
ΠΑΝΕΠΙΣΤΗΜΙΟ ΠΕΙΡΑΙΩΣ 

 

ΤΜΗΜΑ ΣΤΑΤΙΣΤΙΚΗΣ KAI ΑΣΦΑΛΙΣΤΙΚΗΣ 

ΕΠΙΣΤΗΜΗΣ 

ΜΕΤΑΠΤΥΧΙΑΚΟ ΠΡΟΓΡΑΜΜΑ ΣΠΟΥΔΩΝ 

ΣΤΗΝ ΕΦΑΡΜΟΣΜΕΝΗ ΣΤΑΤΙΣΤΙΚΗ 

 

BAYESIAN MODEL AVERAGING 

 

Εμμανουήλ Παρζακώνης 

Διπλωματική Εργασία 

που υποβλήθηκε στο Τ µήµα Στατιστικής  και Ασφαλιστικής   

Επιστήµης  του  Πανεπιστημίου  Πειραιώς  ως µέρος   των  

απαιτήσεων  γ ια  την  απόκτηση  του  Μεταπτυχιακού  

∆ ιπλώµατος  Ειδίκευσης στην Εφαρμοσμένη Στατιστική   

 

ΠΕΙΡΑΙΑΣ 

ΦΕΒΡΟΥΑΡΙΟΣ 2008 

  



 

 

 

 

 

 

 

 

 

 

 

Η  παρούσα  ∆ιπλωµατική  Εργασία  εγκρίθηκε  οµόφωνα  από  την  Τριµελή  

Εξεταστική  Επιτροπή  που  ορίσθηκε  από  τη  ΓΣΕΣ  του  Τµήµατος  Στατιστικής  και  

Ασφαλιστικής  Επιστήµης  του  Πανεπιστηµίου  Πειραιώς  στην  υπ’  αριθµ. ……..  

συνεδρίασή  του  σύµφωνα µε  τον  Εσωτερικό  Κανονισµό  Λειτουργίας  του  

Προγράµµατος Μεταπτυχιακών Σπουδών στην Εφαρµοσµένη Στατιστική  

  

Τα µέλη της Επιτροπής ήταν:   

- ……………………………….. (Επιβλέπων)  

- ………………………………..  

- ………………………………..  

  

Η  έγκριση  της  ∆ιπλωµατική  Εργασίας  από  το  Τµήµα  Στατιστικής  και  

Ασφαλιστικής Επιστήµης του Πανεπιστηµίου Πειραιώς δεν υποδηλώνει αποδοχή των  

γνωµών του συγγραφέα. 

 



 

UNIVERSITY OF PIRAEUS 

 

DEPARTMENT OF STATISTICS AND INSURANCE 

SCIENCE 

POSTGRADUATE PROGRAM IN 

APPLIED STATISTICS 

 

BAYESIAN MODEL AVERAGING 

by 

Emmanouel Parzakonis 

MSc Dissertation 

submitted to the Department of Statistics and Insurance  

Science of the University of Piraeus in partial fulfillment of  

the requirements for the degree of Master of Science in  

Applied Statistics  

Piraeus, Greece  

February 2008 



 

  



 

 

 

 

 

 

 

 

 

“Can’t escape this line of best fit”  

Death Cab for Cutie - Line of Best Fit 

  



 

 

  



 

 

 

Θα ήθελα να ευχαριστήσω τους γονείς μου για την ευκαιρία που μου έδωσαν να 

σπουδάσω και την «ανοχή» τους αυτά τα 6 χρόνια… 

  



 

  



 

Περίληψη 

 

Συχνά στην ανάλυση δεδομένων αποφεύγουμε (ηθελημένα ή μη) να αναφέρουμε την 

αβεβαιότητα την οποία περιέχει η επιλογή ενός μοντέλου. Αυτή η πηγή αβεβαιότητας όμως 

είναι αρκετά σημαντική όταν ενδιαφερόμαστε για πρόβλεψη κάποιας ποσότητας (π.χ μιας 

νέας παρατήρησης, του κόστους μιας απόφασης). Μια μέθοδος αντιμετώπισης του 

προβλήματος είναι η σταθμισμένη χρήση των καλύτερων (ακόμα και όλων αν είναι δυνατόν) 

των μοντέλων που ορίζονται στο χώρο των μοντέλων που ο αναλυτής θεωρεί ως κατάλληλα. 

Η μπεϋζιανή προσέγγιση στο πρόβλημα είναι η πιο φυσική (απλά τα μοντέλα θεωρούνται ως 

παράμετροι με κάποια εκ των προτέρων  πιθανότητα), αυτή είναι η μέθοδος Bayesian Model 

Averaging. Σκοπός της εργασίας είναι η παρουσίαση του θεωρητικό υπόβαθρου και κάποιων 

πρακτικών αλγορίθμων υλοποίησης της συγκεκριμένης μεθοδολογίας στα γραμμικά μοντέλα. 

