pTk−1

=
pk
pk−1

= a+
b

k

⇒ pTk =

(
a+

b

k

)
pTk−1 , k ≥ 2 (2.1.11)

Epomènwc, dedomènou ìti h t.m. N an kei sthn kl�sh (a, b, 0), tìte h t.m. NT an kei
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sthn kl�sh (a, b, 1). 2

Sth sunèqeia anafèretai o orismìc thc ekfulismènhc katanom c, kaj¸c ja mac qreiasteÐ
ston kajorismì twn pijanogennhtri¸n sunart sewn thc zero − truncated kai zero −
modified katanom c.

Orismìc 2.1.3. MÐa katanom  onom�zetai ekfulismènh, ìtan sugkentr¸nei ìlh
th m�za pijanìthtac se èna monadikì shmeÐo me pijanìthta 1,   to st rigm� thc
perilamb�nei mÐa mìno tim . Dhlad , gia thn sun�rthsh pijanìthtac miac t.m. X isqÔei

Pr (X = x) =

{
1, an x = x0

0, an x 6= x0

Sunep¸c,

MX(t) =
∑
x∈RX

Pr(X = x)etx = 1 · etx0 = etx0

kai

PX(t) =
∑
x∈RX

Pr(X = x)tx = 1 · tx0 = tx0

'Otan x0 = 0, tìte

PX(t) = 1 , ∀t ≥ 0.

2

JewroÔme ìti pMk = Pr
(
NM = k

)
, kai èstw pM0 ènac opoiosd pote arijmìc sto

[0, 1). EpÐshc, jètoume pMk = cpk , k ≥ 1.

Tìte, h pijanogenn tria sun�rthsh thc zero−modified èqei wc ex c:

PM(z) =
∞∑
k=0

pMk z
k = pM0 +

∞∑
k=1

pMk z
k = pM0 + c

∞∑
k=1

pkz
k

= pM0 + c

[
∞∑
k=0

pkz
k − p0

]
⇔

⇔ PM(z) = pM0 + c [P (z)− p0] (2.1.12)

ìpou P (z) eÐnai h pijanogenn tria sun�rthsh thc arqik c t.m. N . Dhlad ,
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P (z) =
∞∑
k=0

Pr (N = n) zk

Apì thn (2.1.12) gia z = 1, paÐrnoume

1 = pM0 + c(1− p0)⇒ c =
1− pM0
1− p0

(2.1.13)

Mèsw tou apotelèsmatoc pou brèjhke sth sqèsh (2.1.13), h (2.1.12) gÐnetai

PM(z) = pM0 +
1− pM0
1− p0

[P (z)− p0] = pM0 +
1− pM0
1− p0

· P (z)− 1− pM0
1− p0

· p0

=
pM0 − p0

1− p0

+
1− pM0
1− p0

· P (z)

⇒ PM(z) =

(
1− 1− pM0

1− p0

)
+

1− pM0
1− p0

· P (z) (2.1.14)

Apì thn sqèsh (2.1.14), diapist¸noume ì,ti h zero − modified katanom  eÐnai miktoÔ
tÔpou, afoÔ h pijanogenn tria sun�rths  thc eÐnai ènac stajmismènoc mèsoc twn
pijanogennhtri¸n sunart sewn thc ekfulismènhc katanom c sto shmeÐo mhdèn, kai thc

arqik c katanom c N me b�rh 1− 1−pM0
1−p0 kai 1−pM0

1−p0 antÐstoiqa. Akìmh, gia th sun�rthsh
pijanìthtac thc zero−modified katanom c, èqoume

pMk = c · pk , k ≥ 1⇒ pMk =
1− pM0
1− p0

· pk , ∀k ≥ 1

Tìte, gia k ≥ 2 isqÔei

pMk−1 =
1− pM0
1− p0

· pk−1

Sunep¸c, èqoume

pMk
pMk−1

=
pk
pk−1

, gia k ≥ 2

⇒ pMk =

(
a+

b

k

)
pMk−1 , k ≥ 2

Apì ta parap�nw sun�goume ìti, kai, h zero −modified katanom  an kei sthn kl�sh
(a, b, 1), efìson h arqik  katanom  N an kei sthn kl�sh (a, b, 0). 2
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Ac sumbolÐzetai me P T (z) h pijanogenn tria sun�rthsh thc zero−truncated katanom c,
tìte

P T (z) =
∞∑
k=1

pTk z
k =

∞∑
k=1

pk
1− p0

zk

⇒ P T (z) =
1

1− p0

[P (z)− p0] =
P (z)− p0

1− p0

⇒ P T (z) =
1− p0 − 1

1− p0

+
1

1− p0

P (z) =

(
1− 1

1− p0

)
+

1

1− p0

P (z).(2.1.15)

Apì thn sqèsh (2.1.15), diapist¸noume ìti h zero − truncated katanom  eÐnai miktoÔ
tÔpou, afoÔ h pijanogenn tria sun�rths  thc eÐnai ènac stajmismènoc mèsoc twn
pijanogennhtri¸n sunart sewn thc ekfulismènhc katanom c sto shmeÐo mhdèn, kai thc
arqik c katanom c N me b�rh 1− 1

1−p0 kai 1
1−p0 antÐstoiqa. 2

IdiaÐtero endiafèron parousi�zei to p¸c oi dÔo kathgorÐec tropopoi sewn katanom¸n
sundèontai metaxÔ touc. Xèroume ìti

pTk =
pk

1− p0

, k ≥ 1

kai

pMk =
1− pM0
1− p0

· pk , k ≥ 1

Diair¸ntac kat� mèlh, paÐrnoume

pTk
pMk

=
1

1− pM0
, k ≥ 1

⇒ pMk =
(
1− pM0

)
pTk , ∀k ≥ 1 (2.1.16)

EpÐshc, gnwrÐzoume ìti

P T (z) =
P (z)− p0

1− p0

PM(z) = pM0 +
1− pM0
1− p0

· (P (z)− p0)

Opìte katal goume sto ex c apotèlesma:

PM(z) = pM0 +
(
1− pM0

)
P T (z)
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to opoÐo mporeÐ na prokÔyei kai apì ton orismì thc pijanogenn triac sun�rthshc thc
zero−modified katanom c, kai me th bo jeia thc sqèshc (2.1.16). Epomènwc, èqoume

PM(z) =
∞∑
k=0

pMk z
k = pM0 +

∞∑
k=1

pMk z
k = pM0 +

(
1− pM0

) ∞∑
k=1

pTk z
k

⇒ PM(z) = pM0 +
(
1− pM0

)
P T (z)

Me autì to apotèlesma, katal goume sto sumpèrasma ìti, h pijanogenn tria sun�rthsh
thc zero − modified katanom c eÐnai ènac stajmismènoc mèsoc twn pijanogennhtri¸n
sunart sewn thc ekfulismènhc katanom c sto shmeÐo mhdèn kai thc zero − truncated
katanom c me b�rh pM0 kai 1− pM0 antÐstoiqa. 2

Katìpin, parajètoume mÐa prìtash me ta basik� apotelèsmata gia thn kl�sh katanom¸n
(a, b, 1) gia th mèsh tim , thn paragontik  rop  deÔterhc t�xewc kai th diakÔmansh, kat�
antÐstoiqo trìpo ìpwc ègine sthn enìthta 2.1.1 gia thn kl�sh katanom¸n (a, b, 0).

Prìtash 2.1.2. 'Estw mÐa diakrit  tuqaÐa metablht  N , h opoÐa an kei sthn kl�sh
katanom¸n (a, b, 1) me sÔnolo tim¸n RN = {1, 2, 3, . . .} kai sun�rthsh pijanìthtac
pn = Pr(N = n) h opoÐa ikanopoieÐ thn anadromik  sqèsh (2.1.10) gia thn opoÐa isqÔei

pn =

(
a+

b

n

)
pn−1 , n = 2, 3, . . . ,

ìpou a, b dÔo stajeroÐ pragmatikoÐ arijmoÐ.
Tìte gia th mèsh tim , thn paragontik  rop  deÔterhc t�xewc kai th diakÔmansh thc
katanom c aut c isqÔoun oi akìloujoi tÔpoi:

1. H mèsh tim  thc katanom c dÐnetai apì thn akìloujh sqèsh:

E(N) =
a+ b+ p1

1− a
(2.1.17)

2. Gia thn paragontik  rop  deÔterhc t�xewc isqÔei:

E [N (N − 1)] =
(2a+ b)(a+ b+ p1)

(1− a)2
. (2.1.18)

3. H diakÔmansh ekfr�zetai wc:

V ar(N) =
(a+ b+ p1) [1− p1]

(1− a)2
. (2.1.19)
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ìpou p1 = Pr (N = 1) .

2

Apìdeixh

OmoÐwc me thn kl�sh (a, b, 0), an pollaplasi�soume th sqèsh (2.1.10) me k, lamb�noume

kpk = akpk−1 + bpk−1 , k = 2, 3, . . . .

Akìmh, an prosjafairèsoume sthn teleutaÐa sqèsh ton ìro apk−1, tìte gia k = 2, 3, . . . ,
prokÔptei

kpk = a(k − 1)pk−1 + (a+ b)pk−1 , k = 2, 3, . . . . (2.1.20)

1. Gia na broÔme th mèsh tim  gia thn kl�sh katanom¸n (a, b, 1), arkeÐ na ajroÐsoume
kai ta dÔo mèlh thc sqèshc (2.1.20) gia k = 2, 3, . . . . Epomènwc, èqoume

∞∑
k=2

kpk =
∞∑
k=2

a(k − 1)pk−1 +
∞∑
k=2

(a+ b)pk−1

∞∑
k=1

kpk − p1 = a
∞∑
k=1

kpk + (a+ b)
∞∑
k=1

pk

E(N)− p1 = aE(N) + (a+ b) · 1

(1− a)E(N) = a+ b+ p1.

Epomènwc, h mèsh tim  miac katanom c pou an kei sthn kl�sh (a, b, 1) eÐnai

E(N) =
a+ b+ p1

1− a
.

2. Gia thn eÔresh thc paragontik c rop c deÔterhc t�xewc, arkeÐ na ajroÐsoume ta
dÔo mèlh thc sqèshc (2.1.8). Epomènwc, paÐrnoume

∞∑
k=2

k(k − 1)pk =
∞∑
k=2

a(k − 1)(k − 2)pk−1 +
∞∑
k=2

(2a+ b)(k − 1)pk−1

⇒
∞∑
k=2

k(k − 1)pk = a
∞∑
k=3

(k − 1)(k − 2)pk−1 + (2a+ b)
∞∑
k=1

kpk
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efìson, isqÔei ìti

∞∑
k=2

(k − 1)(k − 2)pk−1 =
∞∑
k=3

(k − 1)(k − 2)pk−1 =
∞∑
k=2

k(k − 1)pk.

Me b�sh thn teleutaÐa isìthta, paÐrnoume

E [N (N − 1)] = aE [N (N − 1)] + (2a+ b)E(N)

⇒ (1− a)E [N (N − 1)] = (2a+ b)E(N)

⇒ E [N (N − 1)] =
2a+ b

1− a
· E(N).

Mèsw thc sqèshc (2.1.17), h teleutaÐa sqèsh mac dÐnei th majhmatik  èkfrash gia thn
paragontik  rop  deÔterhc t�xewc.

E [N (N − 1)] =
2a+ b

1− a
· a+ b+ p1

1− a

⇒ E [N (N − 1)] =
(2a+ b)(a+ b+ p1)

(1− a)2
.

3. Gia na broÔme th diakÔmansh mÐac tuqaÐac metablht c pou akoloujeÐ mÐa katanom  h
opoÐa an kei sthn kl�sh (a, b, 1), ja prèpei prwtÐstwc na broÔme ènan analutikì tÔpo
gia th deÔterh rop . Lamb�nontac upìyin th sqèsh (2.1.18), paÐrnoume

E [N (N − 1)] = E
[
N2 −N

]
=

(2a+ b)(a+ b+ p1)

(1− a)2

⇒ E(N2) =
(2a+ b)(a+ b+ p1)

(1− a)2
+ E(N).

Akìmh, mèsw thc sqèshc (2.1.17) gia th mèsh tim  thc kl�shc katanom¸n (a, b, 1) sthn
teleutaÐa sqèsh, èqoume

E(N2) =
(2a+ b)(a+ b+ p1)

(1− a)2
+
a+ b+ p1

1− a

⇒ E(N2) =
(2a+ b)(a+ b+ p1) + (a+ b+ p1) (1− a)

(1− a)2
=

(a+ b+ p1)(2a+ b+ 1− a)

1− a)2
.
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Sunep¸c, h deÔterh rop  gia thn kl�sh katanom¸n (a, b, 1) eÐnai

E
(
N2
)

=
(a+ b+ p1)(a+ b+ 1)

(1− a)2
. (2.1.21)

Telik¸c, gia th diakÔmansh thc kl�shc katanom¸n (a, b, 1) mèsw twn sqèsewn (2.1.17)
kai (2.1.21), paÐrnoume

V ar(N) = E
(
N2
)
− E2 (N) =

(a+ b+ p1)(a+ b+ 1)

1− a)2
−
[
a+ b+ p1

1− a

]2

⇒ V ar(N) =
(a+ b+ p1)(a+ b+ 1)− (a+ b+ p1)2

(1− a)2

=
(a+ b+ p1) [a+ b+ 1− (a+ b+ p1)]

(1− a)2
.

Epomènwc, h diakÔmansh twn katanom¸n pou apartÐzoun thn kl�sh (a, b, 1) ekfr�zetai
apì thn akìloujh majhmatik  sqèsh:

V ar(N) =
(a+ b+ p1) [1− p1]

(1− a)2
.

2

MÐa basik  ènnoia h opoÐa ja mac qreiasteÐ gia ton upologismì thc sun�rthshc puknìth-
tac pijanìthtac twn sunolik¸n apozhmi¸sewn eÐnai h sunèlixh dÔo   perissìterwn
sunart sewn, h opoÐa orÐzetai tìso sth suneq  perÐptwsh (blèpe PolÐthc(2009)) ìso
kai sth diakrit  perÐptwsh (blèpe QatzhkwnstantinÐdhc(2008)).

Orismìc 2.1.4. Diakrit  perÐptwsh. An f, g eÐnai dÔo sunart seic puknìthtac
pijanìthtac, tìte h sun�rthsh f ∗ g lègetai sunèlixh twn f, g kai, gia x ≥ 0 orÐzetai
apì thn akìloujh sqèsh

(f ∗ g)(x) =
x∑
t=0

f(x− t)g(t) =
x∑
t=0

g(x− t)f(t).

Akìma,

(f ∗ f)(x) = f ∗2(x) =
x∑
t=0

f(x− t)f(t).

2
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Sthn antÐstoiqh suneq  perÐptwsh to �jroisma antikajÐstatai apì olokl rwma.
Endeiktik�, an F,G eÐnai dÔo ajroistikèc sunart seic katanom c, tìte h sunèlixh thc
sun�rthshc katanom c F ∗G ja orÐzetai apì thn akìloujh sqèsh:

(F ∗G)(x) =

∫ x

0

F (x− t)dG(t) =

∫ x

0

G(x− t)dF (t)

ìpou, me dG(t) kai dF (t) sumbolÐzontai ta diaforik� twn sunart sewn F,G.

MÐa idi�zousa posìthta sth jewrÐa twn kindÔnwn, eÐnai h katanom  twn sunolik¸n
apozhmi¸sewn, kaj¸c kai o upologismìc thc sun�rthshc puknìthtac pijanìthtac,
efìson jewroÔme thn tuqaÐa metablht  twn apozhmi¸sewn na eÐnai suneq c. An h
t.m. S = X1 + X2 + ... + XN parist�nei tic sunolikèc apozhmi¸seic, kai, h puknìthta
thc S na sumbolÐzetai me g, tìte apì to je¸rhma olik c pijanìthtac èqoume

g(x) = Pr(S ∈ (x, x+ dx)) =
∞∑
n=o

Pr(N = n) Pr(S ∈ (x, x+ dx) | N = n)

=
∞∑
n=o

Pr(N = n) Pr(X1 +X2 + ...+XN ∈ (x, x+ dx) | N = n)

=
∞∑
n=0

pn Pr(X1 +X2 + ...+Xn ∈ (x, x+ dx))

=
∞∑
n=0

pnf
∗n(x)

ìpou pn = Pr(N = n) kai f ∗n h n-ost  sunèlixh thc katanom c tou megèjouc twn
apozhmi¸sewn. AxÐzei na shmei¸soume ìti h mhdenik  sunèlixh thc f , dhlad  h f ∗0, eÐnai
h sun�rthsh pijanìthtac thc ekfulismènhc katanom c sto shmeÐo 0.

Gia tic peript¸seic ìpou h diakrit  tuqaÐa metablht  tou arijmoÔ twn apozhmi¸sewn
an kei stic kl�seic katanom¸n (a, b, 0) kai (a, b, 1), up�rqoun analutikoÐ tÔpoi gia k�je
mÐa perÐptwsh, pou upologÐzoun anadromik� th sun�rthsh puknìthtac pijanìthtac gia
thn katanom  twn sunolik¸n apozhmi¸sewn. Ta apotelèsmata èqoun dojeÐ apì èna
�rjro tou Panjer(1981) gia thn perÐptwsh ìpou to Ôyoc twn apozhmi¸sewn eÐnai
diakrit  tuqaÐa metablht  , kai dieukolÔnoun shmantik� ston upologismì thc sun�rthshc
pijanìthtac twn sunolik¸n apozhmi¸sewn. Sthn perissìtero {realistik } perÐptwsh
ìpou h tuqaÐa metablht  tou Ôyouc twn apozhmi¸sewn eÐnai suneq c, tìte o analutikìc
tÔpoc gia ton upologismì thc sun�rthshc puknìthtac pijanìthtac twn sunolik¸n
apozhmi¸sewn dÐnetai apì èna �rjro twn Sundt & Jewell(1981).
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Je¸rhma 2.1.1. 'Estw S = X1 + X2 + X3 + ... + XN , ìpou N ∈ (a, b, 1) me
pn = Pr(N = n), kai f h sun�rthsh puknìthtac pijanìthtac thc t.m. X, pou parist�nei
to Ôyoc twn apozhmi¸sewn.

EpÐshc, èstw g h sun�rthsh puknìthtac pijanìthtac twn sunolik¸n apozhmi¸sewn,
tìte

g(x) = p1f(x) +

∫ x

0

(
α + β

t

x

)
f(t)g(x− t)dt , x > 0

me g(0) = PN (f(0)). 2

H proanaferjeÐsa sqèsh gia th sun�rthsh puknìthtac pijanìthtac twn sunolik¸n
apozhmi¸sewn isqÔei kai gia thn kl�sh (a, b, 0), afoÔ eÐnai uposÔnolo thc eurÔterhc
kl�shc (a, b, 1).

H arqik  tim  g(0) prokÔptei wc ex c:

g(0) = Pr(S = 0)

'Omwc,

PS(t) =
∞∑
k=0

Pr(S = k)tk = Pr(S = 0) +
∞∑
k=1

g(x)tk

en¸ gia t = 0, èqoume

PS(0) = g(0) +
∞∑
k=1

g(x) · 0k = g(0)

'Omwc,

PS(t) = PN [PX(t)] ⇒ PS(0) = PN [PX(0)]

kai, antistoÐqwc gia thn pijanogenn tria sun�rthsh thc t.m. X, isqÔei

PX(0) = f(0)

Telik¸c, prokÔptei ìti

g(0) = PN [f(0)] .
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2.1.3 H epektajeÐsa perikommènh arnhtik  diwnumik 

Wc gnwstìn h arnhtik  diwnumik  orÐzetai austhr¸c gia jetikèc timèc twn paramètrwn
r, p. MÐa genÐkeush thc arnhtik c diwnumik c eÐnai h Extended Truncated Negative
Binomial(ETNB), thc opoÐac h ellhnik  apìdosh ja mporoÔse na eÐnai h Epekta-
jeÐsa Perikommènh Arnhtik  Diwnumik (EPAD), kai katìpin ja anafèretai
wc ETNB. H en lìgw katanom  orÐzetai austhr¸c gia −1 < r < 0, ki akìma an kei
sthn kl�sh katanom¸n (a, b, 1). H analutik  morf  thc sun�rthshc pijanìthtac thc
ETNB ofeÐletai se èna �rjro tou Willmot(1988) kai èqei wc ex c:

pn = Pr(N = n) =
−rΓ(n+ r)

n!Γ(1 + r)
· pn

1− (1− p)−r
, n = 1, 2, 3, . . . . (2.1.22)

ìpou, −1 < r < 0 kai 0 < p < 1.

Akìma, h pijanogenn tria sun�rthsh thc katanom c ETNB (blèpe Willmot(1988)),
PN(t), ja eÐnai

PN(t) =
∞∑
n=1

tn pn , n = 1, 2, 3, . . .

=
∞∑
n=1

tn · −rΓ(n+ r)

n!Γ(1 + r)
· pn

1− (1− p)−r

= − r

1− (1− p)−r
∞∑
n=1

(pt)nΓ(n+ r)

n!Γ(1 + r)
= − r

1− (1− p)−r
∞∑
n=1

(pt)n(n+ r − 1)!

n!r!

