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Abstract

In this Project, the surplus process is going to be studied under the scope
of the classical continuous time risk model. Over the time, the surplus is
continuously changing, receiving different values. In our study, two possible
situations for the surplus are of great importance and significance. The first
one is called ”classical ruin”, or just "ruin”, and it happens when the sur-
plus drops below zero for the first time (ruin time). The second one is called
”absolute ruin” and it holds when the surplus falls below a negative critical
value for the first time (absolute ruin time). In the last case, during the
period in which the surplus is negative, insurance institutions can borrow
money, with a debit interest rate, in order to compensate their obligations
and the claims happening. On the other hand, their debt is paid back by
the premiums earned. If the debt remains at a reasonable level, it is possible
for the surplus to become positive again, resulting in the absolute ruin to
be avoided.

The objective of this thesis is to study and analyze risk measures related to
both, classical ruin (chapter 1) and absolute ruin (chapter 2). Such measures
will be the ruin probability and the Laplace transform of the ruin time. For
this purpose, the expected discounted penalty function, or just Gerber-Shiu
function, is defined and examined thoroughly, because, under specific cir-
cumstances, it is reduced to the aforementioned measures. Furthermore, at
the end of each chapter, there are examples with explicit results for expo-
nential claims.

Finally, having assumed that there are dividend payments to shareholders
according to a barrier strategy, we provide expressions for the moments of
the present value of all dividends paid until the absolute ruin time, when
the claims are exponentially distributed.

Keywords: Compound Poisson process, Surplus process, Gerber-Shiu func-
tion, time of ruin, ruin probability, Laplace transform for ruin time, absolute
rutn, debit interest, absolute ruin time, absolute ruin probability, Laplace
transform for absolute ruin time, deficit at ruin/absolute ruin, surplus just
before ruin/absolute ruin, Dickson-Hipp operator, renewal argument, defec-
tive renewal equation, compound geometric, equilibrium function, dividend
barrier, moment-generating function
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Chapter 1

The Classical Model of Ruin
Theory

The objective of this chapter is to present the solutions of the defective
renewal equation satisfied by Gerber-Shiu function using a compound geo-
metric distribution. This concept has been introduced and analysed thor-
ougly by Lin and Willmot (1999). To reach at this point, firstly, they are
mentioned all the definitions/notions deemed essential to our study of the
classical continuous time risk model, which have been analysed extensively
by Gerber and Shiu (1997,1998). Moreover, regarding the research of Ger-
ber and Shiu, we define the Gerber-Shiu function and provide some of its
properties. Then, there are two sub-sections, the Dickson-Hipp operator
and the solutions of a defective renewal equation, which facilitate the grad-
ual construction of our objective presented in section 1.5. Finally, analytical
expressions for the ruin probability and the Laplace transform of the ruin
time are given when the claims are distributed exponentially.

1.1 Introduction

Depended on the definitions and assumptions of Gerber and Shiu (1997,1998)
and on the digital-online academic notes of professor K. Politis (2013-2014,
see reference [28]), we set up in section 1.1 all the necessary definitions and
properties on which we will base our study.

Definition 1.1.1. Stochastic process is a collection {X(t) : t € T'} of ran-
dom variables representing numerical values changing over the time. The in-
dex set T usually denotes the time. Regarding the values received by the ran-
dom variables X(t), stochastic processes can be divided into discrete-valued
or continuous-valued stochastic processes. A further segmentation is based
on the nature of set T. If T consists of countable or uncountable number of
elements, processes are said to be in discrete or continuous time, respectively.

13



14 CHAPTER 1. THE CLASSICAL MODEL OF RUIN THEORY

As the size of portfolio is developing over the time, a random variable which
describes the number of claims in each time period should be used.

Definition 1.1.2. Counting process is a stochastic process {N(t) : t > 0},
in which the values of N(t) are non-negative, integer and non-decreasing.
This means:

1. N(t)>0,¥t>0
2. N(t) is an integer
3. if t<s= N(t) < N(s)

Let {N(t) : t > 0} be a counting process in which the random variable
N(t) indicates the number of claims arising within [0,t] time space. Two
sequences of random variables, which can be defined by a counting process,
are:

1. the sequence of arrival times 17,15, T3, - - - where T; is the time needed
until i-event occurred

2. the sequence of interarrival times Wy, Wo, W3, - - - where W; is the time
difference between the (i - 1) and (i) events.

So,
T; =inf{t : N(t) =}
and,
Wi=T,—Ti—1, i =2,3,4, ... with Wy =T

The relation between them is that:
n
T,=> Wi VYn=123,..
i=1

It is worth mentioning that 7T; and W; are continuous random variables, al-
though N(t) is a discrete random variable.

Example 1.1. According to Figure 1.1, it can be observed that no claim
has happened in [0, ¢;]. As a result, the value of N(t) at ¢; is N(¢1) = 0.
Similarly, N(¢2) = 2 and N(t3) = 3.

Consequently, a counting process is a discrete-valued stochastic process in
continuous time. Examples of counting processes, which have been studied
and used extensively in ruin theory, are Poisson process and Renewal pro-
cess.
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1 t. t:

Figure 1.1: Example of sequences T; and W;

Definition 1.1.3. Let {N(t) : t > 0} be a counting process, in which
N(t) represents the number of events in the time interval [0,t]. This process
1s called Poisson process with rate A > 0, if the following three properties
are satisfied:

1. N(0) = 0
Ah + o(h) k=1
2. Pr(N({t+h)=n+Ek|N({t)=n)=< 1—Ah+o(h) k=
o(h) k>2
where function o(h) satisfies: lim olh) =0

h—0 h

3. For disjoint time intervals, the random variables, which denote the
number of claims in each of them, are independent. For instance, for
all t < s, the random variable N(s) — N(t) is independent from N (t).

Two fundamental properties of Poisson process are:

e The random variable N(t) follows Poisson distribution with intensity
At (see book [30], Proposition 5.5.1, pg 316-317)

e The interarrival times W; are independent and identically distributed

with Exponential distribution with parameter A (therefore, A = E(%,Vi)

represents the expected number of claims arising per unit time) (see
reference [28], pg 11)

Consequently, the arrival time T, obeys Erlang distribution with parameters
n and .

Indeed, let My (r) be the moment generating function of the interarrival
times W;. Expanding the moment generating function of T;, yields:

MTn (t) = b [etTn] =F [et(W1+W2+-~-Wn)]

= E[eMieWe...eWn] = B[] B [eW2] .. B [eWn] = (
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As W; are independent variables, the mean can be separated. The above
moment generating function belongs to Erlang distribution with parameters
n and \. So, T}, ~¢ Erl(n, \).

¢

Definition 1.1.4. Let {N(t) : t > 0} be a counting process in which the
random variable N(t) represents the claims happened within [0,t]. The ran-
dom variable X; indicates the size of the i-claim. The total loss in the time
interval [0,t] is described by the random variable S(t):

N(t)
S(t) — Z; Xi; N > 1

0, N=0

The compound stochastic process {S(t) :t > 0} is known as the aggregate
claims process.

Insurance companies are obliged by the legislation to start any operation
having an initial capital in their portfolio. This initial surplus is denoted
by u. Moreover, in the classical approach of ruin, there is no uncertainty
about the total amount of revenues in each interval [0,t]. This is because,
it is assumed that the only source of income is the payments of premiums.
Thus, only a mathematical function P(t) is about to declare the total size
of revenues in [0,t]. Hence, the random variable

U(t)=u+ P(t) — S(t) Vt>0
denotes the size of surplus in the time period [0,t] (where U(0) = u).

Definition 1.1.5. The collection {U(t) : t > 0}, which contains the ran-
dom variables of the surplus U(t), is called Surplus process.

The objective of this project is to study the process of surplus while it is de-
veloping over the time and focus on the first time that it becomes negative.
This analysis is going to be described under the scope of the classical model.

Definition 1.1.6. In the classical continuous time risk model, the com-
ponents of the surplus process {U(t) : t > 0} satisfy the following:

1. P(t) is a linear function with positive slope c. That means,
P(t)=ct, ¢>0

2. The claim sizes X;, independent of N(t) Vt > 0, are independent and
identically distributed nonnegative random variables
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3. The counting process {N(t) : t > 0} is a Poisson process, with intensity
rate A > 0. Thus, the {S(t) : t > 0} is a compound Poisson aggregate
claims process

The aggregate claims process

o _| - ——
©
3)(4
—
_ 9 X3
@ :
-—
X2

|

Figure 1.2: The aggregate claims process S(t)

The Surplus process

u(t)

T1 T2 T3 T4 T5

Figure 1.3: The Surplus process U(t)

The Figures 1.2 and 1.3 depict a general picture of how the processes of
surplus U(t) and aggregate claims S(t) are developing over the time. It
can be observed that the surplus U(t) increases continuously between two
successive arrival times of claims T;_1 and T;, due to the earned premiums,
whereas the total loss S(t) remains constant in the same intervals. It is to be
noted that both of them are right-continuous and consist of jumps whenever
claims occur. Thus, the respective jumps of S(t) and U(t), which happen
at arrival times T;, have the same size, whereas the former has an upward
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trend and the latter a downward trend.

Some further notions under this concept:

The slope ¢ of premiums’ function is referred to as premium rate per
unit time (¢ = @)

The cumulative distribution function of X; is symbolized by F, with
F(0) = 0 and the moments of X; by

pe = E [ XF] = /Ooomde(x)

The intensity A of Poisson process denotes the number of claims hap-
pening per unit time (A = M, because N (t) ~ Poisson(At) )

As far as the expected total loss in [0,t] is concerned:

E[S®t)] = E[E[S@IN®]] = E[S@IN(t) =n] Pr[N(t) = n]
n=0

= Y E[Xi+ Xy + Xyp|N(t) =n] Pr[N(t) = n]

n=0
S

= Y E[Xi+ Xy + X, Pr[N(t) = n]

n=0
= Y n-BIX]Pr[N({t)=n] = E[X}]Y n-PrIN(t) =n]
n=0 n=0

= EXJEIN®)]
= oAt

Therefore, the expected size of loss per unit time is:

Definition 1.1.7. The security loading factor is defined by 0 = B

Apa

and satisfies the net profit condition in the classical model

0>0<=c> A1

The assumption of 6 being positive means that the expected income is
greater than the expected loss per unit time. On the other hand, 6 can
not take any positive value without any limitation, because, in this way, the
portfolio will not be competitive enough to survive in the insurance market.
As a result, the percentage of profit 8 is normally restricted between 0 and 1.

Definition 1.1.8. In the classical model, the adjustment coefficient R is
defined as the smallest positive root of the equation



1.2. MEASURES OF RUIN 19

Mx(r) =1+ (14 0)ur

oo

in which Mx (r) = / e" f(x)dx is the moment generating function (m.g.f)
0

of claims Xj.

1.2 Measures of Ruin

It is of great interest not only when the surplus becomes negative for the first
time, but also how likely this is to happen. The definitions of ruin proba-
bility, ruin time, Gerber-Shiu function and the special cases of Gerber-Shiu
function can be found in the work of Gerber and Shiu (1997,1998). We
present the respective definitions and properties of them.

Definition 1.2.1. Let ¥ (u) define the probability of ruin, provided that
the initial surplus is u. It denotes how likely is for the surplus to drop below
zero for the first time. This means,

Y(u) = PriU(t) <0, fort >0|U0)=u], u>0

Of course, the notion of ruin should not be linked with the terminology of
bankruptcy of an insurance company. Ruin is a technical term which con-
trols and tests the adequacy of any portfolio. As a result, companies do not
stop their operation when ruin happens, but they change their risk manage-
ment by borrowing money, being reinsured etc.

Properties satisfied by v (u):

e ¢(u) is a decreasing function of the initial surplus u:
(ur <ug = P(u1) = P(ug) )

o lim ¢(u)=0

U— 00

e Regarding the net profit condition,
Pu) <1Vu>0 < c> A\

Another useful notion is the random variable T, which denotes the time of
TUIN.

inf{t: U(t) <0}
T —
oo, fUl)>0 Vt>0

Note that:

o Y(u)=Pr|[T <oo|U(0)=u]
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e the variable T is a defective random variable, which means

Pr(T=00)>0

Indeed, PriT=o00] = Pr(U(t)>0 Yt>0|U(0)=u)
= 1-PrjU(t) <0 fort>0]|U(0) = ul
— 1y
= d(u)>0

The symbol of §(u) denotes the non-ruin probability. Moreover, the def-
initions of ¥ (u), §(u) and T imply that these quantities are depended on
the initial surplus u. Hence, their values are going to change regarding the
values of u.

Example 1.2.1. Consider the following table of elements:

number of claims (N(t)) |1 2 &8 4 &5
arrival times (T;) 12 25 55 7
size of claims (X;) 3 10 5 35 5
u=8andc =295

The values of the aggregate claims process S(t) are:

(0, t<1
3, 1<t<?2
St_N(t)X_ 13, 2<t<25
()_Z; ") 18, 25<t<55
= 53, b55<t<T
58, T<t

and the respective values of the surplus process U(t) are:

(8450 t<1
o 84+5t—3 = 545 1<t<?2
B ) s4+5t-13 = 545t 2<t<25
wa_“+d_Z;X“‘ 8+5t—18 = —10+5t, 25<t<55
' 8+5t—53 = —45+5¢t, 55<t<T
B4+ 5L—58 = —50+5t T<t

The development of the surplus over the time is depicted by Figure 1.4. The
time in which the surplus becomes negative for the first time is called time
of ruin and this random variable is symbolised by T. Another two variables
associated with the time of ruin are the surplus immediately before the time
of ruin and the deficit exactly at the time of ruin. These two are symbolised
by U(T-) and U(T) respectively. Note that the random variable of deficit,
U(T), takes always negative values, thus the absolute amount of it, |U(T)|,
is going to be studied.
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The Surplus process

10

u(T-)

Ut

° .
TL T2T3 LT TS

. lum | /

-10

Figure 1.4: Time of Ruin

Definition 1.2.2. For w : RaR — R* and § > 0, the Gerber-Shiu
function is defined by:

¢s(u) = E [eTw(U(T-),|UTNI(T < o0) | U0)=u], u>0
where,

1, T < R
(T < o0) = { 0 T=oo and U((T-)= tgr%l_ U(t)
Let f(x,y,t|u) be the joint probability density function of U(T-), |U(T)|
and T, provided that the initial syrplus is u. So, the Gerber-Shiu function
can be written,

d5(u) = /0 h /0 h /0 " e (e, ) fa, y, tu)dadydt, w0

The function w(x,y) is known as penalty function. It can be assumed that
the insurer has to be fined at the time of ruin T. The amount of this fine
depends on U(T-) and |U(T)|. Moreover, if § is interpreted as a force of
interest, the random variable

e Tw(U(T-), [UT))I(T < o)

can be explained as the present value of the fine that the insurer is going
to pay in case ruin happens. Thus, the Gerber-Shiu function is called the
expected discounted penalty function, as well. However, § can be also con-
sidered as the argument for the Laplace transform of the ruin time T.
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Note. It has been mentioned that lirf (u) = 0. As aresult, it is expected
U—r+00

for the surplus U(t) not to fall below zero while u — +o0. Thus,

lim ¢s(u) =

Uu——+00

The Gerber-Shiu function is a general function which can be reduced to
some interesting functions for the risk theory, regarding the values received
by the arguments ¢ and penalty function w(z,y). Namely,

o If 6 =0 and w(z,y) = 1, ¢s5(u) equals to the probability of ruin ¢ (u)

or,

ps(u)

bs(u)

~ BUT <o) |U(©0) =]
= Pril'<oo|U(0) =u
= P(u)

/ / / f(z,y, tlu)dxdydt = / fr(tlu)dt

PrT < oo | U(0) = 4]
Y(u) <1

which indicates that f(z,y,t|u) is a defective probability density func-

tion

o If w(x,y) =1, the Laplace transform for the time of ruin T is received

So,

e T I(T < 00) = { 0

E[eTI(T < 00) | U(0

e o, T <>
, T =00

/// O f(x, y, t|u)dedydt

/ T e (tu)dt = Do)
0

o For w(z,y) =I1(X <z)I(Y <y), Gerber-Shiu function is reduced to

the discounted joint cumulative distribution function of U(T-) and

U(T)]

e OTIU(T—-) < 2)I(JU(T)| < y)[(T < o) = {

So,

e T U(T—
0, otherwise

)<z, [UT)| <y, T <oo
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¢s(w) = E[eTIU(T-) <2)I(JUT)| < y)I(T < o0) | U(0) = u]

x Yy o]
= / / / e O f(k, 1, t|u)dtdldk
0 0 0

and if § = 0, it is received the joint cumulative distribution function
of U(T-) and |U(T)|

x Yy o} T Yy
ootw) = [ " [ s thwdeaar = [ [ e tha)dtar = Furo ey ool

Similarly, for w(z,y) = I(X = 2)I(Y = y), the discounted joint prob-
ability density function of U(T-) and |U(T)| is produced

e, U(T-)== [UD)| =y, I'<oo

e TI(U(T-) = 2)I(|JU(T)| = y)I(T < o0) = { 0, otherwise

¢5(u) = E[eTIU(T-) =2)I(JU(T)| = y)I(T < 00) | U(0) = u] = /OOO e f(,y, t|u)dt

and if § = 0, it is received just the joint probability density function
of U(T-) and |U(T)|

Ps(u) = /O [y, tlu)dt = fur—y o) (@, ylu)

w(z,y) = I(X = x) generates the discounted marginal probability den-
sity function of U(T-)

e, U[T-)=2,T<o

—oT ) — =
e T I(U(T—) = 2)I(T < o) { 0, otherwise

¢s(u) = E[e??TI{U(T-)=2)(T <o0)|U(0)=u| = /000 /000 e O f(z, y, tlu)dydt
= /OO e f(x, t|u)dt

0

and § = 0 yields merely the marginal probability density function
of U(T-)

ootw) = [ " fetlu)dt = fy (olu)

Similarly, w(x,y) = I(Y = y) produces the discounted marginal prob-
ability density function of |U(T)|

e, U =y, T < o

5T . _
e I(|U(T)]| = y)I(T' < 00) = { 0, otherwise
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o) = B[ TIU)| = IT <) VO =] = [ [ e . thu)daat

- / T e p(y, tlu)de
0

where § = 0 gives the marginal probability density function of |U(T)|
¢s(u) = /0 f(y, tlu)dt = fiury (yluw)

1.3 The Dickson-Hipp operator

The definition and properties of Dickson-Hipp operator, which are men-
tioned below, are based on the book [26] (Chapter 2.2, pg 12) of Willmot
and Woo (2017).

Definition 1.3.1. Let f(z) be an integrable function and r € R. Define

o0

7.(0) = [

T

e f(y)dy = / YD fdy (L)

to be the Dickson-Hipp operator. This operator consists of some interesting
and useful properties, such as:

1. T, is a linear operator. Indeed,

L) +ga) = e [ T e (1 (y) + () dy

= o [T ey + e [T e gy

= T.f(x) + Trglx)

2. The Laplace transform and the tail distribution of f(x) are special cases
of (1.1), i.e.

T, 1(0) = / T e y)dy = fr)

0
Tof@) = [ fly)dy = F(x)

3. Applying integration by parts implies the Laplace transform of T,
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T,.f(s) = /0 esxTTf(x)dx:/O esxem/ e " f(y)dydx

00 [ © 4 _ef(sfr)x [
= [Tt [Tempyan = [T\ 2 [T ey
0 . o dx s—r .

—(s—r)z poo & 0o —(s—r)z
- [_ / e—wf<y>dy] - [_ ]e‘“f(x)dw

/OOO e "V f(y)dy ) /Oooe_“f(:v)dw

S—rT sS—T

f(r) = f(s)

sS—7T

=0

4. A double repeated application of the operator is given by
oo
Trf@) = e [T )y

xT

= en® /OO e Y ey /OO e "2 f(t)dt dy
xX

Y

= e"lm/ e(””)y/ e "2 f(t)dt dy

Y

= em/ / e (ri—r2)y e "2 f(t)dt dy
z Jy

Reversing the order of integration, the new boundaries are z <t < 0o
and x <y < t. Thus, we obtain

o0 t
Tpmf(@) = o / / (T (1) dy d

o] t
= e”””/ e_”tf(t)/ e~ (m=r2)yqy qt

S [ —(r1—rz)yt
= e"l’”/ e "2 f(t) —6] dt

r —7r2

) [ —(ri—r2)z _ —(ri—r2)t
= e”“"/ e "2 f(t) ¢ ¢ ]dt

r =72



26 CHAPTER 1. THE CLASSICAL MODEL OF RUIN THEORY

Tprflz) = — [ / Tetp(ndt — e / Ooe“tﬂt)dt]

L —T2 x

Trzf(w) - TT1f(x)

=2

1.4 Solutions of a defective renewal equation

The idea of using a compound geometric distribution to solve a defective
renewal equation is based on Lin and Willmot (1999) and Willmot and
Woo (2017). In this subsection we present their results. Moreover, based
on E. Chadjikonstantinidis (2016), we present some useful properties of a
compound geometric distribution. In the following section, in which these
properties will be used, we will make the appropriate connection with the
classical model studied.

Lemma 1.4.1. Let

N
X, N>1
=1 &

be a compound geometric random variable, where G(x) is the distribution
function of S, N ~ Geom(1 — ¢), 0 < ¢ < 1, F(x) is the distribution
function of X; with F(0) = 0 and F**(z) = Pr (X1 + Xo+ -+ X, > 1)
is the tail of the n-fold convolution of F(x). Then,

i Glr) =) _(1—-@)"F*™x), x>0

ii. g(s) = /OO e **dG(x) + G(0), s>0

0+
i, g(s) = ——P 530
1—of(s) B
iv. G(s) = pG(s)f(s) + pF(s) &= G(s) = L(S) s>0
L—pf(s)
Proof.

(i.) Using Pr(N =n) = ¢"(1 —¢), n=0,1,2,---, and the law of total
probability, we have
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Gx) = Pr(S>z)=Pr(X;i+Xo+ -+ Xy>2)
oo
n=1
[e e}
— ZPT(X1+X2+---+XN>$|N=7L) Pr(N:n)
n=1

o
= ZPT(X1+X2+'--+Xn>x) Pr(N =n)
n=1
e —
= Y (1—@)"F ()
n=1
(ii.) S follows a mixed distribution with partial probability mass function
at 0 and partial probability density function in (0, +00). Indeed,
G0)=Pr(S=0=Pr(N=0)=1—-¢>0

Thus, the Laplace transform of g is given by

i(s) = Ble—5] = / T e dG(2) + Pr(S = 0) = /0 T e dG(z) + G(0)

o+ +
(iii.) Another form of g(s) is described by
i) = B8 = B [Eem|N]] = Y Ble (XXt XN — ] Pr(N = n)

n=0
= > Bl Nt X pr(N = n) = Y [E(e™¥)]"Pr(N = n)
n=0 n=0

= Pn[E(e™¥)] = Pn(f(s))
Considering the probability generating function of N, which is

Pr(u) = 11__

¥ .
, We recerve

N Sl 2
) 1—of(s)

(iv.) For any given distribution F, it is known that F (s) =

proven later, in section (1.5.4)). So, ’
T i i
i) = 1796 1-0f(s) _ w(-f) :ll—f(s)” 2 ]
s s s(1—¢f(s)) § 1—¢f(s)
— F(s L
) 1—¢ﬂ$]




28 CHAPTER 1. THE CLASSICAL MODEL OF RUIN THEORY

Proposition 1.4.1. Let 0 < ¢ < 1, F(z) be a distribution function defined
in [0,400) with F(0) = 0, r(z) be a continuous function in [0,400) and
m(x) satisfy the following defective renewal equation

m(z) = ¢ /0 “m(z - )dF@) + (@), z>0

Then, the solution of m(x) is given by
1 X

m(x) = =0 ) r(x —y)dG(y) + r(x), x>0 (1.2)
mo) = =) = 16w - o [ @Gy (13)
where

0, N=0

is a compound geometric random variable, G(z) is the distribution function
of S, N ~ Geom(1—p) and Fx(x) = F(x) is the distribution function of X;.

Proof. Applying Laplace transform in m(x) yields

m(s) = em(s)f(s) + (s m(s) = A
(s) = pmm(s)f(s) + 7(s) = m(s) i)
. 1—¢p .
From Lemma 1.4.1 (iii), where ¢(s) = —————, we receive
i), where 9(5) = =% -
o F(8)g(s)
in(s) = T2
From Lemma 1.4.1(ii), where g(s) = /Oo e **dG(z) + G(0), we obtain
0+
7 - - Ooe_sx T 7(s
i) = | [ e rac 6o i)
= 120 /Ojo e dG(x) + (1 — cp)} 7(s)
= 1icp /Ojo esxdG(x)} 7(s) + 7(s)

Finally, applying the inverse Laplace transform, we obtain the first solution
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(o) = 1= [ @ =6 + @)

Now, the integral in the above equation equals to

/w r(—y)dG(y) = - /m r(z— )G (y)dy
0 0

+ +

— gr(x) — r(0)G(x) - /

o+
where, it has been used the fact that
G0)=Pr(S=0)=Pr(N=0)=1-p= G(0) =¢

Substituting it in (1.2), we receive the second solution of m(x)

me) = 1 o) - r0G@ - [ =G| + i)
B 1 r(0) - 1 Ty ~
T 1 807“(55) 1 goG(x) - m o r(z—y)G(y)dy
%
Lemma 1.4.2. Let
N
X, N>1
s-1 &
0, N=0

be a compound geometric random variable, where G(x) is the distribution
function of S, N ~ Geom(p), 0 < p <1, ¢ = 1—p and F(z) is the
distribution function of X; with F(0) = 0. Then,

G(x) =p+qFy(z) <= G(z) = qFy(2)
where Y = S|S > 0 and its moment generating function is given by

pMX t
My (t) — 7()

1 —gMx(t)
Proof. As N follows a Geometric distribution with parameter p, it is known
that Pr(N = n) = ¢"p, n = 0,1,2,--- and the probability generating
function is given by
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__p
1—qu

Py(u) = BE(u")
It has already been mentioned that S follows a mixed distribution, so the
probability of receiving the value 0 is positive and equal to
GO)=Pr(S=0)=Pr(N=0)=p>0

Thus, it is expected for its moment generating function to consist of a dis-
crete part equal to p and a continuous part with distribution function Fy.

So,

p p
s(t) N (Mx(t)) =g M) p+1—qMX(t) p
p—p(l —qMx(t)) p Mx(t)
PR gy P I T Mk (@
As a result, setting Y = S|S > 0 implies
p Mx(t)
My (t) = —————-—
Y= )

and

G(x) =p+qFy(z) &= G(x) = qFy ()

1.5 Gerber-Shiu function

1.5.1 Integro-Differential Equation for Gerber-Shiu function

In the following Theorem 1.5.1.1, we use the idea of the renewal argument
by conditioning on the time and size of the first claim. This concept is
extracted from Gerber and Shiu (1997,1998) and Cai (2000). Meanwhile,
the latter applies it in the absolute ruin, so we modify his work properly in
order to be applied in our case of ruin. Furthermore, the academic notes of
E. Chadjikonstantinidis (2016) have been used to offer detailed explanations
in our analysis.

Theorem 1.5.1.1. The Gerber-Shiu function ¢s(u) satisfies the following
integro-differential equation

c%ww=u+ﬁwxw—xﬁﬁmw—xvax—»mm Vuz0 (14)

where

@)= [ wley - o))y (15)
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Proof. By conditioning on the time t and size x of the first claim and using
the renewal argument, the law of total probability gives

ps(u) =

E [eTw(U(T-), |[UT)I(T < o0) | U(0) = u]
/Ooo /OooE {6—6Tw(U(T—), \U(T))I(T < o0) | U(0)

le(x

)le (t)dél) dt

/w/w%WW@hﬂ@hﬁMMt
0 0

[ [ ottt i ai

Considering the time t, when the first claim happens, there are two pos-
sible cases for the surplus U(t)

U(t):u+ct—a::>{

U(t) >0, 0<z<u-+tct
Ut) <0, z>u+ct

u,let,Xlzac

Observing the Figure 1.5 for the progress of the surplus U(t), in the first case
there is not ruin. So the procedure is renewed, starting with initial surplus
equal to u + ¢t — z. In the second case, ruin happens and U(T'—) = u + ct,
whereas |U(T)| =z — u — ct.