 

  



  



 Abstract 

 

It is common to discard the uncertainty employed by the choice of a single model. This source 

of variation is highly significant when the purpose of the analysis is the prediction of a 

quantity of interest (e.g a future observation, the cost of a decision etc.). A way of dealing 

with the aforementioned problem is the use of weighted top (or all if possible) models among 

the class of the models the analyst considers. The bayesian paradigm deals with the problem 

naturally, by simply regarding the models as parameters (therefore assigning them a prior 

probability) and using the method of Bayesian Model Averaging.  

This dissertation aims to present the theoretical background along with practical algorithms in 

the class of linear models. 
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g  (Jeffreys,  Berger & Pericchi, 2001).
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.
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( ) 1
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| , ~ , T

q
N X X

gg g g g gq s g q f s
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+

æ ö÷ç ÷ç ÷çè ø
 (2.2.10)
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 Zellner, .
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,  
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. , 

 « » 

,
i j

b b i j¹ .

,   
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f . 
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f

,  

g
A : 

. , 

g
q .  

 « » . , 

. 

 Bartlett-Lindley,  

 (Bartlett, 1957). , 

.

g
f .

, 2{ , }n p
g

f = . n
g

f =

 Kass  &  Wasserman  (1995)   UIP  (Unit Information Prior).

. 

, n .4

4  ( )
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 Foster & George (1994) 

,  Risk  Inflation  Criterion

(RIC).

 2.2.1
TRUE

g ˆ
TRUE

b  ( ) 

. g  ,  Risk Inflation Criterion 

ˆ ˆ( ) sup{ ( , ), ( , )}
TRUE

RIC R R
g

b
g b b b b= ,

ˆ ˆ( , ) : | |R E X Xg b gb b b b= -  (predictive risk).

 Foster & George (1994)  minimax 

, 2pgf = .

 Fernandez et al. (2001) 

gf . 

,  :

( ) ( )
1/

3 2

1/ 1/

log
 ,  ,  ,  ,  , log ,  ,  ,

log 1 1

q

q q

n n n n c
n n n p

q q qp c

g

g g
g g g

d

d

-

+ -

2max{ , }n p
g

f = .  ,  

 Zellner  benchmark prior.

, 

Zellner, 

.  Zellner (1986) 

g . 

,a s .  NG , 2s , 

a . , 
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 (Ghosh, 2008).  Zellner 

,a s . 

( )2 2

2

1
, , , 0,p a s a s

s
µ Î > (2.2.11)

 (2.2.8) gq .  H   Zellner  

 NG 0.n ®  NG 

 ( gq ),  

 Zellner , gf !
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 Raftery et al. (1997). 
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,  
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 « »

, .

 Raftery et al. (1997)  

NG 2,gq s G . 

1 0T C = ,

.

 NG, S
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 Raftery et al. (1997) 
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 , ( )2|
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p q s  « »  
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ˆ
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(3.1.2)

1 2
, ,...,

p
b b b

( )
( )

1 2

1

1 2

1 2
1

1 2

1
1

0, 0,..., 0

1, 1,..., 1
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 3-1 :  (3.1.2)
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2 1
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1

10u = . , 0.05k =

2Pr( 1) 0.81s £ =
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 ( 2s ) . 
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q  ( ) t

( 1)n qg- + .

 Raftery et al. (1997)  (2.2.9) 

2 /2 /2 1/2[( ) / 2]
( | , , , ) ( ) | |
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.
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3.1.2 Zellner 

 Raftery et al. (1997) 

 Zellner, 

Clyde (1999), Liang et al. (2008)  Fernandez et al. (2001) 

 «  Zellner»  

 Hoeting,

Raftery  Madigan.

 Zellner  ,  f . 
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f

 ( . 4).

 Zellner  
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2 1
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1 1
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f f
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3.3.1 To 

-« ».

 (Occam’s Window) 

 Madigan & Raftery (1994) .

 1: Occam’s Window 1)

 1. .

 2.
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max |
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y
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g p g
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ì üï ï¢ï ïï ï¢ ¢= $ Î G Ì >í ýï ïï ïï ïî þ
B

 4. ¢G = -A B .

.  

 (

). , . 

 branch & bounds (  leaps & bounds)  Furnival & Wilson (1974) 

 ( 1).3

r q  ( 2R )  .4

,g g ¢

3

sweep .  Miller (2002) 
.

4 R leaps.
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SSE SSEg g ¢³ q qg g ¢£ g
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 (Schwarz, 1978).
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 3-2 :  

,  3-2 

,g g ¢ q qg g ¢£ .  « » 

g . ,  « » 

g ¢ .  , 

 (posterior odds) , 

.   3-2   

.

