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PERILHYHOi kathgorikè   poiotikè qronoseirè apoteloÔn eidik  per�ptwsh qronosei-r¸n pou suqn� sunant�me se po�kile efarmogè. 'Opw kai sthn {klasik }jewr�a twn qronoseir¸n antimetwp�zoume ta �dia probl mata montelopo�hsh,ekt�mhsh, elègqwn upojèsewn, elègqwn kal  prosarmog  kai problèyewn.Sthn paroÔsa ergas�a ja de�xoume p¸ mporoÔn na antimetwpistoÔn tadedomèna probl mata mèsw th jewr�a palindrìmhsh gia kathgorikè qro-noseirè, h opo�a bas�zetai sta gnwst� apotelèsmata twn genikeumènwn gram-mik¸n montèlwn kaj¸ kai sthn sumperasmatolog�a th mejìdou th merik pijanof�neia (partial likelihood). H dedomènh prosèggish kr�netai idia�teraelkustik  afoÔ den apaite� thn Markobian  upìjesh kai thn ènnoia th sta-simìthta. Par�llhla ta montèla palindrìmhsh gia kathgorikè qronosei-rè parèqoun thn dunatìthta {oikonomik } montelopo�hsh (parsimonious

modelling) epitrèponta thn parous�a tuqa�wn qronoexart¸menwn summeta-blht¸n.H an�lus  ma xekin� apo thn melèth twn d�timwn qronoseir¸n pou apo-teloÔn eidik  per�ptwsh twn kathgorik¸n seir¸n. En suneqe�a parousi�-zoume ti poiotikè seirè d�donta arket� asumptwtik� apotelèsmata. Oionomatikè kai oi diat�xime kathgorikè qronoseirè analÔontai diexodik�se xeqwristì kef�laio. Gia thn katanìhsh twn jewrhtik¸n apotelesm�twnparousi�zoume thn prosp�jeia montelopo�hsh th d�timh qronoseir� twnbroq¸n tou nomoÔ Iwann�nwn, mèsw tou statistikoÔ progr�mmato S-PLUS.Ta teleuta�a 10 qrìnia èqoun anaptuqje� euèlikte enallaktikè teqnikègia thn statistik  sumperasmatolog�a twn poiotik¸n qronoseir¸n, oi opo�ete�noun na kuriarq soun ènanti twn montèlwn palindrìmhsh pou sthr�zontaisthn merik  pijanof�neia. An kai oi sÔgqrone t�sei den apoteloÔn antike�-meno th dedomènh ergas�a, parousi�zontai k�poie apo autè perilhptik�se xeqwrist  enìthta.Tèlo sta parart mata up�rqoun qr sime plhrofor�e pou ja bohj -soun ton anagn¸sth na katano sei kalÔtera to jèma.



 



ABSTRACT

Categorical-or qualitative-time series are special case of time series which

are frequently encountered in diverse applications. As with ‘ordinary’ time

series we faced with the problems of modeling, estimation, model checking,

diagnostics and prediction.

At the present project we will show how these problems can faced through

the regression theory for categorical time series, whose foundation is based

on generalized linear models and partial likelihood inference. This approach

can be considered as very attractive since neither the Markov property nor

stationarity are assumed. Furthermore, regression methods for categorical

time series allow for parsimonious modeling and incorporation of random

time-dependent covariates.

Our discussion begins with the analysis of binary time series which consist

a special case of categorical time series. After that, we present qualitative

time series including some asymptotic results. Nominal and ordinal time

series will be considered extensively in a separate chapter. For understanding

the theoretical results we present an example in which we attempt modeling

the rainfall data from Ioannina.

The last 10 years, a lot of flexible alternative techniques have been evolu-

ted for the statistical inference of categorical time series. These approaches

tend to dominate over the regression models which are based on the theory of

partial likelihood. Some of the new approaches are mentioned in a seperate

chapter.

Finally the appendices include a lot of useful informations which will help

the reader to understand the underlying issues.
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Kef�laio 1Eisagwgikì kef�laio
1.1 PrìlogoSkopì aut  th ergas�a e�nai h statistik  an�lush twn kathgorik¸n qronoseir¸n
(Categorical Time Series) mèsw th mejodolog�a twn Genikeumènwn Grammik¸n Mo-ntèlwn (Generalized Linear Models-GLM ). Oi kathgorikè qronoseirè apoteloÔnèna e�do qronologik  seir� pou suqn� sunant�me sthn pr�xh. Pr�n proqwr soumesthn an�lus  tou ja parousi�soume genik� stoiqe�a th jewr�a twn qronoseir¸nta opo�a ja suntelèsoun sthn kalÔterh katanìhsh tou dedomènou statistikoÔ pe-d�ou.1.2 Genik� per� Qronologik¸n Seir¸nXekin¸nta thn an�lush twn qronoseir¸n (time series) ja parajèsoume duo anti-proswpeutikoÔ orismoÔ tou sugkekrimènou kl�dou th Statistik .Orismì 1.2.1 (Xen�kh, (1988) ) Oi qronologikè seirè apoteloÔn thn katagraf th exèlixh enì fainomènou, to opo�o epanalamb�netai kat� diadoqikè qronikèstigmè kai tou opo�ou h èkbash se k�je qrìno diamorf¸netai apì èna mhqanismìtÔqh.Orismì 1.2.2 (Priestley, (1981) ) Qronoseir� e�nai h katagraf  twn tim¸n opoias-d pote kumainìmenh posìthta se diaforetik� qronik� shme�a.Oi parap�nw orismo� diatupwmènoi se austhrìtera majhmatik� pla�sia ma odh-goÔn stou akìloujou duo orismoÔ th qronoseir� pou dhl¸noun thn �mesh sqèsh1



2 Kef�laio 1. Eisagwgikì kef�laioth me ti allhlèndete ènnoie th stoqastik  diadikas�a (stochastic process) kaith deigmatolhptik  diadrom  (sample path).Orismì 1.2.3 M�a oikogèneia twn tuqa�wn metablht¸n {Ut}, t = 1, 2, . . ., pouor�zetai ston pijanojewrhtikì q¸ro (Ω, F , P), ìpou Ω e�nai o deigmatikì q¸ro,
F e�nai h σ-�lgebra kai P e�nai h sun�rthsh pijanìthta, onom�zetai stoqastik diadikas�a. An h par�metro t ekfr�zei ton qrìno tìte h stoqastik  diadikas�alègetai qronologik  seir�.Orismì 1.2.4 (Xen�kh, (1988) ) Qronoseir� e�nai mia deigmatolhptik  diadrom ( sample path)   pragmatopo�hsh (realization) mia stoqastik  anèlixh {Yt}, t =

1, 2, . . . th opo�a h par�metro t ekfr�zei ton qrìno. E�nai dhlad  mia apl  para-t rhsh apì mia polumetablht  katanom  pijanìthta.1.2.1 E�dh Qronologik¸n Qronoseir¸nParade�gmata qronoseir¸n sunant�me se poll� episthmonik� ped�a. To gegonì au-tì de�qnei thn poluplokìthta kaj¸ kai thn eurÔthta tou dedomènou statistikoÔkl�dou. Qarakthristik� e�dh loipìn seir¸n, pèra twn kathgorik¸n, e�nai1. Oikonomikè qronoseirè. H katagraf  twn tim¸n tou plhjwrismoÔ kai twn epi-tok�wn an� m na   an� qrìno apoteloÔn parade�gmata qronoseir¸n pou anafèrontaise oikonomik� fainìmena. Genik� h istor�a th oikonom�a mia q¸ra e�nai katage-grammènh sthn morf  qronologik¸n seir¸n.2. Qronoseirè fusik¸n fainomènwn. Oi metr sei tou epipèdou tou neroÔ se mial�mnh an� qrìno, th jermokras�a   th atmosfairik  p�esh an� hmèra   ¸ra su-nistoÔn parade�gmata tètoiwn seir¸n.3. Dhmografikè Qronoseirè. Oi dedomène seirè asqoloÔntai me thn melèth plh-jusm¸n. Par�deigma autoÔ tou e�dou seir�  tan h katagraf  tou plhjusmoÔ thAggl�a kai th Ouall�a an� qrìno. Oi dhmogr�foi  jelan mèsw th qronoseir�pou parat rhsan na exet�soun mellontikè allagè ston plujusmì kaj¸ kai toupar�gonte pou eujÔnontai gia autè (Chatfield (1996) ).4. Qronologikè seirè ston poiotikì èlegqo. Ston poiotikì èlegqo to kÔrio zh-toÔmeno e�nai na aniqneujoÔn allagè sthn leitourg�a mia paragwgik  diadikas�ametr¸nta thn tim  mia metablht  pou de�qnei thn poiìthta th diergas�a. Togr�fhma aut¸n twn metr sewn w pro ton qrìno sunist� qronoseir�. 'Otan pa-



1.2. Genik� per� qronoseir¸n 3rathr soume ìti oi metr sei apomakrÔnontai apì mia epijumht  tim  (target value)apaite�tai na proboÔme sti apara�thte diorjwtikè enèrgeie.Parade�gmata qronoseir¸n sunant�me kai se �lla eurenhtik� ped�a ìpw e�nai hbiolog�a kai h koinwniolog�a. Ax�zei na shmei¸soume ìti oi mèjodoi an�lush qro-noseir¸n diafèroun an�loga me thn idiomorf�a tou episthmonikoÔ kl�dou ston opo�oanafèrontai. 'Etsi gia par�deigma oi metewrologikè qronoseirè sunhj�zetai nadiereun¸ntai mèsw th fasmatik  an�lush en¸ oi oikonomikè mèsw mejìdwn touped�ou tou qrìnou (time domain).1.2.2 Sunist¸se Qronoseir�Oi timè mia qronoseir� diamorf¸nontai apì epimèrou par�gonte, pou kaloÔntaisunist¸se th seir� aut , kai qarakthr�zontai apì mia susthmatik    mh susth-matik  sumperifor�. O diaqwrismì (decomposition) mia pragmatopo�hsh mpore�na g�nei w pro ti akìlouje sunist¸se.1. Thn t�sh (trend-Tt). E�nai h sunist¸sa pou ekfr�zei thn anodik    kajodik pore�a th seir�.2. Thn epoqikìthta (seasonality-St). E�nai h sunist¸sa pou ekfr�zei thn kuklik kÔmansh mia qronologik  seir� me per�odo an� èto.3. Thn kuklik  sunist¸sa (cyclical component-Ct). Ekfr�zei thn kuklik  kÔmanshme per�odo megalÔterh tou enì ètou.4. Thn �rrujmh sunist¸sa (irregular component-It). H sunist¸sa aut  enswmat¸-nei ìlou tou mh susthmatikoÔ par�gonte.Oi trei pr¸te sunist¸se qaraqthr�zontai w susthmatikè. H sÔnjesh mia qro-noseir� apì ti sunist¸se th mpore� na g�nei mèsw tou prosjetikoÔ upode�gmato
Yt = Tt + St + Ct + It,  mèsw tou pollaplasiastikoÔ upode�gmato

Yt = Tt.St.Ct.It.1.2.3 Orolog�a.Mia qronoseir� onom�zetai suneq  ìtan oi parathr sei pragmatopoioÔntai sune-q¸ sto qrìno. O ìro {suneq } qrhsimopoie�tai gia seirè autoÔ tou e�dou akìmh



4 Kef�laio 1. Eisagwgikì kef�laiokai an h metablht  pou metr�me lamb�nei diakritè timè. Akìmh mia seir� lègetaidiakrit  ìtan oi parathr sei lamb�noun timè se sugkekrimène qronikè stigmèpou sun jw isapèqoun. O ìro {diakrit } qrhsimopoie�tai gia ti dedomène seirèakìmh kai an h metablht  endiafèronto pa�rnei timè se di�sthma.1.2.4 Stìqoi an�lush qronoseir¸nUp�rqoun di�fora antike�mena an�lush qronoseir¸n. apì aut� ta qarakthristikì-tera e�nai1. Perigraf . Katagr�fonta ti timè pou qarakthr�zoun thn èkbash enì fainomè-nou gia diadoqikoÔ qrìnou kai dhmiourg¸nta to ant�stoiqo gr�fhma lamb�noumemia pr¸th eikìna tou sust mato pou melet�me. H grafik  par�stash th deigmato-lhptik  diadrom  w pro ton qrìno prosfèrei mia �mesh optik  epije¸rhsh, poubohj�ei na doÔme an up�rqoun qarakthristik� ìpw h t�sh kai h periodikìthta. Prè-pei na ton�soume ìti to gr�fhma th seir� kaj¸ kai oi ende�xei pou autì parèqeiden apoteloÔn mèro th statistik  sumperasmatolog�a kai gia autì me skopì naproboÔme se sumper�smata apaite�tai, idia�tera se sÔnjete peript¸sei, na e�mastearket� prosektiko�.2. Ermhne�a tuqaiìthta.Suqn� sunant�me diaqronik� fainìmena twn opo�wn h tuqaiìthta e�nai dÔskolo naexhghje�. To gr�fhma th deigmatolhptik  diadrom  aut¸n twn susthm�twn pa-rousi�zoun thn eikìna th {paraplanhtik  palindrìmhsh} (“spurious regression”).Sugkekrimèna parathre�tai h apous�a enì stajeroÔ mèsou kai oi stoqastiko� kÔkloisumba�noun pantoÔ kajist¸nta ta dedomèna ma akat�llhla gia statistik  epexer-gas�a. Me skopì na mei¸soume thn abebaiìtht� ma gia to fainìmeno lamb�noumegia k�je qrìno kai thn tim  mia �llh metablht  pou pisteÔoume ìti sqet�zetai semeg�lo bajmì me thn arqik  qronoseir�. An pr�gmati sumba�nei k�ti tètoio tìte oideigmatolhptikè diadromè twn duo seir¸n ja e�nai polÔ kont� h mia sthn �llh kaija e�nai par�llhle me apotèlesma h metablhtìthta th nèa seir� (pou profan¸prèpei na e�nai gnwst ) na bohj�ei sthn ermhne�a th metablhtìthta th pr¸th.3. Prìbleyh (Prediction).Kur�arqo skopì th statistik  an�lush qronoseir¸n e�nai doje�sh mia deigma-tolhptik  diadrom  enì fainomènou, na problèyoume me ìso to dunatìn megalÔterhakr�beia ti mellontikè timè tou. Qarakthristikì par�deigma prìbleyh e�nai toprìblhma tou poiotikoÔ elègqou ìpou jèloume na doÔme an mellontik� h paragw-



1.3. Giat� kai p¸ anaptÔqjhkan oi Qronoseirè 5gik  diergas�a ja teje� {ektì elègqou}   ja parame�nei {entì elègqou} ¸ste nal�boume ta kat�llhla mètra. To jèma th prìbleyh prwtomelet jhke apì tou
Kolmogorov (1941) kai Wiener (1949).1.3 Giat� kai p¸ anaptÔqjhkan oi QronoseirèH jewr�a twn qronoseir¸n anaptÔqjhke apì thn an�gkh na melethjoÔn diaqronik�stoqastik� fainìmena twn opo�wn h exèlixh exart�tai apì ti pareljoÔse katast�-sei tou. Sto shme�o autì t�jentai shmantik� erwt mata ìp¸ ti e�nai stoqastikìfainìmeno kai ti diaqronik  ex�rthsh, ta opo�a prokeimènou na apanthjoÔn apaite�taina anatrèxoume arket� p�sw sthn istor�a th epist mh.Oi epist mone apì polÔ pali� asqoloÔntai me thn melèth Dunamik¸n Susthm�twn(Dynamics Systems), dhlad  fainomènwn pou exel�ssontai mèsa ston qrìno. Giapar�deigma, to hliakì ma sÔsthma apotele� qarakthristikì dunamikì sÔsthma afoÔh jèsh twn planht¸n den e�nai statik  alla metab�lletai diark¸ sto ped�o tou qrì-nou. Ta diaqronik� fainìmena diaqwr�zontai me b�sh to an epideiknÔoun sumperifor�{apl } (“simplicits”)   {polÔplokh} (“complexity”) dom . Lègonta {apl } dom ennooÔme p¸ to fainìmeno èqei stoiqe�a probleyimìthta ìp¸ armonikìthta   pe-riodikìthta, en¸ me ton ìro {polÔplokh} dom  dhl¸noume thn èlleiyh opoiasd potesusthmatik  sumperifor�. Oi epist mone parathr¸nta ta dunamik� sust mata è-jesan gr gora to er¸thma an mporoÔsan na problèyoun thn mellontik  sumperifor�tou. Gia par�deigma, oi fusiko� kai oi astronìmoi  jelan na gnwr�zoun poia ja e�naih jèsh tou plan th 'Arh met� apì trei m ne en¸ oi oikonomolìgoi endiafèrontan naxèroun poio ja e�nai o plhjwrismì tou epìmenou ètou. Pìte ìmw èna diaqronikìfainìmeno e�nai problèyimo; 'Ena fainìmeno pou exel�ssetai mèsa ston qrìno mpore�na problefje� ìtan mporoÔme na kataskeu�soume èna majhmatikì montèlo, dhlad mia majhmatik  ex�swsh   èna sÔnolo majhmatik¸n exis¸sewn, to opo�o na èqei thnikanìthta na anapar�gei ìso to dunatì pio pist� thn parathroÔmenh sumperifor�.Me b�sh thn parap�nw diap�stwsh mporoÔme na diaqwr�soume ta montèla se nte-terministik� kai stoqastik�. Ta pr¸ta e�nai eke�na pou perigr�foun epakrib¸ thnparathroÔmenh sumperifor� en¸ ta deÔtera perigr�foun kat� prosèggish thn kata-gegrammènh pore�a tou fainomènou sto qrìno, me to bajmì aut  th prosèggishna poik�lei. Aut  h idiìthta twn montèlwn ma epitrèpei na or�soume deuterogen¸kai ti ènnoie tou nteterministikoÔ (  aitiokratikoÔ) fainomènou kai tou stoqasti-koÔ fainomènou. Nteterministikì fainìmeno loipìn e�nai autì pou perigr�fetai (ja



6 Kef�laio 1. Eisagwgikì kef�laiolègame ìti èqei thn kal  tÔqh na perigr�fetai) apì èna nteterministikì montèloen¸ stoqastikì fainìmeno e�nai autì pou ermhneÔetai apì èna stoqastikì montèlo(Pitt  (199) ).1.3.1 Nteterministik� Montèla'Eqonta d¸sei mia pr¸th eikìna twn montèlwn, sthn enìthta pou ja akolouj seija parousi�soume ta aitiokratik� montèla d�nonta genik� qarakthristik� tou taopo�a ja ma bohj soun omal� na metaboÔme sthn sunèqeia sta stoqastik� montèla.Ta nteterministik� montèla loipìn diakr�nontai se duo basikè kathgor�e.(A) Nteterministik� montèla tÔpou I.Sthn dedomènh kathgor�a ent�ssontai oi aplè sunart sei tou qrìnou. Dhlad  jaèqoume montèla th morf 
yt = f(t)ìpoua) yt e�nai h kat�stash tou sust mato thn qronik  stigm  t.b) t e�nai o qrìno o opo�o mpore� na upoteje� ìti lamb�nei e�te fusikè timè (dhlad 

0, 1, 2, 3, . . .) e�te suneqe� timè (dhlad  t ∈ [a, b]).g) f e�nai h sun�rthsh pou metasqhmat�zei to t se yt.Par�deigma. Apì thn klassik  mhqanik  gnwr�zoume ìti h jèsh enì kinhtoÔ pouektele� eleÔjerh pt¸sh ton qrìno t d�netai apì thn sun�rthsh S(t) = 1
2
gt2.(B) Nteterministik� montèla tÔpou II   Dunamik� montèla.Me b�sh thn antimet¸pish tou qrìnou w diakritoÔ   suneqoÔ diakr�noume duo ba-sikè kathgor�e Dunamik¸n Montèlwn.

i) Dunamik� montèla DiakritoÔ qrìnou.O ekprìswpo aut  th kathgor�a montèlwn e�nai oi exis¸sei diafor¸n. Suqn�loipìn e�nai eukolìtero na perigr�youme thn dunamik  sumperifor� tou sust mato,ìqi �mesa se ìrou yt = f(t) all� èmmesa se ìrou tou Nìmou th K�nhsh (Law

of Motion) tou yt. O nìmo th k�nhsh enì sust mato or�zei ton trìpo me tonopo�o metab�llontai oi katast�sei autoÔ mia opoiad pote qronik  stigm , w su-n�rthsh twn katast�sewn tou se progenèstere qronikè stigmè. K�je ex�swsh



1.3. Giat� kai p¸ anaptÔqjhkan oi Qronoseirè 7pou perigr�fei ton nìmo th k�nhsh enì sust mato onom�zetai Ex�swsh Diafo-r¸n (Difference Equation).Qarakthristikì par�deigma ex�swsh diafor¸n apotele� to Grammikì Dunamikì Mo-ntèlo 1ou bajmoÔ pou èqei thn morf 
yt = a0 + a1yt−1. (1.1)Prokeimènou h majhmatik  ex�swsh (1.1) na ma d¸sei thn k�nhsh tou yt mèsa stonqrìno prèpei na antimetwpistoÔn ta parak�tw zht mata.a) Arqik  kat�stash tou sust mato y0.b) Pore�a tou sust mato mèsa ston qrìno. Dhlad  kaj¸ to t → ∞ to sÔsthmasugkl�nei se k�poia tim  issorop�a y   apokl�nei; M p¸ ìtan to t → ∞ to sÔ-sthma metakine�tai pro k�poio e�do issorop�a periodikoÔ tÔpou; 'Op¸ gnwr�zoumeh Ôparxh kai to e�do th isorrop�a tou yt sÔmfwna me thn (1.1) exart�tai apìto y0 kai thn tim  th stajer� a1. Gia na epiteuqjoÔn oi proanaferjènte stìqoiapaite�tai na epilÔsoume thn (1.1) dhlad  na thn fèroume sthn morf  yt = f(t).Se peript¸sei ìpou h kat�stash enì sust mato yt allhlepidr� me thn kat�-stash enì �llou sust mato xt kai den gnwr�zoume an to xt prokale� to yt   toant�strofo, gia thn diaqronik  melèth th sumperifor� twn dÔo susthm�twn qrhsi-mopoioÔme to SÔsthma Exis¸sewn Diafor¸n. 'Ena par�deigma tètoiou sust matopou prospaje� na perigr�yei ti dunamikè allhlepidr�sei tou yt kai tou xt e�nai toakìloujo





yt = a01 + a11yt−1 + a12xt−1

xt = a02 + a21yt−1 + a22xt−1

. (1.2)To dedomèno sÔsthma epitrèpei ti pareljoÔse timè th xt na ephre�zoun thn trè-qousa tim  th yt (e�n a12 6= 0) ìp¸ ep�sh epitrèpei ti pareljoÔse timè th ytna ephre�zoun thn trèqousa tim  th xt (e�n a21 6= 0). H Ôparxh kai to e�do thisorrop�a tou sust mato exart¸ntai apì ti idiotimè tou p�naka A =


 a11 a12

a21 a22


 .

ii) Dunamik� Montèla se Suneq  qrìno.Se per�ptwsh pou metr�me ton qrìno se suneqè di�sthma, oi basikè idèe th an�-lush twn nteterministik¸n montèlwn paramènoun oi �die. To mìno pou all�zei e�naih mejodologik  prosèggish. 'Etsi ant� gia Exis¸sei Diafor¸n qrhsimopoioÔme tiDiaforikè Exis¸sei (Differential Equations). Shmantik  kathgor�a Diaforik¸n



8 Kef�laio 1. Eisagwgikì kef�laioExis¸sewn e�nai oi Grammikè Diaforikè Exis¸sei pou èqoun thn genik  morf 
a0(t)

dny

dtn
+ a1(t)

dn−1y

dtn−1
+ . . . + an(t)y = g(t).Jewr¸nta a0(t) = a0, a1(t) = a1, . . . , an(t) = an, g(t) = g kai jètonta n = 1èqoume thn eidik  per�ptwsh

dy

dt
+ βy = γ (1.3)ìpou β = an

a0

kai γ = g
a0

. H sqèsh (1.3) apotele� to suneqè an�logo th ex�swsh(1.1) kai ekfr�zei ton nìmo th k�nhsh tou sust mato. Me skopì na broÔme thnpore�a tou y ston qrìno (dhlad  to y(t)) apaite�tai na epilÔsoume thn (1.3). 'O-pw kai sthn per�ptwsh twn Exis¸sewn Diafor¸n h Ôparxh kai to e�do isorrop�aexart�tai apì thn arqik  kat�stash tou sust mato kai thn stajer� β. Tèlo gianteterministik� fainìmena ta opo�a summetab�lontai se suneq  qrìno, h montelopo�-hsh tou mpore� na pragmatopoihje� mèsw susthm�twn Diaforik¸n Exis¸sewn.Oloklhr¸nonta thn suz thsh peri Nteterministik¸n Montèlwn prèpei na ton�soumeìti h aitiokratik  jewr�a pou qrhsimopoie�tai gia thn kataskeu  tou e�nai anagka�ona e�nai h �kalÔterh� apì ti  dh up�rqouse odhg¸nta se nìmou me kajolik  isqÔ.Akìmh me ta dedomèna montèla, h sumperifor� twn fainomènwn pou melet�me tonqrìno T + k e�nai  dh gnwst  thn qronik  stigm  t akìmh kai gia k → ∞. Seper�ptwsh pou ta parathroÔmena dedomèna den sumfwnoÔn me ta apotelèsmata pouparèqoun oi majhmatikè exis¸sei, efìson orj¸ èqoume jewr sei ìti autè ana-par�goun pist� thn exèlixh tou sust mato, tìte apaite�tai na anazht soume kata-st�sei tou fainomènou pou den èqoun parathrhje�. 'Opw ja diapist¸soume sthnsuz thsh pou ja akolouj sei, ta aitiokratik� fainìmena apotèlesan thn b�sh giathn kataskeu  upodeigm�twn pou skopì e�qan thn perigraf  stoqastik¸n fainomè-nwn, sumb�llonta shmantik� sthn an�ptuxh th jewr�a twn qronoseir¸n.1.3.2 Met�bash ston kìsmo th Tuqaiìthta - Stoqastik� MontèlaUp�rqoun diaqronik� fainìmena h parathroÔmenh sumperifor� twn opo�wn den mpore�na perigrafe� apì ta diajèsima nteterministik� montèla. Gia par�deigma h pragma-topo�hsh pou parist� 30 diadoqikè r�yei enì zarioÔ sto Sq ma 1.1 den emfan�zeiopoiad pote {kanonikìthta}   {susthmatikìthta}, gegonì pou kajist� dÔskolhèw kai anèfikth, thn prìbleyh mellontik¸n katast�sewn b�sei pareljous¸n ti-m¸n. Me skopì loipìn na anaparag�goume thn polÔplokh dom  pou epideiknÔoun
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Sq ma 1.1: Tri�nta zarièarket� Dunamik� Sust mata katafeÔgoume sta Stoqastik� Montèla sta opo�a ì-mw q�netai h apìluth akr�beia th perigraf  kai th prìbleyh. Me aut n thn apl diap�stwsh eiserqìmaste ston kìsmo th Tuqaiìthta   th Abebaiìthta. Sto nèopla�sio prosèggish twn diaqronik¸n fainomènwn o mhqanismì pou par�gei ti para-throÔmene katast�sei yt, ousiastik� thn deigmatolhptik  diadrom  th �gnwsthstoqastik  anèlixh, qarakthr�zetai apì abebaiìtht� gia to apotèlesma tou pei-r�mato, mh akribe� problèyei kai pollaplìthta twn dunat¸n pragmatopoi sewn.O dedomèno mhqanismì pou dièpei ta stoqastik� fainìmena onom�zetai mhqanismìtÔqh. Skopì twn stoqastik¸n montèlwn e�nai h ìso to dunatìn kalÔterh perigra-f  twn basik¸n qarakthristik¸n tou {aìratou} mhqanismoÔ tÔqh pou genn� seirèarijm¸n ìpw eke�nh tou Sq mato 1.1.O aploÔstero mhqanismì tÔqh o opo�o qarakthr�zei arket� mh nteterministik�fainìmena e�nai to Tuqa�o Pe�rama.Orismì 1.3.1 Tuqa�o Pe�rama e�nai o mhqanismì tÔqh pou plhro� ti akìloujetre� sunj ke1) 'Ola ta dunat� apotelèsmata tou peir�mato e�nai gnwst� ek twn protèrwn.2) Se k�je epan�lhy  tou peir�mato to apotèlesma den e�nai gnwstì ek twn protè-rwn.3) To pe�rama mpore� na epanalhfje� k�tw apì apìluta ìmoie sunj ke.Parat rhsh 1.3.1 Mhqanismo� tÔqh pou den plhroÔn thn tr�th sunj kh kai stouopo�ou oi sunj ke diexagwg  tou peir�mato all�zoun apì epan�lhyh se epan�-lhyh den ja onom�zontai Tuqa�o Pe�rama all� apl� Mhqanismo� TÔqh.



10 Kef�laio 1. Eisagwgikì kef�laio1.3.3 Majhmatik  tupopo�hsh tou Tuqa�ou Peir�matoH pr¸th sunj kh tupopoie�tai mèsw tou q¸rou twn apotelesm�twn S. Gia pa-r�deigma sto pe�rama r�yh enì nom�smato duo forè gia to S ja èqoume S =

{KK, GG, KG, GK}.Gia thn tupopo�hsh th deÔterh sunj kh prèpei na l�boume upìyh to gegonììti h abebaiìtht� pou ma diekatèqei sqetik� me thn èkbash tou peir�mato kat�thn opoiad pote ektèlesh tou, metafr�zetai se abebaiìthta sqetik� me thn emf�nishenì endeqomènou endiafèronto, èstw A, pou eme� èqoume prokajor�sei. Me tontrìpo autì h abebaiìthta ma ja sqet�zetai kai me k�je �llo endeqìmeno tou peir�-mato pou perièqei to A. 'Etsi dhmiourgoÔme èna sÔnolo F sto opo�o topojetoÔmeta endeqìmena endiafèronto kai ta sunaf  tou. To dedomèno sÔnolo e�nai kleistìw pro ti pr�xei th sumplhrwmatikìthta, th ènwsh kai th tom  kai apotele�mia s-�lgebra. Eidikìtera an to F èqei prokÔyei apì to endeqìmeno A ja to lème,sÔmfwna me thn jewr�a pijanot twn, q¸ro endeqomènwn pou proèkuye apì to A kai�ra mporoÔme na to onom�soume s-ped�o pou genn jhke apì to A, sumbol�zonta tome s(A). Gia na apokrustall¸soume ìmw thn arqik  ma abebaiìthta gia to apo-tèlesma tou peir�mato se k�je stoiqe�o th F pros�ptoume pijanìthte mèsw m�asun�rthsh P : F → [0, 1]. Me ton trìpo autì mporoÔme na poÔme pw h deÔterhsunj kh metafr�zetai se majhmatikoÔ ìrou mèsw th dom  (S,F , P (·)) pou e�naio gnwstì ma Q¸ro Pijanot twn.'Opw proanafèrjhke gia na e�nai èna pe�rama tuqa�o apaite�tai na epanalamb�-netai k�tw apì apìluta ìmoie sunj ke. Gia na sumba�nei k�ti tètoio e�nai an�gkhse k�je epan�lhy  tou na ikanopoioÔntai oi sunj ke th Tautonom�a kai th Ane-xarths�a. Dhlad  se k�je ektèlesh tou prèpei o q¸ro pijanot twn na paramènei�dio kai to apotèlesma se opoiod pote qrìno t na mhn exart�tai apì thn èkbashtwn prohgoÔmenwn   epìmenwn epanal yewn. Gia thn majhmatik  èkfrash twn duoproanaferjeis¸n sunjhk¸n jewroÔme n diadoqikè ektelèsei tou peir�mato kaisumbol�zoume me A1, A2, . . . , An ta endeqìmena endiafèronto se k�je mia apì autè.'Etsi to pe�rama ma ja ektele�tai upo apìluta ìmoia sunj ke an isqÔoun1)Anexarths�a
P (A1

⋂
A2

⋂
. . .

⋂
An) =

n∏

i=1

P (Ai)2)Tautonom�a
(S, F, P (·))i = (S, F, P (·)) ∀i = 1, 2, . . . , n.



1.4. Istorik� stoiqe�a th jewr�a qronoseir¸n 11Sunep¸ to Tuqa�o Pe�rama montelopoie�tai apì duo ontìthte. H pr¸th e�naio q¸ro pijanot twn (S, F, P (·)) (sunj ke 1, 2) kai h deÔterh e�nai ena sÔnoloanex�rthtwn kai tautìnomwn dokim¸n pou ja to lème Tuqa�o De�gma kai ja to sum-bol�zoume me σn ≡ (A1, A2, . . . , An) (sunj kh 3). O pijanojewrhtikì q¸ro maz�me to tuqa�o de�gma sunistoÔn mia nèa majhmatik  dom  pou onom�zetai Aplì Sta-tistikì Q¸ro kai sumbol�zetai w [(S, F, P (·)), σn].H klasik  Statistik  Sumperasmatolog�a e�qe anaptÔxei apì polÔ nwr� shmantikèmejìdou gia thn montelopo�hsh fainomènwn ta opo�a perigr�fontai apì ton AplìStatistikì Q¸ro. Ta pr�gmata ìmw diaforopoioÔntai kai duskoleÔoun arket�ìtan anaferìmaste se kajhmerin� fainìmena ta opo�a den diex�gontai se sunj -ke ergasthr�ou, ìpw gia par�deigma ta metewrologik� fainìmena, me apotèlesmana mhn exasfal�zontai oi proupojèsei tou tuqa�ou peir�mato. Gia thn montelo-po�hsh tètoiwn fainomènwn shmantik   tan kai exakolouje� na e�nai h jewr�a twnqronologik¸n seir¸n pou, ìpw ja doÔme kai sthn sunèqeia, od ghse se nèe me-jodologikè prosegg�sei gia thn an�lush dunamik¸n fainomènwn pou epideiknÔoundiaqronik  ex�rthsh kai eterogèneia.1.4 Istorik� stoiqe�a th jewr�a qronoseir¸nTa pr¸ta montèla sti qronoseirè e�qan thn genik  morf 
Xt = Tt + St + ǫt(blèpe Priestley (1981) ) ìpou

Tt : h �t�sh� pou perigr�fei thn makroqrìnia sumperifor� th seir�.
St : h periodik  sunist¸sa.
ǫt : to tuqa�o sf�lma.Se pr¸th f�sh sunhjizìtan na ektim�tai h t�sh Tt mèsw mia poluwnumik  sun�r-thsh tou t qamhl  t�xh. Me ton trìpo autì odhgoÔmastan sto montèlo

X̃t = St + ǫt, (1.4)ìpou plèon h t�sh èqei enswmatwje� sthn nèa metablht  X̃t. Se peript¸sei pouh periodikìthta tou fainomènou  tan gnwst , tìte to montèlo (1.4) grafìtan sthnmorf 
X̃t =

∑

i

(Ai · cos ωit + Bi · sin ωit) + ǫt (1.5)



12 Kef�laio 1. Eisagwgikì kef�laiome ta ωi (pou ekfr�zoun suqnìthte) gnwst�. Se peript¸sei ìmw pou den diajètameausthr  gn¸sh th periodikìthta tou diaqronikoÔ fainomènou  tan an�gkh, pèraapì tou suntelestè {Ai}, {Bi}, na ektim soume kai ti �gnwste suqnìthte ωi.Gia to skopì autì qrhsimopoi jhke h sun�rthsh me thn onomas�a periodìgramma(periodogram). H an�lush qronoseir¸n pou sthrizìtan sto periodìgramma  tanpolÔ qr simh teqnik  mìno ìtan efarmozìtan se seirè pou e�qan susthmatik  dom ,adunat¸nta na perigr�yei fainìmena me polÔploke sumperiforè. Thn epan�stashsthn an�lush twn qronologik¸n seir¸n èfere o Yule to 1927, pou jewre�tai kai hqroni� gènnhsh th sÔgqronh jewr�a tou (blèpe Tong (2001) ).O Yule loipìn  jele na montelopoi sei tou stoqastikoÔ kÔklou pou epide�-knue h gnwst  tìte qronoseir� twn hliak¸n akt�nwn tou Wolfer. Parathr¸ntathn dedomènh seir� diap�stwse ìti talantwnìtan me mh {kanonikì} trìpo kai o k�jestoqastikì kÔklo e�qe asÔmmetro sq ma. Kat� sunèpeia den ja  tan realistikìna prospaj sei na prosarmìsei sta dedomèna to montèlo th sqèsh (1.5) to opo�operiel�mbane austhr� periodikoÔ kai summetrikoÔ ìrou ìpw oi trigwnometrikèsunart sei tou hmitìnou kai tou sunhmitìnou. O Yule skèfthke pw h parathroÔ-menh sumperifor� th seir� tou Wolfer mporoÔse na anaparaqje� kat� prosèggishapì thn exanagkasmènh tal�ntwsh pou ekteloÔse èna ekremmè, epitrèponta ìmwsti exwterikè dun�mei na sumba�noun se tuqa�e qronikè stigmè. Me ton trìpoautì to ekremmè talantwnìtan parousi�zonta anwmal�a sti apokl�sei tou apìthn jèsh isorrop�a. Oi auxomoi¸sei aut¸n twn apokl�sewn parous�azan parìmoiaeikìna me ti kum�nsei twn hliak¸n aktin¸n. Epeid , ìpw gnwr�zoume, h k�nhshenì ekremmoÔ (b�sei kat�llhlwn upojèsewn) mpore� na perigrafe� apì mia dia-forik  ex�swsh deÔterh t�xh (pou e�nai nteterministikì montèlo) o Yule gia thnproseggistik  perigraf  th qronoseir� tou Wolfer prìteine to stoqastikì mo-ntèlo
dX(t)

dt2
+ a1

dX(t)

dt
+ a2X(t) = ǫ(t) (1.6)ìpou X(t) h gwniak  apìklish tou ekremmoÔ ton qrìno t apì to shme�o isorrop�a.To diakritì an�logo th sqèsh (1.6) e�nai h deÔterh t�xh ex�swsh diafor¸n

Xt + a1Xt−1 + a2Xt−2 = ǫt, (1.7)ìpou ǫt e�nai h diadikas�a leukoÔ jorÔbou (White Noise). H ex�swsh (1.7) pou sesÔgqronh orolog�a onom�zetai autopal�ndromo upìdeigma deuterh t�xh (AR(2) ) tan ousiastik� to montèlo pou prìteine o Yule. H dedomènh prosèggish maz� me ti



1.4. Istorik� stoiqe�a th jewr�a qronoseir¸n 13idèe pou perièqei shmatodìthsan mia nèa epoq  sthn an�lush qronoseir¸n. Plèon tan oratì, apì ton trìpo pou katal xame sti exis¸sei (1.6) kai (1.7), ìti h ermhne�atwn stoqastik¸n fainomènwn ja sthrizìtan sta  dh gnwst� aitiokratik� montèla taopo�a ìmw ja èprepe na prosarmostoÔn kat�llhla ¸ste na lamb�noun upìyh tonpar�gonta tÔqh.apì thn stigm  loipìn pou odhghj kame sto autopal�ndromo upìdeigma (1.7), oiexel�xei ston q¸ro twn qronoseir¸n  tan ragda�e. Ta praktik� probl mata pouproèkuyan se polloÔ diaforetikoÔ episthmonikoÔ kl�dou, me exèqonta eke�nonth mhqanik  twn thlepikoinwni¸n, èferan ti qronoseirè mprost� se nèe pro-kl sei. H idiomorf�a twn diaqronik¸n fainomènwn, analìgw me thn episthmonik perioq  apì thn opo�a proèrqontan, od ghse sthn an�ptuxh arket¸n diaforetik¸nprosegg�sewn Statistik  Sumperasmatolog�a twn qronologik¸n seir¸n.'Etsi, se oikonomik� fainìmena qrhsimopoi jhkan kur�w oi prosegg�sei tou pe-d�ou tou qrìnou (time domain). Sto sugkekrimèno pla�sio arqik� h an�lush twnseir¸n sthr�qthke sti sunart sei autosusqètish (autocorrelation) kai autosun-diakÔmansh (autocovariance). Me thn dedomènh teqnik  oi statistiko� mporoÔsanna èqoun mia èndeixh an oi qronoseirè epede�knuan stasimìthta (stationarity)1. Oipr¸toi pou parous�asan thn sun�rthsh th autosusqètish w ergale�o sumpera-smatolog�a sti qronoseirè  tan o Bartlett (1950) kai o Kendall (1954).'Amesh sqèsh me ti sunart sei th autosusqètish kai th autosundiakÔmanshe�qe h teqnik  an�lush qronoseir¸n pou eis qjh apì tou Box kai Jenkins (1976).Oi dedomènoi suggrafe� gia st�sime qronoseirè sundÔasan ta montèla AR me tamontèla kinhtoÔ mèsou (moving average-MA) kai odhg jhkan se mia nea kathgor�aupodeigm�twn pou onom�sthkan mikt� autopal�ndroma kinhtoÔ mèsou (mixed autore-

gressive moving average-ARMA) montèla. To pleonèkthma twn montèlwn ARMAe�nai ìti h prosarmog  tou, se genikè grammè, apaite� polÔ ligìtere paramètrouapì èna �ftwqì� AR   èna �ftwqì� MA montèlo.Oi proanaferje�se teqnikè an�lush qronologik¸n seir¸n den efarmìsjhkangia thn montelopo�hsh fusik¸n fainomènwn. Gia to skopì autì axiopoi jhke h fa-smatik  an�lush (spectral analysis).'Otan oi qronoseirè loipìn anaparistoÔn mia fusik  posìthta (ìpw e�nai h t�sh1Me thn ènnoia stasimìthta ennooÔme pw h qronoseir� parousi�zei mia sumperifor� {stajer kat�stash} (“steady state”) kai mporoÔme na poÔme pw br�sketai se kat�stash {statistik isorrop�a} (“statistical equilibrium”).



