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Ston SpÔro.

Stouc goneÐc mou,

'Elènh kai Dhm trh.





EuqaristÐec

Kat′arq�c ja  jela na euqarist sw idiaÐtera ton epiblèponta thn paroÔsa diplw-

matik  ergasÐa kÔrio Nikìlao Maqair� gia thn amèristh sumpar�stas  tou kai thn

polÔtimh bo jeia pou mou prosèfere kat� th di�rkeia ekpìnhshc aut c thc ergasÐac.

EpÐshc ja  jela na euqarist sw kai ta �lla dÔo mèlh thc TrimeloÔc Exetastik c

Epitrop c, kÔrio Jeìdwro ArtÐkh kai kÔrio Dhm trio Stèggo gia thn epÐbley  touc.

Akìmh ja  jela na ekfr�sw tic euqaristÐec mou se ìla ta mèlh D.E.P. sto P.M.S.

sthn Efarmosmènh Statistik  tou PanepisthmÐou Peirai¸c, all� kai stouc sumfoi-

thtèc mou gia th epoikodomhtik  sunergasÐa mac kat� th di�rkeia twn metaptuqiak¸n

mou spoud¸n.





PerÐlhyh

AntikeÐmeno thc paroÔsac ergasÐac apoteleÐ h epÐdrash twn makrooikonomik¸n

paragìntwn, ìpwc o plhjwrismìc kai to epitìkio sthn klassik  JewrÐa KindÔnou.

Sta plaÐsia aut� exet�zontai arqik� to upìdeigma twn Delbean kai Haezendonck [37],

ìpou sto klassikì upìdeigma thc JewrÐac KindÔnou emplèketai kai ènac oikonomikìc

par�gontac pou eÐnai sun�rthsh tou plhjwrismoÔ kai tou epitokÐou. Sth sunèqeia

upologÐzontai fr�gmata thc pijanìthtac qreokopÐac pou belti¸noun ta antÐstoiqa

fr�gmata thc klassik c JewrÐac KindÔnou. Tèloc melet�me to upìdeigma tou Har-

rison [30], ìpou ènac emplekìmenoc oikonomikìc par�gontac eÐnai mia sun�rthsh tou

epitokÐou. Sqetik� apodeiknÔetai ìti to kef�laio miac asfalistik c etaireÐac mporeÐ

na parastajeÐ wc èna olokl rwma Riemann -Stieltjes kai dÐnetai ènac qarakthrismìc

gia thn pijanìthta qreokopÐac.





Prìlogoc

H epirro  tou plhjwrismoÔ kai twn epitokÐwn sto pleìnasma twn asfalistik¸n

epiqeir sewn èqei melethjeÐ apì polloÔc suggrafeÐc. Pr�gmati oi melètec twn Har-

rison [22], Taylor [36] kai Kahane [25] èqoun d¸sei shmantik  ¸jhsh sthn ereunhtik 

aut  perioq . Se aut n thn ergasÐa ja d¸soume mia genik  perigraf  thc klassik c

stoqastik c diadikasÐac kindÔnwn ìtan lamb�noume up' ìyin mac makrooikonomikoÔc

par�gontec. Sth sunèqeia ja melet soume thn epÐdrash twn paragìntwn aut¸n sta

pijanojewrhtik� fr�gmata qreokopÐac.

Sta plaÐsia aut�, arqik� meletoÔme èna upìdeigma jewrÐac kindÔnwn pou prot�jh-

ke apì touc Delbean kai Haezendonck [9]. Gia na epexhg soume thn prosèggis  mac

exet�zoume èna montèlo sto opoÐo h èntash tìkou i kai h èntash plhjwrismoÔ δ den

metab�llontai. Se aut n thn perÐptwsh h diafor� i = i− δ eÐnai Ðsh me thn pragma-

tik  èntash tìkou. Sth sunèqeia epekteÐnoume thn melèth mac kai se pio polÔploka

montèla.

Ac jewr soume loipìn th stoqastik  diadikasÐa 〈Nt〉t∈R+ sthn opoÐa k�je Nt dh-

l¸nei to pl joc twn apait sewn miac asfalistik c epiqeÐrhshc sto qronikì di�sthma

[0, t], 〈Xn〉n∈N th stoqastik  diadikasÐa sthn opoÐa k�je Xn dhl¸nei to mègejoc thc

n-ost c apaÐthshc kai 〈Tn〉n∈N th stoqastik  diadikasÐa sthn opoÐa k�je Tn dhl¸nei

th qronik  stigm  emf�nishc thc n-ost c ap�ithshc. Sthn klassik  jewrÐa kindÔnou

oi prosaux seic Nt −Ns eÐnai anex�rthtec kai gia mikrì ∆t h pijanìthta na up�rxei

apaÐthsh se qronikì di�sthma m kouc ∆t eÐnai Ðsh me λ∆t (λ ∈ R∗+). Se èna montè-

lo aut c thc morf c ìpou lamb�nontai up' ìyin makrooikonomikoÐ par�gontec, ìpwc

parap�nw, h n-ost  apaÐthsh den eÐnai Ðsh me Xn (ìpwc sumbaÐnei �llwste sthn klas-

sik  perÐptwsh) all� Ðsh me eδTnXn. An 〈Z̃t〉t∈R+
eÐnai h stoqastik  diadikasÐa sthn

opoÐa k�je Z̃t dhl¸nei thn exèlixh tou pleon�smatoc thc asfalistik c epiqeÐrhshc th

qronik  stigm  t, tìte th qronik  stigm  t to pleìnasma autì ja aux�netai ìqi mìno

apì thn eÐspraxh asfalÐstrwn all� kai apì th l yh tìkwn apì autì to pleìnasma.

Apì thn �llh pleur� to pleìnasma ja meiwjeÐ e�n h epiqeÐrhsh èqei na plhr¸sei

apait seic oi opoÐec exart¸ntai apì ton plhjwrismì. Sunep¸c gia èna mikrì qronikì

di�sthma dt to eisìdhma miac asfalistik c epiqeÐrhshc ja gÐnei Ðso me

p(t)dt+ īZ̃tdt

ìpou p(t) eÐnai h puknìthta asfalÐstrou th qronik  stigm  t ∈ [0,+∞]. Bèbaia



an to asf�listro akoloujeÐ ton plhjwrismì mporoÔme na upojèsoume ìti isqÔei

p(t) = p(0)eδt,∀t ∈ [0,+∞]. Profan¸c ìmwc h exerqìmenh ro  den eÐnai dunatìn

na grafeÐ tìso apl� afoÔ oi apait seic den sumbaÐnoun suneq¸c all� sunistoÔn mia

stoqastik  diadikasÐa alm�twn. H an�gkh aut  mac od ghse sto na eis�goume to

mètro eδtXNtdNt. Autì eÐnai èna austhr� asuneqèc mètro me b�roc Ðso me eδTnXn

sthn antÐstoiqh qronik  stigm  Tn,∀n ∈ N. H proanaferjeÐsa logik  diadikasÐa

majhmatik� tupopoieÐtai austhr� apì th stoqastik  diaforik  exÐswsh

dZ̃t = p(0)eδtdt+ īZ̃tdt− eδtXNtdNt. (1.1)

Akolouj¸ntac thn analogistik  par�dosh eis�goume thn paroÔsa axÐa thc stoqa-

stik c diadikasÐac 〈Z̃t〉t∈[0,+∞] :

Z̄t = e−itZ̃t,∀t ∈ [0,+∞]. (1.2)

Tìte h �nw stoqastik  diaforik  exÐswsh paÐrnei thn telik  morf 

dZ̄t = p(0)e−(i−δ)dt− e−(i−δ)XNtdNt = p(0)e−itdt− e−itXNtdNt.)

'Ara

dZ̄t = p(0)e−itdt− e−itXNtdNt.) (1.3)

H apeikìnish f(t) = e−it,∀t ∈ [0,+∞] ja kaleÐtai oikonomikìc par�gontac. Ep' autoÔ

upojètoume ìti isqÔei i > 0 (mia upìjesh h opoÐa eÐnai eurÔtera oikonomik� apodekt 

par' ìlo pou sto pareljìn up rxan perÐodoi kat� tic opoÐec h pragmatik  èntash

tìkou ègine stigmi�ia arnhtik ). Se katast�seic loipìn ìpou h pragmatik  èntash

tìkou eÐnai stajer  kai gnhsÐwc jetik  o oikonomikìc par�gontac f(t) : t ∈ [0,+∞]

fjÐnei sto 0 kaj¸c o qrìnoc teÐnei sto +∞.
H lÔsh thc stoqastik c diaforik c exÐswshc (1.3) eÐnai h

Z̄t = p(0)

∫ t

0

e−iudu−
Nt∑
n=1

e−iTnXn + Z̄0 (1.4)

ìpou me Z̄0 sumbolÐzoume to arqikì pleìnasma (  alli¸c apojematikì),

e−iTnXn

eÐnai h paroÔsa axÐa thc n-ost c apaÐthshc (ìtan metriètai se stajerèc timèc) kai

p(0)

∫ t

0

e−iudu



eÐnai h paroÔsa axÐa twn eisodhm�twn apì ta asf�listra (ìtan metrioÔntai se sta-

jerèc timèc). O de stoqastikìc par�gontac thc (1.4)

St =
Nt∑
n=1

e−iTnXn, (1.5)

parist�nei thn paroÔsa axÐa tou posoÔ pou pl rwse h asfalistik  epiqeÐrhsh mèqri

th qronik  stigm  t ∈ [0,+∞]. Autìc eÐnai kai o lìgoc pou h antÐstoiqh stoqasti-

k  diadikasÐa 〈S̄t〉t∈[0,+∞] kaleÐtai h stoqastik  diadikasÐa thc paroÔsac axÐac thc

stoqastik c diadikasÐac kindÔnou.

'Opwc eÐnai gnwstì to basikì prìblhma thc jewrÐac qreokopÐac eÐnai na ektimhjeÐ

to t0 gia to opoÐo ja èqoume Zt0 < 0 (  isodÔnama Z̃t0 < 0). Sthn klassik  perÐptwsh

(ìpou i = 0 kai opìte to epitìkio antistajmÐzetai apì ton plhjwrismì) h pijanìthta

qreokopÐac eÐnai mia sun�rthsh tou p(0), tou arqikoÔ pleon�smatoc kai thc katanom c

twn apait sewn. Epomènwc sto montèlo mac h pragmatik  èntash tìkou ja gÐnei

epiprìsjeth par�metroc sthn polÔplokh kat�stash sthn opoÐa èqoume  dh odhghjeÐ.

Sto kef�laio 3 analÔetai kai melet�tai to parap�nw upìdeigma twn Delbean kai

Haezendonck [11].

(i) Sth deÔterh par�grafo ja melet soume tic basikèc majhmatikèc idiìthtec thc

stoqastik c diadikasÐoc 〈S̄t〉t∈[0,+∞] gia opoiond pote oikonomikì par�gonta f .

(ii) Sthn trÐth par�grafo ja melet soume tic di�forec teqnikèc upologismoÔ asfa-

lÐstrwn kai ja tic efarmìsoume sto montèlo mac. Sth sunèqeia ja melet soume

diaforetikèc morfèc thc puknìthtac asfalÐstrou p(t) kai ja odhghjoÔme sto

sumpèrasma ìti mìno h arq  thc anamenìmenhc axÐac dÐdei apotelèsmata ta opoÐa

ephre�zontai apì ton plhjwrismì.

(iii) Sthn tètarth par�grafo ja melet soume thn perÐptwsh sthn opoÐa o plhjwri-

smìc ephre�zei thn apeikìnish p(t) kai ja melet soume antÐstoiqa probl mata

qreokopÐac. Saf¸c to kef�laio autì eÐnai perissìtero teqnikì kai m�lista

antimetwpÐzetai sto sÔnolì tou me th qr sh twn martingales. Pr�gmati erga-

leÐa ìpwc h ananewtik  jewrÐa kai �llec morfèc stasimìthtac kai summetrÐac

pou qrhsimopoioÔntai kat� kìron sto klassikì montèlo den mporoÔn na qrhsi-

mopoihjoÔn sthn perÐptwsh pou exet�zoume exaitÐac thc Ôparxhc oikonomikoÔ

par�gonta.



(iv) Sthn par�grafo 5 meletoÔme thn shmantikìtath perÐptwsh kat� thn opoÐa i-

sqÔei ìti f(t) = e−it,∀t ∈ [0,∞], ìpou kai h pragmatik  èntash tìkou eÐnai

stajer  kai jetik . EpÐshc dÐnontai arijmhtik� dedomèna gia ekjetik� katane-

mhmènec apait seic.

Sto tètarto kef�laio thc paroÔsac ergasÐac meletoÔme to upìdeigma thc JewrÐac

KindÔnwn ìpwc autì prot�jhke apì ton Harisson [22]. Perigr�foume en suntomÐa thn

ergasÐa aut .

Jewroume loipìn th stoqastik  diadikasÐa Z = 〈Zt〉t≥0 h opoÐa ja eÐnai mia stoqa-

stik  diadikasÐa me st�simec kai anex�rthtec prosaux seic peperasmènh diakÔmansh

kai Z(0) = 0. Aut  ja onom�zetai h stoqastik  diadikasÐa twn eisodhm�twn. Dojèn-

toc enìc jetikoÔ epipèdou arqik¸n KefalaÐwn y kai enìc jetikoÔ epitokÐou i orÐzoume

thn antÐstoiqh stoqastik  diadikasÐa KefalaÐwn Z apì thn sqèsh

Z(t) = eity +

∫ t

0

ei(t−s)dZ(s), t ≥ 0. (4.1)

'Opwc ja deÐxoume to olokl rwma Riemann-Stieltjes sto dexÐ mèroc thc (4.1)

up�rqei kai eÐnai peperasmèno gia k�je t ≥ 0 kai gia sqedìn k�je deigmatik  diadrom 

thc tuqaÐac metablht c Z.

Gia na d¸soume mia ermhneÐa sthn Z arqik� jewroÔme mia shmantik  eidik  perÐ-

ptwsh. 'Estw 〈N(t)〉t≥0 h stoqastik  diadikasÐa Poisson me par�metro λ kai èstw

X1, X2, . . . anex�rthtec kai isìnomec tuqaÐec metablhtèc me sun�rthsh katanom c thn

F. An jewr soume c mia peperasmènh stajer� tìte lamb�noume

Z(t) = ct− (X1 + . . .+XN(t)), t ≥ 0. (4.2)

Tìte h Z eÐnai mia compound Poisson stoqastik  diadikasÐa me drift c. Stoqastikèc

diadikasÐec aut c thc morf c me thn F sugkentrwmènh sto (0,∞) kai to c jetik 

stajer� paradosiak� èqoun qrhsimopoihjeÐ se ajroistikèc JewrÐec KindÔnwn gia

na anaparast soun allagèc sto apìjema kindÔnou miac asfalistik c epiqeÐrhshc.

MporeÐ kaneÐc na ermhneÔsei to c san thn analogÐa me thn opoÐa lamb�nontai oi plh-

rwmèc asfalÐstrwn apì touc asfalismènouc kai to N(t) san to ajroistikì pl joc

twn apait sewn oi opoÐec epibarÔnoun thn epiqeÐrish mèqri th qronik  stigm  t kai

Xk san to mègejoc thc k apaÐthshc. Upojèste t¸ra ìti to apojematikì kindÔnou

thc asfalistik c epiqeÐrhshc èqei ependujeÐ se ènan logariasmì Trapèzhc me suneq 



anatokismì kai me èntash tìkou i. Upojèste epÐshc ìti oi plhrwmèc autwn twn a-

sfalÐstrwn topojetoÔntai ston logariasmì kaj¸c autoÐ lamb�nontai kai ta qr mata

touc aposÔrontai apì to logariasmì gia na plhr¸soun apait seic kaj¸c autèc sum-

baÐnoun. Epiplèon ac upojèsoume oti ja mporoÔse to mègejoc tou logariasmoÔ autoÔ

na gÐnei akìma kai mhdèn. EpÐshc mporoÔn na daneisjoÔn qr mata me thn Ðdia èntash

tìkou i kai o tìkoc anamignÔetai suneq¸c me to qrèoc akrib¸c ìpwc gÐnetai kai me

tic oikonomÐec. 'Estw y loipìn to arqikì apojematikì kindÔnou kai ac sumbolÐsoume

me t1, t2, . . . tic stigmèc stic opoÐec sumbaÐnoun oi zhmièc. Tìte to perieqìmeno tou

logariasmou thn qronik  stigm  t eÐnai Ðso me

Z(t) = eity +

∫ t

0

cei(t−s)ds−
N(t)∑
k=1

ei(t−tk)Xk, (4.3)

to opoÐo sumpÐptei me ton orismì (4.1). Mia ìmoia ermhneÐa efarmìzetai ìtan h F

eÐnai aujaÐreth, gegonìc to opoÐo epitrèpei tic mÐxeic twn ethsÐwn ergasi¸n kai twn

koin¸n asfalistik¸n ergasi¸n.

Genik� ermhneÔoume to y san to arqikì kef�laio miac epiqeÐrhshc kai to i san

thn stigmiaÐa èntash tou tìkou h opoÐa lamb�netai mèsw akÐndunwn ependÔsewn sta

kef�laia miac epiqeÐrhshc kai thn Z(t) san to kajarì leitourgikì kèrdoc thc etaireÐac

sto qronikì di�sthma [0, t]. 'Opwc kai sthn eidik  perÐptwsh parap�nw mporeÐ kaneÐc

na ermhneÔsei to Z(t) san ta kef�laia miac epiqeÐrhshc th qronik  stigm  t. To genikì

montèlo mac, mac epitrèpei na èqoume th stoqastik  diadikasÐa twn eisodhm�twn pio

polÔplokh apì thn (4.2).

'Estw

T = inf{t ≥ 0 : Z(t) < 0}.

O pr¸toc mac skopìc eÐnai na orÐsoume thn

ψ(y) = P{T <∞ : Z(0) = y}.

OrÐzoume me T th stigm  thc qreokopÐac kai me ψ(.) thn sun�rthsh qreokopÐac. Sthn

prosf¸nhsh autoÔ tou probl matìc mac prèpei kaneÐc na d¸sei idiaÐterh prosoq 

sth qronik  perÐodo metaxÔ thc opoÐac h Z paramènei jetik  kai ètsi h i mporeÐ na

ermhneujeÐ apl� san h èntash tou tìkou h opoÐa lamb�netai se jetik� kef�laia.

Ja xekin soume to deÔtero mèroc exet�zontac qwrÐc sugkekrimènec upojèseic th

sumperifor� twn stoqastik¸n diadikasi¸n kefalaÐwn. To kentrikì apotèlesma eÐnai



ènac genikìc qarakthrismìc thc sun�rthshc KindÔnou. O qarakthrismìc qrhsimo-

poieÐtai gia na upologÐsoume thn sun�rthsh ψ(.) gia treÐc sugkekrimènec peript¸seic.

Oi duo pr¸tec antistoiqoÔn sth stoqastik  diadikasÐa eisod matoc thc compound

Poisson tou tÔpou (4.2). Arqik� jewroÔme ìti to c eÐnai ènac jetikìc arijmìc kai

ìti h F eÐnai h ekjetik  katanom  sugkentrwmènh sto (0,∞). Apì thn �llh pleur�

upojètoume oti to c eÐnai ènac arnhtikìc arijmìc me thn F na eÐnai h sun�rthsh ka-

tanom c thc ekjetik c katanom c sto (−∞, 0). Oi sunart seic katanom¸n gia autèc

tic duo peript¸seic orÐsthkan apì ton Segerdahl [33] sto perieqìmeno twn montèlwn

asf�lishc me metablhtèc tic analogÐec twn asfalÐstrwn all� lamb�nontai ed¸ apì

mia polÔ pio apl  mèjodo. To trÐto par�deigma to opoÐo ja suzhthjeÐ lamb�nei th

diadikasÐa twn eisodhm�twn na eÐnai mia Brownian motion me drift. H antÐstoiqh

stoqastik  diadikasÐa KefalaÐwn eÐnai mia monodi�stath diadikasÐa di�qushc h opoÐa

onom�sthke compounding Brownian motion apì touc Emanuel, Harrison kai Taylor

all� lamb�netai ed¸ apì ènan eujÔ kai pijanojewrhtikì isqurismì.

To kleidÐ gia thn an�lus  mac eÐnai h apl  oloklhrwmatik  anapar�stash (4.1)

gia th stoqastik  diadikasÐa KefalaÐwn. Aut  eÐnai eikonok� isodÔnamh me thn a-

napar�stash h opoÐa èqei dojeÐ apì ton Gerber [14, 15] gia proxofloÔmenec roèc

eisodhm�twn, oi idiìthtec twn opoÐwn metagenèstera melet jhkan apì ton Whitt

[23].
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Kef�laio 1

Basikèc ènnoiec kai orismoÐ.

Sto parìn kef�laio parajètoume orismènec eisagwgikèc ènnoiec kai k�poiouc ba-

sikoÔc sumbolismoÔc kai orismoÔc pou qrhsimopoioÔntai sthn paroÔsa ergasÐa.

Me N sumbolÐzetai to sÔnolo {0, 1, 2, . . .} ìlwn twn fusik¸n arijm¸n, me Z to

sÔnolo ìlwn twn akeraÐwn arijm¸n, me Q to sÔnolo ìlwn twn rht¸n arijm¸n kai

me R to sÔnolo ìlwn twn pragmatik¸n arijm¸n. EpÐshc qrhsimopoioÔntai ta ex c

sÔmbola: N∗ := N\{0}, Z∗ := Z\{0}, Q∗ := Q\{0}, R∗ := R\{0} kai R+ := {x ∈
R : x ≥ 0}. OmoÐwc orÐzontai kai oi sumbolismoÐ Z+, Z∗+ kai Q+, Q∗+. Akìmh, me Nn,

N∗n sumbolÐzontai ta sÔnola {0, . . . , n} ⊆ N kai {1, . . . , n} ⊆ N, antÐstoiqa. Tèloc,
me C sumbolÐzetai to sÔnolo twn migadik¸n arijm¸n.

'Estw Ω sÔnolo kai A,B ⊆ Ω. Me Ac   Ω\A := {x ∈ Ω : x /∈ A} sumbolÐzetai
to sumpl rwma tou A (se sqèsh me to Ω) kai me A ] B sumbolÐzetai h ènwsh

dÔo xènwn metaxÔ touc sunìlwn kai me
⊎
i∈I Ai sumbolÐzetai h ènwsh miac oikogèneiac

{Ai}i∈I (I 6= ∅) xènwn an� dÔo uposunìlwn tou Ω.

Mia σ-�lgebra uposunìlwn tou Ω eÐnai èna sÔsthma Σ, uposunìlwn tou Ω,

tètoio ¸ste (i) Ω ∈ Σ, (ii) gia k�je E ∈ Σ isqÔei Ec ∈ Σ, (iii) gia k�je akoloujÐa

{En}n∈N stoiqeÐwn tou Σ isqÔei
⋃
n∈NEn ∈ Σ. Ta stoiqeÐa thc Σ kaloÔntai en-

deqìmena, en¸ gia k�je A ∈ Σ me χA sumbolÐzoume thn deÐktria sun�rthsh

tou (endeqomènou) A. Ac jewr soume epÐshc G sÔsthma uposunìlwn tou Ω. H e-

l�qisth σ-�lgebra uposunìlwn tou Ω pou perièqei to G sumbolÐzetai me σ(G)

kai onom�zetai h σ-�lgebra h paragìmenh apì to G, en¸ to G onom�zetai

genn torac thc σ(G). Tèloc, me B(R) kai B((α, β)), ìpou α, β ∈ R, sumbolÐzoume
thn Borel σ-�lgebra uposunìlwn tou R kai (α, β), antÐstoiqa.

An Θ eÐnai èna sÔnolo kai T mia σ-�lgebra sto Θ, mÐa sun�rthsh f : Ω → Θ

onom�zetai Σ-T -metr simh   apl¸c metr simh an kai mìno an gia k�je B ∈ T
isqÔei f−1(B) ∈ Σ. Eidik�, an Θ = R kai T = B(R), tìte h f onom�zetai tuqaÐa

metablht  (t.m.), en¸ an Θ = Rn kai T = B(Rn), n ∈ N∗, tìte h f onom�zetai

(n-di�stato) tuqaÐo di�nusma.

Mia oikogèneia {Bj}j∈I onom�zetai diamèrish tou Ω an kai mìno an (i) Bj∩Bk =

∅ gia k�je j, k ∈ I ¸ste j 6= k kai (ii)
⋃
j∈ I Bj = Ω. Oi teleutaÐec dÔo idiìthtec

sunoptik� sumbolÐzontai wc ex c:
⊎
j∈I Bj = Ω. An epÐ plèon h {Bj}j∈I eÐnai mia
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oikogèneia sto Σ, tìte kai mìno tìte aut  onom�zetai mia Σ-metr simh diamèrish

tou Ω.

Mia metr simh sun�rthsh s : Ω→ R onom�zetai apl    klimakwt  sun�rthsh

an kai mìno an to sÔnolo tim¸n thc s(Ω) eÐnai peperasmèno. An h s eÐnai apl , tìte u-

p�rqei monadik , peperasmènh, metr simh diamèrish {A1, . . . , An} tètoia ¸ste Aj 6= ∅
gia k�je j ∈ N∗ kai monadik  akoloujÐa {α1, . . . , αn} sto R, tètoia ¸ste αi 6= αj gia

k�je i, j ∈ N∗ me i 6= j, ¸ste s =
∑n

k=1 αkχAk . H parap�nw par�stash onom�zetai

h kanonik  morf  thc s kai prokÔptei, an gr�youme s(Ω) = {α1, . . . , αn} kai

jèsoume Ak := s−1({αk}) gia k�je k ∈ N∗.