, g

.

 Raftery et al. (1997).

3.3.2 BMA 

. 

 BIC, 

 (Generalized Information Criteria) ,

 3.2.1 2: log(1 )GIC n R aqg g= - + , a

g lim 0
n

a
n®¥

=  (Nishii,

1984).

,
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g g ¢
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|
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Y

p g
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a lim
n

a
n®¥

AIC 2 0

BIC logn 0

HC(c) log logcq ng 0

 3-1 :  3.2.1

( ) 1
| exp

2
p y GIC gg

æ ö÷ç ÷µ -ç ÷ç ÷çè ø
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GIC
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æ ö÷ç ÷-ç ÷ç ÷çè ø
æ ö÷ç ÷-ç ÷ç ÷çè ø
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 Noble (2001) .
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  G

 BIC G ,

0

1
exp ( log )

2
( ) .

1
exp ( log )

2

a q

j

q a n

q
j a n

j

g

g

g

p g

=

ì üï ïï ï- -í ýï ïï ïî þ=
æ ö ì üï ï÷ç ï ï÷ç - -í ý÷ç ÷ ï ïç ÷çè ø ï ïî þ

å
. (3.3.1)

,   (3.1.3),  

 GIC.

 3.3.2
j

X , 1,2,...,j p= , 

g Î G w , G
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 GIC   

* log 2 log
1

w
a n

w

æ ö÷ç ÷= - ç ÷ç ÷ç -è ø

G .

G .

j
X , 1,2,..., ,j p=

. 

( )

( )

1
exp log

2
.

1
1 exp log

2

a n

w

a n

ì üï ïï ï- -í ýï ïï ïî þ=
ì üï ïï ï+ - -í ýï ïï ïî þ

(3.3.2)

 3.2.1 a Î . 

a w

n , .

w n a w n a

0.2 20 5.76832 0.4 20 3.80666

50 6.68461 50 4.72295

100 7.37776 100 5.4161

0.3 20 4.69033 0.65 20 1.75765

50 5.60662 50 2.67394

100 6.29977 100 3.36709
 3-2 :  GIC -  (

)
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 3-3 : 

n ® ¥ 2,a = log logcq ng

 (3.3.2)  1. , loga n= , 

j
X , 1,2,..., ,j p=  0.5
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.

 Zellner.  Fernandez et al. (2001)

0 2 4 6 8 10

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

w



45

f

 ( )   (

 3-3).

a f

AIC 2 0,255

BIC logn n

HC(1) log(log )q ng
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n
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HC(3) 3 log(log )q ng
3(log )n

 3-3 :  –  Zellner

3.3.3 

1 
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bounds. , 20p ³ . 

, 
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.  

.
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. 

.  Markov  Chain Monte  Carlo
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, 

G
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.
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,  « » . 

 (transition  jump distribution),

( )|j g g¢ .

( ) 1
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p
g g¢ =  (3.3.3)

1

1.
p

i i
i

g g
=

¢ - =å

 :

/+ -  (  Add/Drop): i .
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.

.
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1
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p q q
g g

g g¢ =
-

(3.3.4)

1

2.
p

i i
i

g g
=

¢ - =å

«  (  Swap): i

g . , 

i ¢ g . 

,i i¢ . ,g g¢

.

 (

)  Green (1995).
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( )
( )

( )
( )
,

| , | |
( , ) 1

| , | |

| , , ,

| , , ,

p y j
a

p y j

u h

u d

g g

g g

g g g g

g g

q g p q g p g g g
g g

q g p q g p g g g

j q g g q g

j q g g q g

¢ ¢

¢ ¢

¢ ¢ ¢ ¢
¢ = Ù

¢

¢ ¢ ¶
´

¢

5

 5. g g ¢=

g .

 « »    -

 (proposal density), ( | , , )u gj q g g ¢ . , 

,
:

q q
h g g

g g g g
¢ -

¢ ¢Q ´Â ® Q

, gq ¢ . ,
hg g ¢

5 min( , )x y x yÙ = max( , )x y x yÚ = .
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, 

. 1
, ,

h hg g g g
-

¢ ¢=

( )|j g g¢ , ( | , , )u gj q g g ¢
,

hg g ¢ . 

 2

3   4 .  

( )| ,p Y
g

q g ,   1  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
| , | |

( , ) 1 ,
| , | |

f y j
a

f y j

g g

g g

q g p q g p g g g
g g

q g p q g p g g g
¢ ¢

¢ ¢ ¢ ¢
¢ = Ù

¢

(Lopes, 2008). . 

