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Circuit under Test
(CUT)

Test Pattern Generator
(TPG)

Output Response Analyzer
(ORA)

BIST
Controller

On-Chip

!"#$%& -('-) t HPW:GJ ]AA;:9 HCD 9PH;F;G:VJD>

2n

n

n

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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S0 S1

hn-1 hn-2

Sn-1Sn-2

h2 h1

S0 S1

hn-1hn-2

Sn-1Sn-2

h2h1

!"#$%& -('.) =5AAJH;I5D u5PF;EHPR9dOA F:9APMV7HOA F;G:VJD K9M:MV]A;: M5 G9H9ROICH]D ;8dMcCMCD V5 9A7E
FI9MC>

2n

1+h1x+h2x2 + · · ·+hn−1xn−1 +hnxn n

n

h1, h2, . . . hn−1, hn

2n − 1 n
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2−5

C0 C1 Cn-2 Cn-1

0

0

!"#$%& -('/) =5A:GJ V;I6J H;P GPu58OH;B 9PH\V9H;P>

xi

xi(t + 1) =
xi+1(t)⊕xi−1(t) xi(t+1) = xi+1(t)⊕xi(t)⊕xi−1(t)

n

2n − 1

{111, 110, 101, 100, 011, 010, 001, 000} xi(t+1) =

(0, 1, 0, 1, 1, 0, 1, 0)2 = 9010

{1, 0, 0, 1, 0, 1, 1, 0}2 = 15010

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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h1 h2 hn-1hn-2

R0 R1 Rn-2 Rn-1

M

!"#$%& -('0) S5:I:9GJ 9A78PMC PW;NI96JD>

0 → 1 1 → 0

P (n) = (2L−n − 1)/(2L − 1)
L n L ' n

P (n) ≈ 2−n n = 20 P (n) < 2−20 = 0.0001
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h1 h2 hn-1hn-2

R0 R1 Rn-2 Rn-1

M0
M1 M2 Mn-2 Mn-1

!"#$%& -('1) Q9I788C8C 9A78PMC PW;NI96JD>

m

P (n) = (2(mL−n) − 1)/(2mL − 1) L ' n P (n) ≈ 2−n
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Γεννήτορας Ψευδοτυχαίων 
Διανυσμάτων Δοκιμής 

Γραμμικός Ολισθητής Φάσης

Κύκλωμα υπό Δοκιμή

Καταχωρητής Υπογραφής
Πολλαπλών Εισόδων

Γραμμικός Ολισθητής Φάσης
για Σύμπτυξη αποκρίσεων

Αλυσίδα 
Σάρωσης

!"#$%& -('2) ?;G:VJE9A7EM7IOMC V5 H; MBMHCV9 no{v0n>
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?;G:VJ jC6:9GXA [8;G8CIOV]AOA 4PG8OV7HOA G9: k:GI;5W5e5IN9MHXA Z_
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f t1 t2

r1 ← t1 r2 ← t2
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?;G:VJ jC6:9GXA [8;G8CIOV]AOA 4PG8OV7HOA G9: k:GI;5W5e5IN9MHXA Za

Instruction
Memory

Data
Memory

Selt-Test
Code

Selt-Test
Data

CPU

Low-Speed
ATE

Instruction
Memory

Data
Memory

Selt-Test
Code

Selt-Test
Data

CPU

Low-Speed
ATE

Selt-Test
Responses

Instruction
Memory

Data
Memory

Selt-Test
Code

Selt-Test
Data

CPU

Low-Speed
ATE

Selt-Test
Responses

!"#$%& -('3) fPH;F;G:VJ V:GI;5W5e5IN9MHXA V5 5AMOV9HOV]A; 8;N:MV:G\

t1 t2
r1 r2

r3 ← r1 r2
f

r3

← r3
r3

r3
f
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r0
r1 (t1)
r2 (t2)

r3 (t1 or t2)!

rn-1
rn

ALU

CPU

Memory

r3 (t1 or t2)!

2

11

3

Εξοπλισμός Δοκιμής 

(ATE)

r3 (t1 or t2)!

r3 (t1 or t2)"

? Ανίχνευση Ελαττώματος

!"#$%& -('4) fAdRA5PMC 589HHXV9H;D MHCA s|{ V5 5AMOV9HOV]A; 8;N:MV:G\

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ
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CPU Core

Instruction Memory

Self-Test
Software

Data Memory

Self-Test
Data

Cpu Bus

Microprocessor

Low Speed
ATE

FPU

CPU Core

Instruction Memory

Self-Test
Software

Data Memory

Self-Test
Data

Cpu Bus

Microprocessor

SRAM SDRAM Flash Timers
IO

Peripherals

Operating System

FPU

I/O Bus

!"#$%& -(-5) U9 F:96;I5H:G7 W5I:K788;AH9 F;G:VJD MH9 ;W;d9 569IV\}5H9: H; 8;N:MV:G\ 9PH;F;G:VJD
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?;G:VJ jC6:9GXA [8;G8CIOV]AOA 4PG8OV7HOA G9: k:GI;5W5e5IN9MHXA ^Z
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?;G:VJ jC6:9GXA [8;G8CIOV]AOA 4PG8OV7HOA G9: k:GI;5W5e5IN9MHXA ^_
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0, 1

0, 34

x

x = Mx × bEx

Mx Ex b
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fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD _<

x

x = ±Mx × bEx

0, 5
5 × 10−1 0, 5 × 100

m

f

M =
m−f−1∑

i=−f

di × ri

r−f ≤ M ≤ rm−f − r−f

r

r = 2

1 + r−f ≤ M ≤ r − r−f

r = 2
[1, 2)

x b

S E F

x = (−1)S × bE × 1.F

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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r−f ≤ M ≤ 1 − r−f

[0, 1)

m f

rm−f−1 × bEmin

m = f+1

r0 × bEmin = bEmin

r b

r−f × bEmin

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD _T

Ebiased = E + B

Emin + B = 0 ⇒ B = −Emin

−B ≤ E ≤ B

0 ≤ Ebiased ≤ 2B e

2B ≤ 2e − 1

B ≤ (2e − 1)
2

≤ (2e − 2)
2

= 2e−1 − 1

B = 127
−2+127 = 125

3 + 127 = 130

[−max,−min] [min,max]

max = Mmax × bEmax

min = Mmin × bEmin

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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e76#2+&- !")*+#(G- −max −(rm−f − r−f ) × bEmax