= − r

1− (1− p)−r
∞∑
n=1

(pt)n(n+ r − 1)!

n!(r − 1)!r

⇒ PN(t) = − 1

1− (1− p)−r
∞∑
n=1

(
n+ r − 1

n

)
(pt)n (2.1.23)

Akìmh, gnwrÐzoume ìti

∞∑
n=0

(
n+ r − 1

n

)
(pt)n (1− pt)r = 1 , ∀r , |pt| < 1

∞∑
n=1

(
n+ r − 1

n

)
(pt)n (1− pt)r = 1− (1− pt)r

⇒
∞∑
n=1

(
n+ r − 1

n

)
(pt)n =

1− (1− pt)r

(1− pt)r
. (2.1.24)
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Apì tic sqèseic (2.1.23) kai (2.1.24), prokÔptei to ex c:

PN(t) = − 1

1− (1− p)−r
· 1− (1− pt)r

(1− pt)r
. (2.1.25)

Pollaplasi�zontac kai diair¸ntac th sqèsh (2.1.25) me ton ìro (1 − pt)−r, paÐrnoume
to apotèlesma gia thn pijanogenn tria sun�rthsh thc katanom c ETNB:

PN(t) =
1− (1− pt)−r

1− (1− p)−r
. (2.1.26)

2

Dedomènou ìti h ETNB an kei sthn kl�sh (a, b, 1), oi timèc twn paramètrwn a, b
prokÔptoun apì to lìgo dÔo diadoqik¸n pijanot twn wc ex c:

pn
pn−1

=

−rΓ(n+r)
n!Γ(1+r)

−rΓ(n−1+r)
(n−1)!Γ(1+r)

pn

1−(1−p)−r

pn−1

1−(1−p)−r
, n = 2, 3, 4, . . .

=
pn(n− 1)!Γ(n+ r)

pn−1n!Γ(n− 1 + r)

=
p

n

(n+ r − 1)Γ(n− 1 + r)

Γ(n− 1 + r)
=
pn+ (r − 1)p

n

⇒ pn
pn−1

= p+
(r − 1)p

n
, n = 2, 3, 4, . . . . (2.1.27)

Sunep¸c, apì th sqèsh (2.1.27), parathroÔme ìti a = p kai b = (r−1)p, me −1 < r < 0
kai 0 < p < 1.

'Ena shmantikì stoiqeÐo gia thn katanom  ETNB eÐnai ìti parousi�zei p�nta mègisto
sto shmeÐo k = 1 (blèpe Frostig et al(2010)). Apì th sqèsh (2.1.27), èqoume

pn
pn−1

= p

(
1 +

r − 1

n

)
< 1 , n = 2, 3, 4, . . . .

Epiprosjètwc, me th bo jeia thc sqèshc (2.1.26), mporoÔme na broÔme tic dÔo pr¸tec
ropèc thc katanom c ETNB, efìson gnwrÐzoume thn pijanogenn tria sun�rthsh
thc katanom c. Epomènwc, gia na broÔme thn pr¸th rop  thc katanom c, arkeÐ na
upologÐsoume thn pr¸th par�gwgo thc pijanogenn triac sun�rthshc thc katanom c.

d

dt
PN(t) =

d

dt

1− (1− pt)−r

1− (1− p)−r
.

ParagwgÐzontac wc proc k thn pijanogenn tria sun�rthsh thc katanom c ETNB,
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paÐrnoume

d

dt
PN(t) =

1

1− (1− p)−r
d

dt

[
1− (1− pt)−r

]
=

1

1− (1− p)−r
[
r(1− pt)−r−1(−p)

]
⇒ d

dt
PN(t) =

−pr(1− pt)−r−1

1− (1− p)−r
.

Sunep¸c, gia t = 1 lamb�noume thn paragontik  rop  pr¸th t�xewc   pr¸th kentrik 
rop , h opoÐa antistoiqeÐ sth mèsh tim  thc katanom c.

E(N) =
d

dt
PN(t)|t=1 = −pr(1− p)

−r−1

1− (1− p)−r
. (2.1.28)

2

Gia na epalhjeÔsoume thn orjìthta tou apotelèsmatoc gia th mèsh tim  thc katanom c
ETNB, mporoÔme na th broÔme me diaforetikì trìpo mèsw thc sqèshc (2.1.17). H mèsh
tim  gia mÐa katanom  pou an kei sthn kl�sh (a, b, 1) dÐnetai apì th sqèsh

E(N) =
a+ b+ p1

1− a

Apì th sqèsh (2.1.22) mporoÔme eÔkola na diapist¸soume ìti h sun�rthsh pijanìthtac
sto shmeÐo k = 1 thc katanom c ETNB me paramètrouc r kai p eÐnai

p1 = − pr

1− (1− p)−r
. (2.1.29)

Me b�sh tic sqèseic (2.1.17), (2.1.27) sthn opoÐa diakrÐnoume tic timèc twn paramètrwn
a kai b, kai thc (2.1.29) mporoÔme na broÔme th mèsh tim . 'Eqoume,

E(N) =
a+ b+ p1

1− a
=
p+ (r − 1)p− pr

1−(1−p)−r

1− p

=

pr[1−(1−p)−r]−pr
1−(1−p)−r

1− p

=
pr [−(1− p)−r]

(1− p) [1− (1− p)−r]
.

Telik¸c, basizìmenoi kai sto teleutaÐo apotèlesma, sumperaÐnoume ìti h mèsh tim  thc
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katanom c ETNB eÐnai

E(N) = −pr(1− p)
−r−1

1− (1− p)−r
.

2

Akìmh mporoÔme na broÔme th deÔterh kentrik  rop  thc katanom c ETNB, mèsw thc
paragontik c rop c deÔterhc t�xewc se sunduasmì me thn  dh up�rqousa pr¸th rop .
OmoÐwc, me to prohgoÔmeno apotèlesma, isqÔei

d2

dt2
PN(t) =

1

1− (1− p)−r
d

dt

[
−pr(1− pt)−r−1

]
=

1

1− (1− p)−r
[
pr(r + 1)(1− pt)−r−2(−p)

]
⇒ d2

dt2
PN(t) = −p

2r(r + 1)(1− pt)−r−2

1− (1− p)−r
. (2.1.30)

Sunep¸c, gia t = 1 lamb�noume thn paragontik c rop c deÔterhc t�xewc. EÐnai

E [N(N − 1)] =
d2

dt2
PN(t)|t=1 = −p

2r(r + 1)(1− p)−r−2

1− (1− p)−r

⇔ E
(
N2 −N

)
= −p

2r(r + 1)(1− p)−r−2

1− (1− p)−r

⇔ E(N2) = −p
2r(r + 1)(1− p)−r−2

1− (1− p)−r
+ E(N)

= −p
2r(r + 1)(1− p)−r−2

1− (1− p)−r
− pr(1− p)−r−1

1− (1− p)−r

⇒ E(N2) =
−p2r(r + 1)(1− p)−r−2 − pr(1− p)−r−1

1− (1− p)−r
. (2.1.31)

ShmeÐwsh

Sthn eidik  perÐptwsh ìpou r → 0, tìte h prokÔptousa katanom  eÐnai h logarijmik 
me sun�rthsh pijanìthtac

pn = Pr(N = n) =
pn

−n log(1− p)
, n = 1, 2, 3, . . . .

me a = p kai b = −p, ìpou 0 < p < 1.

Ta a kai b prokÔptoun an sth sqèsh (2.1.27) jèsoume r = 1.
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Akìmh, h pijanogenn tria sun�rthsh thc logarijmik c katanom c, èstw P (t), prokÔptei
wc ex c:

P (t) = E
(
tN
)

=
∞∑
n=1

tn
pn

−n log(1− p)
= − 1

log(1− p)

∞∑
n=1

(pt)n

n

⇒ P (t) = − 1

log(1− p)
· [− log(1− pt)]

⇒ P (t) =
log(1− pt)
log(1− p)

.

2

Telik¸c, axÐzei na shmeiwjeÐ ìti oi katanomèc pou apartÐzoun thn kl�sh (a, b, 1)
eÐnai ekeÐnec pou an koun sthn kl�sh (a, b, 0) sumperilambanomènwn twn katanom¸n
ETNB kai logarijmik c kaj¸c kai twn tropopoi sewn epÐ twn katanom¸n aut¸n (blèpe
Willmot(1988)).

2.2 Oi kl�seic katanom¸n axiopistÐac

Oi kl�seic katanom¸n axiopistÐac eÐnai ènnoiec sunufasmènec me th jewrÐa axiopistÐac,
oi opoÐec meletoÔn orismènec posìthtec anaforik� me to qrìno zw c twn suskeu¸n
  k�poiwn susthm�twn. Wstìso, h eureÐa qrhsimìthta twn katanom¸n axiopistÐac
ekteÐnetai kai sthn analogistik  epist mh, ètsi ¸ste na epitrèpei thn exagwg 
sumperasm�twn gia tic idiìthtec twn katanom¸n pou qrhsimopoioÔntai sth jewrÐa
qreokopÐac. DÔo basik� megèjh pou ja mac apasqol soun eÐnai h bajmÐda apotuqÐac
(failure rate) kai o mèsoc upoleipìmenoc qrìnoc zw c (mean residual lifetime).
AxÐzei na shmeiwjeÐ p¸c oi prokeÐmenec posìthtec pou ja mac apasqol soun, ja
ekfrastoÔn sth diakrit  perÐptwsh, en¸ arket� basik� apotelèsmata p�rjhkan apì
touc Willmot & Lin(2001) kai Barlow & Proschan(1975).

2.2.1 H bajmÐda apotuqÐac

H bajmÐda apotuqÐac orÐzetai na eÐnai h desmeumènh sun�rthsh pijanìthtac mÐac diakrit c
tuqaÐac metablht c, kai ja sumbolÐzetai me hk.

Orismìc 2.2.1. 'Estw mÐa jetik  diakrit  t.m. X me sun�rthsh katanom c F , kai
sun�rthsh pijanìthtac f . Tìte, h bajmÐda apotuqÐac hk ja eÐnai

hk = Pr(X = k|X ≥ k) =
Pr(X = k)

Pr(X ≥ k)

⇒ hk =
f(k)

1− F (k − 1)
, k = 0, 1, 2, . . . .

2
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Pio sugkekrimèna, ìtan h tuqaÐa metablht  N anaparist� ton arijmì twn apozh-
mi¸sewn enìc qartofulakÐou, tìte ja isqÔoun orismènec tropopoi seic. 'Estw h
sun�rthsh pijanìthtac na eÐnai

pn = Pr(N = n) , n = 0, 1, 2, . . . .

Ki akìma, gia th dexi� our� thc katanom c   sun�rthsh epibÐwshc ja isqÔei

an = Pr(N > n) =
∞∑

k=n+1

pk , n = 0, 1, 2, . . . .

Telik¸c, ap' ìla ta parap�nw sumperaÐnoume ìti h diakrit  bajmÐda apotuqÐac ja isoÔtai
me:

hn = Pr(N = n|N ≥ n) =
Pr(N = n)

Pr(N > n) + Pr(N = n)

⇒ hn =
pn

an + pn
.

Akìma, gia an > 0, isqÔei

an+1

an
=

Pr(N > n+ 1)

Pr(N > n)
=

Pr(N > n+ 1)

Pr(N > n+ 1) + Pr(N = n+ 1)

=
an+1

pn+1 + an+1

=
pn+1 + an+1 − pn+1

pn+1 + an+1

=
pn+1 + an+1

pn+1 + an+1

− pn+1

pn+1 + an+1

⇒ an+1

an
= 1− hn+1 , n = 0, 1, 2, . . . . (2.2.1)

Sunep¸c, apì th sqèsh (2.2.1), mporoÔme na sumper�noume th monotonÐa thc bajmÐdac
apotuqÐac. Epomènwc, h akoloujÐa {an+1/an , n = 0, 1, 2, . . .} eÐnai fjÐnousa(aÔxousa)
an kai mìno an h akoloujÐa {hn+1 , n = 0, 1, 2, . . .} eÐnai aÔxousa(fjÐnousa). Diafore-
tik�, an h katanom  F eÐnai tètoia ¸ste h bajmÐda apotuqÐac na eÐnai aÔxousa, tìte h
katanom  F lègetai discrete − Increasing Failure Rate(D − IFR), alli¸c an eÐnai
fjÐnousa onom�zetai discrete−Decreasing Failure Rate(D −DFR).

IdiaÐtero endiafèron wc proc th monotonÐa thc bajmÐdac apotuqÐac parousi�zoun ta
mèlh thc kl�shc katanom¸n (a, b, 0). Apì tic tèsseric sunolik� katanomèc, ja dojoÔn
akribeÐc tÔpoi mìno gia thn Poisson kai th gewmetrik , kaj¸c h dÔsqrhsth èkfrash
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twn sunart sewn epibÐwshc thc arnhtik c diwnumik c kai thc diwnumik c katanom c
dusqeraÐnei thn eÔresh thc antÐstoiqhc bajmÐdac apotuqÐac touc.

1.Poisson

Gia thn katanom  Poisson isqÔei

pn = Pr(N = n) = e−λ
λn

n!
, n ≥ 0.

Akìma, gia th sun�rthsh epibÐwshc thc katanom c Poisson isqÔei

an−1 = Pr(N ≥ n) =
∞∑
k=n

pk

⇒ an−1 = e−λ
(
eλ − eλΓ(n, λ)

Γ(n)

)
, n = 1, 2, 3, . . . .

Telik¸c, gia th bajmÐda apotuqÐac hn isqÔei

hn =
Pr(N = n)

Pr(N ≥ n)
=

e−λ λ
n

n!

e−λ
(
eλ − eλΓ(n,λ)

Γ(n)

)
=

λn

n!

eλ − eλΓ(n,λ)
Γ(n)

=
λn

n!
eλ(n−1)!−eλΓ(n,λ)

(n−1)!

⇒ hn =
λn

eλn!− eλ · n · Γ(n, λ)

ìpou h sun�rthsh g�mma, Γ(k), orÐzetai apì ton tÔpo

Γ(k) =

∫ ∞
0

tk−1e−tdt

en¸, eidikìtera ìtan to k eÐnai akèraioc, isqÔei

Γ(k) = (k − 1)! , ∀k ∈ Z

en¸ h mh-pl rhc sun�rthsh g�mma(incomplete gamma function), Γ(k, λ), orÐzetai wc

Γ(k, λ) =

∫ ∞
λ

tk−1e−tdt.
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2.Gewmetrik 

Gia thn gewmetrik  katanom  isqÔei

pn = Pr(N = n) = p(1− p)n , n = 0, 1, 2, . . . , p > 0.

Akìma, gia th sun�rthsh epibÐwshc thc gewmetrik c katanom c isqÔei

an−1 = Pr(N ≥ n) =
∞∑
k=n

pk = p
(1− p)n − 0

1− (1− p)

=
p(1− p)n

p

⇒ an−1 = (1− p)n = qn , n = 1, 2, 3, . . . .

Telik¸c, gia th bajmÐda apotuqÐac hn isqÔei

hn =
Pr(N = n)

Pr(N ≥ n)
=
p(1− p)n

(1− p)n
⇒ hn = p. (2.2.2)

Apì th sqèsh (2.2.2) parathroÔme ìti h bajmÐda apotuqÐac thc gewmetrik c katanom c
eÐnai stajer  kai Ðsh me p > 0, dhlad  den eÐnai aÔxousa   fjÐnousa, kai kat' epèktash
sumperaÐnoume ìti h gewmetrik  katanom  den an kei oÔte sthn kl�sh D − IFR oÔte
kai sthn D −DFR.

2.2.2 O mèsoc upoleipìmenoc qrìnoc zw c

O mèsoc upoleipìmenoc qrìnoc zw c ektim� ton upoleipìmeno {qrìno zw c} tou upì
melèth megèjouc pou akoloujeÐ mÐa sugkekrimènh katanom . Ac jewr soume mÐa
jetik  tuqaÐa metablht , èstw X, kai thn t.m tou upoleipìmenou qrìnou zw c pou
ja sumbolÐzetai me Tx. Tìte, ja isqÔei

Tx = X − x|X > x , gia x > 0

Tìte, h sun�rthsh katanom c tou upoleipìmenou qrìnou zw c ja eÐnai
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FTx(t) = Pr(Tx ≤ t) = Pr(X − x ≤ t|X > x) = Pr(X ≤ x+ t|X > x)

=
Pr(x < X ≤ x+ t)

Pr(X > x)

=
F (x+ t)− F (x)

1− F (x)

=
F (x)− F (x+ t)

F (x)
= 1− F (x+ t)

F (x)
.

ìpou, F (·) eÐnai h ajroistik  sun�rthsh katanom c thc t.m. X.
Akìma, gia th sun�rthsh epibÐwshc tou upoleipìmenou qrìnou zw c isqÔei

F Tx(t) = 1− FTx(t)

⇒ F Tx(t) =
F (x+ t)

F (x)
.

Sunep¸c, gia to mèso upoleipìmeno qrìno zw c isqÔei

E(Tx) =

∫ ∞
0

F Tx(t)dt =
1

F (x)

∫ ∞
0

F (x+ t)dt

Jètontac x+ t = y èqoume

E(Tx) =
1

F (x)

∫ ∞
x

F (y)dy =
1

F (x)
F e(x)E(X)

⇒ E(Tx) =
F e(x)E(X)

F (x)
.

ìpou F e(·), h sun�rthsh epibÐwshc thc katanom c isorropÐac thc t.m. X ìpwc èqei
oristeÐ sthn enìthta 1.2.6. 2

Sthn diakrit  perÐptwsh me thn opoÐa ja asqolhjoÔme o mèsoc upoleipìmenoc qrìnoc
zw c ja sumbolÐzetai me rn kai ja eÐnai:

rn = E (N − n|N > n) . (2.2.3)

Apì th sqèsh (2.2.3) lamb�noume,

rn = E (N − n|N > n) =

∑∞
k=n+1(k − n)pk

Pr(N > n)
. (2.2.4)

65



O arijmht c tou parap�nw kl�smatoc isoÔtai me:

∞∑
k=n+1

(k − n)pk =
∞∑

k=n+1

k · pk −
∞∑

k=n+1

n · pk

= [(n+ 1)pn+1 + (n+ 2)pn+2 + (n+ 3)pn+3 + . . .]− nan
= pn+1 + 2pn+2 + 3pn+3 + . . .

= [pn+1 + pn+2 + pn+3 + . . .] + [pn+2 + pn+3 + . . .] + . . .

= an + an+1 + an+2 + . . .

=
∞∑
k=n

ak. (2.2.5)

Apì tic sqèseic (2.2.4) kai (2.2.5) o mèsoc upoleipìmenoc qrìnoc zw c ekfr�zetai apì
ton akìloujo tÔpo

rn =

∑∞
k=n ak
an

. (2.2.6)

Me b�sh thn teleutaÐa sqèsh, ja lème ìti an o mèsoc upoleipìmenoc qrìnoc zw c
eÐnai mÐa mh-fjÐnousa sun�rthsh tìte h katanom  F thc t.m. N ja onom�zetai
discrete− Increasing Mean Residual Lifetime(D− IMRL), alli¸c an h akoloujÐa
tou mèsou upoleipìmenou qrìnou zw c eÐnai mÐa mh-aÔxousa sun�rthsh, tìte h katanom 
F ja lègetai discrete −Decreasing Mean Residual Lifetime(D −DMRL). AxÐzei
na shmeiwjeÐ ìti h kl�sh katanom¸n pou eÐnai D − DFR(antÐstoiqa D − IFR) eÐnai
uposÔnolo tou sunìlou twn katanom¸n pou eÐnai D− IMRL(antÐstoiqa D−DMRL).
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Kef�laio 3

H katanom  tou arijmoÔ twn
apozhmi¸sewn èwc th qreokopÐa
me ekjetikoÔc endi�mesouc
qrìnouc

Sto parìn kef�laio ja melethjeÐ endeleq¸c h tuqaÐa metablht  tou arijmoÔ twn
apozhmi¸sewn èwc th qreokopÐa. Jewr¸ntac to klasikì montèlo thc jewrÐac
qreokopÐac, dÔo basikèc paradoqèc pou ja gÐnoun eÐnai ìti tìso h t.m. twn endi�meswn
qrìnwn, ìso kai h t.m. tou Ôyouc twn apozhmi¸sewn akoloujoÔn thn ekjetik 
katanom  me diaforetikèc paramètrouc, proôpojètontac ìti to arqikì apojematikì eÐnai
mhdèn. Upì autèc tic proôpojèseic ja gÐnei mÐa ektÐmhsh gia thn katanom  thc tuqaÐac
metablht c tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa. 'Epeita, ja dojeÐ mÐa seir�
arijmhtik¸n efarmog¸n gia th sun�rthsh pijanìthtac kai th bajmÐda apotuqÐac kaj¸c
metab�llontai ìlec oi emplekìmenec par�metroi.

3.1 H sun�rthsh pijanìthtac tou arijmoÔ twn

apozhmi¸sewn èwc th qreokopÐa

H eÔresh thc katanom c tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa parousi�zei
arketèc duskolÐec, diìti h en lìgw tuqaÐa metablht  apoteleÐ mÐa idi�zousa ènnoia thc
jewrÐac qreokopÐac. H shmantikìterh metaxÔ aut¸n twn duskoli¸n eÐnai ìti o arijmìc
twn apozhmi¸sewn mèqri th qreokopÐa eÐnai mÐa elleimmatik  tuqaÐa metablht , diìti
to endeqìmeno na mhn up�rxei qreokopÐa eÐnai efiktì. IsqÔei, dhlad , o akìloujoc
majhmatikìc tÔpoc:

Pr (NT =∞) > 0
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H prwtìtuph idèa gia thn eÔresh thc katanom c tou arijmoÔ twn apozhmi¸sewn èwc
th qreokopÐa proèrqetai apì to �rjro twn Frostig et al(2010). AxÐzei na shmeiwjeÐ
gia akìmh mÐa for� ìti o upodeÐkthc T anaparist� ìti h n−ost  apaÐthsh, gia k�poio
n ≥ 1, prokaleÐ th qreokopÐa th qronik  stigm  t = T .