U

The first claim The first claim
o _| o _|
(] (]
o _| o _|
N N
u+cTl + 4 utcT 1+
a — / > 2 - /
u X1 u '
' X1
u+cT1-X%- !
- . - S
T1 T/
u+cT-X11
o o
T bl
T T T 1 T T T 1
-3 -1 12 3 -3 -1 12 3

Figure 1.5: Situations of the first claim
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Applying the above in ¢5(ult, z) leads to

ps(u) = /Ooo Ae M {/Oquct e ps(u+ ct — x) f(x)de

+ / e w(u+ct,x —u— ct)f(x)dx] dt
u+ct

00 u+ct
= / Ae~(AFo)t [/ ¢s(u+ct —z) f(x)dz
0 0

+ / w(u—i—ct,x—u—ct)f(x)d:ﬂ] dt
u+ct

Putting s =u+ct =t = =4, & dt = %ds, the boundaries of integration

C
are converted into u < s < oo and the last equation is written as

(A+6)(s—u)

ps(u) = A/:Oe—c /Osqs(;(sx)f(x)dxids

o0 s—u 1
+ )\/ R / w(s,z —s)f(x)dr—ds
u c

s

Put
ORI " wey - ) fy)dy

to obtain

(A+9) _ (8 (s—w)

cps(u) = )\/OO N /05 os(s — x) f(z)dzds + )\/oo e < ~(s)ds
Let
glucs) = [os(s ) fla)da
0

and

_ (A+6)(s—u)

h(u,s) =e” < (s)
Substituting them in the last equation implies,

[e.o] [e.e]

cos(u) = )\/ g(u,s)ds + )\/ h(u, s)ds (1.6)

The derivative of the components in (1.6) with respect to u yields
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d [~ B > dg(u, s)
au /., g(u,s)ds = —g(u,u)+ /u Tds
A+ 0
/ ds(u— ) f(z)dx + AT g(u, s)ds
and
d > B  dh(u, s)
au |, h(u,s)ds = —h(u,u) —l—/u Tds

= —y(u) + )\7—1-5 h(u, s)ds

u

As a result, differentiating the equation (1.6) with respect to u yields

)

+ A [‘7(“) + AT 5/ e_(Hé)c(swy(s)ds}

Cc

= | [ stu—as@an o)

C

A+0

= -\ [/Ou gf)g(u—x)f(x)dx—i—v(u)} + - cps(u)

This leads to the desirable integro-differential equation (1.4)

e5(u) = (A+0)ds(u /'%u_x 2)dz — Xy(u), w0

1.5.2 Roots of Lundberg’s Equation

Gerber and Shiu (1997,1998) show that the Lundberg’s fundamental equa-
tion has a unique nonnegative root. In this subsection we present this result.

Definition 1.5.2.1. The equation

I(s) = Af(s) (L.7)

where

)\ (5 o0 s—u s o0 s—u
to. [)\/ e_(Hé)c( : / os(s —x) f(x)dxds + )\/ e_(MM :
u 0 u

[ /qﬁgu—x x)dz )\+5 e <A+MS“/QS(; s —x) f(z)dxds

~v(s)ds
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l(s)=A+d—cs
and
fo) = [
is known as the Lundberg’s fundamental equation.

Proposition 1.5.2.1. The Lundberg’s fundamental equation has a unique
nonnegative root p = p(d), which is an increasing function of 6 and

lim p(8) = p(0) = 0.
Jim p(3) = p(0)

Proof. Taking into consideration the fact that the Laplace transform f (s),
of each integrable function f(x), is a decreasing, convex function and the 1(s)
is a decreasing function (having negative slope -¢) with

10) = X +3 > X = Af(0)

it can be extracted that the lines of 1(s) and Af(s) have only one common
point, p = p(d), in the nonnegative axis (See Figure 1.6). Thus, p(d) satisfies

A+ 6 = cp(6) = M (p(6))

10r

I(s)

—  AxL(f)9)

Figure 1.6: Depiction of Lundberg’s equation solution

Differentiating with respect to § yields
-
c+Af' (p(9))

Using the security loading factor 6, the premium rate c is equal to

2

L—cp (8) = 0 (8)f " (p(8)) = p'(8) =

c=1+0) A =A1+0) /Oooxf(x)dx

The derivative of f (p(8)) with respect to p(d) is
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i 0K5D==—l/aifp“”wftwdw

0

Hence, the denominator of the above fraction can be written

c—i—/\f/(p(é)) = M1+96) /Oooa:f(x)dw — )\/Oooe_p(‘s)xa:f(m)dx

= A [/ [(1 +0) — e_p(a)z} :Ef(a:)dm] > 0
0
Because of p(d) > 0, we have
e P? <1 <1460 Ya>0 and € (0,1)

As a result, p (§) > 0 = p(d) is an increasing function of 4.

Now, for 6 = 0 the Lundberg’s equation is

A= cp(0) = Af(p(0))

oo

where p(0) = 0 verifies the Lundberg’s equation, because f(0) = / f(z)dz =

0
1. Due to the uniqueness of the root, 0 is the only acceptable solution of
p(0) in case of § = 0.

o

Proposition 1.5.2.2. For § = 0, the adjustment coefficient R is the largest
negative solution of the equation (1.7) (at absolute value).

Proof. It has already been demonstrated that the adjustment coefficient R
is the smallest positive solution of

Mx(r) =1+ (14 0)ur
Substituting

C
1+60=—
Ap1

it is obtained
AMx(r)=A+cr
For r = -s, in the left-hand side, Laplace tranform appears
M(s)=X—cs (1.8)

Due to the replacement of r with -s, the largest negative solution of (1.8)
(at absolute value) is now the adjustment coefficient R.

o
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1.5.3 Integral Equation for Gerber-Shiu function through
Laplace Transform

In the following calculations, they will be used some properties satisfied by
Laplace transform. Namely,

@)(Ame“f@mm - e“ﬂ@@%-—ém@3ﬂ7wwx

= —f(0) —i—s/oooe_smf(m)dx

= 5f(s) = £(0)
If

<wmm—[ﬂmu4w

is the convolution of f and g defined in (0, +00), then its Laplace transform
equals to

w>u@w>=£ﬂmwwmm

_ < /O e f(x)dac) < /O h e‘”g(w)dx)

A~

= [f(s)-9(s)

The Theorem 1.5.3.1, which follows, describes the integral equation satisfied
by ¢s(u) and it can be found in the work of Gerber and Shiu (1998). In
comparison to their approach and based on E.Chadjikonstantinidis (2016),
we use the Dickson-Hipp operator to simplify our final results.

Theorem 1.5.3.1. The Gerber-Shiu function ¢5(u) satisfies the integral
equation

os(u) = /c\/ou ¢s(u— )T, f(x)dx + % Tyy(u), ©w>0 (1.9)

where p is the positive root of Lundberg’s equation (1.7) and T, is the
Dickson-Hipp operator defined in (1.1).

Proof. Applying Laplace transform in (1.4), it is obtained
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i) = A+ 0)0s(w) = A [ dslu—2)f(@)do = X (w)
C/o e Ths(x)dr = (A 6)/0 e Tos(x)dr — )\/0 6_3“/0 os(x —y) f(y)dydx

—)\/ ey (z)dr
0

¢ [s05(5) = 85(0)] = (\+8)ds(s) — X ()7 (5) — Xi(s)

2 _ cs(0) = A(s)
Gs(s) = cs—(A+0)+ /\f(s)

Let

bs(s) = cps(0) — W(s)A _ M) - c¢5(9) _As)
cs—(A+0)+Af(s) A+d—cs—Af(s) B(s)

(1.10)

The denominator of the second fraction in (1.10) is the Lundberg’s funda-
mental equation described in section 1.5.2. It has been proven that it has a
unique positive root symbolized by p. So,

B(p) =0

Moreover, it is known that

Consequently,

Otherwise, if A(p) # 0, then (1.10) would give ¢;5(p) = co. Now, (1.10) is
going to be converted into another form in which inverse Laplace transform
can be applied.

Alp) =0 = c¢5(0) = Ny(p) =

Moreover,
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B(s) = B(s)—Bl(p)

Substituting A(s) and B(s) in (1.10), it is obtained

ds(s) = R = STP
PP AN R () RN
P s—p s—p
Applying the third property of Dickson-Hipp operator, (Z)g(s) can be written
7 _ AT (s)
P5(s) = c— T, f(s) -

&5(3) [c — /\Tpf(s)} = ATpfy(s) =

cds(s) = Ads(s)T,f () + ATp(s)
The inverse Laplace transform converts the last equation into

cos(u) = A /0 " b(u — 2)T, f(2)de + NTy(u)

So, it can be easily received the final form (1.9)
A A
o5(u) = <) ds(u—x)T,f(x)dr + - Tyy(u), u©w>0

¢

Proposition 1.5.3.1. The probability of ruin ¢ (u) satisfies the integral
equation

ALY - A [ -
vlw) = 5 [ o o)F@ds + 2 [ Fa)ds
0 u
where F(z) is the distribution function of the individual claim sizes X;.

Proof. For § = 0 and w(z,y) = 1, the Gerber-Shiu function is reduced
to the probability of ruin, i.e. ¢g(u) = 1(u). Regarding the root p = p(9), it
has been mentioned that p = p(0) = 0. The second property of Dickson-Hipp
operator implies



1.5. GERBER-SHIU FUNCTION 39

Tof(x ‘/ f(y)dy = F(z)

Moreover, using the definition (1.5) of v(x), they can be estimated

WW%=/mew—UV@Myz/meMyZFW)

Toy(u) = /uoo ~y(x)dx = /uoo F(r)dx

So, from (1.9) it can be derived

/¢ux v)dr + )\/:OF(x)dm

and

o

1.5.4 The defective renewal equation satisfied by Gerber-
Shiu function

Lin and Willmot (1999) use the definition of equilibrium distribution func-

tion F, which simplifies the calculations in our study.

Definition 1.5.4.1. The equilibrium function of the survival function F(x)
1s defined as

It is actually a cumulative distribution function where

/ Fly
lim F(
%

Consider now the respective pmbabzlzty density function, which is defined as

felz) = %Fe(a:) = ﬁ;ﬁf), where /OOO fe(z)dz =1

Lin and Willmot (1999) convert the integral equation (1.9) satisfied by ¢s(u)
into a defective renewal equation, by defining some new quantities which fa-

cilitate the procedure. We present their work in the following Theorem
1.5.4.1.
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Theorem 1.5.4.1. The Gerber-Shiu function, ¢5(u), satisfies the defec-
tive renewal equation

1
1+¢&5

os(u) = /Ou ¢s(u —x)gs(z)dr + Hs(u), u>0 (1.11)

1+&s

where the new quantities are defined as below:

—_

5 A= 1,
:1——:—F = — Je s
> i (p) 1Jref(p)

p = p(0), the positive solution of Lundberg’s equation defined in (1.7)

g3(a) = (14 &) 2 T, f(@) = 1212

F(p)
° G’g(ﬂf) — Tﬂﬁp(x)
F(p)
o Hy(u) = (1+6) 2 Tyy(u) = 220
¢ F(p)

Proof. In this proof we are going to define new functions which will be
applied in (1.9) and they will give the (1.11). Firstly, consider

A

A1) = 2(2) (1.12)
Integrating Z(x) implies
o0 A [ A [ A a
/0 Z(x)dzr = C/o T,f(x)dr = C/o e T, f(z)dr = ETpf(O)
_ A0 - flp)
¢ p—0
resulting to
> _ A 1=f)
/0 Z(z)dx = p [p] (1.13)

As p satisfies Lundberg’s equation, we obtain
Atd—cp=A(p) = A1~ f(p)) =cp—5

Consequently, (1.13) can be written as
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The above integral will be denoted, from now on, by

1 o
= / Z(z)de =1— 0 (1.14)
1+&  Jo cp
Using (1.14), as well as the concept of equilibrium function, we define
/ Z(y)dy 1 z
Gil) = P = | | 2wy
/ Z(y)dy / Z(y)dy | °°
0 0
ie. -
Gola) = (1+6) [ 2@y (115)
0
This is considered as a distribution function where le Gs(x) = 1 and

G5(0) = 0. The respective probability density function is

0(@) = () = D = | e | 2(a)
/0 Z(y)dy /0 Z(y)dy
Thus,
95(z) = (1 + &) Z () (1.16)
Finally, let
Hs(z) = (1+ fé)iTp’Y(iv) (1.17)

Applying firstly (1.12) in (1.9) yields

/%U—w )dx+)\ Tpry(u)

Then, substituting (1.16) and (1.17) leads to the desirable result

| ot = 2)aste)da + - Hstu)

Po(u) = 1+ &5

Now, they will be proven some further mathematical expressions for 1 , gs(x),

_ +&
the survival function G§(x) and Hs(u). We have that

Pls) = /0 " e P ) /0 h (—e;sm)F(a:)dx
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Using the second and third property of Dickson-Hipp operator gives as well

A ~

F(a) = Tof(a) = F(s) = Tof(s) = T ZTO i - 1270

S

The Laplace transform of the equilibrium function is equal to

e [T _[C e F @, F(s)
fe(s)_/o ‘ femdx_/o € =,

From (1.13) and (1.14) we obtain

L, 0 _x1=f(p _

el LT Flp) (1.18)

Q\y

Using the definition of security loading factor 6, we have

A 1
=1+ My = — = ———
T ()
and through it we conclude to
T L VAT (1.19)

1+& 1460 pu 146

From the definitions in (1.12), (1.16) and (1.18), gs(x) can be written as

F(P) / e PYF(y)dy
0

In the following proposition, we will use the form of

Tpif(w)
F(p)

gs(x) = (1 +&5)Z(x) = (1+§5) T,f(x) =

g9s(x) = (1.20)

Meanwhile, two more properties of Dickson-Hipp operator 7T, f(x) are going
to be used, namely

i. Using the 4th property of Dickson-Hipp operator, it can be estimated
Trf(x) B TOf(:E)

/OOTTf(t)dt = W /OO e f(t)dt = Ty, f(z) = -

F(z) = T, f ()

r
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ii. Applying integration by parts in the operator T, f(z) leads to

1) = e [T ey = - [T e (R ay

= e [P, e [ —re )y

o0

= e [0—e " F(x)] —re’® / e "VF(y)dy

= F(z)—r T.F(z)
Subsequently, (i) yields

> (@) = Tpf(x)
R Y O AL
Gole) = /w gé(t)dt_/ﬂc F(p) " Flp) F(p)

F(z) —T,f(z)

pF(p)
whereas, (ii) yields
Golz) = F(x) - T,f(x) _ F(x) — [F(Ji) —p TpF’(x)} _ TPAF(x)

pF(p) PF(p) F(p)

Now, it has been proven that
1 A=
1+¢&5 - EF('O)

So, Hs(u) can be calculated by

A Ac 1 Ty (u)

H = 2 T =-__—T = £
) = S0+E)Tn0) =T 5 5 Tl =5

¢

Proposition 1.5.4.1. The probability of ruin satisfies the defective renewal
equation

1
1+9/¢ fe@)da + o7 Fe(w) w20 (121)
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Proof. Substituting 6 = 0 and w(z,y) = 1 in Gerber-Shiu function gives
the probability of ruin, i.e. ¢o(u) = 1(u). From (1.19) we have

1 1

1+ & = 110 fe(p(0))

Moreover, 6 = 0 implies that p = p(0) = 0 and

£.(0) = /0°° fo ()i = /OOO F(x)dm: /0 F(z)dx B

Consequently,

11
1+& 1+86

Taking into account the fact that

= 0=¢

FO) = [ Playds =
0
and using (1.20), we are led to

_ Tof(x) :F(x): -
= F0) o fe() (1.22)

go()
For 6 =0, (1.17) equals to

Ho(u) = (1+ &) % Toy(u)

Observing that

Toy(u) = /uoov(y)dyz/:O/yoow(y,t—y)f(t)dt dy:/:o/yoof(t)dt dy (w(z,y) =1)

= / F(y)dy
and
A 1
c=14+0)I\ = (1—1—9)2 = — where ¢ =240
H1
we receive ~
/ Fly)dy
Hy(u) = “T = Fe(u) (1.23)
1

In conclusion, substituting (1.22) and (1.23) in (1.11) implies (1.21).
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Finally, we reach the central Theorem of this chapter, which is the solution
of the defective renewal equation satisfied by ¢s(u), through a compound
geometric distribution. The Theorem 1.5.4.2, the Proposition 1.5.4.3 and
their proofs are based on Lin and Willmot (1999). Furthermore, our ana-
lytical presentation of this work is based on E. Chadjikonstantinidis (2016),
as well. This result allows us to estimate in section 1.6 the ruin probability
¥ (u) and the Laplace transform for ruin time T, when the claims X; follow
an exponential distribution.

Theorem 1.5.4.2. The solution of the defective renewal equation, which is
satisfied by Gerber-Shiu function ¢s(u) and described in Theorem 1.5.4.1, is
given by

1 [ 1
os(u) = 55/0 Hs(u — z)dKs(x) + mHg(u), u>0 (1.24)

or

1 wo_ / _
o) =~ | Rotw)Hyu = )da = S H(O)Rolw) + i), u(lz;)

where

Z 1+§5 (14-55) G, wz0

Proof. In Theorem 1.5.4.1 we have seen that Gerber-Shiu function satisfies
the defective renewal equation (1.11)

Hs(u), u>0

Ps(u) = ! /Ou ds(u — x)gs(x)dr +

14+ & 1+¢&5

In Proposition 1.4.1 we have solved the defective renewal equation through
a compound geometric distribution. So, based on it, let

M
; >
so 2 W M=zl (1.26)
0, M=0
be a compound geometric random variable, where Ks(u) is the distribution
function of S, Gs(u) is the distribution function of W; with G5(0) = 0 and
£
M ~ Geo
my +&s
equals to

). From Lemma 1.4.1(i), the survival function of S, K;(u),

Z 1+§6 <1+€5> Gy (), uz0
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Hence, regarding the solutions given by Proposition 1.4.1, if we replace ¢ =
1 _ _
5 <1, dF(z) = dGs(x), r(z) = ?&Hg(x), G(z) = Ks(z) in (1.2)
d (1.3), the solutions of ¢s(u) will be

os(u) = 1i¢ /Ou r(u—z)dKs(z) + r(u)

_ 1+£5/0u 1 Hs(u — x)dKs(z) + ! Hs(u)

&s 14+& 1+ &
1 w 1
- = /0 Hy{u = 2)dKs(a) + 1 Ho(w)
or
1 0) = 1 uo, _
os(u) = 1_@r(u)— 1T(—3pG(u)_il—g0 ; r (u—z)G(z)dx
o 1+& 1 1+& 1 _
G 144 Hs(w) - & 1+&s s(0K5(w)
1 v , _
~ ;&; /0 g Mot~ ) Ks(a)d
1 1 _ 1 u _
= Hs(u) — ~Hs(0)Ks(u) — —~ [ Hs(u—z)Ks(x)dx

o

Proposition 1.5.4.2. Putting 6 = 0 and w(z,y) = 1, from Theorem
1.5.4.2, we obtain the solution of the defective remewal equation satisfied
by the ruin probability v (u) i.e.

W(u) = ;/Ou Fu(u — 2)dEKo(x) + 1ieﬁe(u), w>0 (1.27)
Y(w) = /Ou Ro(e) FL(u—2)dz — 5 Fo(0)Ro(u) + 5Fu(u), u>0 (1.28)
where

7% G 9 1 " kN
Ko(u) = Z 150 (1_|_0> FMu), uw=>0
n=1

Proof. It is a direct result from Theorem 1.5.4.2, considering §o = 0, (1.22)
with go(z) = fe(r) = Go(x) = Fe(x) and (1.23) with Ho(u) = Fe(u).
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%

Proposition 1.5.4.3. When w(z,y) = 1, the Laplace transform for the
time of ruin T is equal to the survival function Ks(u) of the compound
geometric distribution defined in (1.26), i.e.

Ks(u) = E |e°TI(T < 00)|U(0) = u| = ¢s(u) (1.29)

Remark. If 6 =0 as well, the probability of ruin will be
W(u) = Ko(u)

Proof. Consider, once more, the compound geometric distribution S defined
in (1.26) and the replacements taken place in the above proof in order for
Proposition 1.4.1 to be used. Regarding the property (iv) in Lemma 1.4.1,
the Laplace transform of Kj(u) equals to

Ris(s) = g Ko(o)ans) + 10

The inverse Laplace transform yields

— 1

1
Ks(u) = 176

: +£6(‘;(5(16), u>0  (1.30)

| Rstu-s)gs(ardo +

Now, we have seen that the Gerber-Shiu function ¢s(u), for w(z,y) = 1, is
reduced to the Laplace transform of the time of ruin T. So,

o) = [ wtey - iy = [ f)ay = Fa)
and

ty(u) = 220 _BEW _g

F(p) F(p)

Substituting the above in (1.11) implies

b5(u) = — /quba(u—x)ga(ﬁv)der

Gs(u) (1.31)

1+&s 1+¢&s

From (1.30) and (1.31) we conclude to the proof, i.e. Ks(u) = ¢s(u) when
w(z,y) = 1.

Now, considering w(z,y) =1 and § = 0, (1.29) is reduced to
Ko(u) = E[I(T <o0)|U(0) =u] = PrT < oo|U(0) = u] = (u)

We have seen that 6 =0 = p =10, so {§x = 0 and
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. Py
Go(x) = TOF( / = e(x)

F(0) /F

Briefly, the probability of ruin t(u) is the survival function Ko(u) of a
compound geometric random variable,

I YL, K=>1

&o
1+ &o

where Go(u) = Fe(u) is the distribution function of L; and K ~ Geom(

Geom( ).

1+6

1.6 Exponential Claims

At this point, we are going to apply our study in exponential claims pro-
viding explicit formulas for the root of Lundberg’s equation, the ruin prob-
ability, the Laplace transform of ruin time and the Gerber-Shiu function.
Moreover, by solving a numerical example we present the respective results
for the aforementioned quantities.

Proposition 1.6.1. Let N(t) be the number of claims in [0,t], which follows
a Poisson process with mean A > 0, c the premium rate per unit time, 0 the
security loading factor and § the force of interest If the size of claims X;
follows an Ezxponential distribution with mean ﬁ > 0, we will have

I B
1+&  (1+60)(B+p)

ii. gs(x) = e

iii. Gs(x) = e P*

1.

_ +(B+p)
ﬂ 8 (ﬂ p)o

. Ks(x) = T 56 m +0)(8+p) *

1 80
1+6° ’

v. The probability of ruin equals to ¥ (u) =

Moreover, let w(x,y) = e PY be the penalty function and p the root of Lund-
berg’s equation. Then,

) =
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vi. To be calculated an analytical expression for the root p
vit. To be found the Gerber-Shiu function
Proof. As X ~ Exp(f), we have
fle) = B, Fla)=e 8, f(s)= 0 Mx()= " 1<p

B+s B—t
and
N oo —(B+s)x o0 1
F(s) = / e e By = -5 =
0 ,B + s 2=0 ﬂ +s
As far as the equilibrium function is concerned, we have
F(z) eP® B
=gy =1 =
B

which is the probability density function of Exp(3). So,

Fu(e) =" and fi(s) = 7

Moreover, the following Dickson-Hipp operators will be needed
o0 o0
W Tfa) = o [ iy =em [ ey
X xr
o0

e—(p+B)y

- epa:/ooe—(pﬂ%)yd — BePT | —
’ > =0 p+p

y=x
e~ (ptB)z B Be—Pz

= px =
e p+08 B+p

(2) T,F(x) = ep“/’/ e_pyF(y)dy:ep‘v/ e Pe PYdy

o

e—(p+B)y
p+B

(o.)
- epx/ e—(p+ﬁ)ydy:epx
xX

e (p+pB)x e_ﬁx

p+B Bty

Consequently, if p is the positive root of Lundberg’s equation, we will have

— ePT

N ) —
YT 1407 T 108+, A+0)(B+p)
& I B _ pt+(B+p)

16 116 000G rs) 1+0B 1
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Be=Ps
.. T
11. g(;(x) = ’if(x) — 5_1'_10 :Be—ﬁw ,
Flp)  ——
B+p
which is the density function of Exp(/3)
e P
o T,F
111. G(;(],‘) = pﬁ (x) = 5 _]‘j p — e_Br
Fl) L
B+p

which is the survival function of Exp(f)

iv. It has been proven that Ks(x) is the survival function of a compound
geometric random variable S,

M
g D Wi M=
=1

0, M=0

where Gs(x) is the distribution function of W; with G5(0) = 0 and

M ~ Geom( d ). From Lemma 1.4.2, if we substitute
1+&s
& 1
Py T TP Iy
and

it is obtained

Ri(r) =g Fr(r) = - j&ﬁy(x) (1.32)
where
_ pMw(t)
My () = 1—¢q J\W//fw(t)

In (iii.) we have seen that G5(z) = e=#%, which implies W ~ Exp(8) =

MW(t):ﬁ, t < 3. Hence,
p B
. pMw(®) T -t pp _pp
WO = M T, B (-0t Bt
153

As a result, Y ~ Exp(pf) which implies
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Fy(z) = e Fr®

Substituting them in (1.32), we obtain

v : - 1 -8GE)e
Ks(z) =q Fy(z) = qe PP = e =
s(x)=qFy(x)=qe 1+56e
Rs() b B (1.33)
s(z) = ————¢ P .
(1+60)(B+p)

v. From Proposition 1.5.4.3, the probability of ruin is given by Ks(u)
when § = 0. Then, we have p = 0, as well. So, from (1.33) we obtain
that 1 s

P(u) = Ko(u) = me_mu Vu>0 (1.34)

Comment. We are led to the same result for ¢(u) as above, by
using the formula (1.28) of Proposition 1.5.4.2. Indeed, substituting

F.(x) = e % and Ky(u) =

36
e 1+0" in (1.28) implies

1+06
1 [ - _, 1_ _ 1-
Y(u) = —9/ Ko(x)Fe(u—:v)dac—gFe(O)Ko(u)—i—a e(u)
0
1 [ 1 50 1_ 1
- = —B(u—x) —==x . - _—Bu
0/0 Be 150 °¢ 1407 dx 9KO(U)+96
b6 / (o~ )7z — Lo + Leb
= u _ 7K - U
aara J, ¢ A ghaltge
B8 /u (Fo)egy — LR L8
= u _ 7K - U
o) J, O glolu) T ge
= b —pu [M e(%)xr — 1f_(o(u) + 1e_f’)“
0(1+6) B a=0 0 0
1 R 1 1
= 56_6“ [e(1+9) — 1} — éKO(U)'f‘ 56 Bu
_ %e—(%)“ _ %R’O(u)
1 _ 1.
= 5 (1+0) Ko(u) — 5Ko(u)
= Ko(u)

vi. Solving the Lundberg’s equation with respect to s yields
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B
B—i—s:

AB+8)+0(B+s)—cs(B+s) =A==

I(s) = Af(s) = A+6—cs =\

cs?+(cB—-0-N)s—68=0

This is a quadratic equation of s, so the two algebraic solutions are
given by

—(cﬁ—&—A)j:\/(cﬁ—é—)\)2+4cc5ﬁ
2c

512 = (1.35)

The positive one is the root p whereas, by putting é = 0 the negative
one is the adjustment coefficient R (at absolute value).

vii. Firstly, we should calculate the Hs(u) provided that w(x,y) = e Y.
So,

Ty(u) = ef* e Py(z)dr = e e P* w(z,y —x)f(y)dy dz
p

= eP“/ e”x/ e PW=2) g P dy dx

0o oo 00 —(p+B)y ™
= [ef e~ PPy dr = ep“/ S dx
’ /u /x i ’ u p+B |
y=x
_ gem /00 e—(pt+B)z gy 8 o _e—(p+6)m *
w PTB B+p A

_ /8 epu ef(p"'ﬁ)u _ 6€7ﬁu
B+p p+B (p+B)?