14 Kef�laio 1. Eisagwgikì kef�laiotou reÔmato, h metatìpish, h taqÔthta k.t.l) suqn� èqei perissìtero endiafèron namelet soume ti fusikè th idiìthte �mesa par� na kataskeu�soume èna statistikìmontèlo gia th seir�. Mia apì ti pio jemeliakè ènnoie sthn fusik  e�nai eke�nh thenèrgeia, kai �sw h shmantikìterh mèjodo pou qrhsimopoie�tai gia thn ermhne�a miafusik  diadikas�a e�nai h di�spas  th se ènan arijmì diaforetik¸n sunistws¸nsuqnìthta (frequency components), oi opo�e exet�zontai w pro thn posìthtath sunolik  enèrgeia pou aporrofoÔn. Aut  h diadikas�a onom�zetai fasmatik an�lush (Subba Rao, Priestley and Lessi (1997) ).Gia thn an�ptuxh twn mejìdwn th fasmatik  an�lush, pou enallaktik� ono-m�zetai prosèggish sto ped�o twn suqnot twn (frequency domain), shmantik   tanh prosfor� tou Bartlett (1950). Gia ti majhmatikè teqnikè pou qrhsimopoioÔntaisthn fasmatik  an�lush o anagn¸sth parapèmpetai ston Hamilton (1994).'Allh shmantik  teqnik  th an�lush qronoseir¸n, pou sunèbale shmantik� sthndiexagwg  problèyewn,  tan to legìmeno {filtr�risma} (“filtering”) twn dedomènwn.H sugkekrimènh prosèggish proèkuye apì thn prosp�jeia prìbleyh mia seir�
{Xt}, thn opo�a den parathroÔme �mesa, mèsw twn tim¸n pou lamb�nei mia �llhseir� {Yt} h opo�a diamorf¸netai apì to montèlo

Yt = Xt + Nt,ìpou {Nt} e�nai mia diadikas�a jorÔbou. To dedomèno prìblhma eis qjh apì ton
Wiener (1949). Mia prwtoporiak  lÔsh sto sugkekrimèno ped�o parousi�sthke apìton Kalman (1960) kai toj Kalman and Bucy (1961), oi opo�oi qrhsimopo�hsanthn legìmenh {anapar�stash kat�stash-q¸rou} (“state-space representation”) twnqronoseir¸n. H prìtash twn Kalman kai Bucy od ghse se ènan eufu  epanalhptikìalgìrijmo gia ton upologismì problèyewn pou e�nai gnwstì w algìrijmo Kalman

filter.Sun�ma ston ai¸na pou pèrase shmantik� b mata shmei¸jhkan sthn an�lush mhst�simwn qronoseir¸n. Oi pr¸toi pou asqol jhkan me autì to antike�meno  tan o
Fuller kai o Dickey sti arqè th dekaet�a tou 1980, pou kataskeÔasan to om¸numostatistikì tèst gia ton èlegqo monadia�a r�za.Oi prìsfate èreune sthn an�lush twn qronoseir¸n esti�zontai sthn melèthtwn mh grammik¸n (non-linear) montèlwn. H kataskeu  tètoiwn montèlwn mpore�na parousi�zei dusep�luta probl mata apì pleur� upologism¸n, alla tautìqronaodhge� sthn parat rhsh sunarpastik¸n domik¸n idiot twn twn parathroÔmenwn fai-nomènwn, oi opo�e den mporoÔn na anaparaqjoÔn apì ta grammik� upode�gmata. Oi



1.5. Istorik  Anadrom  sti Kathgorikè Qronoseirè 15pio endiafèrouse kl�sei mh grammik¸n montèlwn e�nai oi akìlouje(1) Bilinear montèla (Subba kai Gabr (1984) ).(2) Threshold autoregressive montèla (Tong kai Lim (1980) ).(3) Exponential autoregressive montèla (Haggan kai Ozaki (1979) ).(4) General state-dependent montèla (Priestley (1980) ).1.5 Istorik  Anadrom  sti Kathgorikè QronoseirèPoiotikè qronoseirè suqn� sunant�me se po�kile efarmogè. Gia par�deigma, toan brèqei   ìqi gia èna diadoqikì arijmì hmer¸n e�nai mia d�timh qronoseir� pou apo-tele� thn pio apl  per�ptwsh kathgorik  qronoseir�. Akìmh ta ep�peda tou Ôpnouenì neogènnhtou mwroÔ, gia mia akolouj�a hmer¸n, me timè(1)  suqo Ôpno(2) elafr� an suqo(3) èntona an suqo(4) kajìlou Ôpnosunist� akìmh èna par�deigma kathgorik  qronoseir�. Analutikìtera, sthn pro-keimènh per�ptwsh gia ti hmère t = 1, 2, . . . , N , h metablht  endiafèronto Yt =�kat�stashÔpnou�, lamb�nei ti akèraie timè 1,2,3,4. 'Opw kai sti posotikè qronoseirè, oistatistiko� asqol jhkan me probl mata ìpw:1) 'Elegqo Ôparxh ìrwn periodikìthta.2) An oi qronikè uster sei th Yt ephre�zoun ti mellontikè timè th.3) Poio e�nai o kalÔtero trìpo na problèyoume mellontik� ep�peda th Yt.4) MporoÔn �lle summetablhtè na qrhsimopoihjoÔn sti problèyei;Ta teleuta�a 30 qrìnia pou to sugkekrimèno ped�o apasqole� tou statistikoÔ è-qei protaje� èna meg�lo arijmì diaforetik¸n strathgik¸n gia thn montelopo�hshpoiotik¸n qronoseir¸n. H pr¸th prosèggish sto dedomèno ped�o pragmatopoi jhkemèsw twn Markobian¸n Alus�dwn (Markov Chains). O sugkekrimèno statistikìkl�do èqei exetaste� diexodik� apì polloÔ ereunhtè (blèpe Karlin and Taylor,(1975) ) kai èqei anaptuqje� arket� h jewr�a Statistik  Sumperasmatolog�a tou(blèpe Basawa and Prakasa Rao (1980, kef�laio 4) ). H dedomènh ìmw strathgik an�lush parousi�zei, ìpw ja doÔme kai sto Kef�laio 2, shmantik� meionekt matata opo�a g�nontai entonìtera ìtan oi kathgorikè apokr�sei exart¸ntai pèra apìto pareljìn tou kai apì exwgene� metablhtè. Sti mère ma gia thn statisti-k  an�lush twn kathgorik¸n qronoseir¸n exèqousa jèsh katèqoun ta montèla pou



16 Kef�laio 1. Eisagwgikì kef�laiosthr�zontai sthn jewr�a twn GLM. Ta dedomèna montèla eis qjhsan apì tou Nel-

der kai Wedderburn (1972) kai od ghsan se èna meg�lo eÔro prosegg�sewn giasuneqe� ìso kai gia diakritè metablhtè. H dedomènh jewr�a den qrhsimopoi jhkeamig¸ sti kathgorikè qronoseirè afoÔ den mporoÔse na l�bei upìyh th thndiaqronik  ex�rthsh twn dedomènwn.H pr¸th apìpeira montelopo�hsh twn kathgorik¸n qronoseir¸n, mèsw twn apo-telesm�twn twn GLM, ofe�letai ston Cox (1970), o opo�o prìteine gia d�timemetablhtè èna autopal�ndromo logistikì montèlo. Sto dedomèno upìdeigma oi sum-metablhtè kai èna peperasmèno arijmì pareljoÔswn apokr�sewn e�nai mèro thgrammik  prìbleyh. apì tìte shmei¸jhkan axiìloga b mata sto sugkekrimènostatistikì ped�o kai prot�jhkan arketè epekt�sei ¸ste na eisaqjoÔn diaforetiko�tÔpoi ex�rthsh pou na antistoiqoÔn se po�kile sqèsei an�mesa sti parathr sei.Oi tropopoi sei th jewr�a twn GLM ¸ste na lamb�noun upìyh thn diaqroni-k  ex�rthsh twn dedomènwn, axiopoi jhke sthn an�lush twn EpanalambanìmenwnMetr sewn(Repeated Measurements)2 (Liang kai Zeger (1986) ). An kai oi d�timeqronoseirè anaptÔqjhkan èntona, mìli prìsfata oi statistiko� asqol jhkan methn sumperasmatolog�a twn diat�ximwn (ordinal) kathgorik¸n qronoseir¸n me pe-rissìtere apì dÔo kathgor�e (Lang and Agresti (1994), Glonek and McCullagh(1995) ). Sthn prosp�jeia aut  sunetèlesan ta gnwst� apotelèsmata twn McCul-

lagh kai Nelder (1983), gia thn montelopo�hsh anex�rthtwn kathgorik¸n diat�ximwnapokr�sewn mèsw GLM. Par�llhla me tou Lang kai Agresti èqoun g�nei kai apì�llou suggrafe� prosp�jeie gia thn statistik  an�lush twn diat�ximwn poioti-k¸n seir¸n. Oi prosp�jeie autè esti�zontan sthn tropopo�hsh d�timwn montèlwnex�rthsh ¸ste na mporoÔn na epitrèpoun sti metablhtè na diajètoun perissìtereapì duo kathgor�e. Gia par�deigma o Crouchley (1995) kai o Ten Have (1996) epè-kteinan to d�timo montèlo tou Conaway (1990) katorj¸nonta na montelopoi soundiat�xima exarthmèna dedomèna.1.6 Basikè Mèjodoi An�lush Kathgorik¸n Qronoseir¸nGia thn statistik  an�lush kathgorik¸n qronoseir¸n pèra apì ta montèla palindrì-mhsh pou sthr�zontai sthn jewr�a twn genikeumènwn grammik¸n montèlwn, qrhsimo-2Oi epanalambanìmene metr sei diaforopoioÔntai apì ti qronoseirè sto gegonì ìti anafè-rontai se deigmatolhptikè diadromè mikroÔ m kou.



1.6. Basikè Mèjodoi An�lush Kathgorik¸n Qronoseir¸n 17poioÔntai kai �lle teqnikè oi opo�e an kai e�nai gnwstè apì pali�, mìli prìsfataaxiopoi jhkan sta probl mata twn poiotik¸n seir¸n.Mia shmantik  kathgor�a montèlwn e�nai ta akèraia autopal�ndroma (integer au-

toregressive) kai kinhtoÔ mèsou (moving average) upode�gmata. Sta pla�sia aut¸ntwn montèlwn diakr�noume thn teqnik  twn Branching Processes with Immigration.H dedomènh prosèggish kajor�zetai mèsw th stoqastik  ex�swsh
Xn =

Xn−1∑

i=1

Yn,i + In , n = 1, 2, 3, . . . (1.8)Oi diadikas�e {Yn,i} kai {In} e�nai amoiba�a anex�rthte, anex�rthte apì thn X0 kaih k�je mia sunist� mia akolouj�a anex�rthtwn kai tautìnomwn tuqa�wn metablht¸n.Me ton trìpo autì h {Xn} e�nai mia Markobian  Alus�da DiakritoÔ qrìnou. Hstoqastik  ex�swsh (1.8) met� apì kat�llhle upojèsei lamb�nei thn morf 
Xn = mXn−1 + λ + ǫn n = 1, 2, 3, . . . (1.9)ìpou λ = E[In], m = E[Yn,i], ǫn ≡ Xn − E[Xn | Fn−1] kai h diadikas�a {ǫn} e�naimia martingale diafor�3. Ektim sei gia to m kai to λ lamb�noume mèsw th mejo-dolog�a twn elaq�stwn tetrag¸nwn kai twn stajmismènwn elaq�stwn tetrag¸nwn.Eidikè peript¸sei tou montèlou (1.8) e�nai to akèraio autopal�ndromo upìdeigmat�xh p, to akèraio montèlo kinhtoÔ mèsou t�xh q kaj¸ kai to akèraio autopal�n-dromo kai kinhtoÔ mèsou t�xh p kai q ant�stoiqa (ARMA(p,q)), (McKenzie (1985),

(1986) ).Enallaktik  mejodologik  prosèggish gia thn an�lush kathgorik¸n qronosei-r¸n apoteloÔn ta montèla meikt¸n katanom¸n met�bash (mixture transition distri-

bution models-MTD) pou eis qjhkan apì ton Raftery (1985a), epekte�nonta proh-goÔmenh ergas�a tou Pegram (1980), w mia teqnik  pou suntele� sthn {oikonomik }montelopo�hsh Markobian¸n alus�dwn meg�lh t�xh. SÔmfwna me thn dedomènhan�lush xeperniètai to prìblhma twn ekjetik� auxanìmenwn paramètrwn gia mia Mar-kobian  alus�da kajor�zonta thn desmeumènh pijanìthta na parathrhje� Xt = i0,dojènto tou pareljìnto, w èna grammikì sunduasmì twn Xt−1, Xt−2, . . . , Xt−p.Pio sugkekrimèna upojètoume ìti
P [Xt = i0 | Xt−1 = i1, . . . , Xt−p = ip] =3 'Estw ìti diajètoume mia stoqastik  anèlixh {Yt}, t = 1, 2, . . . h opo�a e�nai martingale. Tìteh stoqastik  diadikas�a {Xt}, t = 1, 2, . . ., me Xt = Yt − Yt−1 ja e�nai mia martingale diafor� kaija isqÔei E[Xt | Xt−1, Xt−2, . . .] = 0.



18 Kef�laio 1. Eisagwgikì kef�laio
=

p∑

j=1

λjP [Xt = i0 | Xt−j = ij ] =
p∑

j=1

λjqij i0 (1.10)ìpou i0, . . . , ip an koun sto sÔnolo {1, 2, . . . , m} kai ta qij i0 e�nai ta stoiqe�a tou m×
m p�naka met�bash Q. Gia to di�nusma twn uster sewn λ = (λ1, λ2, . . . , λp)

′ ikano-poie�tai h sqèsh ∑p
j=1 λj = 1 me λj ≥ 0 ¸ste h P [Xt = i0 | Xt−1 = i1, . . . , Xt−p = ip]na pa�rnei timè an�mesa sto 0 kai to 1. SÔmfwna me to montèlo (1.10) mei¸netai oarijmì twn paramètrwn apì mp(m−1) se m(m−1)+(p−1). Mpore� na deiqje� ìtih asumptwtik  sumperifor� tou montèlou MTD e�nai h �dia me to pl re montèlo pouqrhsimopoioÔme sti an¸terh t�xh Markobianè alus�de. H ekt�mhsh twn para-mètrwn λ kai qij tou upode�gmato (1.10) pragmatopoie�tai mèsw th megistopo�hshth sun�rthsh tou logar�jmou th pijanof�neia pou e�nai

m∑

i0,...,ip−1

ni0,...,ip−1
log(

p∑

j=1

λjqiji0) (1.11)b�sei kat�llhlwn periorism¸n gia to λ. Sth sqèsh (1.11) ta ni0,...,ip−1
metroÔn tonarijmì twn for¸n pou emfan�sthke h polumetablht  parat rhsh {Xt = i0, . . . , Xt−p =

ip} sti n epanal yei tou peir�mato.Epeid  up�rqei sÔndesh an�mesa sti kathgorikè qronoseirè kai ta hidden Mar-

kov montèla, to dedomèno ped�o èqei anaptuqje� arket�. Shmantik   tan h prosfor�tou MacDonald kai Zucchini (1997).Tèlo gia thn an�lush twn poiotik¸n qronoseir¸n axiopoioÔntai kai oi mèjodoith fasmatik  an�lush h opo�a e�nai idia�tera shmantik  eidik� an o stìqo mae�nai na anakalÔyoume periodikè sunist¸se sta dedomèna. Ja prèpei na ton�soumeìti gia ta kathgorik� dedomèna oi sumbatikè mèjodoi fasmatik  an�lush e�naigenik� akat�llhle. O Stoffer et al. (1993) kaj¸ kai oi Stoffer kai Tyler (1998)xepèrasan ti duskol�e eis�gonta ènan eufu  metasqhmatismì apì ti poiotikèseirè se akolouj�e pragmatik¸n arijm¸n, katorj¸nonta ètsi na qrhsimopoi sounti  dh gnwstè teqnikè sta nèa dedomèna.



Kef�laio 2H Merik  Pijanof�neia w Mèjodo Statistik Sumperasmatolog�a Qronoseir¸n
2.1 Eisagwg Ta montèla an�lush qronoseir¸n pou anafèrontai se dedomèna pou akoloujoÔn(akìmh kai kata prosèggish) kanonik  katanom  èqoun makr� par�dosh. Ant�jetaoi mèjodoi statistik  epexergas�a mh kanonik¸n qronoseir¸n, sqetik� prìsfataproxènhsan to endiafèron twn statistik¸n. 'Etsi kai oi teqnikè an�lush twnkathgorik¸n qronoseir¸n, pou apoteloÔn par�deigma tètoiwn pragmatopoi sewn,anaptÔqjhkan idia�tera ta teleuta�a 30 qrìnia, ìpw anafèrame kai sto eisagwgikìkef�laio.Oi poiotikè qronoseirè kaj¸ kai oi deigmatolhptikè diadromè metablht¸npou lamb�noun diakritè timè, prosegg�sthkan arqik� mèsw twn omogen¸n Mar-kobian¸n alus�dwn. O dedomèno ìmw trìpo an�lush meionektoÔse diìti qwr�epiplèon periorismoÔ o arijmì twn paramètrwn auxanìtan ekjetik� kaj¸ meg�-lwne h t�xh th alus�da (Fahrmeir and Tutz (2001) ). Epiplèon se pollè efarmo-gè oi mh-omogene� Markobianè alus�de e�nai pio kat�llhle apì thn stigm  pouexwgene� metablhtè sunteloÔn sthn emf�nish mh st�simwn pijanot twn met�bash(Fahrmeir and Kaufmann (1987) ). Ta probl mata pou epideiknÔoun ta Markobian�montèla antimetwp�zontai se meg�lo bajmì apì ta montèla palindrìmhsh gia kath-gorikè qronoseirè, sta pla�sia th jewr�a twn genikeumènwn grammik¸n montèlwn(Fokianos and Kedem (2003) ). H an�ptuxh kai jemel�wsh twn dedomènwn upodeigm�-twn suntelèsthke apì thn jewr�a th merik  pijanof�neia (Partial Likelihood-PL)pou apotele� shmantik  mèjodo sumperasmatolog�a gia exarthmèna dedomèna (Cox(1975) ). 19



20 Kef�laio 2. Merik  Pijanof�neia kai QronoseirèSti enìthte pou ja akolouj soun ja de�xoume, mèsa apì apl� parade�gmata,ti anagkaiìthte pou ma od ghsan sthn qr sh th PL prokeimènou na montelo-poi soume exarthmèna kathgorik� dedomèna. Pio sugkekrimèna, sthn Enìthta 2 jaanaferjoÔme sthn ènnoia th desmeumènh pijanof�neia (Conditional Likelihood),pou apotele� eidik  per�ptwsh th PL kai ja de�xoume ìti apotele� shmantik  prosèg-gish gia thn montelopo�sh stoqastik¸n fainomènwn twn opo�wn o mhqanismì tÔqhden e�nai to tuqa�o pe�rama. En suneqe�a, sthn Enìthta 3 ja epekte�noume to analu-tikì ma pla�sio ¸ste na epitrèpetai h parous�a exwgen¸n metablht¸n, d�nonta miapr¸th idèa th qrhstikìthta th PL. Sthn Enìthta 4 ja d¸soume arqik� mia efar-mog  th dedomènh mejìdou ìtan isqÔoun k�poie eunoikè idiìthte, pou sunteloÔnsthn me�wsh th di�stash tou probl mato kai amèsw met� ja parousi�soume thngenik  morf  th sthn per�ptwsh pou den èqoume kam�a epiplèon plhrofor�a gia thnfÔsh th ex�rthsh kai th eterogèneia th seir� ma. Tèlo, sthn Enìthta 5 jaanaferjoÔme sthn PL w mèjodo sumperasmatolog�a twn kathgorik¸n qronosei-r¸n, parajètonta par�llhla èna aplì par�deigma efarmog  th gia exarthmènadedomèna, h katanom  twn opo�wn an kei sthn ekjetik  oikogèneia.2.2 H ènnoia th Desmeumènh Pijanof�neiaH abebaiìthta enì diaqronikoÔ stoqastikoÔ fainomènou sunoy�zetai sto de�gma.Epomènw gia na èqoume ton mègisto bajmì stoqastik  plhrofìrhsh ja prèpei nagnwr�zw thn apì koinoÔ katanom  tou de�gmato
f(y1, y2, . . . , yN ; θ),pou shma�nei gn¸sh tìso tou pijanojewrhtikoÔ montèlou (fìrmoula) f ìso kai twnparamètrwn tou en lìgw montèlou, dhlad  tou θ. Aut  ìmw h epilog  montèlou dene�nai p�nta realistik  afoÔ mpore� na parousiaste� adunam�a ekt�mhsh twn paramè-trwn lìgw tou mikroÔ arijmoÔ parathr sewn. Sun�ma, epeid  suqn� o mhqanismìtÔqh o opo�o kajor�zei thn exèlixh tou fainomènou, den emp�ptei sto pla�sio toutuqa�ou peir�mato, den e�nai efikt  h anagwg  th pijanof�neia sthn eÔqrhsthsqèsh

f(y1, y2, . . . , yN ; θ)
i.i.d
=

N∏

t=1

f(yt; θ).Se pr¸th f�sh gia thn antimet¸pish tou probl mato montelopo�hsh diaqronik¸nmh nteterministik¸n fainomènwn ta opo�a epideiknÔoun ex�rthsh   eterogèneia qrh-



2.2. H ènnoia th Desmeumènh Pijanof�neia 21simopoi jhke h prosèggish th Conditional Likelihood (Andersen (1973) ). H dedo-mènh mèjodo pijanof�neia sthr�qthke apokleistik� sthn deigmatolhptik  diadrom th metablht  endiafèronto Yt. H ax�a th desmeumènh pijanof�neia kaj�stataiidia�terh shmantik  mìnon efìson h pragmatopo�hsh tou de�gmato
y1, y2, . . . , yNparèqei epark  stoiqe�a gia thn fÔsh th ex�rthsh kai th eterogèneia tou aìra-tou mhqanismoÔ, dhlad  th stoqastik  anèlixh {Yt}, t = 1, 2, . . ., h opo�a genn� taparathroÔmena dedomèna. Pr�gmati, gia diaqronik� fainìmena ta opo�a parousi�zounex�rthsh   eterogèneia, gia thn apì koinoÔ katanom  tou de�gmato qrhsimopoie�taih akìloujh di�spash

f(y1, y2, . . . , yN ; θ)=fN(yN | yN−1, . . . , y1; φN) ·
· fN−1(yN−1 | yN−2, . . . , y1; φN−1) . . . f2(y2 | y1; φ2) · f1(y1; φ1) (2.1)�ra

f(y1, y2, . . . , yN ; θ)
non−i.i.d

= f1(y1; φ1) ·
N∏

t=2

f(yt | yt−1, . . . , y1; φt),ìpou φ1 e�nai to di�nusma twn paramètrwn pou antistoiqe� sthn perij¸ria katano-m  f1 th tuqa�a metablht  y1, en¸ φt gia t = 2, 3, . . . , N , e�nai ta parametrik�dianÔsmata pou antistoiqoÔn sti desmeumènh puknìthta pijanìthta th tuqa�ametablht  yt dojènto tou pareljìnto {yt−1, yt−2, . . . , y1}. H parap�nw ìmw di�-spash th N-di�stath apì koinoÔ katanom  se ginìmeno N-1 desmeumènwn ep� miaoriak  egkumone� probl mata. To spoudaiìtero e�nai ìti o arijmì twn desmeumè-nwn metablht¸n den e�nai stajerì gia ìle ti desmeumène katanomè. Epiplèon oi�gnwste par�metroi diafèroun gia k�je katanom . E�n ìmw gnwr�zame ìti h sto-qastik  diadikas�a pou genn� to fainìmeno  tan Markov t�xh 1 (M1) kai austhr�st�simh tìte gia thn pijanof�neia tou de�gmato ja e�qame
f(y1, y2, . . . , yN ; θ)

M−St
= f1(y1; φ1) ·

N∏

t=2

f(yt | yt−1; φ).Agno¸nta thn perij¸ria katanom  f1(y1; φ1) gia thn montelopo�hsh tou fainomènoumporoÔme na sthriqtoÔme sthn desmeumènh katanom  f(yt | yt−1; φ) h opo�a apote-le� plèon ton forèa th ex�rthsh �ra kai th stoqastik  plhrofìrhsh gia thnmetablht  endiafèronto Yt.Skopì th montelopo�hsh e�nai gia k�je qronik  stigm  t na problèyoume toapotèlesma tou mhqanismoÔ tÔqh, dhlad  thn tim  th tuqa�a metablht  Yt, pr�n



22 Kef�laio 2. Merik  Pijanof�neia kai Qronoseirèto fainìmeno oloklhrwje�. H prìbleyh ma epijumoÔme na g�netai me ìso to dunatìnmegalÔterh akr�beia axiopoi¸nta thn plhrofor�a pou parèqei h fÔsh th diaqro-nik  ex�rthsh twn dedomènwn. 'Etsi gia to dedomèno par�deigma pou upojèsameìti h qronoseir� ma parousi�zei thn idiìthta (M1) kai e�nai austhr� st�simh, hanamenìmenh tim  th metablht  endiafèronto k�poia qronik  stigm  upolog�ze-tai b�sei th plhrofor�a pou parèqei h tim  th thn amèsw prohgoÔmenh qronik stigm . Epomènw h montelopo�hsh tou fainomènou ma ja sthriqte� sti akìloujedesmeumène ropè1
E(Yt | ℘), V ar(Yt | ℘),ìpou ℘ apotele� to SÔnolo Plhrofor�a (Information Set) tou fainomènou kai toopo�o sthn prokeimènh per�ptwsh, epeid  h anèlixh e�nai st�simh kai M1, isoÔtaime ℘ = {Yt−1 = yt−1}. Analìgw loipìn me thn epilog  twn desmeumènwn rop¸npou e�nai oi fore� th plhrofor�a   th ex�rthsh gia thn stoqastik  diadikas�a

{Yt}, t = 1, 2, . . ., ja odhghjoÔme se mia seir� montèlwn ta opo�a onom�zontai Mo-ntèla Palindrìmhsh. O endiaferìmeno anagn¸sth mpore� na bre� parade�gmatasumperasmatolog�a b�sei th Conditional Likelihood stou Kalbfleisch and Sprott(1970).2.3 Sumperasmatolog�a sthn per�ptwsh Ôparxh exwgen¸nmetablht¸nMèqri t¸ra anaferj kame se diaqronik� fainìmena ta opo�a montelopoioÔntai mèswmia monodi�stath stoqastik  anèlixh. Sta montèla palindrìmhsh loipìn h plh-rofor�a gia thn exèlixh tou fainomènou pareqìtan apokleistik� apì thn istor�a-pareljìn th metablht  endiafèronto Yt. E�nai logikì na anarwthjoÔme, m pwup�rqoun kai �lle metablhtè sqetikè me to fainìmeno pou ja aux soun to ped�oplhrofori¸n gia thn Yt, mei¸nonta perissìtero thn abebaiìthta ma gia thn mel-lontik  exèlixh tou dunamikoÔ sust mato. DieurÔnoume loipìn to analutikì mapla�sio ¸ste na mpore� na sumperil�bei ìqi mìno ti plhrofor�e pou proèrqontaiapì thn istor�a tou �diou tou fainomènou all� kai plhrofor�e apì �lle metablhtèsqetikè me to fainìmeno. Autì epitugq�netai epekte�nonta thn ènnoia th stoqa-stik  anèlixh se aut  th dianusmatik  stoqastik  anèlixh. 'Estw to tuqa�o1Lamb�nonta upìyh ìti V ar(Y ) = E(X2) − [E(X)]2 kai kat` epèktash V ar(Yt | ℘) = E(X2 |
℘)− [E(X | ℘)]2.



2.3. Sumperasmatolog�a sthn per�ptwsh Ôparxh exwgen¸n metablht¸n 23di�nusma
Ut =


 Yt

Xt


 .Mia dianusmatik  stoqastik  anèlixh e�nai mia akolouj�a tètoiwn dianusm�twn, dhla-d  U1,U2, . . .. Plèon h katanom  tou U se mia qronik  stigm  t ja e�nai h ft(ut; θt)h opo�a den e�nai monodi�stath all� e�nai h apì koinoÔ didi�stath sun�rthsh pu-knìthta pijanìthta twn yt kai xt dhlad  h ft(yt, xt; θt). 'Estw h deigmatolhptik diadrom  U1,U2, . . . ,UN th dianusmatik  stoqastik  anèlixh {Ut}, t = 1, 2, . . ..An h melèth twn dedomènwn ma upode�xei ìti o mhqanismì tÔqh pou par�gei tofainìmeno, epideiknÔei tautonom�a kai anexarths�a, tìte h apì koinoÔ katanom  toude�gmato gr�fetai

f(u1, u2, . . . , uN ; θ)
i.i.d
=

N∏

t=1

f(ut; φ),ìpou φ e�nai to di�nusma twn paramètrwn th katanom  twn anex�rthtwn kai tau-tìnomwn tuqa�wn metablht¸n yt, t = 1, 2, . . . , N . Suqn� ìmw, ìpw proanafèrjhkekai sthn per�ptwsh th monodi�stath stoqastik  anèlixh {Yt}, parousi�zetaidiaqronik  ex�rthsh   eterogèneia me apotèlesma h diadikas�a montelopo�hsh na e�-nai ep�ponh. Thn lÔsh sthn anaz thsh statistikoÔ montèlou to opo�o me oikonomikìtrìpo na perigr�fei ta dedomèna, ma thn parèqei se pr¸th f�sh o prosdiorismì thfÔsh th ex�rthsh kai th eterogèneia. Ax�zei na shmei¸soume ìti oi idiìthte pousunant same gia thn monodi�stath stoqastik  diadikas�a (p.q Markov, stasimìthtak.t.l) mporoÔn eÔkola na metaferjoÔn sto dieurumèno pla�sio twn dianusmatik¸nstoqastik¸n anel�xewn. 'Etsi gia par�deigma an me k�poio trìpo diapist¸soume ìtih dianusmatik  stoqastik  anèlixh {Ut}, t = 1, 2, . . ., parousi�zei ti idiìthte M1kai e�nai austhr� st�simh, tìte h apì koinoÔ katanom  tou de�gmato pou arqik�gr�fetai
f(u1, u2, . . . , uN ; θ)

non−i.i.d
= f1(u1; φ1) ·

N∏

t=2

ft(ut | ut−1, . . . , u1; φt)t¸ra metatrèpetai sthn
f(u1, u2, . . . , uN ; θ)

M−St
= f1(u1; θ1) ·

N∏

t=2

f(ut | ut−1; φ).Agno¸nta thn f1(u1; θ1) me katallhlh epilog  arqik¸n sunjhk¸n g�netai fanerìpw ja qt�soume to montèlo ma p�nw sthn desmeumènh katanom 
f(ut | ut−1; φ) ≡ f(yt, xt | yt−1, xt−1; φ).



24 Kef�laio 2. Merik  Pijanof�neia kai QronoseirèSto shme�o autì an jewr soume ìti h metablht  endiafèronto e�nai h Yt, mporoÔmena stamat soume thn summetrik  antimet¸pish twn Yt kai Xt. Epomènw mporoÔmena gr�youme
f(yt, xt | yt−1, xt−1; φ)=f(yt | xt, yt−1, xt−1; λ1) · f(xt | yt−1, xt−1; λ2),ìpou λ1 kai λ2 e�nai antisto�qw ta parametrik� dianÔsmata twn desmeumènwn ka-tanom¸n th yt dojèntwn twn xt, yt−1, xt−1 kai th xt dojèntwn twn yt−1, xt−1. 'Etsito telikì pijanotikì montèlo gia thn Yt ja e�nai to f(yt | xt, yt−1, xt−1; λ1) kai jaqtiste� b�sh twn desmeumènwn rop¸n

E(Yt | Xt, Yt−1, Xt−1), V ar(Yt | Xt, Yt−1, Xt−1). (2.2)G�netai loipìn fanerì ìti analìgw me thn epilog  twn desmeumènwn rop¸n,pou e�nai oi fore� th plhrofor�a   th ex�rthsh gia thn stoqastik  diadika-s�a {Yt}, t = 1, 2, . . ., ja odhghjoÔme se mia seir� montèlwn ta opo�a onom�zontaiDunamik� Montèla Palindrìmhsh.SÔmfwna me ta proanaferjènta parathroÔme ìti agno same thn plhrofor�a th
f(xt | yt−1, xt−1; λ2). H agnìhsh tou dedomènou ìrou se pr¸th f�sh mpore� nadikaiologhje�, qwr� na sumba�nei p�nta, apì to ìti h metablht  Xt e�nai exwgen .Autì shma�nei ìti h Xt genn�tai èxw apì to sÔsthma an�lush th Yt kai katasunèpeia o gennesiourgì mhqanismì th ma e�nai adi�foro.Sto par�deigma pou mìli anafèrame, sto opo�o h apì koinoÔ katanom  tou de�g-mato gr�fthke sthn morf 

f(y1, x1, . . . , yN , xN ; θ)
M−St
=

f1(y1, x1; φ1) ·
N∏

t=2

f(xt | yt−1; λ2) ·
N∏

t=1

f(yt | xt, yt−1, xt−1; λ1),jewr same w metablht  endiafèronto thn Yt kai gia thn sumperasmatolog�a basi-st kame ston ìro
N∏

t=1

f(yt | xt, yt−1, xt−1; λ1),agno¸nta thn qronoexart¸menh Xt. H diadikas�a pou mìli perigr�yame apotele�mia eidik  per�ptwsh qr sh thMerik  Pijanof�neia (Partial Likelihood), h opo�aapotele� shmantik  mejodologik  prosèggish sthn statistik  analush qronoseir¸n.H sugkekrimènh perioq  èqei melethje� diexodik� apì polloÔ statistikoÔ, ìpw o
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Bhat (1974) kai Crowder (1976). H ax�a th dedomènh mejìdou ègkeitai sto gegonììti den apaite� thn isqÔ upojèsewn, pou qarakthr�zoun ti stoqastikè anel�xei ìpwp.q h stasimìthta kai h idiìthta Markov. Ex�llou sthn pr�xh h fÔsh th diaqronik ex�rthsh   th eterogèneia e�nai polÔplokh kai dÔskola prosdior�zetai. 'Etsi, giato prohgoÔmeno par�deigma akìmh kai ìtan den gnwr�zame ìti isqÔei h stasimìthtakai h idiìthta M1, h apì koinoÔ katanom  tou de�gmato mpore� na grafe�

f(y1, x1, . . . , yN , xN ; θ)=f1(x1; θ1) ·
N∏

t=2

f(xt | dt; κt) ·
N∏

t=1

f(yt | ct; µt),ìpou dt = (y1, x1, . . . , yt−1, xt−1) kai ct = (y1, x1, . . . , yt−1, xt−1, xt) en¸ κt kai µte�nai antisto�qw ta dianÔsmata twn paramètrwn twn desmeumènwn katanom¸n twn
xt kai yt. To deÔtero ginìmeno th prohgoÔmenh sqèsh sunist� thn merik  pi-janof�neia tou de�gmato h opo�a me kat�llhle tropopoi sei, pou ja doÔme sthsunèqeia, kaj�statai kat�llhlh gia sumperasmatolog�a. Akìmh, se analog�a me taproanaferjènta, to statistikì montèlo ja qtiste� se ìrou twn desmeumènwn rop¸n
E(Yt | ℘), V ar(Yt | ℘) me ℘ ≡ ct. S�goura plhrofor�a gia to θ up�rqei kai stopr¸to ginìmeno kai epomènw genn�tai to er¸thma ti ja sumbe� an paralhfje� autìo par�gonta. ApodeiknÔetai ìti k�tw apì k�poie logikè sunj ke h ap¸leia plh-rofor�a gia to θ e�nai mikr  kai to ant�llagma aut  th agnìhsh (akìmh kai anh Xt e�nai exwgen ) e�nai ìti o enapome�nanta par�gonta e�nai mia qr simh morf sun�rthsh pijanof�neia(Wong (1986) ).2.4 Efarmog  th PL sthn montelopo�hshMèqri t¸ra ègine èna pr¸to b ma sthn ex ghsh th sun�rthsh merik  pijanof�-neia q¸ri ìmw na anadeiqje� xek�jara h leitourgikìtht� th sthn montelopo�hshqronologik¸n seir¸n sti opo�e ta dedomèna e�nai exarthmèna kai oi summetablhtèkai �sw ta bohjhtik� dedomèna e�nai tuqa�a kai qronoexart¸mena. Ja prèpei na ton�-soume ìti h mèjodo th merik  pijanof�neia ofe�lei thn qrhstikìthta th se m�a{èxupnh dèsmeush} (to shme�o autì ja g�nei katanohtì sthn an�lush pou ja akolou-j sei). Gia na dieukrinistoÔn ta proanaferjènta d�netai to akìloujo par�deigma.Sthn per�ptwsh th dianusmatik  stoqastik  anèlixh {U t}, t = 1, 2, . . ., pouparousi�same kai gia thn opo�a h metablht  endiafèronto Yt èqei ti idiìthte thstasimìthta kai th M1, katal xame ìti h sumperasmatolog�a ja basiste� stoginìmeno ∏N

t=1 f(yt | xt, yt−1, xt−1; λ1) kai epomènw to ant�stoiqo dunamikì montèlo



26 Kef�laio 2. Merik  Pijanof�neia kai Qronoseirèja qtiste� b�sei twn desmeumènwn rop¸n th sqèsh (2.2). Upojètonta ìti isqÔei
E(Yt | ℘) = β0 + β1 ·Xt + β2 · Yt−1 + β3 ·Xt−1kai

V ar(Yt | ℘) = σ2 (omoskedastikìthta)katal goume sto omoskedastikì dunamikì montèlo palindrìmhsh




Yt = β0 + β1 ·Xt + β2 · Yt−1 + β3 ·Xt−1

V ar(Yt | ℘) = σ2
(2.3)apì to opo�o g�netai fanerì ìti gia to stajerì di�nusma λ1 isqÔei λ1 = (β0, β1, β2, β3, σ

2).To parametrikì di�nusma tou montèlou ja ektimhje� mèsw th sun�rthsh merik pijanof�neia h opo�a gr�fetai
PL(λ1; y1, y2, ..., yN)=

N∏

t=1

f(yt | xt, yt−1, xt−1; λ1)¸ste na toniste� ìti gia thn sumperasmatolog�a sthrizìmaste sti desmeumène ka-tanomè th metablht  endiafèronto Yt gia k�je t.Sto shme�o autì genn�tai èna shmantikì er¸thma. Ti ja ginìtan an den gnwr�zameìti gia thn arqik  ma dianusmatik  stoqastik  anèlixh �sque h Markobian  idiìthtakai h stasimìthta? Se aut  thn per�ptwsh h merik  pijanof�neia ja èqei thn morf 
PL(µt; y1, y2, ..., yN)=

N∏

t=1

f(yt | ct; µt),ìpou ct = (y1, x1, . . . , yt−1, xt−1, xt). Sto shme�o autì fa�netai pw h prosèggish thmerik  pijanof�neia, qwr� thn plhrofor�a gia ta qarakthristik� th ex�rthshkai th eterogèneia, kaj�statai problhmatik  gia thn sumperasmatolog�a. Sugke-krimèna gia k�je qronik  stigm  h parap�nw desmeumènh katanom  th metablht endiafèronto Yt, exart�tai apì èna diaforetikì sÔnolo plhrofori¸n to opo�o ìsoexel�ssetai to fainìmeno dieurÔnetai. Autì èqei san apotèlesma ìso aux�netai tomègejo N th deigmatolhptik  diadrom  na aux�netai kai to pl jo twn paramè-trwn. Kat� sunèpeia ant� na lamb�noume perissìterh plhrofor�a gia èna sÔnolostajer¸n paramètrwn deqìmaste plhrofor�a gia èna auxanìmeno arijmì paramètrwn(h di�stash tou parametrikoÔ dianÔsmato µt aux�nei kaj¸ pern�ei o qrìno), ge-gonì pou suntele� sthn duskol�a montelopo�hsh. Gia na xeperaste� to prìblhma h



2.4. Efarmog  th PL sthn montelopo�hsh 27proanaferje�sa pijanof�neia tropopoi jhke kai h desmeumènh katanom  f(yt | ct; µt)gia k�je qronik  stigm  antikatast jhke apì thn desmeumènh katanom 
f(yt | Ft−1).To Ft−1 e�nai h σ-�lgebra h opo�a genn�tai apì pareljoÔse timè th metablht endiafèronto   kai akìmh parontikè timè (ìtan e�nai gnwstè ) twn epexhghmatik¸nmetablht¸n (covariates). Analutikìtera ja lègame pw h istor�a Ft−1 emperièqeiotid pote e�nai gnwstì ston parathrht  tou fainomènou thn qronik  stigm  t−1, kaiepomènw e�nai dunatìn na perièqei kai timè th Xt   k�poia bohjhtik  metablht 

Wt efìson autè e�nai ek twn protèrwn gnwstè. Me skopì na tupopoi soume taproanaferjènta, gia k�je qronik  stigm  t jewroÔme pw h tim  th metablht endiafèronto Yt diamorf¸netai apì to p-di�stato di�nusma
Zt−1 = (Z(t−1)1, Z(t−1)2, . . . , Z(t−1)p)

′, t = 1, 2, . . . , N, (2.4)to opo�o perièqei pareljoÔse   kai parontikè ermhneutikè metablhtè. Ousiastik�to Zt−1 gia k�je qrìno t sunoy�zei thn progenèsterh exèlixh tou sust mato ìpwaut  diamorf¸netai mèqri ton qrìno t − 1. Endeiktik�, to Zt−1 mpore� na èqei thnmorf 
Zt−1 = (Yt−1, Yt−2, Xt, Wt)