Mia despìzousa posìthta sth jewrÐa qreokopÐac, pou sqetÐzetai �mesa me ton arijmì
twn apozhmi¸sewn èwc th qreokopÐa, eÐnai o qrìnoc thc qreokopÐac, mèsw tou opoÐou
mporoÔme na odhghjoÔme sthn eÔresh thc sun�rthshc pijanìthtac thc t.m. tou arijmoÔ
twn apozhmi¸sewn èwc th qreokopÐa. 'Opwc gÐnetai eÔkola antilhptì o qrìnoc thc
qreokopÐac eÐnai kai aut  mÐa elleimmatik  tuqaÐa metablht . H puknìthta tou qrìnou
qreokopÐac, T , exart�tai shmantik� apì ton arijmì twn apozhmi¸sewn èwc th qreokopÐa,
kai sundèontai me thn akìloujh sqèsh:

T =

NT∑
i=1

Wi

ìpou h t.m. Wi, i = 1, 2, 3, . . . upodhl¸nei touc endi�mesouc qrìnouc metaxÔ twn
apait sewn.

Ac sumbolÐzoume me ft kai FT thn sun�rthsh puknìthtac pijanìthtac kai thn ajroistik 
sun�rthsh katanom c, antistoÐqwc, tou qrìnou qreokopÐac. Tìte, gia arqikì apoje-
matikì U(0) = u ja isqÔei:

FT (t) = Pr(T ≤ t|U(0) = u)

Me th bo jeia tou jewr matoc olik c pijanìthtac, kai desmeÔontac wc proc ton arijmì
twn apozhmi¸sewn èwc th qreokopÐa, lamb�noume:

FT (t) =
∞∑
k=1

Pr [T ≤ t | NT = k, U(0) = u] Pr [NT = k | U(0) = u] . (3.1.1)

ShmeÐwsh

To �jroisma sth sqèsh (3.1.1) xekin�ei apì thn tim  k = 1, diìti h qreokopÐa mporeÐ na
sumbeÐ me toul�qiston mÐa apaÐthsh, en¸ den ufÐstatai qreokopÐa me mhdenikì pl joc
apait sewn. 2

Akìmh, mporoÔme na jewr soume th desmeumènh katanom  tou qrìnou qreokopÐac. 'Estw
h sun�rthsh Hk(t), gia thn opoÐa isqÔei

Hk(t) = Pr [T ≤ t | NT = k, U(0) = u]
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Sunep¸c, h (3.1.1) gÐnetai

FT (t) =
∞∑
k=1

Hk(t) Pr [NT = k | U(0) = u]

Epiprosjètwc, orÐzoume thn puknìthta pou antistoiqeÐ sth sun�rthsh katanom c Hk(t):

hk(t) =
d

dt
Hk(t) (3.1.2)

Gia th sun�rthsh puknìthtac pijanìthtac tou qrìnou qreokopÐac me mhdenikì arqikì
apojematikì, lamb�noume ta ex c:

fT (t) =
d

dt
FT (t) =

d

dt

∞∑
k=1

Hk(t) Pr [NT = k | U(0) = 0]

⇒ fT (t) =
∞∑
k=1

hk(t) Pr [NT = k | U(0) = 0] . (3.1.3)

Sth sunèqeia ja parousi�soume èna basikì apotèlesma twnBorovkov &Dickson(2008),
gia thn puknìthta tou qrìnou qreokopÐac, b�sei tou opoÐou kai thc sqèshc (3.1.3),
mporoÔme na ex�goume mÐa sqèsh gia thn sun�rthsh pijanìthtac thc t.m. tou arijmoÔ
twn apozhmi¸sewn èwc th qreokopÐa.

Je¸rhma 3.1.1. (blèpe Borovkov & Dickson(2008)). Upojètoume ìti h tuqaÐa
metablht  tou Ôyouc twn apozhmi¸sewn akoloujeÐ thn ekjetik  katanom  me par�metro
β > 0. Dhlad , isqÔei

Pr(Xi > x) = e−βx, x ≥ 0.

Akìmh, oi tuqaÐec metablhtèc twn endi�meswn qrìnwn, Wi, i = 1, 2, 3, . . . , eÐnai
anex�rthtec kai isìnomec metaxÔ touc me sun�rthsh puknìthtac pijanìthtac fW (t).

Upì autèc tic proôpojèseic, h sun�rthsh puknìthtac pijanìthtac tou qrìnou qreokopÐac,
fT (t), dÐdetai apì ton akìloujo majhmatikì tÔpo:

fT (t) = e−β(u+ct)

∞∑
n=0

βn(u+ ct)n−1

n!

(
u+

ct

n+ 1

)
f
∗(n+1)
W (t). (3.1.4)

2
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Q�rin eukolÐac, an sthn sqèsh (3.1.4) jèsoume u = 0, lamb�noume:

fT (t) = e−βct
∞∑
n=0

βn(ct)n−1

n!

(
ct

n+ 1

)
f
∗(n+1)
W (t)

⇒ fT (t) = e−βct
∞∑
n=0

(βct)n

(n+ 1)!
· f ∗(n+1)

W (t). (3.1.5)

Katìpin, an jèsoume gia n+ 1 = k, sth sqèsh (3.1.5), paÐrnoume:

fT (t) = e−βct
∞∑
k=1

(βct)k−1

k!
f ∗kW (t) (3.1.6)

ParathroÔme ìti oi sqèseic (3.1.3) kai (3.1.6) mac dÐnoun thn puknìthta tou qrìnou
qreokopÐac, opìte an tic exis¸soume ja p�roume:

∞∑
k=1

hk(t) Pr [NT = k | U(0) = 0] =
∞∑
k=1

e−βct
(βct)k−1

k!
f ∗kW (t)

Me b�sh thn parap�nw sqèsh odhgoÔmaste diaisjhtik� sto sumpèrasma ìti

hk(t) Pr [NT = k | U(0) = 0] = e−βct
(βct)k−1

k!
f ∗kW (t). (3.1.7)

H austhr  apìdeixh tou apotelèsmatoc paraleÐpetai. 2

Apì thn teleutaÐa sqèsh parathroÔme, ìti h hk(t) eÐnai mÐa mh-elleimmatik  puknìthta
tou qrìnou qreokopÐac, kaj¸c èqoume desmeÔsei wc proc to endeqìmeno ìti o arijmìc
twn apozhmi¸sewn ja l�bei mÐa jetik  peperasmènh tim  Ðsh me k. Epomènwc,
oloklhr¸nontac wc proc t th sqèsh (3.1.7), paÐrnoume:

∫ ∞
0

hk(t) Pr [NT = k | U(0) = 0] dt =

∫ ∞
0

e−βct
(βct)k−1

k!
f ∗kW (t)dt

⇔ Pr [NT = k | U(0) = 0] =

∫ ∞
0

e−βct
(βct)k−1

k!
f ∗kW (t)dt. (3.1.8)

H sqèsh (3.1.8) mac dÐnei th sun�rthsh pijanìthtac thc t.m. tou arijmoÔ twn
apozhmi¸sewn èwc th qreokopÐa, qwrÐc na èqei gÐnei ìmwc k�poia upìjesh gia thn
katanom  twn endi�meswn qrìnwn, en¸ to arqikì apojematikì eÐnai mhdèn(U(0) = 0).
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Upìjesh

Upojètoume ìti oi t.m. twn endi�meswn qrìnwn akoloujoÔn thn ekjetik  katanom 
me par�metro λ > 0. Profan¸c ja isqÔei:

'Estw Wi ∼ Exp (λ) , λ > 0, tìte,

Pr(Wi > t) = e−λt, t ≥ 0.

kai
fW (t) = λe−λt, t ≥ 0.

Akìmh, gnwrÐzoume ìti h sunèlixhm ekjetik¸n katanom¸n, mac dÐnei mÐa G�mma katanom 
me paramètrouc m kai thn par�metro thc ekjetik c katanom c. Sthn prokeimènh
perÐptwsh gia th sunèlixh k ekjetik¸n katanom¸n me par�metro β, èqoume:

f ∗kW (t) =
λk

Γ(k)
tk−1e−λt, t ≥ 0. (3.1.9)

Sunep¸c, apì tic sqèseic (3.1.8) kai (3.1.9), paÐrnoume:

Pr [NT = k | U(0) = 0] =

∫ ∞
0

e−βct
(βct)k−1

k!
· λk

Γ(k)
tk−1e−λtdt

=
λk(βc)k−1

Γ(k + 1) Γ(k)

∫ ∞
0

(t2)k−1 e−(βc+λ)tdt

=
λk (βc)k−1 Γ(2k − 1)

Γ(k + 1) Γ(k) (βc+ λ)2k−1

∫ ∞
0

(βc+ λ)2k−1 t2k−1−1 e−(βc+λ)t

Γ(2k − 1)
dt.

To olokl rwma sthn teleutaÐa isìthta anaparist� th sun�rthsh puknìthtac pijanìth-
tac mÐac G�mma katanom c me paramètrouc 2k−1 kai βc+λ, ki opìte isoÔtai me th mon�da.

Telik¸c, gia th sun�rthsh pijanìthtac thc t.m. tou arijmoÔ twn apozhmi¸sewn èwc th
qreokopÐa lamb�noume:

Pr (NT = k | U(0) = 0) =
λk (βc)k−1 Γ(2k − 1)

Γ(k + 1) Γ(k) (βc+ λ)2k−1
(3.1.10)
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Pr (NT = k | U(0) = 0) =
Γ(2k − 1)

k!Γ(k)
· λ

k (βc)k−1

(βc+ λ)2k−1
. (3.1.11)

'Omwc, isqÔei h akìloujh sqèsh, h opoÐa ja mac qreiasteÐ sth sunèqeia kai paratÐjetai
katìpin upodeÐxewc tou epiblèpontoc kajhght .

L mma 3.1.1. 'Estw ìti gia th sun�rthsh G�mma isqÔei h akìloujh idiìthta:

Γ(k) = (k − 1)! , k = 1, 2, 3, . . . .

Tìte isqÔei h akìloujh sqèsh:

Γ(2k − 1)

Γ(k)
=

Γ
(
k − 1

2

)
22k−2

Γ
(

1
2

) , k = 1, 2, 3, . . . . (3.1.12)

2

Apìdeixh

OrÐzoume mÐa par�stash, èstw A, to dexiì mèloc thc sqèshc (3.1.12). Tìte, èqoume

A =
Γ
(
k − 1

2

)
22k−2

Γ
(

1
2

) . (3.1.13)

Qrhsimopoi¸ntac diadoqik� thn idiìthta tou l mmatoc ston pr¸to ìro tou arijmht  thc
majhmatik c par�stashc A, lamb�noume

Γ

(
k − 1

2

)
=

(
k − 3

2

)
× Γ

(
k − 3

2

)
=

(
k − 3

2

)
×
(
k − 5

2

)
× Γ

(
k − 5

2

)
. . .

=

(
k − 3

2

)
×
(
k − 5

2

)
. . .× 1

2
× Γ

(
1

2

)
.

Me b�sh thn teleutaÐa idiìthta, h sqèsh (3.1.13) gÐnetai:

A =
Γ
(
k − 1

2

)
22k−2

Γ
(

1
2

) =

(
k − 3

2

) (
k − 5

2

)
. . . 1

2
Γ
(

1
2

)
22k−2

Γ
(

1
2

)
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Sunep¸c, èqoume

A = 22k−2 ·
(
k − 3

2

)(
k − 5

2

)
. . .

1

2

= 2k−1 · (2k − 3)(2k − 5) . . . 1

An sthn teleutaÐa sqèsh pollaplasi�soume kai diairèsoume me to ginìmeno (2k−2)(2k−
4)(2k − 6) . . . 2, tìte paÐrnoume

A =
2k−1(2k − 2)(2k − 3)(2k − 4) . . . 1

(2k − 2)(2k − 4)(2k − 6) . . . 2

=
(2k − 2)!

2k−2
2
· 2k−4

2
· 2k−6

2
. . . 1

=
(2k − 2)!

(k − 1)!
.

Telik¸c, sÔmfwna me thn idiìthta thc sun�rthshc G�mma lamb�noume to zhtoÔmeno.

A =
Γ
(
k − 1

2

)
22k−2

Γ
(

1
2

) =
Γ(2k − 1)

Γ(k)
.

2

Akìma xèroume ìti an N ∼ ETNB(r, p), tìte

pn = Pr(N = n) =
−r · Γ(n+ r)

n!Γ(1 + r)
· pn

1− (1− p)−r
, n = 1, 2, 3, . . . . (3.1.14)

GnwrÐzoume ìti h par�metroc r thc prokeÐmenhc katanom c lamb�nei timèc metaxÔ tou −1
kai tou 0. Gia to lìgo autì ja jewr soume mÐa arqik  tim  anafor�c. 'Estw,

r = −1

2

Sunep¸c, me dedomènh tim  thc paramètrou r, èqoume

Γ(1 + r) = Γ

(
1− 1

2

)
= Γ

(
1

2

)
kai

Γ(n+ r) = Γ

(
n− 1

2

)
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Me b�sh ta parap�nw, h sqèsh (3.1.11) h opoÐa mac dÐnei thn sun�rthsh pijanìthtac
thc t.m. tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa ja eÐnai

Pr (NT = k | U(0) = 0) =
Γ
(
k − 1

2

)
· 22k−2

k!Γ
(

1
2

) · λ
k (βc)k−1

(λ+ βc)2k−1

=
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) · 4kλk(βc)k

[(λ+ βc)2]k
· 2−1(βc)−1

(λ+ βc)−1

=
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) · [ 4λβc

(λ+ βc)2

]k
·
(
λ+ βc

2βc

)
. (3.1.15)

AxÐzei na shmeiwjeÐ ìti gia thn tim  thc paramètrou p, h opoÐa orÐzetai na eÐnai

p :=
4λβc

(λ+ βc)2
,

isqÔei 0 < p < 1.

Akìma, me b�sh thn tim  tou p, isqÔei

1− p =
(λ+ βc)2 − 4λβc

(λ+ βc)2
=

(βc)2 + λ2 + 2λcβ − 4λβc

(λ+ βc)2

⇒ 1− p =
(βc)2 + λ2 − 2λcβ

(λ+ βc)2
=

(λ− βc)2

(λ+ βc)2
.

Me b�sh thn teleutaÐa sqèsh parathroÔme ìti gia thn tim  thc paramètrou p isqÔei,

p = 1− (λ− βc)2

(λ+ βc)2
=

(λ+ βc)2 − (λ− βc)2

(λ+ βc)2
.

Epomènwc, katal goume sto sumpèrasma ìti

0 <
(λ+ βc)2 − (λ− βc)2

(λ+ βc)2
< 1.

Epiplèon, èqoume ìti

(1− p)−r = (1− p)
1
2 =

√
(λ− βc)2

(λ+ βc)2
=
|λ− βc|
λ+ βc

. (3.1.16)
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Se autì to shmeÐo ja prèpei na up�rqei èna krit rio gia thn epilog  tou pros mou thc
par�stashc pou brÐsketai se apìluth tim . H upìjesh pou èqei gÐnei kai prèpei na isqÔei
ètsi ¸ste na diasfalÐzetai h eÔrujmh leitourgÐa mÐac asfalistik c epiqeÐrhshc eÐnai ìti
se k�je mon�da tou qrìnou ta èsoda prèpei na uperbaÐnoun ta èxoda thc epiqeÐrhshc.
'Opwc èqei epishmanjeÐ se prohgoÔmeno kef�laio mÐa ikan  kai anagkaÐa sunj kh gia
na exasfalÐzetai h proanaferjeÐsa upìjesh eÐnai h Ôparxh enìc jetikoÔ suntelest 
epib�runshc   perijwrÐou asf�leiac. UpenjumÐzoume ìti gia to perij¸rio asf�leiac
isqÔei h majhmatik  sqèsh (1.2.5), gia thn opoÐa isqÔei:

c = (1 + θ)λE(X)

'Eqontac upojèsei ìti oi apozhmi¸seic akoloujoÔn thn ekjetik  katanom  me par�metro
β, kai lÔnontac wc proc to perij¸rio asf�leiac, me b�sh th sqèsh (1.2.6) lamb�noume:

θ =
βc

λ
− 1. (3.1.17)

Apì thn teleutaÐa sqèsh parathroÔme ìti gia na eÐnai jetikì to perij¸rio asf�leiac ja
prèpei na isqÔei

βc

λ
> 1⇔ βc > λ⇔ βc− λ > 0

Sunep¸c basizìmenoi sto perij¸rio asf�leiac h sqèsh (3.1.16) gÐnetai

(1− p)−r =
βc− λ
λ+ βc

.

En katakleÐdi, lamb�noume

1− (1− p)−r = 1− (1− p)
1
2 =

λ+ βc− βc+ λ

λ+ βc
=

2λ

λ+ βc
.

AxÐzei na shmeiwjeÐ gia akìmh mÐa for� ìti h tuqaÐa metablht  tou arijmoÔ twn
apozhmi¸sewn èwc th qreokopÐa eÐnai elleimmatik , diìti den eÐnai dedomèno ìti ja sumbeÐ
h qreokopÐa. H paradoq  aut  ekfr�zetai me majhmatikoÔc ìrouc wc ex c:

∞∑
k=1

Pr(NT = k) = Pr(NT <∞) = ψ(0).
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'Omwc, apì thn enìthta 1.2.3 eÐnai gnwstì ìti sto klasikì montèlo thc jewrÐac
qreokopÐac gia thn pijanìthta qreokopÐac me mhdenikì apojematikì isqÔei

ψ(0) =
1

1 + θ
.

OrÐzoume mÐa nèa tuqaÐa metablht , h opoÐa ja ekfr�zei ton arijmì twn apozhmi¸sewn
èwc th qreokopÐa dojèntoc ìti ja sumbeÐ h qreokopÐa. Aut  ja eÐnai mÐa mh-elleimmatik 
tuqaÐa metablht , kai gia to lìgo to �jroisma ìlwn twn dunat¸n pijanot twn thc ja

isoÔtai me th mon�da. 'Estw ìti h nèa metablht  ja sumbolÐzetai me ÑT . Epomènwc,
èqoume

ÑT = NT | NT <∞.

Sth sunèqeia, ja apodeÐxoume ìti h mh-elleimmatik  tuqaÐa metablht  akoloujeÐ thn
katanom  ETNB me timèc paramètrwn r kai p na isoÔntai me

r = −1

2
kai p =

4λβc

(λ+ βc)2
.

Gia th sun�rthsh pijanìthtac thc desmeumènhc tuqaÐac metablht c gia ton arijmì twn
apozhmi¸sewn èwc th qreokopÐa ja isqÔei

Pr(ÑT = k) = Pr(NT = k | NT <∞) =
Pr(NT = k)

Pr(NT <∞)

⇒ Pr(ÑT = k) =
Pr(NT = k)

ψ(0)
. (3.1.18)

Epiprosjètwc, èqoume

∞∑
k=1

Pr(ÑT = k) =
∞∑
k=1

Pr(NT = k)

ψ(0)
=

1

ψ(0)
·
∞∑
k=1

Pr(NT = k)

⇒
∞∑
k=1

Pr(ÑT = k) =
1

ψ(0)
· ψ(0) = 1.

Lamb�nontac upìyin tic sqèseic (3.1.15) kai (3.1.18), gia th sun�rthsh pijanìthtac
thc kanonik c tuqaÐac metablht c tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa,
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dojèntoc ìti ja sumbeÐ h qreokopÐa isqÔei

Pr(ÑT = k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) · [ 4λβc

(λ+ βc)2

]k
·
(
λ+ βc

2βc

)
· 1

ψ(0)
(3.1.19)

Akìmh, apì th sqèsh (3.1.17) gnwrÐzoume ìti

c = (1 + θ)
λ

β
⇔ 1

1 + θ
=

λ

βc
.

Epomènwc, èqoume

Pr(ÑT = k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) · [ 4λβc

(λ+ βc)2

]k
·
(
λ+ βc

2βc

)
· βc
λ

⇒ Pr(ÑT = k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) · [ 4λβc

(λ+ βc)2

]k
·
(
λ+ βc

2λ

)
. (3.1.20)

Sumperasmatik� an l�boume upìyin tic timèc twn paramètrwn katal goume sto ex c
apotèlesma:

Pr(ÑT = k) =
−rΓ(k + r)

k!Γ(1 + k)
· pk

1− (1− p)−r
, k = 1, 2, 3, . . . .

Sunoptik�, mporoÔme na sumper�noume ìti

ÑT ∼ ETNB

(
−1

2
,

4λβc

(λ+ βc)2

)
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3.2 Arijmhtikèc efarmogèc gia th sun�rthsh

pijanìthtac tou arijmoÔ twn apozhmi¸sewn

èwc th qreokopÐa

H sun�rthsh pijanìthtac thc tuqaÐac metablht c tou arijmoÔ twn apozhmi¸sewn èwc
th qreokopÐa metab�lletai apì ènan arijmì paramètrwn, oi opoÐoi eÐnai dedomènoi.
IdiaÐtero endiafèron èqei to p¸c metab�lletai h sun�rthsh pijanìthtac sthn ek�stote
metabol  twn paramètrwn, ki en tèlei poiec par�metroi metab�lloun se shmantikì bajmì
th sun�rthsh pijanìthtac. Diaisjhtik�, mporoÔme na eik�soume ìti to perij¸rio
asf�leiac, j, to opoÐo prosdiorÐzei to kèrdoc thc asfalistik c etaireÐac kai kat'
epèktash to endeqìmeno qreokopÐac, eÐnai mÐa posìthta pou ephre�zei ton arijmì twn
apozhmi¸sewn èwc th qreokopÐa.