To zeÔgoc (Ω,Σ) onom�zetai metr simoc q¸roc (m.q.) an kai mìno an (i) to Ω

eÐnai èna opoiod pote (basikì) sÔnolo, (ii) h Σ eÐnai mia σ-�lgebra uposunìlwn tou

Ω. EpÐshc an jewr soume (Ω,Σ) ènan m.q., tìte h sunolosun�rthsh µ : Σ→ [0,∞]

onom�zetai (σ-prosjetikì) mètro an kai mìno an (i) µ(∅) = 0, (ii) gia k�je

akoloujÐa {Bn}n∈N sto Σ tètoia ¸ste Bj ∩ Bk = ∅ gia k�je j, k ∈ I ¸ste j 6= k

isqÔei µ(
⋃
n∈NBn) =

∑
n∈N µ(Bn). Ta mètra µ, ν onom�zontai k�jeta metaxÔ

touc kai gr�foume µ⊥ν an kai mìno up�rqei A ∈ Σ ¸ste ν(A) = 0 = µ(Ac).

Akìmh, to ν onom�zetai apìluta suneqèc wc proc to µ kai sumbolÐzetai me

ν � µ an kai mìno an gia k�je A ∈ Σ me µ(A) = 0 èpetai ìti ν(A) = 0. EpÐ plèon, ta

ν kai µ onom�zontai isodÔnama (sumbolik� ν ∼ µ) an kai mìno an gia k�je A ∈ Σ

isqÔei µ(A) = 0⇔ ν(A) = 0   alli¸c an kai mìno an to ν � µ kai to µ� ν.

H tri�da (Ω,Σ, µ) onom�zetai q¸roc mètrou (q.m.) an kai mìno an (i) to Ω

eÐnai èna opoiod pote (basikì) sÔnolo, (ii) h Σ eÐnai mia σ-�lgebra uposunìlwn tou

Ω, (iii) h sunolosun�rthsh µ : Σ → [0,∞] eÐnai èna mètro. An to µ eÐnai tètoio

¸ste µ(Ω) = 1 tìte autì onom�zetai mètro pijanìthtac   pijanìthta kai

sumbolÐzetai sun jwc me P . Sunakìlouja, o antÐstoiqoc q.m. onom�zetai q¸roc

pijanìthtac (q.p.) kai sumbolÐzetai me (Ω,Σ, P ). An to µ eÐnai tètoio ¸ste

µ(Ω) < ∞, tìte autì onom�zetai peperasmèno mètro kai an up�rqei {Ωn}n∈N
sto S me Ω =

⋃
n∈N Ωn ¸ste gia k�je n ∈ N to µ(Ωn) < ∞, tìte autì onom�zetai

σ-peperasmèno mètro kai o antÐstoiqoc q.m. q¸roc peperasmènou   σ-

peperasmènou mètrou. Sto ex c ki efìson den dhl¸netai diaforetik� jewroÔme

ènan q.m. (Ω,Σ, µ).

'Ena sÔnolo N ∈ Σ onom�zetai sÔnolo mhdenikoÔ mètrou (σ.µ.µ.)   sÔ-

nolo µ-mhdenikoÔ mètrou (µ− σ.µ.µ.)   µ-mhdenikì sÔnolo an kai mìno an
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µ(N) = 0. To sÔnolo ìlwn twn µ− σ.µ.µ. sumbolÐzetai me Σ0.

'Estw (Ω,Σ, P ) q.p. kai p(x) mia idiìthta efarmìsimh se stoiqeÐa x ∈ Ω (p.q.

isìthta dÔo tuqaÐwn metablht¸n X kai Y ). Ja lème ìti {h p(x) isqÔei gia sqedìn

k�je x ∈ Ω}   ìti {h p(x) isqÔei sqedìn bèbaia (σ.β.)}   an krÐnetai anagkaÐo na

anafèroume to mètro pijanìthtac pou jewroÔme ìti {h p(x) isqÔei gia P -sqedìn

k�je x ∈ Ω}   {h p(x) isqÔei P -sqedìn bèbaia (σ.β.)} an kai mìno an to sÔnolo

N := {x ∈ Ω : p(x) den isqÔei} eÐnai èna P -mhdenikì sÔnolo.

Idiaitèrwc, an dÔo metr simec sunart seic X, Y eÐnai P −σ.β. Ðsec, tìte gr�foume
X = Y P − σ.β.   X =P Y . AntÐstoiqoi sumbolismoÐ mporoÔn na grafoÔn kai gia

tic sqèseic di�taxhc >,<,≥,≤.
Sth sunèqeia, proqwroÔme èna b ma parak�tw, orÐzontac thn ènnoia thc oloklh-

rwsimìthtac miac t.m. kai diakrÐnontac ta di�fora eÐdh t.m.. Sto ex c ki efìson den

dhl¸netai diaforetik� jewroÔme ènan q.p. (Ω,Σ, P ).

MÐa metr simh sun�rthsh (t.m.) f : Ω→ R onom�zetai oloklhr¸simh (wc proc

to mètro P ) an kai mìno an
∫
|f |dP < ∞. Me L1(P ) (ant. L1

+(P )) sumbolÐzetai

to sÔnolo ìlwn twn oloklhr¸simwn (ant. mh arnhtik¸n P − σ.β., oloklhr¸simwn)
sunart sewn f : Ω→ R. Akìmh me L0(P ) kai L2(P ) sumbolÐzetai antÐstoiqa to

sÔnolo ìlwn twn Σ-metr simwn sunart sewn kai ìlwn twn tetragwnik� olo-

klhr¸simwn − dhlad  ìlwn twn metr simwn f : Ω→ R ¸ste
∫
|f |2dP < ∞ −

sunart sewn.

Mia sun�rthsh F : R → R onom�zetai sun�rthsh katanom c (σ.κ.) an kai

mìno an eÐnai fragmènh, aÔxousa, dexi� suneq c kai limx→−∞ F (x) = 0. An h F

èqei epÐ plèon thn idiìthta limx→∞ F (x) = 1, tìte aut  onom�zetai sun�rthsh

katanom c pijanìthtac (σ.κ.π.).

Gia mia t.m. X : Ω→ R h sunolosun�rthsh PX : B(R)→ R me tÔpo

PX(B) := P (X−1(B)) gia k�je B ∈ B(R)

eÐnai pijanìthta kai onom�zetai katanom  (pijanìthtac) thc t.m. X. M�lista,

an up�rqei x ∈ R ¸ste PX({x}) = 1, tìte h PX onom�zetai ekfulismènh kata-

nom  (pijanìthtac) (degenerate (probability) distribution). H PX (ant. h t.m.

X) par�gei thn sun�rthsh katanom c pijanìthtac (σ.κ.π.) thc t.m. X

(ant. thn σ.κ.π.) FX : R→ [0, 1], pou orÐzetai apì ton tÔpo

FX(x) := PX
(
(−∞, x]

)
= P (X ≤ x) gia k�je x ∈ R.
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H FX eÐnai pr�gmati σ.κ.π.

Mia σ.κ.π. F : R → R (ant. mia t.m. X : Ω → R me σ.κ.π. FX = F ) onom�zetai:

(i) Diakrit , an kai mìno an aut  (ant. h σ.κ.π. aut c) eÐnai thc morf c

F (x) =
∑

k∈K:k≤x

f(k) gia k�je x ∈ R,

gia k�poio arijm simo sÔnolo K ⊆ R kai gia k�poia Borel metr simh sun�rthsh

f : K → R+ me thn idiìthta
∑

k∈K f(k) = 1. H f onom�zetai me th seir� thc

sun�rthsh pijanìthtac (σ.π.) thc F (ant. thc X). (ii) Suneq c, an kai

mìno an h F eÐnai suneq c sun�rthsh (ant. to sÔnolo tim¸n RX thc X èqei thn

plhjikìthta tou suneqoÔc kai h PX({x}) = 0 gia k�je x ∈ RX). (iii) Apìluta

Suneq c, an kai mìno an aut  (ant. h σ.κ.π. aut c) eÐnai thc morf c

F (x) =

∫ x

−∞
f(t)dt gia k�je x ∈ R,

gia k�poia Borel metr simh sun�rthsh f : R → R+ me thn idiìthta
∫∞
−∞ f(t)dt = 1.

H f onom�zetai me th seir� thc sun�rthsh puknìthtac pijanìthtac (σ.π.π.)

thc F (ant. thc X). Profan¸c, an h t.m. X eÐnai apìluta suneq c, tìte ja eÐnai

kai suneq c. Epeid  sthn paroÔsa ergasÐa ja asqolhjoÔme mìno me (diakritèc kai)

apìluta suneqeÐc t.m., sto ex c gr�fontac {suneq c t.m.} ja ennooÔme {apìluta

suneq c t.m.}.

Akìmh, ja lème ìti h t.m. X me sÔnolo tim¸n RX akoloujeÐ thn katanom 

K(θ) me parametrikì di�nusma θ := (θ1, . . . , θm) ∈ Θ, ìpou m ∈ N∗ kai Θ ⊆ Rm, kai

ja sumbolÐzoume gia to antÐstoiqo mètro pijanìthtac PX = K(θ) an kai mìno an

PX(B) =

∫
B

fX(x)χRXdν(x) =

∫
B∩RX

fX(x)dν(x) gia k�je B ∈ B(R),

ìpou fX h antÐstoiqh σ.(π.)π., kai ν eÐnai to arijmhtikì mètro ep�nw sto N   to mètro

tou Lebesgue λ ep�nw sto R an�loga me to an h t.m. X eÐnai suneq c   diakrit . An

h t.m. X eÐnai diakrit , tìte to olokl rwma gÐnetai �jroisma   seir�, an�loga me to

an to RX eÐnai peperasmèno   arijm simo, antÐstoiqa.

'Epeita parajètoume tic ènnoiec tou metr simou orjogwnÐou, thc σ-�lgebrac kai

tou mètrou ginomènou.

'Etsi jewroÔme (Ω,Σ, µ) kai (Θ, T, ν) q.m.. 'Ena R ⊆ Ω×Θ onom�zetai metr -

simo orjog¸nio (tou Ω×Θ) an kai mìno an gr�fetai R = A×B, ìpou A ∈ Σ
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kai B ∈ T . EpÐ plèon, h σ-�lgebra pou par�getai apì thn oikogèneia twn metr simwn
orjogwnÐwn lègetai σ-�lgebra ginìmeno twn Σ kai T kai sumbolÐzetai me Σ⊗T .

'Estw epÐshc o q.m. (Ω×Θ,Σ⊗T, ρ). To mètro ρ onom�zetai mètro ginìmeno

twn µ kai ν kai shmei¸netai me µ ⊗ ν an kai mìno an gia k�je A ∈ Σ kai B ∈ T
ikanopoieÐ thn idiìthta ρ(A×B) = µ(A)ν(B).

Gia mia t.m. X : Ω→ R to olokl rwma

EX := E[X] :=

∫
XdP =

∫
Ω

X(ω)P (dω) =

∫
Ω

X(ω)dP (ω)

(efìson up�rqei sto R) onom�zetai h mèsh tim    h anamenìmenh tim    h

majhmatik  elpÐda thc t.m. X. Eidik� an h t.m. X ∈ L1(P ) tìte h EX ∈ R,
dhlad  eÐnai ènac arijmìc.

Ta endeqìmena A1, . . . , An ∈ Σ (n ∈ N : n ≥ 2) onom�zontai anex�rthta an

kai mìno an P
(⋂k

j=1Aij
)

=
∏k

j=1 P (Aij) gia k�je 1 ≤ i1 ≤ · · · ≤ ik ≤ n kai gia k�je

k ∈ N∗.
Oi t.m. X1, . . . , Xn : Ω → R (n ∈ N : n ≥ 2) onom�zontai anex�rthtec

an kai mìno an gia k�je akoloujÐa {αk}k∈N∗n pragmatik¸n arijm¸n ta endeqìmena

{Xk ≤ αk}k∈N∗n eÐnai anex�rthta. IsodÔnama, oi t.m. X1, . . . , Xn eÐnai anex�rthtec an

kai mìno an gia k�je akoloujÐa {Bk}k∈N∗n stoiqeÐwn thc B(R) ta endeqìmena {Xk ∈
Bk}k∈N∗n eÐnai anex�rthta. Akìmh pio genik�, mia �peirh oikogèneia t.m. onom�zetai

anex�rthth an kai mìno an k�je peperasmènh upooikogènei� thc eÐnai anex�rthth.

Oi σ-upo�lgebrec Σ1, . . . ,Σn (n ∈ N : n ≥ 2) thc Σ onom�zontai anex�rthtec

an kai mìno an gia k�je k ∈ N∗n kai gia k�je Ak ∈ Σk ta A1, . . . , An eÐnai anex�rthta

endeqìmena. Genikìtera, mia �peirh oikogèneia σ-upoalgebr¸n thc Σ onom�zetai oi-

kogèneia anex�rthtwn σ-upoalgebr¸n thc Σ an kai mìno an opoiesd pote

kai osesd pote, peperasmènec sto pl joc, apì autèc eÐnai anex�rthtec.

EpÐ plèon, gia k�je t.m. X : Ω→ R jètoume

σ(X) := X−1(B(R)) := {X−1(B) : B ∈ B(R)}.

Tìte, h σ(X) eÐnai mia σ-�lgebra sto Ω pou onom�zetai h σ-�lgebra sto Ω h

paragìmenh apì thn X kai isqÔei σ(X) ⊆ Σ. Genikìtera, gia mia oikogèneia

{Xj}j∈I t.m., ìpou I sÔnolo deikt¸n, orÐzoume

σ
(
{Xj}j∈I

)
= σ

(⋃
j∈I

σ(Xj)

)
.
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MÐa oikogèneia {Xt}t∈T t.m. onom�zetai anex�rthth miac oikogèneiac {Σi}i∈I
σ-upoalgebr¸n thc Σ, ìpou T, I 6= ∅ sÔnola deikt¸n, an kai mìno an gia k�je

peperasmèno arijmì t.m. Xt1 , . . . , Xtm kai σ-upoalgebr¸n Σ1, . . . ,Σn thc Σ (m,n ∈
N∗), oi σ-(upo)�lgebrec σ(Xt1), . . . , σ(Xtm),Σ1, . . . ,Σn eÐnai anex�rthtec.

An oi P,Q eÐnai katanomèc pijanìthtac ep�nw ston m.q. (R,B(R)), tìte h kata-

nom  pijanìthtac me tÔpo

(P ∗Q)(B) :=

∫
R
P (B − y)dQ(y) gia k�je B ∈ B(R),

ìpou B− y := {z− y : z ∈ B}, onom�zetai h sunèlixh twn P,Q. EpÐshc gia n ∈ N
orÐzoume wc thn n-osth sunèlixh thc P , thn katanom  pijanìthtac P ∗(n+1) :=

P n ∗P , ìpou P ∗0 (ekfulismènh) katanom  pou ikanopoieÐ thn P ∗0({0}) = 1. OmoÐwc,

orÐzetai kai h sunèlixh dÔo σ.k.p. F,G   dÔo σ.(p.)p. f, g. Tèloc, shmei¸noume

ìti an n ∈ N kai h {Xk}k∈Nn eÐnai mia akoloujÐa anex�rthtwn t.m. me antÐstoiqec

katanomèc pijanìthtac (ep�nw ston m.q. (R,B(R))) {PXk}k∈Nn , tìte apì ton orismì

thc sunèlixhc �mesa èqoume ìti

PX0+···+Xn = PX0 ∗ · · · ∗ PXn = (PX0 ∗ · · · ∗ PXn−1) ∗ PXn .

MÐa oikogèneia {Xj}j∈I , ìpou I èna merik¸c diatetagmèno sÔnolo, metr simwn

sunart sewn Xj : Ω→ R (j ∈ I) onom�zetai stoqastik  diadikasÐa (σ.d.)  

stoqastik  anèlixh. EpÐ plèon, an to I eÐnai èna uperarijm simo uposÔnolo tou

R tìte lème ìti h {Xj}j∈I eÐnai mia σ.d. suneqoÔc qrìnou, en¸ an to I ⊆ Z,
tìte lème ìti h {Xj}j∈I eÐnai mia σ.d. diakritoÔ qrìnou.

Mia σ.d. {Xt}t∈R+ : (i) EÐnai mia σ.d. anex�rthtwn prosaux sewn   èqei

anex�rthtec prosaux seic an kai mìno an gia k�je m ∈ N∗, t0, t1, . . . , tm ∈ R+

¸ste 0 = t0 < t1 < · · · < tm, oi prosaux seic Xtj −Xtj−1
(j ∈ N∗m) eÐnai metaxÔ

touc anex�rthtec. (ii) EÐnai mia σ.d. st�simwn prosaux sewn   èqei st�simec

prosaux seic an kai mìno an gia k�je m ∈ N∗, h ∈ R+ kai t0, t1, . . . , tm ∈ R+

tètoia ¸ste 0 = t0 < t1 < · · · < tm h oikogèneia twn prosaux sewn {Xtj+h −
Xtj−1+h}j∈N∗m èqei thn Ðdia katanom  me thn {Xtj − Xtj−1

}j∈N∗m , dhlad  an kai mìno

an gia k�je j ∈ N∗m kai gia k�je h ∈ R+ isqÔei PXtj+h−Xtj−1+h
= PXtj−Xtj−1

.
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Kef�laio 2

Episkìphsh JewrÐac KindÔnwn.

AntikeÐmeno autoÔ tou kefalaÐou eÐnai mia qr simh gia thn paroÔsa ergasÐa epi-

skìphsh basik¸n ennoi¸n kai apotelesm�twn thc JewrÐac KindÔnou. DÐnoume loipìn

touc basikoÔc orismoÔc kai ta basik� apotelèsmata (qwrÐc apodeÐxeic) pou ja mac

qrhsimeÔsoun sthn katanìhsh thc paroÔsac ergasÐac.

Orismìc 2.1 : H akoloujÐa {Tn}n∈N t.m. eÐnai mia σ.d. �fixhc twn apai-

t sewn an kai mìno an up�rqei sÔnolo mhdenik c pijanìthtac ΩT ∈ Σ tètoio ¸ste

gia k�je ω ∈ Ω\ΩT na isqoÔn ta ex c:

(t1) T0(ω) = 0, kai

(t2) Tn−1(ω) < Tn(ω) gia k�je n ∈ N∗.

EpÐ plèon, to P -mhdenikì sÔnolo ΩT onom�zetai to P -mhdenikì sÔnolo exaÐ-

reshc thc σ.d. �fixhc twn apait sewn {Tn}n∈N.

Orismìc 2.2 : 'Estw {Tn}n∈N σ.d. �fixhc twn apait sewn. H akoloujÐa

{Wn}n∈N∗ , ìpou Wn := Tn − Tn−1 gia k�je n ∈ N∗ eÐnai h σ.d. endi�meswn

qrìnwn �fixhc twn apait sewn (claim interarrival process).

Apì touc dÔo parap�nw orismoÔc �mesa èpetai gia k�je n ∈ N∗ ìti h t.m. Wn

eÐnai jetik , kaj¸c kai ìti isqÔei h sqèsh

Tn =
n∑
k=1

Wk.

ErmhneÔontac, t¸ra, touc �nw orismoÔc shmei¸noume ta ex c:

- H Tn (n ∈ N) eÐnai h t.m. pou dhl¸nei ton qrìno emf�nishc / pragmatopoÐhshc

thc n-apaÐthshc.

- H Wn (n ∈ N∗) eÐnai h t.m. pou dhl¸nei ton qrìno anamon c metaxÔ thc n− 1

kai thc n apaÐthshc.

- Me pijanìthta èna kamÐa apaÐthsh den egeÐretai ston qrìno mhdèn kai dÔo ( 

parap�nw) apait seic den emfanÐzontai tautìqrona.
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Gia to upìloipo autoÔ tou kefalaÐou kai efìson den dhl¸netai

diaforetik�, jewroÔme thn {Tn}n∈N wc mia stajer  σ.d. �fixhc twn

apait sewn kai thn {Wn}n∈N∗ wc thn antÐstoiqh − epagìmenh apì thn

{Tn}n∈N − σ.d. endi�meswn qrìnwn �fixhc twn apait sewn. QwrÐc

bl�bh thc genikìthtac, mporoÔme na upojèsoume − kai to upojè-

toume − ìti to P -mhdenikì sÔnolo exaÐreshc thc σ.d. �fixhc twn

apait sewn eÐnai to kenì sÔnolo, dhlad  jètoume to ΩT := ∅ ∈ Σ.

Prìtash 2.3 : Gia k�je n ∈ N∗ isqÔoun ta ex c:

(i) σ
(
{Tk}k∈Nn

)
= σ

(
{Wk}k∈N∗n

)
.

(ii) Gia ta tuqaÐa dianÔsmata Tn,Wn : Ω→ Rn me tÔpo

Tn(ω) := (T1, . . . , Tn)′(ω) = (T1(ω), . . . , Tn(ω))′

kai

Wn(ω) := (W1, . . . ,Wn)′(ω) = (W1(ω), . . . ,Wn(ω))′

gia k�je ω ∈ Ω, antÐstoiqa, kaj¸c kai gia ton n× n-pÐnaka Mn = [mij] me

mij :=

{
1 an i ≥ j

0 an i < j

èqoume:

(ii1) O Mn eÐnai antistrèyimoc kai ikanopoieÐ thn sqèsh det(Mn) = 1, kai

(ii2) Tn = Mn ◦Wn kaj¸c kai Wn = M−1
n ◦Tn.

Prìtash 2.4 : Oi katanomèc twn tuqaÐwn dianusm�twn thc Prìtashc (2.3)

ikanopoioÔn gia k�je n ∈ N∗ ta ex c:

PTn = (PWn)Mn kai PWn = (PTn)M−1
n
.

Orismìc 2.5 : To endeqìmeno {supn∈N∗ Tn <∞} onom�zetai èkrhxh.

Prìtash 2.6 : An supn∈N∗ ETn < ∞, tìte h pijanìthta thc èkrhxhc isoÔtai

me èna.
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Prìtash 2.7 : An
∑∞

n=1 EWn <∞, tìte h pijanìthta thc èkrhxhc isoÔtai me

èna.

Orismìc 2.8 : Gia n ∈ N∗ to gr�fhma thc Tn orÐzetai apì thn apeikìnish

Un : Ω→ Ω× R me tÔpo Un(ω) := (ω, Tn(ω)) gia k�je ω ∈ Ω.

Prìtash 2.9 : Gia k�je n ∈ N∗ h Un eÐnai Σ− Σ⊗ B(R)-metr simh.

Orismìc 2.10 : H sunolosun�rthsh µ : Σ⊗ B(R)→ [0,∞] me tÔpo

µ(C) :=
∞∑
n=1

PUn(C)

gia k�je C ∈ Σ ⊗ B(R), ìpou PUn(C) := P
(
U−1
n (C)

)
gia k�je C ∈ Σ ⊗ B(R),

onom�zetai to mètro apaÐthshc pou ep�getai apì thn σ.d. �fixhc twn apait sewn

{Tn}n∈N∗ .

Prìtash 2.11 : IsqÔoun ta ex c :

(i) Gia k�je n ∈ N∗ h apeikìnish Un eÐnai Σ− Σ⊗ B(R)-metr simh.

(ii) H sunolosun�rthsh µ eÐnai èna mètro.

Prìtash 2.12 : Gia k�je A ∈ Σ kai B ∈ B(R) isqÔei

µ(A×B) =

∫
A

( ∞∑
n=1

χ{Tn∈B}

)
dP.

Orismìc 2.13 : MÐa oikogèneia {Nt}t∈R+ t.m. onom�zetai σ.d. tou arijmoÔ

twn apait sewn an kai mìno an up�rqei èna sÔnolo mhdenik c pijanìthtac ΩN ∈ Σ

tètoio ¸ste gia k�je ω ∈ Ω\ΩN na isqoÔn ta ex c:

(n1) N0(ω) = 0,

(n2) Nt(ω) ∈ N ∪ {∞} gia k�je t ∈ (0,∞),

(n3) Nt(ω) = infs∈(t,∞) Ns(ω) gia k�je t ∈ R+,

(n4) sups∈[0,t) Ns(ω) ≤ Nt(ω) ≤ sups∈[0,t) Ns(ω) + 1 gia k�je t ∈ R+, kai
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(n5) supt∈R+
Nt(ω) =∞.

EpÐ plèon, to P -mhdenikì sÔnolo ΩN onom�zetai to P -mhdenikì sÔnolo exaÐ-

reshc thc σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ .

Prìtash 2.14 : An {Tn}n∈N eÐnai mia σ.d. �fixhc twn apait sewn kai gia k�je

ω ∈ Ω kai t ∈ R+ jèsoume

Nt(ω) :=
∞∑
n=1

χ{Tn≤t}(ω),

tìte gia thn {Nt}t∈R+ isqÔoun ta ex c:

(i) H {Nt}t∈R+ eÐnai mia σ.d. tou arijmoÔ twn apait sewn tètoia ¸ste ΩN = ΩT ,

kai

(ii) Gia k�je n ∈ N kai ω ∈ Ω\ΩT isqÔei

Tn(ω) = inf{t ∈ R+ : Nt(ω) = n}.

Prìtash 2.15 : An {Nt}t∈R+ eÐnai mia σ.d. tou arijmoÔ twn apait sewn kai

gia k�je ω ∈ Ω kai n ∈ N jèsoume Tn(ω) := inf{t ∈ R+ : Nt(ω) = n}, tìte gia thn

{Nt}t∈R+ isqÔoun ta ex c:

(i) H {Tn}n∈N eÐnai mia σ.d. �fixhc twn apait sewn tètoia ¸ste ΩT = ΩN , kai

(ii) Gia k�je t ∈ R+ kai ω ∈ Ω\ΩN isqÔei Nt(ω) =
∑∞

n=1 χ{Tn≤t}(ω).