Consequently,
Be b
Ty(u) _ (p+B)2 _ Be P
H, = £ = -
a(u) F(p) 1 B+p
B+p

In order to find the Gerber-Shiu function, we will use the solution
(1.25) in Theorem 1.5.4.2, i.e.

1

1 v / _ 1
b5(u) = —56/0 Ris(u=a) Hy(a)do— = Hs(0) Ka(u) +-¢-Hs(u) (1.30)

To facilitate the procedure, we denote



1.6. EXPONENTIAL CLAIMS 53

&s
= and 1 —¢p=
LA L
So,
- L —B()e B
Ks(z) = —¢ "'1467" = pe=Bll-p)z
5(2) = 7 s v
We are going to estimate separately the components of (1.36). Thus,
’ ﬁ2€_ﬁx /B
H(z) = — and Hs(0) = ——
@) = 0=51

and
u ” 2 —fa
Ks(u — z)Hs(z)dz = / e~ P1—¢)(u—1) _ﬁ € dr
| Kstw—oymi@ar = [ Qi

2 u
_ _£¥i>¢e—6u—wﬁtj[ Bz —Br g
p 0

52 U
= - ()06_/8(1_90)“ / e_lﬂpxdx
0

B+p
B sa- 1/” -
= - e Plu___ e PPy
B+p Be Jo e
B eBl—gpu L (1 _ -
= _ e Plu_— (1 — g—Byu
B+p” ﬁw( )
B -sa- -
= — e Plu(] — ¢—Beu
B+p ( )
B _su- B _
= — e QO)'U/ _|_ e Bu
B+p B+p
As a result, (1.36) is written as
1 B - B 1 B _B(1—
u frnd —_— | ——e 5(1 cp)u + —e ﬁu - — e B(l SO)I
AT B+p &P+
15
& B+p
_ 1 B s L B g L B s
&B+p &B+p &B+p
15

& B+p
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NS SO BN 1¢ v P < S S e ¢ L
ds(u) = (1 ¢)£5B+Pe i _1+€5€55+P6 b

1
d ———, we finally obtain

L &s
Substitutin an
116 1+ &

B B 5 —5( i’ié“p);f )u
%wy_ﬂ+pﬁﬂﬂﬂﬁ+me e (1.37)

¢

Example 1.6.1. We assume that the mean of Poisson process is A = 4,
the premium rate ¢ = 2, the force of interest § = 1, X ~ FExp(3) and the

penalty function w(x,y) = e~ PY, where p is the root of Lundberg’s equation.
They are going to be calculated

i. the root p of Lundberg’s equation and we will give a graph depiction of
it. Furthermore, it will be presented by a graph the fact that p = p(0)
s an increasing function of &

i1. the Laplace transform for the time of ruin T
i1, the probability of ruin
w. the Gerber-Shiu function

Solution. According to the data we have

fa) =37, =2, fs)

3
and My (t) = t<3

T 3+s T3¢

Firstly, it is observed that the net profit condition is satisfied

4
=2>-=A
c 3 M1

The security loading factor is equal to

1
g ¢ 1.1
)\[Ll 2

Using the formula (1.35) for the root p yields

5 _—(06—6—)\)+\/(cﬁ—é—)\)2+4c65_1
1= =
2c

—(05—6—)\)—\/(cﬁ—é—)\)2+40(56:

S9 =
2c

—-1.5
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10¢

I(s)

—  AxL(f)(9

Figure 1.7: The root p

The positive one is the root of Lundberg’s equation, so p = 1. The Figure
1.7 of I(s) = A+6—cs and Af(s) depicts this solution. Remark that if § = 0,
we will obtain the adjustment coefficient R, which is the negative solution
(at absolute value) between the above formulas. Thus, for 6 = 0 we have

(B-N+ VB _ | ~eB-X-VEBAP_

2c 2c

S1 =

So, R = 1. The same result for R is given by solving the equation

3 31

Furthermore, considering the root p as function of §, we have

(B =06-N+(cB—0-N2+4c6B —(2—06)+/(2—6)>+240
p(0) = 90 = 1

and its developing over § can be observed in Figure 1.8, verifying that it
is an increasing function of 4.

G

—  p©®

[l N w » ol () ~N
T T T T T T

10

o
N
~F
(=]
[ee]

Figure 1.8: The increase of p(0)

In Proposition 1.5.4.3, we have proven that the Laplace transform for the
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time of ruin T is equal to Ks(u), which is given by the formula (1.33). Thus,
in our exercise we have

Ks(x) = B sEEHEET _ g5 et
(1+6)(8 + p)

In Figure 1.9 we can observe that Ks(u) has a decreasing drift to 0, while
the initial surplus u increases.

101

08

— tal of K
ol all of K(u)

Figure 1.9: The Laplace transform of T

Regarding the same Proposition 1.5.4.3 and the formula (1.34), the proba-
bility of ruin is given by
_ 1 80 2
?/)(U):KO(U):ileee_mu:ge_“ Vu>0
Its developing, while initial surplus u increases, is depicted by Figure 1.10.
Remark that it is

Y(u) =9(0) e ™ Vu>0

Y(u)

0.8
— Y

0.6+

0.4r

021

0.0 0.5 10 15 20 25 3.0

Figure 1.10: The probability of ruin ¢ (u)

Comment. We are led to the same result for ¢ (u) using the formula (1.28)
of Proposition 1.5.4.2, as we have already proven.

Finally, the Gerber-Shiu function is given by the formula (1.37), i.e.
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__# B -8(dein ) ~Lsu
K E AT (A" = 0ams

and Figure 1.11 depicts its movement according to the values of the initial
surplus u.

()
10

081

— @)
06

0.4r

‘ ‘ : .

0.0 05 10 15 20 25 3.0

Figure 1.11: The Gerber-Shiu function ¢s(u)

Remark 1.6.1. We are going to present the Laplace transform, Ks(x), of
ruin time T and the Gerber-Shiu function, ¢s(u), for four different values of
the discounting interest force &, namely for 61 = 0.2, o = 0.6, §3 =1, J4 =
1.5.

Solution. All the necessary calculations have been conducted in Mathe-
matica program, so we will give only the final results by explaining briefly

the following steps. Firstly, solving the Lundberg’s fundamental equation
(1.7),

A+6;—cs = Af(s)
yields the following roots p for each é;, i =1, 2, 3, 4,
(0.258872, 67 =0.2
0.661187, 62 =0.6

1, by =1

1.3802, 5,=15

Substituting them in (1.33), we obtain the corresponding forms of the Laplace
transform, Ks(u), of ruin time T, namely
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Rolo) B -onigte
=Y Ri—
T T+ 0)B+p) ¢

0.613709¢ 115887
0.546271¢~1-361192
0.5¢~1:5%

0.45666_1'6302“7:

10

0.8 _

0.6 -

tail of K(u): 6 =0.2
tail of K(u): 6 =0.6
tail of K(u):6=1

tail of K(u): 6 = 1.5

Figure 1.12: The Laplace

transform of T

01 =0.2
02 = 0.6
03 =1

g =15

It can be observed in Figure 1.12 that the greater values received by the dis-
counting interest force &, the less the Laplace transform Kj(u) is, which is a
completely reasonable result considering the role of the discounting factor.
Finally, regarding the Gerber-Shiu function ¢s(u), from (1.37) we obtain

e

%) = G, T 0BT

+(B+p)0
B P —B( &SR

Ju _

0.375e~1-5%

0.564959¢~119887u 5, — 0.2

0.447618¢~ 136119 5, — 0.6

03 =1

[ 0.312726¢~1:6302¢ dy=15

where, as far as the discounting interest force 4 is concerned, ¢s(u) appears

the same tendency with Kj(z), which is depicted by Figure 1.13.
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o — pw:6=02
10p —  pu:0=06
08l — eu:0=1
06l — e(w:6=15
04 :\\

il :
00 o5 10 15 20 25 30"

Figure 1.13: The Gerber-Shiu function ¢s(u)

59
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1.6.1 Code of Mathematica

In Example 1.6.1 the calculations and the graphs have been developed in
Mathematica. In purpose of offering a better monitoring of this work, we

include the respective code.

c =2
d =1
I = 4
fIx_] = 3xExp[-3*X]

nm = Integrate[x =f [x], {x, O, Infinity}]
Lapl O f [s_] = Lapl aceTransform[f [x], X, S]
Moment OfFf [t _] = Integrate[Exp[x =t ] *f [X],
b=1/nl

c >l xm

True

theta = (c/ (I »ml)) -1

1

2
NSolve[l +d - c*x - | «Lapl OFf [x] =0, X]

{{x>-1.5}, {x->1.}}

{x, 0, Infinity},

rootl =

root2 =

1.

-1.5

NSol ve[Monment OFf [t] = (1 + (1 + theta) sl xt), t]

Solve[l - c*x - 1| xLapl Of [x] =0, x]

root1d0 = (-(cxb - 1) + Sgrt[((cxb -1)72)])/ (2%c) // N

r oot 2d0

{{t >1.}, {t >0.}}
{{x=>-1}, {x->0}}
0.
-1.

(-(cxb - 1) - Sgrt[((c*b -1)"2)])/ (2=%c) // N

Figure 1.14: Example 1.6.1, (i), Code 1/6

Assunptions - t

(-(cxb -d-1) + Sgrt[((c*b -d -1)"2) +4xc*xd=*xb])/ (2%xc) // N
(-(cxb -d-1) -Sgrt[((cxb -d-1)"2) + 4xc*xd=xb])/ (2xc) // N

< 3]



1.6. EXPONENTIAL CLAIMS 61

root[y_1 = (-(cxb -y -1) + Sqrt[((c*b -y -1)"2) + 4xc*y=xb])/ (2*C)

1

- (—2+y+\/(2—y)2+24y
4

lun[x_] =1 +d -c=xXx
5-2x
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Figure 1.15: Example 1.6.1, (i), Code 2/6



62 CHAPTER 1. THE CLASSICAL MODEL OF RUIN THEORY
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Figure 1.16: Example 1.6.1, (ii) & (iii), Code 3/6
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Figure 1.17: Example 1.6.1, (iv), Code 4/6
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Figure 1.18: Remark 1.6.1, Code 5/6
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Figure 1.19: Remark 1.6.1, Code 6/6
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Chapter 2

The Absolute Ruin

In this chapter, Cai (2000) adds one more feature to the suplus process.
More specifically, it is assumed that the insurer can borrow money, equal
to the deficit, at a debit interest force, whenever the surplus falls below
zero. On the other hand, the debt will be repaid by the premium revenues.
However, when the surplus attains or becomes less than a critical value,
then absolute ruin is said to happen. Our study for the absolute ruin is
conducted through the Gerber-Shiu function properly adapted for this case.
The Gerber-Shiu function at absolute ruin, as it is called, embraces many
interesting quantities, such as the absolute ruin probability, the Laplace
transform of the absolute ruin time, the surplus just before absolute ruin,
the deficit at absolute ruin, etc. Firstly, using the renewal argument and
the law of total probability, we express the integro-differential equations
satisfied by Gerber-Shiu function. Then, we derive the defective renewal
equation for the Gerber-Shiu function throughout the Laplace transform
and Dickson-Hipp operator. The solution to the defective renewal equation
is given by a compound geometric distribution. Finally, we present explicit
results for exponential claims, by estimating the absolute ruin probability
and the Laplace transform of the absolute ruin time.

Based on the work of Cai (2000), we set up all the respective initial def-
initions and notions, which are presented in the Introduction 2.1.

2.1 Introduction

In this chapter we will continue working in the classical continuous time
risk model. So, let N(t) denote the number of claims occur in [0, t] and
{N(t) : t > 0} be a Poisson process with mean A\ > 0. Moreover, {X;};; is
the sequence of the claim sizes, independent of N(t) V¢ > 0 and it consists
of independent and identical distributed nonnegative random variables with
distribution function F(x), F(0) = 0, moments

67
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= Kl = Ooxk z)dx
me= B[X4) = [t sy
and mean
,ul—E[X]—/O xf(ac)d:v—/o F(z)dx

where F(x) = 1 — F(x) is the survival function of F. The Surplus process is
denoted by U(t) = u+ct — S(t), t > 0, where u > 0 is the initial surplus, ¢
is the premium rate per unit time and S(t), ¢ > 0, is the aggregate claims
process with

N(t)
S(t) — Z_; Xi, N(t) 2 1
0, N@BH=0

By contrast to our previous study, the process does not stop when the surplus
becomes negative for the first time. However, whether the surplus falls below
0, an amount of money, equal to the deficit, could be borrowed according to
a debit interest force § > 0. Then, the debt will be repaid constantly by the
premiums. In this case, the surplus, in association with §, is symbolised by
Us(t) and satisfies

dUs(t) = [c+ 06 Us(t)I (Us(t) < 0)]dt — dS(t)

B cdt+ 6 Us(t) dt —dS(t), Us(t) <0
N cdt —dS(t), otherwise

Thus, when Us(t) < 0, the revenues gained per unit time are
c+ o0Us (t)

There is no chance for the surplus to become positive again if
c+0Us(t) < 0 <= Us(t) < —g

Consequently, —5 is a critical value for the surplus. If the surplus reaches

—5 or drops below —%, then it never becomes positive again and it is said
that absolute ruin happens.

Apart from Cai (2000), many other results and discussion related to ab-
solute ruin can be found in the actuarial literature, see for example Dassios
and Embrechts (1989), Embrechts and Schmidli (1994), Dickson and Egidio
dos Reis (1997). Furthermore, there are studies for the impact of the interest
or credit interest on positive surpluses, for instance Asmussen (2000), Cai
(2004), Cai and Dickson (2002), Sundt and Teugels (1995) and many others.

Definition 2.1.1. The absolute ruin time is denoted by Ty where
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mf{t >0: Us(t) < —g}
Ts =

0o, if Ug(t)>—§ Vi>0

In this chapter, Cai (2000) approaches the absolute ruin by using the Gerber-
Shiu function at absolute ruin, as it is defined below. His definition is based
on the classical Gerber-Shiu function (the expected discounted penalty func-
tion at ruin), which was introduced firstly by Gerber and Shiu (1997, 1998).
Applying similar arguments to the Definition 1.2.2, we can see that Gerber-
Shiu function at absolute ruin can be reduced to the absolute ruin probabil-
ity, the Laplace transform of the absolute ruin time, the surplus just before
absolute ruin, the deficit at absolute ruin, etc.

Definition 2.1.2. The Gerber-Shiu function at absolute ruin (or the ex-
pected discounted penalty function at absolute ruin) is defined by

o(u)=FE [e*“Tfsw (U(;(Té_), \Ug(T(;)D I(Ts <) | Us(0) = u]

where
S ¢
® U ——
o
o w(x,y), with 2 > —§ and y > §, is a bivariate nonnegative penalty
function

e the argument a > 0 can be seen as both, a discounting interest force
calculating the present value of the penalty function w(z,y) or as the
argument for the Laplace transform of the absolute ruin time T

e we can borrow money with debit interest force 6 > 0

e Us(Ty ) = lim Us(t) denotes the surplus just before the absolute ruin

t=Ty
and receives values in (—g, +00)
o |Us(T5)| denotes the deficit exactly at absolute ruin and always satisfies
c
Us(T5)] = 5

o [ (T5 < 00) is the indicator function of the event {75 < oo}, i.e.

1, Ts < 00

I({T5 < 00) = { 0, otherwise

Definition 2.1.3. The absolute ruin probability, which is symbolised as
vs(u), is defined by

Ys(u) = Pr[Ts < oo | Us(0) = u]
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Remark 2.1.1. Cai (2000) makes a segmentation in Gerber-Shiu function
at absolute ruin into two different parts, regarding whether or not the values
received by the initial surplus u are positive. Hence,

_ ¢+ (U), u > 0
¢(u)_{ ¢_(u), —§$<u<0
The respective absolute ruin probability obeys the same rule
_ ) y(w),  uw=0
ws(u) = { V_(u), —§<u<0

Furthermore, it is asssumed that
Jim ¢(u) = lim ¢ (u) =0 (2.1)
Remarks 2.1.2.

e Note that in the current notions and definitions the argument ¢ is the
debit interest force and not the discounting interest force, as it was in
the previous chapter. The discounting role belongs to a now.

e For a =0 and w(x,y) = 1, the Gerber-Shiu function at absolute ruin
¢(u) is reduced to the absolute ruin probability 1s(u). Indeed,

¢u) = E[I(T5 <o0) |Us(0) =]
= Pr[Ts < oo | Us(0) = uj
= s(u)

e For w(z,y) = 1, the Gerber-Shiu function at absolute ruin ¢(u) is
reduced to the Laplace transform of Ty with argument a. Indeed,

p(u) = E eI (T5 < o) | Us(0) = u
o We recall that
inf{t >0: U(t) <0}

T =
0, if Ult)>0 Vt>0

is the classical ruin time and ¢ (u) = Pr[T < oo | U(0) = u] is the
classical ruin probability. It can be observed that

x* T < T

x Py(u) <Y(u) <1 Vu>0.

Moreover, the security loading factor is defined by 6 = (A—ZJ —1 and

it is assumed that § > 0 <= ¢ > Ay (net profit condition). Under
this assumption, we have

* 0 <p(u) <Pu) <1 Vu>0

* li_>m 4 (u) =0 (because li_>m Y(u) =0 and ¥4 (u) < Y(u) )
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2.2 Integro-differential equations for ¢(u)

The integral and integro-differential equations satisfied by ¢ (u) and ¢_(u)
have been proven by Cai (2000). He uses the renewal argument by condition-
ing on the time and size of the first claim. In the following two Theorems,
we present this concept offering detailed explanations and calculations of his
methodology.

Theorem 2.2.1. Foru >0, ¢ (u) satisfies the following integro-differential
equation

o) =2, - 2| [Coru-afi+Bw| @2
where e
Bw= [ o(u-)f@ds + () (2.3)
and -
v (u) = /qug w(u,z —u)f(x)dx (2.4)

Proof. Conditioning on the time t and size x of the first claim and using
the renewal argument, the law of total probability yields

o) = [T [ outultorfe) r(tidod

= /00 Ae M /OO O4(ult,x) f(z)dzx dt
0 0

Regarding the size x of the first claim, there are three potential situations
for Gerber-Shiu function ¢4 (ult, z). Namely,

o for x < u+ct, the procedure is renewed and the initial surplus receives
the value u +ct —xz >0

o for u+ct <z <u+ct+j, the procedure is renewed, with the difference
that the initial surplus is negative, equal to u +ct —x < 0

e for x > u+ct+ 5, absolute ruin happens and the values of the surplus
just before the absolute ruin and the deficit exactly at the absolute
ruin are Us(T; ) = u + ct and Us(T5) = u + ct — x, respectively

Overall, we have
e p (u+ct—ux), x<u+ct

by (ult,z) =< e ¢_(u+ct —x), utct<z<u+tct+s

e wutct,x —u—ct), r>u+ct+§
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The first claim The first claim
Q o
0 @
1 u+cTl 1 1 — uteTd 1
o u ' o _| ;
s utcT1-X1 '/2/ z " ! "/T.
2 g | T1 S g ] TaT
" -c/d @ [ —c/d P P A
% 4 & 4 weTdx1 4 .
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30

u+cTl T+
u — X1

u+cT1-X1  + Tle
—c/d [ e

)

-30 -10 10
|

Figure 2.1: The size z; of the first claim

The above situations can be depicted by the Figure 2.1. Thus, we obtain

u—i—ct—‘r%

o] u-+ct
dy(u) = /0 Ae M [/0 e (utct—x)f(z)dr + / e (u+ct—x)f(x)dr

+ct

o
+ / e wu+ct,x —u— ct)f(x)dx| dt
u+ct+§

+ct

o0 u+ct utct+$
= / Ae~ (M)t [/ ¢4(u+ct —z)f(r)dr + / ¢—(u+ct —z)f(z)ds
0 0 U

+/ w(u+ct,x —u—ct)f(x)dx| dt
utct+§

Replacing s = u +ct = t = =% & dt = %ds, the boundaries of the
external integral are converted into u < s < +00. Hence, we are led to
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oo Ara)(s—u s s+3
bolu) = / pom BEE /0 b4 (s — o) f(x)da + / o_(s — ) f(x)da

+ /OO w(s,z — S)f(a:)dm] %ds

+5

- % [/uooe_w </08¢+(8 —:c)f(a:)dw) ds
/ e (/ Mo x)f(m)da:> ds
/ ICETIERN) (/:O w(s,x — S)f(x)d:c> ds]

Defining

o

() = / w(,y — =) f(y)dy

+5

ort) =2 [Tem= (o) a
+/u°° o- Orae=w (/SS+§¢_(3—x)f(x)dx> ds 05

o0 (A +a)(s—u)
+ / e fyg(s)ds}
u

Putting v = 0 and applying the definition (2.3) in (2.5), we obtain

¢+(0) :% _/006 e (/ P4(s — ) d5'3+/ " P (s —»’U)f(ff)da:—k’w(s)) dS]

:2—/006 e (/ b4 (5 — @) f(z)dz + B(s ))d}
Let

¢ alus) = [oss s

(2.6)
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Ata)(s—u s+5
o galuys)=c ( / ¢—(s—fc)f(x)dw)

_ (A +a)(s—u)

o g3(u,s)=e vs(s)ds

Now, (2.5) can be written as

by(u) = A {/uoo 91(u, s)ds + /OO g2(u, s)ds + /OO 93(u, S)] (2.7)

& u u

Differentiating each term of (2.7) separately, with respect to u, we obtain
d o0 oo d
+ g1(u,s)ds | = —gi(u,u)+ o (91(u,s))ds
= [ o=@

+/u°° (AJCF“> (- talemn) (/0 6. (s —a:)f(z)dx) ds

:—/Oum(u—x)f(x)dx y AT me(u,s)ds

& </u°° 92(u, 8)d8> = —g2(u,u) + /uoo dii (g2(u, s)) ds

-/ " g (u a) e

) ([ e

ut$ a o0
= —/u ¢—(u—x)f(x)de + )\Jcr /u g2(u, s)ds

& (/uoo 93(u, 3)d8> = —gs(u,u) + /uoo C% (93(u, s))ds

XN+ a) O+
= st + [ < ) G (s)ds

Cc

Ata [
= —vs(u) + / g3(u, s)ds

c
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Differentiating (2.7) in total, with respect to u, and substituting the above
results, we obtain

Ata
¢, (u) =

-2 / " gu(u, 5)ds — / " (w2 (@)

/ O (u—x)f(x)dr +

A+a o0 A+a e
+— /gz(u,S)ds—%(u)Jr . /93(u78)d5}

A
c

/¢+ u—x) )dw—/+§¢—(U--’If)f($)dw—’ya(w]

+)\4C—a [i\ [/uoogl(u,s)ds+/uoogg(u,s)ds—i—/uoogs(uas)ds] ]

a uts
AT —[/ b (u — 2) f()dx + / ¢—(u—w)f($)dw+'75(U)]

Having defined in (2.3)

we are led exactly to the desirable result

¢+( ") = A+a

os0) = 2| [Mostu ) @)t + Blw)

o

Theorem 2.2.2. For —§ < u < 0, ¢_(u) satisfies the following integro-
differential equation

’ )\+CL )\
¢—(u) = ou+c o-(u) ~ ou+c

ut$
/0 b (u— ) f(x)dz + ’Yé(u)] (2.8)

Proof. Let —§ < u < 0. Then, the surplus Us(t) is depended on the debit
interest force 6. Let tg be the first time that the negative surplus becomes
zero, provided that there is no claim in [0, tg]. Furthermore, we assume that
h(t,u), t < to depicts the values of the surplus, provided that there is no
claim in [0, t]. As a result, h(tg,u) =0, h(t,u) <0Vt <ty and h(0,u) =u
(the initial surplus). It always holds that

ot _
h(t7 U) = ue6t +c |:661:|
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Solving the equation A(t,u) = 0 with respect to t, we receive the value of

to, i.e.
%
c
to =1
0 n<5u+c)

Conditioning on the time t and size x of the first claim and using the renewal
argument, the law of total probability yields

o-w = [7 [ o ltars@yniednd:

= /Oo e M /OO ¢ (ult, ) f(z)dx dt
0 0

According to the arrival time t of the first claim, two possible cases can be
detected; the first claim happening either before or after the time ¢3. Taking
into consideration the size x of the first claim as well, we obtain five situa-
tions in total. Namely,

(I.) For ¢ < to

* if @ < h(t,u) + §, the procedure will be renewed, with initial surplus
equal to h(t,u) —z <0

* if 2 > h(t,u) + §, absolute ruin will happen and the values of the sur-
plus just before the absolute ruin and the deficit exactly at the absolute
ruin will be Us(T") = h(t,u) and Us(T5) = h(t,u) — x, respectively

So, we can write for ¢_(ult,z) that

e ¢_(h(t,u) — z), r < h(t,u) +§

o (u‘ta x) =
e~ w(h(t,u), * — h(t,u)), x> h(t,u)+

>0

(IL.) For ¢ > tg

« if x < ¢(t — tp), the procedure will be renewed, with positive initial
surplus equal to ¢(t — ty) — x

* if e(t —tg) < x < c(t —to) + §, the procedure will be renewed, with
negative initial surplus equal to ¢(t — tg) — x

* if & > ¢(t — to) + §, absolute ruin will happen and the values of the
surplus just before the absolute ruin and the deficit exactly at the
absolute ruin will be Us(Ty ) = ¢(t — to) and Us(T5) = c(t — to) — z,
respectively
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So, we can write for ¢_(ult,z) that
e %y (c(t —to) — @), x < c(t—to)
d_(ult,x) = ¢ e %p_(c(t —to) — @), c(t —to) <z <c(t—to) +§

€7atw(c(t — to), T — C(t - t(])), x> C(t — to) + %
The above results could be illustrated by the Figures 2.2 & 2.3.