 (3.3.3)  (3.3.4) , 

( ) ( )| |j jg g g g¢ ¢= . ,

( ) ( ) ( )
( ) ( ) ( )
| , |

( , ) 1 ,
| , |

f y
a

f y

g g

g g

q g p q g p g
g g

q g p q g p g
¢ ¢

¢ ¢ ¢
¢ = Ù

G ,  

) 

( ) ( )
( ) ( )

( )
( )

| , |
( , ) 1

| , |

|
1 .

|

f y
a

f y

y

y

g g

g g

q g p q g
g g

q g p q g

p g

p g

¢ ¢
¢ ¢

¢ = Ù

¢
= Ù

, g , 

(0)g . , ,
p

g = 0 , , 1
p

g = . ,

(pretest procedure) (0)q
g
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ˆ
i

T n sb= 0
i

b =  2 (Koop, 2003).

 Clyde (1999) 

. 

/+ -  MCMCMC  MC3

(Markov  Chain Monte  Carlo  Model  Composition)   Madigan  York (1995).

 Raftery et al. (1997) 

.    Denison et al. (1998) 

/+ - .  

 Eklund & Karlsson

(2007).

, 

. 

, S , 

. ,

, ( | )yp g , 

, ˆ( | )yp g ,

{ }ˆ: corr ( | ), ( | ) ,y yr p g p g=

. , 1,r ®

. , S k

.

3.4

 (  2.1).

,  15 USCrime

 « » 

)  50%  47 
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.

*  2 ** 50:50

. 

  (  ).

( )Pr 0 |
i

Yb ¹

HRM Zellner Stepwise
MC3 Occam’s Window MC3 RJMCMC

M 0.65 0.92 0.65 0.64 *
So 0.17 0.04 0.13 0.12
Ed 0.85 0.99 0.80 0.79 *
Po1 0.64 0.53 0.56 0.55
Po2 0.59 0.47 0.47 0.48
LF 0.10 0.03 0.11 0.11
M.F 0.10 0.07 0.11 0.11
Pop 0.22 0.36 0.19 0.19 *
NW 0.36 0.59 0.25 0.25 *
U1 0.10 0.12 0.10 0.11
U2 0.25 0.64 0.24 0.24 *
GDP 0.22 0.18 0.12 0.12 *
Ineq 0.97 1.00 0.96 0.96 *
Prob 0.61 0.91 0.56 0.56 *
Time 0.14 0.28 0.12 0.12

3-4 :

HRM Zellner
MC3 Occam’s

Window
MC3 RJMCMC

800.000 - 800.000 800.000
% 4,55 - 16,36 12,85

- 102 - -
r > 0,95 - > 0,95 > 0,95

3-5 :
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 3-4 :  HRM, Zellner 
 stepwise 

 Raftery et al. (1997), 

 MC3

 Zellner.

  (MSE)

( )2

1

ˆ

,

vn

i i
i

v

Y Y
RMSE

n
=

-
=

å

v
n

. ,  RMSE 

 stepwise .
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HRM Zellner Stepwise
RMSE 0.1875916 0. 2312784 0.2537807

 3-6 :  RMSE  HRM, Zellner  stepwise

 stepwise .

 calibration plots  Raftery et al. (1997)   3-4 

 (HRM, Zellner, Stepwise) 

 RMSE.

 3-5 

. , . 2, 

t  0
i

b ¹ .

.

HRM (Occam’s Window)* Zellner (MC3)* *

( | )
i

E Yb ( | )
i

Var Yb ( | )
i

E Yb ( | )
i

Var Yb ˆ
i

b

M 1.30 0.68 1.09 0.73 2.52**

So 0.06 0.04 0.03 0.08 0.14
Ed 2.14 0.72 1.84 0.62 2.14**

Po1 0.54 0.56 0.68 0.54 0.55
Po2 0.48 0.55 0.35 0.52 0.22
LF 0.20 0.16 0.03 0.21 1.27**

M.F -0.20 0.89 0.06 0.58 -4.03**

Pop -0.03 0.05 -0.02 0.04 0.04
NW 0.07 0.07 0.05 0.06 0.05
U1 -0.02 0.16 -0.01 0.12 -0.09
U2 0.22 0.23 0.16 0.20 0.46**

GDP 0.12 0.32 0.12 0.31 0.71**

Ineq 1.47 0.41 1.45 0.35 1.68**

Prob -0.21 0.12 -0.19 0.12 -0.45**

Time -0.09 0.18 -0.05 0.13 -0.73**
*  2 

**  5%

 3-7 : 
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 3-5 : 

 3-7  shrinkage 

 ( ). 

,  « », ,

 0.

.