43[F#2+&- !")*+#(G- −min −rm−f−1 × bEmin

43[F#2+&- d/&(1)&)#(G- !")*+#(G- −minD −r−f × bEmin

43[F#2+&- t;+#(G- +min rm−f−1 × bEmin

43[F#2+&- t;+#(G- d/&(1)&)#(G- +minD r−f × bEmin

e76#2+&- t;+#(G- +max (rm−f − r−f ) × bEmax

*+%&#&, .(') k]N:MH;: G9: 587R:MH;: 9I:cV;d G:ACHJD PW;F:9MH;8JD>

0-Min

-Min
D

-Max Min Max

Min
D

+∞−∞

ΥπερχείλισηΥπερχείλιση
Ανεπάρκεια

Αναπαράστασης

Μη κανονικοποιημένοι

!"#$%& .(') o/ 5BI;D HOA 9I:cVXA G:ACHJD PW;F:9MH;8JD>

[min,max]

[minD,min)

m

f

±∞
∆
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∆ = r−f × rE = rE−f

±∞
∞−∞
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1 × 10−1

ulp = r−f

d.dd . . . d× bE

z

|d.dd . . . d − (z/bE)|× bm−1

m

3.12× 10−2

0.0314

|3.12 − 0.0314/10−2|× 103−1 = |− 0.02|× 102 = 2

3.14×10−2

|3.14 − 0.0314159/10−2|× 103−1 = 0.159

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ
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FP
1

FP
2

x

!"#$%& .(-) t MHI;NNP8;W;dCMC H;P 9I:cV;B ,>

x y R(x) R(y)
x y

x ≤ y R(x) ≤ R(y)

x

R(x) = x

x

FP1

FP2 FP1 ≤ x ≤ FP2 R(x)
FP1 FP2

x

Rmode(x)

= Rmode(x) − x

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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X

R(X)
X

R(X) 85[3%1 8+"&66.3&/&'*2*-

X.00 X u

X.01 X bvwm

X.10 X bvwj

X.11 X bSwm

*+%&#&, .(-) fW;G;WJ G9: M678V9 MHI;NNP8;W;dCMCD>

−3/2
−3/8

1/2 ulp

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD _a

1/2 ulp = 0.5

3.499 + 0.5 = 3.999 = 3

3.999 + 0.5 = 4.499 = 4

0.12

X

R(X) 85[3%1 8+"&66.3&/&'*2*-

X.00 X u

X.01 X bvwm

X.10 X + 1 xvwj

X.11 X + 1 xvwm

*+%&#&, .(.) SHI;NNP8;W;dCMC WI;D H;A W8CM:]MH5I; 9I:cV\ G9: M678V9 MHI;NNP8;W;dCMCD>

+1/2
+1/8 f

1/2 × 2−f
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X

R(X) 85[3%1 8+"&66.3&/&'*2*-

X0.00 X0 u

X0.01 X0 bvwm

X0.10 X1 bvwj

X0.11 X1 xvwm

X1.00 X1 u

X1.01 X1 bvwm

X1.10 X1 + 1 xvwj

X1.11 X1 + 1 xvwm

*+%&#&, .(/) SHI;NNP8;W;dCMC WI;D H;A W8CM:]MH5I; 7IH:; G9: M678V9 MHI;NNP8;W;dCMCD>

±∞

±∞ ±∞

FPlow FPupper

A B

[a1, a2] [b1, b2]
a1 a2 b1 b2

[a1, a2] + [b1, b2] = [a1 + b1, a2 + b2]

[a1, a2] − [b1, b2] = [a1 − b2, a2 − b1]

[a1, a2] × [b1, b2] = [min{a1b1, a1b2, a2b1, a2b2},max{a1b1, a1b2, a2b1, a2b2}]

−∞
+∞ +∞

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD `<

FP1 FP2 −∞
FP1 FP2 ±∞

X

+∞

R(X) 85[3%1

X.00 X u

X.01 X + 1 xSwm

X.10 X + 1 xvwj

X.11 X + 1 xvwm

−X.00 −X u

−X.01 −X xvwm

−X.10 −X xvwj

−X.11 −X xSwm

−∞

R(X) 85[3%1

X.00 X u

X.01 X bvwm

X.10 X bvwj

X.11 X bSwm

−X.00 −X u

−X.01 −X − 1 bSwm

−X.10 −X − 1 bvwj

−X.11 −X − 1 bvwm

*+%&#&, .(0) SHI;NNP8;W;dCMC WI;D ±∞ G9: M678V9 MHI;NNP8;W;dCMCD>
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FES

23 bit 8 bit1 bit

S

1 bit 11 bit 52 bit

E F

!"#$%& .(.) t G9H9A;VJ HOA uC6dOA MHCA 9W8J G9: F:W8J 9GIdK5:9 9A9W9I7MH9MCD>

(S, E, F ) S S = 1
E

F

f

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD `T

S

1.F

1 ≤ 1.F ≤ 2 − 2−f

(S, E, F )

(−1)S × 2E−Bias × 1.F

−1S × 0.F × 2−(Bias−1)

+,−,×,÷
√

±∞

+0 −0 +0 = −0
±∞

+∞
−∞
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e&), !("'f;#1 :#/3, !("'f;#1

T*5'1 32 64

T*5'1 8*%1#)G%;)&. 23 + 1 52 + 1

4Z"&- 8*%1#)G%;)&. [1, 2 − 2−23) [1, 2 − 2−52)

T*5'1 4($7+* 8 11

NG392* 127 1023

e*07)<±0D E + bias = 0, F = 0 E + bias = 0, F = 0

d/&(1)&)#(G-
E + bias = 0, F %= 0 E + bias = 0, F %= 0

± 0.F × 2−126 ± 0.F × 2−1022

y/;#"&<±∞D E + bias = 255, F = 0 E + bias = 2047, F = 0

kF# !"#$%G- z>z E + bias = 255, F %= 0 E + bias = 2047, F %= 0

8.),$*- !"#$%G-

E + bias ∈ [1, 254] E + bias ∈ [1, 2046]

E ∈ [−126, 127] E ∈ [−1022, 1023]

± 1.F × 2 ± 1.F × 2

43[F#2+&- 2−126 ≈ 1.2 × 10−38 2−1022 ≈ 2.2 × 10−308

e76#2+&- (2 − 2−127) × 2127 ≈ 2128 (2 − 21023) × 21023 ≈ 21024

≈ 3.4 × 1038 ≈ 1.8 × 10308

*+%&#&, .(1) U9 K9M:G7 R9I9GHCI:MH:G7 HCD 9A9W9I7MH9MCD k;AJD G9: ?:W8JD 9GIdK5:9D MBV6OA9 V5 H;
WI\HPW; ���� _ZY>

(+∞) − (∞)
∞ ÷ ∞

±∞

±∞
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±∞

±∞

A B

A = (SA, EA, FA) B = (S, E, F)

!"#$%&'()"�

9.987× 101 1.85× 10−1

102

|1 − (−1)| = 2

1.85 × 10−1 = 0.0185 × 101

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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0.018× 10−1