The first claim The first claim
o o |
- —
T1 TO Td  TO
o (=}
° h(TLu) + o ° h(Tdu) + o
S 4 : S 4 :
! X1 ! :
5 u | g u |
§ o MTLuyx1 ¢ ° S '
X1
8 Y R B 8 4 PR DU
o o | NTdu)x1 + e
§ 1 §
T T T T T T T T
-4 -2 0 2 4 -4 -2 0 2 4

Figure 2.2: The first claim (1/2)

Applying the above possible situations in ¢_(u) leads to

to h(t,u)+$
o_(u) = /0 e M [/0 e o_(h(t,u) — x)f(x)dx

+ e w(h(t,u), x — h(t,u))f(z)dr| dt
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The first claim The first claim
1 or1-10) 4+ 7/ T cTd-T0) +
[ , o '
« c(Tl—TO)—Xl--T/ « T/
e o L o ‘
=] =) 1
i ue T i ue Tdxa
° —cld [---------- o e I EEEEEEEEEE
T 7 T e(rd-To)-x1+ .
T T T T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
t t
The first claim
7 e(Tt1-T0) +
& A T/ X1
% o

o(T1-TO-X1{ ~ Tie
-cld f----------

-40
1

Figure 2.3: The first claim (2/2)

c

0 (tu) K
— /t Ne~ (A ta)t [/ht i d—(h(t,u) —x)f(x)dx
0 0

+/h w(h(t,u), z — h(t, u))f(x)d:c] dt

o) c(t—t())
+ /t Ae~(AFa)t /O by (c(t —to) — z) f(z)dx

e(t—to)+<
+ / ¢—(c(t —to) — ) f(z)dz + ys(c(t — to))] di
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(I) Putting y = h(t, ) in the first definite integral, with boundaries 0 < ¢ <
to, we have the following transformations:

5t
y = h(t,u) :>y:u65t+c{e ]:>5y:5ue5t+ce5t_cz>€5t:5y+c
ou+c
5 3
:>t:ln< y—i—c)
ou+c
1
Yy = h(t,U) — dy = dhc(;;w dt = (5U + C)e(st dt = (5u + 0)66 1“(?52)3 dt
~Guto) (N d = oyt o) at
N ou+c =%

Consequently,

dt = (8y + )~ dy

Having defined h(0,u) = u and h(tg,u) = 0, the boundaries of integration
are converted from 0 < t < tg to u < y < 0. Finally, in order to facilitate
the calculations we count separately the following term:

syte\F Sy+e\ A 2
ytc ¢ <
et o~(Ora) In(§52)5 _ (53 - C) = (By+¢) 5 (Buto) T

(IT) Putting z = ¢(t — tp) in the second definite integral, with boundaries
to <t < 0o, we have the following transformations:

z=c(t—ty) = dz=cdt = dt = c ' dz

t 5
z:c(t—to):>tzz+c°—Z+t0:>tzz+1n( ¢ )
c c ou+c

C

(Ata)t

The new boundaries are 0 < z < oo and the term e~ equals:

c

1
s [En(e) | |z k) ()

o=

e*()ri*a)t —e

Ata

= ¢~ (Ma)g <5 C+ ) ’ — o~ Ota)E 2 (5u+c)%
u+c

Substituting the above findings in (2.9), we obtain
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0 y+3
¢—(u) =/ By +¢) 75 (Bu+0) 7 Gy + o) [/0 ¢—(y — @) f(2)dz +75(y) | dy

+/mk*“@ -
0

+ /ZJF(S ¢—(z —x)f(x)dx + ’Y&(z)] dz

F (Sut o) o U b4 (2 — o) f(2)dz

0 Xta +5
:/ A (Ou+e) 5 (Oy+o)7" [/ )f(x )dx+76(y)] dy
= e 1A ()2 (z —2) T 2)| dz
o [T 2| [0 - 0 (@)as + B3]
(2.10)

For u — 07, we receive
$p_(0—) = /0 e~ (Fa)g [/0 di(z—x)f(x)dx + B(z)] dz  (2.11)

where ¢_(0—) = lim ¢_(u).

u—0~

From (2.6) and (2.11), we point out the boundary condition of

$+(0) = ¢_(0-) (2.12)
Let
Ata yts
9(y) = By+c) 7 [/ ¢—(y — x) f(x)dx + ’Ya(y)]
0
and

I—/ 15 ()t [/ O4(z—1x) )dw—i—B(z)] dz €R
0

Hence, (2.10) can be written as

Ata

Ata 0
d—(u) =X (0u+ce) s / gy)dy+ X (ou+c) s I (%)

Differentiating the (%), with respect to u, leads to
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¢ (u) :AA;“@ + ) (Gut o) 15/ Dy + A (6u + )5 (—g(u)
At Gt ) Gut o)t ol
0
= Ata {A(éu—kc)%/ g(y)dy—k)\(éu—i-c)% I]
du+c u

_Ata
1 F]

ut$
=X (du+ c) 5 (ou+c)” !/0 ¢—(u—2z)f(x)dx + ’y(s(u)]

Taking into consideration the expression for ¢_(u) in (*), we conclude to
what we want to prove,

b= 2w - A [ o %(U)]
¢
Remark 2.2.1. It always holds that
¢, (0) =¢_(0-) (2.13)
Indeed, substituting uw = 0 in (2.2) yields
Sl0) =22, 0) - 2B(0)
_)\—i—a / P ( d:v+75(0)]
whereas, for u — 07, (2.8) leads to the same result as above, i.e.
¢l_(0_)=)\ta -(0™ —[/ o ( dx+75(0)]
which are identical, because of (2.12), where ¢4 (0) = ¢_(07).
¢

2.3 Defective Renewal Equation for ¢, (u)

2.3.1 Integral Equation for ¢, (u)

The integral equation for ¢ (u) in Proposition 2.3.1.1 is based on Gerber
and Shiu (1998), whereas its transformation into a defective renewal equa-
tion in Theorem 2.3.1.1 is based on Lin and Willmot (1999). This equation
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is going to be solved in the subsection 2.3.2. Moreover, the following steps
and methodology appear similarities to those in subsections 1.5.3 and 1.5.4,
with the difference that now the calculations consist of the term ¢_(u), as
well.

Proposition 2.3.1.1. For u > 0 the Gerber-Shiu function ¢(u) = ¢ (u)
satisfies the following integral equation

o0 =2 [Coru-0) L@ o+ 2TBw) (20

o0
where p is the positive root of Lundberg’s equation and T, f(x) = / e_r(y_w)f(y)dy
is the Dickson-Hipp operator defined in Chapter 1. ‘

Proof. For u > 0, multiplying (2.2) by ¢, it is received

) = O+ () = 3| [ outua) )t + B(w)

Applying the Laplace transform and following the same methodology used
in Therorem 1.5.3.1, it is obtained

C/OOO e_srqb;(x)d:z = (Ata) /000 e oy (x)dr

_ [/ (/ i (x — ) f(y)d >dac+/oooe_st(x)dx}:>

¢ |5 d+(s) = 6+(0)] = A+ ) (5) - A B(s) =
s = (A ) + Af(5)] 4 (5) = € 61.(0) = AB(s) =

oo coi(0)=AB(s) _ AB(s)—c$:(0) _ P(s)
P+(5) = cs — (AN +a) + Af(s) a (A+a) —cs — Af(s) -~ Qs) (215)

It can be observed that the denominator of (2.15) is the Lundberg’s funda-
mental equation which has a unique positive root defined as p = p(a) > 0.
Thus, it holds Q(p) = 0 = P(p) = 0, because of ¢, (s) < co. Now, we
rewrite the numerator and denominator using the 3rd property of Dickson-
Hipp operator in Definition 1.3.1:
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« P(p)=0 = cé4(0

= (s—p) [e= AT,/ (s)]
Substituting them in (2.15) we have that

. A(s — p) T,B(s) AT,B(s)
oi(s) = - = <
+(s) (s —p) |:C—)\Tpf(s):| c—)\Tpf(S) -

Biels) =2 Bils) Tpf(s) + 2 1

Applying the inverse Laplace transform leads to
ALY A
d4(u) = <), ¢y(u—2x) T, f(x) de + - T,B(u)

¢

Corollary 2.3.1.1. For u > 0 the absolute ruin probability v¥s(u) = 14 (u)
satisfies the integral equation

o0

Yilu) =2 /0 () Fa) de + / B(y)dy (2.16)

Proof. It has been mentioned that by substituting a = 0 and w(z,y) = 1,

the Gerber-Shiu function ¢4 (u) is reduced to the absolute ruin probability
¥+ (u). Furthermore, we have proven in Chapter 1 that for a = 0, it holds
p = p(a) = p(0) = 0. Hence,
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T,f(z) = Tof( / fy)dy = F(z)

T,B(u) = TyB(u) = / B(y)dy

Consequently, under this scope, (2.14) leads to

/¢+u—x dx—l—/B
¢

Theorem 2.3.1.1. For u > 0 the Gerber-Shiu function ¢(u) = ¢ (u)
satisfies the following defective renewal equation

1+€a / ¢+ )dl’ +

where the new quantities are defined as below:

¢4 (u) = H,(u) (2.17)

1+&

1 A2
d l_i_ga:EF(P):mfe(P)
Tpf ()
® gu(z) = i
! F(p)
- T,F(z)
o Go(z) = &
(p)
° Ha(u) — TPAB(U)
F(p)

in which, f.(z) = LF.(z) and F.(x) is the equilibrium function of the sur-
vival function F(z) defined in Definition 1.5.4.1.

Proof. In the Theorem 1.5.4.1 we have already defined the above functions
using as indicator the discounting interest force 6. Now, this indicator will
be replaced by a, because § represents the debit interest force in this chap-
ter, whereas a plays the role of the discounting interest force. So, avoiding
further details, which can be found in the Theorem 1.5.4.1, we recall some
results:

. Z(:c):%Tpf(a:) and 1+1§a=/(JOOZ(x)d %ﬁ()

1+9ﬁm)
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d A
® 9a(2) = o Galz) = (1 +&)Z(2) = — (1+&) Tpf(z) = —
x c F
By contrast, the only difference is in the definition of H,(u), where

- Ssermana - () - T2

)
Applying the corresponding substitutions in (2.14), we obtain

b (o /UMu—@Apﬂﬁm+ATB<>

(x)dx + 1+£aH a(u)
¢
Remark 2.3.1.1. Puttinga =0 and u =0 in (2.17), we obtain
0100 =% [~ By (2.18)
Indeed,
¢4(0) = 14}§H0(0) 1i£0 (14 &) — TOB / B(y

Corollary 2.3.1.2. For u > 0, the absolute ruin probability ¥s(u) = ¥4 (u)
satisfies the defective renewal equation

o0

ve) = 1 | v an@de + 2 [T Bway )

= 2/OOOB(y)dy

Proof. Substituting a = 0 and w(z,y) = 1, the Gerber-Shiu function
¢+ (u) is reduced to the absolute ruin probability ¢4 (u). For a = 0, we have
p = p(0) =0 and & = 0, as we have already seen in Proposition 1.5.4.1.
Moreover, using the formula ¢ = (1 + 6)Ap; of premium ¢, we obtain

(1) gu(x) = golx) = > (14 &) Tof(x) = > (1+6) Fla)

and

_ A0 g P
_(1+9>)\u1 F( )_ L1 _fe()
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(i) Holu) = How) = (1+&) > ToB@ = (1+0) 2 [~ By

Thus, we derive from (2.17)

1
P ( 1+9/ Vi(u—2)fe(x )dw+m(1+0 / B(y

o0

1 A
:1+9/0 Yo (u— ) fo(x)ds + C/u B(y)dy

2.3.2 Solution of the Defective Renewal Equation

The idea of using a compound geometric distribution to solve the defective
renewal equation for ¢4 (u) belongs to Lin and Willmot (1999), Willmot and
Woo (2017). The following Theorem and its proof stem from those papers
and the academic notes of professor E. Chadjikonstantinidis (2016) about
the properties satisfied by a compound geometric distribution.

Theorem 2.3.2.1. For u > 0, the solution of the defective renewal equa-
tion (2.17), which is satisfied by the Gerber-Shiu function and described in
Theorem 2.3.1.1, is given by

1 “ 1
b0 = & /0 Hou = 2)dKo(w) + 7 Haw) (220
1 1 _ 1 [, _
o4 (u) = ?Ha(u) ?Ha(O)Ka(u) “ H,(u—2)K,(z)dx (2.21)
a a a JO
where

fan- 5 (1) (st o

Proof. For u > 0, we have seen that the Gerber-Shiu function ¢ (u) obeys
the defective renewal equation (2.17)

gb+(u):1+1§a /Ou¢+(u—a:)ga(x)d:n + 5 L)

+ &
Putting

(2.17) is converted into
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by (u) = /0 " i (u— 2)ga(x)dz + r(z)

Applying Laplace transform leads to

~

$1(s) = - 61(5) - Gals) + #(5) = [1 = ¢ - Ga(s)] - D1(s) = (s)
So,

2 7(s)
¢+(s) = 1 > (o) (2.22)
Let
M
Wi, M>1
S = i=1
0, M=0

be a compound geometric random variable, where K,(u) is the distribution
function of S, g,(u) = %Ga(u) is the probability density function of W;
with G4(0) =0 and M ~ Geom(1 — ¢). From Lemma 1.4.1, we have

i K,(0)=Pr(S<0)=Pr(S=0)=Pr(M=0)=1-¢

i () = /0 T K (1) + Ka(0) = /0 T e K, (1) + (1— )

coe 7 _ 1 _(p 1 % (S)
il kq(s) = Tﬁa(s) — 1—¢- f]a(s) L -

14
v R = S0 - 06 =3 (77 ) (g 60

Applying (iii) and (ii) successively in (2.22), we obtain

6109 = b i) = = { | [T e + 0o |

-9

=< i 5 </OOO e—Sﬂdea(x)> -7(s) + 7(s)

Now, the inverse Laplace transform yields

1 u
Pt (u) = -—— [ r(u—x)dKq(x) + r(u)
1= Jo
Substituting
1 §a 1 1+&
*v 1+ ga 14 1+ ga 1- ' Sa



88 CHAPTER 2. THE ABSOLUTE RUIN

1
r(u) = mﬂa(u)

leads to the first form (2.20) of the solution

_1+& 1 1
b0 = /01+.gaH< D)dEo(x) + 1 Halw)

1
& [ k) - e )

In order to receive the second form (2.21) of the solution, the integral, in
the last equation (x), can be written as

/H (u—x)dKy(z /H u—z)K, (z)dx

—  [Hau— 2)Ka(2)]", /Hu—ac)K()d

 H(0)Ka(u) + / H, (u— 2)Ko(2)da
where
_ 1
Ki(0)=1—p= K,(0)=p= 1+e,
Finally, substituting them in (x), we are led to the desirable result
1 _ 1
¢+('LL) = f: [—HQ(O)KCL(U> 1 +§a / H U — .’E ( )d.T:| + m
_ [1 + gj [ : j - Ha(u)] - glaHa(O)Ka(u) 51 CH (4 — )R (2)da
1 1 _ 1 [ _, _
= —Hy(u) — —H,(0)Ky(u) — — | Hy(u—2)Kq(z)dz
€a €a €a Jo

o

Remark 2.3.2.1. The expressions for &u, ga(7), Ga(z) and K,(z) remain
unchanged in comparison to Chapter 1. The only thing that needs further
study is the Hy(u), which includes the term ¢_(u).

Proposition 2.3.2.1. Foru > 0, the solution to the defective renewal equa-
tion (2.19), which is satisfied by the absolute ruin probability and described
in Corollary 2.5.1.2, is given by

Vi) = /O“Ho<u—x>df<o<x> bt (229
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where
oo

Holw) = 5(1+6) [ Bly)dy

and
_ /0 1 \" 4
K = — | — ) "
o(a) ;<1+0> (1+9> e (@)
Proof. As it is known, the absolute ruin probability arises from the Gerber-

Shiu function for a = 0 and w(z,y) = 1. Furthermore, in this case, we have
seen that p =0, & = 6 and

o F(0)=m

0
A A
o Hofw) = (1+&) > ToBlu) = (1+6) > [ Bly)dy
So, from (2.20) we obtain

1 u
veln) =z [ o= ayio(e) +

1+¢& Ho(w)

= % /Ou Ho(u — z)dKo(z) + 1_10['[0(“)

5 (15) (g oo

n=1

5 (12) (o) o

n=1

where

Ko(ﬂj)

2.4 Boundary Conditions for ¢(u)

The boundary conditions, which will be presented in this paragraph, are
indispensable when we want to find explicit expressions for ¢_(u). Cai
(2000) shows these boundary conditions and we express them, by giving the
detailed calculations which are described briefly by him. Up to now, some
boundary conditions have been already mentioned. More specifically, from
(2.1) we have
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90
Tim ¢(u) = lim 6 (u) = 0
and from (2.12)
61(0) = 6_(0-)

Regarding (2.10), ¢_(u) can be written as
Ata 0 Ata yts
o-w) = A@ut o [ oy [ |- w)f(x)dx] ay
u 0

0

+)\(6u+C)A§a/ (dy + )" s (y)dy

u

+AGu+ ) [c—l—kﬁ“ /O )z [ /0 Tz — @) f(2)da + B(z)] dz]

Let
Ata y+%
o(y) = (6y + )5 / 6_(y — o) f(x)de
0

and

[=c 17 / e~ (W Fa)e [/ Oy (z — ) f(x)dx + B(z)] dz €R
0 0
Hence, ¢_(u) can be written as
Ata 0
o-w) = M@+ [ gy

Ata

0
+)\(5u+c)% / Oy +¢) 70 s(y)dy

Ata

+A(dutc) s I

Asu — — (§)+, the last term, on the right-hand side of the equation, is
equal to 0. Hence,

0
lim +<z5_(u) = lim A (5U+C)% / g(y)dy

w=(5) () u

0
+ lim X (0u-+ c)¥ / (oy + c)_l_%%(y)d(y (xx)
wr(5) :
According to the first limit in (*%), it can be observed that

0
e if lim 9(y)dy < oo, then

us=(5)"
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0

lim +)\(5u+c)% / g(y)dy =0

() ’

0
e if lim / 9(y)dy = oo, applying L’Hospital’s rule, we will obtain
us=(5)"

ria [0 —Ag(u)
lim A (0u+c) s / gy)dy = lim T
— u us—(8)F =2 5 (Su+ )
im 2 [ o s
= 1m —_\u—2x xX)ax
o (5) Ao

As a result, in all circumstances, while © — — (§)+, the first limit in ()
equals 0, which leads to

lim ¢_(u)= lim X (du+ C)%

u=(5)" u=(5)"

0 _1_2ta
/ (0y + )~ s(y)dy
u
Now, there are two possible options for this limit:

0
i if  lim +/ (oy + c)fl*%’ya(y)dy < 00, then obviously
we(5)

lim . d—(u) =0 (2.24)

= (5)

0
ii. if  lim / (5y+c)_1_%'y(;(y)dy = 00, using once more L’Hospital’s
us—(5)" S

rule, we are led to

’

0
0_1_%
I (A [ v mi<y>dy)
u=(5)" o (5)" ((ou+e)=%)

—M0u + ) 7T ()

= lim
wr=(5)" 2D 5 sy g o)1
So,
A c
lm ¢ (u) = 5 (~5) (2.25)
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2.5 Exponential Claims

We are going to study the case whose claim sizes X; obey an exponential
distribution with parameter 5, i.e. X; ~ Exp(f) and f(z) = fx(z) =
Be P* B >0, x> 0. Based on the explicit results for exponential claims of
Cai (2000) and using the general solution of a second order linear differen-
tial equation described by Alikakos and Kalogeropoulos (2003), we present,
step by step, the final form of ¢_(u), which will be applied in the following
subsection in order for the absolute ruin probability 14 (u) to be estimated.

Proposition 2.5.1. For —§ < u < 0, the Gerber-Shiu function ¢(u) =
¢—(u) satisfies the following second order linear differential equation

1 ’

()¢ (u)+B5u + e+ 6 — A — a) 6_(u) ~Bad(u) = —A (45(u) + Bs(uw))

(2.26)

Proof. Referring to (2.8), for —§ < u < 0, the Gerber-Shiu function ¢ (u)
satisfies

’ )\4’@ )\
¢—(u) = ou+c ¢-(u) - du+c

ut3
/O b (u—y)f(y)dy + mu)] —

, s
(Bu+c) 6_(u) = (A+a) 6_(u) — A /0 o (u—y)BeMdy — X y5(u)

In the above integral, we set + = v —y = y = u —z & dy = —dx.

The new boundaries of integration are x — u while y — 0 and z — —5

while y — u + §. Thus,
(fu+c)¢_(u) =A+a)d_(u) — X[ ¢ (2)Be P " dw — X y5(u)

4
5

=t a) 6 () — A [ g (0)eHdr — A na(u)

<
d

Differentiating with respect to u yields
Outc) ¢ (u)+6¢_(u) = (A+a)d_(u)+BA\Be ™ | ¢_(z)e’dr

—\Be Bup_ (u)eﬁu — )\vé(u) -

Bu+c) ¢’ (u)+6¢ (u) —(A+a)d_(u)+Ap_(u) = A8 [ o¢_(x)Be

Bringing back the initial variable of integration, we obtain
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(Ou+c) ¢ (u) + 6 6_(u) — (A+a) ¢_(u) + ABo_(u) = w/ y)BePdy

—Xys(u)
Multiplying (2.8) by B(du + ¢) and adding it down to the above equation,
we obtain

(bu+c) ¢ (W) +0 ¢ (u) — (A4 a) ¢_(u) + ABo_(u) + B(6u+ )¢ (u) =
ut$§ ,
38 [ o u— )y = M) + B+ a) o)

SPY. / (u—y) e Vdy—AB7s(u) —
(Su+e)o” (u)+[88u + Be+ 6 — A — a] ¢__(u)—Bad—(u) = =X (75(w) + Brs(w))

which is exactly what we want to prove.

¢

Since our final objective is to find the absolute ruin probability ¥4 (u), sub-
stituting a = 0 in (2.26) yields

(6 + )" () + [B0u + Be + 6 — A 6L (u) = = (75(w) + Bra(w))

which leads to the next corollary.

Corollary 2.5.1. For —§ < u < 0 and a = 0, the Gerber-Shiu function
¢—(u) satisfies the following second order linear differential equation

6~ (w) + f(u) ¢_(u) = g(u) (2.27)
where
fw) = Béu+Bet+d—N _ Su+c+ 56—
Su + ¢ L(du+c)
and
oy = (500 + paw) A (f(w) +s(w)

du + ¢ %(&H—c)

¢

By solving the previous differential equation (see book [27] of Alikakos and
Kalogeropoulos (2003), chapter 1.3, pg 9, or Appendix A.1), the general
solution of (2.27) is given by
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¢—(u) = a+ /Ou e/ /(@3 <02 + /Dx eff(y)dyg(y)dy) dx

— o to / o J P gy / o J Fl@)da < / eff(y)dyg(y)dy> i
0 0 0

So, by replacing properly the integrals in the above expression, we obtain
its short form

b_(u) = e1— e Plu) — Q(u) (2.28)

Now, in order to find the ¢_(u), we should estimate the terms P(u), Q(u), 1
and co. We observe that f(u) can be written as

Su+c+ L 5(0=X) 5 — A\

flu) = B(éu—i—c) =8+ du+c

So, integrating f(u) implies

/f(u)du = /(5 + ;u+)\c>du — Bu 4 222 In(du + c)
= Bu + ln(5u—|—c)%
Consequently,
of Fdu _ Bu Jn(ut) T _ (bu+t )5 b
and

e~ S fwdu — (5 4 c)*% e Pu

Now, P(u) and Q(u) are given by

u 0
P) = - / e I ) gy / (62 + 05 % da
0 u

Qu) = / e~ I </ ffy)dy >

0 S—A z S—A
= / (bx+c)” & e P </ (by+c) s Py 9(y) dy> dzx
u 0

Remark 2.5.1. From the above formulas, it is obvious that
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Depended on (2.28), in order for ¢_(u) to be computed, the only thing that
has been left is the estimation of the constants ¢; and cs. For this purpose
we should use initial conditions. Firstly, from (2.28) and Remark 2.5.1, it
can be extracted that

6-(07) = lim ¢ (u) = lim (o1 — e P(u) — Qu) —>

u—0~ u—0~

From (2.12) we have

whereas, from (2.18)

Thus, we conclude that
A (o]
o= 2 / B(t)dt (2.29)
¢ Jo

o
Now, we are going to estimate the integral / B(t)dt. Using the definition
0
(2.3) of B(u) yields

/OOO B(t)dt = /Ooo (/t +5¢—(t—y)f(y)clyJr%s(ﬂ) dt

Substituting x =t —y — y =t — ¢ & dy = —dx, the new boundaries of
integration are x — 0 while y — ¢ and * — —5 while y — ¢ + 5. Hence,

0o 00 0
/ B(t)dt = / ( d_(2)Be P dy + va(t)) dt
0 0 -3

4
5

= ooﬂefﬁt < ’ ¢_(x)eﬁxda:> dt + /OO vs(t)dt
0 - 0

Notice that
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0

<
B

r

4
B

0
01/

<
B

<
B

b_(x)e’Tdx + /O Oom;(t)dt

P(z)eP"dx — [

0
Q

_c<
6

(01 =2 P(a) = Q) eHdo + [ sttt

0
Py — 02/

(z)e*dx — /OOO 'yg(t)dt]

Making the corresponding substitutions in the above expression, we obtain
a more convenient form, which will be used below, i.e.

/0 B(t)dt = c1p1 — 232 — 3

>lo

(2.30)

1 _
= PP (5 + c)_¥dm

1 41" 1 .

BT 7. _ Bz — -B%
e’dx = [e } = —(1—e""3
< B o=t P ( )

0 0 0 N
[ pwear = [ o ( / e—ﬁy<5y+c>—ady) "
-5 -5\

1 0 B 0 0
([ ea)] - f

X x:—§ -

1 . 0 0
——e 55/ e PY(6y + ¢) 5dy+/

5 —% _%

1 1§ (6z+e)3]

e Bs p(—c 2o lorTe)e
,3 e ( 6) + ﬁ Y ) .
T==5

1 1 ¢5

Z o B% c e
—— e "5 P(— +

5 ( 6) B Y
1 3
——p(=5) ¢ B5 €
B ( 6) e s + Y
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To sum up, we have found

e 1 = l<1—€_6§)

B

_ 1 P c -B% C%
4 /82 - B - (—3) (& + 7
e bagy — [ Ag(t)dt

Bs %Q( oeds = [
From (2.29) and (2.30), we obtain
/ B(t = ¢ = % [c1B1 — 22 — B3] =
_ —APaca — A B3
c1 = W (2.31)

Another initial condition that we will use is the boundary condition studied
in section 2.4. We have seen that there are two possible options for the
lim gb (u), which are mentioned in (2.25) and (2.24). We will examine

u—— ¥
both of them, however, in this project, we will use the results from the
(2.25). Namely,

1st Case

0
Let  lim +/ (6x + c)*lf%yg(x)dx = o0o. Then, from (2.25), it holds

u—
that
A c
lim ¢ (u) = Y5(—=)
(5" Ara 0
and applying a = 0 we are led to
c
lm 6-(u) = 75(—5)

U= (5)

Nevertheless, considering (2.28) we point out

lim ¢_(u) = ¢1 —c2 P(—

U= (6)

l.e.
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Substituting ¢, from (2.31), implies

—ABaca — A B3
c— A3

—ABaca — A\ B3 — ca (¢ — AP1) P(—%) —(c=Ap) Q(‘%) = (c—AB1) ’Y&(—g) =

— e P(=§) — Q(-

) = w(=5) =

>0

[AB2+ (c = AB1) P(=%5)] c2 = =AB3 — (c— AB1) Q(—5) — (¢ — AB1) v5(—§)

So,
A3 — (= M) [Q(=9) +75(=9)]

“- AB2 + (c = AB1) P(—5) (2:52)
Applying (2.32) in (2.31) implies the value of ¢; as well
(c=AB1)er = —ABaca — A B3
B ¥ e Gt 0] Lt Bk )

AB2 + (¢ — AB1) P(—5)

AB2fB3 + ABa(c — AB1) [Q(—$) +75(—=5§)] — AB283 — ABs(c — AB1) P(—%)
AB2 + (¢ = AB1) P(—5)

AB2 + (¢ = AB1) P(—5)
which yields

_ ABP(=%) + A [Q(=5) +5(—%)]
(

“a= ABy + (c— ABy) P (2:33)

2nd Case

0
Let lim +/ (6x —|—c)_1_%75(x)dx < o00. Then, from (2.24), it holds
worm (5)
that

Hm  ¢_(u) =0

= (5)

Considering (2.28), we point out
cg—c P(—=5)—Q(=5) =0

Substituting ¢, from (2.31), implies
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—ABaca — A B3
c— A3

—ABaca — A B3 —ca(c— AB1) P(—=5) — (c = AB1) Q(—5) = 0=

—e P(-5)-Q(-5) = 0=

AB2 4 (c=AB1) P(—=$)] ca = =A Bz —(c— AB1) Q(—§) =

So,

Cy =

—A B3 —(c— AB1) Q(—5)
AB2 + (¢ = AB1) P(—%)

Substituting it in (2.31), we obtain the expression of ¢, i.e.
(C - )\51)61 = —)\5262 - A 53

—A B3 —(c— A1) Q(—
AB2 + (c = AB1) P(—5

_ ABBs A+ ABa(c — AB)Q(—§) — AB2f3 — ABs(c — AB1)P(—5)

(2.34)

= =B 35) — A\B3

AB2 + (¢ = ABr) P(=5)

Ae—AB1) [52Q(—%) — BsP(—5)]
AB2 + (¢ = AB1) P(=5)

which implies
—AB3P(—=5) + A\30Q(—3)
AB2 + (c = AB1) P(—%)

= (2.35)

2.5.1 Absolute Ruin Probability

Based on the respective paragraph of Cai (2000), we are going to apply our
findings for the ¢(u) in exponential claims, when a = 0 and w(z,y) = 1.
We recall that the Gerber-Shiu function is reduced to the absolute ruin
probability when a = 0 and w(z,y) = 1. i.e.