Gia to upìloipo autoÔ tou kefalaÐou, jewroÔme thn {Nt}t∈R+ wc

mia σ.d. tou arijmoÔ twn apait sewn, thn {Tn}n∈N wc mia σ.d. �fixhc

twn apait sewn pou ep�getai apì thn σ.d. tou arijmoÔ twn apai-

t sewn kai thn {Wn}n∈N wc thn σ.d. endi�meswn qrìnwn �fixhc twn

apait sewn, pou ep�getai apì thn σ.d. �fixhc twn apait sewn.

QwrÐc bl�bh thc genikìthtac, upojètoume ìti to P -mhdenikì sÔ-

nolo exaÐreshc (thc σ.d. �fixhc twn apait sewn   thc σ.d. tou

arijmoÔ twn apait sewn, afoÔ ΩT = ΩN) eÐnai to kenì sÔnolo, dh-

lad  jètoume to ΩT = ΩN = ∅.

Prìtash 2.16 : Gia k�je n ∈ N∗ kai gia k�je t ∈ R+ isqÔoun ta ex c:
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(i) {Nt ≥ n} = {Tn ≤ t}.

(ii) {Nt = n} = {Tn ≤ t}\{Tn+1 ≤ t} = {Tn ≤ t < Tn+1}.

Prìtash 2.17 : IsqÔei σ
(
{Tn}n∈N

)
= σ

(
{Nt}t∈R+

)
.

Prìtash 2.18 : Gia thn pijanìthta thc èkrhxhc isqÔei

P

(
sup
n∈N∗

Tn <∞
)

= P

(⋃
t∈N∗
{Nt =∞}

)
= P

( ⋃
t∈(0,∞)

{Nt =∞}

)
.

Prìtash 2.19 : An h σ.d. tou arijmoÔ twn apait sewn èqei peperasmènec

anamenìmenec timèc tìte h pijanìthta thc èkrhxhc eÐnai Ðsh me to mhdèn.

Prìtash 2.20 : Gia k�je A ∈ Σ kai s, t ∈ R+ me s ≤ t isqÔei

µ(A× (s, t]) =

∫
A

(Nt −Ns)dP.

Prìtash 2.21 Nìmoc 0-1 'Ekrhxhc : 'Estw {αn}n∈N∗ akoloujÐa stoiqeÐwn
tou (0,∞) ki ac upojèsoume ìti h σ.d. {Wn}n∈N∗ endi�meswn qrìnwn �fixhc twn

apait sewn eÐnai anex�rthth, kai ìti gia k�je n ∈ N∗ isqÔei PWn = Exp(αn). Tìte,

isqÔoun ta ex c:

(i) An
∑∞

n=1 α
−1
n =∞, tìte h pijanìthta thc èkrhxhc isoÔtai me mhdèn.

(ii) An
∑∞

n=1 α
−1
n <∞, tìte h pijanìthta thc èkrhxhc isoÔtai me thn mon�da.

Prìtash 2.22 : 'Estw α ∈ (0,∞). An h σ.d. {Wn}n∈N∗ endi�meswn qrìnwn

�fixhc twn apait sewn eÐnai anex�rthth, tìte ta akìlouja eÐnai isodÔnama:

(i) PWn = Exp(α) gia k�je n ∈ N∗.

(ii) PTn = Ga(n, α) gia k�je n ∈ N∗.
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Se aut n thn perÐptwsh kai gia k�je n ∈ N∗ isqÔei ìti EWn = 1/α kai ETn = n/α,

kai h pijanìthta thc èkrhxhc isoÔtai me mhdèn.

Prìtash 2.23 : 'Estw α ∈ (0,∞). Tìte ta akìlouja eÐnai isodÔnama:

(i) PTn = Ga(n, α) gia k�je n ∈ N∗.

(ii) PNt = P(αt) gia k�je t ∈ (0,∞).

Se aut n thn perÐptwsh isqÔei ETn = n/α gia k�je n ∈ N∗ kai ENt = αt gia k�je

t ∈ (0,∞).

Prìtash 2.24 : 'Estw α ∈ (0,∞). An h σ.d. {Wn}n∈N∗ endi�meswn qrìnwn

�fixhc twn apait sewn eÐnai anex�rthth, tìte ta akìlouja eÐnai isodÔnama:

(i) PWn = Exp(α) gia k�je n ∈ N∗.

(ii) PNt = P(αt) gia k�je t ∈ (0,∞).

Orismìc 2.25 : JewroÔme mia akoloujÐa {Xn}n∈N∗ jetik¸n t.m. kai gia k�je

t ∈ R+ orÐzoume thn t.m.

St := SNt :=
Nt∑
k=0

Xk =
∞∑
n=0

χ{Nt=n}

(
n∑
k=0

Xk

)
,

ìpou X0(ω) := 0 gia k�je ω ∈ Ω. H t.m. SNt eÐnai èna tuqaÐo �jroisma, dhlad 

�jroisma   seir� tuqaÐou pl jouc t.m..

DÐdoume loipìn tic akìloujec ermhneÐec :

- H Xn (n ∈ N∗) eÐnai h t.m. pou dhl¸nei to mègejoc   thn èntash   to posì thc

n-apaÐthshc.

- H St (t ∈ R+) eÐnai h t.m. pou dhl¸nei to sunolikì mègejoc   Ôyoc   posì twn

apait sewn pou egeÐrontai/emfanÐzontai mèqri ton qrìno t.

Orismìc 2.26 : H akoloujÐa {Xn}n∈N∗ onom�zetai h σ.d. megèjouc apaÐ-
thshc (claim size process) kai h oikogèneia {St}t∈R+ onom�zetai h σ.d. sunolik¸n
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apait sewn pou ep�getai apì thn σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ kai

thn σ.d. megèjouc apaÐthshc {Xn}n∈N∗ .

Orismìc 2.27 : To zeÔgoc ({Nt}t∈R+ , {Xn}n∈N∗) gia to opoÐo isqÔei ìti h

{Nt}t∈R+ eÐnai mia σ.d. tou arijmoÔ twn apait sewn, h {Xn}n∈N∗ eÐnai mia σ.d. megè-
jouc apaÐthshc me anex�rthtec kai isokatanemhmènec t.m., kai oi σ.d. {Nt}t∈R+ kai

{Xn}n∈N∗ eÐnai metaxÔ touc anex�rthtec onom�zetai σ.d. kindÔnou.

Prìtash 2.28 : Gia k�je t ∈ R+ kai gia k�je B ∈ B(R) isqÔei

P (St ∈ B) =
∞∑
n=0

P (Nt = n)P

( n∑
k=0

Xk ∈ B
)
.

Prìtash 2.29 : An h σ.d. tou arijmoÔ twn apait sewn èqei anex�rthtec

prosaux seic, tìte to Ðdio isqÔei kai gia thn σ.d. sunolik¸n apait sewn.

Prìtash 2.30 : An h σ.d. tou arijmoÔ twn apait sewn èqei st�simec kai

anex�rthtec prosaux seic, tìte to Ðdio isqÔei kai gia thn σ.d. sunolik¸n apait sewn.

JewroÔme thn t.m. N gia thn opoÐa isqÔei ìti PN(N) = 1 kai orÐzoume thn t.m.

(tuqaÐo �jroisma) S := SN :=
∑N

k=0Xk, me thn {Xn}n∈N∗ (σ.d. megèjouc apaÐthshc
) na eÐnai isokatanemhmènh kai anex�rthth thc t.m. N . Tìte h katanom  thc t.m.

S, èstw PS, onom�zetai sÔnjeth katanom  kai shmei¸netai me C(PN , PX) ( 

C(FN , FX) se ìrouc σ.κ.π.). Oi sÔnjetec katanomèc onom�zontai apì thn katanom 

tou arijmoÔ twn apait sewn   alli¸c thc aparijm triac t.m. N ; p.q., an h PN

eÐnai mia katanom  Poisson, tìte h C(PN , PX) lème ìti eÐnai mia sÔnjeth katanom 

Poisson.

Oi t.m. N kai S ja anafèrontai wc o arijmìc twn apait sewn kai wc to

Ôyoc twn sunolik¸n apait sewn, upokajist¸ntac ètsi tic σ.d. tou arijmoÔ

twn apait sewn kai twn sunolik¸n apait sewn, antÐstoiqa.

Prìtash 2.31 : Gia k�je B ∈ B(R) isqÔei PS(B) =
∑∞

n=0 PN({n})P ∗nX (B).

Prìtash 2.32 : Gia k�je u ∈ R isqÔei ϕS(u) = mN(ϕX(u)).
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Prìtash 2.33 : An PN = P(α), tìte ϕS(u) = eα[ϕX(u)−1] gia k�je u ∈ R.

Prìtash 2.34 : 'Estw ìti EN < ∞ kai EX < ∞. Tìte up�rqei h mèsh tim 

kai h diakÔmansh thc t.m. S kai ikanopoioÔntai oi isìthtec:

(i) ES = ENEX.

(ii) V S = ENVX + V NE2X.

Orismìc 2.35 : H σ.d. {Nt}t∈R+ tou arijmoÔ twn apait sewn onom�zetai

mia (omogen c) diadikasÐa Poisson me par�metro α ∈ (0,∞) an kai mìno an

èqei anex�rthtec kai st�simec prosaux seic ki epiplèon gia k�je t ∈ (0,∞) isqÔei

PNt = P(αt).

Prìtash 2.36 : 'Estw {Zt}t∈R+ aÔxousa σ.d. mh arnhtik¸n t.m., me anex�rthtec

prosaux seic kai peperasmènec mèsec timèc, kai Z0 = 0 P − σ.β.. Tìte h σ.d.

{Zt−EZt}t∈R+ eÐnai èna {Σ̃t}t∈R+-martingale, ìpou {Σ̃t}t∈R+ h kanonik  diÔlish gia

thn {Zt}t∈R+ .

JewroÔme thn {Nt}t∈R+ wc mia σ.d. tou arijmoÔ twn apait sewn, thn {Tn}n∈N wc

mia σ.d. �fixhc twn apait sewn pou ep�getai apì thn {Nt}t∈R+ kai thn {Wn}n∈N∗ wc
mia σ.d. endi�meswn qrìnwn �fixhc twn apait sewn pou ep�getai apì thn {Tn}n∈N.
Upojètoume ìti to P -mhdenikì sÔnolo exaÐreshc eÐnai to kenì sÔnolo (dhlad  ìti

ΩT = ΩN = ∅), kaj¸c kai ìti h pijanìthta thc èkrhxhc isoÔtai me to mhdèn (dhlad 

ìti P (supn∈N∗ Tn <∞) = 0).

EpÐplèon, jewroÔme thn {Xn}n∈N∗ wc mia σ.d. megèjouc apaÐthshc, thn {St}t∈R+

wc thn σ.d. sunolik¸n apait sewn pou ep�getai apì thn {Nt}t∈R+ kai thn {Xn}n∈N∗ ,
kaj¸c kai κ ∈ (0,∞). Gia k�je u ∈ (0,∞) kai gia k�je t ∈ R+, orÐzoume thn t.m.

Zu
t := u+ κt− St,

gia thn opoÐa èqoume ìti Zu
0 = 0.

DÐnoume loipìn thn akìloujh ermhneÐa :

- To κ parist�nei thn èntash asfalÐstrou (premiun intensity) ètsi ¸ste

me κt na dÐnetai to eisìdhma apì asf�listra (thc asfalistik c etaireÐac)
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mèqri ton qrìno t. Dhlad , h èntash asfalÐstrou eÐnai to posì twn nomismati-

k¸n mon�dwn (anagìmeno) sth mon�da tou qrìnou pou eispr�ttei h asfalistik 

etaireÐa apì asf�listra (mèqri ton t).

- To u parist�nei to arqikì apojematikì (pou diathreÐ h etaireÐa).

- H t.m. Zu
t parist�nei to apojematikì sto qrìno t ìtan to arqikì apojema-

tikì eÐnai u.

H oikogèneia {Zu
t }t∈R+ onom�zetai h σ.d. tou apojematikoÔ pou ep�getai a-

pì thn σ.d. tou arijmoÔ twn apait sewn {Nt}t∈R+ , thn σ.d. megèjouc apaÐthshc

{Xn}n∈N∗ , thn èntash asfalÐstrou κ kai to arqikì apojematikì u .

OrÐsmìc 2.37 : To endeqìmeno {inft∈R+ Z
u
t < 0} onom�zetai qreokopÐa thc

σ.d. tou apojematikoÔ kai h pijanìthta autoÔ onom�zetai pijanìthta qreoko-

pÐac.

H pijanìthta qreokopÐac shmei¸netai me Ψ(u) := P
(
inft∈R+ Z

u
t < 0

)
gia k�je u ∈

(0,∞) gia na tonÐsoume thn ex�rthsh thc pijanìthtac qreokopÐac apì to arqikì

apojematikì.

OrÐsmìc 2.38 : H pr¸th qronik  stigm  gia thn opoÐa to apojematikì gÐnetai

arnhtikì onom�zetai qrìnoc qreokopÐac kai sumbolÐzetai me T̃ , dhlad  gia k�je

u ∈ (0,∞) o T̃ := T̃ (u) := inf{t ∈ R+ : Zu
t < 0}.

OrÐsmìc 2.39 : Mia stajer� % ∈ (0,∞) onom�zetai:

(i) ènac suntelest c prosarmog c (adjustment coefficient) gia thn σ.d.

{Gn}n∈N∗ uperb�llontoc posoÔ an kai mìno an gia k�je n ∈ N∗ ikanopoieÐ
thn E

[
e−%Gn

]
= 1.

(ii) ènac suntelest c uperprosarmog c (superadjustment coefficient) gia

thn σ.d. {Gn}n∈N∗ uperb�llontoc posoÔ an kai mìno an gia k�je n ∈ N∗

ikanopoieÐ thn E
[
e−%Gn

]
≤ 1.

Prìtash 2.40 Anisìthta Lundberg :An % ∈ (0,∞) eÐnai ènac suntelest c

uperprosarmog c gia thn σ.d. uperb�llontoc posoÔ, tìte gia k�je u ∈ (0,∞) isqÔei

h anisìthta Ψ(u) = P
(
infn∈N Z

u
n < 0

)
≤ e−%u.
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OrÐsmìc 2.41 : Ac eis�goume loipìn ton suntelest  prosarmog c rc gia thn

stoqastik  diadikasÐa 〈Zt〉t∈R+ pou orÐzetai wc ex c

rc = inf{r > 0 : E[erX1 − 1− (1 + Θ)rX1] ≥ 0}.

Prìtash 2.4.2 : An jewr soume ìti to sqetikì apojematikì asfaleÐac Θ

eÐnai austhr¸c jetikì gnwrÐzoume ìti rc > 0 an kai mìno an up�rqei r > 0 tètoio

¸ste E[erX1 ] < ∞. Apì ed¸ kai sto ex c ja onom�zoume ton suntelest  autìn wc

klassikì suntelest  prosarmog c.
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Kef�laio 3

H klassik  jewrÐa kindÔnwn se oikonomikì perib�llon.

3.1 Eisagwg .

Sto kef�laio autì analÔetai kai melet�tai to upìdeigma twn Delbean kai Hae-

zendonck [9].

Pio sugkekrimèna

(i) Sth deÔterh par�grafo ja melet soume tic basikèc majhmatikèc idiìthtec thc

stoqastik c diadikasÐoc 〈S̄t〉t∈[0,+∞] gia opoiond pote oikonomikì par�gonta f .

(ii) Sthn trÐth par�grafo ja melet soume tic di�forec teqnikèc upologismoÔ asfa-

lÐstrwn kai ja tic efarmìsoume sto montèlo mac. Sth sunèqeia ja melet soume

diaforetikèc morfèc thc puknìthtac asfalÐstrou p(t) kai ja odhghjoÔme sto

sumpèrasma ìti mìno h arq  thc anamenìmenhc axÐac dÐdei apotelèsmata ta opoÐa

ephre�zontai apì ton plhjwrismì.

(iii) Sthn tètarth par�grafo ja melet soume thn perÐptwsh sthn opoÐa o plhjwri-

smìc ephre�zei thn apeikìnish p(t) kai ja melet soume antÐstoiqa probl mata

qreokopÐac. Saf¸c to kef�laio autì eÐnai perissìtero teqnikì kai m�lista

antimetwpÐzetai sto sÔnolì tou me th qr sh twn martingales. Pr�gmati erga-

leÐa ìpwc h ananewtik  jewrÐa kai �llec morfèc stasimìthtac kai summetrÐac

pou qrhsimopoioÔntai kat� kìron sto klassikì montèlo den mporoÔn na qrhsi-

mopoihjoÔn sthn perÐptwsh pou exet�zoume exaitÐac thc Ôparxhc oikonomikoÔ

par�gonta.

(iv) Sthn par�grafo 5 meletoÔme thn shmantikìtath perÐptwsh kat� thn opoÐa i-

sqÔei ìti f(t) = e−it, ∀t ∈ [0,∞], ìpou kai h pragmatik  èntash tìkou eÐnai

stajer  kai jetik . EpÐshc dÐnontai arijmhtik� dedomèna gia ekjetik� katane-

mhmènec apait seic.
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3.2 H tropopoihmènh stoqastik  diadikasÐa kindÔnwn.

Ac jewr soume ìti h stoqastik  diadikasÐa 〈Nt〉t∈R+ eÐnai mia omogen c diadikasÐa

Poisson me par�metro λ > 0. H 〈Tn〉n∈N parist�nei tic diadoqikèc stigmèc emf�nishc

twn zhmiogìnwn endeqomènwn kai oi apait seic parist�nontai apì tic isìnomec kai

stoqastik� anex�rthtec gnhsÐwc jetikèc tuqaÐec metablhtèc 〈Xn〉n∈N. Wc sun jwc

oi apait seic kai oi antÐstoiqoi qrìnoi emf�nishc jewroÔntai anex�rthtec tuqaÐec

metablhtèc. EpÐshc jewroÔme ìti T0 = 0.

'Olec oi tuqaÐec metablhtèc orÐzontai se ènan basikì q¸ro pijanìthtac (Ω,Σ, P )

kai h koin  katanom  pijanìthtac twn apait sewn sumbolÐzetai me Q. Se autì to

tm ma o oikonomikìc par�gontac f eÐnai mia mh arnhtik  kai B(R+) - metr simh a-

peikìnish me sÔnolo tim¸n to R+ kai pedÐo orismoÔ to sÔnolo R+ me thn idiìthta

f(0) = 1.

H stoqastik  diadikasÐa

St =
Nt∑
n=1

Xn ,∀t ∈ R+ (3.1)

kaleÐtai h klassik  stoqastik  diadikasÐa sunolik¸n apait sewn kai sumbolÐzetai

wc C.R.. H stoqastik  diadikasÐa

St =
Nt∑
n=1

f(Tn)Xn ,∀t ∈ R+ (3.2)

ja kaleÐtai apì ed¸ kai sto ex c wc h stoqastik  diadikasÐa thc paroÔsac axÐac

tou kindÔnou kai ja sumbolÐzetai wc P.V.R.. 'Ac jewr soume loipìn tic akìloujec

s-�lgebrec uposunìlwn tou Ω,

Nt = σ{Nu : u ≤ t}, (3.3)

Ht = σ{Su : u ≤ t}, (3.4)

Ht = σ{Su : u ≤ t} (3.5)

ìpou oi

Ht, Nt kai Ht

eÐnai oi plhroforÐec oi opoÐec lamb�nontai mèqri kai th qronik  stigm  t apì tic

antÐstoiqec stoqastikèc diadikasÐec.
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L mma 3.2.1 : ∀t ∈ R+ isqÔei Nt ⊆ Ht kai Ht ⊆ Ht. Epiplèon an o oikonomikìc

par�gontac paÐrnei mìno gnhsÐwc jetikèc timèc tìte

Ht = Ht kai Nt ⊆ Ht.

Apìdeixh : AfoÔ oi tuqaÐec metablhtèc 〈Xn〉n∈N eÐnai gnhsÐwc jetikèc, to pl -

joc twn apait sewn mèqri th qronik  stigm  t mporeÐ na lhfjeÐ apì th sqèsh

Nt = sup{n ≥ 0|0 < t1 < . . . < tn ≤ t : 0 < St1 < · · · < Stn}. (3.6)

∀t > 0,∃1n ∈ N,∃1(t1, t2, . . . , tn) ∈ (0,∞)n : t1 < t2 < . . . < tn ≤ t kai ta

t1, t2, . . . , tn na eÐnai shmeÐa asunèqeiac thc Nt. Tìte ∀t ≥ 0 eÐnai Nt = sup{n ∈ N :

0 < St1 < . . . < Stn} kai epomènwc eÐnai

{Nt ≥ n} = ∩nk=2{0 < Stk−1
< Stk}.

Sunep¸c Nt ⊆ Ht.

Gia na apodeÐxoume th deÔterh sqèsh parathroÔme ìti:

S−1
Tk

(A) ∩ {Tk ≤ s} ∩ {Nt = n} =

S−1
Tk

(A) ∩ {Tk ≤ s ∧ t} ∩ {Nt = n} ∈ Ht,∀k ≤ n,∀A ∈ B(R+). (3.7)

Sunep¸c oi tuqaÐec metablhtèc STk kai Tk periorismènec sto sÔnolo {Nt = n} eÐnai
Ht - metr simec apeikonÐseic. Epiprìsjeta isqÔei ìti

St
−1

(A) ∩ {Nt = n} = {
n∑
k=1

f(Tk)(STk − STk−1
) ∈ A} ∩ {Nt = n} ∈ Ht. (3.8)

Autì apodeiknÔei ìti

St
−1

(A) ∩ {Nt = n} ∈ Ht

kai sunep¸c

St
−1

(A) = ∪n∈N(St
−1

(A) ∩ {Nt = n}) ∈ Ht (3.9)

afoÔ h {Nt = n}n∈N eÐnai mia diamèrish tou Ω. Epomènwc Ht ⊆ Ht.

An f > 0 to pl joc twn apait sewn mèqri th qronik  stigm  t mporeÐ na lhfjeÐ

apì th sqèsh

Nt = sup{n ≥ 0|0 < t1 < . . . < tn ≤ t : 0 < St1 < · · · < Stn}.
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∀t > 0,∃1n ∈ N,∃1(t1, t2, . . . , tn) ∈ (0,∞)n : t1 < t2 < . . . < tn ≤ t kai ta

t1, t2, . . . , tn na eÐnai shmeÐa asunèqeiac thc Nt. Tìte ∀t ≥ 0 eÐnai Nt = sup{n ∈ N :

0 < St1 < . . . < Stn} kai epomènwc eÐnai

{Nt ≥ n} = ∩nk=2{0 < Stk−1
< Stk}.

Sunep¸c Nt ⊆ Ht.

EÐnai X1 = S1 = S1

f(T1)
∈ Ht diìti S1 ∈ Ht kai f(T1) ∈ Nt1 ⊆ Ht1 ⊆ Ht,∀t ≥ t1.

EÐnai S2 =
∑2

n=1 f(Tn)Xn. Epomènwc X2 = S2−f(T1)X1

f(T2)
∈ Ht2 ⊆ Ht,∀t ≥ t2. AfoÔ

X1, X2 ∈ Ht tìte S2 ∈ Ht. Epagwgik� prokÔptei ìti Sn ∈ Htn ⊆ Ht,∀t ≥ tn.

Sunep¸c Ht ⊆ Ht. �

Ac jewr soume tic akìloujec tuqaÐec metablhtèc:

W1 = T1 − T0, . . . ,Wn = Tn − Tn−1, . . .

oi opoÐec dhl¸noun touc endi�mesouc qrìnouc afÐxewn twn zhmiogìnwn endeqomènwn.

EpÐshc jewroÔme tic akìloujec tuqaÐec metablhtèc:

Wt
(1) = TNt+1 − t, (3.10)

kai gia k ≥ 2,

Wt
(k) = WNt+k. (3.11)

Mia jemeli¸dhc kai gnwst  idiìthta thc omogenoÔc diadikasÐac Poisson eÐnai h apì

koinoÔ anexarthsÐa thc s-�lgebracNt me tic tuqaÐec metablhtècWt
(1),Wt

(2), . . . ,Wt
(k).

Epiplèon oi tuqaÐec metablhtèc autèc katanèmontai ekjetik� kai me thn Ðdia par�metro

λ > 0.

Prìtash 3.2.2 :

(i) H stoqastik  diadikasÐa 〈St〉t∈[0,∞] èqei anex�rthtec prosaux seic.

(ii) E[e−α(St+s−St)] = e−λs+λ
∫ s
0 E[exp(−αf(u+t)X1)]du), ∀0 ≤ s, t,∀α ∈ R. (3.12)

Apìdeixh : Gia α ≥ 0, ja deÐxoume ìti

E[e−α(St+s−St) | Ht] = E[e−α
∑Ns
k=1 f(Tk+t)Xk ] σ.β.. (3.13)
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'Estw G ∈ Ht. Tìte èqoume

E[1Ge
−α(St+s−St)] =

∑
n≥0

∑
m≥0

E[1G∩{Nt=n}∩{Nt+s=m+n}e
−α

∑m
k=1 f(Tn+k)Xn+k ]. (3.14)

An 0 ≤ u ≤ t kai A ∈ B(R+) tìte èqoume

{Su ∈ A} ∩ {Nt = n} =
⋃
k≤n

{
k∑

m=0

Xm ∈ A} ∩ {Nu = k} ∩ {Nt = n},

to opoÐo mac deÐqnei ìti

Ht ∩ {Nt = n} ⊆ σ(X1, . . . , Xn;Nu : u ≤ t).