9.987×101

+ 0.018×101

10.005×101

1.0005× 102

1.001× 102 9.987× 101 1.85× 10−1

A B

A B

d = |EA−EB |

A EA

B EB
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:#15&"[ 8*%1#)G%;)& K X {

d = 0 1.Ff−1Ff−2 . . . F1F0 0 0 0
d = 1 0.1Ff−1Ff−2 . . . F2F1 F0 0 0
d = 2 0.01Ff−1Ff−2 . . . F3F2 F1 F0 0
d = 3 0.001Ff−1Ff−2 . . . F4F3 F2 F1 F0

d ≥ 4 0.00 . . . 00︸ ︷︷ ︸
d

1Ff−1Ff−2 . . . Fd+1Fd Fd−1 Fd−2 Fd−3 + . . . + F0

*+%&#&, .(2) ~W;8;N:MV\D HOA jC6dOA �I;PIXA �w1)* g�hi �/wy* g�hi n&"+�� goh>

m = f + 1 f

m + 3

d = |EA−EB | f

f = 23 f = 52 d

+
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N"[H* g#)*+,- d/&0#12+&3,- N"G2*%1 SA@ SB N"16%1+#(, N"[H*

N"G2$;2* |%G2*%1 N"G2$;2*

N"G2$;2* 4+;"G2*%1 !51'";2*

!51'";2* |%G2*%1 !51'";2*

!51'";2* 4+;"G2*%1 N"G2$;2*

*+%&#&, .(3) QI9NV9H:GJ QI7eC 9A78;N9 V5 H9 WI\MCV9 G9: HCA WI7eC G:ACHJD PW;F:9MH;8JD>

1.00110010

0.00010011|00(1 + 0) = 0.00010011|001

|
G = 0 R = 0 T = 1

23 + 1 + 3 = 27
52 + 1 + 3 = 56

A B

SA SB
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(Abig · SA) + (SA + Abig′) · (FPOp. ⊕ SB)

Abig = 1 1.FA ≥ 1.FB Abig = 0 1.FA < 1.FB FPOp = 0
FPOp = 1

+0
−∞ −0

A B

A ∈ [1, 2) B ∈ [1, 2) ⇒ A ± B ∈ [0, 4)

A±B ∈ [1, 2)

1.10011111

+ 0.00101011

1.11001010

A + B ∈ [2, 4)
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1.1001111

+ 0.0110110

10.0000101

1.0000011

A − B ∈ [0, 1)

1.1001111

− 1.1001010

0.0000101

1.0100000

1.Ff−1Ff−2 . . . F1L|GRT

L = F0

L

G = 1 R T G(R+T ) = 1

G = 1 L = 1 R T GLR′T ′ = 1
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G(R + T ) + GLR′T ′ = G(R + T + LR′T ′) =

G(R + (T + T ′)(T + LR′)) = G(R + T + LR′) =

G((R + R′)(R + L) + T ) = G(L + R + T )

G = 1 L,R, T

G R T

+∞
L

G R T

S′(G + R + T )

−∞
L

G R T

S(G + R + T )

R+T

T ∗ +

!"#$%&'()"� 5.01×10−1 5.64×102

5.01

5.64|00×102

+ 0.00|50×102

5.64|50×102

5.64×102

5.64|000×102

+ 0.00|501×102

5.64|501×102

5.65×102
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5, 01 × 10−1

5, 64|50
5, 64 5, 65

5, 64

5, 64|501
5, 65

!"#$%&'()"� 1.10000010110× 2−6

1.00000101100× 20

G T

1.11111110111|1

|10

G R T

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD aT

1.00000101100
− 0.00000110000

0.11111111011
1.11111110111
1.11111110111

!"#$%& .(/) SHI;NNP8;W;dCMC V5 \89 H9 uC6d9>

1.00000101100
− 0.00000110000

0.11111111011
1.11111110111
1.11111111000

!"#$%& .(0) �9Ac9MV]AC MHI;NNP8;W;dCMC
V5 uC6d9 �i o>

1.00000101100
− 0.00000110000

0.11111111011
1.11111110111
1.11111110111

!"#$%& .(1) [IcJ MHI;NNP8;W;dCMC V5 uCE
6d9 �i �i o>

G+R+T = 1

+ −∞ −0 +0 +∞
−∞ −∞ −∞ −∞
−0 −∞ −0 ±0∗ +∞
+0 −∞ ±0∗ +0 +∞
+∞ +∞ +∞ +∞
∗−0 −∞

− −∞ −0 +0 +∞
−∞ −∞ −∞ −∞
−0 +∞ +0 −0 −∞
+0 +∞ +0 +0 −∞
+∞ +∞ +∞ +∞

*+%&#&, .(4) QI\Mc5MC�f69dI5MC 5:F:GXA H:VXA>

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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G R T

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD aZ

Right Shifter
GRT

Two’s Compement
Adder/Subtractor

Right1/Left 
Shifter

LZC

Exponent 
Difference

E
A

E
B

Swap

M
A
=1.F

A
M

B
=1.F

B

d

sign(d)

d

MUXsign(d)

Round

effective
operation

round 
mode

ovf

lead
zeros

Special
CasesExponent

Update
Sign

rnd_ovf

lead
 zeros

ovfS
A

S
B

S
Z

E
Z

M
Z
=1.F

Z
Inexact, zero, ±∞,NaN

FP.Op

!"#$%& .(2) QI\Mc5MC 4:ACHJD ~W;F:9MH;8JD � ~8;W;dCMC k;A;B k;A;W9H:;B>

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD



a^ 456789:; T

d = |EA − EB | > 1

d = |EA − EB | > 1

d = |EA −EB | = 0 d = |EA −EB | = 1
0 1

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD a_

Διαφορά Εκθετών
Εναλλαγή

Δεξιά Ολίσθηση
G R T

Πρόσθεση-Αφαίρεση

Υπολογισμός Αρχικών 
Μηδενικών

Αριστερή ή Δεξιά Ολίσθηση
Ενημέρωση Εκθέτη

Στρογγυλοποίηση
Ενημέρωση Εκθέτη

(Υπερχείλιση)

Διαφορά Εκθετών
Εναλλαγή

Πρόσθεση-Αφαίρεση Αφαίρεση

Δεξιά Ολίσθηση
G R T

Δεξιά Ολίσθηση 1 θέση
(MUX logic)

Υπολογισμός Αρχικών 
Μηδενικών

Στρογγυλοποίηση
Ενημέρωση Εκθέτη

(Υπερχείλιση)