_ Or(u) =i (u), w0
WW—¢W”¢${¢7m=w7m, —f<u<o

Our final objective is to estimate the 1 (u), through the Theorem 2.3.2.1,
after having estimated firstly the ¢ _(u), via the results of Section 2.5.

Step 1. Firstly, we will calculate the absolute ruin probability ¥ _(u) when
-5 <u<0.

Solution. As the claims are exponentially distributed, the 7s(u) is given
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by
) = [ wwa— e = [~ feye=F(us5) —

+5
Yo(u) = e e fs (2.36)
So, it is obvious for 7s(u) that
() = =Bs(u)  and  45(=§) =1
Regarding ¢g(u) defined in Corollary 2.5.1, we obtain
A (%%}(u) + 'ya(U)) A (—% B vs(u) + %(U)>

glu) = = %(511 +c) T %(&L +c) — glu) =

Two direct results are

Qu) =0

o o c 1 c [ 1 c
B3 = —/ vs(t)dt = —/ e PlePsdt = — e F5 / Be Pldt = ——e P
0 0 B 0 B

In order to estimate the _(u) = ¢_(u) given in (2.28), we should first
calculate the constants ¢; and ca2. As v5(u) satisfies the (2.25) (see Ap-
pendix A.3), using (2.33) we obtain

B Vo Vel (o e B Y R
AB2 + (¢ = AB1) P(—5) ABa + cP(—5) — AB1P(—%)
Replacing the values of 5;, i =1,2,3
1 c
° ﬁl = B(l—e_’gg)
1 3
c —B< C
* =3 —P(—S)eﬁéﬂLj
1 c
° b3 = —56_63
we are led to \
1 _pc ¢ 1 c _pc cs
—)\(—Be ﬁa)P(—gHAB —P(=¢) e P + %
c1 = ) X
c —RE cs c —B< C
A5 [P (5) e 4 | eP(=5) - A (1—e ﬁa)p(—g)
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Considering the security loading factor 8 which satisfies

c = (140 = (1+0))\; — 3 <c—g> = )\

implies
c3
cl = by
cs + MP(—5)
Using (2.32), we can find for ¢y that
o M= (e=A8) [Q(=§) +%(=5)] _ —ABs — ¢+ By
2 ABz + (¢ — AB1) P(=%) AB2 + cP(=£) — AB1P(=5)
B —)\(—;6 ’35)—0—%/\;(1—6 ,6’5>
1 c B 1
A [P (5 e 4 % FeP(=§) = Ag (1—e—ﬁs)P(—g)

A
K (C‘ ﬁ) Y,

cs + (c— g) P(-%) 4+ MP(=5)

Substituting the constants ¢; and ¢z in (2.28) implies

-(u) = c1—c2 P(u) = Q(u)

A
_ cs _ -\ P(u)
b + MP(=S) i+ \OP(=5)
Thus,
O Pl a2 C) R S (2.37)
¢5 4+ X0P(=%) 0

Step 2. Now, we are going to estimate the probability of absolute ruin ¢4 (u)
when u > 0.

Solution. As a = 0, we have that £, = & = 6 and p = p(a) = p(0) = 0,
where p is the root of Lundberg’s equation. Referring to Theorem 2.3.2.1
and formula (2.21), in order to obtain the ¢4 (u), we should find the H,(u) =
Hp(u). We remind that
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Ho(w) = 2 (14 €,) T,B(u) = T,B(w)
’ F(p)
Because of p = 0, we obtain
Ho(uw) = 2 (14 0) ToB(n) = LB
‘ F(0)

where

and substituting the definition (2.3) of B(u), yields

B = [ B = [ ( / e - )y + 75(33)) da

— /uoo (/j+§ e —y)ﬁe—ﬁydy> dx + /uoo Vs (z)dx

Applying (2.36) and replacing z = x — y imply

00 0 [e'e]
ToB(u) = / ( ¢—(2)5e’3(‘“)dz> da:+/ e PP P5dx

<
o

- ( uoo ﬂeﬁzda:> ( 0‘ ¢_(z)eﬁ2dz> + ;eﬁg < L - ﬁeﬁzda:)

4
5

_c B

8

0 1 _ge
_(2)ePZdz + Ze7P5

Bringing back the initial variables of integration, by replacing y = = — z, we
obtain

_ v+5 1 _ge
ToB(u) = F(u) / o_(z—y)PTVay + 5656]
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ToB(u) = F(u) /O h ( / o ¢_(:c—y>ﬁe—ﬁydy> de + /0 h e—ﬁwe—ﬁﬁdx]

| :

In the internal brackets we can recognise the definiton of B(u). So,

00 T+
= F(u) /0 [/ ¢—(z —y)f(y)dy + 75(x)

ToB(u) = F(u) < /0 - B(x)d:r)

In (2.12) we have concluded that

¢-(07) = ¢4(0)
where a = 0 and w(z,y) = 1 implies
$-(07) = ¢4.(0)

whereas in (2.19) we have found that

A [o¢]
vs0) = 2 [ By
¢ Jo
Consequently, all the above yield to
c =
ToB(u) = 1 ¢-(07) F(u) (2.38)
where 1_(07) can be estimated by the formula (2.37).

For w > 0, in order to calculate the ¢4 (u) = ¢4 (u), we can use the formula
(2.21), in which

010 = o Halw) — L HORa() — ¢ [ Hiu- oK) (5
€a €a §a Jo
For a = 0 and w(z,y) = 1, they have already been proven that
e p=0
e (=10

e In Chapter 1, in (1.32), it holds that

Ro(u) = (u) = 1+19 B

where 1 (u) is the classical ruin probability.
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)
|

B TOAB(U) DY Y—(07) F(u)

o Hy(u) = — = T = (1+60)y_(07) F(u)
F(0) -
B
because of
c=(1+0\m = (1+6) )L — %: (1+0)

Moreover, the first derivative of Hy(u) is
Hy(u) = =(140) - (07) f(u)

Substituting all the above in (%), we obtain

1

i) = H1+0) v (07) F(w)

_ %(1 +0)_(07)F(0)3h(u)

5 |~ 0w )= e
= 0y et L0y () e
+3 Ou(1+0)1/1_(0_)ﬁe_6(”_”)1+10 e TH%dy
= D0y 0y et S0y e

= #w_(o ) *Bu—lzp_(o Ye Prrav
+ %56 ”Buﬂ)(O_)/Oueﬁ(li)x dx
Let
" 1 ,Bﬁz T=u
I = /eﬁ(le)xd:c: {6( 1)]
° B<m> x=0
= 4ol -~

So,
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Yi(u) = %:0 Y_(07) e P — = ¢_(0—)e—5(1+9)u
+ #e‘ﬁuzb_ (0_)6’8(1+

[

= e Ty (g dlata)e
Consequently, we are led to the following expresssion for ¥ (u), u >0
- -y e Bltta)u
i) = v (07) PG (2.39)

Taking into consideration (2.37) and the fact that P(0) = 0 (according to
Remark 2.5.1), we obtain

$o(07) = lim 4 (u) = 54— (2.40)

Finally, (2.39) and (2.40) yield the following form for ¢ (u)

Vi(u) = 5T yu>o0 (2.41)
cs +MP(=5)

O

Example 2.5.1. Let use the same data frame as in numerical Example
1.6.1, i.e. the mean of Poisson process is A = 4, the premium rate is ¢ = 2
and the claim sizes X follow an Fxponential distribution with mean % Fur-
thermore, as we want to estimate the absolute ruin probability 14 (u), we
assume that the discounting interest force is a = 0 and the penalty function
w(z,y) = 1. Finally, we will present the results for three different values of
the debit interest force §, namely for 61 = 0.4, do = 0.6 and d3 = 0.8.

Solution. Having done all the above study for exponential claims, the
desirable results are obtained throughout the following mere procedure:

Firstly, using the following formula for each §;, i =1, 2, 3

Pi(u) = /uo(csz‘a:—kc)

we obtain the respective functions of P(u). Then, we substitute them in
(2.41) and we receive the corresponding results for ¢ (u). We recall as
well, that the security loading factor € is given by 6 = & — 1 = % -1,

5=

ioe Prdr, i=1,2, 3

where p; = E(X) = % All the calculations are conducted in Mathematica
program (the respective code can be found at the end of this Chapter) and
we present directly the results. So, we have that
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0.0946316 e, for 91 =0.4
Py(u) =¢ 0.153823 e™ ¥, for 92 = 0.6 Vu>0

0.201299 e, for 99 = 0.8

o — W(v): 6 = 0.4
10
W(v): 6 =06
0.8
ol - Y(v): 6 =08
04r
0.2
T ——— u

0.0 05 10 15 20 25 3.0

Figure 2.4: The absolute ruin probability ¢ (u) for § = 0.4, 0.6, 0.8

We can observe exactly what we expected to obtain, i.e. the greater values
the debit interest force § receives, the higher the absolute ruin probability
¥4 (u) is. This conclusion is depicted by the Figure 2.4, as well. Moreover,
we have found the (classical) ruin probability ¢ (u) through (1.34)

1 _se, 2

10" —= — e U Yu>0

vlu) = 155° 3

and we have mentioned in Introduction 2.1 that it always holds

Py(u) <Yu) Yuz0

as we can see in the Figure 2.5.

— Yw):6=04
Y
1or Y(): 6 =06
08t _— Y():6=0.8
0.6 — Y(v): classical ruin
04
~ ~
0.2 \\\x

Figure 2.5: Comparison between the absolute ruin probability ¢, (u) and
the ruin probability 1)(u)
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2.5.2 The Laplace Transform of the Absolute Ruin Time T}

We have mentioned that the Gerber-Shiu function, ¢(u), is reduced to the
Laplace transform of the absolute ruin time Ty, when the penalty function
is constant and equal to one, i.e. w(z,y) = 1. In this case, Cai (2000) de-
rives and solves the differential equations for the Gerber-Shiu function ¢(u).
More specifically, he proves that ¢_(u) satisfies a confluent hypergeometric
equation, whereas ¢4 (u) satisfies merely a second order linear homogeneous
differential equation with constant coefficients. His solution for the former
differential equation is based on Abramowitz and Stegun (1972). Finally,
using initial conditions, which have been mentioned in this chapter, he ex-
tracts explicit expressions for the arbitrary constants appeared in the general
forms of the solutions.

Lemma 2.5.2.1. When w(z,y) =1 and X ~ Exp(8), we have that
i vs(u) = e Pts)

i, y5(u) = —Bs(u)

i y5(—%) =1

w. B'(u) = —BB(u)

A
BT _(u) =
v Hlin%;zﬁ (u) T a

Proof.
i. Using the definition of v5(u) in (2.4), we have

Yo (u) —/ w(u,r —u)f(x)ds —/ f(x <u+ E) — o Buts)
ut§ 5

ii. & iii. are derived directly from i.

iv. Using the definition of B(u) in (2.3), we have

uts u+§
B(u) = / b (u— ) f(2)dz + 75(s) = / o (u— z)Be P dz + 5(u)

Changing the variable of integration into y = u — + = dy = —dx, the
boundaries of integration are converted into y — 0 when x — v and y — —35
when z — u + 5. Thus,

c

0
B(u) = — | e- (y)Be P dy + y5(u) = e P i o—(y)e Vdy + vs(u)

>

>lo

Differentiating with respect to u and using the result in (ii) yield
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0
B'w) = —fe P | ¢_(y)e®dy + ~5(u)

= —pB(u)

v. In Appendix A.3, for w(z,y) = 1 and X ~ Exp(S), we prove that ~s(u)
satisfies

0
lim 6y + ¢) T ys(y)dy = 0

’U,*)7§+ u

So, from (2.25) and the result in (iii), we obtain
. A c
lim ¢_(u) = —— <_5> =

u—s—<t Ata

A
Ata

¢

Corollary 2.5.2.1. For —§ < u <0, the equation (2.26) satisfied by ¢_(u)
is reduced to the second order linear homogeneous differential equation

" ’

(bu+c)p_(u) + [Bdu+c)+d—A—alp_(u) — Pap_(u) =0  (2.42)
Proof. According to Lemma 2.5.2.1 (ii), we have

75(w) = —B5(u) = 75(w) + Brs(u) = 0
Substituting it in (2.26), we are led to (2.42).

¢

Proposition 2.5.2.1. The equation (2.42) can be transformed into a con-
fluent hypergeometric equation

1" A 7
Ty +<1—j5_a—x>y—|—(;y:0, —%<x<0 (2.43)

Proof. Cai (2000) applies in (2.42) the transforms

6 (u) = y(x(u)) = y(z) where z = x(u) = ~ "4

in order to derive the equation (2.43). Firstly, we evaluate the derivatives
of the first and second order, by using the chain rule, i.e.
dz d*x

o%:—ﬂandmzo
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. do_(u) _ dy(z) dy dx

’

du du  dr du =~y
. d2¢7(u) _ d2y(x) _ @ ' di dﬁ @ d2735 _ BQyu
du? du? dz? du) du  dzx \ du?

Substituting them in (2.42), we obtain

(Bu+c)B%" + [B(6u+c)+ 6 — (A +a)] (—By) — Pay =0
1

Multiplying by —% yields
Blou+c) » [BOu+ec) § (A+a)] + a
A R A A
Replacing x = —B(&;—i_c), we are led to
7 )\+ a / a
Ty +<1— 5 —x)y +5 =0
Finally,
—E<u<0:>0>—§(5u+c)>—@:—@<x<0
5 ) ) )
¢
Theorem 2.5.2.1. The Gerber-Shiu function ¢_(u) is given by
é_ (1) = crhy (u) + eaha(u), —g <u<0 (2.44)
with \ \ 5
ha(u) = e 252y (122, - Ata Blu+o) (2.45)
) ) )
5 KR A 5
Su+tc
ha(u) = [W] e <1+Z,1+ Jga, el “5+C)> (2.46)

where M(z,y,z), U(x,y,z) are the confluent hypergeometric functions of
the first and second kinds, respectively, and c1, co are arbitrary constants.

Proof. Regarding (13.1.15) and (13.1.18) of Abramowitz and Stegun (1972),
the general solution of (2.43) is given by

Ata

y(.ﬁU) :ClexU (1 — %,1 — A—ga,—iﬁ) +CQ(—x) s eTM (1+%’1+ /\-(fs—a,_;v)

where —% <x <0, M(z,y,2), U(z,y, z) are the confluent hypergeometric

functions of the first and second kinds, respectively, and c;, co are arbitrary
constants. Hence,
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o—(u) =y(z)=1y <_B(5u6+c)> = c1h1(u) 4+ caha(u), —g <u<0

_ - Btuto) A A+a B(ou+c)
hi(u) =€~ U<1_51_ 5 5

Ata
ha(u) = [ﬁ(éu ha C)} ’ e el V) (1 + %, 1+ A ; a? B(5u5+ C))

)
¢
Lemma 2.5.2.2. Using the properties of
C%M(x,y,z) = gM(ZL‘—l- Ly+1,2)
d
aU(a@,y, z) = —zU(x+1Ly+1,2)

which can be found in Abramowitz and Stequn (1972) (see also Appendiz
A.4, Proposition A.4.1), and differentiating (2.45) and (2.46) with respect
to u, we obtain

W) = 7567[3(57;%) [U(lg\’l)\;—a’ﬁ(éu(;rc))

A A )\—i-a 55u+
*(‘a)U@‘a” ﬂ
M

, _ ﬁ[ﬁ(éu—i-c)]A;a -G [)\—l—a—ﬂ(éu—i-c) <1+(§ )\—(ls—a’ﬁ(éu5+c)>

B(du + c)

(2.47)

d+a a A+a B(ou—+c)
Jr>\+6+aM<2+5’2+ PR

(2.48)
Proof. Differentiating (2.45) and (2.46) with respect to u, we obtain

/ Beﬁ(&;mU(l)\ 1 Ata B(5u+c)>

PR R 5

—56_5(6;+C) (1_;\> 7 (2_ %72_ A+a B((Su—i-c))

5 §
_ _ BGute) A Aa p(éu+c)
= —fe [U<1_5’1_ 5 5

A A A+a B(ou—+c)
F(1-5)v(e-Fe- 5 )]
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/ B®u+c)¢% B@ute) | A2 a Ata B(0u+c)
Ata
d+a Bou+c)| & _pGute a A+a B(ou—+c)
+ﬁ(A+6+a>[ 5 e Mz ERt T
Ata
B Bou+c)] o _seute [A+a— B(0u+c) a A+a B(ou—+c)
- 5[ 5 ¢ Bute Tt eitTsT

d+a a A+a B(ou+c)
+)\+5+aM<2+6’2+ 50

¢
Proposition 2.5.2.2. The Geber-Shiu function ¢ (u) satisfies the second
order linear homogeneous differential equation with constant coefficients
¢ (u) +po) (u) + qp(u) =0,  w>0 (2.49)
where
p=p5-

Proof. From (2.2), we have

(2.50)

A+a Ba
and ==

Cc

) = Ok a)os) - A | [ o= ) + b)) —

6yw) = (+a)o(w) = A [ oulu—n)fe Pde - AB)  (25)

Changing the variable of integration into y = v — x = dy = —dx, the
boundaries of integration are converted into y — u when x — 0 whereas
y — 0 when z — u. So,

0
Hilw) = A+ @)+ A [ onlp)de Iy - AB(w) —
ed (u) = (A+a)ps(u)— Age P /O b+ (y)e?dy — \B(u)
Differentiating with respect to u yields

e (u) = (A+a)g) (u)+AB%e A /0 b+ (y)ePdy—NBe ¢ (u)eP ~ B’ (u)
Bringing back the initial variable of integration, we have

C¢IJIF(U) =(A+ a)¢/+(u) + A3 /Ou b (u—z)Be Pz — \Boy(u) — AB (u)
(2.52)



112 CHAPTER 2. THE ABSOLUTE RUIN
Multiplying (2.51) by g8 implies

Bed, (u) = BN+ a)y (u) — A3 / " (u— 2)Be P de — \BB(u) (2.53)

Adding down (2.52) and (2.53) and making the cancellations needed, we
obtain

¢y (u) + Bed'y (u) = (A + a)o (1) — ABdy(u) — AB'(u) + B(A + a)p4(u) — ABB(u) =
ey (u) + [Be = (A + a)] 6/, (u) = Bag (u) = = | B'(u) + BB (u)]

From Lemma 2.5.2.1 (iv), we have that

!/

B'(u) = —fB(u) = B'(u) + fB(u) = 0

Thus, dividing by ¢, we obtain

" A /
1)+ 5= 220 ) - 2o )~ o
Setting
b= ﬁ - A ta nd = —@

we are led to the desirable result

¢ (u) + pd'y (u) + gy (u) =0

¢
Theorem 2.5.2.2. The Gerber-Shiu function ¢ (u) is given by
O+ (u) = cqe”, u>0 (2.54)
where
e Rl il (2.55)

2
p, q are defined by (2.50) and c4 is an arbitrary constant.

Proof. The equation (2.49) is a second order linear homogeneous differ-
ential equation with constant coefficients

Ata and q:_@

p=03-

c

We observe that the corresponding characteristic equation

r>+pr+q=0
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always has a positive Discriminant, indeed

Ba

A
- ﬁ)z +4— >0 (as all the terms are positive).
c

D=p’—4q= (B

Thus, there are two distinct real roots,
— /n2 — 4 —p— /D2 —4
S e 2p ¢ and ro = P 2p a (2.56)

According to chapter 4.2.2, page 159, of Alikakos and Kalogeropoulos (2003)
(see also Appendix A.2), the general solution of (2.49) is given by

m

d1(u) = cze™" + cqe”", u>0 (2.57)
where c3, ¢4 are arbitrary constants. From (2.1), we have that
Jim ¢y (u) =0

Letting u — oo in (2.57) and considering the fact that lim e"™" = 0, we
U—00
obtain ¢3 = 0. Thus, (2.57) is reduced to

I v
b4 (u) = cpe™ = cpe 2 Y, u>0

Specifying the arbitrary constants

In order to obtain explicit solutions of (2.44) and (2.54), we should deter-
mine the constants c¢;, co and c4. For this reason, we will use the initial
conditions (2.12), (2.13) and Lemma 2.5.2.1 (v). Now, we are going to de-
scribe step by step the procedure.

Step 1. Differentiating (2.44) and (2.54) with respect to u, we obtain
¢_(u) = cih (u) + c2hay(u), —§ <u<0

¢/+(u) = cyroe™?Y, >

u>0
Step 2. From (2.12), by setting u = 0 in (2.44) and (2.54), we obtain
¢-(07) = &4(0

) =

c1hy (0) + CQhQ(O) = 4 (2.58)
Step 3. From (2.13), by setting u = 0 in the derivatives in Step 1, we obtain

’

¢_(07) = ¢,.(0)=

c1h1(0) + eaha(0) = ey (2.59)
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According to Cai (2000) and (13.5.10), (13.5.12) of Abramowitz and Stegun
(1972), if 222 £ 1! then

()
u_1>1£ng+ hi(u) = (5—|'61) and u_1>1£n£+ ho(u) =0
s T 5 s

where

is the Gamma function (see Appendix A.4, Corollary A.4.1, for n = 1).

Step 4. From Lemma 2.5.2.1 (v), by letting u — —$* in (2.44), we obtain

A
li _ =
lim A lim h _ A
Clu_>1£n§+ 1(u)—i—62u_)1£n§+ g(u)—)\+a =
Ata
cF< d >— A
! (5+a> T Ata
T
5
/\P<57ga>
Cl = (260)
(A—l—a)I‘(Aj;a)

Step 5. As a result, (2.58)-(2.59)-(2.60) compose a system of three equa-
tions with three unknowns, namely

( Clhl(O) + CQhQ(O) =y

Clh/l (O) + CQh/Z(O) = 4T

(2) = o (5?)

(A+a)r (”;“)

LCai (2000) mentions that the case § = X 4+ a does not appear in reality because the
debit interest force § is usually less than one, while the intensity of Poisson process A is
greater than one.

Ccl —
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where 7 is given by (2.55), h1(0), hg(0), h}(0) and hy(0) are given by (2.45),
(2.46), (2.47) and (2.48), respectively. Solving the system (X), we obtain

)\I‘<5+;>
(A+a)l < “‘)
—Ar<5+“> [11(0) = rahn (0)]

o = (2.61)
(A +a) <”a’> — ryha(0)]

AT <5 ; “) [hl(O)h;(O) — By (0)h2(0)]

(A+a)l ()\;is—a) [h5(0) — r2ha(0)]

Cq4 =

¢

Example 2.5.2 We use, once more, the same data frame as in previous
examples, i.e. the intensity of Poisson process is A = 4, the premium rate
1s ¢ = 2 and the claim sizes X; are exponentially distributed with parameter
B = 3. As we want to estimate the Laplace transform for the absolute ruin
time Ty, we assume that the penalty function is constant and equal to 1,
w(z,y) = 1. We aim to depict the curves of the Laplace transform for the
absolute ruin time in the following two cases:

1. Maintaining the debit interest force unchanged, 6 = 0.8, we will derive
the aforementioned curves for three different values of the discounting
interest force a, namely, a; = 0.1, ag = 0.3 and az = 0.5.

1. Maintaining the discounting interest force unchanged, a = 0.1, we will
derive the aforementioned curves for three different values of the debit
interest force §, namely, 61 = 0.4, 6o = 0.6 and 03 = 0.8. Moreover,
we will compare these curves with the curve of the Laplace transform
for the ruin time T estimated in chapter 1.

Solution. All the calculations required for this exercise have been con-
ducted in Mathematica. We are going to present thoroughly the respective
methodology.

(i.) Firstly, in order to use the formulas we have found, we should examine
whether the quantity % is different from one and not integer V¢ = 1,2, 3.
In our case, this is true. Next, we have to estimate hy(u), ho(u), hj(u)
and h;(u) at u = 0 for each value of a. This can be achieved through the
formulas (2.45), (2.46), (2.47) and (2.48), respectively. Hence, for i =1,2,3
we obtain
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_Bec A A+a; Be
h1;(0) =e 6U<1—6,1— 5 ’6)
Be] 5 Ata; B
c| ¢ _ Bc a; +a; Dc
hzi(o)—[(;} e 5M<1+5,1+ 5 ,5>
and
’ _ Be A )\—i-ai BC
A A A+a; Be
“(1-5)v(e-F2- 5 F)]
Bl s [A+ai— B Atai B
, c| ¢ _ Bec +a; — bc a; +a; pc
b e G S )

0+ a; a; A+a; Be
— M 24+ —=,2 —
+)\+5+ai <+5’+ ) ’5)}

Now, using (2.50), we will find the constant coefficients, p and ¢, of equation
(2.49), for i = 1,2,3. So,

A+ a; 5(%

pi=p— and ¢ = —

The respective value of the root rg is given by (2.55), i.e

—pi —\/ D} — 4q;
L Vi=1,2,3

2

From formulas (2.61) we obtain the values of the arbitrary constants c;, c2
and ¢y, for all i = 1,2, 3. So,

\T <6+az‘>

i =
A+ a)T </\+a7,>

L AT (““Z) [h — raih13(0 )}
A+ a) < > — raihai(0)]

ri =

Cqi =
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Finally, substituting them in formulas (2.44) and (2.54), we are led to the
Laplace transform for the absolute ruin time T}, i.e.

C .
d—i(u) = crihii(u) + caihoi(u), ~3 <u <0, 1=1,2,3
and
¢ ,i(u) = cyie”, u >0, 1=1,2,3
0=0.8
) p+():a=0.1
020
p+@): =03
015
p+@): =05
010}
Olos\\
0 1 2 3 i

Figure 2.6: Laplace transform for absolute ruin time

0=0.8
— e—():a=01 o+v)
0.20
o—(): =03
0.15%
— o—@):a=05
0.10\
0.05F
‘ ‘ ‘ ‘ ‘ u
-25 -20 -15 -1.0 -05 0.0

Figure 2.7: Laplace transform for absolute ruin time

In Figures 2.6 & 2.7, we observe that the greater values received by the
discounting interest force a, the lower the curves of Laplace transform are.
This is a reasonable result considering the role of the discounting factor.

(ii.) In this case, we follow exactly the same steps, as in question (i), in
order to estimate the same quantities. The main difference is that the dis-
counting interest force a is now constant, whereas the debit interest force §
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c
is our variable. Having estimated the respective ¢_ ;(u), —5 <u <0, and

¢+.i(u), u >0, we are led to Figure 2.8.

a=0.1
0+(v) — p+(@): 6 =04
0.20
w+(): 6 =0.6
0.15
E— p+(): 0 =08
0.10 p
0.05
0 1 é 3 4 u

Figure 2.8: Laplace transform for absolute ruin time

In Figure 2.8 we observe an opposite situation than in Figure 2.6, regarding
the debit interest force 6. The greater values of the debit interest force 9,
the less the absolute ruin time Ty is. This leads to higher curves for the
corresponding Laplace transforms.

In the second part of this question, we want to compare the Laplace trans-
form for the absolute ruin time with the Laplace transform for the ruin time,
which is studied in chapter 1. Having estimated the former, we remind how
we estimate the Laplace transform for the ruin time.

Firstly, we observe that the net profit condition, ¢ > )\%, is valid. Then, the
security loading factor 6 is given by

C

B
Solving the Lundberg’s equation,

l(s):)\f(s):>)\+a—cs:)\/8f_8

we are led to a quadratic equation of s (where fx(z) = f(z) = Be™P? is the
probability density function of X)

cs®>+(cf—a—N)s—aB =0

From (1.35), the two real roots of this equation are
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—(eB—a—X) £ /(cB—a— N2+ 4caB

S1,2 =
’ 2c

The positive one is the root p we need. Finally, the Laplace transform for
the ruin time 7' is given by the formula (1.33), which is

_ _n_pt+(B+p)0
B o7

Ky(u) =

S — OB uw >0
(1+6)(B+p)

o=0.T
pHvk&=04

pHuvk &=06

pHu)&=03

Laplace transform of ruin

Figure 2.9: Laplace transform for absolute ruin time

Putting all the curves together in Figure 2.9, we observe that the curve of
the Laplace transform for the ruin time 7" is above from all the curves of the
Laplace transform for the absolute ruin time Tj. This is because, it always
holds T' < Ty, which means the corresponding discounting of T is greater
than Tj.