′ìpou Yt−1, Yt−2 e�nai oi qronikè uster sei 1h kai 2h t�xh th Yt en¸ Xt kai Wte�nai duo nteterministikè metablhtè twn opo�wn oi timè gia ton qrìno t e�nai  dhgnwstè apì ton qrìno t − 1. SÔmfwna loipìn me thn suz thsh pou prohg jhkegia k�je qronik  stigm  exèlixh tou sust mato pèra apì thn qronoseir� {Yt} pouonom�zetai apìkrish (response), jewroÔme kai thn dianusmatik  stoqastik  anèlixh
{Zt−1} pou kale�tai summetablht  diadikas�a (covariate process). 'Etsi gia thn σ-�lgebra Ft−1 ja isqÔei

Ft−1 = σ{Yt−1, Yt−2, . . . , Xt, Wt, . . . ,Zt−1,Zt−2, . . . , }.Ston parap�nw sumbolismì prèpei na shmei¸soume ìti to Zt−1 emperièqei  dh parel-joÔse timè th apokritik  metablht . Ax�zei na upenjum�soume ìti h istor�a toufainomènou k�je qronik  stigm  parat rhsh e�nai èna upersÔnolo twn ant�stoiqwnistori¸n ìpw autè diamorf¸nontai se prohgoÔmene qronikè stigmè melèth toudunamikoÔ sust mato. 'Etsi gia to diaqronikì fainìmeno ja èqoume m�a aÔxousaakolouj�a σ-algebr¸n F0 ⊂ F1 ⊂ F2 . . . gia ti ant�stoiqe stigmè parat rhsh
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t = 0, 1, 2, . . .. Epomènw an thn qronik  stigm  t− 1 èqoume parathr sei to fainì-meno kai èqoume katagr�yei thn tim  Yt−1, tìte gia na problèyoume thn mellontik tim  Yt ja l�boume upìyh thn σ-�lgebra Ft−1 h opo�a emperièqei thn istor�a toufainomènou apì thn stigm  pou xekin same na to katagr�foume. G�netai fanerì pwplèon to Information Set e�nai to ℘ ≡ Ft−1 kai se antistoiq�a me ta montèla pa-lindrìmhsh kai ta dunamik� montèla palindrìmhsh to statistikì montèlo pou jadhmiourg soume gia thn metablht  endiafèronto Yt ja sthriqte� sti desmeumèneropè

µt = E[Yt | Ft−1] kai σ2
t = V ar[Yt | Ft−1].AfoÔ k�je qronik  stigm  to Information Set e�nai to Ft−1 o parathrht  mpore� naepilèxei ti desmeumène ropè na exart¸ntai apì èna di�nusma sugkekrimènwn meta-blht¸n Zt−1 (twn opo�wn oi timè ja diaforopoioÔntai ana qronik  per�odo), kai toopo�o kata thn kr�sh tou ja emperièqei thn apaitoÔmenh plhrofor�a gia thn perigra-f  tou fainomènou, epitrèponta oikonomik  montelopo�hsh (parsimonious modeling)kai ìso to dunatìn akribèstere problèyei. 'Etsi h desmeumènh katanom  th Ytgia k�je qronik  stigm  w pro Ft−1, dhlad  h f(yt | Ft−1) mpore� na grafe� w

f(yt; β), opoÔ β e�nai to stajerì di�nusma twn paramètrwn sÔmfwna me to opo�ogia k�je qronik  stigm  oi desmeumène ropè sundèontai me to di�nusma Zt−1. H
PL ta teleuta�a qrìnia diadramat�zei shmantikì rìlo kai se �lla episthmonik� ped�apou sqet�zontai me ton q¸ro th Statistik  kai twn Pijanot twn. Qarakthristi-k� anafèroume ìti apotele� basikì ergale�o montelopo�hsh diadikasi¸n met�doshs mato (signal processing) (Adali kai Ni (2003) ).2.5 Axiopo�hsh th jewr�a th PL gia thn Sumperasmato-log�a twn Kathgorik¸n Qronoseir¸nH jewr�a th PL diadramat�zei kajoristikì rìlo sthn montelopo�hsh twn kathgo-rik¸n qronoseir¸n. Autì sumba�nei diìti ìpw e�dame sti prohgoÔmene enìthte hdedomènh mèjodo den proupojètei oÔte stasimìthta oÔte thn Markobian  idiìthta.Me ton trìpo autì oi statistiko� katìrjwsan na xeper�soun ta probl mata pouparous�aze h an�lush twn poiotik¸n seir¸n mèsw twn Markobian¸n Montèlwn, pouanafèrame sthn enìthta 2.1 . Sta pla�sia th jewr�a twn GLM kai th ekjetik oikogèneia katanom¸n h teqnik  th PL e�nai arket� elkustik  gia thn statistik an�lush twn kathgorik¸n qronologik¸n seir¸n, epitrèponta mia suneq  sumpera-



2.5. Axiopo�hsh th jewr�a th PL sti Kathgorikè Qronoseirè 29smatolog�a me b�sh èna {f�ltro} to opo�o genn�tai apì otid pote e�nai gnwstì kat�ton qrìno th parat rhsh (Fokianos kai Kedem (2001) ).Sta kef�laia pou ja akolouj soun ja efarmìsoume thn jewr�a th PL gia di�-forou tÔpou poiotik¸n seir¸n. Analutikìtera sto Kef�laio 3 ja parousi�soumethn mèjodo th PL gia d�time seirè en¸ sto Kef�laio 5 ja anaferjoÔme diexodik�sthn sumperasmatolog�a gia onomatikè kai diat�xime kathgorikè qronoseirè.Sto shme�o autì parajètoume èna aplì par�deigma efarmog  th PL sta pla�-sia th ekjetik  oikogèneia katanom¸n. 'Estw h d�timh qronoseir� {Yt}, t =

1, 2, . . . , N . Jewr¸nta ìti gia k�je stigm  katagraf  tou fainomènou h tim  thapìkrish exart�tai apì duo uster sei th, apì ènan bohjhtikì par�gonta X, touopo�ou h tim  kat� ton qrìno t e�nai gnwst  apì ton t − 1, kaj¸ kai apì èna ìroperiodikìthta 12 mon�dwn, to di�nusma twn summetablht¸n Zt−1 ja p�rei thn morf 
Zt−1 = (1, Yt−1, Yt−2, Xt, cos

(2πt

12

)
)′.'Etsi gia to en lìgw par�deigma h desmeumènh mèsh tim  E[Yt | Ft−1] ja sundèetaimèsw k�poia gnwst  sun�rthsh g me ton grammikì sunduasmì

β1 + β2Yt−1 + β3Yt−2 + β4Xt + β5 cos
(2πt

12

)
.Epomènw to statistikì montèlo pou ja qrhsimopoi soume gia sumperasmatolog�aja èqei thn morf 

g(µt(β)) = β1 + β2Yt−1 + β3Yt−2 + β4Xt + β5 cos
(2πt

12

)ìpou β = (β1, β2, β3, β4, β5)
′. Plèon, sÔmfwna me to dedomèno statistikì montèlo, hekt�mhsh th anamenìmenh tim  th metablht  endiafèronto thn qronik  stigm  tan�getai sthn ekt�mhsh tou stajeroÔ dianÔsmato β, dhlad  ja isqÔei

µ̂t = µt(β̂).Gia thn ekt�mhsh tou stajeroÔ dianÔsmato β ja qrhsimopoihje� h merik  pijanof�-neia th deigmatolhptik  diadrom , pou afor� thn metablht  endiafèronto Yt, kaih opo�a sthn telik  th morf  d�netai apì
PL(β; y1, y2, . . . , yN)=

N∏

t=1

f(yt; β),ìpou upenjum�zoume ìti f(yt; β) ≡ f(yt | Ft−1). Sto shme�o autì, lamb�nontaupìyh thn suz thsh pou prohg jhke, ja d¸soume ton genikì orismì th PL (blèpe
Fokianos and Kedem (2001) ).



30 Kef�laio 2. Merik  Pijanof�neia kai QronoseirèOrismì 2.5.1 'Estw Ft−1, t = 1, 2, . . ., mia aÔxousa akolouj�a s-algebr¸n, F0 ⊂
F1 ⊂ F2, . . . , kai èstw Y1, Y2, . . . mia akolouj�a tuqa�wn metablht¸n orismènwn seèna koinì q¸ro pijanìthta ètsi ¸ste h Yt na e�nai Ft metr simh. Sumbol�zonta thnpuknìthta tou Yt dojènto Ft−1, me ft(yt; θ), ìpou θ ∈ Rp e�nai èna stajerì di�nusma.Tìte h sun�rthsh PL pou sqet�zetai me to θ,Ft kai ta dedomèna Y1, Y2, . . . , YN ,d�netai apì to ginìmeno

PL(θ; y1, y2, . . . , yN)=
N∏

t=1

f(yt; θ). (2.5)To di�nusma to opo�o megistopoie� thn sqèsh (2.5) onom�zetai ektimht  mègi-sth merik  pijanof�neia (maximum partial likelihood estimator-MPLE ). O dedo-mèno ektimht  upì sunj ke omalìthta ikanopoie� ti idiìthte twn sunhjismènwnektimht¸n mègisth pijanof�neia, gia anex�rthta dedomèna, dhlad  e�nai sunep (consistent) kai asumptwtik� kanonikì (asymptotically normal). Gia thn dedomènhkl�sh ektimht¸n oi proanaferje�se asumptwtikè idiìthte maz� me thn apodotikì-thta (efficiency) èqoun melethje� diexodik� kur�w apì ton Wong (1986), all� kaiapì �llou suggrafe� ìpw o Slud (1982). E�nai shmantikì na ton�soume ìti oiektimhtè MPLE ikanopoioÔn ti parap�nw asumptwtikè idiìthte exait�a th �-mesh sqèsh th jewr�a th PL me ti stoqastikè anel�xei martingale (Brown(1971) ). Perissìtere plhrofor�e gia ta asumptwtik� apotelèsmata th PL jaanafèroume sta epìmena kef�laia.



Kef�laio 3Montèla Palindrìmhsh gia D�time Qronoseirè
3.1 Eisagwg Sto dedomèno kef�laio ja asqolhjoÔme me thn statistik  an�lush twn d�timwn qro-noseir¸n (binary time series). Gia thn sumperasmatolog�a sti sugkekrimène seirèkaj¸ kai sti poiotikè seirè me perissìtera apì duo ep�peda, ja axiopoihje� h je-wr�a twn GLM (McCullagh and Nelder (1989) ). Sthn Enìthta 2 tou kefala�ou jad¸soume orismèna genik� stoiqe�a, p�nw sta opo�a ja sthriqte� h sumperasmatolog�ama. Sthn �dia par�grafo ja xekin sei kai h an�lush twn d�timwn qronoseir¸n d�-donta jewrhtik� apotelèsmata kai parajètonta shmantik� ped�a efarmog¸n tou.En suneqe�a sthn 3h enìthta ja parousi�soume thn logistik  palindrìmhsh w miaapì ti basikìtere teqnikè montelopo�hsh d�timwn pragmatopoi sewn. Enalla-ktik� upode�gmata ja parousiastoÔn epigrammatik� sthn Enìthta 4. Amèsw met�,sthn par�grafo 5, ja mil soume gia thn diadikas�a eÔresh tou MPLE gia d�timaexarthmèna dedomèna. Sthn Enìthta 6 ja or�soume k�poiou shmantikoÔ p�nakepou sunant�me sti kathgorikè qronoseirè, tou opo�ou ìmw ja tou prosarmì-soume sti d�time metablhtè. H sumperasmatolog�a gia ti sugkekrimène seirèja oloklhrwje� sthn Enìthta 7 ìpou ja parousi�soume ti asumptwtikè idiìth-te tou MPLE. Tèlo, sthn Enìthta 8 ja d¸soume mia jewrhtik  efarmog  twnproanaferjèntwn sthn per�ptwsh th logistik  palindrìmhsh.3.2 GLM kai Exarthmèna D�tima DedomènaGia diaqronik� stoqastik� fainìmena twn opo�wn h exèlixh, gia k�je qronik  stigm parat rhsh, dhl¸netai apì m�a poiotik  metablht  endiafèronto Yt, diapist¸same31



32 Kef�laio 3. Montèla Palindrìmhsh gia D�time Qronoseirè(blèpe par�deigma, sel�da 38 tou kefala�ou 2) ìti gia thn statistik  tou an�lushja sthriqtoÔme sta akìlouja:(i) Statistikì Montèlo
g(µt(β)) = β′

Zt−1, t = 1, 2, . . . , N,to opo�o e�nai GLM . Sto sugkekrimèno upìdeigma h sun�rthsh g ìpw e�damesundèei kat� grammikì trìpo thn desmeumènh rop  µt = E(Yt | Ft−1) me su-gkekrimène summetablhtè Zt−1 mèsw enì stajeroÔ dianÔsmato paramètrwn
β. Dhlad  an Zt−1 = (Z(t−1)1, Z(t−1)2, . . . , Z(t−1)p)

′ kai β = (β1, β2, . . . , βp)
′katal xame ìti ja isqÔei

g(µt(β)) = β′Zt−1 = β1Z(t−1)1 + β2Z(t−1)2 + . . . + βpZ(t−1)p ≡ ηt. (3.1)(ii) Montèlo Pijanìthta
f(yt; β) ≡ f(yt | Ft−1)(blèpe enìthta 2.5, sel�da 39).(iii) Deigmatikì Montèlo
Y = (Y1, Y2, . . . , YN)pou den e�nai tuqa�o de�gma.Gia thn dedomènh mejodologik  prosèggish, to klasikì grammikì montèlo pou anafè-retai sthn suneq  metablht  Yt upì thn upìjesh th kanonikìthta kai th anexar-ths�a, apotele� eidik  per�ptwsh me thn g na taut�zetai me thn tautotik  sun�rthsh.H epilog  th dedomènh oikogèneia statistik¸n montèlwn kaj�statai kajoristik sthn statistik  an�lush kathgorik¸n qronoseir¸n (Categorical Time Series) afoÔexasfal�zei ìti tìso oi problèyei ìso kai oi prosarmosmène timè (fitted values),pou ousiastik� apoteloÔn kai oi dÔo ektim sei pijanot twn {met�bash}, ja an -koun sto di�sthma [0,1℄. H aploÔsterh per�ptwsh twn kathgorik¸n qronoseir¸ne�nai oi d�time qronoseirè, ti opo�e ja exet�soume diexodik�.Genik� h mejodolog�a twn GLM gia anex�rthte parathr sei, Yi, i = 1, 2, . . . , N ,oi opo�e proèrqontai apì thn katanom  Bernoulli, èqei anaptuqje� èntona (Cox kai
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Snell (1989) ). To gegonì autì ofe�letai sto meg�lo ped�o efarmog¸n twn d�ti-mwn dedomènwn se polloÔ kl�dou th epist mh. Sthn Iatrik  kai thn Yuqolog�aloipìn oi d�time parathr sei, (p.q. mia exètash e�nai {jetik }   {arnhtik } wpro k�poia nìso), e�nai arket� diadedomène. Par�llhla h an�gkh qrhsimopo�h-sh d�timwn metablht¸n emfan�zetai kai se �lle episthmonikè perioqè ìpw e�nai hMetewrolog�a. Suqn� loipìn ta klimatologik� dedomèna apoktoÔn diaforetikì en-diafèron ìtan apì mia suneq  kl�maka mètrhsh metatrèpontai se d�time apokr�sei.Par�deigma tètoia metatrop  e�nai h qr sh th d�timh metablht  Yt sthn opo�aanat�jetai e�te h tim  �1� an h hmer sia broqìptwsh e�nai megalÔterh twn �5mm� e�teh tim  �0� an h posìthta broq  ana hmèra e�nai mikrìterh   �sh twn �5mm�(Coe kai
Stern, (1984) ).Skopì th suz thsh pou ja akolouj sei e�nai na parousiastoÔn ta gnwst�apotelèsmata twn GLM gia d�tima dedomèna, ìpw ta montèla logit kai probit, upìto pr�sma mia d�timh qronoseir� {Yt}, t = 1, 2, . . . , sthn opo�a h metablht  endia-fèronto, Yt, parousi�zei diaqronik  ex�rthsh me qronikè uster sei th ìso kai metuqa�e qronoexart¸mene metablhtè   bohjhtikè aitiokratikè metablhtè (Kee-

nan, (1982) ). S�goura prèpei na lhfje� upìyh h dedomènh diaqronik  ex�rthsh wphg  stoqastik  plhrofìrhsh kai epomènw o klasikì sumbolismì kai orolog�atwn d�timwn GLM apaite�tai na tropopoihje� (Fahrmeir and Tutz, (2001), kef�laio6). 'Estw loipìn èna diaqronikì fainìmeno sto opo�o se k�je epan�lhyh e�nai duna-tìn na sumbe� e�te {epituq�a} e�te {apotuq�a}. O parathrht  tou fainomènou mèswtwn parathr sewn pou katagr�fei, pou sthn prokeimènh per�ptwsh e�nai mia akolou-j�a me �1� kai �0�, prospaje� na kataskeu�sei èna statistikì montèlo. To statistikìmontèlo den e�nai t�pote perissìtero par� èna ergale�o to opo�o me oikonomikì trìpoepiqeire� na perigr�yei thn upoke�menh stoqastik  diadikas�a pou gènnhse thn deig-matolhptik  diadrom  (sample path). Anamfisb thta h kalÔterh prosèggish stonmhqanismì tÔqh pou par�gei to fainìmeno e�nai gia k�je qronik  stigm  t h akrib ekt�mhsh, mèsw tou statistikoÔ montèlou, th epikratèsterh tim  gia thn meta-blht  endiafèronto, Yt, lamb�nonta ìmw upìyh thn istor�a tou sust mato apìthn stigm  pou xekin same na to parathroÔme mèqri kai ton qrìno t − 1. G�netailoipìn fanerì pw gia k�je qronik  stigm  t h katanom  th tuqa�a metablht  Ytdoje�sh th istor�a Ft−1 e�nai Bernoulli. Dhlad  gia k�je t isqÔei
Yt | Ft−1 ∼ Bernoulli(1, πt(β)), (3.2)



34 Kef�laio 3. Montèla Palindrìmhsh gia D�time Qronoseirèìpou πt(β) e�nai h desmeumènh pijanìthta epituq�a h opo�a sthn prokeimènh per�-ptwsh taut�zetai kai me thn desmeumènh mèsh tim . Dhlad 
πt(β) = Pβ(Yt = 1 | Ft−1) ≡ µt(β). (3.3)Tìso sthn (3.2) ìso kai sthn (3.3) to Ft−1, ìpw èqoume  dh anafèrei, parist�otid pote e�nai gnwstì ston parathrht  thn qronik  stigm  t − 1 tìso gia thn me-tablht  Yt ìso kai gia ti qronoexart¸mene tuqa�e summetablhtè. Ousiastikìskopì th dedomènh an�lush e�nai na montelopoi soume thn desmeumènh pijanì-thta epituq�a (3.3) mèsw enì genikeumènou montèlou palindrìmhsh th morf (3.1), to opo�o exart�tai apì to β kai en suneqe�a na ektim soume to β doje�sh thd�timh qronoseir� {Yt}, t = 1, 2, . . . , N kai mia sugkekrimènh qronoexart¸menhdianusmatik  stoqastik  anèlixh {Zt−1}, t = 1, 2, . . . , N .Prin proqwr soume thn an�lush ma sti d�time qronoseirè anafèroume ìti taapotelèsmata pou ja parousi�soume sthr�zontai sthn jewr�a twn GLM kai sthnEkjetik  Oikogèneia Katanom¸n (E.O.K) gia exarthmène parathr sei (Fokianos

and Kedem (2002) ). Arket� genik� apotelèsmata th dedomènh mejodologik prosèggish br�skontai sto Par�rthma A1, sto opo�o suqn� ja parapèmpetai oendiaferìmeno anagn¸sth.Sthn per�ptwsh th akolouj�a twn d�timwn exarthmènwn parathr sewn Yt mpo-roÔme na poÔme pw gia k�je qronik  stigm  t h desmeumènh katanom  tou dojèntotou pareljìnto an kei sthn E.O.K me αt(φ) = 1 (blèpe Par�rthma A1). Pr�gmatiapì thn (3.2) gia k�je t = 1, 2 . . . , N èqoume
f(yt | Ft−1) = Pβ(Yt = yt | Ft−1) = [πt(β)]yt [1− πt(β)]1−yt , yt = 0, 1,h opo�a meta apì kat�llhle tropopoi sei pa�rnei thn morf  th sqèsh (A.1).Pr�gmati èqoume

f(yt; θt, φ | Ft−1) = exp
{
yt log

( πt(β)

1− πt(β)

)
+ log(1− πt(β))

} (3.4)me µt(β) = πt(β), θt = log
(

πt

1−πt

)
, b(θt) = − log(1 − πt), V (πt) = πt(1 − πt), φ =

1, ωt = 1. Epomènw gia k�je qronik  stigm  ja isqÔei h ex�swsh (3.1) pou shma�neiìti h sun�rthsh g th desmeumènh pijanìthta epituq�a palindrome� grammik� stodi�nusma twn summetablht¸n Zt−1. H (3.1) gr�fetai isodÔnama w
πt(β) = h(ηt) (3.5)



3.3. Logistikì Montèlo Palindrìmhsh 35me h ≡ g−1 (h sun�rthsh h up�rqei diìti èqoume upojèsei ìti h g e�nai gnhs�wmonìtonh). Apì thn (3.5) e�nai fanerì ìti gia na l�boume ektim sei th πt pouan koun sto di�sthma [0, 1] ja prèpei gia thn ant�strofh sun�rthsh th sun�rthshsÔndesh h (inverse link function) na isqÔei h : R → [0, 1], lamb�nonta upìyh ìti
ηt = β′Zt−1 ∈ R.SÔmfwna me ta proanaferjènta gia thn statistik  an�lush d�timwn qronoseir¸nja sthriqtoÔme sthn (3.5). Analìgw me thn epilog  th sun�rthsh h ja èqoumemia seir� montèlwn palindrìmhsh gia thn sumperasmatolog�a th desmeumènh pi-janìthta epituq�a πt(β). Epeid  gnwr�zoume ìti gia thn ajroistik  sun�rthshkatanom  (cumulative distribution function-cdf ) FX th tuqa�a metablht  X, me
FX(x) = P (X ≤ x) isqÔei FX : R → [0, 1], sumpera�noume ìti ja epilèxoume thn
h an�mesa apì k�poie gnwstè cdf. 'Etsi to montèlo sumperasmatolog�a gia thn
πt(β) ja èqei thn morf 

Pβ(Yt = 1 | Ft−1) = F (β′Zt−1) = h(β′
Zt−1). (3.6)3.3 Logistikì Montèlo Palindrìmhsh'Otan epilèxoume sthn (3.6) thn F na e�nai h cdf th tupik  logistik  katanom (standard logistic distribution), tìte prokÔptei to genikì montèlo logistik  palin-drìmhsh (logistic regression model) gia thn πt (Bonney (1987) ). Analutikìtera,an Fl e�nai h cdf th logistik  katanom  me

h(x) ≡ Fl(x) =
ex

1 + ex
=

1

1 + e−x
, −∞ < x <∞,tìte gia x = β′Zt−1 ∈ R ja èqoume to genikì montèlo logistik  palindrìmhsh

Pβ(Yt = 1 | Ft−1) = Fl(β
′Zt−1) =

1

1 + exp[−β′Zt−1]
. (3.7)Parat rhsh 3.3.1 Gia d�time qronoseirè h ant�strofh sun�rthsh th Fl(x) dh-lad  h g(x) = F−1

l (x) = log
(

x
1−x

) isoÔtai me ton kanonikì sÔndesmo. Pr�gmati,sÔmfwna me ti sqèsei (3.4) kai (3.5) èqoume
b′(θt) =

exp(θt)

1 + exp(θt)kai epomènw gia ton kanonikì sÔndesmo g sÔmfwna me thn sqèsh (A.6) ja èqoume
g(πt) = (b′)−1(πt) = log

( πt

1− πt

)
= θt.



36 Kef�laio 3. Montèla Palindrìmhsh gia D�time QronoseirèH proanaferje�sa sun�rthsh sÔndesh, pou e�nai kai h sunhjèsterh epilog  giad�tima dedomèna, onom�zetai logit. 'Etsi to montèlo (3.7) gr�fetai sthn isodÔnamhèkfrash
logit(πt(β)) = log

( πt

1− πt

)
= β′Zt−1. (3.8)3.4 Enallaktik� Montèla'Allh epilog  gia thn sun�rthsh h apotele� h extreme value distribution me F (x) =

1 − exp(− exp(x)) ìpou x ∈ R. 'Etsi gia x = β′Zt−1 to ant�stoiqo montèlo palin-drìmhsh gia thn desmeumènh pijanìthta epituq�a ja e�nai
Pβ(Yt = 1 | Ft−1) = 1− exp(− exp(β′Zt−1)) (3.9)me ant�stoiqh sun�rthsh sÔndesh thn

log{− log(1− πt(β))} = β′Zt−1, (3.10)gnwst  w complementary log-log.Akìmh, mia suqn  epilog  th sun�rthsh h apotele� h cdf th tupik  kanonik katanom  Φ. To ant�stoiqo montèlo palindrìmhsh pou prokÔptei gia thn πt(β)onom�zetai probit kai d�netai apì thn sqèsh
Pβ(Yt = 1 | Ft−1) = Φ(β′Zt−1) (3.11)kai h ant�stoiqh sun�rthsh sÔndesh e�nai h g = Φ−1 (Finney, (1971) ).3.5 PL ekt�mhsh sti d�time qronoseirèH merik  pijanof�neia mia deigmatolhptik  diadrom  me metablht  endiafèronto

Yt th opo�a h desmeumènh katanom  Yt | Ft−1 an kei sthn E.O.K, gr�fetai (blèpePar�rthma A2) w
PL(β) =

N∏

t=1

f(yt; θt, φ | Ft−1)ìpou f(yt; θt, φ | Ft−1) ≡ ft(yt; β). Sthn prokeimènh per�ptwsh ìmw, epeid  Yt |
Ft−1 ∼ Bernoulli(1, πt(β)), ja isqÔei ft(yt; β) = Pβ(Yt = yt | Ft−1) = [πt(β)]yt [1−
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πt(β)]1−yt , yt = 0, 1. Epomènw h sun�rthsh merik  pijanof�neia gia to β ja p�reithn morf 

PL(β) =
N∏

t=1

[πt(β)]yt [1− πt(β)]1−yt
(3.3),(3.6)

=

=
N∏

t=1

[F (β′Zt−1)]
yt [1− F (β′Zt−1)]

1−yt . (3.12)Gia na prokÔyei o ektimht  mègisth merik  pijanof�neia tou β apaite�tai h megi-stopo�hsh tou logar�jmou th sun�rthsh merik  pijanof�neia (blèpe Par�rthmaA.2, sqèsh A.8), pou sthn prokeimènh per�ptwsh isoÔtai me
ℓ(β) =

N∑

t=1

{ytlogF (β
′

Zt−1) + (1− yt)log(1− F (β
′

Zt−1))} ≡
N∑

t=1

ℓt. (3.13)Parathr¸nta thn (3.13) diapist¸noume ìti sti d�time qronoseirè h ex�rthsh twn
ℓt �ra kai tou ℓ(β) apì to parametrikì di�nusma β e�nai �mesh afoÔ h ajroistik sun�rthsh katanom  F ekfr�zetai sunart sei autoÔ. To gegonì autì de�qnei thneukol�a twn upologism¸n ìtan diajètoume d�tima dedomèna.Upojètonta ìti h F e�nai paragwg�simh kai èqei sun�rthsh puknìthta pijanì-thta (pdf ) f = F

′ kai se per�ptwsh pou o ektimht  mègisth merik  pijanof�neia(Maximum Partial Likelihood Estimator-MPLE ) β̂ up�rqei, tìte prokÔptei apì tiex�swsei merik  pijanof�neia (partial likelihood equation)
SN(β) = ∇ℓ(β) = 0 (3.14)  pio analutik� 



∂ℓ(β)
∂β1

∂ℓ(β)

∂β2...
∂ℓ(β)

∂βp




=




0

0...
0




.Gia ton upologismì th j sunist¸sa tou SN(β) ja basistoÔme sto gegonì ìti
∂ℓ(β)

∂βj

=
N∑

t=1

∂ℓt

∂βj

, j = 1, 2, . . . , p (3.15)'Etsi èqoume
∂ℓt

∂βj

= yt

1

F (β
′

Zt−1)
f(β

′

Zt−1)z(t−1)j − (1− yt)
1

1− F (β
′

Zt−1)
f(β

′

Zt−1)z(t−1)j ⇒
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∂ℓt

∂βj

= f(β
′

Zt−1)z(t−1)j

{ yt

F (β
′

Zt−1)
− 1− yt

1− F (β
′

Zt−1)

}
⇒

∂ℓt

∂βj

= f(β
′

Zt−1)z(t−1)j

{(1− F (β
′

Zt−1))yt − (1− yt)F (β
′

Zt−1)

F (β
′

Zt−1)(1− F (β
′

Zt−1)

}
⇒

∂ℓt

∂βj

=
f(β

′

Zt−1)z(t−1)j(yt − F (β
′

Zt−1))

F (β
′

Zt−1)(1− F (β
′

Zt−1)

(3.3),(3.6)
=⇒

∂ℓt

∂βj

=
f(β

′

Zt−1)z(t−1)j

F (β
′

Zt−1)(1− F (β
′

Zt−1)
(Yt − πt(β)) (3.16)'Etsi, apì ti (3.15), (3.16) kai to gegonì ìti ηt = β′Zt−1, gia thn j sunist¸sa toudianÔsmato twn merik¸n skìr prokÔptei,

∂ℓ(β)

∂βj

=
N∑

t=1

Z(t−1)j
f(ηt)

F (ηt)(1− F (ηt))
(Yt − πt(β)), j = 1, 2, . . . , p. (3.17)Epiplèon, jètonta D(β′Zt−1) = D(ηt) =

f(ηt)
F (ηt)(1−F (ηt))

, gia to partial score vectorja èqoume
SN (β) =

N∑

t=1

Zt−1D(ηt)(Yt − πt(β)) (3.18)  pio analutik�
SN(β) =

( N∑

t=1

Z(t−1)1D(ηt)(Yt − πt(β)), . . . ,
N∑

t=1

Z(t−1)pD(ηt)(Yt − πt(β))
)
′

.Upenjum�zonta ìti πt(β) = µt(β) kai σ2
t (β) = µt(β)(1− µt(β)) h (3.18) prokÔpteikai apì thn genik  sqèsh orismoÔ tou SN(β) (A.14) pou anafèretai sto Par�rthmaA2. Parathr¸nta thn (3.18) g�netai fanerì ìti to partial score vector exart�taiapì to m ko th deigmatolhptik  diadrom  N . 'Etsi mia pr¸th parat rhsh poumporoÔme na k�noume e�nai ìti h akr�beia twn ektimht¸n tou parametrikoÔ dianÔsmato

β, oi opo�oi ìpw anafèrame prokÔptoun apì thn lÔsh th ex�swsh ∇SN (β) = 0,kai kat` epèktash h katallhlìthta tou statistikoÔ montèlou
g(πt(β)) = β′Zt−1, t = 1, 2, . . . , N,ja ephre�zetai (pèra apì thn epilog  tou Zt−1 ) kai apì to mègejo th pragmato-po�hsh N . Genik� sthn melèth diaqronik¸n fainomènwn mèsw qronologik¸n seir¸n,apofeÔgontai oi sÔntome deigmatolhptikè diadromè. O ereunht  tou diaqronikoÔfainomènou apaite�tai na diajètei ikanopoihtik� meg�le pragmatopoi sei afoÔ me



3.5. PL ekt�mhsh sti d�time qronoseirè 39autìn ton trìpo ja èqei kalÔterh epopte�a katorj¸nonta na katagr�yei qarakth-ristik� th qronoseir� ta opo�a kr�nontai idia�tera shmantik� gia thn orj  stati-stik  sumperasmatolog�a (p.q epoqikìthta, patterns, t�sei k.t.l). Sun�ma, ìpwja doÔme kai sthn sunèqeia, h kanonikìthta tou ektimht  β̂ (MPLE ) exasfal�zetaiasumptwtik�, dhlad  kaj¸ to N →∞.Gia opoiad pote qronik  stigm  parat rhsh tou fainomènou mporoÔme na or�-soume thn posìthta
St(β) =

t∑

s=1

Zs−1D(ηs)(Ys − πs(β)), t = 1, 2, . . . , N. (3.19)H parap�nw posìthta e�nai èna tuqa�o di�nusma afoÔ h tim  th thn qronik  stigm 
t−1 e�nai �gnwsth kai exart�tai apì thn tim  pou ja p�rei h metablht  endiafèrontothn qronik  stigm  t, èstw Yt = yt.To St(β) e�nai to merikì �jroisma (partial sum) to opo�o antistoiqe� ston qrìno
t. 'Etsi jewr¸nta ton qrìno t = 0 w afethr�a parakoloÔjhsh tou fainomènou, pa-rajètoume gia ti pr¸te 3 qronikè stigmè pou katagr�fetai h tim  th metablht endiafèronto ta ant�stoiqa merik� ajro�smata

t = 1 : S1(β) = Z0D(η1)(Y1 − π1(β))

t = 2 : S2(β) = S1(β) + Z1D(η2)(Y2 − π2(β))

t = 3 : S3(β) = S2(β) + Z2D(η3)(Y3 − π3(β))SÔmfwna loipìn me ta proanaferjènta mporoÔme na or�soume thn stoqastik anèlixh twn merik¸n skor (partial score process) {St(β)}, t = 1, 2, . . ., pou e�naimia dianusmatik  stoqastik  anèlixh . H dedomènh stoqastik  anèlixh epeid  e�nai
martingale (Hall kai Heyde (1980) )1 stoqastik¸n anel�xewn ja sumb�lei ìpwja doÔme sthn sunèqeia sthn sumperasmatolog�a twn kathgorik¸n qronoseir¸n.Pr�gmati gia thn partial score process isqÔei h akìloujh prìtash.Prìtash 3.5.1 Gia thn dianusmatik  stoqastik  anèlixh {St(β)}, t = 1, 2, . . .isqÔei

E[St+1(β) | Ft] = St(β). (3.20)1Mia stoqastik  anèlixh {Xt}, t = 1, 2, . . . e�nai martingale an isqÔei E|Xt| < +∞ kai E[Xt |
Xt−1, Xt−2, . . .] = Xt−1 sqedìn beba�w. Dhlad  èna stoqastikì fainìmeno ja qarakthr�zetai apìthn idiìthta martingale an h anamenìmenh tim  th Xt dojènto tou pareljìnto isoÔtai me thntim  th thn amèsw prohgoÔmenh qronik  stigm , dhlad  me thn Xt−1.



40 Kef�laio 3. Montèla Palindrìmhsh gia D�time QronoseirèApìdeixh 3.5.1
E[St+1(β) | Ft] = E[

t+1∑

s=1

Zs−1D(ηs)(Ys − πs(β)) | Ft]

= E[
t∑

s=1

Zs−1D(ηs)(Ys − πs(β)) + ZtD(ηt+1)(Yt+1 − πt+1(β)) | Ft]

(3.19)
= St(β) + ZtD(ηt+1)

{
E[Yt+1 | Ft+1]− µt+1

}

= St(β) + ZtD(ηt+1)
{
µt+1 − µt+1

}
= St(β). (3.21)Akìmh gia to partial score vector isqÔei

E[SN (β)] = 0, (3.22)kaj¸
E[SN(β) | Ft−1] = E[

N∑

t=1

Zt−1D(ηt)(Yt − πt(β)) | Ft−1] = 0kai telik� E[SN(β)] = E[(E[SN(β) | Ft−1])] = E[(0)] = 0.H lÔsh twn exis¸sewn twn merik¸n skor e�nai o MPLE tou dianÔsmato β.To sÔsthma twn exis¸sewn (3.18) e�nai mh grammikì kai sun jw lÔnetai me thnmèjodo Fisher scoring, h opo�a tropopoie�tai kat�llhla ¸ste na lamb�nei upìyh thnex�rthsh. Gia perissìtere plhrofor�e gia thn dedomènh epanalhptik  diadikas�ao endiaferìmeno parapèmpetai sto Par�rthma B.3.6 Shmantiko� P�nake gia thn Sumperasmatolog�a twn D�-timwn Qronoseir¸nSe aut  thn enìthta or�zoume k�poiou shmantikoÔ p�nake gia thn statistik  su-mperasmatolog�a twn d�timwn qronoseir¸n (kai genik� twn kathgorik¸n qronosei-r¸n ìpw ja doÔme sto epìmeno kef�laio) mèsw th mejodolog�a twn GLM. Sthnan�lush pou ja akolouj sei oi nèe ènnoie ja sugkrijoÔn me ta  dh gnwsta apo-telèsmata twn GLM me skopì thn kalÔterh dunat  ermhne�a tou.



3.6. Shmantiko� P�nake gia thn Sumperasmatolog�a twn D�timwn Qronoseir¸n 413.6.1 Ajroistikì kat� sunj kh p�naka plhrofor�aSta klasik� GLM ìpou ta Yi, i = 1, 2, . . . , N , e�nai anex�rthta or�zetai o p�nakaplhrofor�a tou Fisher o opo�o d�netai apì thn sqèsh
I(β) = Cov(U(β)) = E[U (β) ·U(β)′] (3.23)(afoÔ E[U (β)] = 0 ).Enallaktik� gia to I(β) èqoume

I(β) = −E
[∂2ℓ(β)

∂β2

]
= E

[∂ℓ(β)

∂β

]2
.Parat rhsh 3.6.1 To I(β) e�nai èna p�naka di�stash p × p o opo�o, efìsongnwr�zoume to parametrikì di�nusma β, pa�rnei mia diaforetik  tim  gia k�je dunatìde�gma. Kata k�poio trìpo o dedomèno pragmatikì p�naka ekfr�zei �to posì thplhrofor�a� pou perièqetai sta dedomèna Y gia thn �gnwsth par�metro β. Ax�zeina anafèroume ìti o I−1(β) taut�zetai me ton asumptwtikì p�naka diakum�nsewn-sundiakum�nsewn tou ektimht  mègisth pijanof�neia β̂ (Rao, (1973), sel�da 364).Kata an�logo trìpo gia thn per�ptwsh twn d�timwn qronoseir¸n {Yt}, t = 1, 2, . . . , NmporoÔme na or�soume èna ant�stoiqo p�naka tou I(β) o opo�o upo mia ènnoia jaemperièqei thn plhrofor�a pou parèqei h deigmatolhptik  diadrom  gia to upo melèthfainìmeno. Lamb�nonta upìyh thn sqèsh (3.23) kai to gegonì ìti h kat�stash toufainomènou thn qronik  stigm  t,ìpw aut  ekfr�zetai apì thn metablht  endiafèro-nto Yt, ephre�zetai apì thn istor�a Ft−1, eis�goume ton p�naka GN(β), di�stash

p × p, pou onom�zetai ajroistikì kata sunj kh p�naka plhrofor�a (cumulative

conditional information matrix ) kai d�netai apì thn sqèsh
GN(β) =

N∑

t=1

Zt−1Z
′

t−1D(ηt)f(ηt) (3.24)Apìdeixh th (3.24):
GN(β) = Cov[SN(β) | Ft−1] = E

{
(SN(β)−E(SN (β))]·[SN(β)−E[SN (β))]′ | Ft−1

}

(3.22)
=⇒ GN(β) = E

{
[SN(β][SN (β)]′ | Ft−1

}
.Arqik� upolog�zoume ton p�naka X = [SN (β][SN(β)]′ b�sh tou orismoÔ tou dianÔ-smato SN (β). 'Etsi gia ton dedomèno p�naka proèkuye ìti ta stoiqe�a tou ja èqoun



42 Kef�laio 3. Montèla Palindrìmhsh gia D�time Qronoseirèthn akìloujh morf 
Xij =





∑N
t=1 D2(ηt)Z

2
(t−1)j(Yt − πt(β))2 , i = j

µε i, j = 1, 2, . . . , p
∑N

t=1 D2(ηt)Z(t−1)iZ(t−1)j(Yt − πt(β))2 , i 6= jEn suneqe�a upolog�zoume ti desmeumène mèse timè twn stoiqe�wn tou p�naka
X. Gia to skopì autì lamb�noume upìyh ìti E[(Yt − πt(β))2 | Ft−1] = V ar[Yt |
Ft−1] ≡ σ2

t (β). Epeid  ìmw sthn per�ptwsh pou exet�zoume isqÔei ìti Yt | Ft−1 ∼
Bernoulli(πt(β)) ja èqoume

σ2
t (β) = πt(β)(1− πt(β))

(3.3),(3.6)
= F (ηt)(1− F (ηt)) (3.25)kai epomènw gia ta stoiqe�a tou p�naka GN (β) ja isqÔei

GN(ij)(β) =





∑N
t=1 D2(ηt)Z

2
(t−1)jF (ηt)(1− F (ηt)) , i = j

µε i, j = 1, 2, . . . , p
∑N

t=1 D2(ηt)Z(t−1)iZ(t−1)jF (ηt)(1− F (ηt)) , i 6= jEpeid  ìmw D(ηt) =
f(ηt)

F (ηt)(1−F (ηt))
apodeiknÔetai �mesa h sqèsh (3.24). Sthn pr�xhìmw gia ta stoiqe�a GN(ij)(β) sunhj�zoume na qrhsimopoioÔme ti akìlouje ekfr�-sei

GN(ij)(β) =





∑N
t=1 Z2

(t−1)j
f2(ηt)

F (ηt)(1−F (ηt))
, i = j

µε i, j = 1, 2, . . . , p
∑N

t=1 Z(t−1)iZ(t−1)j
f2(ηt)

F (ηt)(1−F (ηt))
, i 6= j'Etsi h telik  morf  tou ajroistikoÔ kat� sunj kh p�naka plhrofor�a ja e�nai

GN (β) =
N∑

t=1

Zt−1Z
′

t−1

f 2(β′Zt−1)

F (β′Zt−1)(1− F (β′Zt−1))
. (3.26)H (3.26) prokÔptei enallaktik� apì ton genikì orismì tou GN(β) sÔmfwna methn sqèsh (A.16) tou Parart mato A2, lamb�nonta upìyh ìti µt(β) = πt(β) =

F (β′
Zt−1) kai ∂µt

∂ηt
= f(ηt) me ηt = β′

Zt−1) kaj¸ kai thn sqèsh (3.25).3.6.2 ParathroÔmeno p�naka plhrofor�aO parathroÔmeno p�naka plhrofor�a (observed information matrix ) or�zetai w
HN(β) ≡ ∇∇′(− log PL(β)) (3.27)
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HN(β) =




−∂2ℓ(β)

∂β2

1

−∂2ℓ(β)
∂β1∂β2

. . . − ∂2ℓ(β)
∂β1∂βp

−∂2ℓ(β)
∂β2∂β1

−∂2ℓ(β)

∂β2

2

. . . − ∂2ℓ(β)
∂β2∂βp... ... . . . ...