Jewr¸ntac ìti isqÔei to klasikì montèlo thc jewrÐac qreokopÐac, oi t.m. twn
endi�meswn qrìnwn ja eÐnai anex�rthtec kai isìnomec akolouj¸ntac thn ekjetik 
katanom  me par�metro λ > 0. Akìmh, èqoume upojèsei ìti h t.m. tou Ôyouc twn
apozhmi¸sewn akoloujeÐ thn ekjetik  katanom  me par�metro β > 0 kai o stajerìc
rujmìc eÐspraxhc twn asfalÐstrwn eÐnai c > 0. MÐa teleutaÐa upìjesh eÐnai ìti to
arqikì apojematikì isoÔtai me to mhdèn, dhlad  u = 0. K�tw apì autèc tic paradoqèc
ja parousiastoÔn orismèna paradeÐgmata gia dedomènec timèc k�poiwn paramètrwn kai
ja upologÐzoume thn enapomeÐnousa sÔmfwna me th sqèsh:

c = (1 + θ)λE(X)

'Omwc E(X) = 1/β. Sunep¸c,

c = (1 + θ)
λ

β

H sun�rthsh pijanìthtac thc t.m. tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa
ja sumbolÐzetai me pi , i = 1, 2, 3, . . . , upodhl¸nontac ìti h sun�rthsh pijanìthtac gia
thn pr¸th om�da paramètrwn ja sumbolÐzetai me p1. UpenjumÐzoume ìti h katanom  thc
kanonik c t.m. tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa akoloujeÐ thn katanom 
ETNB, en¸, h sun�rthsh pijanìthtac thc t.m. NT eÐnai:

pi(k) = Pr (NT = k | U(0) = 0) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) · [ 4λβc

(λ+ βc)2

]k
·
(
λ+ βc

2βc

)
.
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3.2.1 H tuqaÐa metablht  NT

Pr¸th upìjesh: j=1/2

Sthn pr¸th upìjesh ja melethjoÔn trÐa paradeÐgmata, ìpou to perij¸rio asf�leiac
ja eÐnai stajerì kai Ðso me 0.5. Sthn pr¸th perÐptwsh oi timèc twn paramètrwn c kai β
ja eÐnai Ðsec me th mon�da, en¸ ja upologÐzetai h tim  thc paramètrou λ. Sth sunèqeia
oi timèc twn paramètrwn c kai β ja aux�nontai kat� dÔo kai mÐa mon�dec antistoÐqwc,
kai ja upologÐzetai k�je for� h tim  thc paramètrou λ.

1. θ = 1/2, c = 1, β = 1.

λ =
βc

1 + θ
=

1 · 1
1 + 1

2

=
2

3

H antÐstoiqh sun�rthsh pijanìthtac p1 ja eÐnai:

p1(k) =
1

2

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4 · 2

3
· 1 · 1(

2
3

+ 1 · 1
)2

]k ( 2
3

+ 1 · 1
2 · 1 · 1

)
.

H grafik  par�stash thc sun�rthshc pijanìthtac p1 ja eÐnai:

2 4 6 8 10
k

0.1

0.2

0.3

0.4

pHkL

Sq ma 3.1: Gr�fhma thc sun�rthshc pijanìthtac p1 me j=1/2, c = 1, b=1, l=2/3
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2. θ = 1/2, c = 3, β = 2.

λ =
βc

1 + θ
=

2 · 3
1 + 1

2

= 4

H antÐstoiqh sun�rthsh pijanìthtac p2 ja eÐnai:

p2(k) =
1

2

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4 · 4 · 2 · 3
(4 + 2 · 3)2

]k (
4 + 2 · 3
2 · 2 · 3

)
.

H grafik  par�stash thc sun�rthshc pijanìthtac p2 ja eÐnai:

2 4 6 8 10
k

0.1

0.2

0.3

0.4

pHkL

Sq ma 3.2: Gr�fhma thc sun�rthshc pijanìthtac p2 me j=1/2, c = 3, b=2, l=4
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3. θ = 1/2, c = 5, β = 3.

λ =
βc

1 + θ
=

3 · 5
1 + 1

2

= 10

H antÐstoiqh sun�rthsh pijanìthtac p3 ja eÐnai:

p3(k) =
1

2

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4 · 10 · 3 · 5
(10 + 3 · 5)2

]k (
10 + 3 · 5
2 · 3 · 5

)
.

H grafik  par�stash thc sun�rthshc pijanìthtac p3 ja eÐnai:

2 4 6 8 10
k

0.1

0.2

0.3

0.4

pHkL

Sq ma 3.3: Gr�fhma thc sun�rthshc pijanìthtac p3 me j=1/2, c = 5, b=3, l=10
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Parathr¸ntac ta trÐa graf mata, mporoÔme eÔkola na antilhfjoÔme ìti h
sun�rthsh pijanìthtac thc t.m. tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa
den metab�lletai ìtan metab�llontai oi timèc twn paramètrwn c, β kai λ. To
epìmeno gr�fhma, sto opoÐo emfanÐzontai kai oi treic proanaferjeÐsec sunart seic
pijanìthtac gia k�je om�da paramètrwn, apodeiknÔei ton isqurismì autì kaj¸c
tautÐzontai pl rwc oi sunart seic pijanìthtac p1, p2 kai p3.

2 4 6 8 10
k

0.1

0.2

0.3

0.4

pHkL

p3

p2

p1

Sq ma 3.4: Gr�fhma twn sunart sewn pijanìthtac p1, p2 kai p3.

DeÔterh upìjesh: j=1/4

Sth deÔterh upìjesh ja melethjoÔn trÐa akìma paradeÐgmata, ìpou to perij¸rio
asf�leiac ja eÐnai stajerì kai Ðso me 0.25. Sthn pr¸th perÐptwsh oi timèc twn
paramètrwn c kai β ja eÐnai Ðsec me th mon�da, en¸ ja upologÐzetai h tim  thc
paramètrou λ, ìpwc ègine kai gia thn pr¸th upìjesh. Sth sunèqeia oi timèc twn
paramètrwn c kai β ja aux�nontai kat� duo kai mÐa mon�dec antistoÐqwc, kai ja
upologÐzetai k�je for� h tim  thc paramètrou λ.

4. θ = 1/4, c = 1, β = 1.

λ =
βc

1 + θ
=

1 · 1
1 + 1

4

=
4

5
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H antÐstoiqh sun�rthsh pijanìthtac p4 ja eÐnai:

p4(k) =
1

2

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4 · 4

5
· 1 · 1(

4
5

+ 1 · 1
)2

]k ( 4
5

+ 1 · 1
2 · 1 · 1

)
.

H grafik  par�stash thc sun�rthshc pijanìthtac p4 ja eÐnai:

2 4 6 8 10
k

0.1

0.2

0.3

0.4

pHkL

Sq ma 3.5: Gr�fhma thc sun�rthshc pijanìthtac p4 me j=1/4, c = 1, b=1, l=4/5

5. θ = 1/4, c = 3, β = 2.

λ =
βc

1 + θ
=

2 · 3
1 + 1

4

=
24

5

H antÐstoiqh sun�rthsh pijanìthtac p5 ja eÐnai:

p5(k) =
1

2

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4 · 24

5
· 2 · 3(

24
5

+ 2 · 3
)2

]k ( 24
5

+ 2 · 3
2 · 2 · 3

)
.
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H grafik  par�stash thc sun�rthshc pijanìthtac p5 ja eÐnai:

2 4 6 8 10
k

0.1

0.2

0.3

0.4

pHkL

Sq ma 3.6: Gr�fhma thc sun�rthshc pijanìthtac p5 me j=1/4, c = 3, b=2, l=24/5

6. θ = 1/4, c = 5, β = 3.

λ =
βc

1 + θ
=

3 · 5
1 + 1

4

= 15

H antÐstoiqh sun�rthsh pijanìthtac p6 ja eÐnai:

p6(k) =
1

2

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4 · 12 · 3 · 5
(12 + 3 · 5)2

]k (
12 + 3 · 5
2 · 3 · 5

)
.

H grafik  par�stash thc sun�rthshc pijanìthtac p6 ja eÐnai:
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2 4 6 8 10
k

0.1

0.2

0.3

0.4

pHkL

Sq ma 3.7: Gr�fhma thc sun�rthshc pijanìthtac p6 me j=1/4, c = 5, b=3, l=12

Parathr¸ntac ta trÐa teleutaÐa graf mata twn sunart sewn pijanìthtac p4, p5 kai
p6 ta opoÐa èqoun koinì perij¸rio asf�leiac Ðso me 1/4, diapist¸noume ìti h morf  thc
sun�rthshc pijanìthtac den metab�lletai kaj¸c metab�llontai oi par�metroi c, β kai
λ, omoÐwc me thn pr¸th upìjesh. Th diapÐstwsh aut  epalhjeÔei kai to parak�tw koinì
gr�fhma twn sunart sewn pijanìthtac p4, p5 kai p6.

2 4 6 8 10
k

0.1

0.2

0.3

0.4

pHkL

p6

p5

p4

Sq ma 3.8: Gr�fhma twn sunart sewn pijanìthtac p4, p5 kai p6.

Sth sunèqeia ja xeqwrÐsoume treic akraÐec peript¸seic gia thn tim  tou perijwrÐou
asf�leiac j, upojètontac k�poiec dedomènec timèc gia tic paramètrouc λ kai β, kai,
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katìpin ja upologisteÐ h tim  tou stajeroÔ rujmoÔ tou asfalÐstrou c. 'Epeita se
èna koinì di�gramma ja apotupwjeÐ h metabol  thc sun�rthshc pijanìthtac kaj¸c
metab�lletai dramatik� h tim  tou θ.

• θ = 9/10, λ = 2, β = 1.

H tim  tou stajeroÔ rujmoÔ tou asfalÐstrou, c, ja upologisteÐ wc ex c:

c = (1 + θ)
λ

β

c =

(
1 +

9

10

)
2

1
=

19

5

H sun�rthsh pijanìthtac, èstw p7, me tic proanaferjeÐsec timèc paramètrwn ja
eÐnai:

p7(k) =
1

2

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4 · 2 · 1 · 19

5(
2 + 1 · 19

5

)2

]k (
2 + 1 · 19

5

2 · 1 · 19
5

)
.

• θ = 1/20, λ = 2, β = 1.

H tim  tou stajeroÔ rujmoÔ tou asfalÐstrou, c, ja upologisteÐ wc ex c:

c = (1 + θ)
λ

β

c =

(
1 +

1

20

)
2

1
=

21

10

H antÐstoiqh sun�rthsh pijanìthtac, èstw p8, ja eÐnai:

p8(k) =
1

2

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4 · 2 · 1 · 21

10(
2 + 1 · 21

10

)2

]k (
2 + 1 · 21

10

2 · 1 · 21
10

)
.
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• θ = 2, λ = 2, β = 1.

H tim  tou stajeroÔ rujmoÔ tou asfalÐstrou, c, ja upologisteÐ wc ex c:

c = (1 + θ)
λ

β

c = (1 + 2)
2

1
= 6

H antÐstoiqh sun�rthsh pijanìthtac, èstw p9, ja eÐnai:

p9(k) =
1

2

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4 · 2 · 1 · 6
(2 + 1 · 6)2

]k (
2 + 1 · 6
2 · 1 · 6

)
.

2

H apì koinoÔ grafik  par�stash twn sunart sewn pijanìthtac mac deÐqnei th sqetik 
apìklish touc, kaj¸c metab�lletai to perij¸rio asf�leiac.

2 4 6 8 10
k

0.1

0.2

0.3

0.4

pHkL

p9

p8

p7

Sq ma 3.9: Gr�fhma twn sunart sewn pijanìthtac p7, p8 kai p9.
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Telik¸c, ja parousi�soume èna gr�fhma pou ja perilamb�nei tic sunart seic
pijanìthtac gia k�je mÐa xeqwrist  tim  tou suntelest  asf�leiac j. Apì tic dÔo
pr¸tec upojèseic pou èginan ja epileqteÐ h pr¸th sun�rthsh pijanìthtac gia k�je mÐa
upìjesh, diìti mèsa sthn 'kl�sh' twn sunart sewn pijanìthtac me ton Ðdio suntelest 
asf�leiac j, h sun�rthsh pijanìthtac den metab�lletai.

2 4 6 8 10
k

0.1

0.2

0.3

0.4

pHkL

p9

p8

p7

p4

p1

Sq ma 3.10: Gr�fhma twn sunart sewn pijanìthtac p1, p4, p7, p8 kai p9.

Sto parap�nw gr�fhma diafaÐnetai ìti h dramatik  metabol  tou perijwrÐou asf�leiac
ephre�zei shmantik� th sun�rthsh pijanìthtac thc tuqaÐac metablht c tou arijmoÔ
twn apozhmi¸sewn èwc th qreokopÐa. 'Opwc gÐnetai eÔkola antilhptì kaj¸c aux�netai
to perij¸rio asf�leiac, h pijanìthta na sumbeÐ h qreokopÐa gia èna dedomèno arijmì
apozhmi¸sewn mei¸netai ragdaÐa. Eidikìtera sto gr�fhma, h pijanìthta na sumbeÐ h
qreokopÐa me pènte apozhmi¸seic gia θ = 2 kai θ = 1/20 eÐnai antistoÐqwc

p9(5) = 0.0043 kai p8(5) = 0.0266

Me b�sh ta parap�nw graf mata, mporoÔme na sumper�noume ìti h sun�rthsh pijanìth-
tac thc tuqaÐac metablht c tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa exart�tai
mìno apì to perij¸rio asf�leiac, to opoÐo eÐnai diaisjhtik� logikì, afoÔ to perij¸rio
asf�leiac j kajorÐzei wc èna meg�lo bajmì thn apotrop  thc qreokopÐac.
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GnwrÐzoume ìti gia thn sun�rthsh pijanìthtac thc tuqaÐac metablht c tou arijmoÔ
twn apozhmi¸sewn èwc th qreokopÐa isqÔei:

Pr (NT = k | U(0) = 0) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) · [ 4λβc

(λ+ βc)2

]k
·
(
λ+ βc

2βc

)
. (3.2.1)

Akìmh apì th sqèsh (3.1.17), gnwrÐzoume ìti gia to rujmì eÐspraxhc tou asfalÐstrou
isqÔei:

c = (1 + θ)
λ

β
⇔ βc = (1 + θ)λ

Sunep¸c apì tic sqèseic (3.2.1) kai (3.1.17), lamb�noume

Pr (NT = k | U(0) = 0) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) · [ 4λ(1 + θ)λ

(λ+ (1 + θ)λ)2

]k
·
(
λ+ (1 + θ)λ

2(1 + θ)λ

)
=

1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) · [ 4λ2(1 + θ)

(1 + 1 + θ)2λ2

]k
·
(

(1 + 1 + θ)λ

2(1 + θ)λ

)
.

Telik¸c, prokÔptei ìti

Pr (NT = k | U(0) = 0) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) · [4(1 + θ)

(2 + θ)2

]k
·
(

2 + θ

2(1 + θ)

)
. (3.2.2)

Apì th sqèsh (3.2.2) sumperaÐnoume ìti h sun�rthsh pijanìthtac thc t.m. tou arijmoÔ
twn apozhmi¸sewn èwc th qreokopÐa, NT , mporeÐ na ekfrasteÐ mìno sunart sei tou
perijwrÐou asf�leiac.

3.2.2 H tuqaÐa metablht  ÑT

Sthn prohgoÔmenh upì-enìthta dìjhkan orismèna paradeÐgmata gia thn elleimmatik 
t.m. tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa. IdiaÐtero endiafèron parousi�zei

h perÐptwsh thc mh-elleimmatik c t.m. ÑT , dhlad  tou arijmoÔ twn apozhmi¸sewn mèqri
th qreokopÐa dojèntoc ìti h qreokopÐa ja sumbeÐ.

Sthn paroÔsa f�sh ja diakrÐnoume mìno tic peript¸seic 4 kai 9, ètsi ¸ste na
diamorf¸soume èna arqikì sumpèrasma gia mÐa {fusiologik } kai mÐa akraÐa tim  tou
perijwrÐou asf�leiac. Ac sumbolÐzetai me p̃i(k) , i = 4, 9 h sun�rthsh pijanìthtac.
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Epomènwc, apì th sqèsh (3.1.20) gnwrÐzoume ìti gia th sun�rthsh pijanìthtac thc
kanonik c t.m. tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa, dojèntoc ìti ja sumbeÐ
h qreokopÐa isqÔei

p̃(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) · [ 4λβc

(λ+ βc)2

]k
·
(
λ+ βc

2λ

)
.

• 4. θ = 1/4, c = 1, β = 1.

Akìmh, gnwrÐzoume ìti h tim  thc paramètrou l isoÔtai me 4/5.

H antÐstoiqh sun�rthsh pijanìthtac p̃4 ja eÐnai:

p̃4(k) =
1

2

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4 · 4

5
· 1 · 1(

4
5

+ 1 · 1
)2

]k ( 4
5

+ 1 · 1
2 · 4

5

)
.

H grafik  par�stash thc sun�rthshc pijanìthtac p̃4 ja eÐnai:

2 4 6 8 10
k

0.1

0.2

0.3

0.4

0.5

p@kD

Sq ma 3.11: Gr�fhma thc sun�rthshc pijanìthtac p̃4 me j=1/4, c = 1, b=1, l=4/5
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• 9. θ = 2, λ = 2, β = 1.

H tim  tou stajeroÔ rujmoÔ tou asfalÐstrou, c, èqei upologisteÐ kai isoÔtai me 6.

H antÐstoiqh sun�rthsh pijanìthtac, èstw p̃9, ja eÐnai:

p̃9(k) =
1

2

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4 · 2 · 1 · 6
(2 + 1 · 6)2

]k (
2 + 1 · 6

2 · 2

)
.

H grafik  par�stash thc sun�rthshc pijanìthtac p̃9 ja eÐnai:

2 4 6 8 10
k

0.1

0.2

0.3

0.4

0.5

0.6

0.7

p@kD

Sq ma 3.12: Gr�fhma thc sun�rthshc pijanìthtac p̃9 me j=2, c = 6, b=1, l=2
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Sth sunèqeia parajètoume èna koinì gr�fhma gia tic sunart seic pijanìthtac p̃4 kai
p̃9.

2 4 6 8 10
k

0.1

0.2

0.3

0.4

0.5

0.6

0.7

p@kD

p9

p4

Sq ma 3.13: Gr�fhma twn sunart sewn pijanìthtac p̃4 kai p̃9.

Sto parap�nw gr�fhma 3.13 parathroÔme ìti oi sunart seic pijanìthtac p̃4 kai p̃9

pijan¸c na tèmnontai gia k�poia tim  tou k < 3. Gia to lìgo autì parajètoume èna
ìmoio gr�fhma sto opoÐo ja periorÐsoume ton �xona twn tetmhmènwn wc to shmeÐo 5.

1 2 3 4 5
k

0.1

0.2

0.3

0.4

0.5

0.6

0.7

p@kD

p9

p4

Sq ma 3.14: Gr�fhma twn sunart sewn pijanìthtac p̃4 kai p̃9 gia k < 5.
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EÐnai fanerì ìti gia k�poio k1, oi duo sunart seic pijanìthtac p̃4 kai p̃9 eÐnai

Ðsec. Autì eÐnai apolÔtwc logikì afoÔ antistoiqoÔn sthn t.m. ÑT , h opoÐa eÐnai
mh-elleimmatik , kai ja prèpei to �jroisma ìlwn twn pijanot twn touc na isoÔtai
me th mon�da. An den tèmnontai, tìte to �jroisma twn pijanot twn gia mÐa apì tic
dÔo peript¸seic den ja isoÔtai me th mon�da, kai kat' epèktash den ja  tan kanonik 
h prokeÐmenh tuqaÐa metablht . Gia na broÔme th zhtoÔmenh tim  tou k1 arkeÐ na
exis¸soume tic dÔo sunart seic pijanìthtac p̃4 kai p̃9.

