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Euqarist�e
Oloklhr¸nonta th didaktorik  mou diatrib  ja  jela na euqarist sw ton epiblèpo-nt� mou, omìtimo kajhght  k. T�kh Papaðw�nnou gia th suneq  kajod ghs  tou kai thnempistosÔnh pou mou epèdeixe. Oi gn¸sei all� kai h empeir�a tou apotèlesan shmantikìefìdio gia emèna. Epiplèon ja prèpei na anafèrw kai to endiafèron pou èdeixe gia th su-nergas�a ma akìmh kai ìtan briskìtan ektì Ell�do. Ep�sh ja  jela na euqarist swta �lla duo mèlh th trimeloÔ sumbouleutik  epitrop , ton kajhght , prìedro tou tm -mato Statistik  kai Asfalistik  Epist mh tou Panepisthm�ou Peirai¸, k. KlèwnaTs�mpo kai ton ep�kouro kajhght  k. Kwnstant�no Pol�th, h sumbol  twn opo�wn up rxekatalutik  gia thn olokl rwsh th diatrib . Idia�tere euqarist�e prèpei na apeujÔnwep�sh ston kajhght , prìedro tou tm mato Majhmatik¸n tou Panepisthm�ou Iwann�nwn,k. Kwnstant�no Zwgr�fo, ston kajhght  k. M�rko KoÔtra, sthn anaplhr¸tria kajhg -tria k. Mar�a Katèrh kai ston ep�kouro kajhght  k. Ge¸rgio Pitsèlh gia th summetoq tou sthn eptamel  epitrop . Oi eÔstoqe parathr sei kai diorj¸sei tou sunèballansth belt�wsh tou arqikoÔ keimènou.Ja prèpei ep�sh na euqarist sw tou kajhghtè k.k. Kwnstantin�dh Dhm trio apì toTm ma Statistik , Analogistik¸n kai Qrhmatooikonomik¸n Spoud¸n tou Panepist miouAiga�ou kai Karagrhgor�ou Alèxandro apì to Tm ma Majhmatik¸n tou Panepist miouKÔprou, oi opo�oi me ta sunèdria kai ti hmer�de pou diorg�nwsan mou èdwsan thn eukair�apèran tou na parousi�sw thn èreun� mou, na gnwr�sw kai na suzht sw me tou kajhghtèk.k. Patrik Brokett kai Adnan Awad.Sth sunèqeia ja  jela na apeujÔnw euqarist�e pro to tm ma Statistik  kai Asfa-listik  Epist mh tou Panepisthm�ou Peirai¸, to opo�o apì to 1997 me {anèqetai} stit�xei tou w proptuqiakì foitht , metaptuqiakì foitht  kai upoy fio did�ktora, parè-qont� mou gn¸sei kai upost rixh gia th sunèqish twn spoud¸n mou.Tèlo, idia�tere euqarist�e prèpei na apeujÔnw sthn oikogènei� mou, tou gone� kaithn aderf  mou, h sumpar�stash twn opo�wn se di�fora ep�peda me bo jhse na pragma-topoi sw èna apì ta ìneir� mou.
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Per�lhyh
Stìqo th diatrib  aut  e�nai na sundu�soume th Statistik  Jewr�a Plhrofori¸n meepist me ìpw o Analogismì, h Biostatistik  kai h Dhmograf�a.Suqn� sthn pr�xh qrei�zetai na anajewroÔme ti arqikè ektim sei posot twn ì-pw ta posost� jnhsimìthta, noshrìthta klp. me skopì thn paragwg  omalìterwnektim sewn. Autì g�netai mèsw mia diadikas�a pou lègetai exom�lunsh (graduation  smoothing). Sth diatrib  aut , diereunoÔme th qr sh th oikogèneia twn apokl�sewndÔnamh (power divergene) t�xh λ pou eis gagan oi Read and Cressie - me kat�llhlougrammikoÔ kai/  tetragwnikoÔ periorismoÔ me stìqo na broÔme to kalÔtero mètro apì-klish ¸ste na p�roume thn kalÔterh exom�lunsh. Ta apotelèsmata de�qnoun ìti mètraapìklish me mh pijanotik� dianÔsmata (non-probability vetors), ìpw sumba�nei me taposost� jnhsimìthta, ikanopoioÔn, upì orismène sunj ke, merikè apì ti idiìthtetwn mètrwn apìklish   plhrofor�a ìpw autè or�zontai sth Statistik  Jewr�a Plh-rofori¸n. Oi apokl�sei dÔnamh d�noun apotelèsmata isodÔnama me aut� �llwn suqn�qrhsimopoioÔmenwn mejìdwn exom�lunsh. Parousi�zetai ep�sh mia arijmhtik  diereÔ-nhsh gia th sÔgkrish twn mejìdwn kai thn eÔresh th dÔnamh λ tou mètrou apìklish,pou d�nei thn kalÔterh exom�lunsh. Fa�netai ìti h epilog  λ > 0 kai pio sugkekrimèna h
λ = 2/3, pou prot�jhke apì tou Cressie and Read gia lìgou statistik  isqÔo, e�naimia kal  epilog  ìson afor� thn omalìthta kai thn prosarmog . Epiplèon, melet�tai,sto �dio pla�sio, h diafor� tou Jensen pou prìteinan oi Burbea and Rao.H entrop�a tou Shannon (Shannon, 1948), h opo�a or�zetai w H(X) = −

∑

i

pi ln pi  H(X) = −
∫
f(x) ln f(x) dx, sthn per�ptwsh diakrit¸n kai suneq¸n katanom¸n, ant�-stoiqa, apotele� mia qr simh ènnoia sth Statistik  Epist mh, kaj¸ e�nai èna mètro thabebaiìthta pou sqet�zetai me th tuqa�a metablht  X. Apotele� mia perigrafik  posì-thta twn katanom¸n kai an kei sthn kl�sh twn mètrwn diaspor�, ìpw h diakÔmansh kaih tupik  apìklish. 'Ena kef�laio th diatrib  aut , afier¸netai sth diereÔnhsh thep�drash kai twn idiot twn pou èqoun sthn entrop�a tou Shannon, gia ti pio gnwstèkatanomè ap¸leia, o plhjwrismì (in�ation), h apokop  apì ep�nw (trunation fromabove) kai h apokop  apì k�tw (trunation from below), peript¸sei oi opo�e suqn� em-fan�zontai sthn Analogistik  Epist mh. Epiplèon, parousi�zoume analutikè ekfr�seigia thn entrop�a twn katanom¸n aut¸n. ix
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Abstrat
The aim of this dissertation is to ombine Statistial Information Siene with AtuarialSiene, Biostatistis and Demography.Frequently we have to revise the initial estimates of death probabilities with the aim ofobtaining smoother estimates through a proedure alled graduation or smoothing. Thisthesis explores the use of measures of power divergene of order λ introdued by Cressieand Read, with proper linear and/or quadrati onstraints with the aim of �nding thedivergene whih results in the "best" �t. The results so far indiate that divergeneswith non-probability vetors in their arguments, as is the ase with mortality rates, share,under some onditions, some of the properties of probabilisti or information theoretidivergenes. The power divergenes also give results equivalent to those obtained byother frequently used methods of graduation. A numerial investigation is also presented.It seems that the hoie of λ > 0 and partiularly the value of λ = 2/3 proposed byCressie and Read in the light of statistial power, is a good hoie as far as smoothnessand goodness of �t are onerned. The Jensen di�erene proposed by Burbea and Rao isstudied as well, under the same framework.Shannon's entropy (Shannon, 1948), whih is de�ned as H(X) = −

∑

i

pi ln pi or
H(X) = −

∫
f(x) ln f(x) dx, in the ase of disrete or ontinuous distributions, respe-tively, onstitutes a useful notion in Statistis, as it is a measure of the unertainty relatedto a random variableX. It is a desriptive measure of distributions, belonging to the lassof dispersion measures, suh as the variane and the standard deviation. A hapter ofthis dissertation is devoted to the investigation of the e�et and the properties of in�a-tion, trunation from above and trunation from below on Shannon's entropy, for themost popular loss distributions. These situations frequently appear in Atuarial Siene.Moreover, analyti expressions for the entropy in the above ases are also presented.
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Kef�laio 1Eisagwg 
1.1 Eisagwg O kÔrio skopì th paroÔsa didaktorik  diatrib  e�nai h sÔnjesh - sÔndesh th Stati-stik  Jewr�a Plhrofori¸n me �lle epist me. Den e�nai l�ge oi peript¸sei pou ènnoiekai teqnikè th Statistik  Jewr�a Plhrofori¸n br�skoun efarmog  parèqonta lÔshse di�fora probl mata th Analogistik  Epist mh, th Biostatistik  kai th Dhmo-graf�a. Oi efarmogè autè, mporoÔn na taxinomhjoÔn se trei kathgor�e an�loga meto mètro plhrofor�a pou qrhsimopoie�tai: thn entrop�a, ta mètra apìklish kai to mètroplhrofor�a tou Fisher. Ja prospaj soume na sugkentr¸soume kai na parousi�soumeautè ti peript¸sei. Mia ìqi tìso polÔ gnwst  per�ptwsh pou qrhsimopoie�tai h Sta-tistik  Jewr�a Plhrofori¸n e�nai h exom�lunsh analogistik¸n posot twn ìpw e�nai taposost� jnhsimìthta, h èntash jnhsimìthta k.a. H per�ptwsh aut  ja ma apasqol seisto megalÔtero mèro aut  th diatrib . Sugkekrimèna, ja parousi�soume thn elaqi-stopo�hsh mètrwn apìklish diaforetik¸n apì to mètro apìklish twn Kullbak-Leibler,to opo�o prìteine o Brokett (1991).H melèth aut  ma d�nei thn ¸jhsh na melet soume ton orismì kai ti idiìthte twnmètrwn apìklish sthn per�ptwsh pou èqoume mh pijanotik� dianÔsmata, dhlad  ìtan to�jroisma twn stoiqe�wn tou dianÔsmato den isoÔtai me 1, ìpw sumba�nei sthn per�ptwshth analogistik  exom�lunsh.H plhrofor�a, me mia teqnik  ènnoia tou ìrou, prwtoeis qjh sth Statistik  apì tonR.A. Fisher to 1925 se ergas�a sqetik  me th jewr�a th ekt�mhsh. Bèbaia h ènnoia thplhrofor�a e�nai di�quth sth Statistik  ìpw tekmhri¸netai apì th fr�sh: {ta dedomènaparèqoun   perièqoun plhrofor�e gia ...}. H Jewr�a Plhrofori¸n e�nai èna kl�do thmajhmatik  jewr�a twn Pijanot twn kai th Majhmatik  Statistik . W tètoia, qrh-simopoie�tai se èna eurÔ f�sma episthmonik¸n ped�wn. H Statistik  Jewr�a Plhrofori¸nsqet�zetai me th statistik  sumperasmatolog�a kai apotele� èna apì ta basik� endia-1



fèronta twn statistik¸n episthmìnwn. H Statistik  Jewr�a Plhrofori¸n parèqei miaenopo�hsh gnwst¸n apotelesm�twn kai odhge� se fusikè genikeÔsei kai thn paragwg nèwn apotelesm�twn. Arketo�, esfalmèna, jewroÔn th Statistik  Jewr�a Plhrofori¸nw sun¸numh me th Jewr�a Epikoinwni¸n (ommuniation theory) an kai qrhsimopoie�orismène basikè ènnoie aut .1.2 Dom  diatrib H dom  th paroÔsa didaktorik  diatrib  èqei w ex : Sto deÔtero kef�laio d�noumeìso to dunatìn leptomerèstera stoiqe�a pou aforoÔn th Statistik  Jewr�a Plhrofori¸n.Parousi�zoume ta mètra plhrofor�a pou èqoun protaje�, ti efarmogè pou aut� br�skounse di�forou episthmonikoÔ tome� kaj¸ kai thn prìsfath èreuna sthn perioq .Sto Kef�laio 3 diereunoÔme ti kuriìtere idiìthte twn mètrwn apìklish (divergenemeasures) kai plhrofor�a, sthn per�ptwsh pou den èqoume pijanotik� dianÔsmata. Su-gkekrimèna, ta mètra pou exet�zoume e�nai h kateujunìmenh apìklish (direted divergene)twn Kullbak - Leibler, h apìklish twn Cressie and Read, pou prìteinan oi Cressie andRead (1984) kai h diafor� tou Jensen, pou prìteinan oi Burbea and Rao (1984).Sto tètarto kef�laio parousi�zoume ta kuriìtera shme�a th exom�lunsh (gradua-tion). H exom�lunsh e�nai mia teqnik  pou qrhsimopoie�tai suqn� sthn Analogistik  Epi-st mh, th Biostatistik  kai th Dhmograf�a, gia thn ekt�mhsh omal¸n (smooth) ektim sewnposot twn ìpw posost� jnhsimìthta, posost� gonimìthta, posost� noshrìthta klp.Sth diatrib  aut  ja parousi�soume thn per�ptwsh th exom�lunsh pin�kwn jnhsimìth-ta. Ja parousi�soume ta basik� qarakthristik� th exom�lunsh, thn omalìthta kaithn kal  prosarmog , tou statistikoÔ elègqou pou qrhsimopoioÔntai gia ton èlegqoth exom�lunsh kai ti mejìdou exom�lunsh.Sto Kef�laio 5 ja anaferjoÔme ston parametrikì kai mh parametrikì trìpo elaqisto-po�hsh twn mètrwn apìklish. Ep�sh ja anafèroume thn El�qisth Diaqwristik  Plhro-for�a (MDI) kai th mèjodo th Mègisth Entrop�a. Sth sunèqeia ja parousi�soume tabasikìtera shme�a tou MajhmatikoÔ ProgrammatismoÔ kai kuriìtera tou KurtoÔ Majhma-tikoÔ ProgrammatismoÔ kai th Duðkìthta kat� Lagrange (Lagkranzian  Duðkìthta).Aut� qrei�zontai ètsi ¸ste na parousi�soume di�fora apotelèsmata pou aforoÔn th duð-kìthta gia to prìblhma th elaqistopo�hsh twn mètrwn apìklish twn Kullbak - Leibler,twn Cressie and Read, kai th diafor� tou Jensen, upì tetragwnikoÔ periorismoÔ.Sto èkto kef�laio, parousi�zoume mia arijmhtik  diereÔnhsh twn mejìdwn exom�lun-sh pou sthr�zontai sth Statistik  Jewr�a Plhrofori¸n. ExomalÔnoume tr�a sÔnoladedomènwn - p�nake jnhsimìthta - elaqistopoi¸nta ta mètra apìklish upì di�foroukat�llhlou periorismoÔ kai sunduasmoÔ periorism¸n kai sugkr�noume ta apotelèsmata2



pou prokÔptoun me aut� pou epitugq�nontai me �lle gnwstè mejìdou exom�lunsh.Sto Kef�laio 7, diereunoÔme th qr sh th entrop�a tou Shannon w mètro th abe-baiìthta gia katanomè ap¸leia (loss models or distributions) kai genikìtera sta analo-gistik� majhmatik�. Pio sugkekrimèna, melet�me thn ep�drash pou èqoun ston upologismìth entrop�a o plhjwrismì (in�ation), h apokop  apì ep�nw (trunation from above) kaih apokop  apì k�tw (trunation from below). Oi peript¸sei autè emfan�zontai suqn�sthn pr�xh. H genik , all� kai h eidik  gia k�je katanom  ap¸leia, analutik  èkfrashd�nontai se sqèsh me thn entrop�a twn arqik¸n dedomènwn. ApodeiknÔetai ìti o plhjw-rismì aux�nei thn entrop�a, to opo�o shma�nei ìti upì plhjwrismì èqoume perissìterhabebaiìthta sqetik� me thn arqik  kat�stash. Ant�jeta, h ep�drash th apokop , e�teapì ep�nw e�te apì k�tw, den e�nai eÔkola ermhneÔsimh kaj¸ oi ekfr�sei th entrop�ae�nai arket� polÔploke kai diafèroun apì montèlo se montèlo. Se merikè peript¸seiden e�nai dunatìn na broÔme mia analutik  èkfrash.Sto ìgdoo kai teleuta�o kef�laio parousi�zoume ta kuriìtera apotelèsmata pou proè-kuyan apì thn èreun� ma. Epiplèon parousi�zoume ti skèyei ma gia mellontik  èreuna.Sto tèlo th diatrib  up�rqoun tr�a parart mata. Sto Par�rthma A parousi�zontaik�poia apotelèsmata pou aforoÔn th duðkìthta twn mètrwn apìklish pou melet�me. StoPar�rthma B up�rqoun apotelèsmata sqetik� me ton upologismì th entrop�a twn mo-ntèlwn ap¸leia en¸ sto Par�rthma G parousi�zontai oi k¸dike pou qrhsimopoi jhkangia na p�roume ta arijmhtik� apotelèsmata pou parousi�zontai sto Kef�laio 6.
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Kef�laio 2Statistik  Jewr�a Plhrofori¸n
2.1 Eisagwg Se k�je statistikì prìblhma pou emplèketai deigmatolhy�a, o ereunht  anazht� thnposìthta th plhrofor�a pou d�noun ta dedomèna gia thn par�metro   ti paramètroutou plhjusmoÔ (Kullbak, 1959). Teqnik�, plhrofor�a shma�nei to posì th abebaiìthtagia mia �gnwsth posìthta, to opo�o mei¸netai apì to apotèlesma enì peir�mato. O ìroabebaiìthta den sqet�zetai mìno me thn �gnwsth puknìthta f   thn par�metro θ all�ep�sh me to apotèlesma enì peir�mato tÔqh (Papaioannou, 1985).Prin thn ektèlesh tou peir�mato èqoume mhdenik  plhrofor�a gia thn puknìthta f  thn par�metro θ. Sullègonta parathr sei apì mia tuqa�a metablht  X, h opo�a ako-louje� katanom  f   f(X, θ), mei¸netai h abebaiìthta gia thn f   thn θ. Duo omoiomìrfwkatanemhmène parathr sei parèqoun thn �dia posìthta plhrofor�a. Sthn ektimhtik ,stìqo ma e�nai h eÔresh epark¸n statistik¸n sunart sewn, dhlad  statistik¸n pouperièqoun ìlh thn plhrofor�a gia thn f   thn θ (Papaioannou, 1985).SÔmfwna me ton Soo� (1994), h plhrofor�a or�zetai w mia arijmhtik  posìthta poumetr� thn abebaiìthta sqetik� me to apotèlesma enì peir�mato tÔqh. O Fisher (1921)ìrise, sta pla�sia th parametrik  ekt�mhsh, ton ant�strofo th diakÔmansh th deig-matik  katanom  enì ektimht  w to mètro th sqetik  plhrofor�a pou parèqounta dedomèna sqetik� me mia �gnwsth par�metro. Idia�terh èmfash èqei doje� sth Jew-r�a Plhrofori¸n apì thn pleur� th paroq  enallaktik¸n prosegg�sewn / diatup¸sewnse di�fore paradosiakè statistikè analÔsei. Autì sunetèlese sto gegonì, h Jew-r�a Plhrofori¸n na parèqei èna pla�sio gia enasqìlhsh me èna eurÔ f�sma statistik¸nproblhm�twn (Soo�, 1994).Pollo� jewroÔn ìti h Jewr�a Plhrofori¸n e�nai kl�do th Jewr�a Epikoinwni¸n.'Omw e�nai polÔ perissìtera. Endeiktik� anafèroume ti parak�tw perioqè efarmog th Jewr�a Plhrofori¸n: Hlektrik  Mhqanik  (Jewr�a Epikoinwni¸n), Plhroforik 5



(Kolmogorov Complexity), Fusik  (Jermodunamik ), Majhmatik� (Jewr�a Pijanot twnkai Statistik ), Filosof�a th Epist mh, Oikonomik�, (Cover and Thomas, 1991), Oiko-log�a, Biolog�a, Nomik� k.a. (Papaioannou, 1970).2.1.1 SÔntomh istorik  anadrom  th Jewr�a Plhrofori¸nAn�ptuxh met�dosh th plhrofor�aSthn enìthta aut , ja anaferjoÔme sÔntoma sthn istor�a th Jewr�a Plhrofori¸n(Arndt, 2001). 'Ola mporoÔme na poÔme ìti xek�nhsan apì thn an�ptuxh th met�do-sh th plhrofor�a (information transmission). O Samuel Morse to 1837 anèptuxe toalf�bhto Morse gia th met�dosh mhnum�twn me ènan bèltisto trìpo. H antisto�qish twnqarakt rwn tou alfab tou sta sÔmbola den bas�sthke sth sqetik  suqnìthta me thnopo�a ta gr�mmata emfan�zontai se èna dojèn ke�meno all� sthn katamètrhsh twn tÔpwntwn gramm�twn enì stoiqeiojèth se èna grafe�o.O Thomas Edison to 1874 eis gage thn tetrapl  (quadruplex) kwdikopo�hsh qrhsi-mopoi¸nta ta sÔmbola +3, +1, -1 kai -3 gia na aux sei peraitèrw to rujmì met�doshth plhrofor�a. H posìthta th plhrofor�a pou mpore� na apostale� mèsw enì ka-nalioÔ exart�tai apì tou trei parak�tw par�gonte: (i) pìso gr gora mporoÔme naste�loume duo suneqìmenou qarakt re qwr� na odhghjoÔme sth sunènws  tou, (ii)pìsou diaforetikoÔ qarakt re mporoÔme na ste�loume kai (iii) pìso qrìno èqoume giath met�dosh.Tèlo, to 1924, o Nyquist se èna �rjro tou anafèrei ìti {'Otan stèlnoume sÔmbolame stajerì rujmì, o rujmì th met�dosh W (sÔmbola an� deuterìlepto) sundèetai meton arijmì twn pijan¸n diaforetik¸n sumbìlwn pou mporoÔn na apostaloÔn, mèsw thsqèsh:
W = B ln(m),ìpou B e�nai mia stajer� pou exart�tai apì ton arijmì twn diaforetik¸n qarakt rwn poumporoÔme na aposte�loume an� deuterìlepto kai m o arijmì twn diaforetik¸n sumbìlwnpou èqoume sth di�jes  ma pro apostol .}An�ptuxh sunart sewn plhrofor�aO Hartley to 1928, ìrise mia mon�da kai èna mètro plhrofor�a diatup¸nonta thn pa-rak�tw prìbleyh: {H ap�nthsh se mia er¸thsh pou mpore� na upojèsei ti duo timèNAI kai OQI (qwr� na lamb�nei upìyhn thn ènnoia th er¸thsh) perièqei mia mon�daplhrofor�a.}H mon�da plhrofor�a kale�tai <<bit>> giat� mporoÔme na jewr soume ti duo apant seise èna duadikì sÔsthma (NAI = 1 kai OQI = 2). O qarakthrismì enì sunìlou EN , to6



opo�o apotele�tai apì N = 2n duadik� stoiqe�a, ìpou h emf�nish twn stoiqe�wn mpore� naapanthje� me NAI   OQI, apaite� plhrofor�a
I(EN) = n = log2N =

ln(N)

ln(2)
bit.O parap�nw orismì th plhrofor�a e�nai kur�w gnwstì w tÔpo tou Hartley kaiisqÔei upì thn upìjesh ìti ìla ta N stoiqe�a tou sunìlou EN èqoun thn �dia pijanìthtaemf�nish, dhlad  pNi

= 1
N

gia i = 1, . . . , N .Mia �llh prosèggish th ènnoia th plhrofor�a bas�zetai sth sqèsh abebaiìthtatou metasqhmatismoÔ Fourier kai prospaje� na brei s mata me èna par�juro el�qistouqrìnou - suqnìthta (minimum time - frequeny window). Prìkeitai gia to metasqh-matismì Gabor pou prìteine o Dennis Gabor to 1946. H prosèggish aut  analÔei k�jes ma se par�jura qrìnou - suqnìthta en¸ o arijmì tètoiwn parajÔrwn apotele� thnplhrofor�a pou perièqetai sto parathroÔmeno s ma. Bèbaia, h prosèggish aut  den èqeikajierwje� w sun�rthsh   mètro plhrofor�a kaj¸ endiafèretai gia nteterministikèdomè kai den lamb�nei upìyh th thn abebaiìthta.O Claude E. Shannon to 1948 epèkteine thn ènnoia th plhrofor�a tou Hartley, jew-r¸nta sÔnola pou den apaite�tai na èqoun �se pijanìthte emf�nish: 'Estw E1, . . . , En,
n amoiba�w xèna metaxÔ (mutually exlusive) tou sÔnola me E = E1 + . . . + En. Oarijmì twn stoiqe�wn pou perilamb�nontai sto sÔnolo Ek e�nai Nk, to opo�o shma�nei ìtito sÔnolo E apotele�tai apì N =

∑n

k=1Nk stoiqe�a. Sunep¸ to sÔnolo Ek emfan�zetaime sqetik  suqnìthta
pk =

Nk

N
.'Ola ta stoiqe�a tou sunìlou Ek èqoun thn �dia pijanìthta emf�nish. 'Ara, e�n gnw-r�zoume ìti èna sugkekrimèno stoiqe�o e�nai mèlo tou sunìlou Ek, tìte o akrib  qa-rakthrismì autoÔ tou stoiqe�ou sto sÔnolo Ek qrei�zetai sÔmfwna me ton Hartley thnplhrofor�a

I(Nk) = log2N.O qarakthrismì enì stoiqe�ou tou sunìlou E xeqwrist� qrei�zetai th mèsh plhrofor�a
Ibinary, ìtan  dh gnwr�zoume ìti to stoiqe�o e�nai mèlo tou sunìlou Ek, ìpou

Ibinary = log2N +

n∑

k=1

pk log2 pk.Apì thn parap�nw sqèsh pa�rnoume ìti
log2N = Ibinary −

n∑

k=1

pk log2 pk.7



H plhrofor�a pou apaite�tai gia na qarakthr�soume èna stoiqe�o tou sunìlou E e�nai hsugq¸neush duo kommati¸n plhrofor�a, dhlad 
log2N = Ibinary + IShannon,ìpou to IShannon or�zei to sÔnolo Ek pou perièqei to stoiqe�o kai to Ibinary or�zei tosugkekrimèno stoiqe�o tou gnwstoÔ sunìlou Ek.Sunep¸, h entrop�a tou Shannon   entrop�a plhrofor�a d�netai apì th sqèsh

IShannon =
n∑

k=1

pk log2

(
1

pk

)

= −
n∑

k=1

pk log2 pk.H plhrofor�a tou Shannon e�nai h anamenìmenh tim  tou tÔpou tou Hartley, ìpou oi pija-nìthte den e�nai apara�thto na e�nai �se gia ìla ta pijan� endeqìmena. Sthn per�ptwshìmw pou oi pijanìthte e�nai �se tìte h plhrofor�a tou Shannon isoÔtai me thn plhro-for�a tou Hartley.Sun jw ston tÔpo th plhrofor�a tou Shannon qrhsimopoie�tai o nepèreio log�-rijmo kai sumbol�zetai me H(X), dhlad 
H(X) = −

n∑

k=1

pk ln(pk).H mègisth entrop�a epitugq�netai ìtan ìla ta n sÔmbola emfan�zontai me thn �dia pijanì-thta kai isoÔtai me
H = H(X) = −

n∑

k=1

1

n
ln

(
1

n

)

= − ln

(
1

n

)

= ln(n).H plhrofor�a tou Shannon perigr�fei akrib¸ thn abebaiìthta pou q�netai apì miamètrhsh. Qwr� kami� parat rhsh mporoÔme na d¸soume mia asaf , aìristh perigraf th pijan  apeikìnish apod�donta pijanìthte sta pijan� endeqìmena. Lamb�nonta miaparat rhsh, h ek twn protèrwn pijanìthta exale�fetai kaj¸ mporoÔme na prosdior�soumeèna endeqìmeno w apotèlesma th mètrhsh. Sunep¸, h plhrofor�a tou Shannon metr�thn plhrofor�a pou perièqetai se mia parat rhsh   thn abebaiìthta pou q�netai.H arqik  onomas�a th posìthta aut , ìpw o John von Neumann sumboÔleuseton Shannon,  tan entrop�a. To mètro tou Shannon perigr�fei thn arqik  abebaiìthtapou èqoume prin k�noume thn pr¸th parat rhsh. 'Etsi gnwr�zoume mìno thn katanom puknìthta tou peir�mato kaj¸ den èqoume k�poia sumpag  apeikìnish. 'Omw h ka-tanom  puknìthta ma epitrèpei na upolog�soume thn abebaiìthta (entrop�a) pou èqoumeìson afor� thn epijumht  apeikìnish. Sunep¸ to mètro tou Shannon e�nai èna mètro th8



entrop�a, ìtan koit�me to pe�rama sth b�sh th arqik  ma gn¸sh.To mètro tou Shannon e�nai ep�sh èna mètro plhrofor�a giat� ektì apì thn pe-rigraf  th arqik  abebaiìthta, perigr�fei epiplèon thn plhrofor�a pou mporoÔme nap�roume apì thn epìmenh parat rhsh. 'Otan exet�zoume to mètro tou Shannon upì autìto pr�sma, thn t�sh dhlad  gia mellontikì kèrdo plhrofor�a, mporoÔme na mil�me giaplhrofor�a tou Shannon, kaj¸ perigr�fei thn plhrofor�a pou perièqetai sti akìloujeparathr sei.Ed¸ ja prèpei na k�noume èna diaqwrismì metaxÔ diakrit¸n sunart sewn pijanìthtakai suneq¸n sunart sewn puknìthta pijanìthta, kaj¸ oi diakritè pijanìthte apo-d�dontai se arijm sima endeqìmena, ta opo�a mpore� na emfanistoÔn   ìqi. E�nai loipìnpijanìn na broÔme ènan akrib  prosdiorismì th emf�nish enì endeqomènou mèsw miaapl  apìfash th morf  NAI / OQI exale�fonta ìlh thn abebaiìthta pou afor� thnapeikìnish th parathroÔmenh diakrit  tuqa�a metablht . H perigraf  enì tuqa�oupeir�mato me suneqe� tuqa�e metablhtè den odhge� se akribe� apeikon�sei kaj¸ denmporoÔme na k�noume akribe� metr sei. Sthn per�ptwsh aut  èqoume abebaiìthta akìmakai met� thn parat rhsh kai to kèrdo se plhrofor�a pou èqoume apì th mètrhsh denexart�tai mìno apì thn arqik  abebaiìthta all� kai apì thn abebaiìthta pou paramèneimet� th mètrhsh (h opo�a sth diakrit  per�ptwsh isoÔtai me mhdèn).2.1.2 Mètra Plhrofor�aApì th stigm  pou up�rqei plhrofor�a, ja prèpei me k�poio trìpo na thn metr soume.Gia to lìgo autì èqoun protaje� kai akìmh prote�nontai mètra   oikogèneie mètrwn plh-rofor�a. Ta pio gnwst� kai jemeli¸dh mètra plhrofor�a, upì thn ènnoia ìti se aut�sthr�zetai h kataskeu  nèwn mètrwn, e�nai tou Fisher, twn Kullbak kai Leibler kai touShannon. Ta mètra aut�, all� kai �lla, allhlosusqet�zontai, kaj¸ to èna proèrqetaiapì to �llo   apotele� eidik  per�ptws  tou. Oi statistiko� diafwnoÔn sto gewmetrikìsq ma pou anaparist� ta mètra plhrofor�a kai ti allhlosusqet�sei tou. O Soo�(1994) sunoptik� anaparist� ta mètra aut� me thn puram�da Shannon - Kullbak - Lindley- Jaynes (Sq ma 2.1). Sthn koruf  th puram�da topojete�tai to mètro tou Shannon,gnwstì w entrop�a (entropy) en¸ sth b�sh topojetoÔntai trei genikeÔsei th entro-p�a. To mètro tou Kullbak, h mègisth entrop�a tou Jaynes kai h amoiba�a plhrofor�atou Lindley. H pl�gia pleur� metaxÔ twn koruf¸n Shannon, Kullbak kai Jaynes e�nai toep�pedo th el�qisth diaqwristik  plhrofor�a. H pl�gia pleur� metaxÔ twn koruf¸nShannon, Lindley kai Kullbak e�nai to ep�pedo th amoiba�a plhrofor�a, en¸ h tr�thpl�gia pleur� metaxÔ twn koruf¸n Shannon, Lindley kai Jaynes e�nai to ep�pedo th mpe�-zian  Jewr�a Plhrofori¸n. Ta upìloipa mètra mporoÔn na topojethjoÔn, sÔmfwna meton Soo� (1994), sto eswterikì th puram�da.O Papaioannou (2001) diafwne� me thn parap�nw anapar�stash, afoÔ o Jaynes den9



Sq ma 2.1: Puram�da Shannon - Kullbak - Lindley - Jaynesanak�luye èna kainoÔrio mètro plhrofor�a all� eis gage thn arq  th mègisth entrop�a(maximum entropy priniple). Sunep¸, o Papaioannou (2001) prote�nei ìti h Statistik Jewr�a Plhrofori¸n prèpei na anaparist�tai apì èna tr�gwno (Sq ma 2.2), sthn koruf tou opo�ou ja br�sketai to mètro tou Fisher en¸ sth b�sh ta mètra twn Shannon kaiKullbak.Ta mètra plhrofor�a mporoÔn na qwristoÔn sÔmfwna me ton Papaioannou (1985 kai2001) se trei kur�w kathgor�e: se parametrik�   tÔpou Fisher, se mh parametrik�  tÔpou apìstash kai se tÔpou entrop�a mètra plhrofor�a. Teleuta�a èqoun emfanisje�kai mpe�zian� mètra plhrofor�a.Parametrik� mètra   mètra tÔpou FisherTa parametrik� mètra, ìpw eÔkola mpore� kane� na sumper�nei apì to ìnom� tou, ana-fèrontai se parametrikè oikogèneie katanom¸n {f(X, θ), θ ∈ Θ} kai metroÔn to posìth plhrofor�a pou parèqoun ta dedomèna gia thn �gnwsth par�metro θ. Ta mètra aut�apoteloÔn sunart sei tou θ.O kuriìtero ekprìswpo th kathgor�a aut  e�nai to gnwstì mètro plhrofor�atou Fisher, to opo�o or�zetai w
IF
X(θ) = E

(
∂ ln f(X, θ)

∂θ

)2

,
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Sq ma 2.2: Tr�gwno Fisher - Shannon - Kullbakan h θ e�nai monodi�stath par�metro  
IF
X(θ) =

(

E

{(
∂ ln f(X, θ)

∂θi

)(
∂ ln f(X, θ)

∂θj

)})

p×p

,an h par�metro θ e�nai p - di�stato di�nusma. O p�naka tou Fisher e�nai summetrikì kaijetik� hmiorismèno.O Rao (1973) anafèrei ìti to mètro plhrofor�a tou Fisher metr� to ìrio mèqri toopo�o h abebaiìthta mei¸netai apì thn parat rhsh en¸ o Lehmann (1983) thn eukol�a methn opo�a mia par�metro mpore� na ektimhje�.To mètro plhrofor�a tou Fisher sundèetai me to mètro plhrofor�a twn Kullbak -Leibler, to opo�o ja doÔme sthn epìmenh par�grafo, w ex :'Estw f1 = fθ kai f2 = fθ+∆θ, ìpou θ kai θ + ∆θ e�nai monometablht� geitonik� shme�aston parametrikì q¸ro. Tìte isqÔei (Kullbak, 1959, sel. 28)
IKL
X (fθ, fθ+∆θ) =

1

2
(∆θ)2IF

X(θ).Upì aut  thn ènnoia, to mètro tou Fisher mpore� na jewrhje� w mètro apìstash metaxÔgeitonik¸n shme�wn ston parametrikì q¸ro.Oi Casella and Berger (2001) anafèroun ìti e�n isqÔei h sqèsh
∂

∂θ
E

(
∂

∂θ
ln f(X, θ)

)

=

∫
∂

∂θ

(
∂

∂θ
f(x, θ) ln f(x, θ)

)

dx,
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tìte to mètro plhrofor�a tou Fisher pa�rnei th morf 
IF
X(θ) = −

∫

f(x, θ)
∂2

∂θ2
ln f(x, θ) dx.Sthn per�ptwsh aut , h plhrofor�a mpore� na jewrhje� w mètro th aiqmhrìthta (sharp-ness) th kampÔlh sthr�gmato (support urve) kont� ston ektimht  mègisth pijanof�-neia th paramètrou θ.To mètro plhrofor�a tou Fisher e�nai idia�terh shmas�a sth Statistik  kur�w epeid emfan�zetai sthn anisìthta Cramer - Rao. H anisìthta aut  anafèrei ìti o ant�strofoth plhrofor�a tou Fisher e�nai èna asumptwtikì k�tw ìrio th diakÔmansh opoioud poteamerìlhptou ektimht  th paramètrou θ, dhlad :E�n E(T (X1, X2, . . . , Xn)) = θ + b(θ), ìpou T mia statistik  sun�rthsh, kai isqÔounk�poie sunj ke omalìthta (blèpe Rao (1953, sel. 329) kai Rohatgi (2001, sel. 391 -393)), tìte

var(T ) ≥ (1 + b′(θ))2

nIF
X(θ)

.E�n epiplèon o T e�nai amerìlhpto ektimht , tìte E(T (X1, X2, . . . , Xn)) = θ kai
var(T ) ≥ 1

nIF
X(θ)

,to opo�o e�nai h mikrìterh dunat  diakÔmansh gia ìlou tou amerìlhptou ektimhtè thparamètrou θ (blèpe Papaðw�nnou kai Ferent�no, 2000).'Alla mètra plhrofor�a gia thn monodi�stath par�metro θ e�nai ta mètra twn Vajda,Mathai kai Boekee, oi tÔpoi twn opo�wn e�nai
IV
X(θ) = E

∣
∣
∣
∣

∂ ln f(X, θ)

∂θ

∣
∣
∣
∣

a

, a ≥ 1

IMat
X (θ) =

(

E

∣
∣
∣
∣

∂ ln f(X, θ)

∂θ

∣
∣
∣
∣

a) 1
a

, a ≥ 1kai
IBo
X (θ) =

(

E

∣
∣
∣
∣

∂ ln f(X, θ)

∂θ

∣
∣
∣
∣

s
(s−1)

)s−1

, 1 < s <∞,ant�stoiqa. To mètro tou Vajda onom�zetai ep�sh plhrofor�a tou Fisher t�xh a ≥ 1en¸ e�nai eÔkola antilhptì ìti ta mètra twn Mathai kai Boekee sqet�zontai me autì touVajda mèsw twn tÔpwn
IMat
X (θ) =

(
IV
X(θ)

) 1
akai

IBo
X (θ) =

(
IV
X(θ)

) 1
a−1 ,12



ant�stoiqa.Gia p - di�stato θ to mìno mètro plhrofor�a pou up�rqei e�nai o p�naka plhrofor�atou Fisher. Oi Papaioannou and Kempthorne (1971) kai Ferentinos and Papaioannou(1981) prìteinan w monometablht� mètra ta parak�tw, ta opo�a proèrqontai apì tonp�naka plhrofor�a tou Fisher:
I∗X(θ) = tr

(
IF
X(θ)

)
,

DX(θ) = det
(
IF
X(θ)

)
,

λ∗X(θ) = λi

(
IF
X(θ)

)
,ìpou λi e�nai h i - ost  megalÔterh idiotim  tou IF

X(θ).Teleuta�a emfan�sthke san mètro plhrofor�a, h legìmenh parathroÔmenh plhrofor�atou Fisher   arijmì plhrofor�a tou Fisher pou d�netai apì ton tÔpo
IF
X(θ) = E

(
∂ ln f(x, θ)

∂x

)2

.ParathroÔme ìti to mètro autì e�nai �dio me to mètro plhrofor�a tou Fisher, me th mìnhdiafor� pw paragwg�zoume w pro x ant� w pro θ. Oi Papaioannou and Ferentinos(2002) prote�noun na mhn qrhsimopoie�tai o arijmì plhrofor�a tou Fisher w mètro plh-rofor�a afoÔ den ikanopoie� duo apì ti basikè idiìthte tou mètrou tou Fisher: thnmonoton�a kai thn ametablhtìthta (invariane). Ti idiìthte twn mètrwn plhrofor�a japarousi�soume se epìmenh par�grafo.Mh parametrik� mètra   mètra tÔpou apìklishTo antiproswpeutikì mètro th mh parametrik  kathgor�a e�nai to mètro twn Kullbak- Leibler (1951), to opo�o d�netai apì ton tÔpo
IKL
X (f1, f2) =

∫

f1(x) ln
f1(x)

f2(x)
dx,kai metr� thn apìstash metaxÔ duo katanom¸n f1 kai f2 (Kullbak, 1959). Me �lla lì-gia d�nei thn plhrofor�a pou kerd�zoume an antikatast soume thn katanom  f2 me thn f1.Enallaktik� anafèretai w sqetik    diastauroÔmenh entrop�a (relative   ross - entropy)kai plhrofor�a diaqwrismoÔ (disrimination information). Oi Alwan et al. (1998) parou-si�zoun analutikè ekfr�sei gia ton upologismì th tim  tou mètrou twn Kullbak -Leibler gia arketè monometablhtè katanomè, oi opo�e diafèroun w pro ti paramè-trou tou. Sto shme�o autì ja prèpei na anafèroume ìti to mètro autì den ikanopoie�ìle ti idiìthte th apìstash   th metrik . Sthn pragmatikìthta, den e�nai summetri-13



kì mètro kai den ikanopoie� thn idiìthta th trigwnik  anisìthta. Sunep¸ den mpore�na jewrhje� w mia kajar  apìstash kai gia to lìgo autì e�nai mètro kateujunìmenhapìklish.Je¸rhma 2.1. (Anisìthta Plhrofor�a) 'Estw f1(x), f2(x), x ∈ H , duo sunart seipijanìthta. Tìte IKL
X (f1, f2) ≥ 0 me isìthta an kai mìno an f1 = f2 gia k�je x.Apìdeixh. 'Estw A = {x : f1(x) > 0} to st rigma th f1(x). Tìte

−IKL
X (f1, f2) = −

∫

f1(x) ln
f1(x)

f2(x)
dx

=

∫

f1(x) ln
f2(x)

f1(x)
dx ≤ ln

∫

f1(x)
f2(x)

f1(x)
dx

= ln

∫

f2(x) dx ≤ ln

∫

f2(x) dx

= ln 1 = 0,ìpou qrhsimopoi same thn anisìthta tou Jensen gia th sun�rthsh t ln t. Epeid  h ln te�nai austhr� ko�lh sun�rthsh tou t, h t ln t e�nai austhr� kurt  kai sunep¸ h isìthtaepitugq�netai an kai mìno an f2(x)
f1(x)

= 1 gia ìla ta x. Dhlad  an f1(x) = f2(x) (Cover andThomas, 1991, sel. 26).To parap�nw je¸rhma ma lèei ìti to mètro twn Kullbak - Leibler, dhlad  h plhro-for�a gia thn apìstash metaxÔ duo katanom¸n e�nai p�ntote jetik . To je¸rhma autìe�nai arket� shmantikì kai apotele� th b�sh gia ta perissìtera apotelèsmata pou japarousiastoÔn sth sunèqeia th diatrib .H anisìthta tou Jensen pou qrhsimopoie�tai sthn parap�nw apìdeixh, èqei w ex :An h f e�nai kurt  sun�rthsh kai X mia tuqa�a metablht , tìte
E[f(X)] ≥ f [E(X)].Epiplèon, an h f e�nai austhr¸ kurt , tìte h isìthta uponoe� ìtiX = E(X) me pijanìthta1, dhlad  h X e�nai stajer  (Cover and Thomas, 1991, sel. 482).E�n èqoume duo tuqa�e metablhtè X kai Y me apì koinoÔ sun�rthsh puknìthtapijanìthta p(x, y) kai perij¸rie sunart sei puknìthta pijanìthta f(x) kai g(y), tìteh sqetik  entrop�a metaxÔ th apì koinoÔ katanom  kai tou ginomènou twn perij¸riwnkatanom¸n, dhlad  h

I(X, Y ) =

∫ ∫

p(x, y) ln
p(x, y)

f(x)g(y)
dx dy = IKL(p(x, y), f(x)g(y))onom�zetai amoiba�a plhrofor�a (mutual information). To parap�nw mètro, ermhneÔetaiw h plhrofor�a pou parèqei h mia metablht  gia thn prìbleyh th �llh (Soo�, 1994).14



H amoiba�a plhrofor�a e�nai mia tupik  austhr� orismènh ènnoia th Jewr�a Plhrofo-ri¸n pou or�zei èna logarijmikì mètro ex�rthsh metaxÔ duo   perissotèrwn tuqa�wnmetablht¸n me auja�retou metr simou deigmatikoÔ q¸rou (Zografos, 2008b). Arqik�qrhsimopoi jhke apì ton Lindley (1956) gia th mpe�zian  sÔgkrish peiram�twn. H ènnoiaaut  prwtoeis qjh apì ton Shannon (1948) kai sth sunèqeia genikeÔjhke apì di�forousuggrafe� metaxÔ twn opo�wn, oi Vajda (1989), Joe (1989) kai Miheas and Zografos(2006).O Je�reys (1946) prìteine th qr sh th summetrik  ekdoq  tou mètrou twn Kullbak- Leibler,
JX(f1, f2) = IKL

X (f1, f2) + IKL
X (f2, f1),w mètro apìklish metaxÔ duo katanom¸n pijanìthta. To mètro autì onom�zetai J -apìklish.'Alla mh parametrik� mètra e�nai to mètro tou Bhattaharyya (1943),

IB
X(f1, f2) = − ln

∫
√

f1(x)
√

f2(x) dx,kaj¸ kai h gen�keus  tou, gnwst  w mètro tou Rényi (1961) pou d�netai apì ton tÔpo
IR
X(f1, f2) = (a− 1)−1 ln

∫

fa
1 (x)f 1−a

2 (x) dx, a > 0, a 6= 1.To mètro autì e�nai ep�sh gnwstì w plhrofor�a t�xh a ìtan h katanom  f2 antikata-staje� apì thn f1.Argìtera, oi Liese and Vajda (1987) epèkteinan to mètro tou Rényi gia ìla ta a 6= 0, 1,w
IRLV

X (f1, f2) = [a(a− 1)]−1 ln

∫

fa
1 (x)f 1−a

2 (x) dx, a 6= 0, 1.Merikè forè sth bibliograf�a, to mètro twn Liese and Vajda anafèretai w mètro touRényi. Gia ti timè a = 0 kai a = 1 to mètro or�zetai w ìrio. E�nai eÔkolo na deiqje� ìti
lim
a→0

IR
X(f1, f2) = IKL

X (f2, f1) kai lim
a→1

IR
X(f1, f2) = IKL

X (f1, f2).Ep�sh to mètro tou Kagan (1963),
IKa
X (f1, f2) =

∫ [

1 − f1(x)

f2(x)

]2

f2(x) dx,gnwstì w χ2 - apìklish, h gen�keus  tou
IV
X(f1, f2) =

∫ ∣
∣
∣
∣
1 − f1(x)

f2(x)

∣
∣
∣
∣

a

f2(x) dx,
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gnwstì w mètro tou Vajda   χ− a - apìklish kai to mètro tou Matusita (1951),
IM
X (f1, f2) =

[∫ (√

f1(x) −
√

f2(x)
)2

dx

] 1
2

= [2(1 − ρ)]
1
2 ,ìpou ρ =

∫ √

f1(x)
√

f2(x) dx e�nai h sqèsh metaxÔ twn katanom¸n f1(x) kai f2(x).'Ena shmantikì mètro plhrofor�a e�nai autì tou Csiszar,
IC
X(f1, f2) = Iφ

X(f1, f2) =

∫

φ

(
f1(x)

f2(x)

)

f2(x) dx,gnwstì kai w φ - apìklish. H φ e�nai pragmatik  kurt  sun�rthsh sto [0,∞) me 0φ
(

0
0

),
aφ
(

0
0

)
= aφ∞ kai φ∞ = lim

u→∞

[
φ(u)

u

]. To IC
X(f1, f2) e�nai mia eurÔterh oikogèneia mètrwnplhrofor�a afoÔ gia eidikè epilogè th sun�rthsh φ, katal goume se �lla mh parame-trik� mètra. Shmei¸noume ìti to mètro autì prot�jhke anex�rthta apì ton Csiszar (1963)kai tou Ali and Silvey (1966). Parade�gmata th sun�rthsh φ gia orismèna gnwst�mètra plhrofor�a, parousi�zontai ston P�naka 2.1.

φ(u) Mètro Plhrofor�a
u lnu IKL

X (f1, f2)
(1 − u)2 IKa

X (f1, f2)
(1 −√

u)2 IM
X (f1, f2)

|1 − u|a, a ≥ 1 IV
X(f1, f2)P�naka 2.1: Eidikè epilogè th sun�rthsh φDuo gnwstè parametrikè genikeÔsei tou mètrou twn Kullbak - Leibler e�nai tolegìmeno r - t�xh kai s - bajmoÔ mètro apìklish kai to 1 - t�xh kai s - bajmoÔ mètroapìklish pou prìteinan oi Sharma and Mittal (1977). Ta mètra aut� d�nontai apì tisqèsei

Ir,s
X (f1, f2) =

1

s− 1

[(∫

f r
1 (x)f 1−r

2 (x) dx

) s−1
r−1

− 1

]

, r, s 6= 1kai
I1,s
X (f1, f2) =

1

s− 1

[

exp

{

(s− 1)

∫

f1(x) ln
f1(x)

f2(x)
dx

}

− 1

]

, s 6= 1,ant�stoiqa. Kai p�li e�nai eÔkolo na doÔme ìti lim
s→1

Ir,s
X (f1, f2) = rIR

X(f1, f2), lim
r→1

Ir,s
X (f1, f2) =

I1,s
X (f1, f2) kai lim

s→1
I1,s
X (f1, f2) = IKL

X (f1, f2).'Ena mètro apìklish, to opo�o èqei mia eidik  ap qhsh kaj¸ proèrqetai apì thnentrop�a tou Shannon kai thn ko�lh idiìthta aut  e�nai h diafor� tou Jensen ìpw thnonìmasan oi Burbea and Rao (1982). H diafor� tou Jensen metaxÔ duo sunart sewn
16



puknìthta pijanìthta f1 kai f2, d�netai apì th sqèsh
J(f1, f2) ≡ H

(
1
2
(f1 + f2)

)
− 1

2
[H(f1) +H(f2)] ,ìpou H(f) = −

∫
f(x) ln f(x) dx e�nai h entrop�a tou Shannon.Mia �llh gnwst  gen�keush twn mètrwn apìklish e�nai h oikogèneia twn apokl�sewndÔnamh (power divergenes) pou prìteinan oi Cressie and Read (1984) kai d�netai apì thsqèsh
ICR
X (f1, f2) =

1

λ(λ+ 1)

∫

f1(x)

[(
f1(x)

f2(x)

)λ

− 1

]

dxgia λ ∈ R en¸ gia λ = 0 kai λ = −1 or�zetai w ìrio. E�nai ìmw eÔkolo na deiqje� ìtigia λ→ 0 èqoume
lim
λ→0

ICR
X (f1, f2) =

∫

f1(x) ln
f1(x)

f2(x)
dx = IKL

X (f1, f2),to opo�o e�nai to mètro twn Kullbak - Leibler en¸ gia λ→ −1 èqoume
lim

λ→−1
ICR
X (f1, f2) =

∫

f2(x) ln
f2(x)

f1(x)
dx = IKL

X (f2, f1).Na shmei¸soume ìti to mètro twn Cressie and Read an kei sthn oikogèneia twn φ - apo-kl�sewn gia
φ(x) = [λ(λ+ 1)]−1(xλ+1 − x).Me th diakrit  per�ptwsh tou mètrou twn Cressie and Read ja asqolhjoÔme ektenèsterase epìmeno kef�laio.An kai to mètro tou Csiszar e�nai èna genikì mètro, parìla aut� den perièqei ìla tagnwst� mètra. Gia par�deigma, ta mètra twn Rényi, Sharma and Mittal kai Bhattaharyyaden mporoÔn na grafoÔn w φ - apokl�sei. Gia to lìgo autì oi Menendez et al. (1995)eis gagan kai melèthsan thn oikogèneia twn (h, φ) - apokl�sewn, h opo�a d�netai apì thsqèsh
Ih,φ
X (f1, f2) = h

(

Iφ
X(f1, f2)

)

,ìpou h h e�nai mia diafor�simh aÔxousa pragmatik  sun�rthsh me h(0) = 0 kai h′(0) > 0en¸ h φ ìpw sthn oikogèneia twn φ - apokl�sewn.O Lin (1991) ìrise thn Jensen - Shannon di�erene
JS(f1, f2) = H(af1 + (1 − a)f2) − aH(f1) − (1 − a)H(f2), 0 < a < 1.To mètro autì e�nai epèktash th diafor� tou Jensen, pou anafèrame parap�nw, kaj¸17



ep�sh apotele� mia eidik  per�ptwsh twn φ - apokl�sewn gia
φ(x) = ax ln x− (ax+ 1 − a) ln(ax+ 1 − a),ìpw anafèroun oi Menendez et al. (1997).Mia apì ti teleuta�a proteinìmene oikogèneie mètrwn apìklish e�nai h BHHJ apì-klish dÔnamh, h opo�a prot�jhke apì tou Basu et al. (1998) kai or�zetai w ex 

Ia
X(f1, f2) =

∫ [

f 1+a
2 (x) −

(

1 +
1

a

)

f1(x)f
a
2 (x) +

1

a
f 1+a

1 (x)

]

dx, a > 0.E�nai eÔkolo na doÔme ìti isqÔei lim
a→0

Ia
X(f1, f2) = IKL

X (f2, f1).H parap�nw bèbaia oikogèneia mètrwn mpore� na jewrhje� w eidik  per�ptwsh toumètrou Bregman (Jones and Byrne, 1990; Csiszar, 1991), to opo�o èqei th genik  morf 
IBr
X (f1, f2) =

∫

[H(f1(x)) −H(f2(x)) − (f1(x) − f2(x))H
′(f2(x))] dx,ìpou H e�nai mia kurt  sun�rthsh.Tèlo, o Mattheou (2007) prìteine th genikeumènh oikogèneia twn BHHJ apokl�sewndÔnamh. H oikogèneia aut  or�zetai w

Ia
X(f1, f2) =

∫

f 1+a
1 (x)Φ

(
f2(x)

f1(x)

)

dx,ìpou Φ e�nai mia kurt  sun�rthsh sto [0,∞) tètoia ¸ste Φ(1) = 0, Φ′(1) = 0 kai Φ′′(1) 6=
0. Epiplèon upojètoume ìti isqÔoun oi sqèsei 0Φ(0/0) = 0 kai 0Φ(u/0) = lim

u→∞
Φ(u)

u
, gia

u > 0.H oikogèneia twn mètrwn BHHJ mpore� na jewrhje� w mèlo th parap�nw genik oikogèneia pa�rnonta
Φ(u) = u1+a −

(

1 +
1

a

)

ua +
1

a
.Epiplèon e�n p�roume Φ(u) = φ(u) kai a = 0 tìte h genikeumènh oikogèneia BHHJ kata-l gei sto mètro tou Csiszar.Sto shme�o autì kr�noume skìpimo na parousi�soume th sqèsh pou sundèei ta parame-trik� me ta mh parametrik� mètra plhrofor�a. 'Estw

IX(f(x|θ), f(x|θ + ∆θ))èna mh parametrikì mètro plhrofor�a gia ti puknìthte f(x|θ) kai f(x|θ + ∆θ). 'Enatrìpo gia na kataskeu�soume parametrik� mètra plhrofor�a apì mh parametrik� mètra
18



d�netai apì th sqèsh:
IX(θ) = lim

∆θ→θ
inf

1

(∆θ)2
IX(f(x|θ), f(x|θ + ∆θ))H mèjodo aut  èqei qrhsimopoihje� apì polloÔ suggrafe� metaxÔ twn opo�wn oi Kagan(1963), Vajda (1973), Boekee (1979), Ferentinos and Papaionnou (1981) kai Taneja (1987).Mètra TÔpou Entrop�aTo kuriìtero mètro th tr�th kathgor�a e�nai h entrop�a tou Shannon   diaforik  entro-p�a, ìpw diaforetik� onom�zetai (Shannon, 1948). H entrop�a d�netai apì ton tÔpo

H(X) = H(p) = −
∑

x

p(x) ln p(x) 
H(X) = H(f) = −

∫

f(x) ln f(x) dxgia th diakrit    suneq  per�ptwsh ant�stoiqa. To mètro autì posotikopoie� thn anamenì-menh abebaiìthta pou sqet�zetai me to apotèlesma enì peir�mato tÔqh. Me �lla lìgiaparèqei plhrofor�a gia thn probleyimìthta tou apotelèsmato mia tuqa�a metablht 
X. 'Oso megalÔterh h entrop�a tìso ligìtero sugkentrwmènh e�nai h katanom  th Xkai sunep¸ mia parat rhsh th X parèqei l�gh plhrofor�a. GenikeÔonta thn ènnoia thentrop�a se duo tuqa�e metablhtè, èqoume thn apì koinoÔ entrop�a (mutual entropy)

H(X, Y ) = −
∑

x

∑

y

p(x, y) ln p(x, y) = −E[ln p(x, y)],ìpou p(x, y) e�nai h apì koinoÔ katanom  twn metablht¸n X, Y . H upì sunj kh entrop�aor�zetai w
H(Y |X) = −

∑

x

∑

y

p(x, y) ln p(y|x) = −E[ln p(y|x)].Apì ton kanìna th alus�da isqÔei H(X, Y ) = H(X) +H(Y |X).Gia th sqèsh th entrop�a me thn amoiba�a plhrofor�a I(X, Y ) kai kat' epèktash me tomètro plhrofor�a twn Kullbak - Leibler, dojènto ìti I(X, Y ) = IKL(p(x, y), f(x)g(y))isqÔei to parak�tw je¸rhma (Cover and Thomas, 1991, sel. 20):Je¸rhma 2.2. (Mutual Information and entropy) IsqÔoun oi parak�tw sqèsei:1. I(X, Y ) = H(X) −H(X|Y )2. I(X, Y ) = H(Y ) −H(Y |X) 19



3. I(X, Y ) = H(X) +H(Y ) −H(X, Y )4. I(X, Y ) = IKL(Y,X)5. I(X,X) = H(X)Gia onomastikè (nominal) apokr�sei, o Theil (1970) prìteine ènan de�kth qrhsimopoi¸-nta thn entrop�a tou Shannon. Gia p�nake sun�feia, h analogik  me�wsh (proportionalredution) th entrop�a isoÔtai me
U = −

∑

i

∑

j

πij ln(πij/πi+π+j)

∑

j

π+j ln π+jkai onom�zetai suntelest  abebaiìthta (unertainty oe�ient). To mètro autì or�zetaiswst� ìtan ìla ta π+j > 0. Pa�rnei tim  metaxÔ tou 0 kai 1. To U = 0 upodhl¸nei thnanexarths�a twn metablht¸n X kai Y . To U = 1 isoduname� me èlleiyh upo sunj khdiaspor� (onditional variation), me thn ènnoia ìti gia k�je i, πj|i = 1 gia k�poia j(Agresti, 2002).'Ena deÔtero mètro th kathgor�a aut  e�nai o de�kth Gini - Simpson (Gini, 1912;Simpson, 1949). 'Estw p = (p1, p2, . . . , pn) mia diakrit  katanom  pijanìthta. Tìte ode�kth Gini - Simpson or�zetai w
IGS(p) = 1 −

n∑

i=1

p2
i .Argìtera emfan�sthkan �lle genikeÔsei th entrop�a tou Shannon. Pio sugkekri-mèna prot�jhke h entrop�a tou Rényi (1961), h opo�a d�netai apì th sqèsh

HR,a(f) =
1

a− 1
ln

∫

fa(x) dx, a > 0, a 6= 1kai h ektetamènh entrop�a tou Rényi gia ìla ta a ∈ R − {0, 1}, h opo�a prot�jhke apìtou Liese and Vajda (1987) kai d�netai apì th sqèsh
HRLV ,a(f) =

1

a(a− 1)
ln

∫

fa(x) dx, a 6= 0, 1.H ektetamènh entrop�a tou Rényi den or�zetai gia a = 1 kai a = 0. E�nai eÔkolo ìmw nadeiqje� ìti gia a → 1 h entrop�a tou Rényi isoÔtai me thn entrop�a tou Shannon en¸ gia
a→ 0 isqÔei

lim
a→0

HRLV ,a(f) =

∫

ln f(x) dx.Kat� antistoiq�a me thn oikogèneia twn φ - apokl�sewn, oi Burbea and Rao (1982a,20



1982b, 1982) eis gagan thn oikogèneia twn φ - entropi¸n, h opo�a perilamb�nei arketèapì ti entrop�e pou èqoun protaje� (Pardo, 2006). H oikogèneia twn φ - entropi¸nor�zetai apì th sqèsh
Hφ(f) =