− ∂2ℓ(β)
∂βp∂β1

− ∂2ℓ(β)
∂βp∂β2

. . . −∂2ℓ(β)
∂β2

p


Parathr sei. O dedomèno p�naka taut�zetai me ton parathroÔmeno p�naka plh-rofor�a tou Fisher

Io(β) = −∂2ℓ(β)

∂β2pou ton sunant�me sthn klasik  per�ptwsh pou èqoume anex�rthte parathr sei.O Io(β) e�nai sunep  ektimht  tou I(β) kai sunhj�zetai sthn pr�xh afoÔ parak�m-ptetai h duskol�a upologismoÔ twn anamenìmenwn tim¸n twn posot twn −∂2ℓ(β)
∂βi∂βj

.Akìmh parathroÔme ìti isqÔei
HN(β) = (−1)×H(β)ìpou H(β) =

∂2ℓ(β)

∂β
2 e�nai o Essianì (Hessian) p�naka pou ep�sh qrhsimopoie�-tai sthn per�ptwsh twn anex�rthtwn parathr sewn gia thn eÔresh twn ektimht¸nmègisth pijanof�neia mèsw th mejìdou Newton-Raphson (blèpe Agresti, (2002),kef�laio 4).H parap�nw sugkritik  parous�ash tou p�naka HN(β) me  dh gnwstoÔ p�na-ke apì ta klassik� GLM me mia pr¸th mati� fa�netai qwr� nìhma all� ìpw jadoÔme sthn sunèqeia bohj� sthn katanìhsh tou rìlou pou diadramat�zei o dedomènop�naka gia ti kathgorikè qronoseirè.O parathroÔmeno p�naka plhrofor�a ikanopoie� thn sqèsh (Fokianos kai Ke-

dem, (2002), sel�da 12)
HN(β) = GN (β)−RN(β) (3.28)ìpou RN(β) e�nai o p�naka pou ìtan prosteje� ston HN(β) d�nei ton ajroistikì upìsunj kh p�naka plhrofor�a. O RN(β) sthn per�ptwsh ma e�nai

RN(β) =
1

αt(φ)

N∑

t=1

Zt−1dt(β)Z ′

t−1(Yt − µt(β)), (3.29)ìpou dt(β) = [∂2u(ηt)/∂η2
t ]. O genikì tÔpo orismoÔ tou RN(β) br�sketai stoPar�rthma A2, sthn sqèsh (A.20). SÔmfwna ìmw me th sqèsh (A.7) kai to gegonì



44 Kef�laio 3. Montèla Palindrìmhsh gia D�time Qronoseirèìti u(·) = (g ◦ b′)−1(·) ja isqÔei u(ηt) = θt. Sun�ma lìgw th (3.4) gia thn fusik par�metro ja èqoume
θt = log

( πt(β)

1− πt(β)

)kai epeid  anaferìmaste se d�time qronoseirè
(3.3),(3.6)

=⇒ θt(ηt) = log
( F (ηt)

1− F (ηt)

)
.Epomènw

dθt(ηt)

dηt

=
1
F

1−F

· f(1− F )− F (1− F )

(1− F )2
=

1− F

F
· f(1− F ) + fF

(1− F )2
⇒

dθt(ηt)

dηt

=
f

F (1− F )
≡ D(ηt).'Etsi jètonta sthn sqèsh (3.29) dt(β) = d

dηt
(D(ηt)) ≡ W (ηt) kai epeid  αt(φ) =

1, (blèpe sel�da 45) o p�naka RN(β) gia thn per�ptwsh twn d�timwn qronoseir¸ngr�fetai sthn morf 
RN(β) =

N∑

t=1

Zt−1Z
′

t−1W (β′Zt−1)(Yt − µt(β)). (3.30)3.7 Asumptwtik� Apotelèsmata sti D�time Qronoseirè'Eqonta oloklhr¸sei thn parous�ash twn basik¸n pin�kwn pou ja ma bohj sounna broÔme tou ektimhtè mègisth merik  pijanof�neia (MPLE ) ja anafèroumemerik� shmantik� asumptwtik� apotelèsmata, sthn per�ptwsh pou diajètoume d�ti-me exarthmène parathr sei. Ta apotelèsmata pou ja d¸soume prokÔptoun apìthn �mesh efarmog  th asumptwtik  jewr�a pou isqÔei genik� sti kathgorikèqronoseirè kai parousi�zetai analutik� sto Par�rthma A3.'Etsi o p�naka G(β) pou or�zetai genik� sÔmfwna me ti sqèsei (A.21) kai(A.22) sthn eidik  per�ptwsh twn d�timwn qronoseir¸n gr�fetai w
GN(β)

N
→ G(β) =

∫

Rp
zz′

f 2(β′z)

F (β′z)(1− F (β′z))
ν(dz). (3.31)B�sei twn asumptwtik¸n apotelesm�twn mporoÔme na proqwr soume sthn diatÔpwshenì jewr mato to opo�o exasfal�zei thn Ôparxh, thn monadikìthta kai prosdior�zeithn asumptwtik  katanom  twn ektimht¸n mègisth merik  pijanof�neia tìso giati ditime, ìso kai ti kathgorikè seirè ìpw ja doÔme sto Kef�laio 4 (Wong(1986) ).



3.8. Sumperasmatolog�a sthn Logistik  Palindrìmhsh 45Je¸rhma 3.7.1 O ektimht  MPLE β̂ e�nai sqedìn beba�w monadikì gia epark¸meg�lo N kai kaj¸ N →∞ isqÔoun ta akìlouja(i)
β̂

p→ β(ii)
√

N(β̂ − β)
d→ Np(0,G−1(β))(iii)

√
N(β̂ − β)− 1√

N
G

−1(β)SN(β)
p→ 0ParathroÔme loipìn pw o ektimht  MPLE β̂ sthn per�ptwsh twn d�timwn seir¸n,ikanopoie� ti �die asumptwtikè idiìthte me tou sun jei ektimhtè mègisth pija-nof�neia ìtan èqoume anex�rthta d�tima dedomèna (Silvapulle (1981) ), (Wedderburn(1976) ). Dhlad  e�nai sunep  kai asumptwtik� kanonikì (CAN ).3.8 Sumperasmatolog�a sthn Logistik  PalindrìmhshMe skopì na g�noun katanoht� ta jewrhtik� apotelèsmata pou parousi�sthkansti progoÔmene paragr�fou ja ta efarmìsoume sthn per�ptwsh th logistik palindrìmhsh.'Opw anafèrame loipìn sthn arq  tou kefala�ou ta montèla pou ja qrhsimopoi -soume gia thn statistik  sumperasmatolog�a sqetik� me thn desmeumènh pijanìthtaepituq�a, sthn per�ptwsh twn d�timwn qronologik¸n seir¸n, ja èqoun thn genik morf  th (3.6), ìpou h sun�rthsh F e�nai h ajroistik  sun�rthsh katanom  kaiìpw e�dame taut�zetai me thn ant�strofh th sun�rthsh sÔndesh h : R → [0, 1].An epilèxoume w g−1 thn cdf th tupik  logistik  katanom  tìte katal goumesto montèlo logistik  palindrìmhsh to opo�o e�nai to pio sunhjismèno sti d�timekathgorikè qronoseire. Sthn prokeimènh per�ptwsh gia thn cdf Fl kai thn sun�r-thsh sÔndesh g isqÔoun oi sqèsei twn sel�dwn 46 kai 47. Sto shme�o autì e�masteètoimoi na d¸soume ti morfè twn pin�kwn pou parousi�sme sthn prohgoÔmenh pa-r�grafo. Arqik� kaloÔmaste na upolog�soume thn posìthta D(x) ≡ f(x)

F (x)(1−F (x))ìpou x = ηt kai f(x) =
∂F (x)

∂x
= ex

(1+ex)2
. 'Etsi ja èqoume

D(x) =

ex

(1+ex)2

ex

1+ex (1− ex

1+ex )
=

ex(1 + ex)2

(1 + ex)2ex
= 1 (3.32)
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W (x) =

d

dx
D(x) = 0. (3.33)Gia ton upologismì tou p�naka SN (β) èqoume

(3.18)
(3.32)⇒ SN (β) =

N∑

t=1

Zt−1(Yt − πt(β)) (3.34)Gia ton p�naka GN(β) prokÔptei
(3.24)

(3.32)⇒ GN(β) =
N∑

t=1

Zt−1Z
′

t−1f(ηt), (3.35)ìmw gia thn f èqoume
f(ηt) =

eηt

[1 + eηt ]2
=

eηt

1 + eηt
· 1

1 + eηt
. (3.36)apì thn (3.36) prokÔptei eηt

1+eηt
= πt(β) kai 1 − πt(β) = 1

1+eηt
. 'Etsi mia deÔterhmorf  gia thn f ja e�nai

f(ηt) = πt(β)(1− πt(β)). (3.37)SÔmfwna me ti dÔo parap�nw morfè gia thn f prokÔptoun antisto�qw oi akìloujedÔo morfè tou p�naka GN (β) gia thn per�ptwsh th logistik  palindrìmhsh,
GN(β) =

N∑

t=1

Zt−1Z
′

t−1

exp(β′Zt−1)

[1 + exp(β′Zt−1)]2
(3.38)kai

GN(β) =
N∑

t=1

Zt−1Z
′

t−1πt(β)(1− πt(β)). (3.39)O p�naka RN(β) g�netai
(3.30)

(3.33)⇒ RN(β) = 0. (3.40)'Etsi sÔmfwna me thn sqèsh (3.28) ja isqÔei ìti HN(β) = GN (β).Parat rhsh 3.8.1 To apotèlesma ìti RN(β) = 0  tan anamenìmeno. Autì sum-ba�nei diìti sthn per�ptwsh th logistik  palindrìmhsh h sun�rthsh g taut�zetaime ton kanonikì sÔndesmo kai epomènw ja isqÔei �mesa ìti dt = 0 (blèpe Fokianos-

Kedem, 2002, sel. 14).



3.8. Sumperasmatolog�a sthn Logistik  Palindrìmhsh 47Oloklhr¸nonta thn dedomènh jewrhtik  efarmog  d�noume kai thn morf  touoriakoÔ p�naka plhrofor�a ana parat rhsh. 'Etsi sÔmfwna me ti sqèsei (3.24),(A.21), (A.22) kai (3.36) èqoume
GN(β)

N
→ G(β) =

∫

Rp
zz′

eβ
′

z

(1 + eβ
′

z)2
ν(dz) (3.41)kat� pijanìthta kaj¸ N → ∞. Qarakthristikì par�deigma d�timh qronoseir�ja parousi�soume sto kef�laio 6 kai to opo�o ja anafèretai se dedomèna broqo-pt¸sewn.Parat rhsh 3.8.2 Oi diadikas�e pou akoloujoÔme gia tou elègqou upojèsewnkai thn axiolìghsh twn upodeigm�twn parousi�zontai analutik� sto 3o kef�laiopou ja mil soume gia ti kathgorikè qronoseirè. Ta apotelèsmata pou isqÔounsti poiotikè seirè eÔkola efarmìzontai kai sti d�time seirè, afoÔ oi deÔtereapoteloÔn eidik  kathgor�a twn teleuta�wn, ìpw ja doÔme analutik�.





Kef�laio 4An�lush Kathgorik¸n Qronoseir¸n
4.1 Eisagwg Oi d�time qronoseirè pou parousi�sthkan sto prohgoÔmeno kef�laio apoteloÔnthn aploÔsterh per�ptwsh kathgorik¸n qronologik¸n seir¸n. Sth pr�xh ìmw su-nant�me diaqronik� fainìmena sta opo�a h poiotik  metablht  endiafèronto, Yt,parousi�zei perissìtera apì duo dunat� apotelèsmata. 'Etsi an h kathgorik  apo-kritik  metablht , pou qarakthr�zei thn èkbash tou fainomènou, gia k�je qronik stigm  èqei m dunat� ep�peda, tìte h deigmatolhptik  diadrom  pou ja prokÔyei jae�nai mia akolouj�a apì arijmoÔ pou an koun sto sÔnolo {1, 2, . . . , m} (Fokianos

and Kedem (2003) ).'Opw kai sthn per�ptwsh twn d�timwn qronoseir¸n ta dedomèna ma parousi�zoundiaqronik  ex�rthsh kai epomènw den mporoÔme na qrhsimopoi soume thn eÔqrhsthdi�spash th apì koinoÔ katanom  tou de�gmato se ginìmeno N perijwr�wn pukno-t twn pijanìthta, efìson diajètoume mia deigmatolhptik  diadrom  tou fainomènoum kou N . Gia na xeperaste� to dedomèno prìblhma ja qrhsimopoi soume xan� thnmerik  pijanof�neia, thn opo�a eisag�game sto 2o kef�laio. Mèsw th dedomènhmejodologik  prosèggish ìpw ja doÔme sthn sunèqeia e�nai dunat  h diereÔnhshtou diaqronikoÔ fainomènou me ikanopoihtik  akr�beia all� sugqrìnw, pou e�nai kaito pio shmantikì, me sqetik  eukol�a. Sugkekrimèna gia k�je qronik  stigm  t jamporèsoume na ektim soume thn pijanìthta emf�nish tou k�je epipèdou th Yt lam-b�nonta ìmw upìyh thn istor�a tou fainomènou mèqri ton qrìno t − 1, pou e�naih Ft−1. To Ft−1 e�nai h s-�lgebra h opo�a emperièqei otid pote gnwr�zoume gia tofainìmeno prin apì ton qrìno t, akìmh kai timè metablht¸n gia ton qrìno t pou e�nai dh gnwstè apì ton qrìno t − 1. Ja prèpei na shmei¸soume ìti h s-�lgebra Ft−149



50 Kef�laio 4. An�lush Kathgorik¸n Qronoseir¸nousiastik� par�getai apì to di�nusma twn summetablht¸n Zt−1. Autì sumba�neidiìti k�je qronik  stigm  o parathrht  tou fainomènou axiopoie� thn plhrofor�atou pareljìnto mèsw tou dedomènou qronoexart¸menou dianÔsmato to opo�o èqeistajer  morf . 'Etsi ja antimetwp�zoume me ton �dio trìpo ti desmeumène ropèw pro Zt−1 kai Ft−1. Akìmh ja prèpei na ton�soume ìti to Zt−1 kata thn diadi-kas�a statistik  montelopo�hsh all�zei suneq¸ di�stash mèqri na katal xoumesto kalÔtero dunatì upìdeigma, sÔmfwna me diagnwstikoÔ elègqou kai krit riakal  prosarmog .Sthn prosp�jeia montelopo�hsh twn kathgorik¸n qronoseir¸n ja sthriqtoÔmekai p�li sthn jewr�a twn Genikeumènwn Grammik¸n Montèlwn(GLM ). Gia na g�neiìmw k�ti tètoio ìpw ja doÔme sthn sunèqeia apaite�tai na epekte�noume ti ènnoieth Ekjetik  Oikogèneia Katanom¸n (E.O.K) kai twn GLM antisto�qw sti èn-noie th polumetablht  E.O.K (p.E.O.K) kai twn polumetablht¸n genikeumènwngrammik¸n montèlwn (mGLM ) (Fahrmeir and Tutz (2001) ).Sthn Enìthta 2 tou dedomènou kefala�ou ja d¸soume k�poiou qr simou sumbo-lismoÔ kai orolog�e pou sunantant�me sti poiotikè seirè. Pio analutik� ja de�-xoume pw apì to monometablhtì Yt odhgoÔmaste sthn perigraf  twn katast�sewntou sust mato, gia k�je qronik  stigm , mèsw tou dianÔsmato (Yt1, Yt2, . . . , Ytq)
′ìpou q = m−1. En suneqe�a sthn Enìthta 3 ja anaferjoÔme sthn p.E.O.K kai sta

mGLM katal gonta sto genikì montèlo palindrìmhsh gia kathgorikè seirè me
m ep�peda. Sti paragr�fou 4 kai 5 ja parousi�soume thn diadikas�a sumperasma-tolog�a gia poiotikè qronoseirè pou èqoun antisto�qw m = 3 kai m > 3 ep�peda.Amèsw met�, sthn Enìthta 6 ja d¸soume orismèna shmantik� asumptwtik� apote-lèsmata, en¸ sthn Par�grafo 7 ja anaferjoÔme stou elègqou upojèsewn. Tèlosthn Enìthta 8 ja exhg soume p¸ pragmatopoioÔntai oi diagnwstiko� elègqoi stikathgorikè qronoseirè.4.2 Sumbolismo�-Orolog�a'Estw ìti parathroÔme mia kathgorik  qronoseir� {Yt}, t = 1, 2, . . . , N kai èstw
m o arijmì twn kathgori¸n th. Se k�je èna apì ta dunat� apotelèsmata toufainomènou gia opoiad pote qronik  stigm  antistoiqe� èna akèraio sto sÔnolo
{1, 2, . . . , m}. 'Etsi gia k�je qronik  stigm  parat rhsh tou fainomènou oi dunatètimè th tuqa�a metablht  Yt ja e�nai oi 1, 2, . . . , m− 1, m. H an�jesh akera�wn



4.2. Sumbolismo�-Orolog�a 51arijm¸n sta ep�peda th metablht  endiafèronto den e�nai monadik . Gia par�-deigma, èstw ìti parakoloujoÔme thn kajhmerin  prot�mhsh enì atìmou w pro tometaforikì mèso. 'Estw ìti ta dunat� metaforik� mèsa pou mpore� na epilèxei k�-poio �tomo e�nai to autok�nhto, to lewfore�o kai to trèno. Kata sunèpeia oi dunatètimè th Yt pou dhl¸noun gia k�je mèra thn epilog  tou trìpou metak�nhsh e�nai oiakèraioi 1, 2, 3. Duo apì tou dunatoÔ trìpou pou mporoÔn oi dedomènoi akèraioina antistoiqistoÔn me tou tre� trìpou metak�nhsh e�nai oi akìloujoi:autok�nhto←→1lewfore�o←→2trèno←→3kai lewfore�o←→1trèno←→2autok�nhto←→3.Profan¸ akolouj¸nta diaforetikè kwdikopoi sei diatrèqoume ton k�nduno naodhghjoÔme se diaforetik� apotelèsmata met� thn olokl rwsh th statistik  an�-lush. Me skopì na mei¸soume thn aujaires�a pou parousi�zetai me thn an�jeshakera�wn sti kathgor�e th Yt parathroÔme ìti h kat�stash tou fainomènou poumelet�me opoiad pote qronik  stigm  t mpore� na perigrafe� mèsw tou tuqa�ou dia-nÔsmato Yt = (Yt1, Yt2, . . . , Ytq)
′ diastash q = (m − 1) × 1. Ta stoiqe�a toudianÔsmato Yt or�zontai w ex 

Ytj =





1, an h j-ost  kathgor�a parathre�tai ton qrìno tgia j = 1, 2 . . . , q, t = 1, 2, . . .N

0, alli¸ (4.1)Gia par�deigma, an thn qronik  stigm  t gia to Yt isqÔei Yt = (1, 0, 0, . . . , 0)′, poushma�nei ìti Yt1 = 1 kai Ytj = 0 gia j = 2, 3, . . . , q, tìte thn dedomènh qronik  stigm gia thn metablht  endiafèronto ja isqÔei ìti Yt = 1. Akìmh an thn qronik  stigm 
t parathr soume gia to di�nusma Yt thn tim  Yt = (0, 0, 0, . . . , 0)′ dhlad  Ytj = 0gia j = 1, 2, . . . , q tìte ja isqÔei Yt = m.Parat rhsh 4.2.1 Me b�sh to parap�nw par�deigma mporoÔme na poÔme ìti epei-d  gia k�je qronik  stigm  h Yt èqei m dunat� apotelèsmata gia thn sugkekrimènh



52 Kef�laio 4. An�lush Kathgorik¸n Qronoseir¸nqronik  stigm  ja up�rqoun m dunatè timè tou dianÔsmato Yt oi opo�e ja anti-stoiqoÔn sti kathgor�e tou fainomènou. K�je èna ex` aut¸n twn dianusm�twn denmpore� na èqei se perissìtere apì mia jèsei ton arijmì 1.Epanerqìmenoi sto par�deigma me thn kajhmerin  prot�mhsh metaforikoÔ mèsou enìatìmou kai prosjètonta thn epilog  tou podhl�tou tìte h tuqa�a metablht  Yt èqei
m = 4 dunatè timè pou ja e�nai oi akèraioi 1, 2, 3, 4. Epomènw ton qrìno t toant�stoiqo di�nusma Yt di�stash q = 3×1 ja èqei ep�sh 4 dunatè timè. Pr�gmatisÔmfwna me thn an�jesh pod lato←−1autok�nhto←→2lewfore�o←→3trèno←→4ja prokÔyoun gia thn qronik  stigm  t ta dianÔsmata

Yt = (1, 0, 0)′ (antistoiqe� sthn tim  Yt = 1)
Yt = (0, 1, 0)′ (antistoiqe� sthn tim  Yt = 2)
Yt = (0, 0, 1)′ (antistoiqe� sthn tim  Yt = 3)
Yt = (0, 0, 0)′ (antistoiqe� sthn tim  Yt = 4)Epilègonta mia diaforetik  an�jesh eÔkola mporoÔme na diapist¸soume ìti oi pa-rap�nw tèsseri timè pou proèkuyan gia to Yt paramènoun anallo�wte. Blèpoumeloipìn pw h perigraf  tou fainomènou gia k�je qronik  stigm  mèsw tou dianÔsma-to Yt, pou apì ed¸ kai sto ex  ja to kaloÔme {di�nusma kat�stash} ton qrìno t,mei¸nei thn aujaires�a pou parathr jhke apì thn an�jesh akera�wn sti kathgor�eth metablht  Yt.4.3 Jewrhtikì Pla�sioE�nai fanerì ìti h desmeumènh katanom  th tuqa�a metablht  Ytj (pou pa�rnei titimè 1 an emfaniste� h kathgor�a j kai 0 an den emfaniste�) doje�sh th s-�lgebra

Ft−1 akolouje� katanom  Bernoulli(1, πtj) ìpou
πtj = E(Ytj | Ft−1) = P (Ytj = 1 | Ft−1)



4.3. Jewrhtikì Pla�sio 53gia j = 1, 2, . . . , m kai t = 1, 2, . . . , N . Epomènw gia k�je qronik  stigm  pouexel�ssetai to fainìmeno sto di�nusma kat�stash Yt ja antistoiqe� to di�nusma
πt = (πt1, πt2, . . . , πtq)

′. Oi sunist¸se tou teleuta�ou dianÔsmato e�nai oi desmeu-mène pijanìthte emf�nish th k�je mia apì ti 1, 2, . . . , q kathgor�e thn qronik stigm  t doje�sh th istor�a Ft−1 kai onom�zontai {pijanìthte met�bash} (“tran-

sition probabilities”).O kalÔtero trìpo gia na mei¸soume thn abebaiìthta pou dièpei thn èkbash toufainomènou thn qronik  stigm  t e�nai na ektim soume me ìso to dunatì megalÔterhakr�beia ti {pijanìthte met�bash} kaj¸ kai thn πtm pou antistoiqoÔn sthn de-domènh qronik  stigm . Me skopì na sumperasmatolog soume gia ti paramètrou
πtj , j = 1, 2, . . . , m, ja sthriqtoÔme sthn apì koinoÔ katanom  tou de�gmato. Plèonìmw ant� th deigmatolhptik  diadrom  twn exarthmènwn metablht¸n

Y1, Y2, . . . , YNh stoqastik  plhrofìrhsh sugkenr¸netai sto de�gma twn exarthmènwn dianusm�twn
Yt = (Yt1, . . . , Ytm)′, t = 1, 2, . . . , N.Ta dedomèna dianÔsmata pa�rnoun timè sto sÔnolo twn m di�statwn dianusm�twnta opo�a èqoun akrib¸ se mia jèsh 1 kai sti upìloipe 0. Blèpoume loipìn ìtidiajètoume èna mh tuqa�o de�gma, megèjou N , apì thn m-di�stath poluwnumik katanom 

Mm(1; πt1, πt2, . . . , πtm),
m∑

j=1

πtj = 1,
m∑

j=1

Ytj = 1 µǫ πtj ∈ (0, 1)gia j = 1, 2, . . . , m, t = 1, 2, . . . , N . Sto shme�o autì mporoÔme na exhg soumeanalutikìtera giati qrhsimopoi jhke h poluwnumik  katanom  Mm(1; πt1, . . . , πtm).4.3.1 H poluwnumik  katanom  sti kathgorikè qronoseirèPr�n anaferjoÔme sthn poluwnumik  katanom  ìtan èqoume poiotikè qronoseirè(dhlad  ìtan diajètoume exarthmèna dedomèna) ja upenjum�soume p¸ or�zetai h su-gkekrimènh katanom  ìtan èqoume tuqa�o de�gma. 'Estw loipìn ìti ekteloÔme ènape�rama n anex�rthte forè. Se k�je epan�lhyh mpore� na sumbe� èna apì ta m en-deqìmena A1, A2, . . . , Am me ant�stoiqe pijanìthte pragmatopo�hsh π1, π2, . . . , πmpou e�nai �die se k�je epan�lhyh kai gia ti opo�e isqÔei h sqèsh ∑J
j=1 πtj = 1.



54 Kef�laio 4. An�lush Kathgorik¸n Qronoseir¸n'Etsi an nj e�nai o arijmì twn for¸n pou pragmatopoi jhke to endeqìmeno Aj tìteh apì koinoÔ katanom  twn tuqa�wn metablht¸n nj gia j = 1, 2, . . . , m, gr�fetai
f(n1, n2, . . . , nJ ; π1, π2, . . . , πJ) =

n!

n1!n2! . . . nJ !

J∏

j=1

π
nj

j . (4.2)Sthn per�ptwsh qronologik¸n seir¸n me kathgorikè metablhtè Yt gia t = 1, 2, . . . , Nta dedomèna ma sqetik� me thn metablht  endiafèronto den sunistoÔn tuqa�o de�gma,afoÔ oi epanal yei den e�nai metaxÔ tou anex�rthte. K�je qronik  stigm  t poupragmatopoie�tai loipìn to mh tuqa�o pe�rama diajètoume èna plhjusmì megèjou
n = 1 tou opo�ou h telik  tim (sthn ous�a h tim  th metablht  endiafèronto
Yt) an�mesa sti timè 1, 2, . . . , m de�qnei thn èkbash tou fainomènou ton dedomènoqrìno. Oi sunist¸se Ytj, j = 1, 2, . . . , m (se analog�a me ta nj) e�nai oi suqnìthteemf�nish twn epipèdwn th metablht  endiafèronto Yt kai profan¸ mìno mia ex`aut¸n mpore� na p�rei thn tim  1. 'Etsi ja isqÔei

1!

yt1!, yt2!, . . . , ytm!
= 1 (4.3)SÔmfwna me ti sqèsei (2), (3) h desmeumènh apì koinoÔ katanom  twn yt1, yt2, . . . , ytmdoje�sh th istor�a Ft−1 d�netai apì thn sqèsh

f(yt1, yt2, . . . , ytm; πt1, πt2, . . . , πtm | Ft−1) =
m∏

j=1

π
ytj

tj , t = 1, 2, . . . , N. (4.4)Epomènw se analog�a me to gegonì ìti Ytj | Ft−1 ∼ Bernoulli(1, πtj) ja isqÔei
Yt = (Yt1, . . . , Ytm)′ | Ft−1 ∼Mm(1; πt1, . . . πtm) (4.5)Gia thn kataskeu  statistikoÔ montèlou mèsw tou opo�ou ja sumperasmatolog -soume gia ti paramètrou πt1, . . . , πtm ja sthriqtoÔme sthn jewr�a twn poludi�-statwn genikeumènwn grammik¸n montèlwn, afoÔ pr¸ta de�xoume ìti h poluwnumik katanom  sthn per�ptwsh exarthmènwn parathr sewn an kei sthn poludi�stath ek-jetik  oikogèneia katanom¸n thn opo�a ep�sh ja epekte�noume gia thn per�ptwshtwn kathgorik¸n qronoseir¸n.Gia poludi�state tuqa�e metablhtè, dhlad  gia tuqa�a dianÔsmata h ekjetik oikogèneia sthn per�ptwsh pou aut� e�nai anex�rthta metaxÔ tou or�zetai w ex Orismì 4.3.1 'Estw Y = (Y1, Y2, . . . , Ym)′ ∈ A ⊆ Rm mia m-di�stath tuqa�ametablht  th opo�a h sun�rthsh puknìthta pijanìthta exart�tai apì thn m-di�stath par�metro θ = (θ1, θ2, . . . , θm)′ ⊆ Rm me m ≥ 1. H Y an kei sthn p.E.O.K



4.3. Jewrhtikì Pla�sio 55an
f(y; θ) = c(θ) exp

{ m∑

j=1

Qj(θ)Tj(y)
}
h(y)IA(y) (4.6)ìpou y = (y1, y2, . . . , ym)′ kai yi, i = 1, 2, . . . , m e�nai h parathrhje�sa tim  thtuqa�a metablht  Yi. Oi Qj(·), Tj(·), h(·), c(·) e�nai gnwstè sunart sei. Gia naan kei ìmw h Y sthn polumetablht  E.O.K ektì tou ìti apaite�tai h sun�rthshpuknìthta pijanìthta th na gr�fetai sthn morf  (6), sugqrìnw prèpei gia toped�o orismoÔ th na isqÔei ìti A =

{
y ∈ Rm : f(y; θ) > 0

} kai na e�nai anex�rthtotou agn¸stou parametrikoÔ dianÔsmato θ. Akìmh h sun�rthsh h(·) e�nai jetik  ep�tou sunìlou A, kai h stajer� (upo thn ènnoia ìti den exart�tai apì to y) c(θ) e�naiep�sh jetik  gia k�je θ ∈ Rm.O parap�nw orismì th polumetablht  E.O.K isqÔei kai sthn per�ptwsh pouden èqoume tuqa�o pe�rama. 'Etsi ìtan diajètoume kathgorikè qronoseirè ja lèmeìti h Y | Ft−1 ja an kei sthn p.E.O.K an isqÔoun
(i)

f(y; θ | Ft−1) = c(θ) exp
{ m∑

j=1

Qj(θ)Tj(y)
}
h(y)IA(y) (4.7)

(ii)

A =
{
y ∈ Rm : f(y; θ | Ft−1) > 0

}
.H poluwnumik  katanom  sthn per�ptwsh twn kathgorik¸n qronologik¸n seir¸nan kei sthn poludi�stath ekjetik  oikogèneia katanom¸n afoÔ gr�fetai sÔmfwname thn sqèsh (7) kai to sÔnolo A e�nai anex�rthto tou θ. Analutikìtera ja isqÔei

c(θ) = 1, h(y) = 1, Tj(yj) = yj kai Qj(θ) = log πj .'Eqonta parousi�sei thn p.E.O.K ja eisag�goume to polumetablhtì genikeumènogrammikì montèlo p�nw sto opo�o ja sthr�xoume thn sumperasmatolog�a ma sqetik�me ti pijanìthte πtj , j = 1, 2, . . . , m. Me skopì na mei¸soume thn di�stash touprobl mato or�zoume
Ytm = 1−

q∑

j=1

Ytj (4.8)kai
πtm = 1−

q∑

j=1

πtj . (4.9)



56 Kef�laio 4. An�lush Kathgorik¸n Qronoseir¸nParat rhsh 4.3.1 H me�wsh th di�stash tou probl mato apì m se q = m− 1mèsw twn sqèsewn (4.8) kai (4.9) e�nai anagka�a apì jewrhtik  skopi�. Dieukrin�zo-nta, sÔmfwna me thn diadikas�a pou ja parousi�soume epidi¸ketai arqik� h eÔreshtou MPLE tou β kai en suneqe�a h ekt�mhsh twn pijanot twn πtj(β), j = 1, 2, . . . , m,¸ste na apokt soume mia eikìna gia thn exèlixh tou fainomènou. An den mei¸soumethn di�stash tou probl mato ja sunant same prìblhma ston p�naka diakum�nsewn-sundiakum�nsewn Σt(β), o opo�o se aut  thn per�ptwsh ja  tan di�stash m×mkai ja dinìtan apì thn sqèsh
σ

(ij)
t (β) =




−πti(β)πtj(β) , an i 6= j

πti(β)(1− πti(β)) , an i = j
,ìpou j = 1, 2, . . . , m. Autì sumba�nei diìti o MPLE tou dedomènou p�naka, poue�nai o tuqa�o p�naka St(β̂) e�nai idi�zwn. To prìblhma autì lÔnetai an ex` arq agno soume thn teleuta�a suntetagmènh Ytm tou dianÔsmato (Yt1, Yt2, . . . , Ytm)′, pouston qrìno t dhl¸nei thn ant�stoiqh poluwnumik  dokim . Tìte o MPLE tou p�naka

Σt e�nai o St an tou afairèsoume thn mh gramm  kai thn mh st lh. Gia eukol�aton teleuta�o p�naka exakoloujoÔme na ton sumbol�zoume me St. Sto shme�o autìdiakr�netai kai o ousiastikì lìgo pou jewr same ti sqèsei (4.8) kai (4.9).To montèlo loipìn pou ja parousi�soume ston qrìno t ja ektim� ti pijanìthte
πt1, . . . , πtq kai en suneqe�a mèsw th sqèsh (4.9) ja lamb�noume kai thn ekt�mhshth πtm. Sti d�time kathgorikè qronoseirè e�qame katal xei sto genikì montèlo(3.6), ìpou h h : R → [0, 1]  tan h ant�strofh th sun�rthsh sÔndesh, β to p-di�stato stajerì di�nusma twn paramètrwn kai Zt−1 to p- di�stato di�nusma twntuqa�wn qronoexart¸menwn summetablht¸n.Sthn per�ptwsh twn kathgorik¸n qronoseir¸n epijumoÔme gia k�je qrìno tna sumperasmatolog soume sqetik� me ti desmeumène pijanìthte emf�nish thk�je mia apì ti 1, 2, . . . , m dunatè kathgor�e th Yt pou antisto�qw e�nai oi
πt1, πt2, . . . , πtm. Gia thn kataskeu  kat�llhlou montèlou gia autì to skopì apai-te�tai na l�boume upìyh ìti oi metablhtè apìkrish Ytj , j = 1, 2, . . . , m e�nai su-sqetismène metaxÔ tou. Kat` epèktash kai oi pijanìthte πtj , j = 1, 2, . . . , m,allhloephre�zontai. E�nai plèon oratì ìti gia thn sumperasmatolog�a twn desmeu-mènwn pijanot twn epituq�a gia to k�je ep�pedo tou mh tuqa�ou peir�mato, den e�naidunatì na sthriqtoÔme se m xeqwrist� montèla th morf  (3.6), alla apaite�taina proqwr soume thn an�lush ma axiopoi¸nta ti mejìdou th polumetablht an�lush.



4.3. Jewrhtikì Pla�sio 57To poludi�stato montèlo pou ja parousi�soume exet�zei apì koinoÔ ti pija-nìthte πt1, . . . , πtq, en¸ gia thn sumperasmatolog�a sqetik� me thn πtm sthr�zetaisthn sqèsh (4.9). Analutikìtera, se k�je apokritik  metablht  Ytj gia ti pr¸te
q kathgor�e antistoiqe� èna p-di�stato di�nusma tuqa�wn qronoexart¸menwn sum-metablht¸n (stajer� morf  gia k�je qrìno t) pou or�zetai w ex :

Z(t−1)j = (Z(t−1)j1, Z(t−1)j2, . . . , Z(t−1)jp)
′, j = 1, 2, . . . , q.Ta dianÔsmata Z(t−1)j , j = 1, 2, . . . , q, apoteloÔn ti st le tou p× q p�naka

Zt−1 =




Z(t−1)11 Z(t−1)21 . . . Z(t−1)q1

Z(t−1)12 Z(t−1)22 . . . Z(t−1)q2... ... . . . ...
Z(t−1)1p Z(t−1)2p . . . Z(t−1)qp




,

o opo�o gia diadoqikè qronikè stigmè sunist� thn dianusmatik  summetablht diadikas�a {Zt−1}, t = 1, 2, . . . , N . H pijanìthta emf�nish th j = 1, 2, . . . , q kath-gor�a thn qronik  stigm  t den ja ephre�zetai mìno apì to di�nusma Z(t−1)j . Epeid ìpw èqoume proanafèrei, oi metablhtè apìkrish Ytj , j = 1, 2, . . . , m e�nai exar-thmène h πtj ja ephre�zetai kai apì ta dianÔsmata summetablht¸n twn upolo�pwnkathgori¸n
Z(t−1)1,Z(t−1)2, . . . ,Z(t−1),j−1,Z(t−1),j+1, . . . ,Z(t−1)q ,mèsw enì stajeroÔ p-di�statou dianÔsmato β = (β1, β2, . . . , βp)

′. Analutikìteraja èqoume
Z

′

t−1 · β =




∑p
k=1 Z(t−1)1kβk

∑p
k=1 Z(t−1)2kβk...

∑p
k=1 Z(t−1)qkβk




=




ηt1

ηt2...
ηtq




= ηt .Me skopì na g�noun katanoht� ta proanaferjènta anafèroume èna par�deigma.'Estw loipìn h kathgorik  qrnoseir� {Yt}, t = 1, 2, . . . , N , me m = 4 dunatè timègia thn Yt, ti 1, 2, 3, 4. Jewr¸nta ìti h Yt ephre�zetai apo thn Yt−1, Yt−2 thn Xt−1kai thn Wt tìte to di�nusma Z(t−1)j ja e�nai di�stash p = 4 kai ja èqei thn morf 
Z(t−1)j = (Y(t−1)j , Y(t−2)j , Xt−1, Wt)

′, j = 1, 2, 3(= q).