Gia to lìgo autì, gia k�poio k1 ≥ 1, èqoume

p̃4(k1) = p̃9(k1)

⇔ 1

2

Γ
(
k1 − 1

2

)
k1!Γ

(
1
2

) [
4 · 4

5
· 1 · 1(

4
5

+ 1 · 1
)2

]k1 ( 4
5

+ 1 · 1
2 · 4

5

)
=

1

2

Γ
(
k1 − 1

2

)
k1!Γ

(
1
2

) [
4 · 2 · 1 · 6
(2 + 1 · 6)2

]k1 (2 + 1 · 6
2 · 2

)

⇔

[
16
5(

9
5

)2

]k1 ( 9
5
8
5

)
=

[
48

(8)2

]k1 (8

4

)

⇔
[

80

81

]k1
· 9

8
=

[
3

4

]k1
· 2 ⇔

[
320

243

]k1
=

16

9

PaÐrnontac to fusikì log�rijmo thc teleutaÐac sqèshc, lamb�noume:

k1 · ln
[

320

243

]
= ln

[
16

9

]
⇔ k1 =

ln (16/9)

ln (320/243)

Telik¸c prokÔptei ìti

k1 = 2.09026041

Sunep¸c, apì to gr�fhma 3.14 parathroÔme ìti mèqri thn tim  k1 h sun�rthsh
pijanìthtac p̃9 brÐsketai p�nw apì th sun�rthsh pijanìthtac p̃4, en¸, met� thn
tim  k1 antistrèfontai oi susqetismoÐ. Diaisjhtik�, ìso aux�netai to pl joc twn
apozhmi¸sewn pou apofèrei th qreokopÐa, h pijanìthta na sumbeÐ h qreokopÐa gia
dedomènh tim  tou k diafèrei shmantik� gia tic dÔo sunart seic pijanìthtac p̃4 kai
p̃9, dÐqwc autì na shmaÐnei ìti kai gia meg�lec timèc tou k isqÔei to Ðdio. Profan¸c, gia
arket� meg�lec timèc tou k oi antÐstoiqec pijanìthtec ja teÐnoun na sugklÐnoun.
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3.3 Arijmhtikèc efarmogèc gia th bajmÐda apo-

tuqÐac thc katanom c tou arijmoÔ twn apozh-

mi¸sewn èwc th qreokopÐa

MÐa shmantik  posìthta pou eis qjhke sto prohgoÔmeno kef�laio eÐnai h bajmÐda
apotuqÐac. To endiafèron mac esti�zetai kurÐwc sth monotonÐa thc bajmÐdac apotuqÐac
kai p¸c all�zei sth metabol  twn paramètrwn. H monotonÐa thc bajmÐdac apotuqÐac eÐnai
diaforetik  analìgwc me thn katanom . Endeiktikì par�deigma eÐnai h ekjetik  katanom 
thc opoÐac h bajmÐda apotuqÐac eÐnai stajer , dhlad  den parousi�zei k�poia anodik 
  kajodik  poreÐa, lìgw thc idiìthtac thc èlleiyhc mn mhc (blèpe KoÔtrac(2004)).
GnwrÐzoume ìti h tuqaÐa metablht  tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa
akoloujeÐ thn ETNB katanom , ki akìma, ìti h antÐstoiqh sun�rthsh pijanìthtac thc
eÐnai gnhsÐwc fjÐnousa, kaj¸c èqoume deÐxei sto prohgoÔmeno kef�laio ìti gia thn en
lìgw katanom  isqÔei

pn
pn−1

< 1 ∀n ≥ 2

Epiplèon sÔmfwna me touc Willmot & Lin(2001)),gia thn katanom  ETNB isqÔei

p2
n+1 ≤ pnpn+2 , n = 0, 1, 2, . . . .

Me b�sh aut  th sqèsh mporoÔme na isquristoÔme ìti h bajmÐda apotuqÐac thc
ETNB katanom c eÐnai fjÐnousa (blèpeWillmot & Lin(2001)), kai sunep¸c h ETNB
katanom  lègetai discrete−Decreasing Failure Rate(D −DFR).

'Ena stoiqeÐo gia th bajmÐda apotuqÐac eÐnai ìti efarmìzetai mìno gia mh-elleimmatikèc
tuqaÐec metablhtèc. Dedomènou ìti h tuqaÐa metablht  tou arijmoÔ twn apozhmi¸sewn
mèqri th qreokopÐa eÐnai elleimmatik , ta paradeÐgmata pou èpontai ja anafèrontai
sthn t.m. tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa dojèntoc ìti ja sumbeÐ

h qreokopÐa, dhlad  sthn t.m. ÑT .

Gia to lìgo autì h sun�rthsh pijanìthtac, èstw p̃(k), pou antistoiqeÐ sthn t.m. ÑT

ekfr�zetai apì th sqèsh (3.1.20). Epomènwc,

p̃(k) = Pr(ÑT = k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) · [ 4λβc

(λ+ βc)2

]k
·
(
λ+ βc

2λ

)
AxÐzei na upenjumÐsoume ìti h diakrit  bajmÐda apotuqÐac, hk, orÐzetai wc ex c:

h(k) = Pr
(
ÑT = k | ÑT ≥ k

)
=

p̃(k)

a(k) + p̃(k)
(3.3.1)
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ìpou p̃(k) eÐnai h sun�rthsh pijanìthtac, kai, a(k) eÐnai h dexi� our� thc katanom c gia
thn opoÐa isqÔei

a(k) = Pr(ÑT > k) =
∞∑

n=k+1

p̃(n) , k = 0, 1, 2, . . . .

H sun�rthsh pijanìthtac thc ETNB katanom c parousi�zei orismènec majhmatikèc
duskolÐec, kai gia to lìgo autì, o analutikìc tÔpoc thc dexi�c our�c thc katanom c
eÐnai idiaÐtera dÔsqrhstoc, kai kat' epèktash to Ðdio isqÔei kai gia th bajmÐda apotuqÐac.
Oi majhmatikèc ekfr�seic twn duo proanaferjèntwn posot twn parajètontai sto
par�rthma.

Sth sunèqeia ja doÔme orismènec arijmhtikèc efarmogèc gia th bajmÐda apotuqÐac thc
katanom c ETNB, me tic Ðdiec timèc twn paramètrwn ìpwc me ta paradeÐgmata pou
dìjhkan gia th sun�rthsh pijanìthtac, gia na diapistwjeÐ h metabol  thc bajmÐdac
apotuqÐac kaj¸c all�zoun oi timèc twn paramètrwn. Epeid , kai h bajmÐda apotuqÐac
eÐnai sun�rthsh tou perijwrÐou asf�leiac, anamènoume ìti ja metab�lletai mìno ìtan
all�zei kai h tim  tou perijwrÐou asf�leiac. AntistoÐqwc me th sun�rthsh pijanìthtac,
h bajmÐda apotuqÐac ja sumbolÐzetai me hi(k) , i = 1, 2, 3, . . . gia k�je om�da paramètrwn.
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• 1. θ = 1/2, c = 1, β = 1, λ = 2/3.

H bajmÐda apotuqÐac, h1, ja eÐnai:

h1(k) =
p̃1(k)

a1(k) + p̃1(k)

ìpou a1(k) =
∑∞

n=k+1 p̃1(n)

H grafik  par�stash thc bajmÐdac apotuqÐac h1 ja eÐnai:

2 4 6 8 10
k

0.1

0.2

0.3

0.4

0.5

0.6

hHkL

Sq ma 3.15: Gr�fhma thc bajmÐdac apotuqÐac h1 me j=1/2, c = 1, b=1, l=2/3

Sthn prohgoÔmenh enìthta parathr same ìti oi sunart seic pijanìthtac p1, p2

kai p3 eÐnai Ðsec, afoÔ to perij¸rio asf�leiac eÐnai Ðdio.

Akìmh h sqèsh (3.1.18) mac upenjumÐzei ìti

p̃(k) =
p(k)

ψ(0)
(3.3.2)

Sumperasmatik�, apì tic sqèseic (3.3.2) kai (3.2.2) lamb�noume:

p̃(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4(1 + θ)

(2 + θ)2

]k (
2 + θ

2(1 + θ)

)
· (1 + θ)

⇒ p̃(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4(1 + θ)

(2 + θ)2

]k
2 + θ

2
. (3.3.3)
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efìson gnwrÐzoume ìti sto klasikì montèlo thc jewrÐac qreokopÐac isqÔei h
akìloujh sqèsh:

ψ(0) =
1

1 + θ
.

Epiplèon, kai oi sunart seic pijanìthtac p̃1(k), p̃2(k) kai p̃3(k) pou antistoiqoÔn

sthn t.m. ÑT ja eÐnai Ðsec, kaj¸c èqoun to Ðdio perij¸rio asf�leiac. H praktik 
ermhneÐa autoÔ eÐnai ìti ja èqoun kai thn Ðdia bajmÐda apotuqÐac.

Apìdeixh

IsqÔei ìti

p̃1(k) = p̃2(k) , ∀k ≥ 1

⇒
∞∑
k=1

p̃1(k) =
∞∑
k=1

p̃1(k)

Sunep¸c, kai oi antÐstoiqec dexièc ourèc a1(k) kai a2(k) ja eÐnai Ðsec.

Telik¸c, b�sei thc sqèshc (3.3.1) katal goume sto sumpèrasma ìti kai oi bajmÐdec
apotuqÐac eÐnai Ðsec. Dhlad ,

h1(k) = h2(k)

2

Gia to lìgo autì oi bajmÐdec apotuqÐac h2(k) kai h3(k) paraleÐpontai.

Sth sunèqeia ja diakrÐnoume mìno tic peript¸seic 4,7,8 kai 9 akolouj¸ntac thn
arÐjmhsh ìpwc proèkuye gia tic antÐstoiqec sunart seic pijanìthtac, afoÔ oi
peript¸seic 5 kai 6 mac dÐnoun to Ðdio apotèlesma me thn perÐptwsh 4 gia th
bajmÐda apotuqÐac.

• 4. θ = 1/4, c = 1, β = 1, λ = 4/5.

H bajmÐda apotuqÐac, h4, ja eÐnai:

h4(k) =
p̃4(k)

a4(k) + p̃4(k)

ìpou a4(k) =
∑∞

n=k+1 p̃4(n)
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H grafik  par�stash thc bajmÐdac apotuqÐac h4 ja eÐnai:
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Sq ma 3.16: Gr�fhma thc bajmÐdac apotuqÐac h4 me j=1/4, c = 1, b=1, l=4/5

• 7. θ = 9/10, λ = 2, β = 1, c = 19/5.

H bajmÐda apotuqÐac, h7, ja eÐnai:

h7(k) =
p̃7(k)

a7(k) + p̃7(k)

ìpou a7(k) =
∑∞

n=k+1 p̃7(n)

H grafik  par�stash thc bajmÐdac apotuqÐac h7 ja eÐnai:
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Sq ma 3.17: Gr�fhma thc bajmÐdac apotuqÐac h7 me j=9/10, c = 19/5, b=1, l=2

• 8. θ = 1/20, λ = 2, β = 1, c = 21/10.

H bajmÐda apotuqÐac, h8, ja eÐnai:

h8(k) =
p̃8(k)

a8(k) + p̃8(k)

ìpou a8(k) =
∑∞

n=k+1 p̃8(n)

H grafik  par�stash thc bajmÐdac apotuqÐac h8 ja eÐnai:

2 4 6 8 10
k

0.1

0.2

0.3

0.4

0.5

hHkL

Sq ma 3.18: Gr�fhma thc bajmÐdac apotuqÐac h8 me j=1/20, c = 21/10, b=1, l=2
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• 9. θ = 2, λ = 2, β = 1, c = 6.

H bajmÐda apotuqÐac, h9, ja eÐnai:

h9(k) =
p̃9(k)

a9(k) + p̃9(k)

ìpou a9(k) =
∑∞

n=k+1 p̃9(n)

H grafik  par�stash thc bajmÐdac apotuqÐac h9 ja eÐnai:
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Sq ma 3.19: Gr�fhma thc bajmÐdac apotuqÐac h9 me j=2, c = 6, b=1, l=2

IdiaÐtero endiafèron parousi�zei to parak�tw gr�fhma, sto opoÐo diakrÐnontai oi
bajmÐdec apotuqÐac h1, h4, h7, h8 kai h9, ìpou faÐnetai h metaxÔ touc ‘diagrammatik �
apìstash kaj¸c metab�lletai h tim  tou perijwrÐou asfaleÐac θ.

100



2 4 6 8 10
k

0.1

0.2

0.3

0.4

0.5

0.6

0.7

hHkL

h9

h8

h7

h4

h1

Sq ma 3.20: Gr�fhma twn bajmÐdwn apotuqÐac h1, h4, h7, h8 kai h9

Sto parap�nw sugkentrwtikì gr�fhma twn bajmÐdwn apotuqÐac gia ìlec tic
peript¸seic, diakrÐnoume mÐa omoiìthta kai mÐa diafor� me to antÐstoiqo sugkentrwtikì
gr�fhma gia tic sunart seic pijanìthtac. H omoiìthta eÐnai ìti kaj¸c aux�netai to
perij¸rio asf�leiac, h bajmÐda apotuqÐac metatopÐzetai {proc ta p�nw} sto kanonikì
sÔsthma twn axìnwn. H diafor� ègkeitai sto gegonìc ìti h morf  thc bajmÐdac
apotuqÐac mènei anephrèasth sth metabol  tou perijwrÐou asf�leiac, k�ti pou den
sunèbaine me th sun�rthsh pijanìthtac.

'Ena �llo shmantikì stoiqeÐo pou prokÔptei apì to gr�fhma 3.20, eÐnai ìti h bajmÐda
apotuqÐac gia k�je mÐa perÐptwsh eÐnai fjÐnousa. Dhlad , krat¸ntac stajer  thn tim 
thc paramètrou r = −1/2 kai gia tic di�forec timèc tou perijwrÐou asf�leiac θ h
katanom  ETNB eÐnai D − DFR, ìpwc eÐqame anafèrei kai sthn arq  thc paroÔsac
enìthtac.
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Kef�laio 4

Mètra asummetrÐac thc katanom c
ETNB

Sto kef�laio pou akoloujeÐ, ja exet�soume orismèna basik� megèjh thc ETNB
katanom c ìpwc oi kentrikèc ropèc thc, en¸ ja dojeÐ o analutikìc tÔpoc gia th
diaspor� thc katanom c. IdiaÐtero endiafèron anamènetai na parousi�sei h loxìthta
thc katanom c ETNB, kaj¸c kai to p¸c ekfr�zetai h loxìthta mèsw tou suntelest 
asummetrÐac. 'Olec oi proanaferjeÐsec posìthtec ja exetastoÔn gia thn tuqaÐa
metablht  tou arijmoÔ twn apozhmi¸sewn mèqri th qreokopÐa dojèntoc ìti ja sumbeÐ
h qreokopÐa. Epiplèon, ja gÐnoun dÔo proseggÐseic thc ETNB katanom c me mÐa
gewmetrik  katanom  se k�je perÐptwsh me diaforetikèc paramètrouc.

4.1 H loxìthta wc mètro asummetrÐac

Sth jewrÐa twn pijanot twn all� kai sthn statistik  epist mh, pèran twn mètrwn
kentrik c t�shc kai diaspor�c, shmantik� eÐnai kai ta mètra pou aforoÔn th morf  kai
to sq ma miac katanom c. H loxìthta eÐnai èna mètro asummetrÐac to opoÐo qrhsimeÔei
gia na diapistwjeÐ an mÐa katanom  eÐnai summetrik    asÔmmetrh, kai kat' epèktash an
eÐnai jetik¸c asÔmmetrh   arnhtik¸c asÔmmetrh. Posotik�, to prìshmo thc loxìthtac
kajorÐzei to eÐdoc thc summetrÐac, upì thn ènnoia ìti an eÐnai jetikì, tìte h katanom 
parousi�zei mÐa jetik  asummetrÐa, en¸, sthn antÐjeth perÐptwsh h katanom  eÐnai
arnhtik¸c asÔmmetrh. Sthn perÐptwsh kat� thn opoÐa h loxìthta eÐnai mhdèn, tìte
h katanom  eÐnai summetrik .

Poiotik�, h arnhtik  (jetik ) loxìthta katadeiknÔei ìti h arister  (dexi�) our� thc
katanom c eÐnai makrÔterh apì th dexi� (arister ) our� kai ìti o kÔrioc ìgkoc twn
dedomènwn brÐsketai ek dexi¸n (arister¸n) thc mèshc tim c thc katanom c. Sthn
perÐptwsh ìpou h loxìthta eÐnai mhdèn, tìte to pl joc twn dedomènwn isokatanèmetai
ekatèrwjen thc mèshc tim c thc katanom c. Qarakthristikì par�deigma summetrik c

103



katanom c eÐnai h kanonik  katanom .

H loxìthta thc katanom c majhmatik� ekfr�zetai apì to suntelest  asummetrÐac γ1,
tou opoÐou o sumbolismìc ofeÐletai ston Karl Pearson, kai diatup¸netai wc ex c:

Orismìc 4.1.1. 'Estw gia mia tuqaÐa metablht  X h opoÐa akoloujeÐ thn katanom  F
gia thn opoÐa isqÔei ìti oi dÔo pr¸tec kentrikèc ropèc up�rqoun kai eÐnai peperasmènec,
dhlad 

E
(
Xk
)
<∞ , k = 1, 2.

Tìte, o suntelest c asummetrÐac γ1, orÐzetai na eÐnai h trÐth tupopoihmènh rop , kai
ekfr�zetai apì thn akìloujh majhmatik  sqèsh:

γ1 = E

(X − E(X)√
V ar(X)

)3
 (4.1.1)

ìpou, E(X) eÐnai h pr¸th kentrik  rop    mèsh tim  thc katanom c F , kai me V ar(X)
sumbolÐzetai h diaspor� thc katanom c, gia thn opoÐa isqÔei:

V ar(X) = E
(
X2
)
− E2(X),

ìpou me E (X2) sumbolÐzetai h deÔterh kentrik  rop  thc katanom c F . 2

Akìma, gia to suntelest  asummetrÐac mporoÔme na d¸soume mÐa perissìtero
eÔqrhsth èkfrash, h opoÐa prokÔptei apì th sqèsh (4.1.1).

γ1 =
E
{

[X − E (X)]3
}(√

V ar(X)
)3 . (4.1.2)

'Oson afor� gia ton paronomast  tou suntelest  asummetrÐac eÐnai emfanèc ìti
exart�tai apì th diaspor� thc ek�stote katanom c. 'Omwc gia ton arijmht  qrei�zontai
oi treic pr¸tec ropèc thc katanom c ìpwc mporoÔme na diakrÐnoume parak�tw.

[X − E (X)]3 = [X − E (X)]
[
X2 − 2XE(X) + E2(X)

]
= X3 − 2X2E(X) +XE2(X)−X2E(X) + 2XE2(X)− E3(X).

Epomènwc prokÔptei ìti

[X − E (X)]3 = X3 − 3X2E(X) + 3XE2(X)− E3(X). (4.1.3)
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Epiprosjètwc, an p�roume th mèsh tim  thc sqèshc (4.1.3) lamb�noume

E
{

[X − E (X)]3
}

= E
(
X3
)
− 3E

(
X2
)
E(X) + 3E(X)E2(X)− E3(X)

ki efìson isqÔei E(X) · E2(X) = E3(X), katal goume sto apotèlesma

E
{

[X − E (X)]3
}

= E
(
X3
)
− 3E

(
X2
)
E(X) + 2E3(X). (4.1.4)

4.2 Upologismìc thc trÐthc rop c thc ETNB

katanom c

Prokeimènou na broÔme ènan analutikì tÔpo gia to suntelest  asummetrÐac thc ETNB
katanom c, ja prèpei na prohghjeÐ o upologismìc thc trÐthc kentrik c rop c thc, ìpwc
epishm�njhke sthn enìthta 4.1. Akìmh, apaiteÐtai kai h eÔresh thc diaspor�c thc
ETNB katanom c pou proôpojètei thn Ôparxh twn  dh gnwst¸n dÔo pr¸twn kentrik¸n
rop¸n apì thn enìthta 2.1.3.

GnwrÐzoume ìti an mÐa tuqaÐa metablht , èstw N , akoloujeÐ thn ETNB katanom  me
paramètrouc r kai p, tìte, apì th sqèsh (2.1.28) h mèsh tim  thc ja eÐnai

E(N) = −pr(1− p)
−r−1

1− (1− p)−r

Epiplèon, upenjumÐzoume ìti h deÔterh kentrik  rop  thc katanom c ETNB, h opoÐa
dÐnetai apì th sqèsh (2.1.31), ekfr�zetai apì thn akìloujh sqèsh

E
(
N2
)

= −p
2r(r + 1)(1− p)−r−2 + pr(1− p)−r−1

1− (1− p)−r

Gia na broÔme thn trÐth rop , arkeÐ na broÔme thn trÐth paragontik  rop  apì thn  dh
gnwst  sqèsh

E [N(N − 1)(N − 2)] =
d3

dt3
PN(t) |t=1 . (4.2.1)

'Omwc, apì th sqèsh (2.1.30), gnwrÐzoume ìti gia th deÔterh par�gwgo thc pijanogen-
n triac sun�rthshc thc ETNB katanom c isqÔei

d2

dt2
PN(t) = −p

2r(r + 1)(1− pt)−r−2

1− (1− p)−r

105



Epomènwc, h trÐth par�gwgoc thc pijanogenn triac sun�rthshc thc ETNB katanom c
ja eÐnai

d3

dt3
PN(t) = − 1

1− (1− p)−r
· d
dt

[
p2r(r + 1)(1− pt)−r−2

]
= − 1

1− (1− p)−r
[
−p2r(r + 1)(r + 2)(1− pt)−r−3 · (−p)

]
.

Telik¸c, prokÔptei ìti

d3

dt3
PN(t) = −p

3r(r + 1)(r + 2)(1− pt)−r−3

1− (1− p)−r
. (4.2.2)

Se autì to shmeÐo, mporoÔme na d¸soume èna genikì majhmatikì tÔpo gia th n−ost 
par�gwgo thc pijanogenn triac sun�rthshc thc ETNB katanom c, o opoÐoc apodeiknÔe-
tai epagwgik�.

dn

dtn
PN(t) = −p

nr(r + 1) · · · (r + n− 1)(1− pt)−r−n

1− (1− p)−r
.

Apì tic sqèseic (4.2.1) kai (4.2.2) gia t = 1, lamb�noume to parak�tw apotèlesma:

E [N(N − 1)(N − 2)] = −p
3r(r + 1)(r + 2)(1− p)−r−3

1− (1− p)−r
. (4.2.3)

AnalÔontac to aristerì mèloc thc sqèshc (4.2.3), èqoume

E [N(N − 1)(N − 2)] = E
[
(N2 −N)(N − 2)

]
= E

[
N3 − 2N2 −N2 + 2N

]
= E

[
N3 − 3N2 + 2N

]
⇒ E

[
N3 − 3N2 + 2N

]
= −p

3r(r + 1)(r + 2)(1− p)−r−3

1− (1− p)−r
.