54

 3-6 :  

 (  (2.1.1)) 

( )
1

1

ˆ ( | )

( | , ) | .

p

i i i
i
p

i i
i

Y a E Y X

a E Y Y X
g

b

b g p g

=

=

= +

æ ö÷ç ÷= + ç ÷ç ÷çè ø

å

å å

.  

/ 2p ,  7.5 ( ( 1) / 2p + =8.5 

).

 ( )  7  

7.5 

/ 2p . , 

 3  11.

 3-8.
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 3-7 :  RJMCMC/MC3

,   MC3  RJMCMC 

,  .  

, 

, . Ineq (

13
b ).

HRM Zellner
MC3 Occam’s Window MC3 RJMCMC

( | )E q Y
g

6.97 6.29 6.80 6.78

 3-8 : 
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. ,

. 

 Zellner.
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4.

 « » , 

 2001  Fernandez et al.

.

4.1  iw

.  ’   -   -

.

 Sellke et al. (2001)   p-

values , 

ˆ
i

T n sb=

0
i

b = , 

. 

i
X  (Clyde, 2006).

i
w

1

* 1

1
,  Pr( )

1 Pr( )logPr( ) ,

,  Pr( )
i

T t e
e T t T tw

w T t e

-

-

ìïï ³ £ïï - ³ ³= íïï ³ >ïïî

e  Euler.
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 4-1 :  p-values

10,e-é ù
ê úë û .  p-values

1e- , *w .

 4-1 * 0.5w = . ,

i
w  3.9.
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i
w

M 0.99
So 0.51
Ed 0.75
Po1 0.50
Po2 0.50
LF 0.62
M.F 0.67
Pop 0.50
NW 0.52
U1 0.50
U2 0.70
GDP 0.68
Ineq 0.99
Prob 0.99
Time 0.98

 4-1 :  p-values

4.2 w

  

 ( . 2) .

, 

w

.

, , ( , )Be t l , 0, >0t l>

g

1

0
1

1 1

0

( ) ( | ) ( )

1
= (1 )

( , )

( , )
= , 0,1,... ,

( , )

q p q

w w dw

p
dw

q B

B q p qp
q p

q B

g gt l

g

g g
g

g

p g p g p

p p
t l

t l

t l

+ - - + -

=

æ ö÷ç ÷ç -÷ç ÷ç ÷çè ø
æ ö + - +÷ç ÷ç =÷ç ÷ç ÷çè ø

ò

ò
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, ( , , )Bb p t l .

 4-2 

20p = 0.25, 0.66, 5.66l = 1.t =

1t = .  ,  

l .  

( , , )Bb p t l

/ ( ),pt t l+ ( ) /p q ql = - , q

.

 3.9  MC3.  4-2

. 

( | ) 9.05wE q Yg =  6.8 

 6.5 ). ,

 (0.2704). , 

 (Prob, Time) 

,  4-4.
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 4-3 : 
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 4-4 : 

4.3 f

 « » f ,

(Empirical Bayes methods) (Hansen & Yu, 1999). 

.
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4.2.1  Bayes (Local Empirical Bayes Estimates)

 Bayes ( (L)) f

.

(L) –  (3.1.4)

.

( )ˆ ( 1) 0,EB L Fg gf = - Ú (4.2.1)

Fg

0gb = , 

( )
( )

2

2
.

1

1

R

q
F

R

n q

g

g
g

g

g

=
-

- -

( )ˆ 0EB L
gf = , 1Fg £ . 

Fg  1

g  . , ( )ˆ 0EB L
gf =

.

, 

)  ( ( )ˆ 0EB L
gf > ) 

( ) ( )
( )

2

2

2 ( ) 2

1 11
.

ˆ2 1 11

1

EB L

q n R

Rq

n

g g

g gg
f

ì üï ïæ öï ï÷çï ï÷çï ï÷çï ï÷ç ÷ï ïç ÷ï ï+ - -ç ÷ï ïï ïç ÷- ÷çí ý÷çï ï÷ç - -ï ï÷+ çï ÷ ïç ÷ï ïç ÷ï ïç ÷ï ï- ÷ç ÷çï ïè øï ïï ïî þ
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4.2.2  Bayes (Global Empirical Bayes

Estimates)

, , f , 

.

 ( ) 

g Î G

( ) ( )

( )

1

2

1
2 2

1
,

1 1

n q

n

R

g

g

g

f
p g

f

æ ö- - ÷ç ÷ç ÷ç ÷ç ÷ç ÷çè ø

æ ö- ÷ç ÷ç ÷ç ÷÷çè ø

é ù
ê ú+ê ú
ê ú
ê ú

é ùê ú- +ê úê úë ûë û

å

, 

( ) ( )

( )

1

2
( )

10
2 2

1
ˆ arg max .