¢

Note. In order to calculate the confluent hypergeometric functions of the
first and second kinds in Mathematica, we apply the following commands

First Kind | M(a,b,z) <— HypergeometriclF1[a,b,z]
Second Kind | U(a,b,z) <+— HypergeometricUla,b,z]
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2.5.3 Code of Mathematica

In the Examples 2.5.1 and 2.5.2 the calculations and the graphs have been
developed in Mathematica. In purpose of offering a better monitoring of
this work, we include the respective code.

c =2

| ambda = 4

fIX_1 = 3*xExXp[-3*X]

m. = Integrate[x =f [x], {x, O, Infinity}]
b =1/n

c > lanmbdaxml

True

theta = (c/ (lanbda*xml)) - 1

1

2

di = 0.4

d2 = 0.6

d3 = 0.8

Pl[u_] = Integrate[ ((d1*x + c)” (-(dl-lanbda) /dl)) *Exp[-b *x], {X, u, 0}]
P2[u_] = Integrate[ ((d2xx + c)”" (- (d2 -lanbda) /d2)) «Exp[-b *x], {X, u, 0}]
P3[u_] = Integrate[ ((d3%x + c)” (-(d3 -1anbda) /d3)) *Exp[-b *x], {X, u, 0}]

psi Negativel[u_]1 = ((c™ (lanbda/dl)) + (lanmbdaxthetaxPl[u]l)) /
((c™ (lanbda/dl)) + (lanbdaxthetaxPl[-c /dl]))

0. 0000924137 (1024. +2 (-367.872-e > ! (-367.872 +
U (-591.616 +u (-426.624 +u (-180.864 +u (-49.6322 +u (-9.13549 +u (-1.1271 +
u (-0.089828 + (-0. 0041943 - 0. 0000873813 u) u))))))))))

psi Negative2[u_] = ((c” (lanbda/d2)) + (lanbdaxtheta*P2[u]l)) /
((c™ (lambda /d2)) + (lanbdaxthetaxP2[-c /d2]))

Condi ti onal Expressi on[

0.0015141 (101.594 +2 (-33.1622 +e> ¥ ((2. +0.6u)?/® (20.8879 +u (26. 4953 +
u (13.7187 +u (3.60896 + (0. 48096 +0.02592u) u)))) +

10
230. 848 e* “ Gammm [0. 666667, 10. +3. ul))), Re[u] = -— || U ¢ Real s
3

psi Negative3[u_] = ((c™ (lanbda/d3)) + (lanmbdaxtheta=P3[u])) /
((c™ (lambda /d3)) + (lanbdaxthetaxP3[-c /d3]))

0. 0062906 (32. +
2 (-9.65942 - e 3 U (~9.65942 + U (~12.9783 + u (6. 66738 + (-1.54738 - 0. 136533 u) u))) ) )

Figure 2.10: Example 2.5.1, Code 1/2
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psi Positivel[u_] = psiNegativel[0] xExp[-b« (theta/ (1 + theta)) *ul
psi Positive2[u_] = psi Negative2[0] xExp[-b« (theta/ (1 + theta)) =u]
psi Positive3[u_] = psiNegative3[0] xExp[-b« (theta/ (1 + theta)) »u]

0. 0946316 ¢
0.153823 e
0.201299 e

<< Pl otLegends';

Pl ot [{psi Positivel[u], psiPositive2[u], psiPositive3[u]},

{u, 0, 3}, PlotRange -» {0, 1}, AxesLabel -» {"u", "¢(v)"},

PlotStyle -» {RGBCol or [1, 0, 0], RGBCol or [0, 1, 0], RGBCol or [0, O, 1]}, PlotLegend -
{Style["¢(v): &6 = 0.4", 12], Style["¢(v): & = 0.6", 12], Style["¢y(v): & = 0.8", 127},
LegendPosition - {.9, 0}, LegendTextSpace - 2, LegendLabel - "",

LegendLabel Space » .2, LegendOrientation- Vertical,

LegendBackground -» G ayLevel [1], LegendShadow- None, Background - None]

o) — Y(v): 6 =04
10¢
Y(): 6 =06
08
o — Y(v): 6 =08
04}
02
— .

0.0 05 10 15 20 25 30
psiCassical [u_] = (1/ (1+theta)) *xExp[-b« (theta/ (1+theta)) *u]

2e

3
Pl ot [{psi Positivel[u], psiPositive2[u], psiPositive3[u], psiC assical [u]},
{u, 0, 3}, PlotRange - {0, 1}, AxesLabel -» {"u", "¢(v)"}, PlotStyle -
{R@&BCol or [1, 0, 0], RG&BCol or [0, 1, 0], RG&BCol or [0, O, 1], RGBCol or[1, O, 11},
Pl ot Legend » {Style["y(v): & = 0.4", 12], Style["¢y(v): 6 = 0.6", 12],
Style["¢(v): 6 = 0.8", 12], Style["¢(v): classical ruin", 121},
LegendPosition » {.9, 0}, LegendTextSpace - 2, LegendLabel - "",
LegendLabel Space » .2, LegendOrientation- Vertical,
LegendBackground -» G ayLevel [1], LegendShadow- None, Background - None]

— Y):6=04
Y(v)
1or Y(): 6 =0.6
osf R Y(): 6 =08
06f — Y(v): classical ruin
— u
25 30

Figure 2.11: Example 2.5.1, Code 2/2



122 CHAPTER 2. THE ABSOLUTE RUIN

O T o —
1]
o w N b

.1
al=0.3
a2 = 0.5
d=0.8

c > %x(1/b)
True

(I +a) /d
(I +al) /d
(I +a2) /d

5.125
5. 375
5.625

hlafu_] =

Exp[-(b*x (d*xu+c)) /d] »HypergeonetricU[l- (I /d), 1 - (( +a)/d),
hlalfu_] = Exp[-(b* (d*xu+cC)) /d] *

HypergeonetricU[l- (I /d), 1 - (( +al) /d), (bx(dxu+c)) /d]
hla2[u_] = Exp[-(b* (d*xu+cC)) /d] *

HypergeonmetricU[l- (I /d), 1 - ((I +a2) /d), (bx (d*xu+c)) /d]
h2afu_1 = ((b*x (d*u+c)) /7d)” ((I +a) /7d) xExp[-(b*x (dxu+cC)) /7d] *
HypergeonetriclFl[l+ (a/d), 1 + ((Il +a)/d), (bx(dxu+c)) /d]
h2alfu_]1 = ((bx (dxu+c)) /d)* ((I +al) /7d) xExp[-(bx (d*xu+c)) /d] =
HypergeometriclF1[l1+ (al/d), 1 + ((I +al) /d), (b*x (dxu+c)) /d]
h2a2[u_1 = ((bx (d*xu+c)) /7d)” ((I +a2) /d) *xExp[-(b* (d*xu+c)) /d] %
HypergeometriclF1[l+ (a2 /d), 1 + ((I +a2) /d), (bx (dxu+c)) /d]

dlhla[u_] = Derivative[l][hla][u]
dlhlalfu_] = Derivative[l][hlal][u]
dlhla2fu_] = Derivative[l][hla2][u]
dlh2a[u_] = Derivative[l][h2a][u]
dlh2alfu_] = Derivative[l][h2al][u]
dlh2a2[u_] = Derivative[l][h2a2][u]

pa =b - ((I +a) /c)
pal=b - ((I +al) /c)
pa2 = b - ((I +a2) /c)
ga= -(bxa)/c

gal= -(bxal) /c
ga2 = -(bxa2)/c

Figure 2.12: Example 2.5.2, (i), Code 1/6

(bx (dxu+c)) /d]
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r2a = (-pa-Sqrt[pa”*2 - 4xqgal]) /2
r2al = (-pal-Sgrt[pal”2 - 4xqal]) /2
r2a2 = (-pa2-Sgrt [pa2”2 - 4xqa2]) /2

-1.08788
-1.21912
-1.31873
cla = (Il *Gamma[(d+a) /d]) / ((I +a) *xGamma[(l +a) /d])

clal = (I *Gamma[(d+al) /d]) / ((I +al) *Gamma[(l +al) /d])
cla2z = (I *Gamma[(d+a2) /d]) / ((I +a2) »Gamma[(l +a2) /d])

0. 0316585
0.0192918
0. 0124293

c2a = (-l »Gamma[(d+a) /d] = (dlhla[0] - r2axhla[0])) /
((I +a) *Gamma[(l +a) /d] = (d1lh2a[0] - r2a xh2a[0]))

c2al = (-1 *Gamma[(d +al) /d] = (dlhlal[0] - r2al xhlal[0])) /
((I +al) *Gamma[ (Il +al) /d] » (d1h2al[0] - r2al xh2al[0]))

c2a2 = (-1 *Ganma[(d +a2) /d] » (d1hl1la2[0] - r2a2 «hla2[0])) /
((I +a2) »Gamma[ (I +a2) /d] » (d1h2a2[0] - r2a2 xh2a2[0]))

0. 000285298
0. 0000648126
0. 0000175217

cda = (I *Gamma[(d+a) /d] » (hla[0] *d1lh2a[0] - dlhla[0] »h2a[0])) /
((I +a) *Gamma[ (I +a) /d] * (d1h2a[0] - r2a xh2a[0]))

cd4al = (I *Gamma[(d+al) /d] = (h1lal[0] *dlh2al[0] - dlhlal[0] *h2al[0])) /
((I +al) *Gamma[ (Il +al) /d] » (d1h2al[0] - r2al xh2al[0]))

c4a2 = (I *Gamma[(d +a2) /d] = (h1la2[0] *d1lh2a2[0] - d1h1la2[0] *h2a2[0])) /
(( +a2) xGama[ (I +a2) /d] » (d1h2a2[0] - r2a2 xh2a2[0]))

0. 151381
0. 0957892
0. 0662073

Phi Posi tivea[u_] = cdaxExp[r2a*u]
Phi Posi tiveal[u_] = cd4al xExp[r2al xu]
Phi Posi tivea2[u_] = cd4a2 » Exp[r2a2 xu]

0. 151381 ¢-1- 08788 u
0. 0957892 -1 21912u
0. 0662073 ¢ 1-31873u

Figure 2.13: Example 2.5.2, (i), Code 2/6
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Phi Negati vea[u_] = claxhla[u] + c2axh2a[u]
Phi Negativeal[u_] = clal xhlal[u] + c2al xh2al[u]
Phi Negativea2[u_] = cla2 xhla2[u] + c2a2 xh2a2[u]

<< Pl ot Legends’;

Pl ot [{Phi Posi tivea[u], Phi Positiveal[u], PhiPositivea2[u]},
{u, 0, 43}, PlotRange -» {0, 0.2}, AxeslLabel -» {"u", "e+(V)"},

Pl ot Style -» {RGBCol or [0, 0, 0], RGBCol or [0, 1, 0], RG&BCol or [0, O, 17},
Pl ot Legend - {Style["¢+(v): a = 0.1", 12], Style["e+(v): a = 0.3", 12],

Style["¢+(v): a = 0.5", 12]}, LegendPosition- {.9, 0},
LegendText Space -» 2, LegendLabel - Style["6=0.8", 121,
LegendLabel Space » .2, LegendOrientation- Vertical,
LegendBackground -» GrayLevel [1], LegendShadow- None, Background - None]

0=0.8
o+(v) — p+@):a=0.1
0.20
p+@): =03
0.15
— p+(): =05
0.10
o \\'\
0 Z‘I. 2 é 4 !
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Figure 2.14: Example 2.5.2, (i), Code 3/6
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c>1%x(1/b)
True
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Figure 2.15: Example 2.5.2, (ii), Code 4/6
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cldl = (I *Gamma[(dl+a) /dl]) /7 (( +a) *xGmua[( +a) /d1l])
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Figure 2.16: Example 2.5.2, (ii), Code 5/6
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Chapter 3

Dividend Payments

In this chapter, Wang and Yin (2009), Yuen, Zhou and Guo (2008) consider
two more features for the classical surplus process, namely, a debit inter-
est force and dividend payments according to a barrier strategy. So, when
the surplus exceeds a threshold, the insurance company will pay dividends
to shareholders. Furthermore, when the surplus is negative, but above a
critical value, the company can borrow money equal to the deficit, with a
debit interest force, as we have already seen in Chapter 2. Our objective in
this chapter is to find expressions for the moment-generating function and
moments of the present value of the dividend payments and to give explicit
results for exponential claims. Specifically, we will focus on the first moment
of the present value of the dividend payments which denotes the expected
discounted dividends the company has to pay to its shareholders.

Firstly, we present the integro-differential equations satisfied by the moment-
generating function of the discounted dividend payments. Through them,
we derive the integro-differential equations for the moments of the dis-
counted dividend payments. In case of exponential claims, the latter integro-
differential equations are converted into differential equations which are
solved offering explicit expressions for the moments of the present value
of the dividend payments, focusing mainly on the first moment. Meanwhile,
we present the definition of Gerber-Shiu function and the integro-differential
equations satisfied by it, under the aforementioned surplus process.

3.1 Introduction

In Chapter 1, where we study the (classical) ruin under the classical contin-
uous time risk model, the surplus process is given by

U(t) =u+ct—S(t), t >0, (3.1)

where v > 0 is the initial surplus, ¢ > 0 is the premium rate per unit time
and S(t) is the aggregate claims process. We recall that S(¢) denotes the

129
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total loss for the insurer in the time interval [0,t] and it is defined by

(t)
o N =0

where N(t) is a Poisson process, with intensity A > 0, which indicates the
number of claims occuring in the time interval [0,t] and {X;}:°; is the se-
quence of the individual claim sizes, independent of N(t¢), which consists
of independent and identical nonnegative random variables with a common
distribution function F'(x) that satisfies F'(0) = 0 and has a positive mean

1 = / xf(x)dx = / F(x)dz, where F(xr) = 1 — F(z) is the survival
0 0

function of F(z) and f(z) = F'(x) is the respective probability density func-
tion.

In Chapter 2, in order to study the absolute ruin, we expand the above
model by assuming that the insurer can borrow money equal to the deficit,
at a debit interest force § > 0, when the surplus falls below zero. Thus, the
surplus process (3.1) is converted into Us(t) and satisfies

dUs(t) = [+ 8Us(t)I (Us(t) < 0)] dt — dS(t)

[ edt 1 6Us(t)dt — dS(t),  Us(t) <0
N cdt — dS(t), otherwise

We have also mentioned that if the negative surplus attains the critical value
— % or drops below — ¢, there is no chance for the surplus to be positive again.
When this happens, we say that absolute ruin occurs. There are many stud-
ies and results for the absolute ruin in the scientific literature, for example
Dassios and Embrechts (1989), Embrects and Schmidli (1994), Dickson and
Egidio dos Reis (1997), Zhang and Wu (1999), Cai (2007), Gerber and Yang
(2007).

In this Chapter, Wang and Yin (2009) add another feature to the sur-
plus process, namely the dividend payments according to a barrier strategy.
There are also many papers for the approach through a constant dividend
barrier, for example see [2], [8], [14] - [16], [18] - [19] and [22] - [24]. We
are going to use the model of Wang and Yin (2009), who were motivated by
Cai, Gerber and Yang (2006) and Yuen, Zhou and Guo (2008). According
to the model of Wang and Yin (2009), the modified surplus process, under
the debit interest force § and the barrier strategy, is given by

cdt + SU()dt — dS(t),  Up(t) <0
dUy(t) = { cdt —dS(t), 0< Uy(t) <b
—dS(t), Up(t) = b
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where ¢t > 0, Uy(0) = u, b > max{0,u} is the finite dividend barrier and
D(t) is the aggregate dividends paid in the time interval [0,t]. In their work
there is the assumption that the company pays dividends at a constant rate
equal to the premium rate ¢, whenever the surplus Uy(t) attains the barrier
b. Hence, when the surplus reaches the barrier b, all the premium revenues
are given to shareholders as dividends and the surplus remains at the level
b until the next claim happens. By contrast, when the surplus is below b,
there are not dividend payments. This can be illustrated by the Figure 3.1.

The Surplus process The Modified Surplus process

60
|
60
|

50
50

40
40

30
|
30
|

u)
20

Ub(t)
20

-10
-10

Figure 3.1: The modified surplus process

Definition 3.1.1. The absolute ruin time of the modified surplus process
{Up(t) : t > 0} is defined by

mf{t >0: Uyt) < —g}
Ty =

0o, if Ub(t)>—§ Vit>0

Definition 3.1.2. Ifa > 0 is a discounting interest force, the present value
of all dividends paid up to the absolute ruin time Tj, will be denoted by

T T
D= [ ean) = ¢ [ ety = by
0 0

Remark 3.1.1. We observe that for all t where Uy(t) > b, we obtain
Ty, = co. Thus, we are led to the following property
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Tb o0 c
Dyp = c/ e I(Uy(t) > b)dt < c/ e dt = —
0 0 a
Definition 3.1.3. The moment-generating function of D, is denoted by
M(u,y;b) = FE [eyD“’b] , —5 <u<bandyis finite
and the n-th moment of D, is symbolised by
mem:EPmJ, —fcu<bneN

Remarks 3.1.2.

i. We can easily derive that Vo(u,b) = 1 and for w > b it holds V1 (u,b) =
u—b+Vi(b,b)

i. As M(u,y;b) and Vi,(u,b) behave differently for —5 < u < 0 and
0 < u < b, the following discrimination is made by Wang and Yin

(2009)
Ml(uvy;b)7 OSUSb
M (u,y;b) =
Ma(u,y;0), —§<u<0
and
Vi (u, b), 0<u<b
Vo (u,b) =

Via(u, b), -5 <u<0

3.2 Moment-Generating Function

In order to find expressions for the n* moment of Dy p, Va(u,b), Wang and
Yin (2009) describe firstly the integro-differential equations for M (u,y;b) in
the following Theorem.

Theorem 3.2.1. For 0 < u < b, My(u,y;b) satisfies

ou dy 0

ut$
+ / My (u =,y B)AF () + Flu+ )
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whereas, for —§ < u <0, Ma(u,y;b) satisfies

OMy(u,y;b) OM>(u,y;b) )
(bu+c) o = Wy + AM>(u, y; b)

u-‘,—% _ c
- [/0 Mg(u—az,y;b)dF(m)jLF(u—l-S)

(3.3)
Proof.
i. When 0 < u < b, we consider a small ¢ > 0, so that Up(s) < b Vs € (0,1]
(i.e. there are not dividend payments in (0,¢]). Due to the strong Markov
property of the surplus process {Uy(t) : t > 0}, it holds

M (u,y;b) = E [M (Uy(t), ye™;b)] (3.4)

A reasonable explanation for the right side of (3.4) can be depicted by
the Figure 3.2. It is known that the surplus at a specific time ¢ > 0 is
equal to Up(t). The present value, at this time t, of all dividends paid
until the absolute ruin time Ty, is Dy, ;). However, we want to find the
present value for ¢ = 0. Thus, by discounting the variable Dy, 4, we
obtain e_“tDUb(t)vb. The moment-generating function for this variable is:

E [eye*atDUb(t),b:| = M (Ub(t), ye—at; b).

discounted factor: e3t

e Dy, b < | Dupe

,ﬁ_
O @ @
(0] t Te
Du,b

Figure 3.2: The Markov property

In the time interval (0,t], we can have one claim (N(t) = 1), or no claim
(N(t) = 0). As we have seen in Definition 1.1.3, the probabilities are
Pr(N(t) = 1) = X and Pr(N(t) = 0) = 1 — M, respectively. Condi-
tioning on the time and size of the first claim and using the strong Markov
property (3.4) and the renewal argument, the law of total probability yields
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Mi(u,y;0) = E[M; (Up(t),ye " b)]

1
= Y E[M (Up(t),ye”™;b) IN(t) = k] Pr (N(t) = k) + o)
k=0

where,

G

t~>0 T
When N(t) = 0, we have Up(t) = u + ct. Thus,
E [My (Uy(#), ye=;b) IN(t) = 0] = Mi(u + ct,ye™*;b)

When N(t) = 1, regarding the size x of the first claim, there are three
potential situations for M; (Ub(t),ye_“t; b), which can be depicted by the
Figure 3.3. Namely,

o for z < u+ ct, the procedure is renewed and Uy(t) = u+ct — 2z > 0

o for u+ct < x < u+ct+ §, the procedure is renewed and Uy(t) =
u+ct—x <0

e for x > u+ ct + 5, absolute ruin happens and the moment-generating
function is 1, because there are not dividend payments (D = 0)

Overall, we have
My (u+ct—x,ye‘at;b), O<z<u+ect

M, (Ub(t),ye_“t; b|N(t) = 1) =< M (u +ct — x,ye % b) , utcad<z<utct+ g

1, r>utct+3

Finally, we obtain

u+-ct
Mi(u,y;0) = (1= X)My(u+ ct,ye % b) + Mt [ My (u+ct —z,ye”*; b)dF ()
0
ut-ct+5 00
+ / Ms(u + ct — z,ye” " b)dF(x) + / dF(z)| + o(t)
u+ct utct+§

(3.5)
Let Mi(u + ct,ye~;b) = My (u(t),y(t);b). Then, the Taylor’s expansion
evaluated at the point ¢t = 0 leads to
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N(t)=0
o |
™
. usct |
— S u 0/
> o t
S 4
! —c/d ®------------
Q
(? —
T T T T T T
-3 -2 -1 0 1 2 3
t
N(t)=1, x < u+ct
o |
™
. usct |
o _| u X
= u+ct-x !l/o/
° o t
S 4
! —c/d ®------------
Q
(T) —
T T T T T T
-3 -2 -1 0 1 2 3

My (u(t), y(t);b) =

N(t)=1, u+ct < x < u+ct+(c/d)

o _|
™
] utet  +
. 3 u o/‘: X
> = utctx  + te
! —c/d ®------------
o
nlf) —
T T T T T T
-3 -2 -1 0 1 2 3
t
N(t)=1, x > u + ct + (c/d)
o _|
™
utcTb
. 3 u o/‘:
=1 o
S X
! -c/d ®-----r------
% - u+cTh-x T ¢
T T T T T T
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Figure 3.3: Cases of the first claim

M (u,y;b) + ct

d
dt

M (u(0), y(0); b)

ou

OM; (u,y;b)

ou

Substituting the above result in (3.5) yields

|

ot

135

My (u(0),y(0);0) + t— [Mi(u(t), y(t); b)]=0 + o(t)

OM; (u(0),y(0);b)

dy(t)

8u(t)] .
t=0

Oy

|

ot

.
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M :b M ;b
Mi(wyb) = (=) | Mi(uy;b) + 220830 00w yb)
ou y
u-+tct
+At [ My (u+ ct — z,ye”";b)dF ()
0
utct+3 0o
+ / Moy (u+ ct — z,ye” " b)dF () + / dF(z)| + o(t)
u—+ct utct+§
Dividing both sides by t, we obtain
1(%2/75) _ 1(u>y7b) —|—Ca 1(%%5) _aya 1(u>y7b) + O(t) —/\Ml(u,y;b)
t t ou oy
M -b M -b t u-+-ct
—)\tcM + /\tayM — /\t@ + A M (u+ ct — z,ye” " b)dF ()
8U 8y t 0
u+6t+§ ot _ c 0 t)
—I—/ Mg(u—l—ct—l‘,ye“;b)dF(:l:)-i—F(u-i-ct—FS) +T
u-+tct

Letting t — 0 yields

OM; (u,y; b) OM;(u,y;b)
"= ay——p—

50 oy + AM; (u, y;b) — A UO My (u — x,y;b)dF (x)

uts _
+ / My(u — 2,4 )P (z) + Flu+ 5)

ii. When —5 < u < 0, we assume that the surplus, under the effect of the
debit interest force d, will not attain 0 in the time interval (0, ], for a small
t > 0. Let tg be the first time the negative surplus becomes zero, provided
there is no claim in [0,%p]. Furthermore, let h(t,u), t < to, denote the
values of the surplus, provided that there is no claim in [0,¢]. Consequently,
h(tgp,u) = 0 and h(0,u) = u. It always holds that

et —1
-

and tg is the solution of h(t,u) = 0. We assume that ¢ < tyg. In the time
interval (0,t], we can have one claim (N(t) = 1), or no claim (N(¢) = 0).
As we have seen in Definition 1.1.3, the probabilities are Pr(N(t) = 1) = At
and Pr(N(t) = 0) = 1 — At, respectively. Conditioning on the time and
size of the first claim and using the strong Markov property (3.4) and the
renewal argument, the law of total probability yields

h(t,u) = ue® + ¢ [



3.2. MOMENT-GENERATING FUNCTION 137

Ma(u,y;b) = E1 [ My (Us(t), ye=;b) ]
= Y E[M, (Uy(t),ye "";b) [N(t) = k] Pr (N(t) = k) + o(t)
where, lim A 0.
t—0
When N (t) = 0, we have Uy(t) = h(t,u). Thus,
E [My (Uy(t), ye~ ;) [N(t) = 0] = Ma(h(t, u),ye™";b)

When N (t) = 1, regarding the size x of the first claim, there are two potential
situations for Mo (Ub(t), ye %, b), which can be depicted by the Figure 3.4.
Namely,

e for x < h(t,u)+ 5, the procedure is renewed and Uy(t) = h(t,u)—z < 0

e for x > h(t,u)+ §, absolute ruin happens and the moment-generating
function is 1, because there are not dividend payments (D = 0)

My (h(t,u) — z,ye="b), 0<z <h(t,u)+$
ie. My (Uy(t),ye ;b) =

1, x> h(t,u) + §
N(t)=0 N(t)=1, x > h(t,u) + (c/d)
S - S -
t to Th to
o . [S) .
h(t,u) o h(Tb,u)
\5’ o u e % o u e '
YT D L x
= B EEEEEEEEEEE . B EEE RS
2 | Q h(Tb,u)-x + )
! T T T T ! T T T T
-4 -2 0 2 4 -4 -2 0 2 4

10
1

t to
o °
h(t,u) o]
e u | X
= $ - h(tu)-x ®
- -c/d  f------------
o
S
! T T T T
-4 -2 0 2 4

Figure 3.4: Cases of the first claim
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So, we obtain

h(tu)+ <
Ma(u,y;b) = (1 — Xt)Ma (h(t,uw),ye *;b) + At / ' M, (h(t,u) — z,ye~*;b) dF ()
0

+o(t)

+ / dF (z)
h(tu)+§
(3.6)

Let Ma(h(t, u), ye ;b) = Ma(ue® + ¢ [66%_1] sye % b) = Ma(u(t),y(t); b).
Then, the Taylor’s expansion evaluated at the point ¢t = 0 leads to

Ma(u(t), y(t);b) = M2(U(O>ay(0)§b)+t%[M2(u(t)7y(t)§b)]t:0+0(t)

 ub) [GMQ(u(O)ay(O);b) [au(t)L_O

ou ot

oM (u(0), y(0):b) [y(1)
P { ot L} +olt)

OMa(u,y; b) OM>(u,y;b)
2(u,y;b) + (du + )t 5 ay 9y + o(t)
Substituting the above in (3.6) leads to
M- ; M- ;
Ms(u,y;b) = (1 — \t) [Mg(u, y; b) + (du + c)tw - aytw + o(t)]
ou y
h(t,u)+5 00
+\t / M, (h(t,u) — z,ye~*;b) dF (z) + / dF(z)| + o(t)
0 h(tu)+ ¢
Dividing both sides by t, we are led to
MQ(uvyvb) MQ(ua Y; b) aMQ(“’vyvb) 8M2(U, Y; b) O(t>
" ; + (du + ¢) 5 ay 9y + n AMs(u, y;b)
OM>(u,y;b) OMs(u,y;b) o)
h(tu)+ & )
+A / " My (h(t,u) — z,ye~";b) dF (z) + F (h(t,u) + g) + O(tt)
0

If t - 0, then h(0,u) = u and the final integro-differential equation for
MQ(ua Y3 b) is
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(5U+C)8Mz(u7y;b) _ ayaMz(au,y;b)
Y

AM- )
ou + 2<u7y7 )

ut$ B ¢
- [/0 Mg(u—x,y;b)dF(a:)+F(u+g)
¢

In the following Theorem, we present the boundary conditions and the con-
tinuous property of M (u,y;b) at u = 0, according to the paper of Wang and
Yin (2009), without providing any proof.