Telik¸c prokÔptei ìti,

E
(
N3
)
− 3E

(
N2
)

+ 2E(N) = −p
3r(r + 1)(r + 2)(1− p)−r−3

1− (1− p)−r
.
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Lamb�nontac upìyin tic sqèseic (2.1.28) kai (2.1.31) gia tic dÔo pr¸tec kentrikèc ropèc
thc ETNB katanom c, prokÔptei

E
(
N3
)

= −p
3r(r + 1)(r + 2)(1− p)−r−3

1− (1− p)−r
+ 3 ·

(
−p

2r(r + 1)(1− p)−r−2 + pr(1− p)−r−1

1− (1− p)−r

)
−

− 2 ·
(
−pr(1− p)

−r−1

1− (1− p)−r

)
.

Epomènwc, h akìloujh sqèsh mac dÐnei thn trÐth kentrik  rop  thc ETNB katanom c.

E
(
N3
)

= −p
3r(r + 1)(r + 2)(1− p)−r−3 + 3p2r(r + 1)(1− p)−r−2 + pr(1− p)−r−1

1− (1− p)−r
.

(4.2.4)

Upologismìc thc diaspor�c thc ETNB katanom c

H diaspor� mia tuqaÐac metablht c, èstw N , orÐzetai wc:

V ar(N) = E
(
N2
)
− E2(N).

GnwrÐzontac tic dÔo pr¸tec ropèc thc ETNB katanom c mporoÔme na upologÐsoume th
diaspor� thc. Apì tic sqèseic (2.1.28) kai (2.1.31), èqoume

V ar(N) = −p
2r(r + 1)(1− p)−r−2 + pr(1− p)−r−1

1− (1− p)−r
−
[
−pr(1− p)

−r−1

1− (1− p)−r

]2

= −p
2r(r + 1)(1− p)−r−2 + pr(1− p)−r−1

1− (1− p)−r
− p2r2 [(1− p)−r−1]

2

[1− (1− p)−r]2

⇒ V ar(N) = −{p
2r(r + 1)(1− p)−r−2 + pr(1− p)−r−1} [1− (1− p)−r]

[1− (1− p)−r]2
−

− p2r2 [(1− p)−r−1]
2

[1− (1− p)−r]2
. (4.2.5)

Se autì to shmeÐo epib�lletai na anafèroume, ìti, h diaspor� mÐac katanom c eÐnai
p�ntote mh arnhtik . Dedomènou ìti o paronomast c tou kl�smatoc thc diaspor�c thc
ETNB katanom c eÐnai jetikìc, ja prèpei h par�stash ston arijmht , èstw A, na
eÐnai austhr¸c arnhtik . Epomènwc, mÐa ikan  sunj kh gia na ufÐstatai h diaspor� thc
ETNB katanom c, eÐnai h majhmatik  par�stash A na eÐnai arnhtik . Den mporeÐ na
eÐnai mhdèn, diìti h mhdenik  diaspor� sunep�getai ìti h katanom  eÐnai ekfulismènh, to

107



opoÐo den isqÔei gia thn ETNB katanom . JewroÔme thn par�stash A,

A =
{
p2r(r + 1)(1− p)−r−2 + pr(1− p)−r−1

} [
1− (1− p)−r

]
+ p2r2

[
(1− p)−r−1

]2
Sunep¸c, ja prèpei na isqÔei h akìloujh anisìthta:

A < 0

Epiprosjètwc, apì thn enìthta 2.1.2 gnwrÐzoume ìti h diaspor� mÐac katanom c pou
an kei sthn kl�sh (a, b, 1) dÐnetai apì th sqèsh (2.1.19). Akìmh, gnwrÐzoume apì thn
enìthta 2.1.3 ìti h katanom  ETNB an kei sthn kl�sh katanom¸n (a, b, 1) me a = p kai
b = (r − 1)p. Gia th sun�rthsh pijanìthtac thc katanom c ETNB sto shmeÐo k = 1
isqÔei

Pr (N = 1) =
−rΓ(1 + r)

1!Γ(1 + r)
· p1

1− (1− p)−r

⇒ Pr (N = 1) = − pr

1− (1− p)−r
. (4.2.6)

Sundu�zontac tic sqèseic (2.1.19) kai (4.2.6), mporoÔme na broÔme th diaspor� thc
katanom c ETNB me diaforetikì trìpo. 'Eqoume,

V ar(N) =

[
p+ (r − 1)p− pr

1−(1−p)−r

] [
1 + pr

1−(1−p)−r

]
(1− p)2

=

[
pr − pr

1−(1−p)−r

] [
1 + pr

1−(1−p)−r

]
(1− p)2

.

K�nontac tic pr�xeic, katal goume sto ex c apotèlesma:

V ar(N) =
pr [1− (1− p)−r]2 + (pr)2 [1− (1− p)−r]− pr [1− (1− p)−r]− (pr)2

(1− p)2 [1− (1− p)−r]2

=
(pr)2 [−(1− p)−r] + pr [1− (1− p)−r] {−(1− p)−r}

(1− p)2 [1− (1− p)−r]2
.

Telik¸c, mÐa pio eÔqrhsth èkfrash gia th diaspor� thc katanom c ETNB ja dÐnetai
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apì ton akìloujo majhmatikì tÔpo:

V ar(N) = −pr(1− p)
−r−2 [1− (1− p)−r + pr]

[1− (1− p)−r]2
(4.2.7)

Akìmh, gia ton paronomast  tou suntelest  asummetrÐac thc katanom c ETNB isqÔei

V ar(N)
3
2 =

{
−pr(1− p)

−r−2 [1− (1− p)−r + pr]

[1− (1− p)−r]2

} 3
2

 

V ar(N)
3
2 =

{√
pr(1− p)−r−2 [(1− p)−r − 1− pr]

1− (1− p)−r

}3

(4.2.8)

4.3 O suntelest c asummetrÐac thc katanom c

ETNB

'Eqontac upologÐsei thn trÐth rop  kai th diaspor� thc ETNB katanom c, mporoÔme
na broÔme to suntelest  asummetrÐac thc katanom c gia na melet soume th loxìthta
thc.

Gia ton arijmht  tou kl�smatoc tou suntelest  asummetrÐac isqÔei h sqèsh (4.1.4):

E
{

[N − E(N)]3
}

= E
(
N3
)
− 3E

(
N2
)
E(N) + 2E3(N)

UpologÐzontac touc epimèrouc ìrouc diadoqik�, paÐrnoume

E3 (N) =

[
−pr(1− p)

−r−1

1− (1− p)−r

]3

= −p
3r3 [(1− p)−r−1]

3

[1− (1− p)−r]3
(4.3.1)

kai

E
(
N2
)
E(N) =

(
−p

2r(r + 1)(1− p)−r−2 + pr(1− p)−r−1

1− (1− p)−r

)
·
(
−pr(1− p)

−r−1

1− (1− p)−r

)
⇒ E

(
N2
)
E(N) =

p3r2(r + 1)(1− p)−r−2(1− p)−r−1 + p2r2 [(1− p)−r−1]
2

[1− (1− p)−r]2
. (4.3.2)

Sundu�zontac tic sqèseic (4.2.4), (4.3.1) kai (4.3.2), lamb�noume
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E
{

[N − E(N)]3
}

= −p
3r(r + 1)(r + 2)(1− p)−r−3 + 3p2r(r + 1)(1− p)−r−2

1− (1− p)−r
−

− pr(1− p)−r−1

1− (1− p)−r
−

− 3

(
p3r2(r + 1)(1− p)−r−2(1− p)−r−1 + p2r2 [(1− p)−r−1]

2

[1− (1− p)−r]2

)
+

+ 2

(
−p

3r3 [(1− p)−r−1]
3

[1− (1− p)−r]3

)
.

An jèsoume B = E
{

[N − E(N)]3
}
, tìte

B = −{p
3r(r + 1)(r + 2)(1− p)−r−3 + 3p2r(r + 1)(1− p)−r−2} [1− (1− p)−r]2

[1− (1− p)−r]3
−

− pr(1− p)−r−1 [1− (1− p)−r]2

[1− (1− p)−r]3
−

−

{
3p3r2(r + 1)(1− p)−r−2(1− p)−r−1 + 3p2r2 [(1− p)−r−1]

2
}

[1− (1− p)−r]

[1− (1− p)−r]3
−

− 2p3r3 [(1− p)−r−1]
3

[1− (1− p)−r]3
. (4.3.3)

Q�rin eukolÐac an jèsoume

a(p) = 1− (1− p)−r kai b(p) = (1− p)−r−1,

tìte h sqèsh (4.3.3) aplousteÔetai shmantik� ki ekfr�zetai wc ex c:

B =
pr · b(p)

{
−p2(r + 1)(r + 2)(1− p)−2 [a(p)]2

}
[a(p)]3

+

+
pr · b(p)

{
−3p(r + 1)(1− p)−1 [a(p)]2 − [a(p)]2

}
[a(p)]3

+

+
pr · b(p)

{
−3p2r(r + 1)(1− p)−r−2a(p)− 3prb(p)a(p)− 2p2r2 [b(p)]2

}
[a(p)]3

(4.3.4)
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Epiprosjètwc, o paronomast c tou suntelest  asummetrÐac aplousteÔetai shmantik�
an l�boume upìyin tic timèc twn a(p) kai b(p). Epomènwc h sqèsh (4.2.8) gÐnetai:

V ar(N)
3
2 =

{√
pr(1− p)−1b(p) [−b(p)− pr]

a(p)

}3

. (4.3.5)

Telik¸c, to phlÐko twn dÔo posot twn stic sqèseic (4.3.4) kai (4.3.5) sunjètoun
to suntelest  asummetrÐac thc ETNB katanom c, par�gontac mÐa arket� dÔsqrhsth
èkfrash tou. Tetrimmèna, axÐzei na shmei¸soume ìti gia to suntelest  asummetrÐac thc
ETNB katanom c isqÔei:

γ1 =
B

V ar(N)
3
2

. (4.3.6)

4.4 O suntelest c asummetrÐac thc t.m. ÑT

'Eqontac brei èwc t¸ra orismèna basik� mètra gia thn ETNB katanom , idiaÐtero
endiafèron èqei na melet soume th loxìthta thc katanom c pou akoloujeÐ h tuqaÐa
metablht  tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa. Epeid  ìmwc, o arijmìc
twn apozhmi¸sewn èwc th qreokopÐa, dhlad  h NT , eÐnai mÐa elleimmatik  tuqaÐa
metablht , den akoloujeÐ mÐa sugkekrimènh katanom . Sunep¸c, den mporoÔme na
anaferìmaste ston suntelest  asummetrÐac gia k�poia katanom  aut c thc tuqaÐac
metablht c. Epomènwc, opoiad pote anafor� sto suntelest  asummetrÐac ja afor�
thn tuqaÐa metablht  tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa dojèntoc ìti ja

sumbeÐ h qreokopÐa, dhlad  sthn t.m. ÑT .

GnwrÐzoume apì thn enìthta 3.1 ìti h t.m. ÑT akoloujeÐ thn ETNB katanom  me
paramètrouc r kai p, oi opoÐoi isoÔntai me

r = −1

2
kai p =

4λβc

(λ+ βc)2
.

Me b�sh ìla ta parap�nw, mporoÔme na sqhmatÐsoume mÐa �poyh gia th loxìthta thc

katanom c ETNB pou akoloujeÐ h t.m. ÑT mèsw tou suntelest  asummetrÐac γ1,
gia dedomènec timèc twn paramètrwn r kai p. AxÐzei na shmeiwjeÐ ìti o analutikìc
tÔpoc (4.3.6) gia to suntelest  asummetrÐac thc katanom c ETNB, ìpwc upologÐsthke
sthn enìthta 4.3, ekfr�zetai dÔskola se mÐa mìno gramm . Gia to lìgo autì, ja
parajèsoume tic timèc tou suntelest  loxìthtac ìpwc autèc upologÐsthkan apì to
majhmatikì prìgramma Mathematica.

Epiplèon, gia thn eÔresh tou suntelest  asummetrÐac thc t.m. ÑT apaiteÐtai o
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kajorismìc thc tim c thc paramètrou p, h opoÐa ekfr�zetai sunart sei twn paramètrwn
λ, β kai c. Enallaktik�, h par�metroc p dÔnatai na ekfrasteÐ sunart sei mìno tou
perijwrÐou asf�leiac. Epomènwc, apì th sqèsh (3.1.17) lamb�noume

p =
4λβc

(λ+ βc)2

=
4λ(1 + θ)λ

[λ+ (1 + θ)λ]2

⇒ p =
4(1 + θ)

(2 + θ)2
. (4.4.1)

Me b�sh th sqèsh (4.4.1), mporoÔme na upologÐsoume thn tim  tou suntelest 
asummetrÐac thc katanom c ETNB gia dedomènec timèc tou perijwrÐou asf�leiac,
qrhsimopoi¸ntac tic sqèseic (4.3.4), (4.3.5) kai (4.3.6) ìpwc orÐsthkan sthn enìthta
4.3. Ston parak�tw pÐnaka parajètoume tic timèc tou suntelest  asummetrÐac gia k�je
dunat  tim  thc paramètrou p, upologismènh gia ìlec tic dunatèc timèc tou perijwrÐou
asf�leiac pou èqoun anaferjeÐ sthn enìthta 3.2. Epiprosjètwc, èqei exetasteÐ kai h
perÐptwsh ìpou h tim  tou perijwrÐou asf�leiac eÐnai paradìxwc meg�lh, ìpwc θ = 3.

θ p γ1

0.05 0.999405 19.2113
0.25 0.987654 9.01881
0.5 0.96 6.75524
0.9 0.903686 5.483
2 0.75 4.49073
3 0.64 4.26028

PÐnakac 4.4.1: Timèc tou suntelest  asummetrÐac gia thn t.m. ÑT

O pÐnakac 4.4.1 parousi�zei orismèna endiafèronta apotelèsmata. Kat' arq�c, parathroÔme
ìti h sqèsh metaxÔ tou perijwrÐou asf�leiac kai thc paramètrou p eÐnai antistrìfwc
an�logh. Akìmh, ìso perissìtero aux�netai h tim  tou perijwrÐou asf�leiac tìso
ligìtero mei¸netai o suntelest c asummetrÐac thc katanom c.

MÐa axioshmeÐwth parat rhsh pou prèpei na gÐnei, eÐnai ìti o suntelest c asummetrÐac

thc katanom c ETNB pou akoloujeÐ h t.m ÑT eÐnai jetikìc, gia ìlec tic jetikèc timèc
tou perijwrÐou asf�leiac pou exet�same. Sunep¸c, h katanom  ETNB me dedomènh
tim  r = −1/2 kai gia tic di�forec timèc tou perijwrÐou asf�leiac tou pÐnaka 4.4.1
parousi�zei mÐa jetik  asummetrÐa.
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Me b�sh to parap�nw sumpèrasma, mporoÔme na eik�soume ìti h katanom  ETNB me
dedomènh tim  r = −1/2 parousi�zei mÐa jetik  asummetrÐa gia k�poio eÔroc tim¸n tou
perijwrÐou asf�leiac θ. Gia na sumbaÐnei autì ja prèpei o suntelest c asummetrÐac na
eÐnai jetikìc, proôpojètontac ìti to perij¸rio asf�leiac θ lamb�nei jetikèc timèc. O
suntelest c asummetrÐac thc ETNB katanom c dÐnetai apì th sqèsh (4.3.6) kai isoÔtai
me

γ1 =
B

V ar(N)
3
2

.

Sthn epìmenh prìtash diapist¸netai ìti me dedomènh tim  r = −1/2, o suntelest c
asummetrÐac thc katanom c ETNB eÐnai p�ntote jetikìc gia k�je tim  thc paramètrou
p.

Prìtash 4.4.1. 'Estw mÐa tuqaÐa metablht  N , h opoÐa akoloujeÐ thn katanom 
ETNB me dedomènh tim  thc paramètrou r = −1/2 kai 0 < p < 1. Tìte, o suntelest c
asummetrÐac γ1 thc katanom c ETNB eÐnai jetikìc gia k�je tim  thc paramètrou p,
kai kat' epèktash h katanom  na parousi�zei mÐa jetik  asummetrÐa. Dhlad , isqÔei

γ1 > 0 , ∀p

ìpou 0 < p < 1. 2

Apìdeixh

O paronomast c tou kl�smatoc tou suntelest  asummetrÐac eÐnai ex' orismoÔ jetikìc
afoÔ h diaspor� thc katanom c eÐnai p�ntote jetik . Epomènwc, ja prèpei na broÔme
gia poièc timèc tou θ h majhmatik  par�stash B gÐnetai jetik . UpenjumÐzetai ìti o
arijmht c tou suntelest  asummetrÐac, o opoÐoc dÐnetai apì th sqèsh (4.3.4), isoÔtai
me thn trÐth rop  gÔrw apì to mèso thc katanom c kai eÐnai:

B = E
{

[N − E(N)]3
}
.

Epiplèon, h par�stash B ekfr�zetai sunart sei mìno thc paramètrou p, efìson h
par�metroc r èqei mÐa dedomènh tim  Ðsh me −1/2. 'Omwc, apì th sqèsh (4.4.1) eÐdame
ìti h par�metroc p exart�tai mìno apì to θ. Se jewrhtik  b�sh oi timèc tou perijwrÐou
asf�leiac kumaÐnontai sto di�sthma (0,∞). Akìmh, h tim  thc paramètrou p kumaÐnetai
metaxÔ tou mhdenìc kai thc mon�dac. Pr�gmati, apì th sqèsh (4.4.1) gia mhdenikì
perij¸rio kèrdouc paÐrnoume

lim
θ→0

p = 1.
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Gia jewrhtik� �peiro perij¸rio asf�leiac, qrhsimopoi¸ntac ton kanìna de l′ Hospital
èqoume

lim
θ→∞

p = 0.

Sunep¸c, h majhmatik  par�stash B dÔnatai na ekfrasteÐ sunart sei tou perijwrÐou
asf�leiac. Epomènwc, orÐzoume ek nèou th majhmatik  par�stash B wc ex c:

B := B(θ) , θ > 0.

O analutikìc tÔpoc thc B(θ) exakoloujeÐ na eÐnai idiaitèrwc dÔsqrhstoc gia opoiond -
pote upologismì, ètsi ¸ste na apofanjoÔme gia to prìshmo thc par�stashc. Gia to
lìgo autì qrhsimopoieÐtai mÐa idiìthta uperaploÔsteushc apì to majhmatikì prìgramma
Mathematica gia thn B(θ), kai to apotèlesma dÐnetai apì thn akìloujh sqèsh:

B(θ) =
(1 + θ) (6 + 6θ + θ2)

θ4
√

θ2

(2+θ)2

=
(1 + θ)(2 + θ) (6 + 6θ + θ2)

θ5
> 0 , ∀θ > 0. (4.4.2)

Profan¸c, h majhmatik  sqèsh (4.4.2) eÐnai austhr¸c jetik , gia jetikèc timèc
tou perijwrÐou asf�leiac ìpwc �llwste faÐnetai kai sto parak�tw di�gramma thc
sun�rthshc B(θ).

-10 -5 5 10
Θ

2

4

6

8

BHΘL

Sq ma 4.1: Gr�fhma thc sun�rthshc B(θ).
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4.5 Prosèggish thc ETNB katanom c me dÔo

gewmetrikèc katanomèc

H katanom  ETNB eÐnai genik¸c mÐa polÔplokh katanom  kaj¸c tìso h sun�rthsh

pijanìthtac ìso kai oi ropèc thc èqoun dÔsqrhstec ekfr�seic. Akìma, h t.m. ÑT ,
dhlad  o arijmìc twn apozhmi¸sewn èwc th qreokopÐa dojèntoc ìti ja sumbeÐ qreokopÐa
akoloujeÐ thn ETNB katanom , ìpwc èqei epishmanjeÐ sthn enìthta 3.1.

H idèa thc prosèggishc thc ETNB katanom c apì mÐa gewmetrik  pro lje apì
èna �rjro twn Drekic & Willmot(2003), sto opoÐo diapist¸jhke ìti h sun�rthsh
puknìthtac pijanìthtac tou qrìnou qreokopÐac gia dedomènec timèc twn paramètrwn λ,
β, c kai θ proseggÐzetai ikanopoihtik� apì th sun�rthsh puknìthtac pijanìthtac mÐac
ekjetik c katanom c me par�metro β = 6. 'Opwc gnwrÐzoume, h ekjetik  katanom  èqei
thn idiìthta thc èlleiyhc mn mhc (blèpe KoÔtrac(2004)).

H gewmetrik  katanom  eÐnai h antÐstoiqh diakrit  katanom  pou èqei thn amn mona
idiìthta (blèpe KoÔtrac(2004)), kai gia to lìgo autì ja proseggisteÐ h ETNB
katanom  apì dÔo gewmetrikèc katanomèc. H epilog  twn paramètrwn twn gewmetrik¸n
katanom¸n ja gÐnei me touc akìloujouc trìpouc. H par�metroc thc pr¸thc gewmetrik c
katanom c ja eÐnai ekeÐnh gia thn opoÐa h mèsh tim  thc katanom c ja isoÔtai me thn
antÐstoiqh mèsh tim  thc ETNB katanom c. 'Epeita, ìson afor� gia thn epilog  thc
paramètrou thc deÔterhc gewmetrik c katanom c, ja gÐnei ètsi ¸ste oi dÔo suntelestèc
asummetrÐac thc deÔterhc gewmetrik c katanom c kai thc ETNB katanom c na eÐnai
Ðsoi. AxÐzei na shmeiwjeÐ ìti aut  h mèjodoc ja epanalhfjeÐ gia tic perissìterec timèc
tou perijwrÐou asf�leiac θ, ìpwc autèc epilèqthkan sto kef�laio 3, kaj¸c kai gia
orismènec akraÐec timèc tou perijwrÐou asf�leiac θ.