Αριστερή  Ολίσθηση 
Ενημέρωση Εκθέτη ή
Στρογγυλοποίηση

Αριστερή ή Δεξιά Ολίσθηση
κατά μια θέση (Mux Logic)
Ενημέρωση Εκθέτη

Επιλογή 
MUX

Μακρινό
Μονοπάτι

Σύντομο
Μονοπάτι

!"#$%& .(3) Le9IHJM5:D MHCA fIR:H5GH;A:GJ k;A;B G9: ?:W8;B k;A;W9H:;B>

SA⊕C ′
out Cout

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD



a` 456789:; T

Two’s Compement
Adder/Subtractor

Right1/Left1
MUX

LZC

Exponent 
Difference

E
A

E
B

Swap

M
A
=1.F

A
M

B
=1.F

B

d

sign(d)

Right Shifter
GRT

MUX

Round

eff. op.

round 
mode

ovf

Special
Cases

rnd_ovf

Sign

S
A

S
B

S
Z

Inexact, zero, ±∞,NaN

Right1
MUX

MUX

Exponent
Update

Exponent
Update

Left Shifter
Exponent

Update

Round

lead
zeros

lead
zeros

d

close = sub και 
d=0 ή d=1 

E
Z
, 1.F

Z

Μακρινό Μονοπάτι Σύντομο Μονοπάτι

Two’s Complement

Two’s Compement
Subtractor

negative
Mux

sign(d)

close

!"#$%& .(4) QI\Mc5MC 4:ACHJD ~W;F:9MH;8JD � ~8;W;dCMC ?:W8;B k;A;W9H:;B>

SA + close(SA ⊕ C ′
out )

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD aa

e76;$&- g1$.2+7"*2*

N&331/312#12+,- }Svu vv@}m CA

!$"&#2+,- e&)&Z e&)&/1+#&Z ju~} vu@�S CA

!$"&#2+,- :#/3&Z e&)&/1+#&Z Sjj~ }@lm CA

*+%&#&, .('5)k]N5c;D G9: 9W\F;MC HOA� W;889W89M:9MHJi 9cI;:MHJ V;A;B V;A;W9H:;B G9: 9cI;:MHJ F:W8;B
V;A;W9H:;B>

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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!"

#"

$"

%"

&"

'"

("

)"

*"

+"

#!"

##"

#$"

!"

#!!!"

$!!!"

%!!!"

&!!!"

'!!!"

(!!!"

)!!!"

*!!!"

,-../0./12/1345" 678-21345"9-:-;"

9-:-0/32-;"

678-21345"<20.-;"

9-:-0/32-;"

!
"
#
$
%
&'
(
)
%
)
*+
,
-.
*

/
'
0
1
#
2
3*
+4
5
6
1
3*
7
8
7
9
*:
;
<
.*

9=>?7-5" @/7A13=8B1B"

!"#$%& .('5) =I96:GJ 9A9W9I7MH9MC HOA R9I9GHCI:MH:GXA H;P V5N]c;PD G9: HCD G9cPMH]ICMCD>

!"#$%&'()"� 0.510 = 1.000 × 2−1 −0.437510 = −1.110 × 2−2

01110000

01.110000

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD <b<

1.110|000
|

|

1.000 × 2−1 × (−1.110) × 2−2 = −1.110 × 2−3 = −0.2187510

A B

(SA, EA, FA) (SB , EB , FB)

A B

(EA + B) + (EB + B) − B = EA + EB − B

SA ⊕ SB

⊕

m = f + 1
2 × m = 2 × (f + 1) f + 1

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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A B

A ∈ [1, 2) B ∈ [1, 2) ⇒ A × B ∈ [1, 4)

2×m m+2

P

P1P0.P0P1 . . . Pm−2Pm−1PmPm+1 . . . P2m−2

P1 = 0

Pnormalized = P0.P0P1 . . . Pm−2L|GT

L L = Pm−1 G G = Pm T

T = Pm+1 + Pm−2 + . . . + P2m−2 +

P1 = 1

Pnormalized = P1.P0P0P1 . . . Pm−3L|GT

L L = Pm−2 G G = Pm−1

T T = Pm + Pm+1 + . . . + P2m−2

±∞

1.F0F1 . . . Ff−2L|GT

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD <bT

× −∞ +∞
−∞ +∞ −∞
−0 +0 −0
+0 −0 +0
+∞ −∞ +∞

*+%&#&, .('') L:F:G]D U:V]D G9: W;889W89M:9MV\D G:ACHJD PW;F:9MH;8JD>

L |

L

GT + GT ′L = G(T + L) = 1

G T

+∞
L

S′(G + T )

−∞
L

S(G + T )

G+T = 1

±0 ±∞

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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XOR Exponent
Addition Multiplier

m x m

Bias 
Subtraction

Right Shift
G T

Exponent 
Update

Round

S
A

S
B

Bias

E
A

E
B M

A
=1.F

A
M

B
=1.F

B

rnd_mode

S
Z

E
Z

M
Z
=1.F

Z

Special
Cases

Inexact, zero, ±∞,NaN

2*m bits

m + 2 bits

!"#$%& .('') ~8;W;dCMC Q;889W89M:9MV;B G:ACHJD PW;F:9MH;8JD>

B = 127
B = 1023

B = 127 B + 1 = 128

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD <bZ

Exponent
Addition

Bias 
Subtraction

Bias

E
A

E
B

Exponent
Adder

1

E
A

E
B

7

!"#$%& .('-) �58H:MH;W;:CV]A;D PW;8;N:MV\D H;P 9cI;dMV9H;D HOA 5Gc5HXA gM5 W;8OV]AC V;I6Jh>

A B

(SA, EA, FA) (SB , EB , FB)

A B

(EA − B) + (EB − B) + B = EA − EB + B

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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SA ⊕ SB

q0.q1q2 · · ·

A B

A ∈ [1, 2) B ∈ [1, 2) ⇒ A ÷ B ∈ (1/2, 2)

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD <b_

÷ −∞ +∞
−∞ +∞ −∞
−0 +∞ −∞
+0 −∞ +∞
+∞ −∞ +∞

*+%&#&, .('-) L:F:G]D U:V]D G9: F:9dI5MC G:ACHJD PW;F:9MH;8JD>

±∞

±∞ ±∞

!"#$%&'()"�

1.00 . . . 00 × 2128 = 210 1.010 . . . 00 × 2129 = 510

−1

0.11001100110011001100110‖011

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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XOR Exponent
Subtraction Divider

Bias 
Addition

Left Shift
G T

Exponent 
Update

Round

S
A

S
B

Bias

E
A

E
B M

A
=1.F

A
M

B
=1.F

B

rnd_mode

S
Z

E
Z

M
Z
=1.F

Z

Special
Cases

Inexact, zero, ±∞,NaN

!"#$%& .('.) ?:9dI5MC G:ACHJD PW;F:9MH;8JD>

‖ G,R, T

1.10011001100110011001100‖11

‖
1.10011001100110011001101 × 2125 = 0.40000000596046410

(SA, EA, FA)