1 1

n q

EB G

n

R

g

f
g

g

f
f p g

f

æ ö- - ÷ç ÷ç ÷ç ÷ç ÷ç ÷çè ø

æ ö- ÷ç> ÷ç ÷ç ÷÷çè ø

é ù
ê ú+ê ú
ê ú=
ê ú

é ùê ú- +ê úê úë ûë û

å (4.2.2)

, .  George & Foster (2000)

. ,
1  Liang et al.

(2008).

g

2s  (latent) .

1   Dempster et al. (1977), McLachlan & Krishnan (2008), Ghosh
et al (2008).
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 3: (G) )

1i +

 –   : g Î G

( )2 ( )

( )

( )

1ˆ| , ,
ˆ

ˆ1

i

i

i

n
E y

SSY SSR

s g f
f

f

-
=

æ ö÷ç ÷-ç ÷ç ÷ç +è ø

( ) ( )
( )

( )

( )

( )

ˆ| ,
ˆ| ,

ˆ| ,

i

i

i

p Y
E y

p Y
g

g f
g f

g f
=

å

–  :  ( ) 

( ) 2 ( )

( 1)

( )

ˆ ˆ( | , ) ( | , , )
ˆ 1 0

ˆ( | , )

i i

i

i

E y E y SSR

E y q
g

g
g

g f s g f
f

g f
+

é ù
ê ú
ê ú= - Úê ú
ê ú
ê úë û

å

å

SSR Ty H yg=

g SSY ( ) ( )Ty y y y= - - .

 : ( 1) ( )ˆ ˆi if f e+ - < ( ) ( 1)ˆ ˆEB G if f += .

, (0)f̂ , 

 « »  3.

 –  

, ( )( | )i yp g . 

, 

 ( !).



66

, ,

.   –   ( )

 F:

( )

( 1) ( )

( )

( )

( | )
ˆ ( | ) 1 0.

ˆ
( 1)

ˆ1

i

i i

i

i

SSR y q

y

SSY SSR n

g
g

g

p g
f p g

f
f

+

é ù
ê ú
ê ú
ê ú= - Úê úæ öê ú÷ç ÷- -çê ú÷ç ÷ç +ê úè øë û

å
å

G ,

.  (G)  .  

, (G) 

G . . 

. 

, 

 (  RJMCMC)  (L)-

. (L)-

 EB(G).

,  (Liang et al.,

2008).

 4.1  –  , ( ) ( )ˆ ˆ ( )EB L EB G
P

O nf f= = .

,  BIC.
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4.4  f  (

)

f  Bartlett.  ,  

  ( ) 

. , , 

» .

.  

g ,  « » 

 F, « » 2Rg  « » 
i

b . 

,  

. ,
p

g = 0 , 

,
p

g = 1 .

,  

Berger  &  Pericchi  (2001).  

) 

( | ) / ( | )
p

y yp g p g = 0 . 2 1,Rg ®

g , ( | ) 1yp g ® .

, ( | ) / ( | )
p

y yp g p g = 0 ,n qg

 « » 

( ( | ) , ( | )
p

y yp g p g = ¯0 ) .

, 

, 

( )( 1)/2( | )
1 ,

( | )

n q

p

y
y

gp g
f

p g

- -
® +

= 0

15, 5, 2n qg f= = =
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 4-5 :  « »

, , 

f ,   –  

,  Liang et al. (2008)  « »

(information paradox) .

 4.1 (L)  EB(G)-  «

».

.  (4.2.2) 2 1Rg ® ( )ˆ EB L
gf ® ¥ , 

( ) ( )| / | .
p

y yp g p g = ® ¥0

,  (4.2.3) ¥ g

2 1Rg ® . , ( ) ( )| / |
p

y yp g p g = ® ¥0 ( )ˆEB Gf f= .
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4.5  Zellner – Siow

 4.4  Jeffreys

(1961).  Jeffreys 

. ,  Cauchy 

.  1980  Zellner  Siow 

 Jeffreys .

 4.5.1 Y n n

 Cauchy,
n

C , 

( 1)/2

( 1)/2 2

[( 1) / 2]
( ) 1 ,   .

n
T T

n

n

y yn
p y yg

p s

- +

+

æ ö÷G + ç ÷ç= + Î÷ç ÷ç ÷÷çè ø

,  

Zellner – Siow  Liang et al. (2008) 

( ) ( ) 1/2 /2

2

/2 2 2

/ 2
| , 1 ,

q
T T T T

T

q

q X X X X

n n

g

g

g g g
g g gp b s g b b

s sp

-æ öG ÷ç ÷çµ + ÷ç ÷ç ÷÷çè ø
(4.5.1)

qg  Cauchy, ( )2 10, ( ) ,T
q

n X X
g g gs -C  0

.  )   scale  

.TX Xg g

 (

) 

( )2

2

1
, , , 0.p a s a s

s
µ Î >
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 (4.5.1)  .  Zellner  Siow 

. 