∫

φ(f(x)) dx,ìpou h φ e�nai mia suneq  kurt  sun�rthsh pou or�zetai sto (0,∞) kai isqÔei φ(0) =

limu→0 φ(u) ∈ (−∞,∞].'Omw, ìpw sumba�nei kai me thn oikogèneia twn φ - apokl�sewn, ètsi kai orismèneshmantikè entrop�e den mporoÔn na grafoÔn w φ - entrop�e. To prìblhma autì èrqetaina lÔsei mia akìmh pio genik  oikogèneia, thn opo�a prìteinan oi Saliru et al. (1993) kaionom�zetai (h, φ) - entrop�a. H oikogèneia aut  or�zetai w
Hh,φ(f) = h

(∫

φ(f(x)) dx

)

,ìpou e�te h sun�rthsh φ : (0,∞) → R e�nai ko�lh kai h sun�rthsh h : R → R diafor�simhkai aÔxousa e�te h sun�rthsh φ e�nai kurt  kai h h : R → R diafor�simh kai fj�nousa. Tamètra pou an koun sti oikogèneie twn φ kai (h, φ) - entropi¸n, d�nontai ston P�naka 2.2(Pardo, 2006).
φ(x) h(x) Entrop�a

−x ln x x Shannon (1948)
xr−m+1 (m− r)−1 ln x Rényi (1961) (r 6= 0, r 6= 1)

(1 − s)−1(xs − x) x Havrda and Charvat (1967)(s 6= 1, s > 0)
x

1
t (t− 1)−1(xt − 1) Arimoto (1971) (t 6= 1, t > 0)

x ln x exp[(s−1)x]−1
1−2

Sharma and Mittal (1975)(s 6= 1, s > 0)
(1 + λx) ln(1 + λx)

(
1 + 1

λ

)
ln(1 + λ) − x

λ
Ferreri (1980) (λ > 0)

xs+(1−x)s−1
1−s

x Kapur (1972) (s 6= 1)
xs−(1+x)s+1+(s−1)−1(2s−2)x

s−2
x Burbea (1984)P�naka 2.2: φ - entrop�e kai (h, φ) - entrop�eOi Burbea and Rao (1982a, 1982b, 1982) ìrisan ep�sh thn oikogèneia twn Rφ -apokl�sewn, h opo�a d�netai apì th sqèsh

Rφ(f1, f2) = Hφ

(
f1 + f2

2

)

− Hφ(f1) +Hφ(f2)

2en¸ oi Pardo et al. (1993) gen�keusan thn parap�nw oikogèneia, me th bo jeia th (h, φ)
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- entrop�a, or�zonta thn
Rh

φ(f1, f2) = Hh
φ

(
f1 + f2

2

)

−
Hh

φ(f1) +Hh
φ(f2)

2
.Qrhsimopoi¸nta

φ(x) =

{

(1 − a)−1(xa − x), a 6= 1, a > 0

−x ln x, a = 1
,h oikogèneia twn Rφ - apokl�sewn odhge� se mia �llh shmantik  oikogèneia apokl�sewn,thn Ra

φ - apìklish pou prìteinan oi Havrda and Charvat (1967).Mètra kat� BayesMia tètarth kathgor�a mpore� na sumperil�bei ta mètra pou proèrqontai apì thn mpe�zian prooptik . O kÔrio ekprìswpo th kathgor�a aut  e�nai to mètro tou Lindley (1956).D�netai apì ton tÔpo
IL
X(θ) = H(ξ) − E[H(ξ|x)]

= −
∫

ξ(θ) ln ξ(θ)dθ −
{(

−
∫

ξ(θ|x) ln ξ(θ|x)dθ
)

p(x) dx

}

,ìpou ξ(θ), p(x) kai ξ(θ|x) e�nai h ek twn protèrwn pijanìthta, h perijwriak  pijanìthtakai h ek twn ustèrwn pijanìthta, ant�stoiqa. Gia f1(x) = p(x, θ) kai f2(x) = p(x)ξ(θ),ìpou p(x, θ) e�nai h apì koinoÔ puknìthta twn X kai θ, pa�rnoume to mètro twn Kullbak- Leibler.'Ena �llo mètro th kathgor�a aut  e�nai to mètro tou Mallows (1959),
IMa
X (θ) =

∫

p(x|θ) {W (θ, ξ(θ|x)) −W (θ, ξ(θ))} dx,ìpou W (θ, ξ(·)) e�nai èna arijmhtikì mètro th gn¸sh tou ereunht  gia thn par�metro θkai p(x|θ) h puknìthta th tuqa�a metablht  X doje�sh th paramètrou θ.Gia perissìtere plhrofor�e gia ta parap�nw mètra plhrofor�a parapèmpoume stouSoo� (1994), Papaioannou (1985 kai 2001) kai Papaioannou and Ferentinos (2002).H plhj¸ra twn mètrwn plhrofor�a ta opo�a qrhsimopoioÔntai gia tìsa qrìnia kaito gegonì ìti nèa mètra (pou sqet�zontai   ìqi me ta klasik� mètra) suneq�zetai naeis�gontai de�qnei ìqi mìno ti diaforetikè prooptikè all� ep�sh thn adunam�a na oriste�monos manta (uniquely) h ènnoia th statistik  plhrofor�a.
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2.1.3 Idiìthte Mètrwn Plhrofor�aTa mètra plhrofor�a èqoun k�poie idiìthte ti opo�e prèpei na ikanopoioÔn ta neo-emfanizìmena mètra. Anafèrjhke prohgoumènw ìti o arijmì plhrofor�a tou Fisherden prèpei na qarakthr�zetai w mètro plhrofor�a kaj¸ den ikanopoie� orismène ba-sikè idiìthte tou mètrou tou Fisher. Fusik�, ja  tan par�logo kai mh realistikì ìlata mètra pou emfan�zontai na ikanopoioÔn ìle anexairètw ti idiìthte. Oi statistiko�akìmh den èqoun sumfwn sei se èna sÔnolo basik¸n kai logik¸n idiot twn, ti opo�e taneoemfanizìmena mètra ja prèpei na ikanopoioÔn.A doÔme t¸ra ti pio basikè kai epijumhtè idiìthte, ìpw ti parousi�zei o Pa-paioannou (1985 kai 2001).'Estw IX opoiod pote mètro th plhrofor�a pou perièqetai sta dedomèna X kai T (X)mia opoiod pote statistik  sun�rthsh tou X. Shmei¸noume ìti gia ta parametrik� mètra,apaite�tai epiplèon h ekpl rwsh orismènwn sunjhk¸n omalìthta.1. Mh arnhtikìthta (Nonnegativity)IsqÔei IX ≥ 0 me isìthta an kai mìno an h katanom  e�nai anex�rthth tou θ   hoikogèneia katanom¸n apotele�tai apì mia mìno katanom . H idiìthta aut  den isqÔei mìnogia to mètro tou Csiszar kai gia ti suneqe� peript¸sei twn entropi¸n tou Shannon kaitou Rényi. To mètro tou Csiszar, wstìso ikanopoie� thn pio genik  anisìthta IC
X ≥ φ(1).2. Prosjetikìthta - Upoprosjetikìthta (Additivity - Subadditivity)Up�rqoun duo e�dh prosjetikìthta: h adÔnamh kai h dunat . H adÔnamh prosjetikì-thta d�netai apì th sqèsh IX,Y = IX + IY an oi X, Y e�nai anex�rthte. H dunat , d�netaiapì th sqèsh IX,Y = IX + IY |X , ìpou IY |X = EX [IY |X=x] en¸ h upoprosjetikìthta apìth sqèsh IX,Y ≤ IX + IY me isìthta an h X e�nai anex�rthth th Y .H dunat  prosjetikìthta uponoe� thn adÔnamh. H adÔnamh prosjetikìthta isqÔei giaìla ta mètra ektì apì aut� twn Matusita, Kagan, Vajda kai sunep¸ twn Mathai kaiBoekee. H dunat  prosjetikìthta isqÔei mìno gia ta mètra twn Fisher, Kullbak - Leiblerkai Shannon. H upoprosjetikìthta isqÔei mìno gia thn entrop�a tou Shannon, en¸ h isqÔth gia to mètro tou Csiszar exart�tai apì thn epilog  th sun�rthsh φ.3. Upì Sunj kh Anisìthta (Conditional Inequality)IsqÔei IY |X = IX . An isqÔoun opoiesd pote duo apì ti idiìthte: dunat  prosjeti-kìthta, upoprosjetikìthta kai upì sunj kh anisìthta, tìte isqÔei kai h tr�th. H upìsunj kh anisìthta ikanopoie�tai apì thn entrop�a tou Shannon all� ìqi apì ta mètra twn
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Fisher kai Kullbak - Leibler.4. Mègisth Dunat  Plhrofor�a (Maximal Information)H idiìthta aut  d�netai apì th sqèsh IT (X) ≤ IX kai den ikanopoie�tai mìno apì thsuneq  per�ptwsh twn entropi¸n tou Shannon kai tou Rényi.5. Ametablhtìthta (Invariane) upì eparke� metasqhmatismoÔIsqÔei IX = IT (X) an kai mìno an h statistik  sun�rthsh T (X) e�nai epark . IsqÔeigia ìla ta mètra ektì apì ti entrop�e twn Shannon kai Rényi.6. Kurtìthta (Convexity)'Estw a1 ≥ 0, a2 ≥ 0 me a1 + a2 = 1 kai f1, f2 duo puknìthte. Tìte isqÔei IX(a1f1 +

a2f2) ≤ a1IX(f1) + a2IX(f2). H kurtìthta den isqÔei gia ta mètra twn Rényi me a > 1,Matusita kai ti entrop�e twn Shannon kai Rényi.7. Ap¸leia Plhrofor�a (Loss of Information)'Estw G to sÔnolo ìlwn twn diamer�sewn g tou Rk kai Ig to mètro plhrofor�a gia to
g. Tìte sup

g∈G

Ig = IX   Ig → IX kaj¸ h leptìthta (re�nement) λ(g) tou g te�nei sto mhdèn.Autì shma�nei ìti h ap¸leia plhrofor�a pou ofe�letai se omadopo�hsh twn parathr sewn,mpore� na g�nei auja�reta mikr  epilègonta kat�llhlh diamèrish g. Shmei¸netai ìti an hstatistik  sun�rthsh e�nai epark , den up�rqei ap¸leia plhrofor�a. H idiìthta aut isqÔei gia ìla ta mètra ektì apì th suneq  per�ptwsh twn entropi¸n twn Shannon kaiRényi.8. Ep�rkeia sta Peir�mata (Su�ieny in Experiments)An ta peir�mata EX kai EY èqoun ton �dio parametrikì q¸ro Θ kai to EX e�nai eparkègia to EY sÔmfwna me ton orismì tou Blakwell, tìte IX ≥ IY . H idiìthta aut  isqÔeigia ìla ta mètra plhrofor�a me diaforetikoÔ periorismoÔ to kajèna.9. Emf�nish sti Anisìthte Cramer - Rao.'Ola ta parametrik� mètra emfan�zontai sti anisìthte tÔpou Cramer - Rao me thnpro�pìjesh ìti isqÔoun orismène sunj ke omalìthta (Papaðw�nnou kai Ferent�no,2000). Gia par�deigma, an g(θ) e�nai mia parametrik  sun�rthsh tou θ, tìte gia to mètro
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plhrofor�a tou Fisher isqÔei E[T (X) − g(θ)]2 ≥ [g′(θ)]2

IF
X

(θ)
.10. Ametablhtìthta (Invariane) upì parametrikoÔ metasqhmatismoÔH idiìthta aut  den isqÔei gia ta mètra twn Fisher, Vajda, Matusita kai Boekee.11. Anisìthta th Enoqlhtik  Paramètrou (Nuisane Parameter Inequality)An θ2 e�nai enoqlhtik  par�metro, tìte IX(θ1, θ2) ≤ IX(θ1). Autì shma�nei ìti kaj¸o arijmì twn paramètrwn aux�nei h plhrofor�a mei¸netai.12. Idiìthta Diat rhsh Seir� (Order Preserving Property)'Estw I èna mètro to opo�o apodeqìmaste w tupikì kai J èna opoiod pote �llo mè-tro. Tìte IX1 ≤ IX2 ⇒ JX1 ≤ JX2 . H idiìthta aut  e�nai fusik  me thn ènnoia ìti ènamètro plhrofor�a opoioud pote tÔpou metr� thn posìthta th plhrofor�a pou up�rqeikai sunep¸ e�n mia tuqa�a metablht  perièqei perissìterh plhrofor�a apì mia �llh tu-qa�a metablht  gia èna sugkekrimèno mètro tìte e�nai logikì na anamènoume na perièqeiperissìterh plhrofor�a gia opoiod pote mètro. Autì isqÔei an to I e�nai h entrop�a touShannon kai to J h entrop�a tou Rényi me a > 1.13. Asumptwtik  Sumperifor�H akolouj�a twn tuqa�wn metablht¸n Xn sugkl�nei, ìtan n → ∞, sthn tuqa�a meta-blht  X an kai mìno an IXn

→ IX . Upì orismène sunj ke h idiìthta aut  isqÔei gia tamètra twn Kullbak - Leibler kai Rényi.Gia perissìtere plhrofor�e, idiìthte kai parade�gmata o anagn¸sth parapèmpetaistou Papaioannou (2001) kai Kullbak (1959).Apì ti parap�nw idiìthte dikaiologe�tai h �poyh twn statistik¸n episthmìnwn ìti pe-rissìtera dedomèna shma�noun perissìterh plhrofor�a. Sugkekrimèna, se autì sumb�lounoi idiìthte th prosjetikìthta, mh arnhtikìthta kai mègisth dunat  plhrofor�a.2.2 Jewr�a Plhrofori¸n kai Statistik H Statistik , h epist mh th exagwg  plhrofor�a apì dedomèna, emfan�zetai w tofusikì ped�o efarmog  th Jewr�a Plhrofori¸n, pèra apì th Jewr�a Epikoinwni¸n.Istorik�, èna mètro plhrofor�a e�qe qrhsimopoihje� apì tou statistikoÔ epist moneprin apì ton Shannon. Prìkeitai gia to mètro plhrofor�a tou Fisher (Fisher, 1925). Oistatistiko� ereunhtè èqoun pa�xei kur�arqo rìlo sthn an�ptuxh th Jewr�a Plhrofo-ri¸n kai èqoun apode�xei ìti apotele� èna pla�sio gia enasqìlhsh me poll� kai di�fora25



probl mata statistik  fÔsew. Arket� apotelèsmata e�n ek twn ustèrwn koitaqjoÔnw efarmogè th Jewr�a Plhrofori¸n sth Statistik , sthn pragmatikìthta e�qan je-meliwje� apì statistikoÔ anex�rthta apì th Jewr�a Plhrofori¸n. 'Opw anafèrei oKullbak (1959, sel. 2): {An kai o Wald den anèfere xek�jara ton ìro plhrofor�a sthnantimet¸pish th akoloujiak  an�lush (sequential analysis), ja prèpei na anaferje� ìtih doulei� tou prèpei na jewrhje� w shmantik  suneisfor� sti statistikè efarmogè thJewr�a Plhrofori¸n}.O kÔrio stìqo th Jewr�a Plhrofori¸n e�nai na metr sei thn posìthta th plh-rofor�a pou emplèketai se statistik� probl mata. Sugkekrimèna sta probl mata pouemplèketai deigmatolhy�a, anazhtoÔme thn posotikopo�hsh th plhrofor�a pou fèroun tadedomèna gia ti �gnwste paramètrou pou jèloume na ektim soume (Kullbak, 1959). Sh-mantikì rìlo pa�zei h Jewr�a Plhrofori¸n sth shmeiak  ektimhtik , afoÔ to mètro plhro-for�a tou Fisher emfan�zetai sti anisìthte Cramer - Rao. Ep�sh ta mètra plhrofor�aqrhsimopoioÔntai ston èlegqo statistik¸n upojèsewn, kur�w sta test shmantikìthta,kal  prosarmog  kai anexarths�a, kaj¸ kai sthn mpe�zian  statistik , ìpou ta mètratÔpou apìklish qrhsimopoioÔntai gia ton prosdiorismì twn ek twn protèrwn pijanot twn.'Allh efarmog  èqei h Statistik  Jewr�a Plhrofori¸n sta diakrit� dedomèna kai sugke-krimèna sthn an�lush pin�kwn sun�feia kai afor� thn kataskeu  montèlwn pou e�nai ìsoto dunatìn pio kont�, apì thn pleur� tou mètrou apìklish twn Kullbak - Leibler kaith φ-apìklish, sto montèlo summetr�a (Kateri and Papaioannou; 1994, 1997). Ep�shsthn epilog  tou katallhlìterou montèlou sthn palindrìmhsh. H an�ptuxh th Jewr�aPlhrofori¸n jètei ti b�sei gia thn qrhsimopo�hsh twn mètrwn plhrofor�a kai se �l-lou tome� ìpw e�nai gia par�deigma h an�ptuxh se logit montèla mejìdwn parìmoiwn meautè pou qrhsimopoioÔntai sthn an�lush kur�wn sunistws¸n sthn palindrìmhsh (blèpeSoo�, 1994; Papaioannou, 1970 kai 1985, kai ant�stoiqe anaforè). Plhroforiak� ana-fèroume ìti h Jewr�a Plhrofori¸n mpore� ep�sh na qrhsimopoihje� sthn polumetablht an�lush, sta test omoiomorf�a, stou elègqou ekjetikìthta, sth sÔgkrish peiram�twn,thn mpe�zian  an�lush axiopist�a kaj¸ kai ston statistikì èlegqo poiìthta.Sth jewr�a th shmeioektimhtik , to mètro plhrofor�a tou Fisher pa�zei kur�arqorìlo kaj¸ emfan�zetai sti anisìthte tÔpou Cramer - Rao. Ed¸ bèbaia up�rqoun k�-poioi periorismo� kaj¸ to k�tw fr�gma twn Cramer - Rao efarmìzetai se kanonikè(regular) oikogèneie katanom¸n. Oi Ferentinos and Papaioannou (1981), prosp�jhsanna metr soun thn plhrofor�a sqetik� me thn par�metro θ pou perièqetai sta dedomèna giaeurÔtere oikogèneie katanom¸n sumperilambanomènwn kai mh kanonik¸n (non regular)all� ta apotelèsmata den  tan ikanopoihtik� kaj¸ ta nèa parametrik� mètra  tan per�-ploka kai perioristikè peript¸sei twn mètrwn tÔpou apìklish (divergene type). Togegonì autì od ghse tou suggrafe� na eik�soun ìti to mètro plhrofor�a tou Fishere�nai monadikì up to a onstant. 26



Oi �dioi suggrafe� skèfthkan na qrhsimopoi soun ta mètra plhrofor�a w sunart -sei ap¸leia (loss funtions) kai na par�goun me autì ton trìpo tou kalÔterou apìpleur� plhrofor�a (information optimum) ektimhtè. Na par�goun dhlad  ektimhtèelaqistopoi¸nta ton k�nduno E(I(fθ̂, fθ)), gia ìlou tou ektimhtè θ̂ pou an koun se miasugkekrimènh om�da omoiìmorfa sto θ. Katèlhxan se apotelèsmata an�loga me aut� thjewr�a apof�sewn sth shmeioektimhtik , all� ta apotelèsmata aut� bas�zontan kat�polÔ sthn kurtìthta tou I(fθ, fθ∗) w pro to θ∗ gia ìla ta θ kai gi' autì den sunèqi-san peraitèrw th diereÔnhsh tou jèmato. E�nai gnwstì ìti gia thn ekjetik  oikogèneiakatanom¸n, oi ektimhtè mègisth pijanof�neia θ̂ tou θ sugkl�nei sqedìn bèbaia sto θ∗,thn tim  th paramètrou pou elaqistopoie� to mètro apìklish twn Kullbak - Leibler
IKL(f, f(x, θ)) metaxÔ th pragmatik  katanom  twn dedomènwn f kai th f(x, θ) (M-Culloh, 1989). Ta mètra plhrofor�a tÔpou apìklish èqoun qrhsimopoihje� sth genik jewr�a th ektimhtik  san sunart sei ap¸leia gia na eisaqjoÔn oi ektimhtè el�qisthapìstash / apìklish kai na paraqjoÔn genikeÔsei twn klassik¸n apotelesm�twn ìpwe�nai h sunèpeia, h asumptwtik  kanonikìthta k.a. (Papaioannou, 1970).Mia poll� uposqìmenh efarmog  twn mètrwn plhrofor�a sth Mpe�zian  ektimhtik e�nai na qrhsimopoihjoÔn mètra tÔpou apìklish gia ton prosdiorismì twn ek twn protèrwnkatanom¸n pou qrei�zontai sth Mpe�zian  an�lush, ètsi ¸ste na ikanopoioÔntai di�forakrit ria, ìpw na elaqistopoie�tai h apìklish metaxÔ twn ek twn protèrwn kai ek twnustèrwn katanom¸n   oi kat� Bayes ektimhtè twn paramètrwn na e�nai ìso to dunatìnpio kont� pro tou klassikoÔ ektimhtè.Ston èlegqo statistik¸n upojèsewn, ta mètra plhrofor�a èqoun qrhsimopoihje� giathn an�ptuxh elègqwn shmantikìthta. H basik  idèa e�nai na jewr soume ènan deigmatikìektimht  tou mètrou plhrofor�a kai na broÔme thn asumptwtik  tou katanom , h opo�asun jw e�nai h kanonik    h χ2.Oi efarmogè twn mètrwn plhrofor�a e�nai polu�rijme. Orismèna mìno apì ta jèmatasta opo�a emplèkontai ta mètra plhrofor�a e�nai h Mpe�zian  statistik  jewr�a plhro-fori¸n, h diaforik  gewmetr�a kai plhrofor�a, h parathroÔmenh plhrofor�a tou Fisherkai o algìrijmo EM, h arq  th mègisth entrop�a, ta mètra ex�rthsh klp. Epiplèon,ta mètra plhrofor�a qrhsimopoi jhkan gia th mètrhsh th plhrofor�a kai thn eisagwg kai melèth nèwn statistik¸n montèlwn apì tou Tsairidis et al. (1996) sthn per�ptwsh thtuqa�a logokris�a, quantal tuqa�a logokris�a me tuqa�a   mh katagraf  mh logokri-mènwn parathr sewn. Epiplèon oi Kateri and Papaioannou (1994, 1997) kataskeÔasanmontèla yeudo-summetr�a (quasi-symmetry models) gia p�nake sun�feia basismèna stomètro apìklish twn Kullbak - Leibler kai sthn φ - apìklish, ta opo�a e�nai ìso todunatìn pio kont� sto montèlo summetr�a.
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2.3 Jewr�a Plhrofori¸n kai Biostatistik 'Opw èqoume  dh anafèrei, h sqetik  entrop�a e�nai èna mètro th apìstash metaxÔ duokatanom¸n pijanìthta. O Benish (1999) prìteine ìti h posìthta th plhrofor�a poukerd�zoume dienerg¸nta ènan diagnwstikì èlegqo mpore� na posotikopoihje� upolog�zo-nta th sqetik  entrop�a metaxÔ twn met� tou elègqou kai prin tou elègqou katanomèpijanìthta. H statistik  aut  sun�rthsh, posotikopoie� to bajmì ston opo�o ta apote-lèsmata enì diagnwstikoÔ elègqou e�nai pijanìn na mei¸soun thn èkplhx  ma sqetik�me thn telik  ma gn¸sh gia th di�gnwsh tou asjenoÔ.Gia thn epilog  tou kat�llhlou diagnwstikoÔ elègqou, isqÔei to parak�tw: O pioeidikì (spei�) èlegqo qrhsimopoie�tai gia na epibebai¸sei th di�gnwsh kai o pio eua�-sjhto (sensitive) qrhsimopoie�tai gia na epibebai¸sei ìti h asjèneia den e�nai pijan . Oiparap�nw ènnoie mporoÔn na qarakthrisjoÔn apì to lìgo pijanof�neia (likelihood ra-tio). O Lee (1999) prìteine th qr sh th apìklish twn Kullbak - Leibler w èna nèomètro metaxÔ th epibeba�wsh   mh th asjèneia. To mètro autì enopoie� me kat�llhlotrìpo duo phgè plhrofor�a - thn katanom  twn apotelesm�twn tou elègqou kai th su-n�rthsh tou lìgou pijanof�neia kai metr� thn ikanìthta tou diagnwstikoÔ elègqou sthnanaje¸rhsh th pijanìthta th asjèneia (odds). Ep�sh to mètro autì problèpei thmo�ra (fate) tou mèsou atìmou prin ton èlegqo.To mègejo th diagnwstik  abebaiìthta met� apì opoiod pote apotèlesma enìelègqou mpore� na posotikopoihje� mèsw th Statistik  Jewr�a Plhrofori¸n. H poso-tikopo�hsh th plhrofor�a èqei meg�lh sqèsh me thn epilog  kai th qr sh diagnwstik¸nelègqwn, kaj¸ k�poio mpore� na analÔsei upokeimenik� thn ax�a diaforetik¸n krithr�wnermhne�a, na sugkr�nei metaxÔ tou elègqou kai na axiolog sei thn apotelesmatikìthtakìstou (ost-e�etiveness) tìso enì aploÔ elègqou ìso kai pijan¸n sunduasm¸n elèg-qwn. H efarmog  th Statistik  Jewr�a Plhrofori¸n stou diagnwstikoÔ elègqousthn Iatrik  prokÔptei apì thn anagn¸rish ìti ìloi oi kliniko� èlegqoi e�nai ellipe�. Hatèleia aut  eis�gei abebaiìthta (  {jìrubo}) sthn ermhne�a tou elègqou. H plhrofor�a(kai, antistrìfw, h abebaiìthta pou up�rqei prin kai met� apì ènan diagnwstikì èlegqo)mpore� na posotikopoihje� e�n k�poio gnwr�zei ta tr�a sustatik� tou. Aut� e�nai h protou elègqou pijanìthta asjèneia (epipolasmì - prevalene), h upì sunj kh pijanìthtath emf�nish th nìsou stou asjene� (true-positive rate) kai h upì sunj kh pijanìthtath emf�nish th nìsou stou mh asjene� (false-positive rate). H allag  sth diagnw-stik  abebaiìthta pou emfan�zetai w apotèlesma tou elègqou, apotele� èna mètro thapotelesmatikìthta tou elègqou.H An�lush Epib�wsh e�nai èna sÔnolo statistik¸n mejìdwn gia thn an�lush dedomè-nwn, ta opo�a apoteloÔn metr sei mia metablht  pou dhl¸nei to qrìno mèqri na sumbe�èna endeqìmeno. Sun jw to endeqìmeno e�nai o j�nato, an anaferìmaste se anjr¸-pou. E�nai èna teleuta�a aneptugmèno kl�do pou asqole�tai me montèla epib�wsh,28



dhlad  parametrik� kai mh parametrik� montèla pou perigr�foun to qrìno zw  atìmwn  antikeimènwn. Asqole�tai ep�sh me thn ekt�mhsh th sun�rthsh epib�wsh, th sÔgkrishkampul¸n epib�wsh kaj¸ kai me thn epilog  kat�llhlwn montèlwn. H An�lush Epib�w-sh pa�zei shmantikì rìlo sth biostatistik , th mhqanik  kai thn analogistik  epist mh.H Statitik  Jewr�a Plhrofori¸n qrhsimopoie�tai sthn An�lush Epib�wsh, afoÔ to mètroplhrofor�a tou Fisher, qrhsimopoie�tai gia thn ekt�mhsh th asumptwtik  diakÔmanshth paramètrou b tou analogikoÔ montèlou tou Cox kaj¸ ep�sh kai sthn epilog  tou ka-lÔterou montèlou pou perigr�fei thn katanom  tou qrìnou zw  (Johnson and Johnson,1980). Epeid  basikì stoiqe�o th An�lush Epib�wsh e�nai ta logokrimèna dedomèna,ta mètra plhrofor�a qrhsimopoioÔntai gia thn posotikopo�hsh th abebaiìthta pou pe-rièqoun ta logokrimèna dedomèna. Perissìtere plhrofor�e gia ta mètra aut� kai tiidiìthtè tou, o endiaferìmeno anagn¸sth parapèmpetai stou Tsairidis et al. (1996,2001) kai Papaioannou and Tsairidis (2001).Sti klinikè dokimè F�sh I, ta sqèdia farmakokinhtik  deigmatolhy�a suqn� prè-pei na tropopoihjoÔn kaj¸ oi dokimè br�skontai se exèlixh. Oi tropopoi sei bas�zontaisti parathr sei apì ènan periorismèno arijmì upokeimènwn   se orismène akra�e peri-pt¸sei apì èna mìno �tomo. Oi Yafune and Ishiguro (2001) periègrayan th qr sh toumètrou apìklish twn Kullbak - Leibler gia thn tropopo�hsh twn sqed�wn farmakokinh-tik  deigmatolhy�a se klinikè dokimè F�sh I. H prosèggish aut  pro�pojètei ìti tofarmakokinhtikì prof�l gia k�je �tomo kajor�zetai apì èna kat�llhlo farmakokinhti-kì montèlo. H kalÔterh tropopo�hsh epilègetai apì auja�reta epilegmène upoy fie meb�sh to mètro twn Kullbak - Leibler.Oi translational klinikè dokimè e�nai mikroÔ megèjou melète jerapei¸n pou emfan�-zontai apì to ergast rio. Oi dokimè autè e�nai ousi¸dei kai apara�thte gia thn para-gwg  pr¸imh èndeixh pou aforoÔn epipt¸sei th jerape�a se sugkekrimène ekf�nseith exèlixh mia nìsou kai gia thn kajod ghsh mellontik¸n melet¸n. Oi statistikèidiìthte tètoiwn melet¸n èqoun paramelhje�, kur�w, epeid  den prosarmìzontai sto gnw-stì exeliktikì par�deigma twn klinik¸n melet¸n (linial trials developmental paradigm).O Piantadosi (2005) perigr�fei mia prosèggish, h opo�a sthr�zetai sthn plhrofor�a kaisugkekrimèna sthn entrop�a, gia thn katanìhsh twn idiot twn kai th qr sh tètoiwn kli-nik¸n dokim¸n. O sunduasmì th biologik  gn¸sh me ènan peiramatikì sqediasmì e�naièna dunamikì mèso gia thn ex�leiyh se shmantikì bajmì th abebaiìthta pou perib�lleiprwtoemfanizìmene jerapeutikè mejìdou.O èlegqo th bioðsodunam�a (bioequivalene) èqei paradosiak� epikentrwje� se meta-blhtè ìpw h AUC, h Cmax kai h tmax, oi opo�e filtr�roun thn {eswterik } plhrofor�apou metafèretai apì diakritè akoloujiakè parathr sei qrìnou sugkèntrwsh (sequen-tial onentration-time observations). Sugkr�nonta olìklhra prof�l qrìnwn sugkèntrw-sh metaxÔ skeuasm�twn elègqou kai anafor� gia skopoÔ bioðsodunam�a parèqei isqu-29



rìterh èndeixh sqetik� e�te me thn omoiìtht� tou e�te me thn anomoiìtht� tou. O Pereira(2007) qrhsimopo�hse to krit rio plhrofor�a twn Kullbak - Leibler gia k�je qrìno su-gkèntrwsh gia ìla ta upoke�mena metaxÔ diaforetik¸n morf¸n tou �diou farm�kou, setupikè diastauroÔmene klinikè dokimè. Apèdeixe ìti upì kat�llhlh kl�maka akolouje�thn χ2 katanom  kai p-values mporoÔn na upologistoÔn ètsi ¸ste na kataskeuastoÔn kri-t ria bioðsodunam�a. H prosèggish aut  sugkr�jhke me ti trèqouse tupikè mejìdoumèsw ektetamènwn melet¸n prosomo�wsh kai pragmatik� dedomèna.Oi Martin and Durrani (2007) parous�asan èna nèo mètro apìklish gia thn kata-q¸rish (registration) iatrik¸n apeikon�sewn, to opo�o axiopoie� ti idiìthte th tropo-poihmènh sun�rthsh Bessel deÔterou e�dou. Anèlusan ti idiìthte tou nèou mètroukai ti sunèkrinan me autè twn klassik¸n mètrwn plhrofor�a kai apìklish. Epiplèon,prokeimènou na epibebai¸soun thn apotelesmatikìtht� tou kaj¸ kai thn eure�a efarmo-simìtht� tou se opoioud pote tÔpou dedomèna, h apìdosh - sumperifor� tou nèou mètrouanalÔjhke gia di�fore gnwstè sunart sei katanom  pijanìthta. Ta apotelèsmataepibeba�wsan thn anjektikìtht� tou. To nèo mètro qrhsimopoi jhke gia thn kataq¸rishtwn CT se MR iatrik¸n apeikon�sewn gia na tekmhri¸sei th belt�wsh sthn akr�beia thkataq¸rish.2.4 Jewr�a Plhrofori¸n kai Analogistik  Epist mhH Analogistik  epist mh diakr�netai se duo kur�w kl�dou: ti asfal�sei ou aforoÔnth zw  enì atìmou (Life Insurane) kai ti asfal�sei pou den aforoÔn th zw  touatìmou (Non-Life Insurane). Basikì skopì tou pr¸tou kl�dou e�nai h ekt�mhsh twnpijanot twn jnhsimìthta, epib�wsh, anaphr�a klp me b�sh ti opo�e upolog�zontaita asf�listra pou upoqreoÔtai na katab�llei o k�je asfalismèno. Ep�sh asqole�taime thn eÔresh tou katallhlìterou protÔpou jnhsimìthta. H ènnoia th logokris�aupeisèrqetai �mesa sthn analogistik  epist mh afoÔ ta dedomèna pou qrhsimopoie� gia thnkataskeu  pin�kwn jnhsimìthta e�nai logokrimèna. Sunep¸, upì aut  thn ènnoia sthnanalogistik  epist mh qrhsimopoie�tai kai h Jewr�a Plhrofori¸n. H pio endiafèrousaìmw efarmog  th Jewr�a Plhrofori¸n ston analogismì ègkeitai sto gegonì ìti d�neienallaktikè prosegg�sei ep�lush se  dh up�rqonta probl mata gia thn ep�lush twnopo�wn qrhsimopoioÔntai klassikè mèjodoi. Pio sugkekrimèna, ta mètra plhrofor�aqrhsimopoioÔntai gia thn epilog  tou kalÔterou - apì pleur� plhrofor�a - montèlougia èna stoqastikì fainìmeno. Ep�sh, sthn prosp�jeia apì mia tupik  katanom  naprokÔyei mia �llh pou na e�nai pio kont� sta idia�tera qarakthristik� enì pel�th. Ep�shh Jewr�a Plhrofori¸n qrhsimopoie�tai sthn prosarmog  pin�kwn jnhsimìthta, ètsi ¸steauto� na sumfwnoÔn me ti idiaiterìthte twn pelat¸n all� tautìqrona na e�nai ìso to30



dunatìn g�netai ìmoioi me tou tupikoÔ p�nake. Akìmh h Jewr�a Plhrofori¸n efarmìzetaigia na epiteuqje� exom�lunsh (graduation) sta parathroÔmena analogistik� dedomèna giathn exagwg  kalÔterwn ektimht¸n. Me to jèma autì ja asqolhjoÔme me perissìterhleptomèreia se epìmeno kef�laio.O Brokett (1991) qrhsimopoie� ti ènnoie th jewr�a plhrofori¸n sthn prosp�jei�tou na par�gei apì mia tupik  katanom  mia �llh, h opo�a ja e�nai pio kont� sta idia�teraqarakthristik� enì memonwmènou asfalismènou. Ep�sh qrhsimopoie�tai sthn prosarmo-g  pin�kwn jnhsimìthta, ètsi ¸ste auto� na anaparistoÔn gnwst  plhrofor�a gia touasfalismènou all� tautìqrona na e�nai ìso to dunatìn g�netai pio ìmoioi me tou tupi-koÔ p�nake (Brokett and Cox, 1984). Mia epiplèon efarmog  th Statistik  Jewr�aPlhrofori¸n e�nai sth qr sh deutereuìntwn dedomènwn. Sugkekrimèna, oi Brokett et al.(1995) parousi�zoun th qr sh twn mètrwn plhrofor�a gia thn ekt�mhsh pijanot twn kai�llwn statistik¸n sunart sewn b�sei pinakopoihmènwn dedomènwn kai gia th sugkèntrwshplhrofor�a apì perissìtere apì mia phgè kaj¸ kai apì diagr�mmata.Tèlo, mèsw th Statistik  Jewr�a Plhrofori¸n mpore� na epiteuqje� exom�lunsh(graduation) sta asfalistik� dedomèna (posost� jnhsimìthta, suntaxiodotik� pos� k.a.).Sth diatrib  aut  ja parousi�soume th qr sh th statistik  jewr�a plhrofori¸n sthnexom�lunsh posost¸n jnhsimìthta. Sugkekrimèna ja exet�soume kat� pìso ta mètraplhrofor�a mporoÔn na qrhsimopoihjoÔn sthn exom�lunsh twn posost¸n jnhsimìthta.H entrop�a, w mètro abebaiìthta kai plhrofor�a, e�nai qr simh gia th melèth kaithn axiolìghsh analogistik¸n montèlwn. Mia mèjodo ekt�mhsh, h opo�a qrhsimopoie�-tai gia thn kataskeu  montèlwn e�nai h mèjodo th mègisth entrop�a (ME). SÔmfwname th mèjodo aut , xekin¸nta apì k�poie ropè, oi opo�e apoteloÔn th mình gnwst plhrofor�a gia to montèlo, w to katallhlìtero montèlo epilègetai eke�no pou èqei thmegalÔterh entrop�a. H mèjodo aut , qrhsimopoie�tai eurÔtata se di�fore epist me,ìpw ta oikonomik�, h logistik , h biolog�a, h iatrik , h oikolog�a, o analogismì klp(Kapur, 1989).Oi Berliner and Lev (1978) katèlhxan sti katanomè Poisson kai Pareto gia asfalisti-k� probl mata qrhsimopoi¸nta th mèjodo th mègisth entrop�a kai èdeixan me efarmog tou jewr mato tou Bayes ìti h ME mèjodo odhge� ep�sh sti ektim sei twn paramètrwnth sun�rthsh puknìthta pijanìthta. Sumpèrasm� tou  tan ìti h arq  th ME èqeimeg�lh pijanìthta efarmog  ston analogismì kai apotele� èna apèranto kai endiafèronpla�sio gia tou analogistè. Pollè apì ti diadikas�e pou èqoun kataskeuaste� apìtou analogistè e�te me aplì e�te me sÔnjeto empeirikì trìpo gia thn antimet¸pish eidik¸nproblhm�twn mporoÔn na èqoun mia apl  ermhne�a mèsw th ènnoia th ME.O Haberman, sto sqoliasmì pou perilamb�netai sto �rjro tou Moore (1980), prote�-nei th qr sh th arq  th ME w mejìdou epilog  mia katanom  se èna eurÔ f�smapeript¸sewn ìpou h kanonik  katanom  qrhsimopoie�tai apì ton Moore. 'Alle pijanè31



perioqè tou analogismoÔ pou mpore� na qrhsimopoihje� h mèjodo ME, e�nai sÔmfwna meton Haberman, h ekt�mhsh twn megalÔterwn   mikrìterwn mel¸n enì sunìlou (dhlad akra�e timè (extreme values)), oi opo�e mpore� na èqoun efarmog  se poll� kai diafo-retik� ped�a ìpw h ekt�mhsh meg�lwn asfalistik¸n apait sewn kai h prìbleyh koruf¸n(peaks) (  b�sewn (troughs)) gia ton makroprìjesmo rujmì tìkwn (long-term interestrate) sto qrhmatist rio.Mia mèjodo exom�lunsh posost¸n jnhsimìthta qrhsimopoi¸nta idèe th stati-stik  jewr�a plhrofori¸n prot�jhke apì tou Brokett and Zhang (1986). Pio sugke-krimèna, oi Zhang and Brokett (1987) prosp�jhsan na kataskeu�soun mia omal  seir� npijanot twn jan�tou {vx}, x = 1, 2, . . . , n, oi opo�e e�nai ìso to dunatìn pio kont� se miaparathroÔmenh seir� {ux}, upì trei majhmatikoÔ kai duo analogistikoÔ periorismoÔ.O Kapur (1989) parousi�zei orismèna parade�gmata efarmog  th mejìdou mègisthentrop�a sthn analogistik  epist mh. Pio sugkekrimèna, efarmìzei th mèjodo ME gia thneÔresh th katanom  pijanìthta tou arijmoÔ twn apait sewn mia asfalistik  etaire�ase èna qronikì di�sthma, gia thn eÔresh th katanom  katastrofik¸n gegonìtwn klp.O Brokett (1991) d�nei mia polÔ kal  perigraf  th qr sh th Statistik  Jew-r�a Plhrofori¸n sthn analogistik  epist mh. Perigr�fei th qr sh th apìklish twnKullbak-Leibler gia thn epilog  montèlwn kai p¸ h Statistik  Jewr�a Plhrofori¸nenopoie� kai epekte�nei sugkekrimène mpe�zianè mejìdou pou qrhsimopoioÔntai sthn ana-logistik  epist mh. Ep�sh perigr�fei to montèlo loglinear, kai thn eidik  per�ptws  toumontèlo logit, ta opo�a èqoun efarmogè se di�fore perioqè tou analogismoÔ w sunèpeiath montelopo�hsh mèsw Statistik  Jewr�a Plhrofori¸n. Ep�sh perigr�fei th qr shth Statistik  Jewr�a Plhrofori¸n gia ton prosdiorismì th katanom  ap¸leia twnpelat¸n kai thn prosarmog  pin�kwn jnhsimìthta.Oi Xu et al. (1998) upolìgisan �nw kai k�tw fr�gmata gia to stop-loss premium,dhlad  thn anamenìmenh plhrwm  apì ton antasfalist , ìtan h katanom  th apa�thshe�nai �gnwsth all� upot�jetai ìti e�nai ìso to dunatìn pio kont� sthn empeirik  katanom palaiìterwn apait sewn. H {apìstash} apì thn parathroÔmenh empeirik  katanom  me-triètai mèsw th I-divergene, dhlad  tou arijmoÔ plhrofor�a twn Kullbak-Leibler. Sthsunèqeia, h apìstash aut  qrhsimopoie�tai gia ton prosdiorismì twn fragm�twn.Mètra plhrofor�a qrhsimopoi jhkan gia thn eÔresh th ek twn protèrwn katanom gia thn par�metro diaspor� λ twn montèlwn ekjetik  diaspor� (exponential dispersionmodel). Oi Landsman and Makov (1998) qrhsimopo�hsan thn arq  t mègisth entrop�ame periorismì sthn anamenìmenh tim  tou λ kai oi Landsman and Makov (1999) elaqisto-po�hsan to mètro plhrofor�a tou Fisher me periorismoÔ sth mèsh tim  kai th diakÔmanshtou λ gia na broun to bèltisto suntelest  axiopist�a kai fr�gmata autoÔ. To deÔterokrit rio qrhsimopoi jhke gia thn eÔresh th ek twn protèrwn katanom  gia to λ sesunduasmì me th gn¸sh th pijanìthta ìti mia apa�thsh xepern� èna sugkekrimèno ìrio32



(threshold), exasfal�zonta ètsi plhrofor�a gia th sumperifor� th our� sthn epirro sto asf�listro. Oi Promislow and Young (2000) upolìgisan d�kaia asf�listra axiopi-st�a (equitable redibility premiums) qrhsimopoi¸nta w mètro th sqetik  diafor�metaxÔ twn qrewmènwn asfal�strwn kai twn pragmatik¸n asfal�strwn mia sun�rthshap¸leia tÔpou entrop�a (entropy loss funtion) ant� tou sunhjismènou tetragwnikoÔsf�lmato.H sqetik  entrop�a (relative entropy) qrhsimopoie�tai suqn� gia thn timolìghsh oi-konomik¸n kefala�wn meg�lou kindÔnou (risky �nanial assets) se ellipe� (inomplete)agorè, en¸ h distortion qrhsimopoie�tai eurÔtata gia thn timolìghsh asfalistik¸n kin-dÔnwn kai sth dio�khsh kindÔnou (Reesor and MLeish, 2002).H arq  th ME, ìtan efarmìzetai ston qrewstikì k�nduno (redit risk), odhge� semontèla pou perièqoun ti el�qiste sunafe� upojèsei me thn up�rqousa plhrofor�a(Brunel, 2004). Ta montèla aut�, onom�zontai el�qista montèla (minimal models) kaiapoteloÔn èna shme�o anafor� ìtan kataskeu�zoume èna nèo montèlo. Ef�rmose thnprosèggish aut  sthn epilog  th katanom  apwlei¸n enì qrewstikoÔ qartofulak�ou,twn axiogr�fwn (asset baked seurities) kai th katanom  twn rujm¸n an�kamyh (re-overy rates), kai èdeixe p¸ mporoÔme na th qrhsimopoi soume gia thn epibeba�wsh twnupojèsewn opoioud pote montèlou se autè ti perioqè.O Darooneh (2004) qrhsimopoie� th ME mèjodo gia thn timolìghsh twn asfal�sewn mhzw  (non-life insurane). Pio sugkekrimèna, efarmìzei th ME mèjodo me skopì na upo-log�sei thn puknìthta th tim  (h asfalistik  tim  or�zetai me anafor� se mia sun�rthshpijanìthta), jewr¸nta ìti o mèso ìro tou ploÔtou th agor� (market's wealth) e�naistajerì. Oi Luthi and Doege (2005) asqoloÔntai me thn oikogèneia mètrwn kindÔnou poubas�zontai sthn entrop�a (entropy based risk measures).Tèlo, oi Sahlas and Papaioannou (2008, 2009a) parousi�zoun th qr sh twn apo-kl�sewn twn Cressie and Read sto prìblhma th exom�lunsh pin�kwn jnhsimìthta kaiprote�noun thn elaqistopo�hsh twn apokl�sewn upì ènan epiplèon periorismì apì autoÔpou prìteinan oi Zhang and Brokett (1987). Oi idèe autè apoteloÔn to megalÔterokomm�ti th paroÔsa diatrib .2.5 Prìsfath èreuna sto ped�o th Statistik  Jewr�a Plh-rofori¸nH Statistik  Jewr�a Plhrofori¸n e�nai èna tomèa anoiqtì se èreuna. Arketo� suggra-fe� èqoun asqolhje� kai suneq�zoun na asqoloÔntai me to jèma. MetaxÔ aut¸n e�nai oiNadarajah and Zografos (2003 kai 2005), Zografos and Nadarajah (2005a, b), Karagrig-oriou and Papaioannou (2006), Pardo (2006) kai Mattheou (2007). Kur�w asqoloÔntai33



me thn eÔresh th èkfrash upologismoÔ mètrwn plhrofor�a gia di�fore gnwstè kaimh katanomè. Ep�sh nèa mètra plhrofor�a e�te apìklish e�te entrop�a èqoun protaje�kaj¸ ep�sh kai ped�a efarmog  tou.Oi Ebrahimi et al. (2007) kataskeÔasan mètra plhrofor�a gia polumetablhtè kata-nomè ìtan to st rigm� (support) tou e�nai stadiak� apokommèno (progressively ensored).Idia�terh b�sh d�noun sti apì koinoÔ, perij¸rie kai upo sunj kh entrop�e kai thn apìkoinoÔ plhrofor�a gia ti katanomè upoloipìmenou qrìnou zw , twn opo�wn to st rigmae�nai apokommèno sti trèqouse hlik�e twn stoiqe�wn tou sust mato. Oi trèqousehlik�e twn stoiqe�wn eis�goun (indue) mia apì koinoÔ dunamik  sta mètra plhrofor�atou upoleipìmenou qrìnou zw . Parousi�zoun ekfr�sei th entrop�a gia di�fora dime-tablht� kai polumetablht� montèla qrìnou zw .Oi Matheou et al. (2008) melèthsan mètra apìklish kai krit ria epilog  montèlwn.Epiplèon prìteinan èna nèo krit rio epilog  montèlou, to opo�o apokaloÔn divergeneinformation riterion (DIC) kai bas�zetai sto mètro BHHJ. Mèsw di�forwn melet¸n pro-somo�wsh pou dien rghsan, èdeixan ìti to krit rio autì èqei arket� ikanopoihtik  sumpe-rifor� sugkrinìmenh me �lla gnwst� krit ria. Pro apofug  parexhg sewn, ja prèpei naanafèroume ìti sth bibliograf�a me th sÔntmhsh DIC anafèretai kai to mètro deviane in-formation riterion, to opo�o e�nai mia gen�keush ierarqik  montelopo�hsh twn krithr�wnAIC (Akaike information riterion) kai BIC (Bayesian information riterion).O Zografos (2008a) upolìgise kai èkane mia sugkritik  melèth duo genik¸n mètrwnpolumetablht  kÔrtwsh, to mètro β2,p tou Mardia kai to mètro S(f) tou Song. Tamètra aut� sthr�zontai se mètra plhrofor�a ìpw e�nai h entrop�a tou Rényi.O Zografos (2008b) prìteine nèa perigrafik� mètra pou sthr�zontai sthn entrop�a touShannon gia thn per�ptwsh twn meikt¸n, suneq¸n kai diakrit¸n polumetablht¸n dedomè-nwn.
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Kef�laio 3Mètra apìklish me mh pijanotik�mètra
3.1 Eisagwg Up�rqoun arket� praktik� probl mata sta opo�a emplèkontai mh pijanotik� dianÔsmata(nonprobability vetors). Me ton ìro mh pijanotikì di�nusma ennooÔme to di�nusma, touopo�ou ta stoiqe�a den ajro�zoun sth mon�da. 'Ena tètoio prìblhma pou emfan�zetai seepist me ìpw o Analogismì, h Biostatistik  kai h Dhmograf�a e�nai h exom�lunshposot twn ìpw ta posost� jnhsimìthta, posost� gonimìthta, posost� noshrìthtaklp. An kai ta mètra plhrofor�a or�zontai gia dianÔsmata pijanìthta, sthn pr�xh,qrhsimopoioÔntai ex �sou kai sthn per�ptwsh twn mh pijanotik¸n dianusm�twn.Shmei¸noume ìti mia didi�stath sun�rthsh D(f, g) duo pijanotik¸n sunart sewn  dianusm�twn f , g e�nai mètro apìklish, e�n isqÔei D(f, g) ≥ 0 me isìthta an kai mìno an
f = g (blèpe Basu et al., 1998). Aut  e�nai h el�qisth (minimal) apa�thsh gia na jewrhje�èna mètro D(f, g) w e�do apìstash metaxÔ twn f kai g. O Pardo (2006, sel. 2) anafèreiìti o suntelest  me thn idiìthta na aux�nei kaj¸ oi duo katanomè pou emplèkontai seautìn apomakrÔnontai h mia apì thn �llh ja onom�zetai mètro apìklish metaxÔ twn duokatanom¸n. Gia �lle apait sei blèpe Read and Cressie (1988) kai Mathie and Rathie(1975).Ta mètra apìklish, mètra plhrofor�a kai oi idiìthtè tou, e�nai akìma èna jèmaupì diereÔnhsh. Nèa mètra apìklish prote�nontai kai oi idiìthtè tou melet¸ntai stonMattheou (2007) en¸ oi Papaioannou and Ferentinos (2005) ereunoÔn ton plhroforiakìarijmì tou Fisher upì to pr�sma twn idiot twn twn klassik¸n mètrwn plhrofor�a. Pa-rìla aut�, den up�rqei kajolik  sumfwn�a metaxÔ twn statistik¸n episthmìnwn sqetik�me to poiè idiìthte sunistoÔn   or�zoun èna mètro statistik  plhrofor�a kaj¸ h pro-sèggish e�nai perissìtero leitourgik  (operational) par� axiwmatik  (Papaioannou and35



Ferentinos, 2005).O Papaioannou (1985, 2001) parousi�zei me leptomèreia ti idiìthte twn mètrwn plh-rofor�a kai apìklish me pijanotik� dianÔsmata, ìpw e�dame sto prohgoÔmeno kef�laio.O kÔrio skopì tou kefala�ou autoÔ e�nai h diereÔnhsh twn idiot twn twn mètrwn apì-klish ìtan emplèkontai se aut� mh pijanotik� dianÔsmata. Sugkekrimèna melet�me tiex  idiìthte: mh arnhtikìthta, isqur  kai asjen  prosjetikìthta, mègisth plhrofor�a,ep�rkeia kai asumptwtik  idiìthta.3.2 To mètro apìklish twn Kullbak - Leibler me mh pijanotik�dianÔsmataTo pio dhmofilè mètro apìklish, ìpw anafèrame sto prohgoÔmeno kef�laio, e�nai tomètro plhrofor�a twn Kullbak - Leibler, to opo�o bas�zetai se duo dianÔsmata pijanì-thta p∗ kai q∗, ìpou p∗ = (p∗1, . . . , p
∗
n) kai q∗ = (q∗1, . . . , q
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n) me n∑

i=1

p∗i =
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i=1

q∗i = 1 kaid�netai apì th sqèsh
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∑
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p∗i ln
p∗i
q∗i[blèpe Kullbak (1959, sel. 6 - 7)℄. E�nai èna mètro kateujunìmenh apìklish (direteddivergene) me thn ènnoia ìti den ikanopoie� ìle ti idiìthte th apìstash   th metri-k , (sthn pragmatikìthta den e�nai summetrikì mètro kai den ikanopoie� thn idiìthta thtrigwnik  anisìthta) kai sunep¸ den mpore� na jewrhje� w mia kajar  apìstash. Hkateujunìmenh apìklish twn Kullbak - Leibler or�zetai gia dianÔsmata pijanìthta kaiikanopoie� ti perissìtere apì ti idiìthte pou ikanopoioÔn ta mètra plhrofor�a.Stìqo th paragr�fou aut  e�nai na exet�soume e�n h kateujunìmenh apìklish twnKullbak - Leibler metaxÔ duo mh pijanotik¸n dianusm�twn mpore� na jewrhje� w mè-tro plhrofor�a. Autì g�netai exet�zonta ti idiìthtè tou upì to pr�sma twn genik¸nidiot twn twn mètrwn plhrofor�a kai apìklish. A xekin soume me ton orismì th ka-teujunìmenh apìklish twn Kullbak - Leibler metaxÔ duo mh pijanotik¸n dianusm�twn.Orismì 3.1. H kateujunìmenh apìklish twn Kullbak - Leibler metaxÔ duo n × 1 mhpijanotik¸n dianusm�twn p kai q, or�zetai w
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qi 6= 1.H sqèsh pou sundèei thn apìklish twn Kullbak - Leibler metaxÔ duo mh pijanotik¸ndianusm�twn kai thn apìklish twn Kullbak - Leibler metaxÔ dianusm�twn pijanìthta36



d�netai sto epìmeno l mma.L mma 3.1. Gia thn kateujunìmenh apìklish twn Kullbak - Leibler me mh pijanotik�dianÔsmata, isqÔei ìti
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qi, kai IKL(p∗,q∗) e�nai to mètro twn Kullbak - Leibler pou emplèkeipijanotik� dianÔsmata p∗ kai q∗, ìpou ta stoiqe�a twn p∗ kai q∗ e�nai ta tupopoihmènastoiqe�a twn p kai q, dhlad  p∗i = pi/
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qi.Prìtash 3.1. (Mh arnhtikìthta) IsqÔei
DKL(p,q) ≥ 0, (3.2)e�n isqÔei mia apì ti parak�tw sunj ke:
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qi tìte DKL(p,q) ≥ 0 me isìthta e�n kai mìno e�n p = q.Apìdeixh. H apìdeixh e�nai profan , basizìmenh sthn idiìthta th mh arnhtikìthta toumètrou IKL(p∗,q∗). 37



Shmei¸noume ìti h isìthta DKL(p,q) = 0 den uponoe� apara�thta ìti p = q ektìkai an isqÔei n∑

i=1

pi =
n∑

i=1

qi. Sunep¸ h el�qisth apa�thsh gia th qr sh tou DKL(p,q) wmètrou apìklish e�nai h isìthta n∑

i=1

pi =
n∑

i=1

qi. Arijmhtik� autì mpore� na elegqje� qrhsi-mopoi¸nta ta dianÔsmata p = (0.1584514, 0.2201928, 0.7247736)T kai q = (0.4, 0.8, 0.4)T ,
∑

i

pi 6=
∑

i

qi, gia ta opo�a to mètro DKL(p, q) isoÔtai me 4.78877×10−7 dhlad  e�nai per�-pou �so me to mhdèn, en¸ h Eukl�deia apìstash ‖p− q‖ isoÔtai me 0.707107.O Orismì 3.1 èqei profane� epekt�sei sth dimetablht  kai polumetablht  per�ptwsh.Sth sunèqeia parousi�zoume tou sqetikoÔ orismoÔ gia th dimetablht  per�ptwsh. Oiorismo� auto� apaitoÔntai gia thn apìdeixh twn idiot twn tou mètrou DKL(p,q).Orismì 3.2. (Dimetablht  apìklish) 'Estw pi(x, y), i = 1, 2, duo dimetablhtè (mhpijanotikè sunart sei) pou sqet�zontai me duo diakritè metablhtè (X, Y ) sto R2 giati opo�e isqÔei∑
x

∑

y

pi(x, y) 6= 1. Or�zoume thn kateujunìmenh apìklish twn Kullbak -Leibler metaxÔ duo dimetablht¸n mh pijanotik¸n sunart sewn p1, p2 w
DKL

X,Y (p1, p2) =
∑

x

∑

y

p1(x, y) ln
p1(x, y)

p2(x, y)
.Orismì 3.3. (Upì sunj kh apìklish) Gia ti diakritè metablhtè X, Y kai ti dimeta-blhtè mh pijanotikè sunart sei pi(x, y), i = 1, 2, ìpw autè dìjhkan parap�nw, èstw

fi(x) =
∑

y

pi(x, y), hi(y|x) = pi(x,y)
fi(x)

, gi(y) =
∑

x

pi(x, y), kai ri(x|y) = pi(x,y)
gi(y)

, i = 1, 2.Jètoume
DKL

Y |X=x(h1, h2) =
∑

y

h1(y|x) ln
h1(y|x)
h2(y|x)

, DKL
X|Y =y(r1, r2) =

∑

x

r1(x|y) ln
r1(x|y)
r2(x|y)kai or�zoume ti

DKL
Y |X(h1, h2) = EX

[
DKL

Y |X=x(h1, h2)
]

=
∑

x

f1(x)
∑

y

h1(y|x) ln
h1(y|x)
h2(y|x)

,

DKL
X|Y (r1, r2) = EY

[
DKL

X|Y =y(r1, r2)
]

=
∑

y

g1(y)
∑

x

r1(x|y) ln
r1(x|y)
r2(x|y)

.Prìtash 3.2. (Isqur  prosjetikìthta) 'Estw p1, p2 duo dimetablhtè mh pijanotikèsunart sei pou sqet�zontai me duo diakritè metablhtè (X, Y ) sto R2 ìpw ston Orismì3.2. Tìte
DKL

X,Y (p1, p2) = DKL
X (f1, f2) +DKL

Y |X(h1, h2) = DKL
Y (g1, g2) +DKL

X|Y (r1, r2),ìpou oi sunart sei fi, hi, gi, ri, i = 1, 2 e�nai ìpw ston Orismì 3.3.38



Apìdeixh. Gia ti metablhtè X, Y èqoume ìti
DKL

X (f1, f2) +DKL
Y |X(h1, h2)

=
∑

x

f1(x) ln
f1(x)

f2(x)
+
∑

x

f1(x)
∑

y

h1(y|x) ln
h1(y|x)
h2(y|x)

=
∑

x

f1(x) ln
f1(x)

f2(x)
+
∑

x

f1(x)
∑

y

p1(x, y)

f1(x)
ln
p1(x, y)f2(x)

f1(x)p2(x, y)

=
∑

x

f1(x) ln
f1(x)

f2(x)
+
∑

x

∑

y

p1(x, y)

{

ln
p1(x, y)

p2(x, y)
+ ln

f2(x)

f1(x)

}

=
∑

x

f1(x) ln
f1(x)

f2(x)
+
∑

x

∑

y

p1(x, y) ln
p1(x, y)

p2(x, y)
+
∑

x

f1(x) ln
f2(x)

f1(x)

= DKL
X,Y (p1, p2).Me an�logo trìpo, apodeiknÔoume ìti

DKL
X,Y (p1, p2) = DKL

Y (g1, g2) +DKL
X|Y (r1, r2).Pìrisma 3.1. (i) DKL

X,Y (p1, p2) ≥ DKL
X (f1, f2) me isìthta e�n kai mìno e�n DKL

Y |X(h1, h2) =

0; (ii) DKL
X,Y (p1, p2) ≥ DKL

Y (g1, g2) me isìthta e�n kai mìno e�n DKL
X|Y (r1, r2) = 0;(iii) DKL

X,Y (p1, p2) ≥ DKL
Y |X(h1, h2) me isìthta e�n kai mìno e�n DKL

X (f1, f2) = 0;(iv) DKL
X,Y (p1, p2) ≥ DKL

X|Y (r1, r2) me isìthta e�n kai mìno e�n DKL
Y (g1, g2) = 0.Se ìle ti parap�nw peript¸sei, h isìthta isqÔei e�n kai mìno e�n oi kanonikopoih-mène timè twn X, Y e�nai anex�rthte.Oi kanonikopoihmène timè twn X, Y dhmiourgoÔn duo tuqa�e metablhtè X∗, Y ∗me diakrit  apì koinoÔ sun�rthsh m�za pijanìthta p∗i (x, y) = pi(x, y)/