AxÐzei na upenjumÐsoume ìti h sun�rthsh pijanìthtac p̃(k) thc t.m. tou arijmoÔ twn

apozhmi¸sewn èwc th qreokopÐa dojèntoc ìti ja sumbeÐ h qreokopÐa, ÑT , ekfrasmènh
mìno sunart sei tou perijwrÐou asf�leiac dÐnetai apì th sqèsh (3.3.3) kai eÐnai

p̃(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4(1 + θ)

(2 + θ)2

]k
2 + θ

2
, k = 1, 2, 3 . . . .

Akìmh, h mèsh tim  kai o suntelest c asummetrÐac thc ETNB katanom c dÐnontai apì
tic sqèseic (2.1.28) kai (4.3.6). 2

MÐa akìmh idiaiterìthta thc gewmetrik c katanom c eÐnai ìti orÐzetai me dÔo diafore-
tikoÔc trìpouc. Oi basikìterec posìthtec thc gewmetrik c katanom c èqoun oristeÐ
sthn enìthta 2.1 upì thn proôpìjesh ìti jewreÐtai o apaitoÔmenoc arijmìc apotuqi¸n
èwc ìtou emfanisteÐ h pr¸th epituqÐa. Epeid , h sun�rthsh pijanìthtac thc ETNB
katanom c den èqei m�za pijanìthtac sto shmeÐo mhdèn, ja d¸soume ènan enallaktikì
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orismì thc gewmetrik c katanom c, sthn opoÐa shmeÐo anafor�c eÐnai o arijmìc twn
dokim¸n (blèpe KoÔtrac(2004)).

Orismìc 4.5.1. JewroÔme mÐa akoloujÐa (anex�rthtwn) dokim¸n Bernoulli me
pijanìthta epituqÐac p (kai apotuqÐac q = 1 − p) stajer  gia ìlec tic dokimèc. 'Estw
X o arijmìc twn dokim¸n mèqri thn emf�nish thc pr¸thc epituqÐac. H katanom  thc
tuqaÐac metablht c X kaleÐtai gewmetrik  katanom  me par�metro p kai sumbolÐzetai
me G(p).

H sun�rthsh pijanìthtac, èstw f , thc gewmetrik c katanom c G(p) dÐnetai apì ton
tÔpo

f(x) = Pr (X = x) = pqx−1 , x = 1, 2, . . . . (4.5.1)

H mèsh tim  kai h diaspor� thc prokeÐmenhc gewmetrik c katanom c isoÔntai me

E (X) =
1

p
, V ar (X) =

q

p2

O suntelest c asummetrÐac γ1 thc gewmetrik c katanom c1 isoÔtai me

γ1 =
2− p√
1− p

.

2

Gia k�je mÐa xeqwrist  tim  tou perijwrÐou asf�leiac θ, ja upologÐzetai h sun�rthsh
pijanìthtac thc ETNB katanom c, kaj¸c kai dÔo akìmh sunart seic pijanìthtac gia
thn antÐstoiqh gewmetrik  katanom . H akanìnisth arÐjmhsh tou θ tautÐzetai me thn
antÐstoiqh tou kefalaÐou 3, kai ofeÐletai sto gegonìc ìti orismènec peript¸seic den ja
anaferjoÔn.

Endeiktik�, gia orismènec peript¸seic ja exet�zetai to posostiaÐo sf�lma metaxÔ
thc sun�rthshc pijanìthtac thc ETNB katanom c kai thc antÐstoiqhc gewmetrik c
katanom c. To posostiaÐo sf�lma ekfr�zei thn apìklish epÐ toic ekatì(%) twn
sunart sewn pijanìthtac thc ETNB katanom c me k�je gewmetrik  katanom  gia
k�je shmeÐo. H praktik  aut  mac bohj�ei na diapist¸soume an h ETNB katanom 
proseggÐzetai ikanopoihtik� apì mÐa gewmetrik  katanom . To posostiaÐo sf�lma, ac
sumbolÐzetai me SE(k), ekfr�zetai majhmatik� apì thn akìloujh sqèsh:

SE(k) =
f(k)− p̃(k)

p̃(k)
× 100 , k = 1, 2, . . . . (4.5.2)

1
βλέπε http : //en.wikipedia.org/wiki/Geometric distribution
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ìpou f eÐnai h sun�rthsh pijanìthtac thc gewmetrik c katanom c, kai, p̃ eÐnai h
sun�rthsh pijanìthtac thc ETNB katanom c.

Gia to diaqwrismì twn sunart sewn pijanìthtac twn gewmetrik¸n katanom¸n, ja
qrhsimopoieÐtai h arÐjmhsh pou akoloujeÐ to perij¸rio asf�leiac θ, en¸ metaxÔ touc ja
diafèroun analìgwc me èna sÔmbolo. 'Estw me ”a” na sumbolÐzetai ekeÐnh h gewmetrik 
katanom  thc opoÐac h mèsh tim  isoÔtai me thn mèsh tim  thc ETNB katanom c.
Akìmh, me ”b” ja sumbolÐzetai ekeÐnh h gewmetrik  katanom  thc opoÐac o suntelest c
asummetrÐac isoÔtai me ton antÐstoiqo thc ETNB katanom c.

1. θ = 1/2

Wc gnwstìn h t.m. ÑT akoloujeÐ thn ETNB katanom . H sun�rthsh pijanìthtac,

p̃1(k), thc t.m. ÑT me θ = 1/2 dÐnetai apì th sqèsh

p̃1(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4(1 + 1

2
)

(2 + 1
2
)2

]k
2 + 1

2

2

⇒ p̃1(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
24

25

]k
5

4
.

AkoloÔjwc, h mèsh tim  thc ETNB katanom c isoÔtai me

E(ÑT ) = −pr(1− p)
−1/2−1

1− (1− p)−1/2
.

Apì thn teleutaÐa sqèsh kai thn (4.4.1) gia θ = 1/2 lamb�noume

E(ÑT ) = 3

Akìmh, apì ton pÐnaka 4.4.1 o suntelest c asummetrÐac thc prokeÐmenhc katanom c eÐnai

γ1 = 6.75524

Sunep¸c, h par�metroc thc pr¸thc gewmetrik c katanom c, èstw p1a, ja prokÔyei apì
thn akìloujh isìthta:

E(ÑT ) =
1

p1a

⇒ 3 =
1

p1a

⇒ p1a = 0.33.
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Epomènwc, h sun�rthsh pijanìthtac thc pr¸thc gewmetrik c katanom c, èstw f1a ja
eÐnai

f1a(k) = 0.33(1− 0.33)k−1 , k = 1, 2, . . . .

'Epeita, gia thn par�metro thc deÔterhc gewmetrik c katanom c, èstw p1b, ja prèpei na
isqÔei

γÑT1 =
2− p1b√
1− p1b

⇒ 6.75524 =
2− p1b√
1− p1b

⇒ p1b = 0.97707.

Sunep¸c, h sun�rthsh pijanìthtac thc deÔterhc gewmetrik c, èstw f1b ja eÐnai

f1b(k) = 0.97707(1− 0.97707)k−1 , k = 1, 2, . . . .

Telik¸c, to koinì gr�fhma twn tri¸n proanaferjèntwn sunart sewn pijanìthtac ja
eÐnai
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Sq ma 4.2: Gr�fhma twn sunart sewn pijanìthtac p̃1(k), f1a kai f1b.
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Apì to parap�nw gr�fhma, parathroÔme ìti kai oi dÔo gewmetrikèc katanomèc
apoklÐnoun aisjht� apì thn katanom  ETNB. O akìloujoc pÐnakac mac dÐnei, gia
orismènec endeiktikèc timèc, thn posostiaÐa apìklish thc k�je gewmetrik c katanom c
apì thn katanom  ETNB. AxÐzei na shmeiwjeÐ ìti me SE1a(k) sumbolÐzetai to
posostiaÐo sf�lma thc pr¸thc gewmetrik c katanom c apì thn katanom  ETNB.

k SE1a(k) SE1b(k)

1 -45 62.84
2 53.54 -84.44
5 138.61 -99.99
10 16.49 -100

PÐnakac 4.5.1: PosostiaÐo sf�lma(%) gia θ = 0.5

Apì ton pÐnaka 4.5.1 parathroÔme ìti pr�gmati oi apoklÐseic eÐnai arket� meg�lec, me
apotèlesma na mhn mporeÐ na proseggisteÐ mÐa katanom  ETNB apì kamÐa gewmetrik 
katanom  se ikanopoihtikì bajmì gia th dedomènh tim  tou perijwrÐou asf�leiac. H
apìklish metaxÔ touc faÐnetai xek�jara sto parak�tw di�gramma.
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Sq ma 4.3: Gr�fhma twn posostiaÐwn sfalm�twn thc katanom c ETNB gia θ = 1/2.
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4. θ = 1/4

H sun�rthsh pijanìthtac, p̃4(k), pou antistoiqeÐ sthn t.m. ÑT me θ = 1/4 dÐnetai
apì thn akìloujh sqèsh

p̃4(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4(1 + 1

4
)

(2 + 1
4
)2

]k
2 + 1

4

2

⇒ p̃4(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
80

81

]k
9

8
.

H mèsh tim  thc prokeÐmenhc katanom c ETNB ja eÐnai Ðsh me

E(ÑT ) = −pr(1− p)
−1/2−1

1− (1− p)−1/2
.

ìpou apì th sqèsh (4.4.1) gia θ = 1/4 se sunduasmì me thn teleutaÐa sqèsh lamb�noume

E(ÑT ) = 5

Akìmh, apì ton pÐnaka 4.4.1 h tim  tou suntelest  asummetrÐac thc sugkekrimènhc
katanom c eÐnai

γ1 = 9.01881

Sunep¸c, gia thn par�metro thc pr¸thc gewmetrik c katanom c, èstw p4a, ja prèpei na
isqÔei

E(ÑT ) =
1

p4a

⇒ 5 =
1

p4a

⇒ p4a = 0.2.

Apì thn parap�nw sqèsh sumperaÐnoume ìti h sun�rthsh pijanìthtac thc pr¸thc
gewmetrik c katanom c, èstw f4a, ja ekfr�zetai apì thn akìloujh sqèsh

f4a(k) = 0.2(1− 0.2)k−1 , k = 1, 2, . . . .

'Epeita, gia thn par�metro thc deÔterhc gewmetrik c katanom c, èstw p4b, ja prèpei na
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isqÔei

γÑT1 =
2− p4b√
1− p4b

⇒ 9.01881 =
2− p4b√
1− p4b

⇒ p4b = 0.987394.

ParathroÔme ìti h par�metroc thc deÔterhc gewmetrik c eÐnai anèlpista meg�lh, se
antÐjesh me thn par�metro thc pr¸thc gewmetrik c katanom c. Aut  h meg�lh diafor�,
ephre�zei shmantik� thn tim  thc sun�rthshc pijanìthtac gia k = 1, kai kat' epèktash
tic upìloipec pijanìthtec.

Sunep¸c, h sun�rthsh pijanìthtac thc deÔterhc gewmetrik c katanom c, èstw f4b ja
eÐnai

f4b(k) = 0.987394(1− 0.987394)k−1 , k = 1, 2, . . . .

Sunep¸c, to koinì gr�fhma twn tri¸n sunart sewn pijanìthtac ja eÐnai
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Sq ma 4.4: Gr�fhma twn sunart sewn pijanìthtac p̃4(k), f4a kai f4b.

To parap�nw gr�fhma mac deÐqnei ìti kai oi dÔo gewmetrikèc katanomèc apèqoun
shmantik� apì thn katanom  ETNB, all� se antÐjetec kateujÔnseic, lìgw thc meg�lhc
diafor�c sthn tim  thc paramètrou metaxÔ twn dÔo gewmetrik¸n katanom¸n.
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7. θ = 9/10

An upojèsoume ìti h tuqaÐa metablht  tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐa

dojèntoc ìti ja sumbeÐ h qreokopÐa, ÑT , akoloujeÐ thn katanom  ETNB me θ = 9/10,
tìte h sun�rthsh pijanìthtac, èstw p̃7(k), ja dÐnetai apì thn akìloujh sqèsh

p̃7(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4(1 + 9

10
)

(2 + 9
10

)2

]k
2 + 9

10

2

⇒ p̃7(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
760

841

]k
29

20
.

H mèsh tim  thc ETNB katanom c me θ = 9/10 ja eÐnai Ðsh me

E(ÑT ) = −pr(1− p)
−1/2−1

1− (1− p)−1/2
.

Mèsw thc teleutaÐac sqèshc kai thc (4.4.1) gia θ = 9/10, lamb�noume

E(ÑT ) = 2.1

Akìmh, apì ton pÐnaka 4.4.1 h tim  tou suntelest  asummetrÐac thc sugkekrimènhc
katanom c eÐnai

γ1 = 5.483

Epomènwc, h par�metroc thc pr¸thc gewmetrik c katanom c, èstw p7a, ja prokÔptei
apì thn akìloujh majhmatik  sqèsh

E(ÑT ) =
1

p7a

⇒ 2.1 =
1

p7a

⇒ p7a = 0.47619.

Me b�sh thn tim  thc paramètrou p7a, h sun�rthsh pijanìthtac thc pr¸thc gewmetrik c,
èstw f7a ja eÐnai

f7a(k) = 0.47619(1− 0.47619)k−1 , k = 1, 2, . . . .
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Akìmh, gia thn par�metro thc deÔterhc gewmetrik c katanom c, èstw p7b, ja prèpei na
isqÔei h ex c sqèsh:

γÑT1 =
2− p7b√
1− p7b

⇒ 5.483 =
2− p7b√
1− p7b

⇒ p7b = 0.964321.

Me b�sh thn tim  thc paramètrou p7b h sun�rthsh pijanìthtac thc deÔterhc gewmetrik c
katanom c, èstw f7b ja eÐnai

f7b(k) = 0.964321(1− 0.964321)k−1 , k = 1, 2, . . . .

Epomènwc, to koinì gr�fhma twn tri¸n proanaferjèntwn sunart sewn pijanìthtac gia
θ = 9/10 ja eÐnai
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Sq ma 4.5: Gr�fhma twn sunart sewn pijanìthtac p̃7(k), f7a kai f7b gia θ = 9/10.

Apì to gr�fhma 4.5, diakrÐnoume ìti oi dÔo gewmetrikèc katanomèc apèqoun aisjht�
apì thn katanom  ETNB. Wstìso, aut  h apìklish den eÐnai tìso meg�lh ìso stic
prohgoÔmenec peript¸seic, ki autì ofeÐletai sthn aÔxhsh tou perijwrÐou asf�leiac.
Akìmh, lìgw thc meg�lhc tim c tou perijwrÐou asf�leiac, h diafor� metaxÔ twn
paramètrwn twn gewmetrik¸n katanom¸n elatt¸netai.
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8. θ = 1/20

Gia thn t.m. ÑT me θ = 1/20 pou akoloujeÐ thn ETNB katanom , h sun�rthsh
pijanìthtac thc, p̃8(k), ekfr�zetai apì thn akìloujh sqèsh

p̃8(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4(1 + 1

20
)

(2 + 1
20

)2

]k
2 + 1

20

2

⇒ p̃8(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
1680

1681

]k
21

40
.

H mèsh tim  thc ETNB katanom c en gènei isoÔtai me

E(ÑT ) = −pr(1− p)
−1/2−1

1− (1− p)−1/2
.

ìpou mèsw thc sqèshc (4.4.1) gia θ = 1/20 kai thc teleutaÐac isìthtac gia th mèsh tim 
sumperaÐnoume ìti

E(ÑT ) = 21

Akìmh, apì ton pÐnaka 4.4.1 h tim  tou suntelest  asummetrÐac thc katanom c ETNB
gia θ = 1/20 eÐnai

γ1 = 19.2113

Epomènwc, h par�metroc thc pr¸thc gewmetrik c katanom c, èstw p8a, ja prokÔyei apì
thn isìthta twn mèswn tim¸n thc prokeÐmenhc katanom c ETNB kai thc antÐstoiqhc
gewmetrik c katanom c.

E(ÑT ) =
1

p8a

⇒ 21 =
1

p8a

⇒ p8a = 0.047619.

ParathroÔme ìti h tim  thc paramètrou eÐnai polÔ mikr  se sqèsh me tic prohgoÔmenec
peript¸seic. Me b�sh thn tim  thc paramètrou p8a, h sun�rthsh pijanìthtac thc pr¸thc
gewmetrik c, èstw f8a ja eÐnai

f8a(k) = 0.047619(1− 0.047619)k−1 , k = 1, 2, . . . .
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Epiprosjètwc, gia thn par�metro thc deÔterhc gewmetrik c katanom c, èstw p8b, ja
prèpei na isqÔei h akìloujh sqèsh

γÑT1 =
2− p8b√
1− p8b

⇒ 19.2113 =
2− p8b√
1− p8b

⇒ p8b = 0.997276.

'Epeita me b�sh thn tim  thc paramètrou p8b h sun�rthsh pijanìthtac thc deÔterhc
gewmetrik c katanom c, èstw f8b ja eÐnai

f8b(k) = 0.997276(1− 0.997276)k−1 , k = 1, 2, . . . .

Sunep¸c, h koin  grafik  par�stash twn tri¸n proanaferjèntwn sunart sewn pi-
janìthtac gia θ = 1/20 ja eÐnai
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Sq ma 4.6: Gr�fhma twn sunart sewn pijanìthtac p̃8(k), f8a kai f8b gia θ = 1/20.

'Opwc faÐnetai apì to gr�fhma 4.6, h prosèggish thc katanom c ETNB apì
dÔo gewmetrikèc katanomèc me diaforetikèc paramètrouc eÐnai sqedìn adÔnath gia th
sugkekrimènh epilog  tou perijwrÐou asf�leiac. Autì ofeÐletai sto gegonìc ìti oi dÔo
par�metroi twn gewmetrik¸n katanom¸n brÐskontai sta �kra tou diast matoc (0, 1),
dhlad  sto epitreptì pedÐo tim¸n thc paramètrou.

125



9. θ = 2

Gia thn perÐptwsh ìpou h t.m. ÑT akoloujeÐ thn katanom  ETNB me θ = 2 h sun�rthsh
pijanìthtac, èstw p̃9(k), ja dÐnetai apì thn akìloujh sqèsh:

p̃9(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4(1 + 2)

(2 + 2)2

]k
2 + 2

2

⇒ p̃9(k) =
1

2
·

Γ
(
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2

)
k!Γ

(
1
2

) [
3

4

]k
2.

Akìmh, gia th mèsh tim  thc ETNB katanom c, gnwrÐzoume ìti dÐnetai apì th majhmatik 
èkfrash

E(ÑT ) = −pr(1− p)
−1/2−1

1− (1− p)−1/2
.

Apì th sqèsh (4.4.1) gia θ = 2 lamb�noume thn tim  thc paramètrou p thc katanom c
ETNB. Epomènwc, gia r = −1/2 me b�sh thn teleutaÐa sqèsh, paÐrnoume

E(ÑT ) = 1.5

Epiplèon, apì ton pÐnaka 4.4.1 h antÐstoiqh tim  tou suntelest  asummetrÐac thc ETNB
katanom c eÐnai

γ1 = 4.49073

H par�metroc thc pr¸thc gewmetrik c katanom c, èstw p9a, ja dÐnetai apì th sqèsh

E(ÑT ) =
1

p9a

⇒ 1.5 =
1

p9a

⇒ p9a = 0.67.

ParathroÔme ìti kaj¸c aux�netai h tim  tou perijwrÐou asf�leiac, aux�netai kai h tim 
thc paramètrou thc pr¸thc gewmetrik c katanom c. Me b�sh thn tim  thc paramètrou
p9a, h sun�rthsh pijanìthtac thc pr¸thc gewmetrik c katanom c, èstw f9a ja eÐnai

f9a(k) = 0.67(1− 0.67)k−1 , k = 1, 2, . . . .
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Akìmh, gia thn par�metro thc deÔterhc gewmetrik c katanom c, èstw p9b, ja prèpei na
isqÔei h akìloujh sqèsh

γÑT1 =
2− p9b√
1− p9b

⇒ 4.49073 =
2− p9b√
1− p9b

⇒ p9b = 0.944786.

ParathreÐtai ìti h tim  thc paramètrou p9b, pou prokÔptei apì thn isìthta twn
suntelest¸n asummetrÐac thc katanom c ETNB kai thc antÐstoiqhc gewmetrik c
katanom c, eÐnai arket� meg�lh akìma ki ìtan h tim  tou perijwrÐou asf�leiac eÐnai
praktik� mh efarmìsimh. Wstìso, kaj¸c aux�netai h tim  tou θ, h tim  thc paramètrou
p9b elatt¸netai anepaÐsjhta. 'Epeita me b�sh thn tim  thc paramètrou p9b h sun�rthsh
pijanìthtac thc deÔterhc gewmetrik c katanom c, èstw f9b, ja eÐnai

f9b(k) = 0.944786(1− 0.944786)k−1 , k = 1, 2, . . . .