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD <ba

√
2EA = 2EA/2 EA

√
1.FA × 2EA =

√
1.FA × 2EA/2 =

√
1.FA × 2(EA−1)/2 × 21/2 =

√
1.FA × 2 × 2(EA−1)/2

1.FA ∈ [1, 2) 2 × 1.FA ∈ [2, 4)

1 ≤ 1.FA < 4 ⇒ 1 ≤
√

1.FA < 2

±∞

z = q2 + s q s

s = z − q2

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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+∞ +∞

!"#$%&'()"�

1.00101 . . . 00 × 2132

10.0101 . . . 00
1.10000101010010111111101‖1

‖

1.10000101010010111111110 × 22 = 6.0827627182006810

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD <<<

±∞

!"#$%&'()"�

S = 0 E = 100011112 = 14310

F = 11110000111100001111111
B = 127

111110000111100012 = 12721710

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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!"#$%&'()"�

S = 0 E = 100111002 = 15610 F = 00000000011110000111101

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



fI:cVCH:GJ 4:ACHJD ~W;F:9MH;8JD <<T
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<<Y 456789:; T

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ





<<^ 456789:; Y

N&331/312#12+,- �Lh�OQ N&2&2+G g[3.�*- \"G)&- 4(+73;2*-

�Lh�OQ�vj@ m� ��cj}� S s ~l aRC

��cSm� S~ s v� aRC

�Lh�OQ�jm@ �� �}cl�� vj} s � aRC

*+%&#&, /(') Q5:I9V9H:G7 9W;H58]MV9H9 H;P MPMHJV9H;D n/+)1&%$ N:9 HCA F;G:VJ HOA W;889W89M:9MHXA
G:ACHJD PW;F:9MH;8JD>

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



?;G:V9MH:G\HCH9 � 9A7WHPeC F:9APMV7HOA F;G:VJD N:9 V;A7F5D G:ACHJD PW;F:9MH;8JD <<_

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD



<<` 456789:; Y

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



?;G:V9MH:G\HCH9 � 9A7WHPeC F:9APMV7HOA F;G:VJD N:9 V;A7F5D G:ACHJD PW;F:9MH;8JD <<a

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



?;G:V9MH:G\HCH9 � 9A7WHPeC F:9APMV7HOA F;G:VJD N:9 V;A7F5D G:ACHJD PW;F:9MH;8JD <3<

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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!"#$%& /(') fcI;:MHJD�f69:I]HCD FB; V;A;W9H:XA

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



?;G:V9MH:G\HCH9 � 9A7WHPeC F:9APMV7HOA F;G:VJD N:9 V;A7F5D G:ACHJD PW;F:9MH;8JD <3T

N+3 N

$"(s $"(�

$"(s

$"(s

sigA = 1.fp−1fp−2 . . . f1f0‖000

p p = 23
p = 52

$"(�

G R T

T

$"(�

sigB =






1.fp−1 . . . f1f0‖000 d = 0

0.1fp−1 . . . f2f1‖f000 d = 1

0.01fp−1 . . . f3f2‖f1f00 d = 2

0.001fp−1 . . . f4f3‖f2f1f0 d = 3

0.0 . . . 0︸ ︷︷ ︸
d

1fp . . . fd‖fd−1fd−2T d ≥ 4

T = (fd−3 + . . . + f0)
d

$"(s $"(�

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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X

X = x1x0.fp−1fp−1 . . . f1f0‖GRT

x1

SA ⊕ SB = 0 x1 = 1
X

−→
Y

−→
Y =

1.x0fp−1 . . . f1‖f0G(R + S) −→p

SA ⊕ SB = 1
x1 = 0 X

X
←−
Y = 1.fp−1fp−2 . . . f0G‖RS0 ←−p

−→p ←−p
X

Y

Z
−→
Z

←−
Z Y

−→
Y

←−
Y

‖

r −→r ←−r

r = G(R + T + f0) −→r = f0(f1 + G + R + T ) ←−r = R(G + T )

COV = 1.00 . . . 00
223 252 rOV

1.F

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



?;G:V9MH:G\HCH9 � 9A7WHPeC F:9APMV7HOA F;G:VJD N:9 V;A7F5D G:ACHJD PW;F:9MH;8JD <3Z

rOV = 0 rOV = 1

1.F =






(Z + r)(1 −−→p −←−p ) + (
←−
Z + ←−r )←−p + (

−→
Z + −→r )−→p rOV = 0

Z + 1 = COV ,
←−
Z + 1 = COV ,

−→
Z + 1 = COV rOV = 1

E e

E = e + −→p −←−p + rOV

(E, 1.F ) = (E, 1.F )faulty

f

←−p = ←−pf , −→p = −→pf

rOV = rOV
f = 0

|Z − Zf | = 0, r = rf

|Z − Zf | = 1, r /= rf

←−p =
−→p = 0 ←−p = 1 Z,Zf , r, rf

←−
Z ,

←−
Zf ,←−r ,←−rf . −→p = 1

f

E = Efaulty 1.F = 1.Ffaulty

←−p = −→p = 0

E1 = e + rOV

−→p +←−p = 1

UVJV9 Q8CI;6;I:GJD E Q9A5W:MHJV:; Q5:I9:XD
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E2 = e + 2−→p − 1 + rOV = e − 2←−p + 1 + rOV

E = Efaulty

E1 = E1
faulty, E2 = E2

faulty

E2 = E1
faulty, E1 = E2

faulty

E1 = E1
faulty

E1 = E1
faulty ⇒ e + rOV = e + rOV

f ⇒ rOV = rOV
faulty

(←−p ,−→p , rOV ) = (0, 0, 0) (←−pf ,−→pf , rOV
f ) = (0, 0, 0)

(←−p ,−→p , rOV ) = (0, 0, 1) (←−pf ,−→pf , rOV
f ) = (0, 0, 1)

E2 = E2
faulty

−→p + ←−p = 1
←−p 1 −−→p

E2 = E2
faulty ⇒ e + 2pR − 1 + rOV = e + 2pR

f − 1 + rOV
f ⇒ 2(pR − pR

f ) = rOV
f − rf

(←−p ,−→p , rOV ) = (0, 1, 1) (←−pf ,−→pf , rOV
f ) = (0, 1, 1)

(←−p ,−→p , rOV ) = (1, 0, 0) (←−pf ,−→pf , rOV
f ) = (1, 0, 0)

−→p 1 −←−p

E2 = E2
faulty ⇒ e − 2←−p + 1 + rOV = e− ⇒ 2(←−p −←−pf ) = rOV − rOV

f

(←−p ,−→p , rOV ) = (1, 0, 1) (←−pf ,−→pf , rOV
f ) = (1, 0, 1)