58 Kef�laio 4. An�lush Kathgorik¸n Qronoseir¸nEpomènw o p�naka Zt−1 ja e�nai di�stash 4× 3 kai ja èqei thn akìloujh morf 
Zt−1 =




Y(t−1)1 Y(t−1)2 Y(t−1)3

Y(t−2)1 Y(t−2)2 Y(t−2)3

Xt−1 Xt−1 Xt−1

Wt Wt Wt




.ParathroÔme ìti sthn 1h kai 2h gramm  tou parap�nw p�naka br�skontai ant�stoiqata dianÔsmata kat�stash th Yt gia ti qronikè stigmè t− 1 kai t− 2. An gia tonqrìno t − 1 isqÔei Yt−1 = 1 dhlad  (Y(t−1)1, Y(t−1)2, Y(t−1)3)
′ = (1, 0, 0)′, en¸ gia thnqronik  stigm  t− 2 èqoume Yt−2 = 2 dhlad  (Y(t−2)1, Y(t−2)2, Y(t−2)3)

′ = (0, 1, 0)′, me
Xt−1 = xt−1 kai Wt = wt, tìte o Zt−1 lamb�nei thn akìloujh tim 

Zt−1 =




1 0 0

0 1 0

xt−1 xt−1 xt−1

wt wt wt




.Gia ti πtj , j = 1, 2, . . . , q ja isqÔei
πtj(β) = hj(Z

′

t−1 · β)ìpou h hj : Rq → R e�nai mia gnwst  monìtonh sun�rthsh. G�netai loipìn fanerìpw h k�je pijanìthta met�bash sundèetai, mèsw tou dianÔsmato β, kai me ta
q dianÔsmata ta opo�a ephre�zoun ti q metablhtè apìkrish. Me skopì loipìnna melet soume tautìqrona ti pijanìthte πt1, . . . , πtm jewroÔme to polumetablhtìmontèlo

πt(β) =




πt1(β)

πt2(β)...
πtq(β)




=




P (Yt1 = 1 | Ft−1)

P (Yt2 = 1 | Ft−1)...
P (Ytq = 1 | Ft−1)




=




h1(Z
′

t−1 · β)

h2(Z
′

t−1 · β)...
hq(Z

′

t−1 · β)




(4.10)  pio suneptugmèna
πt(β) = E(Yt | Ft−1) = h(Z′

t−1 · β) = h(ηt). (4.11)H ex�swsh (4.11) apotele� thn genik  morf  tou polumetablhtoÔ genikeumènou gram-mikoÔ montèlou gia kathgorikè qronoseirè, kai èqei melethje� apì arketoÔ sug-grafe� (Fahrmeir kai Kaufmann (1987) ), (Pruscha (1993) ). H sun�rthsh h(·) =
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(h1(·), h2(·), . . . , hq(·))′ : Rq → Rq apotele�, ìpw kai sthn monodi�stath per�ptwsh,thn ant�strofh th sun�rthsh sÔndesh. Epeid  oi <<pijanìthte met�bash>> an -koun sto di�sthma [0,1℄, jewroÔme ìti h h apeikon�zetai amfimonos manta sto upo-sÔnolo H tou Rq to opo�o or�zetai w akoloÔjw:

{(ω1, ω2, . . . , ωq)
′ : ωj > 0, j = 1, 2, . . . , q και

q∑

j=1

ωj < 1}(Me ton trìpo autì kai h πtm an kei sto [0,1℄.)Mèsw tou montèlou (4.11) mporoÔme na parathr soume thn eidik  per�ptwsh twnd�timwn qronoseir¸n pou parousi�same sto prohgoÔmeno kef�laio. Autì sumba�-nei an m = 2 opìte q = 1 kai epomènw h summetablht  diadikas�a an�getai sto
p−di�stato di�nusma Zt−1 kai h ex�swsh (4.11) pa�rnei thn morf  (3.6). 'Opw jadoÔme kai se epìmenh enìthta, h epilog  th q−di�stath sun�rthsh h odhge� semia seir� montèlwn palindrìmhsh gia kathgorikè qronoseirè. Pr�n proqwr soumesthn parous�ash twn sqetik¸n montèlwn ja de�xoume p¸ pragmatopoie�tai h ekt�-mhsh twn paramètrwn β tou genikoÔ montèlou (4.11) mèsw th mejodologik  pro-sèggish th merik  pijanof�neia.4.4 Sumperasmatolog�a ìtan h Yt èqei m = 3 ep�peda'Estw h kathgorik  qronoseir� {Yt}, t = 1, 2, . . . , N , ìpou h metablht  endiafèro-nto Yt se k�je epan�lhyh mpore� na p�rei m = 3 dunatè timè pou antikatopr�zounti m = 3 dunatè ekb�sei tou fainomènou, èstw ti A1, A2, A3. 'Opw e�dame hkat�stash tou fainomènou ton qrìno t mpore� na apodoje� mèsw tou tuqa�ou dianÔ-smato Yt = (Yt1, Yt2, Yt3)

′ tou opo�ou oi sunist¸se pa�rnoun ti timè �1�   �0� kaito opo�o mpore� na èqei to �1� mìno se mia jèsh. SÔmfwna me thn sqèsh (4.5) jaisqÔei
Yt = (Yt1, Yt2, Yt3)

′ | Ft−1 ∼Mm(1; πt1, πt2, πt3) (4.12)me ∑3
j=1 Ytj = 1 kai ∑3

j=1 πtj = 1.Jètonta
Yt3 = 1− (Yt1 + Yt2) (4.13)kai
πt3 = 1− (πt1 + πt2), (4.14)



60 Kef�laio 4. An�lush Kathgorik¸n Qronoseir¸n¸ste na apofÔgoume ta probl mata pou anafèrame sthn Parat rhsh 4.3.1, ja pro-qwr soume se sumperasmatolog�a sqetik� me ti desmeumène ropè tou dianÔsmato
Yt = (Yt1, Yt2)

′. Gia thn desmeumènh mèsh tim  tou Yt èqoume
E(Yt | Ft−1) =


 E(Yt1 | Ft−1)

E(Yt2 | Ft−1)


 =


 πt1

πt2


 (4.15)afoÔ Ytj | Ft−1 ∼ Bernoulli(1, πtj) gia j = 1, 2 me πtj = P (Ytj = 1 | Ft−1). Ep�shisqÔei

V ar(Yt | Ft−1) = Σt =


 V ar(Yt1 | Ft−1) Cov(Yt1, Yt2 | Ft−1)

Cov(Yt2, Yt1 | Ft−1) V ar(Yt2 | Ft−1)


kai telik�

V ar(Yt | Ft−1) =


 πt1(1− πt1) −πt1πt2

−πt2πt1 πt2(1− πt2)


 . (4.16)O kalÔtero trìpo gia anapar�goume thn parathroÔmenh poluplokìthta toufainomènou e�nai na ektim soume me meg�lh akr�beia ti desmeumène ropè E(Yt |

Ft−1) kai V ar(Yt | Ft−1). SÔmfwna me ti sqèsei (4.15) kai (4.16) oi dedomèneropè exart¸ntai apì ti pijanìthte πt1, πt2 twn endeqomènwn A1, A2 kai epomè-nw gia na aux soume ton bajmì th stoqastik  plhrofìrhsh e�nai plèon an�gkhna ektimhjoÔn oi proanaferje�se poluwnumikè pijanìthte. Oi dedomène ìmwdesmeumène pijanìthte epituq�a b�sei tou genikoÔ polumetablhtoÔ montèlou pa-lindrìmhsh (4.11) ekfr�zontai sunart sei tou stajeroÔ dianÔsmato β to opo�oja ektimhje� mèsw th merik  pijanof�neia th deigmatolhptik  diadrom  poudiajètoume. H merik  pijanof�neia sthn prokeimènh per�ptwsh or�zetai w ex 
PL(β) =

N∏

t=1

ft(yt; β) (4.17)ìpou ft(yt; β) ≡ fYt
(yt; θ | Ft−1). 'Etsi lamb�nonta upìyh thn (4.4) kai to gegonììti πtj ≡ πtj(β), sÔmfwna me ta proanaferjènta, h (4.17) gr�fetai

PL(β) =
N∏

t=1

3∏

j=1

[πtj(β)]ytj . (4.18)Gia thn eÔresh tou MPLE tou β ant� th sun�rthsh merik  pijanof�neia (4.18)ja megistopoi soume ton log�rijmì th pou d�netai apì thn sqèsh
ℓ(β) ≡ log PL(β) =

N∑

t=1

3∑

j=1

ytj log πtj(β). (4.19)



4.4. Sumperasmatolog�a ìtan h Yt èqei m = 3 ep�peda 61Analutikìtera gia ton log�rijmo th sun�rthsh merik  pijanof�neia ja èqoume
ℓ(β) =

N∑

t=1

{yt1 log πt1(β) + yt2 log πt2(β) + yt3 log πt3(β)}  lìgw twn (4.13) kai (4.14)
ℓ(β) =

N∑

t=1

{yt1 log πt1(β) + yt2 log πt2(β) + (1− yt1 − yt2) log(1− πt1(β)− πt2(β))} 
ℓ(β) =

N∑

t=1

{yt1 log(
πt1(β)

1− πt1(β)− πt2(β)
) + yt2 log(

πt2(β)

1− πt1(β)− πt2(β)
)

+ log(1− πt1(β)− πt2(β))}. (4.20)Sthn per�ptwsh twn d�timwn qronoseir¸n e�qame de� ìti gia thn fusik  par�metro θtisqÔei
θt = log(

πt(β)

1− πt(β)
) ≡ logit(πt(β)). (4.21)Se analog�a me thn sqèsh (4.21) mporoÔme na or�soume to fusikì parametrikì di�-nusma

θt(β) = (θt1(β), θt2(β))′

=
(

log(
πt1(β)

1− πt1(β)− πt2(β)
), log(

πt2(β)

1− πt1(β)− πt2(β)
)
)
′

. (4.22)To dedomèno di�nusma to opo�o profan¸ exart�tai apì to β èqei thn �dia di�stashme to di�nusma (Yt1, Yt2)
′. SÔmfwna me thn (4.22), h (4.20) pa�rnei thn morf 

ℓ(β) =
N∑

t=1

{yt1θt1(β) + yt2θt2(β)− log[1 + exp(θt1(β)) + exp(θt2(β))]}

=
N∑

t=1

ℓt(β). (4.23)Me skopì na eureje� o ektimht  mègisth merik  pijanof�neia tou β apaite�taina lujoÔn oi exis¸sei
SN (β) = 0⇔ (

∂ℓ(β)

∂β1
, . . . ,

∂ℓ(β)

∂βp

)′ = 0oi opo�e e�nai sun jw mh grammikè kai apaitoÔn mejìdou arijmhtik  an�lu-sh. G�netai fanerì pw arqik� prèpei na upologistoÔn oi sunist¸se ∂ℓ(β)

∂βj
, j =
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1, 2, . . . , p, tou dianÔsmato twn merik¸n skor SN (β). SÔmfwna me thn (4.23) jaisqÔei

∂ℓ(β)

∂βj

=
N∑

t=1

∂ℓt(β)

∂βj

, j = 1, 2, . . . , p. (4.24)'Omw me b�sh p�li thn (4.23) to ℓt(β) den e�nai �mesa ekfrasmèno w sun�rthshtou dianÔsmato β kai profan¸ e�nai an�gkh na qrhsimopoi soume ènan kanìnaalus�da gia ton upologismì th merik  parag¸gou tou w pro βj. Se analog�a meton kanìna alus�da pou qrhsimopoioÔme sthn monodi�stath per�ptwsh (blèpe sqèsh(A.9) tou Parart mato A) gia thn eÔresh tou ∂ℓt(β)/∂βj , ja efarmìsoume ènankanìna pou ja anafèretai se polumetablhtè sunart sei kai o opo�o ja lamb�neiupìyh thn eidik  per�ptwsh poiotik¸n qronoseir¸n pou exet�zoume (m = 3). 'Etsija èqoume
∂ℓt

∂β′
=

∂ℓt

∂θ′

t

∂θt

∂π′

t

∂πt

∂η′

t

∂ηt

∂β′
, (4.25)ìpou ∂ℓt

∂β
′ = ( ∂ℓt

∂β1

, . . . , ∂ℓt

∂βp
). Epeid  m = 3 ⇒ q = 2 kai epomènw jewroÔme todi�nusma kat�stash Yt = (Yt1, Yt2)

′. Akìmh gia to di�nusma twn pijanot twnmet�bash isqÔei πt = (πt1, πt2)
′ en¸ gia to di�nusma twn grammik¸n problèyewnprokÔptei ηt = Z

′

t−1β = (ηt1, ηt2)
′. Gia ti posìthte tou 2oυ mèlou th sqèsh(4.25) ja èqoume

∂ℓt

∂θ′

t

= (
∂ℓt

∂θt1
,

∂ℓt

∂θt2
)′

= (Yt1 − πt1, Yt2 − πt2) = (Yt1, Yt2)− (πt1, πt2) = (Yt − πt)
′, (4.26)

∂θt

∂π′

t

=




∂θt1

∂πt1

∂θt1

∂πt2

∂θt2

∂πt1

∂θt2

∂πt2


 =




1−πt2

πt1(1−πt1−πt2)
1

1−πt1−πt2

1
1−πt1−πt2

1−πt1

πt1(1−πt1−πt2)


 . (4.27)Jètonta gia lìgou eukol�a ton p�naka sundiakÔmansh tou dianÔsmato (Yt1, Yt2)

′doje�sh th istor�a Ft−1 me Σt, tìte sÔmfwna me ti (4.16) kai (4.26) eÔkolamporoÔme na parathr soume ìti isqÔei
Σ

−1
t =

∂θt

∂π′

t

. (4.28)Akìmh,
∂πt

∂η′

t

=




∂πt1

∂ηt1

∂πt1

∂ηt2

∂πt2

∂ηt1

∂πt2

∂ηt2


 (12)

=
∂h(ηt)

∂η′

t

≡ D
′

t, (4.29)



4.4. Sumperasmatolog�a ìtan h Yt èqei m = 3 ep�peda 63ìpou h(ηt) = (h1(η1t), h2(η2t))
′. Epiprìsjeta

∂ηt

∂β′
= Z

′

t−1. (4.30)'Etsi antikajist¸nta ti (4.26),(4.27),(4.28),(4.29),(4.30) sthn (4.25) prokÔptei
∂ℓt

∂β′

︸︷︷︸
1×p

= (Yt − πt)
′

︸ ︷︷ ︸
1×2

Σ−1
t︸︷︷︸

2×2

D
′

t︸︷︷︸
2×2

Z
′

t−1︸ ︷︷ ︸
2×p

. (4.31)Akìmh, gia to par�deigm� ma ìpou m = 3 kai q = 2 èqoume
Zt−1 =




Z(t−1)11 Z(t−1)21

Z(t−1)12 Z(t−1)22... ...
Z(t−1)1p Z(t−1)2p




.Epomènw gia to merikì skor ja isqÔei sÔmfwna me ti sqèsei (4.25),(4.31)
SN(β) =

N∑

t=1

∂ℓt

∂β
=

N∑

t=1

( ∂ℓt

∂β′

)
′ ⇒

SN(β) =
N∑

t=1

[(Yt − πt)
′
Σ

−1
t D

′

tZ
′

t−1]
′ ⇒

SN(β) =
N∑

t=1

Zt−1Dt(β)Σ−1
t (β)(Yt − πt(β)) (4.32)(afoÔ o p�naka Σ

−1
t e�nai summetrikì). Mia enallaktik  morf  gia to di�nusmatwn merik¸n skor e�nai

SN(β) =
N∑

t=1

Zt−1Ut(β)(Yt − πt(β)) (4.33)ìpou
Ut(β) = Dt(β)Σ−1

t (β) =
∂u(ηt)

∂ηt

. (4.34)H sun�rthsh u(·) e�nai an�logh th u pou or�zoume sthn monodi�stath per�ptwsh(blèpe sqèsei (A.7) kai (A.8) sto Par�rthma A2.) Sthn dedomènh per�ptwsh h u(·)e�nai didi�stath kai apotele� thn sÔnjesh twn θt kai h. Sugkekrimèna ja isqÔei
u = (u1, u2)

′ = (θt1(h), θt2(h))′ =

=
(

log
( h1(ηt)

1− h1(ηt)− h2(ηt)

)
, log

( h2(ηt)

1− h1(ηt)− h2(ηt)

))
′

(12)
=

(
log

( πt1(ηt)

1− πt1(ηt)− πt2(ηt)

)
, log

( πt2(ηt)

1− πt1(ηt)− πt2(ηt)

))
′

. (4.35)



64 Kef�laio 4. An�lush Kathgorik¸n Qronoseir¸nH apìdeixh th (4.34) parat�jetai sto Par�rthma G.Gia ton ajroistikì kat� sunj kh p�naka plhrofor�a (cumulative conditional

information matrix ) pou e�nai di�stash p× p isqÔei
GN (β) =

N∑

t=1

Zt−1Ut(β)Σt(β)U′

t(β)Z′

t−1. (4.36)Apìdeixh th (4.36).
GN (β) = Cov(SN(β) | Ft−1)

(4.32)
= Cov(

N∑

t=1

Zt−1Dt(β)Σ−1
t (β)(Yt − πt(β)) | Ft−1)

=
N∑

t=1

Zt−1Dt(β)Σ−1
t (β)Cov[Yt − πt(β)) | Ft−1](Zt−1Dt(β)Σ−1

t (β))′

=
N∑

t=1

Zt−1Dt(β)Σ−1
t (β)Σt(β)Σ−1

t (β)D′

t(β)Z′

t−1

(4.34)
=

N∑

t=1

Zt−1Ut(β)Σt(β)U′

t(β)Z′

t−1.Gia ton parathroÔmeno p�naka plhrofor�a (observed information matrix )HN(β),di�stash ep�sh p× p, me stoiqe�a HN,ij(β) = − ∂2ℓ(β)

∂β
i
∂β

j

isqÔei h sqèsh
HN(β) = −∇∇′ℓ(β) = GN(β)−RN(β), (4.37)ìpou, me b�sh thn (4.35),

RN(β) =
N∑

t=1

q=2∑

r=1

Zt−1Wtr(β)Z′

t−1(Ytr − πtr(β)) (4.38)me Wtr(β) =
∂2ur(η

t
)

∂η
t
η′

t

gia r = 1, 2 = q. Pio analutik�, gia ton p�naka Wtr(β) pousthn prokeimènh per�ptwsh e�nai di�stash 2× 2, ja èqoume
Wtr(β) =

∂2ur(ηt)

∂ηt∂η′

t

=
∂

∂ηt

[∂ur(ηt)

∂η′

t

]
=




∂
∂η1

∂
∂η2




[
∂ur

∂η1

∂ur

∂η2

]
=




∂2ur

∂η2

1

∂2ur

∂η1∂η2

∂2ur

∂η1∂η2

∂2ur

∂η2

2


 .O p�naka RN(β) sthn sqèsh (4.38) jum�zei thn morf  tou RN(β) sthn monodi�stathper�ptwsh pou d�netai apì

RN(β) =
1

αt(φ)

N∑

t=1

Zt−1dt(β)Z′

t−1(Yt − µt(β))ìpou dt(β) = [
∂2u(ηt)

∂η2

t
] me thn sun�rthsh u na or�zetai analutik� sÔmfwna me tontÔpou (A.7) kai (A.8) tou Parart mato A2.



4.5. Sumperasmatolog�a gia m > 3 654.5 Sumperasmatolog�a gia m > 3Ta proanaferjènta apotelèsmata genikeÔontai eÔkola kai sthn per�ptwsh m >

3 akolouj¸nta ta �dia b mata. 'Estw loipìn {Yt} h kathgorik  qronoseir� me
m = q + 1 ep�peda. Gia k�je qrìno t = 1, 2, . . . , N jewroÔme to di�nusma Yt =

(Yt1, Yt2, . . . , Ytq)
′ ìpou

Ytj =





1, an h j-ost  kathgor�a parathre�tai ton qrìno t

0, alli¸.Akìmh èstw πt(β) = (πt1, πt2, . . . , πtq)
′ to di�nusma twn desmeumènwn pijanot twnìpou πtj = P (Ytj = 1 | Ft−1), j = 1, 2, . . . , q. Analìgw me thn (4.18) h merik pijanof�neia ja e�nai

PL(β) =
N∏

t=1

m∏

j=1

πtj(β)ytj (4.39)kai epomènw o log�rijmì th ja d�netai apì thn sqèsh
ℓ(β) = log PL(β) =

N∑

t=1

m∑

j=1

ytj log πtj(β). (4.40)Se analog�a me thn morf  th ℓ(β) sthn per�ptwsh pou m = 3 (blèpe (4.20) ) hsun�rthsh tou logar�jmou th merik  pijanof�neia t¸ra ja l�bei thn morf 
ℓ(β) =

N∑

t=1

{yt1 log
( πt1(β)

1−∑q
j=1 πtj(β)

)
+ yt2 log

( πt2(β)

1−∑q
j=1 πtj(β)

)
+ . . .

. . . + ytq log
( πtq(β)

1−∑q
j=1 πtj(β)

)
+ log(1−

q∑

j=1

πtj(β))}, (4.41)me q = m− 1. 'Etsi to fusikì parametrikì di�nusma ja e�nai
θt(β) = (θt1(β), . . . , θtq(β))′

=
(

log
( πt1(β)

1−∑q
j=1 πtj(β)

)
, . . . , log

( πtq(β)

1−∑q
j=1 πtj(β)

))
′ (4.42)kai telik� h (4.41) ja p�rei thn morf 

ℓ(β) = {
q∑

j=1

ytjθtj(β)− log[1 +
q∑

j=1

exp(θtj(β))]}

=
N∑

t=1

ℓt(β). (4.43)



66 Kef�laio 4. An�lush Kathgorik¸n Qronoseir¸nParat rhsh 4.5.1 To di�nusma θt(β) apotele� thn tim  th q-di�stath sun�rth-sh logit gia x = πt(β). Autì eÔkola mporoÔme na to diapist¸soume apì ton orismìth sun�rthsh logit pou e�nai
logit(x) =

(
log

( x1

1−∑q
j=1 xj

)
, . . . , log

( x1

1−∑q
j=1 xj

))
′ (4.44)me to x na an kei sto sÔnolo {(x1, x2 . . . , xq)

′ : xj > 0, j = 1, 2, . . . , q,
∑q

j=1 xj < 1}.Akìmh ax�zei na anafèroume ìti h sun�rthsh logit e�nai h ant�strofh sun�rthsh toukanonikoÔ sundèsmou sthn poluwnumik  katanom .Upojètonta diaforisimìthta, o MPLE β̂ (efìson up�rqei) br�sketai apì thnlÔsh twn exis¸sewn merik¸n skìr (partial score equations)
∇ℓ(β) = ∇ log PL(β) = 0mèsw tou algor�jmou Fisher Scoring (blèpe Par�rthma B).Gia to di�nusma twn merik¸n skìr (partial scor vector), ìpw kai sthn per�ptwshpou m = 3, ja isqÔei

SN (β) = ∇ℓ(β) =
N∑

t=1

Zt−1Dt(β)Σ−1
t (β)(Yt − πt(β)). (4.45)Gia ton q × q p�naka Dt(β) sthn prokeimènh per�ptwsh ja isqÔei

Dt(β) =
∂h(ηt)

∂ηt

=




∂πt1

∂ηt1

∂πt2

∂ηt1
. . . ∂πtq

∂ηt1

∂πt1

∂ηt2

∂πt2

∂ηt2
. . . ∂πtq

∂ηt2... ... . . . ...
∂πt1

∂ηtq

∂πt2

∂ηtq
. . . ∂πtq

∂ηtq




.Jètoume
Ut(β) = Dt(β)Σ−1

t (β),ìpou Σt(β) e�nai o desmeumèno p�naka diakum�nsewn-sundiakum�nsewn tou Yt =

(Yt1, Yt2, . . . , Ytq)
′ di�stash q × q me stoiqe�a

σ
(ij)
t (β) =




−πti(β)πtj(β) ,an i 6= j

πti(β)(1− πti(β)) ,an i = jgia i, j = 1, 2, . . . , q. Epomènw to di�nusma twn merik¸n skìr mpore� na ekfrasje�kai mèsw th sqèsh
SN (β) =

N∑

t=1

Zt−1Ut(β)(Yt − πt(β)), (4.46)



4.6. Asumptwtik� apotelèsmata 67ìpou
Ut(β) =

∂u(ηt)

∂ηte�nai plèon èna q × q p�naka me ηt = Z
′

t−1(β). H q-di�stath sun�rthsh u =

(u1, u2, . . . , uq)
′ apotele� thn sÔnjesh th h (pou e�dame sthn sqèsh (4.11) ) me thnsun�rthsh logit (sqèsh (4.44) ). Dhlad  ja èqoume

u =
(

log
( h1(ηt)

1−∑q
j=1 hj(ηt)

)
, . . . , log

( hq(ηt)

1−∑q
j=1 hj(ηt)

))
′

.Gia ton ajroistikì kata sunj kh p�naka plhrofor�a ja isqÔei
GN(β) =

N∑

t=1

Cov[Zt−1Ut(β)(Yt − πt(β)) | Ft−1]

=
N∑

t=1

Zt−1Ut(β)Σt(β)U′

t(β)Z′

t−1. (4.47)O adèsmeuto p�naka plhrofor�a d�netai apì thn sqèsh
FN (β) = E[GN(β)].Tèlo se analog�a me thn (4.38), o p�naka RN(β) d�netai apì thn sqèsh

RN(β) =
N∑

t=1

q∑

r=1

Zt−1Wtr(β)Z′

t−1(Ytr − πtr(β)) (4.48)me
Wtr(β)

∂2ur(ηt)

∂ηt∂η′

t

,gia r = 1, 2, . . . , q.4.6 Asumptwtik� apotelèsmata'Opw kai sthn per�ptwsh twn d�timwn qronoseir¸n ètsi kai sti poiotikè qronolo-gikè seirè o ektimht  mègisth merik  pijanof�neia (MPLE ), efìson up�rqei,èqei ti akìlouje asumptwtikè idiìthte(i) e�nai sunep  (consistent)(ii) e�nai asumptwtik� kanonikì (asymptotically normal).



68 Kef�laio 4. An�lush Kathgorik¸n Qronoseir¸nAkìmh ja prèpei na anafèroume ìti h Ôparxh tou ektimht  β̂ exasfal�zetai mèswkat�llhlwn sunjhk¸n omalìthta kai kanonikìthta (Kaufmann (1987) ). To Je-¸rhma (A.3.1) tou Parart mato A3 isqÔei kai ousiastik� upain�ssetai ìti an olog�rijmo th k�je suntetagmènh th sun�rthsh sÔndesh h e�nai ko�lh sun�r-thsh, tìte h pijanìthta ìti up�rqei monadikì ektimht  mègisth merik  pijanof�-neia sugkl�nei sto 1 (Pratt (1981) ). Opoiad pote tètoia akolouj�a ektimht¸n e�naisunep  kai asumptwtik� kanonik .'Amesh efarmog  tou Jewr mato (A.3.1) odhge� sthn kataskeu  diast matoempistosÔnh gia to di�nusma twn pijanot twn met�bash πt(β). Gia thn dhmiourg�atou dedomènou diast mato sthrizìmaste sto gegonì ìti
√

N
(
πt(β̂)− πt(β)

)
d→ Nq(0,Zt−1Dt(β)G−1(β)D′

t(β)Z′

t−1) (4.49)kaj¸ N →∞, pou prokÔptei me efarmog  th mejìdou dèlta (Rao, (1973), sel�da338).4.7 'Elegqo UpojèsewnSta montèla palindrìmhsh kathgorik¸n qronoseir¸n suqn� epijumoÔme na elèg-xoume upojèsei sqetik� me {kr�sime} timè pou mpore� na l�boun k�poie apì tiparamètrou. O qarakthrismì {kr�sime} èqei na k�nei me to gegonì ìti h apo-doq  twn dedomènwn tim¸n gia k�poie apì ti paramètrou palindrìmhsh odhge�sthn anadiamìrfwsh tou montèlou pou ja qrhsimopoi soume gia statistik  sumpe-rasmatolog�a, to opo�o plèon apokt� aploÔsterh dom . Endeiktik� anafèroumeto akìloujo par�deigma. 'Estw h poiotik  qronoseir� {Yt}, t = 1, 2, . . . , N , kai
Zt−1 = (Yt−1, Yt−2, Xt, Wt)

′ to di�nusma twn summetablht¸n me Xt kai Yt na e�naisuneqe�. Upojètoume ìti gia thn statistik  an�lush th sugkekrimènh seir� tomontèlo logit

logit(πt(β)) = β0 + β1Yt−1 + β2Yt−2 + β3Xt + β4Wtme β = (β0, β1, β2, β3, β4)
′, e�nai kat�llhlo. Sthn prokeimènh per�ptwsh h apodoq th mhdenik  upìjesh H0 : β2 = 0 dhl¸nei ìti h parous�a th metablht  Yt−2 dene�nai apara�thth sto montèlo kai epomènw prèpei na apomakrunje�.Sthn dedomènh enìthta ja asqolhjoÔme me pio sÔnjetou elègqou upojèsewnsqetik� me to parametrikì di�nusma β tou genikoÔ montèlou palindrìmhsh twnkathgorik¸n qronoseir¸n (4.11).



4.8. 'Elegqoi Kal  Prosarmog  69'Etsi se probl mata poiotik¸n seir¸n suqn� ma apasqole� èlegqo th genik grammik  upìjesh
H0 : Cβ = β0 kat� H1 : Cβ 6= β0, (4.50)ìpou C e�nai dedomèno p�naka pl rou t�xh, èstw r ≤ p. Ta pio suqn� qrhsimo-poioÔmena tèst gia ton èlegqo th upìjesh (4.50) e�nai,

• O lìgo merik  pijanof�neia
λN = 2

{
ℓ(β̂)− ℓ(β̃)

}
, (4.51)

• To statistikì tou Wald

wN =
{
Cβ̂ − β0

}
′
{
CG

−1(β̂)C′

}
−1{

Cβ̂ − β0

} (4.52)
• To statistikì tou merikoÔ skìr

cN =
1

N
S
′

N (β̃)G−1(β̃)SN (β̃), (4.53)ìpou β̃ e�nai o ektimht  mègisth merik  pijanof�neia tou β upì thn mhdenik upìjesh, en¸ β̂ e�nai o genikì ektimht  mègisth merik  pijanof�neia (upì thn
H0 ∪H1).Je¸rhma 4.7.1 K�tw apì sugkekrimène sunj ke omalìthta kai kanonikìthtaoi statistiko� èlegqoi λN , wN kai cN e�nai asumptwtik� isodÔnamoi. Epiplèon, upìthn mhdenik  upìjesh (4.50), h asumptwtik  katanom  tou e�nai qi-tetr�gwno me rbajmoÔ eleujer�a.Gia perissìtere leptomèreie sqetik� me thn asumptwtik  katanom  twn proana-ferjèntwn statistik¸n o endiaferìmeno anagn¸sth parapèmpetai ston Fahrmeir(1987). H sumperifor� twn proanaferjèntwn statistik¸n exet�sthke se mia seir�enallaktik¸n katast�sewn apì tou L.Fahrmeir kai H.Kaufmann (1987). Oi su-gkekrimènoi suggrafe� exètasan me to proanaferjèn je¸rhma thn omoiogèneia kaithn t�xh mia Markobian  Alus�da, kaj¸ kai thn domik  allag  se sunduasmìme thn anexarths�a duo par�llhlwn qronoseir¸n.



70 Kef�laio 4. An�lush Kathgorik¸n Qronoseir¸n4.8 'Elegqoi Kal  Prosarmog Genik� sthn jewr�a twn grammik¸n montèlwn ìso kai twn genikeumènwn grammik¸nmontèlwn met� thn ekt�mhsh tou montèlou emfan�zetai to prìblhma th kal  pro-sarmog  tou sta dedomèna. Ena montèlo ja lègetai {kalì} efìson katorj¸nei naermhneÔsei ta dedomèna me ìso to dunatìn megalÔterh akr�beia, ikanopoi¸nta ìmwkai ti paradoqè pou ma od ghsan sthn kataskeu  tou. Sta genikeumèna grammik�montèla gia anex�rthte parathr sei me skopì na elègxoume thn kal  prosarmog twn upodeigm�twn qrhsimopoioÔsame to statistikì X2 tou Pearson kaj¸ kai thn
scaled deviance (McCullagh and Nelder (1989) ). Sthn per�ptwsh twn kathgorik¸nqronoseir¸n exakoloujoÔme na qrhsimopoioÔme ta proanaferjènta statistik� afoÔpr¸ta ta tropopoi soume ¸ste na lamb�noun upìyh thn istor�a tou fainomènou mèqriton qrìno t( dhlad  to Ft−1). 'Etsi (blèpe Fokianos and Kedem, 2002, sel�da 110)h scaled deviance pa�rnei thn morf 

D = −2
N∑

t=1

m∑

j=1

Ytj log πtj(β̂), (4.54)en¸ to statistikì tou Pearson gr�fetai
χ2 =

N∑

t=1

(
Yt − πt(β̂

)
′

Σ
−1
t (β̂)

(
Yt − πt(β̂)

)

=
N∑

t=1

m∑

j=1

(
Ytj − πtj(β̂)

)2

πtj(β̂)
. (4.55)ApodeiknÔetai ìti upì kat�llhle sunj ke omalìthta kai kanonikìthta, hasumptwtik  katanom  twn (4.54) kai (4.55) prosegg�zei thn qi-tetr�gwno katanom me Nq−p bajmoÔ eleujer�a, ìpou p e�nai to pl jo twn paramètrwn tou montèlou.H dedomènh prosèggish e�nai problhmatik  kaj¸ apaite� polÔ meg�lo N . 'Etsi è-qoun anaptuqje� enallaktikè mèjodoi pou bas�zontai sthn taxinìmhsh th apìkrish  sthn Power Divergence. H dedomènh mejodologik  prosèggish arqik� eis qjh giaanex�rthta dedomèna w gen�keush tou statistikoÔ tou genikeumènou lìgou pijano-fanei¸n kai tou elègqou tou Pearson (Cressie and Read (1984) ). Gia perissìtereleptomèreie gia thn dedomènh teqnik  blèpe Fokianos and Kedem, (2002, sel�da112).Gia ton èlegqo th ep�rkeia enì montèlou palindrìmhsh gia kathgorikè qro-noseirè den arkoÔmaste mìno sta statistik� kal  prosarmog . Epiplèon ta kri-



4.8. 'Elegqoi Kal  Prosarmog  71t ria plhrofor�a kaj¸ kai h an�lush twn upolo�pwn apoteloÔn shmantik� dia-gnwstik� ergale�a sthn statistik  an�lush twn poiotik¸n seir¸n.To shmantikìtero krit rio epilog  upode�gmato e�nai to AIC (Akaike Infor-mation Criterion) pou eis qjh apì ton Akaike (Akaike (1973) ), (Akaike (1974) ) kaito opo�o d�netai apì thn sqèsh
AIC = D + 2p, (4.56)ìpou D e�nai h scaled deviance (4.54), en¸ to p dhl¸nei to pl jo twn ektimhmènwnparamètrwn tou montèlou. Epeid  to AIC den parèqei sunepe� ektimhtè tou pkaj¸ to m ko N th deigmatolhptik  diadrom  aux�nei, prot�jhkan di�foretropopoi sei tou. H shmantikìterh apì autè ofe�letai ston Schwarz o opo�oprìteine to apokaloÔmeno Mpeuzianì krit rio plhrofor�a BIC (Schwarz (1978) )pou or�zetai apì ton tÔpo

BIC = D + p log N. (4.57)To BIC, sti perissìtere peript¸sei, parèqei sunepe� ektimhtè th t�xh tou mo-ntèlou. Gia perissìtere plhrofor�e sqetik� me ta krit ria plhrofor�a shmantik anafor� apotele� o (Choi (1992) ).Tèlo, h an�lush twn upolo�pwn twn kathgorik¸n qronoseir¸n bas�zetai sta
raw upìloipa

êt =




êt1

êt2...̂
etq




= Yt − π̂t =




Yt1 − π̂t1

Yt2 − π̂t2...
Ytq − π̂tq




, (4.58)  sta squared Pearson upìloipa
r̂t = (Yt − π̂t)

′
Σ̂

−1
t (Yt − π̂t), (4.59)ìpou Σ̂t = Σt(β̂) (Pierce and Schafer (1986) ). 'Ena montèlo ja e�nai eparkèefìson ta tetragwnik� upìloipa tou Pearson sumperifèrontai w leukì jìrubo(white noise) (Li (1991) ).





Kef�laio 5Montèla Palindrìmhsh gia Onomatikè kaiDiat�xime Kathgorikè Qronoseirè
5.1 Eisagwg 'Opw e�dame sto Kef�laio 4, gia thn melèth diaqronik¸n fainomènwn twn opo�wn omhqanismì tÔqh den emp�ptei sta pla�sia tou tuqa�ou peir�mato kai h metablht endiafèronto Yt e�nai poluwnumik  me m ep�peda, sthrizìmaste sto genikì montèloth (4.11).Apì to montèlo (4.11) kai epilègonta, an�loga me thn fÔsh tou probl mato,kat�llhle q = (m − 1)-di�state sunart sei sÔndesh odhgoÔmaste se mia sei-r� montèlwn pou perigr�foun ti kathgorikè qronologikè seirè. Analutikìtera,suqn� sunant�me fainìmena sta opo�a h kathgorik  apokritik  metablht  e�nai dia-t�ximh (ordinal), gegonì to opo�o ja ma odhg sei sthn qr sh upodeigm�twn taopo�a ja axiopoioÔn thn dedomènh plhrofor�a kai ta opo�a ja diaforopoioÔntai apìta montèla pou ja anafèrontai se onomatikè (nominal) metablhtè. G�netai loipìnsafè pw h epilog  montèlou exart�tai apì ti pijanè kl�make mètrhsh th ka-thgorik  qronoseir� ma, pou e�nai h onomatik  (nominal), h diataktik  (ordinal)kai h diasthmatik  (interval).Epeid  oi diasthmatikè (interval) metablhtè mporoÔn na proseggistoÔn apì mo-ntèla pou anafèrontai se diatetagmèna dedomèna (ordinal data), sthn an�lush pouja akolouj sei ja parousi�soume montèla palindrìmhsh gia onomatikè kai dia-taktikè qronologikè seirè. Sun�ma ax�zei na anafèroume ìti ta montèla pou jaanafèroume genikeÔoun thn logistik  palindrìmhsh (logistic regression) gia poluw-numikè apokritikè metablhtè se fainìmena pou epideiknÔoun diaqronik  ex�rthsh.73



74 Kef�laio 5. Montèla PalindrìmhshSthn Par�grafo 5.2.1 ja anaferjoÔme sto Baseline-Category Logit montèlo giaonomatikè kathgorikè seirè. Sthn Enìthta 5.2.2 ja mil soume gia thn diadika-s�a eÔresh tou MPLE tou dedomènou upode�gmato. Sthn Par�grafo 5.3.1 japarousi�soume to Proportional odds montèlo, gia diat�xime poiotikè qronoseirè,d�donta k�poie idiìthtè tou sthn Enìthta 5.3.2. Sthn Par�grafo 5.3.3 ja d¸-soume thn sun�rthsh th PL gia autì. Mia enallaktik  prosèggish tou Proportio-

nal odds montèlou mèsw mia bohjhtik  metablht  d�netai sthn Par�grafo 5.3.4.Oloklhr¸nonta thn an�lush ma, sthn Enìthta 4 parèqontai enallaktikè mèjodoimontelopo�hsh diat�ximwn exarthmènwn dedomènwn. Ax�zei na ton�soume ìti gia tamontèla Baseline-Category Logit kai Proportional odds ja de�xoume ìti apoteloÔneidik  per�ptwsh tou genikoÔ montèlou (4.11).5.2 Onomatikè Qronologikè Seirè'Estw Yt h kathgorik  metablht  me m kathgor�e sti opo�e den emperièqetai hènnoia th di�taxh. Sthn dedomènh par�grafo ja parousi�soume ta multicategory  polytomous logit montèla gia onomatikè apokr�sei, ta opo�a montelopoioÔn tau-tìqrona tou logar�jmou twn odds gia ìla ta dunat� zeÔgh twn m kathgori¸n.To pl jo aut¸n twn zeug¸n e�nai m!
2!(m−2)!