∑

x

∑

y

pi(x, y) kaiperij¸rie kai upì sunj kh sun�rthsh m�za pijanìthta w ex : X∗
∼ f ∗

i , Y ∗|X∗
∼ h∗i ,

Y ∗
∼ g∗i , X∗|Y ∗

∼ r∗i . Gia ti tuqa�e metablhtè X∗, Y ∗ èqoume ìti
IKL
X∗,Y ∗(p∗1, p

∗
2) =

∑

x

∑

y

p∗1(x, y) ln
p∗1(x, y)

p∗2(x, y)
.Prìtash 3.3. (Asjen  prosjetikìthta) E�n hi(y|x) = gi(y) kai sunep¸ pi(x, y) =

fi(x)gi(y), i = 1, 2, èqoume ìti oi tuqa�e metablhtè X∗, Y ∗, pou dhmiourgoÔntai kanoni-kopoi¸nta ti X, Y ìpw anafèrjhke prin, e�nai anex�rthte, kai isqÔei ìti
DKL

X,Y (p1, p2) = DKL
X (f1, f2) +DKL

Y (g1, g2) − ξ ln η,39



ìpou ξ =
∑

y

g1(y) =
∑

x

f1(x) kai η =
∑

y

g1(y)/
∑

y

g2(y) =
∑

x

f1(x)/
∑

x

f2(x).Apìdeixh. Apì tou parap�nw orismoÔ, e�nai eÔkolo na dei kane� ìti
p∗i (x, y) = f ∗

i (x)g∗i (y),to opo�o shma�nei ìti oi tuqa�e metablhtè X∗, Y ∗ e�nai anex�rthte. Gnwr�zoume ìti
IKL
X∗,Y ∗(p∗1, p

∗
2) = IKL

X∗ (f ∗
1 , f

∗
2 ) + IKL

Y ∗ (g∗1, g
∗
2).'Etsi gia ti metabhtè X,Y èqoume ìti

DKL
X,Y (p1, p2) =

∑

x

∑

y

p1(x, y) ln
p1(x, y)

p2(x, y)

=

(
∑

x

∑

y

p1(x, y)

)

[
IKL
X∗,Y ∗(p∗1, p

∗
2) + ln s

]

=

(
∑

x

∑

y

p1(x, y)

)

[
IKL
X∗ (f ∗

1 , f
∗
2 ) + IKL

Y ∗ (g∗1, g
∗
2) + ln s

]
, (3.3)ìpou s =

∑

x

∑

y

p1(x, y)/
∑

x

∑

y

p2(x, y). Epeid ∑
x

fi(x) =
∑

y

gi(y) =
∑

x

∑

y

pi(x, y), i = 1, 2èqoume ìti ξ =
∑

x

∑

y

p1(x, y) kai s = η. Sunep¸ apì th Sqèsh 3.3 èqoume ìti
DKL

X,Y (p1, p2) = ξIKL
X∗ (f ∗

1 , f
∗
2 ) + ξIKL

Y ∗ (g∗1, g
∗
2) + ξ ln η

= DKL
X (f1, f2) − ξ ln η +DKL

Y (g1, g2) − ξ ln η + ξ ln η

= DKL
X (f1, f2) +DKL

Y (g1, g2) − ξ ln η.E�nai t¸ra eÔkolo na diapist¸sei kane� ìti h asjen  prosjetikìthta isqÔei e�n
∑

x

f1(x) =
∑

x

f2(x)   ∑
y

g1(y) =
∑

y

g2(y).Prìtash 3.4. (Mègisth plhrofor�a kai ep�rkeia) 'Estw Y = T (X) èna metr simometasqhmatismì th X kai pi = pi(x), gi = gi(y), i = 1, 2. Tìte isqÔei
DKL

X (p1, p2) ≥ DKL
Y (g1, g2),me thn isìthta e�n kai mìno e�n h Y e�nai epark  w pro to zeÔgo katanom¸n p∗1 kai p∗2.Oi Y ∗ kai X∗ e�nai oi kanonikopoihmène Y kai X katanomè, ant�stoiqa.
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Apìdeixh. 'Estw gi(y) e�nai èna mètro pou sqet�zetai me thn Y . Tìte gi(y) =
∑

x:T (x)=y

pi(x).Jètonta a =
∑

x

p1(x) kai b =
∑

y

g1(y) kai b�sei tou L mmato 3.1, oi akìlouje anisì-thte e�nai isodÔname
DKL

X (p1, p2) ≥ DKL
Y (g1, g2) ⇔

∑

x

p1(x) ln
p1(x)

p2(x)
≥

∑

y

g1(y) ln
g1(y)

g2(y)
⇔

a

[
∑

x

p∗1(x) ln
p∗1(x)

p∗2(x)
+ ln c

]

≥ b

[
∑

y

g∗1(y) ln
g∗1(y)

g∗2(y)
+ ln d

]

⇔

a
[
IKL
X∗ (p∗1, p

∗
2) + ln c

]
≥ b

[
IKL
Y ∗ (g∗1, g

∗
2) + ln d

]
,ìpou p∗i (x) = pi(x)/

∑

x

pi(x), g∗i (y) = gi(y)/
∑

y

gi(y), c =
∑

x

p1(x)/
∑

x

p2(x) kai d =
∑

y

g1(y)/
∑

y

g2(y). Oi X∗, Y ∗ e�nai oi duo tuqa�e metablhtè pou prokÔptoun kanoniko-poi¸nta ti timè twn X, Y . Epeid  ∑
x

pi(x) =
∑

y

gi(y), i = 1, 2 kai sunep¸ a = b kai
c = d, h teleuta�a anisìthta isoduname� me

aIKL
X∗ (p∗1, p

∗
2) + a ln c ≥ bIKL

Y ∗ (g∗1, g
∗
2) + b ln d⇔

bIKL
X∗ (p∗1, p

∗
2) ≥ bIKL

Y ∗ (g∗1, g
∗
2) ⇔

IKL
X∗ (p∗1, p

∗
2) ≥ IKL

Y ∗ (g∗1, g
∗
2)to opo�o isqÔei afoÔ oi X∗ kai Y ∗ e�nai tuqa�e metablhtè kai h statistik  sun�rthsh

Y ∗ = T (X∗) e�nai epark  [blèpe Pardo (2006, sel. 11 - 12); Papaioannou (1985); Kull-bak (1959, sel. 21)℄.Prìtash 3.5. IsqÔei DKL(p,q) ≥ IKL(p∗,q∗) ìtan mia apì ti parak�tw sunj keisqÔei: (i) n∑

i=1

pi =
n∑

i=1

qi ≥ 1, (ii) n∑

i=1

pi >
n∑

i=1

qi kai n∑

i=1

pi ≥ 1, (iii) n∑

i=1

pi <
n∑

i=1

qi kai
n∑

i=1

pi < 1.Apìdeixh. Akolouje� eÔkola apì to L mma 3.1 mèsw apl¸n algebrik¸n pr�xewn.Mia basik  idiìthta twn mètrwn plhrofor�a kai apìklish e�nai h asumptwtik  idiì-thta. H idiìthta aut  shma�nei ìti oi akolouj�e twn tuqa�wn metablht¸n sugkl�noun ìtan
n → ∞ e�n kai mìno e�n IXn

→ IX , ìpou to I sumbol�zei to mètro plhrofor�a. Upìorismène sunj ke (Kullbak, 1959) h asumptwtik  idiìthta isqÔei gia thn apìklish twnKullbak - Leibler. Blèpe ep�sh Zografos et al. (1989).Sthn epìmenh prìtash diereunoÔme e�n h asumptwtik  idiìthta isqÔei sthn per�ptwshth apìklish twn Kullbak - Leibler me mh pijanotik� dianÔsmata.41



Prìtash 3.6. (Asumptwtik  idiìthta) 'Estw {pn} e�nai mia fragmènh apì ep�nw akolou-j�a mh pijanotik¸n dianusm�twn. Tìte pn → p e�n kai mìno e�n DKL(pn,p) → 0, dhlad h asumptwtik  idiìthta isqÔei gia thn apìklish twn Kullbak - Leibler me mh pijanotik�dianÔsmata.Apìdeixh. Gnwr�zoume ìti DKL(pn,p) =

(
∑

i

pn(i)

)[

IKL(p⋆
n,p⋆) + ln

∑

i

pn(i)

∑

i

p(i)

]. 'Estwpn → p. Sth sunèqeia èqoume ìti
lim

n→∞
DKL(pn,p) = lim

n→∞







(
∑

i

pn(i)

)

IKL(p⋆
n,p⋆) + ln

∑

i

pn(i)

∑

i

p(i)











= lim
n→∞

(
∑

i

pn(i)

)

lim
n→∞



IKL(p⋆
n,p⋆) + ln

∑

i

pn(i)

∑

i

p(i)





= 0,epeid  lim
n→∞

IKL(p⋆
n,p⋆) = 0 kai lim

n→∞

(

ln

∑

i

pn(i)

∑

i p(i)

)

= 0.Apì thn �llh, èstw DKL(pn,p) → 0. Tìte apì tou Zografos et al. (1989) èqoumegia thn φ-apìklish ìti
lim

n→∞

∑

i

p(i)φ

(
pn(i)

p(i)

)

= 0.ìpou φ(x), x > 0 e�nai mia stajer  sun�rthsh me φ(1) = 0.Upojètoume ìti h pn → p den isqÔei. Tìte up�rqei mia upoakolouj�a n1 < n2 < . . . <

ns < . . . fusik¸n arijm¸n kai èna di�nusma q tètoia ¸ste
lim
s→∞

pns
= q kai p 6= q. (3.4)Epeid  h φ e�nai suneq  èqoume ìti

lim
s→∞

∑

i

p(i)φ

(
pns

(i)

p(i)

)

=
∑

i

p(i)φ

(
q(i)

p(i)

)

.'Omw {∑
i

p(i)φ
(

pns(i)
p(i)

)} e�nai mia upoakolouj�a twn {∑
i

p(i)φ
(

pn(i)
p(i)

)}, h opo�a sugkl�-nei sto φ(1) = 0. Sunep¸
∑

i

p(i)φ

(
q(i)

p(i)

)

= φ(1) = 0,to opo�o einai pijanìn mìno e�n p(i) = q(i), to opo�o antikroÔei th Sqèsh 3.4. Sunep¸èqoume ìti pn → p, opìte sthn per�ptwsh ìpou φ(x) = x ln x h asumptwtik  idiìthta42



isqÔei gia thn kateujunìmenh apìklish twn Kullbak - Leibler.'Opw  tan anamenìmeno, to mètro apìklish twn Kullbak - Leibler DKL(p,q) me mhpijanotik� dianÔsmata p, q, den ikanopoie� genik� ti idiìthte th kateujunìmenh apì-klish twn Kullbak - Leibler me dianÔsmata pijanìthta p∗, q∗. Upì orismène sunj ke,k�poie apì autè ikanopoioÔntai. Pio sugkekrimèna, to DKL(p,q) e�nai mh arnhtikì, pro-sjetikì, anallo�wto upì eparke� metasqhmatismoÔ kai megalÔtero apì to IKL(p∗,q∗).Epiplèon ikanopoie� thn idiìthta th mègisth plhrofor�a kaj¸ ep�sh kai thn asumptw-tik  idiìthta. Sunep¸, to DKL(p,q), se genikè grammè, mpore� na jewrhje� w mètroapìklish kai na qrhsimopoihje� sthn per�ptwsh pou den èqoume dianÔsmata pijanìthta,upì thn pro�pìjesh ìti ∑
i

pi =
∑

i

qi.Prin kle�soume thn par�grafo aut  kr�noume skìpimo na anafèroume th doulei� touCsiszar (1991), o opo�o je¸rhse grammik� ant�strofa probl mata (linear inverse prob-lems), dhlad  progr�mmata me grammikoÔ periorismoÔ, me n-di�stata dianÔsmata pragma-tik¸n arijm¸n   dianÔsmata me jetik� stoiqe�a   pijanotik� dianÔsmata. Skopì tou  tanna prosdior�sei sunepe� kanìne epilog  tètoiwn dianusm�twn. Oi kanìne epilog  - pro-èktash (seletion - projetion) elaqistopoioÔn {apost�sei} metaxÔ tètoiwn dianusm�twn  sunart sewn aut¸n upì grammikoÔ periorismoÔ. Di�fora axi¸mata qarakthr�zountou kanìne proèktash. W por�smata, axiwmatiko� qarakthrismo� th mejìdou elaq�-stwn tetrag¸nwn kai twn mejìdwn th el�qisth diaqwristik  plhrofor�a kai mègisthentrop�a, parèqontai. Upì autì to pla�sio parousi�zei mia epèktash th apìklish twnKullbak - Leibler se dianÔsmata me jetik� stoiqe�a, dhlad  mh pijanotik� dianÔsmata.Pio sugkekrimèna, o Csiszar (1991) prosèjese thn posìthta ∑
i

qi −
∑

i

pi sthn èkfrashtou tupikoÔ mètrou apìklish twn Kullbak - Leibler, dhlad  ìrise to mètro
IKL(p,q) =

∑

i

(

pi ln
pi

qi
− pi + qi

)

,ìpou p = (p1, . . . , pn)T , q = (q1, . . . , qn)T e�nai dianÔsmata me stoiqe�a n jetikoÔ pragma-tikoÔ arijmoÔ.H parap�nw IKL-apìklish e�nai mh arnhtik  kai isoÔtai me to mhdèn e�n kai mìno e�nisqÔei h isìthta p = q. Sunep¸ ikanopoie� thn el�qisth apa�thsh gia mia sun�rthshna jewre�tai mètro apìklish. Sthn per�ptwsh pou ta stoiqe�a twn dianusm�twn p kai qajro�zoun sth mon�da, ant�stoiqa, h parap�nw apìklish e�nai to tupikì mètro apìklishtwn Kullbak - Leibler. Ja anaferìmaste se autì to mètro w ektetamènh apìklish twnKullbak - Leibler kai ja to sumbol�zoume me IKL
ext (p,q). Gia perissìtere pio axiwmatikèpar� apì thn pleur� th Statistik  Jewr�a Plhrofori¸n idiìthte tou mètrou IKL

ext (p,q)o anagn¸sth parapèmpetai ston Csiszar (1991). Shmei¸noume ìti enallaktik� k�poiompore� na prosjèsei thn posìthta∑
i

pi−
∑

i

qi sthn èkfrash tou tupikoÔ mètrou apìklish43



twn Kullbak - Leibler.3.3 Apokl�sei dÔnamh me mh pijanotik� dianÔsmataOi Cressie and Read (1984) ìrisan thn apìklish dÔnamh metaxÔ duo dianusm�twn pija-nìthta p∗,q∗ gia lìgou kal  prosarmog  w
ICR(p∗,q∗) =

1

λ(λ+ 1)

n∑

i=1

p∗i

[(
p∗i
q∗i

)λ

− 1

]

,ìpou λ e�nai mia par�metro sto sÔnolo twn pragmatik¸n arijm¸n. Oi timè sta sh-me�a λ = 0,−1 or�zontai w ìria. Gia λ → 0, èqoume ICR(p∗,q∗) =
n∑

i=1

p∗i ln
p∗i
q∗i
, hopo�a e�nai h kateujunìmenh apìklish twn Kullbak - Leibler, en¸ gia λ → −1, èqoume

ICR(p∗,q∗) = IKL(q∗,p∗). H apìklish dÔnamh èqei ti idiìthte twn �llwn mètrwnapìklish ìpw h mh mhdenikìthta, h sunèqeia, h mh prosjetikìthta kai h isqur  mh pro-sjetikìthta. Shmei¸noume ìti to ICR(p∗,q∗) e�nai mia kateujunìmenh apìklish (Cressieand Read, 1984).Epiplèon oi Cressie and Read (1984) ìrisan kur�w gia thn enopo�hsh twn uparqìntwntest kal  prosarmog  thn oikogèneia twn statistik¸n sunart sewn apokl�sewn dÔna-mh. E�n x = (x1, x2, ..., xk)
T e�nai èna tuqa�o di�nusma pou akolouje� thn poluwnumik katanom  me paramètrou n, p∗, ìpou p∗ = (p∗1, p

∗
2, ..., p

∗
k)

T e�nai oi pijanìthte twn keli¸nkai k∑

i=1

xi = n kai k∑

i=1

p∗i = 1 kai p̂∗ = (p̂∗1, p̂
∗
2, ..., p̂

∗
k)

T e�nai h ektim tria mègisth pijanof�-neia tou p∗, tìte h oikogèneia twn statistik¸n sunart sewn apokl�sewn dÔnamh or�zetaiw
2nICR(λ) =

2

λ(λ+ 1)

k∑

i=1

xi

[(
xi

np̂∗i

)λ

− 1

]

, (3.5)ìpou λ e�nai mia par�metro pragmatik¸n arijm¸n, h opo�a epilègetai apì to qr sth. Giati timè λ = 0 kai λ = −1 oi statistikè sunart sei or�zontai w to ìrio tou 2nICR(λ)kaj¸ to λ→ 0 kai λ→ −1, ant�stoiqa.Mpore� eÔkola na diapist¸sei kane� (Read and Cressie, 1988) ìti to 2nICR(λ) poud�netai sth Sqèsh 3.5 isoÔtai me (i) th statistik  sun�rthsh χ2 gia λ = 1, (ii) th sta-tistik  sun�rthsh G2 gia λ → 0, (iii) thn tropopoihmènh statistik  sun�rthsh lìgoupijanofanei¸n gia λ → −1, (iv) th statistik  sun�rthsh twn Freeman - Tukey F 2 gia
λ = −(1/2) kai (v) thn tropopoihmènh statistik  sun�rthsh tou Neyman χ2 gia λ = −2.W mia enallaktik  twn statistik¸n sunart sewn χ2 kai G2, oi Cressie and Read (1984)ìrisan th statistik  sun�rthsh apìklish dÔnamh me λ = 2/3, h opo�a br�sketai metaxÔtwn duo. 44



Stìqo th paragr�fou aut  e�nai na exet�soume t� sumba�nei, w pro ti idiìthtetou mètrou, sthn per�ptwsh pou den èqoume pijanotik� dianÔsmata pijanìthta. Arqik�ja or�soume thn kateujunìmenh apìklish t�xh λ gia mh pijanotik� dianÔsmata.Orismì 3.4. Or�zoume w
DCR(p,q) =

1

λ(λ+ 1)

∑

i

pi

[(
pi

qi

)λ

− 1

]

, λ ∈ R (3.6)thn kateujunìmenh apìklish twn Cressie - Read t�xh λ metaxÔ duo mh pijanotik¸n dia-nusm�twn p = (p1, p2, . . . , pn)T > 0 kai q = (q1, q2, . . . , qn)T > 0, ìpou ∑
i

pi 6= 1 kai
∑

i

qi 6= 1.Gia th sunèqeia ja upojèsoume ìti λ 6= 0 kai λ 6= −1. H sqèsh pou sundèei to mètroapìklish twn Cressie - Read metaxÔ mh pijanotik¸n dianusm�twn kai to mètro apìklishtwn Cressie - Read metaxÔ pijanotik¸n dianusm�twn d�netai apì to akìloujo l mma.L mma 3.2. Gia thn kateujunìmenh apìklish twn Cressie - Read metaxÔ mh pijanotik¸ndianusm�twn p,q, isqÔei ìti
DCR(p,q) =

(
∑

i

pi

)

kλ

[

ICR(p∗,q∗) − 1 − kλ

kλ

1

λ(λ+ 1)

]

,ìpou ICR(p∗,q∗) e�nai h kateujunìmenh apìklish twn Cressie - Read metaxÔ duo pijanoti-k¸n dianusm�twn p∗,q∗ ìpw aut� or�sthkan sto L mma 3.1 kai k =
∑

i

pi/
∑

i

qi.Apìdeixh. Lamb�nonta upìyh ìti pi = p∗i
∑

i

pi kai qi = q∗i
∑

i

qi, h apìklish 3.6 mpore� nagrafe� w
DCR(p,q) =

1

λ(λ+ 1)

∑

i

(

p∗i
∑

i

pi

)









p∗i
∑

i

pi

q∗i
∑

i

qi





λ

− 1






=

(
∑

i

pi

)

1

λ(λ+ 1)

∑

i

p∗i

[(
p∗i
q∗i

)λ

kλ − 1

]

=

(
∑

i

pi

)

kλ

λ(λ+ 1)

∑

i

p∗i

[(
p∗i
q∗i

)λ

− 1

kλ

]

=

(
∑

i

pi

)

kλICR,kλ

(p∗,q∗), (3.7)
45



ìpou ICR,kλ

(p∗,q∗) = 1
λ(λ+1)

∑

i

p∗i

[(
p∗i
q∗i

)λ

− 1
kλ

]. 'Omw,
ICR,kλ

(p∗,q∗) = ICR(p∗,q∗) − 1 − kλ

kλ

1

λ(λ+ 1)
. (3.8)'Etsi, to epijumhtì apotèlesma akolouje� eÔkola me antikat�stash th Sqèsh 3.8 sthSqèsh 3.7.Prìtash 3.7. (Mh arnhtikìthta) 'Estw

m =
1 − kλ

kλ

1

λ(λ+ 1)
.Tìte isqÔei

DCR(p,q) ≥ 0,e�n mia apì ti akìlouje sunj ke isqÔei:(i) ∑
i

pi =
∑

i

qi;(ii) ∑
i

pi >
∑

i

qi kai λ /∈ (−1, 0);(iii) ∑
i

pi <
∑

i

qi kai λ ∈ (−1, 0);(iv) m < ICR(p∗,q∗).'Oson afor� thn isìthta èqoume ta ex :(a) E�n ∑
i

pi =
∑

i

qi h isìthta isqÔei e�n kai mìno e�n p = q;(b) e�n ∑
i

pi >
∑

i

qi   ∑
i

pi <
∑

i

qi h isìthta isqÔei e�n m = ICR(p∗,q∗).Sumperasmatik�, e�n∑
i

pi =
∑

i

qi tìte isqÔei DCR(p,q) ≥ 0 me isìthta e�n kai mìno e�n
p = q.Apìdeixh. Apì to parap�nw l mma èqoume DCR(p,q) =

(
∑

i

pi

)

kλ
[
ICR(p∗,q∗) −m

].'Eqoume ta ex :E�n ∑
i

pi =
∑

i

qi, tìte kλ = 1 kai anex�rthta apì thn tim  λ, isqÔei ìti m = 0 kaisunep¸ DCR(p,q) =

(
∑

i

pi

)

ICR(p∗,q∗) ≥ 0.E�n∑
i

pi >
∑

i

qi, tìte kλ > 1 kai m < 0 e�n λ /∈ (−1, 0). Sthn per�ptwsh aut  èqoumeìtiDCR(p,q) ≥ 0 e�nm ≤ ICR(p∗,q∗), en¸ ìtanm ≥ ICR(p∗,q∗) èqoume DCR(p,q) ≤ 0.E�n ∑
i

pi <
∑

i

qi, tìte kλ < 1 kai m < 0 e�n λ ∈ (−1, 0). 'Etsi, sthn per�ptwsh aut èqoume ta �dia me thn parap�nw per�ptwsh.Sunoy�zonta, oi sunj ke (i) - (iv) th prìtash sunep�gontai ìti DCR(p,q) ≥ 0.E�nai eÔkolo na doÔme ìti ìtan ∑
i

pi =
∑

i

qi h isìthta isqÔei e�n p = q. Ep�sh ìtan
∑

i

pi >
∑

i

qi   ∑
i

pi <
∑

i

qi h isìthta isqÔei e�n m = ICR(p∗,q∗).46



Shmei¸noume ìti h isìthta DCR(p,q) = 0 den sunep�getai apara�thta ìti p = q ektìkai e�n isqÔei h isìthta ∑
i

pi =
∑

i

qi. 'Opw kai sthn per�ptwsh th apìklish twnKullbak - Leibler, kai ed¸ èqoume ìti h el�qisth apa�thsh gia th qr sh tou DCR(p,q)w mètrou apìklish e�nai h isqÔ th isìthta ∑
i

pi =
∑

i

qi anex�rthta apì thn tim  thparamètrou λ.Prìtash 3.8. DCR(p,q) ≥ ICR(p∗,q∗) ìtan mia apì ti parak�tw sunj ke isqÔei:(i) ∑
i

pi =
∑

i

qi, (ii) ∑
i

pi >
∑

i

qi kai λ /∈ (−1, 0), (iii) ∑
i

pi <
∑

i

qi kai λ ∈ (−1, 0). Hisìthta isqÔei e�n m = ICR(p∗,q∗) anex�rthta apì thn tim  tou λ, ìpou m ìpw sthnPrìtash 3.7.Apìdeixh. Apì to L mma 3.2 gnwr�zoume ìti DCR(p,q) =

(
∑

i

pi

)

kλ
[
ICR(p∗,q∗) −m

].'Eqoume ti trei akìlouje peript¸sei:E�n∑
i

pi =
∑

i

qi, tìte kλ = 1 kai anex�rthta apì thn tim  tou λ, isqÔei ìti m = 0 kaisunepakìlouja DCR(p,q) > ICR(p∗,q∗).E�n∑
i

pi >
∑

i

qi (  isodÔnama kλ > 1) kai m < 0 (ìtan λ /∈ (−1, 0)) èqoume ìti isqÔeip�ntote DCR(p,q) > ICR(p∗,q∗). Sthn per�ptwsh ìpou ∑
i

pi >
∑

i

qi kai m > 0 (ìtan
λ ∈ (−1, 0)) èqoume ìti e�n m > ICR(p∗,q∗) tìte DCR(p,q) < 0, to opo�o e�nai adÔnatoen¸ e�n m < ICR(p∗,q∗) tìte DCR(p,q) < ICR(p∗,q∗).E�n∑

i

pi <
∑

i

qi (  isodÔnama kλ < 1) kai m < 0 (ìtan λ ∈ (−1, 0)) èqoume ìti isqÔeip�ntote DCR(p,q) > ICR(p∗,q∗).Sunoy�zonta, èqoume ìti oi peript¸sei (i) - (iii) sunep�gontai ìti DCR(p,q) >

ICR(p∗,q∗).Orismì 3.5. (Dimetablht  apìklish) Sto pla�sio tou OrismoÔ 3.2 or�zoume thn kateuju-nìmenh apìklish twn Cressie - Read metaxÔ duo dimetablht¸n mh pijanotik¸n sunart sewn
p1, p2 w

DCR
X,Y (p1, p2) =

1

λ(λ+ 1)

∑

x

∑

y

p1(x, y)

[(
p1(x, y)

p2(x, y)

)λ

− 1

]

.Orismì 3.6. (Upì sunj kh apìklish) Sto pla�sio tou OrismoÔ 3.3 jètoume
DCR

Y |X=x(h1, h2) =
1

λ(λ+ 1)

∑

y

h1(y|x)
[(

h1(y|x)
h2(y|x)

)λ

− 1

]
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kai
DCR

Y |X(h1, h2) = EX

[
DCR

Y |X=x(h1, h2)
]

=
1

λ(λ+ 1)

∑

x

f1(x)
∑

y

h1(y|x)
[(

h1(y|x)
h2(y|x)

)λ

− 1

]

,gia th metablht  X en¸ h DCR
X|Y (r1, r2) or�zetai me an�logo trìpo.H isqur  prosjetikìthta den ikanopoie�tai gia thn apìklish dÔnamh me pijanotik�dianÔsmata ìpw mpore� kane� na de� me to akìloujo arijmhtikì par�deigma me duo triw-numikè katanomè. E�n (X∗, Y ∗, Z∗) e�nai triwnumikè M(n, p∗i ) me p∗i = (pi1, pi2, pi3),

pi1 + pi2 + pi3 = 1, i = 1, 2, qrhsimopoi¸nta tupik� apotelèsmata, l�gh �lgebra kaiprofan  sumbolismì, èqoume ìti
ICR
X∗,Y ∗(p∗1, p

∗
2) =

1

λ(λ+ 1)

∑

x,y,z

(
n

x, y, z

)

px
11p

y
12p

z
13

[(
p11

p21

)λx(
p12

p22

)λy (
p13

p23

)λz

− 1

]

ICR
X∗ (f ∗

1 , f
∗
2 ) =

1

λ(λ+ 1)

∑

x

(
n

x

)

px
11q

n−x
11

[(
p11

p21

)λx(
q11
q21

)λ(n−x)

− 1

]

, qi1 = 1 − pi1kai
ICR
Y ∗|X∗(h∗1, h

∗
2) =

1

λ(λ+ 1)

∑

x,y,z

(
n

x, y, z

)

px
11p

y
12p

z
13

[(
p12

p22

)λy (
p13

p23

)λz (
q21
q11

)λ(n−x)

− 1

]

,ìpou ( n

x,y,z

) e�nai o triwnumikì suntelest  kai x + y + z = n. Gia n = 5, p11 = 0.2,
p12 = 0.2, p13 = 0.6 kai p21 = 0.3, p22 = 0.4 kai p23 = 0.3 kai λ = 1.2 pa�rnoume

ICR
X∗ (f ∗

1 , f
∗
2 ) + ICR

Y ∗|X∗(h∗1, h
∗
2) = 0.133 + 2.037 = 2.17 < ICR

X∗,Y ∗(p∗1, p
∗
2) = 3.451.Gia n = 5, ta �dia pij kai λ = −0.4 pa�rnoume

ICR
X∗ (f ∗

1 , f
∗
2 ) + ICR

Y ∗|X∗(h∗1, h
∗
2) = 0.132 + 0.804 = 0.936 > ICR

X∗,Y ∗(p∗1, p
∗
2) = 0.877.Peraitèrw arijmhtik  diereÔnhsh apok�luye ìti ìtan h par�metro λ pa�rnei jetikè timèisqÔei h idiìthta th upoprosjetikìthta, en¸ ìtan h par�metro λ pa�rnei arnhtikè timèisqÔei h idiìthta th uperprosjetikìthta. H isìthta isqÔei mìno ìtan λ = 0, h opo�ae�nai h per�ptwsh th Kullbak - Leibler apìklish.Den proèkuye kat�llhlh èkfrash gia thn isqur  prosjetikìthta gia thn per�ptwshtwn mh pijanotik¸n dianusm�twn. Gia thn asjen  prosjetikìthta èqoume thn akìloujh48



prìtash.Prìtash 3.9. (Asjen  prosjetikìthta) E�n hi(y|x) = gi(y) kai sunep¸ pi(x, y) =

fi(x)gi(y), i = 1, 2, èqoume ìti oi tuqa�e metablhtè X∗, Y ∗, oi opo�e e�nai oi {tupopoih-mène} timè twn X, Y , e�nai anex�rthte, tìte isqÔoun(a)
DCR

X,Y (p1, p2) = DCR
X (f1, f2) +DCR

Y (g1, g2)

+p1··η
λλ(λ+ 1)ICR

X∗ (f ∗
1 , f

∗
2 )ICR

Y ∗ (g∗1, g
∗
2) + p1··

(
1 − ηλ

) 1

λ(λ+ 1)ìpou pi·· =
∑

x

∑

y

pi(x, y), i = 1, 2 kai η = p1··/p2··

(b)DCR
X,Y (p1, p2) = DCR

X (f1, f2) + DCR
Y (g1, g2) e�n η = 1 kai e�n èna apì ta perij¸riazeÔgh (f ∗

1 , f
∗
2 ), (g∗1, g

∗
2) e�nai idential.Apìdeixh. (a) 'Eqoume  dh dei sthn Prìtash 3.3 ìti oi tuqa�e metablhtè X∗, Y ∗ e�naianex�rthte. Gnwr�zoume ìti [blèpe Read and Cressie (1988)℄

ICR
X∗,Y ∗(p∗1, p

∗
2) = ICR

X∗ (f ∗
1 , f

∗
2 ) + ICR

Y ∗ (g∗1, g
∗
2) + λ(λ+ 1)ICR

X∗ (f ∗
1 , f

∗
2 )ICR

Y ∗ (g∗1, g
∗
2).Qrhsimopoi¸nta to L mma 3.2 èqoume ìti

DCR
X,Y (p1, p2) = p1··η

λ

[

ICR
X∗,Y ∗(p∗1, p

∗
2) −

1 − ηλ

ηλλ(λ+ 1)

]

= p1··η
λ
[

ICR
X∗ (f ∗

1 , f
∗
2 ) + ICR

Y ∗ (g∗1, g
∗
2)

+λ(λ+ 1)ICR
X∗ (f ∗

1 , f
∗
2 )ICR

Y ∗ (g∗1, g
∗
2) −

1 − ηλ

ηλλ(λ+ 1)

]

= DCR
X (f1, f2) +DCR

Y (g1, g2)

+p1··η
λ

[

λ(λ+ 1)ICR
X∗ (f ∗

1 , f
∗
2 )ICR

Y ∗ (g∗1, g
∗
2) +

1 − ηλ

ηλλ(λ+ 1)

]

= DCR
X (f1, f2) +DCR

Y (g1, g2) + p1··η
λλ(λ+ 1)ICR

X∗ (f ∗
1 , f

∗
2 )ICR

Y ∗ (g∗1, g
∗
2)

+p1··
(
1 − ηλ

) 1

λ(λ+ 1)
.

(b) E�n p1·· = p2··, tìte η = 1. Anex�rthta loipìn apì thn tim  tou λ, o teleuta�oìro th parap�nw isìthta isoÔtai me to 0. Epiprìsjeta e�n f ∗
1 = f ∗

2   g∗1 = g∗2 tìte
ICR
X∗ (f ∗

1 , f
∗
2 )ICR

Y ∗ (g∗1, g
∗
2) = 0. Sunep¸ DCR

X,Y (p1, p2) = DCR
X (f1, f2) +DCR

Y (g1, g2).Apì thn parap�nw prìtash, sumpera�noume ìti h idiìthta th asjenoÔ prosjetikìth-ta, isqÔei sthn per�ptwsh ìpou η = 1 kai èna apì ta perij¸ria zeÔgh (f ∗
1 , f

∗
2 ), (g∗1, g

∗
2)e�nai idential. 49



Prìtash 3.10. (Mègisth plhrofor�a kai ep�rkeia) 'Estw Y = T (X) èna metr simometasqhmatismì th X. Tìte isqÔei
DCR

X (p1, p2) ≥ DCR
Y (g1, g2),ìtan c > 1, ìpou c =

(
∑

x

p1(x)/
∑

x

p2(x)

)λ, me isìthta e�n kai mìno e�n h Y e�nai{epark }, ìpw autì dikaiologe�tai sthn Prìtash 3.4 ìpou pi = pi(x), gi = gi(y), i = 1, 2.Apìdeixh. 'Estw gi(y) to mètro pou sqet�zetai me thn Y . Tìte gi(y) =
∑

x:T (x)=y

pi(x). Oiakìlouje anisìthte e�nai isodÔname
DCR

X (p1, p2) ≥ DCR
Y (g1, g2) ⇔

(
∑

x

p1(x)

)

b
[
ICR
X∗ (p∗1, p

∗
2) − k

]
≥

(
∑

y

g1(y)

)

c
[
ICR
Y ∗ (g∗1, g

∗
2) − l

]
,ìpou c =

(
∑

x

p1(x)/
∑

x

p2(x)

)λ, d =

(
∑

y

g1(y)/
∑

y

g2(y)

)λ,
k =

1 − c

c

1

λ(λ+ 1)kai
l =

1 − d

d

1

λ(λ+ 1)
.Efìson ∑

x

pi(x) =
∑

y

gi(y), i = 1, 2 kai sunep¸ c = d kai k = l, h teleuta�a anisìthtae�nai isodÔnamh me thn
(
∑

x

p1(x)

)

b
[
ICR
X∗ (p∗1, p

∗
2) − k

]
≥

(
∑

x

p1(x)

)

b
[
ICR
Y ∗ (g∗1, g

∗
2) − k

]
⇔

ICR
X∗ (p∗1, p

∗
2) ≥ ICR

Y ∗ (g∗1, g
∗
2),h opo�a isqÔei ìtan c > 1. H isìthta isqÔei e�n kai mìno e�n h statistik  sun�rthsh

Y ∗ = T (X∗) e�nai epark  [Pardo (2006, sel. 11 - 12)℄.Oi Zografos et al. (1989) apèdeixan ìti h asumptwtik  idiìthta isqÔei gia to mètro touCsiszar (φ-divergene) pou or�zetai w
IC(f1, f2) =

∫

f2(x)φ

(
f1(x)

f2(x)

)

dx,ìpou φ e�nai mia kurt  sun�rthsh pragmatik¸n arijm¸n pou ikanopoie� orismène sunj ke.50



H apìklish twn Cressie and Read proèrqetai apì to mètro tou Csiszar pa�rnonta
φ(x) = [λ(λ+1)]−1(xλ+1 − x) sth diakrit  per�ptwsh tou mètrou (Pardo, 2006). Sunep¸h asumptwtik  idiìthta isqÔei ep�sh kai gia to mètro twn Cressie and Read. Sthn epìmenhprìtash, diereunoÔme e�n h asumptwtik  idiìthta isqÔei kai sthn per�ptwsh pou den èqoumepijanotik� dianÔsmata.Prìtash 3.11. (Asumptwtik  idiìthta) 'Estw pn mia akolouj�a apì mh pijanotik� dia-nÔsmata. Tìte isqÔei pn → p e�n kai mìno e�n DCR(pn,p) → 0, dhlad  h asumptwtik idiìthta isqÔei gia to mètro twn Cressie - Read me mh pijanotik� dianÔsmata.Apìdeixh. Qrhsimopoi¸nta to L mma 3.2 èqoume ìti

lim
n→∞

DCR(pn,p) = lim
n→∞

{(
∑

i

pn(i)

)

kλ

[

ICR(p⋆
n,p⋆) − 1 − kλ

kλ

1

λ(λ+ 1)

]}

= lim
n→∞

(
∑

i

pn(i)

)

lim
n→∞

kλ lim
n→∞

[

ICR(p⋆
n,p⋆) − 1 − kλ

kλ

1

λ(λ+ 1)

]

= 0,epeid  lim
n→∞

ICR(p⋆
n,p⋆) = 0 kai lim

n→∞
kλ = 1.Apì thn �llh, èstw DCR(pn,p) → 0. Tìte, agno¸nta th stajer� 1/(λ(λ + 1))èqoume,

lim
n→∞

∑

i

pn(i)

[(
pn(i)

p(i)

)λ

− 1

]

= 0 
lim

n→∞

∑

i

pn(i)φ

(
pn(i)

p(i)

)

= 0,ìpou h sun�rthsh φ(x) = (xλ+1−x), x > 0, λ 6= 0,−1 e�nai mia jetik , suneq  sun�rthshgia thn opo�a isqÔei φ(1) = 0. Epanalamb�nonta th diadikas�a tou deÔterou mèrou thapìdeixh th Prìtash 3.6 pa�rnoume ìti pn → p. Sunep¸, h asumptwtik  idiìthtaisqÔei gia thn kateujunìmenh apìklish twn Cressie and Read.Anakefalai¸nonta ta parap�nw apotelèsmata, h kateujunìmenh apìklish dÔnamh
DCR(p,q), upì orismène sunj ke e�nai mh arnhtik , prosjetik , megalÔterh apì thn
ICR(p∗,q∗) kai anallo�wth upì eparke� metasqhmatismoÔ. Ep�sh diathre� thn idiìthtath mègisth plhrofor�a kai th basik  asumptwtik  idiìthta. Sunep¸, mporoÔme najewr soume to mètro apìklish DCR(p,q) w mètro apìklish, dedomènou ìti isqÔei hisìthta ∑

i

pi =
∑

i

qi.Upì to pla�sio th doulei� tou Csiszar (1991), h opo�a anafèrjhke sthn prohgoÔmenhenìthta, k�poio mpore� na jewr sei thn ektetamènh apìklish dÔnamh twn Cressie and51



Read gia jetik� dianÔsmata p kai q
ICR
ext (p,q) =

1

λ(λ+ 1)

∑

i

{

pi

[(
pi

qi

)λ

− 1

]

− pi + qi

}

, λ ∈ R.Oi timè gia thn par�metro λ = 0,−1 or�zontai w ìria. Gia λ→ 0 to parap�nw mètro e�naito �dio me to ektetamèno mètro apìklish twn Kullbak - Leibler IKL
ext (p,q). Gia λ → −1to mètro g�netai IKL

ext (q,p). Gia ti timè autè th paramètrou λ e�nai gnwstì ìti h pl rhidiìthta th mh arnhtikìthta ikanopoie�tai. Jètonta gi = pi/qi pa�rnoume
ICR
ext (p,q) =

1

λ(λ+ 1)

∑

i

pi

(
gλ+1

i − 2gi + 1
)
.Gia λ = 1, èqoume ICR

ext (p,q) = 1
2

∑

i

qi (gi − 1)2 ≥ 0 me isìthta e�n kai mìno e�n isqÔei hsqèsh p = q. Gia �lle timè th paramètrou λ mia peraitèrw diereÔnhsh gia to el�qistoth sun�rthsh h(y) = yλ+1−2y+1, y > 0 apok�luye ìti to mètro ICR
ext mpore� na e�nai e�teausthr� jetikì e�te austhr� arnhtikì kai sunep¸ den ikanopoie� thn idiìthta th pl roumh arnhtikìthta. Pragmatikì minima tou mètrou ICR

ext emfan�zetai mìno e�n λ > 0 kai,gia par�deigma, gia λ = 2 èqoume ìti to mètro ICR
ext (p,q) = 0 e�n kai mìno e�n isqÔei

p = q   p =
(

1
2

√
5 − 1

)
q. Kai se aut  thn per�ptwsh, e�n ta p kai q e�nai dianÔsmata mejetik� stoiqe�a pou ajro�zoun sth mon�da, tìte to parap�nw ektetamèno mètro apìklishe�nai to �dio me to tupikì mètro apìklish dÔnamh twn Cressie and Read. Epiplèon, e�nisqÔei h isìthta ∑

i

pi =
∑

i

qi to ektetamèno mètro e�nai tautìshmo me to mètro apìklisht�xh λ twn Cressie and Read metaxÔ duo mh pijanotik¸n dianusm�twn pou or�sthke stonOrismì 3.4. O orismì tou Csiszar sthn ous�a enswmat¸nei ton periorismì ∑
i

pi =
∑

i

qisto mètro apìklish.3.4 H diafor� tou Jensen me mh pijanotik� dianÔsmata'Ena mètro apìklish, to opo�o èqei mia eidik  statistik  shmas�a kaj¸ proèrqetai apìthn entrop�a tou Shannon kai thn ko�lh idiìthta aut  e�nai h diafor� tou Jensen ìpwthn onìmasan oi Burbea and Rao (1982). H diafor� tou Jensen metaxÔ duo pijanotik¸ndianusm�twn d�netai apì th sqèsh
J(p⋆,q⋆) ≡ H

(
1
2
(p⋆ + q⋆)

)
− 1

2
[H(p⋆) +H(q⋆)] ,ìpou H(p⋆) = −

∑

i

p⋆
i ln p⋆

i e�nai h entrop�a tou Shannon metaxÔ duo dianusm�twn pijanì-thta p⋆ = (p⋆
1, . . . , p

⋆
n)

T kai q⋆ = (q⋆
1, . . . , q

⋆
n)T .52



H diafor� tou Jensen e�nai èna fusikì mètro th apìklish metaxÔ pijanotik¸n dianu-sm�twn p⋆ kai q⋆, kaj¸ diathre� ti duo basikè idiìthte twn mètrwn apìklish. E�naimh arnhtikì kai exale�fetai e�n kai mìno e�n isqÔei h isìthta p⋆ = q⋆. Mia epiplèon en-diafèrousa idiìthta tou mètrou J(p⋆,q⋆) e�nai ìti jewroÔmenh w sun�rthsh tou zeÔgou
(p⋆,q⋆) e�nai kurt .Stìqo th paragr�fou aut  e�nai na melet soume ti idiìthte th diafor� touJensen ìtan den èqoume pijanotik� dianÔsmata. Arqik� ìmw ja or�soume th diafor� touJensen gia mh pijanotik� dianÔsmata.Orismì 3.7. Or�zoume w

J(p,q) ≡ H
(

1
2
(p + q)

)
− 1

2
[H(p) +H(q)] , (3.9)th diafor� tou Jensen metaxÔ twn mh pijanotik¸n dianusm�twn p = (p1, . . . , pn)T kai

q = (q1, . . . , qn)T , ìpou ∑
i

pi 6= 1 kai ∑
i

qi 6= 1. H H(p) = −
∑

i

pi ln pi e�nai h ant�stoiqhentrop�a tou Shannon.To parak�tw l mma ma de�qnei p¸ h diafor� tou Jensen me mh pijanotik� dianÔsmatampore� na grafe� sunart sei twn ant�stoiqwn pijanotik¸n dianusm�twn.L mma 3.3. Gia th diafor� tou Jensen me mh pijanotik� dianÔsmata p,q isqÔei h sqèsh
J(p,q) = −

n∑

i=1

1

2

(

p⋆
i /
∑

i

pi + q⋆
i /
∑

i

qi

)

ln

[

1

2

(

p⋆
i /
∑

i

pi + q⋆
i /
∑

i

qi

)]

−1

2







1
∑

i

pi

[

H(p⋆) + ln
∑

i

pi

]

+
1
∑

i

qi

[

H(q⋆) + ln
∑

i

qi

]





,ìpou H(·) e�nai h entrop�a tou Shannon.Apìdeixh. Gia thn entrop�a tou Shannon metaxÔ mh pijanotik¸n dianusm�twn èqoume ìti

H(p) = −
∑

i

pi ln pi = −
∑

i

(

p⋆
i /
∑

i

pi

)

ln

(

p⋆
i /
∑

i

pi

)

= − 1
∑

i

pi

[
∑

i

p⋆
i ln p⋆

i − ln
∑

i

pi

]

=
1
∑

i

pi

[

H(p⋆) + ln
∑

i

pi

]

,ìpou H(p∗) = −∑
i

p⋆
i ln p⋆

i e�nai h entrop�a tou Shannon pou sqet�zetai me to pijanotikì53



di�nusma p∗. Paromo�w, èqoume ìti
H(q) =

1
∑

i

qi

[

H(q⋆) + ln
∑

i

qi

]

kai
H(1

2
(p + q)) = −

n∑

i=1

1

2

(

p⋆
i /
∑

i

pi + q⋆
i /
∑

i

qi

)

ln

[

1

2

(

p⋆
i /
∑

i

pi + q⋆
i /
∑

i

qi

)]

.Sunep¸, antikajist¸nta ti parap�nw sqèsei sthn Ex�swsh 3.9 pa�rnoume to epijumhtìapotèlesma.ParathroÔme ìti h entrop�a H(1
2
(p+q)) den mpore� na grafe� sunart sei th H(1

2
(p⋆+

q⋆)). To gegonì autì ma duskoleÔei sto na broÔme mia genik  kai eÔqrhsth èkfrashpou na sundèei th diafor� tou Jensen metaxÔ mh pijanotik¸n dianusm�twn me th diafor�tou Jensen metaxÔ pijanotik¸n dianusm�twn kai sth sunèqeia na exet�soume ti idiìthtètou, ìpw ègine me ta mètra twn Kullbak - Leibler kai Cressie and Read.Gia eukol�a sth sunèqeia ja jewr soume ìti isqÔei h isìthta ∑
i

pi =
∑

i

qi. 'Allwsteìpw e�dame sti duo prohgoÔmene enìthte h isìthta aut  apotele� thn el�qisth apa�thshgia èna mètro apìklish me mh pijanotik� dianÔsmata na jewrhje� w kanonikì mètroapìklish. H sqèsh pou sundèei th diafor� tou Jensen metaxÔ mh pijanotik¸n dianusm�twnme th diafor� tou Jensen metaxÔ pijanotik¸n dianusm�twn, se aut  thn per�ptwsh, d�netaiapì to parak�tw l mma.Pìrisma 3.2. Gia th diafor� tou Jensen me mh pijanotik� dianÔsmata p,q, me ∑
i

pi =
∑

i

qi isqÔei h sqèsh
J(p,q) =

1
∑

i

pi

J(p∗,q∗),ìpou J(p∗,q∗) e�nai h diafor� tou Jensen metaxÔ twn pijanotik¸n dianusm�twn p∗,q∗.Apìdeixh. Apì to parap�nw l mma gnwr�zoume ìti isqÔoun oi sqèsei
H(p) =

1
∑

i

pi

[

H(p⋆) + ln
∑

i

pi

]

kai
H(q) =

1
∑

i

qi

[

H(q⋆) + ln
∑

i

qi

]

.
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Doje�sh th isìthta ∑
i

pi =
∑

i

qi, èqoume ìti
H(1

2
(p + q)) =

1
∑

i

pi

[

H(1
2
(p⋆ + q⋆)) + ln

∑

i

pi

]

.Sunep¸, antikajist¸nta ti parap�nw sqèsei sthn Ex�swsh 3.9 pa�rnoume to epijumhtìapotèlesma.Prìtash 3.12. 'Estw ∑
i

pi =
∑

i

qi. Tìte isqÔei J(p,q) ≥ 0 me thn isìthta na isqÔeie�n kai mìno e�n p = q, ìpou p kai q e�nai mh pijanotik� dianÔsmata.Apìdeixh. H apìdeixh e�nai profan  dedomènou ìti J(p∗,q∗) ≥ 0 kai ∑
i

pi > 0.Orismì 3.8. (Dimetablht  entrop�a tou Shannon) 'Estw p(x, y) èna dimetablhtì mètro(mh pijanotik  sun�rthsh) pou sqet�zetai me duo diakritè metablhtè X, Y sto R2 giato opo�o isqÔei ∑
x

∑

y

p(x, y) 6= 1. Or�zoume th dimetablht  entrop�a tou Shannon gia thmh pijanotik  sun�rthsh p w
HX,Y (p) = −

∑

x

∑

y

p(x, y) ln p(x, y).Orismì 3.9. (Upì sunj kh entrop�a tou Shannon) Gia ti diakritè metablhtè X, Ykai th dimetablht  mh pijanotik  sun�rthsh p(x, y), ìpw aut  d�netai parap�nw, èstw
f(x) =

∑

y

p(x, y), h(y|x) = p(x,y)
f(x)

, g(y) =
∑

x

p(x, y), kai r(x|y) = p(x,y)
g(y)

, i = 1, 2. Jètoume
HY |X=x(h) =

∑

y

h(y|x) lnh(y|x), HX|Y =y(r) =
∑

x

r(x|y) ln r(x|y)kai or�zoume ti
HY |X(h) = EX

[
HY |X=x(h)

]
=
∑

x

f(x)
∑

y

h(y|x) lnh(y|x),

HX|Y (r) = EY

[
HX|Y =y(r)

]
=
∑

y

g(y)
∑

x

r(x|y) ln r(x|y).Orismì 3.10. (Dimetablht  diafor� tou Jensen) 'Estw pi(x, y), i = 1, 2, duo dimetablht�mètra (mh pijanotikè sunart sei) pou sqet�zontai me duo diakritè metablhtè X, Y sto
R2 gia ti opo�e isqÔei ∑

x

∑

y

pi(x, y) 6= 1. Or�zoume th diafor� tou Jensen metaxÔ duo55



dimetablht¸n mh pijanotik¸n sunart sewn p1, p2 w
JX,Y (p1, p2) = H

(
1
2
(p1 + p2)

)
− 1

2
[H(p1) +H(p2)]

= −
∑

x

∑

y

1
2
(p1(x, y) + p2(x, y)) ln(1

2
(p1(x, y) + p2(x, y)))

−1
2

[

−
∑

x

∑

y

p1(x, y) ln p1(x, y) −
∑

x

∑

y

p2(x, y) ln p2(x, y)

]

.Orismì 3.11. (Upì sunj kh diafor� tou Jensen) Gia ti diakritè metablhtè X, Ykai ti dimetablhtè mh pijanotikè sunart sei pi(x, y), i = 1, 2, ìpw autè dìjhkanparap�nw, èstw fi(x) =
∑

y

pi(x, y), hi(y|x) = pi(x,y)
fi(x)

, gi(y) =
∑

x

pi(x, y), kai ri(x|y) =

pi(x,y)
gi(y)

, i = 1, 2. Jètoume
JY |X=x(h1, h2) = H

(
1
2
(h1 + h2)

)
− 1

2
[H(h1) +H(h2)]

= −
∑

x

∑

y

1
2
(h1(y|x) + h2(y|x)) ln(1

2
(h1(y|x) + h2(y|x)))

−1
2

[

−
∑

x

∑

y

h1(y|x) lnh1(y|x) −
∑

x

∑

y

h2(y|x) lnh2(y|x)
]

,

JX|Y =y(r1, r2) = H
(

1
2
(r1 + r2)

)
− 1

2
[H(r1) +H(r2)]

= −
∑

x

∑

y

1
2
(r1(x|y) + r2(x|y)) ln(1

2
(r1(x|y) + r2(x|y)))

−1
2

[

−
∑

x

∑

y

r1(x|y) ln r1(x|y) −
∑

x

∑

y

r2(x|y) ln r2(x|y)
]

kai or�zoume thn
JY |X(h1, h2) = EX

[
JY |X=x(h1, h2)

]

= −
∑

x

f1(x)
∑

y

1
2
(h1(y|x) + h2(y|x)) ln(1

2
(h1(y|x) + h2(y|x)))

−1
2

[

−
∑

x

f1(x)
∑

y

h1(y|x) lnh1(y|x) −
∑

x

f1(x)
∑

y

h2(y|x) lnh2(y|x)
]

.
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Me parìmoio trìpo or�zoume thn
JX|Y (r1, r2) = EX

[
JX|Y =y(r1, r2)

]

= −
∑

x

g1(x)
∑

y

1
2
(r1(x|y) + r2(x|y)) ln(1

2
(r1(x|y) + r2(x|y)))

−1
2

[

−
∑

x

g1(x)
∑

y

r1(x|y) ln r1(x|y) −
∑

x

g1(x)
∑

y

r2(x|y) ln r2(x|y)
]

.Prìtash 3.13. (Isqur  prosjetikìthta) 'Estw p1, p2 duo dimetablhtè mh pijanotikèmetablhtè pou sqet�zontai me duo diakritè metablhtè X, Y sto R2 ìpw ston Orismì3.11. Tìte
JX,Y (p1, p2) = JX(f1, f2) + JY |X(h1, h2) = JY (g1, g2) + JX|Y (r1, r2),ìpou oi sunart sei fi, hi, gi, ri, i = 1, 2 e�nai ìpw ston Orismì 3.11.Apìdeixh. E�nai gnwstì (Shannon, 1948) ìti

HX∗,Y ∗(p∗i ) = HX∗(f ∗
i ) +HY ∗|X∗(h∗i ) = HY ∗(g∗i ) +HX∗|Y ∗(r∗i ), i = 1, 2.Sunep¸, èqoume ìti

JX∗,Y ∗(p∗1, p
∗
2) = HX∗,Y ∗(1

2
(p∗1 + p∗2)) − 1

2
[HX∗,Y ∗(p∗1) +HX∗,Y ∗(p∗2)]

= HX∗(1
2
(f ∗

1 + f ∗
2 )) +HY ∗|X∗(1

2
(h∗1 + h∗2))

−1
2

[
HX∗(f ∗

1 ) +HY ∗|X∗(h∗1) +HX∗(f ∗
2 ) +HY ∗|X∗(h∗2)

]

= HX∗(1
2
(f ∗

1 + f ∗
2 )) − 1

2
[HX∗(f ∗

1 ) +HX∗(f ∗
2 )]

+HY ∗|X∗(1
2
(h∗1 + h∗2)) − 1

2

[
HY ∗|X∗(h∗1) +HY ∗|X∗(h∗2)

]

= JX∗(f ∗
1 , f

∗
2 ) + JY ∗|X∗(h∗1, h

∗
2),to opo�o shma�nei ìti h isqur  prosjetikìthta isqÔei gia th diafor� tou Jensen. Meparìmoio trìpo apodeiknÔetai ìti isqÔei h sqèsh

JX∗,Y ∗(p∗1, p
∗
2) = JY ∗(g∗1, g

∗
2) + JX∗|Y ∗(r∗1, r

∗
2).
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Gia ti metablhtè X, Y èqoume ìti
JX,Y (p1, p2) =

1
∑

x

∑

y

p1(x, y)
Jx⋆,y⋆(p⋆

1, p
⋆
2)

=
1

∑

x

∑

y

p1(x, y)

[
JX⋆(f ⋆

1 , f
⋆
2 ) + JY ⋆|X⋆(h⋆

1, h
⋆
2)
]

=
1

∑

x

∑

y

p1(x, y)
JX⋆(f ⋆

1 , f
⋆
2 ) +

1
∑

x

∑

y

p1(x, y)
JY ⋆|X⋆(h⋆

1, h
⋆
2)

= JX(f1, f2) + JY |X(h1, h2),kaj¸ ∑
x

∑

y

p1(x, y) =
∑

x

f1(x) =
∑

y

g1(y). Me parìmoio trìpo, apodeiknÔoume ìti
JX,Y (p1, p2) = JY (g1, g2) + JX|Y (r1, r2).Gia thn asjen  prosjetikìthta èqoume thn parak�tw prìtash.Prìtash 3.14. (Asjen  prosjetikìthta) E�n hi(y|x) = gi(y) kai sunep¸ pi(x, y) =

fi(x)gi(y), i = 1, 2, èqoume ìti oi tuqa�e metablhtè X∗, Y ∗, gia ti opo�e oi “tupopoih-mène” timè twn X, Y , e�nai anex�rthte. Tìte
JX,Y (p1, p2) = JX(f1, f2) + JY (g1, g2).Apìdeixh. E�nai gnwstì (Shannon, 1948) ìti

HX∗,Y ∗(p∗i ) = HX∗(f ∗
i ) +HY ∗(g∗i ), i = 1, 2.Sunep¸, èqoume ìti

JX∗,Y ∗(p∗1, p
∗
2) = HX∗,Y ∗(1

2
(p∗1 + p∗2)) − 1

2
[HX∗,Y ∗(p∗1) +HX∗,Y ∗(p∗2)]

= HX∗(1
2
(f ∗

1 + f ∗
2 )) +HY ∗(1

2
(g∗1 + g∗2))

−1
2
[HX∗(f ∗

1 ) +HY ∗(g∗1) +HX∗(f ∗
2 ) +HY ∗(g∗2)]

= HX∗(1
2
(f ∗

1 + f ∗
2 )) − 1

2
[HX∗(f ∗

1 ) +HX∗(f ∗
2 )]

+HY ∗(1
2
(g∗1 + g∗2)) − 1

2
[HY ∗(g∗1) +HY ∗(g∗2)]

= JX∗(f ∗
1 , f

∗
2 ) + JY ∗(g∗1, g

∗
2),to opo�o shma�nei ìti h idiìthta th asjenoÔ prosjetikìthta isqÔei gia th diafor� touJensen. 58



Sth sunèqeia, gia ti metablhtè X, Y èqoume ìti
JX,Y (p1, p2) =

1
∑

x

∑

y

p1(x, y)
JX∗,Y ∗(p∗1, p

∗
2)

=
1

∑

x

∑

y

p1(x, y)
[JX∗(f ∗

1 , f
∗
2 ) + IY ∗(g∗1, g

∗
2)] .Epeid  isqÔei ìti ∑

x

∑

y

pi(x, y) =
∑

x

fi(x) =
∑

y

gi(y), i = 1, 2 telik� èqoume ìti
JX,Y (p1, p2) = JX(f1, f2) + JY (g1, g2).