Gia C ∈ σ(X1, . . . , Xn) kai gia D ∈ Nt lamb�noume ta akìlouja

E[1C∩D∩{Nt=n}∩{Nt+s=n+m}e
−α

∑m
k=1 f(Tn+k)Xn+k ] =∫

1C(x1, x2, . . . , xn)E[1D∩{Nt=n}∩{Nt+s=n+m}e
−α

∑m
k=1 f(Tn+k)Xn+k ]dQ

⊗
(n+m)(x1, x2, . . . , xn+m) (3.15)

kai gia m ≥ 1 èqoume

E[1D∩{Nt=n}∩{Nt+s=n+m}e
−α

∑m
k=1 f(Tn+k)Xn+k ]

= E[1
D∩{Nt=n}∩{W (1)

t +···+W (m)
t ≤W (1)

t +···+W (m+1)
t }e

−α
∑m
k=1 f(W

(1)
t +···+W (k)

t +t)Xn+k ]

= E[1D∩{Nt=n}]E[1{Ns=m}e
−α

∑m
k=1 f(Tk+t)Xn+k ]. (3.16)

Gia m = 0 h sqèsh (3.16) eÐnai profan c.

Apì tic sqèseic (3.15) kai (3.16) èqoume ìti

E[1C∩D∩{Nt=n}∩{Nt+s=n+m}e
−α

∑m
k=1 f(Tn+k)Xn+k ]

=

∫
1C(x1, . . . , xn)E[1D∩{Nt=n}]E[1{Ns=m}e

−α
∑m
k=1 f(Tk+t)Xn+k ]dQ

⊗
(n+m)(x1, . . . , xn+m)

= E[1C∩D∩{Nt=n}]E[1{Ns=m}e
−α

∑m
k=1 f(Tk+t)Xk ]. (3.17)

'Ara

E[1C∩D∩{Nt=n}∩{Nt+s=n+m}e
−α

∑m
k=1 f(Tn+k)Xn+k ] = E[1C∩D∩{Nt=n}]E[1{Ns=m}e

−α
∑m
k=1 f(Tk+t)Xk ].

Efarmìzontac èna epiqeÐrhma thc monìtonhc kl�shc sthn sqèsh (3.17) (Par�r-

thma A) èqoume

E[1G∩{Nt=n}∩{Nt+s=n+m}e
−α

∑m
k=1 f(Tn+k)Xn+k ] = E[1G∩{Nt=n}]E[1{Ns=m}e

−α
∑m
k=1 f(Tk+t)Xk ]. (3.18)
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kai h �jroish gia n kai m sunep�getai thn exÐswsh

E[1Ge
−α(St+s−St)] = P (G)E[e−α

∑Ns
k=1 f(Tk+t)Xk ].

Gia G = Ω èqoume E[e−α(St+s−St)] = E[e−α
∑Ns
k=1 f(Tk+t)Xk ]. (3.19)

Tèloc apì to L mma 3.2.1 sunep�getai ìti

E[e−α(St+s−St) | Ht] = E[E[e−α(St+s−St) | Ht] | Ht]

= E[e−α
∑Ns
k=1 f(Tk+t)Xk ] σ.β.. (3.20)

Apì tic sqèseic (3.19) kai (3.20) èpetai h (i). Gia na apodeÐxoume thn sqèsh

(3.12) gia α ≥ 0 qrhsimopoioÔme thn idiìthta ìti to tuqaÐo di�nusma (T1, T2, . . . , Tm)

dedomènou tou endeqomènou {Ns = m} èqei sun�rthsh puknìthtac Ðsh me

m!(1/s)m sto ∆m = {(u1, u2, . . . , um) ∈ Rm
+ : 0 < u1 < u2 < . . . < um < s}

kai Ðsh me 0 sto ∆c
m.

Apì th sqèsh (3.20) sunep�getai ìti

E[e−α(St+s−St)]

=
∑
m≥0

sm

m!

∫
E[e−α

∑m
k=1

f(Tk+t)Xk/Ns = m]λme−λsdQ
⊗
m(χ1, χ2, . . . , χm)

=
∑
m≥0

∫
χ[0,s](um)χ[u1,s](u2) . . . χ[um−1,s](um)λme−λs·

m∏
k=1

e−αf(uk+t)χkdu1 . . . dumdQ
⊗
m(χ1, χ2, . . . , χm)

=
∑
m≥0

∫
χ[0,s](u1)χ[u1,s](u2) . . . χ[um−1,s](um)λme−λs

m∏
k=1

E[e−αf(uk+t)X1 ]du1 . . . dum

= e−λs
∑
m≥0

λm

m!
(

∫ s

0

E[e−αf(u+t)X1 ]du)
m

=

= e−λs+λ
∫ s
0 E[exp(−αf(u+t)X1)]du. (3.21)

Parat rhsh : H exÐswsh (3.21) dhl¸nei ìti h stoqastik  diadikasÐa 〈St〉t∈R+

èqei st�simec prosaux seic an kai mìno an den up�rqei oikonomikìc par�gontac (o

plhjwrismìc eÐnai dhlad  antistajmismènoc apì ton tìko). Autì shmaÐnei ìti ta
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ergaleÐa thc ananewtik c jewrÐac den mporoÔn na qrhsimopoihjoÔn gia th melèth thc

stoqastik c diadikasÐac P.V.R.. Eutuq¸c ìmwc apì thn dhmosÐeush tou shmantikoÔ

paper tou Gerber èqei deiqjeÐ ìti ta ergaleÐa thc ananewtik c jewrÐac mporoÔn na

antikatasthjoÔn apì ta martingales [Gerber (1979), Delbean - Haezendonck (1985-

1986), Moriconi (1983,1985,1987), Dassios -Embrechts(1987)].
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3.3 Upologismìc asfalÐstrwn.

Sto deÔtero mèroc orÐsame th stoqastik  diadikasÐa C.R. (〈St〉t∈R+) kai th sto-

qastik  diadikasÐa P.V.R (〈St〉t∈R+).

An 〈p(t)〉t∈R+ eÐnai h puknìthta tou asfalÐstrou th qronik  stigm  t ∈ R+ tìte

mporoÔme na orÐsoume thn antÐstoiqh stoqastik  diadikasÐa tou parìntoc pleon�sma-

toc P.V.S.

Zt =

∫ t

0

p(u)e−
∫ u
0 i(s)dsdu− St + Z0. (3.22)

H axÐa tou kindÔnou kai tou pleon�smatoc th qronik  stigm  t ∈ R+ dÐnetai apì th

stoqastik  diadikasÐa kindÔnou (R.)

S̃t = e
∫ t
0 i(s)dsSt (3.23)

kai th stoqastik  diadikasÐa pleon�smatoc (S.)

Z̃t = e
∫ t
0 i(s)dsZt, (3.24)

antÐstoiqa i(s) eÐnai h èntash tou tìkou th qronik  stigm  s ∈ R+, I(s) eÐnai o

deÐkthc plhjwrismoÔ thn qronik  stigm  s ∈ R+ kai

f(s) = I(s)e−
∫ s
0 i(u)du, ∀s ∈ R+ (3.25)

eÐnai o oikonomikìc par�gontac. Fusik� èqoume f(0) = I(0) = 1.

Se autì to mèroc ja orÐsoume thn puknìthta asfalÐstrou p. H puknìthta a-

sfalÐstrou ja exart�tai apì to eÐdoc thc arq c pou ja qrhsimopoi soume gia na

upologÐsoume to asf�listro. Se perissìterec leptomèreiec ìson afor� tic arqèc

upologismoÔ asfalÐstrou anafèretai o Goovaerts (1984).

Ac jewr soume loipìn wc Π(Υ) to asf�listro tou kindÔnou Υ. To Pi eÐnai mia

sun�rthsh pou apeikonÐzei mia tuqaÐa metablht  Υ se ènan pragmatikì arijmo. Tìte

to p ja upologÐzetai sÔmfwna me ton akìloujo kanìna: an ∆t > 0 tìte

p(t)∆t = Π(e−
∫ t+∆t
t i(s)dsS̃t+∆t − S̃t) + o(∆t). (3.26)

Pr�gmati p(t)∆t eÐnai h posìthta tou asfalÐstrou th qronik  stigm  t h opoÐa lam-

b�netai metaxÔ twn qronik¸n stigm¸n t kai ∆t kai

e−
∫ t+∆t
t i(s)dsS̃t+∆t − S̃t
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eÐnai h aÔxhsh tou kindÔnou (th qronik  stigm  t) pou pragmatopoieÐtai metaxÔ twn

qronik¸n stigm¸n t kai t + ∆t. EÐnai safèc loipìn ìti h qr sh thc sqèshc (3.26)

dhl¸nei ìti h puknìthta asfalÐstrou p(t) th qronik  stigm  t ∈ R+ upologÐzetai

qwrÐc na l�boume upìyin mac to �meso pareljìn.

Apì thn exÐswsh (3.26) prokÔptei ìti h puknìthta asfalÐstrou upologÐzetai me

th qr sh tou akìloujou tÔpou

p(t) = lim
∆t→0

1

∆t
Π(e−

∫ t+∆t
t i(s)dsS̃t+∆t − S̃t). (3.27)

Parathr ste ìti

e−
∫ t+∆t
t i(s)dsS̃t+∆t − S̃t = e

∫ t
0 i(s)ds(St+∆t − St). (3.28)

Epomènwc an h arq  upologismoÔ tou asfalÐstrou eÐnai omogen c tìte

p(t) = e
∫ t
0 i(s)ds lim

∆t→0

1

∆t
Π(St+∆t − St). (3.29)

Prin suneqÐsoume me ton upologismì thc puknìthtac asfalÐstrou gia orismènec arqèc

upologismoÔ asfalÐstrou mporoÔme na par�thr soume ìti an µ = E[X1] < ∞ kai

σ2 = V [X1] <∞ tìte

E[St+s − St] = λµ

∫ t+s

t

f(u)du, (3.30)

V [St+s − St] = λ(µ2 + σ2)

∫ t+s

t

f 2(u)du. (3.31)

AutoÐ oi tÔpoi mporoÔn polÔ eÔkola na exaqjoÔn apì thn sqèsh (3.12).

3.3.1 H arq  thc anamenìmenhc axÐac.

An Θ ≥ 0 eÐnai to sqetikì apojematikì asfaleÐac kai Υ eÐnai o kÐndunoc, tìte to

asf�listro Π(Υ) dÐnetai apì th sqèsh

Π(Υ) = (1 + Θ)E[Υ]. (3.32)

Apì tic sqèseic (3.29) kai (3.30) èqoume ìti

p(t) = (1 + Θ)e
∫ t
0 i(s)dsλµ lim

∆t→0

1

∆t

∫ t+∆t

t

f(u)du. (3.33)

Epomènwc p(t) = (1 + Θ)λµI(t) upì tic sunj kec kanonikìthtac thc f .
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3.3.2 H arq  thc diakÔmanshc.

An β > 0 ènac jetikìc pragmatikìc arijmìc kai Υ eÐnai o kÐndunoc tìte to Π(Υ)

upologÐzetai apì thn sqèsh

Π(Υ) = E[Υ] + βV [Υ]. (3.34)

OmoÐwc apì tic sqèseic (3.29), (3.30), (3.31)èqoume ìti

p(t) = e
∫ t
0 i(s)ds lim

∆t→0

1

∆t
E[St+∆t − St] + βe2

∫ t
0 i(s)ds lim

∆t→0

1

∆t
V [St+∆t − St] (3.35)

kai epomènwc

p(t) = λµI(t) + βλ(µ2 + σ2)I2(t). (3.36)

3.3.3 H arq  thc mhdenik c wfelimìthtac me ekjetik  sun�rthsh

qrhsimìthtac.

An α eÐnai ènac jetikìc arijmìc kai Υ ènac kÐndunoc ètsi ¸ste E[eαΥ] <∞ tìte

to asf�listro Π(Υ) eÐnai h lÔsh thc exÐswshc

E[1− e−α(Π(Υ)−Υ)] = 0, (3.37)

opìte kai thc

Π(Υ) =
1

a
logE[eαΥ]. (3.38)

Tìte h antÐstoiqh puknìthta asfalÐstrou eÐnai Ðsh me

p(t) =
λ

α
E[eαI(t)X1 − 1]. (3.39)

3.3.4 H arq  tou Esscher.

An β > 0 kai an Υ eÐnai ènac kÐndunoc tìte to asf�listro eÐnai Ðso me

Π(Υ) =
E[ΥeβΥ]

E[eβΥ]
. (3.40)

'Etsi

p(t) = e
∫ t
0 i(s)ds lim

∆t→0

1

∆t

E[(St+∆t − St)eβexp(
∫ t
0 i(s)ds)(St+∆t − St)]

E[eβexp(
∫ t
0 i(s)ds)(St+∆t − St)]

.
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Tìte h antÐstoiqh puknìthta asfalÐstrou eÐnai Ðsh me p(t) = λE[I(t)X1e
βI(t)X1 ]. (3.41)

Parathr seic :

(1) Gia tic tèsseric arqèc upologismoÔ asfalÐstrou pou èqoume jewr sei ed¸

h puknìthta tou asfalÐstrou exart�tai mìno apì ton plhjwrismì all� eÐnai kai

anex�rthth tou tìkou.

(2) An den up�rqei kajìlou plhjwrismìc tìte oi puknìthtec tou asfalÐstrou

eÐnai stajerèc kai anex�rthtec tou qrìnou.

(3) O kanìnac (3.26) den mporeÐ na efarmosteÐ me thn arq  thc diakÔmanshc afoÔ

lim
∆t→0

1

∆t
V [St+∆t − St]

1/2
=∞.

H arq  thc anamenìmenhc mèshc tim c eÐnai h monadik  arq  upologismoÔ asfa-

lÐstrou sthn opoÐa isqÔei h epijumit  sqèsh p(t) = I(t)p(0),∀t ∈ R+. Gia ton lìgo

autìn eÐnai logikì na af soume touc suntelestèc β, α kai b pou emfanÐzontai sthn ar-

q  thc diakÔmanshc, sthn arq  thc mhdenik c qrhsimìthtac kai sthn arq  tou Esscher

na exart¸ntai apì ton qrìno. Pr�gmati an β(t) = β(0)I(t)−1, α(t) = α(0)I(t)−1 kai

b(t) = b(0)I(t)−1, lamb�noume p(t) = (λµ + β(0)λ(µ2 + σ2))I(t) gia thn arq  thc

diakÔmanshc,

p(t) =
λ

α(0)
E[eα(0)X1 − 1]I(t)

gia thn arq  thc mhdenik c wfelimìthtac me ekjetik  sun�rthsh qrhsimìthtac kai

p(t) = λE[X1e
b(0)X1 ]I(t)

gia thn arq  tou Essher .
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3.4. Fr�gmata pijanot twn qreokopÐac.

Kat� th di�rkeia aut c thc paragr�fou ja jewr soume ìti h puknìthta asfalÐ-

strou orÐzetai sÔmfwna me thn arq  thc anemenìmenhc axÐac me sqetikì apojematikì

asfaleÐac Θ ≥ 0:

p(t) = (1 + Θ)λµI(t). (4.1)

Ta I(s),i(s) kai f(s) (s ∈ R+) eÐnai ta Ðdia me thn prohgoÔmenh enìthta.

'Estw k to arqikì apojematikì kai ac sumbolÐsoume to (1 + Θ)λµ me p : p =

p(0). AntÐstoiqa me tic stoqastikèc diadikasÐec 〈St〉t∈R+ , 〈St〉t∈R+ kai th stoqastik 

diadikasÐa 〈S̃t〉t∈R+ orÐzoume tic akìloujec stoqastikèc diadikasÐec :

(i) thn klassik  stoqastik  diadikasÐa (C.S)

Zt = pt− St + k (t ∈ R+) (4.2)

(ii) th stoqastik  diadikasÐa tou twrinoÔ pleon�smatoc (P.V.S)

Zt = p

∫ t

0

f(u)du− St + k (t ∈ R+) (4.3)

(iii) kai th stoqastik  diadikasÐa pleon�smatoc (S.)

Z̃t = e
∫ t
0 i(s)dsZt (t ∈ R+) (4.4)

Parathr ste ìti

St =

∫ t

0

f(u)dSu. (4.5)

Sunep¸c

Zt =

∫ t

0

f(u)d(pu− Su) + k =

∫ t

0

f(u)dZu + k. (4.6)

Apì thn (4.6) faÐnetai ìti

Zt =

∫ t

0

f(u)d(λµu− Su) + Θλµ

∫ t

0

f(u)du+ k. (4.7)

AfoÔ to 〈λµt− St〉t∈R+ eÐnai èna martingale, h stoqastik  diadikasÐa

〈
∫ t

0

f(u)d(λµu− Su)〉t∈R+ (4.8)
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eÐnai epÐshc martingale.

Autì mac deÐqnei ìti h (4.7) eÐnai h Doob-Meyer diamèrish thc stoqastik c dia-

dikasÐac 〈Zt〉t∈R+ kai ìti to Θλµ
∫ t

0
f(u)du + k eÐnai o problèyimoc ìroc thc �nw

diamèrishc.

H isìthta (4.6) mporeÐ na genikeuteÐ. 'Ac jewr soume loipìn duo oikonomikoÔc

par�gontec f1, f2 kai èstwSt
(1)
, Zt

(1)
, St

(2)
, Zt

(2)
, (t ∈ R+) oi antÐstoiqec stoqastikèc

diadikasÐec (P.V.R.) kai (P.V.S.).

An jewr soume ìti h f2 eÐnai austhr� jetik , tìte

St
(1)

=

∫ t

0

f1(u)

f2(u)
dSu

(2)
(4.9)

afoÔ sÔmfwna me thn (4.5)∫ t

0

f1(u)

f2(u)
dSu

(2)
=

∫ t

0

f1(u)

f2(u)
f2(u)dSu =

∫ t

0

f1(u)dSu = St
(1)

kai

Zt
(1)

=

∫ t

0

f1(u)

f2(u)
dZu

(2)
+ k. (4.10)

L mma 3.4.1: An h f1

f2
eÐnai sun�rthsh fragmènhc kÔmanshc kai dexi� suneq c,

tìte

Zt
(1)

=
f1(t)

f2(t)
Zt

(2) −
∫

[0,t]

Zs
(2)
d(
f1

f2

)(s). (4.11)

Apìdeixh : Apì thn upìjesh ep�getai ìti

f1(s)

f2(s)
− 1 =

∫
[0,s]

d(
f1

f2

).

Efarmìzontac to je¸rhma tou Fubini kaj¸c kai thn prohgoÔmenh enìthta sthn sqèsh

(4.10) prokÔptei h (4.11). �

Ac eis�goume touc qrìnouc qreokopÐac: an ω ∈ Ω tìte

R(ω) = inf{t ≥ 0 : Zt(ω) < 0},

=∞⇔ Zt(ω) ≥ 0,∀t ∈ R+,

R(ω) = inf{t ≥ 0 : Zt(ω) < 0},

=∞⇔ Zt(ω) ≥ 0,∀t ∈ R+,
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ìpou R eÐnai h qronik  stigm  qreokopÐac thc stoqastik c diadikasÐac C.S. kai R

eÐnai h qronik  stigm  qreokopÐac twn stoqastik¸n diadikasi¸n (P.V.S.) kai (S.).

Sthn perÐptwsh pou o oikonomikìc par�gontac f mei¸netai tìte anamènetai ìti ja

isqÔei R ≤ R. To prìblhma autì lÔnetai apì thn akìloujh prìtash :

Prìtash 3.4.2 : 'Estw fi (i = 1, 2) duo oikonomikoÐ par�gontec, R
(i)

oi qrì-

noi qreokopÐac twn antistoÐqwn stoqastik¸n diadikasi¸n P.V.S. 〈Zt
(i)〉t∈R+ . An to

phlÐko f1

f2
mei¸netai kai eÐnai dexi� suneqèc tìte gia k�je ω ∈ Ω èqoume

R
(2)

(ω) ≤ R
(1)

(ω). (4.12)

Apìdeixh : Sunep�getai apì th sqèsh (4.10) ìti e�n Zs
(2)

(ω) ≥ 0 gia k�je

s ≤ t tìte eÐnai Zs
(1)

(ω) ≥ 0 gia k�je s ≤ t. 'Etsi deÐxame thn sqèsh (4.12). �

Apì thn Prìtash 3.4.2 eÔkola kaneÐc sumperaÐnei ìti e�n o oikonomikìc par�gon-

tac f eÐnai fjÐnousa sun�rthsh kai eÐnai dexi� suneq c tìte

R ≤ R. (4.13)

Epomènwc ta �nw ìria twn pijanot twn qreokopÐac thc stoqastik c diadikasÐac C.S.

eÐnai kai �nw ìria thc stoqastik c diadikasÐac P.V.S. .

Ac epanal�boume merik� gnwst� fr�gmata pijanot twn qreokopÐac. O suntele-

st c prosarmog c gia th stoqastik  diadikasÐa 〈Zt〉t∈R+
orÐzetai wc ex c :

rc := inf{r > 0 : E[erX1 − 1− (1 + Θ)rX1] ≥ 0}. (4.14)

An to sqetikì apojematikì asfaleÐac Θ eÐnai gnhsÐwc jetikì, tìte gnwrÐzoume ìti

rc > 0 an kai mìno an up�rqei r > 0 ¸ste na isqÔei E[erX1 ] < ∞. Apì ed¸ kai sto

ex c ja onom�zoume ton suntelest  rc klassikì suntelest  prosarmog c.

Parat rhsh : Fusik� stic perissìterec peript¸seic to rc eÐnai h austhr�

jetik  lÔsh thc exÐswshc

E[erX1 − 1− (1 + Θ)rX1] = 0. (4.15)

'Omwc mporeÐ na sumbeÐ rc > 0 kai h exÐswsh (4.15) na mhn èqei jetik  lÔsh. Autì o-

feÐletai sto gegonìc oti o metasqhmatismìc Laplace E[erX1 ] endèqetai na metaphd sei

apì mia peperasmènh tim  sto �peiro, ìpwc faÐnetai sto par�deigma pou akoloujeÐ.
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'Estw ìti h tuqaÐa metablht  X1 èqei sun�rthsh puknìthtac

fX1(x) = K
e−γx

1 + x2
⇔ x ≥ 0,

fX1(x) = 0⇔ x < 0,

ìpou to γ eÐnai ènac jetikìc arijmìc kai to K eÐnai mia kat�llhlh stajer�. Tìte

lamb�noume

E[erX1 ] ≤ kπ

2
,∀0 ≤ r ≤ γ,

E[erX1 ] =∞ ,∀γ < r.

An to Θ eÐnai epark¸c meg�lo tìte h exÐswsh (4.15) den èqei jetik  lÔsh.

An o oikonomikìc par�gontac f eÐnai fjÐnousa sun�rthsh kai eÐnai dexi� suneq c

tìte prokÔptei apì thn (4.12) ìti èqoÔme ta akìlouja fr�gmata gia thn pijanìthta

qreokopÐac P (R ≤ t) :

An to arqikì apojematikì k eÐnai gnhsÐwc jetikì tìte gia k�je t ∈ R+ èqoume

P (R ≤ t) ≤ e−krc (to fr�gma tou Lundberg) (4.16)

kai

P (R ≤ t) ≤ 1− E[(1− St
k + pt

)
+

]−
∫ t

0

k

(k + pu)2E[1(St≤k+pu)
St
t

]du (4.17)

(blèpe Delbean kai Haezendonck [24].

An to arqikì apojem�tikì k eÐnai 0 tìte gia k�je t ∈ R+ èqoume

P (R ≤ t) ≤ 1− E[(1− St
pt

)
+

] (4.18)

kai

P (R <∞) ≤ 1

1 + Θ
). (4.19)

Profan¸c ta �nw fr�gmata èqoun polÔplokh morf . Ja deÐxoume sth sunèqeia

ìti up�rqoun kalÔtera fr�gmata gia thn pijanìthta qreokopÐac thc stoqastik c

diadikasÐac P.V.S. .

L mma 3.4.3 : An V [X1] = σ2 <∞, an h f eÐnai fjÐnousa kai
∫∞

0
f(t)dt <∞,

tìte up�rqei mia tetragwnik� oloklhr¸simh tuqaÐa metablht  Z∞ tètoia ¸ste

lim
t→∞

Zt = Z∞ σ.β. kai kat� L2 − norm.
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Epiplèon to

〈Zt −Θλµ

∫ t

0

f(u)du〉t∈R+
(4.20)

eÐnai èna omoiìmorfa oloklhr¸simo martingale kai h qarakthristik  sun�rthsh thc

tuqaÐac metablht c Z∞ dÐnetai apì thn sqèsh

E[eixZ∞ ] = exp{ix(k + Θλµ

∫ ∞
0

f(u)du)− 1

2
x2λ(µ2 + σ2)

∫ ∞
0

f 2(u)du

+λ

∫ ∞
0

∫ xf(u)

0

(xf(u)− s)E[X1
2(1− e−rsX1)]dsdu}. (4.21)

An Θ = 0, tìte h upìjesh
∫∞

0
f(t)dt < ∞ mporeÐ na antikatastajeÐ apì thn pio

asjen  upìjesh ìti
∫∞

0
f 2(t)dt <∞.

Apìdeixh : Apì thn sqèsh (4.7) kai (4.8) gnwrÐzoume ìti to

Zt −Θλµ

∫ t

0

f(u)du− k =

∫ t

0

f(u)d(λµu− Su) (t ∈ R+) (4.22)

eÐnai martingale. AfoÔ V [
∫ t

0
f(u)d(λµu−Su) = λ(µ2 +σ2)

∫ t
0
f 2(u)du apì thn sqèsh

(3.31) paÐrnoume ìti

sup
t∈R+

E[(

∫ t

0

f(u)d(λµu− Su))
2

] <∞.

Autì dhl¸nei ìti to martingale (4.22) eÐnai omoiìmorfa oloklhr¸simo (Neveu (1964).

Epomènwc up�rqei mia tetragwnik� oloklhr¸simh tuqaÐa metablht  Z∞ ètsi ¸ste

lim
t→∞

Zt = Z∞ σ.β. kai kat� L2 − norm

kai gia k�je t ∈ R+ eÐnai

E[Z∞ −Θλµ

∫ ∞
0

f(u)du|Ht] = Zt −Θλµ

∫ t

0

f(u)du. (4.23)

H qarakthristik  sun�rthsh thc Z∞ prokÔptei apì eujÔ upologismì. �

EÐnai gnwstì epÐshc ìti gia Θ = 0 èqoume Pr(R <∞) = 1.