=
m(m−1)

2
. Mèsw kat�llhlwn periori-sm¸n kai me skopì thn me�wsh th di�stash tou probl mato, ta dedomèna montèlaarkoÔntai ousiastik� sthn perigraf  q = m− 1 kathgori¸n th metablht  Yt.5.2.1 Baseline-Category Logit Models'Estw h kathgorik  onomatik  qronoseir� Yt, t = 1, 2, . . . , N. Thn qronik  stigm 

t, ìpw e�dame kai sto Kef�laio 4, sthn apokritik  metablht  Yt antistoiqe� todi�nusma Yt = (Yt1, Yt2, . . . , Ytm)′ to opo�o parist�nei thn poluwnumik  dokim  stondedomèno qrìno. Sugkekrimèna, isqÔei
Ytj =





1, an h j-ost  kathgor�a parathre�tai ton qrìno tgia j = 1, 2 . . . , q, t = 1, 2, . . .N

0, all�w. . (5.1)Profan¸ Yt = (Yt1, Yt2, . . . , Ytm)′ | Ft−1 ∼ Mm(1; πt1, πt2, . . . , πtm) ìpou πtj =

Pr(Ytj = 1 | Ft−1) = Pr(Yt = j | Ft−1), j = 1, 2, . . . , m me ∑m
j=1 πtj = 1 kai

∑m
j=1 Ytj = 1. 'Eqonta or�sei Ytm = 1−∑q

j=1 Ytj kai πtm = 1−∑q
j=1 πtj to montèlo



5.2. Onomatikè Qronologikè Seirè 75pou ja parousi�soume gia thn statistik  an�lush tou diaqronikoÔ fainomènou, japerigr�fei plèon to di�nusma twn desmeumènwn pijanot twn πt = (πt1, πt2, . . . , πtq)
′,pou ti onom�same pijanìthte met�bash, sthrizìmenoi plèon sta dianÔsmata Yt =

(Yt1, Yt2, . . . , Ytq)
′ ìpou q = m− 1. 'Etsi gia thn πtj epiplèon mporoÔme na èqoume

πtj(β) = Pr(Ytj = 1 | Zt−1) = Pr(Yt = j | Zt−1). (5.2)Epilègonta w kathgor�a anafor� (baseline category) thn teleuta�a, dhlad  thn
j = m, to poluwnumikì logit or�zetai w ex 

log
πtj(β)

πtm(β)
= αj + β̃

′

j · Z̃t−1, j = 1, 2, . . . , q = m− 1 (5.3)kai apotele� epèktash tou logistikoÔ montèlou (3.8), me β na e�nai to di�nusma twnparamètrwn kai twn q upodeigm�twn. To montèlo (5.3) perigr�fei tautìqrona tiepidr�sei tou dianÔsmato twn epexhghmatik¸n metablht¸n Z̃t−1 = (Z(t−1)2, Z(t−1)3,

. . . , Z(t−1)p)
′ sta m − 1 logits ta opo�a èqoun thn dik  tou stajer� αj kai to dikìtou di�nusma paramètrwn β̃j = (βj2, βj3, . . . , βjp)

′, se sqèsh me to Z̃t−1.Ja prèpei na anafèroume ìti o lìgo πtj

πtm
apotele� thn sqetik  pijanìthta (odds)emf�nish th j kathgor�a w pro thn pijanìthta emf�nish th m kathgor�a,pou e�nai h kathgor�a anafor�. Ektim¸nta gia k�je logit ti paramètrou αj kai

β̃j , j = 1, 2, . . . , m− 1, ektimoÔme kai ton parap�nw lìgo me apotèlesma na e�mastese jèsh thn qronik  stigm  t na apofanjoÔme, me k�poio bajmì bebaiìthta, kat�pìso ja pragmatopoihje� to j-ostì   to m-ostì endeqìmeno. Epeid  profan¸
log

πtc(β)

πtb(β)
= log

πtc(β)

πtm(β)
− log

πtb(β)

πtm(β)
(5.4)ìpou c, b ∈ {1, 2, . . . , m−1}, blèpoume ìti mèsw duo baseline-category logits mporoÔmena upolog�soume thn sqetik  pijanìthta emf�nish tou endeqomènou c w pro toendeqìmeno b. H sqèsh (5.4) mèsw th (5.3) gr�fetai

log
πtc(Z̃t−1)

πtb(Z̃t−1)
= (αc − αb) + (β̃

′

c − β̃
′

b)Z̃t−1. (5.5)ParathroÔme loipìn ìti o lìgo πtc

πtb
e�nai o �dio �sqeta me ton sunolikì arijmì m twnkathgori¸n th Yt. Aut  h idiìthta kale�tai {anexarths�a �sqetwn enallaktik¸n}(independence of irrelevant alternatives) (Luce (1959) ).To poluwnumikì montèlo logit gia kathgorikè qronologikè seirè se ìrou twnpoluwnumik¸n pijanot twn πtj (Agresti (2002) ) gr�fetai

πtj(β) =
exp(αj + β̃

′

jZ̃t−1)

1 +
∑q

ℓ=1 exp(αℓ + β̃
′

ℓZ̃t−1)
(5.6)



76 Kef�laio 5. Montèla Palindrìmhshgia j = 1, 2, . . . , q = m − 1, me tou periorismoÔ αm = 0 kai β̃m = 0. Pr�gmati,apì thn (5.3) èqoume
πtj

πtm

= exp(αj + β̃
′

jZ̃t−1)⇒ πtj = πtm exp(αj + β̃
′

jZ̃t−1) (5.7)
⇒

m∑

j=1

πtj

πtm

=
m∑

j=1

exp(αj + β̃
′

jZ̃t−1)⇒
1

πtm

=
m∑

j=1

exp(αj + β̃
′

jZ̃t−1)

⇒ πtm =
1

∑q
ℓ=1 exp(αℓ + β̃

′

ℓZ̃t−1) + exp(αm + β̃
′

mZ̃t−1)
.SÔmfwna ìmw me tou periorismoÔ αm = 0 kai β̃m = 0 gia thn πtm ja isqÔei

πtm =
1

1 +
∑q

ℓ=1 exp(αℓ + β̃
′

ℓZ̃t−1)
. (5.8)Epomènw, antikajist¸nta sthn (5.7) prokÔptei to zhtoÔmeno. To montèlo (5.6)enallaktik� prokÔptei apì thn megistopo�hsh mia tuqa�a posìthta. O anagn¸-sth gia thn dedomènh prosèggish parapèmpetai ston McFadden (1973).To montèlo (5.6) apotele� eidik  per�ptwsh tou genikoÔ polumetablhtoÔ montèloupalindrìmhsh gia thn an�lush kathgorik¸n qronoseir¸n (4.11). Arke� apl� na or�-sei kane� to di�nusma β tou genikoÔ montèlou (4.11) w (α1, β̃

′

1, α2, β̃
′

2, . . . , αq, β̃
′

q)kai na jèsei Zt−1 = (1, Z̃t−1)
′

p×1. Analutikìtera, to β ja èqei thn morf 
β = (α1, β12, β13, . . . , β1p, α2, β22, β23, . . . , β2p, . . . , αq, βq2, βq3, . . . , βqp)

′kai profan¸ ja èqei di�stash q · p. Akìmh or�zoume ton q · p× q p�naka (Fokianos-

Kedem) o opo�o èqei thn morf 
Zt−1 =




zt−1 0 . . . 0

0 zt−1 . . . 0... ... . . . ...
0 0 . . . zt−1




,katal gonta ètsi sthn (4.11).5.2.2 Merik  Pijanof�neia sto Baseline-Category Logit montèloSto shme�o autì ja exet�soume diexodik� thn diadikas�a sumperasmatolog�a, mèswth merik  pijanof�neia gia to montèlo (5.6). Gia thn aploÔsteush twn apotele-sm�twn ja tropopoi soume tou sumbolismoÔ ma. 'Estw loipìn h deigmatolhptik 



5.2. Onomatikè Qronologikè Seirè 77diadrom  {Yt}, t = 1, 2, . . . , N , enì mh tuqa�ou peir�mato me m dunat� apotelè-smata se k�je epan�lhyh. Gia ton qrìno t to di�nusma Yt = (Yt1, Yt2, . . . , Ytm)′ìpw èqoume  dh anafèrei parist� thn poluwnumik  dokim  sthn en lìgw qronik stigm . 'Estw Zt−1 = (Z(t−1)1, Z(t−1)2, . . . , Z(t−1)p)
′

p×1 to di�nusma stajer  morf twn tuqa�wn qronoexart¸menwn summetablht¸n pou anafèretai sta parametrik� dia-nÔsmata βj = (βj1, βj2, . . . , βjp)
′, j = 1, 2, . . . , q = m− 1, twn m− 1 logit pou up�r-qoun gia to en lìgw fainìmeno. Ta dianÔsmata βj den perilamb�noun ti stajerè

αj , j = 1, 2, . . . , q. 'Eqonta or�sei
πtm = 1−

q∑

j=1

πtj kai Ytm = 1−
q∑

j=1

Ytj me q = m− 1,h suneisfor� tou qrìnou t kata thn opo�a lamb�nei q¸ra to fainìmeno sthn sun�r-thsh tou logar�jmou th merik  pijanof�neia ja e�nai
log f(yt | Ft−1) = log

{ 1!

yt1!yt2! . . . ytm!︸ ︷︷ ︸
1

m∏

j=1

(πtj(β))ytj

}
=

= log
{ m∏

j=1

πtj(β)ytj

}
=

q∑

j=1

ytj log πtj(β) + ytm log πtm(β) =

m∑

j=1

ytj log πtj(β) + (1−
q∑

j=1

ytj) log(1−
q∑

j=1

πtj(β)) =

=
q∑

j=1

ytj log
( πtj(β)

1−∑q
j=1 πtj(β)

)
+ log[1−

q∑

j=1

πtj(β)],ìpou to di�nusma β ja perièqei ìle ti paramètrou twn m − 1 logits. 'Estw ìtièqoume katagr�yei thn exèlixh tou fainomènou gia N forè oi opo�e exart¸ntaimetaxÔ tou. Tìte o log�rijmo th merik  pijanof�neia upolog�zetai w ex 
ℓ(β) = log

N∏

t=1

f(yt; β | Ft−1) =
N∑

t=1

log f(yt; β | Ft−1)⇒

ℓ(β) =
N∑

t=1

{ q∑

j=1

ytj log
πtj

πtm

+ log πtm

}
(5.3)⇒

ℓ(β) =
N∑

t=1

{ q∑

j=1

ytj(αj + β′

jZt−1)− log[1 +
q∑

j=1

exp(αj + β′

jZt−1)]
}
. (5.9)'Omw,

N∑

t=1

{ q∑

j=1

ytj(αj + β′

jZt−1)
}

=
N∑

t=1

( q∑

j=1

ytj{αj +
p∑

i=1

βji · Z(t−1)i}
)

=
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N∑

t=1

{ q∑

j=1

ytjαj +
q∑

j=1

ytj ·
p∑

i=1

βji · Z(t−1)i

}
=

q∑

j=1

{ N∑

t=1

ytjαj +
N∑

t=1

ytj ·
p∑

i=1

βji · Z(t−1)i

}
=

q∑

j=1

{
αj

( N∑

t=1

ytj

)
+

p∑

i=1

βji

( N∑

t=1

ytjZ(t−1)i

)}
. (5.10)'Ara h (5.9) mèsw th (5.10) gr�fetai

ℓ(β) =
q∑

j=1

{
αj

( N∑

t=1

ytj

)
+

p∑

i=1

βji

( N∑

t=1

Z(t−1)iytj

)}

−
N∑

t=1

log
{
1 +

q∑

j=1

exp(αj + β′

jZt−1)
}
. (5.11)SÔmfwna me thn (5.11) parathroÔme ìti to eparkè statistikì gia thn par�metro βjie�nai to ∑N

t=1 Z(t−1)iytj gia j = 1, 2, . . . , q = m− 1 kai i = 1, 2, . . . , p (Birch, (1964a)). Sun�ma, to eparkè statistikì gia to αj e�nai to ∑N
t=1 ytj =

∑N
t=1 Z(t−1)0ytj me

Z(t−1)0 = 1. Ousiastik� to ∑N
t=1 ytj apotele� ton sunolikì arijmì apotelesm�twnth j kathgor�a gia ti N parathr sei th qronoseir� ma.5.3 Diat�xime Qronologikè Seirè'Estw h kathgorik  qronoseir� {Yt}, t = 1, 2, . . . , N sthn opo�a h metablht  en-diafèronto Yt metriètai se kl�maka pou emperièqetai h fusik  di�taxh. Gia thnmelèth tou ant�stoiqou diaqronikoÔ stoqastikoÔ fainomènou to opo�o {gènnhse} tadedomèna, dhlad  thn deigmatolhptik  diadrom , kaloÔmaste na qrhsimopoi soumediaforetik� statistik� montèla apì eke�na pou sunant same sti onomatikè qro-noseirè. Analutikìtera gia thn statistik  an�lush twn diat�ximwn kathgorik¸nqronoseir¸n ja axiopoi soume upode�gmata ta opo�a antanakloÔn diat�xima qarakth-ristik�, ìpw e�nai h monìtonh t�sh (monotone trend), afoÔ aut� èqoun auxhmènhisqÔ, parèqonta montèla me mikrì arijmì summetablht¸n (Brillinger (1996) ).5.3.1 Proportional odds modelGia thn melèth tou dedomènou montèlou apaite�tai pr¸ta na exhg soume thn ènnoiatou Cumulative Logit montèlou (McCullagh (1980) ), (Snell (1964) ).



5.3. Diat�xime Qronologikè Seirè 79'Ena trìpo gia na axiopoi soume thn kathgorik  di�taxh th metablht  endia-fèronto e�nai to montèlo logit twn ajroistik¸n pijanot twn (cumulative probabili-

ties) oi opo�e èqoun thn morf 
P (Yt ≤ j | Zt−1) = πt1(Zt−1) + . . . + πtj(Zt−1), j = 1, 2, . . . , m.Epeid  ìmw to di�nusma Zt−1 twn tuqa�wn qronoexart¸menwn summetablht¸n empe-rièqei thn istor�a tou fainomènou Ft−1, gia ti ajroistikè pijanìthte ja èqoumeisodÔnama

P (Yt ≤ j | Ft−1) = πt1(β) + πt2(β) + . . . + πtj(β), j = 1, 2, . . . , m.Gia to en lìgw diaqronikì fainìmeno pou up�rqoun m dunat� apotelèsmata se k�jeepan�lhyh ja antistoiqoÔn m− 1 cumulative logits montèla pou or�zontai w ex 
logit[P (Yt ≤ j | Ft−1)] = log

P (Yt ≤ j | Ft−1)

1− P (Yt ≤ j | Ft−1)
=

log
P (Yt ≤ j | Ft−1)

P (Yt > j | Ft−1)
= log

πt1 + πt2 + . . . + πtj

πt(j+1) + πt(j+2) + . . . + πtm

j = 1, 2, . . . , m− 1.(5.12)SÔmfwna me thn (5.12) g�netai fanerì ìti k�je cumulative logit qrhsimopoie� kai ti
m kathgor�e apìkrish.To montèlo to opo�o axiopoie� tautìqrona ta q = m−1 cumulative logits th sqèsh(5.12) e�nai to

logit[P (Yt ≤ j | Ft−1)] = log
P (Yt ≤ j | Ft−1)

P (Yt > j | Ft−1)
= θj + γ ′

Zt−1, j = 1, 2, . . . , q(5.13)ìpou γ = (γ1, γ2, . . . , γp)
′. Apì thn (5.13) blèpoume ìti k�je cumulative logit èqeithn dik  tou stajer� θj , en¸ oi epidr�sei tou Zt−1 e�nai �die gia ta m− 1 logits kaiekfr�zontai mèsw tou stajeroÔ dianÔsmato γ kata grammikì trìpo. Thn qronik stigm  t to di�nusma Zt−1 pa�rnei mia stajer  tim  pou e�nai koin  kai gia ta m− 1

logits th (5.13). Epomènw o ìro γ ′
Zt−1ton dedomèno qrìno e�nai stajerì. Giana èqei nìhma to montèlo (13) apaite�tai ton qrìno t ta θj , j = 1, 2, . . . , m − 1na aux�noun w pro j. Autì sumba�nei diìti to 1o mèlo th (5.13), thn dedomènhqronik  stigm , e�nai aÔxousa sun�rthsh tou j. Pr�gmati h P (Yt ≤ j | Ft−1) ≡ p(j)aux�nei w pro j kai epomènw h sun�rthsh log

p(j)
1−p(j)

e�nai aÔxousa sun�rthsh tou
j. 'Etsi, or�zonta θ0 = −∞ kai θm = +∞ gia ta θj , j = 1, 2, . . . , m, anagkastik�ja isqÔei

−∞ = θ0 < θ1 < . . . < θm−1 < θm = +∞.



80 Kef�laio 5. Montèla Palindrìmhsh5.3.2 Idiìthte tou montèlou (5.13)Gia ton qrìno t jewroÔme duo diaforetikè timè tou sugkekrimènou qronoexart¸me-nou dianÔsmato twn summetablht¸n Zt−1 = (Z(t−1)1, Z(t−1)2, . . . , Z(t−1)p)
′, pou anti-sto�qw e�nai

zt−1,1 = (z(t−1)11, z(t−1)12, . . . , z(t−1)1p)
′,

zt−1,2 = (z(t−1)21, z(t−1)22, . . . , z(t−1)2p)
′.Gia ti proanaferje�se pragmatopoi sei tou Zt−1, oi opo�e antikatopr�zoun ou-siastik� me duo diaforetikoÔ trìpou thn istor�a Ft−1, isqÔei

logit[P (Yt ≤ j | zt−1,1)]− logit[P (Yt ≤ j | zt−1,2)] =

= log
P (Yt ≤ j | zt−1,1)/P (Yt > j | zt−1,1)

P (Yt ≤ j | zt−1,2)/P (Yt > j | zt−1,2)
= θj + γ ′ · zt−1,1 − (θj + γ ′ · zt−1,2)

⇒ log
P (Yt ≤ j | zt−1,1)/P (Yt > j | zt−1,1)

P (Yt ≤ j | zt−1,2)/P (Yt > j | zt−1,2)
= γ ′(zt−1,1 − zt−1,2) (5.14)Sthn per�ptwsh ma o lìgo twn sqetik¸n pijanot twn (odds ratio)

or =
P (Yt ≤ j | zt−1,1)/P (Yt > j | zt−1,1)

P (Yt ≤ j | zt−1,2)/P (Yt > j | zt−1,2)epeid  anafèretai se ajroistikè pijanìthte onom�zetai lìgo sqetik¸n ajroisti-k¸n pijanot twn (cumulative odds ratio).SÔmfwna me thn (5.14) o log�rijmo tou dedomènou odds ratio e�nai an�logo thapìstash metaxÔ twn tim¸n zt−1,1 kai zt−1,2. H (5.14) gr�fetai isodÔnama
or = exp{γ ′[zt−1,1 − zt−1,2]} ⇒

P (Yt ≤ j | zt−1,1)

1− P (Yt ≤ j | zt−1,1)
= exp{γ ′[zt−1,1 − zt−1,2]}︸ ︷︷ ︸

>0

·
( P (Yt ≤ j | zt−1,2)

1− P (Yt ≤ j | zt−1,2)

)
,apì ìpou sumpera�noume ìti thn qronik  stigm  t h sqetik  pijanìthta h tim  thapokritik  metablht  na e�nai ≤ j gia thn tim  zt−1,1 tou Zt−1 e�nai exp{γ ′

j[zt−1,1−
zt−1,2]} forè megalÔterh apì thn sqetik  pijanìthta tou endeqomènou {Yt ≤ j} gia
Zt−1 = zt−1,2. Lìgw twn parap�nw idiot twn to montèlo (13) pèra apì cumulative

Logit onom�sthke apì ton McCullagh (1980) proportional odds model.Parat rhsh 5.3.1 JewroÔme ìti Zt−1 = Zt−1 e�nai suneq  ermhneutik  metablh-t . Gia sugkekrimènh kathgor�a j = 1, 2, . . . , m− 1, h kampÔlh apìkrish (response
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curve) f(Zt−1) = P (Yt ≤ j | Zt−1), t = 1, 2, . . . , N , e�nai h kampÔlh logistik palindrìmhsh gia mia d�timh apìkrish èstw Wt, me Wt = 1 an Yt ≤ j kai Wt = 0ìtan Yt > j. Pr�gmati, to montèlo (5.13) sthn dedomènh per�ptwsh mpore� na grafe�

P (Yt ≤ j | Zt−1) =
exp(θj + γZt−1)

1 + exp(θj + γZt−1)
. (5.15)apì thn (5.15) mporoÔme na sumper�noume ìti oi kampÔle apìkrish gia k�je j =

1, 2, . . . , m − 1 ja èqoun akrib¸ to �dio sq ma. Sugkekrimèna, ja èqoun thn �diamonoton�a se ìlo to ped�o tim¸n th f all� ja e�nai orizìntia metatopismène. 'Estwloipìn ìti èqoume ti kathgor�e j kai k th Yt me j < k. Tìte gia ti pijanìthte
P (Yt ≤ j | Zt−1) kai P (Yt ≤ k | Zt−1) ja isqÔei h (5.15) me θj < θk. Sthndedomènh per�ptwsh h kampÔlh P (Yt ≤ k | Zt−1) prokÔptei apì thn metatìpish th
P (Yt ≤ j | Zt−1) kat� θk−θj

γ
mon�de arister� ston �xona th Zt−1. Pr�gmati

P (Yt ≤ j | Zt−1 = Zt−1 +
θk − θj

γ
) =

exp(θj + γ(Zt−1 +
θk−θj

γ
))

1 + exp(θj + γ(Zt−1 +
θk−θj

γ
))

exp(θj + γZt−1 + θk − θj)

1 + exp(θj + γZt−1 + θk − θj)
=

exp(θk + γZt−1)

1 + exp(θk + γZt−1)
=

= P (Yt ≤ k | Zt−1).5.3.3 Sun�rthsh Merik  Pijanof�neia tou montèlou (5.13)H ant�stoiqh sun�rthsh merik  pijanof�neia pou sthr�zetai sto proportional odds

model prokÔptei w akoloÔjw
PL(θ1, θ2, . . . , θm−1, γ) =

N∏

t=1

m∏

j=1

π
ytj

tj =
N∏

t=1

m∏

j=1

P (Yt = j | Zt−1)

=
N∏

t=1

{ m∏

j=1

(
P (Yt ≤ j | Zt−1)− P (Yt ≤ j − 1 | Zt−1)

)ytj
}

=
N∏

t=1

{ m∏

j=1

( exp(θj + γ ′
Zt−1)

1 + exp(θj + γ ′Zt−1)

)
− exp(θj−1 + γ ′

Zt−1)

1 + exp(θj−1 + γ ′Zt−1)

)ytj
}
.5.3.4 Prosèggish tou proportional odds mèsw kruf  metablht H perigraf  tou proportional odds model g�netai perissìtero katanoht  mèsw miabohjhtik  suneqoÔ metablht . Analutikìtera gia thn dedomènh metablht  poukrÔbetai p�sw apì thn Yt , jewroÔme èna montèlo palindrìmhsh to opo�o de�qnei thn



82 Kef�laio 5. Montèla Palindrìmhshkoin  ep�drash tou γ gia ta diaforetik� j sto montèlo (5.13). 'Estw loipìn h Xtpou sunist� thn mh parathr simh stoqastik  diadikas�a {Xt} pou dhmioÔrghse thn
{Yt}, t = 1, 2, . . . , N . H sugkekrimènh metablht  lègetai kruf  (latent) metablht kai èqei ajroistik  sun�rthsh katanom  (cdf ) F (xt +η). Oi timè th Xt diafèroungÔrw apì mia par�metro jèsh η (p.q o mèso), h opo�a exart�tai apì to di�nusmatwn summetablht¸n Zt−1 sÔmfwna me thn sqèsh η(Zt−1) = γ ′

Zt−1. 'Estw −∞ =

θ0 < θ1 < . . . < θm = ∞ ta shme�a diakop  th suneqoÔ kl�maka, ta opo�akajor�zoun m + 1 diast mata tim¸n gia thn Xt, tètoia ¸ste
Yt = j ⇔ Ytj = 1⇔ θj−1 ≤ Xt < θj µǫ Ij = [θj−1, θj), j = 1, 2 . . . , m.Dhlad  mporoÔme na poÔme ìti h Yt ja p�rei thn kathgor�a j an kai mìno an h Xtl�bei tim  sto j−ostì di�sthma tim¸n th. Epomènw gia thn ajroistik  pijanìthtaja isqÔei

P (Yt ≤ j | Ft−1) = P (Xt < θj | Ft−1) = F (θj + γ ′
Zt−1) (5.16)gia j = 1, 2, . . . , m. Akìmh gia thn πtj ja èqoume

πtj = P (Yt = j | Ft−1) = P (θj−1 ≤ Xt < θj | Ft−1) =

P (Xt < θj | Ft−1)− P (Xt ≤ θj−1 | Ft−1)
(5.16)⇒

πtj = F (θj + γ ′
Zt−1)− F (θj−1 + γ ′

Zt−1) (5.17)gia j = 1, 2, . . . , m. Sthn sqèsh (5.16) an epilèxoume h F na e�nai h logistik sun�rthsh Fℓ = ex

1+ex tìte aut  gr�fetai
P (Yt ≤ j | Ft−1) =

exp(θj + γ ′
Zt−1)

1 + exp(θj + γ ′Zt−1)
⇒ log

{P (Yt ≤ j | Ft−1)

P (Yt > j | Ft−1)

}
= θj + γ ′

Zt−1.gia j = 1, 2, . . . , m, pou e�nai to proportional odds montèlo.'Alle epilogè gia thn F perilamb�noun thn sun�rthsh katanom  th tupik kanonik  katanom 
F ≡ Φ,thn sun�rthsh katanom  th extreme minimal katanom 

F (x) ≡ 1− exp(− exp(x)),



5.3. Diat�xime Qronologikè Seirè 83kai th sun�rthsh katanom  th extreme maximal katanom 
F (x) ≡ exp(− exp(−x)).Genik� opoiad pote sun�rthsh sÔndesh pou qrhsimopoie�tai sti d�time qronoseirèe�nai kat�llhlh ìtan eis�goume èna montèlo cumulative logit.Ta proanaferjènta ousiastik� proèkuyan jewr¸nta to akìloujo montèlo pa-lindrìmhsh gia thn Xt

Xt = −γ ′
Zt−1 + et (5.18)ìpou et e�nai mia akolouj�a anex�rthtwn kai isìnomwn tuqa�wn metablht¸n me suneq ajroistik  sun�rthsh katanom  thn F . Pr�gmati

P (et ≤ x) = P (Xt + γ ′
Zt−1 ≤ x) = P (Xt ≤ −γ ′

Zt−1 + x) =

F (−γ ′
Zt−1 + x + γ ′

Zt−1) = F (x).Epeid  to di�nusma γ èqei thn �dia di�stash me to summetablhtì di�nusma Zt−1mporoÔme na odhghjoÔme sta �dia apotelèsmata douleÔonta plèon me thn cdf F tou
et ant� th F (xt + η) th Xt. Endeiktik� ja de�xoume p¸ mpore� na prokÔyei mèswth F h (5.17) gia ti πtj .

πtj = P (Yt = j | Ft−1) = P (θj−1 ≤ Xt < θj | Ft−1) =

P (Xt < θj | Ft−1)− P (Xt < θj−1 | Ft−1) =

P (−γ ′
Zt−1 + et < θj | Ft−1)− P (−γ ′

Zt−1 + et < θj−1 | Ft−1) =

P (et < θj + γ ′
Zt−1 | Ft−1)− P (et < θj−1 + γ ′

Zt−1 | Ft−1) =

F (θj + γ ′
Zt−1)− F (θj−1 + γ ′

Zt−1).Sun�ma to genikì montèlo palindrìmhsh gia diat�xime kathgorikè qronoseirè th(5.16) ja prokÔyei enallaktik� w ex 
P (Yt ≤ j | Ft−1) = P (Yt < j | Ft−1) + P (Yt = j | Ft−1) =

P (Xt < θj−1 | Ft−1) + πtj = P (−γ′
Zt−1 + et < θj−1) + πtj =

P (et < γ ′
Zt−1 + θj−1 | Ft−1) + πtj = F (θj−1 + γ ′

Zt−1) + πtj
(5.17)
=

F (θj−1 + γ ′
Zt−1) + F (θj + γ ′

Zt−1)− F (θj−1 + γ ′
Zt−1) = F (θj + γ ′

Zt−1)gia j = 1, 2, . . . , m.



84 Kef�laio 5. Montèla PalindrìmhshParat rhsh 5.3.2 To montèlo (5.16) apotele� eidik  per�ptwsh tou genikoÔ mo-ntèlou palindrìmhsh gia kathgorikè qronoseirè pou sunant same sto Kef�laio4 kai to opo�o d�netai apì thn sqèsh
πt(β) = E(Yt | Ft−1) = h(Z′

t−1 · β) = h(ηt).  pio analutik�
πt(β) =




πt1(β)

πt2(β)...
πtq(β)




=




E(Yt1 | Ft−1)

E(Yt2 | Ft−1)...
E(Ytq | Ft−1)




=




P (Yt1 = 1 | Ft−1)

P (Yt2 = 1 | Ft−1)...
P (Ytq = 1 | Ft−1)




=




h1(Z
′

t−1 · β)

h2(Z
′

t−1 · β)...
hq(Z

′

t−1 · β)




.Gia to skopì autì jewroÔme to di�nusma β di�stash q + d

β = (θ1, θ2, . . . , θq, γ
′)′.Akìmh jewroÔme ton p�naka

Zt−1 =




1 0 . . . 0

0 1 . . . 0... ... . . . ...
0 0 . . . 1

zt−1 zt−1 . . . zt−1


ìpou zt−1 = (z(t−1)1, z(t−1)2, . . . , z(t− 1)d)′ e�nai o suntelest  tou dianÔsmato γsthn (5.16). Epiplèon jewroÔme thn q-di�stath sun�rthsh h = (h1, . . . , hq)

′, me
πt1(β) = h1(ηt) = F (ηt1),

πtj(β) = hj(ηt) = F (ηtj)− F (ηt(j−1)), j = 1, 2, . . . , q = m− 1.Gia to q-di�stato di�nusma ηt isqÔei
ηt = (ηt1, ηt2, . . . , ηtq)

′ = Z
′

t−1β =




θ1 + γ ′zt−1

θ2 + γ ′zt−1...
θq + γ ′zt−1




.SÔmfwna me ta proanaferjènta kai jètonta p = q+d sumpera�noume ìti to montèlo(5.16) ikanopoie� to genikì montèlo palindrìmhsh gia kathgorikè qronoseirè.



5.4. Enallaktik� Montèla sti Diat�xime Qronoseirè 855.4 Enallaktik� Montèla sti Diat�xime QronoseirèGia thn an�lush diat�ximwn kathgorik¸n qronoseir¸n ax�zei na anafèroume kai taakìlouja montèla.Montèlo continuation ratio.To dedomèno montèlo or�zetai sÔmfwna me thn sqèsh
F−1

( πtj(β)

πt(j+1)(β) + . . . + πtm(β)

)
= β′zt−1, (5.19)Montèlo adjacent categories logits.To sugkekrimèno montèlo or�zetai apì thn sqèsh

P (Yt = j | Yt ∈ {r, r + 1},Ft−1) = F (β′zt−1), (5.20)ìpou h F e�nai suneq  sun�rthsh katanom , zt−1 to di�nusma twn summetablht¸nkai β to di�nusma twn paramètrwn (Agresti, (2002), kef�laio 7). O endiaferìme-no anagn¸sth gia perissìtere plhrofor�e sqetik� me ti enallaktikè teqnikèmontelopo�sh twn exarthmènwn diataktik¸n kai diasthmatik¸n metablht¸n para-pèmpetai stou (Fahrmeir and Tutz, (2001), kef�laio 3) kai (Johnson and Albert(1999) ).





Kef�laio 6Montelopo�hsh Dedomènwn Broqìptwsh
6.1 Eisagwg 
Sto dedomèno kef�laio ja prospaj soume na epilèxoume èna   perissìtera montèlata opo�a ja perigr�foun se ikanopoihtikì bajmì thn sumperifor� tou fainomènouth broqìptwsh sto nomì Iwann�nwn.Anamfisb thta to dedomèno fainìmeno e�nai stoqastikì afoÔ h mellontik  touexèlixh den mpore� na problefje� me akr�beia. H dom  tou kaj�statai akìmh pio po-lÔplokh epeid  oi broqopt¸sei exart¸ntai se meg�lo bajmì apo thn gewgrafik perioq  pou anafèrontai. Gia par�deigma ston Elladikì q¸ro, pou apo mìno touapotele� èna periorismèno ped�o, ta ep�peda th broq  stou dutikoÔ hpeirwtikoÔnomoÔ diafèroun shmantik� apo tou anatolikoÔ. Se pollè peript¸sei, akìmhkai geitoniko� nomo� e�te th dutik  e�te th anatolik  hpeirwtik  Ell�da parou-si�zoun tele�w diaforetik  sumperifor� w pro ti broqopt¸sei tou. Sto shme�oautì ja prèpei na ton�soume pw h broq  sqet�zetai prwt�stw me thn atmosfairik kuklofor�a. To gegonì autì se sunduasmì me thn sÔndesh twn broqopt¸sewn kaime topikoÔ par�gonte diamorf¸nei epiplèon mia sqèsh th broq  me thn jermo-kras�a, thn ugras�a kai thn atmosfairik  p�esh th k�je perioq  (KatsoÔlh kaiMpartz¸ka (2003) ).SÔmfwna me ta proanaferjènta g�netai fanerì, pw to fainìmeno th broq  e�naiidia�tera sÔnjeto kai apaite�tai idia�terh prosoq  kat� thn diadikas�a montelopo�hshtou. O statistikì prèpei na perior�zei thn èreuna tou se sugkekrimènh perioq zht¸nta apì ton metewrolìgo na ton plhrofor sei gia tou topikoÔ par�gontebroqìptwsh. 87
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Sq ma 6.1: Qronoseir� broqopt¸sewn gia N = 104 hmère6.2 Broqopt¸sei sto nomì Iwann�nwn6.2.1 Parous�ash twn dedomènwnMe skopì thn mentelopo�hsh twn broqopt¸sewn ston nomì Iwann�nwn diajètoume thnhmer sia boqìptwsh se �mm� gia mia per�odo N = 1823 hmer¸n apo ti 4.1.1995 èwthn 31.12.1999. H dedomènh qronoseir� parousi�zetai sto Sq ma 6.1. Anajètontasthn metablht  Yt thn tim  �1� efìson h hmer sia broqìptwsh e�nai �≥ 0.1 mm� (poushma�nei ìti èbrexe)   thn tim  �0� efìson to ep�pedo th broq  e�nai �< 0.1 mm�(pou shma�nei ìti den èbrexe) prokÔptei mia ant�stoiqh d�timh qronoseir� pou br�sketaisto Sq ma 6.2. Sun�ma diajètoume gia ti 1823 hmère metr sei th jermokras�a(T), th ugras�a (H) kai th atmosfairik  p�esh (A). Analutikìtera gia thnjermokras�a an� hmèra gnwr�zoume thn mèsh, thn el�qisth kai thn mègisth tim  th.'Oson afor� sthn ugras�a kai thn atmosfairik  p�esh gia k�je hmèra diajètoumethn tim  tou an� duo ¸re1.Gia thn axiopo�hsh th plhrofor�a twn summetablht¸n ma, �ra kai thn kalÔ-1Dhlad  èqoume 12 metr sei ugras�a kai atmosfairik  p�esh hmerhs�w.
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Sq ma 6.2: D�timh qronoseir� broqopt¸sewn gia N = 104 hmèreterh probleyimìthta tou montèlou pou ja katal xoume qrhsimopoi same to eÔroth jermokras�a an� hmèra, en¸ gia thn ugras�a kai thn atmosfairik  p�esh anti-sto�qw upolog�same ti mèse timè twn 12 metr sewn pou diajètoume gia autèhmerhs�w. H epilog  tou eÔrou th jermokras�a epitrèpei thn kalÔterh ermhne�atou fainomènou th broq  kai dikaiologe�tai apì metewrologik  skopi�. Pr�gmatisÔmfwna me ta klimatologik� apotelèsmata, ti hmère pou èqoume sunnefi� (kaisti opo�e sun jw brèqei), parathre�tai sqetik� mikrìtero eÔro jermokras�aapì autì pou katagr�fetai ti hmère pou epikrate� xasteri�. Tèlo epeid  diajè-toume d�tima exarthmèna dedomèna ja qrhsimopoi soume to montèlo (3.8) logistik palindrìmhsh pou parousi�same sto 2o kef�laio. B�sei twn proanaferjèntwn japroqwr soume sthn diadikas�a montelopo�hsh twn broqopt¸sewn tou nomoÔ Iwan-n�nwn.6.3 Montelopo�hsh olìklhrh th qronoseir�SÔmfwna me thn dedomènh prosèggish ja diereun soume to fainìmeno th broqìptw-sh kajìlh thn di�rkeia tou qrìnou, qwr� na lamb�noume upìyh ti 4 epoqè tou



90 Kef�laio 6. Montelopo�hsh Dedomènwn Broqìptwshgia ti opo�e ìpw gnwr�zoume oi suqnìthte kai oi posìthte twn broqopt¸sewndiafèroun. Epeid  to fainìmeno pou melet�me parousi�zei diaqronik  ex�rthsh stisummetablhtè ja sumperil�boume ti qronikè uster sei 1h, 2h kai 3h t�xhtìso th Yt ìso kai th jermokras�a (T), th ugras�a (H) kaj¸ kai th atmo-sfairik  p�esh (A). 'Etsi se pr¸th f�sh to di�nusma Zt−1 ja apotele�tai apì tiqronoexart¸mene metablhtè
Yt−1, Yt−2, Yt−3, Tt, Tt−1, Tt−2, Tt−3, Ht, Ht−1, Ht−2, Ht−3, At, At−1, At−2, At−3.Anamfisb thta to ant�stoiqo upìdeigma, pou to onom�zoume M1, kai to opo�o japrokÔyei sÔmfwna me thn sqèsh (3.8) e�nai akat�llhlo gia thn an�lush twn dedomè-nwn afoÔ parabi�zei thn basik  statistik  arq  th �oikonomik � montelopo�hsh(parsimonious modelling). H prosarmog  tou dedomènou montèlou ja g�nei gia thndieukìlunsh th parous�ash epitrèponta sugkritik� apotelèsmata.Gia thn epilog  tou bèltistou montèlou ja sthriqtoÔme sto krit rio plhrofor�atou AIC. SÔmfwna me to sugkekrimèno diagnwstikì krit rio thn kalÔterh prosar-mog  sta dedomèna parousi�zei to montèlo me thn mikrìterh tim  tou AIC. Sto

S-PLUS h dedomènh diadikas�a pragmatopoie�tai autìmata mèsw th sun�rthsh ste-

pAIC. Trèqonta to kat�llhlo script (blèpe par�rthma D) to logistikì montèlopou katal goume perièqei ti summetablhtè
Yt−1, Yt−2, Yt−3, Tt, Tt−1, Tt−2, Ht, Ht−1, Ht−2, Ht−3, At, At−1, At−2kai to sumbol�zoume me M2. Gia ta montèla M1 kai M2 sunoptik� ja èqoume taakìloujaP�naka 6.1 Diagnwstik� krit ria gia ta M1 kai M2Montèlo p MSE X 2 D df AIC BICM1 17 0.1058 1625.847 1222.910 1806 1256.91 1350.55M2 14 0.1062 1600.326 1226.939 1809 1254.939 1332.0543SÔmfwna me ta parap�nw g�netai fanerì ìti oÔte to montèlo M2, to opo�o èqeimikrìtero AIC apì to M1, den mpore� na qrhsimopoihje� gia statistik  epexergas�aafoÔ diajètei arket� meg�lo arijmì paramètrwn.Enallaktik  prosèggish gia thn montelopo�hsh twn broq¸n e�nai eke�nh h opo�asthr�zetai apokleistik� sti qronikè uster sei th metablht  Yt (blèpe Fokiano



6.3. Montelopo�hsh olìklhrh th qronoseir� 91
and Kedem, (2002), sel�da 72). 'Eqonta jewr sei ìti h broq  ephre�zetai apì tibroqopt¸sei twn tri¸n prohgoÔmenwn hmer¸n ja prosarmìsoume autopal�ndromalogistik� montèla, twn opo�wn oi grammikè problèyei ηt ja d�nontai ston akìloujop�nakaP�naka 6.2 Grammikè problèyei autopal�ndromwn logistik¸n montèlwnM1F β0 + β1Yt−1M2F β0 + β1Yt−1 + β2Yt−2M3F β0 + β1Yt−1 + β2Yt−2 + β3Yt−3M4F β0 + β1Yt−1 + β3Yt−3Gia ta dedomèna upode�gmata èqoume (blèpe par�rthma D)P�naka 6.3 Diagnwstik� krit ria gia ta autopal�ndroma montèlaMontèlo p MSE X 2 D df AIC BICM1F 2 0.1788 1811.814 1967.757 1821 1971.757 1982.773M2F 3 0.1769 1794.295 1945.115 1820 1951.115 1967.6397M3F 4 0.1768 1791.496 1942.965 1819 1590.965 1972.9979M4F 3 0.1782 1803.470 1959.167 1820 1965.167 1981.6917Apo ton teleuta�o p�naka diapist¸noume pw thn kalÔterh prosarmog  sta dedo-mèna thn parousi�zei to montèlo M3F. Autì sumba�nei diìti parousi�zei thn mikrìterhtim  gia to AIC se sqèsh me ta upìloipa montèla. To �dio sumba�nei kai me ta upì-loipa diagnwstik� krit ria. To montèlo M3F ìmw exakolouje� na èqei megalÔterhtim  gia to AIC, kaj¸ kai gia tou upìloipou diagnwstikoÔ elègqou, apì eke�nhpou parousi�zei to upìdeigma M2. 'Etsi, to M3F parìllo pou èqei mikrìtero arijmìparamètrwn den ja qrhsimopoihje� gia prìbleyh.Sunoy�zonta thn an�lush ma blèpoume pw ta apotelèsmata pou proèkuyansumfwnoÔn me thn arqik  ma parat rhsh, pw to fainìmeno th broq  e�nai exai-retik� polÔploko kai gia thn orjìterh diereÔnhsh tou o statistikì apaite�tai nadiajètei epark  stoiqe�a twn topik¸n paragìntwn pou to ephre�zoun. 'Etsi stoshme�o autì ja proqwr soume thn an�lush ma axiopoi¸nta ta klimatologik� qa-rakthristik� tou nomoÔ Iwann�nwn.SÔmfwna loipìn me ta metewrologik� dedomèna o fusikì mhqanismì pou diamor-f¸nei ti broqopt¸sei sthn eurÔterh perioq  twn Iwann�nwn diafèrei apì qeim¸na



92 Kef�laio 6. Montelopo�hsh Dedomènwn Broqìptwshse kaloka�ri. Analutikìtera stou qeimerinoÔ m ne oi broqè ofe�lontai se su-st mata qamhl¸n pièsewn ta opo�a kinoÔntai apì thn dutik  pro thn anatolok Mesìgeio en¸ to kaloka�ri oi broqopt¸sei prokaloÔntai apì topikoÔ par�gontejermik  fÔsh. Eidik� tou m ne Apr�lio kai Okt¸brh pou e�nai oi metabatiko�per�odoi apì to qeim¸na sto kaloka�ri kai apì to kaloka�ri sto qeim¸na antisto�-qw h sumperifor� twn metewrologik¸n fainomènwn genik� kaj�statai akìmh piopolÔplokh. Oi dedomène z¸ne, pou onom�zontai �buffer � epideiknÔoun èntono mete-wrologikì endiafèron (KatsoÔlh kai Mpartz¸ka (2003) ). Parìlla aut� den jati l�boume upìyh sthn an�lush ma ¸ste na èqoume mia xek�jarh diaforopo�hshmetaxÔ twn qeimerin¸n kai jerin¸n periìdwn.SÔmfwna me ta proanaferjènta ja montelopoi soume xeqwrist� tou qeim¸neapì ta kaloka�ria gia k�je èto, exair¸nta apì thn an�lush ma ta dedomèna touApr�lh kai tou Okt¸brh. Eidikìtera h qeimerin  per�odo ja xekin� ton Noèmbrh kaija oloklhr¸netai sto tèlo Mart�ou en¸ h kalokairin  ja diarke� apì ton M�iomèqri to tèlo Septèmbrh.Sto shme�o autì genn�tai to er¸thma giat� na mhn doÔme ìlou tou qeim¸nekai ìla ta kaloka�ria antisto�qw w duo ennoièe qronoseirè. Mia tètoia prosèg-gish me mia pr¸th mati� fa�netai problhmatik  afoÔ mporoÔme na isquristoÔme ìtioi qeim¸ne kai ta kaloka�ria apì èto se èto den parousi�zoun ex�rthsh, mia poumetaxÔ tou mesolabe� èna meg�lo qronikì di�sthma. Lamb�nonta ìmw upìyh ìtioi qronoseirè anafèrontai akìmh kai se et sie parathr sei (p.q. katagraf  touplhjwrismoÔ ana èto), sumpera�noume ìti oi broqopt¸sei apì kaloka�ri se kalo-ka�ri kai apì ton èna qeim¸na ston epìmeno ja parousi�zoun diaqronik  ex�rthsh.Epomènw èqei nìhma na jewr soume èna montèlo pou ja perigr�fei ti broqè apìkoinoÔ gia ìlou tou qeim¸ne kaj¸ kai èna ant�stoiqo gia ta kaloka�ria. H adu-nam�a th dedomènh prosèggish èggutai sto gegonì ìti prèpei na lhfje� upìyhto kenì metaxÔ twn qeimerin¸n kai twn jerin¸n zwn¸n. To S-PLUS kaj¸ kai �llagnwst� statistik� pakèta den mporoÔn na l�boun upìyh tou autì to kenì.6.4 Montelopo�hsh twn qeimerin¸n periìdwnEpeid  e�dame ìti ton qeim¸na oi broqè diamorf¸nontai kur�w apì sust mata qamh-l¸n pièsewn, sta montèla pou ja parousi�soume gia k�je èto, ja apomakrÔnoume tiqronoexart¸mene metablhtè Tt, Tt−1, Tt−2, Tt−3. Me ton trìpo autì ja odhghjoÔme



6.4. Montelopo�hsh twn qeimerin¸n periìdwn 93se upode�gmata me sqetik� mikr  di�stash. Gia k�je qeim¸na ja prosarmìzoume arqi-k� to montèlo me ti summetablhtè Yt−1, Yt−2, Yt−3, Ht, Ht−1, Ht−2, Ht−3, At, At−1, At−2, At−3to opo�o ja kaloÔme arqikì montèlo kai ja to sumbol�zoume me to gr�mma M ako-loujoÔmeno me to ant�stoiqo èto. Gia thn epilog  bèltistou upode�gmato kai p�lija axiopoi soume to krit rio AIC.Qeim¸na 95-96 (1.11.95 èw 31.3.1995)Mèsw th sun�rthsh stepAIC to bèltisto upìdeigma e�nai eke�no me summetablhtè
Yt−3, Ht, Ht−1, Ht−2, At−1, At−2to opo�o sumbol�zoume me MQ95.96step. Gia ta montèla MQ95.96 (arqikì) kaiMQ95.96step proèkuyanP�naka 6.4 Diagnwstik� krit ria gia ta MQ95.96step kai MQ95.96Montèlo p MSE X 2 D df AIC BICMQ95.96 12 0.1040 164.4343 97.263 133 121.263 156.984MQ95.96step 7 0.1101 122.887 99.71135 138 113.711 134.548Qeim¸na 96-97 (1.11.96 èw 31.3.1997)Mèsw th sun�rthsh stepAIC to kalÔtero montèlo e�nai autì me summetablhtè