Prìtash 3.15. (Mègisth plhrofor�a kai ep�rkeia) 'Estw Y = T (X) èna metr simometasqhmatismì th X. Tìte
JX(p1, p2) ≥ JY (g1, g2),me thn isìthta na isqÔei e�n kai mìno e�n h Y e�nai {epark }, ìpou pi = pi(x), gi = gi(y),

i = 1, 2.Apìdeixh. 'Estw gi(y) e�nai to mètro pou sqet�zetai me thn Y . Tìte gi(y) =
∑

x:T (x)=y

pi(x).Oi akìlouje anisìthte e�nai isodÔname
JX(p1, p2) ≥ JY (g1, g2) ⇔

1
∑

x

p1(x)
JX∗(p∗1, p

∗
2) ≥ 1

∑

y

g1(y)
JY ∗(g∗1, g

∗
2).Epeid  isqÔei ∑

x

pi(x) =
∑

y

gi(y), i = 1, 2, h teleuta�a anisìthta e�nai isodÔnamh me thn
JX∗(p∗1, p

∗
2) ≥ JY ∗(g∗1, g

∗
2),h opo�a isqÔei p�ntote. H isìthta isqÔei e�n kai mìno e�n h statistik  sun�rthsh Y ∗ =

T (X∗) e�nai epark .Me b�sh ta apotelèsmata th parap�nw an�lush, sumpera�noume ìti h diafor� touJensen J(p,q) gia mh pijanotik� dianÔsmata, upì orismène sunj ke e�nai mh arnhtik ,prosjetik  kai anallo�wth upì epark  metasqhmatismoÔ. Epiplèon diathre� thn idiìthtath mègisth plhrofor�a. Sunep¸, mporoÔme na jewr soume to mètro J(p,q) w mètroapìklish, me thn pro�pìjesh ìti isqÔei h isìthta ∑
i

pi =
∑

i

qi.59



3.5 Sumper�smata Kefala�ouSkopì tou kefala�ou autoÔ  tan h diereÔnhsh twn idiot twn orismènwn mètrwn apìklishìtan se aut� emplèkontai mh pijanotik� dianÔsmata. To erèjisma gia th diereÔnhsh aut dìjhke apì th qr sh tou mètrou twn Kullbak - Leibler sto prìblhma th exom�lunshposost¸n jnhsimìthta apì tou Brokett and Zhang (1986), ìpou ta posost� jnhsi-mìthta, w gnwstìn, den ajro�zoun sth mon�da all� thn xepernoÔn. Sugkekrimèna, tamètra twn opo�wn ti idiìthte elègxame e�nai to mètro twn Kullbak - Leibler, to mètroapìklish dÔnamh twn Cressie and Read kai h diafor� tou Jensen.H jewrhtik  diereÔnhsh tou mètrou apìklish twn Kullbak - Leibler DKL(p,q) memh pijanotik� dianÔsmata, èdeixe ìti to mètro autì ikanopoie� orismène apì ti basikèidiìthte twn mètrwn apìklish kai statistik  plhrofor�a, ti opo�e ikanopoie� kaito mètro kateujunìmenh apìklish twn Kullbak - Leibler IKL(p∗,q∗). Upì orismènesunj ke, to mètro DKL(p,q) e�nai mh arnhtikì, prosjetikì kai anallo�wto upì eparke�periorismoÔ. Epiplèon, to mètro autì ikanopoie� thn idiìthta th mègisth plhrofor�a.Sunep¸, to mètro DKL(p,q) mpore� na jewrhje� w mètro apìklish kai plhrofor�a.Sth sunèqeia, apode�xame ìti sthn per�ptwsh pou den èqoume pijanotik� dianÔsmata, tomètro apìklish dÔnamh twn Cressie and Read ikanopoie� orismène apì ti idiìthte pouto mètro me pijanotik� dianÔsmata ikanopoie�. Pio sugkekrimèna, upì orismène sunj kee�nai mh arnhtikì, prosjetikì, megalÔtero apì to mètro ICR(p∗,q∗) kai anallo�wto upìeparke� periorismoÔ. Epiplèon, ikanopoie�tai h idiìthta th mègisth plhrofor�a.Mia epèktash twn mètrwn apìklish kai idia�tera tou mètrou kateujunìmenh twnKullbak - Leibler gia mh arnhtikè sunart sei   dianÔsmata ègine apì ton Csiszar (1991)prosjètonta thn posìthta∑
i

qi −
∑

i

pi sthn èkfrash tou tupikoÔ mètrou. H ektetamènhapìklish twn Kullbak - Leibler ikanopoie� thn el�qisth apa�thsh gia mia sun�rthsh najewre�tai mètro apìklish. H �dia tropopo�hsh efarmìsjhke ep�sh sto mètro apìklishdÔnamh twn Cressie - Read. 'Omw autì to ektetamèno mètro ikanopoie� thn el�qisthapa�thsh mìno gia λ = 0, λ = 1 kai λ = −1. 'Otan isqÔei h isìthta ∑
i

pi =
∑

i

qi taduo proanaferjènta ektetamèna mètra taut�zontai me ta mètra apìklish twn Kullbak -Leibler kai Cressie - Read gia mh pijanotik� dianÔsmata, ant�stoiqa, ìpw aut� or�sjhkanstou OrismoÔ 3.1 kai 3.4, ant�stoiqa.Parìmoia  tan ta apotelèsmata th diereÔnhsh kai gia th diafor� tou Jensen pouprìteinan oi Burbea and Rao (1982). Kai autì to mètro ikanopoie� ti parap�nw basikèidiìthte twn mètrwn apìklish kai statistik  plhrofor�a.'Ena shmantikì, kat� th gn¸mh ma, apotèlesma th diereÔnhsh kai an�lush poudiex�game  tan h apok�luyh enì periorismoÔ   sunj kh gia thn isqÔ twn idiot twn pouanafèrame parap�nw. Sugkekrimèna, gia na qarakthrisje� èna mètro apìklish metaxÔmh pijanotik¸n dianusm�twn w mètro apìklish kai statistik  plhrofor�a, ja prèpei60



na isqÔei h isìthta ∑
i

pi =
∑

i

qi. H sunj kh aut  e�nai mia genik  sunj kh pou perilam-b�nei kai thn isìthta ∑
i

p⋆
i =

∑

i

q⋆
i = 1, h opo�a isqÔei sthn per�ptwsh twn pijanotik¸ndianusm�twn.Sto epìmeno kef�laio ja perigr�youme th qr sh twn mètrwn apìklish sto prìblhmath analogistik  exom�lunsh en¸ se kef�laio pou akolouje� ja g�nei emfan  h qrhsi-mìthta th sunj kh∑

i

pi =
∑

i

qi, mèsw mia arijmhtik  diereÔnhsh.
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Kef�laio 4Exom�lunsh pin�kwn jnhsimìthtamèsw apokl�sewn
4.1 Eisagwg H diereÔnhsh twn idiot twn twn mètrwn apìklish ìtan se aut� den emplèkontai pijano-tik� dianÔsmata, h opo�a parousi�sjhke sto prohgoÔmeno kef�laio, èdeixe ìti ta mètraaut� mporoÔn upì orismène sunj ke na jewrhjoÔn w mètra apìklish me thn ènnoiapou ta gnwr�zoume. Sunep¸ ta mètra aut� mporoÔn na qrhsimopoihjoÔn w mètra apìkli-sh, me thn ènnoia pou aut� èqoun sth Statistik  Jewr�a Plhrofori¸n, se probl matapou emplèkontai mh pijanotik� dianÔsmata. 'Ena tètoio prìblhma, to opo�o emfan�zetaisthn Analogistik  Epist mh, th Biostatistik  kai th Dhmograf�a, e�nai to prìblhma thexom�lunsh twn posost¸n jnhsimìthta   �llwn an�logwn posot twn.Sto kef�laio autì ìpw kai se olìklhrh th diatrib , ja perioristoÔme sthn perigraf th exom�lunsh posost¸n jnhsimìthta. H epèktash sthn per�ptwsh �llwn posot twnnom�zoume ìti e�nai eÔkola katanoht . Ja or�soume thn ènnoia th exom�lunsh, ja pe-rigr�youme ta basik� qarakthristik� th, ja anaferjoÔme stou statistikoÔ elègqoupou qrhsimopoioÔntai gia ton èlegqo th exom�lunsh en¸ sto tèlo ja anaferjoÔmeme suntom�a sti mejìdou exom�lunsh pou èqoun parousiaste� sth bibliograf�a kai japarousi�soume to pla�sio qr sh twn mètrwn apìklish.4.2 Ti e�nai exom�lunshGia na mporèsoume na or�soume thn ènnoia th exom�lunsh, ja prèpei pr¸ta na anafer-joÔme ston trìpo upologismoÔ twn posost¸n jnhsimìthta. Sthn ous�a den upolog�zoumeta pragmatik� posost� jnhsimìthta, all� apl� ta ektimoÔme. Gnwr�zonta ton arijmì63



twn jan�twn sthn hlik�a x, èstw dx, kai ton arijmì twn atìmwn pou br�skontai se k�ndunosthn �dia hlik�a, èstw lx, o pio aplì trìpo ekt�mhsh tou posostoÔ jnhsimìthta g�netaimèsw tou tÔpou
◦
qx=

dx

lx
, x = 1, 2, . . . , n.To posostì ◦

qx anafèretai sth bibliograf�a w adrì de�kth jnhsimìthta sthn hlik�a x.Me �lla lìgia mporoÔme na poÔme ìti o adrì de�kth jnhsimìthta e�nai h an�logh ènnoiath èntash jnhsimìthta (fore of mortality), sthn per�ptwsh ìpou h tuqa�a metablht 
T pou perigr�fei to qrìno zw  enì atìmou e�nai diakrit .Epeid  sun jw upojètoume ìti to lx e�nai meg�lo, sugkrinìmeno me to dx, mporoÔmena upojèsoume ìti to dx akolouje� th diwnumik  katanom  me paramètrou lx kai qx kaisunep¸ o ektimht  ◦

qx mpore� na jewrhje� w diwnumikì posostì. 'Etsi mporoÔme nagr�youme
E
(◦
qx

)

= qxkai
var

(◦
qx

)

=
qx(1 − qx)

lx
,ìpou qx e�nai to pragmatikì posostì jnhsimìthta. Bèbaia o arijmì twn jan�twn denakolouje� akrib¸ diwnumik  katanom , kaj¸ to lx den antistoiqe� akrib¸ se arijmìanex�rthtwn diwnumik¸n dokim¸n (London, 1985). Epiplèon, an parast soume grafik�ta ◦

qx, x = 1, 2, . . . , n, ta opo�a, upì thn upìjesh th diwnumik  katanom , e�nai kaiektimhtè mègisth pijanof�neia, ja p�roume èna di�gramma me meg�le diakum�nsei,kaj¸ k�poia apì aut� ja e�nai megalÔtera kai k�poia mikrìtera apì ta pragmatik�posost� jnhsimìthta tou plhjusmoÔ sti ant�stoiqe hlik�e. To epìmeno loipìn b math kataskeu  twn montèlwn jnhsimìthta, e�nai h anaje¸rhsh twn arqik¸n ektim sewn
◦
qx gia na prokÔyoun kalÔtere ektim sei twn pragmatik¸n posost¸n. H anaje¸rhshaut  onom�zetai exom�lunsh (graduation).O Miller (1949) ìrise thn exom�lunsh w th diadikas�a na p�roume, apì mia mh omal  -mh kanonik  (irregular) seir� parathroÔmenwn tim¸n mia suneqoÔ metablht , mia omal seir� tim¸n oi opo�e na e�nai {sunepe�} me ti parathroÔmene timè. 'Ena er¸thma pougenniètai e�nai an h exom�lunsh mpore� na g�nei se opoiad pote seir� parathroÔmenwn ti-m¸n. SÔmfwna me ton London (1985), h ap�nthsh d�netai apì ta �dia ta dedomèna kai ìleoi seirè dedomènwn den ende�knuntai gia exom�lunsh. Sugkekrimèna anafèrei ìti {mìnoorismènoi tÔpoi dedomènwn e�nai kat�llhloi gia exom�lunsh, dhlad  auto� gia tou opo�oupisteÔetai ìti up�rqei sqèsh metaxÔ twn stoiqe�wn th seir� twn dedomènwn}. O Haber-man (1998), gia to �dio jèma, anafèrei ìti an o ereunht  pisteÔei ìti ta dedomèna e�naianex�rthta metaxÔ tou, tìte oi adrè timè ja e�nai oi telikè ektim sei twn pragmatik¸ndedomènwn. Se ant�jeth per�ptwsh, prèpei na g�nei exom�lunsh.64



Sthn Analogistik  Epist mh, exom�lunsh mpore� na g�nei e�te se ektim sei twn po-sost¸n jnhsimìthta qx e�te se ektim sei th èntash jnhsimìthta µx, qwr� na apo-kle�ontai posìthte ìpw o arijmì atìmwn se k�nduno, suntaxiodotik� pos�, posost�apoqwr sewn kai �lle asfalistikè posìthte. Sth Biostatistik  exom�lunsh mpore�na efarmosje� se posost� noshrìthta (Haberman, 1983 kai 1984). O Haberman (1998)anafèrei ìti up�rqei mia ek twn protèrwn �poyh, ìti k�je pragmatik  tim  tou qx (  tou
µx) e�nai sten� susqetismènh me thn epìmen  th kai h sqèsh aut  ekfr�zetai apì thn�poyh ìti oi timè twn posot twn aut¸n aux�nontai omal� apì hlik�a se hlik�a. Sunep¸qrei�zetai na g�nei exom�lunsh twn arqik¸n ektim sewn twn posost¸n jnhsimìthta   thèntash jnhsimìthta.A doÔme t¸ra p¸ mporoÔme na ektim soume thn èntash jnhsimìthta. Gia na toepitÔqoume autì ja sthriqjoÔme sthn upìjesh ìti oi j�natoi dx e�nai anex�rthtoi metaxÔtou kai katanèmontai w Poisson katanom  me par�metro rc

xµx, ìpou rc
x e�nai o kentrikì(entral) qrìno èkjesh ston k�nduno tou jan�tou. H upìjesh th katanom  Poisson,dikaiologe�tai me to akìloujo skeptikì: Upojètoume ìti èna �tomo mpore� na pej�nei an�p�sa stigm  mèsa sto qronikì di�sthma (0, rc

x), to opo�o diairoÔme se n = rc
x

∆x
upodiast -mata m kou ∆x. Upojètoume ìti h pijanìthta p na pej�nei èna �tomo se opoiod poteupodi�sthma (x, x+ ∆x), 0 ≤ x ≤ rc

x e�nai µx∆x, h opo�a e�nai stajer  se k�je upo-di�sthma. An X e�nai o arijmì twn {epituqi¸n}, dhlad  twn jan�twn sto (0, rc
x) kaiupojèsoume ìti oi j�natoi e�nai anex�rthtoi apì upodi�sthma se upodi�sthma kai ìti hpijanìthta duo   perissìterwn jan�twn sto (x, x+ ∆x) e�nai amelhtèa lìgw tou mikroÔ

∆x, tìte praktik� mporoÔme na jewr soume ìti h tuqa�a metablht  X akolouje� th diw-numik  katanom  me paramètrou n kai p, ìpou n = rc
x

∆x
kai p = µxr

c
x. E�nai gnwstì ìtito ìrio th diwnumik  katanom  B(n, p) me n → +∞ kai np = µxr

c
x stajerì e�nai hkatanom  Poisson me par�metro µxr

c
x (blèpe Papaðw�nnou, 2000). Qrhsimopoi¸nta thmèjodo th mègisth pijanof�neia, prokÔptei ìti h ekt�mhsh th èntash jnhsimìthtad�netai apì th sqèsh

µx =
dx

rc
x

,h opo�a mpore� na sumbolisje� kai me ◦
µx kat� antistoiq�a me to sumbolismì tou adroÔde�kth jnhsimìthta ◦

qx.ParathroÔme ìti gia thn ekt�mhsh th èntash jnhsimìthta µx, prèpei na gnwr�zoumeto qrìno èkjesh ston k�nduno tou jan�tou. O Hatzopoulos (1997) anafèrei ìti o qrìnoèkjesh diakr�netai se kentrikì (entral) kai arqikì (initial) qrìno. Ep�sh parathre� ìtikat� th sullog  twn dedomènwn, aut� ja prèpei na proèrqontai apì omoiogen  plhjusmìpou shma�nei ìti ta �toma èqoun parìmoia èntash jnhsimìthta. Autì apaite�tai gia thnep�teuxh akrib¸n apotelesm�twn.'Ena trìpo gia ton upologismì tou kentrikoÔ qrìnou e�nai na prosjèsoume to qrìno65



paramon  sthn èreuna k�je atìmou pou summetèqei se aut . Gia par�deigma, an to i -ostì �tomo arq�sei na parathre�tai sthn hlik�a x+ ai kai fÔgei apì thn èreuna e�te lìgwjan�tou e�te gia opoiond pote �llo lìgo sthn hlik�a x+ bi, tìte o qrìno paramon  tousthn èreuna e�nai bi − ai. Sunep¸ o kentrikì qrìno èkjesh ston k�nduno tou jan�tou,o opo�o prìkeitai gia ton akrib  qrìno èkjesh, e�nai
rc
x =

∑

i

(bi − ai).H mèjodo aut  onom�zetai euje�a (diret) kai qrhsimopoie�tai ìtan epilègoume de�gma apìton plhjusmì.Mia enallaktik  mèjodo upologismoÔ e�nai aut  th apograf  (ensus). SÔmfwname aut  isqÔei
rc
x =

T∫

0

Px(t)dt,ìpou T e�nai h di�rkeia th èreuna kai Px(t) e�nai o plhjusmì atìmwn hlik�a x poubr�skontai sth zw  th qronik  stigm  t. Gia ton upologismì tou parap�nw oloklhr¸matompore� na qrhsimopoihje� gia par�deigma o kanìna tou trapez�ou opìte èqoume
rc
x =

T

2
(Px(0) + Px(T )) .Diair¸nta ton arijmì twn jan�twn dx me to qrìno èkjesh ston k�nduno rc

x, pa�rnoumethn ekt�mhsh th èntash jnhsimìthta, ìpw e�dame parap�nw. Se per�ptwsh pou oqrìno èkjesh ston k�nduno suneq�zei na metr�tai mèqri th stigm  pou to �tomo ja èfeugekanonik� apì thn èreuna, akìmh kai an autì èqei pej�nei, kai o qrìno autì prost�jetaisto rc
x, tìte mil�me gia ton arqikì qrìno èkjesh. Mia ikanopoihtik  prosèggish autoÔd�netai apì th sqèsh

ri
x = rc

x +
dx

2
.Diair¸nta ton arijmì twn jan�twn dx me ton qrìno èkjesh ston k�nduno ri

x, upolog�zoumeton arqikì adrì de�kth jnhsimìthta ◦
qx.Gnwr�zoume ìti èna ektimht , mpore� na grafe� w to �jroisma th pragmatik  tim kai enì jetikoÔ   arnhtikoÔ sf�lmato. Qrhsimopoi¸nta to sumbolismì tou London(1985), mporoÔme na gr�youme ìti
ux = tx + ex,ìpou ux e�nai oi arqikè ektim sei twn posost¸n jnhsimìthta   th èntash jnhsimì-thta, tx e�nai oi pragmatikè timè twn parap�nw posot twn, ex e�nai ta sf�lmata kai66



x = 1, 2, . . . , n e�nai h hlik�a. Shmei¸noume ìti mporoÔme na exomalÔnoume ènan olìklhrop�naka jnhsimìthta   èna mìno komm�ti tou. Jewr¸nta tuqa�e metablhtè, èqoume
Ux = tx + Ex.Shmei¸noume ìti oi pragmatikè timè tx den e�nai tuqa�e metablhtè.SÔmfwna me ton Miller (1949), o analogist  epijume� ta posost�   h èntash jnhsi-mìthta na metab�llontai omal�, giat� ètsi exasfal�zei ìti ja metab�llontai omal� kaioi di�fore asfalistikè posìthte pou upolog�zontai me b�sh ti timè autè.4.3 Qarakthristik� th exom�lunshDuo e�nai ta basik� qarakthristik� th exom�lunsh, h omalìthta (smoothness) kai h kal prosarmog  (goodness of �t). Ta duo aut� stoiqe�a e�nai antikrouìmena kai h ep�teuxhtou enì apaite� th jus�a tou �llou (Haberman, 1998 kai Greville, 1983). A doÔme t¸rat� ennooÔme me tou duo parap�nw ìrou.4.3.1 OmalìthtaH omalìthta e�nai mia majhmatik  ènnoia, th opo�a ìmw o orismì den e�nai xek�jaro.O Weber (1976) or�zei mia sun�rthsh f(x) w omal , an tìso h sun�rthsh ìso kai hpr¸th th par�gwgo f ′(x) e�nai suneqe�. O Ma Lane (1986) anafèrei w omal , miasun�rthsh me ìso to dunatìn perissìtere suneqe� parag¸gou.H omalìthta mpore� na elegqje� grafik� exet�zonta an h grafik  par�stash twnarqik¸n dedomènwn den èqei shmantikè diakum�nsei. Enallaktik�, upolog�zetai èna arij-mhtikì mètro th omalìthta to opo�o bas�zetai sti diaforè tr�th   tètarth t�xh twnexomalumènwn tim¸n. W mètro th omalìthta mpore� na qrhsimopoihje� to �jroisma twntetrag¸nwn   twn apìlutwn tim¸n aut¸n twn diafor¸n (London, 1985 kai Haberman,1998). Sun jw qrhsimopoie�tai to

S =
∑

x

(∆zvx)
2 , x = 1, 2, . . . , n− z,ìpou vx e�nai oi exomalumène timè, ∆zvx e�nai oi diaforè twn exomalumènwn tim¸n kaisun jw z = 3   4. Oi exomalumène timè prokÔptoun apì mejìdou pou parousi�zontaise epìmenh enìthta tou kefala�ou autoÔ. Shmei¸noume ìti oi diaforè 1h, 2h, 3h kai4h t�xh or�zontai w

∆vx = vx+1 − vx, ∆2vx = vx − 2vx+1 + vx+2,67



∆3vx = −vx + 3vx+1 − 3vx+2 + vx+3 kai ∆4vx = vx − 4vx+1 + 6vx+2 − 4vx+3 + vx+4,ant�stoiqa.E�n h tim  tou mètrou S e�nai sqetik� mikr  (kont� sto mhdèn), sumpera�noume ìti hseir� twn nèwn ektim sewn e�nai omal  kai sunep¸ kalÔterh apì th seir� twn arqik¸nektim sewn. Bèbaia to mètro S apì mìno tou den èqei kam�a praktik  shmas�a. Apl� mpore�na qrhsimopoihje� w mètro sÔgkrish th omalìthta pou prokÔptei apì diaforetikèexomalÔnsei twn �diwn dedomènwn. Shmei¸netai ìti to mètro S mpore� na upologisje� kaigia ti arqikè timè ux.4.3.2 Kal  prosarmog E�nai logikì na jèloume oi exomalumène timè na mhn apèqoun polÔ apì ti arqikè ekti-m sei. 'Allwste h apìklish apì ti arqikè timè up�rqei gia thn ep�teuxh tou epijumhtoÔbajmoÔ omalìthta. O London (1985) prote�nei w mètra prosarmog  ta parak�tw:
F1 =

∑

x

wx(ux − vx)

F2 =
∑

x

wx(ux − vx)
2

F3 =
∑

x

xwx(ux − vx),ìpou vx e�nai oi exomalumène timè, ux e�nai oi arqikè ektim sei kai wx e�nai b�rh gia
x = 1, 2, . . . , n.'Oso mikrìterh e�nai h tim  tou mètrou tìso kalÔterh prosarmog  up�rqei. 'Oson afor�to mètro F1, autì e�nai aneparkè kaj¸ meg�le jetikè   arnhtikè diaforè mporoÔntuqa�a na anairejoÔn kai ètsi na èqoume mikr  tim  gia to F1 all� kak  prosarmog . Giathn apofug  autoÔ tou probl mato, sun jw qrhsimopoie�tai to mètro F2. An sto mètro
F3 qrhsimopoi soume w b�rh wx ton arijmì twn atìmwn se k�nduno lx, tìte mia mikr  tim tou mètrou autoÔ, shma�nei ìti o arijmì twn jan�twn ja e�nai per�pou �dio tìso gia taparathroÔmena ìso kai gia ta exomalumèna dedomèna.4.4 Statistik� test gia thn exom�lunshMet� apì k�je exom�lunsh posost¸n jnhsimìthta, ja prèpei na elègqetai kat� pìsooi exomalumène timè br�skontai kont� sti arqikè ektim sei kai ikanopoioÔn tou epi-plèon periorismoÔ pou jètoume ìpw gia par�deigma monoton�a, kurtìthta k.a. an�logame th fÔsh tou probl mato. Gia par�deigma, o analogist  epijume� ta posost�   h68



èntash jnhsimìthta na anapar�stantai apì mia monìtonh kai pio sugkekrimèna aÔxousasun�rthsh, dhlad  oi timè autè na aux�nontai apì hlik�a se hlik�a. Ep�sh protim� hsun�rthsh na e�nai kurt , dhlad  oi timè na aux�nontai pio apìtoma sti meg�le hlik�e.Oi Benjamin and Pollard (1980), parousi�zoun orismèna test gia ton èlegqo th upì-jesh ìti ta parathroÔmena posost� jnhsimìthta proèrqontai apì ènan plhjusmì mededomèna posost� qx0, x = 1, 2, . . . , n, pou gia par�deigma pa�rnoume apì k�poion dhmo-sieumèno p�naka jnhsimìthta. Pèra ìmw apì thn prosarmog  sti dedomène ektim seija prèpei na elègqontai oi apokl�sei gia thn pijan  Ôparxh twn parak�tw problhm�twn:a) arijmì arket� meg�lwn apokl�sewn oi opo�e mpore� na antistajm�zontai apì �llemikrè apokl�sei,b) meg�lh ajroistik  apìklish se mèro   olìklhro to eÔro twn hliki¸n,g) pollè jetikè   arnhtikè apokl�sei (dhlad  suss¸reush apokl�sewn tou �dioupros mou) se ìlo to eÔro twn hliki¸n.'Etsi pa�rnoume w mhdenik  upìjesh tou elègqou, thn upìjesh ìti ta pragmatik�posost� jnhsimìthta den diafèroun shmantik� apì ta ant�stoiqa posost� k�poiou p�nakajnhsimìthta, dhlad  H0 : qx = qx0 ènanti H0 : qx 6= qx0.'Ola ta test pou qrhsimopoioÔntai gia ton èlegqo th parap�nw upìjesh e�nai gnwst�apì th jewr�a elègqou upojèsewn.4.4.1 X2 test kal  prosarmog Gia ton èlegqo kal  prosarmog  qrhsimopoie�tai to gnwstì X2 test. Or�zoume w lxton arijmì twn atìmwn se k�nduno hlik�a x kai w dx ton arijmì twn jan�twn sthn �diahlik�a. Upì th mhdenik  upìjesh, jewroÔme ìti to pl jo twn jan�twn dx akolouje� thdiwnumik  katanom  me paramètrou lx kai qx0, dhlad 
dx ∼ Bi(lx, qx0), x = 1, 2, . . . , n.Se per�ptwsh pou o anamenìmeno arijmì jan�twn lxqx0 e�nai megalÔtero tou 5, tìteasumptwtik� to dx ja akolouje� thn kanonik  katanom  me mèsh tim  lxqx0 kai diakÔmansh

lxqx0(1 − qx0). Tìte upì th mhdenik  upìjesh, h posìthta
X2 =

n∑

x=1

(dx − lxqx0)
2

lxqx0(1 − qx0)akolouje� th χ2 katanom  me n bajmoÔ eleujer�a - upì thn pro�pìjesh ìti ta dx e�naianex�rthta metaxÔ tou - ìpou n e�nai o arijmì twn hliki¸n   twn diasthm�twn hliki¸n.H mhdenik  upìjesh aporr�ptetai se ep�pedo shmantikìthta a an X2 > χ2
n,1−a ìpou to

χ2
n,1−a br�sketai apì tou p�nake th χ2 katanom  kai or�zetai apì th sqèsh P (X2 ≥69



χ2
n,1−a) = 1 − a.Shmei¸noume ep�sh ìti to X2 test adunate� na elègxei ta probl mata (a) - (g), giaton èlegqo twn opo�wn qrhsimopoioÔntai ta parak�tw test.4.4.2 'Elegqo memonwmènwn tupopoihmènwn apokl�sewnGia ton èlegqo tou probl mato (a) efarmìzetai to test twn memonwmènwn tupopoihmènwnapokl�sewn. Upì th mhdenik  upìjesh, isqÔei ìti o arijmì twn jan�twn sthn hlik�a x,
x = 1, 2, . . . , n, dx, akolouje� th diwnumik  katanom  h opo�a mpore� na proseggiste� apì th
N (lxqx0, lxqx0(1 − qx0)). Jewr¸nta ìti oi j�natoi sti di�fore hlik�e e�nai anex�rthtoimetaxÔ tou kai ìti den up�rqei eterogèneia se k�je hlik�a, oi tupopoihmène apokl�sei

dx − lxqx0
√

lxqx0(1 − qx0)ja prèpei na sumperifèrontai w anex�rthte parathr sei pou proèrqontai apì thn tupik kanonik  katanom . Se ep�pedo shmantikìthta, èstw a = 0.05, aporr�ptetai h mhdenik upìjesh ìtan perissìtero apì to 5% twn tupopoihmènwn apokl�sewn uperba�nei kata apì-luto tim  thn tim  1.96.4.4.3 'Elegqo apìlutwn tupopoihmènwn apokl�sewnGia to �dio prìblhma mporoÔn ep�sh na qrhsimopoihjoÔn oi apìlute tupopoihmène apo-kl�sei
Z =

∣
∣
∣
∣
∣

dx − lxqx0
√

lxqx0(1 − qx0)

∣
∣
∣
∣
∣
, x = 1, 2, . . . , nEpeid  P (|Z| ≤ 2

3

)
≈ 0, Z ∼ N(0, 1), tìte upì th mhdenik  upìjesh, o arijmì, èstw R,twn apìlutwn tupopoihmènwn apokl�sewn pou uperba�noun thn tim  2

3
ja katanèmetai wdiwnumik  katanom  me paramètrou n kai 1

2
. H mhdenik  upìjesh ja aporr�ptetai an oarijmì R an kei sthn �nw a perioq  th diwnumik  katanom . An o arijmì twn hliki¸n

n e�nai megalÔtero tou 20, tìte proseggistik� to R ja akolouje� thn kanonik  katanom me mèso n
2
kai diakÔmansh n

4
kai h mhdenik  upìjesh ja aporr�ptetai an h posìthta

T =
2R− n√

nan kei sthn �nw a perioq  th katanom  N(0, 1).
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4.4.4 'Elegqo ajroistik¸n (susswreumènwn) apokl�sewnGia ton èlegqo tou probl mato (b) mporoÔn na qrhsimopoihjoÔn oi ajroistikè apokl�sei.Upojètonta ìti oi j�natoi sti geitonikè hlik�e e�nai anex�rthtoi metaxÔ tou, tìte upìth mhdenik  upìjesh, h ajroistik  apìklish enì tuqa�a epilegmènou diast mato hliki¸n,èstw [x1, x2], h opo�a isoÔtai me
x2∑

x=x1

(dx − lxqx0),ja e�nai mia kanonik  tuqa�a metablht  me mèsh tim  0 kai diakÔmansh x2∑

x=x1

lxqx0(1 − qx0).H mhdenik  upìjesh aporr�ptetai an h apìluth tim  th ajroistik  apìklish se ìlo toeÔro twn hliki¸n e�nai megalÔterh apì to dipl�sio th tetragwnik  r�za th ant�stoiqhdiakÔmansh   an oi ajroistikè apokl�sei se tm mata tou eÔrou twn hliki¸n e�nai polÔmeg�le kat� apìluth tim . Shmei¸netai, ìti ta diast mata hliki¸n den prèpei na allhlo-kalÔptontai, diaforetik� oi apokl�sei ja e�nai jetik� susqetismène kai to anamenìmenoposostì twn test pou d�noun shmantikì apotèlesma den ja xepern� to 5%.4.4.5 Proshmikì èlegqoTo prìblhma (g) mpore� na elegqje� mèsw tou proshmikoÔ elègqou. Upì th mhdenik upìjesh, ta prìshma twn memonwmènwn apokl�sewn e�nai anex�rthta kai per�pou isoka-tanemhmèna se jetik� kai arnhtik�. Sunep¸ o arijmì K twn jetik¸n (  arnhtik¸n)pros mwn se mia seir� n + 1 apokl�sewn ja akolouje� thn katanom  Bi (n, 1
2

) kai h mh-denik  upìjesh aporr�ptetai an o arijmì K br�sketai sthn k�tw   �nw a perioq  th
Bi
(
n, 1

2

). An n ≥ 20, to K prosegg�zetai apì thn katanom  N (n
2
, n

4

) kai h mhdenik upìjesh aporr�ptetai an h posìthta
L =

2K − n√
n

,an kei sthn k�tw   �nw a perioq  th tupik  kanonik  katanom .Enallaktikì test gia to �dio prìblhma e�nai to test tou Steven gia ti omadopoi seitwn pros mwn, pou bas�zetai sthn upergewmetrik  katanom  kai to diwnumikì test gia thnallag  twn pros mwn. Gia perissìtere plhrofor�e gia ta parap�nw test parapèmpoumestou Benjamin and Pollard (1980). Oi �dioi suggrafe� anafèroun, ìti kaj¸ ìla taparap�nw test e�nai eukolìtera sthn efarmog  tou apì to X2 test, e�nai protimìterona g�nontai prin apì to X2, o upologismì tou opo�ou ja prèpei na apofeÔgetai an taprohgoÔmena test de�qnoun anepark    isqur  prosarmog .Oi parap�nw èlegqoi mporoÔn na qrhsimopoihjoÔn kai gia ton èlegqo th exom�lun-sh. Sthn per�ptwsh aut , w mhdenik  upìjesh jewroÔme thn upìjesh ìti h mèjodo71



exom�lunsh pou qrhsimopoie�tai d�nei ikanopoihtik� apotelèsmata. Dhlad  ìti ta arqik�dedomèna den diafèroun apì ta exomalumèna. 'Etsi stou tÔpou twn elègqwn antikaji-stoÔme to qx0 me q̂x, ìpou q̂x e�nai ta exomalumèna posost�. 'Omw epeid  sti mejìdouautè ektimoÔme k�poie paramètrou, oi bajmo� eleujer�a tou X2 test den e�nai plèon
n all� afairoÔme apì autoÔ tìsou ìse e�nai oi par�metroi pou ektimoÔme. Ep�sh nashmei¸soume ìti h statistik  sun�rthsh X2 e�nai �dia me to mètro F2 th Upoenìthta4.3.2 me b�rh wx = lx

vx(1−vx)
, ìpou vx e�nai oi exomalumène timè.Oi èlegqoi pou parousi�same, mporoÔn na qrhsimopoihjoÔn kai gia thn exom�lunshpou anafèretai sthn èntash jnhsimìthta µx. Upojètonta ìti dx ∼ P (rc

xµx), mporoÔmena jewr soume ìti asumptwtik� to dx ja akolouje� thn kanonik  katanom  me mèsh tim kai diakÔmansh �sa me rc
xµx, ìpou rc

x e�nai o kentrikì qrìno èkjesh ston k�nduno.An o èlegqo X2 upodhl¸nei isqur  prosarmog , prèpei na aporr�youme thn exom�-lunsh kaj¸ tìte h omalìthta ja e�nai p�ra polÔ mikr  (upoexom�lunsh), an fusik� hexom�lunsh èqei g�nei me mia apì ti mh parametrikè mejìdou pou ja doÔme parak�tw. Hexom�lunsh ep�sh ja prèpei na aporr�ptetai an o parap�nw èlegqo de�qnei kak  prosar-mog  giat� sthn per�ptwsh aut  h omalìthta ja e�nai p�ra polÔ meg�lh (uperexom�lunsh).'Opw èqoume  dh anafèrei, h omalìthta kai h kal  prosarmog  e�nai duo antikrouìmenaqarakthristik� th exom�lunsh kai gia na e�nai aut  ikanopoihtik , ja prèpei kai ta duoaut� qarakthristik� na up�rqoun se k�poio {sugkekrimèno} bajmì.Oi upìloipoi èlegqoi qrhsimopoioÔntai w èqoun. Bèbaia oi Benjamin and Pollard(1980) anafèroun tropopoi sei aut¸n twn elègqwn, antikajist¸nta th diakÔmansh lxq̂x(1−
q̂x) me thn n−κ

n
lxq̂x(1 − q̂x), ìpou q̂x e�nai ta exomalumèna posost� jnhsimìthta kai κ oarijmì twn paramètrwn pou ektim¸ntai, qwr� h tropopo�hsh aut  na epifèrei shmantikèallagè sto apotèlesma twn elègqwn.4.5 Kathgor�e mejìdwn exom�lunshGia thn kataskeu  enì montèlou jnhsimìthta to opo�o ja anaparist�, dhlad  ja ektim�,to pragmatikì prìtupo jnhsimìthta, up�rqoun duo trìpoi. O pr¸to trìpo e�nai nakataskeu�soume ènan p�naka jnhsimìthta kai o deÔtero e�nai na uiojet soume thn �poyhìti to prìtupo jnhsimìthta perigr�fetai apì mia sun�rthsh. Oi duo auto� trìpoi makajodhgoÔn sto na jewr soume duo kathgor�e gia ti mejìdou exom�lunsh: ti mhparametrikè kai ti parametrikè (London, 1985 kai Haberman, 1998).Sti parametrikè mejìdou exom�lunsh, skopì ma e�nai na prosarmìsoume mia ma-jhmatik  sun�rthsh sti arqikè ektim sei twn posost¸n jnhsimìthta ◦

qx   th èntashjnhsimìthta ◦
µx, ètsi ¸ste na ekfr�soume th sqèsh pou up�rqei metaxÔ twn geitonik¸ntim¸n. Exom�lunsh mpore� na g�nei e�te prosarmìzonta mia sun�rthsh se ìlo to eÔro twn72



hliki¸n e�te perissìtere sunart sei se upodiast mata twn dedomènwn. Oi par�metroitwn sunart sewn ektim¸ntai mèsw gnwst¸n mejìdwn ìpw th mègisth pijanof�neia,twn elaq�stwn tetrag¸nwn k.a. Parìlo pou oi parametrikè mèjodoi d�noun eparke� ekti-mhtè, perièqoun k�poia merolhy�a, kaj¸ den up�rqei kam�a sun�rthsh pou na anaparist�epakrib¸ ti pragmatikè timè twn pijanot twn jnhsimìthta qx   th èntash jnhsimì-thta µx.Oi mh parametrikè mèjodoi exom�lunsh, efarmìzontai kur�w se pinakopoihmèna de-domèna sundu�zonta dedomèna se di�fore timè th hlik�a x, x = 1, 2, . . . , n qwr� napro�pojètoun kam�a sunarthsiak  morf  gia ta qx   µx. Kai autè oi mèjodoi perièqounmerolhy�a all� aut  mpore� na elegqje� mei¸nonta th deigmatik  diakÔmansh. 'Oson afo-r� to bajmì omalìthta, autì mpore� na elegqje� me thn epilog  th kat�llhlh tim k�poiwn paramètrwn en¸ sthn parametrik  exom�lunsh, h omalìthta jewre�tai dedomènhkai den mpore� na all�xei exait�a twn sunarthsiak¸n morf¸n pou qrhsimopoioÔntai.SÔmfwna me ton Greville (1983), h kathgoriopo�hsh twn mejìdwn exom�lunsh mpore�na g�nei kai me �llou trìpou. 'Etsi up�rqoun oi diakritè mèjodoi, sti opo�e k�jeparathroÔmenh tim    arqik  ekt�mhsh antikaj�statai me mia exomalumènh tim  kai oi sune-qe� mèjodoi, ìpou sta parathroÔmena dedomèna prosarmìzetai mia omal  kampÔlh. 'Ena�llo diaqwrismì e�nai se topikè (loal) kai olikè (global) mejìdou. Sti topikè me-jìdou, h exomalumènh tim  exart�tai apì orismène arqikè ektim sei en¸ sti olikè giak�je exomalumènh tim  qrhsimopoioÔntai ìle oi parathroÔmene. Epiplèon up�rqei kai osunduasmì twn tess�rwn parap�nw kathgori¸n.Sti parametrikè mejìdou an koun mèjodoi pou bas�zontai se montèla jnhsimìthta(Gompertz, Makeham, Oppermann, Theile and Ste�enson, Beard, Barnett, Heligmanand Pollard k.a.), se genikeumèna grammik� montèla (GLM), se sunart sei splines kaih smooth - juntion interpolation. Sti mh parametrikè mejìdou exom�lunsh an kounh grafik  mèjodo, oi stajmismènoi kinoÔmenoi mèsoi ìroi, h mèjodo twn Whittaker andHenderson, ìpou tìso h prosarmog  ìso kai h omalìthta lamb�nontai upìyin, h mèjodopur na kai h exom�lunsh me anafor� se ènan tupikì p�naka jnhsimìthta (katanom ).Sthn epìmenh par�grafo ja asqolhjoÔme me thn exom�lunsh me qr sh th Statistik Jewr�a Plhrofori¸n kai pio sugkekrimèna mèsw twn mètrwn apìklish. Sugkekrimèna,ja anaferjoÔme ston trìpo pou g�netai h exom�lunsh mèsw tou mètrou apìklish twnKullbak - Leibler, pou prìteinan oi Zhang and Brokett (1987) en¸ sth sunèqeia japarousi�soume to genikì jewrhtikì pla�sio gia th qr sh twn mètrwn apìklish, to opo�operilamb�nei ta mètra twn Kullbak - Leibler, twn Cressie - Read kai th diafor� touJensen.
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4.6 Exom�lunsh mèsw mètrwn apìklishOi pr¸toi pou qrhsimopo�hsan èna mètro apìklish, kai sugkekrimèna to mètro twn Kull-bak - Leibler, gia na kataskeu�soun mia seir� omal¸n pijanot twn jnhsimìthta {vx},h opo�a na e�nai ìso to dunatìn pio kont� sth seir� twn parathroÔmenwn tim¸n {ux}, tan oi Zhang and Brokett (1987). Epiplèon upèjesan ìti to pragmatikì all� �gnwstoprìtupo pijanìthta e�nai (i) omalì, (ii) auxanìmeno me thn hlik�a x, dhlad  monìtono,(iii) apìtoma auxanìmeno sti meg�le hlik�e, dhlad  kurtì. Ep�sh upèjesan ìti (iv) oarijmì twn jan�twn sta exomalumèna dedomèna e�nai �so me ton arijmì twn jan�twn staparathroÔmena dedomèna kai (v) to sÔnolo twn exomalumènwn hliki¸n jan�tou isoÔtai meti parathroÔmene sunolikè hlik�e jan�tou. W sunolik  hlik�a jan�tou ennooÔme to�jroisma tou ginomènou tou arijmoÔ jan�twn se k�je hlik�a ep� thn ant�stoiqh hlik�a.Majhmatik� oi pènte periorismo� gr�fontai w ex :(i)∑
x

(∆3vx)
2 ≤M , ìpou M e�nai mia prokajorismènh jetik  stajer�,(ii) ∆vx ≥ 0, ìpou ∆vx = vx+1 − vx,(iii) ∆2vx ≥ 0, ìpou ∆2vx = vx − 2vx+1 + vx+2,(iv) ∑

x

lxvx =
∑

x

lxux, ìpou lx e�nai o arijmì twn atìmwn se k�nduno sthn hlik�a x,kai (v) ∑
x

xlxvx =
∑

x

xlxux.To jewrhtikì pla�sio gia th qr sh twn mètrwn apìklish sto prìblhma th exom�lun-sh èqei w ex :EÔresh tou dianÔsmato v, to opo�o elaqistopoie� to mètro apìklish
D(v,u)upì orismènou   ìlou tou akìloujou periorismoÔ:

1.
n−3∑

x=1

(∆3vx)
2 ≤M, 2. ∆vx ≥ 0, 3. ∆2vx ≥ 0,(omalìthta) (monoton�a) (kurtìthta)
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4.
n∑

x=1

lxvx =
n∑

x=1

lxux, 5.
n∑

x=1

xlxvx =
n∑

x=1

xlxux,(analogistiko� periorismo�)ìpou v e�nai to di�nusma twn exomalumènwn tim¸n, u e�nai to di�nusma twn upì exom�lunsh(adr¸n) tim¸n kai lx o arijmì twn atìmwn se k�nduno sthn hlik�a x.E�nai eÔkolo na doÔme ìti oi parap�nw pènte periorismo� mporoÔn na grafoÔn sth morf 
gi(v) = 1

2
vTDiv + bT

i v + ci ≤ 0, i = 1, 2, ..., r, ìpou Di e�nai èna jetik� hmiorismènop�naka gia k�je i kai bi, ci e�nai stajerè. E�nai eÔkolo na katal�bei k�poio ìti seaut  thn per�ptwsh èqoume r = 2(n + 1) periorismoÔ, ìpou n e�nai o arijmì twn upìexom�lunsh posost¸n jnhsimìthta (Brokett, 1991).Sunep¸, to prìblhma efarmog  twn mètrwn apìklish sto prìblhma th exom�lunshmpore� na grafe� w:EÔresh tou dianÔsmato v, to opo�o elaqistopoie� to mètro apìklish
D(v,u)upì periorismoÔ th morf  v ≥ 0 kai gi(v) = 1

2
vTDiv + bT

i v + ci ≤ 0, i = 1, 2, ..., r,ìpou v e�nai to di�nusma twn exomalumènwn tim¸n, u e�nai to di�nusma twn upì exom�lunsh(adr¸n) tim¸n kai lx o arijmì twn atìmwn se k�nduno sthn hlik�a x.Pio sugkekrimèna, se morf  pin�kwn oi periorismo� mporoÔn na grafoÔn w:(i) (Av)T (Av) = vTATAv, ìpou A e�nai èna n × (n − 3) p�naka me grammè thmorf  (0, −1, 3, −3, 1, 0, . . ., 0),(ii) Bv = 0, ìpou B e�nai èna n × (n− 1) p�naka me grammè th morf  (0, −1, 1,
0, 0, . . ., 0),(iii) Cv = 0, ìpou C e�nai èna n× (n− 2) p�naka me grammè th morf  (0, 1, −2,
1, 0, . . ., 0),(iv) dTv = dTu, ìpou d = (lx, lx+1, ..., lx+n−1)

T , kai(v) eTv = eTu, ìpou e = (xlx, (x+ 1)lx+1, ..., (x+ n− 1)lx+n−1)
T , ant�stoiqa.Gia perissìtere plhrofor�e o endiaferìmeno anagn¸sth parapèmpetai stou Zhangand Brokett (1987), ton Sahlas (2004) kaj¸ ep�sh kai se epìmena kef�laia th pa-roÔsa diatrib .Me b�sh ta apotelèsmata th jewrhtik  melèth twn mètrwn apìklish, ta opo�aparousi�sthkan sto prohgoÔmeno kef�laio, prote�noume kat� thn exom�lunsh na qrhsimo-poie�tai èna epiplèon periorismì (Sahlas and Papaioannou, 2008, 2009a). Sugkekrimènaprote�noume th qr sh tou periorismoÔ 75



(vi) n∑

x=1

vx =
n∑

x=1

ux,gia na isqÔoun oi kalè idiìthte twn mètrwn plhrofor�a kai idia�tera h (pl rh) mharnhtik  idiìthta D(v,u) ≥ 0 me isìthta e�n kai mìno e�n v = u (bl. Prìtash 3.1 kaiBasu et al. (1998)). E�nai eÔkolo na doÔme mèsw antiparadeigm�twn ìti oi periorismo� (iv)kai (v) den sunep�gontai ton periorismì (vi).Sth sunèqeia ja parousi�soume eidik� to pla�sio efarmog  th exom�lunsh mèswtwn mètrwn apìklish twn Kullbak - Leibler, twn Cressie - Read kai tou Jensen.4.6.1 Exom�lunsh mèsw tou mètrou apìklish twn Kullbak -LeiblerGia na p�roun ti exomalumène timè, oi Zhang and Brokett (1987) elaqistopoioÔn tomètro apìklish twn Kullbak - Leibler metaxÔ twn adr¸n pijanot twn jan�tou {ux} kaitwn nèwn pijanot twn jan�tou {vx},
DKL(v,u) =

n∑

x=1

vx ln
vx

ux

,upì tou periorismoÔ (i) - (v) jewr¸nta ìmw èna duðkì prìblhma elaqistopo�hsh.'Etsi ant� na elaqistopoi soun to DKL(v,u) upì tou periorismoÔ v ≥ 0 kai gi(v) =
1
2
vTDiv + bT

i v + ci ≤ 0, i = 1, 2, ..., r, megistopoioÔn to duðkì prìblhma, pou e�nai:maximize −vT exp

{[

−
r∑

i=1

yi(A
T
i wi + bi)

]}

+ cTy−1
2

r∑

i=1

yi ‖wi‖2upì tou periorismoÔ v ≥ 0 kai wi ∈ Rmi .Sto parap�nw duðkì prìblhma, Ai e�nai èna mi × n p�naka, o opo�o prokÔptei apìton p�naka Di tou prwteÔonto probl mato w Di = AT
i Ai, ìpou mi e�nai h t�xh tou

Di, wi e�nai èna mi × 1 di�nusma pragmatik¸n arijm¸n kai y e�nai èna r × 1 di�nusmadianusmatik¸n pollaplasiast¸n Lagrange.EpilÔonta to parap�nw duðkì prìblhma, mporoÔme eÔkola na upolog�soume ti exo-malumène timè v∗x qrhsimopoi¸nta thn isìthta ln(v∗x/u
∗
x) = ζ∗x, x = 1, 2, ..., n dedomènouìti ζ∗ = −

r∑

i=1

y∗i (A
T
i w∗

i + bi). Ta y∗i kai w∗
i apoteloÔn th lÔsh tou duðkoÔ probl mato.Me ton trìpo autì mporoÔme na jewr soume thn prokÔptousa ekt�mhsh el�qisth diaqw-ristik  plhrofor�a (MDI), w th seir� twn exomalumènwn tim¸n pou ikanopoioÔn touperiorismoÔ kai e�nai el�qista diaqwr�simh apì ti adrè timè.An kai tètoiou e�dou periorismo�, majhmatiko� kai analogistiko�, br�skontai p�sw apìthn ènnoia th exom�lunsh,  tan h pr¸th for� pou periorismo� qrhsimopoi jhkan semèjodo exom�lunsh. 'Htan h pr¸th ep�sh for� pou èna mètro apìklish diaforetikì apìto gnwstìX2, autì twnKullbak - Leibler, qrhsimopoi jhke w mètro kal  prosarmog .76



4.6.2 Exom�lunsh mèsw twn apokl�sewn dÔnamh twn Cressie -ReadXekin¸nta apì thn idèa tou Brokett na elaqistopoi sei thn apìklish twn Kullbak- Leibler ¸ste na brei thn kalÔtera prosarmosmènh seir� exomalumènwn tim¸n {vx} upìtou periorismoÔ (i) èw (v), sthn enìthta aut  exet�zoume th qr sh tou de�kth apìklishdÔnamh pou ìrisan oi Cressie and Read (1984).Oi apokl�sei dÔnamh mporoÔn na qrhsimopoihjoÔn gia exom�lunsh w ex :ElaqistopoioÔme w pro to di�nusma twn exomalumènwn tim¸n v thn apìklish dÔnamht�xh λ
DCR(v,u) =

1

λ(λ+ 1)

n∑

i=1

vi

[(
vi

ui

)λ

− 1

]

,upì ìlou   merikoÔ apì tou periorismoÔ (i) èw (v).To λ e�nai mia par�metro pragmatik¸n arijm¸n. H elaqistopo�hsh g�netai gia di�foretimè th paramètrou λ kai epilègoume w kalÔterh exom�lunsh aut  pou d�nei ikanopoihti-k� apotelèsmata gia thn omalìthta kai thn prosarmog . Me autìn ton trìpo ermhneÔoumethn prokÔptousa seir� twn exomalumènwn tim¸n, w th seir� pou ikanopoie� tou periori-smoÔ kai e�nai el�qista diaqwr�simh, upì thn �poyh th apìklish twn Cressie and Read,apì th seir� twn adr¸n dedomènwn {ux}Sthn per�ptwsh pou to λ→ 0, èqoume ìti
DCR

λ→0(v,u) ≡ DKL(v,u) =

n∑

i=1

vi ln
vi

ui

,to opo�o e�nai to mètro apìklish twn Kullbak - Leibler. Sunep¸, sthn per�ptwshaut , h qr sh tou mètrou apìklish dÔnamh me λ = 0 sump�ptei me th qr sh tou mètroutwn Kullbak - Leibler. Me �lla lìgia, h mèjodo exom�lunsh pou prìteinan oi Zhangand Brokett (1987) apotele� mèlo th oikogèneia twn mejìdwn exom�lunsh mèsw twnapokl�sewn dÔnamh.4.6.3 Exom�lunsh mèsw tou mètrou apìklish tou JensenMia tr�th epilog  e�nai h qr sh w mètrou apìklish th diafor� tou Jensen pou eis -gagan oi Burbea and Rao (1982). Sugkekrimèna, èqoume ta ex :ElaqistopoioÔme w pro to di�nusma twn exomalumènwn tim¸n v th diafor� tou Jensen
J(v,u) ≡ H

(
1
2
(v + u)

)
− 1

2
[H(v) +H(u)] ,upì ìlou   merikoÔ apì tou periorismoÔ (i) èw (v). Upenjum�zoume ìti H(·) e�nai hentrop�a tou Shannon. 77



Sthn epìmenh par�grafo, ja analÔsoume gia eukolìterh katanìhsh tou periorismoÔpou qrhsimopoioÔntai sthn exom�lunsh.4.7 An�lush twn periorism¸nOi pènte periorismo� pou prìteinan oi Brokett and Zhang, gr�fontai se morf  pin�kwnw ex :(i) (Av)T (Av) ≤ M , ìpou
A =












−1 3 −3 1 0 · · · 0

0 −1 3 −3 1 · · · 0

0 0 −1 3 −3 · · · 0... ... ... ... ... ... ...
0 0 0 0 0 · · · 1










an z = 3(ii) Bv ≥ 0, ìpou

B =












−1 1 0 0 0 · · · 0

0 −1 1 0 0 · · · 0

0 0 −1 1 0 · · · 0... ... ... ... ... ... ...
0 0 0 0 0 · · · 1










(iii) Cv ≥ 0, ìpou

C =












1 −2 1 0 0 · · · 0

0 1 −2 1 0 · · · 0

0 0 1 −2 1 · · · 0... ... ... ... ... ... ...
0 0 0 0 0 · · · 1










(iv) dTv = dTu, ìpou

dT = (lx, lx+1, . . . , lx+n)kai (v) eTv = eTu, ìpou
eT = (xlx, (x+ 1)lx+1, . . . , (x+ 1)lx+n) .Shmei¸noume ìti oi periorismo� th morf  Z = W gr�fontai isodÔnama w Z−W ≥ 0kai −Z + W ≥ 0. 78



E�nai eÔkolo na doÔme ìti oi parap�nw periorismo� gr�fontai sth morf  gi(v) =
1
2
vTDT

i v + bT
i v + ci ≤ 0.Pio sugkekrimèna, èqoume(i) (Av)T (Av) ≤ M ⇔ 1

2
(Av)T (Av) ≤ 1

2
M ⇔ 1

2
(Av)T (Av) − 1

2
M ≤ 0, opìte

A1 = A, b1 = 0 kai c1 = −M
2
.(ii) Bv ≥ 0 ⇔ −Bv ≤ 0, opìte A2j = 0, b2j = h j-ost  gramm  tou p�naka −B kai

c2j = 0, j = 1, 2, . . . , n− 1.(iii) Cv ≥ 0 ⇔ −Cv ≤ 0, opìte A3j = 0, b3j = h j-ost  gramm  tou p�naka −C kai
c3j = 0, j = 1, 2, . . . , n− 2.(iv) O periorismì dTv = dTu gr�fetai w dTv−dTu ≥ 0 kai −dT v + dTu ≥ 0. Me�lla lìgia o tètarto periorismì sp�ei se duo periorismoÔ.Gia ton periorismì dT v − dTu ≥ 0, èqoume −dT v + dT u ≤ 0, opìte A4.1 = 0,
b4.1 = −dT kai c4.1 = dT u.Gia ton periorismì −dT v+dTu ≥ 0, èqoume dT v−dT u ≤ 0, opìte A4.2 = 0, b4.2 = dTkai c4.2 = −dT u.(v) O periorismì eTv = eT u ep�sh gr�fetai w eTv− eTu ≥ 0 kai −eT v+ eTu ≥ 0.Me �lla lìgia kai o pèmpto periorismì sp�ei se duo periorismoÔ.Gia ton periorismì eTv−eT u ≥ 0, èqoume −eTv+eT u ≤ 0, opìte A5.1 = 0, b5.1 = −eTkai c5.1 = eTu.Gia ton periorismì −eTv+eTu ≥ 0, èqoume eTv−eT u ≤ 0, opìte A5.2 = 0, b5.2 = eTkai c5.2 = −eT u.SÔmfwna me ta parap�nw, parathroÔme ìti e�n èqoume n parathr sei, oi periorismo�pou emplèkontai sto prìblhma th elaqistopo�hsh tou mètrou apìklish, e�te autì e�naito mètro twn Kullbak - Leibler e�te to mètro twn Cressie and Read e�te h diafor� touJensen, e�nai 2(n + 1), arijmì meg�lo akìmh kai gia mikrì n. Gia par�deigma, e�n
n = 15 oi periorismo� pou prokÔptoun e�nai 32. To gegonì autì, duskoleÔei to prìblhmath elaqistopo�hsh tou mètrou apìklish kai gia to lìgo autì e�nai protimìtero naergastoÔme me to duðkì prìblhma, ìpw ja doÔme sto epìmeno kef�laio.Me b�sh ta parap�nw, to lagkranzianì duðkì prìblhma g�netai

(D) sup
λ∈Rm

+ ,yi∈Rni

{

1

(r + 1)2

n∑

j=1

dj

(
1

r + 1
− rzj

) 1
r

[r(r + 1)zj − 1]

−1

2

‖y1‖2

λ1
+ λTc

}

,ìpou zj =

(

yT
1 A1 +

m∑

i=2

λib
T
i

)

j

kai o de�kth j dhl¸nei to j-ostì stoiqe�o tou dianÔ-smato z. y1 e�nai èna ni × 1 di�nusma, λ e�nai èna 2(n + 1) × 1 di�nusma kai cT =79



(−M
2
, 0, . . . , 0
︸ ︷︷ ︸

n−1

, 0, . . . , 0
︸ ︷︷ ︸

n−2

,dTu,−dT u, eTu,−eT u). H di�stash ni tou dianÔsmato y1 isoÔ-tai me n−z, ìpou z = 2, 3   4 an�loga me thn t�xh twn diafor¸n pou ja qrhsimopoi soumeston pr¸to periorismì.O periorismì pou eme� prote�noume w apara�thto kat� thn elaqistopo�hsh twn apo-kl�sewn, e�te aut  e�nai h apìklish twn Kullbak - Leibler e�te h apìklish dÔnamh twnCressie and Read e�te h diafor� tou Jensen,(vi) n∑

x=1

vx =
n∑

x=1

uxmpore� ep�sh na grafe� upì morf  pin�kwn kai sunep¸ sth morf  gi(v) w 1Tv = 1Tu,ìpou 1 = (1, 1, ..., 1)T .Se antistoiq�a me tou pènte periorismoÔ tou Brokett, èqoume ta parak�tw:(vi) O periorismì 1Tv = 1Tu ep�sh gr�fetai w 1Tv−1Tu ≥ 0 kai −1Tv+1Tu ≥ 0.Me �lla lìgia kai o èkto periorismì sp�ei se duo periorismoÔ.Gia ton periorismì 1Tv−1T u ≥ 0, èqoume−1Tv+1Tu ≤ 0, opìteA6.1 = 0, b6.1 = −1Tkai c6.1 = 1Tu =
∑

x

ux.Gia ton periorismì −1Tv+1T u ≥ 0, èqoume 1Tv−1T u ≤ 0, opìte A6.2 = 0, b6.2 = 1Tkai c6.2 = −1T u = −
∑

x

ux.Sunep¸, h enswm�twsh tou periorismoÔ (vi) sto prìblhma th elaqistopo�hsh toumètrou apìklish, isoduname� me thn aÔxhsh twn periorism¸n tou prwteÔonto probl mato(P) kat� duo.4.8 Sumper�smata Kefala�ouSto kef�laio autì ègine mia sÔntomh perigraf  th exom�lunsh posost¸n jnhsimìthta.Sugkekrimèna perigr�yame ta basik� qarakthristik� th (thn omalìthta kai thn kal prosarmog ), anafèrame tou statistikoÔ elègqou pou qrhsimopoioÔntai gia ton èlegqoth exom�lunsh en¸ ep�sh anafèrame en suntom�a ti mejìdou exom�lunsh pou èqounparousiaste� sth bibliograf�a. Sto tèlo tou kefala�ou parousi�same to genikì pla�sioqr sh twn mètrwn apìklish kaj¸ ep�sh kai to eidikì pla�sio qr sh kajenì apì tatr�a mètra apìklish me ta opo�a asqoloÔmaste sth diatrib  aut . Epiplèon analÔsametou periorismoÔ pou qrhsimopoioÔntai kat� thn elaqistopo�hsh twn mètrwn apìklishparousi�zonta tou p�nake kai ta dianÔsmata pou emplèkontai se autoÔ.
80