Prìtash 3.4.4 : An Θ = 0, V [X1] <∞, h f eÐnai fjÐnousa kai
∫∞

0
f 2(u)du <

∞, tìte
Pr(R <∞) < 1. (4.24)
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Apìdeixh : Apì to optional sampling theorem (blèpe Par�rthma) to opoÐo ja

efarmìsoume sto martingale (4.22) èqoume ìti∫
(R<∞)

ZRdPr =

∫
(R<∞)

Z∞dPr = k −
∫

(R=∞)

Z∞dPr. (4.25)

Ac jewr soume ìti R < ∞ σ.β.. Tìte
∫

(R<∞)
ZRdPr < 0 kai k −

∫
(R=∞)

Z∞dPr =

k ≥ 0. Autì antif�skei me thn sqèsh (4.25). �

Apì ed¸ kai sto ex c upojètoume ìti o oikonomikìc par�gontac

eÐnai fjÐnousa apeikìnish (ìqi aparaÐthta gnhsÐwc fjÐnousa) kai

suneq c.

Ac jewr soume ta akìlouja diast mata tou R+ :

D = {r > 0 : E[erX1 ] <∞}, D = {r > 0 :

∫ t

0

E[erf(u)X1 ]du <∞}.

EÐnai fanerì ìti D ⊆ D. H antÐstrofh ìmwc sqèsh den isqÔei genik�.

L mma 3.4.5 : An D 6= ∅ kai r ∈ D tìte to

M t = erSt+λt−λ
∫ t
0 E[exp(rf(u)X1)]du (t ∈ R+) (4.26)

eÐnai martingale wc prìc to 〈Ht〉t∈R+ .

Apìdeixh : An 0 ≤ s < t tìte apì thn prìtash 3.2.2 lamb�noume

E[M t|Hs] = M sE[er(St−Ss)]eλ(t−s)−λ
∫ t
s E[exp(rf(u)X1)]du,

= M s (4.27)

apì thn isìthta (2.12). �

Prìtash 3.4.6 : An upojèsoume ìti Θ > 0 kai t > 0 tìte èqoume

P (R ≤ t) ≤ inf
r≥rc

sup
0≤s≤t

exp{λ
∫ s

0

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du− kr}. (4.28)

Apìdeixh : H apìdeixh ofeÐletai sthn genik  mèjodo tou Gerber (1973). An

eÐnai D = ∅, tìte h prìtash eÐnai tetrimmènh afoÔ rc = 0 kai to dexÐ mèroc thc (4.28)

eÐnai Ðso me th mon�da.
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'Estw ìti D 6= ∅. 'Estw epÐshc ìti r ∈ D. MporoÔme na efarmìsoume to optional

sampling theorem sto martingale (4.26) kai na èqoume

1 = E[M0] = E[MR∧t] ≥ E[MR1(R≤t)] ≥ E[exp({rSR+λR−λ
∫ R

0

E[erf(u)X1 ]du}1(R≤t)]

≥ E[exp{rk − λ
∫ R

0

E[erf(u)X1 − 1− (1 + θ)rf(u)X1]du}1(R≤t)]

afoÔ SR > k + (1 + Θ)λµ

∫ R

0

f(u)du an R ≤ t

≥ exp{rk − sup
0≤s≤t

λ

∫ s

0

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du}Pr(R ≤ t). (4.29)

Sunep¸c an r ∈ D tìte

P (R ≤ t) ≤ sup
0≤s≤t

exp{λ
∫ s

0

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du− rk}. (4.30)

Fusik� h sqèsh (4.30) paramènei alhj c an r ≥ 0 kai r /∈ D. Gia autì to lìgo isqÔei

h akìloujh anisìthta :

P (R ≤ t) ≤ inf
r≥0

sup
0≤s≤t

exp{λ
∫ s

0

E[erf(u)X1−1− (1+Θ)rf(u)X1]du−rk}. (4.31) �

An to arqikì apojematikì eÐnai gnhsÐwc jetikì tìte gia 0 ≤ r ≤ rc èqoume

0 ≤ rf(u) ≤ rc,∀u ∈ R+

(to opoÐo isqÔei an h f eÐnai fjÐnousa) kai epomènwc

λE[erf(u)X1 − 1− (1 + Θ)rf(u)X1] < 0. (4.32)

'Ara lamb�nontac up' ìyin mac th sqèsh (4.31) paÐrnoume

P (R ≤ t) ≤ inf
0<r≤rc

sup
0≤s≤t

exp{λ
∫ s

0

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du− kr} ≤ e−kr.

'Etsi prokÔptei h sqèsh (4.28). �

To epìmeno apotèlesma sÔmfwna me ton Gerber (1973) eÐnai eidik  perÐptwsh thc

prohgoÔmenhc prìtashc.
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Prìtash 3.4.7 (Gerber)[14] : An Θ > 0, t > 0 kai f = 1 (opìte kai R = R

), èqoume ta akìlouja fr�gmata

-an rc eÐnai shmeÐo asunèqeiac thc E[erX1 ] tìte

P (R ≤ t) ≤ e−krc kai

-an to rc eÐnai shmeÐo sunèqeiac tou E[erX1 ] tìte

P (R ≤ t) ≤ inf
r≥rc

exp{λtE[erX1 − 1− (1 + Θ)rX1]− kr}. (4.34)

Apì ed¸ kai sto ex c ja kaloÔme to dexÐ mèroc thc sqèshc (4.34) wc fr�gma

Gerber thn qronik  stigm  t.

Apìdeixh : 'Estw rc shmeÐo asunèqeiac thc E[erX1 ]. Tìte gia k�je r > rc èqoume

E[erX1 − 1− (1 + Θ)rX − 1] =∞

kai sunep¸c

sup
0≤s≤t

exp{λ
∫ s

0

E[erX−1 − 1− (1 + Θ)rX1]du− kr} =∞.

An r = rc tìte

E[ercX1 − 1− (1 + Θ)rcX1] < 0

kai epomènwc

P (R ≤ t) ≤ sup
0≤s≤t

exp{λ
∫ s

0

E[erX1 − 1− (1 + Θ)rcX1]du− krc} < e−krc

kai apì thn Prìtash (4.3.6) prokÔptei ìti P{R ≤ t} ≤ e−krc .

Sth sunèqeia ac jewr soume ìti to rc eÐnai shmeÐo sunèqeiac thc E[erX1 ]. An

r ≥ rc tìte

E[erX1 − 1− (1 + Θ)rX1] ≥ 0

kai sunep¸c lamb�nontac up' ìyin thn anisìthta

1 ≥ exp{rk − sup
0≤s≤t

{λ
∫ s

o

E[erX1 − 1− (1 + Θ)rX1]du}P{R ≤ t}
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thc apìdeixhc thc Prìtashc 3.4.6 èqoume

1 ≥ exp{rk − sup
0≤s≤t

{λ
∫ s

o

E[erX1 − 1− (1 + Θ)rX1]du}P{R ≤ t} ≥

exp{rk − λ
∫ t

0

E[erX1 − 1− (1 + Θ)rX1]du]P{R ≤ t}

= exp{rk − λtE[erX1 − 1− (1 + Θ)rX1}P{R ≤ t

′Ara

P (R ≤ t) ≤ infr≥rc exp{λtE[erX1 − 1− (1 + Θ)rX1]− kr}. �

Ac jewr soume duo apeikonÐseic s kai s sto [rc,∞):

s(r) = inf{u ≥ 0 : f(u) ≤ rc
r
},

s(r) =∞⇔ f(u) >
rc
r
,∀u ∈ R+, (4.35)

s(r) = inf{u ≥ 0 : f(u) <
rc
r
}.

s(r) =∞⇔ f(u) ≥ rc
r
,∀u ∈ R+. (4.36)

Sto epìmeno L mma epilègoume orismènec shmantikèc idiìthtec twn s kai s.

L mma 3.4.8 : 'Estw ìti h f eÐnai fjÐnousa kai suneq c. Tìte isqÔoun ta ex c

(1) an oi apeikonÐseic s kai s eÐnai aÔxousec ∀r ≥ rc tìte èqoume s(r) ≤ s(r),

(2) s(rc) = 0,

(3) s(rc) = 0 an kai mìno �n h f eÐnai gnhsÐwc fjÐnousa sto 0,

(4) an h f eÐnai gnhsÐwc fjÐnousa tìte s = s(= s),

(5) an s(r) <∞ gia k�poio r > rc tìte f(s(r)) = rc
r
,

(6) an s(r) <∞ gia k�poio r ≥ rc tìte f(s(r)) = rc
r
,

(7) an s(r) ≤ u < s(r) tìte f(u) = rc
r
,

(8) h s eÐnai arister� suneq c se k�je r > rc,

(9) h s eÐnai dexi� suneq c se k�je r ≥ rc.

Apìdeixh : Ta (1) − (7) eÐnai �mesec sunèpeiec twn idiot twn thc f ìpou h f

eÐnai suneq c, fjÐnousa kai isqÔei f(0) = 1. Gia na deÐxoume thn isìthta (8) jewroÔme
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mia aÔxousa akoloujÐa 〈rn〉n∈N sto [rc,∞) tètoia ¸ste na eÐnai limn→∞ ↑ rn = r.

'Estw ε > 0. AfoÔ f(s(r) − ε) > rc
r
, apì th sqèsh (5) up�rqei δ > 0 ètsi ¸ste na

isqÔei f(s(r)− ε) > rc
r−δ . Pr�gmati

(r − δ)f(s(r)− ε) > rc ⇔

rf(s(r)− ε)− rc > δf(s(r)− ε)⇔

δ <
rf(s(r)− ε)(r − rc)

f(s(r)− ε)
<

r − rc
f(s(r)− ε

.

'Ara arkeÐ na p�roume

0 < δ <
r − rc

f(s(r))− ε
.

'Estw ìti ∀δ > 0 ¸ste | r − rn |= r − rn < δ , ∃ε > 0 : s(r) − S(rn) ≥ ε. Tìte

ε ≤ s(r)− s(rn) ≥ s(r)− s(r− δ) < ε to opoÐo eÐnai �topo. 'Ara limn→∞ s(rn) = s(r)

kai h s eÐnai arister� suneq c.

H apìdeixh thc dexi�c sunèqeiac tou s eÐnai ìmoia. �

Ac parathr soume ìti sthn perÐptwsh pou to rc eÐnai shmeÐo sunèqeiac thc E[erX1 ]

tìte èqoume

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1] > 0⇔ f(u) >
rc
r
,

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1] = 0⇔ f(u) =
rc
r
,

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1] < 0⇔ f(u) <
rc
r
. (4.39)

Pr�gmati h pr¸th anisìthta isqÔei afoÔ h mèsh tim  eÐnai gnhsÐwc aÔxousa apei-

kìnish. T¸ra mporoÔme na emfanÐsoume thn Prìtash 3.4.6 sthn akìloujh morf 

Prìtash 3.4.9 : Ac jewr soume ìti Θ > 0, t > 0 kai ìti h apeikìnish f eÐnai

fjÐnousa kai dexi� suneq c

- an to rc eÐnai shmeÐo asunèqeiac thc E[erX1 ] tìte

P (R ≤ t) ≤ e−krc ,

-an to rc eÐnai shmeÐo sunèqeiac thc E[erX1 ] tìte

exp{λ
∫ t∧s(r)

0

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du− kr}
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= exp{λ
∫ t∧s(r)

0

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du− kr} kai (4.40)

kai an Φt(r) parist�nei thn koin  èkfrash thc (4.40) tìte

Pr(R ≤ t) ≤ inf
r≥rc

Φt(r). (4.41)

Apìdeixh : Arqik� upojètoume ìti h E[erX1 ] eÐnai asuneq c sto shmeÐo rc. An

r > rc tìte up�rqei ε > 0 ètsi ¸ste na isqÔei rf(u) > rc an 0 ≤ u ≤ ε. Pr�gmati

afoÔ h f eÐnai suneq c (0,∞) kai eÐnai f(0) = 1 tìte ∀ε > 0,∃δ > 0 : (| u |<
δ ⇒| f(u) − 1 |< ε. 'Ara ∀ε > 0, ∃δ > 0, (| u |< δ ⇒ 1− ε < f(u) < 1 + ε). 'Estw

ε := 1
2
(1 − rc

r
) < 1 − r

rc
. Tìte ∃δ > 0 : rc

r
< 1 − ε < f(u) (ε < 1 − rc

r
⇔ −ε >

rc
r

) , ∀u ∈ (−δ, δ). Epomènwc ∃ε = δ
2
> 0 ¸ste ∀u ∈ [0, ε] na eÐnai f(u) > rc

r
. 'Etsi

sup
0≤s≤t

exp{λ
∫ s

0

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du− kr} =∞.

An r = rc tìte

sup
0≤s≤t

exp{λ
∫ s

0

E[ercf(u)X1 − 1− (1 + Θ)rf(u)X1]du− krc} ≤ e−krc

afoÔ E[ercf(u)X1 − 1− (1 + Θ)rcf(u)X1] ≤ 0,∀u ≥ 0.

Sth sunèqeia ac upojèsoume ìti h E[erX1 ] eÐnai suneq c sto rc. Apì thn sqèsh

(4.39) kai thn idiìthta 7 tou L mmatoc (3.4.8) èqoume ìti∫ t∧s(r)

t∧s(r)
E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du = 0. (4.42)

'Etsi deÐxame thn sqèsh (4.40). Epiplèon an s(r) < sn(⇔ rf(u) < rc) tìte sÔmfwna

me th sqèsh (4.39) eÐnai∫ s

s(r)

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du < 0.

'Etsi e�n r ≥ rc tìte

sup
0≤s≤t

exp{λ
∫ s

0

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du− kr}

exp{
∫ t∧s(r)

0

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du− kr}

exp{
∫ t∧s(r)

0

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du− kr}.
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Sunep�getai loipìn apì Prìtash (3.4.6) ìti eÐnai

P{R ≤ t} ≤ inf
r≥rc

Φt(r).

Autì oloklhr¸nei thn apìdeixh. �

Apì thn Prìtash (3.4.9) sunep�getai ìti sthn perÐptwsh pou h E[erX1 ] eÐnai

asuneq c sto shmeÐo rc h mèjodoc mac den odhgeÐ se kalÔtero fr�gma apì autì tou

Lundberg . Eutuq¸c aut  h perÐptwsh eÐnai m�llon pajologik . Gia to lìgo autì

apì ed¸ kai sto ex c ja jewroÔme ìti h E[erX1 ] eÐnai suneq c to shmeÐo rc.

Ac sugkentrwjoÔme sthn apeikìnish Φ(t) gia k�poio t ∈ R+. Ac jewr soume ìti

At = {r ≥ rc : Φt(r) <∞}. (4.43)

MporeÐ kaneÐc na deÐ ìti to At eÐnai m  kenì gia Θ > 0 kai an h E[erX1 ] eÐnai suneq c

sto rc. EÐnai fanerì ìti to sÔnolo

C = {r ≥ rc : s(r) < s(r)} (4.44)

eÐnai to polÔ arijm simo. Gia lìgouc eukolÐac ja jewroÔme ìti to sÔnolo C den èqei

shmeÐa susswreÔsewc.

L mma 3.4.10 : Ac jewr soume ìti t > 0 kai ìti h f eÐnai fjÐnousa kai suneq c

apeikìnish. Tìte h Φ(t) eÐnai suneq c sto At. EpÐshc ∀r ∈ At h arister  par�gwgoc
kai h dexi� par�gwgoc up�rqoun kai m�lista eÐnai

d−

dr
Φt(r) = Φt(r)(λ

∫ t∧s(r)

0

E[f(u)X1(erfg(u)X1 − 1−Θ)]du− k). (4.45)

d+

dr
Φt(r) = Φt(r)(λ

∫ t∧s(r)

0

E[f(u)X1(erfg(u)X1 − 1−Θ)]du− k). (4.46)

Epiplèon èqoume d−Φt(r)
dr

≤ d+Φt(r)
dr

kai epiplèon aut  h anisìthta eÐnai gn sia akrib¸c

se ekeÐna ta shmeÐa r gia ta opoÐa èqoume t ∧ s(r) < t ∧ s(r). Epiprìsjeta h Φt eÐnai

kurt  apeikìnish.

Apìdeixh : α Ac parathr soume arqik� ìti h apeikìnish

logΦt(r) + kr = λ

∫ t∧s(r)

0

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du (4.47)
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eÐnai aÔxousa sto r ∈ At. Pr�gmati an r ∈ At kai u ≤ s(r) tìte rf(u) ≥ rc kai

epomènwc

d

dr
E[erf(u)X! − 1− (1 + Θ)rf(u)X1] = f(u)E[X1(erf(u)X1 − 1−Θ)] ≥ 0.

Epomènwc an r, r
′ ∈ At me r < r′ kai u ≤ s(r) tìte

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1] ≤ E[er
′f(u)X1 − 1− (1 + Θ)r′f(u)X1]

kai sunep¸c∫ t∧s(r)

0

E[erf(u)X1−1−(1+Θ)rf(u)X!]du ≤
∫ t∧s(r)

0

E[er
′
f(u)X1−1−(1+Θ)r

′
f(u)X1]du

≤
∫ t∧s(r′ )

0

E[er
′
f(u)X1 − 1− (1 + Θ)r

′
f(u)X1]du

afoÔ s(r) ≤ s(r
′
) apì thn idiìthta (1) tou L mmatoc (3.4.8).

β An 〈rn〉n∈N eÐnai mia akoloujÐa sto At h opoÐa fjÐnei sto r ∈ At tìte limn→∞ ↓
s(rn) = s(r) apì thn idiìthta (9) tou L mmatoc (3.4.8). Epomènwc apì to je¸rhma

kuriarqhmènhc sÔgklishc paÐrnoume

lim
n→∞

↓ (logΦt(rn) + krn) = lim
n→∞

↓ λ
∫ t∧s(rn)

0

E[ernf(u)X1 − 1− (1 + Θ)rnf(u)X1]du

= λ

∫ t∧s(rn)

0

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du = logΦt(r) + kr.

OmoÐwc an 〈rn〉n∈N eÐnai mia akoloujÐa sto At h opoÐa aux�netai sto r ∈ At tìte

limn→∞ ↑ s(rn) = s(r) apì thn idiìthta (8) tou L mmatoc (3.4.8) kai epomènwc

lim
n→∞

↓ (logΦt(rn) + krn) = lim
n→∞

↑ λ
∫ t∧s(rn)

0

E[ernf(u)X1 − 1− (1 + Θ)rnf(u)X1]du

= logΦt(r) + kr.

Autì apodeiknÔei ìti h apeikìnish Φt eÐnai suneq c sto At.

γ Ac upologÐsoume t¸ra thn arister  par�gwgo d−Φt(r)
dr

. 'Estw r ∈ At me r > rc

kai èstw ∆r > 0 osod pote mikrì. An s(r) ≤ t tìte s(r −∆r) ≤ t kai

1

∆r
(logΦt(r)− logΦt(r −∆r))
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=
1

∆r
(λ

∫ s(r)

0

E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du

−λ
∫ s(r−∆r)

0

E[e(r−∆r)f(u)X1 − 1− (1 + Θ)(r −∆r)f(u)X1]du)− k

=
1

∆r

∫ s(r)

s(r−∆(r))

λE[erf(u)X1−1−(1+Θ)rf(u)X1]du+
1

∆r

∫ s(r−∆r)

0

λE[erf(u)X1−e(r−∆r)f(u)X1 ]du

−(1 + Θ)λE[X1]

∫ s(r−∆r)

0

f(u)du− k. (4.48)

'Oson afor� ton pr¸to ìro thc dexi�c pleur�c thc sqèshc (4.48) lamb�noume

| 1

∆r

∫ s(r)

s(r−∆r)

λE[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du|

=
1

∆r
|
∫ s(r)

s(r−∆r)

λ(E[erf(u)X1 − 1− (1 + Θ)rf(u)X1]−E[ercX1 − 1− (1 + Θ)rcX1])du|

afoÔ E[ercX1 − 1− (1 + Θ)rcX1 = 0

≤ 1

∆r

∫ s(r)

s(r−∆r)

λE[|erf(u)X1 − ercX1|]du+ (1 + Θ)λE[X1]
1

∆r

∫ s(r)

s(r−∆r)

|rf(u)− rc|du

ìmwc an s(r −∆r) ≤ u ≤ s(r) tìte rc ≤ rf(u) ≤ rc + ∆rf(u) ≤ rc + ∆r

≤ 1

∆r

∫ s(r)

s(r−∆r)

λE[e(rc+∆r)X1 − ercX1 ]du+ (1 + Θ)λE[X1]

∫ s(r)

s(r−∆r)

du.

≤ 1

∆r
λE[e(rc+∆r)X1−ercX1 ](s(r)−s(r−∆r))+(1+Θ)λE[X1](s(r)−s(r−∆r)). (4.49)

kai apì thn anisìthta (4.49) èqoume ìti

lim
∆t↓0
| 1

∆r

∫ s(r)

s(r−∆r)

λE[erf(u)X1 − 1− (1 + Θ)rf(u)X1]du| = 0. (4.50)

Gia ton deÔtero kai trÐto ìro thc dexi�c pleur�c thc sqèshc (4.48) lamb�noume

lim
∆t↓0

1

∆r

∫ s(r−∆r)

0

λE[erf(u)X1 − e(r−∆r)f(u)X1 ]du− (1 + Θ)λE[X1]

∫ s(r−∆r)

0

f(u)du

=

∫ s(r)

0

λE[f(u)X1(erf(u)X1 − 1−Θ)]du. (4.51)

'Etsi gia s(r) ≤ t èqoume

d−

dr
Φt(r) = Φt(r)(λ

∫ s(r)

0

E[f(u)X1(erf(u)X1 − 1−Θ)]du− k). (4.52)
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An t < s(r) èqoume ta akìlouja

d−

dr
Φt(r) = Φt(r)(λ

∫ t

0

E[f(u)X1(erf(u)X1 − 1−Θ)]du− k). (4.53)

Epomènwc odhgoÔmaste ston akìloujo tÔpo gia thn arister  par�gwgo

d−

dr
Φt(r) = Φt(r)(λ

∫ t∧s(r)

0

E[f(u)X1(erf(u)X1 − 1−Θ)]du− k). (4.54)

'Omoioi upologismoÐ odhgoÔn sthn dexi� par�gwgo

d+

dr
Φt(r) = Φt(r)(λ

∫ t∧s(r)

0

E[f(u)X1(erf(u)X1 − 1−Θ)]du− k). (4.55)

T¸ra gia r = rc èqoume

d

dr
E[erX1 − 1− (1 + Θ)rX1] = E[X1(erX1 − 1−Θ)] > 0

kai an s(r) ≤ u ≤ s(r) tìte rf(u) = rc apì thn idiìthta (7) tou L mmatoc (3.4.8).

δ. Sunep¸c gia k�je r ∈ At eÐnai

d−

dr
Φt(r) ≤

d+

dr
Φt(r) (4.56)

kai èqoume isìthta an kai mìno an t∧ s(r) = t∧ s(r). Epomènwc prokÔptei �mesa ìti

h apeikìnish Φt eÐnai kurt  sta shmeÐa r ∈ At sta opoÐa t ∧ s(r) < t ∧ s(r).
Sth sunèqeia ac upojèsoume ìti t∧s(r) = t∧s(r). Ac jewr soume tic akìloujec

peript¸seic.

An t ≤ s(r) tìte eÔkola lamb�noume

d2

dr2
Φt(r)

= Φt(r){(λ
∫ t

0

E[f(u)X1(erfu)X1 − 1−Θ)]du− k)
2

+λ

∫ t

0

E[f 2(u)X2
1e

rf(u)X1 ]du > 0 (4.57)

Epomènwc h Φt eÐnai kurt  afoÔ

d2

dr2
Φt(r) ≥ 0 , ∀t < s(r).

An s(r) < t tìte s(r) = s(r) kai up�rqei mia perioq  B tou r ∈ At tètoia ¸ste

s(r
′
) = s(r

′
) < t gia r

′ ∈ B.
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MporeÐ kaneic eÔkola na deÐxei ìti h dΦt(r)
dr

eÐnai suneq c sto B kai ìti gia to

r −∆r kai gia to r ∈ B me ∆r > 0 èqoume

lim
∆r↓0

inf
1

∆r
(
d

dr
Φt(r)(r −∆r)− d

dr
Φt(r)) < 0. (4.58)

'Estw ìti up�rqoun r
′
, r

′′ ∈ B : r
′ ≤ r

′′
kai dΦt(r

′
)

dr
> dΦt(r

′′
)

dr
. Tìte up�rqei r ∈ B

ètsi ¸ste na isqÔei r
′
< r < r

′′
kai

d

dr
Φt(r −∆r)− d

dr
Φt(r) > 0

ìtan r
′
< r − ∆r < r < r

′′
. Autì èrqetai se antÐfash me thn (4.58). Epomènwc h

dΦt
dr

eÐnai aÔxousa sto B. Aut� mazÐ me thn sqèsh (4.57) deÐqnoun ìti   dΦt(r)
dr

eÐnai

�uxousa sto {r ∈ At : t ∧ s(r) = t ∧ s(r)}. Gia to lìgo autì h apeikìnish Φt eÐnai

kurt . �

To �nw L mma odhgeÐ sto akìloujo apotèlesma.

Pìrisma 3.4.11 : An o oikonomikìc par�gontac f eÐnai suneq c kai fjÐnousa

apeikìnish, an to sqetikì apojematikì kindÔnou Θ eÐnai megalÔtero tou 0 kai h E[erX1 ]

eÐnai suneq c ston klassikì suntelest  prosdiorismoÔ rc tìte up�rqei rt ≥ rc ètsi

¸ste

Pr(R ≤ t) ≤ Φt(rt) = inf
r≥rc

Φt(r),∀t > 0. (4.59)

ìpou o rt ja kaleÐtai o tropopoihmènoc suntelest c thn qronik  stigm  t o opoÐoc

eÐnai antÐstoiqoc ston oikonomikì par�gonta f .