Theorem 3.2.2. M;(u,y;b) and Ma(u,y;b) satisfy

OM; (u,y;b)

R -, = M N .
au b Yl <b7 Y; b) (3 7)
Mz(—g,y;b) =1 (3.8)
Mi(0,y;06) = My(07,y;b) (3.9)

3.3 Moments of the Dividend Payments

Applying the definitions of the moment-generating function M (u,y;b) and
the moments V,,(u, b), we can derive the next expression of them.

Lemma 3.3.1. For any random variable Y, it always holds

= (Y e 2 tn
— tY] _ _ —
My(t)= E["]=FE § ] =F 1+§ n!Y” _1+§ n!E[Y”]
n=0 n=1 n=1

As a result, M (u,y;b) and Vy,(u,b) are connected through the corresponding
expression, which is used by Wang and Yin (2009),

P S b
M (u,y;b) =1+ Zl 1 Va(u,0) (3.10)
Indeed,
M(u,y;b) = E[e¥Put] =F i WDu)" | _ E |1+ i Y pn
» Y5 - - —~ n! - — n! u,b

Ooyn
=1+ B[P
n=1
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%

Using the expression (3.10) and the results of Theorem 3.2.1 and Theorem
3.2.2, Wang and Yin (2009) extract the integro-differential equations satis-
fied by V,(u,b).

Theorem 3.3.1. The moments V,,(u,b) of Dy satisfy the following integro-

differential equations:
1. For 0 < u < b, it holds

Vo (u,b) = (A +na)Vpi(u,b) — A Uou Vi1 (u — 2, b)dF(x)

u+§
+ / Vo (u
i

ii. For —5 <u <0, we have

(3.11)
x,b)dF(z)

(6u + ) V,q(u,b) = (A + na)Vpa(u, b) — )\/OU+5 Vi2(u — z,b)dF(z) (3.12)

Proof.
i. When 0 < u < b, by substituting (3.10) in (3.2), we obtain
1+§:£Vn1(ub) —ay8 1+Zy Vai(u,b) | + A 1+Z Vi (u, )
n=1 n' 7 a n=1 '
uts c
/u 1+Z Vn2 7,b)| dF (@) + Flu+ §)| =
oo y 0o n—
z ,b) Vi (u, b A1 1 (u, b
u 0 yn u u-i—%
S\ / dF(x) + Z n'/ Voi(u —2,b)dF (z) + / dF(x)
O n:1 * 0 U

00 n putS oo
Yy 5
+ E n‘/ x,b)dF(x)+/+ch(x)
n=1 v uTs

—
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Y "
Zlnlcvnl(“’b) = Z—naan(u b) —I-/\—i-z )\an(u b) — A

n=1

+ Z yf;(—)\) /Ou Vi (u — z,b)dF (x)

x© .n ut$§
-%}jz’(—x{/ Vo (u — 2, b)dF (2)
Comparing the coefficients of y™, n € N'T yields

u u+$
/ Vo1 (u — z,b)dF(x) + / Vaa2(u — z,b)dF(x)
0 U

cVTl1 (u,b) = (A+na)Vpi (u, b)—A

ii. When —§ < u <0, applying (3.10) in (3.3) yields

X . n
2 :y 2 :
n=1

) [ /“*3‘

+A

n= 1

(ou+ ¢)—

dm@+ﬁm+§

0o y"
1"’_25‘/712(”_1'7())
1+Z nQUb)

n= 1

u+< . n puts o0
)\ [/0 " dF () + S ?jl'/o " Viau — 2, b)dF () + /+c dF(x)
n=1 uTy

o0

Z—' (6u + &)V, o(u,b) = Z . = naVnz(u,b) +/\+Z )\Vng(u b)

n=1

E \

(du + ¢) iy

o0 n u+£
y B
_)\+;m(—)\)/0 Vio(u — z,b)dF (x)
Comparing the coefficients of y™, n € N yields
| g
(0u+ )V, 5(u,b) = (A + na)Vya(u, b) — )\/ Vaa(u — z,b)dF (x)
0
%

In the following Proposition, Wang and Yin (2009) derive the boundary
conditions and the continuous property of V,(u,b) at u = 0, by applying
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similar arguments to Theorem 3.3.1.

Proposition 3.3.1. For the boundary values b and —%, V;,(u,b) satisfies

Vi1 (u,b) o= wVara(bb),  meNT (3.13)
vm(—g,b) -0, neNTt (3.14)
Moreover, Vy,(u,b) and V,(u,b) are continuous at u =0, i.e.
Va1 (0,0) = Vna(07,b), neNT (3.15)
Vo (01 b)) = V,(07,b), neNt (3.16)

Proof. Substituting (3.10) in (3.7) leads to

o yn
1+Zn!Vn1(u,b)] 1+Z an b, b]
n=1

u=b

Zy 1ub(:b —y+z Vi (b,0)

As it holds Vp;(b,b) = 1, by setting k = n + 1 in the serie at the right side,

we obtain

3‘@

n > k
wb)| =yt DR Veena(bb) =

> k
_ Y
o v 2K V1Y)
k=1

Yy ()

M8

N
I

Taking into consideration the corresponding coefficients of y™, n € N, we

are led to

= TLVn_Ll(b, b), neNT

u=>b

V7;1 (uv b)

Now, from (3.10) and (3.8), we obtain
1+ Z EVTQ(_E’[)) =1= Z HVHQ(_Sa b) =0=

VnQ(_§7b):0, n€N+

Regarding the continuous property of M(u,y;b) at u = 0 in (3.9), substi-
tuting (3.10) yields
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Mi(0,y;0) = M(0~,y;b) =
1+ZHVM(0,I)) = 1+ZHV,¢2(0 b)) =
n=1 n=1

an(o,b) = Vng(o_,b) n€N+

Finally, letting « — 07 in (3.11), we obtain
VL (0,B) = (A +na) Vi (0,5) — A / " Vs (=, b)dF () (3.17)
0

and, letting v — 0~ in (3.12), we obtain

<

Vs(07,0) = (A + na)Vpz(0~,b) — A /0 " Via(—, b)dF () (3.18)

From (3.15), (3.17) and (3.18), we are led to

’

V. (0F,b) =V ,(07,b), neNt

3.4 Gerber-Shiu function

In the paper of Yuen, Zhou and Guo (2008) we can find the definition of
Gerber-Shiu function for the surplus process studied at this Chapter, i.e.
for the surplus process {Uy(t) : t > 0} with debit interest force § > 0 and
dividend payments according to a barrier strategy. Yuen, Zhou and Guo
based on Gerber and Shiu (1998) give the following definition.

Definition 3.4.1. The Gerber-Shiu function, or the expected discounted
penalty function, for the surplus process {Uy(t) : t > 0} with debit interest
force § > 0 and dividend payments according to a barrier strategy, is given

by
op(u) = E [e=ow (U(Ty), |Up(Th)|) 1(Thy < 00)|Up(0) = u] (3.19)

where u is the initial surplus, Ty is the absolute ruin time, b is the threshold
for the dividend payments and a > 0 can be considered either as a discount-
ing interest force for the penalty function w(x,y) or as the argument for the
Laplace transform of Ty. The function w(x,y) is a bivariate nonnegative

c
unction with domain (—=,00)x|=, 00), because the surplus prior to absolute
)

J
ruin, Uy(T, "), is greater than —$§ and the deficit at absolute ruin, |Uy(T})|,

15 at least %
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Furthermore, we point out two different paths for ¢p(u), regarding the values
of u. Namely,

¢b+(u), 0 S u < b
dp(u) =

é-(u), —5 <u<0

Finally, following similar arguments to Definition 1.2.2, we remind that
Gerber-Shiu function is a general function and according to the values of
its terms, many significant actuarial functions can be derived. For instance,
the absolute ruin probability (e = 0 and w(x,y) = 1), the Laplace transform
of Ty, (w(zx,y) = 1), the distribution of Uy(7,) (a = 0 and w(x,y) = I(X <
x)), the distribution of |Uy(T3)| (a = 0 and w(z,y) = I(Y < y)) and the joint
distribution of Uy(T},") and |Uy(T})| (@ = 0 and w(z,y) = [(X < z,Y < y).

In the next Theorem, Yuen, Zhou and Guo (2008) prove the integro-differential
equations satisfied by ¢p(u), by using the same methodology to Theorem
3.2.1.

Theorem 3.4.1. The Gerber-Shiu function, ¢p(u), satisfies the following
integro-differential equations:

i. For 0 <wu <b,

ut-$

ey, (u) = <A+a>¢b+<u>—Al/ouqsmu—m)dﬂm / bp(u — 2)dF(z)

+ /:i w(u, r — u)dF(z)

c
1. For —5 <u <0,

o0

ut$
(bu+c)py_(u) = (A4 a)dp_(u) — A [/ ’ oy (u — x)dF(z) + / w(u, r —u)dF(z)

0 ut$§

Proof.

i. When 0 < u < b, we assume a small time interval (0,¢], in which the

surplus does not attain the value b. In this time interval, (0,¢], we can

have one claim (N(t) = 1), or no claim (N(¢) = 0), with probabilities

Pr(N(t) =1) = Xt and Pr(N(t) = 0) = 1 — At, respectively. Conditioning

on the time and size of the first claim and using the renewal argument, the

law of total probability yields

1
Op () = 3 dps (ulN(t) = k) Pr(N()) = k) +o(t)  (3.20)
k=0
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o(t)

where hm -~ = 0. Based on the proof of Theorem 3.2.1 and Figure 3.3,

we dlstmgulsh the following cases.

When N (t) = 0, the surplus process is renewed with initial surplus u+ct > 0.
Discounting at time ¢ = 0, we obtain

O (N (8) = 0) = e~y (u + ct)

When N(t) = 1, regarding the size x of the first claim, there are three po-
tential situations for ¢p4 (u|N(t) = 1), which can be depicted by the Figure
3.3. Namely,

e for 0 < z < u + ct, the surplus process is renewed with initial surplus
u+ct—x>0

o for u+ct <z <wu+ct+ 3, the surplus process is renewed with initial
surplus u +ct —x <0

o for ¥ > wu + ct + §, absolute ruin happens. The surplus prior to
absolute ruin is Uy(7, ) = w + ct and the deficit at absolute ruin is
\Up(Tp)| = u+ct —z| =2 — (u+ct) >0

Discounting all the above at t = 0, we obtain
e %y, (u+ct — ), O<z<u+ct
oy (uN(#)=1) =< e %y (u+ct—x), u+tct <z <u+tct+$

e~ w(u+ct,x — (u+ct)), z>u+ct+§

As a result, (3.20) can be written as

u+ct
oy (u) = (1= A)e ey (u+ ct) + At [/ e %py (u+ ct — x)dF ()
0

u+ct+6 o]
+ / e oy (u+ct — x)dF(z) + / e w(u+ct,x — (u+ct))dF (z)
ut-ct ut-ct+§

+o(t)
(3.21)
If we set g(t) = e Y“ppy(u + ct) = e %y (u(t)), the Taylor’s expansion
evaluated at ¢t = 0 leads to
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Cat Oyt (u(0))  Ou(t)
onu(0) ey TR

o

= Gp4 () + £ | ~adpy (u) + by (u)] + o(t)
So, we have

ey (1t ct) = Gy (1) — atgns (1) + ctépy (u) +olt)  (3:22)
Substituting (3.22) in (3.21) yields

O (u) = (1= M) | b (u) — atey (u) + ety (u) +o(t)|

u+ct+§

u+ct
/ e oy (u+ ct —x)dF (x) + / e “op_(u+ct — x)dF ()
0 u+ct

+At

+ /OO e_atw(u +ct,x — (u+ct))dF(z)| + o(t)

+ct+§

Dividing both sides by t, we obtain

e (1) [ 25— g0+ e 0+ A

u+ct+§

/U+Ct e %y (u+ ct — x)dF(z) + / e %y (u+ct —z)dF(z)
0 u+ct

+A

+ /uoo e "w(u+ct,r — (u+ct))dF(z)| + ng)

+ct+§

= 2 gy () + ety () + 2D

oft)

“Aby (1) + Aatdp (u) = Aetey, (u) — M=

u+ct+§

u-+ct
/ e "oy (u+ct —x)dF(x) + / e "oy (u+ ct —x)dF (x)
0 u+-ct

+A

. /uoo e w(u+ ct,x — (u+ct))dF(z)| + O(tt)

+et+§
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Letting t — 0, we are led to

ut$

ey, (u) = <A+a>¢b+<u>—A[ /Ou¢b+<u—w>dF<x>+ / op(u — 2)dF(z)

+ /uoo w(u, z — u)dF(z)

+5

ii. When —5 < u < 0, we assume that the surplus, under the effect of the
debit interest force J, will not attain 0 in the time interval (0, t], for a small
t > 0. Let tg be the first time the negative surplus becomes zero, provided
there is no claim in [0, ty]. Furthermore, let h(t,u), t < tp, denote the values
of the surplus, provided there is no claim in [0, ¢]. Consequently, h(tg,u) =0
and h(0,u) = w. It always holds that

ot __
h(t,u) = ue® + ¢ {e 1]

J

and to is the solution of h(t,u) = 0. We assume that ¢t < ty. In the time
interval (0,t], we can have one claim (N(t) = 1), or no claim (N(t) = 0).
As we have seen in Definition 1.1.3, the probabilities are Pr(N(t) = 1) = A\t
and Pr(N(t) =0) = 1 — A, respectively. Conditioning on the time and size
of the first claim and using the renewal argument, the law of total probabil-
ity yields

1

Go—(u) = - (ulN(t) = k) Pr (N(t) = k) + o(t) (3.23)

k=0

o(t)

where %irr(l) - = 0. Based on the proof of Theorem 3.2.1 and Figure 3.4,
—

we distinguish the following cases.

When N(t) = 0, the surplus process is renewed with initial surplus h(t,u) <
0. Discounting at time ¢ = 0, we obtain

$p— (ulN(t) = 0) = e~ "¢y (h(t, u))

When N (t) = 1, regarding the size x of the first claim, there are two potential
situations for ¢p— (u|N(t) = 1), which can be depicted by the Figure 3.4.
Namely,

o for 0 < = < h(t,u) + §, the surplus process is renewed with initial
surplus A(t,u) —x < 0
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e for x > h(t,u) + §, absolute ruin happens. The surplus prior to ab-
solute ruin is Uy(T,") = h(t,u) < 0 and the deficit at absolute ruin is
U(T3)] = |At,u) — 2] = & — h(t,u) > 0

Discounting all the above at t = 0, we obtain
{ e ey (h(t,u) — ), 0<x<h(tu)+§

Pp- (u|N(t) =1) =
e~ %w(h(t,u),x — h(t,u)), = >h(t,u)+ 5§

Overall, (3.23) is written

h(tu)+$
Gp—(u) = (1= At)e™ gy (h(t,u)) + At /0 e gy (h(t,u) — x)dF (x)

+ /00 e~ %w(h(t,u), z — h(t,un))dF(z)| + o(t)
h

(tu)+§

(3.24)
ot 1
If we set y(t) = e %y (h(t,u)) = e ¥y <ue575 +c [e 5 ]), the Tay-

lor’s expansion evaluated at ¢ = 0 yields

v = w0+ | o] |+l

t=0

= ¢p_(h(0,u)) +1t [ie_“t

t=0 ' oh
+o(t)

= Gp () +t [~agy_(w) + (Bu+ )6 (w)] + o1

So, we have
e~y (h(t,u)) = ¢p_(u) — atdp_(u) + (Ju+ )tdy_(u) +o(t)  (3.25)
Substituting (3.25) in (3.24), we obtain

b (u) = (1= 2) |6y (w) — atey () + (Gu+ )tg,_(u) + o(t)]

h(tu)+$
.y / ety (h(t,u) — 2)dF (x)
0

+ /00 e~ %w(h(t,u), z — h(t,uw))dF(z)| 4 o(t)
h

(t,u)+§
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Dividing both sides by ¢, we have

ol _ 0l gy )+ 6ut e w) + A ro_(w)
+Xatpy_ (u) — A\(u + c)td, (u) — )\to(tt)
h(t,u)+%
+A /0 " e~ %oy_(h(t,u) — x)dF(z)
h —at — u T o(t)

+ /h(t,u)+g e~ "w(h(t,u),r — h(t,u))dF(z)| + "

Letting t — 0, we finally obtain

ut3 ()
(Ou+c)p,_(u) = (A+a)pp—(u) — A [/0 dp—(u — x)dF(x) + /u+g w(u,x —u)dF(x)

o

3.5 Exponential Claims

3.5.1 Differential Equations for the Moments of the Divi-
dend Payments

In this section we assume that claim sizes {X;}32; obey exponential distri-
bution with parameter 8 > 0, i.e. fx(z) = f(z) = fe P, 2 > 0. Based
on the study of Wang and Yin (2009), we present explicit expressions for
the moments of D, 3, V},(u, b), and more specifically, we focus on the case of
n = 1. The first moment Vj(u,b) denotes the expected present value of all
dividends paid until the absolute ruin time Tj.

Theorem 3.5.1.1. The moments of Dy, Vi(u,b), satisfy the following
second order differential equations:
. ForO<u<b

V. (u,b) — SV (u,b) = 0 (3.26)

c " c

Vq;ll(U,b)+<,3—>\+na> / Bna

7. For—§<u<0

1"

(6u+ &)V o(u,b) + [B (0u + ¢) + 8 — (A + na)] V.o (u, b) — BnaVue(u,b) =0
(3.27)
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Proof.
i. When 0 < u < b, substituting dF (z) = f(x)dz = Be ™ #%dz in (3.11) yields

Vpy (u,b) = (A+ na) Vo (u,b) — A [ / Vi (u — x,b)Be P da
0

ut%
+ / Vi (u — z,b) e P dx

Replacing y = u—x, dy = —dz, the boundaries of integration are converted

into y — u when * — 0, y — 0 when x — v and y — —§ when r — u + §.

Hence, we obtain

0
Var(w,0) = (A +na)Vou (u,b) = A [— / Vo (y, b)Be =0V dy

<
B

-/ Via(y, b)ﬁefﬁ(u*y)dy —
Vi (u,b) = (A +na) Vo (u, b) — ABe [/u Vo1 (y, b)e?Vdy
i (3.28)
+ / Oc Via (v, b)eﬁydy]
Differentiating (3.28) v(\sfith respect to u leads to
Vo (u,b) = (A +na)V,, (u,b) + A\2e v [/u Vi1 (y, b)ePYdy
: (3.29)

0
+ / Vn2 (y7 b>e/8ydy] - )\anl (’U,, b)
-4

Multiplying both sides of (3.28) by f yields

BV (u,b) = B(A+na) Vo (u, b) — A% [/u Vi (y, b)e™dy
0

0
+ / Vaa(y, b)eﬁydy]
—5

(3.30)
Adding down (3.29) and (3.30) and making the cancellations needed, we

obtain
cVJl(u, b)—l—ﬂcVéﬂu, b) = ()\—l—na)V?;l(u, b) —ABVp1(u, b)+ B(A+na) Vi (u,b)

Dividing by ¢ leads to
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@vm(u, b) =0

V7;1 (uv b) -

Vit + (8- 20)

ii. When —g < u < 0, substituting dF(z) = f(z)dz = Be #*dx in (3.12)
yields

ut$
(6u + €) Vo (u,b) = (A + na)Vpa(u, b) — )\/ ' Vo (u — ,b) e P dx
0

Setting y = u — z, dy = —dx, the boundaries of integration are converted
into y — v when  — 0 and y — —§ when x — u + §. Thus, we obtain

(6u + )Vo (1, b) = (A + na)Vpa(u, b) — ABe™ P /u Vo (y,0)e%dy  (3.31)

>lo

Differentiating (3.31) with respect to u yields

oV,

Oﬂ\n

—A\B8Vy2(u, b)
(3.32)
Multiplying both sides of (3.31) by f yields

B(Su+c)V, o (u,b) = BA+na)Vpa(u, b) —A32e 5 / ' Via(y,0)e%dy (3.33)

|
>lo

Adding down (3.32) and (3.33) and canceling out the terms with opposite
signs, we obtain

w2 (,0) + (6u+ ) Vop(u,0) = (A +1a)V,a(u, b) + Ag%e Vn2 (y,b)e™dy

5V7;2(u, b) + (du + c)V;Q(u, b) + B(ou + c)VAQ(u, b)= (A+ na)VTZQ(u, b) — ABVpa(u, b)

+B(A 4+ na)Vpa(u, b)

(6u 4 €) Vo (u, b) + [B (5u+ ¢) + 8 — (X + na)] V.o (u, b) — fnaVpa(u,b) = 0

o

3.5.2 Solutions of the Differential Equations

Theorem 3.5.2.1. The equation (3.26) is a second order homogeneous
linear differential equation with constant coefficients

A
+na and ¢qn = —@ (3.34)

pn:/B_

—
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According to chapter 4.2.2, page 159, of Alikakos and Kalogeropoulos (2003)
(see also Appendiz A.2), the general solution of (3.26) is given by

Vo1 (u, b) = cpie™™™ + cpoe’™?Y, O<u<b (3.35)

where cp1, Cp2 are arbitrary constants and rn1, The are the two distinct real
roots of the characteristic equation

T2+pnr+Qn:0

provided that the Discriminant is positive, D = p2 — 4q, > 0, i.e.

—pn £ /P2 — 44,
2

(3.36)

Tn,1,2 =

¢

As far as the solution of the equation (3.27) is concerned, Wang and Yin
(2009), firstly, convert it into a confluent hypergeometric equation. Then,
based on Abramowitz and Stegun (1972), they give an explicit solution, by
using the initial conditions (3.13), (3.14), (3.15) and (3.16), as well.

Proposition 3.5.2.1. The equation (3.27) can be reduced to a confluent
hypergeometric equation

Atna Be

7 ’ na
Y9, (y) + [1 - y] 9n(y) + Tgn(y) =0, -5 <y<0 (3.37)

Proof. Considering the transforms proposed by Wang and Yin (2009)

Via(u, b) = gn(y(u)) = gn(y) and y =y(u) = _M(SU(SJFC)’

we evaluate separately the derivatives of the first and second order, by using
the chain rule, i.e.

dy d*y
AVia(u,b)  dgn dgn(y) d /
. 2(u, ) _ dg (y) _ 9 (y) dy = —Bg.,(y)
L V) _ Eony) _ o) dy dy don) [Ey)
e du? Ay du du dy | du? !

Substituting them in (3.27) yields

(6u + ¢)B%g, (y) + [B(6u + ¢) + 6 — (A + na)] (—Bg,(y)) — Anagn(y) =0
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1
Multiplying by —% leads to

Bou+c) » 0 Atna  Blu+tco)l na B
Replacing y = —ﬁ(&;m, we obtain

1 A+ na , na
Y9, (y) + [1 - y] In(y) + 7gn(y) =0

Moreover, when it holds ¢ < u < 0, we have that

4]

5 _
O<du+c<c=—0> 5 5 5

&

Theorem 3.5.2.2. If % is not integer, the moments Vya(u,b), for

—g <u <0, are given by

Vo (1, 0) = cnahna(u), —g <u<0 (3.38)

with

ot (1) = [ﬂ(du—l— c)] e LIS (1 N @7 14 /\+na’ B(ou + c))
) 0 ) 0
(3.39)
where, M(x,y,z) is the confluent hypergeometric function of the first kind
and cnpq 18 an arbitrary constant.

Proof. If % is not integer and M(x,y, z), U(z,y, z) are the confluent
hypergeometric functions of the first and second kinds, respectively, accord-
ing to (13.1.15) and (13.1.18) of Abramowitz and Stegun (1972), the general
solution of (3.37) is given by

A A na A
gn(y) = cn3e?U (1 — 5l Em, —y) tepa(—y) T eV M (1 + %7 1+ J;na, —y>

for —% < y < 0, where c¢,3, cpq are arbitrary constants. Consequently,

we obtain

B(du + ¢)

Vn?(“v b) = gn(_ 5

) = cn3hns(u) + cnahina(u) (3.40)

for —5 <u <0, where



CHAPTER 3. DIVIDEND PAYMENTS

hos(u) = =5 U (1 - %, -2 J:;na, 5(51;+ C)>

) 5 0
Regarding Wang and Yin (2009), who use properties of the confluent hy-

pergeometric functions of the first and second kinds (see Appendix A.4,
Corollary A.4.1), for 6 # A + na, it holds

r <)\—;na>
lim hn3(u):

Atna
(1) = [5(6145—1-0)] 5 @—B(61§+C)M<1+m,1+>\+na B(5u+c)>

—_— d li h =0 3.41
i NCERT an u;?lg+ na(u) (3.41)
5
Letting u — —$™ in (3.40), we have
lim Vpo(u,b) =cp3 lim hps(u) + cpga lim hpg(u)
U_>—§+ u—)—%Jr u—>—§+

Substituting (3.14) and (3.41), we obtain

r ()\—;na)
Ozcng

M:‘%—O

)
As a result, (3.40) is reduced to
Vn2(u, b) = Cn4hn4(u)a

—§<u<0

¢
Lemma 3.5.2.1. The derivative of hna(u), —5 < u <0, is equal to
, Bloute)] 5 50140 [Aina—p(ute) na 1 4 Mtna Bloute)
fina(u) = B[ 5 } © [WMO"’_T’I""T’T)
+ d+na

Atna  B(dutc)
)\+5+naM (2+%’2+ (Snav Yg < )}

(3.42)
Proof. Differentiating (3.39) with respect to u and using the property
d%M(ac, y,z) = %M(m + 1,y + 1, 2), we obtain
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)\+na71 B(su+tc)

i) = e 2] T (e, 205

Atna

-8 [5(57§+6)} 8 e_wM (1 ey M;Snav 6(5134-(:))

Boute)] T BGute) 1qne Aina Bute)
+5[T} o~ 20t 1475 M(2+ 2 4 Atna SGu )

14+ )wlgna
B(dut-c) BFE Bute) Mna_ & M na Ana  B(dutc)
= B[T} e 5 [ 5 B(5U+C)_1} <1+7,1+ 5 5 >
Boute)] T _BGuta 5o na o | Ana B(outc)
+8 [T} e 7 A+a+naM(2+?2+T7T)
_ B(su+c) % _B(éngrC) )\+na—6(6u+c)M 1 na q Mna  B(dutc)
= B85 | e “Boure M (1% 1+ 55 T

+ ,\j_gizaM (2 + 2 + )\+na B(6U+C))]

o

Corollary 3.5.2.1. If % s not integer, the moment-generating function
of Dy, M(u,y;b), satisfies

x .n
Mi(u,y;0) =1+ Z % (cp1e™™" 4 cpoe™2) | O<u<b

and

M(uya _1+Z Cn4hn4 —§<U<0

Proof. It is a direct result of substituting the solutions for V,,(u,b), (3.35)
and (3.38), in formula (3.10). Indeed,

M(u,y;b) = 1+Z%Vn(ub

x .n
Y
1+ E ) (cpie™" 4+ cpoe™?), 0<u<b

1—1—2 Cn4hn4 ——<u<0
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Explicit Results for n =1

Step 1. Differentiating (3.35) and (3.38) with respect to u yields

Vi1(u,b) = crirppe™™ + ciaripe™®, 0 <u<b (3.43)
and .
VIQ(U, b) = C14h14(u), —g <u<0 (344)

Step 2. Substituting (3.43) in (3.13) and considering that Vp(u,b) = 1
Y u € (—§%,b], we obtain

V?“/Ll (U, b) —b = nVn—l,l(ba b) =
Vi(b.b) = Vou(bb) =
ciiriie™? + crorppe™? = 1 (3.45)

Step 3. Substituting (3.43) and (3.44) in (3.16) implies
Vr;l (0+7 b) = VT:2(077 b) =
Vii(ot,b) = Vip(07,b) =
cirtn +cieriz = ciahyy(0) (3.46)
Step 4. Substituting (3.35) and (3.38) in (3.15) leads to
Vai(o,0) = Vipe(07,0) =
Vii(o,b) = Vi2(07,b) =
ci1+ci2 = c14h14(0) (3.47)

Step 5. As a result, (3.45)-(3.46)-(3.47) compose a system of three equa-
tions with three unknowns, namely

criri €l + cpargemzt = 1
/
(%) ciirin +cieriz = c1ahyy(0)
ci1+ci2 = c1ah14(0)

where 711, 712 are given by (3.36), h14(0) and A, (0) are given by (3.39) and
(3.42), respectively. Solving the system (X), we obtain

h14(0) — r12R14(0)

11 = 7 !
rierd [h14(0) - 7"12h14(0)] — rigen2? [h14(0) - 7“11}”4(0)}
S r11h14(0) — hy,(0)
ri1e"1 [h,(0) — r12h1a(0)] — rizem2b [h1,(0) — r11714(0)]
711 — 12
Cl4 =

r11e"1 [h4(0) — r12h1a(0)] — rizem2b [1,(0) — r11714(0)]
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%

Finally, we conclude through the above procedure to the following proposi-
tion for the 15 moment, which is mentioned by Wang and Yin (2009).