Kef�laio 5Elaqistopo�hsh mètrwn apìklish kaiDuikìthta
5.1 Eisagwg Ta mètra apokl�sewn parousi�zontai sqedìn pantoÔ sta majhmatik�, ti pijanìthte kaith statistik . Ekfr�zoun thn {apìstash} metaxÔ duo sunart sewn   dianusm�twn. Up�r-qoun poll� mètra apìklish   diversity sth bibliograf�a. Ta pio gnwst� e�nai aut� twnKullbak-Leibler, Csiszar   alli¸ φ-apìklish kai Cressie and Read diaforetik� gnwstìw apìklish dÔnamh. 'Ena ligìtero gnwstì mètro apìklish e�nai h diafor� tou Jensen.Ta mètra apìklish den e�nai metrikè (metris) kaj¸ den ikanopoioÔn thn summetrik (symmetri) idiìthta kai gia to lìgo autì merikè forè onom�zontai mètra kateujunìme-nh apìklish.Up�rqoun peript¸sei ìpou mètra apìklish emplèkoun mh pijanotikè katanomè, e�tesunart sei puknìthta pijanìthta e�te dianÔsmata pijanìthta. Mia tètoia per�ptwshe�nai h exom�lunsh posost¸n jnhsimìthta, h opo�a e�nai èna prìblhma elaqistopo�hshpou emplèkei apokl�sei.H elaqistopo�hsh mia metrik , mia apìstash   mia apìklish èqei mia kur�arqhjèsh sth Statistik  Epist mh. Emfan�zetai sqedìn pantoÔ kai autì epibebai¸nei thnisqur  sqèsh metaxÔ th Statistik , tou MajhmatikoÔ ProgrammatismoÔ kai th Epiqei-rhsiak  'Ereuna. Merik� parade�gmata e�nai ta el�qista tetr�gwna, oi beltistopoi sei
L1, L2, L∞, h el�qisth diaqwristik  plhrofor�a (minimum disrimination information),to krit rio AIC tou Akaike, h ekt�mhsh el�qisth apìklish (minimum divergene esti-mation), h ekt�mhsh apìstash Hellinger (Hellinger distane estimation), h ekt�mhsh thek twn protèrwn sun�rthsh tou Bayes (Bayes prior estimation).'Ola aut� ta probl mata emplèkoun apokl�sei me katanomè pijanìthta, e�te su-nart sei puknìthta pijanìthta e�te peperasmèna/�peira dianÔsmata pijanìthta. To81



sÔnhje pla�sio (set up) e�nai to akìloujo: H g0 e�nai gnwst    empeirik  (dhlad  basi-smènh se dedomèna) katanom  kai y�qnoume thn f pou elaqistopoie� thn kateujunìmenhapìklish D(f, g0) th f apì thn g0 upì k�poiou apara�thtou periorismoÔ gia thn f giat�diaforetik� h lÔsh e�nai h f = g0. Up�rqoun peript¸sei ìpou to pla�sio antistrèfetai:h f e�nai gnwst , basismènh se dedomèna   ektimhmènh, dhlad  f = f0, h g e�nai �gnw-sth kai to antike�meno e�nai h elaqistopo�hsh th D(f0, g) me th g na ikanopoie� k�poiouperiorismoÔ.Sto kef�laio autì ja perigr�youme trìpou elaqistopo�hsh twn mètrwn apìklishupì di�forou periorismoÔ. Eidik  barÔthta d�noume sthn per�ptwsh th elaqistopo�hshtwn mètrwn apìklish upì tetragwnikoÔ periorismoÔ, kaj¸ tètoioi periorismo� parou-si�zontai sto prìblhma th exom�lunsh. H elaqistopo�hsh twn mètrwn g�netai mèswth Jewr�a th Duðkìthta (Duality Theory). Sto tèlo tou kefala�ou parousi�zoumeti akribe� lÔsei twn problhm�twn elaqistopo�hsh twn mètrwn twn Kullbak - Leibler,Cressie and Read kai Jensen upì tetragwnikoÔ periorismoÔ.5.2 Elaqistopo�sh apokl�sewnH elaqistopo�hsh twn apokl�sewn akolouje� duo prìtupa. To èna mpore� na onomaste�parametrikì kai to �llo mh parametrikì.Gia to pr¸to jewroÔme thn f(x) gnwst  kai thn g(x, θ) ≡ gθ gnwst  all� exart¸menhapì mia �gnwsth par�metro θ, ìpou to θ mpore� na e�nai monodi�stath par�metro   di�-nusma. Tìte prospajoÔme na ektim soume thn par�metro θ elaqistopoi¸nta, me   qwr�periorismoÔ, thn
D(f, gθ).Autì odhge� se ekt�mhsh el�qisth apìklish   apìstash. Gia par�deigma, e�n D(f, gθ)e�nai h apìklish twn Kullbak-Leibler kai p�roume thn f na e�nai h f̂ , dhlad  empeirik   basismènh se dedomèna, tìte èqoume na elaqistopoi soume w pro thn par�metro θ, to

∫

f̂(x) ln
[

f̂(x)/g(x, θ)
]

dµ,ìpou µ e�nai èna kat�llhlo mètro. Me autì ton trìpo pa�rnoume ektimhtè el�qisthapìklish Kullbak-Leibler, oi opo�oi sump�ptoun (a.s.) me tou ektimhtè mègisth pija-nof�neia gia diakrit� (p.q. poluwnumik�) montèla. E�n h apìklish e�nai h apìstash touKolmogorov   h metrik  L∞, tìte p�li prospajoÔme na elaqistopoi soume w pro to θ,thn
sup |Fn(x) − F (x, θ)| ,ìpou F e�nai h ajroistik  sun�rthsh katanom  (df) th X kai Fn h ant�stoiqh empei-82



rik  ajroistik  sun�rthsh katanom . 'Ena klassikì par�deigma ekt�mhsh el�qisthapìklish e�nai h ekt�mhsh elaq�stwn tetrag¸nwn sta grammik� montèla, h opo�a èqeiantimetwpiste� sth bibliograf�a tìso algebrik� ìso kai gewmetrik�. To χ2, h apìstashHellinger, h apìklish φ tou Csiszar kai oi apokl�sei dÔnamh twn Cressie and Read èqounqrhsimopoihje� gia ekt�mhsh el�qisth apìstash   apìklish th paramètrou θ.Ed¸ mpore� kane� na parathr sei th qr sh th {apìklish twn dedomènwn apì tomontèlo}. Den up�rqei sugkekrimèno lìgo na prospaj soume na elaqistopoi soumethn D(f̂ , gθ) w pro to θ. MporoÔme na elaqistopoi soume thn D(gθ, f̂) kai autì odhge�se diaforetikoÔ ektimhtè gia to θ. Ektimhtè tètoiou tÔpou den èqoun ereunhje� sthbibliograf�a. Gia anaforè sto jèma autì, o endiaferìmeno anagn¸sth parapèmpetaistou Read and Cressie (1988), Vos (1992), Cutler and Cordero-Brana (1996) kai Pardo(2006).Gia to mh parametrikì prìblhma èqoume thn elaqistopo�hsh thD(f, g) me periorismoÔgia thn f me skopì ton prosdiorismì th f , h opo�a e�nai ìso to dunatìn pio kont� sthgnwst  g. E�n g = ĝ, dhlad  h ekt�mhsh bas�zetai se dedomèna, tìte prospajoÔme naektim soume to stoqastikì montèlo pou e�nai pio kont� sta dedomèna. Klassikì par�-deigma e�nai h el�qisth diaqwristik  katanom , h opo�a par�getai apì thn elaqistopo�hshth apìklish twn Kullbak-Leibler
∫

f ln(f/g) dx,me periorismoÔ sthn f kai odhge� sthn el�qisth diaqwristik  plhrofor�a (minimum dis-rimination information).H lÔsh tou Kullbak par�getai mèsw Lagkranzian  Jewr�a kai logismoÔ metabo-l¸n (alulus of variation) en¸ sth diakrit  per�ptwsh, mporoÔme na qrhsimopoi soumeapotelèsmata majhmatikoÔ programmatismoÔ. H bèltisth lÔsh f ⋆ e�nai ekjetik .Sthn epilog  montèlwn, mèsw prosarmog  di�forwn montèlwn, epidi¸koume na ekti-m soume to montèlo ĝ, to opo�o e�nai ìso to dunatìn pio kont� sthn alhjin  upotijèmenhkatanom  f twn dedomènwn. Gia to lìgo autì elaqistopoioÔme thn
D(f, ĝ) w pro ĝ.'Ena klassikì par�deigma e�nai to krit rio plhrofor�a tou Akaike AIC (Akaike, 1973).'Ena �llo shmantikì par�deigma qr sh twn apokl�sewn sth Statistik  e�nai mèsw thènnoia twn statistik¸n sunart sewn plhrofor�a   apìklish: 'Eqoume ti sunhjismè-ne statistikè sunart sei apokl�sewn D(f̂ , g) me thn g gnwst    thn D(f, ĝ) me thn fgnwst    thn D(f̂ , ĝ). Epiplèon èqoume statistikè sunart sei el�qisth diaqwristik plhrofor�a [Kullbak, (1959, sel. 82, 85)℄, oi opo�e prokÔptoun apì di�fore kl�seimontèlwn pijanìthta. Gia poll� probl mata oi duo prosegg�sei sump�ptoun. Up�rqei83



meg�lh bibliograf�a gia to jèma kai oi apokl�sei parèqoun èna ergale�o gia th diamìrfwshstatistik¸n sunart sewn gia elègqou upojèsewn, diast mata empistosÔnh, gia th sÔ-gkrish kai epilog  montèlwn kai genikìtera th diamìrfwsh mia efarmosmènh statistik sumperasmatolog�a. Gia mia shmantik  prìsfath anafor� sto jèma, o endiaferìmenoparapèmpetai ston Pardo (2006).5.3 Elaqistopo�hsh apokl�sewn sthn Analogistik  Epist mh'Opw e�dame sto prohgoÔmeno kef�laio, ta mètra plhrofor�a pa�zoun shmantikì rìlosthn Analogistik  Epist mh. Gia thn kanonik  katanom , to mètro tou Fisher, pou e�naito ant�strofo th diakÔmansh, e�nai èna logikì mètro th abebaiìthta. SÔmfwna me tonBrokett (1991) ta analogistik� montèla èqoun g�nei per�ploka kai di�foroi periorismo�sqetik� me thn kanonikìthta èqoun eisèljei se aut�. Gia to lìgo autì èqei parathrhje�mia apom�krunsh apì ta basismèna sth diakÔmansh kai thn kanonik  katanom  mètra,ìpw e�nai autì tou Fisher. Apì to 1948 m�lista o Wiener parat rhse ìti h entrop�a touShannon ja antikajistoÔse to mètro tou Fisher.Sthn Analogistik  Epist mh, basikì stìqo ma e�nai na epilèxoume metaxÔ duo upo-y fiwn katanom¸n pijanìthta p kai q gia èna stoqastikì montèlo, me b�sh thn plhro-for�a pou sullègoume apì ti parathr sei mia tuqa�a metablht  X pou perigr�fei tomontèlo. To basikìtero loipìn mètro apìstash metaxÔ duo katanom¸n e�nai to mètro twnKullbak - Leibler, to opo�o d�netai apì ton tÔpo
IKL(p∗,q∗) =

+∞∫

−∞

p∗(x)ln
p∗(x)

q∗(x)
dxgia th suneq  per�ptwsh, kai

IKL(p∗,q∗) =
∑

i

piln
pi

qigia th diakrit  per�ptwsh. To mètro autì e�nai h mèsh tim  tou logar�jmou tou lìgoupijanofanei¸n (odds - ratio), o opo�o e�nai epark  statistik  sun�rthsh, kai d�nei, kat�mia ermhne�a, thn anamenìmenh plhrofor�a pou up�rqei se mia parat rhsh mia tuqa�ametablht  X gia to diaqwrismì metaxÔ twn duo upoy fiwn katanom¸n pijanìthta giato stoqastikì montèlo.E�n k�poia qarakthristik� twn katanom¸n, ìpw ropè, pou sumbol�zoun kajar�asf�listra, mèso qrìno zw  klp, pososthmìria, gia par�deigma anamenìmena posost�jnhsimìthta   pijanìthte epib�wsh,   �lla pou mporoÔn na ekfrastoÔn w anamenìme-ne timè, e�nai   upot�jetai ìti e�nai gnwst�, tìte aut� mporoÔn na qrhsimopoihjoÔn w84



periorismo� sthn an�lus  ma.5.4 To kanonikì MDI prìblhmaEpeid  basikì ma stìqo - sthn Analogistik  Epist mh - e�nai na broÔme thn katanom 
p∗, h opo�a ja e�nai ìso to dunatìn pio ìmoia me thn q∗, ja prèpei na elaqistopoi soumew pro p∗ to mètro IKL(p∗,q∗). H el�qisth tim  onom�zetai El�qisth Diaqwristik Plhrofor�a (Minimum Disriminant Information, MDI), thn opo�a pr¸to eis gage oKullbak to 1954.Epeid , ìpw e�dame apì to Je¸rhma 2.1, isqÔei IKL(p∗,q∗) ≥ 0 me isìthta an kai mìnoan p∗(x) = q∗(x), tìte h katanom  pou d�nei h, upì orismènou grammikoÔ periorismoÔ,elaqistopo�hsh tou parap�nw mètrou, dhlad  h MDI ekt�mhsh p̂∗ e�nai ìso to dunatìnpio kont� (el�qista diaqwr�simh) sthn q∗ kai tautìqrona ikanopoie� tou periorismoÔ pou�sw h q∗ na mhn ikanopoie� (Brokett, 1991).Sth suneq  per�ptwsh èqoume thn elaqistopo�hsh tou mètrou

IKL(p∗, q∗) =

∞∫

−∞

p∗(x) ln

(
p∗(x)

q∗(x)

)

dx,upì tou periorismoÔ
∞∫

−∞

p∗(x) dx = θ0 = 1kai ∞∫

−∞

aj(x)p
∗(x) dx = θj , j = 1, 2, . . . , m.Me thn epilog  aj(x) = xj , eis�goume sto prìblhma th elaqistopo�hsh periorismoÔth morf  rop¸n, ìpw gia par�deigma mèse timè kai diakum�nsei. Ep�sh mporoÔmena or�soume thn aj(x) w th de�ktria sun�rthsh enì diast mato, opìte eis�goume stoprìblhma periorismoÔ pou emplèkoun pijanìthte (gia par�deigma pijanìthte epib�wsh  stop loss values).Sth diakrit  per�ptwsh, elaqistopoioÔme to mètro

IKL(p∗,q∗) =
n∑

i=1

p∗i ln

(
p∗i
q∗i

)

,ìpou q∗ = (q∗1, . . . , q
∗
n)T e�nai h tupik  diakrit  katanom  pijanìthta kai p∗ = (p∗1, . . . , p

∗
n)

Th diakrit  katanom  me thn opo�a jèloume na antikatast soume thn q∗. H elaqistopo�hsh85



tou mètrou twn Kullbak - Leibler g�netai upì tou periorismoÔ
n∑

i=1

p∗i = 1,

∑

j

aijp
∗
i = jj , j = 1, 2, . . . , m,kai

p∗i ≥ 0, i = 1, 2, . . . , n.Upì morf  pin�kwn, oi periorismo� gr�fontai w Ap∗ = θ kai p∗ ≥ 0, ìpou A e�nai èna
(m+1)×n p�naka ìpou sthn pr¸th gramm  èqei ìlo mon�de kai θ0 = 1 gia na ikanopoie�taio periorismì n∑

i=1

p∗i = 1, to opo�o pistopoie� ìti to p∗ e�nai katanom  pijanìthta. Bèbaiaìpw anafèrei o Brokett (1991), ìtan èqoume pijanìthte jnhsimìthta (mortality rates),oi opo�e den ajro�zoun sth mon�da, gia par�deigma ìtan den qrhsimopoioÔme olìklhro tonp�naka all� èna komm�ti tou, tìte mporoÔme na diagr�youme ton pr¸to periorismì qwr�na dhmiourghje� kanèna prìblhma sthn an�lus  ma.Shmei¸noume ìti sto parap�nw prìblhma elaqistopo�hsh, oi pijanìthte q∗i kai oitimè twn paramètrwn θj e�nai stajerè. Oi timè tìso twn q∗i ìso kai twn θj mpore� nae�nai exwgen¸ prosdiorismène   prosdiorismène mèsw tou de�gmato. H elaqistopo�hshg�netai gia ton èlegqo th upìjesh H0 : p∗ = q∗, dhlad  ìti oi parathroÔmene kaianamenìmene katanomè pijanìthta den e�nai statistik� diaqwr�sime.'Estw ìti p̃⋆ e�nai to bèltisto di�nusma opìte IKL(p̃⋆,q⋆) e�nai h el�qisth upì touperiorismoÔ tim  tou probl mato. E�n jewr soume ìti h parathroÔmenh katanom  pija-nìthta proèrqetai apì èna tuqa�o de�gma megèjou N apì thn katanom  pijanìthta q∗,tìte apodeiknÔetai ìti h posìthta 2NIKL(p̃⋆,q⋆) asumptwtik� akolouje� χ2 katanom  mebajmoÔ eleujer�a pou exart¸ntai apì to mègejo twn dianusm�twn n kai ton arijmì twngrammik¸ anex�rthtwn periorism¸n (Kullbak, 1959).5.5 Arq  th Mègisth Entrop�aSe pollè peript¸sei den up�rqei gnwst  katanom  pijanìthta q⋆ apì thn opo�a naupolog�soume thn p⋆. H pio logik  praktik  pou akoloujoÔme e�nai na jewr soume ìtiìle oi timè th q⋆ e�nai isop�jane. Dhlad  q⋆
i = 1

n
gia ìla ta i sth diakrit  per�ptwsh.Me �lla lìgia, jewroÔme w tupik  katanom  thn omoiìmorfh. Sunep¸ e�nai eÔkolo nadoÔme ìti sthn per�ptwsh aut  isqÔei

IKL(p⋆,q⋆) = −H(p⋆) + lnn,86



kai sunep¸ h elaqistopo�hsh tou mètrou IKL(p⋆,q⋆) e�nai isodÔnamh me th megistopo�hshth entrop�a, dhlad  isqÔei ìti
min

n∑

i=1

p∗i ln

(
p∗i
q∗i

)

⇔ max
∑

i

p⋆
i ln

1

p⋆
i

gia qi =
1

n
.H posìthta∑

i

p⋆
i ln p⋆

i e�nai h arnhtik  tim  th entrop�a th katanom  p⋆ kai h katanom pou lÔnei thn parap�nw sqèsh, onom�zetai Katanom  Mègisth Entrop�a (Maximum En-tropy, ME, Distribution). Antilambanìmaste ìti, sthn per�ptwsh aut , h elaqistopo�hshtou IKL(p⋆|q⋆) e�nai isodÔnamh me th megistopo�hsh th entrop�a H(p⋆). ParathroÔme,ìti h entrop�a e�nai eidik  per�ptwsh tou mètrou twn Kullbak - Leibler kai metr� thnapìstash mia katanom  p⋆ apì thn omoiìmorfh katanom . To montèlo th mègisthentrop�a, mpore� na jewrhje� ìti epilègei thn pio {abèbaia} katanom  upì tou periori-smoÔ (Brokett, 1991).O Brokett (1991) anafèrei ìti to montèlo MDI e�nai genikìterh kai perissìtero eÔ-kampth ènnoia, afoÔ h sun�rthsh q⋆ mpore� na parist�nei opoiad pote katanom  kai ìqimìno thn omoiìmorfh ìpw sumba�nei sto ME montèlo. Ep�sh to MDI montèlo èqei so-barì statistikì upìbajro se ant�jesh me thn entrop�a pou proèrqetai apì thn ant�stoiqhènnoia th jermodunamik .H Arq  bèbaia th Mègisth Entrop�a (Maximum Entropy Priniple) e�nai eurèwqrhsimopoioÔmenh sthn pr�xh kai pollè apì ti gnwstè katanomè, tìso suneqe� ìsokai diakritè, èqoun qarakthriste� w katanomè Mègisth Entrop�a (blèpe Kapur, 1989;Zografos, 1999). Efarmogè th Arq  th Mègisth Entrop�a èqoume  dh anafèrei sthnEnìthta 2.4.ToME montèlo qrhsimopoie�tai sthn Analogistik  Epist mh ìtan upojètoume stajer èntash jnhsimìthta kai omoiìmorfh katanom  jan�twn. Pio sugkekrimèna èstw ìti h mìnhplhrofor�a pou diajètoume e�nai h pijanìthta jan�tou se èna di�sthma hliki¸n th morf 
[a, b]. H plhrofor�a aut  metatrèpetai se ènan periorismì th morf  +∞∫

−∞
a0(x)p

⋆(x)dx =

θ0, ìpou
a0 =







0, x < a

1, a ≤ x < b

0, b ≥ x,ìpou x e�nai h hlik�a kai h θ0 dedomènh pijanìthta jan�tou. Sthn per�ptwsh aut  hME ka-tanom  pou ikanopoie� ton sugkekrimèno periorismì e�nai h omoiìmorfh. Se per�ptwsh pouqrhsimopoi soume kai �llou periorismoÔ, dhlad  perissìterh plhrofor�a, odhgoÔmastese �lla montèla epib�wsh.Sth Biostatistik  to ME montèlo qrhsimopoie�tai sth farmakokinhtik  kai se epidh-mik� montèla. Gia perissìtere plhrofor�e o endiaferìmeno anagn¸sth parapèmpetai87



ston Kapur (1989).5.6 Stoiqe�a MajhmatikoÔ ProgrammatismoÔ'Ena prìgramma majhmatikoÔ programmatismoÔ me periorismoÔ, e�nai èna prìgramma thmorf 
(P ) min {f0(x)|x ∈ X, fi(x) ≤ bi, i = 1, . . . , m

hi(x) = ci, i = 1, . . . , k} . (5.1)To di�nusma x = (x1, . . . , xn) e�nai h metablht  beltistopo�hsh (optimization variable)tou probl mato, h sun�rthsh f0 : Rn → R e�nai h antikeimenik  sun�rthsh (objetivefuntion)   sun�rthsh kìstou (ost funtion), oi sunart sei fi : Rn → R, i = 1, . . . , m,e�nai sunart sei periorism¸n anisìthta (inequality onstraint funtions), oi sunart sei
hi : Rn → R, i = 1, . . . , k, e�nai sunart sei periorism¸n isìthta (equality onstraintfuntions) kai oi stajerè b1, . . . , bm, c1, . . . , ck e�nai ta ìria   ta fr�gmata gia tou pe-riorismoÔ. 'Ena di�nusma x∗ onom�zetai bèltisto (optimal),   lÔsh tou probl mato (P )pou d�netai sthn Ex�swsh 5.1, e�n h antikeimenik  sun�rthsh èqei th mikrìterh tim  metaxÔìlwn twn dianusm�twn pou ikanopoioÔn tou periorismoÔ. E�n den up�rqoun periorismo�lème ìti to prìblhma (P ) e�nai qwr� periorismoÔ (unonstrained).To (P ) kale�tai kurtì   prìgramma kurtoÔ programmatismoÔ, e�n

• to X e�nai kurtì uposÔnolo tou Rn,
• oi f0, . . . , fm e�nai kurtè sunart sei pragmatik¸n arijm¸n sto X, kai
• den up�rqei kanèna periorismì isìthta.Enallaktik� ant� periorism¸n isìthta mporoÔme na èqoume grammikoÔ periorismoÔ isì-thta. 'Etsi oi periorismo� auto� mporoÔn na pèsoun eÔkola sthn per�ptwsh twn perio-rism¸n anisìthta antikajist¸nta to Rn me to afinikì (a�ne) sÔnolo pou d�netai apìtou grammikoÔ periorismoÔ isìthta. Shmei¸noume ìti èna sÔnolo S onom�zetai afinikìe�n perièqei th gramm  pou pern�ei apì duo opoiad pote apì ta shme�a tou, dhlad  e�n

x, y ∈ S tìte to ax + (1 − a)y an kei sto S gia ìle ti pragmatikè a. Me �lla lìgia,èna afinikì sÔnolo perièqei to grammikì sunduasmì duo opoiond pote shme�wn tou, me thnpro�pìjesh ìti oi suntelestè sto grammikì sunduasmì ajro�zoun sth mon�da (Boyd andVandenberghe, 2006).H x ∈ Rn onom�zetai metablht  beltistopo�hsh (optimization variable) en¸ h su-n�rthsh f0 : Rn → R e�nai h antikeimenik  sun�rthsh (objetive funtion)   sun�rthsh88



kìstou (ost funtion). Oi anisìthte fi(x) ≤ 0 onom�zontai periorismo� anisìthta (in-equality onstraints) kai oi ant�stoiqe sunart sei fi : Rn → R onom�zontai sunart seiperiorismoÔ anisìthta (inequality onstraint funtions). Epiplèon, oi isìthte hi(x) = 0onom�zontai periorismo� isìthta (equality onstraints) kai oi sunart sei hi : Rn → RkaloÔntai sunart sei periorismoÔ isìthta (equality onstraint funtions). E�n den up�r-qoun periorismo�, isqÔei dhlad  m = p = 0, lème ìti to prìblhma (P ) e�nai qwr� periori-smoÔ (unonstrained).To sÔnolo twn shme�wn gia ta opo�a or�zetai h antikeimenik  kai ìle oi sunart seiperiorism¸n, sumbol�zetai me
D =

m⋂

i=0

domfi ∩
k⋂

i=1

domhikai kale�tai domain tou probl mato beltistopo�hsh (P ). 'Ena shme�o x ∈ D e�naiefiktì (feasible) e�n ikanopoie� tou periorismoÔ fi(x) ≤ bi, i = 1, . . . , m, kai hi(x) = ci,
i = 1, . . . , k.To prìblhma (P ) lègetai ìti e�nai efiktì e�n up�rqei toul�qiston èna efiktì shme�o,diaforetik� onom�zetai mh efiktì. To sÔnolo ìlwn twn efikt¸n shme�wn kale�tai efiktìsÔnolo (feasible set)   sÔnolo periorism¸n (onstraint set).H bèltisth tim  (optimal value) p⋆ tou probl mato (P ) or�zetai w

p⋆ = inf {f0(x)|fi(x) ≤ bi, i = 1, . . . , m, hi(x) = ci, i = 1, . . . , k} .To p⋆ epitrèpetai na pa�rnei timè ±∞ en¸ e�n to prìblhma den e�nai efiktì, èqoume
p⋆ = ∞. E�n up�rqoun efikt� shme�a xk me f0(xk) → −∞ ìtan k → ∞, tìte p⋆ = −∞,kai lème ìti to prìblhma (P ) den e�nai fragmèno apì k�tw.5.6.1 Bèltista kai topik� bèltista shme�a'Ena shme�o x⋆ onom�zetai bèltisto shme�o   lÔnei to prìblhma (P ) e�n to x⋆ e�nai efiktìkai f0(x

⋆) = p⋆. To sÔnolo ìlwn twn efikt¸n shme�wn e�nai to bèltisto sÔnolo (optimalset), to opo�o sumbol�zetai me
Xopt = {x|fi(x) ≤ bi, i = 1, . . . , m, hi(x) = ci, i = 1, . . . , ci, f0(x) = p⋆} .E�n up�rqei èna bèltisto shme�o gia to prìblhma (P ), lème ìti h bèltisth tim  epitugq�ne-tai kai to prìblhma e�nai epilÔsimo. E�n to Xopt e�nai kenì, lème ant�stoiqa ìti h bèltisthtim  den epitugq�netai, pr�gma pou sumba�nei p�nta ìtan to prìblhma den e�nai fragmènoapì k�tw. 'Ena efiktì shme�o x me f0(x) ≤ p⋆ + ǫ (ìpou ǫ > 0 ) kale�tai ǫ-upobèltisto (ǫ-suboptimal) kai to sÔnolo ìlwn twn ǫ-upobèltistwn shme�wn onom�zetai to ǫ-upobèltisto89



sÔnolo gia to prìblhma (P ).Lème ìti èna efiktì shme�o x e�nai topikì efiktì shme�o e�n up�rqei èna R > 0, tètoio¸ste
f0(x) = inf {f0(z)|fi(z) ≤ bi, i = 1, . . . , m, hi(z) = ci, i = 1, . . . , k, ‖z − x‖2 ≤ R} , me �lla lìgia, to x lÔnei to prìblhma beltistopo�hshelaqistopo�hse thn f0(z)upì tou periorismoÔ fi(z) ≤ bi, i = 1, . . . , m

hi(z) = ci, i = 1, . . . , k

‖z − x‖2 ≤ Rme th metablht  z. Autì shma�nei ìti to x elaqistopoie� thn f0 p�nw se geitonik� shme�asto efiktì sÔnolo.E�n to x e�nai efiktì shme�o kai fi(x) = 0, tìte lème ìti o i-ostì periorismì anisì-thta fi(x) ≤ 0 e�nai energì sto x. E�n fi(x) < 0, tìte lème ìti o periorismì fi(x) ≤ 0e�nai anenergì. Oi periorismo� isìthta e�nai energo� se ìla ta efikt� shme�a. 'Ena pe-riorismì lème ìti e�nai pleon�zwn (redundant) e�n ìtan ton afairèsoume den all�zei toefiktì sÔnolo.5.6.2 Prìgramma KurtoÔ ProgrammatismoÔ'Ena prìblhma kurtoÔ programmatismoÔ èqei th morf 
(CP ) elaqistopo�hse thn f0(x)upì tou periorismoÔ fi(x) ≤ 0, i = 1, . . . , m

aT
i (x) = ci, i = 1, . . . , k,ìpou oi sunart sei f0, . . . , fm : Rn → R e�nai kurtè, ikanopoioÔn dhlad  th sqèsh

fi(αx + βy) ≤ αfi(x) + βfi(y)gia ìla ta x,y ∈ Rn kai ìla ta α, β ∈ R me α + β = 1, α ≥ 0, β ≥ 0. Sugkr�nonta toprìblhma (CP ) me to tupikì genik  morf  prìblhma (P ), to kurtì prìblhma èqei treiepiplèon apait sei:
• h antikeimenik  sun�rthsh prèpei na e�nai kurt ,
• oi sunart sei periorism¸n anisìthta prèpei na e�nai kurtè, kai90



• oi sunart sei periorism¸n isìthta prèpei na e�nai afinikè.Shmei¸noume ìti mia sun�rthsh f : Rn → Rm e�nai afinik  e�n e�nai to �jroisma miagrammik  sun�rthsh kai mia stajer�, dhlad  e�n e�nai th morf  f(x) = Ax + b,ìpou A ∈ Rm×n kai b ∈ Rm (Boyd and Vandenberghe, 2006). Enallaktik�, h f afinik e�n kai mìno e�n e�nai tautìqrona kurt  kai ko�lh.To kurtì prìgramma èqei mia shmantik  idiìthta. To efiktì sÔnolo enì probl matokurt  beltistopo�hsh e�nai kurtì kaj¸ e�nai h tom  tou domain tou probl mato
D =

m⋂

i=0

domfi,to opo�o e�nai èna kurtì sÔnolo, me m (kurt�) upoep�peda sÔnola {x|fi(x) ≤ 0} kai puperep�peda {x|aT
i x = bi}. Epiplèon, mporoÔme na upojèsoume qwr� ap¸leia th geni-kìthta, ìti ai 6= 0: e�n ai = 0 kai bi = 0 gia orismèna i, tìte o i-ostì periorismìisìthta mpore� na diagrafe�, e�n p�li ai = 0 kai bi 6= 0, o i-ostì periorismì isìthtae�nai astaj  (inonsistent) kai to prìblhma den e�nai efiktì. Sunep¸, se èna prìblhmakurt  beltistopo�hsh, elaqistopoioÔme mia kurt  antikeimenik  sun�rthsh p�nw se ènakurtì sÔnolo.E�n h f0 e�nai yeudokurt  (quasionvex) ant� kurt , lème ìti to prìblhma (CP ) e�nai(tupik  morf ) prìblhma yeudokurt  beltistopo�hsh. Kaj¸ ta sÔnola upoepipèdwnmia kurt    yeudokurt  sun�rthsh e�nai kurt�, sumpera�noume ìti gia èna prìblhmakurt    yeudokurt  beltistopo�hsh ta ǫ-upobèltista sÔnola e�nai kurt�. Pio sugke-krimèna, to bèltisto sÔnolo e�nai kurtì. E�n h antikeimenik  sun�rthsh e�nai austhr¸kurt , tìte to bèltisto sÔnolo perièqei to polÔ èna shme�o.5.6.3 Probl mata tetragwnik  beltistopo�hshTo prìblhma kurt  beltistopo�hsh (CP ) onom�zetai tetragwnikì prìgramma (QP ) e�nh antikeimenik  sun�rthsh e�nai (kurt ) tetragwnik  kai oi sunart sei periorism¸n e�naiafinikè. 'Ena tetragwnikì prìgramma mpore� na ekfrasje� sth morf 
(QP ) elaqistopo�hse thn 1

2
xT Px + qTx + rupì tou periorismoÔ Gx ≤ h

Ax = b,ìpou P ∈ Sn
+, G ∈ Rm×n kai A ∈ Rp×n en¸ o sumbolismì ≤ shma�nei thn an� sunist¸saanisìthta (omponentwise inequality). Se èna tetragwnikì prìgramma elaqistopoioÔmemia kurt  tetragwnik  sun�rthsh p�nw se èna polÔedro. E�n h antikeimenik  sun�r-thsh tou probl mato (CP ) kaj¸ ep�sh kai oi sunart sei periorism¸n anisìthta e�nai91



(kurtè) tetragwnikè, ìpw sto
(QCQP ) elaqistopo�hse thn 1

2
xT P0x + qT

0 x + r0upì tou periorismoÔ 1

2
xT Pix + qT

i x + ri ≤ 0, i = 1, . . . , m

Ax = b,ìpou Pi ∈ Sn
+, i = 0, 1, . . . , m, to prìblhma kale�tai tetragwnikì prìgramma me tetra-gwnikoÔ periorismoÔ (QCQP ). Se èna (QCQP ) prìgramma, elaqistopoioÔme mia kurt tetragwnik  sun�rthsh p�nw se mia efikt  perioq , h opo�a e�nai h tom  elleiyoeid¸n(ìtan Pi > 0).Ta tetragwnik� progr�mmata perilamb�noun w eidik  per�ptwsh ta grammik� progr�m-mata ìtan isqÔei P = 0 sto (QP ). Ep�sh perilamb�noun ta tetragwnik� progr�mmataìtan Pi = 0 sto (QCQP ), gia i = 1, . . . , m.5.6.4 Lagkranzian  sun�rthsh kai lagkranzian  duðkìthtaTo apotèlesma tou KurtoÔ Jewr mato ep� th Enallaktik  (Convex Theorem on Al-ternative) [Boyd and Vandenberghe (2006)℄ fèrnei sthn prosoq  ma th sun�rthsh

L(λ) = inf
x∈X

[

f0(x) +
m∑

j=1

λjgj(x)

]

, (5.2)h opo�a e�nai isodÔnamh kai proèrqetai apì to �jroisma
L(x,λ) = f0(x) +

m∑

j=1

λjgj(x). (5.3)H Ex�swsh 5.3 èqei idia�terh shmas�a ston majhmatikì programmatismì kai onom�zetaiLagkranzian  sun�rthsh (Lagrange funtion) tou progr�mmato elaqistopo�hsh upì pe-riorismoÔ anisìthta (inequality onstrained optimization program)
(IC) f(x) → min gj(x) ≤ 0, j = 1, . . . , m, x ∈ X.H Lagkranzian  sun�rthsh enì progr�mmato beltistopo�hsh e�nai mia polÔ shmantik posìthta, kaj¸ oi perissìtere sunj ke beltistopo�hsh ekfr�zontai se ìrou aut th sun�rthsh. Sth sunèqeia parajètoume to Je¸rhma th Duðkìthta tou KurtoÔProgrammatismoÔ.Je¸rhma 5.1. JewroÔme èna auja�reto prìgramma beltistopo�hsh me periorismoÔ ani-sìthta (IC). Tìte 92



(i) To in�mum th Lagkranzian  sun�rthsh sto x ∈ X e�nai gia k�je λ ≥ 0 ènak�tw fr�gma gia th bèltisth tim  sto (IC), ètsi ¸ste h bèltisth tim  sto prìgrammabeltistopo�hsh
(IC⋆) sup

λ≥0

L(λ),na e�nai ep�sh èna k�tw fr�gma gia th bèltisth tim  sto (IC).(ii) (Je¸rhma Kurt  Duðkìthta) E�n to prìgramma (IC) e�nai
• kurtì,
• k�tw fragmèno, kai
• ikanopoie� ti sunj ke tou Slater,tìte h bèltisth tim  sto (IC⋆) epitugq�netai kai e�nai �sh me th bèltisth tim  sto (IC).To Je¸rhma 5.1 (Boyd and Vandenberghe, 2006) kajier¸nei sugkekrimènh sqèsh meta-xÔ duo programm�twn beltistopo�hsh, tou {prwteÔonto} progr�mmato (primal problem)

(IC) f(x) → min gj(x) ≤ 0, j = 1, . . . , m, x ∈ X.kai tou {LagkranzianoÔ duðkoÔ} progr�mmato (dual problem)
(IC⋆) sup

λ≥0
L(λ), L(λ) = inf

x∈X
L(x,λ).Oi metablhtè λ tou duðkoÔ probl mato onom�zontai Lagkranziano� pollaplasiastè touprwteÔonto probl mato. To parap�nw je¸rhma anafèrei ìti h bèltisth tim  sto duðkìprìblhma e�nai mikrìterh   �sh me thn ant�stoiqh sto prwteÔon prìblhma, kai upì orismèneperist�sei (to prwteÔon prìblhma e�nai kurtì, fragmèno apì k�tw kai ikanopoie� tisunj ke tou Slater), oi bèltiste timè sta progr�mmata e�nai �se.'Eqoume anafèrei ìti oi bèltiste timè sta progr�mmata (IC) kai (IC⋆) e�nai �semetaxÔ tou, upì orismène upojèsei kurtìthta kai omalìthta (regularity). Up�rqeikai èna �llo trìpo gia na poÔme e�n oi bèltiste timè e�nai �se metaxÔ tou - autìisqÔei ìtan h Lagkranzian  sun�rthsh èqei èna sagmatikì shme�o (saddle point), dhlad up�rqei èna zeÔgo x⋆ ∈ X, λ⋆ ≥ 0 tètoio ¸ste h sun�rthsh L(x,λ) epitugq�nei toel�qistì th sto x ∈ X kai to mègistì th sto λ⋆ ≥ 0 kai isqÔei h sqèsh

L(x,λ⋆) ≥ L(x⋆,λ⋆) ≥ L(x⋆,λ) ∀x ∈ X, λ ≥ 0.E�nai eÔkolo na deiqje� h parak�tw prìtash.93



Prìtash 5.1. To zeÔgo (x⋆,λ⋆) e�nai sagmatikì shme�o th Lagkranzian  sun�rthsh
L tou progr�mmato (IC) e�n kai mìno e�n to x⋆ e�nai bèltisth lÔsh tou (IC), to λ⋆ e�naibèltisth lÔsh tou progr�mmato (IC⋆) kai oi bèltiste timè sta duo probl mata e�nai�se.Mia isodÔnamh diatÔpwsh twn parap�nw èqei w ex : JewroÔme to parak�tw prì-blhma beltistopo�hsh:elaqistopo�hse thn f0(x)upì tou periorismoÔ fi(x) ≤ 0, i = 1, . . . , m;

hi(x) = 0; i = 1, . . . , k; (5.4)ìpou x ∈ Rn. JewroÔme ìti to domain
D =

m⋂

i=0

domfi ∩
k⋂

i=1

domhiden e�nai kenì kai sumbol�zoume th bèltisth lÔsh tou parap�nw probl mato me p⋆. Upo-jètoume ìti to prìblhma 5.4 den e�nai kurtì.H basik  idèa sth Lagkranzian  duðkìthta e�nai na l�boume upìyh ma tou perio-rismoÔ tou probl mato 5.4 aux�nonta thn antikeimenik  sun�rthsh me èna stajmi-smèno �jroisma twn sunart sewn twn periorism¸n. H Lagkranzian  sun�rthsh L :

Rn ×Rm × Rp → R pou sqet�zetai me to prìblhma 5.4 èqei w ex :
L(x; λ; ν) = f0(x) +

m∑

i=1

λifi(x) +

k∑

i=1

νihi(x);me domL = D × Rm × Rp. Anaferìmaste sto λi w o pollaplasiast  Lagrange pousqet�zetai me ton i-ostì periorismì anisìthta fi(x) ≤ 0. Ant�stoiqa, anaferìmastesto νi w o pollaplasiast  Lagrange pou sqet�zetai me ton i-ostì periorismì isìthta
hi(x) = 0. Ta dianÔsmata λ kai ν onom�zontai duðkè metablhtè   dianÔsmata twnpollaplasiast¸n Lagrange pou sqet�zontai me to prìblhma 5.4.H Lagkranzian  duðk  sun�rthsh (  apl� duðk  sun�rthsh) g : Rm×Rp → R or�zetaiw thn el�qisth tim  th Lagkranzian  sun�rthsh p�nw sta x: gia λ ∈ Rm, ν ∈ Rp,

g(λ; ν) = inf
x∈D

L(x; λ; ν) = inf
x∈D

(

f0(x) +

m∑

i=1

λifi(x) +

k∑

i=1

νihi(x)

)

.'Otan h Lagkranzian  sun�rthsh den e�nai fragmènh apì k�tw w pro x, h duðk  sun�r-thsh pa�rnei thn tim  −∞. Kaj¸ h duðk  sun�rthsh e�nai to an� shme�o el�qisto mia94



oikogèneia afinik¸n sunart sewn tou (λ; ν), e�nai ko�lh, akìma kai ìtan to prìblhma 5.4den e�nai kurtì.Tèlo, gia to lagkranzianì duðkì prìblhma isqÔoun ta ex : Gia k�je zeÔgo (λ; ν)me λ ≥ 0, h Lagkranzian  sun�rthsh d�nei èna k�tw fr�gma gia th bèltisth tim  p⋆ touprobl mato beltistopo�hsh 5.4. 'Etsi èqoume èna k�tw ìrio pou exart�tai apì k�poieparamètrou λ, ν. Mia fusik  er¸thsh e�nai poiì e�nai to kalÔtero k�tw fr�gma poumporoÔme na p�roume apì th Lagkranzian  duðk  sun�rthsh.To er¸thma autì odhge� sto prìblhma beltistopo�hshelaqistopo�hse thn g(λ; ν)upì tou periorismoÔ λ ≥ 0. (5.5)To prìblhma autì e�nai duðkì prìblhma pou sqet�zetai me to prìblhma 5.4. Upì to pla�sioautì to arqikì prìblhma 5.4 kale�tai prwteÔon prìblhma. O ìro duðkì efiktì, giana perigr�yei èna zeÔgo (λ; ν) me (λ ≥ 0 kai g(λ; ν) > −∞, shma�nei ìti to (λ; ν)e�nai efiktì gia to prìblhma 5.5. Anaferìmaste sto (λ⋆; ν⋆) w to duðkì bèltisto  tou bèltistou duðkoÔ pollaplasiastè e�n e�nai bèltistoi gia to prìblhma 5.5. ToLagkranzianì duðkì prìblhma 5.5 e�nai èna prìblhma kurt  beltistopo�hsh, kaj¸ hantikeimenik  sun�rthsh pou jèloume na megistopoi soume e�nai ko�lh kai oi periorismo�kurto�. Autì isqÔei e�te to prwteÔon prìblhma 5.4 e�nai kurtì e�te ìqi.Sti epìmene paragr�fou ja ex�goume orismèna qr sima apotelèsmata pou aforoÔnthn elaqistopo�hsh twn mètrwn apìklish me ta opo�a asqoloÔmaste sth diatrib  aut .Gia thn exagwg  twn apotelesm�twn ja sthriqjoÔme se ènnoie tou kurtoÔ majhmatikoÔprogrammatismoÔ kai th lagkranzian  duðkìthta pou anafèrame parap�nw.5.7 Elaqistopo�hsh tou DiakritoÔMètrou twnKullbak - Leiblerme grammikoÔ kai tetragwnikoÔ periorismoÔSth diakrit  per�ptwsh, h antikeimenik  sun�rthsh thn opo�a jèloume na elaqistopoi -soume e�nai h
I(x,d) =

n∑

j=1

xj ln
xj

djme grammikoÔ kai tetragwnikoÔ periorismoÔ, ìpou x = (x1, . . . , xn)T kai d = (d1, . . . , dn)Te�nai duo peperasmèna mètra apì ta opo�a ta di e�nai gnwst� en¸ ta xi e�nai �gnwsta.IsodÔnama mporoÔme na anazht soume thn elaqistopo�hsh th akìloujh èkfrash tou
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mètrou twn Kullbak - Leibler
I(x,d) =

n∑

j=1

xj ln
xj

edjakolouj¸nta to skeptikì twn Zhang and Brokett (1987), oi opo�oi èqoun anaptÔxeisqetik  jewr�a. O par�gonta e ston paronomast  tou nepèreiou logar�jmou th anti-keimenik  sun�rthsh den pa�zei kanèna rìlo ìtan to n∑

i=1

xi e�nai stajerì, parìla aut�dieukolÔnei sth duðkìthta (duality).Oi Zhang and Brokett (1987) d�noun to prwteÔon (primal) prìblhma sthn per�ptwshtwn grammik¸n periorism¸n, to opo�o e�nai to
(PL) min I(x,d)upì tou periorismoÔ AT x ≤ v, x ≥ 0ìpou A e�nai èna n × k p�naka, v e�nai èna n × 1 di�nusma stajer¸n posot twn, to Tdhl¸nei thn antistrof  tou p�naka   tou dianÔsmato kai h anisìthta noe�tai w anisìthtaan� sunist¸sa tou dianÔsmato.Oi Brokett, Charnes and Cooper (1980) apodeiknÔoun ìti to duðkì (dual) prìblhmatou prwteÔonto probl mato e�nai to
(DL) max−xT eiAz + vT zupì ton periorismì z ≤ 0.To iA sumbol�zei thn i - ost  gramm  tou p�naka A, to z e�nai èna k × 1 di�nusma�gnwstwn stajer¸n posot twn kai to ex, me x èna n×1 di�nusma, sumbol�zei to di�nusma

(ex1 , . . . , exn)T .Sthn per�ptwsh aut  isqÔei h duðk  anisìthta
n∑

i=1

xi ln
xi

edi

≥ −xT eiAz + vT zìtan isqÔoun tautìqrona oi periorismo� AT x ≤ v, x ≥ 0 kai z ≤ 0.Oi Zhang and Brokett (1987) basizìmenoi sta prohgoÔmena, diatÔpwsan to ant�stoiqoprìblhma sthn per�ptwsh pou oi periorismo� e�nai th morf  tetragwnik¸n anisot twn,ìpw sumba�nei sthn exom�lunsh twn pin�kwn jnhsimìthta. Sugkekrimèna to prwteÔonprìblhma sthn per�ptwsh aut  e�nai to
(P ) min I(x,d)upì tou periorismoÔ x ≥ 0 kai gi(x) = 1

2
xT Dix + bT

i x + ci ≤ 0, i = 1, 2, . . . , rìpou o Di e�nai èna jetik� hmiorismèno p�naka gia k�je i kai ta bi, ci e�nai stajerè.ParathroÔme ìti to prìblhma (P ) perièqei san eidikè peript¸sei ta probl mata (PL)kai (DL) me periorismoÔ th morf  grammik¸n isot twn kai grammik¸n anisot twn.Telik� katèlhxan ìti to duðkì tou probl mato (P ) e�nai to96



(D) max−xT exp

{

−
r∑

i=1

yi

(
AT

i wi + bi

)
}

+ cT y − 1
2

r∑

i=1

ρiupì tou periorismoÔ y ≥ 0 kai wi ∈ Rmi .To Ai e�nai èna mi×n p�naka gia ton opo�o isqÔei Di = AT
i Ai, ìpou mi e�nai h t�xh toup�naka Di, wi e�nai èna mi × 1 di�nusma pragmatik¸n arijm¸n, y e�nai èna r× 1 di�nusma�gnwstwn metablht¸n kai ρi = yi ‖wi‖2.ParathroÔme ìti to duðkì prìblhma (D) den èqei kanènan periorismì pèran th mharnhtikìthta enì mikroÔ arijmoÔ metablht¸n kai sunep¸ epilÔetai eukolìtera apì toprwteÔon prìblhma (P ). Ep�sh parathroÔme ìti to prìblhma (D) e�nai mia epèktash touprobl mato (DL) me thn ènnoia ìti ìloi oi periorismo� tou (DL) e�nai grammiko�, dhlad an Di = 0 tìte to (D) e�nai ìmoio me to (DL).Sunoy�zonta thn parap�nw mèjodo, mporoÔme na poÔme ìti gia na broÔme to duðkìprìblhma enì probl mato me kurt  morf  periorismoÔ, arke� na gnwr�zoume th duðk morf  enì kurtoÔ probl mato me grammikoÔ periorismoÔ. Sugkekrimèna, me èna sÔnolobohjhtik¸n uperepipèdwn prosegg�zoume thn efikt  perioq , br�skoume th duðk  èkfrashgia to prokÔpton prìblhma pou èqei grammikoÔ periorismoÔ kai sth sunèqeia pa�rnoumeìria kai aplopoioÔme thn prokÔptousa èkfrash. Gia perissìtere plhrofor�e gia thnexagwg  tou probl mato (D), parapèmpoume stou Zhang and Brokett (1987).O Teboulle (1989) par gage to �dio duðkì prìblhma gia to prìblhma pou eis gagan oiZhang and Brokett (1987), mèsw apl  efarmog  th Lagkranzian  duðkìthta (Boydand Vandenberghe, 2006). Pio sugkekrimèna, mèsw mia apl  di�spash th èkfrashmetètreye to prìblhma (P ) se èna ant�stoiqo kurtì prìgramma me grammikoÔ kai tetra-gwnikoÔ periorismoÔ.K�je p�naka Di e�nai hmijetik� orismèno, sunep¸ mpore� na ekfrasje� w Di =

AT
i Ai, ìpou Ai e�nai èna ni × n p�naka me ni ton bajmì (rank) tou Di, i = 1, 2, . . . , m.'Etsi èqoume gi(x) = 1

2
xT AT

i Aix + bT
i x + ci. Or�zonta ti nèe metablhtè ui = Aix,

ui ∈ Rni
, i = 1, . . . , m, to prìblhma (P ) e�nai ant�stoiqo me to parak�tw kurtì prìblhmame grammik  isìthta kai tetragwnik  anisìthta periorismoÔ.

(PKL) min
x,ui

n∑

j=1

xj ln
xj

edjupì tou periorismoÔ 1
2
uT ui + bT

i x + ci ≤ 0, Aix = ui, ui ∈ Rni
, i = 1, . . . , m,

x ≥ 0.Or�zonta ta u = (u1, . . . ,um) ∈ Rn1 × . . .×Rnm , y = (y1, . . . ,ym) ∈ Rn1 × . . .×Rnmkai N = (n1 + . . .+ nm) to Lagkranzianì duðkì prìblhma tou probl mato (PKL) d�netaisto parak�tw je¸rhma.Je¸rhma 5.2. To Lagkranzianì duðkì prìblhma tou probl mato (PKL) e�nai to
(DKL) sup

λ∈Rm
+ ,yi∈Rni

{

λT c −
n∑

j=1

dj exp

{

−
m∑

i=1

(
λibi + AT

i yi

)
}

− 1
2

m∑

i=1

‖yi‖2

λi

}.
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Apìdeixh. (Skiagr�fhsh) H lagkranzian  sun�rthsh gia to prìblhma (PKL) e�nai h L :

Rn
+ × RN × Rm

+ ×RN → R,
L(x,u; λ,y) = λT c +

n∑

j=1

xj ln
xj

edj

+
m∑

i=1

(
λibi + AT

i yi

)
x

+

m∑

i=1

(
1

2
λiu

T
i ui − yT

i ui

)

. (5.6)H lagkranzian  duðk  antikeimenik  sun�rthsh (lagranzian dual objetive funtion) e�naih
h(λ,y) = inf L(x,u; λ,y) : x ≥ 0,ui ∈ Rni , (5.7)kai to duðkì prìblhma (DKL) pou sqet�zetai me to prìblhma (PKL) or�zetai w
(D) sup

{
h(λ,y) : λ ∈ Rm

+ ,yi ∈ Rni
}
.H lagkranzian  sun�rthsh th Sqèsh 5.6 e�nai diaqwr�simh (seperable) sti duo meta-blhtè apìfash x kai u. Autì epitrèpei thn exagwg  mia safoÔ morf  gia th duðk antikeimenik  sun�rthsh h(λ,y). 'Etsi apì ti Sqèsei 5.6 kai 5.7, èqoume

h(λ,y) = cT λ +
n∑

j=1

inf
xj≥0

{

xj ln

(

xj

edj

+
m∑

i=1

(
λibi + AT

i yi

)

j
xj

)}

+

m∑

i=1

inf
ui∈Rni

{
1

2
λiu

T
i ui − yT

i ui

}

. (5.8)To pr¸to in�mum sthn parap�nw sqèsh upolog�zetai eÔkola kai ft�nei thn el�qisthtim  tou,
−

n∑

j=1

dj exp

{

−
m∑

i=1

(
λibi + AT

i yi

)

j

}

, (5.9)sto bèltisto shme�o
x⋆

j = dj exp

{

−
m∑

i=1

(
λibi + AT

i yi

)

j

}

. (5.10)H sunj kh beltistopo�hsh gia to deÔtero in�mum th Sqèsh 5.8 e�nai h λui − yi = 0,
i = 1, . . . , m. E�n λi > 0 tìte u⋆

i = yi/λi kai to in�mum ft�nei thn el�qisth tim  tou
−1

2

m∑

i=1

‖yi‖2

λi

. (5.11)E�n λi = 0 kai yi 6= 0 tìte h(λ,y) = −∞ kai sunep¸ èna tètoio yi den mpore� na jewrhje�upoy fio gia to supremum sth duðk  antikeimenik  sun�rthsh, opìte sth sugkekrimènh98



per�ptwsh jètoume yi = 0. Antikajist¸nta ti Sqèsei 5.9 kai 5.11 sth Sqèsh 5.8pa�rnoume to epijumhtì apotèlesma.ParathroÔme ìti o Teboulle qrhsimopoi¸nta mia apl  diamèrish tou probl mato
(PKL) par gage èna safè duðkì prìblhma, to opo�o sump�ptei me to duðkì prìblhmapou parous�asan oi Zhang and Brokett. Oi katast�sei duðkìthta metaxÔ twn problh-m�twn (PKL) kai (DKL) mporoÔn na exaqjoÔn mèsw th efarmog  apotelesm�twn kurt duðkìthta.Je¸rhma 5.3. (a) E�n to prìblhma (PKL) e�nai efiktì, tìte to inf(PKL) epitugq�netai kai
min(PKL) = sup(DKL). Epiplèon, e�n up�rqei èna x ∈ Rn tètoio ¸ste x > 0, g(xi) < 0,
i = 1, . . . , m tìte to sup(DKL) epitugq�netai kai min(PKL) = max(DKL).(b) E�n to x⋆ e�nai h lÔsh tou probl mato (PKL) kai ta y⋆

i ∈ Rni, λ⋆ ∈ Rni

+ lÔnounto prìblhma (DKL), tìte
x⋆

j = dj exp

{

−
m∑

i=1

(
λ⋆

i bi + AT
i y⋆

i

)

j

}

, j = 1, . . . , n.Sthn epìmenh par�grafo, ja parousi�soume parìmoia apotelèsmata duðkìthta giathn apìklish dÔnamh twn Cressie - Read. Shmei¸noume ìti gia lìgou sumbolism¸n, kaiepeid  oi pollaplasiastè Lagrange sumbol�zontai sth bibliograf�a me to ellhnikì gr�mma
λ, sthn Enìthta 5.8 èqoume, se ant�jesh me ta prohgoÔmena kef�laia, sumbol�sei thn t�xhtwn apokl�sewn dÔnamh twn Cressie - Read me r.5.8 Duðk  jewr�a gia to prìblhma elaqistopo�hsh th apìkli-sh twn Cressie - Read upì tetragwnikoÔ periorismoÔTo prìblhma elaqistopo�hsh th apìklish twn Cressie - Read upì tetragwnikoÔ pe-riorismoÔ or�zetai w:EÔresh tou x ∈ Rn, to opo�o epilÔei to prwteÔon prìblhma

(PCR) min 1
r(r+1)

n∑

j=1

xj

[(
xj

dj

)r

− 1
]upì tou periorismoÔ

gi(x) = 1
2
xTDix + bT

i x + ci ≤ 0, i = 1, 2, . . . , m, x ≥ 0,ìpou d = (d1, d2, . . . , dn)
T e�nai èna gnwstì di�nusma me austhr¸ jetik� stoiqe�a, Die�nai èna jetik� hmiorismèno p�naka gia k�je i, bi ∈ Rn kai ci e�nai gnwstè stajerèìqi tautìqrona �se me mhdèn. Gia lìgou sumbolismoÔ, kai epeid  me λ sun jw sthbibliograf�a sumbol�zontai oi pollaplasiastè Lagrange, sthn enìthta aut  h par�metrodÔnamh tou mètrou apìklish twn Cressie - Read ja sumbol�zetai me r.99



Sth sunèqeia, ja prospaj soume na ex�goume mia duðk  anapar�stash tou prwteÔo-nto probl mato (PCR) mèsw Lagkranzian  duðkìthta. Autì ja g�nei qrhsimopoi¸ntamia apl  diamèrish gia na metatrèyoume to (PCR) se èna isodÔnamo kurtì prìgramma megrammikoÔ kai tetragwnikoÔ periorismoÔ.Epeid  o Di e�nai èna hmijetik� orismèno n×n p�naka, mporoÔme na ton ekfr�soumew Di = AT
i Ai, ìpou Ai e�nai èna ni × n p�naka kai ni e�nai h t�xh (rank) tou Di,

i = 1, 2, . . . , m. Sthn per�ptwsh aut , oi periorismo� mporoÔn na grafoÔn w gi(x) =
1
2
xTAT

i Aix+bT
i x+ci. Or�zonta ti nèe metablhtè ui = Aix, ui ∈ Rni, i = 1, 2, . . . , m,to prìblhma (PCR) e�nai isodÔnamo me to akìloujo kurtì prìgramma me periorismoÔgrammik  isìthta kai tetragwnik  anisìthta:

(P ∗
CR) min

x,ui

1
r(r+1)

n∑

j=1

xj

[(
xj

dj

)r

− 1
]upì tou periorismoÔ

1
2
uT

i ui + bT
i x + ci ≤ 0, Aix = ui, ui ∈ Rni , i = 1, 2, . . . , m, x ≥ 0.'Estw u = (u1, u2, . . . , um)T ∈ Rni × . . .× Rnm , y = (y1,y2, . . . ,ym)T ∈ Rni × . . .× Rnmkai N = n1 + . . .+ nm.Je¸rhma 5.4. To Lagkranzianì duðkì prìblhma tou (PCR) d�netai apì to

(D) sup
λ∈Rm

+ ,yi∈Rni







n∑

j=1

dj

(

1

r + 1
− r

m∑

i=1

(λib
T
i + yT

i Ai)j

) 1
r

·
(

r(r + 1)
m∑

i=1

(λib
T
i + yT

i Ai)j − 1

)

− 1

2

m∑

i=1

‖yi‖2

λi

+ λTc

}

.Apìdeixh. H Lagkranzian  sun�rthsh tou prwteÔonto probl mato (PCR) ìpw de�qnetaisto Par�rthma A, e�nai h L : Rn
+ × RN × Rm

+ ×RN → R me
L(x,u; λ,y) =

1

r(r + 1)

n∑

j=1

xj

[(
xj

dj

)r

− 1

]

+ λTc +

m∑

i=1

(λib
T
i + yT

i Ai)x

+
m∑

i=1

(
1

2
λiu

T
i ui − yT

i ui

)

. (5.12)H Lagkranzian  duðk  antikeimenik  sun�rthsh tou probl mato (PCR) d�netai apì thn
h(λ,y) = inf

x≥0,ui∈Rni
L(x,u; λ,y),en¸ to duðkì prìblhma pou sqet�zetai me to (PCR) or�zetai w

(DCR) sup
λ∈Rm

+ ,yi∈Rni

h(λ,y).Me λ sumbol�zoume to di�nusma twn Lagkranzian¸n pollaplasiast¸n, tou prwteÔontoprobl mato, pou sqet�zetai me tou periorismoÔ 1
2
uT

i ui + bT
i x + ci ≤ 0 en¸ me y sumbo-100



l�zoume to di�nusma twn dianusmatik¸n Lagkranzian¸n pollaplasiast¸n pou sqet�zontaime tou periorismoÔ Aix = ui, ui ∈ Rni, i = 1, 2, . . . , m. Sth sunèqeia qrhsimopoioÔme togegonì ìti h Lagkranzian  sun�rthsh pou or�zetai sthn Ex�swsh 5.12 e�nai diaqwr�simh(separable) se duo metablhtè apìfash, x kai u (Boyd and Vandenberghe, 2006), kaibasizìmenoi se autì, ex�goume mia analutik  morf  gia th duðk  antikeimenik  sun�rthsh
h(λ,y) (Teboulle, 1989) w ex :

h(λ,y) =
1

r(r + 1)

n∑

j=1

inf
xj≥0

{

xj

[(
xj

dj

)r

− 1

]

+ r(r + 1)
m∑

i=1

(λib
T
i + yT

i Ai)jxj

}

+cTλ +

m∑

i=1

inf
ui∈Rni

{
1

2
λiu

T
i ui − yT

i ui

}

. (5.13)Gia to pr¸to in�mum sthn Ex�swsh 5.13, e�nai eÔkolo na doÔme (blèpe Par�rthma A) ìtift�nei th mikrìterh tim  tou
1

(r + 1)2

n∑

j=1

dj

(

1

r + 1
− r

m∑

i=1

(λib
T
i + yT

i Ai)j

) 1
r
(

r(r + 1)

m∑

i=1

(λib
T
i + yT

i Ai)j − 1

)(5.14)sto bèltisto shme�o (blèpe Ex�swsh A.2 tou Parart mato A)
x∗j = dj

[

1

r + 1
− r

m∑

i=1

(λib
T
i + yT

i Ai)j

] 1
r

. (5.15)Gia to deÔtero in�mum sthn Ex�swsh 5.13, èqoume ìti h sunj kh beltistopo�hs  the�nai h: λiui −yi = 0, i = 1, 2, . . . , m. 'Opote isqÔei λi > 0, tìte isqÔei ìti u∗
i = yi/λi kaito in�mum sthn Ex�swsh 5.13 ft�nei thn el�qisth tim  tou

−1

2

m∑

i=1

‖yi‖2

λi

. (5.16)'Otan λi = 0 kai yi 6= 0, isqÔei ìti h(λ,y) = −∞, kai sunep¸ èna tètoio yi den mpore�na jewrhje� w to supremum sth duðk  antikeimenik  sun�rthsh h(λ,y), opìte sthnper�ptwsh aut  jètoume yi = 0. Antikajist¸nta ti Exis¸sei 5.14 kai 5.16 sthn Ex�swsh5.13 pa�rnoume to epijumhtì apotèlesma.Je¸rhma 5.5. (a) E�n to prìblhma (PCR) e�nai efiktì (feasible) tìte to inf (PCR) epi-tugq�netai kai isqÔei min (PCR) = sup (DCR). Epiplèon, e�n up�rqei èna x ∈ Rn pouikanopoie� ti sunj ke x > 0, gi(x) < 0, i = 1, . . . , m, tìte to sup (DCR) epitugq�netaikai isqÔei min (PCR) = max (DCR). 101



(b) E�n to x∗ apotele� lÔsh tou prwteÔonto probl mato (PCR) kai to y∗
i ∈ Rni,

λ∗ ∈ Rm
+ e�nai lÔsh tou duðkoÔ probl mato (DCR), tìte

x∗j = dj

[

1

r + 1
− r

m∑

i=1

(λ∗i b
T
i + y∗T

i Ai)j

] 1
r

, j = 1, 2, . . . , n.Apìdeixh. H apìdeixh tou jewr mato mpore� na g�nei mèsw tupik¸n apotelesm�twn duð-kìthta (blèpe gia par�deigma tou Laurent (1972), Rokafellar (1970)   Boyd and Van-denberghe (2006)).(a) Exait�a th mh arnhtikìthta twn periorism¸n, dhlad  λ ∈ Rm
+ , tou duðkoÔ probl -mato (DCR), autì ikanopoie� thn strongest onstraint quali�ation, h opo�a upain�ssetaithn èlleiyh tou duðkoÔ q�smato (lak of duality gap) kai thn pragmatopo�hsh tou prwteÔ-onto in�mum. Sunep¸, to pr¸to mèro akolouje� �mesa. To deÔtero mèro akolouje�apì ton orismì th duðkìthta.(b) H sunj kh beltistopo�hsh gia to x = x∗ na apotele� th lÔsh th elaqistopo�hshth h(λ,y) pou d�netai sthn Ex�swsh 5.13, e�nai h bèltisth lÔsh pou d�netai sthn Ex�swsh5.15 kai sunep¸ to epijumhtì apotèlesma akolouje�.Apì to mèro (a) èqoume ìti up�rqei èna sagmatikì shme�o (x∗,y∗

i ,λ
∗) kai sunep¸isqÔei minx≥0 L(x,y∗

i ,λ
∗) = L(x∗,y∗

i ,λ
∗) (Ben-Tal, 1979).