Apodeixh : Apì thn Prìtash (3.4.9) prokÔptei ìti

P [R ≤ t] ≤ inf
r≥rc

Φt(r),∀t > 0,

en¸ apì to L mma 3.4.10 afoÔ h Φt eÐnai suneq c kai kurt  sto At ja up�rqei rt ≥ rc

¸ste an isqÔei infr≥rc Φt(r) = minr≥rc Φt(r) = Φt(rt).

Parat rhsh : Fusik� stic perissìterec peript¸seic to rt ja eÐnai monadikì,

all� h Ôparxh perissotèrwn tou enìc rt den ephre�zoun to �nw ìrio thc (4, 59).

An f = 1 tìte s(r) =∞ gia k�je r ≥ rc kai to rt orÐzetai apì th sqèsh

Φt(rt) = inf
r≥rc

exp{λtE[erX1 − 1− (1 + Θ)rX1]− kr}. (4.60)
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Autì odhgeÐtai na gÐnei to fr�gma tou Gerber thc Prìtashc 3.4.7.

Gia na sugkrÐnoume ta diaforetik� fr�gmata twn pijanot twn P (R ≤ t) apodei-

knÔoume to akìloujo L mma.

L mma 3.4.12 : 'Estw f1 kai f2 duo oikonomikoÐ par�gontec oi opoÐoi epalhjeÔ-

oun tic sun jeic sunj kec kanonikìthtac. Ac sumbolÐsoume me Φ
(i)
t ìpou i ∈ {1, 2}

eÐnai oi apeikonÐseic oi opoÐec orÐzontai sthn prìtash (3.4.9) kai oi opoÐec eÐnai oi

antÐstoiqec twn 〈fi〉i∈{1,2}. An f1 ≤ f2 tìte gia k�je r ≥ rc èqoume

(i)

Φ
(1)
t ≤ Φ

(2)
t , (4.61)

(ii)
d−

dr
Φ

(1)
t (r) ≤ d−

dr
Φ

(2)
t (r), (4.62)

(iii)
d+

dr
Φ

(1)
t (r) ≤ d+

dr
Φ

(2)
t (r). (4.63)

Apìdeixh : An f1 ≤ f2 tìte fusik� eÐnai s(1) ≤ s(2) kai s(1) ≤ s(2). EmeÐc

gnwrÐzoume ìti

E[erX1 − 1− (1 + Θ)rX1] ≥ 0 , ∀r ≥ rc

kai ìti eÐnai aÔxousa gia r ≥ rc. 'Etsi

Φ
(1)
t (r) ≤ exp{λ

∫ t∧s(1)(r)

0

E[erf2(u)X1 − 1− (1 + Θ)rf2(u)X1]du− kr}

afoÔ u ≤ s(1)(r) kai ètsi rf2(u) ≥ rf1(u) ≥ rc. Epomènwc

Φ
(1)
t ≤ Φ

(2)
t .

EpÐshc èqoume∫ t∧s(1)(r)

0

E[f1(u)X1e
rf1(u)X1 − 1−Θ]du ≤

∫ t∧s(2)(r)

0

E[f2(u)X1(erf2X1−1−Θ)]du. (4.64)

Autì apodeiknÔei tic sqèseic (4.62) kai (4.63). �

Parat rhsh
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Apì thn prohgoÔmenh parat rhsh lamb�noume thn akìloujh anisìthta :

Fr�gma tou Lundberg ≥ Fr�gma tou Gerber ≥ Φt(rt), (4.65)

kat� th qronik  stigm  t.

Fusik� eÐnai shmantikì na broÔme sunj kec oi opoÐec ja odhgoÔn se gn siec

anisìthtec sth sqèsh (4.65). Ac parathr soume ìti an Θ > 0 kai an h E[erX1 ] eÐnai

suneq c ston klassikì suntelest  prosdiorismoÔ tìte

Fr�gma Lundberg > Fr�gma Gerber thn qronik  stigm  t

an kai mìno an
k

λt
> E[X1(ercX1 − 1−Θ)]. (4.66)

'Etsi gia meg�lec timèc tou t ta �nw fr�gmata gÐnontai Ðsa.

H idiìthta (4.66) eÐnai sunèpeia thc (4.60).

Prìtash 3.4.13 : 'Estw ìti Θ > 0 ìti E[ercX1 ] eÐnai suneq c ston klassikì

suntelest  prosdiorismoÔ rc kai ìti o oikonomikìc par�gontac f eÐnai suneq c kai

fjÐnousa apeikìnish. 'Estw t0 o pr¸toc qrìnoc gia ton opoÐo h f fjÐnei, dhlad 

(t0 = s(rc)). An

λt0E[X1(ercX1 − 1−Θ)] < k, (4.67)

tìte èqoume gia k�je t > t0 ìti

Φt(rt) < apì to fr�gma tou Gerber thn qronik  stigm  t. (4.68)

Apìdeixh : Ac sumbolÐsoume me Φt(r) kai me Φg
t (r) thn apeikìnish h opoÐa

orÐzetai sthn Prìtash 3.4.9 apì ton tÔpo (4.40) kai antÐstoiqa me ton oikonomikì

par�gonta f kai ton oikonomikì par�gonta o opoÐoc eÐnai Ðsoc me 1. Apì to L mma

3.4.12 gnwrÐzoume ìti gia k�je r ≥ rc èqoume

Φt(r) ≤ Φ
(g)
t (r) ,

d−

dr
Φt(r) ≤

d

dr
Φ

(g)
t (r) ,

d+

dr
Φt(r) ≤

d−

dr
Φ

(g)
t (r).

Gia na apodeÐxoume thn gn sia anisìthta (4.68) apodeiknÔoume ìti

d+

dr
Φt(rc) < 0 ,

d+

dr
Φt(rc) <

d+

dr
Φ

(g)
t (rc). (4.69)
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AfoÔ apì to L mma 3.4.10 èqoume

d+

dr
Φt(rc) = Φt(rc)(λ

∫ t∧s(rc)

0

E[f(u)X1e
rcf(u)X1 − 1−Θ)]du− k)

= Φt(rc)(λ(t ∧ t0)E[X1(ercX−1 − 1−Θ)]− k)

kai
d+

dr
Φ

(g)
t (rc) = Φ

(g)
t (rc)(λtE[X1(ercX1 − 1−Θ)]− k),

oi anisìthtec (4.69) isqÔoun an

λ(t ∧ t0)E[X1(ercX1 − 1−Θ)] < k (4.70)

kai

λ(t ∧ t0)E[X1(ercX1 − 1−Θ)] < λtE[X1(ercX1 − 1−Θ)]. (4.71)

An t > t0 tìte h anisìthta (4.71) prokÔptei polÔ eÔkola afoÔ E[X1(ercX1−1−Θ)] >

0 kai h anisìthta (4.70) eÐnai apotèlesma thc anisìthtac (4.67). �

Bèbaia mporeÐ kaneÐc na parathr sei ìti h sunj kh (4.67) exart�tai apì ta k kai

λ kai to phlÐko k
λ
.

Pìrisma 3.4.14 : An

(1) Θ > 0 kai k > 0,

(2) E[erQ1 ] eÐnai suneq c sto rc kai

(3) o oikonomikìc par�gontac f eÐnai suneq c kai austhr� fjÐnwn sthn arq  tìte

Fr�gma tou Gerber > Φt(rt) , ∀t > 0.

Apìdeixh : AfoÔ h f eÐnai gnhsÐwc fjÐnousa sto 0 èqoume s(rc) = 0. 'Etsi h

upìjesh (4.67) ikanopoieÐtai.

Ac analÔsoume t¸ra to p�nw fr�gma Φt(rt) san mia sun�rthsh tou arqikoÔ apo-

jematikoÔ k kai tou qrìnou t.

EÐnai safèc ìti ìti ìso megal¸nei to k tìso megal¸nei to �nw fr�gma Φt(rt).

Apì thn �llh pleur� an 0 < t < t
′
tìte mporeÐ kaneÐc eÔkola na deÐxei ìti

Φt(r) ≤ Φt
′ (r),

d−

dr
Φt(r) ≤

d−

dr
Φt
′ (r),
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d+

dr
Φt(r) ≤

d+

dr
Φt′ (r).

Autì shmaÐnei ìti rt′ ≤ rt kai ìti h antÐstoiqh anisìthta isqÔei gia ta �nw fr�gmata

Φt(rt) ≤ Φt′ (rt′ ). (4.72)

'Etsi lamb�noume

P (R <∞) ≤ lim
t→∞
↑ Φt(rt). (4.73)

Parathr ste ìti otan limt→∞ f(t) = 0 tìte to �nw fr�gma thc Φt(rt) stajeropoieÐtai

kai epomènwc gia t epark¸c meg�lo èqoume

lim
t→∞
↑ Φt(rt) = Φt′ (rt′ ). �

ShmeÐwsh : Sthn apìdeixh tou L mmatoc 3.4.3 qrhsimopoi same thn idiìthta

ìti to martingale ∫ t

0

f(u)d(λµu− Su) (t ∈ R+) (4.74)

eÐnai omoiìmorfa oloklhr¸simo e�n
∫∞

0
f 2(t)dt <∞. An jewr soume

Z∗ = sup
t≥0
|
∫ t

0

f(u)d(λµu− Su)|,

tìte to martingale (4.27) eÐnai isodun�mwc oloklhr¸simo afoÔ E[Z∗] < ∞. To

antÐstrofo den qrei�zetai na eÐnai alhjèc.

QwrÐc perissìterec leptomèreiec dÐnoume orismèna epiplèon apotelèsmata pou a-

foroÔn thn p-norm tou Z∗:

‖Z∗‖p = (E[Z∗p])1/p , 1 ≤ p ≤ ∞.

Oi apodeÐxeic twn epìmenwn apotelesm�twn ofeÐlontai se gnwstèc anisìthtec twn

martingales kai den ja dojoÔn ed¸.

(a) An 2 ≤ p <∞ tìte

sup
t≥0

tp/2−1

∫ t

0

fp(u)du <∞ kai ‖X1‖p = E[Qp
1]1/p <∞
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sunep�getai ìti ‖Z∗‖p <∞.
(b) An 1 ≤ p ≤ 2 tìte∫ ∞

0

fp(u)du <∞ kai ‖X1‖p <∞

sunep�getai ìti ‖Z ∗ ‖p <∞.
(c) An 1 ≤ p ≤ 2 tìte ‖Z∗‖p <∞ sunep�getai ìti

sup
t≥0

tp/2−1

∫ t

0

fp(u)du <∞.
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3.5. H stoqastik  diadikasÐa pleon�smatoc sthn perÐptwsh thc

stajer c èntashc pragmatikoÔ tìkou.

Kat� th di�rkeia autoÔ tou kefalaÐou ja upojètoume ìti

f(t) = e−it (5.1)

ìpou i eÐnai h stajer  èntash pragmatikoÔ tìkou (h èntash tìkou meÐon thn èntash

tou plhjwrismoÔ).

H antistoiqh stoqastik  diadikasÐa P.V.S. eÐnai h

Zt =
p

i
(1− e−it)− St + x (t ∈ R+), (5.2)

ìpou to x parist�nei to arqikì apojematikì, p = (1 + Θ)λµ me µ = E[X1] kai

St =
∑

n≥1 e
−iTnXn. (5.3)

Upojètoume ìti h E[erXt ] eÐnai suneq c sto shmeÐo rc kai ìti Θ > 0. Se autì to

shmeÐo ja parast soume ton qrìno katastrof c wc Rx kai sÔmfwna me ton klassikì

sumbolismì tou Gerber [10] ja gr�foume

Ψ(x) = P (Rx <∞). (5.4)

Sthn paroÔsa perÐptwsh h apeikìnish Φr(t) h opoÐa èqei prwtoeisaqjeÐ sthn Prìtash

3.4.9 ja èqei th morf 

Φt(r) = exp{λ
i

∫ (it)∧(logr−logrt)

0

E[er exp(−s)X1−1−(1+Θ)r exp(−s)X1]ds−xr}. (5.5)

Epiprìsjeta

d−

dr
Φt(r) =

d+

dr
Φt(r) = Φt(r)(

λ

i

∫ (it)∧(logr−logrc)

0

E[exp(−s)X1(er exp(−s)X1−1−Θ)]ds−x). (5.6)

O suntelest c prosarmog c rt thn qronik  stigm  t apoteleÐ lÔsh thc exÐswshc

λ

i

∫ (it)∧(logr−logrt)

0

E[exp(−s)X1e
r exp(−sX1 − 1−Θ)]ds = x. (5.7)

SÔmfwna me thn Prìtash 3.4.11 lamb�noume to akìloujo p�nw ìrio gia thn pijanì-

thta katastrof c

P (Rx ≤ t) ≤ Φt(rt) = exp{λ
i

∫ (it)∧(logrt−logrc)

0

E[ert exp(−s)X1−1−(1+Θ)rt exp(−s)X1]ds−xrt}, (5.8)
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kai apì thn Prìtash 3.4.14 èqoume ìti gia k�je χ > 0 kai gia k�je t > 0 eÐnai

Φt(rt) < to fr�gma tou Gerber th qronik  stigm  t. (5.9)

Parat rhsh : Ac upojèsoume ìti h èntash tou tìkou exart�tai apì thn qro-

nik  stigm  t kai ìti

I(t) = exp(

∫ t

0

δ(s)ds),

ìpou to δ(s) ≥ 0 eÐnai h èntash tou plhjwrismoÔ th qronik  stigm  s. An i(s)−δ(s) ≥
i > 0 gia k�je s ∈ R+ tìte to �nw fr�gma sth sqèsh (5.8) exakoloujeÐ na eÐnai

swstì. Autì sunep�getai apì thn Prìtash 3.4.2 afoÔ h

e−
∫ t
0 (i(s)−δ(s))ds/e−it

mei¸netai sto t.

Sth sunèqeia ja melet soume thn pijanìthta thc apìluthc katastrof c. Sto

akìloujo L mma kai stic akìloujec Prot�seic to sqetikì apojematikì asfaleÐac Θ

mporeÐ na eÐnai Ðso me to 0.

L mma 3.5.1 : Gia χ ≥ 0 kai gia Θ ≥ 0 èqoume

Ψ(x) = e(λ/i)log(1+ix/p)

∫ ∞
(1/i)log(1+ix/p)

λe−λtE[Ψ(
p(eit − 1)

i
−X1)]dt. (5.10)

Apìdeixh :

Ψ(x) = Pr( inf
s>T1

{p
i
(1− e−ts)− Ss = x} < 0)

= Pr( inf
s>T1

{p
i
(1− e−i(s−T1))−

Ns∑
n≥2

e−i(Tn−T1)Xn + xeiT1 +
p

i
(eiT1 − 1)−X1} < 0)

kai apì thn upìjesh thc anexarthsÐac mporeÐ kaneÐc na l�bei

Ψ(x) =

∫ ∞
0

λe−λt

P (inf
s>t
{p
i
(1− e−i(s−t))− Ss−t + xeit +

p

i
(eit − 1)−X1} < 0)dt
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=

∫ ∞
0

λe−λtE[Ψ(xeit +
p

i
(eit − 1)−X1)]dt. (5.11)

Telik� apì thn sqèsh (5.11) lamb�noume thn sqèsh (5.10) efarmìzontac ton

metasqhmatismì

t→ t+
1

i
log(1 +

ix

p
). �

An paragwgÐsoume thn sqèsh (5.10 lamb�noume

Ψ
′

(x) =
λ

p+ ix
Ψ(x)− λ

p+ ix
E[Ψ(x−X1)]. (5.12)

Ac parast soume me K to mètro δ(0) − PX1 ìpou to mètro δ(0) eÐnai h sunarthsh

katanom c thc tuqaÐac metablht c pou paÐrnei mìno thn tim  0. O sumbolismìc autìc

odhgeÐ thn (5.12) sthn akìloujh morf 

Ψ
′

(x) =
λ

p+ ix

∫
[0,∞]

Ψ(x− y)dK(y). (5.13)

Sth sunèqeia èqoume

Ψ(k)−Ψ(x) =

∫
[x,k]

(
λ

p+ iz

∫
[0,∞[

Ψ(z − y)dK(y))dz

= λ

∫
R
(

∫
R

1[y−k+x,y](u)
Ψ(x− u)

p+ i(x− u+ y)
du)dK(y)

λ

∫
R

Ψ(x− u)(

∫
R

1[u,u+k−x](y)
1

p+ i(x− u+ y)
dK(y))du. (5.14)

Ta �nw odhgoÔn sthn akìloujh prìtash.

Prìtash 3.5.2 : An to arqikì apojematikì x kai to antÐstoiqo apojematikì

asfaleliac Θ den eÐnai arnhtik� tìte h pijanìthta thc apìluthc qreokopÐac eÐnai

lÔsh thc oloklhrwtik c exÐswshc

Ψ(q) = −λ
∫
R

Ψ(q − u)(

∫
R

1[u,∞[(y)
1

p+ i(q − u+ y)
dK(y))du. (5.15)
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Apìdeixh : An to Rk sumbolÐzei ton qrìno qreokopÐac thc stoqastik c diadi-

kasÐac C.S. me arqikì apojematikì k tìte eÐnai gnwstì ìti isqÔei

lim
k→∞

P (Rk <∞) = 0.

Apì thn Prìtash 3.4.2 sunep�getai ìti

lim
k→∞

P (Rk <∞) = 0.

An af soume to k na sugklÐnei sto �peiro tìte h exÐswsh (5.14) odhgeÐ sthn exÐswsh

(5.15). �

Prìtash 3.5.3 : An to arqikì apojematikì x kai to antÐstoiqo apojematikì

asfaleÐac Θ den eÐnai arnhtik� tìte èqoume

Ψ(q) = λ

∫
[0,∞[

Ψ(q − u)(

∫
[u,∞[

1

p+ i(q − u+ y)
dPX1(y))du

−λ
∫

]−∞,0]

Ψ(q − u)(

∫
[0,∞[

iy

(p+ i(q − u+ y))(p+ i(q − u))
dPX1(y))du. (5.16)

Apìdeixh : H exÐswsh (5.16) eÔkola ep�getai apì thn (5.15). �

Shmei¸ste ìti antÐjeta me thn klassik  perÐptwsh ìpou kai èqoume ìti i = 0 oi

timèc Ψ(y) gia y > x emfanÐzontai sto dexÐ mèloc thc exÐswshc (5.16). Gia to lìgo

autì h (5.16) den eÐnai ananewtik  exÐswsh me thn sun jh ènnoia. An x = 0 kai t = 0

tìte h (5.16) odhgeÐ sthn gnwst  exÐswsh

P (R0 <∞) =
λE[X1]

p
. (5.17)

Apì thn �llh pleur� afoÔ∫
]−∞,0]

Ψ(ψ − u)(

∫
[0,∞[

iy

(p+ i(x− u+ y))(p+ i(x− u))
dPX1(y))du ≥ 0

kai 0 ≤ Ψ(x− u) ≤ 1 sunep�getai apì thn sqèsh (5.16) ìti

P (Rx <∞) ≤ λ

∫
[0,∞[

(

∫
[u,∞[

1

p+ i(x− u+ y)
dPX1(y))du. (5.18)
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Aut  h anisìthta eÐnai isodÔnamh me thn akìloujh

P (Rχ <∞) ≤ 1

1 + Θ

E[log(1 + iX1/(p+ iχ))]

E[iX1/p]
. (5.19)

Epomènwc an i > 0 kai an X1 > 0 sqedìn bèbaia tìte èqoume

P (Rχ <∞) < 1, (5.20)

akìma kai gia Θ = 0. Autì eÐnai ìmoio me to apotèlesma to opoÐo lamb�noume apì

thn Prìtash 3.4.4.

Shmei¸ste ìti akìma kai gia meg�lec timèc thc par�metrou kindÔnou λ o deÔteroc

ìroc tou dexioÔ tm matoc thc exÐswshc (5.16) mporeÐ na sugkrijeÐ me ton pr¸to ìro.

'Etsi an to λ eÐnai meg�lo tìte

Ψ(x) ∼ λ

∫
[0,∞[

Ψ(x− u)(

∫
[u,∞[

1

p+ i(x− u+ y)
dPX1(y))du (5.21)

kai an x = 0 tìte

P (R0 <∞) ∼ λ

∫
[0,∞[

(

∫
[u,∞[

1

p+ i(x− u+ y)
dPX1(y))du (5.22)

  isodÔnama

P (R0 <∞) ∼ 1

1 + Θ

E[log(1 + iX1/p)]

E[iX1/p]
∼ 1

1 + Θ
. (5.23)

Autì deÐqnei ìti o tÔpoc (5.17) lamb�netai san oriak  perÐptwsh ìtan to λ teÐnei sto

�peiro.

3.5.4 Par�deigma : Ac upojèsoume ìti oi apait seic katanèmontai ekjetik�

me par�metro 1/µ (µ > 0) :

fX1(x) =
1

µ
e−x/µ1[0,∞[(x). (5.24)

'Estw

t
′
= −1

i
log(

Θ(1 + Θ)λµ+ iΘx

Θ(1 + Θ)λµ+ i(1 + Θ)x
).

'Etsi lamb�noume ta akìlouja �nw ìria twn pijanot twn katastrof c se diakritì

qrìno :
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(1) an t ≤ t
′
tìte

P (Rx ≤ t) ≤ Φt(rt) = (
1− rtµe−it

1− rtµ
)
λ/i

exp{rt
i

(λµ(1 + Θ)(e−it − 1)− ix)}, (5.25)

ìpou

rt =
eit + 1

2µ
− i

√
D

2e−it(λµ(1 + Θ)(1− e−it) + ix)

kai

D = (1 + e−it)
2
(
λµ(1 + Θ)(1− e−it) + ix

iµ
)
2

−4e−it

i2µ2
(λµ(1 + Θ)(1− e−it) + ix)(λµΘ(1− e−it) + ix)

(2) an t > t′ tìte rt = rt′ kai

P (Rx ≤ t) ≤ Φt(rt) = (1 +
ix

λµ(1 + Θ)
)λ/iexp{−x

µ
}. (5.26)

Gia ta p�n¸ ìria thc pijanìthtac thc apìluthc qreokopÐac pou l�bame sth sqèsh

(5.19) èqoume

P (Rq <∞) ≤ λ

i
e(λ/i)(1+Θ)+q/µ

∫ ∞
(λ/i)(1+Θ)+q/µ

e−t

t
dt. (5.27)
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PÐnakec

Oi akìloujoi pÐnakec deÐqnoun tic diaforetikèc timèc tou x (arqikì apojematikì),

i (pragmatik  èntash tìkou), Θ (antÐstoiqo apojematikì asfaleÐac), µ (mèsh apaÐ-

thsh) kai λ (h par�metroc tou kindÔnou) kai ta akìlouja �nw fr�gmata : to fr�gma

toÔ Lundberg to fr�gma tou Gerber to �nw fr�gma Φt(rt) to opoÐo kaleÐtai nèo

fr�gma kai to �nw fr�gma to opoÐo orÐsthke sth sqèsh (5.27) kai to opìio kaleÐtai

h ektÐmhsh apì log�rijmo.
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PÐnakac 1

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.010

Sqetikì apojematikì asfaleÐac = 0.100 Mèsh apaÐthsh= 1

Par�metroc kindÔnou = 1.000

Fr�gma tou Lundberg = 0.112685581D − 03

Qrìnoc Nèo Fr�gma Fr�gma tou Gerber

1. 0.158185704D − 35 0.246640716D − 35

2. 0.627499290D − 33 0.146084301D − 32

3. 0.393995041D − 31 0.133387939D − 30

4. 0.974731605D − 30 0.470843316D − 29

5. 0.135806158D − 28 0.911301862D − 28

6. 0.123387647D − 27 0.116232954D − 26

7. 0.852178207D − 27 0.108512087D − 25

8. 0.462607674D − 26 0.794304692D − 25

9. 0.208602424D − 25 0.478051286D − 24

10. 0.807928465D − 25 0.478051286D − 24

20. 0.511429996D − 21 0.171914839D − 18

30. 0.514488359D − 19 0.119035915D − 15

40. 0.874206357D − 18 0.102584739D − 13

50. 0.568544414D − 17 0.272311059D − 12

60. 0.206518334D − 16 0.342335243D − 11

70. 0.513494340D − 16 0.258361549D − 10

80. 0.985990971D − 16 0.135148856D − 09

90. 0.157825997D − 15 0.537816484D − 09

100. 0.221594947D − 15 0.173464149D − 08

175.13 0.450000263D − 15 0.305483333D − 06

Apì to qrìno 175, 13 kai �nw to nèo fr�gma paramènei stajerì kai Ðso me

0.450000263D − 15.

Apì to qrìno 909.09 kai �nw to fr�gma toÔ Gerber tautÐzetai me to fr�gma tou

Lundberg.

To nèo fr�gma 0.450000264D−15 th qronik  stigm  175.13 eÐnai Ðso me to fr�gma

tou Lundberg to opoÐo upologÐzetai gia antÐstoiqo apojematikì asfaleÐac Ðso me
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0,546.

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.481138046D + 00.

Arqikì apojematikì=0

Pragmatik  èntash tìkou=0.010

Sqetikì apojematikì asfaleÐac = 0.100

Mèsh apaÐthsh= 1

Par�metroc kindÔnou = 1.000

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.914706899D + 00.