Proposition 3.5.2.2. When % is not integer, the first moment Vi(u,b),
of Dyp, satisfies
i. For 0 <u < b,

[h/M(O) _ TlQhM(O)] et - [h/14(0) - 7’11h14(0)} el
r11€"? [h4(0) — r12h14(0)] — r12e72? [h14(0) — r11h14(0)]

ii. For —5 <u <0,

‘/11(11'7 b) -

[r11 — 712] h1a(u)
ri1emb [74(0) — r12h14(0)] — r12€7128 [hy,(0) — 711714 (0)]

¢

Remark 3.5.2.1. Regarding Cai (2000) and Wang and Yin (2009), it is
a common assumption that % 1s greater than 1 and not integer. This is
because the debit interest force § is usually less than one while the Poisson

parameter A is usually larger than one.

V12 (u, b) =

3.5.3 Numerical Example

Example 3.5.3. We assume that the intensity of the Poisson process is
A =4, the premium rate per unit time is ¢ = 2, the claim sizes X; obey an
Ezxponential distribution with parameter 3 = 3 and the dividend barrier is
b=15.

(1) We will study the progress of Vi1(u,b), 0 < u < b (i.e. the expected
present value of all dividends paid until the absolute ruin time Ty), in the
following cases:

1. Maintaining the discounting interest force constant and equal to a =
0.025 and letting the debit interest force receive variable values, namely

0 =0.08, 0.5 and 0.9

1. By contrast, maintaining the debit interest force constant and equal
to 0 = 0.2, we let the discounting interest force receive the values,
a = 0.025, 0.05 and 0.08

(2) For a = 0.025 and 6 = 0.08, we will depict the progress of V11(u,b) and
Via(u, b) with respect to b, by setting fixed values in the initial surplus u, for
mstance u = =2, —1, 1, 4.
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Note. In the following calculations we set n =1 in any formula we use, as
we want to find the first moment of D,,.

Solution. (1) Firstly, using the expressions (3.34) and (3.36), we estimate
the roots r11 and rqs, i.e.

A
ta and qlz—@

p1=0—
C

and

_ Vi —da g = PLTV Pt —4q
2 ’ B

2

Then, we evalute at © = 0 the hi4(u) and its first derivative h,(u), via the
formulas (3.39) and (3.42). So, we obtain

11

Ata

| Be| v e a A+a fBe
mao =[] e Far (1 fae 250
and
)\«ga Be N
ma = B[F] T ¥ [P (1 g e )

+ M (2+ 4,2+ 20, )|
The values of the arbitrary constants ci; and c¢i2 are given by

h14(0) = r12h14(0)
Tllerllb [h/14(0) — T12h14(0)] — 7“126”217 [h/14(0) — 7”11h14(0)]

11 =

r11h14(0) — hy,(0)
ri1eb [h),(0) — r12h14(0)] — r12em2b [h],(0) — 711h14(0)]

Finally, all the terms in (3.35) have been evaluated and we can obtain the
values of the first moment

Cl2 =

Vii(u, b) = cr1e™" 4 ¢i9e™2Y, O<u<b

Note. All the above calculations have been conducted in Mathematica. It
is worth mentioning that the confluent hypergeometric function of the first
kind, M(x,y,z), has been estimated with the command

Hypergeometric1F1[z, y, z]

i. In Figure 3.5 we can observe that for greater values of the debit interest
force ¢, the corresponding expected present values of all dividends, V11 (u, b),
are lower. Moreover, we observe that Vi1 (u,b) < & = ﬁ =80, V0<u<

b, as we have mentioned in Remark 3.1.3.

ii. Additionally, by calculating the arbitrary constant ci4,
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b=15and a=0.025

V11(u,b)
30

25

20

15

V11(u,b): § = 0.08

V11(u,b): § = 0.5

V11(u,b): § =09

Figure 3.5: Variable Debit Interest Force &

Cl4 =

11— T2

we can use the formula (3.38)

Via(u, b) = crah14(u),

4]

c
——<u<0

rireib [714(0) = r12h1a(0)] — r12em12b [11,(0) — r11h14(0)]

Finally, we observe that a similar case is depicted by Figures 3.6 and 3.7.
More specifically, the higher the discounting interest force a, the less the
first moment Vi1 (u,b) and Via(u,b).

b=15and§ = 0.2

V11(u,b) V11(u,b): @ = 0.025
30

| - Vi1(uby a=005
20+ ///

— V11(ub): a = 0.08

15F

101

Figure 3.6: Variable Discounting Interest Force a, 0 < u < b
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b-and5=02
—  Vi2iub)o=0.023 S
EL
Vi2iub) a = 0.05
—  Vi2iub)a=008 wor
;‘-/-- 3
- w0k
-~ L
//// b
e !
L L e ——— T
-10 -8 -6 -4 -2 0

Figure 3.7: Variable Discounting Interest Force a, —g <u<0

(2) Now, the arbitrary constants c11, c12 and cj4 are considered as functions
of b. Thus, by giving specific values to u, V11(u,b) and Via(u,b) behave
as functions of b, as well. Figure 3.8 depicts some expected results to us.
Firstly, from one value of b and after, V11(u,b) and Via(u, b) are decreasing
functions of b (this is because, when the dividend barrier b is high, the
surplus process attains the level of b less times, so the dividend payments
are less, as well). Moreover, for greater values of the initial surplus u, the
corresponding curves of Vi1 (u, b) or Via(u, b) are higher. The aforementioned
value of b, where the Vi1 (u,b) and Via(u,b) start decreasing, is the optimal
dividend barrier (i.e. that value which maximises the expected present value
of all dividend payments).
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d = 0.08 and a = 0.025

Vet —_— V12(ub):u= -2
0.

- V12(ub):u=-1
wf NN S Vil(ub):u=1

\\\

ur AN — Vil(ub):u=4

wof

Figure 3.8: Variable Dividend Barrier b

161
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3.5.4 Code of Mathematica

c=2

|=4

fIx_] = 3*xExXp[-3*X]

n = Integrate[x =f [x], {X, O, Infinity}]
m=1/nml

c > *xm

d =0.08

di 0.5

d2 = 0.9

a=0.025
b =15

( +a)/d
(I +a) 7d1
(I +a) 7d2

50. 3125
8.05
4.47222

m- ((I +a) /c)
-(m%xa) /c

pl
ql
0. 9875

-0. 0375
Discr = pl"2 - 4xql
1.12516

ril
riz

0. 0366169

(-pl+Sqrt [Discr]) /2
(-pl-Sqrt [Discr]) /2

-1. 02412

hl4[u_1 = ((Mx (dxu+c)) /7d)” ((I +a) /d) *Exp[-((m* (d*u+c)) /d)] *
HypergeonetriclF1l[1l + (a/d), 1 + ((I +a) /d), ((mx(d=xu+c)) /d)]

h14Afu_1 = ((Mmx (dlxu+c)) /7dl)” ((I +a) /dl) *Exp[-((m* (dlxu+c)) /dl)] *
HypergeonetriclF1l[1l + (a/dl), 1 + ((Il +a) /dl), ((m% (dlxu=+c)) /dl)]

h14B[u_] = ((Mm#% (d2xu+c)) /d2)” ((I +a) /d2) * EXxp[- ((Mm* (d2xu+c)) /d2)]
HypergeonetriclF1l[1l + (a/d2), 1 + ((Il +a) /d2), ((m% (d2xu=+c)) /d2)]

Dh14[u_] = Derivative[l][h14] [u]
Dh14A[u_]1 = Derivative[l][h14A][u]
Dh14B[u_] = Derivative[l][h14B][u]

Figure 3.9: Example 3.5.3 (1/i), Code 1/2
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cll = (Dh14[0] - r12%h14[0]) / (r11 *Exp[r1l xb] » (Dh14[0] - r12 «+ h14[0]) -
r12 « Exp[r12 = b] = (Dh14[0] - r11 xh14[0]))

cl2 = (r11xh14[0] - Dh14[0]) / (r11 *Exp[r1l = b] = (Dh14[0] - r12 xh14[0]) -
r12 « Exp[r12 = b] = (Dh14[0] - r11l «h14[0]))

cld = (r11-r12) / (r11 «Exp[rll «b] = (Dh14[0] - r12 «h14[0]) -
r12 « Exp[r12 = b] » (Dh14[0] - r11 % h14[0]))

cllA = (Dh14A[0] - r12 «h14A[0]) / (r11 « Exp[r11l xb] = (Dh14A[0] - r12 x h14A[0])
r12 « Exp[r12 = b] = (Dh14A[0] - r11 « h14A[0]))

c12A = (r1l1 +h14A[0] - Dh14A[0]) / (r11 +Exp[r1ll «b] » (Dh14A[0] - r12 % h14A[0])
r12 « Exp[r12 + b] » (Dh14A[0] - r11 % h14A[0]))

cl4A = (r1l1-r12) / (r1l «Exp[r1ll «b] » (Dh14A[0] - r12 » h14A[0]) -
r12 « Exp[r12 = b] = (Dh14A[0] - r11 « h14A[0]))

c11B = (Dh14B[0] - r12 « h14B[0]) / (r11 * Exp[r1l = b] % (Dh14B[0] - r12 x« h14B[0])
r12 « Exp[r12 = b] = (Dh14B[0] - r11 «+ h14B[0]))

c12B = (r1l1l «hl14B[0] - Dh14B[0]) / (r11 «Exp[r1ll «b] %« (Dh14B[0] - r12 x h14B[0])
r12 « Exp[r12 = b] = (Dh14B[0] - r 11 «+ h14B[0]))

cl4B = (r11-r12) / (r11 «Exp[r1ll «*b] » (Dh14B[0] - r12 %« h14B[0]) -
r12 « Exp[r12 = b] = (Dh14B[0] - r 11 «+ h14B[0]))

V11[u_] = cl11 «Exp[rll+u] + c12 *Exp[rl2 *xu]
V11A[u_] = cl1A*Exp[rl1l+u] + C12A*EXp[rl2 % u]
V11B[u_] = cl1B*xExp[rll xu] + cl2B*Exp[r1l2 xu]

-0. 0618444 e 1-02412u , 15 7681 0 0366169 u
~-1.81263 e—l. 02412 u +15. 7681 eO. 0366169 u
_3.22624 ¢ 1:02412u | 15 7681 0 0366169 u
<< Pl otLegends';

Plot [{V11[u], V11A[u], V11B[u]}, {u, O, b},

Pl ot Range - {10, 30}, AxesLabel -» {"u", "V11l(u,b)"},

PlotStyle -» {RGBCol or [1, 0, 0], RGBCol or [0, 1, O], RGBCol or [0, O, 17},

Pl ot Legend -» {Style["V11l(u,b): &6 = 0.08", 12], Style["V1l(u,b): & = 0.5", 127,
Style["V11l(u,b): 6 = 0.9", 12]}, LegendPosition- {.9, 0},

LegendText Space -» 2, LegendLabel - Style["b = 15 and a = 0.025", 12],

LegendLabel Space -» .2, LegendOrientation - Vertical,

LegendBackground - GrayLevel [1], LegendShadow- None, Background - None]

b=15anda=0.025

V1l(u,b) — V11(u,b): 6 = 0.08
30~

V1l(ub): 6 =05
5f

— V1i(ub): 6 =09
201

151

Figure 3.10: Example 3.5.3 (1/i), Code 2/2
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[X_] = 3*xExp[-3*X]
mL. = Integrate[x =f [Xx],

m = l/m’L

c > xm

d=0.2

a =0.025

al = 0.05

a2 = 0.08

b =15

(I +a) /d

(I +al) /d

(I +a2) /d

20. 125

20. 25

20. 4

pl = m- ((I +a) /c)
gl = -(mxa) /cC

plA = m- ((I +al) /c)
qlA = -(m=xal) /c
plB = m- ((I +a2) /c)
qlB = -(mxa2) /c

Discr = pl*"2 - 4xql

DiscrA = plA"2 - 4x(qlA
DiscrB = plB*"2 - 4 xglB
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{x, 0, Infinity}]

ril = (-pl+Sqrt[Discr]) /2
rl2 = (-pl-Sqrt[Discr]) /2

r11A = (-plA+Sgrt [DiscrA]) /2
r12A = (-plA-Sgrt [DiscrA]) /2
rllB = (-plB+Sqgrt [DiscrB]) /2
ri2B = (-plB-Sqgrt [DiscrB]) /2

Figure 3.11: Example 3.5.3 (1/ii), Code 1/3
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h14[u_ 1 = (M*x (dxu+c)) /d)* (( +a) /d) *xExp[-((Mm* (d*u+c)) /d)] =
HypergeonetriclF1l[l + (a/d), 1 + ((I +a) /d), ((mx (dxu=+c)) /d)]

h14A[u_1 = ((M* (d*u+c)) /7d)? ((I +al) /d) «Exp[- ((Mx (d*u+c)) /d)] *
Hypergeonmetri c1F1[1 + (al/d), 1 + (( +al) /d), ((mx(d*xu+c)) /d)]

h14B[u_1 = ((Mx (dxu+c)) /7d)” ((I +a2) /d) *Exp[-((m% (dxu+c)) /d)] *
HypergeometriclF1[l + (a2/d), 1 + ((I +a2) /d), ((mx(dxu+c)) /d)]

Dhl4[u_] = Derivative[l][hl1l4] [u]
Dh14A[u_] = Derivative[l] [h14A][u]
Dh14B[u_] = Derivative[l][h14B][u]

c11l = (Dh14[0] - r12+h14[0]) / (11« Exp[r1l «b]  (Dh14[0] - r12 «h14[0]) -
r12 « EXp[r12 « b]  (Dh14[0] - r11 «h14[0]))

c12 = (r11+h14[0] - Dh14[0]) / (r11 «Exp[r1l «b] « (Dh14[0] - r12 «h14[0]) -
r12 « Exp[ri12 «b] » (Dh14[0] - r11 xh14[01]))

Cl4 = (ri1l-r12) / (r11 »Exp[rll «b] « (Dh14[0] - r12 xh14[0]) -
r12 « Exp[ril2 = b] » (Dh14[0] - r11 xh14[0]))

C11A = (Dh14A[0] - r12A+h14A[0]) / (r 11A % Exp[r 11A«b] = (Dh14A[0] - r12A+h14A[0]) -
r12A % EXp[r 12A = b] » (Dh14A[0] - r11A«h14A[0]))

C12A = (r11A«h14A[0] - Dh14A[0]) / (r11A = Exp[r11A«b]  (Dh14A[0] - r12Ah14A[0]) -
r12A % EXp[r 12A« b] » (Dh14A[0] - r11A«h14A[0]))

C14A = (r11A- r12A) / (r11A«Exp[r11A«b] # (Dh14A[0] - r12A « h14A[0]) -
r12A« EXp[r 12A« b] » (Dh14A[0] - r11A«h14A[0]))

c11B = (Dh14B[0] - r12B«h14B[0]) / (r11BExp[r11B«b] « (Dh14B[0] - r12B«h14B[0]) -
r12B« EXp[r12B = b] » (Dh14B[0] - r11B«h14B[0]))

C12B = (r11B«h14B[0] - Dh14B[0]) / (r11B« Exp[r11B«b] # (Dh14B[0] - r12B«h14B[0]) -
r12B« Exp[r12Bb] « (Dh14B[0] - r11B«+h14B[0]))

C14B = (r11B- r12B) / (r11B«Exp[r11B«b] « (Dh14B[0] - r12B«h14B[0]) -
r12B« Exp[r12B«b] « (Dh14B[0] - r11B+h14B[0]))
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Figure 3.12: Example 3.5.3 (1/ii), Code 2/3
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Figure 3.13: Example 3.5.3 (1/ii), Code 3/3
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Figure 3.14: Example 3.5.3 (2), Code 1/2
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Conclusions

In Chapter 1, having set up all the necessary notions for the compound
Poisson surplus process, we define the Gerber-Shiu function. This function
can be reduced to many essential quantities for risk theory, for instance the
probability of ruin, the ruin time, the surplus just before ruin time, the
deficit at ruin time, etc. Then, using the renewal argument and the law
of total probability, we obtain the integro-differential equations satisfied by
Gerber-Shiu function. Using the Laplace transform and the Dickson-Hipp
operator, we are led to a defective renewal equation. Its solution has been
based on a compound geometric distribution. At the end of this chapter,
explicit results for the ruin probability and the Laplace transform of the ruin
time have been presented, when the claims are exponentially distributed.

In Chapter 2, we have followed a similar methodology to Chapter 1. The
main difference is that the compound Poisson surplus process has been en-
hanced with one more property. When the surplus drops below zero, the
insurer can borrow money equal to the deficit, at a debit interest force.
Meanwhile, the debt is paid back by the premium income. The surplus may
become positive again. On the other hand, if the surplus attains or falls
below a critical value, it will not become positive again and then absolute
ruin is said to happen. Under this scope, having followed the methodol-
ogy in Chapter 1, we define the Gerber-Shiu function at absolute ruin and
reach the explicit results for the absolute ruin probability and the Laplace
transform of the absolute ruin time, when the claims are exponentially dis-
tributed.

In Chapter 3, we have added to the compound Poisson surplus process
the property of dividend payments according to a barrier strategy. This
means that whenever the surplus reaches a threshold, the insurer will pay
dividends to shareholders at a rate equal to the premium rate, until the
next claim occurs. Moreover, similar to Chapter 2, there is a debit interest

169



170 CHAPTER 4. CONCLUSIONS

force for the money borrowed, when the surplus falls below zero. Absolute
ruin happens when the surplus is equal or less than a critical value. Firstly,
we have denoted the moment-generating function and the moments for the
present value of all dividends paid until the absolute ruin time. Then, hav-
ing used the renewal argument, we obtain the integro-differential equations
for the moment-generating function of the discounted dividend payments.
Through them, we are led to the integro-differential equations satisfied by
the corresponding moments. When we have exponential claims, the latter
equations can be converted into differential equations and by solving them
properly, we obtain explicit expressions for the moments of the discounted
dividend payments. Especially, we have focused on the first moment which
denotes the expected present value of all dividends paid until the absolute
ruin time. Finally, there are a brief definition of Gerber-Shiu function and
the integro-differential equations satisfied by it, under this modified surplus
process.



Appendix A

A.1 2nd Order Linear Differential Equations

Let

"

¢ (u) + p(u)e' (u) = g(u) (A.1)

be a second order linear differential equation where p(u) and g(u) are func-
tions of u. If we set

w(u) = ¢ (u) (A.2)
(A.1) is reduced to a first order linear differential equation, i.e.
w'(u) + plu)w(u) = g(u) (A.3)

The corresponding homogeneous linear differential equation is
w' () + p(u)w(u) =0

and the general solution of it can be found as below

w' (u) = —p(u)w(u) = w ) _ —p(u) = / w (u) du = — /p(u)du +c =

w(u) w(u)
In ’w(u)’ = - /p(u)du +c = ’LU(U) — e—fp(u)du+c1 —
w(u) =c e_fp(u)du where ¢ = e is an arbitrary constant.

The solution of the non homogeneous linear differential equation (A.3) is de-
scribed by Alikakos and Kalogeropoulos (2003), Chapter 1.3 ”Linear Equa-
tions”, page 9. According to them, the general solution of (A.3) is similar
to the general solution of the homogeneous, with the difference that ¢ will
be a function of u. Thus, we obtain

w(u) = c(u) e~ P (A.4)

Substituting (A.4) in (A.3), implies
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¢ (w)e™ I P — c(u)p(u)e S PO 4 p(u)e(u)e S PO = g(u) =

¢ (u) = g(u)e PWdu — /cl (u)du = /efp(“)d“g(u)du + 0o =

c(u) = /efp(u)d“g(u)du + co where cs is an arbitrary constant.

As a result, (A.4) can be written as
w(u) = e JPwdu [/ el P g () duy, + CQ:| (A.5)
Substituting (A.5) in (A.2), we obtain the general solution of (A.1)

(Z)l(u) = e Jrwdu [/ efp(“)d“g(u)du + 62} =

plu) = ca+ /e_fp(“)d“ [/ el Pedug () du + 02} du

A.2 2nd Order Linear Homogeneous Differential
Equations with Constant Coefficients

Alikakos and Kalogeropoulos (2003), in Chapter 4.2.2, page 159, give the
general solution of a second order linear homogeneous differential equation
with constant coefficients. In this paragraph we present briefly the results
of their work.

Consider the second order linear homogeneous differential equation
y' +awy +ay =0 (A.6)

where y is a function of t, y = y(t), and a;, ag are constant coefficients. Let
y = e be a solution of (A.6) for an unknown constant r. Then, substituting
y = e" in (A.6), we obtain

rle’ 4 aire™ +ae™t = 0 =

(rP4+ar+a)et= 0 =

4+ ar+a= 0 (because et >0V t)

As a result, y = €™ is a solution of (A.6) if and only if 72 + a7 + az = 0.
The polynomial

p(r) =r2 +ayr +as
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is called the characteristic polynomial of (A.6) and the counterpart equation
r?+air+az3 =0

is called the characteristic equation of (A.6). This is a quadratic equation
with unknown r and it is always solvable, with roots given by the quadratic
formula

—a1 \/a% —4ag
2

ri2 =

Consequently, any second order linear homogeneous differential equation
with constant coefficients is always solvable, as well.

We point out the following cases regarding the values of the Discriminant
D =a? —4ay :

i If a% — 4ag > 0, then there are two distinct real roots r1 # 9. The
general solution of (A.6) is

y(t) = cre™t + coe?

ii. If a? —4as < 0, then there are two complex conjugate roots 11 2 = o +iw.
The general solution of (A.6) is

y(t) = €7 (¢1 coswt + co sinwt)

iii. If a% — 4as = 0, then there is one repeated real root r{ = ro = r. The
general solution of (A.6) is

y(t) = cre™ + eote™

where c¢q, co are arbitrary coefficients in all cases. To find a particular
solution of (A.6), i.e. two specific values of ¢; and ¢y, requires two initial
conditions.

A.3 Property for v;(u)

When the penalty function w(x,y) = 1 and the claim sizes X; follow an

Exponential distribution with mean %, we have seen that vs(u) = e Pte™F5.

Under those assumptions, it always holds that ~s(u) satisfies the (2.25), i.e.
. 0 _1—2Ata
L = lim +/ (0y + ¢) 5 ys(y)dy = oo
w(s) o

Indeed,
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0 Ata 0 Ata c
L = lm +/ 6y +¢)~' " s(y)dy = lim +/ Oy +c) 1775 e e Py
wr(5)" w(5)"

0 1 Ata c
= /( +(5y—|—c)7 7T67ﬁy@755dy
(5

and we observe that

lim e PvePs

+
a c —(¢ ].
lim (Jy—i—c)*lfkg e BYe=Ps — v (5) o = - =
(et i 14252 0
y——(%) lim +(5y—i—c) 3
v—=—(%)

So, the initial limit L converges to +o00, as well.

A.4 Confluent Hypergeometric Functions

Definition A.4.1. According to Abramowitz and Stegun (1972), page 505,
the confluent hypergeometric function of the first kind, M(a,b,z), has an
integral representation

a1 b—a—1
M(a’b’z):F(b—a)F@L)/o et (1 —t) dt

whereas, the confluent hypergeometric function of the second kind, which is
denoted by U(a,b, z), has an integral representation

1 o
Ul(a,b,z) = ) / e € R Lo/
0

I(a)

where
I'(z) :/ t*~le~tat
0
is the Gamma function (Abramowitz and Stegun (1972), page 255).

Proposition A.4.1. Based on the aforementioned definitions, we can easily
prove the following

- T(z+1) B
1. W—Z@F(z—’—l)—ZF(Z)
i iM(abz)—gl\/[(a+1 b+1,z)
. dz s Uy _b ) )

d
iii. d—U(a,b, z2)=—-aU(a+1,b+1,2)
2
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Proof.

oo o0
7. T'(z+1) = tPetdt = [—t7e 7 + 25 e tdt
0 0 0

= z/ t*le7tdt = 21(2)
0

o d d I'(b) /1 tia—1 b—a—1
Y L B B () L
. - (a,b,z) p [F(b—a)F(a) ; et (1 —t) dt
I'(b) R b—a—1
_ ztya 1— a
F(b—a)F(a)/o feta=1(1 — )b-a—Lgy
I'(b) L o(at)—1 (b+1)—(a+1)-1
= - 7 ztyla 1— a
F(b—a)F(a)/o D11 gy dt
I'(b) Lib+1)—(a+1)]T'(a+1)
= . -M 1,b6+1
T(b—a)(a) T+ 1) (a+1,b+1,2)
I'(a+1)
_ Mo
= I‘(b+1)M(a+1’b+1’2)
I'(b)
(i) = %M(a—i—l,b—i—l,z)
oo d d | 1 [% a1 b—a—1
L - 2] stga=1(] a-1lgy
) dZU(a,b,z) o [F(a)/o e FtH(14-t)
L /OO —te (1 4 ¢) e dt
I'(a) Jo
L[ i(at1)-1 (b+1)—(at+1)—1
= —— t 14+t dt
fal, ¢ o
B I'(a+1)
= WU(CL"‘].,I)"‘].,Z)
G = —aU(a+1,b+1,2)

¢

Proposition A.4.2. By (13.5.5) of Abramowitz and Stegun (1972), page
508, we have
lim M(a,b,z) =1 (A.7)
z—0
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whereas, by (13.5.12) of Abramowitz and Stegun (1972), page 508, for b < 0
it holds

lim U(a, b, z) = Sl

z—0 F(l +a— b) (AS)

¢
Corollary A.4.1. In practice, from Cai (2000), we know that the intensity

A of the Poisson process is larger than one, while the debit interest force ¢
1s usually less than one. Thus,
A+ na A+ na
= 1-
)
Now, we are able to give the following limits appeared in the main body of

this project, by using the properties (A.7) and (A.8), whenever it is neces-
sary.

1< <0, neN

(a) lim Ai(u)= lim e~ ey (1 - i, 1-
u—s—<t u——5 4

BT el e | IO G 0
e (-5)- (-5 e ()

A+na B(ou+c)
5§ ) )

na A+na B(du+c)

A+na
o u—t+c
(B) lim hy(u) = lim [5(6“—’_6)] 6_1?(65+ ) M (1 +—, 1+
u%f%Jr u4)7%+ 0 o

AT = 0.1 =0

J

9

4]

)
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