5.9 Apotelèsmata Lagkranzian  duðkìthta gia th diafor� touJensenSthn enìthta aut  ja parousi�soume apotelèsmata lagkranzian  duðkìthta gia th dia-for� tou Jensen.To prìblhma elaqistopo�hsh th diafor� tou Jensen upì tetragwnikoÔ periorismoÔor�zetai w:EÔresh tou x ∈ Rn, to opo�o epilÔei to prwteÔon prìblhma
(PJ) min−

n∑

j=1

1
2
(xj + dj) ln

(
1
2
(xj + dj)

)
+ 1

2

[
n∑

j=1

xj ln xj +
n∑

j=1

dj ln dj

]upì tou periorismoÔ
gi(x) = 1

2
xTDix + bT

i x + ci ≤ 0, i = 1, 2, . . . , m, x ≥ 0,ìpou d = (d1, d2, . . . , dn)
T e�nai èna dojèn di�nusma me austhr¸ jetik� stoiqe�a, Di e�naièna dedomèno jetik� hmiorismèno p�naka gia k�je i, bi ∈ Rn kai ci e�nai dedomènestajerè ìqi tautìqrona �se me mhdèn.Sth sunèqeia, ja prospaj soume na ex�goume th duðk  anapar�stash tou prwteÔontoprobl mato (PJ) me th bo jeia th lagkranzian  duðkìthta. Kai se aut  thn per�ptwsh,102



autì ja epiteuqje� mèsw mia apl  diamèrish gia th metatrop  tou probl mato (PJ) seèna isodÔnamo kurtì prìgramma me grammikoÔ kai tetragwnikoÔ periorismoÔ.Epeid  o Di e�nai èna hmijetik� orismèno n×n p�naka, mporoÔme na ton ekfr�soumew Di = AT
i Ai, ìpou Ai e�nai èna ni×n p�naka kai ni e�nai h t�xh tou Di, i = 1, 2, . . . , m.Sthn per�ptwsh aut  oi periorismo� mporoÔn na grafoÔn w gi(x) = 1

2
xTAT

i Aix+bT
i x+ci.Or�zonta ti nèe metablhtè ui = Aix, ui ∈ Rni, i = 1, 2, . . . , m, to prìblhma (PCR)e�nai ant�stoiqo me to akìloujo kurtì prìgramma me periorismoÔ grammik  isìthta kaitetragwnik  anisìthta:

(P ∗
J ) min

x,ui

−
n∑

j=1

1
2
(xj + dj) ln

(
1
2
(xj + dj)

)
+ 1

2

[
n∑

j=1

xj ln xj +
n∑

j=1

dj ln dj

]upì tou periorimoÔ
1
2
uT

i ui + bT
i x + ci ≤ 0, Aix = ui, ui ∈ Rni , i = 1, 2, . . . , m, x ≥ 0.'Estw u = (u1, u2, . . . , um)T ∈ Rni × . . .× Rnm , y = (y1,y2, . . . ,ym)T ∈ Rni × . . .× Rnmkai N = n1 + . . .+ nm.Je¸rhma 5.6. To lagkranzianì duðkì prìblhma tou (PJ) d�netai apì to

(DJ) sup
λ∈Rm

+ ,yi∈Rni

{

−
n∑

j=1

dj

2e2sj − 1

[

e2sj ln

(
dje

2sj

2e2sj − 1

)

− 1

2
ln

(
dj

2e2sj − 1

)

− sj

]

−1

2

m∑

i=1

‖yi‖2

λi

+ λTc + dTz

}

,ìpou zT = (ln d1, ln d2, . . . , ln dn)Apìdeixh. H lagkranzian  sun�rthsh gia to prìblhma (PJ) e�nai h
L(x,u; λ,y) = −

n∑

j=1

1
2
(xj + dj) ln

(
1
2
(xj + dj)

)
+

1

2

[
n∑

j=1

xj lnxj +

n∑

j=1

dj ln dj

]

+
m∑

i=1

λi

(
1

2
uT

i ui + bT
i x + ci

)

x +
m∑

i=1

yT
i (Aix − ui)

= −
n∑

j=1

1
2
(xj + dj) ln

(
1
2
(xj + dj)

)
+

1

2

[
n∑

j=1

xj lnxj +

n∑

j=1

xj lnxj

]

+
m∑

i=1

1

2
λiu

T
i ui +

m∑

i=1

λib
T
i x +

m∑

i=1

λici +
m∑

i=1

yT
i Aix −

m∑

i=1

yT
i ui

= −
n∑

j=1

1
2
(xj + dj) ln

(
1
2
(xj + dj)

)
+

1

2

[
n∑

j=1

xj lnxj +
n∑

j=1

xj lnxj

]

+

m∑

i=1

(λib
T
i + yT

i Ai)x + λTc +

m∑

i=1

(
1

2
λiu

T
i ui − yT

i ui

)

,103



ìpou yi ∈ Rni, i = 1, 2, . . . , m e�nai dianusmatiko� lagkranziano� pollaplasiastè en¸ hlagkranzian  duðk  antikeimenik  sun�rthsh tou probl mato (PJ) d�netai apì thn
h(λ,y) = inf

x≥0,ui∈Rni
L(x,u; λ,y).To duðkì prìblhma pou sqet�zetai me to (PJ) or�zetai w

(DJ) sup
λ∈Rm

+ ,yi∈Rni

h(λ,y).Me λ or�zoume to di�nusma twn pollaplasiast¸n Lagrange tou prwteÔonto probl ma-to pou sqet�zetai me tou periorismoÔ 1
2
uT

i ui + bT
i x + ci ≤ 0 en¸ me y sumbol�zoume todi�nusma twn dianusmatik¸n pollaplasiast¸n Lagrange pou sqet�zontai me tou periori-smoÔ Aix = ui, ui ∈ Rni , i = 1, 2, . . . , m. Sth sunèqeia qrhsimopoioÔme to gegonì ìti hlagkranzian  sun�rthsh e�nai diaqwr�simh sti duo metablhtè apìfash, x kai u (Boydand Vandenberghe, 2006), kai basizìmenoi se autì ex�goume thn akrib  morf  th duðk antikeimenik  sun�rthsh h(λ,y) (Teboulle, 1989) w ex :

h(λ,y) = −
n∑

j=1

inf
xj≥0

{

1
2
(xj + dj) ln

(
1
2
(xj + dj)

)
+

1

2
xj ln xj +

m∑

i=1

(λib
T
i + yT

i Ai)jxj

}

+

m∑

i=1

inf
ui∈Rni

{
1

2
λiu

T
i ui − yT

i ui

}

+ cTλ + dT z. (5.17)A sumbol�soume to pr¸to mèro th dexi� pleur� th L(x,u; λ,y) me
f(x; λ,y) = −

n∑

j=1

1
2
(xj +dj) ln

(
1
2
(xj + dj)

)
+

1

2

n∑

j=1

xj ln xj +
m∑

i=1

(λib
T
i +yT

i Ai)x. (5.18)'Eqoume ìti
∂

∂xj

f(x; λ,y) = −1

2

{
(xj + dj)

′ ln
(

1
2
(xj + dj)

)

+(xj + dj)
(

ln
(

1
2
(xj + dj)

)′
) (

1
2
(xj + dj)

)′
}

+
1

2
[(xj)

′ ln xj + xj(ln xj)
′] +

m∑

i=1

(λib
T
i + yT

i Ai)j

= −1

2

{

ln
(

1
2
(xj + dj)

)
+ (xj + dj)

2

xj + dj

1

2

}

+
1

2
(ln xj + 1) +

m∑

i=1

(λib
T
i + yT

i Ai)j

= −1

2
ln
(

1
2
(xj + dj)

)
+

1

2
ln xj +

m∑

i=1

(λib
T
i + yT

i Ai)j,104



ìpou o tìno (′) sumbol�zei thn par�gwgo. Gia na broÔme to bèltisto shme�o, jètoume thnparap�nw isìthta �sh me mhdèn, opìte èqoume
∂

∂xj

f(x; λ,y) = 0 ⇔

−1

2
ln
(

1
2
(xj + dj)

)
+

1

2
ln xj = −

m∑

i=1

(λib
T
i + yT

i Ai)j ⇔

xj + dj

2xj

= exp

{

2
m∑

i=1

(λib
T
i + yT

i Ai)j

}

⇔

dj = 2xj exp

{

2
m∑

i=1

(λib
T
i + yT

i Ai)j

}

− xj ⇔

dj = xj

(

2 exp

{

2

m∑

i=1

(λib
T
i + yT

i Ai)j

}

− 1

)

⇔

xj =
dj

2 exp

{

2
m∑

i=1

(λib
T
i + yT

i Ai)j

}

− 1

. (5.19)Antikajist¸nta th Sqèsh 5.19 sthn L(x,u; λ,y), kai jètonta sj =
m∑

i=1

(λib
T
i + yT

i Ai)j,
j = 1, 2, . . . , n èqoume ìti

−
n∑

j=1

1

2

(
dj

2e2sj − 1
+ dj

)

ln

(
1

2

(
dj

2e2sj − 1
+ dj

))

+
1

2

n∑

j=1

dj

2e2sj − 1
ln

(
dj

2e2sj − 1

)

+

n∑

j=1

sj

dj

2e2sj − 1

= −
n∑

j=1

dje
2sj

2e2sj − 1
ln

(
dje
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n∑
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2e2sj − 1
ln

(
dj

2e2sj − 1

)

+
n∑
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− 1
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(
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(
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,to opo�o e�nai h el�qisth tim  tou pr¸tou in�mum sth Sqèsh 5.17.Jètonta g(u; λ,y) gia ton teleuta�o ìro th lagkranzian  sun�rthsh L(x,u; λ,y),dhlad 
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g(u; λ,y) =

m∑

i=1

(
1

2
λiu

T
i ui − yT

i ui

) (5.20)èqoume ìti
∂

∂ui

g(u; λ,y) = λiui − yi.Gia na broÔme to bèltisto shme�o, jètoume thn parap�nw ex�swsh �sh me mhdèn, opìteèqoume ìti
∂

∂ui

g(u; λ,y) = 0 ⇔
λiui − yi = 0 ⇔

λiui = yi,to opo�o shma�nei
ui =

1

λi

yi. (5.21)Antikajist¸nta th Sqèsh 5.21 sth Sqèsh 5.20 èqoume ìti
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))

=
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yT
i yi −
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)

=
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yT
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(
1

2
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m∑

i=1

1

λi

yT
i yi

= −1
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,to opo�o e�nai h el�qisth tim  tou deÔterou in�mum sth Sqèsh 5.17.Je¸rhma 5.7. (a) E�n to prìblhma (PJ) e�nai efiktì tìte to inf (PJ) epitugq�netai kaiisqÔei h sqèsh min (PJ) = sup (DJ). Epiplèon, e�n up�rqei èna x ∈ Rn pou ikanopoie� tisunj ke x > 0, gi(x) < 0, i = 1, . . . , m, tìte to sup (DJ) epitugq�netai kai min (PJ) =

max (DJ).(b) E�n to x∗ apotele� lÔsh tou prwteÔonto probl mato (PJ) kai to y∗
i ∈ Rni, λ∗ ∈

Rm
+ e�nai lÔsh tou duðkoÔ probl mato (DJ), tìte

x∗j =
dj

2 exp

{

2
m∑

i=1

(λ⋆
i b

T
i + y⋆T

i Ai)j

}

− 1

.
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Apìdeixh. H apìdeixh tou jewr mato g�netai mèsw tupik¸n apotelesm�twn duðkìthta(blèpe gia par�deigma Laurent (1972), Rokafellar (1970)   Boyd and Vandenberghe(2006)).(a) Exait�a th mh arnhtikìthta twn periorism¸n, dhlad  λ ∈ Rm
+ , tou duðkoÔ probl -mato (DJ), autì ikanopoie� thn strongest onstraint quali�ation, h opo�a upain�ssetaithn èlleiyh tou duðkoÔ q�smato kai thn exasf�lish tou prwteÔonto in�mum. Sune-p¸ to pr¸to mèlo akolouje� �mesa. To deÔtero mèlo akolouje� apì ton orismì thduðkìthta.(b) H sunj kh beltistopo�hsh gia to x = x∗ na apotele� th lÔsh th elaqistopo�hshth h(λ,y) pou d�netai apì th Sqèsh 5.17 e�nai h bèltisth lÔsh

x∗j =
dj

2 exp

{

2
m∑

i=1

(λ⋆
i b

T
i + y⋆T

i Ai)j

}

− 1

.kai sunep¸ to epijumhtì apotèlesma akolouje�.Apì to mèro (a) èqoume ìti up�rqei èna sagmatikì shme�o (x∗,y∗
i ,λ

∗) kai sunep¸isqÔei minx≥0 L(x,y∗
i ,λ

∗) = L(x∗,y∗
i ,λ

∗) (Ben-Tal and Charnes, 1979).
5.10 Sumper�smata Kefala�ouAntike�meno tou parìnto kefala�ou,  tan h parous�ash trìpwn elaqistopo�hsh twn mè-trwn apìklish upì di�forou periorismoÔ kai h efarmog  tou sthn elaqistopo�hsh twnmètrwn twn Kullbak - Leibler, twn Cressie and Read kai th diafor� tou Jensen upìtetragwnikoÔ periorismoÔ.Sthn per�ptwsh pou èqoume grammikoÔ kai tetragwnikoÔ periorismoÔ anisìthta, hep�lush tou probl mato elaqistopo�hsh twn mètrwn apìklish e�nai dÔskolh, lìgw toumeg�lou ìgkou twn periorism¸n. Bèbaia sti mère ma ìpou h teqnolog�a èqei exeliqje�se shmantikì bajmì, e�nai eÔkolo mèsw tou hlektronikoÔ upologist  na epilÔsoume se sÔ-ntomo qronikì di�sthma probl mata tètoiou e�dou. Parìla aut�, apì majhmatik  �poyhkr�jhke skìpimo na melet soume ta mètra apìklish apì thn pleur� th Lagkranzian duðkìthta. Sto tèlo tou kefala�ou d¸same idia�terh b�sh sthn exagwg  orismènwn du-ðk¸n apotelesm�twn gia to prìblhma th elaqistopo�hsh th apìklish twn Cressie -Read t�xh r kai th diafor� tou Jensen upì tetragwnikoÔ kai grammikoÔ periorismoÔanisìthta. To shmantikìtero eÔrhma th melèth ma e�nai, pèran th lÔsh tou duðkoÔprobl mato, ìti to duðkì prìblhma kai sti duo peript¸sei apode�qjhke ìti den èqeiperiorismoÔ. Sunep¸ e�nai polÔ pio eÔkolo na efarmosje�. Ta apotelèsmata aut� e�naishmantik� gia thn analogistik  epist mh kai eidikìtera gia to prìblhma th exom�lunsh107



twn posost¸n jnhsimìthta.
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Kef�laio 6Efarmog  sthn exom�lunsh posost¸njnhsimìthta
6.1 Eisagwg To prìblhma th exom�lunsh, ìpw èqoume  dh anafèrei, w skopì èqei na brei ti timè
vx, oi opo�e ikanopoioÔn tou majhmatikoÔ kai analogistikoÔ periorismoÔ (i) èw (v)pou parousi�same sthn Enìthta 4.6, kai e�nai oi el�qista diaqwr�sime apì ti arqikèektim sei ux, oi opo�e apoteloÔn kat� kanìna mia an¸malh seir� me pollè diakum�nsei.Sto kef�laio autì ja efarmìsoume thn upì periorismoÔ elaqistopo�hsh th apìklishtwn Cressie - Read kai th diafor� tou Jensen kai ja sugkr�noume ta apotelèsmat� th meant�stoiqa pou prokÔptoun apì thn elaqistopo�hsh th apìklish twn Kullbak - Leiblerkai th gnwst  mejìdou exom�lunsh twn Whittaker and Henderson. Shmei¸noume ìtih elaqistopo�hsh twn mètrwn apìklish mpore� eÔkola na g�nei me opoiond pote ètoimok¸dika mh grammikoÔ programmatismoÔ. Sthn paroÔsa diatrib , gia thn exagwg  twnapotelesm�twn, qrhsimopoi same to prìgramma LINGO ver. 10.H exom�lunsh twn posost¸n jnhsimìthta exakolouje� na tugq�nei thn prosoq  twnereunht¸n. Pèra apì ta klassik� bibl�a twn Benjamin and Pollard (1980) kai London(1985), exairetik� �rjra anaskìphsh e�nai aut� twn Haberman (1998) kai Wang (1998).Sti efarmogè oi plèon dhmofile� mèjodoi e�nai autè twn Helligman - Pollard, Whit-taker kai Henderson, oi sunart sei splines kai oi ektimhtè pur na. Orismèna prìsfata�rjra e�nai aut� tou Bro�tt (1996), o opo�o exètase thn poludi�stath Whittaker exo-m�lunsh, twn Haberman and Renshaw (1999), oi opo�oi periègrayan mia mèjodo prosar-mog  kampul¸n sti diaforè twn logarijmhmènwn adr¸n posost¸n jnhsimìthta (logrude mortality) parakinhmènoi apì th legìmenh prosèggish th duðk  montelopo�hsh(dual modelling approah) sthn exom�lunsh pou periègrayan oi Renshaw et al. (1996).O Nielsen (2003) anaskìphse orismèna �rjra sqetik� me thn exom�lunsh kai prìbleyh109



mèsw ektimht¸n pur na me efarmogè sthn Analogistik  Epist mh, th Biostatistik  kaita Qrhmatooikonomik�. Oi Debon et al. (2006) sunèkrinan mh parametrikè mejìdou exo-m�lunsh kai èbgalan to sumpèrasma ìti h kalÔterh mèjodo e�nai h exom�lunsh mèsw Ge-nikeumènwn Prosjetik¸n Montèlwn (GAM) me sunart sei splines. Oi Neves and Migon(2007) parous�asan montèla mpe�zian  exom�lunsh, qrhsimopoi¸nta teqnikè MarkovChain Monte Carlo (MCMC).Gia th diereÔnhs  ma, ja qrhsimopoi soume tr�a diaforetik� sÔnola dedomènwn mepijanìthte jan�tou. To pr¸to sÔnolo proèrqetai apì ton London (1985), arqik� apìton Miller (1949), kai ja to sumbol�zoume me L85. To deÔtero proèrqetai apì thn 'EnwshAnalogist¸n tou Qìngk Kìngk (Atuarial Soiety of Hong Kong) anafèretai se �ntreasfalismènou gia per�odo megalÔterh twn 2 et¸n kai ja sumbol�zetai me HK01M. Totr�to sÔnolo proèrqetai apì thn �dia Koinìthta, anafèretai se guna�ke asfalismènegia per�odo megalÔterh twn 2 et¸n kai ja sumbol�zetai me HK01F. Ta parap�nw sÔnoladedomènwn e�nai diaforetikoÔ megèjou. Eidikìtera, to sÔnolo L85 apotele�tai apì 20pijanìthte jan�tou (upologismène apì sunolik� 79880 parathr sei) pou an koun stihlik�e 75 me 94 et¸n. Apì to HK01M èqoume qrhsimopoi sei 16 pijanìthte jan�tou(upologismène apì sunolik� 13678 parathr sei) gia ti hlik�e 70 me 85 et¸n en¸ apìto sÔnolo HK01F èqoume qrhsimopoi sei 20 pijanìthte jan�tou (upologismène apìsunolik� 18341 parathr sei) gia ti hlik�e 70 me 89 et¸n (Sahlas and Papaioannou,2008, 2009a).Ja xekin soume thn an�lus  ma, me thn elaqistopo�hsh th apìklish dÔnamh twnCressie and Read upì tou pènte periorismoÔ pou prìteinan oi Brokett and Zhang. Sthsunèqeia, ja efarmìsoume thn elaqistopo�hsh tou �diou mètrou prosjètonta ton perio-rismì pou prote�name sthn Enìthta 4.6 en¸ sth sunèqeia, apì tou èxi periorismoÔ jaafairèsoume tou duo analogistikoÔ periorismoÔ. Sth sunèqeia ja elaqistopoi soumeth diafor� tou Jensen p�li upì ti trei peript¸sei twn periorism¸n. Epiplèon ja die-reun soume th sumperifor� th ektetamènh apìklish twn Cressie and Read, thn opo�aanafèrame sthn Enìthta 3.3.6.2 Elaqistopo�hsh apìklish C - R upì 5 periorismoÔ'Eqoume diex�gei arketè exomalÔnsei gia k�je sÔnolo dedomènwn, qrhsimopoi¸nta dia-foretik  tim  gia thn par�metro λ kai tou periorismoÔ th omalìthta, monoton�a,kurtìthta kai tou duo analogistikoÔ periorismoÔ. MetaxÔ aut¸n e�nai oi timè 1, 0,
−1, −(1/2) kai −2, oi opo�e d�noun th statistik  sun�rthsh χ2 tou Pearson, thn apìklishtwn Kullbak - Leibler, th tropopoihmènh statistik  sun�rthsh tou lìgou pijanof�neia,th statistik  sun�rthsh twn Freeman - Tukey F 2 kai thn tropopoihmènh statistik  su-110



P�naka 6.1: Di�fore exomalÔnsei gia to sÔnolo dedomènwn L85 (5 periorismo�)
x ux vx (λ = 0) vx (λ = 2/3) vx (λ = 1) vx (λ = 2) vx (W −H)75 0.03870 0.02828 0.02833 0.02833 0.02833 0.0384476 0.03909 0.03715 0.03718 0.03718 0.03718 0.0398777 0.04609 0.04601 0.04603 0.04603 0.04603 0.0447078 0.04839 0.05488 0.05488 0.05488 0.05488 0.0516179 0.06644 0.06374 0.06372 0.06372 0.06372 0.0596780 0.06091 0.07261 0.07257 0.07257 0.07257 0.0661581 0.07376 0.08147 0.08142 0.08142 0.08142 0.0721082 0.08019 0.09034 0.09027 0.09027 0.09027 0.0773983 0.08874 0.09920 0.09911 0.09911 0.09911 0.0827684 0.07455 0.10807 0.10796 0.10796 0.10796 0.0904485 0.11195 0.11693 0.11681 0.11681 0.11681 0.1030286 0.12320 0.12580 0.12566 0.12566 0.12566 0.1196587 0.14031 0.13466 0.13450 0.13450 0.13450 0.1387988 0.14879 0.14353 0.14335 0.14335 0.14335 0.1588689 0.19020 0.15239 0.15220 0.15220 0.15220 0.1784790 0.21628 0.16126 0.16104 0.16104 0.16105 0.1965091 0.20718 0.17012 0.16989 0.16989 0.16989 0.2126192 0.28866 0.17899 0.17874 0.17874 0.17874 0.2274793 0.13362 0.18785 0.18759 0.18759 0.18759 0.2422494 0.38265 0.19672 0.20276 0.20276 0.20274 0.25817n�rthsh tou Neyman χ2, ant�stoiqa. 'Eqoume epiplèon qrhsimopoi sei thn tim  2/3 pouprìteinan oi Cressie and Read (1984). Shmei¸noume ìti h tim  th paramètrou M stonpr¸to periorismì, e�nai diaforetik  se k�je sÔnolo dedomènwn, kai èqei upologiste� mèswexom�lunsh me th mèjodo twn Whittaker - Henderson, me h th mèsh tim  twn bar¸n wx,oi opo�e e�nai h = 80786, 8 gia to sÔnolo L85, h = 29354, 6 gia to sÔnolo HK01M kai

h = 54547 gia to sÔnolo HK01F. Oi k¸dike pou gr�yame sto prìgramma mh grammikoÔprogrammatismoÔ LINGO ver. 10, gia thn eÔresh twn exomalumènwn tim¸n, parat�jentaisto Par�rthma G.1.Ta apotelèsmata gia λ = 0, 2/3, 1, 2 kai th mèjodo twn Whittaker - Henderson d�no-ntai stou P�nake 6.1, 6.2 kai 6.3 gia ta sÔnolo L85, HK01M kai HK01F, ant�stoiqa.Sta Sq mata 6.1, 6.2 kai 6.3 d�noume ta apotelèsmata k�je exom�lunsh se logarijmik kl�maka. Oi exomalÔnsei mèsw th apìklish twn Cressie - Read d�noun isodÔnama apo-telèsmata me aut� th Whittaker - Henderson mejìdou, h opo�a e�nai mia eurèw apodekt mèjodo exom�lunsh (London, 1985).E�nai anamenìmeno kai logikì ìti diaforetikè epilogè gia thn tim  th paramètrou λodhgoÔn se diaforetikè exomalumène timè. 'Opw èqoume  dh anafèrei, ta duo basik�stoiqe�a th exom�lunsh e�nai h omalìthta kai h kal  prosarmog . Sunep¸, gia na su-gkr�noume ta apotelèsmata twn di�forwn exomalÔnsewn pou èqoume diex�gei, upolog�same,111



Sq ma 6.1: Adrè ux kai exomalumène vx timè (L85 - 5 periorismo�)
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P�naka 6.2: Di�fore exomalÔnsei gia to sÔnolo dedomènwn HK01M (5 periorismo�)
x ux vx (λ = 0) vx (λ = 2/3) vx (λ = 1) vx (λ = 2) vx (W −H)70 0.01923 0.01567 0.01583 0.01596 0.01618 0.0192871 0.02563 0.02239 0.02248 0.02255 0.02268 0.0254672 0.02992 0.02911 0.02913 0.02915 0.02917 0.0304573 0.03585 0.03584 0.03578 0.03574 0.03567 0.0345174 0.03899 0.04256 0.04243 0.04234 0.04217 0.0378575 0.03523 0.04928 0.04908 0.04894 0.04867 0.0416076 0.05543 0.05601 0.05573 0.05553 0.05516 0.0467177 0.04939 0.06273 0.06239 0.06213 0.06166 0.0516478 0.05906 0.06945 0.06904 0.06872 0.06816 0.0562179 0.07503 0.07617 0.07569 0.07532 0.07466 0.0611080 0.04848 0.08290 0.08234 0.08192 0.08115 0.0683081 0.11692 0.08962 0.08899 0.08851 0.08765 0.0808582 0.06816 0.09634 0.09564 0.09511 0.09483 0.1005783 0.23598 0.10307 0.10365 0.10454 0.10674 0.1291484 0.11659 0.10979 0.11477 0.11869 0.12536 0.1670085 0.29152 0.12154 0.13346 0.14123 0.15274 0.21458112



Sq ma 6.2: Adrè ux kai exomalumène vx timè (HK01M - 5 periorismo�)
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P�naka 6.3: Di�fore exomalÔnsei gia to sÔnolo dedomènwn HK01F (5 periorismo�)
x ux vx (λ = 0) vx (λ = 2/3) vx (λ = 1) vx (λ = 2) vx (W −H)70 0.01134 0.01000 0.01005 0.01005 0.01009 0.0117871 0.01670 0.01341 0.01343 0.01344 0.01346 0.0145772 0.01378 0.01681 0.01682 0.01682 0.01683 0.0156673 0.01822 0.02021 0.02021 0.02020 0.02020 0.0177174 0.02258 0.02362 0.02359 0.02359 0.02356 0.0209175 0.02153 0.02702 0.02698 0.02697 0.02693 0.0249276 0.03539 0.03042 0.03037 0.03035 0.03030 0.0296477 0.03124 0.03383 0.03375 0.03374 0.03367 0.0336678 0.03688 0.03723 0.03714 0.03712 0.03704 0.0366979 0.03954 0.04063 0.04053 0.04050 0.04040 0.0385980 0.05896 0.04404 0.04391 0.04389 0.04377 0.0396881 0.02887 0.04744 0.04730 0.04727 0.04714 0.0409882 0.03342 0.05084 0.05069 0.05065 0.05051 0.0442683 0.07395 0.05425 0.05407 0.05404 0.05387 0.0505784 0.10138 0.05765 0.05746 0.05742 0.05724 0.0601885 0.07776 0.06105 0.06085 0.06080 0.06061 0.0732486 0.05800 0.06446 0.06423 0.06419 0.06547 0.0899587 0.11429 0.06786 0.06991 0.07100 0.07509 0.1105688 0.18465 0.07126 0.08101 0.08302 0.09090 0.1351389 0.20000 0.07723 0.09748 0.10053 0.11314 0.16371113



Sq ma 6.3: Adrè ux kai exomalumène vx timè (HK01F - 5 periorismo�)
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met� thn exom�lunsh, to mètro F =
n∑

x=1

wx(ux − vx)
2, pou qrhsimopoioÔn oi Whittaker -Henderson. Shmei¸noume ìti san b�rh qrhsimopoi same ta wx = lx

vx(1−vx)
, ìpou lx e�nai oarijmì twn atìmwn se k�nduno sthn hlik�a x. To mètro S =

n−3∑

x=1

(∆3vx)
2 qrhsimopoi jhkegia na metr sei thn omalìthta twn exomalumènwn tim¸n.Epiprìsjeta, h sumperifor� - apìdosh twn mejìdwn pou prote�noume, ja axiologhje�mèsw twn statistik¸n sunart sewn log - likelihood, deviane kai tou χ2 kal  prosarmo-g . Upojètonta ìti oi j�natoi dx akoloujoÔn th diwnumik  katanom , Bi(lx, qx), ìpou

qx e�nai h pragmatik  all� �gnwsth pijanìthta jan�tou gia thn hlik�a x, èqoume ìti h log- likelihood exair¸nta ti stajerè isoÔtai me
logL(q) =

n∑

i=1

[dx log qx + (lx − dx) log(1 − qx)] .Gnwr�zonta th sun�rthsh log - likelihood mporoÔme na upolog�soume th deviane,
D(v) = 2 logL(u) − 2 logL(v).Tèlo, mporoÔme na metr soume thn apìstash metaxÔ twn parathroÔmenwn kai twn ana-114



P�naka 6.4: Timè twn mètrwn omalìthta kai prosarmog  (5 periorismo�)
L85

λ = 0 λ = 2/3 λ = 1 λ = 2 W −H
S 3.15×10−13 0.000039 0.000039 0.000039 0.000039
F 210.084 205.632 205.632 205.646 61.122Deviane 197.712 194.206 194.206 194.217 61.752log-likelihood -17938.14 -17936.38 -17936.38 -17936.39 -17870.16
χ2 210.11 205.66 205.66 205.67 61.13

HK01M
λ = 0 λ = 2/3 λ = 1 λ = 2 W −H

S 0.000025 0.000025 0.000025 0.000025 0.000025
F 41.403 38.690 36.919 34.213 19.964Deviane 36.37 34.33 32.95 30.81 18.29log-likelihood -2090.91 -2089.89 -2089.20 -2088.13 -2081.87
χ2 41.29 38.54 36.75 34.01 19.73

HK01F
λ = 0 λ = 2/3 λ = 1 λ = 2 W −H

S 6.55×10−6 0.00015 0.00015 0.00015 0.00015
F 15.636 14.820 14.696 14.265 9.571Deviane 15.39 14.81 14.72 14.36 9.24log-likelihood -1796.46 -1796.17 -1796.12 -1795.95 -1793.38
χ2 16.32 15.45 15.32 14.85 9.82menìmenwn jan�twn me thn ant�stoiqh χ2 statistik  sun�rthsh,

χ2 =
n∑

i=1

(dx − lxvx)
2

lxvx(1 − vx)
.Apì ton P�naka 6.4 parathroÔme ìti sqedìn ìle oi exomalÔnsei mèsw th apìkli-sh dÔnamh twn Cressie - Read, d�noun thn �dia tim  gia to mètro th omalìthta S, hopo�a e�nai h tim  tou M ston periorismì th omalìthta, en¸ h tim  tou mètrou kal prosarmog  F mei¸netai kaj¸ aux�netai to λ (gia ta sÔnola dedomènwn HK01M kaiHK01F). Sunoy�zonta, mporoÔme na poÔme ìti gia to sÔnolo dedomènwn L85 mporoÔme naqrhsimopoi soume ti timè λ = 2/3 kai λ = 1 pou d�noun ta �dia apotelèsmata en¸ h tim 

λ = 2 e�nai h kalÔterh gia exom�lunsh mèsw th apìklish dÔnamh twn Cressie - Readgia ta sÔnola HK01M kai HK01F.Peraitèrw arijmhtik  diereÔnhsh apok�luye shmantik� stoiqe�a gia thn {kalÔterh}tim  th paramètrou λ. Sta Sq mata 6.4 - 6.6, èqoume apeikon�sei thn tim  tou mètrouomalìthta S ènanti th tim  th paramètrou λ, me to S apeikonismèno ston �xona twn ykai to λ ston �xona twn x gia ta sÔnola dedomènwn L85, HK01M kai HK01F, ant�stoiqa.115
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Sq ma 6.6: Omalìthta S ènanti λ (HK01F)H diakekommènh gramm  se k�je di�gramma apeikon�zei thn tim  th paramètrou M stonperiorismì th omalìthta. ParathroÔme ìti ta tr�a diagr�mmata parousi�zoun sqedìnto �dio prìtupo. 'Otan isqÔei −∞ < λ < −1, to mètro S pa�rnei mia tim  kont� sthn tim tou M . Sth sunèqeia, ìtan −1 < λ < −0.5, to S pa�rnei mia polÔ mikr  tim  sqedìn �shme to mhdèn kai Ôstera gia ti upìloipe timè tou λ, xanapa�rnei mia tim  kont� sthn tim tou M . Sunep¸, gia timè tou λ metaxÔ twn −1 kai −0.5, h mèjodo uperexomalÔnei tadedomèna.Sta Sq mata 6.7 - 6.9, parousi�zoume ta ant�stoiqa diagr�mmata pou aforoÔn to mètroprosarmog  F , me to F na apeikon�zetai ston �xona twn y kai to λ ston �xona twn xgia ta sÔnola dedomènwn L85, HK01M kai HK01F, ant�stoiqa. ParathroÔme kai p�li ìtita tr�a diagr�mmata parousi�zoun sqedìn to �dio prìtupo. Gia timè tou λ mikrìtere tou
−1, to mètro th prosarmog  aux�netai mèqri th mègist  tou tim . Autì shma�nei ìti hexom�lunsh den e�nai apodekt  kaj¸ oi exomalumène timè apomakrÔnontai arket� apìti adrè parathr sei. 'Otan to λ pa�rnei tim  sqedìn �sh me −1, to mètro F mei¸netaikai stajeropoie�tai gia ti upìloipe timè tou λ.Sugkr�nonta thn exom�lunsh mèsw th elaqistopo�hsh th apìklish dÔnamh twnCressie and Read kai th exom�lunsh mèsw th elaqistopo�hsh th apìklish twnKullbak-Leibler, h opo�a e�nai apìklish dÔnamh me λ → 0, mporoÔme na poÔme ìti apìpleur� kal  prosarmog  pa�rnoume sqedìn ta �dia apotelèsmata gia timè tou λ > −1.'Omw ìson afor� thn omalìthta, sto sÔnolo dedomènwn L85 h exom�lunsh mèsw th apì-117
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Sq ma 6.7: Kal  prosarmog  F ènanti λ (L85)
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Sq ma 6.9: Kal  prosarmog  F ènanti λ (HK01F)klish twn Kullbak-Leibler d�nei mia polÔ mikr  tim  gia to mètro omalìthta S, to opo�oshma�nei ìti h mèjodo uperexomalÔnei ta dedomèna. To �dio apotèlesma prokÔptei ep�shapì thn elaqistopo�hsh th apìklish dÔnamh me λ ∈ (−1, 0). Sto sÔnolo dedomènwnHK01M h elaqistopo�hsh th apìklish twn Kullbak-Leibler d�nei to �dio apotèlesmame thn elaqistopo�hsh th apìklish dÔnamh me λ < −1 kai λ > 0. Tèlo, sto sÔnoloHK01F h exom�lunsh mèsw th apìklish twn Kullbak-Leibler ep�sh uperexomalÔneita dedomèna, k�ti to opo�o ep�sh sumba�nei qrhsimopoi¸nta thn apìklish dÔnamh me
−1 < λ < 0.5. To telikì ma sumpèrasma e�nai ìti h epilog  th tim  λ = 2/3 pouprot�jhke apì tou Cressie and Read (1984) apì pleur� statistik  isqÔo e�nai ep�shmia kal  epilog  gia exom�lunsh.6.3 Elaqistopo�hsh apìklish C - R upì 6 periorismoÔSth sunèqeia exomalÔname ta �dia dedomèna qrhsimopoi¸nta ektì apì tou periorismoÔ(i) - (v) th Enìthta 4.6 th sqèsh n∑

x=1

ux =
n∑

x=1

vx, h opo�a ìpw e�dame e�nai h el�qisthapa�thsh gia èna mètro qwr� mètra pijanìthta na e�nai mètro apìklish. Ta apote-lèsmata gia λ = 0, 2/3, 1, 2 kai th mèjodo twn Whittaker - Henderson d�nontai stouP�nake 6.5, 6.6 kai 6.7 gia ta sÔnola dedomènwn L85, HK01M kai HK01F, ant�stoiqa.Sta Sq mata 6.10, 6.11 kai 6.12 d�noume ta apotelèsmata k�je exom�lunsh se loga-119



P�naka 6.5: Di�fore exomalÔnsei gia to sÔnolo dedomènwn L85 (6 periorismo�)
x ux vx (λ = 0) vx (λ = 2/3) vx (λ = 1) vx (λ = 2) vx (W −H)75 0.03870 0.03859 0.03958 0.04014 0.04210 0.0384476 0.03909 0.04137 0.04159 0.04177 0.04228 0.0398777 0.04609 0.04577 0.04541 0.04523 0.04449 0.0447078 0.04839 0.05139 0.05065 0.05018 0.04842 0.0516179 0.06644 0.05765 0.05671 0.05605 0.05372 0.0596780 0.06091 0.06391 0.06286 0.06217 0.05993 0.0661581 0.07376 0.07017 0.06919 0.06864 0.06721 0.0721082 0.08019 0.07664 0.07607 0.07586 0.07586 0.0773983 0.08874 0.08432 0.08450 0.08480 0.08658 0.0827684 0.07455 0.09464 0.09580 0.09667 0.10009 0.0904485 0.11195 0.10869 0.11077 0.11212 0.11636 0.1030286 0.12320 0.12557 0.12814 0.12962 0.13332 0.1196587 0.14031 0.14383 0.14626 0.14747 0.15027 0.1387988 0.14879 0.16226 0.16439 0.16531 0.16723 0.1588689 0.19020 0.18070 0.18252 0.18316 0.18418 0.1784790 0.21628 0.19913 0.20065 0.20101 0.20114 0.1965091 0.20718 0.21757 0.21877 0.21885 0.21809 0.2126192 0.28866 0.23764 0.23720 0.23670 0.23505 0.2274793 0.13362 0.26281 0.25927 0.25765 0.25372 0.2422494 0.38265 0.29705 0.28938 0.28630 0.27965 0.25817rijmik  kl�maka. Oi k¸dike pou gr�yame sto prìgramma mh grammikoÔ programmatismoÔLINGO ver. 10, gia thn eÔresh twn exomalumènwn tim¸n, parat�jentai sto Par�rthmaG.2.Apì ton P�naka 6.8 parathroÔme ìti sqedìn ìle oi exomalÔnsei mèsw th apìklishdÔnamh twn Cressie - Read d�noun thn �dia tim  gia to mètro omalìthta S, h opo�a e�naip�li h tim  th paramètrou M ston periorismì th omalìthta, en¸ h tim  tou mètroukal  prosarmog  F aux�netai kaj¸ aux�netai to λ. Sunoy�zonta, mporoÔme na poÔmeìti gia to sÔnolo dedomènwn L85 mporoÔme na qrhsimopoi soume ti timè λ = 2/3 kai

λ = 1 pou d�noun ta �dia apotelèsmata en¸ h tim  λ = 2 e�nai h kalÔterh gia exom�lunshmèsw th apìklish dÔnamh gia ta sÔnola HK01M kai HK01F. Ta apotelèsmata e�nait¸ra sqedìn isodÔnama, apì pleur� omalìthta kai kal  prosarmog , me aut� pouprokÔptoun me th mèjodo twn Whittaker - Henderson.'Oson afor� thn omalìthta, k�je epilog  tou λ d�nei sqedìn thn �dia tim  gia to mètro
S. Pio sugkekrimèna, èqoume ìti S ≈ 4 × 10−5 gia to sÔnolo dedomènwn L85, S ≈
3×10−5 gia to sÔnolo HK01M kai S ≈ 15×10−6 gia to sÔnolo HK01F. Sugkr�nonta taapotelèsmata metaxÔ twn exomalÔnsewn upì 5 kai 6 periorismoÔ, apì pleur� omalìthta,parathroÔme ìti h qr sh tou epiplèon periorismoÔ (vi) belti¸nei ta apotelèsmata, kaj¸sthn per�ptwsh aut  den èqoume to prìblhma th uperexom�lunsh.120



Sq ma 6.10: Adrè ux kai exomalumène vx timè (L85 - 6 periorismo�)
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P�naka 6.6: Di�fore exomalÔnsei gia to sÔnolo dedomènwn HK01M (6 periorismo�)
x ux vx (λ = 0) vx (λ = 2/3) vx (λ = 1) vx (λ = 2) vx (W −H)70 0.01923 0.02025 0.02023 0.02022 0.02267 0.0192871 0.02563 0.02484 0.02483 0.02483 0.02513 0.0254672 0.02992 0.02944 0.02944 0.02944 0.02785 0.0304573 0.03585 0.03404 0.03405 0.03406 0.03126 0.0345174 0.03899 0.03863 0.03866 0.03867 0.03581 0.0378575 0.03523 0.04324 0.04329 0.04331 0.04150 0.0416076 0.05543 0.04797 0.04799 0.04800 0.04800 0.0467177 0.04939 0.05270 0.05269 0.05269 0.05451 0.0516478 0.05906 0.05761 0.05760 0.05759 0.06101 0.0562179 0.07503 0.06377 0.06378 0.06378 0.06815 0.0611080 0.04848 0.07338 0.07341 0.07342 0.07777 0.0683081 0.11692 0.08960 0.08949 0.08947 0.09297 0.0808582 0.06816 0.11474 0.11452 0.11447 0.11625 0.1005783 0.23598 0.15117 0.15093 0.15087 0.15019 0.1291484 0.11659 0.19989 0.19993 0.19995 0.19591 0.1670085 0.29152 0.26231 0.26272 0.26281 0.25458 0.21458121



Sq ma 6.11: Adrè ux kai exomalumène vx timè (HK01M - 6 periorismo�)

70 75 80 85

−4
.0

−3
.5

−3
.0

−2
.5

−2
.0

−1
.5

Age

lo
g(

m
or

ta
lity

 ra
te

s)

log(u)

log(v) (lambda=0)

log(v) (lambda=2/3)

log(v) (lambda=1)

log(v) (lambda=2)

log(v) (W−H)

P�naka 6.7: Di�fore exomalÔnsei gia to sÔnolo dedomènwn HK01F (6 periorismo�)
x ux vx (λ = 0) vx (λ = 2/3) vx (λ = 1) vx (λ = 2) vx (W −H)70 0.01134 0.01164 0.01132 0.01114 0.01073 0.0117871 0.01670 0.01385 0.01381 0.01381 0.01383 0.0145772 0.01378 0.01633 0.01652 0.01664 0.01693 0.0156673 0.01822 0.01926 0.01957 0.01972 0.02003 0.0177174 0.02258 0.02254 0.02280 0.02291 0.02314 0.0209175 0.02153 0.02587 0.02604 0.02611 0.02624 0.0249276 0.03539 0.02920 0.02928 0.02930 0.02934 0.0296477 0.03124 0.03253 0.03251 0.03249 0.03244 0.0336678 0.03688 0.03587 0.03575 0.03569 0.03555 0.0366979 0.03954 0.03920 0.03899 0.03888 0.03865 0.0385980 0.05896 0.04253 0.04222 0.04207 0.04175 0.0396881 0.02887 0.04602 0.04550 0.04526 0.04485 0.0409882 0.03342 0.05094 0.05007 0.04968 0.04892 0.0442683 0.07395 0.05803 0.05680 0.05622 0.05498 0.0505784 0.10138 0.06740 0.06605 0.06540 0.06393 0.0601885 0.07776 0.08010 0.07903 0.07851 0.07730 0.0732486 0.05800 0.09845 0.09803 0.09783 0.09732 0.0899587 0.11429 0.12476 0.12529 0.12554 0.12606 0.1105688 0.18465 0.15994 0.16167 0.16250 0.16431 0.1351389 0.20000 0.20403 0.20726 0.20878 0.21217 0.16371122



Sq ma 6.12: Adrè ux kai exomalumène vx timè (HK01F - 6 periorismo�)
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Sq ma 6.13: Kal  prosarmog  F ènanti λ (L85- 6 periorismo�)
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P�naka 6.8: Timè twn mètrwn omalìthta kai prosarmog  (6 periorismo�)
L85

λ = 0 λ = 2/3 λ = 1 λ = 2 W −H
S 0.000039 0.00004 0.00004 0.000039 0.000039
F 61.55 66.49 70.77 90.55 61.122Deviane 64.35 68.91 72.99 92.19 61.75log-likelihood -17871.46 -17873.74 -17875.78 -17885.38 -17870.16
χ2 61.56 66.50 70.78 90.56 61.13

HK01M
λ = 0 λ = 2/3 λ = 1 λ = 2 W −H

S 0.000029 0.000029 0.00003 0.00003 0.000025
F 17.00 17.03 17.04 19.55 19.964Deviane 17.11 17.13 17.13 19.83 18.29log-likelihood -2081.28 -2081.29 -2081.30 -2082.64 -2081.87
χ2 16.77 16.80 16.80 19.33 19.73

HK01F
λ = 0 λ = 2/3 λ = 1 λ = 2 W −H

S 0.000015 0.000015 0.000015 0.000015 0.000015
F 10.53 10.92 11.15 11.81 9.571Deviane 10.71 11.09 11.33 11.99 9.24log-likelihood -1794.12 -1794.31 -1794.43 -1794.76 -1793.38
χ2 10.81 11.22 11.48 12.17 9.82
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Sq ma 6.14: Kal  prosarmog  F ènanti λ (HK01M- 6 periorismo�)124
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Sq ma 6.15: Kal  prosarmog  F ènanti λ (HK01F- 6 periorismo�)Sto Sq ma 6.13, parousi�zoume to di�gramma pou afor� to mètro prosarmog  F ,me to F na apeikon�zetai ston �xona twn y kai to λ ston �xona twn x, gia to sÔnolodedomènwn L85. ParathroÔme ìti h tim  tou F isoÔtai per�pou me 60 gia λ ≤ 0 en¸ giati jetikè timè tou λ to mètro kal  prosarmog  aux�netai. Gia to sÔnolo HK01M,parathroÔme ìti to mètro F isoÔtai per�pou me 17 gia ìle ti timè tou λ 6= 2 en¸ gia
λ = 2 èqoume F ≈ 19.5 (Sq ma 6.14). Tèlo, apì to Sq ma 6.15 pou anafèretai stosÔnolo HK01F, parathroÔme ìti den up�rqoun meg�le diaforè kaj¸ to F ∈ (9.9, 12).Sugkr�nonta p�li ta apotelèsmata metaxÔ twn exomalÔnsewn upì 5 kai 6 periorismoÔ,apì pleur� kal  prosarmog , o epiplèon periorismì belti¸nei ta apotelèsmata kaj¸oi exomalumène timè parousi�zoun mia saf¸ kalÔterh prosarmog .Sth sunèqeia sta graf mata 6.16, 6.17 kai 6.18 apeikon�zontai oi adrè ux kai oi exo-malumène vx timè, se logarijmik  kl�maka, pou epitugq�nontai apì thn exom�lunsh mèswtou mètrou twn Cressie and Read me tim  th paramètrou λ = 2/3 kai th qr sh twn 5 kai 6periorism¸n gia ta sÔnola dedomènwn L85, HK01M kai HK01F, ant�stoiqa. ParathroÔmeìti kai sti trei peript¸sei h exom�lunsh mèsw twn 6 periorism¸n e�nai kalÔterh ìsonafor� thn prosarmog  twn exomalumènwn tim¸n. Shmei¸noume ìti to parap�nw sumpèra-sma isqÔei gia ìle ti timè tou λ kai ìqi mìno gia thn tim  λ = 2/3 pou gia lìgou q¸rouparousi�zoume.
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Sq ma 6.16: Adrè ux kai exomalumène vx timè (L85 - 5 kai 6 periorismo� kai λ = 2/3)
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Sq ma 6.17: Adrè ux kai exomalumène vx timè (HK01M - 5 kai 6 periorismo� kai λ = 2/3)
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Sq ma 6.18: Adrè ux kai exomalumène vx timè (HK01F - 5 kai 6 periorismo� kai λ = 2/3)
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6.4 Elaqistopo�hsh apìklish C - R upì 4 periorismoÔSthn enìthta aut  parousi�zoume thn exom�lunsh twn �diwn dedomènwn qrhsimopoi¸ntatou periorismoÔ (i), (ii), (iii) kai (vi). O lìgo gia ton opo�o diex�goume ti exomalÔnseime autoÔ mìno tou periorismoÔ e�nai gia na doÔme e�n oi analogistiko� periorismo� (iv)kai (v) pou prote�nei o Brokett (1991) e�nai apara�thtoi. Ta apotelèsmata gia λ =

0, 2/3, 1, 2 kai th mèjodo twn Whittaker - Henderson d�nontai stou P�nake 6.9, 6.10 kai6.11 gia ta sÔnola L85, HK01M kai HK01F, ant�stoiqa. Sta Sq mata 6.19, 6.20 kai6.21 d�noume ta apotelèsmata k�je exom�lunsh se logarijmik  kl�maka. Oi k¸dike pougr�yame sto prìgramma mh grammikoÔ programmatismoÔ LINGO ver. 10, gia thn eÔreshtwn exomalumènwn tim¸n, parat�jentai sto Par�rthma G.3.Parathr¸nta, tìso tou trei autoÔ p�nake ìso kai ton P�naka 6.12, antilambanì-maste ìti ta apotelèsmata e�nai parìmoia me aut� tou P�naka 6.8. H mình diafor� pouparathroÔme e�nai mia mikr  aÔxhsh sthn tim  twn mètrwn kal  prosarmog . Apì thn�poyh twn diafor¸n sthn prosarmog , jewroÔme ìti oi duo analogistiko� periorismo� denqrei�zontai kat� thn elaqistopo�hsh twn apokl�sewn dÔnamh. Gia na e�maste ìmw pe-rissìtero antagwnistiko� me th mèjodo twn Whittaker - Henderson, oi periorismo� (iv) kai(v) kalì e�nai na qrhsimopoioÔntai. 'Allwste h epib�runs  tou ston upologistikì qrìnoth elaqistopo�hsh e�nai mhdamin . 127



P�naka 6.9: Di�fore exomalÔnsei gia to sÔnolo dedomènwn L85 (4 periorismo�)
x ux vx (λ = 0) vx (λ = 2/3) vx (λ = 1) vx (λ = 2) vx (W −H)75 0.03870 0.03861 0.03944 0.03990 0.04144 0.0384476 0.03909 0.04230 0.04316 0.04361 0.04499 0.0398777 0.04609 0.04737 0.04829 0.04877 0.05023 0.0447078 0.04839 0.05340 0.05442 0.05497 0.05670 0.0516179 0.06644 0.05984 0.06099 0.06163 0.06378 0.0596780 0.06091 0.06628 0.06757 0.06829 0.07085 0.0661581 0.07376 0.07273 0.07415 0.07496 0.07793 0.0721082 0.08019 0.07917 0.08082 0.08177 0.08525 0.0773983 0.08874 0.08656 0.08858 0.08974 0.09381 0.0827684 0.07455 0.09640 0.09889 0.10033 0.10486 0.0904485 0.11195 0.10985 0.11274 0.11436 0.11886 0.1030286 0.12320 0.12607 0.12892 0.13042 0.13374 0.1196587 0.14031 0.14364 0.14584 0.14682 0.14862 0.1387988 0.14879 0.16141 0.16276 0.16323 0.16350 0.1588689 0.19020 0.17918 0.17969 0.17964 0.17837 0.1784790 0.21628 0.19696 0.19661 0.19605 0.19325 0.1965091 0.20718 0.21473 0.21354 0.21245 0.20813 0.2126192 0.28866 0.23415 0.23079 0.22886 0.22301 0.2274793 0.13362 0.25870 0.25174 0.24836 0.23949 0.2422494 0.38265 0.29237 0.28076 0.27553 0.26291 0.25817Sq ma 6.19: Adrè ux kai exomalumène vx timè (L85 - 4 periorismo�)
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P�naka 6.10: Di�fore exomalÔnsei gia to sÔnolo dedomènwn HK01M (4 periorismo�)
x ux vx (λ = 0) vx (λ = 2/3) vx (λ = 1) vx (λ = 2) vx (W −H)70 0.01923 0.02168 0.02281 0.02337 0.02493 0.0192871 0.02563 0.02636 0.02748 0.02803 0.02958 0.0254672 0.02992 0.03104 0.03215 0.03270 0.03423 0.0304573 0.03585 0.03571 0.03682 0.03736 0.03888 0.0345174 0.03899 0.04039 0.04149 0.04203 0.04353 0.0378575 0.03523 0.04507 0.04616 0.04669 0.04818 0.0416076 0.05543 0.04975 0.05083 0.05136 0.05283 0.0467177 0.04939 0.05443 0.05550 0.05602 0.05748 0.0516478 0.05906 0.05910 0.06017 0.06069 0.06213 0.0562179 0.07503 0.06479 0.06567 0.06610 0.06729 0.0611080 0.04848 0.07371 0.07415 0.07437 0.07496 0.0683081 0.11692 0.08904 0.08868 0.08854 0.08818 0.0808582 0.06816 0.11307 0.11176 0.11118 0.10963 0.1005783 0.23598 0.14817 0.14585 0.14477 0.14185 0.1291484 0.11659 0.19531 0.19215 0.19059 0.18619 0.1670085 0.29152 0.25595 0.25190 0.24978 0.24368 0.21458
Sq ma 6.20: Adrè ux kai exomalumène vx timè (HK01M - 4 periorismo�)
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P�naka 6.11: Di�fore exomalÔnsei gia to sÔnolo dedomènwn HK01F (4 periorismo�)
x ux vx (λ = 0) vx (λ = 2/3) vx (λ = 1) vx (λ = 2) vx (W −H)70 0.01134 0.01231 0.01247 0.01257 0.01233 0.0117871 0.01670 0.01445 0.01479 0.01499 0.01522 0.0145772 0.01378 0.01686 0.01733 0.01758 0.01811 0.0156673 0.01822 0.01971 0.02023 0.02047 0.02100 0.0177174 0.02258 0.02290 0.02334 0.02352 0.02390 0.0209175 0.02153 0.02616 0.02645 0.02657 0.02679 0.0249276 0.03539 0.02942 0.02957 0.02962 0.02968 0.0296477 0.03124 0.03268 0.03268 0.03268 0.03258 0.0336678 0.03688 0.03593 0.03580 0.03573 0.03547 0.0366979 0.03954 0.03919 0.03891 0.03878 0.03836 0.0385980 0.05896 0.04245 0.04202 0.04183 0.04126 0.0396881 0.02887 0.04587 0.04521 0.04490 0.04415 0.0409882 0.03342 0.05076 0.04973 0.04925 0.04794 0.0442683 0.07395 0.05781 0.05643 0.05575 0.05369 0.0505784 0.10138 0.06714 0.06564 0.06490 0.06234 0.0601885 0.07776 0.07978 0.07855 0.07794 0.07581 0.0732486 0.05800 0.09806 0.09746 0.09718 0.09617 0.0899587 0.11429 0.12428 0.12462 0.12479 0.12556 0.1105688 0.18465 0.15936 0.16089 0.16164 0.16472 0.1351389 0.20000 0.20335 0.20635 0.20780 0.21339 0.16371Sq ma 6.21: Adrè ux kai exomalumène vx timè (HK01F - 4 periorismo�)

70 75 80 85

−4
.5

−4
.0

−3
.5

−3
.0

−2
.5

−2
.0

−1
.5

Age

lo
g(

m
or

ta
lity

 ra
te

s)

log(u)

log(v) (lambda=0)

log(v) (lambda=2/3)

log(v) (lambda=1)

log(v) (lambda=2)

log(v) (W−H)

130



P�naka 6.12: Timè twn mètrwn omalìthta kai prosarmog  (4 periorismo�)
L85

λ = 0 λ = 2/3 λ = 1 λ = 2 W −H
S 0.00004 0.000039 0.000039 0.000039 0.000039
F 63.24 71.34 77.52 104.38 61.122Deviane 66.44 74.61 80.91 108.64 61.75log-likelihood -17872.50 -17876.59 -17879.73 -17893.60 -17870.16
χ2 63.25 71.35 77.53 104.39 61.13