Ht−1, At, At−1.Gia to arqikì montèlo th dedomènh periìdou MQ96.97 kaj¸ kai autì pou maèdwse h sun�rthsh stepAIC MQ96.97step proèkuyan ta ex P�naka 6.5 Diagnwstik� krit ria gia ta MQ96.97step kai MQ96.97Montèlo p MSE X 2 D df AIC BICMQ96.97 12 0.0658 56.856 56.666 132 80.666 116.304MQ96.97step 4 0.07 65.607 61.336 140 69.336 81.215



94 Kef�laio 6. Montelopo�hsh Dedomènwn BroqìptwshQeim¸na 97-98 (1.11.97 èw 31.3.1998)To montèlo me to mikrìtero AIC thn sugkekrimènh qeimerin  z¸nh ja èqei ti akì-louje qronoexart¸mene summetablhtè
Ht, Ht−1, At, At−1Gia to dedomèno upìdeigma pou to sumbol�zoume me MQ97.98step kaj¸ kai to arqikìMQ97.98 èqoumeP�naka 6.6 Diagnwstik� krit ria gia ta MQ97.98step kai MQ97.98Montèlo p MSE X 2 D df AIC BICMQ97.98 12 0.1099 128.5615 100.839 132 124.839 160.477MQ97.98step 5 0.1169 126.399 106.585 139 116.5848 131.434Qeim¸na 98-99 (1.11.98 èw 31.3.1999)To bèltisto upìdeigma gia ton qeim¸na 1998-1999 b�sh tou AIC ja e�nai eke�no meti summetablhtè

Yt−1, Yt−2, Ht−1, Ht−2, At.Gia to sugkekrimèno upìdeigma MQ98.99step kaj¸ kai to arqikì montèlo MQ98.99èqoumeP�naka 6.7 Diagnwstik� krit ria gia ta MQ98.99step kai MQ98.99Montèlo p MSE X 2 D df AIC BICM98.99 12 0.1284 182.0125 120.1459 132 144.146 179.7836M98.99step 6 0.1305 225.232 124.236 138 136.236 154.0547B�sei twn proanaferjèntwn parathroÔme ìti ìla ta logistik� montèla pou l�-bame mèsw th sun�rthsh stepAIC èqoun kalÔterh prosarmog  apì ìla ta arqik�montèla se k�je qeimerin  per�odo. Eidik� ton qeim¸na tou 1996-1997 to upìdeigmaMQ96.97stepAIC èqei thn kalÔterh prosarmog  se sqèsh me ta montèla twn upolo�-pwn qeimerin¸n periìdwn (MQ95.96stepAIC , MQ97.98stepAIC , MQ98.99stepAIC ).To sugkekrimèno montèlo ja to sugkr�noume me ta autopal�ndroma logistik� mo-ntèla pou jewr same kai sthn per�ptwsh th deigmatolhptik  diadrom  megèjou



6.4. Montelopo�hsh twn qeimerin¸n periìdwn 95N=1823. Gia thn per�ptwsh ma, dhlad  ton qeim¸na 1996-97 ta dedomèna montèlaapì M1F, M2F, M3F, M4F ja ta sumbol�zw me MQ1F, MQ2F, MQ3F, MQ4F. Mèswtou S-PLUS proèkuyan ta akìloujaP�naka 6.8 Diagnwstik� krit ria gia ta autopal�ndroma montèla tou qeim¸na1996-97 Montèlo p MSE X 2 D df AIC BICMQ1F 2 0.1633 142.159 145.046 142 149.046 144.986MQ2F 3 0.1619 138.926 142.226 141 148.226 157.135MQ3F 4 0.1590 138.786 139.956 140 147.956 159.835MQ4F 3 0.1596 140.657 141.085 141 147.085 155.995To kalÔtero autopal�nromo logistikì upìdeigma sÔmfwna me ta parap�nw e�nai toMQ4F. To dedomèno upìdeigma an kai den e�nai eparkèstero apì to MQ96.97stepAIC ,ja protimhje� gia prìbleyh epeid  den apaite� epiplèon thn prìbleyh twn summeta-blht¸n Ht kai At pou e�nai tuqa�e qronoexart¸mene. To montèlo MQ96.97stepAICse per�ptwsh pou den gnwr�zoume ti mellontikè timè twn Ht kai At, parèqei thnprìbleyh th Yt mìno gia thn epìmenh mèra.Problèyei 3 hmer¸n gia ton qeim¸na 1996-97 mèsw tou montèlou MQ4FTo montèlo MQ4F anafèretai se mia deigmatolhptik  diadrom  m kou N=144.Mèsw autoÔ tou upode�gmato ja problèyoume an ja brèxei   ìqi ti 3 epìmenehmère. Ousiastik� ja problèyoume ti desmeumène pijanìthte broq  dojèntoth istor�a tou fainomènou. Ta apotelèsmata pou ja prokÔyoun ja sugkrijoÔn meti timè ti Yt, ti dedomène hmère pou ti gnwr�zoume. To di�nusma twn paramètrwntou montèlou MQ4F, ìpw proèkuye apì ti 144 hmère e�nai
β̂ = (β0, β1, β3)

′ = (−1.889, 1.963, 0.887)′kai epomènw h desmeumènh pijanìthta broq  thn 145h hmèra sÔmfwna me thn sqèsh(3.7) ja d�netai w
P̂ (Y145 = 1 | F144) =

exp(−1.889 + 1.963Y144 + 0.887Y142)

1 + exp(−1.889 + 1.963Y144 + 0.887Y142)

=
exp(−1.889 + 1.963× 0 + 0.887× 0)

1 + exp(−1.889 + 1.963× 0 + 0.887× 0)
⇒

P̂ (Y145 = 1 | F144) = 0.13. (6.1)



96 Kef�laio 6. Montelopo�hsh Dedomènwn BroqìptwshSÔmfwna me thn sqèsh (6.1) thn 145h hmèra h pijanìthta broq  e�nai arket� mikr (< 0.5) kai epomènw mporoÔme na jewr soume gia thn mèra eke�nh ìti Ŷ145 = 0.H prìbleyh th desmeumènh pijanìthta broq  thn 146h hmèra ja prokÔyeiaxiopoi¸nta thn tim  Ŷ145 = 0. Pr�gmati èqoume
P̂ (Y146 = 1 | F145) = 0.13. (6.2)To dedomèno apotèlesma  tan anamenìmeno afoÔ (Ŷ144, Ŷ145) = (0, 0) ìpw kai (Y143, Y144) =

(0, 0). SÔmfwna me thn sqèsh (6.2) thn 146h hmèra h pijanìthta broq  e�nai ar-ket� mikr  (< 0.5) kai epomènw mporoÔme na jewr soume gia thn mèra eke�nh ìti
Ŷ146 = 0. Sto shme�o autì blèpoume pw to montèlo ma ekt�mhse l�jo thn de-smeumènh pijanìthta broq  thn 146h hmèra afoÔ tìte h pragmatik  tim  tou Y146isoÔtai me 1. Suneq�zonta thn diadikas�a prìbleyh kata autì ton trìpo eÔkola jadiapist¸soume ìti to montèlo ma p�nta ja d�nei èndeixh ìti den ja brèxei gegonì pouto kajist� problhmatikì. 'Opw ja doÔme ìmw sta omadopoihmèna dedomèna autìden shma�nei p�nta ìti den epilèxame ti kat�llhle summetablhtè.Oloklhr¸nonta thn an�lush ma gia tou qeim¸ne èqei endiafèron na exet�-soume thn sumperifor� tou montèlou MQ96.97stepAIC sti upìloipe qeimerinèz¸ne. Ta diagnwstik� krit ria tou dedomènou upode�gmato gia ìle ti qeimerinèperiìdou d�nontai ston akìloujo p�nakaP�naka 6.9 Diagnwstik� krit ria apì thn prosarmog  tou MQ96.97step se ìloutou qeim¸ne.Qeim¸na p MSE X 2 D df AIC BIC95-96 4 0.1297 137.066 116.607 141 124.607 135.51496-97 4 0.07 65.607 66.336 140 69.336 81.21597-98 4 0.1347 145.021 122.708 140 130.708 142.58798-99 4 0.1534 216.164 137.036 140 145.036 156.915Parathr¸nta ton parap�nw p�naka, kaj¸ kai tou p�nak 6.4-6.7, diapist¸-noume ìti h prosarmog  tou upode�gmato MQ96.97stepAIC den alloi¸nei shma-ntik� thn ep�rkeia twn montèlwn pou e�qame katal xei gia tou upìloipou qeim¸-ne, b�sei tou krithr�ou AIC ( ta opo�a  tan MQ95.96stepAIC , MQ97.98stepAIC ,MQ98.99stepAIC ). To gegonì autì de�qnei ìti �sw ja  tan realistikì na jewr -soume to montèlo MQ96.97stepAIC kat�llhlo gia thn montelopo�hsh twn broqo-pt¸sewn gia k�je qeim¸na. S�goura kati tètoio ja  tan epijumhtì afoÔ to dedomèno



6.5. Montelopo�hsh twn kalokairin¸n periìdwn 97upìdeigma e�nai mikr  di�stash, sumfwn¸nta par�llhla me ta metewrologik� de-domèna ta opo�a dhl¸noun ta sust mata qamhl¸n pièsewn w to basikìtero a�tio twnqeimerin¸n broqopt¸sewn ston nomì Iwann�nwn. Gia ti paramètrou tou montèlouMQ96.97stepAIC gia ìle ti qeimerinè z¸ne èqoumeP�naka 6.10 Ektim sei twn paramètrwn tou MQ96.97step gia k�je qeim¸naPar�metroi 95-96 96-97 97-98 98-99
β̂0 178.182 411.115 193.649 200.056

β̂1 (Ht−1) 0.112 0.166 0.103 0.147
β̂2 (At) -0.213 -0.198 -0.152 -0.109

β̂3 (At−1) 0.029 -0.218 -0.047 -0.100Apo ton teleuta�o p�naka blèpoume ìti ta parametrik� dianÔsmata tou upode�g-mato MQ96.97step gia ìlou tou qeim¸ne den diafèroun shmantik�. Oi apokl�seipou parathroÔntai e�nai mikrè. Par�llhla diapist¸noume ìti oi summetablhtè Atkai At−1 epidroÔn arnhtik� sti broqè se ìlou tou qeim¸ne, se ant�jesh me thn
Ht−1 h opo�a ephre�zei jetik� ti broqopt¸sei, sumfwn¸nta me ti metewrologi-kè gn¸sei. G�netai loipìn fanerì pw to montèlo me summetablhtè Ht−1, At, At−1mpore� na qrhsimopoihje� gia na ermhneÔsei ti broqopt¸sei gia k�je qeim¸na stonnomì Iwann�nwn.Ta proanaferjènta sunhgoroÔn pro thn kataskeu  enì upode�gmato to opoioja qrhsimopoie� tautìqrona ti 4 qeimerinè qronoseirè (per�odoi 95-96, 96-97, 97-98, 98-99) gia thn ennia�a ekt�mhsh tou dianÔsmato β, tou logistikoÔ montèlou(3.7) to opo�o sthn prokeimènh per�ptwsh èqei di�nusma summetablht¸n Zt−1 =

(Ht−1, At, At−1)
′. Gia thn sugkekrimènh strathgik  montelopo�hsh oÔte to S −

PLUS oÔte to SPSS, ìpw anafèrame, parèqoun ti kat�llhle epilogè. Todedomèno prìblhma ja apotelèsei antike�meno mellontik  èreuna.6.5 Montelopo�hsh twn kalokairin¸n periìdwnGia thn montelopo�sh twn broqopt¸sewn kata tou kalokairinoÔ m ne epeid  au-tè diamorf¸nontai apì topikoÔ par�gonte jermik  fÔsew, sta montèla logisti-k  palindrìmhsh pou ja parousi�soume, me skopì na petÔqoume thn me�wsh thdi�stash tou probl mato den ja qrhsimopoi soume ti tuqa�e qronoexart¸mene



98 Kef�laio 6. Montelopo�hsh Dedomènwn Broqìptwshsummetablhtè At, At−1, At−2, At−3. Ta b mata th an�lush ma e�nai an�loga meeke�na pou akolouj same kata tou kalokairinoÔ m ne.Kalka�ri 95 (1.5.95 èw 30.9.1995)Gia to arqikì montèlo MK95 kai eke�no pou proèkuye mèsw th sun�rthsh stepAICMK95step (Tt, Ht−1, Ht−2) èqoumeP�naka 6.11 Diagnwstik� krit ria gia ta MK95step kai MK95Montèlo p MSE X 2 D df AIC BICMK95 12 0.1226 154.3244 116.811 134 140.811 176.6145MK95step 4 0.1323 154.7179 122.564 142 130.564 122.498Kaloka�ri 96 (1.5.96 èw 30.9.1996)Gia to arqikì montèlo MK96 kai eke�no pou proèkuye mèsw tou krit riou AICMK96step (Tt, Ht−1, Ht−2) proèkuyanP�naka 6.12 Diagnwstik� krit ria gia ta MK96step kai MK96Montèlo p MSE X 2 D df AIC BICMK96 12 0.0838 92.07987 76.694 134 100.694 136.497MK96step 4 0.0921 92.24663 83.115 142 91.115 103.049Kaloka�ri 97 (1.5.97 èw 30.9.1997)Gia ta upode�gmata MK97 kai MK97step (Yt−3, Tt, Tt−1, Ht, Ht−1, Ht−3) èqoumeP�naka 6.13 Diagnwstik� krit ria gia ta MK97step kai MK97Montèlo p MSE X 2 D df AIC BICMK97 12 0.0363 28.94072 31.153 134 55.153 90.956MK97step 7 0.0381 35.00144 33.577 139 47.577 68.462



6.5. Montelopo�hsh twn kalokairin¸n periìdwn 99Kaloka�ri 98 (1.5.98 èw 30.9.1998)Gia ta montèla MK98 kai MK98step (Yt−1, Ht, Ht−1) proèkuyanP�naka 6.14 Diagnwstik� krit ria gia ta MK98step kai MK99Montèlo p MSE X 2 D df AIC BICMK98 12 0.0792 577.0517 81.502 134 105.502 141.305MK98step 4 0.0832 516.1075 83.823 142 91.823 103.757Kaloka�ri 99 (1.5.99 èw 30.9.1999)Tèlo gia ta upode�gmata MK99 kai MK99step (Ht, Ht−1, Ht−2) isqÔounP�naka 6.15 Diagnwstik� krit ria gia ta MK99step kai MK99Montèlo p MSE X 2 D df AIC BICMK99 12 0.0699 83.2289 61.416 124 85.416 120.367MK99step 4 0.0791 72.4846 66.022 132 74.022 85.673SÔmfwna me ta proanaferjènta to upìdeigma me thn kalÔterh prosarmog  stadedomèna e�nai to MK97step. To dedomèno ìmw montèlo gia tou �diou lìgou pouanafèrame sto MQ96.97step den ja protimhje� gia prìbleyh. Enallaktik� gia thnmontelopo�hsh th sugkekrimènh kalokairin  periìdou ja axiolog soume kai ta au-topal�ndroma logistik� montèla pou e�dame kai ston qeim¸na 1996-97, ta opo�a plèonja ta sumbol�soume me MK1F (Yt−1), MK2F (Yt−1, Yt−2), MK3F (Yt−1, Yt−2, Yt−3),MK4F (Yt−1, Yt−3). Gia ta teleuta�a upode�gmata proèkuyanP�naka 6.16 Diagnwstik� krit ria gia ta autopal�ndroma upode�gmata tou kalo-kairioÔ tou 1997Montèlo p MSE X 2 D df AIC BICMK1F 2 0.0735 145.942 78.608 144 82.608 88.575MK2F 3 0.0741 142.223 78.533 143 84.533 93.484MK3F 4 0.0736 141.265 77.509 142 85.509 97.444MK4F 3 0.0735 141.373 77.516 143 83.516 92.467ParathroÔme ìti thn kalÔterh prosarmog  sta dedomèna parousi�zei to upìdeigmaMK1F.



100 Kef�laio 6. Montelopo�hsh Dedomènwn BroqìptwshProblèyei 3 hmer¸n gia to kaloka�ri 1997 mèsw tou montèlou MK1FTo montèlo MK1F anafèretai se mia deigmatolhptik  diadrom  m kou N=146.To di�nusma twn paramètrwn tou montèlou MK1F, ìpw proèkuye apì ti 146 hmèree�nai
β̂ = (β0, β1)

′ = (−2.741, 2.153)′kai epomènw h desmeumènh pijanìthta broq  thn 147h hmèra sÔmfwna me thn sqèsh(3.7) ja d�netai w
P̂ (Y147 = 1 | F146) =

exp(−2.741 + 2.153× Y146)

1 + exp(−2.741 + 2.153× Y146)

=
exp(−2.741 + 2.153× 0)

1 + exp(−2.741 + 2.153× 0)
⇒

P̂ (Y147 = 1 | F146) = 0.0606. (6.3)SÔmfwna me thn sqèsh (6.3) thn 147h hmèra h pijanìthta broq  e�nai arket� mikr (< 0.5) kai epomènw mporoÔme na jewr soume gia thn mèra eke�nh ìti Ŷ147 = 0.H prìbleyh th desmeumènh pijanìthta broq  thn 148h hmèra ja prokÔyeiaxiopoi¸nta thn tim  Ŷ147 = 0. Pr�gmati èqoume
P̂ (Y148 = 1 | F147) = 0.0606. (6.4)SÔmfwna me thn sqèsh (6.4) thn 148h hmèra h pijanìthta broq  e�nai arket� mikr (< 0.5) kai epomènw mporoÔme na jewr soume gia thn mèra eke�nh ìti Ŷ148 = 0.Me ìmoio trìpo br�skoume gia thn 149h hmèra ìti Ŷ149 = 0. Parìllo pou giati pragmatikè timè th Yt, gia ti hmère pou k�name prìbleyh, isqÔei Y147 =

0, Y148 = 0, Y149 = 0 den mporoÔme na isquristoÔme pw to montèlo ma parèqeiasfale� problèyei, afou e�nai arket� eua�sjhtì se kontinè pareljoÔse timè.'Etsi an l�bei thn tim  �0� akìmh kai gia èna, sqetik� mikrì, arijmì diadoqik¸nhmer¸n, endeqomènw na mhn mporèsei na problèyei mia amèsw epìmenh broq .Oloklhr¸nonta thn an�lush ma gia ta kaloka�ria èqei endiafèron na exet�-soume thn sumperifor� tou montèlou MK97step sti upìloipe kalokairinè periì-dou, akolouj¸nta ta �dia b mata me eke�na kata thn axiolìghsh tou upode�gmatoMQ96.97step. Ta diagnwstik� krit ria tou dedomènou upode�gmato gia ìle tikalokairinè z¸ne d�nontai ston akìloujo p�naka.P�naka 6.17 Diagnwstik� krit ria apì thn prosarmog  tou MK97step gia ìla takaloka�ria



6.5. Montelopo�hsh twn kalokairin¸n periìdwn 101Kaloka�ri p MSE X 2 D df AIC BIC95 7 0.1328 174.082 126.391 139 140.391 161.27696 7 0.0919 81.296 81.029 139 95.029 115.91497 7 0.0381 35.001 35.577 139 47.577 68.46298 7 0.0833 417.842 84.380 139 98.380 119.26599 7 0.0810 72.924 67.461 129 81.461 101.849Parathr¸nta ton parap�nw p�naka se sunduasmì me tou 6.11-6.15, blèpoumeìti to montèlo MK97step den all�zei shmantik� thn prosarmog  twn upodeigm�twnpou proèkuyan gia ti �lle kalokairinè z¸ne (pou  tan MK95step, MK96step,MK98step, MK99step), mèsw th sun�rthsh stepAIC. To gegonì auto ma kine�p�li thn upoy�a , ìpw ègine kai stou qeim¸ne, m pw e�nai dunatì na qrhsimopoihje�to logistikì montèlo me summetablhtè Yt−3, Tt, Tt−1, Ht, Ht−1, Ht−3 kai gia ti 5kalokairinè periìdou, to opo�o ja d¸sei koinì β. Parathr¸nta ta dianÔsmatatwn paramètrwn tou montèlou MK97step gia ìla ta kaloka�ria, pou d�nontai stonp�nakaP�naka 6.18 Ektim sei twn paramètrwn tou MK97step se ìla ta kaloka�riaPar�metroi 95 96 97 98 99
β̂0 -0.522 -8.846 -7.170 -4.666 -15.732

β̂1 (Yt−3) -0.434 1.142 3.248 -0.166 0.512
β̂2 (Tt) -0.249 -0.231 -0.301 -0.088 0.055

β̂3 (Tt−1) -0.065 0.028 -0.293 -0.001 -0.044
β̂4 (Ht) -0.016 0.051 0.159 0.163 0.084

β̂5 (Ht−1) 0.118 0.225 0.233 -0.100 0.174
β̂6 (Ht−3) -0.034 -0.088 -0.1199 -0.004 -0.049diapist¸noume pw h arqik  ma upoy�a den e�nai kai tìso b�simh, afoÔ apì kaloka�rise kaloka�ri to β diaforopoie�tai shmantik�.Sto shme�o autì e�nai shmantikì na anafèroume ìti to upìdeigma MK97step pa-rìllo pou parousi�zei thn kalÔterh prosarmog  sta dedomèna, den epitrèpei thnennia�a ekt�mhsh tou β, apì ìla ta kaloka�ria kai sun�ma èqei sqetik� meg�lh di�-stash. To montèlo me thn deÔterh kalÔterh prosarmog  kai to opo�o ìmw peri-lamb�nei thn jermokras�a e�nai to MK96step (Tt, Ht−1, Ht−2) pou anafèretai stokaloka�ri tou 1996. ParathroÔme akìmh ìti to upìdeigma MK96step èqei akrib¸



102 Kef�laio 6. Montelopo�hsh Dedomènwn Broqìptwshti �die summetablhtè me to montèlo MK95step tou kalokairioÔ tou 1995. B�seiaut¸n twn diapist¸sewn ja exet�soume kata pìso mpore� to MK96step (isodÔnamato MK95step) na qrhsimopoihje� gia k�je jerin  per�odo, odhg¸nta se ennia�a ekt�-mhsh tou β mèsw th tautìqronh axiopo�hsh ìlwn twn kalokairin¸n qronoseir¸n.Gia ta diagnwstik� krit ria loipìn tou dedomènou montèlou gia ìle ti kalokairinèz¸ne èqoumeP�naka 6.19 Diagnwstik� krit ria apì thn prosarmog  tou MK96step gia ìla takaloka�riaKaloka�ri p MSE X 2 D df AIC BIC95 4 0.1323 154.718 122.564 142 130.564 122.49896 4 0.0921 99.246 83.115 142 91.115 103.04997 4 0.0467 117.963 47.904 142 55.904 67.83898 4 0.111 134.985 106.345 142 114.345 126.27999 4 0.0827 70.767 68.614 132 76.614 88.265B�sei tou p�naka 6.19 se sunduasmì me tou 6.11-6.15, blèpoume pw h prosarmog tou logistikoÔ montèlou me summetablhtè Tt, Ht−1, Ht−2 gia ta kaloka�ria 1997,1998, 1999 diafèrei se polÔ mikrì bajmì apì thn prosarmog  pou epedeiknÔoun anti-sto�qw ta upode�gmata MK97step, MK98step kai MK99step. To gegonì autì made�qnei ìti mporoÔme na qrhsimopoi soume to montèlo (3.7) me di�nusma summeta-blht¸n Zt−1 = (Tt, Ht−1, Ht−2)
′, gia thn montelopo�hsh twn jerin¸n broqopt¸sewnston nomì Iwann�nwn, axiopoi¸nta kai ti 5 kalokairinè z¸ne pou diajètoume. Todedomèno upìdeigma ja parèqei koinì β gia k�je per�odo. Pr�gmati h dedomènh jèshenisqÔetai kai apì ton parak�tw p�nakaP�naka 6.20 Ektim sei twn paramètrwn tou MK96step se ìla ta kaloka�riaPar�metroi 95 96 97 98 99

β̂0 -1.911 -8.061 -7.651 0.325 -14.598
β̂1 (Yt−3) -0.261 -0.240 -0.284 -0.189 -0.043
β̂2 (Tt) 0.153 0.289 0.250 0.008 0.286

β̂3 (Tt−1) -0.077 -0.096 -0.092 -0.001 -0.082sÔmfwna me ton opo�o oi par�metroi βj, j = 0, 1, 2, 3 èqoun kontinè timè gia ìla takaloka�ria (an exairèsoume to kaloka�ri tou 1998). 'Opw èqoume  dh anafèrei to
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S −PLUS kai to SPSS den parèqoun thn dunatìthta ennia�a montelopoi sh twnkalokairin¸n periìdwn.6.6 Montelopo�hsh twn broqopt¸sewn gia omadopoihmènadedomènaApì thn an�lush pou prohg jhke g�netai fanerì pw h prosp�jeia epilog  �kaloÔ�montèlou to opo�o ja perigr�fei epark¸ ti broqopt¸sei, tou nomoÔ Iwann�nwn,parèqonta ikanopoihtikè problèyei e�nai exairetik� dÔskolh. H poluplokìthtatou fainomènou th broq  to opo�o parousi�zei exairetikè kum�nsei kai metapt¸-sei, ìqi mìno apì kaloka�ri se qeim¸na all� kai apì mèra se mèra th �dia epo-qiak  z¸nh, èqei odhg sei tou metewrolìgou se enallaktikè teqnikè gia thnmontelopo�hsh tou. Mia shmantik  strathgik  e�nai h omadopo�hsh twn hmer¸n sedekapenj mera ta opo�a plèon antimetwp�zontai w nèe mon�de parat rhsh, p�nwsti opo�e qt�zontai ta  dh gnwst� montèla. Ta nèa upode�gmata aporrof¸na thnmetablhtìthta pou parousi�zei h broq  apì hmèra se hmèra parèqoun akribèstereproblèyei se sqèsh me ta arqik� montèla kai sunhj�zontai sthn pr�xh. Anamfi-sb thta h plhrofìrhsh sqetik� me ti broqopt¸sei to epìmeno   to mejepìmenodekapenj mero kr�netai shmantik  gia perioqè, ìpw ta Iw�nnina, oi opo�e sthr�zo-ntai sthn agrotik  oikonom�a.Me b�sh ta proanaferjènta ja metasqhmat�soume ti arqikè suneqe� metr seipou anafèrontai sthn hmer sia broqìptwsh se mia d�timh qronoseir� Yt, t = 1, 2, . . .¸ste h k�je mètrhsh na anafèretai se èna dekapenj mero. 'Estw loipìn ìti diajè-toume 1620 timè gia thn posìthta broq  ana hmèra se �mm�. Me ton trìpo autì japrokÔyei mia d�timh deigmatolhptik  diadrom , dekapenj merwn, m kou N=108. Han�jesh th tim  �1�   �0� sthn Yt gia k�je dekapenj mero ja g�nei sÔmfwna me tonakìloujo kanìna: An gia èna d�asthma 15 hmer¸n to �jroisma twn posot twn thbroq  apì k�je hmèra e�nai ≤ 5�mm� kai gia k�je hmèra apì ti 15 h ant�stoiqhbroqìptwsh  tan ≤ 1�mm� (¸ste na exasfal�sw ìti se kam�a mèra apì ti 15 denèbrexe) tìte to ant�stoiqo Yt ja p�rei thn tim  �0�. G�netai fanerì pw h tim  �0�dhl¸nei dekapenj mero sto opo�o den shmei¸nontai broqopt¸sei. Se ant�jeth per�-ptwsh apì aut  pou mìli anafèrame to Yt ja l�bei thn tim  �1�, kai sto ant�stoiqodi�sthma twn 15 hmer¸n ja shmeiwjoÔn broqè.Gia thn statistik  an�lush twn dedomènwn ma ja sthriqtoÔme sta autopal�n-



104 Kef�laio 6. Montelopo�hsh Dedomènwn Broqìptwshdroma montèla logistik  palindrìmhsh pou eisag�game sthn per�ptwsh th enia�aseir� (N=1823) kai ta opo�a plèon ja ta sumbol�soume w ex : M1F15D (Yt−1),M2F15D (Yt−1, Yt−2), M3F15D (Yt−, Yt−2, Yt−3), M4F15D (Yt−1, Yt−3). Gia ta dedo-mèna upode�gmata proèkuyan ta ex .P�naka 6.21 Diagnwstik� krit ria gia ta autopal�ndroma montèla sta dekapen-j mera Montèlo p MSE X 2 D df AIC BICM1F15D 2 0.0926 107.145 70.348 106 74.348 79.890M2F15D 3 0.0926 107.145 70.348 105 76.348 84.661M3F15D 4 0.0896 95.153 66.574 104 74.574 85.656M4F15D 3 0.0894 95.999 66.693 105 72.693 81.005Me b�sh ton parap�nw p�naka blèpoume pw thn kalÔterh prosarmog  sta de-domèna thn parousi�zei to montèlo M4F15D (Yt−1, Yt−3). Gia thn diexagwg  pro-blèyewn ja sthriqtoÔme sto dedomèno autopal�ndromo upìdeigma gia to opo�o oiektim sei twn paramètrwn tou e�nai
β̂ = (β̂0, β̂1, β̂3)

′ = (7.895, 1.872,−7.489)′,me ant�stoiqo p�naka diakum�nsewn-sundiakum�nsewn
G

−1
N (β̂) =




279.303 −0.241 −279.122

−0.241 0.554 −0.175

−279.122 −0.175 279.357


 .Gia thn prìbleyh th desmeumènh pijanìthta to 109o dekapenj mero na e�nai bro-qerì, dojènto th istor�a tou fainomènou mèqri to 108o dekapenj mero (dhlad dojènto tou F108) èqoume

P̂ (Y109 = 1 | F108) =
exp(7.895 + 1.872× Y108 − 7.489× Y106)

1 + exp(7.895 + 1.872× Y108 − 7.489× Y106)

=
exp(7.895 + 1.872× 1− 7.489× 1)

1 + exp(7.895 + 1.872× 1− 7.489× 1)
⇒

P̂ (Y109 = 1 | F108) = 0.907. (6.5)SÔmfwna me thn sqèsh (6.5) epeid  h pijanìthta to 109o dekapenj mero na e�naibroqerì brèjhke arket� yhl  sumpera�noume ìti gia to dedomèno di�sthma ja isqÔei
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Ŷ109 = 1. To sugkekrimèno apotèlesma parìllo pou sumfwne� me to pragmatikì
Y109, den ma exasfal�zei ìti to montèlo ma diajètei ikanopoihtik  probleyimìthta.H dedomènh prìbleyh mporoÔme na poÔme ìti  tan anamenìmenh an skeftoÔme ìti tomontèlo ma lamb�nei upìyh ti uster sei 1h kai 3h t�xh th Yt, me Y108 = 1kai Y106 = 1. G�netai loipìn fanerì pw idia�tero endifèron parousi�zei epiplèon hprìbleyh twn pijanot twn

P (Yt = 1 | Yt−1 = 0, Yt−3 = 0),

P (Yt = 1 | Yt−1 = 1, Yt−3 = 0),

P (Yt = 1 | Yt−1 = 0, Yt−3 = 1).Gia ton upologismì twn proanaferjèntwn desmeumènwn pijanot twn ja qrhsimo-poi soume kat�llhle jèsei th deigmatolhptik  diadrom , exakolouj¸nta naaxiopoioÔme to prosarmosmèno montèlo M4F15D pou proèkuye apì thn arqik  qro-noseir� m kou N=108. 'Etsi ja èqoume
• gia thn P (Yt = 1 | Yt−1 = 0, Yt−3 = 0)

P̂ (Y85 = 1 | Y84 = 0, Y82 = 0) =
exp(7.895 + 1.872× 0− 7.489× 0)

1 + exp(7.895 + 1.872× 0− 7.489× 0)
⇒

P̂ (Y85 = 1 | F84) = 0.999.

• gia thn P (Yt = 1 | Yt−1 = 1, Yt−3 = 0)

P̂ (Y113 = 1 | Y112 = 1, Y110 = 0) =
exp(7.895 + 1.872× 1− 7.489× 0)

1 + exp(7.895 + 1.872× 1− 7.489× 0)
⇒

P̂ (Y113 = 1 | F112) = 0.999.

• gia thn P (Yt = 1 | Yt−1 = 0, Yt−3 = 1)

P̂ (Y111 = 1 | Y110 = 0, Y108 = 1) =
exp(7.895 + 1.872× 0− 7.489× 1)

1 + exp(7.895 + 1.872× 0− 7.489× 1)
⇒

P̂ (Y111 = 1 | F111) = 0.6.Parathr¸nta ti parap�nw pijanìthte sumpera�noume ìti an èna dekapenj meroe�nai broqerì tìte e�nai polÔ pijanì kai sto amèsw epìmeno na sumboÔn broqopt¸-sei, akìmh kai an sto proprohgoÔmeno den shmei¸jhkan broqè. Aut  h pijanìthta



106 Kef�laio 6. Montelopo�hsh Dedomènwn Broqìptwshmei¸netai, paramènonta ìmw megalÔterh tou 0.5, ìtan to prohgoÔmeno dekapen-j mero den èbrexe parìllo pou to proprohgoÔmeno  tan broqerì. SÔmfwna me taproanaferjènta to montèlo ma, ìtan to prohgoÔmeno   to proprohgoÔmeno dekapen-j mero e�nai broqerì, èqei thn t�sh na d¸sei èndeixh broq  gia to amèsw epìmenodi�sthma. Endeiktik� sthrizìmenoi sthn tim  Ŷ109 = 1 gia thn Y110 ja èqoume
P̂ (Y110 = 1 | Ŷ109 = 1, Y107 = 1) =

exp(7.895 + 1.872× 1− 7.489× 1)

1 + exp(7.895 + 1.872× 1− 7.489× 1)
⇒

P̂ (Y110 = 1 | F110) = 0.907.Dhlad  mporoÔme na poÔme ìti Ŷ110 = 1, en¸ isqÔei Y110 = 0. Diapist¸noume loipìnìti oi desmeumène pijanìthte broq  dekapenjhmèrou e�nai ìle arket� uyhlè (>
0.5), adunat¸nta na problèyei xhrì dekapenj mero.H proanaferje�sa adunam�a tou upode�gmato M4F15D den èqei na k�nei me thnpar�leiyh k�poia shmantik  ermhneutik  metablht , kat� thn diadikas�a monte-lopo�hsh, all� me thn fÔsh twn dedomènwn. Pr�gmati koit�zonta prosektikìterathn deigmatolhptik  diadrom  twn dekapenjhmèrwn, se sunduasmì me thn arqik  qro-noseir� twn hmer siwn broqopt¸sewn (N=1823), ja doÔme pw sthn pleioyhf�a twnpeript¸sewn e�qame broqopt¸sei, k�ti to opo�o e�nai sÔnhje fainìmeno gia ton nomìIwann�nwn. Analutikìtera gia thn pragmatopo�hsh twn N=108 dekapenjhmèrwn pro-èkuye o akìloujo p�naka suqnot twn gia ta endeqìmena, �broqerì dekapenj mero�(Yt = 1) kai �dekapenj mero qwr� broqopt¸sei� (Yt = 0)(Yt = 1): 96(Yt = 0): 12Sto shme�o autì mporoÔme na exhg soume analutikìtera giat� to montèlo M4F15D(Yt−1, Yt−3) den mpore� na problèyei ta mh broqer� diast mata twn 15 hmer¸n. Or�-zoume ta akìlouja endeqìmena:

A00 = {Yt = 0 | Yt−1 = 0, Yt−3 = 0}
A01 = {Yt = 0 | Yt−1 = 0, Yt−3 = 1}
A10 = {Yt = 0 | Yt−1 = 1, Yt−3 = 0}
A11 = {Yt = 0 | Yt−1 = 1, Yt−3 = 1}.Mèsw th deigmatolhptik  diadrom  lamb�noume ti suqnìthte twn parap�nw en-deqomènwn oi opo�e antisto�qw e�nai
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n00 = 0, n01 = 4, n10 = 0, n11 = 8.'Etsi sÔmfwna me ton Nìmo twn Meg�lwn Arijm¸n, oi pijanìthte
P (A00), P (A01), P (A10), P (A11)ja e�nai polÔ mikrè, me apotèlesma oi pijanìthte

1− P (A00), 1− P (A01), 1− P (A10), 1− P (A11),pou parèqei to upìdeigma M4F15D, na e�nai arket� uyhlè.6.7 Sumper�smataGenik�, sÔmfwna me thn an�lush pou prohg jhke, g�netai fanerì pw e�nai exaireti-k� dÔskolo na montelopoi soume ti broqopt¸sei sthrizìmenoi se autopal�ndromalogistik� upode�gmata. apì thn �llh ta logistik� montèla pou perièqoun tuqa�eqronoexart¸mene summetablhtè ìpw e�nai h atmosfairik  p�esh, h jermokras�akai h ugras�a parìllo pou èqoun kalÔterh prosarmog  sta dedomèna mporoÔn naaxiopoihjoÔn �mesa mìno gia thn prìbleyh th amèsw epìmenh periìdou. Gia piomakrinè problèyei mèsw twn dedomènwn upodeigm�twn ja prèpei pr¸ta na pro-blèyoume ti mellontikè timè twn suneq¸n metablht¸n Tt, Ht, At qrhsimopoi¸ntamejìdou th fasmatik  an�lush. O endiaferìmeno anagn¸sth gia perissìtereplhrofor�e sqetik� me thn montelopo�hsh twn broqopt¸sewn kaj¸ kai thn ana-paragwg  th metablhtìthta pou epideiknÔoun genik� ta klimatologik� fainìmena,mèsw twn GLM , parapèmpetai stou Chandler kai Wheater (1998) kaj¸ kai ston
Chandler (2003).