(←−p ,−→p , rOV ) = (0, 1, 0) (←−pf ,−→pf , rOV
f ) = (0, 1, 0)

E2 = E1
faulty

←−p 1 −−→p

E1
faulty = E2 ⇒ e + rOV

f = e + 2−→p − 1 + rOV ⇒ 2−→p = rOV
f − rOV + 1

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



?;G:V9MH:G\HCH9 � 9A7WHPeC F:9APMV7HOA F;G:VJD N:9 V;A7F5D G:ACHJD PW;F:9MH;8JD <3_

(←−p ,−→p , rOV ) = (0, 1, 0) (←−pf ,−→pf , rOV
f ) = (0, 0, 1)

(←−p ,−→p , rOV ) = (1, 0, 1) (←−pf ,−→pf , rOV
f ) = (0, 0, 0)

−→p 1 −←−p

E1 = E2
faulty

←−p 1 −−→p

E1
faulty = E2 ⇒ e + rOV = e + 2−→pf − 1 + rOV

f ⇒ 2−→pf = rOV − rOV
f + 1

(←−p ,−→p , rOV ) = (0, 0, 1) (←−pf ,−→pf , rOV
f ) = (0, 1, 0)

(←−p ,−→p , rOV ) = (0, 0, 0) (←−pf ,−→pf , rOV
f ) = (1, 0, 1)

−→p 1 −←−p

(←−p ,−→p , rOV ) (←−p ,−→p , rOV )faulty

E = Efaulty

(←−p ,−→p , rOV ) (←−p ,−→p , rOV )faulty

v <u@ u@ uD <u@ u@ uD

j <u@ u@ vD <u@ u@ vD

S <u@ v@ vD <u@ v@ vD

m <v@ u@ uD <v@ u@ uD

~ <v@ u@ vD <v@ u@ vD

l <u@ v@ uD <u@ v@ uD

} <u@ v@ uD <u@ u@ vD

� <v@ u@ vD <u@ u@ uD

� <u@ u@ vD <u@ v@ uD

vu <u@ u@ uD <v@ u@ vD

*+%&#&, /(-) [: 8BM5:D HCD :M\HCH9D E = Efaulty

1.F = 1.Ffaulty

←−p = ←−pf = −→p = −→pf = 0
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rOV = rOV
f = 0 f

1.F = 1.Ff ⇒ Z + r = Zf + rf ⇒ |Z − Zf | = |r − rf | ⇒
{

0 r = rf

1 r /= rf

f

←−p = ←−pf
−→p = −→pf

rOV = rOV
f = 1

Z + 1 = Zf + 1 = COV

−→p = ←−p = 0
−→
Z ,

−→
Zf

−→p = 1
←−
Z ,

←−
Zf

←−p = 1

←−p = ←−pf = 1
rOV = rOV

f = 1
f

1.F = 1.Ff ⇒ ←−
Z + 1 =

←−
Zf + 1 = COV

f

←−p = ←−pf = 0
−→p /= −→pf

rOV /= rOV
f

−→
Z = Zf + 1 = COV

Z + 1 =
−→
Zf = COV
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−→p = 1 rOV = 1 −→p = 0
rOV = 0

−→p = 0 rOV = 0
1.F =

−→
Z

←−pf = −→pf = 0
rOV
f = 1 1.Ff = Zf + 1 = COV

f

1.F = 1.Ff ⇒ −→
Z = Zf + 1 = COV

f

←−p /= ←−pf , −→p =
−→pf = 0

rOV /= rOV
f

←−
Z + 1 = Zf = COV

Z =
←−
Zf + 1 = COV

←−p = 1 rOV = 1 ←−p = 0
rOV = 1

←−pf rOV
f = 1

1.Ff = ZL
f +1 = COV

←−p = −→p = 0
1.F = Z f

1.F = 1.Ff ⇒ Z = ZL
f + 1 = COV
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E = Efaulty

f

f

f

N +1 N

$"(s

$"(� $"(s $"(�

$"(s $"(�

sigA = 1.fp−1fp−2 . . . f1f0‖0

sigB =






1.fp−1 . . . f1f0‖0 d = 0

0.1fp−1 . . . f2f1‖f0 d = 1

p d
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X

X = x0.fp−1fp−2 . . . f1f0‖R

Y

X

Y = 2LZC(X)X

Y

Y

Z Y R

‖

1.F = Z + r

r

E = e − LZC(X)

(E, 1.F ) =
(E, 1.F )faulty

f

LZC(X) = LZC(Xf )
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|Z − Zf | = 0, r = rf = 0

|Z − Zf | = 1, r /= rf

f E = Ef 1.F = 1.Ff

E = Ef ⇒ e − LZC(X) = e − LZC(Xf ) ⇒ LZC(X) = LZC(Xf )

f

1.F = 1.Ff ⇒ Z + r = Zf + rf

r = rf = 0 |Z − Zf | = 0 r /= rf

|Z − Zf | = 1
r = rf = 1 f

Z + 1 = Zf + 1 ⇒ 0X/21 = 0Xf/21 ⇒ X − X mod 2 = Xf − Xf mod 2

X Xf X mod 2 = Xf mod 2 = 1 X /= Xf

N + 2
N

N +1

a b

1 ≤ a < 2

1 ≤ b < 2




 ⇒ |a − b| < 1

1 ≤ a < 2

0.5 ≤ b < 1




 ⇒ 0 < |a − b| < 1.5
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w

w

w =






1.0fp−1fp−2 . . . f1f0, LZC(w) = 0

0.0 . . . 0︸ ︷︷ ︸
LZC(w)

fp−1fp−2 . . . fLZC(w), LZC(w) /= 0

p

f

|Z − Zf | = 0, r = rf = 0

|Z − Zf | = 1, r /= rf

N +1 N
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f

1.FA < 1.FB

f

|EA − EB | = 0
|EA − EB | = 1

1 ≤ A < 2

0.5 ≤ B < 1




 ⇒ 0 < A − B < 1.5

1.FA − 1.FB < 0 ⇒ 1.FA < 1.FB

|EA − EB | = 0
G

f

f

E = Ef 1.F = 1.Ff

f

E = Ef ⇒ e − LZC(X) = e − LZC(Xf ) ⇒ LZC(X) = LZC(Xf )

X Xf

1.F = 1.Ff ⇒ Z + r = Zf + rf
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Z r

f X

a b

1 ≤ a < 2

1 ≤ b < 2




 ⇒ 0 < |a − b| < 1

r = 0 Xf

LZC(X) = LZC(Xf ) /= 0
rf = 0

X Xf f

Z = Zf ⇒ Y = Yf ⇒ 2LZC(X)X = 2LZC(Xf )Xf

X /= Xf LZC(X) = LZC(Xf )