HK01M
λ = 0 λ = 2/3 λ = 1 λ = 2 W −H

S 0.00003 0.00003 0.00003 0.00003 0.000025
F 18.15 20.19 21.53 26.30 19.964Deviane 18.24 20.31 21.70 26.72 18.29log-likelihood -2081.85 -2082.89 -2083.58 -2086.09 -2081.87
χ2 17.91 19.94 21.28 26.04 19.73

HK01F
λ = 0 λ = 2/3 λ = 1 λ = 2 W −H

S 0.000015 0.000015 0.000015 0.000015 0.000015
F 10.63 11.23 11.62 12.55 9.571Deviane 10.83 11.44 11.82 12.75 9.24log-likelihood -1794.18 -1794.48 -1794.67 -1795.14 -1793.38
χ2 10.80 11.37 11.73 12.66 9.82
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6.5 Elaqistopo�hsh tou ektetamènou mètrou apìklish twn Cressieand ReadSthn par�grafo aut , ja parousi�soume ta apotelèsmata th elaqistopo�hsh tou ekte-tamènou mètrou apìklish dÔnamh twn Cressie and Read
ICR
ext (v,u) =

1

λ(λ+ 1)

∑

x

{

vx

[(
vx

ux

)λ

− 1

]

− vx + ux

}

,gia ta tr�a sÔnola dedomènwn. H elaqistopo�hsh tou mètrou ègine upì tou periorismoÔ (i)- (v). Ta apotelèsmata gia λ = 0, 2/3, 1, 2 kai th mèjodo twn Whittaker - Henderson d�no-ntai stou P�nake 6.13, 6.14 kai 6.15 gia ta sÔnola L85, HK01M kai HK01F, ant�stoiqa.Sta Sq mata 6.22, 6.23 kai 6.24 d�noume ta apotelèsmata k�je exom�lunsh se loga-rijmik  kl�maka. Oi k¸dike pou gr�yame sto prìgramma mh grammikoÔ programmatismoÔLINGO ver. 10, gia thn eÔresh twn exomalumènwn tim¸n, parat�jentai sto Par�rthmaG.4.Ta apotelèsmata pou aforoÔn thn omalìthta kai thn prosarmog  twn dedomènwn pa-rousi�zontai ston P�naka 6.16. Oi timè tou mètrou omalìthta S e�nai �se   sqedìn�se gia ìle ti epilegmène timè tou λ stou P�nake 6.4 kai 6.8. E�n sugkr�noume thnprosarmog  me thn ant�stoiqh th elaqistopo�hsh tou mètrou twn Cressie and Read upìtou pènte periorismoÔ (P�naka 6.4), parathroÔme mia shmantik� kalÔterh prosarmog .Parìla aut�, h prosarmog  pou proèkuye apì thn elaqistopo�hsh tou mètrou twn Cressieand Read upì tou èxi periorismoÔ pou prote�noume (P�naka 6.8) e�nai kalÔterh gia k�jeepilegmènh tim  th paramètrou λ. W sumpèrasma mporoÔme na poÔme ìti to ektetamènomètro apìklish dÔnamh twn Cressie and Read sumperifèretai sugkritik� me parìmoiotrìpo, all� ìqi kalÔtera, me to mètro twn Cressie and Read me 6 periorismoÔ.6.6 Elaqistopo�hsh th diafor� tou JensenSthn par�grafo aut , ja parousi�soume ta apotelèsmata th elaqistopo�hsh th dia-for� tou Jensen. Ta dedomèna pou ja qrhsimopoi soume e�nai, gia lìgou sÔgkrish, tatr�a sÔnola dedomènwn pou qrhsimopoi same prohgoumènw en¸ h elaqistopo�hsh g�netaip�li upì tou periorismoÔ (i) - (v) kai/  (vi). Oi k¸dike pou gr�yame sto prìgrammamh grammikoÔ programmatismoÔ LINGO ver. 10, gia thn eÔresh twn exomalumènwn tim¸n,parat�jentai sto Par�rthma G.5.
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P�naka 6.13: Di�fore exomalÔnsei gia to sÔnolo dedomènwn L85 me to ektetamèno mètroCR kai 5 periorismoÔ
x ux vx (λ = 0) vx (λ = 2/3) vx (λ = 1) vx (λ = 2) vx (W −H)75 0.03870 0.03623 0.04634 0.03472 0.02880 0.0384476 0.03909 0.04067 0.04634 0.03999 0.03746 0.0398777 0.04609 0.04626 0.04641 0.04623 0.04613 0.0447078 0.04839 0.05259 0.04723 0.05304 0.05479 0.0516179 0.06644 0.05915 0.04949 0.05996 0.06345 0.0596780 0.06091 0.06572 0.05335 0.06688 0.07212 0.0661581 0.07376 0.07229 0.05913 0.07381 0.08078 0.0721082 0.08019 0.07885 0.06709 0.08073 0.08944 0.0773983 0.08874 0.08618 0.07791 0.08841 0.09811 0.0827684 0.07455 0.09575 0.09253 0.09832 0.10677 0.0904485 0.11195 0.10878 0.11147 0.11143 0.11616 0.1030286 0.12320 0.12445 0.13330 0.12637 0.12554 0.1196587 0.14031 0.14142 0.15622 0.14156 0.13493 0.1387988 0.14879 0.15855 0.17914 0.15675 0.14432 0.1588689 0.19020 0.17568 0.20205 0.17194 0.15370 0.1784790 0.21628 0.19282 0.22497 0.18714 0.16309 0.1965091 0.20718 0.20995 0.24788 0.20233 0.17247 0.2126192 0.28866 0.22871 0.27116 0.21752 0.18186 0.2274793 0.13362 0.25263 0.29818 0.23583 0.19271 0.2422494 0.38265 0.28575 0.33332 0.26193 0.21110 0.25817P�naka 6.14: Di�fore exomalÔnsei gia to sÔnolo dedomènwn HK01M me to ektetamènomètro CR kai 5 periorismoÔ
x ux vx (λ = 0) vx (λ = 2/3) vx (λ = 1) vx (λ = 2) vx (W −H)70 0.01923 0.01931 0.02328 0.01857 0.01710 0.0192871 0.02563 0.02437 0.02574 0.02398 0.02319 0.0254672 0.02992 0.02942 0.02859 0.02938 0.02927 0.0304573 0.03585 0.03448 0.03187 0.03479 0.03535 0.0345174 0.03899 0.03953 0.03564 0.04019 0.04143 0.0378575 0.03523 0.04459 0.03992 0.04560 0.04752 0.0416076 0.05543 0.04964 0.04470 0.05101 0.05360 0.0467177 0.04939 0.05470 0.04982 0.05641 0.05968 0.0516478 0.05906 0.05975 0.05571 0.06182 0.06577 0.0562179 0.07503 0.06531 0.06362 0.06722 0.07185 0.0611080 0.04848 0.07351 0.07575 0.07431 0.07793 0.0683081 0.11692 0.08760 0.09510 0.08619 0.08565 0.0808582 0.06816 0.10991 0.12418 0.10553 0.09766 0.1005783 0.23598 0.14287 0.16537 0.13497 0.11766 0.1291484 0.11659 0.18746 0.21983 0.17585 0.14758 0.1670085 0.29152 0.24520 0.28861 0.22943 0.18912 0.21458133



Sq ma 6.22: Adrè ux kai exomalumène vx timè me to ektetamèno mètro CR (L85 - 5periorismo�)
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Sq ma 6.23: Adrè ux kai exomalumène vx timè me to ektetamèno mètro CR (HK01M - 5periorismo�)
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P�naka 6.15: Di�fore exomalÔnsei gia to sÔnolo dedomènwn HK01F me to ektetamènomètro CR kai 5 periorismoÔ
x ux vx (λ = 0) vx (λ = 2/3) vx (λ = 1) vx (λ = 2) vx (W −H)70 0.01134 0.01108 0.01445 0.01062 0.01029 0.0117871 0.01670 0.01382 0.01445 0.01377 0.01358 0.0145772 0.01378 0.01663 0.01523 0.01691 0.01686 0.0156673 0.01822 0.01970 0.01702 0.02006 0.02015 0.0177174 0.02258 0.02292 0.01983 0.02321 0.02344 0.0209175 0.02153 0.02614 0.02348 0.02636 0.02672 0.0249276 0.03539 0.02936 0.02765 0.02951 0.03001 0.0296477 0.03124 0.03258 0.03192 0.03265 0.03330 0.0336678 0.03688 0.03580 0.03619 0.03580 0.03659 0.0366979 0.03954 0.03902 0.04047 0.03895 0.03987 0.0385980 0.05896 0.04224 0.04474 0.04210 0.04316 0.0396881 0.02887 0.04549 0.04962 0.04524 0.04645 0.0409882 0.03342 0.05006 0.05642 0.04923 0.04973 0.0442683 0.07395 0.05668 0.06605 0.05491 0.05316 0.0505784 0.10138 0.06546 0.07913 0.06280 0.05741 0.0601885 0.07776 0.07743 0.09694 0.07424 0.06413 0.0732486 0.05800 0.09494 0.12168 0.09159 0.07577 0.0899587 0.11429 0.12029 0.15540 0.11713 0.09457 0.1105688 0.18465 0.15439 0.19891 0.15171 0.12141 0.1351389 0.20000 0.19729 0.25233 0.19543 0.15641 0.16371
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P�naka 6.16: Timè twn mètrwn omalìthta kai prosarmog  gia thn exom�lunsh me (i)to ektetamèno CR mètro apìklish kai 5 periorismoÔ kai (ii) th mèjodo W-H (qwr�periorismoÔ) gia ta sÔnola dedomènwn L85, HK01M, HK01F
L85

λ = 0 λ = 2/3 λ = 1 λ = 2 W −H
S 0.00004 0.00004 0.00004 0.00004 0.000039
F 63.61 173.37 75.73 187.56 61.12Deviane 65.95 174.38 76.66 178.29 61.75log-likelihood -17872.26 -17926.47 -17877.61 -17928.43 -17870.16
χ2 63.63 173.38 75.75 187.58 61.13

ICR
ext (v,u) 0.068 0.058 0.075 0.042 0.070⋆

HK01M
λ = 0 λ = 2/3 λ = 1 λ = 2 W −H

S 0.00003 0.00003 0.00003 0.00003 0.000025
F 17.50 19.80 19.12 25.94 19.96Deviane 17.46 20.85 18.68 24.27 18.29log-likelihood -2081.46 -2083.16 -2082.07 -2084.86 -2081.87
χ2 17.50 19.80 19.12 25.94 19.73

ICR
ext (v,u) 0.065 0.066 0.067 0.047 0.069⋆

HK01F
λ = 0 λ = 2/3 λ = 1 λ = 2 W −H

S 0.000015 0.000015 0.000015 0.000015 0.000015
F 11.08 12.66 11.94 13.08 9.57Deviane 11.29 13.04 12.15 13.26 9.24log-likelihood -1794.41 -1795.28 -1794.84 -1795.39 -1793.38
χ2 11.42 12.66 12.33 13.57 9.82

ICR
ext (v,u) 0.034 0.014 0.035 0.017 0.041⋆

⋆ gia λ = 0
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Sq ma 6.24: Adrè ux kai exomalumène vx timè me to ektetamèno mètro CR (HK01F - 5periorismo�)
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Ta apotelèsmata th elaqistopo�hsh th diafor� tou Jensen
J(u,v) = −

n∑

i=1

1

2
(ui + vi) ln

(
1

2
(ui + vi)

)

+
1

2

[
n∑

i=1

vi ln vi +
n∑

i=1

ui ln ui

]metaxÔ twn adr¸n kai twn exomalumènwn posost¸n jnhsimìthta u kai v emfan�zontaistou P�nake 6.17, 6.18 kai 6.19. Sugkekrimèna, ston P�naka 6.17 parousi�zontai taapotelèsmata pou aforoÔn to sÔnolo dedomènwn L85, ston P�naka 6.18 ta apotelèsmatapou aforoÔn to sÔnolo dedomènwn HK01M en¸ ston P�naka 6.19 ta apotelèsmata pouaforoÔn to sÔnolo dedomènwn HK01F. Sta Sq mata 6.25, 6.26 kai 6.27 d�noume ta apote-lèsmata k�je exom�lunsh se logarijmik  kl�maka.ParathroÔme ìti sto sÔnolo dedomènwn HK01M h exom�lunsh me 4 periorismoÔ denèdwse ikanopoihtik� apotelèsmata. Parathr¸nta tou p�nake autoÔ kaj¸ ep�sh kaiton P�naka 6.20, o opo�o parousi�zei ti timè twn mètrwn omalìthta kai prosarmog ,blèpoume ìti ta apotelèsmata e�nai ant�stoiqa me aut� pou parousi�zontai ston P�naka6.8. H qr sh tou epiplèon periorismoÔ (vi) belt�wse l�go thn prosarmog  twn dedomènwn.
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P�naka 6.17: Exom�lunsh mèsw Jensen di�erene gia to sÔnolo dedomènwn L85
x ux vx (5 periorismo�) vx (6 periorismo�) vx (4 periorismo�)75 0.03870 0.03691 0.03792 0.0380376 0.03909 0.04097 0.04124 0.0417077 0.04609 0.04626 0.04603 0.0467378 0.04839 0.05239 0.05187 0.0526979 0.06644 0.05881 0.05820 0.0590480 0.06091 0.06524 0.06453 0.0653981 0.07376 0.07166 0.07086 0.0717482 0.08019 0.07809 0.07719 0.0780983 0.08874 0.08524 0.08442 0.0852584 0.07455 0.09459 0.09404 0.0947385 0.11195 0.10743 0.10730 0.1077786 0.12320 0.12320 0.12358 0.1238087 0.14031 0.14076 0.14171 0.1416688 0.14879 0.15899 0.16052 0.1601989 0.19020 0.17722 0.17932 0.1787390 0.21628 0.19544 0.19812 0.1972691 0.20718 0.21370 0.21698 0.2158592 0.28866 0.23439 0.23826 0.2368793 0.13362 0.26101 0.26544 0.2638294 0.38265 0.29726 0.30218 0.30038Sq ma 6.25: Adrè ux kai exomalumène vx timè mèsw Jensen di�erene (L85)
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P�naka 6.18: Exom�lunsh mèsw Jensen di�erene gia to sÔnolo dedomènwn HK01M
x ux vx (5 periorismo�) vx (6 periorismo�) vx (4 periorismo�)70 0.01923 0.01971 0.02027 0.0209271 0.02563 0.02458 0.02485 0.0255672 0.02992 0.02944 0.02942 0.0302073 0.03585 0.03430 0.03400 0.0348474 0.03899 0.03916 0.03857 0.0394875 0.03523 0.04402 0.04314 0.0441276 0.05543 0.04888 0.04794 0.0488477 0.04939 0.05374 0.05273 0.0535778 0.05906 0.05860 0.05768 0.0583679 0.07503 0.06434 0.06384 0.0642680 0.04848 0.07325 0.07347 0.0735681 0.11692 0.08870 0.08993 0.0896282 0.06816 0.11259 0.11514 0.1143383 0.23598 0.14714 0.15134 0.1499184 0.11659 0.19281 0.19902 0.1968485 0.29152 0.25158 0.26006 0.25703

Sq ma 6.26: Adrè ux kai exomalumène vx timè mèsw Jensen di�erene (HK01M)
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P�naka 6.19: Exom�lunsh mèsw Jensen di�erene gia to sÔnolo dedomènwn HK01F
x ux vx (5 periorismo�) vx (6 periorismo�) vx (4 periorismo�)70 0.01134 0.01156 0.01187 0.0116271 0.01670 0.01386 0.01390 0.0139672 0.01378 0.01636 0.01621 0.0163073 0.01822 0.01928 0.01903 0.0193074 0.02258 0.02255 0.02229 0.0223075 0.02153 0.02589 0.02571 0.0253076 0.03539 0.02923 0.02913 0.0283077 0.03124 0.03258 0.03255 0.0313078 0.03688 0.03592 0.03597 0.0343079 0.03954 0.03926 0.03940 0.0373080 0.05896 0.04260 0.04282 0.0403081 0.02887 0.04612 0.04646 0.0433082 0.03342 0.05110 0.05163 0.0483983 0.07395 0.05818 0.05896 0.0565184 0.10138 0.06731 0.06840 0.0673685 0.07776 0.07940 0.08088 0.0818686 0.05800 0.09683 0.09875 0.1014387 0.11429 0.12193 0.12436 0.1283188 0.18465 0.15563 0.15861 0.1636889 0.20000 0.19797 0.20156 0.20734Sq ma 6.27: Adrè ux kai exomalumène vx timè mèsw Jensen di�erene (HK01F)
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P�naka 6.20: Timè twn mètrwn omalìthta kai prosarmog  (Jensen di�erene)
L855 periorismo� 6 periorismo� 4 periorismo�

S 0.00004 0.00004 0.000039
F 60.65 59.80 60.23Deviane 63.52 62.85 63.44log-likelihood -17871.04 -17870.71 -17870.99
χ2 60.66 59.81 60.25

HK01M5 periorismo� 6 periorismo� 4 periorismo�
S 0.00003 0.00003 0.00003
F 17.23 16.96 17.25Deviane 17.15 17.08 17.36log-likelihood -2081.31 -2081.27 -2081.41
χ2 16.99 16.73 17.01

HK01F5 periorismo� 6 periorismo� 4 periorismo�
S 0.000015 0.000015 0.000016
F 10.51 10.30 10.96Deviane 10.71 10.49 10.88log-likelihood -1794.12 -1794.00 -1794.21
χ2 10.80 10.55 11.23
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6.7 Qr sh �llwn mètrwn apìklish sthn exom�lunsh'Opw èqoume anafèrei arketè forè èw t¸ra, mia apì ti omologoumènw kalÔteremejìdou exom�lunsh, e�nai aut  pou prìteinan oi Whittaker and Henderson. Upen-jum�zoume ìti sth mèjodo twn Whittaker - Henderson elaqistopoioÔme th sun�rthsh
M1 = F + hS =

n∑

x=1

wx(ux − vx)
2 + h

n−3∑

x=1

(∆3vx)
2 w pro ti exomalumène timè vx,ìpou wx e�nai kat�llhla epilegmèna b�rh kai sun jw h par�metro h jewre�tai w hmèsh tim  twn wx. Paragwg�zonta w pro ta vx odhgoÔmaste se èna grammikì sÔsthmato opo�o mpore� eÔkola na epiluje�.Mia idèa pou p rame apì th mèjodo aut , e�nai na antikatast soume th statistik sun�rthsh X2 me thn apìklish twn Kullbak - Leibler. 'Allwste, h apìklish twn Kull-bak - Leibler e�nai èna eurèw apodektì mètro kal  prosarmog . Prospaj same naelaqistopoi soume th sun�rthsh M2 = F1 + hS =

n∑

x=1

wxux ln ux

vx
+ h

n−3∑

x=1

(∆3vx)
2 p�li pa-ragwg�zonta w pro ta vx kai qrhsimopoi¸nta thn prosèggish (ln vx)/vx ≈ (ln ux)/ux,ìpw prote�netai apì ton London (1985, sel.11), all� qwr� ikanopoihtik� apotelèsmata.Sugkekrimèna, h mèjodo aut  e�te d�nei exomalumène timè megalÔtere apì ti adrè, toopo�o shma�nei ìti ti uperektim�, e�te den d�nei thn epijumht  morf  th kampÔlh. Kat'epèktash, h prosarmog  twn dedomènwn den e�nai ikanopoihtik . Ant�jeta, ìson afor� thnomalìthta, h metatrop  tou montèlou d�nei kal� apotelèsmata.6.8 Sumper�smata Kefala�ouSto kef�laio autì, diereun same mèsw enì arijmhtikoÔ parade�gmato me tr�a sÔnoladedomènwn, th qr sh th genik  oikogèneia twn mètrwn apìklish dÔnamh twn Cressie- Read sto prìblhma th exom�lunsh posost¸n jnhsimìthta kaj¸ kai th sumperi-for� sto �dio prìblhma th diafor� tou Jensen. H arijmhtik  diereÔnhsh èdeixe ìti, helaqistopo�hsh twn apokl�sewn dÔnamh gia di�fore timè th paramètrou λ, upì touperiorismoÔ (i) - (v) kai/  (vi), èdwse isodÔnama apotelèsmata, apì pleur� omalìthta,me aut� �llwn mejìdwn exom�lunsh, ìpw e�nai h eurèw qrhsimopoioÔmenh mèjodo twnWhittaker - Henderson.MporoÔme na l�boume diaforetik  tim  gia to mètro th omalìthta S all�zonta thntim  th paramètrou M ston pr¸to periorismì. Bèbaia, den mporoÔme eujèw na poÔmepoia tim  th paramètrou λ e�nai h kalÔterh gia exom�lunsh. Gia ti exomalÔnsei upìtou periorismoÔ (i) - (v) èqoume ta ex : Timè tou λ < −1 d�noun mh ikanopoihtik� apo-telèsmata w pro thn kal  prosarmog  kai gia to lìgo autì ja prèpei na apofeÔgontai.'Oson afor� thn omalìthta S, timè tou λ ∈ (−1, 0.5), uperexomalÔnoun ta dedomèna. Gia

λ ≥ 0 oi di�fore apokl�sei d�noun parìmoia apotelèsmata w pro thn omalìthta kai142



thn prosarmog , sunep¸ h tim  λ = 2/3 pou prìteinan oi Cressie and Read (1984) apìpleur� statistik  isqÔo, e�nai mia kal  epilog  gia exom�lunsh.H qr sh tou periorismoÔ (vi) n∑

x=1

ux =
n∑

x=1

vx pou prote�noume, jewre�tai apara�ththkaj¸ aut  e�nai h el�qisth apa�thsh gia èna mètro qwr� dianÔsmata pijanìthta nae�nai mètro apìklish. Ta arijmhtik� apotelèsmata uposthr�zoun th qr sh th epiplèonsunj kh kai èdeixan axioshme�wth belt�wsh sthn prosarmog  twn exomalumènwn tim¸n.Epiplèon, sthn per�ptwsh aut , h tim  th paramètrou λ fa�netai plèon na mhn ephre�zeithn omalìthta S.H omoiìthta twn apotelesm�twn metaxÔ th mejìdou twn Whittaker - Henderson kaith elaqistopo�hsh twn apokl�sewn dÔnamh upì tou sugkekrimènou periorismoÔ, mad�nei th dunatìthta na uposthr�xoume ìti oi duo mèjodoi exom�lunsh e�nai per�pou isodÔ-name. H �poyh aut  den uposthr�zetai mìno apì thn arijmhtik  diereÔnhsh tou jèmatoall� kai apì to gegonì ìti sth mèjodo twn Whittaker - Henderson elaqistopoioÔmeth Lagkranzian  sun�rthsh F + hS, en¸ sth mèjodo twn apokl�sewn dÔnamh elaqisto-poioÔme thn F , metaxÔ �llwn, upì ènan periorismì S, h opo�a telik� odhge� se mia parìmoiaLagkranzian  sun�rthsh.'Oson afor� thn elaqistopo�hsh th diafor� tou Jensen, ta apotelèsmata e�nai su-gkr�sima me ti exomalÔnsei pou g�nontai mèsw th apìklish twn Kullbak - Leibler, twnCressie - Read kai th mejìdou twn Whittaker - Henderson.Mia shmantik  epèktash th mejìdou ma ja  tan h prìbleyh mellontik¸n tim¸n. Du-stuq¸ ta montèla ma den èqoun probleptikì qarakt ra. Mia skèyh e�nai na qrhsimopoi- soume èna parametrikì montèlo pou ja prosarmìsoume se èna mèro twn exomalumènwntim¸n kai sth sunèqeia na qrhsimopoi soume ti upìloipe exomalumène timè gia proble-ptikoÔ skopoÔ (time based training-test split). Sugkekrimèna, mporoÔme na diairèsoumeta sÔnola dedomènwn se duo �sa diast mata, na exomalÔnoume to pr¸to di�sthma mèswth elaqistopo�hsh th apìklish twn Cressie - Read, na prosarmìsoume to parametrikìmontèlo kai sth sunèqeia na sugkr�noume ti problepìmene timè, pou par�gontai apìto montèlo, me ti adrè timè tou deÔterou diast mato. H prosèggish aut  ìmw èqeièna shmantikì meionèkthma. Ta apotelèsmata exart¸ntai apì to epilegmèno parametrikìmontèlo. Mia kalÔterh prosèggish e�nai h elaqistopo�hsh th apìklish twn Cressie -Read DCR(f(x),u) w pro sunart sei f , ìpou to di�nusma v èqei antikatastaje� apìmia �gnwsth sun�rthsh f(x) twn hliki¸n x, upì periorismoÔ an�logou me tou perio-rismoÔ (i) - (vi). Autì e�nai èna prìblhma logismoÔ metabol¸n kai èqoume thn upìnoiaìti h lÔsh tou ja e�nai mia sun�rthsh spline. To jèma autì ja apotelèsei antike�menomellontik  èreuna.
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Kef�laio 7Upologismì entrop�a gia katanomèap¸leia
7.1 Eisagwg Ta parametrik� majhmatik� montèla apoteloÔn èna qr simo ergale�o sth Statistik  kaikur�w sthn Analogistik  Epist mh gia th montelopo�hsh di�forwn tuqa�wn fainomènwn(Hogg and Kluggman, 1984). E�nai gnwst� w Montèla Ap¸leia (Loss Models) ìtansqet�zontai me asfal�sei perious�a kai eujÔnh en¸ w Montèla Epib�wsh (SurvivalModels) ìtan sqet�zontai me asfal�sei zw  kai anaphr�a. Ta �dia montèla èqoun qrh-simopoihje� ep�sh kai se �llou tome�, ìpw e�nai h Jewr�a Axiopist�a, ta oikonomik�kai ta qrhmatooikonomik�.Oi pio gnwstè katanomè ap¸leia e�nai h ekjetik  katanom  me sun�rthsh puknìthtapijanìthta (sv.p.p.)

f(x) = λe−λx,ìpou λ > 0 kai x ≥ 0, h katanom  Pareto me sv.p.p.
f(x) = αλα(λ+ x)−(α+1),ìpou α > 0, λ > 0 kai x > 0, h katanom  Weibull me sv.p.p.
f(x) = cτxτ−1e−cxτ

,ìpou c > 0, τ > 0 kai x > 0, h katanom  Gamma me sv.p.p.
f(x) = λαxα−1e−λx/Γ(α),ìpou α > 0, λ > 0 kai x > 0, (gia α akèraio prokÔptei h katanom  Erlang), h Transformed145



Gamma katanom  me sv.p.p.
f(x) = λτατxτα−1e−(λx)τ

/Γ(α),ìpou α > 0, λ > 0, τ > 0 kai x > 0, h katanom  Loggamma me sv.p.p.
f(x) = λα(ln x)α−1/

(
xλ+1Γ(α)

)
,ìpou α > 0, λ > 0 kai x > 1, h Lognormal katanom  me sv.p.p.

f(x) = exp

{

−1

2

(
ln x− µ

σ

)2
}

/
(

xσ
√

2π
)

,ìpou −∞ < µ <∞, σ > 0 kai x > 0, h katanom  Burr me sv.p.p.
f(x) = ατλαxτ−1(λ+ xτ )−(α+1),ìpou α > 0, λ > 0, τ > 0 kai x > 0, kai h katanom  Generalized Pareto me katanom 

f(x) = Γ(α+ k)λαxk−1/
(
Γ(α)Γ(k)(λ+ x)k+α

)
,ìpou α > 0, λ > 0, k > 0 kai x > 0.'Opw èqoume  dh anafèrei, h kur�arqh ènnoia th Statistik  Jewr�a Plhrofori¸ne�nai h entrop�a tou Shannon, h opo�a d�netai apì th sqèsh

H(X) = −
∑

x

p(x) ln p(x) 
H(X) = −

∫

f(x) ln f(x) dxan�loga me to e�n h tuqa�a metablht  X e�nai diakrit    suneq , ant�stoiqa (Shannon,1948). Sth deÔterh per�ptwsh, th suneq , h H(X) onom�zetai ep�sh kai diaforik  entro-p�a (di�erential entropy). Sto parìn kef�laio ja asqolhjoÔme me th diaforik  entrop�akaj¸ oi upì melèth katanomè e�nai suneqe�. H entrop�a posotikopoie� thn anamenìmenhabebaiìthta pou sqet�zetai me èna pe�rama. Me �lla lìgia parèqei plhrofor�a gia thnprobleyimìthta tou apotelèsmato mia tuqa�a metablht  X. 'Oso megalÔterh e�nai hentrop�a tìso ligìtero sugkentrwmènh e�nai h katanom  thX kai sunep¸ mia parat rhshth X parèqei l�gh plhrofor�a. H entrop�a tou Shannon, maz� me �lla mètra entrop�aìpw h entrop�a tou Rényi, mpore� na jewrhje� w perigrafik  posìthta th ant�stoiqhsun�rthsh puknìthta pijanìthta. H entrop�a jewre�tai w mètro metablhtìthta gia146



P�naka 7.1: Ekfr�sei entrop�aKatanom  Entrop�aEkjetik  1 − lnλPareto 1 + 1
α

+ lnλ− lnαWeibull 1 − ln c− ln τ + (τ − 1)γ+ln c

τGamma α + ln Γ(α) − (α− 1)ψ(α) − lnλTr. Gamma α− ln τ − lnλ+ ln Γ(α) +
(

1
τ
− α

)
ψ(α)Loggama α

(
1 + 1

λ

)
+ ln Γ(α) − (α− 1)ψ(α) − lnλLognormal 1

2
+ µ+ ln

(
σ
√

2π
)Burr 1 + 1

α
+ lnλ

τ
− lnλ+ ln τ −

(
1

τ−1

)
(γ + ψ(α))Gen. Pareto ln λΓ(α+k)

Γ(α)Γ(k)
− (α− 1)ψ(α) − (k − 1)ψ(k) + (α + k)ψ(α+ k)suneqe� metablhtè   w mètro variation or diversity gia ti pijanè timè mia diakrit metablht  (Harris, 1982; Nadarajah and Zografos, 2003; Zografos, 2008). 'Alla mètraentrop�a kai genikeÔsei aut¸n èqoun ep�sh protaje�. Gia perissìtere plhrofor�e oendiaferìmeno anagn¸sth parapèmpetai sto Kef�laio 2 aut  th diatrib  kaj¸ ep�-sh kai stou Arndt (2001) kai Pardo (2006). H exagwg  akrib¸n ekfr�sewn gia thnentrop�a tou Shannon apotele� antike�meno melèth se pollè peript¸sei. Di�foroi sug-grafe� èqoun asqolhje� me to jèma, metaxÔ twn opo�wn oi Ahmed and Gokhale (1989),Guerrero - Cususmano (1996) kai pio prìsfata oi Darbellay and Vajda (2000), Nadarajahand Zografos (2003) kai Zografos and Nadarajah (2005).O Shannon (1948) qrhsimopo�hse ti diaforè twn entropi¸n gia th sÔgkrish twn ka-tanom¸n. Oi Kullbak and Leibler (1951) eis gagan th sun�rthsh diaqwristik  plhrofo-r�a metaxÔ duo katanom¸n. Apì tìte oi statistiko� epist mone kai oi oikonomètre èqounanaptÔxei mètra   de�kte plhrofor�a gia kathgorik� dedomèna, palindrìmhsh, susqètish,tautìqrone exis¸sei, qronologikè seirè, èlegqo upojèsewn, perigraf  anisot twn ei-sod mato k.a.H entrop�a, tìso h diakrit  ìso kai h diaforik , èqei eurÔtata diadedomène efarmogè.Pèran autoÔ o kur�arqo rìlo pou èqei aut  sth Jewria Epikoinwni¸n, sto sqhmatismìth apaity of a hannel kai �llwn ennoi¸n, sth Statistik  kai eidikìtera sthn Analo-gistik  Epist mh qrhsimopoie�tai upì to pla�sio th Arq  th Mègisth Entrop�a. Oiekfr�sei th entrop�a tou Shannon gia ti pio p�nw anaferje�se katanomè parousi�-zontai ston P�naka 7.1. Shmei¸noume ìti oi parap�nw ekfr�sei èqoun parousiaste�, upìdiaforetikì pla�sio, metaxÔ �llwn stou Lazo and Rathie (1978) kai stou Nadarajahand Zografos (2003).Uyhlè abèbaie asfal�sei e�nai ligìtero axiìpiste. H abebaiìthta gia ti ap¸leietwn asfal�sewn mpore� na posotikopoihje� mèsw twn ant�stoiqwn katanom¸n ap¸leia.Parìla aut�, suqn� sthn analogistik  praktik , o analogist  èqei sta qèria tou me-tasqhmatismèna dedomèna w sunèpeia peript¸sewn ìpw o plhjwrismì kai h apokop .147



'Etsi e�nai eÔkola katanohtì ìti h entrop�a den mpore� na upologiste� apì ti ekfr�seipou parousi�sthkan ston P�naka 7.1 ìtan upeisèrqontai posìthte ìpw o rujmì plh-jwrismoÔ, ta ìria feregguìthta kai ta afairetèa pos�. Sthn Enìthta 7.2 melet�me thnep�drash tou plhjwrismoÔ sthn entrop�a en¸ h ep�drash th apokop  apì k�tw melet�-tai sthn Enìthta 7.3. O trìpo me ton opo�o h apokop  apì p�nw ephre�zei thn entrop�amelet�tai sthn Enìthta 7.4. Parousi�zontai analutikè ekfr�sei se k�je per�ptwsh.7.2 Ep�drash tou plhjwrismoÔH basik  ep�drash pou èqei o plhjwrismì e�nai h aÔxhsh sti ap¸leie. To montèlo japrèpei na tropopoihje� ètsi ¸ste na ekfr�zei to trèqon ep�pedo th kat�stash twn apw-lei¸n kaj¸, genik�, to montèlo èqei ektimhje� apì parathr sei pou èqoun sulleqje� stopareljìn. Epiplèon, mpore� na epijumoÔme mia probol  (projetion) h opo�a ja antanakl�ti zhmiè se mellontikè qronikè periìdou.Sth sunèqeia ja diereun soume thn ep�drash tou plhjwrismoÔ sth diaforik  entrop�a(Sahlas and Papaioannou, 2009b). 'Estw X mia tuqa�a metablht , h opo�a montelopoie�ti ap¸leie. H tuqa�a metablht  pou montelopoie� ti ap¸leie upì plhjwrismì e�nai h
Z(r) = (1 + r)X, ìpou r, 0 < r < 1, e�nai o et sio rujmì tou plhjwrismoÔ. Me �llalìgia e�n X e�nai h tim  twn apwlei¸n kai r o et sio rujmì plhjwrismoÔ, met� apìèna èto h ap¸leia ja èqei tim  Z(r) = (1 + r)X. H sun�rthsh katanom  th Z(r) pousqet�zetai me aut  th X e�nai

FZ(r)(z) = Pr(Z(r) ≤ z) = Pr

(
Z(r)

1 + r
≤ z

1 + r

)

= FX

(
z

1 + r

)

,ìpou FX(·) e�nai h sun�rthsh katanom  th X. Oi duo sunart sei puknìthta pijanì-thta, FZ(r)(z) kai FX(x), sqet�zontai mèsw th sqèsh
fZ(r)(z) =

∂

∂z
FZ(r)(z) =

1

1 + r
fX

(
z

1 + r

)

.H sqèsh metaxÔ twn entropi¸n th X kai th Z(r) = (1 + r)X, d�netai sto akìloujol mma.L mma 7.1. H diaforik  entrop�a th tuqa�a metablht  Z(r) = (1 + r)X, ìpou r e�naio rujmì plhjwrismoÔ, r ∈ (0, 1), d�netai apì th sqèsh
H(Z(r), r) = H(X) + ln(1 + r),ìpou H(X) e�nai h entrop�a th X. 148



Apìdeixh. To parap�nw l mma apotele� efarmog  tou Jewr mato 9.6.4 twn Cover andThomas (1991, sel. 233) kai sunep¸ h apìdeixh parale�petai.'Opw g�netai antilhptì apì to parap�nw l mma, oi ekfr�sei autè mporoÔn na bre-joÔn prosjètonta sti ekfr�sei tou P�naka 7.1 th stajer� ln(1 + r). Sth sunèqeiaakoloujoÔn duo qr sime prot�sei.Prìtash 7.1. H entrop�a th Z(r) e�nai p�nta megalÔterh apì aut  th X kai e�nai miaaÔxousa sun�rthsh w pro r.Apìdeixh. H apìdeixh e�nai profan  dojènto ìti isqÔei ln(1 + r) > 0 gia r ∈ (0, 1).'Opw èqoume  dh anafèrei, h entrop�a posotikopoie� thn abebaiìthta pou sqet�zetaime to apotèlesma enì peir�mato. Sunep¸ kaj¸ aux�nei h entrop�a aux�nei kai h abe-baiìthta. 'Ara h parap�nw prìtash ma lèei ìti sthn per�ptwsh twn katanom¸n ap¸leiaupì plhjwrismì, ja èqoume p�nta megalÔterh abebaiìthta en sugkr�sei me ti ap¸leieqwr� plhjwrismì. Epiprìsjeta, h abebaiìthta gia ti ap¸leie aux�nei ìtan aux�netai orujmì tou plhjwrismoÔ. Pio sugkekrimèna, kaj¸ h diaforik  entrop�a jewre�tai w ènaperigrafikì mètro th metablhtìthta mia katanom , ìso perissìtero aux�nei o plhjw-rismì tìso aux�nei kai h metablhtìthta twn apwlei¸n   tou kindÔnou twn epistrof¸n.7.3 Ep�drash th apokop  apì k�tw'Estw ìti oi ap¸leie den katagr�fontai ìtan e�nai mikrìtere apì èna prokajorismènoposì. Sthn per�ptwsh aut  ta dedomèna e�nai apokommèna apì k�tw (trunated frombelow)   arister� apokommèna (left trunated). O pio sun jh lìgo arister  apokop e�nai h qr sh enì afairetèou posoÔ (dedutible). 'Estw X h tuqa�a metablht  twnapwlei¸n kai d h tim  tou afairetèou posoÔ. Tìte h tuqa�a metablht  twn parathroÔmenwntim¸n d�netai apì th sqèsh
Y (d) =

{

X, X > dden or�zetai, X ≤ d.A diereun soume t¸ra thn ep�drash pou èqei sthn entrop�a h apokop  apì k�tw (Sahlasand Papaioannou, 2009b). H diaforik  entrop�a upì aut  thn per�ptwsh e�nai mia qr simhposìthta kaj¸ metr� thn abebaiìthta sqetik� me thn ap¸leia pou kalÔptei h asfalistik etaire�a. H sqèsh pou sundèei ti entrop�e twn tuqa�wn metablht¸n X kai Y (d) d�netaisto parak�tw l mma.
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L mma 7.2. H entrop�a th tuqa�a metablht  Y (d) twn parathroÔmenwn apokommènwnapì k�tw dedomènwn, d�netai apì th sqèsh
HX|X>d = HY (d) =

1

F̄X(d)



HX +

d∫

0

fX(x) ln fX(x) dx+ F̄X(d) ln F̄X(d)



 ,ìpou HX e�nai h entrop�a th katanom  X, F̄X(x) = 1 − FX(x), ìpou FX(x) e�nai hsun�rthsh katanom  th X kai d e�nai to afairetèo posì.Apìdeixh. E�nai gnwstì ìti h sun�rthsh katanom  th Y (d) d�netai apì th sqèsh
fY (d)(x) =

{
fX(x)

1−FX(d)
= F̄X(d)λX (x)

F̄X(d)
, X > d

0, X ≤ d,ìpou λX(x) e�nai h sun�rthsh kindÔnou (hazard funtion) th X. Sunep¸ h entrop�a th
Y (d) d�netai apì th sqèsh

HY (d) = −
∫ ∞

d

fX(x)

F̄X(d)
ln
fX(x)

F̄X(d)
dx

= − 1

F̄X(d)

[∫ ∞

d

fX(x) ln fX(x) dx−
∫ ∞

d

fX(x) ln F̄X(d) dx

]

=
1

F̄X(d)

[

HX +

∫ d

0

fX(x) ln fX(x) dx+ F̄X(d) ln F̄X(d)

]

,ìpou F̄X(d) = 1 − FX(d) e�nai h sun�rthsh epib�wsh (survival funtion) sto shme�o touafairetèou posoÔ d.Mia èkfrash thHY (d) se sqèsh me th sun�rthsh kindÔnou λX(x) thX parousi�sthkeapì ton Ebrahimi (1996):
HY (d) = 1 − 1

F̄X(d)

∫ ∞

d

(log λX(x)) fX(x) dx.H parap�nw èkfrash parousi�sthke apì ton Ebrahimi (1996) w mètro th abebaiìth-ta th katanom  tou upoloipìmenou qrìnou zw  (residual lifetime distribution), dhlad dojènto ìti èna stoiqe�o (item) èqei epiz sei èw th qronik  stigm  t kai e�nai mia du-namik  èkdosh th klassik  entrop�a. An�loga mètra plhrofor�a gia polumetablhtèkatanomè me proodeutik� apokommèno st rigma èqoun protaje� apì tou Ebrahimi et al.(2007). 'Omw, analutikè ekfr�sei den èqoun parousiaste� sth bibliograf�a, ektì apìti peript¸sei th ekjetik  katanom  kai th katanom  Pareto (Belzune et al., 2004).Oi analutikè ekfr�sei gia thn entrop�a tou Shannon ìtan ta dedomèna e�nai apo-kommèna apì k�tw gia ta pio gnwst� montèla ap¸leia parousi�zontai ston P�naka 7.2. Ta150



perissìtera apì ta oloklhr¸mata ed¸ kaj¸ kai se olìklhro to kef�laio upolog�sthkananalutik� kai mèsw tou majhmatikoÔ progr�mmato Mathematia. H apokop  apì ep�nwden ephre�zei thn entrop�a th ekjetik  katanom . ParathroÔme ìti h èkfrash giak�poia apì ta montèla ap¸leia e�nai arket� per�plokh, kaj¸ emfan�zontai se aut  su-nart sei ìpw h sun�rthsh Meijer
Gp,q

m,n

(

z

∣
∣
∣
∣
∣

wx )

=
1

2πi

∫

L

∏m

j=1 Γ(xj − s)
∏q

j=m+1 Γ(1 − wj + s)
∏n

j=1 Γ(1 − xj + s)
∏p

n=1 Γ(wj − s)
zs ds,

w = (w1, . . . , wq)
T , x = (x1, . . . , xq)

T , h sun�rthsh sf�lmato (error funtion) Erf(z) =
2√
π

∫ z

0
e−t2 dt kai h sumplhrwmatik  sun�rthsh sf�lmato (omplementary error funtion)Erf(z) = 1−Erf(z) (Abramowitz and Stegun, 1972). Gia k�poia montèla, ìpw h katano-m  Burr kai h genikeumènh katanom  Pareto, h entrop�a tou Shannon twn parathroÔmenwnapokommènwn apì k�tw dedomènwn den upolog�zetai se kleist  morf , sunep¸ gia tonupologismì th prèpei na qrhsimopoihje� mia arijmhtik  mèjodo. Analutiko� upologismo�parousi�zontai sto Par�rthma B.1.H poluplokìthta twn ekfr�sewn den ma epitrèpei na d¸soume mia genik  kai euje�aermhne�a th ep�drash th apokop  apì k�tw sthn entrop�a. Parìla aut�, mporoÔme nadoÔme ìti h apokop  apì k�tw den ephre�zei thn entrop�a th ekjetik  katanom .H entrop�a th Y (d) èqei mia epiprìsjeth idiìthta: E�n oi ap¸leieX e�nai megalÔtereapì to afairetèo posì d, h HY (d) metr� thn anamenìmenh abebaiìthta twn upoloipìmenwnapwlei¸n X − d dojènto ìti X > d. 'Estw t¸ra ìti δ(d) e�nai h mèsh upoloipìmenhap¸leia dojènto ìti X > d, dhlad 

δ(d) = E(X − d|X > d) =

{ ∫
∞

d
F̄X(x) dx

F̄X(d)
, d < d⋆

0, diaforetik�,ìpou d⋆ = sup
{
x : F̄ (x) > 0

}. Gia ta montèla pou melet�me sto parìn kef�laio isqÔeiìti d⋆ = ∞. Shmei¸noume ìti h δ(d) mpore� ep�sh na grafe� w
δ(d) =

∫ ∞

d

exp

(

−
∫ y

d

λX(z) dz

)

dy = E (Y (d) − d) .Ta epìmena duo apotelèsmata, arqik� parousiasmèna apì ton Ebrahimi (1996), sto pla�-sio twn upoloipìmenwn qrìnwn zw , parèqoun epiplèon insight sthn entrop�a twn upo-loipìmenwn apwlei¸n.Je¸rhma 7.1. 'Estw δ(d) <∞, tìte
H(Y, d) ≤ 1 + ln δ(d).151



P�naka 7.2: Entrop�a upì apokop  apì k�twKatanom  Entrop�aEkjetik  1 − lnλPareto 1 + 1
a
− lnα+ (1 + 2α) ln(λ+ d)Weibull 1 − ln c− ln τ − (τ − 1) ln d− (τ−1)ecdτ

Γ(0,cdτ )
τGamma 1

ϕ(α,λd)

{

Γ(α + 1) − Γ(α + 1, λd) + (α− 1)Γ(α, λd) lnd+ (α− 1)G3,0
2,0

(

λd

∣
∣
∣
∣

ab )

−Γ(α)
[

α + (α− 2) lnλ+ ln ξ(α, λd) + Γ(α, λd) ln λα

ξ(α,λd)

]}Tr. Gamma 1
ϕ(α,(λd)τ )

{

τα−1
τ
G3,0

2,0

(

(λd)τ

∣
∣
∣
∣

ab )+ Γ(α+ 1) − Γ (α + 1, (λd)τ) + (τα − 1)Γ(α, (λd)τ) ln d

−Γ(α)
[

α + ln λτατ
ξ(α,(λd)τ )

+ Γ(α, (λd)τ) ln λτατ
ξ(α,(λd)τ )

]}Loggama 1
λϕ(α,λ lnd)

{

λ(α− 1)G3,0
2,0

(

λ ln d

∣
∣
∣
∣

ab ))+ (α− 1)λΓ (α, λ ln d) ln(ln d)

−(λ+ 1)Γ (α+ 1, λ ln d) + λ (1 − Γ (α, λ lnd)) [Γ(α+ 1) lnλ− Γ(α) ln ξ(α, λ lnd)]
}Lognormal 1

1−Φ( ln d−µ

σ )

{
1
2

+ µ+ ln(σ
√

2π) −
(

ln(σ
√

2π) + µ2

σ2

)

Φ
(

ln d−µ

σ

)
+
(
1 − Φ

(
ln d−µ

σ

))
ln
(
1 − Φ

(
ln d−µ

σ

))

− 1
2σ2

[

µ2+σ2

2

Erf(µ−ln d√
2σ

)

− σ(µ+ln d)√
2π

e−
(µ−ln d)2

2σ2

]

+
(

µ

σ2 − 1
)
[

− σ√
2π
e−

(µ−ln d)2

2σ2 + µ

2
− µ

2

Erf(µ−lnd√
2σ

)]}Burr ìqi se kleist  morf Gen. Pareto ìqi se kleist  morf 
ϕ(α, x) = Γ(α) (Γ (α, x) − 1) a = (1, 1)
ξ(α, x) = Γ(α) (1 − Γ (α, x)) b = (0, 0, α)
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P�naka 7.3: 'Anw fr�gma th entrop�a upì apokop  apì k�twKatanom  Fr�gmaEkjetik  1 − lnλPareto 1 − (α− 1) ln(λ+ d) − ln(α− 1)Weibull 1 + cdτ + ln
[

c−
1
τ

τ
Γ
(

1
τ
, cdτ

)]Gamma 1 + ln
(

d(λd)α

α

)

+ ln
[
e−λd + (α− λd)E−α(λd)

]Tr. Gamma ìqi se kleist  morf Loggamma ìqi se kleist  morf Lognormal ìqi se kleist  morf Burr 1 + ln
[

d−(τα−1)

τα−1 2F1

(
α, α− 1

τ
; 1 + α− 1

τ
,−λd−τ

)]Gen. Pareto ìqi se kleist  morf H entrop�a twn upoloipìmenwn apwlei¸n e�nai fragmènh apì ep�nw apì th mèsh upo-loipìmenh ap¸leia.Prìtash 7.2. H entrop�a H(Y, d) twn apokommènwn apì k�tw apwlei¸n (i) e�nai aÔxousasun�rthsh tou d e�n h λX(x) e�nai fj�nousa w pro x kai (ii) e�nai fj�nousa w pro de�n h λX(x) e�nai aÔxousa w pro x.Apìdeixh. Blèpe Ebrahimi (1996).Apìrroia twn parap�nw e�nai ìti e�n h sun�rthsh kindÔnou twn apwlei¸n aux�netaiìtan aux�netai to x tìte h apokommènh apì k�tw entrop�a mei¸netai.Ston P�naka 7.3 parousi�zoume to �nw fr�gma gia k�je katanom  ap¸leia. Tofr�gma gia thn katanom  Gamma d�netai sunart sei th exponential integral funtion
En(z) =

∞∫

1

e−zt/tn dt. ParathroÔme ìti parìlo pou den mporoÔme na upolog�soume al-gebrik� thn entrop�a gia thn apokommènh apì k�tw katanom  Burr, mporoÔme na broÔmeèna k�tw ìrio aut , sthn opo�a emfan�zontai h upergewmetrik  sun�rthsh (hypergeomet-ri funtion) 2F1(a, b; c; z) =
∞∑

k=0

(a)k(b)k

(ck)
zk

k!
, ìpou (x)n = x(x + 1) . . . (x + n − 1). Gia tikatanomè Transformed Gamma, Loggamma, Lognormal kai Generalized Pareto to �nwfr�gma den mpore� na upologiste� se kleist  morf . Pio sugkekrimèna, gia ti katanomèTransformed Gamma kai Loggamma èna olokl rwma th morf 

∫ ∞

d

Γ(a, x(d)) − 1

Γ(a)[Γ(a, x(y)) − 1]
dyprèpei na upologiste�.
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7.4 Ep�drash th apokop  apì ep�nwSkopì th enìthta aut  e�nai na melet soume p¸ epidr� sthn entrop�a h apokop  apìep�nw (Sahlas and Papaioannou, 2009b). Prin ìmw apì autì, a or�soume thn ènnoiath apokop  apì ep�nw.'Estw ìti oi ap¸leie X den katagr�fontai ìtan e�nai �se   xepernoÔn èna sugke-krimèno ìrio feregguìthta (liability limit) u. Sthn per�ptwsh aut  ta dedomèna S e�naiapokommèna apì ep�nw  , diaforetik�, dexi� apokommèna. Pio sugkekrimèna, h tuqa�ametablht  pou perigr�fei ti apokommène apì ep�nw ap¸leie e�nai h S = X e�n X ≤ uen¸ h S den or�zetai e�n isqÔei X > u. IsodÔnama èqoume ìti S(u) = X|X ≤ u. Giapar�deigma, èna asfalist rio sumbìlaio autokin tou kalÔptei ap¸leie mèqri enì or�ou
u, en¸ megalÔtere ap¸leie kalÔptontai apì ton k�toqo tou autokin tou. E�n h zhmi�e�nai X tìte h ap¸leia gia thn asfalistik  etaire�a e�nai X|X ≤ u. Shmei¸noume ìti hapokommènh apì ep�nw ap¸leia e�nai diaforetik  apì thn logokrimènh apì ep�nw ap¸leia,h opo�a or�zetai w h tuqa�a metablht  Scens(u) = min{X, u}. Sthn per�ptwsh aut , e�nh ap¸leia e�nai X > u, h asfalistik  etaire�a plhr¸nei èna posì u.H sqèsh metaxÔ twn entropi¸n th X kai th S(u) d�netai sto parak�tw l mma.L mma 7.3. H entrop�a th tuqa�a metablht  S(u) twn parathroÔmenwn apokommènwnapì ep�nw dedomènwn, d�netai apì th sqèsh

HS(u) =
1

FX(u)

[

HX +

∫ ∞

u

fX(x) ln fX(x) dx+ FX(u) lnFX(u)

]

,ìpou HX e�nai h entrop�a th X, FX(x) e�nai h sun�rthsh katanom  th X kai u e�nai toshme�o th apokop  (ìrio feregguìthta).Apìdeixh. E�nai gnwstì ìti h sun�rthsh puknìthta pijanìthta th S(u) d�netai apì thsqèsh
fS(u)(x) =

fX(x)

FX(u)
.Sunep¸ h entrop�a th metablht  S(u) d�netai apì th sqèsh

HS(u) = −
∫ u

0

fX(x)

FX(u)
ln
fX(x)

FX(u)
dx

= − 1

FX(u)

[∫ u

0

fX(x) ln fX(x) dx− lnFX(u)

∫ u

0

fX(x) dx

]

=
1

FX(u)

[

HX +

∫ ∞

u

fX(x) ln fX(x) dx+ FX(u) lnFX(u)

]

,ìpou HX e�nai h entrop�a th metablht  X.AkoloujoÔme an�logh diadikas�a gia th diakrit  per�ptwsh.154



H parap�nw èkfrash th entrop�a upì apokop  apì ep�nw e�nai �dia me aut  pouparous�asan oi Di Cresenzo and Longobardi (2002), w mètro th abebaiìthta gia pastlifetime distributions, kai onom�zetai past entropy. Analutikè ekfr�sei den èqoun pa-rousiaste� sth bibliograf�a.Oi sqetikè analutikè ekfr�sei th entrop�a tou Shannon gia ta pio gnwst� montèlaap¸leia, parousi�zontai ston P�naka 7.4. Epiplèon, gia ìle ti parap�nw katanomè,h sun�rthsh katanom  FX(·) e�nai analutik� gnwst . ParathroÔme ìti h èkfrash giata perissìtera montèla ap¸leia e�nai arket� per�plokh, kaj¸ emplèkontai sunart seiìpw h sun�rthshMeijer G, h sun�rthsh sf�lmato Erf kai h sumplhrwmatik  sun�rthshsf�lmato Erf. Autì k�nei dÔskolh th genik  kai euje�a ermhne�a th ep�drash sthnentrop�a th apokop  apì ep�nw.H epìmenh prìtash de�qnei th sqèsh metaxÔ twn entropi¸n HX , HY (d) kai HS(d).Prìtash 7.3. Gia ìla ta d > 0, isqÔei
HX = H

[
FX(d), F̄X(d)

]
+ F̄X(d)HY (d) + FX(d)HS(d)ìpou H [p, p̄] = −p ln p− p̄ ln p̄ gia p̄ = 1 − p e�nai h entrop�a th katanom  Bernoulli.Apìdeixh. Apì ta L mmata 7.2 kai 7.3 èqoume ìti

F̄X(d)HY (d) + FX(d)HS(d) = HX +

d∫

0

fX(x) ln fX(x) dx+ F̄X(d) ln F̄X(d)

+HX +

∫ ∞

d

fX(x) ln fX(x) dx+ FX(d) lnFX(d)

= 2HX +

∞∫

0

fX(x) ln fX(x) dx−H
[
FX(d), F̄X(d)

]

= 2HX −HX −H
[
FX(d), F̄X(d)

]

= HX −H
[
FX(d), F̄X(d)

]
.Sunep¸ h teleuta�a isìthta mpore� na grafe� w

HX = H
[
FX(d), F̄X(d)

]
+ F̄X(d)HY (d) + FX(d)HS(d).Mia ermhne�a th parap�nw sqèsh e�nai ìti h abebaiìthta gia mia ap¸leia diasp�taisthn (i) abebaiìthta sqetik� me to e�n oi ap¸leie èqoun xeper�sei   ìqi thn tim  d, (ii)abebaiìthta sqetik� me to mègejo th ap¸leia pou èqei xeper�sei thn tim  tou afairetèou155



posoÔ d, dhlad  th zhmi� pou kalÔptetai apì thn asfalistik  etaire�a kai (iii) abebaiìthtasqetik� me to mègejo th ap¸leia pou kalÔptei h asfalistik  etaire�a dojènto ìti hap¸leia e�nai mikrìterh tou or�ou feregguìthta d.Shme�wsh 7.1. H entrop�a upì apokop  apì ep�nw mpore� ep�sh na upologiste� mèswth èkfrash
HS(u) = lnFX(u) − 1

FX(u)

∫ u

0

fX(x) ln fX(x) dx.Duo �lle endiafèrouse posìthte pou sqet�zontai me ti katanomè ap¸leie kai taasfalistik� majhmatik� e�nai h W1(u) = u − S(j), h opo�a perigr�fei to {upìloipo} thk�luyh kai h W2(u) = X − u, h opo�a perigr�fei to {upìloipo} th apa�thsh. Epeid  hdiaforik  entrop�a e�nai anallo�wth upì metatop�sei èqoume ìti:
HW1(u) = HS(u) kai HW2(u) = HX

7.5 Sumper�smataO skopì tou kefala�ou autoÔ e�nai diplì. Arqik� diereun same th qr sh th entrop�aw èna mètro abebaiìthta gia ti katanomè ap¸leie kai genikìtera sta analogistik�majhmatik�. Sth sunèqeia, melet same thn ep�drash pou èqoun ston upologismì th entro-p�a o plhjwrismì, h apokop  apì k�tw kai h apokop  apì ep�nw. Oi peript¸sei autèemfan�zontai suqn� sthn pr�xh. Sunep¸ h genik , all� kai h eidik  gia k�je katanom ap¸leia analutik  èkfrash d�nontai se sqèsh me thn entrop�a twn arqik¸n dedomènwn.Apode�xame ìti o plhjwrismì aux�nei thn entrop�a, to opo�o shma�nei ìti upì plhjwrismìèqoume perissìterh abebaiìthta sqetik� me thn arqik  kat�stash. E�n h arqik  entrop�ae�nai arnhtik  tìte h apokop  apì ep�nw mei¸nei thn entrop�a.H apokop  apì k�tw e�nai h pio suqn� emfanizìmenh sthn pr�xh per�ptwsh. Parìlaaut�, h ep�dras  th sthn entrop�a den e�nai eÔkola ermhneÔsimh kaj¸ oi ekfr�sei thentrop�a e�nai arket� per�ploke kai diafèroun apì montèlo se montèlo. Se orismènepeript¸sei den e�nai dunatìn na broÔme analutik  èkfrash. H fusik  ermhne�a th ep�-drash th apokop  apì ep�nw den e�nai ep�sh eÔkolh. Sunart sei ìpw h sun�rthshMeijer G , h sun�rthsh sf�lmato Erf kai h sumplhrwmatik  sun�rthsh sf�lmato Erfemfan�zontai stou tÔpou upologismoÔ.H entrop�a, w mètro abebaiìthta kai plhrofor�a, e�nai qr simh gia th melèth kaiaxiolìghsh analogistik¸n montèlwn. Mia mèjodo ekt�mhsh kai kataskeu  montèlwne�nai h mèjodo th mègisth entrop�a. SÔmfwna me aut , xekin¸nta arqik� apì k�poieropè, oi opo�e apoteloÔn th mình gnwst  plhrofor�a gia to montèlo, w katallhlìteromontèlo epilègetai autì me th megalÔterh entrop�a. H mèjodo aut , qrhsimopoie�tai156



P�naka 7.4: Entrop�a upì apokop  apì ep�nwKatanom  Entrop�aEkjetik  ln 1−e−λu

λ
+ 1 − λue−λu

1−e−λuPareto ln
1−( λ

λ+u)
α

αλα + α+1

α[1−( λ
λ+u)

α
]

[

1 + α lnλ− λα(1+α ln(λ+u))
(λ+u)α

]Weibull ln 1−e−cuτ

cτ
+ 1

1−e−cuτ

[
1 + τ−1

τ

(
γ + Γ (0, cuτ) + ln c + e−cuτ

τ ln u
)
− (1 − cuτ)e−cuτ ]Gamma ln k(α,λu)

λα + 1
k(α,λu)

[
Γ(α+ 1) − Γ(α + 1, λu)
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∣
∣
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∣
∣
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∣
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+ Γ(α) (τ ln u− ψ(α))
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λ ln u

∣
∣
∣
∣
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+λ+1

λ
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]Lognormal ln Φ
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√
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σ )
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2
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2σ

)
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2π
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(
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)
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− σ√
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2σ2 + µ