 (4.5.1)  Zellner 

f (1 / 2, / 2)IG n

( ) ( ) 1
2 2| , | 0, ( )TN X X dg g g gp b s g b s f p f f

-æ ö÷çµ ÷ç ÷çè øò (4.5.2)

.

, 

( ) ( ) ( )
1 1

2 22| 1 1 1 ( )
n q n

p y R d
g

gg f f p f f
æ ö- - - ÷ç ÷ç- ÷ç ÷÷çè øé ùµ + - +ê úë ûò

( ) ( )
1 1

2 3/2 /2221 1 1 ,
n q n

nR e d
g

f
gf f f f

æ ö- - - ÷ç ÷ç- ÷ç ÷÷ç - -è øé ù= + - +ê úë ûò  (4.5.3)

.

, . 

 Zellner – Siow 

(4.5.2), 

.  Zellner
*( | , )E Y yg

* ˆˆ( | , ) ,
1

E Y y Xg g

f
g a b

f
= +

+

ˆ,̂ ga b .

, 

Zellner – Siow 

* ˆˆ( | , ) , .
1

E Y y E y Xg g

f
g a g b

f

æ ö÷ç ÷= + ç ÷ç ÷÷ç +è ø

, , 

,
1

E y
f

g
f

æ ö÷ç ÷ç ÷ç ÷÷ç +è ø
.   Liang et al. (2008) 
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 Laplace (Tierney & Kadane,1986 , Ghosh,2008 , ).

,
1
( ) log log ( | ) log ( )

1
h p y

f
f f p f

f

æ ö÷ç ÷= + +ç ÷ç ÷ç +è ø

2
( ) log ( | ) log ( )h p yf f p f= + .

,

( | ) ( )
1

,
1 ( | ) ( )

p y d
E y

p y d

f
f p f f

f fg
f f p f f

æ ö +÷ç ÷ç =÷ç ÷÷ç +è ø

ò

ò

1

1 2

2

1 2
exp[ ( ) ( )],

h

h h

h

h h
s

f f
s

» - (4.5.4)

ih
f f

1/2

2

2
ˆ

( ) ,
i

hi

h i

d
h

d
f f

s f
f

-

=

æ ö÷ç ÷ç ÷ç= ÷ç ÷ç ÷ç ÷çè ø

1,2i = .

 (4.5.4) , ( | )p y g  , 

 Laplace.

f .   Liang et al. (2008) 

( ) ( )1
bag f f f= +

( ) ( )
1 1

2 3/2 /222

0 0

exp[ ( )] 1 1 1 ,
n q n

b a nh d R e d
g

f
gf f f f f f

æ ö- - -¥ ¥ ÷ç ÷ç- ÷+ ç ÷÷ç - -è øé ù= + - +ê úë ûò ò

0a b= =

1, 1a b= = -  (4.5.4). 

,
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2 3 2 2

2

(1 )[ 3 2( )] { 2 4 2[ (1 )(1 )]}

[ (2 ) 2 3] 0

R q a b n q b a b a R

n R a n
g g g g

g

f f

f

- - + - - + - + - + + - - -

+ - + - + =

,  (  Liang et al.,

2008).

, 

 Zellner – Siow.

 4.2  Zellner  –  Siow  

 :

(i)  « »

(ii) 

(iii) 

Zellner – Siow .

.  Liang et al. (2008)

 (iii), .

,  .

 4.1 , *Ŷ ,
* *ˆ pY EY¾¾¾® , * TEY Xg ga b= + 2, ,ga b s

.

 –   

( )*ˆ ˆˆ | | ,
1

Y Y E Y Xg g
g

f
a p g g b

f

æ ö÷ç ÷= + ç ÷ç ÷ç +è ø
å

( ) ( )
0

ˆˆ | | , .
1

Y X p Y dg g
g

f
a p g b f g f

f

¥

= +
+å ò (4.5.5)

 (iii) n ® ¥
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)
0

( | , ) 1
1

pp y d
f

f g f
f

¾¾¾®

¥

+ò

) ˆ p

g gb b¾¾¾®

) ( | ) 1pyp g ¾¾¾®

) . )  

. ) 

0

0

0

( ) ( )
1

( | , ) ,
1

( ) ( )

L p d

p y d

L p d

f
f f f

ff
f g f

f
f f f

¥

¥

¥

+
=

+

ò
ò

ò
(4.5.6)

( )
1

2/2 2(1 ) 1
1

n

q
L Rg

g

f
f f

f

æ ö- ÷ç ÷ç- ÷ç ÷÷çè ø- æ ö÷ç ÷= + -ç ÷ç ÷ç +è ø
. 