N N

f

f

LZC(1.FA − 1.FB) = 0

1.FA = 1.x22x21 . . . x2x10 1.FB = 1.x22x21 . . . x201
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1.FA = 1.x22x21 . . . x11 1.FB = 1.x22x21 . . . x211

f

LZC(1.FA − 1.FB) = 0 |EA − EB | = 1
|EA − EB | = 0

1 ≤ A < 2

1 ≤ B < 2




 ⇒ 0 < |A − B| < 1

B 1.FB

0‖0 0‖1
1‖1

1‖0 1‖1
1‖1 ‖ G

f

Z

f

N

N

f

|EA − EB | = 24 |EA − EB | = 53
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1.FB = 1.11 . . . 11

A

B 1.FB

G,R, T

B 1.FB = 0.00 . . . 00‖111

G(R + T + f0) = 1

A 1.FA 1.FB

f

f

A 1.FA = 1.00 . . . 00
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B 1.FB = 1.11 . . . 11

|EA − EB | = 1

11 . . . 11
00 . . . 00

GRS

1.00 . . . 00‖000

+ 0.11 . . . 11‖100

1.11 . . . 11‖100

G(R + T + f0) = 1

f

f

A B

f

00 . . . 00 11 . . . 11
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|EA − EB | = 0

f

E = Efaulty ⇒ e + −→p −←−p + rOV = ef + −→pf −←−pf + rOV
f

−→p ←−p rOV

e = ef

G,R, T

N + 1
K

K

N + 3
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!"!#

$"

!%!"

$%

!&!%

$&

!'!&

$'

$"$(

$"

$%$#

$%

$&$"

$&

$'$%

$'

)")*

+"

)%),

+%

)&)(

+&

)')#

+'

+"+&&

-"

+%+&'

-%

+&+.

-&

+'+/

-'

'!'

$0&

$0&$&

)0&

)0&)"

+0&

$' '

)0%

)% )0%

+0%

+, +0%

-0%

1

2)&3)'3)0&3)0%4

2+(3+#35553+0&3+0%4

2-&"3-&%35553-0&3-0%4

#

&,

/

6%

6&

6"

6#

$0&

+0&

-0&

+*

-"-&.

7"8

-%-&/

7%

-&-&*

7&

-0&

9

-&( -0%

:

-&#-'-&,

7'

6%

6&

6"

6#

6' ;&

;"

;%

;#

!"#$%& /(-) [8:McCHJD WI;EG9A;A:G;W;dCMCD V9GI:A;B V;A;W9H:;B G9: N]AACMC uC6dOA 6I;PIXA G, R, T >

y yf x ± y

x ± yf

yf

x ± y = x ± yf ⇒ y = yf
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Διάνυσμα Δοκιμής

 Εναλλακτικό
Διάνυσμα Δοκιμής

Συνθήκη
Παρατηρησιμότητας

?

Συνθήκη 
Ελεγξιμότητας

?

Συνθήκες
Δοκιμαστικότητας

Ναι

Ναι

Οχι

Οχι

Εφαρμόσιμο 
Διάνυσμα Δοκιμής

!"#$%& /(.) Le9NONJ F:9APMV7HOA F;G:VJD V5 MPAcJG5D F;G:V9MH:G\HCH9D>
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� �

<uuu�uu vuu�uuD

<uuu�uu uvu�uuD

<uuu�uu uuv�uuD

� �

<uuu�uu uuu�uvD

A

B

$"(s

$"(s

00 . . . 00
A

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



?;G:V9MH:G\HCH9 � 9A7WHPeC F:9APMV7HOA F;G:VJD N:9 V;A7F5D G:ACHJD PW;F:9MH;8JD <YT

$"(�

0 3F

X Xf

X = 1.00000000000000000000000‖(GRS = 000)

Xf = 0.11111111111111111111111‖(GRS = 110)

←−p = −→p = 0 r = 0
←−pf = 1

G(R + S + f0) = 1
rOV
f = 1

1.00 . . . 000 = COV

1.00 . . . 000 = COV
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K1,K2,K3 K4

f

G(L + R + T ) L

G = 1 L = R = 0

{(S1, d−1) =
(01), (10), (11)}

�L z�a]`= q <_@ �@ �D �L z�a]`= � <_@ �@ �D

u@ uuuuvvvv@ uu�uu u@ uuuuvvvu@ uu�uuv

u@ uuuuvvvv@ uu�uu u@ uuuuvvuv@ uu�uvu

u@ uuuuvvvv@ uu�uu u@ uuuuvvuu@ uu�vuv

A

|EA −
EB | = 2l +2 l, l ≥ 2,

A 00 . . . 00 2l + 2
B

B 2i i = 0, 1, . . . , l

2l + 1
K3

23 + 1 = 9
|EA − EB | = 23 + 2 = 10

K3

K5
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�L z�a]`= q <_@ �@ �D �L z�a]`= � <_@ �@ �D

<u@ uuvvvvvv@

jS ]RQAz }| {
u�uD <u@ uuvvuvuv@

vS ]RQAz }| {
u�u�v�uuuuuuuuuD

<u@ uuvvvvvv@ u�uD <u@ uuvvuvuv@ u�u�v�uuuuuuuuvD

<u@ uuvvvvvv@ u�uD <u@ uuvvuvuv@ u�u�v�uuuuuuuvuD

<u@ uuvvvvvv@ u�uD <u@ uuvvuvuv@ u�u�v�uuuuuuvuuD

<u@ uuvvvvvv@ u�uD <u@ uuvvuvuv@ u�u�v�uuuuuvuuuD

<u@ uuvvvvvv@ u�uD <u@ uuvvuvuv@ u�u�v�uuuuvuuuuD

<u@ uuvvvvvv@ u�uD <u@ uuvvuvuv@ u�u�v�uuuvuuuuuD

<u@ uuvvvvvv@ u�uD <u@ uuvvuvuv@ u�u�v�uuvuuuuuuD

<u@ uuvvvvvv@ u�uD <u@ uuvvuvuv@ u�u�v�uvuuuuuuuD

*+%&#&, /(.) U9 }5BNC F:9APMV7HOA F;G:VJD N:9 H; }5BN;D WP8XA W;P MRCV9Hd};PA H; uC6d; K3>

25 + 1 = 33
|EA − EB | = 25 + 2 = 34 A

00 . . . 00 B

( 0 . . . 0︸ ︷︷ ︸
18−

[1]00 . . . 00)

(0 . . . 0[1]0 . . . 01), . . . , (0 . . . 0[1]010 . . . 00)