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.010

Sqetikì apojematikì asfaleÐac = 0.100

Mèsh apaÐthsh= 1

Par�metroc kindÔnou = 1.000

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.505078188D + 00.
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PÐnakac 2

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.010

Sqetikì apojematikì asfaleÐac = 0.100

Mèsh apaÐthsh= 1

Par�metroc kindÔnou = 10.000

Fr�gma tou Lundberg = 0.112685581D − 03

Qrìnoc Nèo Fr�gma Fr�gma tou Gerber

1. 0.172670053D − 23 0.244823468D − 23

2. 0.948875467D − 19 0.171914839D − 18

3. 0.541534064D − 16 0.119035915D − 15

4. 0.397749746D − 14 0.102584739D − 13

5. 0.921273108D − 13 0.272311059D − 12

6. 0.102831903D − 11 0.342335243D − 11

7. 0.698306181D − 11 0.258361549D − 10

8. 0.332142197D − 10 0.135148826D − 09

9. 0.121997817D − 09 0.537816484D − 09

10. 0.360915187D − 09 0.173464149D − 08

20. 0.925724050D − 07 0.802467587D − 06

30. 0.546743726D − 05 0.855837556D − 05

40. 0.148096927D − 05 0.279806625D − 04

50. 0.208538699D − 05 0.541054899D − 04

60. 0.228561197D − 05 0.791189051D − 04

60.61 0.228619199D − 05 0.8048445838D − 04

Apì to qrìno 60.61 kai �nw to nèo fr�gma paramènei stajerì kai Ðso me 0.228619199D−
05.

Apì to qrìno 90.91 kai �nw to fr�gma toÔ Gerber tautÐzetai me to fr�gma tou

Lundberg.

To nèo fr�gma 0.228619199− 05 th qronik  stigm  60.61 eÐnai Ðso me to fr�gma

tou Lundberg to opoÐo upologÐzetai gia antÐstoiqo apojematikì asfaleÐac Ðso me

0.149.

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.845228924D + 00.

Arqikì apojematikì=0
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Pragmatik  èntash tìkou=0.010

Sqetikì apojematikì asfaleÐac = 0.100

Mèsh apaÐthsh= 1

Par�metroc kindÔnou = 10.000

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.921999293D + 00.

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.010

Sqetikì apojematikì asfaleÐac = 0.000

Mèsh apaÐthsh= 1

Par�metroc kindÔnou = 10.000

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.921999293D + 00.
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PÐnakac 3

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.010

Sqetikì apojematikì asfaleÐac = 0.100

Mèsh apaÐthsh= 1

Par�metroc kindÔnou = 100.000

Fr�gma tou Lundberg = 0.112685581D − 03

Qrìnoc Nèo Fr�gma Fr�gma tou Gerber

1. 0.148529769D − 08 0.173464149D − 08

2. 0.650371399D − 06 0.802467587D − 06

3. 0.667619861D − 05 0.855837556D − 05

4. 0.211373225D − 04 0.102584739D − 13

5. 0.396976432D − 04 0.279806625D − 04

6. 0.564755963D − 04 0.541054899D − 04

7. 0.680998442D − 04 0.979592688D − 04

8. 0.738276877D − 04 0.108962115D − 03

8.63 0.747288147D − 04 0.112067344D − 03

Apì to qrìno 8.63 kai �nw to nèo fr�gma paramènei stajerì kai Ðso me 0.747288147D−
04.

Apì to qrìno 9.09 kai �nw to fr�gma toÔ Gerber tautÐzetai me to fr�gma tou

Lundberg.

To nèo fr�gma 0.747288147D− 04 th qronik  stigm  8.63 eÐnai Ðso me to fr�gma

tou Lundberg to opoÐo upologÐzetai gia antÐstoiqo apojematikì asfaleÐac Ðso me

0.0105.

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.914429281D + 00.

Arqikì apojematikì=0

Pragmatik  èntash tìkou=0.010

Sqetikì apojematikì asfaleÐac = 0.100

Mèsh apaÐthsh= 1

Par�metroc kindÔnou = 100.000

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.922741530D + 00.

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.010
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Sqetikì apojematikì asfaleÐac = 0.000

Mèsh apaÐthsh= 1

Par�metroc kindÔnou = 100.000

H logarijmik  ektÐmhsh eÐnai Ðsh me 1.

72



PÐnakac 4.

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.030

Sqetikì apojematikì asfaleÐac = 0.100

Mèsh apaÐthsh= 10

Par�metroc kindÔnou = 1.000

Fr�gma tou Lundberg = 0.402890322D + 00

Qrìnoc Nèo Fr�gma Fr�gma tou Gerber

1. 0.392288069D − 02 0.435396872D − 02

2. 0.111264717D − 01 0.132901945D − 01

3. 0.201867329D − 01 0.255604092D − 01

4. 0.300247591D − 01 0.399124397D − 01

5. 0.399659972D − 01 0.553995871D − 01

6. 0.496148161D − 01 0.713584094D − 01

7. 0.587532810D − 01 0.873419307D − 01

8. 0.672731999D − 01 0.103057886D + 00

9. 0.751329301D − 01 0.118321430D + 00

10. 0.823304281D − 01 0.133021234D + 00

20. 0.125344923D + 00 0.245721269D + 00

30. 0.138645578D + 00 0.311344020D + 00

38.17 0.140680380D + 00 0.344713417D + 00

Apì to qrìno 38, 17 kai �nw to nèo fr�gma paramènei stajerì kai Ðso me 0.140680380D+

00.

Apì to qrìno 90, 91 kai �nw to fr�gma toÔ Gerber tautÐzetai me to fr�gma tou

Lundberg.

To nèo fr�gma 0.140680380 th qronik  stigm  38, 17 eÐnai Ðso me to fr�gma tou

Lundberg to opoÐo upologÐzetai gia antÐstoiqo apojematikì asfaleÐac Ðso me 0.244.

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.710388747D + 00.

Arqikì apojematikì=0

Pragmatik  èntash tìkou=0.030

Sqetikì apojematikì asfaleÐac = 0.100

Mèsh apaÐthsh= 10

Par�metroc kindÔnou = 1.000
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H logarijmik  ektÐmhsh eÐnai Ðsh me 0.899285843D + 00

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.030

Sqetikì apojematikì asfaleÐac = 0.000

Mèsh apaÐthsh= 10

Par�metroc kindÔnou = 100.000

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.763868948D + 00.
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PÐnakac 5.

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.030

Sqetikì apojematikì asfaleÐac = 0.100

Mèsh apaÐthsh= 10

Par�metroc kindÔnou = 10.000

Fr�gma tou Lundberg = 0.402890322D + 00

Qrìnoc Nèo Fr�gma Fr�gma tou Gerber

1. 0.126954054D + 00 0.133021234D + 00

2. 0.230611687D + 00 0.245721269D + 00

3. 0.288777250D + 00 0.311343020D + 00

4. 0.321882483D + 00 0.374389908D + 00

5. 0.340739760D + 00 0.374389908D + 00

6. 0.35095724D + 00 0.388891120D + 00

7. 0.355651764D + 00 0.397287182D + 00

7.85 0.356703981D + 00 0.401106465D + 00

Apì to qrìno 7.85 kai �nw to nèo fr�gma paramènei stajerì kai Ðso me 0.356703981D+

00.

Apì to qrìno 9.09 kai �nw to fr�gma toÔ Gerber tautÐzetai me to fr�gma tou

Lundberg.

To nèo fr�gma 0.356703981D+ 00 th qronik  stigm  7.85 eÐnai Ðso me to fr�gma

tou Lundberg to opoÐo upologÐzetai gia antÐstoiqo apojematikì asfaleÐac Ðso me

0.115.

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.895987588D + 00.

Arqikì apojematikì=0

Pragmatik  èntash tìkou=0.030

Sqetikì apojematikì asfaleÐac = 0.100

Mèsh apaÐthsh= 10

Par�metroc kindÔnou = 10.000

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.920358497D + 00.

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.030

Sqetikì apojematikì asfaleÐac = 0.000
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Mèsh apaÐthsh= 10

Par�metroc kindÔnou = 10.000

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.982729207D + 00.
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PÐnakac 6.

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.030

Sqetikì apojematikì asfaleÐac = 0.100

Mèsh apaÐthsh= 10

Par�metroc kindÔnou = 100.000

Fr�gma tou Lundberg = 0.402890322D + 00

Qrìnoc Nèo Fr�gma Fr�gma tou Gerber

0.89 0.397935594D + 00 0.402868569D + 00
Apì to qrìno 0.89 kai �nw to nèo fr�gma paramènei stajerì kai Ðso me 0.397935594D+

00.

Apì to qrìno 0.91 kai �nw to fr�gma toÔ Gerber tautÐzetai me to fr�gma tou

Lundberg.

To nèo fr�gma 0.397935594D+ 00 th qronik  stigm  7.85 eÐnai Ðso me to fr�gma

tou Lundberg to opoÐo upologÐzetai gia antÐstoiqo apojematikì asfaleÐac Ðso me

0.101.

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.920067777D + 00.

Arqikì apojematikì=0

Pragmatik  èntash tìkou=0.030

Sqetikì apojematikì asfaleÐac = 0.100

Mèsh apaÐthsh= 10

Par�metroc kindÔnou = 100.000

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.922576379D + 00.

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.030

Sqetikì apojematikì asfaleÐac = 0.000

Mèsh apaÐthsh= 10

Par�metroc kindÔnou = 100.000

H logarijmik  ektÐmhsh eÐnai Ðsh me 1.
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PÐnakac 7.

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.030

Sqetikì apojematikì asfaleÐac = 0.100

Mèsh apaÐthsh= 100

Par�metroc kindÔnou = 0.100

Fr�gma tou Lundberg = 0.913100716D + 00

Qrìnoc Nèo Fr�gma Fr�gma tou Gerber

1 0.574593237d+ 00 0.580615473d+ 00

2 0.637728383d+ 00 0.649162066d+ 00

3 0.676872085d+ 00 0.693037572d+ 00

4 0.704284212d+ 00 0.724620852d+ 00

5 0.724718029d+ 00 0.748773822d+ 00

6 0.740561514d+ 00 0.767970462d+ 00

7 0.753187688d+ 00 0.783650254d+ 00

8 0.763456345d+ 00 0.796724409d+ 00

9 0.771939088d+ 00 0.807804646d+ 00

10 0.779033327d+ 00 0.817319945d+ 00

20 0.812476250d+ 00 0.869049022d+ 00

30 0.820705086d+ 00 0.889864565d+ 00

38.17 0.821908275d+ 00 0.898971283d+ 00

Apì to qrìno 38.17 kai �nw to nèo fr�gma paramènei stajerì kai Ðso me 0.8219082750D+

00.

Apì to qrìno 90.91 kai �nw to fr�gma toÔ Gerber tautÐzetai me to fr�gma tou

Lundberg.

To nèo fr�gma 0.821908275d+ 00 th qronik  stigm  38.17 eÐnai Ðso me to fr�gma

tou Lundberg to opoÐo upologÐzetai gia antÐstoiqo apojematikì asfaleÐac Ðso me

0.244.

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.613797482dD + 00.

Arqikì apojematikì=0

Pragmatik  èntash tìkou=0.030

Sqetikì apojematikì asfaleÐac = 0.100

Mèsh apaÐthsh= 100
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Par�metroc kindÔnou = 0.100

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.753849698D + 00.

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.030

Sqetikì apojematikì asfaleÐac = 0.000

Mèsh apaÐthsh= 100

Par�metroc kindÔnou = 0.100

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.654206181D + 00

Arqikì apojematikì=100

Pragmatik  èntash tìkou=0.030

Sqetikì apojematikì asfaleÐac = 0.000

Mèsh apaÐthsh= 100

Par�metroc kindÔnou = 0.100

H logarijmik  ektÐmhsh eÐnai Ðsh me 0.816325728D + 00.
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Kef�laio 4

Probl mata QreokopÐac me SÔnjeta Kef�laia.

4.1 H pijanìthta qreokopÐac.

Upojètoume ìti h stoqastik  diadikasÐa Z orÐzetai ston q¸ro pijanìthtac (Ω,F , P )

kai èqei st�simec kai anex�rthtec prosaux seic me E[Z(t)] = µt kai V ar[Z(t)] = σ2t

ìpou −∞ < µ < ∞ kai 0 < σ2 < ∞. Upojètoume ìti h Z eÐnai suneq c kat�

pijanìthta kai ìti oi deigmatikèc thc troqièc eÐnai dexi� suneqeÐc kai èqoun arister�

ìria. Gia th qarakthristik  sun�rthsh thc Z(t) èqoume :

E[eiut] = eν(u)t , ∀t ≥ 0 ,∀u ∈ R,

ìpou h sun�rthsh pou emfanÐzetai ston ekjèth eÐnai h sun�rthsh ν(.) h opoÐa dÐnetai

sthn anapar�stash twn Levy-Khintchine (Gikhman and Skorohod) [18] . Sthn perÐ-

ptwsh thc peperasmènhc diakÔmanshc h anapar�stash mporeÐ na aplopoihjeÐ monadik�

sth morf 

ν(u) = iµu+ σ2

∫
R
x−2(eiux − 1− iux)G(dx),

ìpou h G eÐnai h katanom  pijanìthtac sto R (Gnedenko [19, 323− 327]). Telik� h

Z eÐnai strong Markov ( Hunt [23]). Ja xanagr�youme thn (4.1) wc :

Z(t) = eβt[y + Z∗(t)], t ≥ 0, (4.4)

ìpou

Z∗(t) =

∫ t

0

e−βsdZ(s), t ≥ 0. (4.5)

H tuqaÐa metablht  Z∗(t) anaparist� thn paroÔsa axÐa ìpwc aut  faÐnetai apì thn

qronik  stigm  0 tou eisod matoc to opoÐo apokt jhke sto qronikì di�sthma [0, t].

Ac sumbolÐsoume me D[0,∞) to sÔnolo twn pragmatik¸n sunart sewn oi opoÐec

orÐzontai sto sÔnolo [0,∞), oi opoÐec eÐnai dexi� suneqeÐc kai èqoun arister� ìria

kai ac sumbolÐsoume me D[0, t] to sÔnolo twn pragmatik¸n sunart sewn sto [0, t] oi

opoÐec eÐnai arister� suneqeÐc kai èqoun arister� ìria gia k�je t > 0.

Prìtash 4.1.1 : Ta oloklhr¸mata Riemann-Stieltjes sthn (4.5) up�rqoun

sqedìn bèbaia, eÐnai peperasmèna kai ikanopoioÔn thn

Z∗(t) = eitX(t) + i

∫ t

0

e−isZ(s)ds, t ≥ 0.
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Epiplèon h Z∗ eÐnai sqedìn bèbaia sto D[0,∞).

Apìdeixh : Ac orÐsoume g(t) = exp(−it). Apì to L mma to opoÐo èqei apo-

deiqjeÐ sth selÐda 110 tou Billingsley [3] kai apì to krit rio tou Cauchy gia thn

oloklhrwsimìthta kat� Riemann-Stieltjes [1, 279] prokÔptei eÔkola ìti k�je sun�r-

thsh χ(, ) sto D[0,∞) eÐnai oloklhr¸simh ìson afor� thn monìtonh sun�rthsh g

p�nw sto [0, t]. An oloklhr¸soume kat� mèrh [1], 282 tìte h g eÐnai oloklhr¸simh

ìson afor� opoiad pote tètoia χ() sto [0, t] kai∫ t

0

g(s)dχ(s) = g(t)χ(t)− g(0)χ(0)−
∫ t

0

χ(s)dg(s). (4.6)

AfoÔ −dg(s) = iexp(−is)ds to olokl rwma sth dexi� pleur� thc (4.6) eÐnai mia

suneq c sun�rthsh tou t. 'Etsi olìklhrh h dexi� pleur� eÐnai suneq c sun�rthsh

tou t. Epomènwc olìklhrh h dexi� pleur� an thn doÔme san sun�rthsh tou t eÐnai

sto D[0,∞). H olokl rwsh thc Prìtashc prokÔptei apì to gegonìc ìti h Z(.) eÐnai

sqedìn bèbaia sto D[0,∞) me Z(0) = 0. �

Gia na susqetÐsoume ton orismì mac me thn paroÔsa axÐa thc stoqastik c diadika-

sÐac Z se mia genikìterh JewrÐa stoqastik c olokl rwshc eÐnai qr simo na orÐsoume

M(t) = Z(t)− µt gia t ≥ 0 kai met� na xanagr�youme thn (4.5) wc ex c

Z∗(t) =

∫ t

0

e−isdM(s) + (µ/i)(1− e−it), t ≥ 0. (4.7)

To M eÐnai martingale, kai ètsi h (4.7) mporeÐ na ermhneujeÐ mèsa se genikìtera

plaÐsia apì aut� thc genikìterhc jewrÐac stoqastik c olokl rwshc ìpwc èqei aut 

diamorfwjeÐ gia par�deigma apì ton Skorohod ([35], 29− 34).

Prìtash 4.1.2 : H diadikasÐa Z∗ = 〈Z∗(t)〉t≥0 èqei anex�rthtec prosaux seic

me

E[Z∗(t)] = (µ/i)(1− e−it) kai V ar[Z∗(t)] = (σ2/2i)(1− e−2it)

gia t ≥ 0. Epiplèon to Z∗(∞) = limt→∞ Z
∗(t) up�rqei kai eÐnai peperasmèno sqedon

bèbaia. H katanom  thc Z∗(∞) eÐnai suneq c kai

E[eiuZ
∗(t)] = eψ

∗(u), ìpou ψ∗(u) =

∫ t

0

ν(ue−βt)dt. (4.8)
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Apìdeixh : EÐnai fanerì ìti h Z∗ èqei anex�rthtec prosaux seic kai ìti oi ropèc

thc Z∗(t) prokÔptoun �mesa apì thn (4.7) kai apì touc tÔpouc (3.8) kai (3.9) tou

Skorohod [35]. Autì deÐqnei ìti h Z∗(t) sugklÐnei sqedìn bèbaia. 'Etsi upojètoume

ìti µ = 0 afoÔ h genik  perÐptwsh apaiteÐ mìno mia mhdamin  epèktash autoÔ tou

isqurismoÔ. Apì thn anexarthsÐa twn prosaux se¸n thc, blèpoume ìti h 〈Z∗(t)〉
mazÐ me thn profan  oikogèneia twn s-algebr¸n èinai èna martingale ìtan µ = 0.

Epiplèon

sup
t≥0

E{[Z∗(t)]2} = σ2/2β <∞,

gegonìc pou odhgeÐ sth sqèsh supE{|Z∗(t)|} <∞. Epomènwc apì to Je¸rhma sÔg-
klishc twn martingale ([22]) h Z∗(∞) up�rqei kai eÐnai peperasmènh sqedìn pantoÔ.

Gr�fontac ta proseggistik� ajroÐsmata twn Riemann-Stieltjes gia to olokl rwma

(4.5) kai qrhsimopoi¸ntac to Je¸rhma sunèqeiac gia qarakthristikèc sunart seic

mporeÐ eÔkola na pistopoihjeÐ ìti eÐnai

E[eiuZ
∗(t)] = exp

∫ t

0

ν(ue−βs)ds, ∀u ∈ R.

Gia na deÐxoume ìti h Z∗(∞) èqei suneq  katanom  upojètoume ìti isqÔei to antÐ-

jeto kai sumbolÐzoume me p th megalÔterh pijanìthta pou èqei sqèsh me opoiad pote

tim  thc tuqaÐac metablht c. 'Estw C1, C2, . . . , Ck oi timèc oi opoÐec èqoun diakrit 

pijanìthta p. 'Estw t > 0 kai ac orÐsoume

V (t) =

∫ ∞
t

e−i(s−t)dZ(s) = eit[Z∗(∞)− Z∗(t)].

EÐnai Z∗(∞) = Z∗(t)+e−itV (t), h V (t) èqei thn Ðdia katanom  me thn Z∗(∞) kai eÐnai

anex�rthth thc Z∗(t). An Ht(.) eÐnai h sun�rthsh katanom c thc Z∗(t) tìte èqoume

p = P{Z∗(∞) = C1} = eit(C1 − z)}Ht(dz).

All� gia na isqÔei autì h H(t) ja prèpei na sugkentr¸nei ìlh th m�za thc sta

shmeÐa zk = Ct − Ck exp(−it),∀k ∈ {1, 2, . . . , K}. 'Etsi sunep�getai ìti Z∗(t) →
C1 = Z∗(∞) sqedìn bèbaia kaj¸c t → ∞. All� èqoume upojèsei ìti h Z(t) den

ekfulÐzetai gia k�je t. Epomènwc h Z∗(∞) den eÐnai ekfulismènh. 'Eqoume odhghjeÐ

sunep¸c se �topo. Sunep¸c h Z(∞) èqei suneq  katanom . �
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Parat rhsh : Apì thn Prìtash 4.1.2 kai th sqèsh (4.4) sunep�getai ìti

| Z(t) |→ ∞ sqedìn bèbaia me

P{y + Z∗(∞) > 0} = P{(t)→∞} = 1− P{Z(t)→ −∞}.

Prìtash 4.1.3 : Gia th sugkekrimènh sun�rthsh kindÔnoÔ èqoume

ψ(y) = H(−y)/E[H(−Z(T ))|T <∞],

ìpou h H eÐnai h sun�rthsh katanom c thc Z∗(∞).

Apìdeixh : Apì thn (4.5) blèpoume ìti T = inf{t ≥ 0 : y + Z∗(t) < 0} kai
epomènwc to endeqìmeno {T < ∞} perilamb�nei to endeqìmeno {y + Z∗(∞) < 0}.
T¸ra ac jewr soume th stoqastik  diadikasÐa 〈V (t)〉t≥0 h opoÐa orÐzetai ìpwc sthn

Prìtash (4.1.2). Upojètontac ìti T <∞ èqoume ìti

y + Z∗(∞) = y + Z∗(t) + e−iTV (T ) =

= e−iT [eiT (y + Z∗(T )) + V (T )] = e−iT [Z(T ) + V (T )].

Epomènwc èqoume

P{y + Z∗(∞) < 0} = P{T <∞, Z(T ) + V (T ) < 0} =∫
{T<∞}

P{Z(T ) + V (T ) < 0|Z(s) : 0 ≤ s ≤ T}dP. (4.9)

Parathr ste ìti h Z(T ) exart�tai mìno apì thn 〈Z(s)〉0≤s≤T en¸ h V (T ) exart�tai

mìno apì thn 〈Z(s)− Z(T )〉s>T kai èqei sun�rthsh katanom c H(.). AfoÔ h H(.)

eÐnai suneq c apì thn Prìtash 4.2.1 èpetai ìti h T eÐnai ènac qrìnoc Markov gia thn

Z. Oi anex�rthtec prosaux seic kai h isqur  idiìthta tou Markov mac dÐnoun

P{Z(T ) + V (T ) < 0|Z(s), 0 ≤ s ≤ T} = H(−Z(T )) (4.10)

sto {T <∞}. Sundu�zontac thn (4.9) kai thn (4.10) kai qrhsimopoi¸ntac xan� thn

sunèqeia thc H èqoume ìti

H(−y) = Pr{y + Z∗(∞) < 0} =

∫
{T<∞}

H(−Z(T ))dP,

to opoÐo eÐnai isodÔnamo me autì pou dhl¸nei h prìtash. �
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Pìrisma 4.1.4 : 'Eqoume ψ(y) ≤ H(−y)/H(0) me isìthta an h Z den èqei

arnhtik� �lmata.

Apìdeixh : AfoÔ Z(T ) ≤ 0 sto {T < ∞} kai h H eÐnai mh fjÐnousa, èqoume

H(−Z(T )) ≥ H(0) sto {T < ∞}. 'Etsi pistopoieÐtai h anisìthta. An h Z den èqei

arnhtik� �lmata h isìthta eÐnai alhj c kai gia thn Z kai ètsi èqoume Z(T ) = 0 sto

{T <∞}.
OrÐzoume

U(t) = inf{Z∗(s) : 0 ≤ s ≤ t}, t ≥ 0.

AfoÔ h Z(∞) eÐnai peperasmènh kai to ìrio U(∞) up�rqei kai eÐnai peperasmèno

sqedìn bèbaia èqoume kajar� ìti

ψ(y) = P{U(∞) < 0|Z∗(0) = y}. �
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4.2. ParadeÐgmata.

An h stoqastik  diadikasÐa eisodhm�twn eÐnai compound Poisson thc morf c (4.2)

tìte h ekjetik  sun�rthsh thc eÐnai h

ν(u) = icu− λ
∫
R
(1− e−iux)F (dx), ∀u ∈ R. (4.11)

Par�deigma 4.2.1 : Sth sqèsh (4.11) upojèste oti h stajer� c eÐnai jetik  kai

ìti

F (x) = 1− e−x/m,∀x > 0 : m > 0,

me F (x) = 0 gia x ≤ 0. H ekjetik  apeikìnish eÐnai Ðsh me

ν(u) = icu− λimu/(1 + imu)

kai mporeÐ polÔ eÔkola na pistopoihjeÐ ìti

ψ(u) =

∫ t

0

ν(ue−is)ds = icu/i− (λ/i) ln(1 + imu).

H sun�rthsh katanom c thc H eÐnai h

eψ
∗(u)=eicu/i(1+imu)−λ/i. (4.12)

SugkrÐnontac aut n thn sun�rthsh katanom c me thn sun�rthsh katanom c thc ka-

tanom c G�mma mporoÔme polÔ eÔkola na thn antistrèyoume gia na l�boÔme

H(z) = [

∫ ∞
c/i

xλ/i−1e−x/mdx]/mλ/iΓ(λ/β), ∀x ∈ R. (4.13)

T¸ra parathr ste ìti ta �lmata thc Z eÐnai akrib¸c ta Ðdia me ta �lmata thc Z kai

epomènwc h amn mwn idiìthta thc ekjetik c katanom c mac odhgeÐ sto akìloujo : h

posìthta k�tw apì to mhden sthn opoÐa pèftei o kÐndunoc tou kefalaÐou dedomènou

oti sumbaÐnei h qreokopÐa èqei thn Ðdia ekjetik  katanom  me to genikì �lma thc

stoqastik c diadikasÐac eisod matoc. 'Etsi

E[eiuZ(T )|T <∞] = (1 + imu)−1. (4.14)

Sundu�zontac thn (4.12) kai thn (4.14) eÐnai

E[H(−Z(T ))|T <∞] = [

∫ ∞
ci

xλ/ie−/mdx]/mλ/i+1Γ(λ/i+ 1). (4.15)
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Apì thn Prìtash 4.1.3 èqoume ìti

ψ(y) = H(−y)/E[H(−Z(T ))|T <∞]. (4.16)

Par�deigma 4.2.2 : T¸ra upojèste sthn (4.11) ìti to c eÐnai arnhtikì kai ìti

F (x) = ex/m,∀x < 0 : m > 0,

me F (x) = 1 gia x ≥ 0. Tìte lamb�noume

ν(u) = λimu/(1− imu)− i|c|u,

eψ
∗(u)=e−1|c|u|i(1−imu)−λ/i.