Kef�laio 7SÔgqrone Prosegg�sei gia thn Statistik Sumperasmatolog�a twn Kathgorik¸nQronoseir¸n
7.1 Eisagwg 
H montelopo�hsh twn kathgorik¸n qronoseir¸n mèsw montèlwn palindrìmhsh pousthr�zontai sta GLM kai thn PL anamfisb thta e�nai arket� diadedomènh, afoÔkatìrjwse na xeper�sei arketè duskol�e pou epideiknÔoun ta Markobian� montèla.H an�ptuxh ìmw kai h plhrèsterh jemel�wsh �llwn statistik¸n ped�wn, idia�terata teleuta�a 20 qrìnia, suntèlesan sthn dhmiourg�a nèwn apotelesmatik¸n teqnik¸ngia thn statistik  an�lush twn poiotik¸n seir¸n.Sto kef�laio autì ja parousi�soume arqik� ta legìmena montèla tou Q¸rou-Katast�sewn (State Space Models). En suneqe�a ja anaferjoÔme sta Mpeuzian�hmiparametrik� montèla palindrìmhsh (Bayesian semiparametric regression models)ta opo�a qrhsimopoioÔntai gia thn montelopo�hsh polukathgorik¸n time-space de-domènwn. Par�llhla ja d¸soume k�poie genikè plhrofor�e gia thn mèjodo Bo-

otstrap gia st�sime kathgorikè qronoseirè. Tèlo sta pla�sia twn sÔgqronwnprosegg�sewn sti poiotikè qronologikè seirè ja anaferjoÔme sthn kumatoeid (wavelet) an�lush twn kathgorik¸n qronoseir¸n.109



110 Kef�laio 7. Eisagwgikì kef�laio7.2 Parous�ash twn Newn Mejìdwn7.2.1 State Space an�lush twn kathgorik¸n qronoseir¸nTa montèla tou Q¸rou Katast�sewn xek�nhsan prwtoemfan�sthkan sth statisti-k  bibliograf�a ti dekaet�e tou 1960 kai 1970 mèsw th doulei� ereunht¸n pouendiafèrontan gia thn prìbleyh, kai eidik� thn mpeuzian  prìbleyh, mh st�simwndiadikasi¸n (Harrison and Stevens (1976) ), (West and Harrison (1997) ). Pa-r�llhla h an�ptuxh autoÔ tou statistikoÔ ped�ou suntelèsthke epeid  ta dedomènamontèla bas�zontai se epanalhptikè sqèsei puknot twn pijanìthta twn opo�wnta oloklhr¸mata e�nai idia�tera qr sima gia mh kanonikè qronoseirè. To gegonìautì od ghse sthn qr sh twn montèlwn tou q¸rou katast�sewn gia thn statistik sumperasmatolog�a twn kathgorik¸n seir¸n.SÔmfwna me thn dedomènh mejodologik  prosèggish upojètoume ìti h parathroÔ-menh qronoseir� sqet�zetai me mia   perissìtere seirè twn opo�wn ta ep�peda denmporoÔn na parathrhjoÔn. Autè oi �krufè� (�latent �) stoqastikè diadikas�e ka-jor�zoun ta dunamik� stoiqe�a tou sust mato (dhlad  thn pore�a tou sust matomèsa ston qrìno) mèsw enì montèlou parat rhsh. To dunamikì mèro anapar�-statai mèsw mia ex�swsh met�bash. Oi exis¸sei parat rhsh kai met�bashmaz� sunistoÔn to kanonikì montèlo tou Q¸rou Katast�sewn. Oi ektim sei twn mhparathroÔmenwn epipèdwn mporoÔn na lhfjoÔn apì thn efarmog  teqnik¸n �filtra-r�smato� (�filtering �) kai exom�lunsh (�smoothing �) sthn parathroÔmenh seir� (Rijn

and Molenaar (2003) ). Pio sugkekrimèna gia thn an�lush twn kathgorik¸n qrono-seir¸n qrhsimopoie�tai h mèjodo pou anèptuxe o Fahrmeir (1992a, 1992b) h opo�akr�netai katallhlìterh eke�nh pou prìteinan oi Durbin kai Koopman (2001). Sh-mantikì ergale�o sthn prosp�jeia montelopo�hsh e�nai to genikeumèno epektamènof�ltro tou Kalman to opo�o axiopoie�tai kur�w sthn per�ptwsh polumetablht¸npoiotik¸n seir¸n.7.2.2 Mpeuzian  hmiparametrik  an�lush palindrìmhsh polukathgori-k¸n time-space dedomènwnH dedomènh mèjodo sthr�zetai sta tuqa�a Markobian� ped�a kai epidi¸kei thn an�-lush th ex�rthsh twn polukathgorik¸n apokritik¸n metablht¸n w pro ton q¸ro,ton qrìno kai �lle summetablhtè. To genikì montèlo epekte�nei to dunamikì  to montèlo tou q¸rou katast�sewn gia kathgorikè qronoseirè, perilamb�nonta



7.2. Parous�ash twn Nèwn Mejìdwn 111qwrikè epidr�sei (spatial effects) kaj¸ kai mh grammikè epidr�sei metrik¸n sum-metablht¸n, sÔmfwna me euèlikte hmiparametrikè morfè. H t�sh kai oi epoqikèsunist¸se kaj¸ kai oi qwrikè epidr�sei antimetwp�zontai mèsw th an�jeshkat�llhlwn priors pou èqoun diaforetik  morf    bajmoÔ exom�lunsh. H sumpe-rasmatolog�a e�nai pl rw Mpeuzian  kai qrhsimopoie� Monte Carlo Markov Chain

(MCMC) teqnikè gia thn posterior an�lush (Fahrmeir and Lang (2000) ).7.2.3 Sieve Bootstrap with Variable Length Marcov Chains for Statio-

nary Categorical Times SeriesGia thn statistik  sumperasmatolog�a twn kathgorik¸n qronoseir¸n ta teleuta�aqrìnia qrhsimopoie�tai h mèjodo Bootstrap, kat�llhla tropopoihmènh. Analutikì-tera h dedomènh prosèggish sthr�zetai sthn mèjodo tou �koskin�smato� (�sieve�). Hstoqastik  anèlixh pou �genn�� ta dedomèna prosegg�zetai apì thn legìmenh �Varia-

ble Length Markov Chain� (V LMC), pou e�nai mia euèlikth alla kai �oikonomik �, apìpleur� paramètrwn, kl�sh Markobian¸n montèlwn. H epanadeigmatolhy�a pragma-topoie�tai mèsw prosomo�wsh sto prosarmosmèno montèlo. Gia ta pleonekt matath dedomènou mejìdou, kaj¸ kai gia perissìtere plhrofor�e, o endiaferìmenoanagn¸sth parapèmpetai ston Buhlmann (1999).7.2.4 An�lush twn Kathgorik¸n Qronoseir¸n mèsw th kumatoeidoÔ(wavelet) an�lushGia thn montelopo�hsh dedomènwn pou proèrqontai apì Markobianè alus�de sqe-tik� prìsfata èqoun anaptuqje� kumatoeide� teqnikè. H dedomènh prosèggish epi-trèponta thn parous�a summetablht¸n ousiastik� apotele� epèktash tou genikoÔmontèlou (4.11). Analutikìtera oi pijanìthte met�bash, mia mh st�simh Mar-kobian  alus�da ekfr�zontai mèsw twn anamenìmenwn tim¸n upodeigm�twn pou pe-rilambanoun kumatoeide� ekfr�sei kai en suneqe�a, dojènto th deigmatolhptik diadrom , ektim¸ntai oi pijanìthte alla kai oi suntelestè twn proanaferjèntwn(kumatoeid¸n) ìrwn. Mèsw kat�llhlh epilog  tou arijmoÔ alla kai th morf twn kumatoeid¸n paragìntwn h sugkekrimènh teqnik  parèqei elkustik  montelopo�-hsh diakrit¸n shm�twn sthn mh st�simh per�ptwsh. Epiprìsjeta h mèjodo e�naiqr simh gia thn an�qneush aifn�diwn   stajer¸n allag¸n sthn dom  kai t�xh twnMarkobian¸n alus�dwn (Brillinger, Morettin, Irizarry and Chiann (2000) ).





Par�rthma A
GLM kai Exarthmèna Dedomèna
A.1 Stoiqe�a th jewr�a twn GLM gia thn E.O.K.Sthn dedomènh enìthta parajètoume k�poia genik� apotelèsmata th jewr�a twn
GLM , ta opo�a ìmw e�nai tropopoihmèna ¸ste na axiopoioÔn thn plhrofor�a toupareljìnto. 'Etsi èqoume(i) Tuqa�a Sunist¸sa (Random Component). Ta dedomèna montèla anafèrontaise tuqa�e metablhtè twn opo�wn h desmeumènh katanom  dojènto tou pa-reljìnto an kei sthn ekjetik  oikogèneia katanom¸n (E.O.K) (exponential

family of distributions) . 'Etsi gia thn desmeumènh katanom  th Yt dojèntotou pareljìnto (Ft−1) gia k�je qronik  stigm  t = 1, 2, . . . , N ja isqÔei
f(yt; θt, φ | Ft−1) = exp

{ytθt − b(θt)

αt(φ)
+ c(yt; φ)

} (A.1)ìpou αt(φ) = φ/ωt, me φ na e�nai h par�metro diaspor� kai ωt e�nai mia gnwst par�metro pou onom�zetai b�ro (weight). H par�metro θt onom�zetai fusik (natural) par�metro th katanom .(ii) Susthmatik  Sunist¸sa (Systematic Component). Gia k�je t = 1, 2, . . . , Nìpw proanafèrjhke up�rqei h sun�rthsh g gia thn opo�a isqÔei h sqèsh (3.1).H sun�rthsh g e�nai gnwst  kai onom�zetai sun�rthsh sÔndesh (link fu-

nction). O par�gonta ηt kale�tai grammik  prìbleyh (linear predictor) afoÔh ekt�mhsh tou dedomènou grammikoÔ sunduasmoÔ gia k�je qronik  stigm  pa-rèqei thn ekt�mhsh th desmeumènh mèsh tim  µt(β).113



114 Par�rthma A. GLM kai Exarthmèna DedomènaAfoÔ h Yt | Ft−1 ∈ E.O.K, ja isqÔoun oi akìlouje gnwstè sqèsei pou sundèounti desmeumène ropè gia k�je qronik  stigm  me thn fusik  par�metro θt,
µt = E[Yt | Ft−1] = b′(θt) (A.2)kai

σ2
t = V ar[Yt | Ft−1] = αt(φ)b′′(θt) (A.3)ìpou V (µt) = b′′(θt) onom�zetai sun�rthsh diakÔmansh (variance function). AfoÔh diakÔmansh e�nai p�nta jetik  sumpera�noume apo thn sqèsh (A.3) ìti b′′(θt) > 0kai epomènw h b′ e�nai monìtonh �ra kai antistrèyimh . Epomènw apo thn sqèsh(A.2) prokÔptei ìti

θt = (b′)−1(µt). (A.4)G�netai loipìn fanerì ìti h fusik  par�metro θt e�nai monìtonh sun�rthsh tou µt1 kai epomènw mpore� na qrhsimopoihje� w sun�rthsh sÔndesh. H sun�rthshsÔndesh g gia thn opo�a isqÔei
g(µt) = θt(µt) = ηt = β′Zt−1 (A.5)onom�zetai kanonikì sÔndesmo (canonical link). Profan¸ gia thn dedomènh su-n�rthsh sÔndesh ja isqÔei ìti

g = µ−1 ≡ (b′)−1. (A.6)Tèlo, ax�zei na anafèroume ìti gia opoiad pote sun�rthsh sÔndesh isqÔei
θt = (b′)−1(g−1(ηt)) = µ−1(g−1(ηt)) = (g ◦ µ)−1(ηt). (A.7)Parat rhsh: SÔmfwna me ti sqèsei (A.2) kai (A.3) parathroÔme ìti gia k�je qro-nik  stigm  h kat�stash tou fainomènou prosdior�zetai apo thn tim  th fusik paramètrou. B�sh ìmw th sqèsh (A.7) (se sunduasmì me thn (A.5) ) h ekt�mhshth paramètrou θt, gia k�je qronik  stigm , an�getai sthn ekt�mhsh th grammik prìbleyh kai ousiastik� sthn ekt�mhsh tou stajeroÔ parametrikoÔ dianÔsmato β.G�netai loipìn fanerì mèsa apo mia diaforetik  optik  gwn�a, me polÔ fusikì trìpo,giat� epidi¸koume thn kalÔterh dunat  prosarmog  tou montèlou (3.1). H kat�llhlhepilog  tou dianÔsmato twn summetablht¸n kai oi ant�stoiqh ekt�mhsh tou sqetikoÔ

β ja prosfèroun thn kalÔterh dunat  gn¸sh tou mhqanismoÔ tÔqh (f(yt | Ft−1))pou to dièpei gia k�je qronik  stigm  kai epomènw ja mei¸sei thn abebaiìthta pouma diakatèqei gia autì.1h ant�strofh k�je monìtonh sun�rthsh e�nai ep�sh monìtonh



115A.2 Sumperasmatolog�a Merik  Pijanof�neiaSthn enìthta A'.1 d¸same ta basik� apotelèsmata th jewr�a twn GLM, kat�l-lhla tropopoihmèna ¸ste na lamb�noun upìyh thn diaqronik  ex�rthsh. 'Etsi sthndedomènh par�grafo ja parousi�soume thn diadikas�a eÔresh twn ektimht¸n twnparamètrwn tou montèlou (3.1), sÔmfwna me thn jewr�a th merik  pijanof�neia.H prosèggish aut  anafèretai tìso se posotik� ìso kai se poiotik� exarthmènadedomèna.'Estw h qronoseir� {Yt}, t = 1, 2, . . . , N th opo�a h desmeumènh katanom  do-jènto th istor�a Ft−1 an kei sthn E.O.K. 'Etsi gia k�je qronik  stigm  t gia thndesmeumèmh sun�rthsh puknìthta pijanìthta (  sun�rthsh pijanìthta) th Yt jaisqÔei h sqèsh (A.1). Jum�zoume ìti to {Zt−1} parist� to p-di�stato di�nusma twntuqa�wn qronoexart¸menwn summetablht¸n, h g e�nai h sun�rthsh sÔndesh, kai φ hpar�metro diaspor� pou thn jewroÔme gnwst .Gia th sun�rthsh merik  pijanof�neia th deigmatolhptik  diadrom  isqÔei
PL(β) =

N∏

t=1

f(yt; θt, φ | Ft−1).'Etsi sÔmfwna me thn sqèsh (A.1) o log�rijmo th merik  pijanof�neia gr�fetai
ℓ(β) =

N∑

t=1

log f(yt; θt, φ | Ft−1) =
N∑

t=1

{ytθt − b(θt)

αt(φ)
+ c(yt, φ)

}

=
N∑

t=1

{ytu(z′t−1β)− b(u(z′t−1β))

αt(φ)
+ c(yt, φ)

}
≡

N∑

t=1

ℓt. (A.8)Gia na dhl¸soume thn ex�rthsh th merik  pijanof�neia apo to β axiopoi sameto gegonì ìti h fusik  par�metro gr�fetai w sÔnjesh twn sunart sewn g−1 kai
b−1 me anex�rthth metablht  thn grammik  prìbleyh ηt = z

′

t−1β. Thn nèa sun�rthsh
(g ◦ b′)−1(·) thn sumbol�same me u(·) kai epomènw sÔmfwna me ton tÔpo (A.7) jaisqÔei θt = u(z′t−1β).To merikì skìr(partial score) genik� or�zetai w ∇ℓ(β) = (

∂ℓ(β)
∂β1

, ∂ℓ(β)
∂β2

,

. . . , ∂ℓ(β)
∂βp

)′. Gia ton upologismì twn sunistws¸n tou dedomènou p-di�statou dianÔ-smato, sÔmfwna me thn sqèsh (A.8), apaite�tai pr¸ta na upolog�soume ti posìthte
∂ℓt(β)

∂βj
gia j = 1, 2, . . . , p. Gia to skopì autì qrhsimopoioÔme ton akìloujo kanìnaalus�da

∂ℓt(β)

∂βj

=
∂ℓt

∂θt

∂θt

∂µt

∂µt

∂ηt

∂ηt

∂βj

. (A.9)



116 Par�rthma A. GLM kai Exarthmèna DedomènaSÔmfwna me tou tÔpou (A.2) kai (A.3) ja èqoume
∂ℓt

∂θt

=
(yt − b′(θt))

αt(φ))
=

(yt − µt)

αt(φ)
(A.10)kai

∂θt

∂µt

=
1

b′′(θt)
=

αt(φ)

V ar[Yt | Ft−1]
. (A.11)Akìmh epeid  ηt =

∑p
j=1 z(t−1)jβj ja isqÔei

∂ηt

∂βj

= z(t−1)j . (A.12)'Etsi h ex�swsh (A.9) gr�fetai
∂ℓt

∂βj

=
(yt − µt)

V ar[Yt | Ft−1]

∂µt

∂ηt

z(t−1)jgia j = 1, 2, . . . , p. B�sei twn proanaferjèntwn, oi exis¸sei merik  pijanof�neiae�nai
SN (β) = ∇ℓ(β) = 0, (A.13)ìpou

SN (β) ≡ ∇ℓ(β) =
N∑

t=1

Zt−1
∂µt

∂ηt

(Yt − µt(β))

σ2
t (β)

(A.14)me σ2
t (β) = V ar[Yt | Ft−1].H dianusmatik  stoqastik  anèlixh twn merik¸n skìr(partial score vector pro-

cess) {St(β)}, t = 1, 2, . . . , N , or�zetai apo ta merik� ajro�smata
St(β) =

t∑

s=1

Zs−1
∂µs

∂ηs

(Ys − µs(β))

σ2
s(β)

. (A.15)To di�nusma∇ℓ(β) e�nai to ant�stoiqo tou dianÔsmato twn skor, U(β) =
∂ℓ(β)

∂β
, pousunant�me sta klassik� genikeumèna grammik� montèla mìno pou t¸ra sumbol�zetaime SN (β) kai onom�zetai di�nusma twn merik¸n skor (partial score’s vector).Akìmh epeid  isqÔei ìti

E
[
Zt−1

∂µt

∂ηt

(Yt − µt(β))

σ2
t (β)

| Ft−1

]
= 0sunep�getai ìti E[SN (β)] = 0. Me ìmoio trìpo apodeiknÔetai ìti

E
[
Zs−1

∂µs

∂ηs

(Ys − µs(β))

σ2
s(β)

Z
′

t−1

∂µt

∂ηt

(Yt − µt(β))

σ2
t (β)

]
= 0, s < t.



117H lÔsh tou sust mato twn exis¸sewn twn exis¸sewn merik  pijanof�neia (A.13)dhl¸netai me β̂ kai apotele� ton ektimht  mègisth merik  pijanof�neia tou β. TosÔsthma twn exis¸sewn (A.13) e�nai mh grammikì kai sun jw epilÔetai mèsw thepanalhptik  diadikas�a Fisher scoring. Me skopì na exhghje� pw leitourge�o dedomèno algìrijmo sta pla�sia tou mh tuqa�ou peir�mato ja eis�goume, giathn monometablht  E.O.K, orismènou shmantikoÔ p�nake. Oi dedomènoi p�nake jaaxiopoihjoÔn, pèra twn kefala�wn 3, 4, 5 kai sto par�rthma B.Shmantikì rìlo loipìn, gia thn sumperasmatolog�a sÔmfwna me thn merik  pija-nof�neia diadramat�zei o ajroistikì kata sunj kh p�naka plhrofor�a (cumulative

conditional information matrix ), GN(β), pou or�zetai w akoloÔjw
GN(β) =

N∑

t=1

Cov
[
Zt−1

∂µt

∂ηt

(Yt − µt(β))

σ2
t (β)

| Ft−1

]

=
N∑

t=1

Zt−1

(∂µt

∂ηt

)2 1

σ2
t (β)

Z
′

t−1

Z
′
W(β)Z, (A.16)me

Z =




Z
′

0

Z
′

1...
Z

′

N−1


èna N × p p�naka kai W(β) = diag(w1, w2, . . . , wn) ìpou

wt =
(∂µt

∂ηt

)2 1

σ2
t (β)

, t = 1, 2, . . . , N. (A.17)Akìmh, or�zetai o adèsmeuto p�naka plhrofor�a (unconditional information ma-

trix) apo thn sqèsh
Cov(SN(β)) = FN (β) = E[GN(β)]. (A.18)Tèlo or�zetai o parathroÔmeno p�naka plhrofor�a (observed information matrix )

HN(β), gia ton opo�o isqÔei
HN(β) ≡ −∇∇′ℓ(β).Gia ton sugkekrimèno p�naka apodeiknÔetai genik� o tÔpo

HN(β) = GN(β)−RN(β), (A.19)



118 Par�rthma A. GLM kai Exarthmèna Dedomènaìpou
RN(β) =

1

αt(φ)

N∑

t=1

Zt−1dt(β)Z′

t−1(Yt − µt(β)) (A.20)kai dt(β) = [∂2u(ηt)/∂η2
t ]. Gia thn apìdeixh th sqèsh (A.20) blèpe Fokiano kai

Kedem (2002) sel�da 13.A.3 Asumptwtik  Jewr�aO MPLE upo sugkekrimène sunj ke kanonikìthta èqei orismène epijumhtèidiìthte ìmoie me eke�ne twn klasik¸n ektimht¸n mègisth pijanof�neia. Sthnsugkekrimènh enìthta ta asumptwtik� apotelèsmata ja parousiastoÔn kata an�-logo trìpo me thn pl rw jemeliwmènh jewr�a th mègisth pijanof�neia (Fahrmeir

Kaufmann (1985) ).Arqik� loipìn an h f e�nai mia suneq  kai fragmènh sun�rthsh me ped�o orismoÔto G kai ped�o tim¸n to Rp (ìpou G e�nai to sÔnolo apo to opo�o pa�rnei timè oisummetablht  dianusmatik  stoqastik  anèlixh Zt−1) tìte
∑N

t=1 f(Zt−1)

N
→

∫

Rp
f(z)ν(dz) (A.21)kata pijanìthta kaj¸ to N → ∞. Kata sunèpeia epeid  to olokl rwma e�naipragmatikì arijmì o p�naka GN (β), ja èqei èna mh tuqa�o ìrio pou e�nai o p�naka

G(β), dhlad 
GN (β)

N
→ G(β) (A.22)kata pijanìthta kaj¸ to N →∞. O mh tuqa�o p�naka G(β) onom�zetai oriakìp�naka plhrofor�a ana parat rhsh, di�stash p × p. Ax�zei na shmei¸soume ìtiepeid  o GN(β) e�nai jetik� orismèno me pijanìthta 1, ja isqÔei ìti kai o mh tuqa�op�naka G(β) e�nai jetik� orismèno gia thn pragmatik  tim  β kai epomènw jaup�rqei o ant�strofo tou. Par�llhla gia ton p�naka RN(β) isqÔei

RN(β)

N
→ 0 (A.23)kata pijanìthta kaj¸ to N →∞. Epomènw sÔmfwna me thn (A.19) ja èqoume

HN(β)

N
→ GN (β). (A.24)



119Gia thn asumptwtik  katanom  tou SN (β) upenjum�zoume ìti h dianusmatik  stoqa-stik  anèlixh {St(β)}, t = 1, 2, . . . èqei thn idiìthta Martingale. Epomènw qrhsimo-poi¸nta to sqetikì K.O.J twn Martingales (Hall kai Heyde (1980) ) prokÔptei
SN(β)√

N
→ Np(0,G(β)) (A.25)kata katanom  kaj¸ to N →∞.B�sh twn proanaferjèntwn asumptwtik¸n apotelesm�twn mporoÔme na proqw-r soume sto akìloujo je¸rhma to opo�o exasfal�zei thn Ôparxh, thn monadikìthtakai prosdior�zei thn asumptwtik  katanom  twn ektimht¸n mègisth merik  pijano-f�neia (MPLE ).Je¸rhma A.3.1 K�tw apo kat�llhle sunj ke omalìthta kai kanonikìthta hpijanìthta ìti topik� up�rqei monadikì ektimht  mègisth merik  pijanof�neiasugkl�nei sto 1. Epiplèon up�rqei mia akolouj�a ektimht¸n mègisth merik  pija-nof�neia pou e�nai sunepe� kai asumptwtik� kanoniko�. Dhlad  ja isqÔei

√
N(β̂ − β)

d−→ Np(0,G
−1(β))kaj¸ to N →∞.Me ta sugkekrimèna zht mata èqoun asqolhje� arketo� suggrafe� metaxÔ twnopo�wn oi Albert kai Anderson (1984) kaj¸ kai o Kaufmann (1989).





Par�rthma BEpanalambanìmena Epanastajmizìmena El�qistaTetr�gwna (Iterative Reweighted Least

Squares-IRLS)

B.1 Eisagwg 'Opw èqoume  dh anafèrei sto Par�rthma A'.2 h ep�lush twn exis¸sewn
SN (β) = ∇ log PL(β) = 0 (B.1)

odhge� sthn eÔresh twn ektimht¸n mègisth merik  pijanof�neia β̂ gia ta montèlapalindrìmhsh twn kathgorik¸n qronoseir¸n. Epeid  to sÔsthma exis¸sewn (B.1)e�nai mh grammikì h lÔsh tou epitugq�netai epanalhptik� mèsw th mejìdou Fisher

scoring (Fsc) pou apotele� tropopo�hsh tou algor�jmou Newton-Raphson (NR). Tagnwst� apotelèsmata twn mejodologik¸n prosegg�sewn (NR) kai (Fsc) (blèpe Agre-

sti (2002), kef�laio 4), gia anex�rthte parathr sei, den mporoÔn na qrhsimopoi-hjoÔn amig¸ sti poiotikè qronoseirè ìpou sunant�me thn diaqronik  ex�rthshkai thn eterogèneia. Sti enìthte pou ja akolouj soun ja parousiastoÔn oi apa-ra�thte tropopoi sei ¸ste na katal xoume ston algìrijmo Fsc, sta pla�sia toumh tuqa�ou peir�mato, apodeiknÔonta kai se aut  thn per�ptwsh ìti h dedomènhdiadikas�a isoduname� me thn mèjodo IRLS.121



122 Par�rthma B. Epanalambanìmena Epanastajmizìmena El�qista Tetr�gwnaB.2 Mejodo NR kai Fsc gia Kathgorikè Qronoseirè.Sthn per�ptwsh loipìn diaqronik  ex�rthsh kai eterogèneia h mèjodo NR sthn
(k + 1)-ost  epan�lhyh th d�nei thn akìloujh lÔsh gia to β̂

β̂
(k+1)

= β̂
(k)

+ [HN(β̂
(k)

)]−1
SN (β̂

(k)
) (B.2)me HN,ij(β) = − ∂2ℓ(β)

∂β
i
∂β

j

.Parat rhsh B.2.1 Blèpoume pw plèon den qrhsimopoioÔme ton Hessian p�nakaall� ton parathroÔmeno p�naka plhrofor�a (observed information matrix) gia tonopo�o isqÔei HN(β) = (Hessian)× (−1) (McCullagh and Nelder (1989) ).H mèjodo Fsc analogik� me thn per�ptwsh twn anex�rthtwn parathr sewn ja qrhsi-mopoie� ant� tou HN(β) ton p�naka E[HN(β) | Ft−1] pou ja onom�zetai anamenìmenop�naka plhrofor�a(expected information matrix ).Prìtash B.2.1 Gia ton anamenìmeno p�naka plhrofor�a isqÔei
E[HN(β) | Ft−1] = GN(β). (B.3)Apìdeixh B.2.1 Gia thn per�ptwsh twn anex�rthtwn dedomènwn (sthn E.O.K) gnw-r�zoume ìti isqÔei
E

[ ∂ℓi

∂βi

· ∂ℓi

∂βj

]
= E

[
− ∂2ℓi

∂βi∂βj

](Cox kai Hinkley (1974), enìthta 4.8). Analìgw sti poiotikè qronoseirè jaèqoume
E

[ ∂ℓt

∂βi

· ∂ℓt

∂βj

| Ft−1

]
= E

[
− ∂2ℓt

∂βi∂βj

| Ft−1

]
. (B.4)Gia to ij stoiqe�o tou p× p p�naka E[HN(β) | Ft−1] isqÔei

E[HN,ij(β) | Ft−1] = E
[
− ∂2ℓ(β)

∂βi∂βj

| Ft−1

] ℓ=
∑N

t=1
ℓt

= E
[
−

N∑

t=1

∂2ℓt(β)

∂βi∂βj

| Ft−1

]

=
N∑

t=1

{
E

[
− ∂2ℓt(β)

∂βi∂βj

| Ft−1

]}
(4)
=

N∑

t=1

{
E

[∂ℓt(β)

∂βi

· ∂ℓt(β)

∂βj

| Ft−1

]}

=
N∑

t=1

{
E

[(yt − µt)

σ2
t (β)

∂µt

∂ηt

Z(t−1)i
(yt − µt)

σ2
t (β)

∂µt

∂ηt

Z(t−1)j | Ft−1

]}
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=

N∑

t=1

{
E

[(yt − µt)
2

(σ2
t (β))2

(∂µt

∂ηt

)2
Z(t−1)iZ(t−1)j | Ft−1

]}

=
N∑

t=1

{[E[(yt − µt)
2 | Ft−1]

(σ2
t (β))2

(∂µt

∂ηt

)2
Z(t−1)iZ(t−1)j

]}

=
N∑

t=1

{
Z(t−1)iZ(t−1)j

(∂µt

∂ηt

)2 1

σ2
t (β)

}
≡ GNij(β).'Etsi, sÔmfwna me thn sqèsh (B.2), h mèjodo Fsc d�nei lÔsh gia to β̂ kata thn

(k + 1)-ost  epan�lhyh
β̂

(k+1)
= β̂

(k)
+

{
E[HN(β̂

(k)
) | Ft−1]

}
−1

SN(β̂
(k)

)
(B.3)⇒

β̂
(k+1)

= β̂
(k)

+ G
−1
N (β̂

(k)
)SN(β̂

(k)
) (B.5)upojètonta ìti up�rqei o p�naka G

−1
N .Parat rhsh B.2.2 Sthn per�ptwsh pou èqw kanonik  sun�rthsh sÔndesh isqÔei

HN(β) = GN(β) kai epomènw, ìpw kai sti anex�rthte parathr sei, ta apote-lèsmata th mejìdou NR ja taut�zontai me eke�na tou algor�jmou Fsc.Se jewrhtikì pla�sio o ektimht  mègisth merik  pijanof�neia β̂ d�netai apothn sqèsh
β̂ = lim

k→∞

β̂
(k)me β̂

(k) na parèqetai e�te apo thn sqèsh (B.2) e�te apo thn sqèsh (B.5). Sthnpr�xh to k lamb�nei mikrè timè afoÔ h sÔgklish twn duo algor�jmwn e�nai sqetik�gr gorh. Analutikìtera h epanalhptik  diadikas�a oloklhr¸netai ìtan gia meg�lo
k kai gia k�je j, isqÔei

|β(k+1)
j − β̂j| ≤ c|β(k)

j − β̂j |2 gia k�poio c > 0,ìpou me β̂j , j = 1, 2, . . . , p sumbol�zoume thn j sunist¸sa tou MPLE. To proana-ferjèn krit rio sÔgklish onom�zetai deÔterh t�xh (second-order). Tèlo ax�zeina ton�soume ìti gia mh kanonikè sunart sei sÔndesh h mèjodo Fsc pleonekte�sugkritik� me thn NR gia tou akìloujou lìgou (blèpe Agresti (2002), kef�laio4)1) Par�gei ton asumptwtikì p�naka sundiakÔmansh w èna by-product.2) O p�naka E[HN(β) | Ft−1] e�nai anagkastik� mh arnhtik� orismèno.3) O algìrijmo Fsc sundèetai �mesa me thn mèjodo twn elaq�stwn tetrag¸nwn.



124 Par�rthma B. Epanalambanìmena Epanastajmizìmena El�qista Tetr�gwnaB.3 Parous�ash th Mègisth Merik  Pijanof�neia mèswth diadikas�a IRLS.'Opw e�nai gnwstì gia anex�rthta dedomèna, sta pla�sia th jewr�a twn GLM, oalgìrijmo Fsc mpore� na antimetwpiste� w mèjodo ekt�mhsh epanalambanìmenwnepanastajmizìmenwn elaq�stwn tetrag¸nwn. To dedomèno apotèlesma isqÔei kaisti kathgorikè qronoseirè.H sqèsh (5) upojètwnta ìti up�rqei o G
−1
N (β) gr�fetai

GN(β̂
(k)

)β̂
(k+1)

︸ ︷︷ ︸
p×1

= GN (β̂
(k)

)︸ ︷︷ ︸
p×p

β̂
(k)

︸︷︷︸
p×1

+SN(β̂
(k)

)︸ ︷︷ ︸
p×1

(B.6)Gia lìgou aplìthta twn sumbolism¸n proswrin� jètoume ìpou β̂
(k) to β kai todeÔtero mèlo th (B.6) gr�fetai

GN (β)β + SN(β) =




∑p
j=1 GN,1j(β) · βj

∑p
j=1 GN,2j(β) · βj...

∑p
j=1 GN,pj(β) · βj




+




∂ℓ
∂β1

∂ℓ
∂β2...
∂ℓ

∂βp




.'Ara to ℓ-ostì stoiqe�o tou p-di�statou dianÔsmato GN(β)β + SN (β) ja isoÔtaime
p∑

j=1

{( N∑

t=1

Z(t−1)ℓZ(t−1)j
1

σ2
t (β)

(∂µt

∂ηt

)2
βj

}
+

N∑

t=1

Z(t−1)ℓ
∂µt

∂ηt

(Yt − µt(β))

σ2
t (β)

=
N∑

t=1

Z(t−1)ℓ · ωt

{
ηt + (Yt − µt)

∂ηt

∂µt

}
, ℓ = 1, 2, . . . , pìpou µt, ηt, (∂µt/∂ηt), ωt e�nai upologismèna gia β = β̂

(k) kai ωt =
(

∂µt

∂ηt

)2
1

σ2

t (β)
, t =

1, 2, . . . , N . Gia t = 1, 2, . . . , N or�zoume
q
(k)
t =

p∑

j=1

Z(t−1)jβ + (Yt − µt)
∂ηt

∂µt

=

= ηt(β) + (Yt − µt)
∂ηt

∂µt

.Jewr¸nta loipìn to di�nusma q(k) = (q
(k)
1 , q

(k)
2 , . . . , q

(k)
2 )′N×1 to dexiì mèlo th (6)gr�fetai Z

′

︸︷︷︸
p×N

W(β̂
(k)

)︸ ︷︷ ︸
N×N

q(k)

︸︷︷︸
N×1

me Z =




Z0

Z1...
ZN−1



. 'Etsi lamb�nonta upìyh ìti GN(β) =
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Z

′
WZ

′ (blèpe par�rthma A.2 sqèsh A.16 ) h (B.6) gr�fetai
[Z′

W(β̂
(k)

)Z]β̂
(k+1)

= Z
′
W(β̂

(k)
)q(k).Epomènw h mèjodo Fsc aplopoie�tai sthn akìloujh èkfrash

β̂
(k+1)

= [Z′
W(β̂

(k)
)Z]−1

Z
′
W(β̂

(k)
)q(k) (B.7)ìpou to W(β̂

(k)
) kai q(k) e�nai upologismèna sto β̂

(k).H sqèsh (B.6) ousiastik� d�nei ti genikè kanonikè exis¸sei th diadikas�aekt�mhsh twnStajmizìmenwn Elaq�stwn Tetrag¸nwn(Weighted Least Squares-WLS)pou h lÔsh tou parèqetai apo ton tÔpo (B.7). Pr�gmati antimetwp�zonta to di�nu-sma q = (q1(β), q2(β), . . . , qN (β))′ w èna grammikì metasqhmatismì tou dianÔsmato
y = (y1, y2, . . . , yN)′ sÔmfwna me thn sqèsh
g(yt) ≈ g(µt) + (yt − µt)g

′(µt) = ηt + (yt − µt) · (
∂ηt

∂µt

) ≡ qt, t = 1, 2, . . . , N,(B.8)ìpou g e�nai h sun�rthsh sÔndesh, tìte mporoÔme na jewr soume to genikì grammikìmontèlo
q = Zβ + ǫ. (B.9)Sto dedomèno upìdeigma o p�naka sqediasmoÔ e�nai o Z︸︷︷︸

N×p

. Sthn per�ptwsh pou op�naka diakum�nsewn -sundiakum�nsewn tou dianÔsmato twn sfalm�twn ǫ e�nai o
V, tìte ìpw gnwr�zoume o ektimht  WLS tou β e�nai

[Z′
V

−1
Z]−1

Z
′
V

−1q. (B.10)Jewr¸nta ìti o V
−1 isoÔtai me ton p�naka W tìte h sqèsh (B.10) taut�zetai methn (B.7) gia thn k-ost  epan�lhyh kai ousiastik� apotele� thn lÔsh th (B.6).SÔmfwna me thn dedomènh prosèggish h prosarmosmènh   �bohjhtik � apokritik (adjusted or “working” response) metablht  q kata ton k-ostì kÔklo tou epanalh-ptikoÔ sq mato gia thn t-ost  sunist¸sa th èqei tim  pou d�netai apo

q
(k)
t = ηt(β̂

(k)
) + (Yt − µt)(

∂ηt

∂µt

).Sthn dedomènh epan�lhyh to di�nusma q(k) palindrome� p�nw sto Z me b�ro tonp�naka W(β̂
(k)

) me skopì na lhfje� mia nèa ekt�mhsh β̂
(k+1) sÔmfwna me thn sqèsh(B.7). Aut  h ekt�mhsh d�nei mia nèa tim  gia thn grammik  prìbleyh pou e�nai h
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η(k+1) = Zβ̂

(k+1) kai kata sunèpeia mia nèa prosarmosmènh tim  q(k+1) (sÔmfwna meto montèlo (B.9) ) gia ton epìmeno kÔklo. Me ton trìpo autì o ektimht  mègisthmerik  pijanof�neia tou β prokÔptei apo mia epanalhptik  qr sh th mejìdou
WLS, sthn opo�a o p�naka twn bar¸n kaj¸ kai h �bohjhtik � exarthmènh metablht all�zoun se k�je kÔklo. Gia ton lìgo autì h diadikas�a (B.7) onom�zetai IRLS. Hproanaferje�sa mejodologik  prosèggish e�nai èggurh gia ìla ta GLM anex�rthtaapo thn epilog  th sun�rthsh sÔndesh.Gia na l�boume mia arqik  ekt�mhsh gia to β qrhsimopoioÔme ta dedomèna y wmia arqik  ekt�mhsh tou dianÔsmato µ = (µ1, µ2, . . . , µt, . . . , µN)′ ìpou µt = E[Yt |
Ft−1]. 'Etsi prokÔptoun oi pr¸te ektim sei twn W kai q. Oi epanal yei suneq�-zontai mèqri k�poio krit rio sÔgklish na ikanopoie�tai.Sto shme�o autì parousi�zoume ta b mata tou algor�jmou eÔresh tou MPLE β̂pou mpore� na ulopoihje� mèsw opoiod pote upologistikoÔ progr�mmato.B ma 1. Gia na p�roume arqik  lÔsh gia to β, èstw thn β̂

(0), epilÔoume to grammikìsÔsthma
Z

′
Zβ̂

(0)
= Z

′ · g(y),ìpou g(y) = [g(y1), g(y2), . . . , g(yN)]′.B ma 2. Jètoume n(0) = g(y) kai upolog�zoume to (∂µt)/(∂ηt) kaj¸ kai ta stoiqe�atou W gia β̂
(0).B ma 3. Br�skoume to β̂

(1) sÔmfwna me thn sqèsh (B.7)
β̂

(1)
= [Z′

W(β̂
(0)

)Z]−1
Z

′
W(β̂

(0)
)q(0).B ma 4. Gia to β̂

(2) omo�w ja èqoume
β̂

(2)
= [Z′

W(β̂
(1)

)Z]−1
Z

′
W(β̂

(1)
)q(1)k.o.k.B ma 4. Stamat�me ìtan k�noume m b mata. Sun jw m ≤ 50.



Par�rthma GTeqnikì Par�rthma
G.1 Apìdeixh th (4.34)

Ut(β) = Dt(β)Σ−1
t (β) =




∂πt1

∂ηt1

∂πt1

∂ηt2

∂πt2

∂ηt1

∂πt2

∂ηt2



′ 


∂θt1

∂πt1

∂θt1

∂πt2

∂θt2

∂πt1

∂θt2

∂πt2




=




∂πt1

∂ηt1

∂πt2

∂ηt1

∂πt1

∂ηt2

∂πt2

∂ηt2







∂θt1

∂πt1

∂θt1

∂πt2

∂θt2

∂πt1

∂θt2

∂πt2




=




∂πt1

∂ηt1

∂θt1

∂πt1
+ ∂πt2

∂ηt1

∂θt2

∂πt1

∂πt1

∂ηt1

∂θt1

∂πt2
+ ∂πt2

∂ηt1

∂θt2

∂πt2

∂πt1

∂ηt2

∂θt1

∂πt1
+ ∂πt2

∂ηt2

∂θt2

∂πt1

∂πt1

∂ηt2

∂θt1

∂πt2
+ ∂πt2

∂ηt2

∂θt2

∂πt2


 ≡ A (G.1)apo thn �llh, sÔmfwna me thn (4.35), ja èqoume

∂u(ηt)

∂ηt

=




∂u1(η
t
)

∂η1

∂u2(ηt
)

∂η1

∂u1(η
t
)

∂η2

∂u2(ηt
)

∂η2


 ≡ B.Gia na deiqje� loipìn h sqèsh (4.34) arke� na apode�xoume ìti A ≡ B. Endeiktik�ja de�xoume ìti A11 = B11.

B11 =
1
h1

1−h1−h2

∂h1

∂η1

(1− h1 − h2)− h1(−∂h1

∂η1

− ∂h2

∂η1

)

(1− h1 − h2)2

=

∂h1

∂η1

(1− h1 − h2) + h1 + ∂h1

∂η1

+ h1
∂h2

∂η1

h1(1− h1 − h2)

(4.11)
=

∂πt1

∂η1

(1− πt1 − πt2) + πt1
∂πt1

∂η1

+ πt1
∂πt2

∂η1

πt1(1− πt1 − πt2)

=

∂πt1

∂η1

(1− πt2) + πt1
∂πt2

∂η1

πt1(1− πt1 − πt2)127
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=

∂πt1

∂η1

1− πt2

πt1(1− πt1 − πt2)
+

∂πt2

∂η1

πt1

πt1(1− πt1 − πt2)

(4.27)
=⇒ B11 =

∂πt1

∂η1

∂θt1

∂πt1

+
∂πt2

∂η1

∂θt2

∂πt1

≡ A11.Suneq�zonta me ìmoio trìpo kai gia ta upìloipa stoiqe�a twn pin�kwn A kai BapodeiknÔetai to zhtoÔmeno.



Par�rthma DMontelopo�hsh twn d�timwn seir¸n mèsw tou
S-PLUS

D.1 Eisagwgik�Oi ektimhtè MPLE gia ti kathgorikè qronoseirè mporoÔn na upologistoÔn mèswtou statistikoÔ progr�mmato S−PLUS. Autì prokÔptei apo to gegonì ìti oi exi-s¸sei twn merik¸n skìr (A.14) èqoun thn �dia morf  me aut  pou parathre�tai ìtanèqoume anex�rthta dedomèna. Autì shma�nei ìti ta tupik� sf�lmata twn paramètrwntwn upodeigm�twn prokÔptoun proseggistik� apo thn antistrof  tou p�naka GN(β)(A.16) kai thn l yh tetragwnik¸n riz¸n twn diagwn�wn stoiqe�wn tou. Bèbaia denprèpei na xeqn�me pw ìla ta apotelèsmata e�nai desmeumèna.Sto S − PLUS h prosarmog  twn logistik¸n montèlwn gia d�time seirè ulo-poie�tai mèsw th sun�rthsh glm() kai th biblioj kh MASS (blèpe Venables and

Ripley (1999) ). Gia thn epilog  bèltistou montèlou apì èna sÔnolo summetablht¸nqrhsimopoie�tai to krit rio plhrofor�a AIC. Sto S−PLUS den qrei�zetai na pro-sarmìsoume ìla ta dunat� upode�gmata, ¸ste na epilèxoume eke�no me to mikrìtero
AIC afoÔ autì g�netai autìmata mèsw th sun�rthsh stepAIC.Gia thn prosarmog  tou ek�stote montèlou qrhsimopoie�tai to akìloujo scriptfiletou S − PLUS

attach(data)

model.glm ← glm(yt∼ . . ., family=binomial, data=data)

summary(model.glm)

anova(model.glm).Gia thn eÔresh tou bèltistou montèlou mèsw tou AIC èqoume
129
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modelx.step ← stepAIC(model.glm, trace=F)

model.step$anova.O p�naka GN(β) d�detai apo
vcov.glm ← function(model.glm){
so ← summary(model.glm, corr=F)

so$dispersion*so$cov.unscaled

}

.vcov(model.glm)Gia ta fitted values, ta upìloipa tou Pearson, to X 2 tou Pearson kaj¸ kai to
MSE èqoume

residpearson ← residuals(model.glm,type=‘‘pearson’’)

residpearson2 ← residpearson^2

f1 ←fitted(model.glm)

PearsonStatistic1 ← sum(residpearson2)

endiameso ← ((yt-f1)^2)/(f1*(1-f1))

PearsonStatistic2 ← sum(endiameso)

PearsonStatistic1

PearsonStatistic2

MSE ← 1/(length(yt))*(sum((yt-f1)^2))

MSE.
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