 (4.5.6).  Liang et al. (2008) 

 Laplace  (4.5.6).  Kass & Raftery (1995)

ˆ
ih

s

.  Kass & Raftery (1995) 

 Laplace, 1( )O n- . 

 Liang et al. (2008).

 4.3  Laplace 

( )L f ( )ˆEB Lf

( ) ( )
( )

1

( )
0

ˆ
| , 1 ( ) ,

ˆ1 1

EB L

EB L
p Y d O n

f f
f g f

f f

¥
-= +

+ +ò
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( )| ,p Yf g  Zellner – Siow 

( )ˆEB Lf )   EB(L) – .

( )
0

| , 1
1

p

p Y d
f

f g f
f

¥

®
+ò

( )ˆEB Lf ® ¥ . ,  (4.5.5) 

 EB(L) – 

 Zellner – Siow. ,  4.1 

 EB(G) – .

 3.9 

( )Pr 0 |
i

Yb ¹

HRM Zellner Zellner – Siow Stepwise

MC3 Occam’s Window MC3 RJMCMC MC3

M 0.65 0.92 0.65 0.64 0.96 *
So 0.17 0.04 0.13 0.12 0.49
Ed 0.85 0.99 0.80 0.79 0.70 *
Po1 0.64 0.53 0.56 0.55 0.57
Po2 0.59 0.47 0.47 0.48 0.66
LF 0.10 0.03 0.11 0.11 0.52
M.F 0.10 0.07 0.11 0.11 0.51
Pop 0.22 0.36 0.19 0.19 0.52 *
NW 0.36 0.59 0.25 0.25 0.43 *
U1 0.10 0.12 0.10 0.11 0.47
U2 0.25 0.64 0.24 0.24 0.67 *
GDP 0.22 0.18 0.12 0.12 0.66 *
Ineq 0.97 1.00 0.96 0.96 0.98 *
Prob 0.61 0.91 0.56 0.56 0.96 *
Time 0.14 0.28 0.12 0.12 0.95

 4-2 :  Zellner – Siow
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 4-6 :  Zellner-
Siow

. , 

 (Median Probability Model)  

 0.5,

 MC3  Zellner – Siow 

 12 !

, 

 BMA  stepwise!

HRM Zellner Stepwise Zellner – Siow
RMSE 0.1875916 0. 2312784 0.2537807 0.2665655

 4-2 :  RMSE  Zellner – Siow
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5.

 « ». 

,  model averaging

.

5.1 

. ’ ’ 

 (Dobson, 2002). , 

, 

.

 Raftery (1996)  ( ) 

.  

 Ntzoufras et al. (2003). ,  

Volinsky et al. (1997), Raftery et al. (1996), 

 Cox (CPH). 

 Nobble (2001) 

,  PCA,CCA  CVA.

.  Koop & Potter (2008) 

Vrontos et al. (2000) 

, 

 (GARCH) 

 ( GARCH). 
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 Bunnin et al. (2002).

 Pesaran et al. (2006) 

.  Rachev et al. (2008) 

, 

.

 Chipman et al. (2008) 

 BART  (Bayesian

Additive Regression Trees). 

» (weak learners) 

.

5.2  Model Averaging

. 

 Burnham & Anderson (2003),  (2.1.1) 

1 1
exp exp

2 2
AIC AICg g

g

æ ö æ ö÷ ÷ç ç÷ ÷- -ç ç÷ ÷ç ç÷ ÷ç çè ø è ø
å .  Claeskens & Hjort (2008)

 « » ,  FMA (Frequentistic Model

Averaging)  local misspecification model. , 

( | )p Y g . , 

   bootstrap 

.  ,  Hansen  Mallows (MBA,

Hansen,  2007)  

 cross-validation (Jackknife

Model Averaging, Hansen & Racine, 2007).
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5.3 

.  

,

 « »  

. ,  3.9 

/p n . , 

p n> Xg

( rank( ) 1X qg g< + ).

, , 

. , 

 (

 t- ) 

. 

 Model Averaging) 

.
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 (Severini, 2005) .
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R1. 

BMA BAS ,  

leaps .

BMA  Hoeting et al. (1997) BAS

 Zellner   Ljiang et al. (2008). 

1 H R GNU General Public License Version 2 (  1991).
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G

 4.

, Grocer Scilab

  Zellner.2

M  14-24
So
Ed
Po1  (1960)
Po2  (1959)
LF
M.F  1000 
Pop
NW  1000 
U1

 14-24
U2

 35-39
GDP
Ineq
Prob
Time

y

 (y)  

 (Prob) 

 (Time).

2 Scilab  Grocer CeCILL (GNU GPL
compatible).
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