Me antistrof  èqoume

H(z) = 0⇔ z ≤ −c/i

H(z) = [

∫ |c|/i+z
0

xλ/ie−xdx]/mλ/iΓ(λ/i)⇔ z > −c/β.

AfoÔ h stoqastik  diadikasÐa eisod matoc den èqei arnhtik� �lmata to Pìrisma 4.1.4

mac dÐnei ìti ψ(y) = H(−y)/H(0).

Par�deigma 4.2.3 : Ac upojèsoÔme t¸ra ìti Z(t) = σW ∗(t) + µt, ìpou to

W ∗ dhl¸nei thn tupik  kÐnhsh Brown (me drift 0 kai monadiaÐa diakÔmansh). H basik 

mac anapar�stash gia thn stoqastik  diadikasÐa eisodhm�twn sunep�getai thn

Z(t) = eit[y + σ

∫ t

0

e−isdW ∗(s) + (µ/i)(1− e−it)]

= eit + σW ∗(t) + σI

∫ t

0

eI(t−s)W ∗(s)ds+ (µI)(eIt − 1). (4.17)

MporeÐ kaneÐc eÔkola na pistopoi sei ìti h stoqastik  diadikasÐa thc paroÔsac axÐac

Z∗(.) eÐnai Gauss, èqei anex�rthtec prosaux seic kai ìti oi dÔo pr¸tec ropèc thc Z(t)

dÐnontai apì thn Prìtash 4.2.1. 'Etsi mporeÐ kaneÐc �mesa na l�bei ìti

Z∗(t) = (σ2/2i)
1/2
W ∗(1− e−2it) + (µ/i)(1− e−it), t ≥ 0. (4.18)

Sundu�zontac thn (4.4) kai thn (4.18) parathroÔme ìti h stoqastik  diadikasÐa ke-

falaÐwn èqei thn Ðdia katanom  me thn

Z(t) = (σ2/2i)1/2W ∗(e2it − 1) + yeit + (µ/i)(eit − 1), t ≥ 0. (4.19)

86



Gia ton lìgo autì h Z eÐnai stoqastik  diadikasÐa tou Gauss kai èqei suneqeÐc deig-

matikèc troqièc. Epiprìsjeta sunep�getai apì thn (4.19) ìti h Z eÐnai mia isqur 

stoqastik  diadikasÐa Markov me st�simec pijanìthtec met�bashc kai epomènwc eÐnai

µ(y) = µ+ iy, σ2(y) = σ2,∀y ∈ R. (4.20)
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PARARTHMA A

Monìtonec Kl�seic kai Kl�seic Dynkin.

Ja d¸soume en suntomÐa orismèna apotelèsmata kai orismoÔc apo th JewrÐa Mè-

trou pou aforoÔn sto Je¸rhma Monìtonhc Kl�shc kai tic kl�seic Dynkin.

A1 Prìtash : 'Estw X sÔnolo, A oikogèneia uposunìlwn tou X. Tìte ta

akìlouja eÐnai isodÔnama :

(i) X ∈ A, B \ A ∈ A,∀A,B ∈ A : A ⊆ B, ∪n∈N ∈ A , ∀〈An〉n∈N aÔxousa

akoloujÐa sto A,

(ii) ∅ ∈ A, X \ A ∈ A, ∀A ∈ A, ∪n∈NAn ∈ A, ∀〈An〉n∈N sto A : An ∩ Am =

∅, ∀n,m ∈ N : n 6= m.

A2 Orismìc : An A ⊆ P(X) ètsi ¸ste na ikanopoieÐtai to (i)   to (ii) thc

prohgoÔmenhc prìtashc kaleÐtai mia kl�sh Dynkin uposunìlwn tou X.

A3 Je¸rhma Monìtonhc Kl�shc : 'Estw X sÔnolo, A kl�sh Dynkin

uposunìlwn tou X, Z ⊆ A : I ∩ J ∈ Z , ∀I, J ∈ Z. Tìte σ(Z) ⊆ A.

A4 Prìtash : 'Estw X sÔnolo, E �lgebra sto X ètsi ¸ste

(i) ∪n∈N ∈ A,∀〈An〉n∈N aÔxousa akoloujÐa sto P(X),

(ii) ∩n∈N ∈ A,∀〈An〉n∈N fjÐnousa akoloujÐa sto P(X),

(iii) E ∈ A.

Tìte σ(E) ⊆ A.
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PARARTHMA B

Omoiìmorfh Oloklhrwsimìthta

To Je¸rhma thc Kuriarqhmènhc SÔgklishc tou Lebesgue mac dÐnei ikanèc sunj -

kec pou mac epitrèpoun na enall�soume ìria kai oloklhr¸mata. Mia krÐsimh upìjesh

eÐnai ìti | Xn |≤ X σ.β. ∀n ∈ N kai gia k�poia tuqaÐa metablht  X ∈ L1(P ). Aut  h

upìjesh den eÐnai anagkaÐa. 'Omwc mia elafr¸c asjenèsterh sunj kh eÐnai anagkaÐa

kai ikan  gia thn enallagh orÐwn kai oloklhrwm�twn. Aut  h sunj kh dÐnetai apì

ton parak�tw orismì.

B1 Orismìc : 'Estw (Ω,Σ, P ) q¸roc pijanìthtac. Mia oikogèneia tuqaÐwn

metablht¸n 〈Xt〉t∈I ètsi ¸steXt ∈ L1(P ) eÐnai omoiìmorfa oloklhr¸simh (uniformly

integrable) an kai mìno an

lim
α→∞

sup
t∈I

∫
|Xt|>α

t | dP = 0.

B2 Prìtash : K�je oikogèneia 〈Xt〉t∈I tuqaÐwn metablht¸n me thn idiìthta na
up�rqei X ∈ L1(P ) ¸ste na isqÔei | Xt |≤ X , ∀t ∈ I eÐnai omoiìmorfa oloklhr¸-

simh.

B3 Prìtash : Mia oikogèneia 〈Xt〉t∈I tuqaÐwn metablht¸n ston X ∈ L1(P )

eÐnai omoiìmorfa oloklhr¸simh an kai mìno an ikanopoieÐ tic parak�tw duo sunj kec

:

(i) ∀ε > 0,∃uε > 0 ¸ste gia k�je A ∈ Σ na eÐnai supt∈I
∫
A
| Xt | dP ≤ ε ìtan

P (A) ≤ uε,

(ii) supt∈I
∫
| Xt | dP <∞.

B4 Prìtash : Mia akoloujÐa 〈Xn〉n∈N∗ tuqaÐwn metablht¸n ston L1(P ) sug-

klÐnei kat� mèson sthn tuqaÐa metablht  X ∈ L1(P ), an

lim
n→∞

E[| Xn −X |] = 0.

B5 Orismìc : Mia akoloujÐa tuqaÐwn metablht¸n 〈Xn〉n∈N∗
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(i) sugklÐnei sqedìn bèbaia sthn tuqaÐa metablht  X, an up�rqei èna sÔnolo N

mhdenik c pijanìthtac ¸ste na eÐnai lim→∞Xn(ω) = X(ω), ∀ω to opoÐo den

an kei sto sÔnolo N. Sumbolismìc : (Xn
σ.β−→ X).

(ii) sugklÐnei kat� pijanìthta sthn tuqaÐa metablht  X an gia k�je ε isqÔei ìti

lim
n→∞

P [| Xn −X |≥ ε] = 0

Sumbolismìc : (Xn
P−→ X).

B6 Prìtash : K�je akoloujÐa 〈Xn〉n∈N∗ sqedìn bèbaia fragmènwn tuqaÐwn

metablht¸n sugklÐnousa sqedìn bèbaia se mia sqedìn fragmènh tuqaÐa metablht ,

sugklÐnei kat� pijanìthta sto Ðdio ìrio. Antistrìfwc gia k�je akoloujÐa 〈Xn〉n∈N∗
sqedìn bèbaia fragmènwn tuqaÐwn metablht¸n pou sugklÐnoun kat� pijanìthta u-

p�rqei mia upoakoloujÐa pou sugklÐnei sqedìn bèbaia sto Ðdio ìrio.

B7 Prìtash : Gia k�je akoloujÐa 〈Xn〉n∈N∗ tuqaÐwn metablht¸n ston L1(P )

kai gia k�je tuqaÐa metablht  X oi parak�tw duo sunj kec eÐnai isodÔnamec :

(i) h 〈Xn〉n∈N∗ eÐnai omoiìmorfa oloklhr¸simh kai Xn
P−→ X,

(ii) X ∈ L1(P ) kai Xn
L1−→ X.

B8 Prìtash Vitali : 'Estw 〈Xn〉n∈N∗ akoloujÐa tuqaÐwn metablht¸n ston

Lp(P ), p ∈ [1,∞) ¸ste na eÐnai Xn
P−→ X ìpou h X eÐnai tuqaÐa metablht . Tìte

oi parak�tw sunj kec eÐnai isodÔnamec

(i) h 〈| Xn |p〉n∈N eÐnai omoiìmorfa oloklhr¸simh,

(ii) limn→∞
∫
| Xn |pdP =

∫
| X |pdP.
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PARARTHMA G

Episkìphsh Thc JewrÐac Twn Martingales.

Ja d¸soume en suntomÐa basikoÔc orismoÔc kai basik� apotelèsmata (qwrÐc apo-

deÐxeic) se jèmata pou aforìun ta martingale kai pou qrhsimopoioÔme sthn paroÔsa

ergasÐa.

G1 Orismìc : Gia k�je endeqìmeno B ∈ Σ tètoio ¸ste P (B) 6= 0 kai t.m.

X : Ω → R, to olokl rwma thc t.m. X wc proc thn desmeumènh pijanìthta PB

sumbolÐzetai me

EB[X] := E[X|B] :=

∫
B

XdPB

kai (efìson up�rqei sto R) onom�zetai h desmeumènh mèsh tim  thc (t.m.)

X dojèntoc tou (endeqomènou) B.

G2 Je¸rhma : 'Estw B ∈ Σ tètoio ¸ste P (B) 6= 0 kai {Bn}n∈N∗ mia (Σ-

metr simh) diamèrish tou Ω, tètoia ¸ste P (Bn) > 0 gia k�je n ∈ N, kaj¸c kai t.m.
X : Ω→ R. Tìte isqÔoun ta ex c:

(i) E[X|B] = 1
P (B)

∫
B
XdP .

(ii) An X ∈ L1(P ) tìte EX =
∑∞

n=0 P (Bn)E[X|Bn].

(iii) E[χA|B] = P (A|B) gia k�je A ∈ Σ.

(iv) P (A) =
∑∞

n=0 P (Bn)P (A|Bn) gia k�jeA ∈ Σ (Je¸rhma Olik c Pijanìthtac).

G3 Orismìc : 'Estw t.m. X ∈ L1(P ) kai diakrit  t.m. Y : Ω → R, me sÔnolo
tim¸n RY := {yn ∈ R : n ∈ I, I ⊆ N}.
H desmeumènh mèsh tim  thc (t.m.) X dojeÐshc thc (t.m.) Y eÐnai mia

t.m. E[X|Y ] : Ω → R me tÔpo (E[X|Y ])(ω) := E[X|Y = yn] an yn = Y (ω) gia

yn ∈ RY .

G4 Orismìc : 'Estw t.m. X ∈ L1(P ) kai mia opoiad pote t.m. Y : Ω→ R.
Tìte mia desmeumènh mèsh tim  thc (t.m.) X dojeÐshc thc (t.m.) Y orÐzetai na eÐnai

mia t.m. E[X|Y ] : Ω→ R pou ikanopoieÐ ta ex c:
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(i) h E[X|Y ] eÐnai mia σ(Y )-metr simh sun�rthsh,

(ii)
∫
A
E[X|Y ]dP =

∫
A
XdP gia k�je A ∈ σ(Y ).

G5 Orismìc : 'Estw t.m. X ∈ L1(P ) kai T σ-upo�lgebra thc Σ. Tìte mia

desmeumènh mèsh tim  thc (t.m.) X dojeÐshc thc σ-upo�lgebrac T orÐzetai na eÐnai

mia t.m. E[X|T ] : Ω→ R tètoia ¸ste

(i) h E[X|T ] na eÐnai mia T -metr simh sun�rthsh,

(ii)
∫
A
E[X|T ]dP =

∫
A
XdP gia k�je A ∈ T .

G6 Prìtash : 'Estw X, Y ∈ L1(P ), T σ-upo�lgebra thc Σ kai akoloujÐa

{Xn}n∈N sto L1(P ). Tìte isqÔoun ta ex c:

(i) Gia k�je a, b ∈ R, E[aX + bY |T ] = aE[X|T ] + bE[Y |T ] P |T − σ.β. (gram-
mikìthta),

(ii) E[E[X|T ]] = EX,

(iii) an h X eÐnai T -metr simh, tìte E[XY |T ] = XE[Y |T ] P |T−σ.β. ({paÐrnontac

èxw apì thn dèsmeush ìti eÐnai gnwstì} - <<taking out what’s known>> ),

(iv) an h X anex�rthth thc T , tìte E[X|T ] = EX P |T − σ.β.,
(anexarthsÐa)

(v) an H ⊆ T σ-upo�lgebra thc Σ, tìte E
[
E[X|T ]

H] = E[X|H] P |H − σ.β.,
qwrÐc kat′an�gkh h X na eÐnai T -metr simh (Idiìthta tou PÔrgou),

(vi) an X ≥ 0 P − σ.β., tìte kai E[X|T ] ≥ 0 P |T − σ.β. (jetikìthta),

(vii) an Y ≥ X P − σ.β., tìte kai E[Y |T ] ≥ E[X|T ] P |T − σ.β.
(monotonÐa desmeumènwn mèswn tim¸n),

(viii) an h {Xn}n∈N aÔxousa P −σ.β. kai X = limn→∞Xn, tìte kai h {E[Xn|T ]}n∈N
aÔxousa P |T−σ.β. ki epÐ plèon isqÔei E[X|T ] = limn→∞E[Xn|T ] P |T−σ.β.
(Je¸rhma Monìtonhc SÔgklishc gia Desmeumènec Mèsec Timèc),
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(ix) an X = limn→∞Xn P − σ.β. kai up�rqei Z ∈ L1(P ) ¸ste |Xn| ≤ Z P −
σ.β. gia k�je n ∈ N, tìte E[X|T ] = limn→∞E[Xn|T ] P |T − σ.β. (Je¸rhma
Kuriarqhmènhc SÔgklishc gia Desmeumènec Mèsec Timèc),

(x) an lim infn→∞EXn <∞, tìteE
[
lim infn→∞Xn|T

]
≤ lim infn→∞E[Xn|T ] P |T−

σ.β. (L mma Fatou gia Desmeumènec Mèsec Timèc),

(xi) an ϕ : R→ R kurt  sun�rthsh kai ϕ ◦X ∈ L1(P ), tìte

ϕ(E[X|T ]) ≤ E[ϕ(X)|T ] P |T − σ.β.

(Desmeumènh Anisìthta Jensen).

Sto ex c − ki efìson den anafèretai diaforetik� − me I ja sumbolÐzoume èna

merik¸c diatetagmèno sÔnolo.

G7 Orismìc : MÐa oikogèneia {Σj}j∈I σ-upoalgebr¸n thc Σ onom�zetai diÔ-

lish an kai mìno an gia k�je j, k ∈ I me j < k isqÔei Σj ⊆ Σk.

G8 Orismìc : MÐa σ.d. {Xj}j∈I lème ìti eÐnai prosarmosmènh se mÐa

diÔlish {Σj}j∈I an kai mìno an gia k�je j ∈ I h t.m. Xj eÐnai Σj-metr simh.

G9 Orismìc : H {Tj}j∈I me Tj = σ
(
{Xk : k ≤ j}

)
gia k�je j ∈ I onom�zetai h

kanonik  diÔlish gia thn {Xj}j∈I .

G10 Prìtash : K�je σ.d. {Xj}j∈I eÐnai prosarmosmènh sthn kanonik  thc

diÔlish.

G11 Orismìc : Mia σ.d. {Xj}j∈I onom�zetai èna martingale wc proc th

diÔlish {Σj}j∈I   èna {Σj}j∈I-martingale (  h oikogèneia {(Xj,Σj)}j∈I onom�-
zetai èna martingale) an kai mìno an isqÔoun ta ex c:

(i) H {Xj}j∈I eÐnai prosarmosmènh sth (diÔlish) {Σj}j∈I .

(ii) Gia k�je j ∈ I h Xj ∈ L1(P ).

(iii) Gia k�je j, k ∈ I me j ≤ k isqÔei E[Xk|Σj] = Xj P |Σj − σ.β..
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G12 Orismìc : Mia σ.d. {Xj}j∈I onom�zetai èna uper - martingale (ant.

upo - martingale) wc proc th diÔlish {Σj}j∈I   alli¸c èna {Σj}j∈I-uper-
martingale (ant. èna {Σj}j∈I-upo-martingale) an kai mìno an isqÔoun ta (i)

kai (ii) tou OrismoÔ ?? kai epÐ plèon gia k�je j, k ∈ I me j ≤ k isqÔei E[Xk|Σj] ≤
Xj P |Σj − σ.β. (ant. E[Xk|Σj] ≥ Xj P |Σj − σ.β.).

G13 Prìtash : 'Estw h σ.d. {Xj}j∈I kai h diÔlish {Σj}j∈I . Tìte gia k�je

j, k ∈ I me j ≤ k ta akìlouja eÐnai isodÔnama:

(i) E[Xk|Σj] = Xj P |Σj − σ.β..

(ii)
∫
A
XjdP =

∫
A
XkdP gia k�je A ∈ Σj.

G14 Prìtash : An h {Xn}n∈N eÐnai èna {Σn}n∈N-uper-martingale (ant. upo-

martingale), tìte gia k�je n ∈ N∗ isqÔei

E[Xn|Σ1] ≤ X1 (ant. E[Xn|Σ1] ≥ X1) P |Σ1 − σ.β..

Idiaitèrwc, an h {Xn}n∈N eÐnai èna {Σn}n∈N-martingale, tìte hE[Xn|Σ1] = X1 P |Σ1−
σ.β..

Parak�tw kai gia thn paroÔsa enìthta, jewroÔme mia akoloujÐa {Zn}n∈N sto

L1(P ) me kanonik  diÔlish {Σn}n∈N.

G15 Orismìc : H sun�rthsh τ : Ω→ N∪ {∞} eÐnai ènac qrìnoc diakop c
gia thn {Σn}n∈N an kai mìno an {τ = n} ∈ Σn gia k�je n ∈ N. EpÐ plèon, o qrìnoc

diakop c onom�zetai fragmènoc an kai mìno an supω∈Ω τ(ω) <∞. To sÔnolo ìlwn

twn fragmènwn qrìnwn diakop c sumbolÐzetai me T .

G16 Prìtash : Gia thn sun�rthsh τ : Ω → N ∪ {∞} oi parak�tw sunj kec

eÐnai isodÔnamec:

(i) {τ ≤ n} ∈ Σn gia k�je n ∈ N∗.

(ii) {τ = n} ∈ Σn gia k�je n ∈ N∗.
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G17 Prìtash : K�je qrìnoc diakop c τ wc proc mia diÔlish {Σn}n∈N eÐnai

Σn-metr simh sun�rthsh gia k�je n ∈ N∗, sunep¸c eÐnai Σ-metr simh sun�rthsh,

dhlad  t.m..

G18 Prìtash : Gia τ ∈ T jètoume Zτ :=
∑∞

n=0 χ{τ=n}Zn. IsqÔoun ta ex c:

(i) |Zτ | =
∑∞

n=0 χ{τ=n}|Zn|.

(ii) EZτ =
∑∞

n=0

∫
{τ=n} ZndP .

G19 Prìtash : Gia k�je ε > 0 isqÔei h anisìthta

P
(

sup
n∈N
|Zn| > ε

)
≤ 1

ε
sup
τ∈T

E|Zτ |.

G20 Orismìc : H akoloujÐa {Zn}n∈N t.m. eÐnai

(i) jetik  an kai mìno an isqÔei ìti h Zn eÐnai jetik  t.m. gia k�je n ∈ N, dhlad 
an kai mìno an Zn(ω) > 0 gia k�je ω ∈ Ω kai gia k�je n ∈ N.

(ii) èna jetikì uper-martingale an kai mìno an eÐnai jetik  kai uper-martingale.

G21 Prìtash : An {Zn}n∈N eÐnai èna jetikì uper - martingale, tìte gia k�je

ε > 0 isqÔei h anisìthta

P

(
sup
n∈N

Zn > ε

)
≤ 1

ε
EZ0.

G22 Prìtash : An 〈Xt〉t∈R+
oikogèneia tuqaÐwn metablht¸n sto L1(P ) me

anex�rthtec prosaux seic tìte h stoqastik  diadikasÐa 〈Yt − EP [Yt]〉t∈R+
eÐnai èna

martingale.

G23 Prìtash (SÔgklish tou Doob gia Martingales) : An 〈Xn〉n∈N∗
èna 〈Σn〉n∈N∗ − martingale, ¸ste supn∈N∗ E(| Xn |) < ∞. tìte up�rqei mia tuqaÐa

metablht  X ∈ L1(P ), ¸ste

lim
n→∞

Xn = X P − σ.β..
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G24 Parat rhsh : Par� to ìti ìlec oi tuqaÐec metablhtèc Xn ìpwc epÐshc

kai h tuqaÐa metablht  X tou prohgoÔmenou Jewr matoc eÐnai oloklhr¸simec, to

sumpèrasma eÐnai mìno ìti limn→∞Xn = X P σ.β..

G25 Prìtash : K�je omoiìmorfa oloklhr¸simo Ôper - martingale (  upo -

martingale ) sugklÐnei ston L1(P ).

G26 Orismìc : H problèyimh (predictable) s-�lgebra eÐnai h s-�lgebra sto

Ω×R+ pou par�getai apì ìlec tic arister� suneqeÐc prosarmosmènec sthn kanonik 

diÔlish (jewrhmènec wc apeikonÐseic ep�nw sto Ω× R+).

Mia stoqastik  diadikasÐa pou eÐnai P -metr simh onom�zetai problèyimh.

G27 Orismìc : H problèyimh s-�lgebra par�getai epÐshc kai apì thn oikogèneia

A \ {0} ìpou A ∈ Σ0 kai A× (s, t] ìpou s < t me A ∈ Σs.

G28 Orismìc : Mia stoqastik  diadikasÐa X eÐnai kl�shc (D) an h oikogèneia

{XT : T : Ω 7→ R∗ qrìnoc diakop c} eÐnai omoiìmorfa oloklhr¸simh.

H parak�tw Prìtash ofeÐletai ston Meyer kai eÐnai gnwst  me to ìnoma Diamè-

rish upo - martingales kat� Doob - Meyer (Doob Meyer Decomposition Of Submar-

tingales).

G29 Prìtash :(Doob Meyer Decomposition of Sub-Martingales) : An h X

eÐnai èan upo - martingale thc t�xhc (D), tìte up�rqei mia sqedìn bèbaia monadik ,

aÔxousa, oloklhr¸simh, problèyimh stoqastik  diadikasÐa A me A0 = 0, ètsi ¸ste

to X \ A na eÐnai èna omoiìmorfa oloklhr¸simo martingale.

'Ena uposÔnolo A tou Ω×R∗ onom�zetai tmhmatik� mhdenikì (section-null) an to

sÔnolo {ω : ∃t ∈ R∗ me(ω, t)} eÐnai P - mhdenikì.

Duo stoqastikèc diadikasÐec X kai Y onom�zontai indistinguishable an to sÔnolo

{X 6= Y } := {(ω, t) : Xt(ω) 6= Yt(ω)}

eÐnai tmhmatik� mhdenikì, dhlad  an P - sqedìn ìlec oi troqièc twn X kai Y eÐnai

Ðdiec.
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G30 Prìtash (SÔgklish Omoiìmorfa Oloklhr¸simwn Upo -martingales) : 'E-

stwX = 〈Xn〉n∈N èna upo - martingale ep�nw ston filtrarismèno q¸ro (Ω,Σ, P, 〈Σn〉n∈N).

Tìte ta akìlouja eÐnai isodÔnama

(i) X∞ := limn→∞Xn(ω) up�rqei sqedìn bèbaia, X∞ ∈ L1(P ), limn→∞
∫
XndP =∫

X∞dP kai h akoloujÐa X = 〈Xn〉n∈N∪∞ eÐnai èna upo - martingale.

(ii) h X = 〈Xn〉n∈N eÐnai omoiìmorfa oloklhr¸simh.

(iii) h X = 〈Xn〉n∈N sugklÐnei ston L1(P ).

G30 Prìtash (Optional Sampling Theorem) : 'EstwM = 〈Mn〉n∈N martingale

kai σ, τ fragmènoi qrìnoi diakop c me σ ≤ τ. Tote oi sunart seic Mσ,Mτ eÐnai P -

oloklhr¸simec kai isqÔei

E[Mτ | Σσ] = Mσ σ.β..
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