Telik¸c, to koinì gr�fhma twn tri¸n sunart sewn pijanìthtac gia θ = 2 ja eÐnai
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Sq ma 4.7: Gr�fhma twn sunart sewn pijanìthtac p̃9(k), f9a kai f9b gia θ = 2.
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Apì to gr�fhma 4.7 parathroÔme ìti h apìklish thc ETNB katanom c apì tic
gewmetrikèc katanomèc den eÐnai tìso emfan c. FaÐnetai na proseggÐzontai apì to
shmeÐo k = 4 ki Ôstera. QwrÐc kamÐa amfibolÐa to gr�fhma den endeÐknutai gia asfal 
sumper�smata. Gia to lìgo autì parajètoume ton pÐnaka twn posostiaÐwn sfalm�twn
kai gia tic dÔo gewmetrikèc katanomèc.

k SE9a(k) SE9b(k)

1 -10.66 25.97
2 57.22 -62.90
5 -38.77 -99.93
7 -79.88 -99.99
10 -97.02 -100

PÐnakac 4.5.2: PosostiaÐo sf�lma(%) gia θ = 2

Apì ton pÐnaka 4.5.2 parathroÔme ìti h apìklish twn gewmetrik¸n katanom¸n apì thn
ETNB katanom  eÐnai arket� meg�lh, kai eidikìtera gia ta shmeÐa k > 4. 'Allwste
h apìklish eÐnai emfan c kai apì to akìloujo di�gramma, sto opoÐo apeikonÐzontai ta
posostiaÐa sf�lmata.
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Sq ma 4.8: Gr�fhma twn posostiaÐwn sfalm�twn thc katanom c ETNB gia θ = 2.
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10. θ = 4

H t.m. ÑT gia θ = 4 akoloujeÐ thn ETNB katanom , thc opoÐac h sun�rthsh
pijanìthtac, èstw p̃10(k), ja dÐnetai apì thn akìloujh sqèsh

p̃10(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4(1 + 4)

(2 + 4)2

]k
2 + 4

2

⇒ p̃10(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
5

9

]k
3.

H mèsh tim  thc ETNB katanom c gia θ = 4 ja eÐnai Ðsh me

E(ÑT ) = −pr(1− p)
−1/2−1

1− (1− p)−1/2
.

ìpou an jèsoume θ = 4 sth sqèsh (4.4.1)kai se sunduasmì me thn teleutaÐa sqèsh
lamb�noume

E(ÑT ) = 1.25

Epiplèon, me th bo jeia tou upologistikoÔ progr�mmatoc Mathematica h antÐstoiqh
tim  tou suntelest  asummetrÐac thc ETNB katanom c gia θ = 4 eÐnai

γ1 = 4.19921

H tim  thc paramètrou thc pr¸thc gewmetrik c katanom c, èstw p10a, prokÔptei apì
thn akìloujh sqèsh

E(ÑT ) =
1

p10a

⇒ 1.25 =
1

p10a

⇒ p10a = 0.8.

H ragdaÐa aÔxhsh tou perijwrÐou asf�leiac sunteleÐ sth dramatik  aÔxhsh thc
prokeÐmenhc paramètrou. Me b�sh thn tim  thc paramètrou p10a, h sun�rthsh
pijanìthtac thc pr¸thc gewmetrik c katanom c, èstw f10a ja eÐnai

f10a(k) = 0.8(1− 0.8)k−1 , k = 1, 2, . . . .
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'Epeita, gia thn par�metro thc deÔterhc gewmetrik c katanom c, èstw p10b, ja prèpei na
isqÔei h akìloujh sqèsh

γÑT1 =
2− p10b√
1− p10b

⇒ 4.19921 =
2− p10b√
1− p10b

⇒ p10b = 0.93577.

H tim  thc paramètrou p10b mei¸netai me mikroÔc rujmoÔc, kaj¸c megal¸nei arket� h tim 
tou perijwrÐou asf�leiac. Katìpin me b�sh thn tim  thc paramètrou p10b, h sun�rthsh
pijanìthtac thc deÔterhc gewmetrik c katanom c, èstw f10b, ja eÐnai

f10b(k) = 0.93577(1− 0.93577)k−1 , k = 1, 2, . . . .

Telik¸c, to koinì gr�fhma twn tri¸n sunart sewn pijanìthtac gia θ = 4 ja eÐnai
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Sq ma 4.9: Gr�fhma twn sunart sewn pijanìthtac p̃10(k), f10a kai f10b gia θ = 4.

Apì to gr�fhma 4.9 parathroÔme ìti h katanom  ETNB proseggÐzetai kalÔtera apì
tic dÔo gewmetrikèc katanomèc sqetik� me tic prohgoÔmenec peript¸seic, qwrÐc wstìso
autì na shmaÐnei ìti h efarmog  eÐnai kal . Sto shmeÐo k = 1, h sÔgklish twn tri¸n
katanom¸n eÐnai emfan¸c kalÔterh, den paÔei ìmwc na up�rqei shmantik  apìklish twn
gewmetrik¸n katanom¸n apì thn katanom  ETNB. To Ðdio sumbaÐnei kai sto shmeÐo
k = 2.
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11. θ = 5

Sthn perÐptwsh kat� thn opoÐa h tuqaÐa metablht  ÑT , akoloujeÐ thn katanom  ETNB
me θ = 5, h sun�rthsh pijanìthtac, èstw p̃11(k), ja ekfr�zetai apì th majhmatik 
sqèsh:

p̃11(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4(1 + 5)

(2 + 5)2

]k
2 + 5

2

⇒ p̃11(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
24

49

]k
7

2
.

H mèsh tim  thc ETNB katanom c pou antistoiqeÐ sthn t.m. ÑT gia θ = 5 eÐnai Ðsh me

E(ÑT ) = −pr(1− p)
−1/2−1

1− (1− p)−1/2
.

Apì thn teleutaÐa sqèsh kai mèsw thc sqèshc (4.4.1) gia θ = 5, dojèntoc ìti r = −1/2,
lamb�noume thn tim  gia th mèsh tim  thc prokeÐmenhc katanom c ETNB.

E(ÑT ) = 1.2

Epiplèon, me th bo jeia tou upologistikoÔ progr�mmatoc Mathematica h antÐstoiqh
tim  tou suntelest  asummetrÐac thc ETNB katanom c gia θ = 5 eÐnai

γ1 = 4.2094

H tim  thc paramètrou thc pr¸thc gewmetrik c katanom c, èstw p11a, prokÔptei apì
thn akìloujh sqèsh

E(ÑT ) =
1

p11a

⇒ 1.2 =
1

p11a

⇒ p11a = 0.83.

Me b�sh thn tim  thc paramètrou p11a, h sun�rthsh pijanìthtac thc pr¸thc gewmetrik c
katanom c, èstw f11a ja eÐnai

f11a(k) = 0.83(1− 0.83)k−1 , k = 1, 2, . . . .
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Akìmh, h par�metroc thc deÔterhc gewmetrik c katanom c, èstw p11b, prokÔptei apì
thn akìloujh sqèsh

γÑT1 =
2− p11b√
1− p11b

⇒ 4.2094 =
2− p11b√
1− p11b

⇒ p11b = 0.936123.

Sth sunèqeia me b�sh thn tim  thc paramètrou p11b, ja prokÔyei h sun�rthsh
pijanìthtac thc deÔterhc gewmetrik c katanom c, èstw f11b, h opoÐa ekfr�zetai apì
ton akìloujo tÔpo

f11b(k) = 0.936123(1− 0.936123)k−1 , k = 1, 2, . . . .

Telik¸c, to koinì gr�fhma twn tri¸n sunart sewn pijanìthtac gia θ = 5 ja eÐnai
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Sq ma 4.10: Gr�fhma twn sunart sewn pijanìthtac p̃11(k), f11a kai f11b gia θ = 5.

Me b�sh to gr�fhma 4.10, h ektÐmhsh gia thn prosèggish thc katanom c ETNB
apì dÔo gewmetrikèc katanomèc parousi�zei tic Ðdiec duskolÐec me thn perÐptwsh 10,
sthn opoÐa h tim  tou perijwrÐou asf�leiac θ isoÔtai me 4. Grafik�, faÐnetai na up�rqei
eikonik  sÔgklish metaxÔ twn tri¸n katanom¸n apì to shmeÐo k = 3 ki Ôstera, par' ìti
sta shmeÐa k = 1 kai k = 2 oi antÐstoiqec pijanìthtec parousi�zoun shmantik  diafor�.
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12. θ = 10

Gia thn t.m. ÑT , h opoÐa akoloujeÐ thn ETNB katanom  me θ = 10 h sun�rthsh
pijanìthtac, èstw p̃12(k), ja eÐnai

p̃12(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4(1 + 10)

(2 + 10)2

]k
2 + 10

2

⇒ p̃12(k) =
1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
11

36

]k
6.

H mèsh tim  thc ETNB katanom c pou antistoiqeÐ sthn t.m. ÑT gia θ = 10 eÐnai Ðsh me

E(ÑT ) = −pr(1− p)
−1/2−1

1− (1− p)−1/2
.

ìpou an jèsoume sth sqèsh (4.4.1) gia θ = 10, kai apì thn teleutaÐa sqèsh lamb�noume

E(ÑT ) = 1.1

Akìmh, me th bo jeia tou upologistikoÔ progr�mmatoc Mathematica h antÐstoiqh tim 
tou suntelest  asummetrÐac thc ETNB katanom c gia θ = 10 eÐnai

γ1 = 4.5689

H tim  thc paramètrou thc pr¸thc gewmetrik c katanom c, èstw p12a, prokÔptei apì
thn akìloujh sqèsh

E(ÑT ) =
1

p12a

⇒ 1.1 =
1

p12a

⇒ p12a = 0.909091.

'Opwc èqei anaferjeÐ, anamèname ìti h par�metroc p12a ja lamb�nei tìso meg�lh tim ,
exaitÐac thc afÔsika meg�lhc tim c tou perijwrÐou asf�leiac. Me b�sh thn tim  thc
paramètrou p12a, h sun�rthsh pijanìthtac thc pr¸thc gewmetrik c katanom c, èstw
f12a, ja eÐnai

f12a(k) = 0.909091(1− 0.909091)k−1 , k = 1, 2, . . . .
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Epiprosjètwc, gia thn par�metro thc deÔterhc gewmetrik c katanom c, èstw p12b, ja
prèpei na isqÔei h akìloujh sqèsh

γÑT1 =
2− p12b√
1− p12b

⇒ 4.5689 =
2− p12b√
1− p12b

⇒ p12b = 0.94687.

ParathroÔme ìti gia th sugkekrimènh tim  tou perijwrÐou asf�leiac θ, oi timèc twn
paramètrwn twn gewmetrik¸n katanom¸n den èqoun meg�lh diafor� metaxÔ touc, ìpwc
sunèbaine stic peript¸seic ìpou h tim  tou θ kumainìtan sto di�sthma (0, 1).

'Epeita me b�sh thn tim  thc paramètrou p12b, ja prokÔyei h sun�rthsh pijanìthtac
thc deÔterhc gewmetrik c katanom c, èstw f12b, h opoÐa ekfr�zetai wc ex c:

f12b(k) = 0.94687(1− 0.94687)k−1 , k = 1, 2, . . . .

Telik¸c, to koinì gr�fhma twn tri¸n proanaferjèntwn sunart sewn pijanìthtac gia
θ = 10 ja eÐnai
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Sq ma 4.11: Gr�fhma twn sunart sewn pijanìthtac p̃12(k), f12a kai f12b gia θ = 10.
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Sto parap�nw gr�fhma faÐnetai ìti h ETNB katanom  proseggÐzetai ikanopoihtik�
kai apì tic dÔo gewmetrikèc katanomèc. Wstìso, den mporeÐ na gÐnei mÐa asfal  ektÐmhsh
mìno apì th grafik  apeikìnish twn sunart sewn pijanìthtac. Gia to lìgo autì,
ston akìloujo pÐnaka me ta posostiaÐa sf�lmata kai twn dÔo gewmetrik¸n katanom¸n
antikatoptrÐzetai h pragmatik  apìklish thc ETNB katanom c apì thn antÐstoiqh
gewmetrik  katanom .

k SE12a(k) SE12b(k)

1 -0.82 3.29
2 18.02 -28.15
5 -85.79 -98.27
7 -97.86 -99.91
10 -99.90 -99.99

PÐnakac 4.5.3: PosostiaÐo sf�lma(%) gia θ = 10

Apì ton pÐnaka 4.5.3 sumperaÐnoume ìti mìno sto shmeÐo k = 1 proseggÐzontai se
ikanopoihtikì bajmì kai oi dÔo gewmetrikèc katanomèc. Pèran autoÔ tou shmeÐou, h
apìklish metaxÔ thc ETNB katanom c kai thc antÐstoiqhc gewmetrik c katanom c
aux�netai polÔ gr gora. H prokeÐmenh apìklish apeikonÐzetai sto parak�tw gr�fhma.
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Sq ma 4.12: Gr�fhma twn posostiaÐwn sfalm�twn thc katanom c ETNB gia θ = 10.
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Parathr seic

1. AnalÔontac prosektik� k�je mÐa perÐptwsh, parathroÔme ìti h prosèggish thc
katanom c ETNB apì mÐa kat�llhlh gewmetrik  katanom  den  tan epituq c par� to

gegonìc ìti h tuqaÐa metablht  ÑT ‘faÐnetai’ na akoloujeÐ th gewmetrik  katanom . H

t.m. ÑT metr� twn arijm¸n twn apozhmi¸sewn mèqri th qreokopÐa dojèntoc ìti ja sumbeÐ
h qreokopÐa. Akìmh, apì ton orismì 4.5.1 thc gewmetrik c katanom c thc paroÔsac
enìthtac, an mÐa t.m. èstw X metr� ton arijmì twn dokim¸n èwc ìtou ft�sei h pr¸th
epituqÐa tìte h katanom  thc t.m. X eÐnai h gewmetrik  katanom . 'Etsi, an orÐsoume wc

epituqÐa th qreokopÐa, tìte diaisjhtik� h tuqaÐa metablht  ÑT akoloujeÐ th gewmetrik 
katanom . Autì ìmwc den sumbaÐnei ìpwc diapist¸same apì ta prohgoÔmena arijmhtik�
paradeÐgmata. Epiprosjètwc, tìso h katanom  ETNB (blèpe Frostig et al(2010)) ìso
kai h gewmetrik  katanom 2 parousi�zoun mègisto sto shmeÐo k = 1.

2. Parathr¸ntac prosektik� ta graf mata twn sunart sewn pijanìthtac, diakrÐnoume
èna shmantikì stoiqeÐo. Kaj¸c aux�netai h tim  tou perijwrÐou asf�leiac, kai me
dedomèno ìti me peperasmèno arijmì apozhmi¸sewn ja sumbeÐ h qreokopÐa, h pijanìthta
na sumbeÐ h qreokopÐa me thn pr¸th apozhmÐwsh aux�netai shmantik�. Autì �llwste
eÐnai apolÔtwc logikì, diìti an to perij¸rio asf�leiac eÐnai uperbolik� meg�lo, tìte an
den sumbeÐ h qreokopÐa met� thn èleush thc pr¸thc apozhmÐwshc, tìte eÐnai ligìtero
pijanì na sumbeÐ h qreokopÐa me perissìterec apozhmi¸seic. An qarakthristik�
jewr soume thn teleutaÐa perÐptwsh ìpou h tim  tou perijwrÐou isoÔtai me 10, tìte
ja prèpei eÐte o rujmìc eÐspraxhc twn asfalÐstrwn sth mon�da tou qrìnou na eÐnai
polÔ meg�loc me apotèlesma thn katakìrufh aÔxhsh twn esìdwn, eÐte h mèsh endi�mesh
qronik  di�rkeia pou mesolabeÐ metaxÔ dÔo apait sewn na eÐnai meg�lh. 'Opwc faÐnetai
kai apì th sqèsh (1.2.6), gia na eÐnai h tim  tou perijwrÐou asf�leiac Ðsh me 10, ja
prèpei h tim  tou c na eÐnai ènteka forèc megalÔterh apì to ginìmeno λE(X).

2
βλέπε http : //en.wikipedia.org/wiki/Geometric distribution
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Par�rthma A'

Oi analutikoÐ tÔpoi gia th sun�rthsh epibÐwshc

kai th bajmÐda apotuqÐac thc katanom c ETNB

'Opwc gnwrÐzoume h tuqaÐa metablht  tou arijmoÔ twn apozhmi¸sewn èwc th qreokopÐ-

a dojèntoc ìti ja sumbeÐ h qreokopÐa, ÑT , akoloujeÐ thn katanom  ETNB me

paramètrouc r = −1/2 kai p = 4(1+θ)
(2+θ)2

ìpwc apodeiknÔetai sthn enìthta 4.4, thc opoÐac

h sun�rthsh pijanìthtac dÐnetai apì th sqèsh (3.3.3) kai isoÔtai me

Pr
(
ÑT = k

)
=

1

2
·

Γ
(
k − 1

2

)
k!Γ

(
1
2

) [
4(1 + θ)

(2 + θ)2

]k
2 + θ

2
, k = 1, 2, . . . .

H sun�rthsh epibÐwshc   dexi� our�, a(k), thc katanom c ETNB eÐnai

a(k) = Pr(ÑT > k) =
∞∑

n=k+1

Pr
(
ÑT = n

)
, k = 0, 1, 2, . . . .

H majhmatik  èkfrash thc dexi�c our�c thc katanom c ETNB eÐnai dÔsqrhsth, kai gia
to lìgo autì me th bo jeia tou algebrikoÔ upologistikoÔ progr�mmatocMathematica,
gia th sun�rthsh epibÐwshc paÐrnoume

a(k) =
pk(1 + θ)Γ (1/2 + k)√
π(2 + θ)Γ(2 + k)

×Hypergeometric2F1 (1/2 + k, 1, 2 + k, p) .

ìpou h sun�rthsh Hypergeometric2F1 (a, b; c; z) eÐnai h upergewmetrik  sun�rthsh

2F1(a, b; c; z) thc opoÐac h majhmatik  èkfrash dÐnetai apì ton akìloujo tÔpo:

2F1 (a, b; c; z) =
∞∑
k=0

(a)k
(b)k
(c)k

zk

k!
.

ìpou o ìroc (a)k parist�nei to pl joc twn diat�xewn twn a stoiqeÐwn an� k, kai dÐnetai
apì ton tÔpo
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(a)k = a(a− 1) · · · (a− k + 1) , 1 ≤ k ≤ a.

Akìmh gia th bajmÐda apotuqÐac, h(k), thc tuqaÐac metablht c ÑT pou akoloujeÐ thn
katanom  ETNB isqÔei

h(k) = Pr(ÑT = k|ÑT ≥ k) =
Pr(ÑT = k)

Pr(ÑT > k) + Pr(ÑT = k)
.

'Opwc gÐnetai eÔkola antilhptì h eÔresh thc majhmatik c èkfrashc gia th bajmÐda
apotuqÐac thc katanom c ETNB parousi�zei arketèc duskolÐec, kai gia to lìgo autì,
me qr sh tou progr�mmatoc Mathematica h bajmÐda apotuqÐac dÐnetai apì ton tÔpo

h(k) =
2 · Γ(2 + k)

2 + p(2k − 1) · Γ(1 + k)Hypergeometric2F1 (1/2 + k, 1, 2 + k, p)
.
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Par�rthma B'

Apìdeixh thc isìthtac twn dÔo ekfr�sewn gia th

diaspor� thc katanom c ETNB

Sthn enìthta 4.2 br kame ton analutikì tÔpo gia th diaspor� thc katanom c ETNB me
dÔo diaforetikoÔc trìpouc. O pr¸toc o opoÐoc dÐnetai apì th sqèsh (4.2.5) brèjhke apì
ton orismì thc diakÔmanshc thc katanom c ETNB, en¸ o deÔteroc tÔpoc tou opoÐou
h èkfrash dÐnetai apì th majhmatik  sqèsh (4.2.7). Oi dÔo ekfr�seic gia th diaspor�
eÐnai isodÔnamoi, qwrÐc ìmwc na eÐnai profan  h isodunamÐa aut . 'Etsi, an jèsoume me
V ar1(N) kai V ar2(N) tic antÐstoiqec ekfr�seic tic diaspor�c, tìte ja prèpei na isqÔei:

V ar1(N) = V ar2(N)

'Omwc, apì tic proanaferjeÐsec sqèseic (4.2.5) kai (4.2.7) gia tic dÔo ekfr�seic
antÐstoiqa, isqÔei

V ar1(N) = −{p
2r(r + 1)(1− p)−r−2 + pr(1− p)−r−1} [1− (1− p)−r]

[1− (1− p)−r]2
−

− (pr)2 [(1− p)−r−1]
2

[1− (1− p)−r]2
.

kai

V ar2(N) = −pr(1− p)
−r−2 [1− (1− p)−r + pr]

[1− (1− p)−r]2
.

AnalÔontac ton pr¸to tÔpo thc diaspor�c, paÐrnoume
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V ar1(N) = −{p
2r(r + 1)(1− p)−r−2 + pr(1− p)−r−1} [1− (1− p)−r]

[1− (1− p)−r]2
−

− (pr)2 [(1− p)−r−1]
2

[1− (1− p)−r]2

= −(pr)2(1− p)−r−2 + p2r(1− p)−r−2 + pr(1− p)−r−1 − (pr)2(1− p)−2r−2

[1− (1− p)−r]2
+

+
p2r(1− p)−2r−2 + pr(1− p)−2r−1 − (pr)2(1− p)−2r−2

[1− (1− p)−r]2
.

Paragontopoi¸ntac touc ìmoiouc ìrouc pou perièqoun tic posìthtec p2r kai pr
katal goume sto ex c apotèlesma:

V ar1(N) = −(pr)2(1− p)−r−2 + pr(1− p)−r−1 [1− (1− p)−r] + p2r(1− p)−r−2 [1− (1− p)−r]
[1− (1− p)−r]2

= −(pr)2(1− p)−r−2 + pr(1− p)−r−2 [1− (1− p)−r]
[1− (1− p)−r]2

.

Telik¸c, paÐrnoume

V ar1(N) = −pr(1− p)
−r−2 [1− (1− p)−r + pr]

[1− (1− p)−r]2
.

Opìte, oi dÔo ekfr�seic gia th diakÔmansh thc katanom c ETNB eÐnai isodÔnamec.
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