2
− µ

2

Erf(µ−lnu√
2σ

)]Burr ìqi se kleist  morf Gen. Pareto ìqi se kleist  morf 
k(α, x) = Γ(α)Γ(α, x) a = (1, 1) b = (0, 0, α)
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eurÔtata se di�forou tome� kai epist me ìpw ta Oikonomik�, h Logistik , h Biolog�a,h Iatrik , h Oikolog�a, h Analogistik  Epist mh klp. (Kapur, 1989). Sthn Analogistik Epist mh, h arq  th mègisth entrop�a mpore� na qrhsimopoihje� gia thn eÔresh thkatanom  tou arijmoÔ twn apait sewn mia asfalistik  etaire�a se èna sugkekrimènoqronikì di�sthma, thn eÔresh th katanom  pou perigr�fei èna katastrofikì gegonìklp. Sunep¸ h entrop�a gia ti peript¸sei mou melet jhkan se aut  thn par�grafo e�naiendiafèrousa kai mpore� na qrhsimopoihje� se èna pla�sio mègisth entrop�a. Sunep¸ oianalutikè ekfr�sei th entrop�a sti peript¸sei pou melet jhkan se autì to kef�laioe�nai endiafèrouse.
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Kef�laio 8Sumper�smata Diatrib 
8.1 Sumper�smataH enasqìlhs  ma me to jèma pou diapragmateÔetai h diatrib  xek�nhse melet¸nta to�rjro tou Brokett (1991) me t�tlo {Information Theoreti Approah to Atuarial Siene:A Uni�ation and Extension of Relevant Theory and Appliations}. Prìkeitai gia ènaexairetikì �rjro, sto opo�o o suggrafèa parousi�zei di�fore qr sei th Statistik Jewr�a Plhrofori¸n sthn Analogistik  Epist mh. Pio sugkekrimèna epilÔei orismènaanalogistik� probl mata me th qr sh tou apìklish twn Kullbak - Leibler. 'Ena jèmame to opo�o asqol jhke  tan to prìblhma th exom�lunsh posost¸n jnhsimìthta, stoopo�o ìmw, ìpw anafèrame sto Kef�laio 3, ta posost� jnhsimìthta den ajro�zoun sthmon�da all� thn xepernoÔn. Aut  h leptomèreia ma èdwse to erèjisma na melet soume tiidiìthte orismènwn mètrwn apìklish ìtan se aut� emplèkontai mh pijanotik� dianÔsmata.H jewrhtik  diereÔnhsh tou mètrou apìklish twn Kullbak - Leibler DKL(p,q) memh pijanotik� dianÔsmata, sto Kef�laio 3, èdeixe ìti to mètro autì ikanopoie� orismèneapì ti basikè idiìthte twn mètrwn apìklish kai statistik  plhrofor�a, ti opo�eikanopoie� kai to mètro apìklish twn Kullbak - Leibler IKL(p∗,q∗). Upì orismènesunj ke, to mètro DKL(p,q) e�nai mh arnhtikì, prosjetikì kai anallo�wto upì eparke�periorismoÔ. Epiplèon, to mètro autì ikanopoie� thn idiìthta th mègisth plhrofor�a.Sunep¸, to mètro DKL(p,q) mpore� na jewrhje� w mètro apìklish kai plhrofor�a.Sth sunèqeia melet same to mètro apìklish dÔnamh twn Cressie and Read me mhpijanotik� dianÔsmata. To mètro autì ep�sh ikanopoie� orismène apì ti idiìthte pouto mètro me dianÔsmata pijanìthta ikanopoie�. Pio sugkekrimèna, upì orismène sunj kee�nai mh arnhtikì, prosjetikì, megalÔtero apì to mètro ICR(p∗,q∗) kai anallo�wto upìeparke� periorismoÔ. Epiplèon, ikanopoie�tai h idiìthta th mègisth plhrofor�a.Sth sunèqeia asqolhj kame me mia epèktash twn mètrwn apìklish kai idia�tera toumètrou twn Kullbak - Leibler gia mh arnhtikè sunart sei   dianÔsmata pou ègine apì ton159



Csiszar (1991), o opo�o prosèjese thn posìthta ∑
i

qi −
∑

i

pi sthn èkfrash tou tupikoÔmètrou. H jewrhtik  diereÔnhsh th ektetamènh apìklish twn Kullbak - Leibler èdeixeìti aut  ikanopoie� thn el�qisth apa�thsh gia mia sun�rthsh na jewre�tai mètro apìklish.Efarmìsame thn �dia tropopo�hsh kai sto mètro apìklish dÔnamh twn Cressie - Read.'Omw autì to ektetamèno mètro ikanopoie� thn el�qisth apa�thsh mìno gia λ = 0, λ = 1kai λ = −1. 'Otan isqÔei h isìthta ∑
i

pi =
∑

i

qi ta duo proanaferjènta ektetamènamètra taut�zontai me ta mètra apìklish twn Kullbak - Leibler kai Cressie - Read gia mhpijanotik� dianÔsmata, ant�stoiqa, ìpw aut� or�sjhkan stou OrismoÔ 3.1 kai 3.4, touKefala�ou 3, ant�stoiqa.Parìmoia  tan ta apotelèsmata th diereÔnhsh kai gia th diafor� tou Jensen pouprìteinan oi Burbea and Rao (1982). Kai autì to mètro ikanopoie� ti parap�nw basikèidiìthte twn mètrwn apìklish kai statistik  plhrofor�a.To shmantikìtero, kat� th gn¸mh ma, apotèlesma th diereÔnhsh kai an�lush poudiex�game  tan h apok�luyh enì periorismoÔ   sunj kh gia thn isqÔ twn idiot twn pouanafèrame parap�nw. Sugkekrimèna, gia na qarakthrisje� èna mètro apìklish metaxÔ mhpijanotik¸n dianusm�twn w mètro apìklish kai statistik  plhrofor�a, ja prèpei naisqÔei h isìthta
∑

i

pi =
∑

i

qi.H sunj kh aut  e�nai mia genik  sunj kh pou perilamb�nei kai thn isìthta∑
i

p⋆
i =

∑

i

q⋆
i =

1, h opo�a isqÔei sthn per�ptwsh twn dianusm�twn pijanìthta.AfoÔ melet same ti idiìthte twn mètrwn apìklish, sth sunèqeia, sto Kef�laio 5,parousi�same trìpou elaqistopo�hsh aut¸n upì di�forou periorismoÔ. Sthn per�-ptwsh pou èqoume grammikoÔ kai tetragwnikoÔ periorismoÔ anisìthta, ìpw sumba�neisto prìblhma th exom�lunsh, h ep�lush tou probl mato elaqistopo�hsh twn mètrwnapìklish e�nai dÔskolh, lìgw tou meg�lou ìgkou twn periorism¸n. Bèbaia sth shmeri-n  epoq  h teqnolog�a èqei exeliqje� se shmantikì bajmì opìte e�nai eÔkolo mèsw touhlektronikoÔ upologist  na epilÔsoume se sÔntomo qronikì di�sthma probl mata tètoioue�dou. Parìla aut�, apì majhmatik  �poyh kr�jhke skìpimo na melethjoÔn ta mètraapìklish apì thn pleur� th Lagkranzian  duðkìthta. Sto tèlo tou kefala�ou d¸-same idia�terh b�sh sthn exagwg  orismènwn duðk¸n apotelesm�twn gia to prìblhma thelaqistopo�hsh th apìklish twn Cressie - Read t�xh r kai th diafor� tou Jensenupì tetragwnikoÔ kai grammikoÔ periorismoÔ anisìthta. To shmantikìtero eÔrhma thmelèth ma e�nai, ìti pèran th eÔresh tou duðkoÔ probl mato, to duðkì prìblhma kaisti duo peript¸sei diatup¸netai qwr�, dhlad  den èqei, periorismoÔ kai sunep¸ e�naipolÔ pio eÔkolo na efarmosje�.Sth sunèqeia kai sto Kef�laio 6, diereun same mèsw enì arijmhtikoÔ parade�gmatome tr�a sÔnola dedomènwn, th qr sh th genik  oikogèneia twn mètrwn apìklish dÔnamh160



twn Cressie - Read sto prìblhma th exom�lunsh posost¸n jnhsimìthta kaj¸ kaith sumperifor� sto �dio prìblhma th diafor� tou Jensen. H arijmhtik  diereÔnhshèdeixe ìti, h elaqistopo�hsh twn apokl�sewn dÔnamh gia di�fore timè th paramètrou
λ, upì tou periorismoÔ (i) - (v) kai/  (vi), èdwse isodÔnama apotelèsmata, apì pleur�omalìthta, me aut� �llwn mejìdwn exom�lunsh, ìpw e�nai h eurèw qrhsimopoioÔmenhmèjodo twn Whittaker - Henderson.S�goura h tim  th paramètrou λ ephre�zei ta apotelèsmata th exom�lunsh. Apìthn arijmhtik  diereÔnhsh tou jèmato proèkuye ìti den mporoÔme eujèw na jewr soumek�poia tim  th paramètrou λ w thn kalÔterh gia exom�lunsh. Parìla aut� gia tiexomalÔnsei upì tou periorismoÔ (i) - (v) proèkuyan ta ex  genik� sumper�smata:Timè tou λ < −1 d�noun mh ikanopoihtik� apotelèsmata w pro thn kal  prosarmog kai gia to lìgo autì ja prèpei na apofeÔgontai. 'Oson afor� thn omalìthta S, timètou λ ∈ (−1, 0.5), uperexomalÔnoun ta dedomèna. Gia λ ≥ 0 oi di�fore apokl�seid�noun parìmoia apotelèsmata w pro thn omalìthta kai thn prosarmog , sunep¸ h tim 
λ = 2/3 pou prìteinan oi Cressie and Read (1984) apì pleur� statistik  isqÔo, e�naimia kal  epilog  gia exom�lunsh.H qr sh tou periorismoÔ (vi) n∑

x=1

ux =
n∑

x=1

vx pou prote�noume, jewre�tai apara�ththkaj¸ aut  e�nai h el�qisth apa�thsh gia èna mètro qwr� dianÔsmata pijanìthta na e�naimètro apìklish. Pèran autoÔ kai ta arijmhtik� apotelèsmata uposthr�zoun th qr sh thepiplèon sunj kh kai èdeixan axioshme�wth belt�wsh sthn prosarmog  twn exomalumènwntim¸n. Shmantikì eÔrhma th an�lush apotele� to gegonì ìti, sthn per�ptwsh aut , htim  th paramètrou λ fa�netai plèon na mhn ephre�zei thn omalìthta S.'Oson afor� ta arijmhtik� apotelèsmata pou prokÔptoun apì thn elaqistopo�hsh thdiafor� tou Jensen, e�nai sugkr�sima me ti exomalÔnsei pou g�nontai mèsw th apìklishtwn Kullbak - Leibler, twn Cressie - Read kai th mejìdou twn Whittaker - Henderson.Tèlo sto Kef�laio 7 diereun same th qr sh th entrop�a tou Shannon w mètro thabebaiìthta th ap¸leia, dhlad  gia katanomè ap¸leia (loss models or distributions)kai genikìtera sta analogistik� majhmatik�. Pio sugkekrimèna, melet same thn ep�drashpou èqoun ston upologismì th entrop�a th ap¸leia o plhjwrismì (in�ation), h apo-kop  apì ep�nw (trunation from above) x|x ≤ u (pou antistoiqe� sti ap¸leie me k�poioìrio axiopist�a (liability) kai h apokop  apì k�tw (trunation from below) x|x ≥ d (pouantistoiqe� sti ap¸leie me afairetèo posì (dedutible). H genik , all� kai h eidik  giak�je katanom  ap¸leia, analutik  èkfrash d�nontai se sqèsh me thn entrop�a twn arqi-k¸n dedomènwn. ApodeiknÔetai ìti o plhjwrismì aux�nei thn entrop�a, to opo�o shma�neiìti upì plhjwrismì èqoume perissìterh abebaiìthta sqetik� me thn arqik  kat�stash.H apokop  apì k�tw e�nai h pio suqn� emfanizìmenh sthn pr�xh per�ptwsh. Dustuq¸den mporoÔme na d¸soume mia saf  ermhne�a gia thn ep�dras  th sthn entrop�a. Autìofe�letai sto gegonì ìti oi ekfr�sei th entrop�a e�nai arket� per�ploke kai diafèroun161



apì montèlo se montèlo. Se orismène peript¸sei, m�lista, den e�nai dunatìn na broÔmeanalutik  èkfrash. Gia ton �dio lìgo den e�nai eÔkolo na d¸soume th fusik  ermhne�a thep�drash th apokop  apì ep�nw. PolÔploke sunart sei ìpw h sun�rthshMeijer G,h sun�rthsh sf�lmato Erf kai h sumplhrwmatik  sun�rthsh sf�lmato Erf emfan�zontaistou tÔpou upologismoÔ.Oi ap¸leie me ìrio axiopist�a isodunamoÔn me thn ènnoia tou dianujènto qrìnou zw (past lifetime) sth Jewr�a Axiopist�a kai h parat rhsh aut  ma od ghse se endiafèrou-se sqèsei kai ermhne�e pou aforoÔn ti abebaiìthte twn apwlei¸n me ìrio axiopist�a,me dedutible, to upìloipo k�luyh kai to upìloipo th apa�thsh (laim).Sundèsame thn ap¸leia me afairetèo posì me thn ènnoia tou residual lifetime kai tonk�nduno ap¸leia me afairetèo posì kai apode�xame ìti h abebaiìthta th ap¸leia meafairetèo posì aux�netai   mei¸netai an�loga me to an o k�nduno mei¸netai   aux�netai.Sthn epìmenh enìthta ja parousi�soume k�poie skèyei gia mellontik  èreuna pouproèkuyan apì thn mèqri t¸ra enasqìlhs  ma me to jèma kai thn èreun� ma.8.2 Mellontik  'EreunaApì th stigm  pou ta mètra plhrofor�a kai apìklish me mh pijanotik� dianÔsmata mpo-roÔn na jewrhjoÔn w kanonik� mètra plhrofor�a kai apìklish, kr�netai skìpimo namelet soume kai thn asumptwtik  tou katanom . Gia to lìgo autì kr�netai skìpimo naektim soume kai na melet soume thn asumptwtik  sumperifor� twn ektim¸menwn mètrwnapìklish me mh pijanotik� dianÔsmata. Sth sunèqeia ta apotelèsmata aut� ja apo-telèsoun th b�sh gia thn tropopo�hsh twn tupik¸n elègqwn kal  prosarmog , pouparousi�sthkan sthn Enìthta 4.4 kai qrhsimopoioÔntai gia thn axiolìghsh twn exomalÔn-sewn.'Oson afor� th qr sh twn mètrwn apìklish sto prìblhma th exom�lunsh posost¸njnhsimìthta, mia shmantik  epèktash th mejìdou ma ja  tan h prìbleyh mellontik¸ntim¸n. Dustuq¸ ta montèla ma den èqoun probleptikì qarakt ra. Mia skèyh e�nai naqrhsimopoi soume èna parametrikì montèlo pou ja prosarmìsoume sti exomalumène timèkai sth sunèqeia na qrhsimopoi soume èna time based training-test split. Sugkekrimèna,mporoÔme na diairèsoume ta sÔnola dedomènwn se duo �sa diast mata, na exomalÔnoumeto pr¸to di�sthma mèsw th elaqistopo�hsh tou mètrou twn Cressie - Read, na pro-sarmìsoume to parametrikì montèlo kai sth sunèqeia na sugkr�noume ti problepìmenetimè, pou par�gontai apì to montèlo, me ti adrè timè tou deÔterou diast mato. Hprosèggish aut  ìmw èqei èna shmantikì meionèkthma. Ta apotelèsmata exart¸ntai apìto epilegmèno parametrikì montèlo. Mia kalÔterh prosèggish e�nai h elaqistopo�hsh thapìklish twn Cressie - Read DCR(f(x),u) w pro sunart sei f , ìpou to di�nusma v162



èqei antikatastaje� apì mia �gnwsth sun�rthsh f(x) twn hliki¸n x, upì periorismoÔan�logou me tou periorismoÔ (i) - (vi). Autì e�nai èna prìblhma logismoÔ metabol¸nkai èqoume thn upìnoia ìti h lÔsh tou ja e�nai mia sun�rthsh spline. To jèma autì s�gouraja apotelèsei antike�meno mellontik  èreuna.
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Par�rthma BUpologismì th entrop�a
B.1 Upologismì th entrop�a me apokop  apì k�twB.1.1 Ekjetik  Katanom Gia thn ekjetik  katanom  èqoume
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F̄X(d)



HX +

d∫

0

fX(x) ln fX(x) dx+ ln F̄X(d)



1 −
d∫

0

fX(x) dx









=
1

e−λd

[
1 − lnλ+ lnλ− 1 + e−λd(1 + λd− lnλ) − λd(1 − 1 + e−λd)

]

=
1

eλd
e−λd(1 − lnλ) = 1 − lnλ.ParathroÔme ìti h entrop�a th ekjetik  katanom  upì apokop  apì k�tw, e�nai stajer ,kai den exart�tai apì thn tim  tou afairetèou posoÔ d.B.1.2 Katanom  ParetoGia thn katanom  Pareto isqÔei ìti

d∫

0

fX(x) ln fX(x) dx = (lnα+ α lnλ)FX(d) − (α + 1)

d∫

0

ln(λ+ x)fX(x) dx,ìpou
d∫

0

ln(λ+ x)fX(x) dx =

d∫

0

ln(λ+ x)αλα(λ+ x)−(α+1) dx

= αλα

λ+d∫

λ

ln yy−(α+1) dy

=
1

α

[
1 + α lnλ− λα(λ+ d)−α (1 + α ln(λ+ d))

]
.Sunep¸, epeid  FX(d) = 1 −

(
λ

λ+d

)α èqoume ìti
d∫

0

fX(x) ln fX(x) dx = (lnα + α lnλ)

[

1 −
(

λ

λ+ d

)α]

−(α + 1)

α

[

1 + α lnλ− λα (1 + α ln(λ+ d))

(λ+ d)α

]
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kai apì to L mma 7.2 èqoume ìti
HY =

1

F̄X(d)



HX +

d∫

0

fX(x) ln fX(x) dx+ F̄X(d) ln F̄X(d)





=
1

(
λ

λ+d

)α

{

1 +
1

α
+ lnλ− lnα + (lnα + α lnλ)

(

1 −
(

λ

λ+ d

)α)

−α + 1

α

[

1 + α lnλ− λα(1 + α ln(λ+ d))

(λ+ d)α

]

+

(
λ

λ+ d

)α

ln

(
λ

λ+ d

)α}

= 1 +
1

a
− lnα+ (1 + 2α) ln(λ+ d).B.1.3 Katanom  WeibullGia thn katanom  Weibull isqÔei ìti

∫ d

0

f(x) ln f(x) dx = (ln c+ ln τ)FX(d) + (τ − 1)

∫ d

0

ln xf(x) dx−
∫ d

0

cxτf(x) dx.ìpou
∫ d

0

ln xf(x) dx =

∫ d

0

ln xcτxτ−1e−cxτ

dx =

∫ d

0

ln xτ
cxτ

x
e−cxτ

dx

=

∫ cdτ

0

1

τ
ln
y

c
τy
(y

c

) 1
τ

e−y 1

c

1

τ

(y

c

) 1
τ
−1

dy

=
1

τ

∫ cdτ

0

(ln y − ln c) e−y dy

= −1

τ

(
γ + Γ(0, cdτ) + ln c+ e−cdτ

τ ln d
)
,kai

∫ d

0

cxτf(x) dx =

∫ d

0

cxτ cτxτ−1e−cxτ

dx =

∫ cdτ

0

yτy
1
(

y

c

) 1
τ

ey 1

c

1

τ

(y

c

) 1
τ
−1

dx

=

∫ cdτ

0

y2
(y

c

)−1

e−y 1

c
dy =

∫ cdτ

0

ye−y dy

= 1 − (1 + cdτ )e−cdτ

.
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Sunep¸, epeid  FX(d) = 1 − e−cdτ èqoume ìti
d∫

0

fX(x) ln fX(x) dx = (ln c+ ln τ)
(
1 − e−cdτ )− 1 + (1 + cdτ)e−cdτ

−τ − 1

τ

(
γ + Γ(0, cdτ) + ln c+ e−cdτ

τ ln d
)kai apì to L mma 7.2 èqoume ìti

HY =
1

F̄X(d)



HX +

d∫

0

fX(x) ln fX(x) dx+ F̄X(d) ln F̄X(d)





=
1

e−cdτ

[

1 − ln c− ln τ + (τ − 1)
γ + ln c

τ
+ (ln c+ ln τ)

(
1 − e−cdτ )− 1 + (1 + cdτ )e−cdτ

−τ − 1

τ

(
γ + Γ(0, cdτ ) + ln c+ e−cdτ

τ ln d
)
− cdτe−cdτ

]

= 1 − ln c− ln τ − (τ − 1) ln d− (τ − 1)ecdτ

Γ(0, cdτ)

τ
.B.1.4 Katanom  GammaGia thn katanom  Gamma isqÔei ìti

∫ d

0

f(x) ln f(x) dx = (α lnλ− ln Γ(α))FX(d) + (α− 1)

∫ d

0

ln xf(x) dx

−λ
∫ d

0

xf(x) dx.ìpou
∫ d

0

xf(x) dx =
1

Γ(α)

∫ d

0

xλαxα−1e−λx dx =
1

Γ(α)

∫ d

0

(λx)αe−λx dx

=
1

λΓ(α)

∫ λd

0

yαe−y dy =
Γ(α + 1) − Γ(α + 1, λd)

λΓ(α)kai
∫ d

0

ln xf(x) dx =
1

Γ(α)

∫ d

0

ln xλαxα−1e−λx dx =
1

Γ(α)

∫ d

0

ln xλ(λx)α−1e−λx dx

= − 1

Γ(α)

[

Γ(α, λd) ln d+G3,0
2,0

(

λd

∣
∣
∣
∣
∣

ab )

− Γ(α) (ψ(α) + lnλ)

]

,
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ìpou G3,0
2,0

(

λd

∣
∣
∣
∣
∣

ab ) e�nai h sun�rthsh G tou Meijer me a = (1, 1) kai b = (0, 0, α).Sunep¸, epeid  FX(d) = Γ(α, λd), èqoume ìti
∫ d

0

f(x) ln f(x) dx = (α lnλ− ln Γ(α)) Γ(α, λd) − Γ(α + 1) − Γ(α+ 1, λd)

Γ(α)

−α− 1

Γ(α)

[

Γ(α, λd) lnd+G3,0
2,0

(

λd

∣
∣
∣
∣
∣

ab )

− Γ(α) (ψ(α) + lnλ)

]kai apì to L mma 7.2 èqoume ìti
HY =

1

F̄X(d)



HX +

d∫

0

fX(x) ln fX(x) dx+ F̄X(d) ln F̄X(d)





=
1

1 − Γ(α, λd)

{

α + ln Γ(α) − (α− 1)ψ(α) − lnλ+ (α lnλ− ln Γ(α)) Γ(α, λd)

−α − 1

Γ(α)

[

Γ(α, λd) lnd+G3,0
2,0

(

λd

∣
∣
∣
∣
∣

ab )

− Γ(α) (ψ(α) + lnλ)

]

−Γ(α + 1) − Γ(α + 1, λd)

Γ(α)
+ (1 − Γ(α, λd)) ln (1 − Γ(α, λd))

}

=
1

ϕ(α, λd)

{

Γ(α + 1) − Γ(α+ 1, λd) + (α− 1)Γ(α, λd) lnd

−Γ(α)

[

α+ (α− 2) lnλ+ ln ξ(α, λd) + Γ(α, λd) ln
λα

ξ(α, λd)

]

+(α− 1)G3,0
2,0

(

λd

∣
∣
∣
∣
∣

ab )}

,ìpou ϕ(α, λd) = Γ(α) (Γ(α, λd) − 1) kai ξ(α, λd) = Γ(α) (1 − Γ(α, λd)). Gia α akèraiopa�rnoume thn entrop�a gia thn apokommènh apì k�tw Erlang katanom .B.1.5 Transformed Gamma Katanom Gia thn Transformed Gamma katanom  isqÔei ìti
∫ d

0

f(x) ln f(x) dx = (τα lnλ+ ln τ − ln Γ(α))FX(d)

+(τα− 1)

∫ d

0

lnxf(x) dx−
∫ d

0

(λx)τf(x) dx.
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ìpou
∫ d

0

ln xf(x) dx =
1

Γ(α)

∫ d

0

lnxλτατxτα−1e−(λx)τ

dx

=
1

τΓ(α)

∫ (λd)τ

0

(ln z − τ lnλ)zα−1e−z 1

λτ
dz

= − 1

τΓ(α)

[

τ ln dΓ(α, (λd)τ) +G3,0
2,0

(

(λd)τ

∣
∣
∣
∣
∣

ab )

+Γ(α) (τ lnλ− ψ(α))
]

,ìpou G3,0
2,0

(

(λd)τ

∣
∣
∣
∣
∣

ab ) e�nai h sun�rthsh G tou Meijer me a = (1, 1) kai b = (0, 0, α) kai
∫ d

0

(λx)τ f(x) dx =
1

Γ(α)

∫ d

0

λτxτλτατxτα−1e−(λx)τ

dx

=
1

Γ(α)

∫ (λd)τ

0

λτλτα z
α

λτα
e−z 1

λτ
dz

=
1

Γ(α)

∫ (λd)τ

0

zαe−z dz

=
Γ(a+ 1) − Γ(a+ 1, (λd)τ)

Γ(a)
.Sunep¸, epeid  FX(d) = Γ(α, (λd)τ), èqoume ìti

∫ d

0

f(x) ln f(x) dx = (τα lnλ+ ln τ − ln Γ(α)) Γ(α, (λd)τ)

−Γ(a+ 1) − Γ(a+ 1, (λd)τ)

Γ(a)

−τα− 1

τΓ(α)

[

τ ln dΓ(α, (λd)τ) +G3,0
2,0

(

(λd)τ

∣
∣
∣
∣
∣

ab )
+Γ(α) (τ lnλ− ψ(α))

]
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kai apì to L mma 7.2 èqoume ìti
HY =

1

F̄X(d)



HX +

d∫

0

fX(x) ln fX(x) dx+ F̄X(x) ln F̄X(d)





=
1

1 − Γ (α, (λd)τ)

{

α− ln τ − lnλ+ ln Γ(a) +

(
1

τ
− α

)

ψ(α)

+ (τα lnλ+ ln τ − ln Γ(α)) Γ(α, (λd)τ) − Γ(a+ 1) − Γ(a+ 1, (λd)τ)

Γ(a)

−τα − 1

τΓ(α)

[

τΓ(α, (λd)τ) ln d+G3,0
2,0

(

(λd)τ

∣
∣
∣
∣
∣

ab )

+ Γ(α) (τ lnλ− ψ(α))

]

+ (1 − Γ (α, (λd)τ)) ln (1 − Γ (α, (λd)τ))}

=
1

ϕ(α, (λd)τ)

{

τα− 1

τ
G3,0

2,0

(

(λd)τ

∣
∣
∣
∣
∣

ab )

+ Γ(α+ 1)

−Γ (α + 1, (λd)τ) + (τα− 1)Γ(α, (λd)τ) ln d

−Γ(α)

[

α + ln
λτατ

ξ(α, (λd)τ)
+ Γ(α, (λd)τ) ln

λτατ

ξ(α, (λd)τ)

]}

,ìpou ϕ(α, (λd)τ) = Γ(α) (Γ(α, (λd)τ) − 1) kai ξ(α, (λd)τ) = Γ(α) (1 − Γ(α, (λd)τ)).B.1.6 Loggamma Katanom Gia thn Loggamma katanom  isqÔei ìti
∫ d

1

f(x) ln f(x) dx = (α lnλ− ln Γ(α))FX(d) + (α− 1)

∫ d

1

ln(lnx)f(x) dx

−(λ+ 1)

∫ d

1

ln xf(x) dx.ìpou
∫ d

0

ln xf(x) dx =

∫ d

1

ln x
λα(ln x)α−1

xλ+1Γ(α)
dx =

1

Γ(α)

∫ d

1

(λ lnx)α

xλ+1
dx

=
1

λΓ(α)

∫ λ lnd

0

yαe−y dy

=
Γ(α + 1) − Γ(α + 1, λ ln d)

λΓ(α)
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kai
∫ d

1

ln(ln x)f(x) dx =

∫ d

1

ln(ln x)
λα(ln x)α−1

xλ+1Γ(α)
dx

=
1

Γ(α)

∫ λ lnd

0

λα ln
z

λ

(z

λ

)α−1

e−z 1

λ
dz

=
1

Γ(α)

∫ λ lnd

0

(ln z − lnλ)zα−1e−z dz

= −
Γ(α)Γ(λ) + Γ(α, λ ln d) ln(ln d) +G3,0

2,0

(

λ ln d

∣
∣
∣
∣
∣

ab )

Γ(α)
+ ψ(α),ìpou G3,0

2,0

(

λ ln d

∣
∣
∣
∣
∣

ab ) e�nai h sun�rthsh G tou Meijer me a = (1, 1) kai b = (0, 0, α).Sunep¸, epeid  FX(d) = Γ(α, λ ln d), èqoume ìti
∫ d

1

f(x) ln f(x) dx = (α lnλ− ln Γ(α))Γ(α, λ lnd)

−α − 1

Γ(α)

(

Γ(α)Γ(λ) + Γ(α, λ ln d) ln(ln d) +G3,0
2,0

(

λ ln d

∣
∣
∣
∣
∣

ab ))

+(α− 1)ψ(α) − λ+ 1

λΓ(α)
(Γ(α+ 1) − Γ(α + 1, λ lnd))kai apì to L mma 7.2 èqoume ìti

HY =
1

F̄X(d)



HX +

d∫

1

fX(x) ln fX(x) dx+ F̄X(d) ln F̄X(d)





=
1

1 − Γ (α, λ ln d)

[

α

(

1 +
1

λ

)

+ ln Γ(α) − (α− 1)ψ(α) − lnλ+ α lnλΓ(α, λ ln d)

−α− 1

Γ(α)

(

Γ(α)Γ(λ) + Γ(α, λ lnd) ln(ln d) +G3,0
2,0

(

λ ln d

∣
∣
∣
∣
∣

ab ))
+(α− 1)ψ(α) − λ+ 1

λΓ(α)
(Γ(α + 1) − Γ(α+ 1, λ ln d)) − ln Γ(α)Γ(α, λ ln d)

+ (1 − Γ (α, λ lnd)) ln (1 − Γ (α, λ ln d))
]

=
1

λϕ(α, λ ln d)

{

λ(α− 1)G3,0
2,0

(

λ ln d

∣
∣
∣
∣
∣

ab )

+ (α− 1)λΓ (α, λ ln d) ln(ln d)

−(λ + 1)Γ (α + 1, λ ln d)

+λ (1 − Γ (α, λ ln d)) [Γ(α+ 1) lnλ− Γ(α) ln ξ(α, λ lnd)]
}

,
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ìpou ϕ(α, λ ln d) = Γ(α) (Γ (α, λ ln d) − 1) kai ξ(α, λ ln d) = Γ(α) (1 − Γ (α, λ ln d)).B.1.7 Lognormal Katanom Gia thn Lognormal katanom  èqoume ìti
∫ d

0

f(x) ln f(x) dx =

(

− ln σ − ln
√

2π − µ2

σ2

)

FX(d) − 1

2σ2

∫ d

0

(ln x)2f(x) dx

+
( µ

σ2
− 1
)∫ d

0

lnxf(x) dx.ìpou
∫ d

0

ln xf(x) dx =

∫ d

0

lnx
exp

{

−1
2

(
lnx−µ

σ

)2
}

xσ
√

2π
dx

=

∫ lnd

−∞
y

1

eyσ
√

2π
exp

{

− 1

2σ2
(y − µ)2

}

ey dy

=

∫ lnd

−∞
y

1

σ
√

2π
exp

{

− 1

2σ2
(y − µ)2

}

dy

= − σ√
2π
e−

(µ−ln d)2

2σ2 +
µ

2
− µ

2
Erf(µ− ln d√

2σ

)

,ìpou Erf(z) = 2√
π

∫ z

0
e−t2 dt e�nai h sun�rthsh sf�lmato (error funtion) (Abramowitzand Stegun, 1972) kai

∫ d

0

(ln x)2f(x) dx =

∫ d

0

(ln x)2
exp

{

−1
2

(
ln x−µ

σ

)2
}

xσ
√

2π
dx

=
µ2 + σ2

2
Erf(µ− ln d√

2σ

)

− σ(µ+ ln d)√
2π

e−
(µ−ln d)2

2σ2 ,ìpou Erf(z) = 1−Erf(z) e�nai h sumplhrwmatik  sun�rthsh sf�lmato (omplementaryerror funtion) (Abramowitz and Stegun, 1972). Sunep¸, epeid  FX(d) = Φ
(

ln d−µ

σ

)èqoume ìti
∫ d

0

f(x) ln f(x) dx =

(

− ln σ − ln
√

2π − µ2

σ2

)

Φ

(
ln d− µ

σ

)

− 1

2σ2

[
µ2 + σ2

2
Erf(µ− ln d√

2σ

)

− σ(µ+ ln d)√
2π

e−
(µ−ln d)2

2σ2

]

+
( µ

σ2
− 1
)[

− σ√
2π
e−

(µ−ln d)2

2σ2 +
µ

2
− µ

2
Erf(µ− ln d√

2σ

)]
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kai apì to L mma 7.2 èqoume ìti
HY =

1

F̄X(d)



HX +

d∫

0

fX(x) ln fX(x) dx+ F̄X(d) ln F̄X(d)





=
1

1 − Φ
(

lnd−µ

σ

)

{
1

2
+ µ+ ln(σ

√
2π) −

(

ln(σ
√

2π) +
µ2

σ2

)

Φ

(
ln d− µ

σ

)

− 1

2σ2

[
µ2 + σ2

2
Erf(µ− ln d√

2σ

)

− σ(µ+ ln d)√
2π

e−
(µ−ln d)2

2σ2

]

+
( µ

σ2
− 1
)[

− σ√
2π
e−

(µ−ln d)2

2σ2 +
µ

2
− µ

2
Erf(µ− ln d√

2σ

)]

+

(

1 − Φ

(
ln d− µ

σ

))

ln

(

1 − Φ

(
ln d− µ

σ

))}

.

B.1.8 Katanom  BurrGia thn katanom  Burr èqoume ìti
∫ d

0

f(x) ln f(x) dx = (lnα + ln τ + α lnλ)FX(d) + (τ − 1)

∫ d

0

lnxf(x) dx

−(α + 1)

∫ d

0

(λ+ xτ )f(x) dx,ìpou FX(d) = 1 −
(

λ
λ+dτ

)α. 'Omw to olokl rwma
∫ d

0

lnxf(x) dxden mpore� na upologiste� se kleist  morf . Sunep¸ h entrop�a th apokommènh apìk�tw katanom  Burr den mpore� na upologiste� se kleist  morf .B.1.9 Genikeumènh Pareto Katanom Gia th genikeumenh Pareto katanom  isqÔei ìti
∫ d

0

f(x) ln f(x) dx =

(

ln
Γ(α + k)

Γ(α)Γ(k)
+ α lnλ

)

FX(d) + (k − 1)

∫ d

0

lnxf(x) dx

−(k + α)

∫ d

0

ln(λ+ x)f(x) dx,
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ìpou FX(d) = B
(
k, α, d

λ+d

). 'Omw ta oloklhr¸mata
∫ d

0

ln xf(x) dx kai ∫ d

0

ln(λ+ x)f(x) dxden mporoÔn na upologistoÔn se kleist  morf . Sunep¸ h entrop�a den mpore� na upolo-giste� se kleist  morf .
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text
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Par�rthma GK¸dike gia ton upologismì twnexomalumènwn tim¸n
G.1 K¸dike gia ton upologismì twn exomalumènwn tim¸n me tomètro twn Cressie and Read kai 5 periorismoÔGia na upolog�soume ti exomalumène timè me to mètro twn Cressie and Read kai 5periorismoÔ, gia ta tr�a sÔnola dedomènwn, gr�yame sto prìgramma mh grammikoÔ pro-grammatismoÔ LINGO ver. 10, tou parak�tw k¸dike:G.1.1 SÔnolo Dedomènwn L85MODEL:! This model determines the graduated values by the minimization of the Cressie andRead power divergene with parameter S subjet to 5 onstraints for the L85 data set;SETS:! There are 20;SET / 1..20 /: X, ! ungraduated values;

Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.03870 0.03909 0.04609 0.04839 0.06644 0.06091 0.07376 0.08019 0.08874 0.074550.11195 0.12320 0.14031 0.14879 0.19020 0.21628 0.20718 0.28866 0.13362 0.38265; ! Theungraduated values; 193



L = 15012 11871 10002 8949 7751 6140 4718 3791 2806 2240 1715 1388 898 578 510 430362 291 232 196; ! The number of people at risk;
AGE = 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89 90 91 92 93 94; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Cressie and Read power divergene with parameter S;
MIN = (1/(S ∗ (S + 1))) ∗ @SUM(SET : Y ∗ ((Y/X)S − 1));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#17 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .00004);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#19 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#18 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗ Y (I)));ENDG.1.2 SÔnolo Dedomènwn HK01MMODEL:! This model determines the graduated values by the minimization of the Cressie andRead power divergene with parameter S subjet to 5 onstraints for the HK01M dataset;SETS:! There are 16; 194



SET / 1..16 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.0192308 0.0256304 0.0299252 0.035854 0.0390041 0.0353063 0.055409 0.04936010.059126 0.0750853 0.0484581 0.116667 0.0681818 0.234568 0.117647 0.294118; ! Theungraduated values;
L = 12860 2419 2005 1534 1205 963 758 547 389 293 227 180 132 81 51 34; ! The numberof people at risk;
AGE = 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Cressie and Read power divergene with parameter S;
MIN = (1/(S ∗ (S + 1))) ∗ @SUM(SET : Y ∗ ((Y/X)S − 1));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#13 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .00003);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#15 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#14 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#16 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#16 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#16 : AGE(I) ∗ L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#16 : AGE(I) ∗ L(I) ∗ Y (I)));END 195



G.1.3 SÔnolo Dedomènwn HK01FMODEL:! This model determines the graduated values by the minimization of the Cressie andRead power divergene with parameter S subjet to 5 onstraints for the HK01F data set;SETS:! There are 20;SET / 1..20 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.011344 0.016704 0.013775 0.018219 0.022583 0.021531 0.035387 0.031236 0.0368820.039539 0.058961 0.028872 0.033420 0.073951 0.101383 0.077762 0.057996 0.114286 0.184650.2; ! The ungraduated values;
L = 3747 3263 2759 2141 1638 1300 1046 800 569 379 237 173 120 68 39 26 17 9 5 5; !The number of people at risk;
AGE = 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Cressie and Read power divergene with parameter S;
MIN = (1/(S ∗ (S + 1))) ∗ @SUM(SET : Y ∗ ((Y/X)S − 1));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#17 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .000015);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#19 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#18 :
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Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗ Y (I)));ENDG.2 K¸dike gia ton upologismì twn exomalumènwn tim¸n me tomètro twn Cressie and Read kai 6 periorismoÔGia na upolog�soume ti exomalumène timè me to mètro twn Cressie and Read kai 6periorismoÔ, gia ta tr�a sÔnola dedomènwn, gr�yame sto prìgramma mh grammikoÔ pro-grammatismoÔ LINGO ver. 10, tou parak�tw k¸dike:G.2.1 SÔnolo Dedomènwn L85MODEL:! This model determines the graduated values by the minimization of the Cressie andRead power divergene with parameter S subjet to 6 onstraints for the L85 data set;SETS:! There are 20;SET / 1..20 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.03870 0.03909 0.04609 0.04839 0.06644 0.06091 0.07376 0.08019 0.08874 0.074550.11195 0.12320 0.14031 0.14879 0.19020 0.21628 0.20718 0.28866 0.13362 0.38265; ! Theungraduated values;
L = 15012 11871 10002 8949 7751 6140 4718 3791 2806 2240 1715 1388 898 578 510 430362 291 232 196; ! The number of people at risk;
AGE = 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89 90 91 92 93 94; ! The ages;
S = 2; ! The value of parameter; 197



ENDDATA! Minimize the Cressie and Read power divergene with parameter S;
MIN = (1/(S ∗ (S + 1))) ∗ @SUM(SET : Y ∗ ((Y/X)S − 1));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#17 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .00004);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#19 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#18 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗ Y (I)));!... the additional onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : X(I)) =

@SUM(SET (I)|I#LE#20 : Y (I)));ENDG.2.2 SÔnolo Dedomènwn HK01MMODEL:! This model determines the graduated values by the minimization of the Cressie andRead power divergene with parameter S subjet to 6 onstraints for the HK01M dataset;SETS:! There are 16;SET / 1..16 /: X, ! ungraduated values; 198



Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.0192308 0.0256304 0.0299252 0.035854 0.0390041 0.0353063 0.055409 0.04936010.059126 0.0750853 0.0484581 0.116667 0.0681818 0.234568 0.117647 0.294118; ! Theungraduated values;
L = 12860 2419 2005 1534 1205 963 758 547 389 293 227 180 132 81 51 34; ! The numberof people at risk;
AGE = 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Cressie and Read power divergene with parameter S;
MIN = (1/(S ∗ (S + 1))) ∗ @SUM(SET : Y ∗ ((Y/X)S − 1));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#13 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .00003);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#15 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#14 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#16 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#16 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#16 : AGE(I) ∗ L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#16 : AGE(I) ∗ L(I) ∗ Y (I)));!... the additional onstraint; 199



@FOR(SET : @SUM(SET (I)|I#LE#20 : X(I)) =

@SUM(SET (I)|I#LE#20 : Y (I)));ENDG.2.3 SÔnolo Dedomènwn HK01FMODEL:! This model determines the graduated values by the minimization of the Cressie andRead power divergene with parameter S subjet to 6 onstraints for the HK01F data set;SETS:! There are 20;SET / 1..20 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.011344 0.016704 0.013775 0.018219 0.022583 0.021531 0.035387 0.031236 0.0368820.039539 0.058961 0.028872 0.033420 0.073951 0.101383 0.077762 0.057996 0.114286 0.184650.2; ! The ungraduated values;
L = 3747 3263 2759 2141 1638 1300 1046 800 569 379 237 173 120 68 39 26 17 9 5 5; !The number of people at risk;
AGE = 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Cressie and Read power divergene with parameter S;
MIN = (1/(S ∗ (S + 1))) ∗ @SUM(SET : Y ∗ ((Y/X)S − 1));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#17 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .000015);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#19 : 200



Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#18 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗ Y (I)));!... the additional onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : X(I)) =

@SUM(SET (I)|I#LE#20 : Y (I)));ENDG.3 K¸dike gia ton upologismì twn exomalumènwn tim¸n me tomètro twn Cressie and Read kai 4 periorismoÔGia na upolog�soume ti exomalumène timè me to mètro twn Cressie and Read kai 4periorismoÔ, gia ta tr�a sÔnola dedomènwn, gr�yame sto prìgramma mh grammikoÔ pro-grammatismoÔ LINGO ver. 10, tou parak�tw k¸dike:G.3.1 SÔnolo Dedomènwn L85MODEL:! This model determines the graduated values by the minimization of the Cressie andRead power divergene with parameter S subjet to 4 onstraints for the L85 data set;SETS:! There are 20;SET / 1..20 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA: 201



X = 0.03870 0.03909 0.04609 0.04839 0.06644 0.06091 0.07376 0.08019 0.08874 0.074550.11195 0.12320 0.14031 0.14879 0.19020 0.21628 0.20718 0.28866 0.13362 0.38265; ! Theungraduated values;
L = 15012 11871 10002 8949 7751 6140 4718 3791 2806 2240 1715 1388 898 578 510 430362 291 232 196; ! The number of people at risk;
AGE = 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89 90 91 92 93 94; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Cressie and Read power divergene with parameter S;
MIN = (1/(S ∗ (S + 1))) ∗ @SUM(SET : Y ∗ ((Y/X)S − 1));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#17 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .00004);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#19 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#18 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the additional onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : X(I)) =

@SUM(SET (I)|I#LE#20 : Y (I)));ENDG.3.2 SÔnolo Dedomènwn HK01MMODEL:! This model determines the graduated values by the minimization of the Cressie andRead power divergene with parameter S subjet to 4 onstraints for the HK01M dataset;SETS:! There are 16;SET / 1..16 /: X, ! ungraduated values; 202



Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.0192308 0.0256304 0.0299252 0.035854 0.0390041 0.0353063 0.055409 0.04936010.059126 0.0750853 0.0484581 0.116667 0.0681818 0.234568 0.117647 0.294118; ! Theungraduated values;
L = 12860 2419 2005 1534 1205 963 758 547 389 293 227 180 132 81 51 34; ! The numberof people at risk;
AGE = 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Cressie and Read power divergene with parameter S;
MIN = (1/(S ∗ (S + 1))) ∗ @SUM(SET : Y ∗ ((Y/X)S − 1));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#13 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .00003);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#15 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#14 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the additional onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : X(I)) =

@SUM(SET (I)|I#LE#20 : Y (I)));ENDG.3.3 SÔnolo Dedomènwn HK01FMODEL: 203



! This model determines the graduated values by the minimization of the Cressie andRead power divergene with parameter S subjet to 4 onstraints for the HK01F data set;SETS:! There are 20;SET / 1..20 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.011344 0.016704 0.013775 0.018219 0.022583 0.021531 0.035387 0.031236 0.0368820.039539 0.058961 0.028872 0.033420 0.073951 0.101383 0.077762 0.057996 0.114286 0.184650.2; ! The ungraduated values;
L = 3747 3263 2759 2141 1638 1300 1046 800 569 379 237 173 120 68 39 26 17 9 5 5; !The number of people at risk;
AGE = 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Cressie and Read power divergene with parameter S;
MIN = (1/(S ∗ (S + 1))) ∗ @SUM(SET : Y ∗ ((Y/X)S − 1));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#17 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .000015);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#19 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#18 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the additional onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : X(I)) =

@SUM(SET (I)|I#LE#20 : Y (I)));204



ENDG.4 K¸dike gia ton upologismì twn exomalumènwn tim¸n me toektetamèno mètro twn Cressie and ReadGia na upolog�soume ti exomalumène timè me to ektetamèno mètro twn Cressie and Read,gia ta tr�a sÔnola dedomènwn, gr�yame sto prìgramma mh grammikoÔ programmatismoÔLINGO ver. 10, tou parak�tw k¸dike:G.4.1 SÔnolo Dedomènwn L85MODEL:! This model determines the graduated values by the minimization of the Cressie andRead power divergene with parameter S subjet to 5 onstraints for the L85 data set;SETS:! There are 20;SET / 1..20 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.03870 0.03909 0.04609 0.04839 0.06644 0.06091 0.07376 0.08019 0.08874 0.074550.11195 0.12320 0.14031 0.14879 0.19020 0.21628 0.20718 0.28866 0.13362 0.38265; ! Theungraduated values;
L = 15012 11871 10002 8949 7751 6140 4718 3791 2806 2240 1715 1388 898 578 510 430362 291 232 196; ! The number of people at risk;
AGE = 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89 90 91 92 93 94; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Cressie and Read power divergene with parameter S;
MIN = (1/(S ∗ (S + 1))) ∗ @SUM(SET : Y ∗ ((Y/X)S − 1));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 : 205



@SUM(SET (I)|I#LE#17 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .00004);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#19 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#18 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗ Y (I)));ENDG.4.2 SÔnolo Dedomènwn HK01MMODEL:! This model determines the graduated values by the minimization of the Cressie andRead power divergene with parameter S subjet to 5 onstraints for the HK01M dataset;SETS:! There are 16;SET / 1..16 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.0192308 0.0256304 0.0299252 0.035854 0.0390041 0.0353063 0.055409 0.04936010.059126 0.0750853 0.0484581 0.116667 0.0681818 0.234568 0.117647 0.294118; ! Theungraduated values;
L = 12860 2419 2005 1534 1205 963 758 547 389 293 227 180 132 81 51 34; ! The numberof people at risk;
AGE = 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85; ! The ages;206



S = 2; ! The value of parameter;ENDDATA! Minimize the Cressie and Read power divergene with parameter S;
MIN = (1/(S ∗ (S + 1))) ∗ @SUM(SET : Y ∗ ((Y/X)S − 1));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#13 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .00003);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#15 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#14 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#16 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#16 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#16 : AGE(I) ∗ L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#16 : AGE(I) ∗ L(I) ∗ Y (I)));ENDG.4.3 SÔnolo Dedomènwn HK01FMODEL:! This model determines the graduated values by the minimization of the Cressie andRead power divergene with parameter S subjet to 5 onstraints for the HK01F data set;SETS:! There are 20;SET / 1..20 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages; 207



ENDSETSDATA:
X = 0.011344 0.016704 0.013775 0.018219 0.022583 0.021531 0.035387 0.031236 0.0368820.039539 0.058961 0.028872 0.033420 0.073951 0.101383 0.077762 0.057996 0.114286 0.184650.2; ! The ungraduated values;
L = 3747 3263 2759 2141 1638 1300 1046 800 569 379 237 173 120 68 39 26 17 9 5 5; !The number of people at risk;
AGE = 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Cressie and Read power divergene with parameter S;
MIN = (1/(S ∗ (S + 1))) ∗ @SUM(SET : Y ∗ ((Y/X)S − 1));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#17 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .000015);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#19 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#18 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗ Y (I)));END
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G.5 K¸dike gia ton upologismì twn exomalumènwn tim¸n me thdiafor� tou Jensen kai 5 periorismoÔGia na upolog�soume ti exomalumène timè me th diafor� tou Jensen kai 5 periorismoÔ,gia ta tr�a sÔnola dedomènwn, gr�yame sto prìgramma mh grammikoÔ programmatismoÔLINGO ver. 10, tou parak�tw k¸dike:G.5.1 SÔnolo Dedomènwn L85MODEL:! This model determines the graduated values by the minimization of the Jensen's di�er-ene subjet to 5 onstraints for the L85 data set;SETS:! There are 20;SET / 1..20 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.03870 0.03909 0.04609 0.04839 0.06644 0.06091 0.07376 0.08019 0.08874 0.074550.11195 0.12320 0.14031 0.14879 0.19020 0.21628 0.20718 0.28866 0.13362 0.38265; ! Theungraduated values;
L = 15012 11871 10002 8949 7751 6140 4718 3791 2806 2240 1715 1388 898 578 510 430362 291 232 196; ! The number of people at risk;
AGE = 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89 90 91 92 93 94; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Jensen's di�erene;
MIN = −@SUM(SET : 0.5 ∗ (X + Y ) ∗ @LOG(0.5 ∗ (X + Y )))

+0.5 ∗ (@SUM(SET : Y ∗ @LOG(Y )) + @SUM(SET : X ∗ @LOG(X)));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#17 :209



(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .00004);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#19 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#18 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗ Y (I)));ENDG.5.2 SÔnolo Dedomènwn HK01MMODEL:! This model determines the graduated values by the minimization of the Jensen's di�er-ene subjet to 5 onstraints for the HK01M data set;SETS:! There are 16;SET / 1..16 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.0192308 0.0256304 0.0299252 0.035854 0.0390041 0.0353063 0.055409 0.04936010.059126 0.0750853 0.0484581 0.116667 0.0681818 0.234568 0.117647 0.294118; ! Theungraduated values;
L = 12860 2419 2005 1534 1205 963 758 547 389 293 227 180 132 81 51 34; ! The numberof people at risk;
AGE = 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85; ! The ages;
S = 2; ! The value of parameter; 210



ENDDATA! Minimize the Jensen's di�erene;
MIN = −@SUM(SET : 0.5 ∗ (X + Y ) ∗ @LOG(0.5 ∗ (X + Y )))

+0.5 ∗ (@SUM(SET : Y ∗ @LOG(Y )) + @SUM(SET : X ∗ @LOG(X)));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#13 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .00003);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#15 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#14 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#16 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#16 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#16 : AGE(I) ∗ L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#16 : AGE(I) ∗ L(I) ∗ Y (I)));ENDG.5.3 SÔnolo Dedomènwn HK01FMODEL:! This model determines the graduated values by the minimization of the Jensen's di�er-ene subjet to 5 onstraints for the HK01F data set;SETS:! There are 20;SET / 1..20 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages; 211



ENDSETSDATA:
X = 0.011344 0.016704 0.013775 0.018219 0.022583 0.021531 0.035387 0.031236 0.0368820.039539 0.058961 0.028872 0.033420 0.073951 0.101383 0.077762 0.057996 0.114286 0.184650.2; ! The ungraduated values;
L = 3747 3263 2759 2141 1638 1300 1046 800 569 379 237 173 120 68 39 26 17 9 5 5; !The number of people at risk;
AGE = 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Jensen's di�erene;
MIN = −@SUM(SET : 0.5 ∗ (X + Y ) ∗ @LOG(0.5 ∗ (X + Y )))

+0.5 ∗ (@SUM(SET : Y ∗ @LOG(Y )) + @SUM(SET : X ∗ @LOG(X)));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#17 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .000015);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#19 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#18 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗ Y (I)));END
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G.6 K¸dike gia ton upologismì twn exomalumènwn tim¸n me thdiafor� tou Jensen kai 6 periorismoÔGia na upolog�soume ti exomalumène timè me th diafor� tou Jensen kai 6 periorismoÔ,gia ta tr�a sÔnola dedomènwn, gr�yame sto prìgramma mh grammikoÔ programmatismoÔLINGO ver. 10, tou parak�tw k¸dike:G.6.1 SÔnolo Dedomènwn L85MODEL:! This model determines the graduated values by the minimization of the Jensen's di�er-ene subjet to 6 onstraints for the L85 data set;SETS:! There are 20;SET / 1..20 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.03870 0.03909 0.04609 0.04839 0.06644 0.06091 0.07376 0.08019 0.08874 0.074550.11195 0.12320 0.14031 0.14879 0.19020 0.21628 0.20718 0.28866 0.13362 0.38265; ! Theungraduated values;
L = 15012 11871 10002 8949 7751 6140 4718 3791 2806 2240 1715 1388 898 578 510 430362 291 232 196; ! The number of people at risk;
AGE = 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89 90 91 92 93 94; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Jensen's di�erene;
MIN = −@SUM(SET : 0.5 ∗ (X + Y ) ∗ @LOG(0.5 ∗ (X + Y )))

+0.5 ∗ (@SUM(SET : Y ∗ @LOG(Y )) + @SUM(SET : X ∗ @LOG(X)));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#17 :213



(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .00004);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#19 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#18 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗ Y (I)));!... the additional onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : X(I)) =

@SUM(SET (I)|I#LE#20 : Y (I)));ENDG.6.2 SÔnolo Dedomènwn HK01MMODEL:! This model determines the graduated values by the minimization of the Jensen's di�er-ene subjet to 6 onstraints for the HK01M data set;SETS:! There are 16;SET / 1..16 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.0192308 0.0256304 0.0299252 0.035854 0.0390041 0.0353063 0.055409 0.04936010.059126 0.0750853 0.0484581 0.116667 0.0681818 0.234568 0.117647 0.294118; ! Theungraduated values;
L = 12860 2419 2005 1534 1205 963 758 547 389 293 227 180 132 81 51 34; ! The numberof people at risk; 214



AGE = 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Jensen's di�erene;
MIN = −@SUM(SET : 0.5 ∗ (X + Y ) ∗ @LOG(0.5 ∗ (X + Y )))

+0.5 ∗ (@SUM(SET : Y ∗ @LOG(Y )) + @SUM(SET : X ∗ @LOG(X)));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#13 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .00003);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#15 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#14 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#16 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#16 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#16 : AGE(I) ∗ L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#16 : AGE(I) ∗ L(I) ∗ Y (I)));!... the additional onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : X(I)) =

@SUM(SET (I)|I#LE#20 : Y (I)));ENDG.6.3 SÔnolo Dedomènwn HK01FMODEL:! This model determines the graduated values by the minimization of the Jensen's di�er-ene subjet to 6 onstraints for the HK01F data set;SETS: 215



! There are 20;SET / 1..20 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.011344 0.016704 0.013775 0.018219 0.022583 0.021531 0.035387 0.031236 0.0368820.039539 0.058961 0.028872 0.033420 0.073951 0.101383 0.077762 0.057996 0.114286 0.184650.2; ! The ungraduated values;
L = 3747 3263 2759 2141 1638 1300 1046 800 569 379 237 173 120 68 39 26 17 9 5 5; !The number of people at risk;
AGE = 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Jensen's di�erene;
MIN = −@SUM(SET : 0.5 ∗ (X + Y ) ∗ @LOG(0.5 ∗ (X + Y )))

+0.5 ∗ (@SUM(SET : Y ∗ @LOG(Y )) + @SUM(SET : X ∗ @LOG(X)));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#17 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .000015);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#19 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#18 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the �rst atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : L(I) ∗X(I)) =

@SUM(SET (I)|I#LE#20 : L(I) ∗ Y (I)));!... the seond atuarial onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗X(I)) =216



@SUM(SET (I)|I#LE#20 : AGE(I) ∗ L(I) ∗ Y (I)));!... the additional onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : X(I)) =

@SUM(SET (I)|I#LE#20 : Y (I)));ENDG.7 K¸dike gia ton upologismì twn exomalumènwn tim¸n me thdiafor� tou Jensen kai 4 periorismoÔGia na upolog�soume ti exomalumène timè me th diafor� tou Jensen kai 4 periorismoÔ,gia ta tr�a sÔnola dedomènwn, gr�yame sto prìgramma mh grammikoÔ programmatismoÔLINGO ver. 10, tou parak�tw k¸dike:G.7.1 SÔnolo Dedomènwn L85MODEL:! This model determines the graduated values by the minimization of the Jensen's di�er-ene subjet to 6 onstraints for the L85 data set;SETS:! There are 20;SET / 1..20 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.03870 0.03909 0.04609 0.04839 0.06644 0.06091 0.07376 0.08019 0.08874 0.074550.11195 0.12320 0.14031 0.14879 0.19020 0.21628 0.20718 0.28866 0.13362 0.38265; ! Theungraduated values;
L = 15012 11871 10002 8949 7751 6140 4718 3791 2806 2240 1715 1388 898 578 510 430362 291 232 196; ! The number of people at risk;
AGE = 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89 90 91 92 93 94; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Jensen's di�erene;
MIN = −@SUM(SET : 0.5 ∗ (X + Y ) ∗ @LOG(0.5 ∗ (X + Y )))217



+0.5 ∗ (@SUM(SET : Y ∗ @LOG(Y )) + @SUM(SET : X ∗ @LOG(X)));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#17 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .00004);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#19 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#18 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the additional onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : X(I)) =

@SUM(SET (I)|I#LE#20 : Y (I)));ENDG.7.2 SÔnolo Dedomènwn HK01MMODEL:! This model determines the graduated values by the minimization of the Jensen's di�er-ene subjet to 4 onstraints for the HK01M data set;SETS:! There are 16;SET / 1..16 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;ENDSETSDATA:

X = 0.0192308 0.0256304 0.0299252 0.035854 0.0390041 0.0353063 0.055409 0.04936010.059126 0.0750853 0.0484581 0.116667 0.0681818 0.234568 0.117647 0.294118; ! Theungraduated values;
L = 12860 2419 2005 1534 1205 963 758 547 389 293 227 180 132 81 51 34; ! The numberof people at risk; 218



AGE = 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Jensen's di�erene;
MIN = −@SUM(SET : 0.5 ∗ (X + Y ) ∗ @LOG(0.5 ∗ (X + Y )))

+0.5 ∗ (@SUM(SET : Y ∗ @LOG(Y )) + @SUM(SET : X ∗ @LOG(X)));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#13 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .00003);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#15 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#14 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the additional onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : X(I)) =

@SUM(SET (I)|I#LE#20 : Y (I)));ENDG.7.3 SÔnolo Dedomènwn HK01FMODEL:! This model determines the graduated values by the minimization of the Jensen's di�er-ene subjet to 4 onstraints for the HK01F data set;SETS:! There are 20;SET / 1..20 /: X, ! ungraduated values;
Y , ! graduated values;
L, ! people at risk;
AGE; ! ages;
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ENDSETSDATA:
X = 0.011344 0.016704 0.013775 0.018219 0.022583 0.021531 0.035387 0.031236 0.0368820.039539 0.058961 0.028872 0.033420 0.073951 0.101383 0.077762 0.057996 0.114286 0.184650.2; ! The ungraduated values;
L = 3747 3263 2759 2141 1638 1300 1046 800 569 379 237 173 120 68 39 26 17 9 5 5; !The number of people at risk;
AGE = 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86 87 88 89; ! The ages;
S = 2; ! The value of parameter;ENDDATA! Minimize the Jensen's di�erene;
MIN = −@SUM(SET : 0.5 ∗ (X + Y ) ∗ @LOG(0.5 ∗ (X + Y )))

+0.5 ∗ (@SUM(SET : Y ∗ @LOG(Y )) + @SUM(SET : X ∗ @LOG(X)));! The graduated values should lie between 0 and 1;
@FOR(SET : @BND(0, Y, 1));! Subjet to the smoothness onstraint;
@FOR(SET (K)|K#LE#1 :

@SUM(SET (I)|I#LE#17 :

(Y (I+3)−3∗Y (I+2)+3∗Y (I+1)−Y (I))2) <= .000015);!... the monotoniity onstraint;
@FOR(SET (I)|I#LE#19 :

Y (I + 1) − Y (I) >= 0);!... the onvexity onstraint;
@FOR(SET (I)|I#LE#18 :

Y (I + 2) − 2 ∗ Y (I + 1) + Y (I) >= 0);!... the additional onstraint;
@FOR(SET : @SUM(SET (I)|I#LE#20 : X(I)) =

@SUM(SET (I)|I#LE#20 : Y (I)));END
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