←−p = −→p = ←−pf = −→pf = 0

r = 0 rf = 1 r = 1 rf = 0
|Z −Zf | = 1

Z Z

Z = Zf
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d/&%&)[01 _Lb�L>??`= WLb�Lq??`=

oBC�bq lu vjj
oBC�b� lu vjj
_n>r SS} ~}v

�>=bL>Qs
_sR�Q KX_ Sl� �jm
q??`=b_�]Q=>�QB= mSu �jm
��rc iC�wW`� ~� �S
LBAQCB=a>OR�`= �� v�~
XB�C? _R^c iC� S� ~m
XB�C? ��rc iC� vv} jl}

oOBA`bL>Qs
L=`CB=a>OR�`= ~~ vjj
_�]Q=>�QB= Su~ l�~
z`^>QB= � hM� v�l mSm
��o vv� jl~
�`�Q _sR�Q`= SSS �lm
��rc _�]Q=>�QB= Su~ vS�
XB�C? _R^c iC� vu~ j~}

L>Qs _`O`�Q �S vlu
���`rQRBC vv� jvu

{BQ>O Sjj~ l�l�

*+%&#&, /(/) fW;H58]MV9H9 MBAc5MCD MHC K:K8:;cJGC onvq b><`w2>

±∞

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



?;G:V9MH:G\HCH9 � 9A7WHPeC F:9APMV7HOA F;G:VJD N:9 V;A7F5D G:ACHJD PW;F:9MH;8JD <Y_

_Lb�Lq??`= WLb�Lq??`=

N3,$&- ;31++9%[+9) vjcju� jlcS~u

N3;&)[�&)+1 ;31++J%1+1 %G)#%*- +#%,- ju� jlS

N3;&)[�&)+1 ;31++J%1+1 (1$.2+7"*2*- %;+[f12*- vlv jjS

*+%&#&, /(0) SH9H:MH:G7 MH;:R5d9 MR5H:G7 V5 H; W8Jc;D HOA 589HHOV7HOA>

!
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oBarBC`CQ z>a` _Q���bqQ {=>CARQRBC W`O>P
_Lb�Lq??`= WLb�Lq??`= _Lb�Lq??`= WLb�Lq??`=

oBC� q ! vuucuu vuucuu vuucuu vuucuu
oBC� � ! vuucuu vuucuu vuucuu vuucuu
_n>r ! ��c}~ ��cu� ��cl~ �}c�l

�>=bL>Qs
_sR�Q`= KX_ ! ��clm ��c}� ��clS ��c}�
q??`=w_�]Q=>�QB= ! ��c�u ��c�~ ��c�� ��c�~
��r iC�wW`� ! vuucuu vuucuu �}clj �~c�S
LBAQCB=a>OR�`= ��cvu ��cu~ �}c}S ��cS�
XB�C? _R^ iC� ! ��cju ��c}� ��cju ��c~~
XB�C? ��r iC� ! vuucuu ��c}u ��c�� �mcmm

oOBA`bL>Qs
L=`CB=a>OR�`= vuucuu vuucuu vuucuu vuucuu
_�]Q=>�QB= ! vuucuu vuucuu vuucuu vuucuu
z`^>QB= � h�� ! vuucuu vuucuu vuucuu ��c�~
��o vuucuu ��c}� ��c}l ��cm}
�`�Qb_sR�Q`= ! �}c�j ��c}} �}clm ��cll
��r _�] ! �}cj} }lcv~ �}c~v }mcju
XB�C? _R^ iC� ! vuucuu vuucuu ��c}u vuucuu

L>Qs _`O`�Q �}c~m �}cm} �~cm� �Sc}l
���`rQRBC MCRQ ��c�j �}cS� �vc}m �jcv�

{BQ>O ��cu� �}c�m �}cm� �}cS�

*+%&#&, /(1) Q;M;MH7 G78PuCD 589HHOV7HOA V\A:VCD H:VJD g$&w+�E1&h G9: G9cPMH]ICMCD V5H7K9MCD g&)1y$"E
&"/y *%!1�h N:9 9cI;:MH]D G:ACHJD G9: F:W8JD 9GIdK5:9D gx0Ep0s**%)h>

=>?> @5A;B8CD E ?:F9GH;I:GJ ?:9HI:KJ



?;G:V9MH:G\HCH9 � 9A7WHPeC F:9APMV7HOA F;G:VJD N:9 V;A7F5D G:ACHJD PW;F:9MH;8JD <Ya

_Q���bqQ {co<�D {=>CARQRBC W`O>P {co<�D
L>QQ`=CA _Lb�Lq??`= WLb�Lq??`= _Lb�Lq??`= WLb�Lq??`=

vuuu }~cS� mmcuv }jc�u mucmv
vuuuu �jc}l }mc}} �uc~S }~c~j
j~uuu ��cvm �vcml �}cm~ }�cjv
vuuuuu ��c}j �jcul �}c�} }�c}m
~uuuuu ��c~v �jc�} ��c}} �uc��
vuuuuuu ��c}m �Scm~ ��cuu �vcmj

*+%&#&, /(2) Q;M;MH7 G78PuCD 589HHOV7HOA HOA u5PF;HPR9dOA F:9APMV7HOA F;G:VJD>

!"#$%&

!'#%(&

"!#!)& "!#)'&
"!#*"& "$#"%&

!"#

!$#

!%#

%&#

%'#

%"#

%$#

%%#

(&#

('#

("#

($#

(%#

)&&#

*+,-+.//01# 2+,-+.//01#

+
,
-
,
-
./
&0
1
2
3
4
5
6&
7
2
8
..
9
:
1
.9

;
&<
=>
?
>&
@
A&
&

B
CD
EF
GH
C&
IH
D
JC
&K

L
M
N
J&

+304/5,167/58#

.9+:#

+15;530/#

!"#$%& /(/) SBNGI:MC W;M;MH;B G78PuCD 589HHOV7HOA N:9 H; V;AH]8; V\A:VCD H:VJD>
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!"#

!$%&'#

"(%!$#

"'%')#

"*%&"# "*%(!#

!"#

!$#

!%#

%&#

%'#

%"#

%$#

%%#

(&#

('#

("#

($#

(%#

)&&#

*+,-+.//01# 2+,-+.//01#

+
,
-
,
-
./
#0
1
2
3
4
5
6#
7
2
8
..
9
:
1
.9

;
#<
=>
?
>#
@
A#
##

BC
D
E
FG
H
I
E
#J
K
LD
M
#N
D
O
LP
#Q

I
K
L#

+304/5,167/58#

.9+:#

+15;530/#

!"#$%& /(0) SBNGI:MC W;M;MH;B G78PuCD 589HHOV7HOA N:9 H; V;AH]8; G9cPMH]ICMCD F:7F;MCD V5H7K9MCD>

�L MCRQ qrr=B>�s _Q���bqQ {=>CARQRBC W`O>P

L>QQ`=CA L>QQ`=CA

_Lb�Lq??`= LA`�?Bb=>C?Ba vuuuuuu vuuuuuu
q{LK mvS ~j~
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